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ABSTRACT 

Material parameters and defects in composite plates are determined in a 

non-contacting and non-destructive way by use of optical methods. Material 

parameters are determined f r o m TV-holography images, and defects are 

detected by holographic interferometry w i t h a double pulsed laser as the 

light source. 

A plate excited into harmonic vibration w i l l be in resonance for certain 

frequencies . A t each such frequency the plate vibrates in a certain manner, 

called a mode. Experimentally determined frequencies and shapes of these 

modes of vibration for rectangular orthotropic and anisotropic plates are 

compared w i t h the results of FE-calculations or calculations using 

Rayleigh's method. I n both cases i t is possible to estimate the two Young's 

modul i , the in-plane shear modulus and Poisson's ratio of the orthotropic 

and the anisotropic plates. 

Defects are detected by impacting the plates w i t h a small pendulum. This 

creates propagating transient bending waves in the plates. These waves are 

recorded using holographic interferometry. A defect gives rise to anomalies 

in the interference pattern. Large defects can be examined in the 

interferograms wi th the naked eye. Small defects, such as delaminations 

w i t h a diameter of 15 mm, could be discovered using a proposal method. 

The impacted plate problem is solved analytically for an isotropic plate. A 

similarity parameter depending upon thickness, density and effective 

material parameters is found. The existence of this variable brings new 

understanding to the importance of specific parameters for wave 

propagation in plates. 
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DISSERTATION 

This dissertation comprises a survey and the fo l lowing six appended 

papers: 

A I . K-E. Fallström and N-E. Mol in 1987. 

A Nondestructive Method to Determine Material Properties i n 

Orthotropic Plates, Polymer Composites, Vol.8, No. 2, 1987, pp. 103-108. 

A I L K-E. Fallström and M . Jonsson 1990. 

A Nondestructive Method to Determine Material Properties i n 

Anisotropic Plates, accepted for publication in Polymer Composites, 

A p r i l 1990. 

BI. K-E. Fallström, H . Gustavsson, N-E. Mol in and A. Wåhl in 1989. 

Transient Bending Waves in Plates Studied by Hologram Interferometry, 

Experimental Mechanics, Vol. 29, No. 4, 1989, pp. 378-387. 

BE. K-E. Fallström, L-E. Lindgren, N-E. Mol in and A. Wåhl in 1989. 

Transient Bending Waves in Anisotropic Plates Studied by Hologram 

Interferometry, Experimental Mechanics, Vol . 29, No. 4,1989, pp. 409-413. 

CL K-E. Fällström 1990. 

Determining Material Properties i n Anisotropic Plates using Rayleigh's 

Method, accepted for publication in Polymer Composites, A p r i l 1990. 

DI . K-E. Fällström 1990. 

A Non-Destructive Method to Detect Delaminations and Defects i n Plates, 

to be submitted to N D T International, May 1990. 



S2 

INTRODUCTION 

Methods for the testing of materials are an area of central interest i n 

material evaluation. Testing methods are needed both dur ing the material 

development process, production and the use of the f inal product. The 

problem of f inding adequate testing methods has become a f ie ld of current 

interest i n recent years. One reason for this is that a lot of new materials 

have been introduced. Many of these "modern materials" are collectively 

termed "composite materials". Composite materials represent a wide range 

of materials, and a problem w i t h many of these materials is the lack of 

methods for non-destructive testing (NDT). 

N D T is the detection of material or manufacturing imperfections by 

procedures which do not require destruction or significant alteration of the 

component being tested. Non-destructive testing employs a variety of 

techniques such as ultrasonic methods, thermography, acoustic emission, 

visual inspection, vibration measurements and holographic interferometry. 

In our testing of materials we use holographic interferometry. TV-

holography or speckle interferometry (ESPI) is used to determine material 

parameters in composite plates and holographic interferometry w i t h a 

double pulsed laser as light source is used to detect defects i n plates. 

Holographic and speckle interferometry has been used in non-destructive 

testing of composites for several years [1]. These techniques have been 

known since the mid-sixties, and several authors have reported their use in 

N D T [2,3]. The authors' conclusions are that interferometric methods are 
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better suited to the testing of polymer and composite materials than of 

metallic materials since the last ones in many cases seem to be too stiff. 

A composite material is a physical combination of two or more materials 

into a multiphase system. This new material often has properties other than 

the original components. A laminate system consists of two or more plies 

glued together. Generally these plies are orthotropic, that is, the elastic 

properties are specified along two mutually orthogonal material axes, which 

in our case coincides w i th the coordinate lines of the middle surface of the 

plate. When orthotropic layers are stacked together to f o r m the lamina, the 

resulting structure often becomes anisotropic. Only in certain stacking 

sequences does the lamina remain orthotropic. 

Useful characteristics of holographic non-destructive testing techniques 

include simple, whole-field visual display, applicability to inspection of 

components having fairly complicated shapes, and lack of special 

requirements for surface preparation of the test object. Limitations of the 

technique are stringent requirements for mechanical stability and a 

restricted range of sensitivity. 

W i t h this technique i t is, for example, possible to see the modal patterns of 

vibrating turbine blades, speakers, disk brake rotors and auto bodies across 

the whole part at once [4]. I t is also possible to visualize debonds i n 

honeycomb and composite structures. Surface displacement, strain 

measurements and crack detection are also accomplished w i t h this 

technique. 

Holographic interferometry has been a f ie ld of quite intensive research for 

the last twenty years, but in spite of the advantages of the technique i t has 
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not yet had its definitive breakthrough in industrial applications. A very 

important factor for this is that knowledge about optical methods is often 

very low among technicians in the industry. However, dur ing the last f ive 

years the commercial market has grown five fo ld , and the prognoses are 

that the market w i l l be almost ten times bigger by the year 2000 . For this to 

become a reality, there are a few factors that must come into place, for 

example; further education about optical methods has to be more intense 

for the technicians in the industry and the technique needs to continue to 

utilize the advancing technologies in electronics, imaging and fringe 

interpretation. 

The object of the present dissertation is to show that i t is possible to 

determine the material parameters and to detect defects i n composite plates 

using non-destructive optical methods. Two different methods to 

determine material parameters i n orthotropic and anisotropic plates are 

proposed i n parts A and C, respectively. A theory of propagating transient 

bending waves is discussed in part B and finally i n part D a method to detect 

defects in plates and shells is proposed. First of all, however, we present a 

survey. 
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EXPERIMENTAL SET-UPS 

In our experiments, two different kinds of experimental set ups are used. In 

the experiments i n which the material parameters are estimated, the plates 

are excited harmonically. The modes of vibration which then arise are 

recorded by means of TV-holography. To detect defects i n plates another 

technique is used. In this case the plates are impacted by a small pendulum 

thus creating transient bending waves in the plates. Interferograms of the 

waves are recorded wi th holographic interferometry w i t h a double pulsed 

laser as l ight source. 

Set-ups for recording modes of vibrations in plates 

I f a plate is excited into harmonic vibrations i t comes in resonance for 

certain frequencies. A t each such frequency the plate vibrates in a certain 

manner, called a mode. Wi th TV-holography i t is possible to record the 

shape of such a mode, see figure la . The broad white lines in the figure 

indicate the parts of the plate which do not move. These lines are called 

nodal-lines. Figure l b illustrates the vibration of the plate. The dashed lines 

in this figure represent the nodal-lines. Figure 1 shows the first mode of 

vibration (the mode w i t h the lowest frequency), called the (l , l)-mode. (1,1)-

mode means that there is, one nodal-line parallel w i t h the longer and one 

parallel w i t h the shorter side of the plate. 

The basic theory of TV-holography has been described by several authors, 

for example Lekberg, Creath and Vikhagen [4-6]. The instrument is based on 

image-plane, time average holographic recordings on a TV-vidicon. Since 

the holograms are recorded on a TV-vidicon they are updated wi th 25 Hz. 
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This means that the instrument works as i n real time. TV-holography is a 

non-contact and non-destructive measuring technique. The TV-holography 

system we used is l imited to a lower frequency of about 20 Hz and in object 

size up to 1 m 2 . 

As seen in figure l a the picture is very blurry. The reason is that the TV-

holographic measurement gives a speckled image on the monitor. This is a 

a) b) 

Figure 1. Figure a) shows the picture, of the (1,1)- mode of vibration, 

photographed from the TV-screen and figure b) the vibrating plate. The 

broad white lines in a) and the dashed lines in b) represent the nodal-lines. 

disadvantage for documentation purposes. In our experiments i t is 

necessary to use an instrument wi th real time presentation to get the correct 

shape of the modes, as the process is iterative. To get better interferograms 

for documentation we use holographic interferometry w i t h a doubled 

pulsed ruby laser as light source to record the interferograms, when a mode 

had been identified by TV-holography. Figure 2 shows a comparison 

between pictures obtained wi th TV-holography and the double pulsed 

interferogram technique. I t is seen that the picture obtained wi th the double 
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pulsed laser has much better resolution. The black curves in f igure 2b can be 

considered as iso-amplirude curves, that is, the curves connecting points 

vibrating w i t h equal amplitude. Wi th less coarse speckles in the TV-image 

i t is not necessary to use the double pulsed interferogram technique. Today 

such instruments exist, which reduce the speckle noise in the pictures f rom 

TV-holography. This technique introduces several uncorrelated speckle 

patterns w i t h the same fringe pattern, thereby improving the fringe 

resolution in the averaged long-time photography. 

a) b) c) 

Figure 2. a) shows the (2,0)- mode of vibration recorded with TV-

holography, b) the same mode recorded with double pulsed interferogram 

technique and c) the vibrating plate. The nodal-lines are indicated in a) with 

the broad white lines and in b) and c) with dashed lines. 

In this thesis we use TV-holography in the experiments described in papers 

A I , A H and CI . 
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Setup for recording transient bending waves in plates and shells 

I f transient phenomena are to be studied i t is not possible to use TV-

holography as this technique is based on time average holographic 

recordings. Therefore, we employ holographic interferometry w i t h a double 

pulsed ruby laser as light source to study such phenomena. Wi th the 

doubled pulsed laser i t is possible to get two pulses w i t h a duration between 

them f r o m 1 to 800 u.s. Since each laser-pulse duration is as short as 25 ns, 

almost all mechanical movements are recorded "frozen" in the double 

exposed holograms.. 

Figure 3. The propagating bending 

waves in a propeller blade made 

out of short graphite fibre 

reinforced epoxy. A crack is seen in 

the upper left edge. 

We use this technique to detect defects in plates and shells. These are 

impacted w i t h a small pendulum. The interferograms of the created 

propagating transient bending waves are recorded wi th a double pulsed 

interferogram technique. The first pulse f r o m the laser records the object 

just before the pendulum impacts on the plate and gives the first exposure 

of the hologram. The second pulse is launched at a preset time after the first 

one. As the pendulum hits the plate in the time interval between the f irst 

and the second laser pulse, the latter gives a second exposure of the 

hologram, which records the propagating wave. In the experiments we also 
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measure the time of impact and the time f rom the initiation of the impact 

to the second laser pulse. Figure 3 shows the propagating bending wave in a 

propeller blade made out of short fibres reinforced epoxy. From the fringe 

pattern i n the figure i t is possible to draw the fol lowing conclusions; the 

thickness of the propeller blade decreases towards the edge (the distance 

between neighbouring fringes are smaller) and there is a defect on the upper 

part of the left edge (an anomaly in the fringe pattern). 

isotropic and the right one is anisotropic. 

Figure 4 shows the propagating bending wave in two plates. The left one is 

isotropic and the right anisotropic. The left figure shows that the wave 

travels at the same speed i n all directions, which is naturally because the 

plate has the same properties everywhere. The pattern for the anisotropic 

plate is, however, more complicated. As such a plate does not have the 

same properties i n different directions, the speed of the wave varies i n 

different directions. 

One of the advantages of the double pulsed interferogram technique is that 

i t is fast. A n experiment sequence for detecting defects in a plate takes about 

one hour. A sequence normally contains about 30 interferograms, showing 
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the propagating waves at different times after the start of the impact. The 

impact time is normally about 30-50 us. 

110 us 155 us 360 us 

Figure 5. Set of interferograms showing transient propagating waves in an 

3-mm thick orthotropic composite plate at various times in the interval 5-

360 us after impact. The fringes can be interpreted as iso-amplitude curves. 

Impact time = 35 us. 
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Figure 5 shows a sequence of interferograms at different times after the start 

of impact. Note that for times longer than 150 |is the waves are reflected at 

the boundaries of the plate and interfere w i t h outgoing waves. For still 

longer times the pattern can be viewed as a result of a combination of the 

modes of vibration of the plate. 

Doubled pulsed holographic interferometry is used in papers BI, BE, C I and 

DL 
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THEORY OF B E N D I N G WAVES 

Bending waves and their use to study the structure of composites have only 

recently been the centre of considerable research activity. In 1981 Takeda et. 

al [7] studied wave propagation in composite laminates. Daniel and Liber [8] 

have conducted elastic wave propagation studied on laminates impacted by 

silicone rubber projectiles, using both surfaces and embedded strain gauges. 

In 1989, Olsson [9] studied the dynamic response of a specially orthotropic 

composite plate impacted by an impactor. Even other authors have wri t ten 

on this subject, for example Doyle [10,11]. 

We have studied the propagation of bending waves in isotropic and 

anisotropic plates. The plate equation has been solved for the isotropic case. 

The plate is assumed to be of uniform thickness and composed of a linear 

elastic material. I f the starting conditions are modelled as a Dirac pulse in 

space and time, a similarity variable is found. This variable depends upon 

the plate thickness, the density and the material parameters. The existence 

of this variable brings new understanding to the importance of specific 

parameters for wave propagation in plates. 

In isotropic plates the transient bending waves travel at the same speed in 

all directions. For anisotropic plates the travelling wave pattern is more 

complicated, see figure 4. In this case the plate equation is more complicated 

than for the isotropic case. 

We have not yet found the equivalent solution to the plate equation for the 

orthotropic or the anisotropic case. However, we have shown that i t is 

possible to expand the isotropic theory to be also valid for anisotropic plates 
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i f we introduce effective material parameters, which describe the material 

properties i n two mutually orthogonal directions. Thereby we substitute 

the isotropic material parameters w i t h the effective material parameters 

valid for the anisotropic plates. That is, for example the isotropic Young's 

modulus is substituted w i t h the effective Young's moduli i n the anisotropic 

case. This expansion makes i t possible to interpret the behaviour of the 

propagating bending waves in anisotropic plates i n a better way. I t also 

makes i t possible to determine the effective Young's modul i i n the main 

directions for anisotropic plates, based on the results f rom the experiments. 

