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ABSTRACT 

Advanced polymer composites are commonly based on thin prepreg plies 
stacked at different angles to form a laminate. When the laminate is loaded, 
intralaminar transverse cracking in off-axis plies is one of the first damage 
modes. In the presented thesis, cross-ply laminates are used to study the 
transverse cracking phenomenon. Micromechanical modeling was 
performed in order to predict thermo-elastic properties of the laminates as 
a function of crack density. The stress state between two existing cracks 
was calculated from two models developed to different degree of accuracy, 
both based on the principle of minimum complementary energy. As 
compared with the established model by Hashin, the so called 2-dim  0-
model  included a non-uniform x-axis stress distribution across the 0-layer 
thickness, the 2-dim 0/90-model also has a non-uniform x-axis stress 
distribution across the 90-layer thickness. The predictions of the 2-dim 
0/90 model show the best agreement with test data for brittle matrix 
composites. If the 90-layer is thin as compared with the 0-layer, the 2-dim  
0-model  shows better agreement as compared with Hashin's model. 

Models for prediction of the first transverse cracking strain and crack 
density versus applied load were also developed. Fracture criteria based on 
linear elastic fracture mechanics were used. A so-called through-the-
thickness flaw model showed good agreement with test data in laminates 
with thin 90-layers. For laminates with thick 90-layers, the failure strains 
were underestimated. A model with flaw growth in two directions 
(thickness and width) was therefore developed. The agreement between 
first transverse failure strain predictions and experimental data was very 
good for all 90-layer thicknesses. Finally, transverse cracking in [90n/Om]s 
and [0m/90n]s laminates was compared and the differences in local 
delamination behaviour were explained based on an analysis of the stress 
state. 
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ABSTRACT 

Advanced polymer composites are commonly based on thin prepreg plies 
stacked at different angles to form a laminate. When the laminate is loaded, 
intralaminar transverse cracking in off-axis plies is one of the first damage 
modes. In the presented thesis, cross-ply laminates are used to study the 
transverse cracking phenomenon. Micromechanical modeling was 
performed in order to predict thermo-elastic properties of the laminates as 
a function of crack density. The stress state between two existing cracks 
was calculated from two models developed to different degree of accuracy, 
both based on the principle of minimum complementary energy. As 
compared with the established model by Hashin, the so called 2-dim  0-
model  included a non-uniform x-axis stress distribution across the 0-layer 
thickness, the 2-dim 0/90-model also has a non-uniform x-axis stress 
distribution across the 90-layer thickness. The predictions of the 2-dim 
0/90 model show the best agreement with test data for brittle matrix 
composites. If the 90-layer is thin as compared with the 0-layer, the 2-dim  
0-model  shows better agreement as compared with Hashin's model. 

Models for prediction of the first transverse cracking strain and crack 
density versus applied load were also developed. Fracture criteria based on 
linear elastic fracture mechanics were used. A so-called through-the-
thickness flaw model showed good agreement with test data in laminates 
with thin 90-layers. For laminates with thick 90-layers, the failure strains 
were underestimated. A model with flaw growth in two directions 
(thickness and width) was therefore developed. The agreement between 
first transverse failure strain predictions and experimental data was very 
good for all 90-layer thicknesses. Finally, transverse cracking in [90n/Orn]s 
and [0m/900s laminates was compared and the differences in local 
delamination behaviour were explained based on an analysis of the stress 
state. 
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INTRODUCTION 

The most common type of advanced polymer composites, widely used in 
the aerospace industry, are based on thin prepreg plies of unidirectional 
fiber orientation. These plies are stacked at different angles to form a 
laminate with prescribed mechanical properties. When such a laminate is 
subjected to mechanical or thermal loading, intralaminar transverse 
cracking in off-axis plies is one of the first damage modes [1]. These cracks 
run parallel to the fibers and the crack plane is transverse to the laminate 
mid-plane. Increasing loading causes multiple cracking and the crack 
density gradually approaches some asymptotical value, often called the 
characteristic damage state. Although the formation of transverse cracks 
does not lead to immediate laminate failure, they are undesirable as they 
commonly initiate other types of damage phenomena such as local 
delamination at the crack tip and fiber fractures in adjacent layers [2]. Also 
free-edge delamination in laminates with off-axis plies is often initiated by 
existing transverse cracks [1]. In addition, the thertno-elastic properties of 
the laminate such as longitudinal Young's modulus, Poisson's ratio and 
thermal expansion coefficients are influenced by transverse cracking [3,4]. 

Three layer symmetrical cross-ply laminates are most suitable for the study 
of transverse cracking. In this case the transverse cracking effects are not 
obscured by free-edge delamination, a significant phenomenon in angle-ply 
laminates. The absence of shear stresses in the plies before cracking allows 
a separate consideration of transverse cracking in pure crack opening 
mode. Thermal strains induced during cooling from the cure temperature 
act in addition to applied mechanical loads. The influence of the residual 
thermal strains on failure may also be studied in these laminates. 

We actually have two separate problems in the transverse cracking 
phenomenon. The first is reasons for the occurrence of transverse 
cracking. Here, we need to know the strain at  wich  the first transverse 
cracking event occurs and the relationship between applied load and 
transverse crack density. The strain at onset of transverse cracking in the 
904ayer of the laminate is not just a property of the material but also 
depends on the thickness of the 90-layer and the constraining effect of the 
adjacent layers [5]. Therefore the transverse cracking criteria based on the 
lamina strength concept are not successful and the approach based on linear 
elastic fracture mechanics (LEFM) is preferable [1]. In the most commonly 
used LEFM-approach, the cracking criteria are based on energy balance: 
the energy released by crack growth is used to create the new crack surface 
area. The energy change is then obtained from the calculated stress state 
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for cracks with different sizes and the energy needed to create a unit of the 
crack surface area ( Gic ) is assumed to be a material property. 

The second problem is the relationship between the thermo-elastic 
properties of the laminate and the density of transverse cracks. For this 
case the reasons for the presence of transverse cracks are not discussed. 
The commonly used approaches may be divided into micromechanical and 
continuum mechanics models [6]. In the first approach, the changes in 
thermo-elastic properties are obtained using the calculated stress-strain 
state between two existing transverse cracks. In the second the relationship 
between stress and strain in the damaged laminate is obtained from a 
general thermodynamical description using damage functions in vectorial 
or tensorial form. In this case some additional test data for damaged cross-
ply laminates are necessary in order to obtain the components of the 
damage tensor. 

The objective of the present study is to develop micromechanical models 
for the theoretical prediction of thermo-elastic properties of damaged 
laminates as function of the transverse crack density. Models for the 
prediction of first transverse cracking strain and crack density versus 
applied load are also developed. 

The basis of the micromechanical approach is the stress state analysis 
around the crack. Numerical as well as approximate analytical solutions are 
used for this purpose. In spite of very good accuracy, numerical methods 
are commonly not covenient for use in parametrical analysis and 
engineering applications [1]. Among analytical solutions, the simplest one is 
the shear lag model which is commonly used in two modifications [7,8]. In 
the first, the existence of a shear stress transfer layer is assumed and the 
thickness of this layer is used as fitting parameter. In the second, a 
variation in the longitudinal displacement across the layer thickness is 
preassumed. From mathematical point of view, both modifications render 
the same simple differential equation of the second order with constant 
coefficients. 

Another analytical model based on the variational principle of minimum 
complementary energy was suggested by Hashin [9]. The accuracy of this 
approach depends on the assumptions about the stress distribution across 
the thickness of each layer. In the present study two improved variational 
models are discussed and compared with Hashin's model. 

The influence of the transverse cracking on the thermo-elastic properties 
are discussed in Papers I and II of this thesis. In Hashin's model the x-axis 
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stress distribution across the layer thickness  (x-  is the loading direction 
parallel to the 0°-layer) is asumed uniform in both the 0°- and 90°-layer. 
This assumption contradicts the presence of a stress concentration at the 
crack tip and observed fiber fracture events in the 0°-layer at the crack tip. 
Therefore in Paper I an exponential shape of the x-axis stress distribution 
across the 0°-layer thickness was assumed. The arbitrary shape parameter 
was used as an additional scalar variable for the minimization of the 
complementary energy. This model is called Model-2 in Paper I and 2-dim 
0- model in Paper II. The assumptions for the 90°-layer are still the same 
as in Hashin's model - uniform x-axis stress distribution across the 
thickness. For laminates with a 90°-layer which is not thick as compared 
with the 0°-layer, this model renders thermo-elastic property predictions in 
better agreement with experimental data than Hashin's model. In the thick 
90°-layer region, the predictions from these two models differ very little 
but both deviate from experimental data. The small difference in 
predictions is because differences in stress distribution in the 0°-layer are 
not very important for thick 90°-layer laminates. It was also shown that 
Hashin's model may be considered as a limiting case of the 2-dim 0- model. 

In order to account also for the non-uniform x-axis stress distribution in 
the thickness direction of the 90°-layer, a more complicated model (called 
2-dim 0/90 model) was developed in Paper 11. It assumes an exponential 
stress shape with a new arbitrary shape parameter in the 90°-layer 
Although all models based on the principle of minimum complementary 
energy render the lower bound of the reduced laminate properties, it was 
shown that the predictions of the 2-dim 0/90 model agree very well with 
experimental data for brittle matrix composites. For very high transverse 
crack density (corresponding to high levels of the applied load) other 
damages such as local delamination at the transverse crack tip can cause an 
additional decrease in thermo-elastic properties. Since delamination is not 
included in the presented analysis, the intersecting point of experimental 
data and the theoretical curve can be considered as the beginning of 
increasing delamination. Such an effect was observed for the laminate 
longitudinal stiffness. If the transverse test data contain significant 
delamination already at low loads or have significant crack branching, the 
stress state is different than in the models and the reduction of thermo-
elastic properties will be larger than the predictions. 

The occurence and development of transverse cracking is analysed in 
Papers I and III to V. The mechanical possibility of transverse cracking is 
guaranteed by the presence of randomly distributed material flaws already 
at very low strains. These flaws, may form as a result of the coalescence of 
fiber-matrix debonds during increasing loading. The characteristics of the 
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flaws (size and spacing) are unique for the particular material system and 
fabrication process used. The largest flaw will cause the first transverse 
cracking event. 

In Papers till and IV the so-called through-the-thickness flaw model is 
used. In this model the flaw size in the layer thickness direction is equal to 
the layer thickness (the flaw covers the entire layer thickness). Flaw 
propagation is only in the laminate width direction. The stress distribution 
is calculated using the 2-dim 0- model. This approach works well for the 
first transverse failure strain prediction in laminates with thin 90°-layers. 
However, the application of this model to laminates with thick 90°-layers 
lead to underestimated failure strains. It is not surprising, because the 
assumed flaw is larger than is physically realistic and the propagation of 
these large flaws will therefore occur at lower strains than in reality. 

Thus to describe the transverse cracking in laminates with thick 90°-layer, 
flaw growth in two directions (thickness and width) should be analysed. 
Such a study is presented in Paper V and the agreement between first 
transverse failure strain predictions and experimental data is excellent for 
all 90°-layer thicknesses. Also the sequence of the crack growth in both 
directions is analysed as a function of the flaw size and applied strain. The 
stress state analysis is based on the principle of minimum complementary 
energy. The flaw of a size smaller than the layer thickness is modeled by 
considering the 90°-layer as composed of two sublayers, where one is 
cracked and the other uncracked. An exponential stress distribution across 
the thickness of each uncracked layer is assumed in this analysis. 

The transverse cracking process in [90n/Om]s laminates is quite different as 
compared with [0m/90n]s laminates. The transverse cracking strains are 
different and transverse cracking is accompanied by much larger local 
delamination at the crack tip. Delamination takes place at higher loads in 
laminates with thin 90°-layers and almost simultaneously with transverse 
cracking in thick 90°-layers. These phenomena were analysed in Paper IV 
and explained by differences in the stress distributions at the crack tip. 

The development of transverse cracking during increasing loading is 
analysed in Paper I. Crack interaction is included in the analysis. The 
energy changes needed in the failure criterion are obtained from 
comparison of the stress state between two cracks with the state when one 
new crack occurs at mid-point between them. The predictions are in good 
agreement with test data and describes the beginning of the cracking as well 
as the saturation phenomenon at higher loads. The obtained relationships 
between transverse crack density and applied load are based on the 
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through-the-thickness flaw model. For this reason, all material flaws are 
assumed to have the same size as the 90°-layer thickness. This assumption is 
probably valid for the first 20-30 cracks in specimens with thin 90°-layers. 
The larger flaws develop into cracks during the early stages of 
deformation, at later stages the flaws are therefore smaller than is assumed 
in the model and the loads needed to produce cracks are larger than 
predicted. Thus, only a model accounting also for the statistical flaw size 
distribution can give an accurate description of the saturation phenomenon. 
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Multiple Transverse Cracking and Stiffness 
Reduction in Cross-Ply Laminates 

Janis Varna and Lars Berglund 
Dept of Mechanical Engineering  

Linköping  University 
S-581 83  Linköping,  Sweden 

ABSTRACT 

The stiffness reduction due to multiple transverse cracking in cross-ply 
laminates and the crack density dependence on the applied tensile stress 
are analysed by the use of linear elastic fracture mechanics. The stress 
field distribution is obtained by the principle of minimum complementary 
energy. Two models are suggested which describe the non-uniform stress 
distribution in the thickness direction of the 0°-layer. The models contain 
the variational approach presented by Hashin as a particular case. Elastic 
ply-properties and the Gic  for transverse cracking are the experimental 
data needed. Model predictions are compared with experimental data for 
glass fiber/epoxy, AS4/3502 and AS/3501-06 carbon fiber/epoxy cross-
ply laminates. The predictions from the suggested models describe both 
the constraint effect and the crack saturation phenomenon. 
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Introduction. 

The development and accumulation of transverse cracks in 90°-plies of 
cross-ply laminates has been the subject of numerous scientific studies [1-
4]. Although the formation of transverse cracks does not lead to 
catastrophic failure, their presence causes stiffness reduction and other 
undesirable effects. 

Various approaches and models have been proposed to predict the 
stiffness reduction due to multiple transverse cracking. The methods 
chosen to describe the transverse cracking problem can be roughly 
divided into two main approaches. Methods  wich  employ the statistical 
analysis of the fracture strain distribution and methods based on fracture 
mechanics. 

A somewhat different approach was presented by Talreja [5]. He 
described the problem in terms of a continuum damage theory using a 
vector field description of the damage. For the application of this method, 
a set of unknown damage constants must be determined experimentally. 

The method of statistical analysis of the fracture strain distribution was 
developed by Manders et.al  [6] and Peters et.al  [2,3,7]. A two-parameter  
Weibull-distribution of the matrix fracture strain is assumed. The shear 
lag model is then applied to determine the non-uniform stress distribution 
between two cracks. This analysis gives good results when it is compared 
to experimental data, but it suffers from its lack of generality. The 
critical test of any theory describing this problem is to predict the 90°-
layer thickness effect, also termed the constraint effect. In the statistical 
approach this phenomena is explained by the increased volume of the 90°-
layer material, which is not satisfactory. 

The second approach applies a linear elastic fracture mechanics criterion. 
Crack propagation will take place when the energy release rate reaches a 
certain critical value. In order to determine the energy release rate, the 
stress field in the vicinity of the crack tip is required. Several methods 
have been used to determine this stress field. A general solution which 
describes crack propagation in both thickness and width direction was 
presented by Wang et al [8,9]. They used a crack closure routine based on 
finite element analysis for the strain energy release rate estimation. They 
suggested a stochastic simulation model asuming the presence of flaws 
with randomly distributed sizes and locations. In spite of the excellent 
results, the application of this method in engineering design is limited by 
its complexity. Another possibility would be Isida's approach [10] but 
tedious numerical calculations are needed also here. 
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Most of the simple analyses that have been proposed are based on some 
form of the shear lag model [1,2,7,11,121 The main assumptions of this 
approach are as follows. 
1) The displacements and normal stresses in the external load direction 
a= of a particular layer are uniform over the thickness of that layer. 
2) The shear stress which reintroduces the stress in the broken 90°-ply is 
active only in the shear transfer layer of unknown thickness at the 0/90 
ply interface. 
The second assumption may be realistic if there is a resin-rich region 
between the plies but this is seldom the case in the materials available 
today [13]. If a resin-rich region does exist in the material under 
consideration, experimental data for the matrix shear modulus and the 
resin-rich region thickness should be used in the calculations. Instead this 
parameter is commonly used for fitting purposes. Another problem is 
that, according to equilibrium considerations, shear stresses and also azz 
(normal stress in thickness direction) must exist in every point of the 
laminate. 

Another simple analytical approach based on the principle of minimum 
complementary energy has been suggested by Hashin [14] and employed 
in ref [15] for the prediction of stiffness reduction due to multiple 
cracking. In this model, a uniform through the thickness distribution of 
the tensile x-axis stresses is also assumed in each ply but the other stress 
components are obtained from equilibrium equations. 

In the present paper an approach is proposed  wich  assumes that the tensile 
stress is uniform over the thickness in the 90°-layer whereas it has an 
arbitrary distribution in the thickness direction of the 0°-layers. The 
stress distribution is obtained from the principle of minimum 
complementary energy. Two different models for the evaluation of the 
stress distribution in the thickness direction are suggested. In the first 
model the principle of minimum complementary energy is applied to the 
whole laminate. In the second model, the principle of minimum strain 
energy is applied to the 0°-layers. For both models it is shown that 
Hashin's approach describes a limiting case when the thickness of the 0°-
layer is much smaller than that of the 90°-layer. The proposed models are 
used for prediction of the stiffness reduction as a function of crack 
density and for the crack density as a function of the applied stress. 

Criterion for transverse crack propagation 

Linear elastic fracture mechanics (LEFM) is a convenient tool for 
description of the development of transverse cracks in 90°-plies of cross-
ply laminates under mechanical and residual thermal loading. A fracture 
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criterion can be expressed based on an energy balance and the mechanistic 
possibility to form the cracks [8,11,12] 

If the fracture surface area increases by AS, the energy change in the 
system due to the crack growth is caused by the work AA done by the 
external load. Energy change occurs from additional laminate extension 
as the transverse crack forms and also by a change in the stored elastic 
energy U. In LEFM it is assumed that the released amount of energy is 
equal to the energy necessary to produce the newly generated crack 
surface area. The criterion for crack growth to occur is that the mode I 
critical strain energy release rate Gic is reached or exceeded. It is 
noteworthy that for crack propagation in the thickness and in the width 
direction two different Gic values exist [8] which are denoted Gic(T) and 
Gic(L) respectively. Results reported in [8] for carbon fiber/epoxy indicate 
that Gic(L) is 0.6 to 0.8 times lower than Gic(T). 

The mechanistic possibility to form a transverse crack is guaranteed by 
the presence of randomly distributed material flaws already at very low 
strains. The flaws may for instance be fiber-matrix debonds and their 
characteristics (size and spacing) are unique for the particular material 
system and fabrication process used. The size of the largest flaw is 
denoted 2an, the inherent flaw size. For unidirectional laminates 
(unconstrained plies) it seems reasonable to assume that the crack nucleus 
most probably will form at the free surface. However, for the 90°-plies in 
[0m/90n1s cross-ply laminates, the constraining effect of neighboring 0°-
plies is likely to result in crack nucleus formation close to the symmetry 
axis of the 90°-layer. 

Unlike the classical fracture problem where 2an and Gic are usually well 
defined, these two quantities are generally difficult to determine for fiber 
composites. 

In cross-ply laminates with thin 90°-layers the inherent flaw size is 
comparable with the 90°-layer thickness. It is then reasonable to assume 
that in these plies through-the-thickness flaws exist before transverse 
cracking occurs and that the crack surface area grows only in the width 
direction. A LEFM-based criterion for growth in the direction parallel to 
the fibers of a transverse crack spanning the entire thickness 2d of the 
90°-layer, can be written in the following form: 

AA - AU =2dGic(L) 	 ( 1 ) 

where the stress state just before and after cracking is compared. 

To give expressions for numerical calculation of AA and AU, consider the 
element between two existing cracks of the [0m/90n]s laminate in Fig 1. 
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SA(10) = 4(d+b)cr0  blo  

b 

510(Z) = li (e)- E (02)  ) dx 

where  

but . 

i. 

Slo=  11  S1o(z) dz  
b 

d 

, 

The two outer 0°-layers are of equal thickness  b  and the central 90°-layer 
is of thickness 2d and 210 is the crack spacing. 

Employing the notation in Fig 1, from linear elasticity theory the energy 
of the element can be written as 
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U(10) = 2 

I

d 	1°  W1 dz dx +2 t 
I  

h  it:  W2  dz dx 

( 2 ) 

where Wk ,k=1,2 is the stress energy density of a transversely isotropic 
layer in a cross-ply laminate given by 

wi  - ltce  00)2  0)2  azz  2YEa(i)d) 
2 ET  ET  Gr  ET xx  ) 

+ axz  VsT, - 1{c 	4-  e  ci(2)2 
zz 	

(2)2 2_vL a(2)0( A 
- 2 EL 	F. -T 	GL  EL xx zz  i 	 ( 3) 

under the assumption that the stress state depends only on  x  and z so that 
the stress components 

cj(k) = 0-00 = 0(k) = 0 
xy 	n 	YY 	, k=1,2 	( 4 ) 

The work SA done by the external load results in 2610 , a mean through-
the-thickness value of the additional elongation of the element. Then 

where 42)  is the strain in the 0°-layer of an uncracked laminate. 

For the purpose of modeling of multiple cracking, consider now the 
formation of a new microcrack at the midpoint between two existing 
cracks. The assumption that the next crack will form at the midpoint is 



suggested by the fact that at this point we have the maximum tensile strain 
in the 90°-layer. In addition, experimental observations have shown that 
multiple cracks tend to be regularly spaced. To obtain the expressions for 
AA and AU, the strain energy and the work SA at the state characterized 
by the crack spacing 210 only need to be compared with the new state 
characterized by two elements of length 10: 

AA = 25A(10/2) -SA(10) 
AU = 2U(10/2) -U(10) 	 ( 8 ) 

Expressions (1)-(3) and (5)-(8) can now be used for transverse cracking 
predictions, provided we have an accurate stress-strain state description. 
The determination of the stress-strain state will be considered in the next 
section. 

Determination of the stress state. 

The method chosen here in order to estimate the stress state is to apply 
the principle of minimum complementary energy. In ref [16] a similar 
method was used to describe the stress state for a single crack. Now we 
will extend the analysis to the case of multiple cracks. Consider the 
expression for the complementary energy V( a ), which in the case of 
only traction boundary conditions is given as follows  

h  
to 

V=U +2 i

d 

 1
4. 
 (a(2)  aL  T + crz9)  a-r T)  dz  dx +  

d  

2

i

lo  

4. 
 (ay aTT + cr2aTT)  dz  dx  

0  

where U is the strain energy given by equations (2) and (3).  T=Ts-To, 
where To is the stress free temperature and Ts the test temperature. aL 
and a T are the thermal expansion coefficients in the longitudinal and 
transverse directions. 

Let us consider all stress fields  wich  satisfy equilibrium and all interface 
and boundary conditions. They form the so called admissible stress 
system in the context of the principle of minimum complementary 
energy. According to this principle, the stress field which will give a 
minimum for V will also give the best stress-strain state approximation 
for the problem in question. 
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( 9 ) 



The mentioned boundary and interface conditions are 

CY221x,  eo=  aDx=±10=  ° 
00)1z..d= colz.„ azz 1 

(2)1 - azz(2)1 - n 
2-41-   

azz 
(1)1 - (21,4 azz 

( 10 ) 
( 11 ) 

Let us assume that far away from the cracks, a constant stress field exists 
which can be determined by conventional laminate analysis. This leads to 
the following conditions:  

lim  crl o  = a  (k) lim  ax(kzix.u„ .  lim  azacz  Ix.° = 0 ,  k=  1,2  ( 12  ) a xx  ,r= 	() 1 
10  --e  00 	 10  --1. 00 	1->00 

(42).=  Edso  _ £T  __) 
where cr(01)= EKE° + ET) 	 ELb 	( 13 ) 

äa  ET = 	TELb  

	

ELb+Erd 	EO = (WE° 	 ( 14 ) 

E0 = ELb+ETd  
b+d 	äct = aT - aL 	 ( 15 ) 

The analysis following in this section is a further development of Hashin's 
ideas [14]. It is assumed that the x-axis tensile stresses in the 90°-layer are 
independent of the z-coordinate, whereas in the 0°-plies this dependence is 
characterized by an arbitrary function. Then the stress functions may be 
written. 

on) = a  (1i2  lij(k)( 	A*)1d2 0(2),(2)2,42 _ "(1),4,n(x
vi
() 2ik 

° 2 	2 	 vo r v. v 	( 16 ) 

where i=x/d , i=zid are dimensionsless coordinates and A*  is an 
arbitrary constant. From the interface conditions in (11) follow that IP(x) 
and 11(x) are proportional. If we use gn = WOO and equations (11) and 
(10), we obtain 

api(1) = 1 	, cp(1) = As+1 	, cpi(h) = 0 

	

2 	 ( 17 ) 

cp(h) = 0 	, 	h/d 
	

( 18 ) 
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The expressions for the stress components can be obtained from the given 
stress functions by simple differentiation 
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= 
= 

axz ao 
ci = 

	

—2 	a 
-ao 

(i) 	(1) "fx)( + 	) 
2 

02,)  = op) _ ci l)tv(k)cpli(i) 
= ortii(k)9I(Z) 

a2)  = 	 ( 19 ) 

From the conditions at the crack surface follows 

W(±10) = 1 	, tAgo) =0 
	

( 20 ) 

where 10=10/d. 