The theory for bending waves are described more carefully in papers BI and 

BH and the results are used to determine effective material parameters and 

to detect defects, described in papers CI and D I . 
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DETERMINING M A T E R I A L PARAMETERS I N ANISOTROPIC PLATES 

Determination of the orthotropic or the anisotropic elastic constants of fibre 

composites are important for op t imum design, quality control, and damage 

detection. I n this thesis, two methods are proposed to determine material 

parameters in a non-destructive way, using harmonically vibrating plates. 

In the first method experimentally obtained frequencies and shapes of 

modes of vibrations are compared w i t h results of FE-calculus, paper A I and 

A l l , and i n the second Rayleigh's method is used, paper CL The parameters 

estimated are the two Young's modul i , the in-plane shear modulus and the 

Poisson's ratio. 

The behaviour of an orthotropic or an anisotropic plate i n harmonic 

vibration, depends upon the plate geometry, the density, boundary 

conditions and elastic constants. This implies the use of modes of vibrations 

in plates theory to determine elastic constants in a non-destructive way. In 

1984, Mclntyre and Woodhouse [12] proposed a method to determine the 

material parameters in orthotropic plates by studying the modes of 

vibration. In the same year, Mol in et al [13] also proposed a non-destructive 

method to determine the elastic constants in v io l in plates. In 1988, Deobald 

and Gibson [14] developed a method in which natural frequencies for 

vibrating orthotropic plates were used to determine the elastic constants. 

Comparing experimental results with FE-calculated ones 

Modes of vibration of the test plates, both the shape and frequency, are 

determined using TV-holography. Rectangular plates w i t h free-free 
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boundary conditions are used. For orthotropic plates, i t is shown by the 

finite element method (FEM), that the first mode of vibration depends 

strongly upon the in-plane shear modulus, the second mode upon the 

Young's modulus E i and the third upon the Young's modulus E2. This is a 

consequence of the shapes of the modes of vibration, mainly twisting for 

mode no. 1, mainly bending across the main fibre direction for mode no 2 

and mainly bending at a right angle to this direction for mode no 3, see 

figure 6. I t is also shown that a change in Poisson's ratio has very 

a) b) c) 

Figure 6. The first three modes of vibration for an orthotropic plate. The 

first mode is a twisting mode and the other bending modes. The second 

mode bends across the fibre direction and the third bends along the fibre 

direction. 

little influence on the frequency of a mode but quite large influence on the 

shape of the mode. The first three modes of vibration for an anisotropic 

plate do not show as strong a dependence upon the main material 

parameters, one at a time, as the orthotropic ones. For anisotropic plates i t is 
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possible, for example, that the first mode depends upon both the shear 

modulus and the two Young's modul i . To determine the material 

parameters in orthotropic plates we studied the first three modes of 

vibration, but for the anisotropic plates we studied the first f ive modes. The 

procedure to determine the four elastics constants is to vary the material 

parameters in the FE-calculations, so that the frequencies and the shapes of 

the modes of vibration coincide w i t h the experimentally obtained ones. 

The advantages wi th this method is that the material parameters, that is, 

the two effective Young's modul i , the in-plane shear modulus and the 

Poisson's ratio, are determined w i t h the use of only one plate. Furthermore, 

i t is fast (the experiments for one plate take about thee hours), and the 

instrument we use is moveable (the experiments can be performed not only 

in a laboratory). Compared, for example, w i th the ASTM Standard our 

method is simpler and faster. The ASTM Standard method implies the 

fabricating of two tensile specimens and one shear test specimen, w i t h the 

possibility of cracks at the boundaries obtained when the specimens (bars) 

are cut f rom the plate. Furthermore, the measured properties are l imited to 

the bars and not to the plate, as w i th our method. 

W i t h this method i t is possible to determine the two Young's modul i , the 

in plane shear modulus and the Poisson's ratio in anisotropic plates. We are 

now going to expand the theory so that even the damping factor can be 

estimated. Another area of research we also are working w i t h is to apply this 

method to anisotropic shells and cylindrical pipes. 

This method is described in more detail i n papers A I and A H . 



S17 

Rayleigh 's method 

With this method we also study the frequency and shape of the first three 

modes of vibration of rectangular plates w i t h TV-holography. The plates are 

tuned, by changing the quotient between the length of the sides, so that the 

second and the th i rd modes of vibration degenerate into the wel lknown 

cross and r ing mode, respectively. A cross-mode is characterized by the 

nodal-lines crossing each other. For the ring-mode we have only one nodal-

line which describes a closed curve, see figure 7. 

Figure 7. The first three modes of vibration for an orthotropic plate which 

has tuned so that the second and third modes degenerate to a cross-

respective a ring-mode. The dashed lines represent the nodal-lines. 

I t is also shown that transient bending waves in plates which are cut i n this 

way, reach the boundaries at the same time i f the plates are impacted i n the 

centre. Using this fact and Rayleigh's method for the first three modes of 

vibration i t is possible to determine the two Young's modul i , the in-plane 

shear modulus and the Poisson's ratio for anisotropic plates. 
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The advantages of this method are the same as for the previous method; all 

parameters can be estimated wi th the use of only one plate, i t is fast and the 

instrument is moveable. Another advantage is that we need very little 

computer capacity. The disadvantage is that the sides of the plate have to be 

cut so that the second mode of vibration degenerates to a cross-mode. 

This method is used in paper CI. 
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DETECTION OF PLATE DEFECTS 

Among the most important defects i n composite materials are; wrong 

orientation of fibres, unwanted anisotrophy in materials w i t h short fibres, 

wrong distribution of fibres, fibre fractures, flaws and cavities in the matrix 

system, wrong elasticity module, strength and thicknesses in plates and 

pipes, delaminations and debonds between plies and layers. 

The most common application of holographic non-destructive testing is the 

detection of debonds and delaminations in composite materials. Pressure or 

vacuum stressing is often used for this application. In 1977, Vest et. al [15] 

employed two-exposure interferograms to detect debonds using this 

technique. Burchett [16] has detected fractures in carbon composite cylinders 

at high pressure and recently Vikhagen [6] has used a vibrational technique 

to detect debonds in car tyres at low pressure. 

In our investigations we use a non-destructive method to detect defects in 

both metallic and composite plates and shells. A plate is impacted wi th a 

small pendulum, and the resulting transient bending waves are recorded by 

the double exposure holographic technique. A defect is detected as an 

anomaly in the pattern of the interference fringes. Large defects can be 

discovered by looking at the interferograms wi th the naked eye, see figure 8. 

To detect small defects we have developed a method which allows us to 

detect, for example, delaminations as small as 15 m m in diameter. Also 

variations in thickness are easily discovered w i t h this method. Unwanted 

anisotrophy in materials wi th short fibres [17] has also been detected. 

The advantages wi th this holographic method is; i t is non-destructive, 

sensitive (delaminations as small as 15 m m in diameter can be detected), 
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not dependent upon boimdary conditions (it possible to detect, for example, 

defects i n a small area of the hul l of a boat without destroying the boat), and 

fast (an experiment sequence takes about one hour). 

Figure 8. The figure shows an interferogram of a 2.8 mm thick orthotropic 

plate with three 10 mm defects 1.4 mm deep, situated in the left centre part 

at the back of the plate. The defects are marked with circcles with the correct 

dimensions of the defects. In the fringe pattern on the front side of the plate 

the effects of the defects are clearly seen in the change of the fringe pattern -

compare the left and right sides of the plate. 

The research w i l l now continue to try to detect for example fibre fractures, 

wrong orientation or distribution of fibres, delaminations and debonds in 

plates, shells and pipes. The detection of defects i n pipes is very interesting, 

for example, for the nuclear power industry. W i t h this method i t should, 

for example, be possible to detect defects i n pipes in a nuclear power plant 

without stopping it . A t present small parts of the pipes are cut out for 

examination. 
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The results f r o m our research concerning detection of defects i n plates 

found in paper D I . 
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A Nondestructive Method to Determine Material Properties 

in Orthotropic Plates 

K - E FÄLLSTRÖM and N-E MOLIN 

Luleå University qf Technology 
S-95187 Luleå, Sweden 

An electronic speckle pattern interferometer (ESPI) is 
used to determine modes of vibration in rectangular, or
thotropic. free-free plates: that is using a noncontact, non
destructive, optical method, it is shown, using the finite 
element method (FEM), that each of the first three modes 
of vibration in rectangular orthotropic plates has a strong 
dependence upon only one of the main material parame
ters, namely the in-plane shear modulus and the two 
Young's moduli, respectively. With this one-variable de
pendence it is a simple task to determine the effective 
material parameters. This method has several obvious 
advantages compared to the use of test bars and it can be 
extended to give a measure of the damping parameters 
and probably also be used for production control. Prelimi-

. nary results are presented and discussed. 

INTRODUCTION 

Holographic and speckle interferometry has 
been used in nondestructive testing (NDT) 

of composites for several years (1). Mostly it has 
been used to give qualitative information of de-
bonds in tires, in carbon fiber-reinforced poly
mers, and in honeycomb structures where heat 
or vacuum loading is used to reveal the defects. 
In this paper we will use speckle interferometry 
to extract quantitative information of material 
properties in plates assuming orthothropic ma
terial behavior, by studying and analyzing 
modes of vibrations in the plates. 

The idea of this investigation originates from 
the study of violin plates made out of maple and 
spruce, another anisotropic material (2). Here a 
method was proposed to determine material 
properties of quarter-cut wood samples. These 
parameters were used in a subsequent paper (3) 
where a good agreement between calculated and 
experimentally determined modes of vibration 
in real violin plates (shells) are obtained. This 
encouraged us to initiate a preliminary study 
using the same experimental and numerical 
technique but instead of wood, glass fiber-rein
forced rectangular test samples. It is shown that 
modes of vibration in a simple manner can be 
used to determine effective material parameters 
of an orthotropic plate. This method can also 
be used to determine damping parameters and 
probably be used on industrial products. 

T E S T SAMPLES 

A plate was made out of a glass fiber-rein
forced polyester, with 75 percent of the fibers 
along one side of the rectangular plate, the re
maining part at a right angle. The mass fraction 
of fibers was 0.472. The plate was 4.3 ± 0.3 
mm thick. Out of this plate, three test bars (300 
x 14.5 x 4.3 mm3) and two test plates (plate 1: 
300 x 212 x 4.3 mm 3 , plate 2: 169 x 119 x 4.5 
mm 3) were cut parallel to and at a right angle to 
the main reinforcement direction. Unfortu
nately the geometrical measures of the plates, 
especially the thickness, could not be controlled 
to a high precision. 

The test bars were used to obtain an esUmate 
of the effective Young's modulus of elasticity 
along and across the main reinforcement direc
tion for bending, by determining the fundamen
tal resonance frequency for the cantilever 
beams as a function of their free lengths, and 
by substituting these values into isotropic Euler 
beam theory. The in-plane shear modulus was 
estimated by a torsional test of the cantilever 
beam when the first torsional resonance fre
quency was measured with a weight fastened 
to the free end of the vertical cantilever beam. 
These experiments gave us rough estimates of 
the material parameters which we later used as 
inputs in our FEM-calculations, see first col
umn in Table 2. However, it was found that 
cracks in the test bars gave quite large differ-

Reprinied from Polymer Composites, April 1987. Vol . 8. No. 2 
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Table 1. Frequencies in Hz for Different Modes of Vibration. 

Measured by 
Bandwidth 
measured 

Table 2. Comparison of Material Parameters in GPa Obtained 
Using Test Bars, Test Plates and Theoretically. 

mode ESPI Acoustical ESPI Acoustical FEM 

Plate 1 
(1.1) 99 99 12 11 98 
(2. 0) 188 187 4 6 187 
(0, 2) 247 238 21 19 247 
(2.1) 273 270 
(1.2) 312 313 
(2.2) 520 497 
Plate 2 
(1. 1) 311 299 33 30 314 
(2. 0) 594 588 16 16 592 
(0,2) 755 732 61 52 786 
(2. 1) 840 860 
(1.2) 944 990 
(2.2) 1543 1595 

ences between the parameters for different 
bars. The results were very dependent upon the 
clamping of the cantilever beams. Free edges 
are easier to accomplish experimentally, see 
next section. 

OPTICAL MEASUREMENTS 

Modes of vibration of the test plates, that is 
both in shape and frequency, were determined 
using the VibraVlsion, an instrument based on 
image-plane, time-average holographic record
ings on a TV-vidicon like ESPI (4). In this study 
we concentrated on the first three modes. Since 
the holograms are updated with 25 Hz, the in
strument works as if in real time. The system 
consists physically of three units, camera hous
ing with a 5 mW He-Ne laser and zoom-optics, 
an electronic box with sine-wave-generator and 
filters, and a T V monitor. The plates to be in
vestigated were placed almost vertically about 
1 m in front of the instrument. By adjusting a 
mirror and two optical zoom-systems the plate 
was illuminated and imaged giving a speckled 
image of the plate on a monitor. To increase 
reflectivity the plate was covered with a retro-
reflective tape. It was shown that this only had 
a minor effect on modal shapes and frequen
cies, but that it was to be a great help in the 
experiments (though not impossible to do with
out it). The tape does very little to the resonance 
frequencies but it can be expected that the in
fluence on damping is higher. We did not. how
ever, use the figures for the half-widths for 
anything else but in comparison with acousti
cally obtained ones in this study (see Table 1). 
Since we wanted to simulate free-free boundary 
conditions, the plate was standing on small rub
ber supports placed at the vertical nodal lines 
of each mode, which is an iterative experimen
tal process to achieve. This was easily accom
plished since the instrument works in real-time 
and the influences of different positions of the 
rubber supports to a specific mode are observed 
instantly on the monitor. The plate was exited 
by a small magnet placed at the anti-node of 
the vibration mode and via an airgap coupled to 

Parameter 
Test Bars 

(Euler) 
Test Plates 

(FEM) 
Theoretical 

(see 5) 

G 

20.5 
7.0 
3.5 

23.1 
9.9 
3.0 

20.5 
10.4 
3.4 

an electromagnet connected to the sine-wave 
generator of the VibraVision. Frequencies at 
half peak amplitude was measured as well. The 
object vibrations can also be studied in slow 
motion, since a mirror inside the camera hous
ing can be brought to vibrate at a frequency 0.5 
Hz off the driving signal frequency. This helps 
in the identification of different normal modes 
and in the positioning of the rubber supports. 
Another possibility with the camera is the ca
pability of zooming, which allows interesting 
parts of the plate to be enlarged and studied. 
The time needed to make the measurements on 
the plates was only a couple of hours. 

ACOUSTICAL MEASUREMENTS 

As a control of the eigenfrequencies we also 
made acoustical measurements. The input ad
mittance (velocity/force) was measured when 
the plates were almost free, hanging by thin 
rubber bands. This method does not however 
give the modal shapes but only resonance fre
quencies, and these measures were used to 
compare with predicted results from FEM-cal-
culations. The admittance frequencies agreed 
very well with those from the ESPI-measure-
ments as did the measured half-widths of the 
peaks (see Table 1). 

NUMERICAL AND A N A L Y T I C A L 
CALCULATIONS 

A numerical orthotropic model of one quarter 
of the symmetric plate consisting of 160 trian
gular, three-nodes, flat, shell elements was 
made. To simulate a free-free plate, combina
tions of symmetric and anti-symmetric bound
ary conditions along the symmetry lines were 
used. Calculation with half as many elements 
on the quarter model and on free-free total 
models were made, to assure that the discreti
zation errors were small, at least for the first 
three modes of vibration. The material param
eters needed are the density of the plate, the 
two moduli of elasticity Et along and E2 across 
the main reinforcement direction, the in-plane 
shear modulus G and one of the Poisson con
traction ratios u 1 2 or u 2 i • These two numbers are 
interrelated by the symmetry equation 

These Poisson ratios were taken from the liter
ature (5) and they probably have the largest 
relative error of the parameters in this study. It 
is also possible to extract information about the 
Poisson ratios from the modal shapes and fre
quencies, but since in this investigation we 
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have a 7 percent relative error in plate thick
ness, we decided not to draw any conclusions 
at this stage. 

As nominal values for p, Et, E 2 , G, u 2 ] we 
arrived at 1580 kg/m 3, 23.1 GPa. 9.9 GPa, 3.0 
GPa, 0.07 respectively (see Table 2). 

Analytical estimations of the material param
eters are calculated using the approach given 
by Tsai and Hahn (5). The plate contains six 
equally spaced layers of a glass fiber weave with 
a Young's modulus of 72 GPa. The matrix ma
terial is polyester with an assumed modulus of 
4 GPa. Values for densities and Poisson con
traction ratios are taken from (5). The result of 
this calculation is shown in Table 2, where a 
comparison is given with the results from test 
bars and test plates. The large deviation for- E 2 

from the test bar experiments is probably due 
to cracks in the bars. 

R E S U L T S 

With the parameters from the test bars, the 
measured density and the assumed Poisson ra
tio, free-free modes of vibration of the ortho
tropic plate were calculated. Numerical experi
ments were performed by varying each material 
parameter one at a time by ± 10 percent, keep
ing all others at a nominal value. Results from 
these calculations are shown in Figs, la, 2a. 

-5 

0.» I 1.1 
< o s > (I) (15) 

(a) 
Fig. Ja. Numerical results showing the influence of a 
±10 percent change in material parameters except Jor 
the dotted line, which is given a ±50 percent, one at a 
time, on the resonance frequency qf the Jirst mode f l , 1). 
On the right hand scale the relative change Is given. The 
most Important parameter is the shear modulus, G. 

(b) 
fig. lb. FE-presentation qf thefirst, twisting mode 11, lj. 
Thick lines are nodal lines, thin lines are Iso-ampUtude 
lines. The signs refer to in or out qf phase. 

(c) 
fig. lc. Photos from the TV-monitor of an interferogram 
showing the first mode. The white central cross is nodal 
lines, black lines show Isoamplitude lines (compare to 
lb). 
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and 3a where the influence of different param
eters on the first three modes of vibration is 
shown. From thef igures it is clear that the first 
three modes of vibration depend strongly upon 
G, E i . and E 2 , respectively. This is a conse
quence of the shapes of the modes of vibration, 
mainly twisting for mode no. 1 (see Figs, lb 
and c). mainly bending across the main rein
forcement direction (E2) (see Figs. 2b and c) and 
mainly bending in right angle to this direction 
(as shown in Figs. 3b and c). Figures lb. 2b. 
and 3b show the calculated modes of vibration 
(1.1), (2,0), and (0, 2), respectively. (1,1) means 
one nodal line parallel to the longer and one 
parallel to the shorter side of the plate respec
tively. Coarse lines indicate nodal lines, thin 
lines represent isoamplitude lines, and + and — 
signs specify the relative phase of the vibration. 
In Figs, lc, 2c, and 3c the corresponding modes 
of vibration photographed from the monitor of 
the VibraVision are shown. It should, however, 
be said that these pictures hardly give credit to 
the modes of vibration as the same image at the 
monitor does to the eye, as they are hard to 
photograph. Their speckled appearance does 
not bother the eye in live experiments as much 
as they do on photographs. The broad white line 
in the picture Indicates the nodal line, the first 
black fringe the isoamplitude line of 0.12 Mm, 
and the following fringes are almost equidistant 
in amplitude with an increment of a quarter of 

the wavelength of light or 0.16 am between 
fringes. 

Table 1 shows measured and calculated re-

0.9 
(0.5) 

Fig. 2a. As Fig. Ja butJor mode (2. 0). The most important 
parameter is £ t . Young's modulus along the main direc
tion. 

+ 

(b) 
Fig. 2b. FE-representation of the second mode, mainly 
bending along the plate. 

Fig. 2c. The second mode photographedfrom the monitor 
qf the VibraVlsion. 
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250 

0.9 
(O.S) 

I 
(0 

(a) 

i.i 
0.5) 

Fig. 3a. As Fig. la butfor mode (0.2). The most important 
parameter is E%. Young's modulus across the main direc
tion. 

V 

(b) 
Fig. 3b. FE-representation qf the third mode, mainly 
bending across the plate. 

Fig. 3c. The third mode photographed from the monitor 
qf the VibraVlsion. 

suits for two test plates. In the first column 
each eigenmode is identified by the number of 
horizontal and vertical nodal lines, i.e. (1, 1) for 
the first mode (compare with Fig. 1). In the two 
next columns the frequencies from the ESPI 
and the acoustical measurements are stated 
followed by the measured bandwidth respec
tively. In the last column, calculated frequen
cies are presented when the measured first 
three modes of vibration of the first plate are 
used to determine the material parameters. As 
can be seen in the table, experimentally mea
sured and calculated frequencies agree very 
well. In plate No. 2 calculated values are about 
5 percent too high, which most probably is an 
effect of the uncertainty in the plate thickness. 

In Table 2, a comparison is given between 
values of the material parameters obtained with 
test bars and Euler beam theory, with test 
plates and numerical orthotrop plate theory, 
and with analytical calculations based on (5). 

CONCLUSIONS AND DISCUSSION 

It is shown that effective material parameters 
for orthotropic plates are easily obtained by 
determining the modes of vibration by speckle 
interferometry. The modal shapes are essential 
since they are used in the comparison with 
finite element calculated ones. Since the first 
three modes of vibration so strongly depend on 
one parameter at a time, interpolations are eas
ily done and one, or at the most, two iterations 
are usually needed. We have found that the 
Poisson contraction ratios have a relative strong 
influence on the shape of the modes, but we 
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need better control of the geometrical parame
ters of the plates to be able to draw quantitative 
conclusions. Another parameter, the half-width 
of the vibration modes is not yet used in the 
comparison, but will be of interest when a com
puter program is available to give numerical 
results including the Influence of damping. 

Compared to the use of test bars, this method 
is faster, is less influenced by cracks and 
boundary conditions, and does not destroy the 
test sample. It might even be possible to use 
similar methods for production control. 

It is proposed by Mclntyre and Woodhouse (6) 
that if the ratio of the sides of the rectangular 
plates are tuned, in our case to VEi/E2 = 1.23, 
modes of vibration for the free-free plates (2, 0) 
and (0, 2) will degenerate into the well-known 
ring-shaped mode and the X-shaped mode (7). 
Since the ring-mode and the X-shaped mode 
will be more equally influenced by Eu E2, and 
also by the Poisson contraction ratio than are 
modes (2, 0) and (0, 2), which mainly depend 
upon one parameter at a time (see Figs. 2a and 
3a), this gives an alternative to a better measure 
of the Poisson ratio. If the small-damping ap
proximation is applicable, which is true if the 
sharpness of the resonance (often called the Q-
value) is high compared to unity, we can treat 
the problem as if it were a linear mathematical 
problem. The damping coefficients correspond
ing to G, E i , and E2 can be obtained from the 
widths of the resonance peaks of mode (1, 1), 

(2, 0), and (0, 2), respectively, shown in Table 
1. 
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ABSTRACT 

Material parameters in anisotropic rectangular plates are determined i n a 

nondestructive way. Real-time, TV-holography is used to determine 

frequencies and shapes of the first five modes of vibration of plates w i t h free-

free boundary conditions. According to rules given in the paper, f ini te element 

analysis is then used to determine two effective Young's modul i i , the shear 

modulus and the Poisson's ratio. 
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INTRODUCTION 

New testing methods are looked for i n material evaluation. They are needed 

both during the material development process, during production and during 

use of the f inal product. Holographic and speckle interferometry are optical 

methods which have been used in non destructive testing (NDT) of 

composites for several years [1]. These techniques have been known since m i d 

sixties, and several authors have reported its use in N D T [2,3]. 

Vibration and deformation analysis performed w i t h TV-holography (ESPI) 

have been used i n many applications [4]. Several authors have presented 

methods for extending the applicability of the technique, including methods 

for fringe quality improvement [5,6]. 

A composite material is a physical combination of two or more materials into 

a multiphase system. This new material often has other properties than the 

original components [7]. A laminate system consists of two or more plies glued 

together. Generally these plies are orthotropic. When orthotropic layers are 

stacked together to fo rm the lamina, the resulting structure often gets 

anisotropic. Only for certain stacking sequence the lamina remains orthotropic. 

Knowledge of the elastic constants of fibre composites are important in 

opt imum design and quality control of a product. To determine elastic 

constants of fibre-reinforced composites i n accordance w i t h the ASTM 

Standard, i t is necessary to fabricate two tensile test specimens and one shear 

test specimen. Disadvantages of these tests are that three test specimens had to 

be manufactured, cracks at the boundaries give large errors i n the 

measurements and that only measurements at localized areas can bee done. 
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The behaviour of an anisotropic plate i n harmonic vibration,depends upon 

the plate geometry, the density, boundary conditions and elastic constants. This 

implies the use of modes of vibration in plates theory to determine elastic 

constants i n a non-destructive way. In 1984, Mclntyre and Woodhouse [8] 

proposed a method to determine the material parameters in orthotropic plates 

by studying modes of vibrations. Deobald and Gibson [9] proposed a method i n 

1988 in which natural frequencies measured by an impulse technique, a force 

transducer on a impulse hammer was used to introduce excitation and a non-

contacting eddy current proximity probe was used as detector, were used to 

determine the two Young's moduli , i n plane shear modulus, and Poisson's 

ratio for orthotropic plates. De Wilde et. al [10,11] have worked wi th a similar 

technique. 

In 1987, Fällström and Mol in [12] proposed a method to determine material 

constants of orthotropic plates, studying modes of vibration. In this method 

TV-holography was used to determine the first three modes of vibration for 

rectangular orthotropic plates. I t was shown that each of these modes of 

vibrations is strongly coupled to only one of the main material parameters at a 

time, namely the in-plane shear modulus and the two Young's modul i i , 

respectively. W i t h this one-variable dependence i t was a simple task to 

determine these parameters. 

In this paper a similar, but more general method is proposed to determine 

material parameters i n anisotropic rectangular plates, now also including the 

Poisson's ratio. First the test samples and the experimental set-ups and 

procedures are first described. Then the FE-calculations are described followed 

by results and a discussion. 
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TEST SAMPLES 

Six different glass-fibre reinforced composite plates w i t h orthotropic and 

anisotropic properties were produced for the investigation. The first f ive plates 

(Plate 1 -5 ) were wound on a flat tool i n a filament winding machine and then 

pressed between two steel-plates. This gave an even thickness over the surface. 

The plates were cured for 4 hours in 140°C in a convection oven. Plate number 

6 was produced w i t h hand layup and cured at room temperature. The material 

properties of the plates are shown in tables 1 and 2. 

OPTICAL EXPERIMENTS 

Modes of vibrations of the test plates, both in shape and frequency, were 

determined by using the VibraVision, an instrument based on image-plane, 

time-average holographic recordings on a TV-vidicon, often called ESPI 

(Electronic Speckle Interferometry) [13]. Since the holograms are updated wi th 

25 Hz, the instrument works as i f i n real time. The system consists physically 

of three units (see Fig 1): A camera house wi th a 5 m W He-Ne laser and zoom-

optics; an electronic box wi th a sine-wave generator; filters and a TV-monitor. 

The plates to be investigated are placed either vertically about 1.8 m in front of 

the instrument, or horizontally on the table, w i th a mirror at a 45° angle above 

them. By adjusting a mirror and the optical zoom-system, the plates are 

illuminated and imaged, giving a speckled image on a monitor. To increase 

the reflectively, the plates are painted w i t h retroreflective paint. 

Free-free boundary conditions are simulated during the experiments. Small 

rubber supports are placed by the operator at the nodal lines of each mode of 
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vibration. This is an iterative process. I t is easily accomplished since the 

instrument works as i f i n real time and the influence of different positions of 

the supports to a specific mode are observed instantaneously on the monitor. 

Normal modes are identified when the movements of the nodal lines and 

anti-nodal regions due to changes in exciting frequency or dr iving amplitude 

come to an end. The plates are excited by a small permanent magnet glued at 

an anti-node. A n electromagnet connected to a sine-wave generator transmits 

a sinusoidal force via an air-gap to the magnet. By changing position of the 

magnet, i t is possible to resolve two modes of vibration, even i f the difference 

in frequencies is as small as 1 Hz. The frequencies at half peak amplitude are 

measured as well . The zooming capability allows interesting parts of the plate 

to be enlarged and studied, which is a useful option. 

When a mode of vibration has been determined by real-time observations, 

holographic interferograms using a double pulsed 2x0.5 J ruby laser as l ight 

source, are made. (See Fig. 2). This gives better interferograms than the 

speckled image f rom our TV-monitor. (With less coarse speckles in the picture 

f r o m the ESPI this process is unnecessary. Such commercial instruments are 

available today). Light f rom the ruby laser passes a negative lens (F) becomes 

divergent and shines in right angle onto the test-plate (O). A smaller portion of 

this l ight beam (reference wave (R)) reflects f rom mirrors (M) back onto the 

hologram film-holder (H). This light interferes w i th the scattered light f r o m 

the object plate, thus forming an off-axis hologram (AGFA 10E75 Holotest 35 

m m f i l m is used). The observation direction f r o m the hologram towards the 

object plate is close to the normal of the plate. The reconstruction of the 

holograms are made wi th a He-Ne laser. Several holograms of the vibrating 

plate at one mode are exposed wi th a time delay between the ruby pulses of 

about half the period of the driving force. Since the exposure time of the laser 

is as short as 30 ns, double exposure holograms wi th cosine fringes are 
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obtained, not time-average zero-order Bessel function fringes. The fringes in 

the interferograms can be considered as iso-amplitude lines; that is, the fringes 

connect points of vibrations w i t h equal amplitude. Two neighbouring fringes 

have a difference in amplitude of about half the laser wavelength used, 

(694,3/2 nm). In the interferograms nodal lines are shown as dashed lines. 