Note that stresses given by (19) with the additional conditions in (17),(18) 
and (20) satisfy equilibrium conditions and all interface and boundary 
conditions. 

To obtain the differential equation for IWO we follow Hashin and 
employ the principle of minimum complementary energy. We substitute 
equation (19) into equations (2) and (3) for the strain energy and carry 
out the z integration in (9). The complementary energy can then be 
rewritten 

a(1)2d a  
V =410  ° 	o(29-b 4. a  (2)ac-b 4_ a ji)aTTd 

2E1  2EL  ° 
.173 

+ cr(?)2d21 di [Coow(k)2  + Cozigihr(i) -f-  C2241"(i)2+ C11111'0021 
4-, 	 ( 21 ) 

The first term represents the complementary energy of the uncracked 
laminate which is constant and of no importance for the further 
investigation. Expression (21) formally coincide with the expression 
obtained by Hashin [14], but the constants must in our case be calculated 
as follows 



coo= 	k 	CO2=  _2  vi•  (A.+  _ 2i 14  

	

ET EL , 	ET 	61 EL  , 

C22= 1—÷A-1+A*2 +12) C11—  1   + 
ET  20 3 	 30r GL 	( 22 ) 

I I  = f  [e  (pil 	di 	12  = f [cp(i)]2  di 
where 	1 	 i 

ii  

13  = 1 {cP1e2  di 	14 = f  p()  Pie) di 
1 	 1 	 ( 23 ) 

The notation in (21) is chosen to be the same as in [14]. Our approach 
differs from Hashin's model only by the different expressions and values 
for the constants COO, CO2, C22 and Cii which depend on the chosen 
functions  CP()  and A*. We can then briefly summarize the expressions 
obtained by Hashin. The standard procedure for minimization of V gives 
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4r(k) = Aicosh a  i  cos ß A2sinh a k sin ßk 

where 
2(a cosh alo sin ß —10  + ß sinh a  lo  cos ßlo)  A1 — 

A2 = 

a sin 2ß + ß sinh 2a V:, 
2(ß cosh alo sin ß - a sinh a  lo  cos ßfo)  

a sin 20-0-  + ß sinh 2a 

( 24 ) 

( 25 ) 

a = (11/4 cos  0_ 	= (11/4 sin  e 	tan 
2 , 	2 	, 

Coo 	= CO2 C11  = 	 9  P  
•-,22 	 C22 ( 26 ) 

Let us neglect the first term of V in equation (21), as discussed earlier. 
The minimum value can then be expressed as 

V = [a(01122d2Coof(10) 
	

( 27 ) 

where  
2aß 	cosh 2a  lo  - cos 2ß  

a2+ 2  a sin 2ß 10 + ß sinh 2a Fo 	( 28 ) 



h 	+10 

,(2) _  l  
210b 

.1. 
thi 

( 
Qx

2),I.,
u•A c-x 

d 	-10 ( 29 ) 

The value of V depends on cP(i) and will be lower the more accurately 
this function is chosen. 

We now apply some mechanistic consideration (which will be described 
in the next section) so that we can choose the shape of  cp()  containing a 
fixed number of arbitrary parameters. The values of these parameters can 
then be obtained by numerical minimization of (27) with respect to (22)-
(26) and (28).The values of a and ß which determine the stress 
distribution in the  x-direction will then follow from equation (26). 

Multiple cracking and stiffness reduction 

The results in section 3 can now be used to calculate the loss of stiffness 
in the laminate due to multiple transverse cracking as well as the 
relationship between the applied stress and the crack spacing. To obtain 
the stiffness reduction as a function of the average crack spacing, we 
consider the average strain of the laminate element between two cracks as 
shown in Fig 1  
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2) ( 
where Ex is obtained from the stress-strain relation. Since the 
compliance in the linear analysis is independent of the residual stresses 
they are assumed to be equal to zero. Substitution of (19) into (29), taking 
(17),(18) and (20) into account, leads us to 

+, 
(  Eic2) = —  

E()  
 w(i) di 

( 30 ) 

1 + E
E

T(1
0) 

 
2
1
10 

 

- _ 
If we recall that cro =  Exe)  ,where Ex is the Young's modulus of the 
cracked laminate, the reduced stiffness Ex can be expressed in the 
following form 

E0  i  + Erd 1 f(io) 
ELb to 	 ( 31 ) _ 

where  glo)  is given by (28) and depends from the stress distribution in 
the thickness direction, represented by cl)(2) . 

For the purpose of the numerical analysis it is convenient to use either the 
crack density parameter ßo=d/lo or cracks related to a unit length instead 
of to the crack spacing 210. The next problem is the determination of 
either crack density ß o or the number of cracks as a function of the 
applied stress ao. This we can achieve by application of the fracture 



criterion described in the section "Criterion for transverse crack 
propagation". As a result of routine, but tedious calculations we obtain 
the condition for the next crack development between two cracks 

- Ma)] 
ELb + ET(2d - I1b)  G1(L) = [cr(0112d [2f(10/2) 

ELbET 	( 32 ) 

where ce)  can be expressed as 

Eo 	 ( 33 ) 

For the application of (31) and (32) it is necessary to choose the shape of 
the stress distribution through the thickness of the 0°-layer represented by 
(P(i). We will present three simple models. 

Model 1. 

The function (130) is obtained by application of the principle of minimum 
potential energy for the 0°-layers. It is assumed that the shape of the 
stress distribution cp(i) in the 0°-layers is independt on the residual 
stresses and also on the crack spacing 21o. We may then consider the case 
where an infinitely long specimen with only one crack is subjected to 
mechanical loading. The stress distribution in the  x-direction given by 
equations (24),(25) can then be simplified 

Iii(i) = e« (cos ß  X  + sin ßX ) 
ß 	 ( 34 ) 

If we now calculate the potential energy of the 0°-layer by taking into 
account equations (19) and (34), we obtain the potential energy in the 
form of an integral containing  cp(),  91(i) and 911(2). The standard 
procedure for minimization of the strain energy U2 leads to the 
differential equation for estimation of cP(i)  

piv .— 1" ' ( 4-• c 2vL)  p"  + L 
(,2+  g42 	 (a2+132)3 

 (I) = 0 
2+5a2 GL 	 ET 132+5a2  

n 	 E  

( 35 ) 
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If the four real roots of the corresponding characteristic equation are 
denoted äk =6,k(a,ß), k=1,2, then the solution of equation (35) which 
satisfies the boundary conditions (17) and (18) can be expressed as  

where b=b/d. 

cp()  — cosh  ål(  i-h)  - cosh i 2( -h)  
1 2sinh ä2 b - Ai sinh Ai  b  ( 36 ) 

Note that the obtained function  cp()  and hence also the complementary 
energy in (27), do not contain any arbitrary parameter. The values of a 
and ß we obtain by solution of the transcendental system of equations 
(22),(23) and (26) and the characteristic equation according to (35). The 
numerical calculations were performed using a simple iterative procedure 
and they showed excellent convergence. Not more than 5 to 6 iterations 
were needed to obtain an accuracy of 0.01 %. 

Model 2. 

This model includes the reasonable result from Model 1 that the tensile 
stress distribution in the thickness direction of the 0°-layer has an 
exponential shape, but the shape parameter is considered as an arbitrary 
parameter. This shape parameter is calculated by numerical estimation of 
the minimum of the complementary energy for the whole laminate as 
given by equation (27). As in Model 1 it is assumed that PM must not 
depend from crack spacing and the calculations of the minimum V are 

done for the limiting case of  lo  —"") . The function ci)(2) is chosen in the 
simple form 

— 1 
 - cosh ä(i-h)  

TM   
ä  sinh äb ( 37 ) 

which satisfies the boundary and interface conditions (17) and (18). Then 
A*  is expressed as follows 

A* = 1 + 1-cosh äb  
2 	A sinh Al) 	 ( 38 ) 

where A is the arbitrary parameter mentioned. Thus all variables in our 
consideration, including a, ß and Coo, are given functions of the 
parameter  ä.  Hence it follows that V=V(ä). Mathematically the problem 
is then reduced to the minimum estimation of a function of one variable. 
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Hashin's model 

If we follow Hashin [14] and assume that the tensile stresses axx in the Ø0  
layer also are independent of the z-coordinate and depend only on the x-
coordinate we obtain 

A* = _ 1  h 	cp  =  (h  - 42  

2d 2b 	 ( 39 ) 

Then from (23) follows 

I1= 	, 	= 	I3 	 = h 
20 	3 	 6 

and we obtain the well known expressions [14] 

( 40 ) 

Coo = -1— + 1  
ET  ELb 

3Gr 3GL 

co2  = VT  (j  + 2 _  VLb  
ET 3 3EL  
(b+1)  -2 - CO2 	(3b + 12b + 8 ) 
60ET 

( 41 ) 

It is noteworthy that if we consider the limiting case of Model 1 when 
0 	Ak(  Fri) 0  and we replace the hyperbolical functions in 

(36) with the first terms in their power series expansions, we will in the 
end obtain the expressions (39)-(41). Analogous results follow from 
consideration of Model 2 for the same limiting case. Thus, Hashin's 
approach [14] can be considered as a limiting case of both Model 1 and 
Model 2. One may therefore expect similar predictions by all three 

models in the thickness region b/cl'CI . 

Comparison of predictions with experimental data 

In this section we will present the results of model predictions for 
stiffness reduction and multiple cracking based on the models presented in 
the previous section and also predictions from the shear lag model [7,12]. 
The results are compared with experimental data for several glass 
fiber/epoxy and carbon fiber/epoxy laminates.The material properties of 
the chosen composites as well as their geometrical characteristics are 
summarized in Table 1. These and further experimental data presented 
later have been reported by Highsmith and Reifsnider [1] for glass 
fiber/epoxy, by Groves et.al  [4] and Lim [11] for AS4/3502 and by Wang 
[8] and Hahn [17] for AS/3501-06 
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The stress-strain distributions obtained in the frame work of the shear lag 
model by Peters et.al  [7] are used to obtain the expressions relating 
stiffness reduction to crack density and crack density to the applied stress. 
This leads to 

_ 	1  
E0 	Ercl 1  tanh (Z1o) 

ELb 10Z ( 42 )  

where 

d 	(1 + Eld)a(1)2  2 tanh 	tanh fo) 
ET& 	ELb ° 	2 

= 1/2-t EL b) 	( 43 ) 

In ref [12] the same expressions were obtained although in the numerical 
calculations the value of the parameter was determined under the 
condition that the first transverse cracking predictions must coincide with 
the experimental data. This fitting procedure was carried out for each 
layer thickness ratio b/d. In addition, the value of the critical strain 
energy release rate, Gic(L), was varied to obtain the best agreement with 
experimental data (for instance, for the glass fiber/epoxy examined here, 
the value 250 J/m2  was chosen but later it was concluded that Gic(L)=193 
J/m2  gave more consistent results). 

In this manner, the relationships in (42) only give the shape of the 
functional dependence with two arbitrary parameters calculated from 
certain fitting conditions. This approach has obvious disadvantages. For 
example, the constraint effect resulting from changes in the thickness 
ratio b/d, cannot be predicted. In the shear lag model, the value of the 
shear lag parameter 0/do can often be questioned. A reasonable 
requirement is that the shear lag parameter should have the same value 
for all thickness ratios b/d of a given material. 

In the predictions based on Models 1, 2 and Hashin's model, all necessary 
material data are obtained from independent experiments on 
unidirectional composites. Because of this, the agreement with 
experimental data may be less successful than for predictions where 
several fitting parameters have been used for each geometrical 
configuration of the specimens. 
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In ref [15], Hashin's variational approach was used. However, in one of 
the expressions which should have been the same as in equation (32), ref 
[15] has the incorrect term 

Ei(cr3/E3+ 	 ecro/Eo + ET )2  instead of 

in our expression. A fit of his expressions to the experimental data [1] for 
glass fiber/epoxy was obtained using Gic(L) as a fitting parameter. The 
agreement was good, but the range of chosen values of Gic(L) was from 
280 to 380 J/m2  , whereas the experimental data in ref [11] is 240 J/m2. 
Rather strange is the consideration of residual stresses in ref [15]. The 
thermal stresses are used as an additional fitting parameter and instead of 
the value of 13.6 MPa expected from thermal expansion coefficients and 
moduli data, the value 45.5MPa is chosen to obtain the best fit. 

First we will consider how multiple transverse cracking causes a 
progressive stiffness reduction. Fig 2 shows a comparison of 
experimental data for glass fiber/epoxy with predictions from Model 2, 
Hashin's model and the shear lag model. The predictions of Model 1 are 
not presented since they are very similar to the predictions of Hashin's 
model. The close agreement of the predictions of Model 1,2 and Hashin's 
model is caused by the small thickness ratio b/d=1/3, as discussed at the 
end of the previous section. 

The stiffness reduction as a function of crack density for AS4/3502 
carbon fiber/epoxy is presented in Figs 3-6 for different laminate 
geometries. In Figs 4 and 5 where the the thickness ratios are small, the 
predictions are similar for Model 1, Model 2 and Hashin's model, as was 
the case for glass fiber/epoxy in Fig 2. 

Hashin's model predicts the greatest stiffness loss in Figs 2 to 6, whereas 
the shear lag model in all cases overestimates the residual stiffness. Note 
that those predictions strongly depend on the chosen shear lag parameter. 
The predictions of Models 1 and 2 always fall between Hashin's model 
and the shear lag model. Models 1 and 2 are closer to the predictions of 
the shear lag model for great b/d ratios but closer to Hashin's predictions 
for smaller b/d ratios. In all cases the stiffness predicted by Model 2 is 
somewhat higher than the stiffness prediction by Model 1. 

For glass fiber/epoxy, the experimental data are very close to the 
predictions obtained from Model 1, 2 and Hashin's model. For AS4/3502 
carbon fiber/epoxy, the best predictions are probably obtained from 
Model 2. The observed stiffness reduction for glass fiber/epoxy is 45% 
and much higher than for AS4/3502. For AS4/3502 carbon fiber/epoxy 
the stiffness reduction is only 10% for [0/903]s and 3 % for [0/90. At 
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the same time the experimentally measured EL, ET and other material 
properties of AS4/3502 are obtained with an exactness of about 2 % [4]. 
Because of this, the experimental data for AS4/3502 is not ideally suited 
for evaluation of the predictive abilities of the models. 

The great stiffness changes in glass fiber/epoxy due to multiple cracking, 
causes the data scatter to be less critical than for carbon fiber/epoxy. This 
data is therefore well suited to be compared with the theoretical 
predictions, as was done in Fig 2. However, in order to draw firm 
conclusions about the predictive ability of the models, more data is 
needed for laminates with different layer thickness ratio b/d. 

Analogous to Hashin's expressions in [14] our results also produce lower 
bounds on Ex , but since our analysis is more refined and the stress field 
distribution is more accurate, the predictions have to be closer to the 
exact solution of the problem. Unfortunately this does not necessarily 
mean that the experimentally observed stiffness always will be higher 
than the predicted. Other cracking mechanisms such as 0/90 interfacial 
delamination can also occur and significantly reduce the stiffness Ex . 

Since we did not use the exact values of  Gr  and VT for AS4/3 502, 
additional calculations were made for the couples  Gr-5.5 GPa, VT =0.4 
and Crr=4.2 GPa , VF =0.35. The computed changes in the stiffness ratio 
Ex/Eo was 0.01 % for [0/90/0] and about 0.05 % for [0/903]s. The 
stiffness ratio does not appear to be sensitive to small changes in the exact 
values of  Gr  and  yr.  

Let us now determine the dependence of the crack density on the applied 
stress. Theoretical results for the three choices of tensile stress 
distributions in the z-direction (Model 1, 2 and Hashin's model) are 
presented together with shear lag modeling results and experimental data 
for glass fiber/epoxy [1] and AS-3501-06 with different 90°-layer 
thicknesses [8] in Figs 7 -10. For the glass fiber/epoxy in Fig 7, the 
90°1ayer is thick (b/d=1/3) and the predictions based on Model 1, 2 and 
Hashin's model are almost the same. For the laminate geometry in Fig 7, 
their prediction for the stress at the onset of transverse cracking is very 
good. Also the crack saturation phenomenon is described satisfatory. 

At the same time the shear lag model overestimates the first matrix 
cracking stress but, more important, is also unable to describe the crack 
saturation phenomenon. This is because of t =1.8, a rather high value 
which follows from the experimental data in Table 1 and (43). The best 
fit obtained by Laws [12] was for =0.9. 

The results for AS/3501-06 laminates with different 90°-layer thicknesses 
are presented in Figs 8 to 10. The suggested models 1 and 2 describe the 

26 



thickness effect of the 90°-layers rather well. For thicker 90°-layers, the 
predicted first ply failure stress is somewhat underestimated, as was 
expected. The analyses assume an existing through-the-thickness flaw to 
be present. This means that for the thick 90°-layers the inherent flaw is 
assumed to be larger than in reality and so the predicted failure stress is 
lower than the experimental. 

For thinner 90°-layers, the differences in the predictions of models 1 and 
2 are more apparent but both results always fall between the curves 
obtained by the shear lag and Hashin's model. The experimental data in 
Figs 8-10 do not show a clear crack saturation phenomenon. It is 
therefore difficult to determine which model is the most successful for 
prediction of the crack saturation phenomenon, but it seems as if Model 2 
is preferable. 

Finaly we consider some deviations between the experimentally obtained 
relationships shown in Figs 7-10 and the theoretical predictions. The 
flaws in the 90°-layer are in reality of randomly distributed size and 
location. Our analysis is performed under the assumption that the flaw 
size 2ao is equal to the 90°-layer thickness 2d and that the next crack will 
always develop at the midpoint between two existing cracks. Hence, it 
follows that in our analysis the curve relating the applied stress to the 
crack density is almost vertical as long as the number of cracks is small 
and the interaction between cracks is negligible. The random distribution 
of flaws which does exist in reality, must result in a more sloped curve. 

For the crack saturation phenomenon in the higher crack density region, 
two different reasons deserve to be mentioned. The first reason is that the 
crack interaction leads to a lower stress level between two cracks. For the 
next crack to form, a higher applied stress is therefore necessary .The 
second reason is that the average flaw size in the high stress region must 
be smaller since the biggest flaws are the first ones to develop into 
transverse cracks. For these smaller flaws it is evident that the stress level 
for crack initiation must be higher. Our assumption that the flaw size is 
all time the same and equal to the 90°-layer thickness does shift the crack 
density-load curves to the left - to reach the same crack density, less load 
is required. This feature should be more apparent for laminates with 
thick 90°-layers, see Fig 7. 
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Concluding remarks 

The aim of the present investigation was to develop a simple model for 
the modeling of multiple transverse cracking of cross-ply laminates in 
tensile loading. Based on this analysis, the stiffness reduction can also be 
computed. 

The stress state estimation in the element between two cracks was 
performed by use of the principle of minimum complementary energy, 
earlier employed by Hashin in a similar problem. In this approach, 
assumptions about the stress distribution in the laminate thickness 
direction are necessary. The suggested solution is more general than that 
based on Hashin's hypothesis and contain the latter as a particular case. 
Two particular cases of this solution for the stress distribution in the 
thickness direction were used to obtain the expressions for stiffness 
reduction and criteria for multiple cracking. In the framework of the 
proposed solution, further improvement of the models are also possible. 

The results were compared with experimental data and predictions by 
Hashin's model and the shear lag model. From the analysis follows 

1.The predictions of the stiffness reduction based on the presently 
proposed two models give higher residual stiffness than Hashin's model 
and are closer to experimental data. This is likely to be related to the fact 
that the stress state estimation is more accurate for the present models. 
For a small 0°- to 90°-layer thickness ratio b/d, both Hashin's and the 
present models give similar results. This is because Hashin's model is a 
limiting case of the present models when the 0°-layer is much thinner 
than the 90°-layer. The predictions of the shear lag model for the chosen 
shear lag parameter value overestimate the experimental data. 

2.It seems that the crack density as a function of the applied stress may be 
better described by the present models than by Hashin's model. All three 
mentioned models show crack saturation in the high crack density region. 

3.In order to reach decisive conclusions about the best model, more 
experimental data on the stiffness reduction is needed, preferably for 
glass fiber/epoxy cross-ply laminates with different thickness ratios. Also 
further data on crack density as a function of the applied stress is needed, 
especially in the crack saturation region. 
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Table 1 Material properties of composite systems used in calculations. 

Material Glass/epoxy AS-4-3502 AS-3501-06 

EL(GPa) 41.7 144.8 139 
ET(GPa) 13.0 9.58 9.7 
GL(GPa) 3.4 4.79 5.2 
Crr(GPa) 4.58 4.2* 4.2 

v L 0.3 0.31 0.3 
VT 0.42 0.4* 0.4* 

G/do(GPa/m) 33700 104000 100000 
Gics(L) (J/m2  ) 240 130 130 

aT (10-6 11°C)  16.7 28.1 28.1* 
ca.  ( 10-6  11°C) 3.8 -0.3 -0.3 

T (  °C  ) -125 -147 -107 
ho (mm) 0.203 0.127 0.132 

* -the unknown values are somewhat arbitrary selected from other composite systems 
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Figure Captions 

Fig 1. Schematic showing the geometry of an element of a [0m/90n]s 
cross-ply laminate subjected to mechanical and thermal loads. Stress and 
strain characteristics in the outer 0°-layers have index 2 whereas in the 
90°-layer they have index 1. The properties in longitudinal and transverse 
direction with respect to the fibers we indicate by letter L and T 
respectively. Thus EL, ET are Young's moduli vl., VT -Poisson's ratios. 

Fig 2. Modelling predictions and experimental data for the stiffness ratio 
as a function of crack density. Data from ref.[ 1]. 

Fig 3. Modelling predictions and experimental data for the stiffness ratio 
as a function of crack density in carbon fiber/epoxy. Data from ref.[4]. 

Fig 4. Modelling predictions and experimental data for the stiffness ratio 
as a function of crack density in carbon fiber/epoxy. Data from ref.[4]. 

Fig 5. Modelling predictions and experimental data for the stiffness ratio 
as a function of crack density in carbon fiber/epoxy. Data from ref.[4]. 

Fig 6. Modelling predictions and experimental data for the stiffness ratio 
as a function of crack density in carbon fiber/epoxy. Data from ref.[4]. 

Fig 7. Modelling predictions and experimental data for the crack density 
as a function of the applied stress. Data from ref [1]. 

Fig 8. Modelling predictions and experimental data for the crack density 
as a function of the applied stress in carbon fiber/epoxy. Data from ref 
[8]. 

Fig 9. Modelling predictions and experimental data for the crack density 
as a function of the applied stress in carbon fiber/epoxy. Data from ref 
[8]. 

Fig 10. Modelling predictions and experimental data for the crack density 
as a function of the applied stress in carbon fiber/epoxy. Data from ref 
[8]. 
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Fig 1. Schematic showing the geometry of an element of a [Orn/90n1s 
cross-ply laminate subjected to mechanical and thermal loads. Stress and 
strain characteristics in the outer 0°-layers have index 2 whereas in the 
90°-layer they have index 1. The properties in longitudinal and transverse 
direction with respect to the fibers we indicate by letter L and T 
respectively. Thus EL, ET are Young's moduli  vi.,  VT -Poisson's ratios. 
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as a function of crack density in carbon fiber/epoxy. Data from ref.[4]. 
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ABSTRACT 

Three different models based on variational analysis are 
compared with respect to the thermo-elastic properties of 
cross-ply laminates with transverse cracks in the 90-layer. 
All models use the principle of minimum complementary 
energy for calculation of the stress state in a laminate 
element between two cracks, as was the case with the 
original model by Hashin. The models are based on 
assumptions of different degree of accuracy regarding the 
complexity of the stress state, where the most refined model 
was developed in the present study. Experimental data for 
the longitudinal stiffness, Poisson's ratio, and thermal 
expansion coefficient are compared with predictions for a 
wide range of carbon fiber- and glass fiber/epoxy cross-ply 
laminates. The agreement between model predictions and 
data is very convincing provided the initial assumptions of 
the stress state are sufficiently accurate. The presented 
results suggest that the problem of predicting thermo-elastic 
properties of brittle cross-ply laminates with transverse 
cracks (no local delaminations) has been solved. 

Introduction 

Laminated fiber composites are widely used in the aerospace industry. 
High strength and stiffness to weight ratios of the resulting structures are 
the most important reasons for this. Laminates are usually composed of 
plies, typically of 0.13 mm thickness, with unidirectional fiber 
orientation. These plies are stacked at different angles with respect to 
each other to form laminates with multidirectional fiber orientation. 
During loading, intralaminar transverse cracks forming  parallell  to the 
fiber direction is one of the earliest damage phenomena. These cracks 
commonly initiate other types of damage phenomena such as local 
delamination at the tip of the transverse crack and fiber fractures in 
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neighboring layers [1]. In addition, due to the presence of transverse 
cracks, the thermo-elastic properties of the laminate such as stiffnesses 
and thermal expansion coefficients are changed [2,3]. Three layer cross-
ply laminates, as illustrated in Fig 1, are suitable for studies of transverse 
cracking. The outer two layers have the same thickness so that the 
laminate is symmetrical about its mid-plane. No bending moments result 
from  uniaxial  tensile loading and the stresses in the outer laminae are 
identical. If the outer layer has 0° and the mid-layer 900  fiber orientation, 
the laminate code becomes (0m/90n)s. For typical polymer composites the 
strain at failure is higher for the outer layers. During loading of such 
laminates, multiple and well-defined transverse cracks are therefore 
formed in the 90° plies. 

We actually have two separate problems in the studies of transverse 
cracking. The first of them is the reasons for the occurence of transverse 
cracking. Here, the objective is to predict the strain at which the first 
transverse cracking event takes place as well as the development of crack 
density as a function of applied load. The strain at onset of transverse 
cracking is not just a property of the material but also depends on the 
thickness of the transverse layer and the constraining effect of the 
adjacent layers [4]. For the solution of this problem, criteria based on 
linear elastic fracture mechanics (LEFM) are therefore commonly 
preferable rather than those based on strength concepts. 

The second problem, considered in the present paper, is the relationship 
between the thermo-elastic properties of the damaged laminate and the 
density of the transvere cracks. In this case we are not interested in the 
reasons for and the formation of a given crack density. The different 
approaches commonly used in theoretical studies of this problem may 
roughly be divided into two categories, the micromechanical models and 
the continuum damage models [5]. In the following analysis we use a 
micromechanical model and the predictions of the thermo-elastic 
properties are based on an analysis of the stress state between two 
adjacent cracks. It was considered advantageous to develop approximate 
analytical models rather than numerical solutions for the stress field. 

A commonly used approach is to develop approximate solutions based on 
the shear lag model [6,7,8] or on the principle of minimum 
complementary energy [9,10]. All these models assume uniform tensile 
stress distribution across the thickness of each particular layer. In 
addition, the shear lag model assumes that the transverse shear stress is 
active only in a thin shear transfer layer of unknown thickness. The main 
problem of this approach is to determine the thickness and shear modulus 
of this layer. The ratio between these parameters are commonly used as a 
fitting parameter. In our view, the approach pioneered by Hashin [9] is 
the most satisfactory. According to Hashin's model, based on the principle 
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of minimum complementary energy, the transverse shear stress and z-axis 
normal stress have linear and parabolical distributions respectively 
through-the-thickness of each layer. Predictions based on this 
minimization principle are lower bounds of the laminate stiffness. Apart 
from the material data, all the information needed is concerned with the 
geometry and assumptions about the stress distributions. No fitting 
procedure to improve the agreement between predictions and 
experimental data is involved. However, a problem with Hashin's model 
is that the assumptions about the stress distribution through-the-thickness 
of the layers must be considered as very rough. It is therefore not so 
surprising that the predicted stiffnesses according to Hashin's model are 
in several cases significantly lower than the experimental results [11]. 

A more refined model with the assumption of an exponential through-the-
thickness distribution and arbitrary shape parameter in the 0-layer was 
proposed in ref [11]. The shape parameter was used as an additional 
numerical variable in order to minimize the value of the complementary 
energy. The assumptions about the stress distribution in the 90-layer were 
the same as in Hashin's model. Since the solution presented in ref [11] is 
more refilled than Hashin's, the predicted stiffnesses are closer to the 
experimental data. This is especially true for laminates where an accurate 
stress state description in the 0-layer is critical, laminates with thin 90-
layers as compared with the 0-layer thickness. The model presented in ref 
[111 is called "2-dim  0-model"  in the present paper. 

In the present study, a non-uniform stress distribution through-the-
thickness of the 90-layer is also included in the analysis based on the 
principle of minimum complementary energy. The predicted thermo-
elastic properties on the basis of Hashin's model [9], the 2-dim  0-model  
[11] and the present "2-dim 0/90-model" are compared with test data. The 
importance of the assumptions used in the stress analyses is discussed. 

Calculation of the stress state 

We consider an element of the cross-ply laminate with evenly spaced 
cracks shown in Fig. 1. The two outer 0-layers are of equal thickness  b,  
the central 90-layer is of thickness 2d, and 210 is the crack spacing. 
Stress and strain characteristics in the outer 0-layer have index 2, whereas 
those in the 90-layer have index 1. The properties of the layer in the 
longitudinal and transverse direction with respect to the fibers are 
indicated by the letters L and T, respectively. Monotonously increasing 
tensile loading ao is applied to the laminate. In the following stress state 
analysis the influence of Gxy, Gyz and Gyy is neglected. The far-field 
stress is obtained by classical laminate plate theory (CLT). 
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The conditions at the 90/0 interface and the free surfaces of the laminate 
element are 

cglx-go= celx-go= 0  

417..:1=0:1 z=c1 

In order to calculate the stress state in the element in Fig 1, we use the 
principle of minimum complementary energy. Let us consider all stress 
distributions that satify equilibrium equations and all traction conditions 
at the 90/0 interface and the boundaries. They form the so-called 
admissible stress system in the context of the principle of minimum 
complementary energy. According to this principle, the stress field that 
will give a minimum of complementary energy will give also the best 
stress-strain approximation for the problem in question. 

The complementary energy of the element shown in Fig 1 is as follows: 

V(10 	

(+10  

) =  
(04x122  ow2  d0(1)2

2‘r a(3c
200) +  2(02  + ag))ccTT dz dx  
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	72  
ET  ---  ET  ET GT 

)-10 o 

,5122Ih= celz-h= 0 	(1) 
cglz.d= a21,d 	(2) 

10(2)2 
 + 

 0(2)2 
 + 

 (3(1,222 
 2

_  
 	2--Loi,f2e)  + 2T(agaL  + te(Xr)  dz  dx  

EL ET  GL  EL 

(3) 

Here T=TR - To, where To is the stress free temperature and TR the test 
temperature. The values al. and ca. are the thermal expansion coefficients 
of the layer in the longitudinal and transverse directions. In order to 
apply the principle of minimum complementary energy, we need some 
assumptions about the stress distribution through-the-thickness of the 
considered layer. The stress functions in the 90- and 0-layers are chosen 
in the following form: 

a(te _ 
	+ 	+ Ni1(i)(1)2(i)}d2  

0(2) = {„.(2)-i2,12 _ a(1)d2,gibp.0-01 ce)d2,3(-±-) v1(i) 
u° 	° 	 (5) 

_ 	(2) 
where Tc=x/d, Z=z/d are non-dimensional coordinates and  'JO  

(1)  
 , Go are 

the x-axis stresses in the uncracked laminate (Eqns 13 to 15 in ref [11]). 



The stress components in the layers can then be calculated using the 
expressions 

azio 
a

xx 	 

20(k) 

az2  

a2  0(k)  
1113i 	ax2  

	

04) 
	a2 0(k) 

	

xz 	aXaZ (6) 

If we consider only the terms in square brackets, the model is identical to 
the 2-dim  0-model  described in ref [11]. The arbitrary function 91(i) in 
the present solution is then responsible for the nonuniform stress 
distribution in the 0-layer. If we further assume that 
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A* =ih  
2 2b 	 (7) 

where  h  = hid,  b=  bid, we obtain Hashin's original model [9]. 

In the present 2-dim 0/90-model, the arbitrary function 92(i) is 
responsible for the non-uniform 90-layer tensile x-axis stress distribution 
in the vicinity of the crack. The  x-dependence of this new stress term is 
characterized by 11110-0. This function is expected to decrease very fast 
with distance away from the crack surface. The function 93(i) in 
combination with WI 3(7) is responsible for the stress re-distribution in the 
0-layer when the non-uniform stress in the 90-layer is present. 

The expressions for the stress components obtained from Eqns 4 and 5 
are the following 

a) in the 90-layer 

4=4,1 - 11100 1111(7)921(i)]  
ag)  = CYP" 	Wi(T092(2)] 
0.(

7
2 an  

ö 	A*) N1;07)(1)2(2)1 
2 	 (8)  

b) in the 0-layer 

dx22 = ai32) (41 W(K)(filt(i) - ()(Pk)] 

xi = C41)  w'ffl(P11(i) 411(5093(i)] 
= OW -IV'(4)  301(i) lif;(i)93(i)] 

From the conditions 1 and 2 and Eqns 8 and 9 follow that 

91(1) = A*+ 1  , 91(h) = 91070= 0 
2 	 (10) 

(9) 



93(h) = eh) = 0 el) = p(l) = 1 92(1) = 93(1) 	(11) 
and 

V(±10) = 1, 	xv.(±-10) = 0, 1iji(±10) = 0 , 1 i(-±-10) = 0  (12) 
where In=loid. 

Thus, in order to obtain the stress state in the cracked laminate element 
we first have to calculate the constant A*, the functions NI(K), Vi(k") 
and (Pi(), 92(i), 93(2)• Certain assumptions about the shapes of the last 
three functions will be made later. 

In order to use the principle of minimum complementary energy, we 
substitute the stress components obtained from Eqns 8 and 9 into Eqn 3. 
Then the value of the complementary energy depends on A*, ‘11(i), 

(P2(i) and 93(i). If we now consider the functions (Pi(), 
92(i) and 93(i) as known and formally carry out the z-integration in 
Eqn 3 we obtain 

V 

=f 

	 'V1,1111,1111) dx 

The minimization routine is similar as described by Hashin in ref [9] and 
results in the following system of differential equations with constant 
coefficients 

C92,yr + (C82 - 	+ doy - C914/7 - CRY; - C8hri =0 

- CRyi - C8(1)y + C12.41; (Oa -  C  1 	+ 001 =0  (14) 

and boundary conditions given by Eqn 12. 

For the constants in this system we have the following expressions 
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(16) 
The solution of Eqns 14 and 12 can be rather simply expressed in terms 
of trigonometrical and exponential functions. The minimum value of the 
complementary energy corresponding to the obtained solution can then be 
expressed as 

(am cD2  , 	, _ 
V =  Vo  +2'  0  i  {C:2)41 (1o) - C92W1'(173)] 

Note that the numerical values of the constants in Eqn 14 are dependent 
on the still unknown A*, 91(i), 92(i) and 93ffl. Therefore the 
minimum value of the complementary energy also has such a dependence 

ET (17) 
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and we can continue the minimization routine to find the most accurate 
stress distribution across each layer thickness. 

As a particular case we assume the following shape of the functions 

1 - cosh ei(i-Ti) 	(p
3

ffl = 1  cosh A3(i-fl)  

sinh elb 	 A3 sinh 6,3b 

—2n 
92 = A + z- 

2n (18) 

with arbitrary shape parameters m, m and  n.  The values of A and A* 
are fixed and follow from Eqs 10 and 11 

A*  =. _1 + 1-cosh Alb  
2 AI sinh Alb  

A =_L+ 1-cosh e3i;  
2n L 3 sinh A3b (19) 

By application of Eqns 15 to 19 and the solution of Eq 14, the minimum 
value of the complementary energy can be expressed in terms of the 
shape parameters and crack spacing 

V = V(n41,A3,10) 	 (20) 

The minimization procedure was performed numerically. 

Modeling of reduction of thermo-elastic properties 

The stress distribution obtained in the previous section can now be used to 
calculate the changes in laminate propeties caused by transverse cracking. 

First we consider the longitudinal Young's modulus of the laminate. In 
order to obtain the longitudinal stiffness as a function of the average 
crack spacing  lo  or normalized crack density 1/10 = dub , we consider the 
average value of the strain in the 0-layer of the laminate element  

h 	+10 

(2) 1 

d

dzi Epdx  ex —210b 
(21) 

where ET can be obtained from the stress-strain relation. The thermal 
terms are neglected in this analysis. If we keep in mind that cro = 



where Ex is the Young's modulus of the cracked laminate, the 
calculations according to Eqn 21 leads us to the expression 

E_ x 	1 
E 	i  + ETd  1 f( o) 

ELb 10 	 (22)  
where  

-I-T) 

f(lo) = 1> 	{WOO - lifi)(0]  (ä.  
2 — 

From Eqns 22 and 23 we can obtain also the laminate stiffness in two 
limiting cases: the uncracked laminate and a laminate with an infinite 
number of transverse cracks 

Eo _ ELb + ETd  
x 	d + b 

E— _ _4_02_ 
x 	d + b (24) 

These values are the similar to those that follow from CLT and the ply 
discount model. 

In order to determine the Poisson's ratio of the laminate with transverse 
cracks we use the definition 

vxy = -  --- E; 	 (25) 

where EX  - EP  and is given by Eqn 21. 

In the following we assume that the y-axis strain is the same in all layers 
of the laminate and is independent on  y  and z 

41) = 42) = C(x) 	 (26) 

This assumption is accurate in most positions in the laminate, with the 
exception of a small region at the specimen edges. 

In order to obtain E(x)  in terms of functions that characterize the stress 
state, we use the following stress - strain relationships 

042) = Ele + VT G(2) + VL Gi22) 
YY 	Y  ET zz  EL  

dl)  = Er  le  +  vi,  ce + VL a(i)i 
YY 	-1  Y  EL 	EL 

 XX
/ 	(27) 

and the force balance in the  y  - direction 
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dx  

(29) 
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The resulting expression is as follows 
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The terms containing (311()  are omitted in Eqn 29 since they contain only 

terms with 	and WI . In the result from the  x-integration they disappear 
because of the boundary conditions in Eqn 12. 

The expressions for the x-axis stress given by Eqns 8 and 9 are 
substituted into Eqn 29 and we obtain 

Vxy  

1 (1  

	

_ vLET(d+b) 	EL  d+b lo  

	

ETb + ELd 	 nio) 
ELb lo  (30) 

For the limiting cases of an uncracked laminate and a laminate with an 
infinite number of transverse cracks we have 

v 0 = vLET(d+b)  
xy 

ETb ELd 
=  VLETb  

• xy 
ETb ELd  (31) 

These results agree with CLT and the ply discount model. 

The longitudinal thermal expansion coefficient of the laminate then 
directly follows from the strain at zero mechanical load 

c.(2)in 
ax — 	w'  

(32) 

We use the stress-strain relationship in Eqn 32 and substitute the 
expressions for stress components given by Eqns 8 and 9. From one- 
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dimensional CLT a simple expression for the thermal strains in the 90-
layer can be obtained 

ELI/  
ELb + Erd 

and as fmal expression we obtain 

MX ETd 	I.  ni;)  
a2 	aTETC1 + aLEC 10  

For the limiting case of a crack density approaching infinity we have 
ax = ai... 

In ref [10] it is demonstrated that Eqns 22, 30 and 34 for the thermo-
elastic properties of a laminate with transverse cracks follow also from 
Hashin's model. Those equations also follow from the 2-dim  0-model.  

However, for those two models one does not use Eqn 23 but instead 
+Z 

f(10) = 1- 	[WO ] di 
2 —  

(35) 

The corresponding solution for ilf(i) follows from the first part of Eqn 
14, with the assumption that VIM = 0 

Predictions and experimental data 

In this section are presented the predictions for thermo-elastic properties 
obtained by the use of Hashin's model [9], the 2-dim  0-model  [11] and the 
2-dim 0/90-model derived in the previous section. The predictions are 
compared with experimental data for a wide range of glass fiber/epoxy 
and carbon fiber/epoxy cross-ply laminates. The composite material 
properties used in the calculations are presented for glass fiber/epoxy in 
Table 1 and for carbon fiber/epoxy in Table 2. The sources of these data 
are presented in square brackets. 

The first step in the calculations is to determine the stress distribution 
between two cracks. The values of shape parameters obtained from the 
minimization procedure (see Eqn 20) are presented in Table 3. The shape 
parameters of the 0-layer increase in magnitude when the relative 
thickness of the 0-layer decreases. For thin 0-layers, the new terms in the 
stress distribution function (as compared with Hashin's model) then act 

(33)  

(34)  

-lo  
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only in a very thin boundary layer at the 0/90 interface. The non-linearity 
of the stress through-the-thickness of the 90-layer was found to be more 
pronounced in glass fiber/epoxy laminates (laminates with lower stiffness 
ratio EL/Er). The parameter  n  increases from 2 to 3. However, at present 
it is difficult to conclude whether this is a real consequence of the stress 
state or only originates from the approximate nature of the method and 
the use of a numerical minimization procedure. 

The purpose of using the principle of minimum complementary energy is 
to determine the admissible stress distribution with the lowest possible 
value for the complementary energy. The three models, compared in this 
paper propose three different sets of admissible solutions. Hashin's model 
provides the simplest solution which assumes uniform x-axis stress 
distribution through-the-thickness of both the 00- and 90-layers. In the 2-
dim  0-model  a non-uniform stress distribution in the 0-layer is included. 
From the mathematical point of view, the 2-dim  0-model  is of the same 
degree of complexity as Hashin's model. Finally, the 2-dim 0/90-model 
suggested in the present study contains non-uniform stress distribution 
through-the-thickness of both the 0- and 90-layers. Here, the 
mathematical treatment is considerably more difficult. It is, however, still 
possible to find an analytical solution to the problem. Because of the 
additional mathematical difficulties involved with the present 2-dim 0/90-
model it is important to compare predictions from all three models with 
experimental data to find out if the more complicated computations are 
necessary. 

The minimum values for the complementary energy are in normalised 
form given by 

v  
($41)(1)2/ET 	 (36) 

The values for the complementary energy calculated from the three 
different models are presented in Table 4 for the investigated cross-ply 
laminates. It is apparent that the 2-dim 0/90-model is significantly more 
accurate than the other two since the values from this model are the 
lowest for all the considered laminates. The 2-dim  0-model  provides a 
more accurate solution than Hashin's model but the improvment is very 
small for laminates with a large 90°/0° layer thickness ratio d/b. For 
laminates with a thin 90-layer as compared with the 0-layer thickness, the 
reduction in complementary energy obtained with the 2-dim  0-model  is 
50% or more of the reduction obtained with the 2-dim 0/90-model (see 
glass fiber/epoxy [0/90/0]r [13]). In other words, the improvement 
obtained by using the 2-dim 0/90-model as compared with the 2-dim  0-
model  is smaller for thin 90-layers as compared with thick transverse 
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layer. If we compare laminates of the same thickness ratio then the 
improvement is larger for glass fiber/epoxy laminates as compared with 
carbon fiber/epoxy, probably because of the higher stiffness ratio ET/EL. 

The calculated stress distributions in the AS4/3502 [0/903]s laminate are 
illustrated for the 2-dim 0- and the 2-dim 0/90-model in Figs 2 to 4. The 
x-axis normal stress in the 90-layer as a function of the distance from the 
crack is presented in Fig 2. The different curves in Fig 2 correspond to 
different values of the normal coordinate z. In the middle of the 
transverse layer the simpler 2-dim  0-model  describe the stress 
distribution rather well. However, closer to the 0/90 interface the x-axis 
stress recover the undisturbed value much faster for the more refined 2-
dim 0/90-model. The values of the stress in the vicinity of the crack tip 
are even larger than the undisturbed value, in agreement with the 
expected stress concentration at the crack tip. Because of its approximate 
nature, the present model cannot describe the singularity of the stress. In 
Fig 3 the non-uniform x-axis stress distribution through-the-thickness of 
the 90-layer is demonstrated for the present model. The results are 
compared with the uniform 90-layer stress distribution of the 2-dim  0-
model  at two different distances from the crack surface. According to the 
2-dim 0/90-model, the non-uniformity is no longer significant at a 
distance equal to the transverse layer thickness 2d away from the crack 
surface. In Fig 4 the through-the-thickness x-axis stress distribution in the 
0-layer is compared for the three models. The 2-dim 0/90-model show 
high stress concentration in the vicinity of the crack tip which decreases 
rapidly with increasing distance away from the interface. 

The thermo-elastic properties are predicted from the calculated stress 
distribution and Eqns 22, 23, 30, 34 and 35 in the previous section. The 
calculated results for the longitudinal stiffness as a function of crack 
density for carbon fiber/epoxy and glass fiber/epoxy laminates with 
different 90-layer thicknesses are illustrated in Figs 5 to 13. Predictions 
based not only on the present 2-dim 0/90-model but also on Hashin's and 
the 2-dim  0-model  are compared with experimental data. The predictions 
based on Hashin's model only show good agreement with Highsmith's 
data.. In all other cases the predictions are much lower than data. The 2-
dim  0-model  generally show good agreement with data for laminates with 
thin 90-layers. With the exception of Highsmith's data from ref [2], the 
predictions based on the 2-dim 0/90-model are in excellent agreement 
with all test data. The disagreement with Highsmith's data [2] indicate that 
damage other than transverse cracking may have reduced the laminate 
stiffness. The 90-layer in Highsmith's laminate was very thick (2d=1.218 
mm) and since local delamination occurs to a larger extent in such 
laminates this may be the reason for the unexpectedly low stiffness. Also 
the crack branching observed in ref [2] contributes to lowered stiffness. 
It is a consequence of the method that predictions based on the minimum 
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complementary energy form the lower bound of the stiffness. Despite of 
this, experimental data for glass fiber/epoxy laminates tend to intersect 
the line for our predictions at high crack densities (Figs 10 to 13). Since 
local delaminations are more likely to form at high crack densities, this 
further supports our hypothesis that local delamination at the tip of 
transverse cracks is the major reason why the 2-dim 0/90-model 
sometimes underestimates the stiffness reduction. If so, the comparison of 
2-dim 0/90-model predictions with test data could be used to estimate the 
extent of delamination in a cross-ply laminate. 

Calculation results for the Poisson's ratio are presented in Figs 14 to 16. 
From Eqn 31 follows that the changes in Poisson's ratio are much larger 
than the stiffness changes in both carbon fiber and glass fiber composites. 
This has also been pointed out by Talreja [14]. Hashin's model always 
underestimates the Poisson's ratio of the laminate. From Figs 14 to 16 it 
is difficult to conclude whether the 2-dim  0-model  or the 2-dim 0/90-
model is in better agreement with test data. First, because of the rather 
large scatter in test data and second, because the differences in predictions 
between the models are not very significant. This is because the 
investigated laminates have thin 90-layers. In the region of high crack 
density, the values for Poisson's ratio decrease and are lower than 
predictions according to the 2-dim 0/90-model. This would be an 
expected observation if increasing local delamination was ocurring at the 
tips of the transverse cracks. 

Experimental data for the changes in coefficient of thermal expansion 
(CTE) with transverse cracking are not very good [15]. For this reason 
we also compare our predictions with results from a solution based on the 
fmite element method  (FEM)  [16] in Fig. 17. The agreement between the 
2-dim 0/90-model with experimental data is excellent. Both the  FEM  
predictions and the 2-dim 0/90-model show a similar relationship between 
CTE and crack density. In the practically available crack density region 
the predictions are very different from those based on Hashin's model and 
the 2-dim  0-model  (see Figs 17 and 18). In ref [10], Nairn criticizes the  
FEM-results in ref [15] for, in contrast to Hashin's model, not satisfying 
the limiting condition ax = at.. The 2-dim 0/90-model predictions as well 
as, probably, the  FEM-results do indeed approach the correct limiting 
value, but the process is just not as fast as it is for the less refined model 
by Hashin. 

Conclusions 

The reduction in thermo-elastic properties of cross-ply laminates due to 
transverse cracking in the 90-layer has been modeled. The stress 
distribution in the laminate element between two cracks was calculated 



using the principle of minimum complementary energy. The presented 
"2-dim 0/90-model" include non-uniform stress distribution through-the-
thickness of both the 0- and the 90-layer. 

Models based on simplified assumptions did in all cases underestimate the 
stiffness of the cracked laminates. In the high crack density region, 
increasing local delamination at the crack tip can cause additional 
laminate stiffness reduction. It was suggested to use deviations between 
test data and predictions from the presented 2-dim 0/90-model as a 
measure of the extent of delamination at the crack tip in brittle laminates. 
The presented analysis shows that the variational approach can be used to 
obtain very good agreement with test data if the initial assumptions of the 
model are sufficiently accurate. In fact, the problem of predicting 
thermo-elastic properties of brittle cross-ply laminates with transverse 
cracks (no local delaminations), must now be considered as solved. 
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TABLE 1 -Material properties of glass fiber/epoxy composites. 

Material ** [2] [12] 0/90/0 0/902/0 0/904/0 
[13] [13] [13] 

EL(GPa) 44 41.7 40.0 44.29 47.62 48.72 
ET(GPa) 15.8 13.0 10.0 14.13 15.02 16.46 
GL(GPa) 3.4 3.4 5.0 3.4* 3.4* 3.4* 
Crr(GPa) 5.56* 4.58 4.0* 4.8* 4.8* 4.8* 

VL 0.264 0.3 0.31 0.3* 0.3* 0.3* 
VT 0.42* 0.42 0.3* 0.42* 0.42* 0.42* 

aL (10-61PC ) - 3.8 8.0 8.0 8.0 
UT (i0-6  1PC ) - 16.7 20.0 20.0 20.0 

ho (mm) 0.150 0.203 - 0.155 0.159 0.150 0.147 

* The unknown values are selected from other composite systems. 
** The tests performed at  Linköping  University, Sweden 

TABLE 2 -Material properties of carbon fiber/epoxy composites. 

Material AS4/3502 AS4/3501-6 T300/5208 CFRP 
[3] [7] [10] [12] 

EL(GPa) 144.8 139 130.0 145.0 
ET(GPa) 9.58 9.7 9.72 9.5 
GL(GPa) 4.79 5.2 5.36 5.6 
Crr(GPa) 4.2* 3.6* 3.36 3.5 

VL 0.31 0.30 0.308 0.31 
VT 0.40* 0.40* 0.49 0.3* 

UL (10-61/°C) -0.3 -0.3 -0.769 - 
UT (10-6  irc ) 28.1 28.1 24.5 

ho (mm) 0.127 0.132 0.127 0.125 

* The unknown values are selected from other composite systems. 
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TABLE 3 - The shape parameters characterizing the stress distribution 
across the layer thickness in accordance with Eqns 18 and 20. 