Examples of interferograms are given in figure 3. The first nine modes of 

vibration of an orthotropic plate are shown. The notation (i , j) is given by the 

number of nodal lines parallel to the shorter side, i , and parallel to the longer 

side, j , of the plate, respectively. 

FE-CALCULATIONS 

The FE-program used in the calculation of the eigen-modes of the plates is 

called NISA [14]. The eigen-values and the corresponding eigen-modes are 

calculated as the undamped free vibration of the plates. NISA has the 

capability to calculate w i th free-free boundary conditions on the plates, which 

is the same as in the experiments. For plates number 1-5 an anisotropic shell 

element (no. 32) is used which includes deformation due to membrane, 

bending and membrane-bending effects. The element consist of a number of 

layers of perfectly bonded orthotropic materials which are described w i t h 

thickness, orthotropic material data and angled (<)>) to a reference axis. The 

reference coordinate system, the 1-2 system wi th 1-axis along the longer side of 

the plate and 2-axis orthogonal to this direction is the global system which 

describes the total plate. The x-y system, the local system, describes each layer. 

The x-axis is directed along the fibre-direction and y-axis across the fibre, see Fig 

4a. The plate model consist of 640 three-node anisotropic shell elements, see 

figure 4b. 
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Orthotropic material-data: E x = Youngs modulus in x-direction (Pa) 

Ey = Youngs modulus in y-direction (Pa) 

Eg = In-plane shear modulus (Pa) 

Vxy = Poisson's ratio 

p = Density (kg/m^) 

For plate number 6 an orthotropic shell element (no. 20) is used which 

includes membrane and bending deformations effects. The element is 

described w i t h total thickness and orthotropic material data. The orthotropic 

plate model consist of 320 four-node elements, see figure 4c. 

The calculations are made as follows: 

1. A n estimate of E x , Ey, E s and V X y f r o m micromechanical calculations 

is made [15]. These estimates are used as input in the FE calculation. 

2. Calculated frequencies and shapes of the first f ive modes of vibration 

obtained f r o m the FE program are compared w i t h the experimental ones. 

The material parameters, E x , Ey and E s , are then adjusted in the FE-

program according to the rules given in the chapters"Results" and 

"Discussions" to get a better coincidence between the frequencies and 

shapes f rom the FE-calcuius and the experiments. For orthotropic like 

plates see also figures 5a - 9a. 

3. Step 2 is then repeated unti l the coincidence is acceptable. 

In general not more then two iterations of E x , Ey and E s are needed unti l the 

tolerance is good enough (deviation less then 5 % ) . 
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RESULTS 

For each of the six plates, numerical experiments were performed, by varying 

each material parameter one at a time by ± 10 %, keeping all the others at 

nominal values. Results for plate number 3 are shown in Figs. 5a - 9a, where 

the influence of different parameters on the first f ive modes of vibration are 

shown. Figs. 5b - 9b show the FE calculated modes of vibrations for the same 

modes. Dashed lines in the figures indicate nodal lines, thin ones represent 

iso-amplitude curves, that is they can be looked upon as curves connecting 

points of equal amplitude. The + and - signs specify the relative phase of the 

vibration. In Figs 5c - 9c the interferograms of the corresponding modes of 

vibration are shown. As above, dashed lines indicate nodal lines. Black 

interference fringes can be interpreted as iso-amplitude lines. 

Plates 1-3 and plate 6 (the orthotropic one) show almost identical dependence 

of the parameter variations. The reason for this is that the plates 1 - 3 are 

almost orthotropic. From figures 5a - 9a i t is clear that the first three modes of 

vibrations depend strongly upon E s , E x and Ey, respectively. This is a 

consequence of the shape of the modes, mainly twisting for mode no. 1 (see 

Figs. 5b and 5c) mainly bending across the main reinforcement direction (E x ) 

(see Figs 6b and 6c) for mode no. 2 and mainly bending in right angle to this 

direction for mode no. 3 as shown in Figs 7b and 7c. 

Figure 10 shows the interferograms of the first two modes of vibration for 

plates 4 and 5. These plates almost have the same density, thickness and size. 

Both plates have the same angle between the fibre-direction in the different 

layers, but in plate 4 the laminate sequence is symmetric while in plate 5 i t is 

antisymmetric. Both are strongly anisotropic and do not behave as the other 

plates. A comparison between them shows that they behave similarly i n spite 
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of that plate 4 is symmetric and plate 5 is antisymmetric. Especially the nodal 

lines, almost have the same curvature. A change by ± 10 % i n E X / Ey or E s ,one 

at a time, for these plates, shows that such a change influences on the 

frequencies of all the first three modes of vibration, unlike the case for the 

orthotropic like plates. 

In all plates, a change i n the Poisson's ratio in the FE calculations gives large 

changes to the curvature of the nodal lines but only a minor change in the 

frequency of a specific mode. Thus, by comparing the shape of the modes f rom 

the experiments w i t h these obtained in the FE calculations we can get a good 

estimate of the Poisson's ratio. 

To set an even better estimate of the Poisson's ratio the plates are tuned by 

cutting one side so that the second mode of vibration ((0,2) - mode) w i l l 

degenerate into a X - shaped mode (cross-mode). This mode is even more 

sensitive to changes in Poisson's ratio [11]. Figure 11 shows a FE representation 

of this mode for plate number 4. Constant values of E x , Ey and E s have been 

used but different values of the Poisson's ratio. Only specific values of V X y 

give nodal lines which are straight lines. Different values of Poisson's ratio 

have a great influence on the slopes of the nodal lines. I t is now possible to 

estimate the V X y w i t h good accuracy. Figure 12a shows the interferogram for 

the cross mode of plate 5 and figure 12b shows the FE calculated one. 

DISCUSSIONS 

In the FE-calculations a starting set of parameters are calculated using 

parameters estimated f r o m micromechanical calculations by hand. For 

orthotropic and orthotropic like plates the first three modes of vibration 
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depend strongly upon only one parameter at a time namely E x , Ey and E s . 

Wi th this knowledge i t is a simple task to determine the f inal values of the 

Young's modul i i and the shear modulus of such plates. No t more than two 

iterations of E x , Ey and E s are usually needed. I t is not suitable to determine 

Poisson's ratio in the same way, because a variation in v X y gives only a minor 

change in frequency in these modes. 

In orthotropic like plates, the coupling terms, which relate the shear strain to 

normal stress and also the in plain strain to the moment of bending, are of 

minor importance. For plates which are more anisotropic, however, the 

importance of coupling terms can be very significant. A better estimation of 

the material parameters for the plates is then obtained by using the first f ive 

modes instead of only three. 

A variation by ± 10 % in the parameters, one at a time, of plates 4 and 5, does 

not give as simple a dependence of the three first modes as d id the orthotropic 

like plates. The results, however, f rom such a variation can be used to form a 

system of equations. I t gives a possibility to estimate the changes in the 

parameters which are needed to give the desired values of the frequencies.Not 

more than two iterations are usually needed to get the f inal values of the two 

Young's modul i i and the shear modulus. Table 3 show a comparison between 

experimentally measured and FE calculated frequencies of the first five modes. 

The agreement is good. 

A change in the Poisson's ratio gives quite a change in the shape of the modes 

but has a minor effect on the frequency. Therefore i t is not possible to 

determine the Poisson's ratio in the same way as the other parameters, just by 

looking at the frequency; the slope must be included. As a change in the 

Poisson's ratio results in changes in the curvature of the iso-amplitudes i t is 
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possible to determine this parameter by comparing the curvatures of the iso-

amplitudes i n the Fe presentation of a specific mode and the interferogram of 

the same mode. 

To assure that these values of Poisson's ratio are correct, the plates are tuned to 

get cross modes, which are sensitive to a change in Poisson's ratio. As seen in 

Figure 11 the slopes of the nodal lines change, i f Poisson's ratio is changed. I t is 

in this case possible to estimate Poisson's ratio quite well by measuring the 

slopes of the nodal lines or the angle between them f rom the interferograms 

and in the FE calculated modes, and then changing the Poisson's ratio in the 

FE calculation to give the same slopes or angles as i n the interferograms. The 

results f r o m this procedure are that the values of Poisson's ratio do not differ 

by more than ± 10 % f rom the values we get f r o m the other methods. 

To control i f the set of material parameters arrived at are a correct set, two 

higher modes of vibration have been studied. The (2,2)- and the (l,3)-mode are 

influenced by all four parameters even for orthotropic plates. The deviation 

between the FE-calculated frequencies and the experimental measured ones 

does not exceed 6 % for any of the six plates. Thus we are pretty sure of having 

arrived at a correct set of parameters. 

In table 4, a comparison between values of the material parameters, obtained 

in different ways, is given. Static or dynamic measurements have not been 

done for the in-plane shear modulus. The agreement is quite good except for 

E2 for plate 2. One reason, why especially the E2-values for the static and 

dynamic tests are uncertain, is; when the bars are cut f rom the plates cracks 

often appear, especially since the main fibre direction is across the bar. I n the 

tensile test we used a strain gauge glued to the bar, which is sensitive to cracks 

and gives locally determined Young's moduli . In the dynamic test of bars 
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initial cracks also influence on the result. Other reasons for deviating results 

are that i n the tensile test we get very "short signals" for the bars w i th fibre 

directions across the bar, giving large errors and that i n the FE-calculus no 

considerations have been taken for damping or non-linear effects. The number 

of test specimens used in the static and dynamic tests i n table 4, are to few to 

allow us to give the standard deviation. Our measurements and our 

experiences show however that it is reasonable to estimate the error i n the 

static tests to less than 20 % and for the dynamic tests to less than 25 %. 

In the experiments we have used the VibraVision, a TV-holographic system, 

to determine the frequency and shape of the eigen-modes. Compared to real

time and time-average holography, using photographic f i l m , VibraVision has 

much lower resolution; but the instrument offers real time mapping of 

vibrations of undamped objects. The holograms are updated every 25 Hz. In 

comparison to digital impact testing w i t h the impulse response method, 

VibraVision offers non-contact operation, real-time observation, image 

representation of the object w i th superior spatial resolution and a straight 

forward interpretation. The limitation of the VibraVision system is a l imited 

lower frequency of about 20 Hz and an object size up to 1 m 2 . W i t h double-

pulsed hologram interferometry, excellent resolution is obtained compared to 

VibraVision. However, all necessary adjustments to record these 

interferograms are made in real time using the VibraVision system. W i t h an 

instrument which gives a picture where the speckles on the TV monitor have 

been reduced i t is not necessary to make the double exposed interferograms. 
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CONCLUSIONS 

A method to estimate all four material parameters in anisotropic plates is 

presented. The frequencies and the shapes of the first f ive modes of vibration 

are determined w i t h an optical method. 

The method proposed is fast, needs only one test plate for determining the two 

Young's moduli , the in-plane shear modulus and Poisson's ratio and does not 

destroy the test plate. I t is possible to use the method in industrial production. 
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TABLES 

Table 1. Material properties of the test plates. 

Material Stiffness Density Used in plates 
(GPa) (kg/m3) 

E-glassfibre roving 2400 Tex(g/km) 72 2600 1,2,3 
Prepreg 72 2000 4,5 
E-glassfibre mat Ahlstrom 2400/320 Tex 72 2600 6 
Epoxy Ciba Geigy 1,2,3 
Polyester Jotun 44M88 6 

Table 2. Properties of the the plates. 

Plate Laminate sequence Thickness Density Fibercontent Properties 
(mm) (kg/m3) (%) 

1 (Z5/-2.5) 3 3.34 1940 79.7 aniso antisym 
2 (4.5/-3.5/4.5) s 3.1 1993 81.8 aniso sym 
3 (2.0/-2.0)3 3.15 2027 78.7 aniso antisym 
4 (30/-30/30) s 4.1 1957 70.0 aniso sym 
5 (26/-34)3 4.03 1938 69.3 aniso antisym 
6 4 ply weave 2.87 1763 orthotropic 

Table 3. Calculated and measured frequencies in Hz for the plate modes. 

Fe Calculated frequencies Measured frequencies 

Mode/ (1,1) (0,2) (2,0) (1,2) (2,1) (1,1) (0,2) (2,0) (1,2) (2,1) 
Plate 

1 153 262 321 409 441 153 262 321 398 432 
2 97 166 215 260 290 97 166 215 259 287 
3 131 230 283 355 384 131 230 283 354 384 
4 221 263 390 517 591 221 263 390 510 575 
5 146 151 278 338 386 146 151 278 330 378 
6 81 137 183 215 246 81 137 183 207 239 
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Table 4. A comparison between Young's modul i i , shear modulus and Poisson's 
ratio obtained w i t h different methods. FE = results obtained wi th the method 
proposed in this paper, St = Static test and Dy = Dynamical tests of bars 

Plate E x (GPa) E 2 (GPa) E^GPa) Vl2 
FE St Dy FE St Dy FE FE St 

1 42.1 47 42 13.3 12 12 6.4 0.27 0.30 
2 43.8 48 45 14.5 18 12 6.5 0.26 0.30 
3 46J2 49 41 16.6 16 14 6.9 0.22 0.30 
4 25.2 22 21 12.8 14 11 9.6 0.43 0.45 
5 24.6 23 24 13.1 12 11 9.6 0.42 0.50 
6 31.8 32 - 10.7 10 - 4.8 0.19 0.13 
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Figure 1. The VibraVision TV-holography system consists of three units: A 
monitor , an electronic box and an optical unit containing a laser 
and a TV-camera. 
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Figure 2. Experimental arrangement used to record interferograms of 
vibrat ing plates. (RUBY) is the double pulsed laser, (F) negative 
lens, (O) test plate, (R) reference beam, (M) mirror and (H) f i l m -
holder. 
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Figure 3. The f i rs t nine modes of vibration of an orthotropic plate. The 
notation (i,j) gives number of nodal lines parallel to the shorter 
(i) and parallel to the longer side of the plate (j). Dashed lines an 
nodal lines. The fringes can be looked upon as iso-amplitude 
lines. 
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Figure 4. a) Coordinate system used in the FE calculations. 
b) FE-mode w i t h 640 elements used in the calculations for plates 1-5. 
c) FE-mode w i t h 320 elements used i n the calculations for plate 6. 
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Figure 5. a) Numerical results for the orthotropic-like plate no 3 
showing the influence of a ±10 % change in material 
parameters, one at a time, on the resonance frequency of the 
first mode (1,1). The most important parameter is the shear 
modulus E s . 

b) FE presentation of the first, twisting mode (1,1). Dashed lines 
are nodal lines, thin lines are iso-amplitude lines. The signs 
refer to in or out of phase. 

c) Interferogram showing the first (1, l)-mode. Dashed lines are 
nodal lines and solid lines are iso-amplitude curves. 
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Figure 6. a) As Fig. 5a but for the second mode (0,2). The most important 
parameter is E x . 

b) FE representation of mode (0,2), mainly bending across the 
plate. 

c) The interferogram of the second mode. 