Laminate 	n 	Ai 	A3 
(90-layer) (0-layer) (0 -layer) 

AS4/3502 
[0/90]s 	2 	6.5 	21.5 
[0/902]s 	2 	7.0 	23.2 
[0/903]s 	2 	8.0 	25.8 

T300/5208 [10] 
[02/902]s 	2 	5.5 	19.0 
[0/903]s 	2 	7.5 	24.4 

CFRP [12] 
[0/90]s 	 2 	6.0 	21.2 

AS4/3501-6 
[0/90]s 	2 	6.0 	20.6 

Glass fiber/epoxy 
[0/90/0]T [13] 	3 	4.5 	13.8 
[0/90]s [13] 3 	4.5 	14.2 
[0/902]s [13] 3 	5.5 	16.2 
[0/90]s [12] 3 	4.2 	14.6 
[02/902]s * 	3 	4.5 	13.6 
[0/903]s [2] 	3 	7.5 	20.0 

* The tests performed at the University of  Linköping,  Sweden 
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TABLE 4 - The minimum value of the complementary 
energy corresponding to different models. 

Laminate 	Hashin 	2-dim 0 2-dim 0/90 

AS4/3502 
[0/90]s 	3.314 	2.834 	2.417 
[0/902]s 	2.951 	2.824 	2.423 
[0/903]s 	2.881 	2.829 	2.452 

T300/5208 [10] 
[02/902]s 	3.325 	2.953 	2.521 
[0/903]s 	2.998 	2.963 	2.582 

CFRP [12] 
[0/90]s 	3.445 	3.011 	2.563 

AS4/3501-6 
[0/90]s 	3.381 	2.957 	2.529 

Glass. fiber/epoxy 
[0/90/0]T [13] 	5.226 	4.093 	3.303 
[0/90]s [13] 4.504 4.135 	3.377 
[0/902]s [13] 4.521 	4.416 	3.611 
[0/90]s [12] 3.862 3.619 	2.985 
[02/902]s * 	4.708 	4.212 	3.404 
[0/903]s [2] 2.998 	2.963 	2.582 

* The tests performed at University of  Linköping,  Sweden 
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Figure Captions 

Fig.l.Schematic showing the geometry of an element of a [0m/90ds cross-
ply laminate subjected to mechanical and thermal loads. 

Fig.2.The normalized x-axis stress uixi°o in the 90-layer as a function of 
the distance from the crack surface. Results from the 2-dim 0/90-model 
for z/d=0, 0.95 and 1.0 as well as the uniform through-the-thickness 
distribution of the 2-dim  0-model.  

Fig.3.The normalized x-axis stress distribution across the thickness of the 
90-layer according to the 2-dim  0-model  and the 2-dim 0/90-model. 
Results at different distances from the crack surface x/d=0.5 and 2.0. 

Fig.4.The x-axis stress distribution through-the-thickness of the 0-layer at 
the crack tip according to Hashin's model, the 2-dim  0-model  and the 2-
dim 0/90-model. 

Fig.5.Modeling results and experimental data for the longitudinal stiffness 
as a function of crack density in a carbon fiber/epoxy laminate. Data 
from Ref 3. 

Fig.6.Modeling results and experimental data for the longitudinal stiffness 
as a function of crack density in a carbon fiber/epoxy laminate. Data 
from Ref 3. 

Fig.7.Modeling results and experimental data for the longitudinal stiffness 
as a function of crack density in a carbon fiber/epoxy laminate. Data 
from Ref 3. 

Fig.8.Modeling results and experimental data for the longitudinal stiffness 
as a function of crack density in a glass fiber/epoxy laminate. Data from 
Ref 12. 

Fig.9.Modeling results and experimental data for the longitudinal stiffness 
as a. function of crack density in a glass fiber/epoxy laminate. Data from 
Ref 2. 

Fig.10.Modeling results and experimental data for the longitudinal 
stiffness as a function of crack density in a glass fiber/epoxy laminate. 
Data obtained at University of  Linköping,  Sweden. 

Fig.11.Modeling results and experimental data for the longitudinal 
stiffness as a function of crack density in a glass fiber/epoxy laminate. 
Data from Ref 13. 



Fig.12.Modeling results and experimental data for the longitudinal 
stiffness as a function of crack density in a glass fiber/epoxy laminate. 
Data from Ref 13. 

Fig.13.Modeling results and experimental data for the longitudinal 
stiffness as a function of crack density in a glass fiber/epoxy laminate. 
Data from Ref 13. 

Fig.14.Modeling results and experimental data for the normalized 
Poisson's ratio as a function of crack density in a glass fiber/epoxy 
laminate. Data from Ref 12. 

Fig.15.Modeling results and experimental data for the normalized 
Poisson's ratio as a function of crack density in a carbon fiber/epoxy 
laminate. Data from Ref 12. 

Fig.16.Modeling results and experimental data for the normalized 
Poisson's ratio as a function of crack density in a glass fiber/epoxy cross-
ply laminate. Data from Ref 7. 

Fig.17.The normalized coefficient of thermal expansion of a carbon 
fiber/epoxy laminate as a function of crack density. Experimental data 
from Ref 15.  FEM  analysis from Ref 16. 

Fig.18.The normalized coefficient of thermal expansion of a carbon 
fiber/epoxy laminate as a function of crack density.  FEM  analysis from 
Ref 16. 
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Fig.l.Schematic showing the geometry of an element of a lOrn/90ids cross-
ply laminate subjected to mechanical and thermal loads. 
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Fig.2.The normalized x-axis stress '424 in the 90-layer as a function of 
the distance from the crack surface. Results from the 2-dim 0/90-model 
for z/d=0, 0.95 and 1.0 as well as the uniform through-the-thickness 
distribution of the 2-dim  0-model.  
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Fig.3.The normalized x-axis stress distribution across the thickness of the 
90-layer according to the 2-dim  0-model  and the 2-dim 0/90-model. 
Results at different distances from the crack surface x/d=0.5 and 2.0.  
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Fig.4.The x-axis stress distribution through-the-thickness of the 0-layer at 
the crack tip according to Hashin's model, the 2-dim  0-model  and the 2-
dim 0/90-model.  
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Fig.5.Modeling results and experimental data for the longitudinal stiffness 
as a function of crack density in a carbon fiber/epoxy laminate. Data 
from Ref 3. 
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Fig.6.Modeling results and experimental data for the longitudinal stiffness 
as a function of crack density in a carbon fiber/epoxy laminate. Data 
from Ref 3. 
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Fig.7.Modeling results and experimental data for the longitudinal stiffness 
as a function of crack density in a carbon fiber/epoxy laminate. Data 
from Ref 3.  
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Fig.9.Modeling results and experimental data for the longitudinal stiffness 
as a function of crack density in a glass fiber/epoxy laminate. Data from 
Ref 2. 
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Data obtained at University of  Linköping,  Sweden. 
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laminate. Data from Ref 12. 
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Fig.15.Modeling results and experimental data for the normalized 
Poisson's ratio as a function of crack density in a carbon fiber/epoxy 
laminate. Data from Ref 12. 
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from Ref 15.  FEM  analysis from Ref 16. 
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ABSTRACT 

A modified variational analysis based on the principle of minimum 
complementary energy, is used to describe the stress state around a 
through-the-thickness transverse crack in [Orn/90n1s cross-ply laminates. 
The analysis takes into account nonlinear stress distribution in the 
thickness direction of the 0°-plies and contains a thermoelastic 
consideration. A failure criterion based on linear elastic fracture 
mechanics is used to predict the onset of transverse matrix cracking in 
cross-ply laminates. The predictions are compared with experimental data 
and with previous analyses developed in the framework of the shear lag 
theory or the variational approach suggested by Hashin. 
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INTRODUCTION 

Many observations have confirmed that the initiation of damage in cross-
ply laminates is by transverse cracks that form in the 90°-plies and run 
parallel to the fiber direction [1-4]. These cracks have also been observed 
in off-axis plies of more general laminates [5,6]. The understanding of 
composite transverse cracking behavior is therefore important for many 
different laminate configurations. Although the formation of transverse 
cracks does not necessarily lead to catastrophic failure, their presence in 
structures such as pressure vessels or liquid containers may lead to 
leakage and decreased residual strength. Multiple transverse cracking can 
also cause significant stiffness reduction. 

Experimental studies have shown that the thickness of the transverse 
cracking layer influences the strain at onset of transverse cracking, 
multiple cracking behavior and stiffness reduction [2,3,7,8,9,10]. These 
experimental results attribute this dependence to the constraining action 
of the adjacent 0°-layers. Several analytical models have been proposed as 
solutions to the transverse matrix cracking problem. Some of the methods 
are based on the unconstrained transverse tensile strength o f 
unidirectional laminates as a material property [11]. These methods 
interpret the formation of transverse cracks in terms of the unidirectional 
90°-layer tensile strength. If in this approach also the residual thermal 
strains are considered, the failure envelope shifts in strain space. From 
such predictions the first ply failure occurs at very small positive strains. 
Even when moisture absorption effects are neglected, the onset of 
transverse cracking does in practice occur at much higher strain because 
of the constraining effect of stiffer layers next to the 90°-layers. If both 
residual thermal strain and constraint effects are neglected, the onset of 
transverse cracking may by accident be correctly predicted by the 
strength method. 

The methods chosen to explain the constraining effect can roughly be 
divided into two different approaches - the fracture mechanics approach 
[5] and the statistical strength distribution methods [4,12,13]. In the 
present work, the fracture mechanics approach is preferred. Here it is 
postulated that a new microcrack will form when it is mechanistically 
possible and energetically favorable [5]. The mechanistic possibility is 
guaranteed by the stress singularity at the crack tip and by experimental 
observations of randomly distributed microflaws [3,5,14 ]. These are 
believed to be caused by fiber-matrix debonding, which occurs already at 
very low strains. Thus the fracture problem is reduced to satisfying 
energetical criteria or, in other words, the microcrack will form when 
the released strain energy due to crack propagation is greater than some 
critical value, the critical strain energy release rate. 
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The first step in the application of this approach is to estimate the stress 
state at the tip of the transverse crack. A convenient assumption, which is 
valid for thin 90°-plies and plies of intermediate thickness, is that 
through-the-thickness flaws have formed during deformation and already 
exist before cracking. The crack surface therefore grows only in the 
width direction. 

Most of the existing work in this area [1,3,6,12,15] contain some form of 
shear lag approximation in which it is assumed that displacements of a 
particular layer are uniform over the thickness of that layer. The shear 
stress, which again introduces the stress to the broken 90°-ply, is active 
only in the shear transfer layer. This is a hypothetical region at the 
interface between the 0°- and 90°-layers, presumably resin rich. A serious 
problem with this model is the so called shear lag parameter, which can 
not be determined experimentally. It is therefore commonly employed as 
an additional parameter to fit the theory to experimental data. Another 
problem is that the equilibrium conditions are satisfied only in integral 
form. 

The present paper describes the employment of the principle of minimum 
complementary energy in order to obtain the stress distribution at the 
transverse crack. This approach was originally described by Hashin [16] 
and developed in refs [17,18] to predict the onset of transverse cracking. 
Since we found some problems with the results in refs [17,18] we 
developed a different solution using the same approach. In the following 
we will call this Hashin's model. Our newly suggested solution includes a 
non-linear stress distribution in the laminate thickness direction for 0°-
plies. This was obtained by the employment of the variational approach 
not only for the whole laminate, but also for the outer plies separately. 
This approach we call the present model and, interestingly enough, it 
contains the variational analysis based on Hashin's results as a particular 
case. From our analysis it follows that the latter is valid only when the 
ratio between the 0°- and the 90°-layer thicknesses is small. 

A FRACTURE CRITERION BASED ON 
THE ENERGY METHOD 

The linear elastic fracture mechanics (LEFM) approach is often used to 
describe the fracture of 90°-layers in cross-ply laminates [1,5,151,. Based 
on the energy balance for the formation of transverse cracks under 
mechanical and thermal loading, a fracture criterion can be derived. 
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If the area of the fractured surface increases by dS, the energy change in 
the system due to growth of the fracture surface area is: 

dA - dU  

where dA is the work done by the external load on the system. This 
parameter is related to the additional extension of the laminate as the 
transverse crack is formed, whereas dU is the total change of stored 
elastic energy. Following basic LEFM-theory, the released strain energy 
is equal to the energy necessary to create the newly generated fracture 
surface area. 

dA - dU = Gic dS 	 ( 1 ) 

where Gic is the critical strain energy release rate for mode I crack 
growth. 

Transverse matrix cracks develop from randomly distributed material 
flaws in the microstructure of the unidirectional ply. These flaws exist at 
very low strains and are probably often caused by fiber-matrix 
debonding. The size and distribution of the flaws is characteristic for the 
basic material system used and the laminate fabrication process. The size 
of the largest, so called effective flaw is denoted 2ao. If we assume a 
stochastic distribution of flaws, a crack nucleus of size 2ao may be found 
at the surface of the 90°-layer as well as in the interior. For unidirectional 
laminates (unconstrained plies) the stress intensity factor for flaws at the 
free surface is a factor 1.12 i2 higher than for flaws located at the 
symmetry axis. Flaws at the surface will therefore initiate the fracture. 
However, in cross-ply laminates, flaws at the interface between the 90°-
and 0°-layers are unlikely to propagate because of the constraining 
influence of the 0°-degree layer. Instead, transverse matrix cracks are 
likely to result from the extension of flaws which are located centrally in 
the thickness direction. 

Unlike the classical fracture problem, the numerical values for 2ao and 
Gic are often difficult to determine for cross-ply laminates of fiber 
composites. Two different values of Gic, Gic(T) and Gic(L) are needed to 
characterize crack growth in the thickness (T) and in the width (L) 
direction[5,19]. Results reported for carbon fiber/epoxy [5] indicate that 
Gic(L) is from 0.6 to 0.8 times lower than Gic(T). 

In thinner 90°-layers, the effective flaw size is often comparable with the 
ply thickness. The effective flaw of size 2ao does not necessarily exist 
before loading. It is more likely to form during deformation due to fiber 
debonding, a consequence of the statistical distribution of the fiber/matrix 



bond strength. Still, one can assume that before the formation of the 
transverse crack through-the-thickness flaws exist. The cracked area will 
therefore grow only in the width direction, parallel to the fibers. The 
criterion for crack growth (1) can be rewritten in the following form for 
the growth of a transverse crack spanning the entire thickness 2d of the 
90°-layer. 

AA - AU = 2dGic(L) 
	

( 2 ) 

This expression compares the stress state just before and after crack 
growth. 

In order to obtain expressions for the numerical calculation of A and U, 
consider the section of the [0m/90n]s laminate in Fig 1 subjected to 
mechanical and thermal loads. The two outer 0°-layers are of equal 
thickness  b,  the central 90°-layer has a thickness of 2d and the length of 
the specimen is 1 (1 -• oo). 

The material properties in the fiber direction and transverse to the fiber 
direction in a unidirectional composite are indicated by the letters L and 
T respectively. So EL, ET are Young's moduli, GL,  Gr  the shear modulus, 
vL, vr Poisson's ratio. The stress and strain characteristics in the outer 0°-
layers have index 2 whereas in the 90°-layer they have index 1. 
Employing this notation, the total stored elastic energy can be written as 

U=21 1 Widzdx+2I 1 W2 dzdx  

h  . 

0 -'» 	
d  -'s  

( 3 ) 

where Wk, k--1,2 is the stress energy density of a transversely isotropic 
layer in a cross-ply laminate.  

An additional assumption is that the stress state depends only on the  x  and 
z components. 
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( 5 ) 

Therefore we obtain 
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The work AA done by the external load is related to the mean value of 
the elongation of the 0°-layers, Si: 

AA(I) = 4(d+b)a0  SI 

where  

SI =1-1 51(z)  dz  
b 

d  

but 

bl(z) = 	(42)  _ (02)  ) dX 
JO 

(2) 
where 60 is the strain in the 0°-layer of an uncracked laminate. 
Thus by the expressions (2),(3),(4),(6),(7) and (8), the problem to predict 
the strain at onset of transverse cracking is reduced to determination of 
the stress-strain state around the crack. 

DETERMINATION OF THE STRESS-STRAIN STATE 

Consider the expression for the complementary energy V( cr ) [16,17,20] 
This is given as follows (assuming that there are no boundary conditions 
for the displacements):  

V=U+  4  j:  (crg  T  +  a242)  aT  T)  dz  dx +  

id 

h  

( 9 ) 

( 6 ) 

( 7 ) 

( 8 ) 



d  

f

+4 	(Oa  TT + Erz(zi)aTT) dz dx  

where U is the strain energy given by eqns (3) and (5),  T=Ts  - To where 
Ts and To are the test temperature and the stress free temperature, 
respectively, ai. and aT are the thermal expansion coefficients in the fiber 
and transverse directions. 

Let us consider all admissible stress fields which satisfy equilibrium 
conditions and traction boundary conditions at the free surfaces and at the 
interfaces between the 0° and 90° layers. It then follows from the 
principle of minimum complementary energy that the stress field which 
will give the minimum value for V will also give the best stress-strain 
state approximation for the present problem. 

The boundary conditions for the 90°-layer at the crack surface and at 
infinity are 

cr,Tix= aI=o= o 02)1.—= 0 ,  (1221.—= Oj 

where cr(o1)= E1(E0+ ET) , Co = cr0/E0  , Act =  ar  - aL 
ziaTELb 	_ EL,b+Erd  

ET 	- 
ELb+Erd , 

E0 
b+d 

For the outer 0°-layers the conditions are as follows: 

( 10 ) 

0.(2)1.=== ow 	°T =  x 	= 	0 , celz=h= $32)1z=h= 0 ( 12 )  x 	co 

where  
_(2)= 	ETd - ET 

ELI)) ( 13 ) 

The stress distribution in the 0°- and 90°-layers must satisfy the following 
interface conditions : 

al121z= aglz-d 	a2)1T-d= Er121.-A 	( 14 ) 
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It is convenient to use a set of stress functions 4)(10(x,z), k=1,2 to obtain the 
stress components 

ci
, 
 = 

02A,(k) 
(k) 	 
xx 	aZ2  

(k) = 024)(k) 	- 	 (k) 	
02(k)02(k)

azz  
0x2 	 axaz  

If we now, following Hashin [16], search for the stress functions in every 
layer in the simple form of the product of only two unknown functions 

= a 	_ 	(---301d2 az, (2) .= (30(2)22_,d
2 
 2 + crowd2cx  -Ai 1(  -x)  

( 15 ) 

where  z  =z/d, x =x/d  

The conditions (10) for the 90°-layer can then only be satisfied by a 
uniform through the thickness distribution for axx. Furthermore, in the 
90°-layers we obtain a linear distribution for axz(x,z) and a parabolical 
distribution for azz(x,z). 

For the 0°-layer we can find many functions (PM which satisfy the 
boundary conditions (12) and (13). The choice of the best of them will be 
done later by the employment of the principle of minimum strain energy. 
From (14) follows that i(5) is proportional to WOO. 

We can now substitute the obtained expressions for the stresses into the 
expression for the complementary energy and apply a standard 
mathematical procedure for the minimization of V. We will then, 
independent of the chosen shape of PM, obtain the Euler-Lagrange 
equation for  WM  in the form of a fourth order differential equation with 
constant coefficients. The characteristic equation has the form 

x4 + px2 = o 

where only the coefficients  p  and  q  depend on the chosen distribution 
cP(2). Let us assume that the solution contains real roots. The numerical 
minimization of the expression for the complementary energy, analogous 
to expression (24) given later, then shows that the minimum value is 
obtained when these roots are equal. But the case with equal roots is of no 
practical importance. It was therefore concluded that the right solution 
must have complex conjugate roots with equal real parts  

X= ±(a ±i)  



Consequently the general solution for the Euler-Lagrange equation 110) 

will contain linear combinations of the terms xce-±a  os  ßx and e±axsin ßx-
With consideration of the conditions (10), the solution in the region x>0 
of the 90°-layer can then be written in the following form 

012 =1  - e-ai(cos f3X.  + 'asin  ßx  

( 16 ) 

4 =- 1) 	crow—z e -ai 	ß2  sin ßx 

ci(1)  = o'(2  + A*)(a2  + ß2)e-a  i  (cos ßx - ß- sin ßX ) 22 	0 -
2 

where a, ß and A* are arbitrary constants (a,ß>0). 

This solution satisfies equilibrium conditions in every point of the 90°-
layer and also the conditions (10). The corresponding solution in the 0°-
layer can be written as follows: 

= 42)  -41)cp1r(i) e-ai (cos ix + sin ßx ) 

2 + ce2 	_ 02) = _amixa  p  e-ax sin ßx 

foe)  = crP)cp(iXa2  + 132)  e-a x(cos firc 	135E 
Ii 

( 17 ) 

where PM is an arbitrary function which must satisfy the following 
conditions: 

p'(1)= 1 	, cp(1) = A*+1- 	cp1(h)= 0 
_ 	2 

cp(h) = 0 	, 	h = hid 
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000)2d I cioW2d2  8a  + 2  a° 	x  
(02d2 

U1 =2 
( 19 ) ET 	ET  a2 + 13 2 	ET  
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DEVELOPMENT OF THE NEW FRACTURE CRITERION 

By the substitution of (16) and (17) into equations (3) and (5), the strain 
energies  Ui  (90°-layers) and U2 (0°-layers) can be determined: 

132+ 5a2 	(a2+  R2)2 	
a2  	(A 

.2 
 + 	 22   + 2vT(At+ 16)a24+

a
132}  +  1  ) +  ET  

\4a(a2+  i32) 	4a 	3 20 	Gr  

	

a(2)2. 	(1) (2)-12 	 (1)2  2 

	

D 	I  + ao ao a 	8a  + Go d  a2  132   x 

	

U2 = 2  °
EL 	EL a2 + 132 	ET 	2a 	(20) 

2 ET  ß  +  5a2  (cpii)2 +  (a2+ f32)  cp  2  +  ET (02 
 + 2VL cp cp"  \d 

I:  {EL (a24. p2)2 	 OL 	EL 1  
We then separately 	

equation for  P  
apply the 

following differential equ M 
ply the principle

EL

of

(a

m

2

in

+ß

imT strain energy to the 
0°-layer and we obtain 

coy (0(2+  02)2  (EL 2VL)911 	
2\3 
	 = 0 

ß2+ 52 GL 	ET 132+ 5a2 
 

The four real roots of the corresponding characteristic equation are 
denoted  ±Ak,  k=1,2. The solution PM  wich  satisfy eqn (18) can then be 
expressed in simple form 

cpw 	cosh å1(-h) - cosh i 2(i-h)  

	

iksinh A2 f::; - äisinh  b 	( 22 ) 

where b=b/d  

The expression (22) was obtained by the additional assumption that cf)(2) 
must keep the same sign for all  i.  One of the arbitrary constants can now 
be determined 

A. = 	4.  cosh Ai - cosh A2 b  
2 	A2sinh A2 -1; - äisinh äl 	( 23 ) 

( 21 ) 



We substitute eqns (3),(16),(17),(19),(20) and (22) into (9) and carry out 
the z integration. We then have the following expression for the 
complementary energy 

a.(1 
V=  Vo+-° 

 )2d2  2(  132+5a2  il + KT(1+2A*(010) . cpuo))1  4. 
ET 	x4a(cit2+132)L 	EL 2 	 (  24  )  

4. 
 (a2+

2
V)

2 
 (A*24.  A',_'` +L)  +  a2 2 r ET ET 1+2A*   + 2v,r(22C+)1)  

4a 	3 20 	4a  t3GT  GI.,  

where it is taken into account that 

,.(2) „(1) 
v° - 	- AaT -- 0 
EL ET 
	

(25) 

The first term of (24) represents the complementary energy of the 
uncracked cross-ply laminate and is of no importance for the goal of the 

present investigation. Instead the expression in braces (denoted (>) is 
responsible for the minimum of the complementary energy. 

The last task is then to find those numerical values of a and ß which give 

the minimum value for < >. These values can be determined by simple 
numerical investigations. The resulting value of the expression between 

the braces is denoted ( >a, ß . 

Next, AA. is calculated from (6), (7), (8) and (17). 

Eoci(V,Id2( l  + Erd)  8a  
Ed) a2+ 2  ( 26 ) 

The general fracture criterion in eqn (2) can then be used to express our 
new criterion 

(E0+ ET)2Eid[  4a (I 4. ..4. 4)  ( )
a  . 

 i  ...= Gic(L) 
a2+f32 	ELb 	'13 	 ( 27 ) 

The present analysis which results in criterion (27) (termed present 
model) is based on Hashin's approach [16] but, as has been described, 
contains an entirely different stress distribution in the 0°-layers. 
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MODEL PREDICTIONS AND EXPERIMENTAL DATA 

Material properties of T300/934 carbon fiber/epoxy and glass fiber/epoxy 
used in the present analysis are given in Table 1. The values for the 
elastic constants and the thermal expansion coefficients are well 
documented in the literature [1,21]. The critical strain energy release rate 
for T300/934 was obtained from ref [21] and for glass fiber/epoxy from 
ref [1]. In the criterion based on the shear lag theory, a value for the so 
called shear lag parameter is needed. In the present study we use the value 
reported in ref [1]. The experimental data for onset of transverse 
cracking in T300/934 cross-ply laminates was reported in ref [2]. For 
glass fiber/epoxy the data was reported in ref [31 

In addition to an evaluation of the criterion (27), we also wanted to 
include some other criteria. The model developed by Laws and Dvorak 
[15] was chosen as a typical criterion based on the shear lag theory. It is 
interesting to note that the criterion in ref [1] after some simplifications 
coincide with the criterion by Laws and Dvorak. For this criterion we use 
the term shear lag model and it can be written as follows in the notation 
of the present paper. 

(CO+ ET)2ETCIV ET  ( 1 + ECI) = Gic(L) 
dG/do 	ELb ( 28 ) 

We then consider an earlier criterion based on the variational analysis by 
Hashin [16]. A fracture criterion based on this approach was developed in 
ref [18] in the following form.  

(d+ 	)Erd,/  g-I( 1 + 	= Gic(L) 
Cv 	ELb 	 ( 29 ) 

where Cv is a given function, Cv= f(E,G,d,b,v). 

The obtained result means that the strain energy release rate is 
proportional to the sum of the squares of the applied strain and the 
thermal strain. This seems questionable since then the mechanical failure 
strain would not depend on the sign of the residual thermal strain. 

We therefore made similar investigations following Hashin's approach. 
Our expression for the strain energy was the same as the expression 
Nairn obtained. Nairn then arrived at his fracture criterion using the 
change in compliance of the cracked laminate [18]. Instead, we used 
condition (2) and a procedure described in ref [1]. Our criterion 
(hereafter termed Hashin's model) can then be expressed as 
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(4-1- Er)2E-rdV 1-(r 	 = Gic(1-) 

	

Cv 	ELb ( 30 ) 

 

and differs from (29) only in the first term (so+ET)2  which has already 
been discussed. It would be misleading to say that this difference is caused 
by the different methods used to derive the criteria. As shown in the 
Appendix, a correct application of the compliance change method also 
leads to eqn (30). Eqn.(29) is therefore incorrect. 

We now have three different criteria. "Present model" which is eqn (27), 
"Shear lag model" is eqn (28) and "Hashin's model" is eqn (30). In order 
to test the accuracy of their predictions we need data on transverse 
cracking strains, so (mechanical) and co+er (mechanical + thermal). Since 
the model's ability to predict the constraint effect is a good test, we need 
the data as a function of the 90°-layer thickness in [Orn/90n]s laminates. 

In Figs 2 and 3, predictions from the three criteria of the strain at onset 
of transverse cracking are shown as a function of the 90°-layer thickness 
for carbon fiber/epoxy (Fig 2) and glass fiber/epoxy (Fig 3). 
Experimental data are also given in the figures. Both predictions and data 
show the constraint effect as an increase in strain for laminates with thin 
90°-layers (low  n).  

The shear lag model. slightly overestimates the cracking strain for both 
materials. The shear lag models often show good agreement, but it seems 
as if the physical meaning of the shear lag parameter is unclear. Often 
this parameter is therefore only used to fit the predictions to the data. 
Furthermore, due to the often lower resin content nowadays, resin-rich 
regions seldom exist in commercial laminates [22]. A theoretical 
argument against the shear lag approach is that equilibrium conditions are 
not satisfied in every point of the laminate. Because of these arguments, 
the shear lag model will not be considered further. 

From Fig 2 follows that the present model can predict the onset of matrix 
cracking fairly well for T300/934 carbon fiber/epoxy laminates in the 
thin 90°-layer region. We also note that in this region the criterion based 
on Hashin's model shows too weak a constraint effect, which will be 
discussed later. Let us instead focus on the fact that both Hashin's and the 
present model underestimate the failure strain for thick 90°-layers and 
instead of a plateau in the low constraint region, they show decreasing 
strain with increasing 90°-layer thickness  n.  This is a consequence of an 
assumption used in both models. We assume that at the propagation of the 
existing flaw, this flaw is through-the-thickness. This assumption is 
probably only realistic for thin 90°-layers (d<0.3mm ). For thicker 90°-
layers we therefore assume a larger flaw to be present than in reality. 
Consequently, predictions are lower than the data. Wang solved this 



, cosh ii.  i  + Ak.
2,2 

 
2d2 	( 31 ) 
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problem with a finite element solution which describes the crack 
propagation in both thickness and width direction [5]. However, in the 
present study we are aiming for an analytical solution. 

So far in our discussion, the major difference in the predictive 
capabilities of Hashin's model and the present model seems to be the 
difference in the high constraint regions of Figs 2 and 3. In Fig 4 the 
transverse cracking strain predictions by the Hashin's model (30) is 
presented for different 0°-layer thicknesses. Experimental investigations 
have shown [3] that the transverse cracking strain slightly increases if the 
thickness of the outer 0°-layers increases. It is obvious that the predictions 
based on Hashin's model expose an incorrect dependence of the transverse 
cracking strain on 0°-layer thickness. 

The erroneous 0°-layers thickness effect does not occur with the present 
model, eqn (27). The difference between the present model and Hashin's 
model developed from Hashin's analysis [16] is in the stress distribution 
of the 0°-layers. We therefore propose that the uniform tensile stress 
distribution through the thickness of the 0°-layers in Hashin's analysis, is 
valid only for small values of the ratio of the outer and the midlayer 
thickness (b/d). This is further supported by another observation from 
Fig 4. Let us increase the 0°-layer thickness  b  from 0.132 to 0.5 mm. 
For thin 90°-layers this has a large effect on the predicted transverse 
cracking strain. However, for thick 90°-layers (higher value of  d)  the 
effect is very small. This observation can be clarified by consideration of 
the limiting case of the present model represented by expressions (22) and 
(23) when 

Ak13— 0 	Ak(i - KO — 0.  

Then by employment of 

sinh Akh 
d 	d  

it follows that 

A*  = - 11-1  
2d 	' 

cp  (,) = (h -  i)2  
2b (32) 

From this limiting case of the present model, the obtained A*-value 
agrees with the value used in Hashin's analysis. Our stress state solution in 
the 90°-layer is now identical with the one obtained by Hashin. The same 
is true for the the stress distribution in the 0°-layers, because the function 



4() now represents the parabolical ofi)  -distribution suggested by Hashin. 
Hence it follows that Hashin's model may be considered a limiting case of 
the present model. From the obtained expressions follow that the validity 
region of Hashin's assumptions is determined by eqn (31). The values 
obtained in the strain predictions were 

3.6 	3.8 	0.9 	1. 

Thus we can assume that criterion (30) may be applied with about 10% 
accuracy in the range of thickness ratios b/d < 0.3. Certainly this 
inequality has to be respected in connection with the other limitations of 
the theory. 

In order to better understand the relations between the present model and 
Hashin's approach, let us consider the stress state in the vicinity of a 
transverse crack. This is done in Figs 5 to 7 for both models for different 
b/d ratios at a mechanical strain co of 0.7 %. Note that the stress state in a 
cross-ply laminate obtained by Hashin's model is independent of the 
failure criterion chosen later, (29) or (30). 

Modelling results of the tensile x-axis stress distribution in the z-direction 
of the 0°-layer at the crack tip (x=0) for both models are shown in Fig 5. 
For the considered laminates, tensile stress concentration at the crack tip 
takes place in the 0°-layer. From the present model it is apparent that the 
maximum stress values may be much higher than the average value 
obtained by Hashin's model.The length of the stress concentration zone in 
the thickness direction depends on the b/d ratio. If the thickness of the 0°-
layer is much greater than the 90°-layer the tensile stress drops very fast. 
The stress reaches the average value by Hashin's model at a distance 
comparable with  d  and then approaches its level for the undisturbed stress 
state. If the 0°-layer is thinner than the 90°-layer, the disturbance zone 
cover the whole thickness of the 0°-layer. For this case, the average value 
obtained by Hashin's model is also significantly higher than the 
undisturbed value from the present model. 

The stress components in the 90°-layer as a function of the distance from 
the crack are shown in Fig 6. The results are presented for Hashin's 
model and for the present model. Laminates with significant differences 
in the 0°-layer thickness are modelled. For the present model the 
difference in 0°-layer thickness has a very small influence on the stress 
distribution, the two curves are very close to each other in diagrams a),  
b),  and  c).  An essential feature of the presented results is therefore that 
the stress distributions according to the present model are almost 
independent of the 0°-layer thickness, whereas it is apparent that they may 
differ several times according to Hashin's approach (the curves for the 
two 0°-layer thicknesses are significantly different). The difference 
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between the models is smallest for the normal stress in the z-direction, 
Fig 6c. A serious objection to Hashin's model is raised by the high 
sensitivity of the tensile stress distribution in the  x-direction to 0°-layer 
thickness, Fig 6a. It seems unlikely that a longer distance from the crack 
is needed to recover the undisturbed tensile stress value in laminates with 
thicker 0°-layers as compared with thinner 0°-layers. 

Let us finally consider the x-axis thermal stress in the 0°-layer at the 
crack tip (x=0 ) for the case where no mechanical load is applied. 
According to Hashin's model, the x-axis thermal stress in the 0°-layer in 
this cross section is equal to zero. This is a consequence of the assumption 
of uniform stress distribution in the z-direction and equilibrium of the 
thermal stresses. 

In reality, because of lower thermal expansion coefficient as compared 
with the 90°-layer, the uncracked 0°-layer is generally under 
compression. Qualitative reasoning further imply that in the 0°-layer at 
the crack tip, the thermal shear stress may result in an x-axis tensile stress 
close to the crack. At distances further away from the crack tip, also in 
the 0°-layer, the stress must approach its undisturbed compressive stress 
state. These expected relationships are predicted by the present model and 
are shown in Fig 7 for two different laminate configurations. It is 
interesting to note that in the cracked laminate with the thicker 0°-layer, 
the thermally induced x-axis tensile stress concentration is as high as 125 
MPa. For the laminate with thinner 0°-layer, its 0°-layer stiffness is not 
sufficient to recover the undisturbed compressive stress state. 

CONCLUDING REMARKS 

The objective of the present study was to develop a simple model for the 
prediction of the strain at onset of transverse cracking in cross-ply 
laminates. One particular difficulty was to predict the behavior in the 
high constraint region without using a fitting parameter like the shear lag 
parameter in the shear lag analysis. The obtained failure criterion 
contains only stiffness tensors, geometrical parameters of the laminate 
and the critical strain energy release rate of the unidirectional composite. 
For cross-ply laminates with high b/d ratio, a previous model developed 
by an analogous approach by Hashin gives an incorrect failure strain 
dependence on 0°-layer thickness. This is corrected in the present model 
which takes into account the nonlinear stress distribution in the thickness 
direction of the 0°-layer. The present model therefore gives an improved 
description of the constraint effect for laminates with a high b/d ratio. 
Still, the obtained results only approximately agree with experimental 
data in the high constraint region and are much lower than experimental 
data for laminates with thick 90°-layers. 



The following reasons for this inaccuracy deserves to be mentioned. 

1. From the assumption of through-the-thickness crack propagation in the 
width direction, the solution is obtained approximately by the application 
of the principle of minimum complementary energy. The approximation 
results from the choice of stress functions in simple form. A more 
accurate stress state estimation may lead to better predictions in the high 
constraint region. 

2. For thick 90°-layers with a half layer thickness  d  greater than the 
effective flaw size (for T300/934 Wang [5] reported the value ao 
=0.254mm) the assumption of an existing through-the-thickness flaw is 
not valid. Application of this assumption therefore gives predictions that 
are lower than the experimental results. A satisfactory prediction in this 
region can only be given by a model which describes the crack 
propagation also in the laminate thickness direction. 
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APPENDIX  

To obtain the failure criterion (29) or (30) for a sample of width w and 
length 1 (in the main text of the present paper I was the half length ) we 
followed ref [17]. The displacement resulting from the applied load  P=  
2hwoo in the region between two cracks was found by integration of the 
strain in the 0°-layers. 

" (2) 
(Crxx - 	42)  + aLT )d u(P) = d 
EL EL 

-P 	 ( 1 )  

where 2p = 210/d is the dimensionsless distance between two cracks. 

The total displacement and compliance of a specimen containing N+1 
cracks are given in ref [17] 

u(P) =  PI 	dErlutT  +1aLT + 
2hwEo 	hE0 

N 

X(Pn) 
b ELAdr ) n=1  

N 

Z Pn 
n=1 

N  

2  I X(Pn) 
	= co+ dc3i  ET  n=1  

P 	 2wE3112  
Pn 

n=1 
, Co= 	I  

2hwEo 	(3) 
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The total strain energy of the specimen after eliminating the sum over 
x(pn) by the use of (3) is written in the following form [17] 

uT0T4

chi + (AaTr  d 
 _ 

2E0 	C1 2h_ 

The expressions for CI , 0 and x(pn) are given by eqns (15),(16) and 
(34) in [17]. 

The energy release rate in a displacement controlled test is  

G 
 = (

4:111-) 
dS u=const 

(S is the crack area), this can be expressed in terms of dC/dS by 
differentiation of 

u  =const = CP - 2(C-Co)AaTELbw +c' 	(  6  )  

which follows from (2),(3) and where c'=c,onst represents all the thermal 
terms in the first line of (2). Instead of eqn (6) Nairn in ref [17] 
considered the expression  wich  contained only the first term in the sum. 
This is the only reason for the incorrect strain term in Naim's failure 
criterion. From (6) follows that 

dao = 1 sIC1_00+ AaTEL.11) 
dS 	C dS 1 	hi 

and the energy release rate can be expressed as 

0= 2w2h2Ej _dC (£0+6,)2 
dS 	 ( 8 ) 

To evaluate dC/dS we follow ref [17] and consider the formation of a new 
crack at the mid-point between two existing cracks in the particular case 
of evenly spaced cracks. The change in compliance on the formation of 
this crack is 

AC = E3d2C3  [2X(p12) - X(P)] 
E3h2w 

2hwl - (C0-C)2E3112w2 Ei  a z  lAcir  2  
Ei 	_EZ °  I  c1 ) 	(  4  )  

( 5 ) 

( 7 ) 

( 9 ) 
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Since AS---2dw it follows that  

G  = EidC3(go+ET)2(2x(p/2) - X(P)) 
	

( 10 )  

or in the notation of ref [17] 

G = (41  - 	C3  (2x(P/2) x(P) 
Cl 	 ( 1 1 ) 

The failure criterion (30) is obtained from 13' and G=Gic(L). 
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Table 1. Material properties of two composite materials. 

Material 	T300/934 Glass/epoxy 

EL(GPa) 	137.88 42.0 
Er(GPa) 	11.72 14.0 
GL(GPa) 	4.55 3.5* 
Crr(GPa) 	4.17 5.1 

VL 	 0.29 0.27 
VT 	 0.3* 0.3* 

G/do (GPa/m) 	9.7 10 8.33 10 
Gic(L) (J/m2) 	158 240 
aL (10-61/°C) 	0.09 4.3 
wr (10-6  1PC ) 	28.8 14.3 
T  (°C) 	-130 
ho (mm) 	0.132 

-125 

* the values are somewhat arbitrary selected from other 
composite systems 



Figure Captions 

Fig 1. Schematic showing the geometry of a [0./90.]s cross-ply laminate 
subjected to mechanical and thermal loads. Stress and strain 
characteristics in the outer 0°-layers have index 2 whereas in the 90°-
layer they have index 1. 

Fig 2. Modelling predictions and experimental data for the total cracking 
strain co + ET (mechanical + thermal) as a function of  n,  the number of 
90°-plies in the half-thickness (b=0.264nun). The data is from ref [2]. 

Fig 3. Modelling predictions and experimental data for the mechanical 
cracking strain co as a function of  d,  the half-thickness of 90°-plies, 
b=0.5mm. The data is from ref [3]. 

Fig 4. The predicted (from Hashin's model, eq(30)) total strain at onset of 
transverse cracking co + ET (mechanical + thermal) as a function of 90°-
layer thickness  d  for different 0°-layer thicknesses  b.  

Fig 5. Modelling results from Hashin's model and the present model 
showing the tensile x-axis stress distribution in the z-direction of the 0°-
layer at a single 90°-layer crack ( x=0, o= 0 . 7 %). Thin 0° has 
d=0.264mm, b=0.132 mm. Thick 0° has d=0.132nun, b=0.5 mm. 

Fig 6. The stress distribution in the 90°-layer in the vicinity of a 
transverse crack. Thick 0° has d=0.132mm, b=0.5mm, thin 0° has 
d=0.132nun, b=0.132nun. 

a) ($ 1Gröl)  - tensile stress in the x-axis direction  

b) alWa(on  - shear stress at the 0/90 interface  

c) ag)/4)  - normal stress in the z-direction (z=0) 

Fig 7. Modelling results from the present model giving the residual 
thermal x-axis (x=0) stress distribution in the 0°-layer as a function of the 
relative distance from the crack tip, (z-d/b). Thick 0° has d=0.132mm, 
b=9.5rnm. Thin 0° has d=0.264nun, b=0.132mm. 
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Fig 1. Schematic showing the geometry of a [0m/90.], cross-ply laminate 
subjected to mechanical and thermal loads. Stress and strain 
characteristics in the outer 0°-layers have index 2 whereas in the 90°-
layer they have index 1. 
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Fig 2. Modelling predictions and experimental data for the total cracking 
strain so + ET (mechanical + thermal) as a function of  n,  the number of 
90°-plies in the half-thickness (b=0.264nun). The data is from ref [2]. 
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b=0.5mm. The data is from ref [3]. 
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Fig 4. The predicted (from Hashin's model, eq(30)) total strain at onset of 
transverse cracking co + CT (mechanical + thermal) as a function of 90°-
layer thickness  d  for different 0°-layer thicknesses  b.  
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Fig 5. Modelling results from Hashin's model and the present model 
showing the tensile x-axis stress distribution in the z-direction of the 0°-
layer at a single 90°-layer crack ( x=0, E0=0.7 %). Thin 0° has 
d=0.264nun, b=0.132 mm. Thick 0° has d=0.132nun, b=0.5 mm. 
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Fig 7. Modelling results from the present model giving the residual 
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Transverse cracking and local delamination 
in [04/90n]s and [90n/04]s 

carbon fiber/toughened epoxy laminates. 

Lars A Berglund, Janis Varna and Jie Yuan  
Linköping  Institute of Technology 

Dept of Mech Engineering 
S-581 83  Linköping  

Abstract 

[04/90n ]s and [90n/04[s  laminates were used to study 90°-layer failure 
mechanisms in HTA/6376 carbon fiber/toughened epoxy. The different 
stacking sequences were chosen to vary the stress states, since 
experimental results show differences in failure strains as well as in the 
local delamination behavior at the crack tip. Differences in the onset of 
transverse cracking and local delamination behavior between [04/90n[s and 
[90n/04[s laminates was discussed using a model based on linear elastic 
fracture mechanics (LEFM). Although quantitative LEFM-predictions do 
not agree with data for the carbon fiber/toughened epoxy investigated, the 
general predictions for differences in and causes of local delamination 
behavior were confirmed by experimental data. The fact that the main 
features were correctly predicted, encourages the development of some 
modified LEFM-approach to describe toughened matrix composites. 

1 1 1 
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Introduction. 

Constraint effects on the intralaminar transverse cracking  parallell  to 
the fibers in laminated composites is a widely studied phenomenon 
since the early work in ref [1,2]. Transverse cracking occur at higher 
strains for thin plies constrained by stiff neighbouring plies. With 
increased loading, multiple transverse cracks will develop as is 
conveniently studied in multi-directional laminates such as cross-ply 
and angle-ply laminates. The strain at onset of transverse cracking and 
the damage development (crack density) with increased strain depend 
on the thickness of the transverse plies, stacking sequence and on the 
stiffness of the neighbouring layers. For cross-ply laminates, where 
the stress-state is simpler than in angle-ply laminates, transverse 
cracking is the most widely studied phenomenon. However, local 
delamination also occur and interact with transverse cracking. 

The criterion for the onset of transverse cracking in the transverse layer 
of cross-ply laminates have commonly been obtained by the use of linear 
elastic fracture mechanics (LEFM). The method is based on an energy 
balance at the moment the crack forms [3,4]. If the fracture surface area 
increases as the result of crack growth by dS, energy change occurs in the 
system. In LEFM it is assumed that the released amount of energy is 
equal to the energy necessary to produce the newly generated crack 
surface area. The criterion for crack growth is that the energy release 
rate reaches or exceeds the crack opening mode critical strain energy 
release rate Gic 

cIS I w=const= Gic 

The Gic values for crack propagation in the thickness and in the width 
direction are different (denoted Gic(T) and Gic(L) respectively). As 
reported in ref [3] for carbon fiber/epoxy, Gic(L) is 0.6 to 0.8 times 
lower than Gic(T). 

LEFM works quite well in applications for brittle matrix composites 
[3,5,6,71 As was shown earlier [8], for tougher composites the 
predictions based on LEFM significantly overestimates the transverse 
cracking strain in cross-ply laminates. The difference between predictions 
and experimental data increases significantly for thin transverse layers in 
composites with increased fracture toughness. 

At the present moment it is not clear how to obtain the transverse 
cracking criterion for cross-ply laminates of very tough composites, such 
as those with thermoplastic matrices. Since the transverse cracking strain 

dUtot  

( I )  
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for this case is less sensitive to the thickness of the 90°-layer, a failure 
criterion based on the transverse tensile strength of a unidirectional 
laminate has been suggested [9]. 

Qualitatively it is very clear why LEFM-based criteria are unable to 
describe transverse cracking in tough composites. It is because in tougher 
composites only a certain part of the experimentally meassured fracture 
energy is responsible for the propagation of the main crack. Additional 
irreversible phenomena such as microcracking and plastic strains absorb 
the major part of the measured energy. 

In order to understand why the measured fracture energy from different 
test specimens cannot be used for Cnc evaluation in criterion (1), let us 
consider a difference in test conditions which may exist between compact 
tension specimens and transverse cracking in a cross-ply laminate. 

In the compact tension specimen the stress state is non-uniform. Here all 
irreversible processes in the material are likely to occur during crack 
growth. The crack tip moves forward through the material and in the 
regions where the path lies we also have microcracks and plastics strains. 
The measured fracture energy also involves energies corresponding to 
these processes. 

In the transverse layer of the cross-ply laminate the stress state before 
cracking is very uniform  und  can be calculated even with the classical 
laminate plate theory, CLT. Then it is possible that certain part of the 
irreversible processes (plastic strains, microcracking) occur already 
before transverse crack propagation. It means that in this case the damage 
sequence and micromechanisms are different. It is possible that the 
energy necessary for pure crack growth in such a weakened material will 
be lower than the measured fracture energy. Experimental observations 
that the load drop caused by transverse cracking is much smaller in 
thermoplastic matrix composites than in thermosets may reflect slow 
crack propagation but it is also possible that the required energy is 
smaller. LEFM modeling predictions using Gic as a fitting parameter 
confirm that lower values than experimentally obtained, result in the best 
fit of transverse cracking data. 

From these speculations follow that the succesful application of LEFM-
based criteria for tough composites will be possible in two cases. 

1.A model for microcracking and plastic deformation at the crack tip 
must be developed. The model parameters must be correlated with some 
measurable material properties. It is necessary to include all sources for 
energy dissipation. Such a model seems difficult to realize. 
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2.The fracture toughness test must be performed under conditions which 
are relevant to the situation in the transverse layer of a cross-ply 
laminate. This is possible only if we develop our understanding about the 
failure mechanisms in the transverse layer of tough composites through 
experimental data. 

The objective of the present study is to use [04/90.], and [90./041s 
laminates to study transverse layer failure mechanisms in HTA/6376 
carbon fiber/toughened epoxy. The different stacking sequences are 
chosen to vary the stress states, since experimental results show 
differences in failure strains as well as in the local delamination behavior 
at the crack tip [101. Toughened epoxy composites show intermediate 
toughness between brittle epoxy matrix and thermoplastic matrix 
composites and the behavior of such materials may indicate the 
applicability of LEFM-based analyses. 

Experimental.  

The investigation was conducted on laminates made from Fibredux 
6376 toughened carbon fibre/epoxy prepreg from Ciba Geigy with 
HTA carbon fiber from Toho, Japan. Cross-ply laminates [90n/041s, 
[04/90A, with n=1,2,4,8 and [902/021T for residual thermal strain 
measurements, were made according to the recommended cure cycle 
from the supplier. Some measurements of residual thermal strains 
were also made on laminates cured at different temperatures. 

A set of about eight specimens of dimensions 25.4  x  230 mm were cut 
from each symmetric cross-ply laminate, using a circular diamond 
saw. Glass fiber/epoxy tab materials were adhesively bonded to each 
laminate at each end of the specimens. The edges of each specimen 
were polished and then dried in oven at 100  °C  for 2 hours to remove 
excess water absorbed during the polishing process. All specimens and 
laminates were stored in a desiccator. 

The specimens were tensile tested at a cross-head speed of 1.5 
mm/min. Each of the specimen was loaded until the first transverse 
crack was found at the polished edge by a travelling microscope. Since 
there is no "knee" in the stress-strain curve to indicate the first crack, 
a step-wise loading and unloading method was used. 

Some unexpected problems occured when tensile tests were performed 
on [90n/04]s, cross-ply laminates shown in Fig la. Local damage such 
as transverse cracking and delamination was found next to or under 
the tabs. A non-uniform strain distribution along the length of the 
specimen was also detected. The reason for these problems is that 



large shear strains develop locally near the tabs due to the large 
stiffness difference between the 0°- and 90°- layers. This problem was 
solved by another tab arrangement as presented in Fig lb. 