0 . » 1.0 1.1 

Relative change of parameters 

a) b) 

Figure 7. a) As in Fig. 5a but for the third mode (2,0). The most important 
parameter is Ey, Young's modulus across the main direction. 

b) FE representation of the th i rd mode, mainly bending across the 
plate. 

c) The interferogram of the third mode. 



A 1 1 : 2 5 

a) b) 

Figure 8. a) As in Fig. 5a but for the fourth mode (1,2). Poisson's ratio 
and Ey have almost no influence of this mode. 

b) FE representation of the fourth mode. 
c) Interferogram of the fourth mode. 

a) b) 

Figure 9. a) As in Fig. 5a but for the f i f t h mode (2,1). Poisson's ratio and 
E x have no influence of this mode. 

b) Fe representation of the f i f t h mode. 
c) Interferogram of the f i f t h mode. 
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v „ r „ i n a> and b ) • Interferograms of the first two modes for plate number 4. 
Fxgure 10. a) and b ) . £ £ ^ 8 ^ ^ ^ ^ ^ f o r p l a l e number 5 . 
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Figure 11. FE calculations for the cross mode. E x , E y and E s are constant but 

V x y varies between 0.22 and 0.32. Dashed lines are nodal lines and 

solid curves are iso-amplitude curves. 
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Figure 12. a) Interferogram of the cross mode for plate number 5 
b) FE representation for the same mode. Compare the slopes of 

the nodal lines i n the two figures. 
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Transient Bending Waves in Plates Studied by 
Hoiogram Interferometry 

by K.-E. Fallström, H. Gustavsson, N.-E. Molin and A. Wåhlin 

ABSTRACT—Propagating bending waves are studied in plates 
made of aluminum and wood. The waves are generated by Ihe 
impact ol a ballistic pendulum. Hologram interterometry. with a 
double pulsed ruby laser as the light source, is used to record 
the out ot plane motion ot the waves. Elliptic-tike fringes 
visualize differences in wave speed for different directions in 
the anisotropic plate and circular ones are obtained for the 
isotropic plate. The experimental data for the isotropic plale 
compare favorably with analytical results derived from the 
Kirchhoff-plate equation with a point impact of finite duration. 
A similarity variable is found when starting conditions are 
modeled as a Dirac pulse in space and time, that brings new 
understanding to the importance of specific paramelers for 
wave propagation in plates. A formal solution is obtained for a 
point force with an arbitrary time dependence. For times much 
larger than the contact time, Ihe plate deflection is shown to 
be identical to that from a Dirac pulse applied at the mean 
contact time. A method for determining material paramelers, 
and the mean contact time, from the interferograms is 
hence developed. 

Introduction 
Hologram interferometry1 using double pulsed lasers 

has proved to be a valuable tool in the study of propagat
ing waves in phase objects like gases and liquids, and of 
surface deformations of beams, plates and solids, ln two 
papers from 1971, Aprahamian et al.'-' demonstrate the 
use of hologram interferometry to measure axisymmetric 
transverse wave propagation in plates and bending waves 

K.-E. Fallström, H. Gustavsson, N.-E. Molin and A. Wihlin art 
associated with Luleå University of Technology, S-951 87 LuleS, Sweden. 

Original manuscript submitted: May 9, 1988. Final manuscript received: 
April 17, 1989. 

in beams. Experimental results are compared with 
numerical solutions to Mindlin's plate equations and very 
good agreement is obtained. In these experiments a single 
pulse ruby laser was used in a double-exposure technique. 
This requires a special electronic arrangement and also a 
disturbance-free experimental setup because of the 
relatively long time between the two single pulses. With 
the advent of double pulsed lasers, the experimental tech
nique can be simplified considerably and thus opens the 
possibility for a wider use of the technique to new applica
tions. In the present work a double pulsed laser has been 
used and the method is applied to malerials of different 
structures. The plates tested were of aluminum (isotropic) 
and of pine wood (anisotropic). 

To interpret the interferograms, Aprahamian et al. used 
solutions of the Mindlin plate equations. These take into 
account both the rotary inertia and shear deformations 
and so represent an improved model compared to the 
Kirchhoff plate equation. However, the Mindlin equations 
must be solved numerically whereby the interpretation of 
the solution in terms of the experimental parameters is 
lost. For the Kirchhoff model, however, easily interpreted 
analytical solutions can be obtained. Therefore, solutions 
to the Kirchhoff plate equation are presented as a basis 
for interpreting the experimental results. The motivation 
for this approach is discussed in the theory part of the 
paper. 

The paper is organized so that first the experimental 
setup and procedures are described and the interferograms 
are shown. Then the theory is outlined and its predictions 
are compared with experiments. Appendix A presents the 
details for solving the plate equation for a Dirac pulse in 
space and time and some perturbation results are derived. 
Finally, in Appendix B, the exact solution for a point 
force with general time dependence is derived and its 
connection to the solution in Appendix A is obtained. 

378 • December 1989 
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Fig. 1—The holographic setup used to 
record Interferograms ot propagating 
transverse waves in plates. H « hologram 
film holder (camera back), M = mirror, O = 
object, R = reference beam, L = HeNe 
laser, Ruby = double-pulsed ruby laser, 
0 = photodiode, EM = pendulum 
arrangement with an electromagnet holding 
the Impacting steel sphere which hits the 
plate (O) 
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Experimental Setup and Procedures 
The experimental arrangement is shown in Fig. 1. The 

holographic setup is a standard one. The light from the 
ruby laser becomes divergent after passing the negative 
lens (F). Part of the light will be reflected from the object 
(O) towards the hologram film holder (H), thus forming 
the object beam which interferes with the reference beam 
(R) reaching (H) via the two mirrors (M). A He-Ne laser 
following the optical path of the ruby laser is used to 
adjust the lens and mirrors to get uniform illumination of 
the object and the hologram. Object plates (O) are held 
vertically using a clamp at one edge. 

An experimental sequence starts by releasing the ballistic 
pendulum from an electromagnet (EM). This arrange
ment makes the experiments repeatable with respect to 
starting conditions. Close to the plate, the pendulum 
crosses a thin laser beam (L-D). This gives a pulse from 
the photodiode (D) which triggers the ruby laser. The 
first ruby pulse records the stationary object as a first 
exposure of the hologram. The second pulse is launched 
at a preset time (variable from 1-800 ps) after the first 
one. As the ball hits the plate at the time interval between 
the first and the second laser pulse, the latter gives a 
second exposure to the hologram which records the 
propagating transverse surface wave on the plate created 
by the impact. The duration of the laser pulse is 25 ns 
which is short enough to 'freeze' the bending waves 
during the exposure. 

The time of impact and the time from the initiation of 
the impact to the second laser pulse is measured in the 
following way. Steel ball, plate, oscilloscope and battery 
pack form an electric circuit, which is closed during the 
time the ball and the plate are in contact (the time of 
impact). Closing of this circuit gives rise to a pulse 
recorded on one channel of a two-beam memory oscillo
scope. The length of this pulse is equal to the time of 
impact. The double pulse from the laser is recorded via a 
photocell on the second channel of the oscilloscope. By 
measuring the distance along the time axis of the oscillo
scope between the front edge of the impact pulse and the 
second laser pulse one obtains the time for the state of the 
wave propagation which is recorded by the hologram. A 
sequence of such double-exposed holograms was recorded 
using AGFA 10E75 Holotest 35-mm film, reconstructed 
with a He-Ne laser light and photographed in the standard 
way (see Ref. 1, p. 52). 

The illumination vector A, and the observation vector 
ft», and thus the sensitivity vector K, where 

K = k,-k, (1) 

Illumination 

To observer 

Fig. 2—Illustration of the displacement 
vector I and the sensitivity vector K in 
eqs (1) and (2). O = object surface 

are located in the optical setup directed close to the noi -
mal of the plate, see Fig. 2. The recorded phase difference 
S can be written (see Ref. 1, pp. 70-73) as 

S = K . L m 

where L is the displacement vector of interest and 

where X (693.4 nm) is the wavelength of the ruby laser. 
It follows from eqs (1) and (2) that this optical arrange

ment gives maximum sensitivity of S, i.e., the highest 
fringe density for displacements normal to the plate. The 
fringes in the interferograms then have a simple inter-
pretation as iso-amplitude lines. Two consecutive fringes 
of the same color have a difference in amplitude of half 
the ruby laser wavelength used (Ref. 1, pp. 68-69). 

Experimental Results 
The first plate tested was an Al-plate, 3-mm thick and 

of dimensions 300 x 420 mm. Figure 3 shows a sequer>cc 
of interferograms taken at increasing times after the 
impact of the steel ball at the center of the plate. The 
impact time is about 80 jis. During this time the observable 
waves have not yet reached the edges of the plate. 

Because of the point impact, and the isotropy of the 
plate material, the pulse will be circular; but because of 
the dispersivity, its radial amplitude variation changes with 
time. For longer times ( i s 150 u.s) waves are reflected at 
the boundaries of the plate and interfere with outgoing 
waves. At still longer times the pattern can be viewed as 
the result of a combination of the eigenmodes of the 
plate. 

Experimental Mechanics • 379 



B 1:3 

The evaluation of the interferograms is done in the way 
described by Aprahamian el al.'-' and is schematically 
shown in Fig. 4. At the center there is a maximum of 
deflection, a hill with a relatively flat top as indicated by 
the innermost broad black and white fringes. Going out
wards the fringes become narrower and more closely 
spaced indicating a steep downhill slope. This flattens out 
at the first minimum of deflection situated at the next 
broad white fringe. Next such broad fringe corresponds to 
a maximum. Further outwards there are waves with am
plitudes less than X/4. Near the edges of the plate the 

4 r 

deflection will be practically zero thus giving a reference 
for interpreting the interferogram. This method of 
evaluation is thus applicable as long as the pulse has not 
reached the boundaries. It is also assumed that the trans
verse displacement curve is continuous with no inflexion 
at its extreme points. 

An interesting result from this evaluation is that the 
central peak increases in height during the first 80 (the 
time of impact) and remains unchanged until the front 
waves after about 150 as reach the edges. After that the 
peak decreases in height. 

1 0 0 mm 

f 

1 i 

5 a s 30 a s 60 as 

80 as 100 aS 150 as 

200 as 300 a s 400 as 

500 as 600 as 700 as 
Fig. 3—Set of interferograms showing circular propagating transverse waves in a 3-mm thick aluminum plate at various 
times In the interval 5-700 as after impact. The fringes can be interpreted as iso-amplitude curves. Impact time = 80 a s 
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The second plate tested was of pine wood of dimen
sions 285 X 220 x 5 mm with fibers oriented in the plane 
of the plate. The impact is arranged in the same way as 
in the previous sequence. The interferograms are shown 
in Fig. 5. This piece of wood was not homogeneous enough 
to allow quantitative interpretations, but some interesting 
qualitative results are evident compared to the results of 
the isotropic aluminum plate. First, the fringe pattern has 
an elliptical shape, which is due to different propagation 
velocities along and across the fibers. The fiber direction 
of the wood is along the major axis of the ellipse, and 
almost parallel with the shorter sides of the plate. Secondly, 
the number of fringes in the central peak is much higher 
than for the aluminum plate, showing that the softer 
material yields more to the impact than the aluminum 
plate. The impact time, 500 ps, is about six times as long 
as before which means that the central peak is still grow
ing through the whole sequence shown in Fig. 5. For 
times longer than about 100 /is the boundaries of the 
longer sides first produce reflected waves which start to 
interfere with outgoing ones. In a forthcoming paper we 
will treat anisotropic plates more in detail. 

Theory, Analytical Solutions 

Assumptions 

For the interpretation of the experimental data, two 
solutions to the plate equation are presented in this 
section. 

Modeling the transverse plate motion, due to an im
pacting body, involves both simulating the proper impact 
conditions and choosing a relevant plate equation. The 

impact is in general a quite complicated phenomenon, 
during which the contact zone and the contact pressure 
vary rapidly. Since the impact process was not studied in 
detail, it is necessary to model it in a simplified manner, 
still retaining its main physical characters. With a small 
impactor, the contact zone will be small and can be 
regarded as a point. The contact time can, as a first 
approximation, be assumed to be infinitesimally short. 
However, the high impact pressure implies that a finite 
impulse is transferred to the plate, thus indicating that 
the plate is given a nonzero velocity at the contact point 
at I = 0. This is the first impact model employed in the 
paper and used mainly to obtain an analytical framework 
for the interpretation of the experimental results. 

However the experiments show that, during the impact, 
the generated waves travel a considerable distance and the 
duration of the impact must therefore be taken into 
account in a more accurate model. Hence, in the second 
model used, the contact has a finite duration and s 
prescribed time dependence, but the contact area is stil! 
assumed to be a point. 

The approximations introduced by the choice of impact 
model must be balanced by a proper choice of the equa
tion governing the plate deflection. An advanced model is 
the Mindlin plate equations,' which take rotary inertia 
and shear of the plate into account. However, these 
equations do not provide readily interpreted analytical 
solutions. Rather, a numerical treatment is required. The 
simpler Kirchhoff plate equation, on the other hand, 
lends itself to analytical treatment from which simple 
interpretations are possible. It was therefore chosen in the 
analysis. A comparison with the solution of the Mindlin 
equations'-1 will actually show that the Kirchhoff plate is 
a very good model for the phenomena studied. 
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The plate is assumed to be of uniform thickness and 
composed of a linearly clastic and isotropic material. This 
applies to the Al-plate used in the first set of experiments. 
To describe the deflection of the plate and the loading, a 
cylindrical coordinate system (r,<b) is used. However, 
we will assume the load to be circularly symmetric so the 
* dependence is omitted. The deflection, w(r,f) , of the 
plate is then governed by the equation 

DV'w + Q • d'w 
dt' 

= P(r.t) (3) 

where D is the plate stiffness, g the mass per unit area of 
the plate, p(r,t) the load per unit area and V* the bi-
harmonic operator given by 

V 4 = — (4) 

The plate stiffness is given in terms of the modulus of 
elasticity (E), the plate thickness (h) and Poisson's ratio 
i » as 

Eh' 
~ 12(1 - „ ' ) 

Dividing eq (3) by D and introducing 

a = -JD/Q 

P = p/D 

(5) 

(6a) 

(6b) 

50 mm 

20 «S 60 aS 

115 »8 180 uS 

300 as • 400 M s 

Fig. 5—Set of interferograms 20-400 us alter impact showing elliptical propagating transverse waves in a 5-mm thick 
pine wood plate. Impact time = 500 us 
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gives 

V"w + 4 t w „ = P 
a 

V) 

Equation (7) is most easily solved by applying the (0-th 
order) Hankel transform with respect to r, and the La
place transformation with respect to f. The Hankel trans
form1-' is defined by the pair 

and 

7U) = j f(r)J,(kr)rdr 

Ar) = \f'k)Mkr)kdk 
0 

(8a) 

(8b) 

where /<> is the 0th order Bessel function. If the Laplace 
transform is denoted by - , eq (7) then becomes 

In passing, a couple of interesting conclusions can be 
drawn from this closed solution. First, the deflection ef 
the origin is a constant. This value will also be approached 
for all r as I — oo, indicating that an infinite, free, pteff 
is eventually displaced the distance la/ZD. 

Second, expansion of the integral for large values of ß 
(see Appendix A) gives 

la cos (3 V4 
4rD 0V4 

(16) 

which shows that, for large r values, the amplitude decays 
as 1/r 1 and that the wavelength decreases with in
creasing r. 

Of interest when interpreting the experimental data i.' 
also the phase speed, i.e., the speed at which, e.g., a 
maximum seems to move. In eq (14), constant phase 
means constant ß so differentiation of eq (15) with resp«1 
to time gives the phase speed 

k4 w + [s1 w -sw(r,0) - w,(r,0)] = P (9) 
a 

where the initial conditions are w(r,0) and w,(r,0). 
The two cases of interest represent different solution 

techniques and will be treated separately. 

A Point Contact of Infinitesimally 
Short Duration 

Despite the short duration of the contact, a finite 
impulse is assumed to be transferred to the plate. Inte
grating eq (3) over the contact time gives 

w,(r,0.) - i - J p{r,r)dr 
0 impact 

(10) 

where 0* indicates a time just after the impact. Applying 
the Hankel transform to eq (10) then leads to 

Q 2 » 
(11) 

where / is the impulse transferred to the plate by the 
impacting ball, and equals the impact force integrated 
over the impact time. 

With w(r,0) = 0, the development of w after impact is 
then governed by 

<*4 + ^ 5 = - i l b - ( 1 2 ) 

Inversion of the Laplace transform followed by insertion 
into eq (8b) gives 

w(r,t) -
2*D o a k 

In Appendix A it is shown how this expression can be 
converted to the following form: 

where 

ß = r/y/äT (15) 

Aside from the factor la/D, w is seen to depend only on 
ß which acts as a similarity variable. The dependence is 
plotted in Fig. 6. 

v = r = r / (20 

Equation (15) also gives 

r - const .yr 

(17) 

(18) 

for the equation of a constant phase curve. 
Equation (17) shows that, for large r and small f, the 

phase speed can be arbitrarily large. This is unphysical 
and demonstrates a limitation of the plate model used. 
The situation is similar for beams where the Timoshenko 
theory produces finite phase speeds for bending waves, in 
contrast to the Euler theory. 

When interpreting experimental data from point 
measurements at a given r, eq (15) shows that ß decreases 
with increasing time. Thus, Fig. 6 shows that for smalt 
times (i.e., large ß) a gage located at a certain r experiences 
rapid oscillations, but with a small amplitude. As time 
increases, the oscillation frequency decreases and the 
amplitude becomes larger. Eventually, the oscillations 
cease and the amplitude approaches the maximum 
at ß = 0. 

By differentiating w with respect to r in eq (14), an 
expression for the slope of the curve in Fig. 6 is obtained. 

Fig. 6—Calculated transverse displacement 

w(r) versus 0(8 = -7=, a = \fQ7g ) , for the 

case when the impact force is assumed to be 
point like of infinitesimally short duration. 
From eq (14) 

Experimental Mechanics • 383 



B 1 :7 

Particularly, at the inflexion point of the central peak the 
approximative relation (see Appendix A), 

dw 
dr 

-0.0666 • 
'•JT 

(19) 

is obtained. The slope can be determined from the 
evaluated interferogram, see Fig. 4. Since D according to 
eq (5) contains the modulus of elasticity ( £ ) and Poisson's 
ratio (»), it is possible to estimate any of these material 
parameters from eq (19). 

A Point Contact ol Finite Duration 

The force during contact is assumed to be that in 
Ref. 3, i.e.. 

F(l) = 
A sin ut/T OstsT 

Tzt 
(20) 

where T is the impact time. The choice of F(t) can be 
motivated physically by noting that the contact force 
between an impacting solid point mass and a linear spring 
varies sinusoidally in time. Moreover, experiments by 
Shibuya el a/.' indicate that for the relatively low impact 
velocities in our case (about 0.3 m/s), the variation in 
impact force may, as a first approximation, be given by 
eq (20). It has also the additional advantage of giving 
analytically tractable expressions for w(r,l). 

With the initial values given as 

w(/-,0) = w,(r,0) = 0 

the solution to eq (7) becomes for 0 s / s T: 

(21a,b) 

w(r,t) = 
Aa Ux) 

^ s i n ^ i l / 
T r' 

ax' Tt 
— r - sin —=r-

r' T 
dx (22) 

and for Ts t: 

dx (23) 

In the experiments, T was measured to 80 and the 
impulse transferred to the plate was 0.0016 kg m/s. From 
these data, A was determined and w calculated as a 
function of r at t = 30, 60, 100, 150, 200 ps. The results 
are shown in Fig. 7. In Fig. 8 the corresponding experi
mental results are plotted. 

A comparison with the results of the Dirac pulse impact 
model is shown in Fig. 9 at I = 100 ps, together with 
experimental results at 100 /is. The main differences 
between the results of the two impact models are that for 
a given time the width of the central peak is narrower in 
the finite impact time model and the oscillations at large 
r are smaller. At larger times, a comparison with Fig. 7 

indicates that the differences between the two models 
become smaller, as is to be expected. 

Comparisons were also made with the results obtained 
for a Mindlin plate in Ref. 3. The agreement between the 
results is very good; especially the location of the zeroes 
of w. The main difference is that the Mindlin plate 
theory predicts the maximum of w to decay with time 
which is not predicted for our free-free Kirchhoff plate. 
However, outside the peak region the two theories give 
practically identical results which indicates that the much 
simpler, and mathematical tractable, Kirchhoff-plate 
theory can be used with much confidence when predicting 
the plate motion. Improvements in the modeling should 
therefore be concentrated on the impact process. 

Discussion and Conclusions 
During the time of impact, 80 us, the wave in Fig. 3 is 

spreading and increasing in amplitude. Momentum and 
energy from the impacting pendulum is transferred to the 
plate. Up to about 150 ^s, when reflected waves from the 

\\Y- 200 

\ \ W '50 

\V-Sp— too 
•4-V- 80 

— SO 

- \ I • 30 
. \ \ — . 

0 U.05 U.I U.IS U.2 U.25 U.3 

i tm) 

Fig. 7—Calculated transverse displacement w(r) 
versus the radius r. The impact force F = A sin 
xt/T.T = 80 us. The curves are drawn for times 
f = 30, 60, 80, 100, 150 and 200 us after the 
impact. From eqs (22) and (23) 

Fig. 8—Experimentally found displacement 
w(r) for the aluminum plate in Fig. 3 for times 
t = 30, 60, 80,100, 150 and 200 us after the 
impact. Compare with Fig. 7 
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rim of the plate are first seen, wave propagation can be 
described as an initial value problem depending only 
upon what happened during the time of impact. An 
analytic solution of the Kirchhoff-plate equation assuming 
a point impact of finite duration was found to agree 
quite well with the experimental results as can be seen 
from Figs. 7, 8 and 9. It should be noted that waves with 
amplitudes smaller than Vt of the ruby laser wavelength 
are not seen in the interferograms. Theory predicts that 
such waves, with short wavelength, are to be expected 
first (cf. Fig. 6), For longer times, i.e., more than 150 /is 
after the impact, reflected waves from the rim of the 
plate start to interfere with outgoing waves. A fringe 
pattern remindful of the superposition of several standing 
wave patterns is developing and patterns with rectangular 
symmetry are frequent. To describe this stage theoretically 
the boundaries of the plate have also to be considered, 
i.e., a boundary-value problem is developing. 

A major parameter in the description of wave propaga
tion in plates is the similarity variable. 0 = r/sjat. 
However, this variable appears alone only when the 
impact is modeled as a Dirac pulse in space and time. 
Still it can give some valuable physical insight. For times 
long compared to the impact time and for points at the same 
distance from the impact point this relationship can be 
used to estimate the parameters contained in a. This is 
strafghtforward to do from the interferograms since both 
radius r and time / are given in the figures. If, for instance, 
the second zero crossing of the amplitude is studied for 
increasing times and radius, in Fig. 8, a rough estimate of 
the parameter a can easily be obtained. The phase speed, 
given by eq (17), can be calculated at the same time. 

The idea to extract information by measuring the slope 
of the main peak, see Fig. 4, and make use of formula 
(19), can be of great value since the evaluation can be 
made quite accurate in the photographs. This applies 
especially to smaller plates where it may be difficult to 
trace, say the second zero crossing. Equation (19) cannot, 
however, be applied directly to the fringes in Fig. 3, since 
it is assumed that the impact model is a Dirac pulse in 
space and time. In Fig. 3 the impact time is 80 u.s and 

there is a (small) physical contact area between the im-
pactor and the plate. Appendix B shows, however, that 
for finite contact times a simple but effective approach is 
to look at the interferograms only at times longer than 
the impact time T in Fig. 3. Then the distributed impact 
can be substituted by an effective Dirac impact at a time 
t0 equal to the mean contact time and eq (19) can be 

used, ln fact, by taking values of the slope, , of the 
dr 

main peak from Fig. 8 and by plotting 1/ (-^-j'versus 

time t, the plotted linear relation intersects the time axis 
at 40 /is when extrapolated (see Fig. 10). This intersection 
corresponds to the mean contact time r„, which is ap 

T 
proximately — , which also is the mean contact time for t 
sinusoidal force history; compare eq (20). From the slop< 
of the line in Fig. 10 estimates of D and g can easily 
be done. 

In anisotropic plates, such as that of Fig, 5, interesting 
phenomena are visualized which can be used to describe 
the plate material. The most striking feature is the elliptic-
like interference fringes which can be understood in terms 
of the similarity parameter 3 . This contains the piste 
parameter a, given by eq (6a), which is larger along, than 
across, the fibers of a wooden plate. Thus, the phase 
speed along the fibers is the largest, leading to the ob
served interference pattern. (An interesting application 
where this might be of importance is in musical instru-
ments made out of wood.) 

Material parameters can be estimated from the elliptic-
like interference pattern and in a subsequent paper this 
will be demonstrated. It will also be shown how defects 
in the material will influence the interference fringes. This 
has obvious applications in nondestructive testing of 
plates. Since the boundaries do not influence the wave 
propagation for small times, the method can be used fot 
in-site testing of, e.g., the fuselage of an airplane or the 
hull of a ship. 

Hologram interferometry with double-pulsed lasers thus 
proves to be a valuable tool in the study of propagatir>f 
transverse waves in plates. The interferograms are easily 
interpreted and even with a simple plate model a quite 
accurate description of the wave propagation is obtained 

Mm] 

Fig. 9—The displacement w(c) versus the 
radius r, 100 us after the beginning of the 
impact. Point contact of infinitesimally short 
duration (T = 0), dashed curve. Point contact 
of finite sinusoidal duration (T = 80 ^s), 
dashed-dotted curve. Experimental results 
solid curve 

oi k- 
0 SO ICQ ISO 200 

t ( » s > 

Fig. 10—1 / ( - ^ r ) ' plotted versus the time 

t. ~ - is the slope at the inflexion point of 
of 

the central peak in Fig. 8. Extrapolation of 
the straight line gives the mean contact 
time fo = 40 us. Impact time T = 80 «s 
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Appendix A 

In this appendix it is first shown how w(r,t), as given 
by eq (13) can be transferred to eq (14) and then the 
asymptotic forms, for small and large ß, are derived. 
Finally, the slope of the curve in Fig. 6 is determined for 
small ß2, and in particular, an approximative expression 
for the slope at the inflexion point of the central peak is 
derived. 

In eq (13), the transformation kr = x leads to 

w(r,t) la 
2* 

•Mx)dx (Al) 

where a = - r ( = 1//31). Denoting the integral by S(o), 
r1 

differentiation with respect to a gives 

_dS 
da 

= j 0 x • cos ax' Mx)dx (A2) 

which by formula (6.728 - 2) in Ref. 8 can be written as 

dS -Jr r / 1 \ , / 1 \ 

•dcT " H F [ c o s
 ttJ"> < t t 

(A3) 

where J,„ is the Besse! function of order Vi. Using the 
fact that J,,i and J.Ui can be expressed in sin and cos 
functions (Ref. 9, p. 438), eq (A3) can be reduced to 

dS 
da 

sin (l/4ct) 
2a 

Introducing q = l / 4 a , eq (A4) can be rewritten as 

dS sin q 

dq * 2q 

(A4) 

(AS) 

which upon integration yields 

•dx + C 

where C is an integration constant which can be deter
mined from the value of S as q — oo. In this limit, a — 0 
and eq (Al) shows that S — 0. Thus, 

0 = - i - J " dx + C (A7) 

from which C = x/4 and, reverting to a, S(a) becomes 

, T 1 < v t a %\nx dx (A8) 

Finally, 1 / a = ß' gives 

which is eq (14). 

Expansion for Small ß 

The evaluation for small ß of the integral in eq (A9) is 
obtained through a Taylor expansion of the integrand and 
term-wise integration. Retaining the first two terms, the 
result is 

^ = - - 4 ^ t f - T + iT52 + 0 ^ ] 

{ ß ' - 0 ) (A10) 

Expansion for Large ß 

In this limit, the integral in eq (A9) is rewritten as 

a'/A 

Jo 
. r sin x j r 

lo ~ x ~ * h> r* x 
• dx 

(All) 

where the first integral has the value T / 2 and an approxi
mation for the second is obtained by partial integrations 
(see, e.g., Ref. 10, p. 56). The first three terms in eq 
(AI 1) thus become 

B'M 

dx 
cos ß'/A sin 0'/4 

2 0V4 p"/16 

+ 0 ( 1 / ^ 6 ) (A12) 

For w, one thus obtains 

, . la /:osß'/4 sin 0V4 _ „ 

(p"-oo) (A13) 

where the first term is the one shown in eq (16). 