In order to estimate the residual strains in the symmetric cross-ply 
laminates, the curvatures of the unbalanced [902/02]T, cross-ply 
laminates were measured for the following conditions: (a) dry storage 
after cure  (b)  conditioned for 6 months ( 40%RH, 22  °C)  . 

The curvature of the unbalanced [902/0211, cross-ply laminate 
depends on both thermal strains caused by the mismatch of thermal 
expansion coefficents  aj,  al, and swelling strains from moisture 
absorption caused by mismatch of swelling coefficents 13L, T. The 
solution for a bimetallic strip [11] can be used to correlate the 
measured curvature with these quantities:  

Ei+  14 EL ET  ± Ei-  t  
(aT — aL)AT +(ST  - &)  M.  

Here AT = TR - TO is the temperature difference between room and 
stress free temperature, AM is the moisture content, EL and ET are 
moduli in fiber and transverse direction,  R  - the radius of curvature 
and t -the ply thickness of the unbalanced [902/02]T laminate. 

The residual strains ER in the transverse layers of a symmetric cross-
ply laminate ( see Fig 2) is obtained from classical laminate theory 
and eqn (2) 

b(Ei+14ELET+Er2)  t 
ER = ET+ £m = 12(bEL4-dET)ET R  
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12EL ET 	R  
(2)  

(3)  

where ET and ski are the thermal and swelling strains respectively. 



u0 ET( (I0  + ER) 	(2) r Go 	Erd 

E0 	
00  =

0 

E0 = ELb+Erd  
where  

b+d 	 ( 5 ) 
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Theoretical analysis. 

Based on the objective for the investigation we choose a simple through-
the-thickness flaw model [5,9,12]. The transverse cracking is possible 
because of the presence of randomly distributed flaws in the material. 
They may for instance be fiber-matrix debonds and their characteristics 
(size and spacing) are unique for the particular material system and 
fabrication process used. The size of the largest flaw in cross-ply 
laminates with thin 90°-layers is comparable with the 90°-layer thickness. 
It is then reasonable to assume that in these plies through-the-thickness 
flaws exist before transverse cracking occurs and that the crack surface 
area grows only in the width direction. The criterion for failure strain 
prediction may be obtained from eqn (1) by comparson of the strain 
energy prior to and after crack formation. This requires a stress state 
calculation at the crack. 

Apart from transverse cracking, local delamination may occur at the tip 
of transverse cracks [10]. In order to analyze local delamination, a 
through-the-thickness crack is needed in our stress-state model. 

To obtain expressions for the stress components in the vicinity of the 
crack we can consider elements of [Om/90rib and [90n/Ornls laminates with 
one single crack, see Fig 2a and 2b. The total 0°-layer thickness is 2b and 
the 90°-layer thickness is 2d and  Lo  is the specimen length. The applied 
remote stress corresponding to the strain Co is denoted ao. 

In the following analysis the influence of crxr , clyz , and aYY is 
neglected. This is because these stress components do not significantly 
affect the propagation of the transverse crack. It is also assumed that the 
stress distribution in the uncracked laminate at a significant distance 
from the crack may be obtained by laminate plate theory and therefore is 
independent of the stacking sequence 

(k) 	(k)  
Crxx = ao 	c‘,1  = GC) = k=1, 	( 3 ) 

The boundary and interface conditions are 

crxzlze= 0221z=h= 0 	crTIoNo= screloNo 	cr2)1oNo= crelmo ( 6 ) 

The stress free conditions at the crack surface are 
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cralx4a= cr;c121x.a= 0 	 ( 7 ) 

The approach described in this section has been explained in detail for the 
case of multiple transverse cracking [7]. It is assumed that the x-axis 
tensile stresses in the 90°-layer are independent of the z-coordinate, 
whereas in the 0°-plies, this dependence is characterized by one at this 
stage arbitrary function. It means that the stress functions are chosen in 
the following form: 

(DO = a 	_ wooc2  B 	](:12 q)(2) = o(2) d2 _ (1)d2meixi(k) 

( 8 ) 

where i=x/d , Z=z/d are non-dimensional coordinates and A*  ,B*  are 
arbitrary constants. The expressions for stresses which satisfy equilibrium 
equations are as follows 

cr2,)  = 41)(1-144k.» 	0(2) = o(2) _ cro(1)11(),1 I (z)  
41)wwcpici) 41)(Z+B*)tir'ci-c) 

ow =  _0(
v)ww(z2  +B*i + A*) 

2 	 a2)=  

where for [Om/901l]s laminates  B*=  0 and A*  is arbitrary, but for 
[90n/Ords laminates 

- h , A*= 112  
2 	h = h/d 	( 10 )  

We now apply the principle of minimum complementary energy in order 
to determine the function WOO. Let us consider all stress fields (9) which 
satisfy equilibrium and all traction conditions at the interface and at the 
boundaries. They form the so called admissible stress system in the 
context of the principle of minimum complementary energy V. 
According to this principle, the stress field which gives a minimum for V 
will also give the best stress-strain state approximation for the problem in 
question. 

In order to obtain  WM,  we substitute the expressions in (9) into the 
equation for the complementary energy V given in ref [7] and carry out 
the z-integration. The complementary energy now only depends on OE). 
The standard procedure for minimization of V results in the equation 



C224r (CO2 - C11)111 + COO1P = 0 

with boundary conditions following from (7) 

w(o) = 1 	, 	40) = 0, 	111(°°) =141(00) = 0 	( 12) 

Expressions (11) and (12) formally coincide with the expressions 
obtained by Hashin [13], but the constants depend in our case on the 
choice of the function cgi) 

1.For [Orn/90nis laminates 

Coo=  1 4. 

ET ET EL , 	ET 	6 EL  

C22=  -L 	+ A*2  + 12 ) 	C11= 	1  + 

	

ET  20 3 	 3GT GL 	( 13 ) 

2.For [90n/On]s laminates 

Coo= 	CO2= - 	VT  2VL 14 C22= 1  ( 1  + 12) C11= 	1  + IL 
ET EL 	3ET EL 	ET  20 	, 	3GT  GL  

( 14 ) 

where 

II 
 =1

{cpil(i)] 2  di 	12 = 	[CP(Z)] 2  di 
(2) 	 (2) 

13 = [(Pie 2 di 	14  = f cp(i) OW di 

(2) 	 (2) 	 ( 15 ) 

All expressions obtained for the stress components depend on the still at 
this stage arbitrary function cP(i). For [Orn/90n]s laminates, A*  is also an 
arbitrary constant. To determine these quantities we will proceed as 
follows. 

The 0°-layer of the laminate is considered separately and the response of 
the 90°-layer is replaced by an equivalent stress system acting at the 
surface. The principle of minimum strain energy is then applied to this 
problem as described in ref [7] to obtain the stress distribution in the z- 
direction, represented by  CP().  This case differs from the one considered 
earlier corresponding to WOO because now we perform the integration in 
the  x-direction (instead of z) using expressions for  WM  given by 
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(11), (12). The standard procedure for minimization of the obtained 
functional leads to the following differential equation for the estimation 
of cP(z) 

J22(PIV 	— 2 VI) J11 	if--.100cp =0 
ET GL 	 1:zr (16) 

The corresponding boundnry conditions follow from ( 6). 

Here we use the following notations 

= 	[WI« 2dk J22 = .1.'*[41(k)1 2di-C 
0 	 0 

Jul = 	[tif0012dk 

(17) 

Note that the shape parameters of (1)(i) depend on the shape of 4() 
through Jik, but the shape of 141(k) in its  tum  depend on the shape of cp(z) 
through Iik . The determination of both sets of shape parameters is 
therefore coupled and it is necessary to use a numerical procedure. 

For the case of [90n/Onds laminates, all quantities in the expressions for 
the stresses in eqn (9) are determined. The solutions for [0m/90n]s 
laminates still contain the arbitrary parameter A*. Since the 
complementary energy V also contain this parameter we can consider V 
as a function of A*  and seek the values of A*  which minimize the 
complementary energy. First we have to fix some value for A*  and then 
calculate these shapes parameters. For different A*-values, the shape 
parameters obtained by the numerical procedures will be different. The 
numerical calculations were performed using a simple iterative procedure 
and they showed excellent convergence. Not more than 5 to 6 iterations 
were needed to obtain an accuracy of 0.01 %. 

The criterion for the onset of transverse cracking can be obtained from 
the criterion for multiple cracking [22] if we consider the limiting case 
when the distance between the cracks approach infinity 

Gic=Eid [E0 ET]2  2 (ELb+ETd  c®] 	4r" i(0) 
ELbET 	Coo 	 ( 18 ) 
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Results and discussion 

Material properties of HTA/6376 and T300/934 carbon fiber/epoxy 
composites are given in Table 1. The data for onset of transverse 
cracking in T300/934 cross-ply laminates was reported by  Kural  and  
Flaggs  in ref [1]. For HTA / 6376 [0m/90n]s the data are given in ref [8] 
and in Table 1. The critical strain energy release rate for T300/934 was 
reported by Wang in ref [3] . 

First we consider the strain at onset of transverse cracking. The 
predictions based on eqn (18) as well as other criteria render satisfactory 
transverse cracking strain predictions only for brittle matrix composites 
[8]. However, we still assume that the general trends in the relationships 
between failure strain and mechanical and geometrical parameters will be 
the same also for tougher composite laminates. 

To test the validity of this assumption we consider the effect of the 9Ø0 
layer thickness on the failure strain for both stacking sequences. The 
predicted transverse cracking strains for [02/90rds and [90n/021s T300/934 
carbon fiber/epoxy laminates and experimental values for [02/90n]s are 
presented in Fig 3. The transverse cracking strains for toughened matrix 
caron fiber/epoxy HTA/6376 [04/90111s and [90n/04]s laminates are 
presented in Fig 4. Note that the behavior of this material cannot be 
described by models based on LEFM, in fact the constraint effect in [Om 
/90n[s laminates is predicted to be stronger for tougher materials whereas 
data show the oppsite trend [8]. 

In Fig 2, the modeling predictions show failure strains of [02/90n ]s 
laminates to be larger than those for [90n/021s . This conclusion also seems 
reasonable from qualitative reasoning. If we consider one half of the 90°-
layer in the [02/90ri]s laminate, we have a strong constraint effect from 
the 0°-layer and a smaller effect from the second half of the 90°-layer. 
The 90°-layer in the [90n/02]s laminate contains the same number of plies 
and experiences the same constraint effect from the 0°-layer but the other 
side is subjected to free surface conditions without any constraining 
influence. For the same remote strains, the [90n/021s laminate will 
therefore have a slightly larger local crack opening displacement at 
existing flaws and show slightly lower transverse cracking strain. 

According to Fig 3, the difference in failure strains for both stacking 
sequences is smaller for thicker 90°-layers. However, the through-the 
thickness flaw model is not valid for thick 90°-layer. In order to 
determine the extent of the valid region, we use an inherent flaw size of 
0.19 mm for T300/934, found by Wang [3] to give this limit. For 
[02/90n]s laminates, the through-the-thickness model is then valid until 
n>2, whereas predictions for [90n/02]s are valid until n>4. Outside these 
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regions, predicted cracking strains are expected to be lower than 
experimental data. 

Experimental data for HTA/6376 laminates show the expected differences 
in cracking strains between [04/90n]s and [9011/04]s laminates only for thick 
transverse layers. In the intermediate 90°-layer thickness region, 
experimental scatter is such that the cracking strains cannot be considered 
to be different for the laminates. However, the larger transverse cracking 
strain observed for [90n/041s laminates with thin 90°-layers is unexpected. 
Provided the stiffnesses are the same for both lay-ups, we only have Gic 
and residual strains left as causes in a linear analysis. Although the 
specimens were kept in dry conditions, the surface of the 90°-layer in the 
[90n/04]s laminates will quickly absorb moisture during the test which is 
not the case for 90°-layers in [04/90nis laminates. The swelling strains 
caused by increased moisture content reduce the residual strains. 
Experimentally obtained residual strains for dry and conditioned 
laminates as a function of cure temperature are shown in Fig 5. The 
reduction of the residual strains caused by moisture is less than 0.1 %. 
Even if we reduce the transverse cracking strain in Fig 4 by 0.1%, the 
cracking strain is still larger than for the [04/90r]s laminate and swelling 
strains alone cannot explain the observed phenomenon. But the surface of 
the outer 90°-layer will reach moisture saturation very quickly. The 
matrix of this thin saturated layer is modified and likely to have locally 
increased Glc. which may be a sufficient explanation for the increased 
cracking strain. An explanation for the observed deviations based on 
moisture effects is supported by the fact that these deviations appear only 
for thin 90°-layers. 

Apart from transverse cracking, local delamination also occur in cross-
ply laminates. This delamination is observed at the 0/90 interface, at the 
tip of a transverse crack. Experimental data for local delamination of 
[90n/04]s laminates are presented in Fig 6. The phenomenon was much 
easier to observe as compared with in [04/90nis laminates. The data in Fig 
6 gives us information about the sequence of failure events. Increasing 
tensile load first led to a transverse crack across the thickness and width 
of the 90°-layer. This was sometimes observed to be accompanied also by  
filier  fractures into some depth of the 0°-layer at the tip of the crack. For 
laminates with thick 90°-layers, local delamination started almost 
immediately after the transverse cracking. For [90n/04]s laminates with 
thinner 90°-layers, increased strain was required before local 
delamination occured. The delamination process seemed to be stable in 
the sense that the delamination zone progressed only by increased strain. 
As the thickness of the 90°-layer was decreased, the strain at the onset of 
delamination increased. For very thin 90°-layers (n=1), local 
delamination was not observed. The local delamination in [04/90ds 
laminates is commonly much less severe [10]. 
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The reason for the local delamination phenomenon is clearly the non-
uniform stress state in the vicinity of the transverse crack tip. It is 
expected that delamination will be caused by the combined effects of the 
transverse shear stress  (x-z) and the normal stress in the thickness (z) 
direction, leading to a mixed mode  Ilmode  II failure. An analysis of the 
stress state is expected to result in information about their relative 
importance for each stacking sequence. It may then be possible to explain 
experimenal observations such as the increased tendency for local 
delamination in [9011/04]s as compared with [04/90n]s laminates. 

Results from the stress state calculations are shown in Fig 7,8,9. Here, the 
through-the thickness flaw assumption is valid since local delamination at 
an existing crack is considered. 

The transverse shear stresses presented in Fig 7 have different signs for 
the investigated stacking sequences. The shear stress reaches the 
maximum values at the 0/90 interface and their values and the distribution 
along the interface are almost the same for both [90n/04]s and [04/90n]s. 
Apparently, the transverse shear stress does not cause the observed 
differences in delamination behaviour. 

The transverse z-axis stress distribution in [04/90n]s laminates was 
considered in detail in ref [12]. Here we will only mention that this stress 
reaches the maximum value at the midplane (z=0). The value of this stress 
is rather high on the crack surface (x=0), but negative and can therefore 
not be responsible for delamination. The values of this stress at the 0/90 
interface can have different signs for different transverse layer thickness, 
but they are still many times smaller than the transverse shear stress. 
Local delamination at the tip of transverse cracks in [04/90n]s laminates is 
therefore governed by the transverse shear stress. 

The distribution of the normal stress in the thickness direction (z) in the 
vicinity of the transverse crack in the [90/1/041s laminate is shown in Fig 8. 
This distribution show that for laminates with thin 90°-layers this stress 
reaches maximum close to the 0°/90° interface. For thicker 90°-layers, 
the position of the maximum normal stress is shifted into the 0°-layer but 
the values at the interface are still high. The most important difference as 
compared with [04/90n]s laminates is that this stress is positive and thus 
much more detrimental. The values are at least two times larger than the 
values of the shear stresses. The different delamination behavior in 
[90n/04]s laminates as compared with [04/90n]s laminates can then be 
explained from the large values of the tensile stress in the thickness 
direction (z). 



123 

Since the tensile stress in the thickness direction in Fig 8 can be observed 
to reach maximum at the midplane of [90n/04]s laminates with thick 90°-
layers, the question is why delamination does not occur at the midplane. 
The reason is that the transverse shear stress has a maximum at the 0°/90° 
interface and then decreases very rapidly inside the 0°-layer. 
Delamination is apparently not caused by the tensile z-axis stress alone, 
but rather by the combined effects of the transverse shear stress and the 
tensile z-axis stress, leading to a mixed mode I/mode II failure. 

As is shown in Fig 9, the extension of the region of large tensile z-axis 
stresses is very small in the  x-direction away from the crack tip. The 
extension of this region is about one half of the 90°-layer thickness. These 
observations explain qualitatively why the delamination zone grows in a 
stable manner and why this zone is larger for laminates with thick 90°-
layers. 

These highly local tensile z-axis and transverse shear stress distributions 
also makes it clear that point-stress failure criteria cannot quantitatively 
predict the delamination strain. Predictions can only be obtained by 
consideration of the delaminated area and the conditions for its growth. 

For the purpose of the present investigation it is sufficient to consider the 
calculated maximum values of the stresses in [9011/04]s laminates. As 
follows from Fig 7, the values of the tensile z-axis stress at the 0°/90° 
interface are larger for thicker 90°-layers. Since the shear stress in Fig 7 
is independent of the 90°-layer thickness, the thickness dependence of the 
z-axis tensile stress will cause delamination at lower strains in laminates 
with thick 90°-layers. For [90n/04]s laminates with different 90°-layer 
thicknesses we have calculated the ratio between the calculated x-axis 
stress in the 90°-layer at onset of transverse cracking and the 
corresponding z-axis tensile stress at the interface. We have also formed 
the ratio between data for the total strain in the 90°-layer at onset of 
delamination,  Edel,  and the total transverse cracking strain Effs. The results 
of these calculations are reported in Table 2. 

The correlation between the reported quantities is obvious. In order to 
better understand the data in Table 2, consider as an example the 
laminate with a 90°-layer thickness of d=0.6mm. From the calculated 
stress state follows that as the transverse crack forms, the x-axis remote 
stress in the 90°-layer is 1.28 times larger than the z-axis tensile stress at 
the crack tip. This means that if the applied remote stress is increased 
1.28 times, the z-axis tensile stress will reach the same value that the x-
axis stress had as the transverse crack formed. Experimental data for this 
case show that delamination occur when the total strain in the 90°-layer 
has increased 1.31 times . Because of the obvious limitations already 
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mentioned with this point-stress approach, the data only show the 
existence of a relationship. 

During the experiments it was observed that transverse cracking in the 
90°-layer of the [90n/04]s laminates was accompanied by a peculiar 
bending effect of the delaminated part, as shown in Fig 10. For thick 90°-
layer laminates where delamination occur shortly after transverse 
cracking, this effect was very obvious. More careful examination of the 
delaminated 90°-layer revealed the presence of fibers oriented in the 0°-
direction, see Fig 10b. The bending effect can then be explained by 
residual thermal strains. Apparently, the formation of a transverse crack 
caused fiber fractures in the 0°-layer. This phenomenon has also been 
observed for laminates with a 90°-layer inside the laminate [3]. Numerical 
calculations using  FEM  [3] and our earlier investigations [12] confirm 
that the tensile stress in the fiber direction of the 0°-layer is several times 
higher at the vicinity of the crack tip as compared with its average value. 
If the local stress exceeds the longitudinal strength of the 0°-layer it 
causes fiber fractures in this region. This effect is difficult to observe in 
[04/90nIs laminates because no macroscopically observable changes occur. 
In [90n/04]s laminates, because of the locally fractured 0°-layer, 
delamination will not occur at the interface but in the 0°-layer very close 
to the interface. This is also energetically favorable since the Gic for 
delamination at the 0°/90° interface is larger than for 0°/0° [3]. 

Concluding remarks 

Differences in the onset of transverse cracking and local delamination 
behavior between [04/90n]s and [90n/04]s laminates have been discussed 
using a model based on linear elastic fracture mechanics (LEFM). 
Deviations between predicted differences between transverse cracking in 
[04/90n]s and [90n/04]s and experimental data was interpreted as a moisture 
effect on [90n/04]s with thin 90°-layers. Although quantitative LEFM-
predictions do not agree with data for the carbon fiber/toughened epoxy 
investigated, the general predictions for differences in and causes of local 
delamination behavior were confirmed by experimental data. The fact 
that the main features were correctly predicted, encourages the 
development of some modified LEFM-approach to describe toughened 
matrix composites. 
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Table 1. Properties of composite systems. 

Material 	T300/934 HTA/6376 

EL(GPa) 
ET(GPa) 

137.88 
11.72 

142 
9.5 

Gi. (GPa) 4.55 * 4.55* 
GT (GPa) 4.17 3.65 

VL. 0.29 0.28  
VT  0.3 * 0.3* 

Gic(L)  (I/  m2  ) 158 270 
aL  (10k  11°C) 0.09 -0.3 

aT 	(10-6  11°C) 28.8 28.1  
ho  (mm) 0.132 0.15 

TR - TO (°C) -147 -150 

* -the unknown values are selected from other composite systems 
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Table 2. Ratios  Edel  / Effs and el azzlz=bid for different 
90°-layer thicknesses  d  in [9011/04]s laminates.  

d (mm) 0.3 0.6 1.2 

Edel! Effs 1.70 1.31 1.00 

0(01) / azzlz=bid 1.37 1.28 0.93  

Edel  - Delamination strain 
Effs - First ply failure strain 

1) 
'Jo - First ply failure stress (remote stress) 
crzz - Tensile z-axis stress 



Figure Captions 

Fig 1. Schematic of tab arrangements for [90n/04]s cross-ply specimens. 
a) Conventional arrangement.  
b) New arrangement. 

Fig 2. Geometry of the problem. Cross-ply laminates of [Om/90ri]s and 
[90n/On]s lay-up, subjected to mechanical and thermal loads. 
The properties in longitudinal and transverse direction with respect to the 
fibers have index L and T . Thus EL , ET are Young's moduli, vL, VT - 
Poisson's ratio, GL,  Gr  -shear moduli, aL, aT -thermal expansion 
coefficients. 

Fig 3. Total first transverse failure strain (mechanical + thermal) as a 
function of  n,  the number of 90°-plies in T300/934 cross-ply laminates. 
Modeling predictions for two different lay-ups. Experimental data from 
ref [1]. 

Fig 4. Experimental data for total transverse cracking strains of [04/90n]s 
and [9011/04]s HTA/6376 laminates. 

Fig 5. Experimental data for residual strains in HTA/6376 as a function 
of the cure temperature. Data are for dry storage and for 6 month at 
room temperature, 40%  RH.  

Fig 6. Experimental data for the applied strain at onset of transverse 
cracking and strain at delamination as a function of the number of 90°-
plies in [90n/04]s HTA/6376. 

Fig 7. The calculated transverse shear stress distribution along the 0/90 
interface for [04/90n]s and [90n/04]s HTA/6376 laminates. 

Fig 8. The calculated tensile z-axis stress distribution at the crack tip 
(x=0) as a function of z. Curves are for different 90°-layer thicknesses  
(d)  of [90n/04]s HTA/6376 . 

Fig 9. The calculated tensile z-axis stress distribution along the 0/90 
interface of [90n/041s HTA/6376 laminate (z=b). 

Fig 10. a) Photograph of [908/04]s HTA/6376 specimen with transverse 
cracks and delamination at both 0/90 interfaces,  b)  Curved delaminated 
90°-layer (curvature caused by longitudinally oriented fibers at the 
surface of the 90°-layer). 
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a)  Damage 

	 A/ 

b)  

Fig 1. Schematic of tab arrangements for [90n/04]s cross-ply specimens. 
a) Conventional arrangement.  
b) New arrangement. 
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Fig 2. Geometry of the problem. Cross-ply laminates of [0.490n1s and 
[90n/Onds lay-up, subjected to mechanical and thermal loads. 
The properties in longitudinal and transverse direction with respect to the 
fibers have index L and T . Thus EL , ET are Young's moduli, vL, VT - 
Poisson's ratio, GL,  Gr  -shear moduli, ctL, aT -thermal expansion 
coefficients. 
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Fig 3. Total first transverse failure strain (mechanical + thermal) as a 
function of  n,  the number of 90°-plies in T300/934 cross-ply laminates. 
Modeling predictions for two different lay-ups. Experimental data from 
ref [1]. 
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Fig 4. Experimental data for total transverse cracking strains of [04/90n]s 
and [90n/04]s HTA/6376 laminates. 
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Fig 6. Experimental data for the applied strain at onset of transverse 
cracking and strain at delamination as a function of the number of 90°-
plies in [90n/04 HTA/6376 . 
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a)  

b)  

Fig 10. a) Photograph of [908/04]s HTA/6376 specimen with transverse 
cracks and delamination at both 0/90 interfaces,  b)  Curved delaminated 
90°-layer (curvature caused by longitudinally oriented fibers at the 
surface of the 90°-layer). 
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Abstract 

Two-dimensional transverse cracking in cross-ply laminates has been 
modeled using linear elastic fracture mechanics in combination with a 
stress analysis based on the principle of minimum complementary energy. 
The proposed model accounts for nonuniform stress distribution in both 
the specimen length and thickness direction. The 90°-layer is considered 
to be composed of two sublayers, where one is cracked and the other 
uncracked. The agreement between our predictions and experimental data 
of the strain at onset of transverse cracking in carbon fiber/epoxy is 
excellent. The application of the analytical solution is more convenient 
than finite element solutions. The dependence of the sequence of crack 
growth directions on flaw size and applied strain was also predicted and 
discussed. Finally, a parametric analysis of the influence of unidirectional 
transverse stiffness, transverse failure strain and inherent flaw size on the 
transverse cracking strain in a cross-ply laminate was performed. 
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Introduction 

Intralaminar transverse cracking  parallell  to the fibers in composite 
laminates is a phenomenon which has been studied extensively. The 
studies of matrix cracking in off-axis plies of the laminate under tensile 
loading expose a significant dependence of failure strains on failed layer 
thickness as well as stacking sequence [1,2,3], which can not be explained 
by classical laminate theory (CLT). Another difference in comparison 
with unidirectional laminates is the thermal stresses induced during 
cooling from cure temperature to room temperature. These stresses 
develop because of the mismatch in thermal expansion coefficients in the 
fiber direction and transverse to it [4]. 

The simplest laminates for experimental and theoretical investigations on 
transverse cracking are cross-ply laminates. The transverse cracking 
effects are not obscured by free edge delamination and other cracking 
mechanisms taking place in angle-ply laminates. An absence of shear 
stresses in plies before cracking lead to pure crack opening mode crack 
propagation so that a separate consideration of transverse cracking in the 
crack opening mode is possible. 

A theoretical description of transverse crack propagation is aimed at an 
understanding of the process and to obtain the conditions (failure criteria) 
for the crack propagation. An excellent survey containing an analysis of 
the used models, methods and limitations is given in ref [5]. We mention 
her only the most important types of approaches to point out the position 
of the presented model in the wide field of existing investigations. 

The strength of the 90°-layer in 10rn/90n]s cross-ply laminates with thin 
90°-layers exceed the transverse tensile strength of the unidirectional 
composites when the thermal stressses are taken into account. In ref [1] 
the concept of in situ strength is applied for this case. This approach is 
justified from the composite design point of view because of its 
simplicity, but for brittle thermoset matrix composites the transverse 
cracking process can be more accurately described by fracture mechanics 
approaches. 

A convenient tool for this is to use the released strain energy concept to 
obtain the failure criteria. In this approach one can assume the existence 
of an initial flaw which may preexist or form during loading. The 
propagation of these flaws in the thickness and width directions of the 
90°-layer, leads to the formation of a transverse crack. If the 90°-layer is 
very thin, it is possible that the initial flaw covers the thickness of the 
90°-layer and the crack will propagate only in the width direction. The 
application of models based on the concept of a through-the-thickness 
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flaw has resulted in one group of failure criteria which have been 
extensively published [3,6-17]. However, the application of these criteria 
to thick 90°-layer laminates lead to underestimated failure strains. As we 
discussed in [15] this is not surprising, because the assumed flaw is larger 
than is physically realistic and the propagation of these large flaws will 
therefore be predicted to occur at lower strains than in reality. 

Another group of investigations rely on the more general case of flaw 
propagation also in the thickness direction [18-22]. The employment of 
this approach is mathematically more difficult and needs additional 
information about flaw size distribution and also two different critical 
strain-energy release-rate values are needed for the material. Studies of 
flaw size distributions and/or failure strain distributions, which have been 
assumed to be material properties, have been performed experimentally 
as well as by mathematical modeling [20,23,24]. 

Both groups of methods (through-the-thickness flaw and flaw propagation 
in two directions) obtain the failure criteria from changes in strain 
energy during the crack propagation. For this purpose the strain energies 
for different flaw sizes have to be compared. The problem has then been 
reduced to determination of the stress state at the crack. Since the crack 
propagation mechanisms are different for the two groups of methods also 
the stress state calculation is different. 

For the description of through-the-thickness flaw propagation the shear 
lag model is very popular. The largest problem in this approach is the so 
called shear lag parameter. In refs. [3,9] it is actually used as fitting 
parameter, whereas it sometimes is related to geometrical and stiffness 
properties of 90°- and 0°-layers [6,10,11,17]. In the last case the 
transverse failure strains are commonly underestimated, unless very high 
critical strain-energy release-rate values are used, as in ref [11]. The 
reason for this has for thin 90°-layers been shown to be the assumptiom 
of a uniform stress distribution in the thickness direction [15]. As 
discussed in our previous study, for thick 90°-layers this is superimposed 
with the error caused by the approximate nature of the through-the-
thickness flaw assumption. 

A variational approach for stress evaluation based on the principle of 
minimum complementary energy was suggested by Hashin in [12] and 
employed for stiffness estimation in cross-ply laminates containing 
through-the-thickness and through-the width cracks of given crack 
density. Application of this method to the transverse cracking strain 
prediction was done in [13,14]. As discussed in [15], refs. [13,14] contain 
an inaccurate consideration of the thermal strains. In [15] it is shown that 
if the thermal strains are properly taken into account, the model 
predictions are satisfactory if the 90°-layer is thicker than the 0°-layer. 
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However, the uniform tensile x-axis stress distribution in the 0°-layers 
causes erroneous predictions of the effect of 0°-layer thickness on the 
strain at onset of transverse cracking for thin 90°-layer laminates. 
Although the normal stress in thickness direction is considered in this 
approach, the mathematical model still is based on an assumption of 
uniform tensile x-axis stress distribution through the thickness of each 
layer. 

We described a more general model without this assumption in [15,16]. In 
this case the stress distribution in the thickness direction is obtained by 
use of the principle of minimum strain energy and the estimation of the 
shape of the stress distribution in  x-  and z-directions is coupled. A correct 
effect of 0°-layer thickness on the strain at onset of transverse cracking is 
then obtained for thin 90°-layers. As was mentioned earlier, all methods 
based on the variational approach works satisfactory for laminates with 
thick 90°-layers. An expected limitation though is the problem for very 
thick 90°-layers caused by the through-the-thickness flaw assumption. 

An investigation of importance for studies of flaw propagation in the 90°-
layer thickness direction was done in [22]. This work actually considers 
transverse crack propagation in an isotropic strip with stiffened edges and 
was originally not applied to composite laminates. Since the stiffness of 
the stringers is assumed to be finite, their extensional and bending 
displacements are taken into account. Despite the assumption of an 
isotropic material, the considered problem is very close to the transverse 
cracking problem presently considered. The method is based on the 
complex stress potential technique and the solution for the stress intensity 
factor is obtained in the form of power series of the crack length to layer 
thickness ratio  X.  This method can be used for a wide range of 
extensional and bending stiffnesses and for  X  less than 0.95. One of the 
drawbacks in the application of this method is numerical problems, 
because the estimation of every coefficient in the power series is 
connected with the calculation of numerous improper integrals. Another 
problem is of mechanical nature. We can consider the outer 0°-layer as a 
stiff beam only if the 0°-layer thickness is smaller than the 90°-layer 
thickness or if the crack is small and the crack tip does not reach the 
0°/90° interface. Otherwise the nonuniformity of the stress distribution in 
the thickness direction of the 0°-layer has to be taken into account. The 
assumption that the 90°-layer is isotropic is of course also approximate. A 
qualitative analysis of the constrained transverse cracking in cross-ply 
laminates based on [22] is done in [25]. Numerical calculations performed 
on the basis of this approach [26] show that this method works nicely for 
brittle matrix composites. 

In [18,20] several numerical studies based on crack-closure techniques 
and finite-element routines are reported on crack propagation also in the 
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thickness direction. The crack development was investigated in cross-ply 
laminates as well as in more general angle-ply laminates. Also 
delamination at the free edges of angle ply laminates was studied. In these 
studies much attention was paid to the modeling of multiple cracking by 
the use of stochastic flaw size and location distributions. However, the 
application of this method is limited by its complexity. 

Based on shear lag analysis, an interesting attempt to obtain a more 
convenient criterion for the onset of transverse cracking was described in 
[21]. A flaw characterized by the fixed size ao in the thickness direction, 
is described to propagate in the width direction. For this purpose the 900 
layer in which the crack propagates is divided in sublayers. The central 
sublayer is completely cracked whereas the outer sublayers are 
uncracked. The outer sublayer, in addition to neighbouring plies, serve to 
constrain the cracked sublayer. To this model the common shear lag 
analysis was applied. Although the model describes crack growth in the 
width direction, the used value of Gif = 228 Jim from [18J corresponds to 
the commonly used value for crack propagation in thianess direction. 
The used flaw size, ao = 0.33 mm, is also much larger than in other 
references. 

Physically reasonable flaw growth mechanisms are clearly described in 
[19]. The crack development is considered in both the thickness and width 
directions. The constraint effect of the adjacent layers is analysed in a 
qualitative manner for different flaw sizes and 90°-layer thickness ratios. 
Attention is focused on thin and thick midlayers. The analysis in the 
intermediate region is conclusive, but more in a philosophical sense than 
in quantitative predictions. 

Our earlier predictions [15,161 of the onset of transverse cracking were 
not satisfactory in the low constraint region due the through-the-thickness 
flaw assumption. In the present paper the model is therefore extended to 
the propagation of an initial flaw in both thickness and width direction, 
see Figure 1. The 90°-layer in which the crack propagates is for each 
actual flaw size divided in two sublayers in the thickness direction. The 
first sublayer contains a through-the-thickness flaw whereas the second is 
untracked. The stress distribution in each sublayer and in the 0°-layer is 
obtained by the principle of minimum complementary energy. The 
solutions for the stress distribution in the thickness direction are obtained 
in each layer by the use of minimum strain energy. The criteria for crack 
propagation in both directions are obtained and the predictions compared 
with experimental data. The application of the present model is simpler 
and more convenient to use than models such as [18] based on finite 
element analysis. 
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General aspects of transverse crack propagation. 

Transverse crack growth in [0m/90n]s cross-ply laminates under tensile 
loading will be treated in the present paper by the use of linear elastic 
fracture mechanics (LEFM). Thus all irreversible changes in the material 
are omitted. It is expected that this approach will result in a satisfactory 
description for brittle matrix composites. 

The method is based on an energy balance at the instant when the crack 
forms [18,19]. To obtain the failure criterion, let us consider 
displacement controlled tests. Certainly, the developed criterion must be 
the same also for load controlled test conditions. If the fracture surface 
area increases by dS as a result of crack growth, the energy of the system 
changes. In LEFM it is assumed that the released energy is equal to the 
energy necessary to produce the newly generated crack surface area. 
Crack growth will then occur if the strain energy release rate reaches or 
exceed the crack opening mode critical strain energy release rate Gic. 

dU I 	G=  lc  ds  1 u=  const ( 1 ) 

The model for crack growth in the transverse layer of a [Orn/90n]s cross-
ply laminate is shown in Fig 1. The initial flaw in the transverse  y-z plane 
may propagate in both the thickness (z) and the width  (y)  direction. 

The Gic values for crack propagation in the thickness and width 
directions of the 90°-layer are different [18,19]. Gic(T) is the Gic for a 
crack which propagates perpendicular to the fibers (in the z-direction). 
Gic(L) is the Gic for a crack which propagates  parallell  to the fibers (in the  
y-direction). Results reported in [18] for carbon fiber/epoxy indicate that 
Gic(L) is 0.6 to 0.8 times lower than Gic(T). 

The mechanistic starting points for transverse cracking are the randomly 
distributed flaws existing in material already at very low strains. They 
may form during deformation, for instance by fiber-matrix debonding, 
and their characteristics (size and spacing) are unique for the particular 
material system and fabrication process used. The size of the largest flaw  
wich  may cause the first crack is denoted a.. The propagation of this 
worst flaw, often denoted the "inherent flaw", into a transverse crack is 
the subject of our investigation. 

If the 90°-layer is much thicker than the inherent flaw size (d>>ao) ,then 
the constraint effect at the midplane is negligible. We have a simple 
model for transverse failure strain prediction in this region called the 
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"asymptotical criterion" [26]. It is assumed that for very thin midplies, 
the flaw size is limited by the 90°-layer thickness and we have a through-
the-thickness flaw which can propagate only in the width direction. The 
failure criteria for this case was developed in earlier papers [15,16]. The 
model developed in the present study aims at a proper general description 
for all 90°-layer thicknesses. 

The basic idea for the model to be described is to use the flaw size and 
fracture toughness values obtained from transverse tensile tests of 
unnotched unidirectional composites in the transverse failure criterion for 
the 90°-layer in cross-ply laminates. Thus we assume that the inherent 
flaw size is the same in the unidirectional composite and in the 90°-layer 
of the cross-ply laminate. 

For unidirectional laminates (unconstrained plies) it seems reasonable to 
assume that the crack nucleus most probably will form at the free outer 
surface. This follows from geometrical considerations, a defect of a given 
size results in higher stress intensity at the surface as compared with in 
the center. However, for the 90°-plies in [0m/90n]s cross-ply laminates, 
the constraining effect of neighboring 0°-plies on the surface region of 
the 90°-layer is likely to result in crack nucleus formation close to the 
symmetry axis of the 90°-layer. In LEFM-terminology we have for the 
unnotched unidirectional composite edge crack propagation in an infinite 
body, whereas for thick 90°-layers of cross-ply laminates we have a 
single crack far from the boundaries. 

On the basis of this discussion, we have in an earlier study calculated the 
relationship between the strain at failure in a transversely loaded 
unidirectional composite and that of a cross-ply laminate with thick 
midlayer [26]. Taking into account that in cross-ply laminates we have 
both mechanical and thermal strains, we received the "asymptotical 
criterion": 

co  + ET  = Co cou 	, Co = 1.12 Iri 	(2) 

where coo is the failure strain of the unidirectional composite, Eo and ET 

are the mechanical failure strain and thermal strain in the 90°-layer of a 
cross-ply laminate. It is thus expected that the total transverse failure 
strain in the cross-ply laminate is significantly higher than that of the 
unidirectional composite and equation (2) was in ref [26] shown to be 
supported by data for brittle matrix composites. The evaluated numerical 
value of Co is still rather rough because the flaw size may be different for 
the two cases due to differences in processing or specimen cutting 
conditions. The free surface of the unidirectional composite may have 
higher moisture content or contain a resin-rich surface layer which can 



raise the measured failure strains. It is therefore possible that the 
experimentally obtained values for Co can be lower than in (2). 

The inherent flaw size ao and critical strain energy release rate Gic are 
quantities for which experimental determination is generally not straight-
forward. Theoretically, for brittle matrix composites the inherent flaw 
size can be calculated from a knowledge of Gic and the transverse tensile 
strength of the unidirectional laminate. But in a compact tension or three-
point bending specimen all irreversible effects are usually concentrated to 
a limited material volume at the crack tip, whereas in a 90°-layer 
subjected to uniform tensile stress we are not convinced that this is always 
the case. We have therefore chosen to rely on data for the strain at failure 
of unidirectional laminates subjected to the transverse tensile test. W  e  
then use the value ao = 0.19 mm suggested by Wang 1181 to calculate the 
Gic/ao ratio. The reason why we use this procedure is that the uniform 
stress in the transverse tensile test seems relevant for cross-ply laminates. 
If preferred, it is of course also possible to use measured values for Gic 
in the model. For tough matrix composites this approach does not work, 
because the measured Gic includes not only single crack propagation in a 
brittle manner but also irreversible effects on a large scale(plastic strains, 
microcracking, local temperature changes). An earlier study indicated 
that HTA/6376 carbon fiber/toughened epoxy does not obey LEFM [26]. 

To simplify the description of crack growth we use the following 
assumptions about the flaw. It is assumed that the flaw size in width 
(fiber) direction CC' is larger than its size in thickness direction ao ( see 
Fig lb,c). This is because we believe that flaws form from debonding at 
the fiber/matrix interface. The crack growth in thickness (T) direction is 
then independent of CC'. Also the crack growth in width (L) direction 
depends only on ao and is independent of the actual length CC'. This is 
because the local crack opening displacement important for growth in the 
width direction also is determined by ao Thus the criteria for crack 
propagation in both directions may be considered independent of each 
other. As will be shown, crack propagation often starts in the thickness 
direction. When the crack reaches some distinct size, it will also grow in 
the width direction. The sequence of these events depend on flaw size, 
Gic(T)/Gic(L) ratio and the constraining effect of the 0°-layers. 

Given ao, the size of the crack in the thickness direction, the criterion for 
crack growth in the width direction is obtained if we compare the strain 
energy of the cross-ply laminate containing such a through-the-width 
crack, Vao), with the strain energy of the uncracked laminate Uo : 

- [U(ao) - Uo ] = 2 Gic-(L) ao 	(3) 
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151 

The criterion for crack propagation in the transverse direction follows 
from comparison of strain energies of the laminates containing through-
the-width cracks of sizes ao +Aao and ao : 

- I U(ao +  tao)  - U(a0) I = Gic(T) 2 Aao 	(4) 

The strain energies are reduced to unit width. 

Stress state at the crack. 

The changes in strain energy during crack propagation are determined by 
the stress states for different crack sizes. Consider the model of [Orn/90nls 
laminate containing one single crack (Fig 2). The two outer 0°-layers are 
of equal thickness  b  and the central 90°-layer is of thickness 2d and ao is 
the crack size in the thickness direction. The applied far-field stress, 
corresponding to the strain Co in a displacement controlled test, is denoted 
ao. For reasons discussed earlier we then divide the transverse layer in 
two sublayers - one of thickness ao containing a through-the-thickness 
crack and the other of thickness  (d  - ao) with no damage. The stress 
components in these sublayers are denoted by indexes lc and lu 
respectively. 

In the present paper the influence of axy,  , cryz , and an,  is neglected: 

. ow . 0 
,  k=  1,2 (5) 

The neglection of an,  contradicts laminate plate theory. However, this 
stress component does not significantly affect the crack opening mode 
transverse cracking. The stress state in the uncracked laminate and far 
away from the crack may be obtained by laminate plate theory: 

wh e're 

cr ) 	n 	 (k)I  (k  
xx lx=+ce = 

 (k) 	dk)I
XZX=i-C°- 

 

- - 
n

rz ix=±°° = 0 	k=1,2 	(6) 

co= ET( Go + CT) 	cr((
:,
2)= Ed  Go _ CT

Erd)  
o 

Eo 	 E0 	ELI) 	(7) 
AaTEL13 	

E0= ELb+E-rd  ET =  
EL,b+E-rd 	 b+d 	 (8)  

Aa  =  ra-r - aL 	 T=TR -To 	(9) 

where To and TR are the stress free and test temperatures, respectively. 

The relationship between the applied stress and the resulting strain is 
cro=Eoco for the uncracked laminate and suo=Exeo in the laminate 
containing a crack. Since the stiffness of the cracked laminate is slightly 
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reduced, a load drop is apparent in a displacement controlled test and is 
frequently used for the registration of cracks in thick 90°-layers 1231 

We have the following boundary and interface conditions 

0,2%-h= 02)1.--h= 0 	ezulz-d= dx22L-,1 auulz,3= 02,(zziz,1  (10) 

altzu)lz..0= a)glz=a0 	du)1 = orz(
z
1c) 0  za 

The stress free conditions at the crack surface S are 

crac)lx=o= 02:1..o= 0 	 (11) 

The coming analysis is a further development of Hashin's stress analysis 
[12]. It is assumed that the x-axis tensile stresses in the cracked 90°-
sublayer are independent of the z-coordinate, whereas in the 0°-plies and 
in the uncracked part of the 90°-layer, this dependence is characterized by 
arbitrary functions. The stress functions may then be written: 

e(1c) = 41) _ 	A*)1d2 	Ou)4) = o  (le& _  

cp(2) a (2)2d2 	(1) 	- 	 - Go  d2cp2(z)141(x) 

where 5-c =x/d , Z=z/d are nondimensional coordinates and At  is an 
arbitrary constant. The expressions for stresses are as follows 

1.Cracked 90° sublayer. 
(lc) = _

0(
1)41”(5-0(i_2  + A.)  

Goo = 
a(

v)(1.1j(k)) (3,1
z
c)., 0,2)-±-41,00 azz  

2 

2.Uncracked 90° sublayer. 
(-Too - - 	(1) [1 - 

tp(-y>11(-7)] a(lu) = a  (0410-0(p i 	ao = _41)41,00cp  
-xx 	0 	- 1 	, xz 	0 	1 e 72 

3. 0°-layer. 

0.(2)= 
00

(2) _ 00
(1)4,(-x)cp ri

2
(--z) apz

) = ajotly(x->pg-z) azzw= .000)111"(R)-92(i) 

(13) 

where (NM, (P2(i) and tl() must satisfy the following conditions 

0 2 (12) 
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pi (1) = (AO) , pi(1) = p2(l) 9 CP1(ä0) = As+ k2 	cp1(ä0) = äo  
2 

(PA) = cd(h) = 0 	, 	h = h/d 

= 1 	, 	tv.  (0) = 0, 	(c'°) =41(00) = ' 	(14) 

The stresses in all layers are now expressed in terms of one unknown 
constant At  and three unknown functions (PM, 92(i) and 11(). The 
principle of minimum complementary energy is used in order to solve 
this problem. In ref [15,161 we used a similar method for the simpler case 
of a through-the-thickness crack. The complementary energy V( a) can 
be written as follows in the case of only traction boundary conditions  

b  

V=U  +  4 

.d 	
0 

 (a12, al, T  +  c1122  aT  T)  dz dx +  1  

—  

4f  f
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 (agc)  aTT + agoaTT) dz dx +

iao  

4  i"  ci  

‘'''  

where U is the strain energy of the laminate 

U  =  4 1  I  Wic  dz dx +  4 1 	Wiudz dx +  4 1  j.  W2dz dx 

ao 	 d 

The strain energy densities Wk ,k=1,2 of transversely isotropic layers 
with respect to (5) are given by 
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Let us consider all stress fields (13) which satisfy equilibrium and all 
traction conditions at the interface and the outer boundary. They form the 
admissible stress system in context of the principle of minimum 
complementary energy. According to this principle, the stress field which 
will give a minimum for V will also give the best stress-strain state 
approximation for the problem in question. 

To obtain the differential equation for tP(k) we put expressions (13) into 
equations (15) - (17) and carry out the z-integration. The complementary 
energy can then be written in the form 

V = vo+ 20j02d21 ca-  [cooneo2 -4- co2w(5-04ifi(k) + C22"()2+ C1  itpi(x)2] 
o 

(18) 
where  

Vo  =24  
(o2d cr(2)2b  + 	+ ar,a)aLTb + crVarTd 
2ET  2EL  -  (19) 

 

represents the complementary energy of the uncracked laminate. The 
notation in (18) is chosen so that it formally coincides with the expression 
obtained by Hashin [12]. The constants Coo, Co2, C22 and Cli in our case 
differ from those in Hashin's model. They depend on the unknown 
functions (PM, p2(z) and A*  
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Since the expression (18) formally coincide with that obtained by Hashin 
we can omit the procedure of minimization described in [12,15,16] and 

f'  if 	 (21) 

k=2 f= 1 , g= h  
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briefly summarize the results. The function 110) must satisfy the 
following equation 

C2211Y"'  + (CO2 - C11)41" .4-  COOW = 0 
	

(22) 

and the boundary conditions in (14). The solution of this problem as well 
as other useful expressions concerning 1,11(k) are given in App. I. The 
minimum value of the complementary energy can then be expressed as 

V ---  Vo  + [a(01 ]22d2C22411?1(0) 	(23) 

The values of COO, CO2, C22,  C  I I, w, and also V depend on TM, (p2(i).  

and A'. The minimum value of the complementary energy (23) will be 
lower the more accurate the choice of these quantities is. 

The last problem to be solved in this section is the calculation of the stress 
distribution in thickness direction (z) of the 0°-layer and in the uncracked 
sublayer of the 90°-layer, see Fig 2. Our procedure is in two steps: 

1. The 0°-layer of the laminate is considered separately and the 
response of the 90°-layer is replaced by an equivalent stress system acting 
at the surface z=d. In this step the stress distribution in the  x-direction, 
represented by  WM,  is assumed to be known. Then the principle of 
minimum strain energy is applied to this layer to obtain the differential 
equation for (PO. This equation will contain parameters which depend 
on  WM.  The calculation of IWO and (P2(i) is coupled because equation 
(22) for til(k) contains parameters which depend on cP2(z). The stress 
distribution in the z-direction of the uncracked part of the 90°-layer is 
considered in a similar way as described for the 0°-layer. 

2. After the first step, all quantities including (Pi(), P2(i) and w(k) 

depend only on one arbitrary parameter, A. Since the complementary 
energy V in eqn (23) also contains this parameter, we can consider V as 
function of A*  and compute the values of A` which gives a minimum in 
the complementary energy. 

To perform the calculations described above, we take the stress 
components in the 0°-layer in the form given by eqn (13). The strain 
energy of this layer can be obtained in a similar way as described earlier 
for the whole laminate. The difference is that now we know the shape of 
11() and can perform the integration in the  x-direction (instead of z) 
using expressions for ili(x) given in Appendix I. 
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The same procedure is followed for the uncracked 90°-sublayer. 

The strain energy of the uncracked transverse sublayer can be expressed 
as follows : 

(92,2fi 
Clu) 	) 	 d2 (J00[(P1(2)] 2  -2v1  J021( 2) 111(2) 4-  J2 "(2)]J2 "(2)] 2+ I I ET[CPI  (2)1 21  ET 

= U0(111  + 	u  

	

GT  I 	I äo 

(24)  
The strain energy of the 0°-layer 

0.2  _ 
'  dz 	 T E 	12 	E  U(2)  =  U(2)  +  a° 	di  (J øØ{p2(2)]2  2 ET J 	(  1( 1 00  Cp2,  Z 	- VL 	02,  2,Z,CP2,Z, +  J 22  T{ CP  2 (2) 	.1 11 T  [CP12(2)1 2  0 	
ET 	 EL 	 EL 	 GL 	I 

I  

(25)  
T  7(2) 	T  T(10 

where uo and uo do not contain (PA), cP2(i). 