Expression for on the Central Peak of Fig. 6 
dr 

Since ß( = r/^üt) is small on the central peak, we can 
use eq (A10) to obtain an approximate expression for 

~ - . Keeping -Jal at a constant, differentiation of eq 
or 

(A6) (A10) gives 

386 • December 1989 



B 1 : 1 0 

dr ~ ,/ä7 3/3 ,/aT 4T£> 1 2 192 ' 

(A14) 

3r J ~ ar 3p" " af * 4 i£» * 2 + 192 ' 

(AIJ) 

At the inflexion point, = 0, so eq (AIJ) gives a 

ß value of 

0, = (96/5)"' « 2.09 

at this point. Insertion into eq (A 14) gives then the slope 

(A16) - j f I,»/( - -0.0666 — 

Since a = %/D~7Q, this can also be written as 

4 s - I wi " -0.0666 ! a (A17) 
3r D"'g"4^ 

which is the form given in eq (19). 

Appendix B 

In this appendix a formal solution of the plate equation 
for a point force of arbitrary time variation is derived. 
On basis of the results in Appendix A, the asymptotic 
form is obtained for times much larger than the contact 
time. 

The equation to solve is eq (9) with the initial con
ditions as in eqs (21a, b). The contact load is assumed to 
be point like in space with a prescribed time dependence. 
For P, defined by eq (6b), we can therefore write 

P(r,t) = F(t) • S(r) (BI) 

where S(r) is the radial delta function normalized such 
that 

j 6(r) • Itrdr = 1 

Applying the Hankel-Laplace transform to eq (BI), eq (9) 
then becomes 

(k' + S—)4, = F/2T (B3) 

The inversion of eq (B6) follows exactly the steps used to 
obtain eq (14) and we can therefore write 

"ir.»'-^-^F(n.[-f - J , ' J£*-dx]df 
x 

where 

a ( t - t ' ) 

(B7) 

(B8) 

Equation (B7) is the formal expression for the deflection 
due to a contact force with an arbitrary time dependence, 
defined by F(t'). For times much larger than the contact 
time (T), flf becomes small and, using two terms in 
eq (A10), one obtains 

Expanding — l — • = — (1 + — + + 
v t - t ' 1 v t 1' 

(B9) becomes 

w(r, / ) - - r - („ F(t') [|- - 4— (1 + — v 4ir J 0 1 ' l 2 4a/ v / 

) • eq 

If we define the impulse as 

/ = D J 0 F ( f ) d f 

and the mean contact time as 

T T 
= Jo V F(C)dt' / \ 0 F ( f ) d f 

eq (BIO) becomes 

(BIO) 

(Bll> 

(B12) 

v ' ' 4 » D 2 4at 4ar t 1 v 

(B2) where only the leading order terms have been retained. 
Noting that for /„/f < < 1, 

I + — 
/ 

1 - — 
r 

(B14) 

where, for simplicity. 

e> = w 

Equation (B3) gives 

* = 
a'F/Zx 
s' + a'k* 

(B4) 

(B5) 

where the Laplace transform can be inverted using the 
convolution theorem. The following result is then ob
tained for the Hankel transform of w: 

*ik,t) = - f - \Fin- df (B6) 
2ir J 0 akl 

eq (B13) may finally be written as 

al rir r 1 , , _ 

This expression can be compared with the first two terms 
in eq (A10), which applies to a point force with infinitely 
short duration. Thus, eq (B14) shows that for times much 
larger than the contact time, a point force with an 
arbitrary time dependence is equivalent to a point force 
of infinitesimally short duration, applied at the mean 
contact time t„, defined in eq (BI2). 

This result shows that the conclusions drawn about the 
large time behavior of the solution for a Dirac pulse in 
space and time are applicable to a point load with finite 
duration provided the time scale is shifted by l„. 
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Transient Bending Waves in Anisotropic Plates 
Studied by Hologram Interferometry 

by K.-E. Fällström, L-E. Lindgren, N.-E. Molin and A. Wåhlin 

ABSTRACT—Propagating bending waves are studied in plates 
made of glass-fiber reinforced polyester. The waves are 
generated by the impact of a ballistic pendulum. Hologram 
interferometry, with a douDle pulsed ruby laser as light source, 
is used to record the out of plane motion of the waves. The 
interferograms have an elliptic-like symmetry for an ortho
tropic plate, while the wave pattern lor a symmetric angle-ply 
reinforced plate has a symmetry about the axes ot reinforce
ments. Experimental data are compared on one hand to 
analytical results obtained by assuming that the orthotropic 
plate can be described as if isotropic along the main axes, 
and on the other hand to numerical results from calculations 
using the finite-element method. The effective Young's 
modulus raised to power Vi is shown to be an important 
parameter for the description of the dispersive wave pattern 
A defect in the plate alters the wave pattern in the interfero
grams significantly. This may have technical use. 

Introduction 
In a 1988 paper, Fällström et al.' report about experi

ments similar to those of Aprahamian et al.'-' from 1971. 
They both study transient bending waves in plates using 
double-exposed hologram interferometry* with a ruby 
laser as light source. Isotropic plates are treated both 
experimentally and theoretically. Fällström el al. also 
show examples of wave propagation in wooden plates. 
Molin et al.,' also in a 1988 publication, report about 
transient wave propagation in wooden plates used in 
musical instruments. The bending waves are created by 
the impact of a ballistic pendulum. Fallström et al.' give 
one closed solution to the Euler plate equation when the 
starting conditions are modeled as a Dirac-pulse in space 
and time and another solution for point impact of finite 
sinusoidal duration. 

In this paper we treat nonisotropic plates and defects in 
plates. Experimental results and theory are compared. 
Since the same equipment and experimental technique as 
in Ref. 1 is used here, the interested reader is referred to 
that paper for more information and also on how to 
evaluate the interferograms. 

First, the experimental setup and the evaluation 
principles are shortly discussed and then the interfero
grams for an orthotropic plate are shown. Next the theory 
is discussed and compared to experimental results. Finally 

K.-E. Faltström. L.-E. Lindgren. N.-E. Molin and A. "/ahlin are 
associated with Luleå University of Technology, S-951 87 Luleå, Sweden. 

Original manuscript submitted: October 6. 1988. Final manuscript 
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wave propagation in nonisotropic plates and in a plate 
with a defect is treated. 

Experimental Setup and Procedure 
The holographic setup is a standard one, arranged to 

be most sensitive to the out of plane motion of the object 
plates (Fig. 1). Light from the double-pulsed ruby laser 
(RUBY) passes a negative lens (F), becomes divergent and 
shines almost in a right angle onto the plate of observa
tion (O). A smaller portion of this light beam (reference 
wave R) reflects from two mirrors (M) onto the hologram 
filmholder (H). This light interferes with scattered light 
from the object plate, thus forming an off-axis hologram. 
(AGFA 10E75 Holotest 35-mm film is used.) The observa
tion direction from the hologram towards the object 
plate is close to the normal of the plate. The object 
plates are held with a clamp at the edge, seen in the 
interferograms (see the left side of the plate in Fig. 2). 

Bending waves are created with the impact of a steel 
sphere of a ballistic pendulum which is released from an 
electromagnet (EM). The steel sphere (3-mm diameter) 
passes a light beam from a He-Ne laser (Ll) that triggers 
the photodiode (D). The pulse from the photodiode 
causes the ruby laser to send its first laser pulse onto the 
undisturbed plate, forming the first exposure of the 
hologram. Soon thereafter the pendulum impacts the 
plate creating transient waves. The next laser pulse is 
deliberately delayed with respect to the first pulse between 
1 to 800 /is. Thus a sequence of holograms can be 
recorded by repeating the experiment with increasing 
time delays. 

A small copper membrane is glued at the impact point. 
It is part of an electrical circuit containing a battery and 
the ballistic pendulum. Pulses from this circuit and from 
the ruby laser are traced by the double-beam memory 
oscilloscope giving impact time T and time / from the 
start of the impact to the second laser pulse. Since the 
laser-pulse duration is as short as 25 ns, the out of plane 
amplitude of the bending waves is recorded 'frozen' in the 
double-exposed holograms. Examples of interferograms 
obtained in this setup are given in Fig. 2. The fringes can 
be looked upon as lines connecting points of equal 
amplitude, like the isocurves on a map with hills and 
valleys. From the broad fringes in the impact center, the 
smooth top of the hill, the outward fringe density increases, 
giving the downhill slope. Further out, the fringes broaden 
again, corresponding to a valley or moat. Thereafter the 
fringe density increases and decreases which corresponds 

Experimental Mechanics • 409 



B 1 1 : 2 

to a ridge. This goes on until the wave flattens out into 
zero amplitude. Two consecutive fringes have a difference 
in amplitude of about half the wavelength used, i.e., 

Fig. 1—Experimental arrangement used to record 
interferograms of propagating transverse waves in plates. 
H = hologram film holder (camera back), M = mirror, 
O = object, R = reference beam, F = negative lens, 
L1 and L2 = HeNe lasers, Ruby - double-pulsed ruby 
laser, D = photodiode, EM = pendulum arrangement with 
an electromagnet holding the impacting steel sphere 
which hits the plate (0) from behind 

694.3/2 nm. The smallest detectable amplitude in this 
setup is about 100 nm. High-frequency components with 
smaller amplitudes exist but are not seen here. The 
evaluation of the interferograms is described in more 
detail elsewhere. 

Theory 

Analytical Solutions 

In Ref. 1, the out of plane displacements for an isotropic 
Kirchhoff plate due to an impact are given. The impact 
force is modeled as a Dirac pulse in space and time. The 
solution given in Ref. 1 is 

where 

w(r,t) = deflection of the plate 
/ - impulse 
r = distance from the point of impact to the 

point of interest 
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e = 
h = 
v — 

E = 

time after initial impact 
surface density 
thickness of the plate 
Poisson's ratio 
Young's modulus 

^ -Jot 

fö 
Q 

Eh' 
12(1 - »') 

(2) 

(3) 

(4) 

Expansion of the integral in eq (1) gives for large values 
of ß 

la cos fl'/4 
rD ß' 

(5) 

Several interesting conclusions can be drawn in this case. 
All plate parameters are described by one parameter a. 
The deflection at the impact point was constant, the 
decay in amplitude for large values of r was l/r', and the 
wavelength of the ripples decreased with increasing r, that 
is high-frequency components travel faster than low fre
quency ones. The phase speed, i.e., the speed by which a 
minima seems to move, was shown to be 

21 
(6) 

Another solution w(r,t) of the Kirchhoff plate equation, 
when the impact force is modeled as a Dirac pulse in 
space but sinusoidally distributed over half a period to the 
impact time 7", is also given in Ref. 1 for the isotropic 
case. For / a T 

w(r,t) = Aa 
Dl 

y ) ] • cos ( i 
•dx (7) 

tions, from Fig. 2, is easily obtained by measuring for 
instance the radial distance to the second zero crossing 
of the fringe patterns at say 120 u.s. 

If eq (1) is solved for zero amplitude w(r,t) = 0, we 
get for the second crossing of zero 

r> = 4 . 4.894 • (—)"' . I (8) 
e 

Ar' 
If we measure —^j- from several interferograms in Fig. 2, 
we can determine E.ff from eq (8). ln this way we can get 
E,,i in different directions. 

Fig. 3—A polar diagram showing the calculated effective 
Young's modulus raised to the 1/4 power for the plate in 
Fig. 2 as a function of radial direction 

where A = the amplitude of the sinusoidal impact force 
and = zero-order Bessel function. 

We have not yet found the equivalent solution to the 
equation for the orthotropic or the anisotropic case. If 
we assume that there is a similar plate parameter as a in 
eq (2) above, that is characteristic also in the nonisotropic 
case, then we can substitute Young's modulus £ in eq (4) 
with the effective Young's modulus, E,/f, of the plate.' 
In the similarity parameter ß, eq (2), the radius r is 
proportional to Vo or £ " 4 . In Fig. 3 the graph shows the 
calculated effective Young's modulus raised to power '/« 
for all directions of the same plate as in Fig. 2.' The 
x axis is oriented along the longer side of the plate and the 
y axis along the shorter. Comparing the shape of this 
graph and of the outer fringes seen in Fig. 2 for times 
longer than the impact time it is fair to state that the 
effective Young's modulus must be an important parameter 
in the description of bending waves in plates. This is also 
in agreement with the assumption that far away from the 
impacting center and for times long compared to the 
impact time the behavior would be in accordance with the 
solution starting from a Dirac pulse in space and time, ln 
fact, an estimate of Young's modulus in different direc-

Fig. 4—Isolines for the out of plane displacement from the 
finite-element analysis of an orthotropic plate impact at 
the center. Only one quarter of the plate was modeled. The 
labels A, B, C, D, and E indicate increasing amplitude from 
zero for curve A 
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Fig. 5—Calculated transverse displacement 
w(r) from eq (7) {full line) versus the distance 
to the impact center. The + sign shows the 
experimentally obtained values and the 0 sign 
shows the FEM-calculated values 
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Finite-element Simulations 

The finite-element method' was used in order to 
simulate the wave propagation in the orthotropic plate 
due to an impact at the center of the plate. The impact 
was modeled as one-half sine wave with an angular 
velocity of 89760 rad/s. Thus the duration of the impact 
was 35 /is. Due to symmetry only a quarter of the plate 
was modeled by 12800 finite elements. The plate was 
2.93-mm thick. The material properties were taken as 
E, = 24.8 GPa, Ey = 11.7 GPa, t„ = 0.04, G = 4.05 
GPa and g = 1736 kg/m3. The finite element used was a 
three-node triangle giving a linear variation of the out of 
plane displacements along each side of the triangle.' The 
time integration was done by a forward difference formula 
(forward Euler) which is conditionally stable.' It was 
combined with a lumped-mass matrix. The length of the 
time steps taken in the analysis was 1 /ts which is below 
the stability limit. 

The iso-lines of the out of plane displacements at 
120 us after the start of the impact are shown in Fig. 4. 
They are compared with measurements and analytical 
results in Fig. 5. 