In (24),(25) we use the following notation  

Joo = 	[W"(5-012di  
0  

.102
Jo  

Ju 

J22 = f  [()]2d  

= 	[141"(k)12dA  

(26) 

The analytical expressions for these quantities are given in Appendix I. 
Standard procedures are used for minimization of (24) and (25) so that 
the following differential equations are obtained 

J22(Piv  (2vi-J02+ 	JOOCPI =0 

J22CPP/  - (2  _VI__ 02+ — ELJ11)(Pg 4. J0042  =0 
GL 	ET  

(27) 

with boundary and interface conditions as in eqn (14). 

The shape of the solutions for eqn (27) depends on the coefficients Jik. It 
has been found that all roots are real for the characteristic equation 
corresponding to the second equation of (27). We denote these roots äk 
k=1,2 . On the other hand it may be shown that the characteristic equation 
corresponding to (NW has complex conjugate roots denoted ±(Z± qi) . 
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We can then write the solutions in the form: 

ci) 	= exP(-e(i- äo))[Bi cos 	- -50) + B2 sin  ri( 	äo)] 

92(z) =  C  lexp(-A0 - 1)) + C2exp(-3.2( - 1)) 	(28) 

These functions satisfy equations (27) and all interface conditions. The 
free surface conditions on the outer boundary are satisfied only 
approximately. This discrepancy decreases for laminates with thicker 0°-
layers (b>d). Since it has been experimentally proved that the influence of 
0°-layer thickness on transverse failure strain is negligible [2], we assume 
that the choice of such a simplified form of solution is justified. 

If the shape of the z-distributions are known we can also obtain the  
„(i) 	, (2) 

analytical expressions for I 1 ) ,  i 2). . These quantities as well as expressions 

for 	äl ä2 , , j.t ‚ B1  ,B2, CI  , C2 are listed in Appendix II. Since the 
determination of both sets of shape parameters 41 42, Z, r and a, ß is 
coupled, the values can be obtained only by numerical methods. Since all 
expressions also contain the parameter As, we first have to fix some 
distinct value for A` and then calculate the shape parameters and the 
corresponding value for the complementary energy. Then we take a 
different A5-value and obtain different shape parameters and value for 
the complementary energy. The value of A*  which gives the lowest value 
of V is assumed to be correct. The numerical calculations for each A*  
were performed using a simple iterative procedure and they showed 
excellent convergence. Not more than 5 to 6 iterations were needed to 
obtain an accuracy of 0.01 % for the shape parameters. 

The criteria for transverse crack development. 

A flaw which is present in the 90°-layer of a cross-ply laminate can 
develop into a transverse crack if the conditions for propagation in width 
(3) and thickness (4) direction are satisfied. In order to simplify the 
explanation we only describe the details of how to obtain the failure 
criteria for the case of pure mechanical loading. The thermal strains are 
included in the obtained criteria using the superposition principle, which 
is valid in linear analysis. 

The following analysis is for displacement controlled tests (co=const). The 
strain energy of a laminate (only mechanical strains are considered) 
containing a through-the-width crack of size ao is 
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If we substitute 

and 

r  2 
U = Loh -L-21-' a+ 2 [cr nt, -]2 d2 

C2241
in 

 (0) 
Eo  (29) 

(30) 

U = Loh Exco2 	(31) 

into (29) we can obtain the stiffness change of the laminate as 

Ex  = 	1 
E0 	

1+ Eilj2  c2  
Eoh 	Lo 	 (32)  

Then we can calculate the strain energy change in the laminate if a 
through-the- width crack of size ao is formed 

AU = U - Uo = L0hE02  (-K1  - E0) + 2E-12(12EZ (92C22tr(0) 
Eo 	 Eo 	 (33) 

Since the length of the laminate is much larger than its thickness it is 

sufficient to calculate the change for I-0  

lim  (AU) = - 2 E7 d2  Ej C22 41"(0) 
(34) 

The obtained expression (34) is substituted into eqn (3) and the thermal 
strains are added. The criterion for crack propagation in the width 
direction is as follows: 

d2  (Co + ET)2  C22 tlini(0) = G1(L) ao 
	

(35) 

The criterion for crack propagation in the thickness direction is obtained 
from eqn (4) 

d2  (Co + er)2  (C22411"(0))1 	= G1(T) Aao  
ao Aao 

a0 

As explained earlier,  d  is the half-thickness of the 90°-layer (geometrical 
parameter), ET  is the transverse ply modulus, ET is the residual thermal 
strain, Gic and ao are fracture properties for the material, CO the 
mechanical strain at onset of transverse cracking in the cross-ply laminate 

(36) 



159 

whereas C22 and  ty  (0) are functions dependent on geometrical and 
stiffness parameters. 

Model predictions and comparisons with experimental results. 

The developed procedure for prediction of the strain at onset of 
transverse cracking according to criteria (35),(36) was applied to 
composite systems with stiffness and geometrical properties as listed in 
Table 1. The numbers in brackets refer to the source of experimental data 
for the strain at onset of transverse cracking in cross-ply laminates. 

We feel that the experimental data on the critical strain energy release 
rate Gic determined on, for example, compact tension specimens, are not 
always reliable. Neither are we convinced about their relevance to the 
cracking of the 90°-layer of a cross-ply laminate. We therefore suggest 
another approach in which the transverse failure strain of the 
unidirectional composite is used. We modify criteria (35) and (36) so 
that the fracture properties are expressed only in terms of Gic/ao and 
ao/d. If we now can find some way to determine Gic/ao (described later), 
we can easily calculate the strain at  wich  the crack of size ao/d will 
propagate in the thickness direction and also the strain at which it will 
propagate in the width direction. For each [0m/90n1s laminate we can 
then calculate two functions describing  Lo  + ET as a function of add, one 
for crack growth in the thickness direction and the other for crack 
growth in the width direction. Such functions are exemplified for a 
T300/934 carbon fiber/epoxy laminate in Figure 3. If we know the initial 
flaw size we can now predict the strain at onset of transverse cracking, 
describe the sequence of crack growth directions and state whether the 
crack is unstable or not. Such detailed predictions are of interest for 
future experimental studies. 

The propagation in width direction is always unstable, because the stress 
distribution is uniform in this direction and the free edges cannot limit 
the crack growth. The growth in thickness direction can be stable or 
unstable depending on initial flaw size. In general we have three 
characteristic kinds of crack behavior. 

1. The first case to be considered is when the flaw size is very small as 
compared with the 90°-layer thickness (low value for the non-dimensional 
crack size in Figure 3). The crack propagation then starts in the thickness 
direction at a rather high strain, since it follows from our model that the 
strain for propagation in the width direction is higher for this crack size. 
In Figure 3 it can be observed that the propagation is unstable in the first 
phase, because the strain necessary for further propagation of a larger 
crack is lower. When the crack reaches a size where the earlier obtained 
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strain is sufficient to cause unstable propagation in the width direction, 
this will occur. As explained earlier, crack growth in the width direction 
always is unstable and the crack grows completely through the 90°-layer. 
In Figure 3 it is also possible to see that wether the crack grows 
completely through in the thickness direction or not depends on the initial 
flaw size (or the initially applied mechanical strain at onset of crack 
propagation),If the initial flaw is small ("good" material), high strain 
must be applied and the crack will grow all the way to the 0°/90° layer 
interface (high value for the non-dimensional crack size). For "bad" 
material, the crack will form at lower strains and growth in the thickness 
direction will stop before the non-dimensional crack size approaches 1 
and reaches the interface. A further increase in strain will lead to stable 
growth of the crack in thickness direction. 

2.If the flaw has intermediate size, where the non-dimensional crack size 
in Figure 3 is approximately 0.5, propagation in thickness direction will 
be stable. When the crack reaches a size characterized by the point where 
the curves intersect, unstable propagation through the width will take 
place. In this case the crack will not be through-the-thickness. A further 
increase in strain will, however, lead to stable growth of the crack in 
thickness direction. 

3.If the initial flaw size is comparable with the thickness of the transverse 
layer (through-the-thickness flaw, non-dimensional crack size 
approaching 1), the strain at which the crack propagates in the width 
direction so much lower than that for the thickness direction and so that 
the only mode of cracking will be propagation in the width direction. In 
reality, this is most likely to be the case for cross-ply laminates with thin 
90°-layers. For very thin midlayers, the layer thickness may even be 
smaller than the flaw size ao known as a material property. In this case 
the layer thickness obviously limits the flaw size (ao =  d)  and a strong 
constraint effect is expected to increase the transverse cracking strain. 

The dependence of crack growth mechanisms on initial flaw size 
predicted here is relevant for the experimental scatter in data for the 
strain at onset of transverse cracking. This scatter can be attributed to 
variations in the inherent flaw size. Investigations of the geometry of 
cracks related to the strain at which they formed could shed light on the 
applicability of the model. Cracks formed during multiple cracking 
experiments may be even more suitable, because of the large spread in 
inherent flaw size. 

To obtain the value of Gic/ao, we consider the cracking in a conventional 
transverse tensile test of a unidirectional laminate. We describe this case 
as crack propagation in a transversely isotropic infinite body. For this 
purpose we can also use the approach from the present paper. Since the 
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stiffer outer layer is not present, we only consider cracked and uncracked 
sublayers of the same material. Details of the mathematical considerations 
are omitted, because the case described is a particular case of the analysis 
in the present paper. The failure criteria for transverse cracking in two 
directions of a unidirectional laminate can be presented in the same form 
as in eqns (35) and (36) but the expressions for C22 and 41'10) are 
different. In the analysis we assume that the flaw first must reach some 
critical size in the thickness direction and only then does crack 
propagation in the fiber direction start. The propagation of cracks located 
at the symmetry axis is the only possible case. The criterion for 
propagation in the thickness direction is  

Ei  CZ Coo 2a  (a°4-  ' ac4)2- a°2  = GIc(r) 
a2 ß2 	Aao  

(37)  

where Cu is the transverse cracking strain of the unidirectional laminate if 
the crack is initiated by flaw located at the symmetry axis in the thickness 
direction. The quantities Coo , a, ß do not depend on crack size but are 
functions of the stiffness properties of the composite. 

The expression (37) can be rewritten as 

Gic(T)  = 	
Eti Coo  4a  

ao 	 a2 4- 132  

We have to keep in mind for geometrical reasons, the crack in a 
unidirectional composite will most probably be initiated by flaws located 
at the free surface. The failure strain Eou obtained in transverse tensile 
tests corresponds to this case. We therefore use the relation between  Eu  
and cou 

Cu =  C  Co 
	

(39) 

where in the ideal case C=C0 and Co = 1.12 	,but in general 
CE [1, Co].  
We then obtain 

Gic(T)  =  E  C2ej,,, Coo  4a 
ao 	 a2 + f32 

Since we do not have any information about the actual value of  C,  we use  
C  = Co in our predictions. The influence of the  C-values on the results 
will be discussed later. For isotropic bodies, the expression corresponding 
to (40) is well known [27]. We have still chosen to use the approximate 

(38)  

(40) 
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expressions for GIc obtained by our method in order to keep the same 
assumptions throughout the analysis. 

In order to calculate the ratio Gic/ao from eqn (40) we use ET,  C=  Co and 
Eou obtained from the transverse tensile test and parameters Coo, a and ß 
determined from the material stiffness parameters. The Gic/a0  ratio is 
used in criteria (35) and (36) to predict the total (mechanical+thermal) 
transverse cracking strain. The predictions for T300/934 carbon 
fiber/epoxy and glass fiber/epoxy [0./90nls  laminates as a function of  n,  
the half-thickness of the 90°-layer are compared with experimental data 
[1,2] in Figures 4 and 5. It is assumed that the inherent flaw size is a 
material property and the same value is used for all 90°-layer thicknesses. 
For T300/934 the value suggested by Wang (ao=0.19 mm) is used [18]. 
Since have no information about ao for glass fiber/epoxy we have chosen 
ao=0.19 mm. It was difficult to choose correct ET -value for glass 
fiber/epoxy, because although ET=14GPa is the initial value reported in 
ref [2], a knee in the stress - strain curve was observed before transverse 
cracking [2]. Based on the reported stress of 56MPa at 0.5 % cracking 
strain we used ET = 11.2GPa in our calculations. The value 
Gic(L)/Gic(T)=0.65 is used in the numerical calculations which 
approximately corresponds with the data for T300/934 [18]. 

The agreement between our predictions and experimental data is 
excellent. The predictions are based only on the model, the fracture 
properties of the unidirectional laminate, geometrical and stiffness 
parameters. No fitting parameters are involved. In Figures 4 and 5, 
predictions based on a through-the-thickness flaw assumption are also 
presented. For thin midlayers the results coincide, but for thick 90°-
layers the deviations may be significant, as observed for T300/934. The 
differences between the two models appear smaller for glass fiber/epoxy 
than for T300/934 carbon fiber/epoxy, but this is just because T300/934 
contains thicker 90°-layers. Predictions from eqn (2), the "asymptotical 
criterion," are also presented in Figures 4 and 5. This model considers 
the limiting case of a very thick 90°-layer as compared with the inherent 
flaw size and assumes that the crack is initiated by a flaw at the symmetry 
axis. 

We finally consider the influence of three important material properties 
on the transverse cracking strain in a cross-ply laminate. These properties 
are 1) the strain at failure in a transverse tensile test of a unidirectional 
composite Lou, 2) the inherent flaw size ao ; 3) transverse stiffness ET. 

It is not possible to perform experiments where we change only one of 
these properties, because they are coupled. A parametric analysis based 
on mathematical modeling may therefore prove useful. For this purpose 
we consider T300/914C carbon fiber/epoxy and use only the stiffness 
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values given in Table 1. Just as a starting point for our comparison we 
assume that this material is similar to T300/934 and use the same 
Gic(T)/ao and ao values. It means that we first assume that Lou for this 
material is 0.42 %. We then fix two of the parameters Lou, ao and ET and 
vary the third. Since data for the onset of transverse cracking for cross-
ply laminates of T300/934 is available, we can compare our predictions 
with the data. Note that Gic/ao is fixed by Lou and ET. The study of the 
influence in variations of ao could therefore also be expressed in terms of 

1.The inherent flaw size ao is the weakest point in the application of this 
model. The statistical parameters of flaw size and/or failure strain 
distributions have been studied experimentally and by modeling [18,231. 
The largest flaw which initiates the first crack is not only a material 
property but is also likely to be sensitive to the cutting of the specimen. 
For this reason it is motivated to study the effect of this parameter. The 
modeling results are presented in Figure 6a. Changes in the flaw size 
mainly influences the shape of the curve. Laminates with thin 90°-layers 
are apparently particularly sensitive to this effect. 

2.The modeling results for different transverse failure strains Lou of the 
unidirectional composite are shown in Figure 6b. This figure reflects not 
only the influence of the variation in failure strain but also the 
uncertainty in the value of  C  in eqn (39).  C  is likely to vary with 
environmental and processing conditions. Note that for laminates with 
thick midlayers, the influence of Lou is fully different from the effect of 
ao. 

3. If Lou and ao are kept constant, the influence of changes in transverse 
stiffness  Ei are  not very large, as shown in Figure 6c. As is expected, 
lower transverse stiffness leads to higher transverse failure strains. The 
differences in strains slowly decreases as the 90°-layer thickness 
increases. The apparent poor agreement with data is just a consequence of 
the choice of £0u. 

Analysis of the modeling results in Figure 6 and comparisons with 
experimental data for cross-ply laminates allow us to predict that a 
T300/914C unidirectional laminate probably has a higher transverse 
failure strain than T300/934 (Lou is approximately 0.46 %), a higher 
inherent flaw size (ao is approximately 0.25mm) and a Gic of about 270 
J/m2. 
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Conclusions. 

Two-dimensional transverse cracking in cross-ply laminates has been 
modeled using linear elastic fracture mechanics in combination with a 
stress analysis based on the principle of minimum complementary energy. 
The proposed model accounts for nonuniform stress distribution in both 
the specimen length and thickness direction. The 90°-layer is considered 
to be composed of two sublayers, where one is cracked and the other 
uncracked. The agreement between our predictions and experimental data 
of the strain at onset of transverse cracking is excellent. The predictions 
are based only on the model, the fracture properties of the unidirectional 
laminate, geometrical and stiffness parameters. No fitting parameters are 
involved and application of the analytical solution is more convenient than 
finite element solutions. 

Starting with the flaw size from which the crack originates, we can 
predict the strain at which the crack propagates, describe the sequence of 
crack growth directions and state wether the crack is unstable or not. In a 
parametric study, the influence of three material properties on the 
transverse cracking strain in a cross-ply laminate was considered. It was 
shown that changes in the unidirectional transverse failure strain, shift the 
cracking strain versus 90°-layer thickness curve almost parallel. Changes 
in the flaw size mainly influences the shape of the curve, whereas changes 
in transverse modulus are less significant. 
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Appendix I 

To solve differential equation (22) with boundary conditions (14) we first 
consider the corresponding characteristic equation 

r4 +pr2 -Fq=0 	 (IA) 
where 

q COO 	, p  = CO2 - Cll  
= r, 

•-•22 	 C22 

For the roots of the equation (I-1) we have 

r2= . _P + 
2 

Depending on the sign of P2/4  -  q,  the solution may have real or complex 
conjugate roots ( for typical glass fiber/epoxy or carbon fiber/epoxy 
laminates  p  is less than zero ). The solution we seek for both cases is as 
follows. 

1. Solution for complex conjugate roots in region [0,  "1-') 

tp(k)=e-a3c-  ( cos f3  i  +  g-  sin f3k ) 
13 	 (1-4) 

where  

a  = (41/4 cos  ()" 	fi = q1/4 sin  
2 , r" 	 2 	, 

The expression for 1111"(0) is as follows 

,,,(0) . Coo 2a  
C22 a2 + f32  

If we carry out the integration in eqn (26) we obtain  
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(1-3) 
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2. Solution in the case of real roots. 

wcio =
yi e-Y2R - y2e-Y1  5z  

Yl -  Y2 
Y1,2= 

The expression for WIH(0) is as follows 

41  m(0)  = COO  yl  +  Y2 

C22  YiY2  

The integrals in eqn (26) can be determined analytically: 

YiY3.  J22 = 
Yi + 3Y1Y2 ± Y22  ho = 

2 (Y1 + Y2) 	 21'0'2 (Yi + Y2) 

(1-8) 

J02 Y1Y2  — 
2 (Yi + Y2) 

j 	
YiY2  ii = 

2 (yi + Y2) 

Which one of the two cases we obtain will depend on the mechanical and 
geometrical characteristics of the laminate. 

Appendix II 

The parameters Ai ,2, &,  ri  which determine the shape of the stress 
distribution in the thickness direction, eqn (28), may be calculated from 
the following expressions 

z = qcos  (._si_ 	ri = qrsin P- 	
— 

L 	t 	0 	— 4(11  - 1 
2 

Pi 
, 	

' g1  2 	 2 (11-1)  
where  

P 1 = - ET J11\1 (2vT J02 + cli = •100  
GT 

i22 i22 (11-2) 
and 

- ___ + A1,2= 	P2 
2 -- 

2 
(11-3) 

where 

P2 = - (2VL J02 + __EL jii  1 	0
12 

 = J00 EL 
GL 	1 J22 	J22 ET 	(11-4) 

The constants  Bi,  B2, Ci , C2 are calculated from interface and boundary 
conditions 
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(11-5)  

where 
gi = Bicos 11 di + B2sin ri -di 
g2 -  aocos ri - (B In + B2) sin di 

B = 	+ °-2- 	B2 = 4+ 	 
2 	, 	n 	, d1  =  i  -  äo 	(1I-6) 

(2) 
Expressions for 1k 	k=1,4 are obtained from eqn (21) 

I(2)= 3 
	

+ A2  C2  + 2 Ai°3  
3 

2 	2  2 
+ A2 

1(
2
2) = 	+ 	+ 2  C1C2  

2A1 	2A2 	Ai + A2 

1(32)  = 4J  C  + 	C  +2 	3.1A2  
2 	2  

2 	2 

	

CI  + 42 + 	+ A2  C1C2  
2 	2  

The same integrals in the uncracked sublayer of the 90°-layer are 

	

I(1) =  hi 4-  b22  _ 	+ 	 +bb  J k 	 1 	1 2 2 
4Z 	 2 

where  
= 	e 	(1+e-2 i ( n sin 2ridi -cos 2ri di)) 

2 ( 2 + 92) \ 

= 	(T1 	( cos 2ridi + sin 2r di)) 
2 (Z2 + 2) g 	 (11-9)  

Expressions for hi ,b2 are different for different  k  : 

k=1 = -[ + B20 + 	äo] 	b2 --Z(B in + B2) - äoil 
k=2 b1=B1 b2 = B2 

k=3 b1 	ao b2 = - (Big 	B2Z) 

J(1) = - 13(1) - + (C I  + C2)( C1A1 +C2.2) 
2 (11-11) 

C1C2 

CiC2  

(II-7) 

(11-8) 
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Table 1 Material properties of composite systems used in calculations. 

Material 	Glass/epoxy T300/934 T300/914C 
[2] [ 	1 	] [ 23 ] 

EL(GPa) 	42.0 137.88 128 
ET(GPa) 	14.0 (11.2) 11.72 9.5 
GL(GPa) 	3.5* 4.55 5.8 
GT(GPa) 	5.1 4.17 4.17* 

VL 	0.27 0.29 0.32 
VT 	0.3* 0.3* 0.4* 

aT (10-6 1/°C) 	14.3 28.8 28.9 

aL ( 10-6  11°C) 	4.3 0.09 0.8 
T (  °C  ) 	-125 -147 -167 
ho (mm) 0.132 0.125 

Eo. (%) 	0.5 0.38 
Tr.strength (MPa) 56 44.1 

* -the unknown values are selected from other composite systems 



Figure Captions 

Fig 1 a) Geometry of [0./90ds cross-ply laminate,  b)  geometry of the 
problem of crack growth in the width  (y)  direction,  c)  geometry of the 
problem of crack growth in the thickness (z) direction. 

Fig 2 Schematic showing the geometry of the model of a [Om/90'4s cross-
ply laminate subjected to thermal and mechanical tensile loads. Stress and 
strain characteristics in the outer 0°-layer have index 2, whereas in the 
90°-layer they are denoted lu and lc in the uncracked and cracked 
sublayer respectively. The properties in longitudinal and transverse 
direction with respect to the fibers are indicated by letters L and T 
respectively. Thus EL, ET are Young's moduli, 	vr -Poisson's ratios, 
GL.,  Gr  -shear moduli, cu.., cur -thermal expansion coefficients. 

Fig 3 Predicted total transverse cracking strain (mechanical + thermal) 
for crack propagation in width and thickness direction as a function of 
non-dimensional crack size add for a T300/934 carbon fiber/epoxy 
laminate. Data are based on Gic(T) =100 J/m2  and the ratio Gic(L)/Gic(T) 
=0.65. 

Fig 4 Total transverse cracking strain (mechanical + thermal) as a 
function of 90°-layer thickness in [02/90n]sT300/934 carbon fiber/epoxy 
laminates. Experimental data from ref [1]. 

Fig 5 Mechanical transverse cracking strain as a function of 90°-layer 
thickness in glass fiber/epoxy cross-ply laminates. Experimental data 
from ref [2]. The thickness of the 0°-layer is b=0.5mm. 

Fig 6 Results using the present model in parametric modeling of the total 
cracking strain in [02/90r]sT300/914C carbon fiber/epoxy laminates, a) 
influence of flaw size ao,  b)  influence of transverse failure strain of the 
unidirectional composite E0u,  c)  influence of transverse stiffness ET. 
Experimental data from ref 1231 
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Fig 1 a) Geometry of [0./90ds cross-ply laminate,  b)  geometry of the 
problem of crack growth in the width  (y)  direction,  c)  geometry of the 
problem of crack growth in the thickness (z) direction. 	. 
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Fig 2 Schematic showing the geometry of the model of a [Om/90711s cross-
ply laminate subjected to thermal and mechanical tensile loads. Stress and 
strain characteristics in the outer 0°-layer have index 2, whereas in the 
90°-layer they are denoted lu and lc in the uncracked and cracked 
sublayer respectively. The properties in longitudinal and transverse 
direction with respect to the fibers are indicated by letters.  L and T 
respectively. Thus EL, ET are Young's moduli, vL, vr -Poisson's ratios, 
GL,  Gr  -shear moduli, at., ocr -thermal expansion coefficients. 
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Fig 3 Predicted total transverse cracking strain (mechanical + thermal) 
for crack propagation in width and thickness direction as a function of 
non-dimensional crack size add for a T300/934 carbon fiber/epoxy 
laminate. Data are based on Gic(T) =100 J/m2  and the ratio Gic(L)/Gic(T) 
=0.65. 
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T300/934 [02/90nls 

Number of 90°-plies,  n  

Fig 4 Total transverse cracking strain (mechanical + thermal) as a 
function of 90°-layer thickness in [02/9011] T300/934 carbon fiber/epoxy 
laminates. Experimental data from ref [1]. 
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Fig 5 Mechanical transverse cracking strain as a function of 90°-layer 
thickness in glass fiber/epoxy cross-ply laminates. Experimental data 
from ref [2]. The thickness of the 0°-layer is b=0.5mm. 
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Fig 6 Results using the present model in parametric modeling of the total 
cracking strain in [02/90n]s T300/914C carbon fiber/epoxy laminates, a) 
influence of flaw size ao,  b)  influence of transverse failure strain of the 
unidirectional composite E0u,  C)  influence of transverse stiffness ET. 
Experimental data from ref [23]. 
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