Results 

Figure 2 shows a sequence of interferograms taken at 
increasing times after impact of the steel sphere at the 
center of the plate. The plate, 301 x 200 mm, has the 

35 us 80 iis 
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same dimensions as the model used for the finite-element 
simulations. The main 75-percent reinforcement direction 
is along the longer side of the plate. The duration of the 
impact time T is 30 us during which the deflection is 
growing both in the center and outwards. At that time the 
observable waves have not yet reached the edge. The 
fringes are more circular in the center and get more and 
more elliptical outwards. This agrees with the assumption 
that close to the impact point the deflection is dependent 
upon the spherical impact and further outwards depends 
more upon the orthotropic plate parameters. The shape of 
the pulse also changes with time due to the dispersivity of 
vibrating plates.' For times larger than 120 u.s, visible 
reflected waves from the edges start to interfere with out
going ones. In Fig. 5 the experimental and calculated 
amplitude of vibration at 120 ps, of the plate in Fig. 2, 
for both main directions of the plate is compared. The 
solid line is the calculated transverse displacement w(r) 
from eq (7) versus the distance to the impact point as if 
the plate was isotropic along the main directions and the 
impact is assumed to be sinusoidal. The values for the 
estimations are: for x direction E = 24.8 GPa, v = 
0.04, e = 5.08 kg/m1, h = 2.93 mm; and for y direction 
£ = 11.7 GPa, v = 0.09, 6 = 5-08 kg/m ! and h = 
2.93 mm. We have also scaled so that w is the same for 
r = 0 for all curves. The + sign shows the corresponding 
experimental curve and the 0 sign shows the FEM-
calculated curve. The agreement of the curves is very good 
for both directions. In Fig. 6 interferograms of a sym
metric general reinforced plate 4.1-mm thick and of 
dimensions 300 x 200 mm are shown. The angle between 
the fiber reinforcements of this plate is 60 deg. This 
angle can be found in the figure by measuring the angle 
between the fastest and the slowest direction in the figure. 
Since interferometric patterns of propagating bending 
waves in plates without defects are quite symmetrical, we 
decided to use this fact in the study of defects. Figure 7 
shows an interferogram of bending waves in a plate (the 
same one as in Fig. 2) containing a defect (not visible in 
Fig. 7) 10-mm diameter and 1.2-mm deep intentionally 
made at the center, left side at the back side of the plate. 
In the fringe pattern on the front side of the plate the 
effects of this are clearly seen in the change of the fringe 
pattern—compare the left and right sides of the plate. 
Reflected waves are created when the impedance changes 

Fig. 7—Interferogram of an impacted plate with I defect 
situated in the left center part 

across the defect, which causes waves which interfere with 
the outgoing ones—compare the left (disturbed) and right 
(undisturbed) part of the plate. The defect is situated at 
the left 'secondary' maxima. 

Conclusions 
With these experiments we show that the bending 

waves in anisotropic plates which are created with the 
impact of a ballistic pendulum are somewhat circular in 
the center and become more elliptical outwards. This 
depends upon the fact that the deflection is dependent 
upon the spherical impact close to the impact point, and 
becomes more dependent upon the plate parameters 
further outwards. 

We also prove that the effective Young's modulus, 
E.ff, is an important parameter for the wave pattern. In 
Fig. 5 we can see that the experimental values and values 
obtained by the finite-element method agree very well 
with values based on the theory for an isotropic plate 
when the impact force is modeled as a Dirac pulse in 
space but sinusoidally distributed over half a period to the 
impact time. Thus this simplified analysis seems to be a 
good approximation for calculation of the effective 
Young's modulus. 

This study also shows that it is possible to calculate the 
effective Young's modulus, E,ff, based on the results 
from the experiments. This can be done if we solve eq (1) 

Ar2 

for zero amplitude and then measure ~TJ- fr°m a s e t °^ 
interferograms from the same plate but with different 
times after the impact initiation. In the case of the sym
metric general reinforced plate, the angle between the 
fastest and the slowest direction will correspond to the 
angle between the fiber-reinforcement directions. 

In addition, we show that we can detect a defect in a 
plate. This might prove to be one alternative in non
destructive testing of plates and shells. 
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ABSTRACT 

Material parameters of anisotropic plates are determined. Rectangular 

anisotropic plates are tuned, by changing the quotient between the length of 

the sides, so that the second and the th i rd mode of vibration, for free-free 

boundary conditions, degenerates into the well-known cross- respectively 

ring-mode. The first three modes of vibrations for these plates are 

determined by optical methods. 

The propagation of bending waves, generated by the impact of a ballistic 

pendulum on the plates, have been also optically studied. I t is found that 

bending waves generated in the middle of the tuned plates w i l l reach the 

boundaries of the plates simultaneously. This gives a relationship between 

main material parameters. Using this relation and Rayleigh's method for 

the first three modes of vibrations, the main material parameters for the 

plates, that is, the effective two Young's modul i i , the shear modulus and 

the Poisson's ratio, are determined. 
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INTRODUCTION 

Material properties of composite materials are not set unt i l the f inal 

structure is manufactured. These properties are then obtained either by 

testing or by calculation. Due to the expenses and inconvenience in testing, 

i t is often more popular to make a numerical estimate of the parameters. 

This approach certainly does reduce the amount of testing, but i t w i l l leave 

the matter of true mechanical properties open. I t is thus desirable to have a 

convenient method for the testing of material properties of composites. 

Fällström and M o l i n proposed a nondestructive method to determine the 

material parameters i n orthotropic rectangular plates [1]. Fällström and 

Jonsson [2], proposed a similar but more general method. Both these 

methods were based on a comparison between frequencies and shapes of 

modes of vibrations in experiments and calculations. Another method is 

proposed in this paper. The idea is that the sides of the rectangular plates are 

cut, tuned, so that the second and third modes of vibrations of a free-free 

plate degenerates into the well known cross-shaped and ring-shaped modes. 

The nodal lines for the cross-shaped modes are two straight lines crossing 

each other i n the middle of the plate. The first three modes of vibrations are 

mathematically expressed and used in Rayleigh's method to determine 

material parameters. The same plates as i n ref [2] are used in this paper, 

together w i t h one more orthotropic plate. In the experiments optical 

techniques are used. Furthermore a study of the propagation of bending 

waves is performed. 

In the paper, the test samples and the experimental setups and procedures 

are first described. Then Rayleigh's method is described and the theory of 

transient bending waves are discussed. Finally, i t is described how to 
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estimate the material parameters. A comparison between parameters 

obtained in different ways is presented, followed by a discussion. 

TEST SAMPLES 

The first six plates are identical to those in ref [2], that is, plates made out of 

glass fiber reinforced epoxy. Plate number 4a is the same plate as the earlier 

number 4 but here cut so that the directions of the fibers relative to the sides 

of the plate are different. Plate 7 is made out of glass-fiber reinforced 

polyester. This plate is made by hand layup and i t is cured in room 

temperature.The properties of the plates are shown i table 1. 

Using the method described in ref [2], the effective Young's modul i i , the 

effective shear modulus and Poisson's number were estimated for the first 

six plates. In a similar investigation the parameters of plate number 7 have 

also been determined. The parameters have also been estimated in static 

tests and dynamical tests on bars cut f rom the plates. 

OPTICAL EXPERIMENTS 

Modes of vibrations 

In order to obtain the modes of vibrations the same set up as i n [2], the real

time TV-holography system, is used. The plate to be investigated is placed 

vertically about 1.8 m in front of the instrument, or horizontally on the 

table, w i t h a mirror at 45° angle above the plate, thus simulating the above 

arrangement (Fig 1). The plates are illuminated and imaged, giving a 

speckled image of the plates on a monitor. Small rubber supports are placed 
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by the operator at the nodal lines of each mode of vibration to simulate free-

free boundary conditions. This iterative process is easily accomplished since 

the instrument works as i f i n real time and the influence of different 

positions of the supports to a specific mode is observed instantly on the 

monitor. Normal modes are identified when the movements of the nodal 

lines and anti-nodal regions due to changes in exciting frequency or dr iv ing 

amplitude come to an end. The plates are excited by a small permanent 

magnet glued on an anti-node. A n electromagnet connected to a sine-wave 

generator transmittes the sinusoidal forces via an air-gap to the magnet. 

When one mode of vibration is positioned, holographic interferograms 

using a double pulsed 2x0.5 J ruby laser as light source, are recorded (Fig 2). 

W i t h a real-time instrument w i t h higher resolution and less coarce speckles 

in the picture this procedure is not necessary. Such instruments are 

available on the market. The laser l ight passing a negative lens (F) becomes 

divergent and shines at right angle onto the test-plate (O). A smaller portion 

of this light beam (reference wave (R)) is reflected f rom mirrors (M) back 

onto the hologram film-holder (H). The light interferes w i th light scattered 

f r o m object plate, thus forming an off-axis hologram. The observation 

direction f r o m the hologram towards the object plate is close to the normal 

of the plate. The reconstruction of the holograms are made w i t h a He-Ne 

laser. Several holograms of the vibrating plate at one mode are exposed 

w i t h a time delay between the ruby pulses of about half the period of the 

driving force. Since the exposure time of the laser is as short as 30 ns, in fact 

double-exposure holograms w i t h cosine-fringes are obtained and not time-

average ones. 

The fringes in the interferograms are iso-amplitude curves, that is, the 

fringes connect points of equal amplitude. Two neighboring fringes have a 
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difference in amplitude of about half the laser wavelength used, (694,3/2 

n m ) . 

Bending waves 

The holographic setup is very similar to that i n Fig 1, arranged to be most 

sensitive to the out of plane motion of the object plates, see Fig. 3 . 

The bending waves are created by the impact of a steel sphere of a ballistic 

pendulum which is released f r o m an electromagnet (EM). When the steel 

sphere ( 3 - 7 m m in diameter) crosses the light beam f r o m a HeNe-laser (L l ) 

the photo-diode (D) triggers the ruby laser to send its first laser pulse onto 

the undisturbed plate, forming the first exposure of the hologram. Soon 

thereafter the pendulum impacts the plate and creating transient bending 

waves in the plate. The second laser pulse is deliberately delayed wi th 

respect to the first one in between 1 to 800 us. Thus, a sequence of holograms 

can be recorded by repeating the experiment w i t h increasing time delay. 

A small copper membrane is glued on the point of impact. I t is part of an 

electrical circuit to register the impact time, containing a battery and the 

ballistic pendulum. Pulses f rom this circuit and f r o m the ruby laser are 

traced by the double beam memory oscilloscope giving impact time T and 

time t f r o m the start of impact to the second pulse. Since the laser pulse 

duration is as short as 30 ns, the out-of-plane amplitude of the bending 

waves are recorded "frozen" in the double exposed holograms. 

Examples of interferograms obtained in this set up are given in Fig. 4a and 

4b. These figures show the propagation of bending waves in the plates of the 

tuned plates 4 and 5. These two plates have the same number of layers, 
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almost the same angle between the fiber directions in the different layers, 

practically the same density and thickness but different stacking sequence. 

The plate i n figure 4a is symmetric and the one in 4b is antisymmetric. The 

size of the plates are 300*200 mm. The figures show the interferograms at 

105 us after impact start. A comparison between the two figures clearly a 

difference i n behavior. The fringes in the interferograms can be looked 

upon as curves connecting points of equal amplitude in the same way as 

iso-curves illustrate hills and valleys on a map. A t the center of impact, the 

broad fringes correspond to smooth top of the h i l l . Going outwards the 

fringe density increases, indicating a downhi l l slope. Further outwards, the 

fringes broaden again, corresponding to a valley or a moat. This goes on 

unt i l the wave flattens out into zero amplitude. Two consecutive fringes 

have a difference in amplitude of about half the wavelength used, i . e 

694.3/2 nm. A more detailed description of experiments and interpretation 

of interferograms is found in ref [3,4]. 

RAYLEIGH'S M E T H O D A N D A SHORT THEORY OF B E N D I N G WAVES 

The Rayleigh method 

The Rayleigh's method [5] provides a convenient method for obtaining 

approximate frequencies of vibrating plates. I t is also applicable to free 

vibration problems. 

The elastic or potential energy, for an anisotropic plate neglecting 

the in-plane modul i i (Ajj) and the coupling modul i i (B,:) can be writ ten 
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+ 4 D 1 6 w x y w x x + 4 D 2 6 w x y w y y ) d x d y (1) 

w = out of plane deflection of the plate 

D j j = flexural modul i i 

a = length of plate 

b = wid th of plate 

The kinetic energy for a vibrating plate is given by 

j a/2 b/2 

T = ~ J J phw2dxdy (2) 
-a/2 -b/2 

p = density of the plate 

h = thickness of the plate 

The Rayleigh's method says that i f we can make a reasonably good guess of 

the mode shape, i.e. the function w(x,y), for a particular vibration mode that 

satisfies the boundary conditions, then 

U - T = 0 (3) 
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This gives 

a/2 b/2 

I n l / l + 2 D i 2 w x x W y y +D22w5y + 4 D a w ^ ^ g w ^ w ^ +AD^wxy-wyy) dxdy 
dj =— —. ——— 

a/2 b/2 
/ / phw 2 dxdy 

-a/2 -b/2 

(4) 

The expression on the right hand side of equation (4) is called the "Rayleight 

quotient". 

A good approximation for the (1,1), that is the first mode, is 

i c f y x> . ref y x ^ 

where m is the slope of one of the nodal lines relative the x-axis and p is the 

slope of the other nodal line relative the y-axis. The x- and y-axis are parallel 

to the longer respectively the shorter side of the plate. Figure 5a shows a 

graph of equation (5) for an orthotropic plate. Dashed lines in the figures 

represent the nodal lines. 

The cross mode, the (0,2) mode, is described by the function 

w = s i n f ( f k i } s i n 2 L ( b : ^ i ) ( 6 ) 

where k and q are the slopes of the nodal lines relative the x-axis. Figure 5b 

shows a graph of this function. 
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The ring mode, (2,0) mode, can w i t h good accuracy be writ ten 

The same values of k and q as i n equation (6) are used in this equation. 

A graph of this function is shown in figure 5c. 

Bending waves 

The theory of bending waves w i l l be treated very briefly. A more detailed 

description is found i n [3,4]. 

In the paper by Fallström et al. [3], the equation for the out-of-plane 

displacements for an isotropic Kirchhoff plate due to an impact is given. If 

the impact force is modelled as a Dirac pulse in space and time, the solution 

given in [2] is : 

T P f / i • T 

. Ia TC 7 sinx 
w(r,t) = t - = - — - J dx 

4 T C D [ 2 0 X J (g) 

where 

w(r,t) = out of plane deflection of the plate 

I = impulse of the impact 

r = distance f r o m the point of impact to the point of interest 

t = time after init ial impact 

Po = surface density 

D= plate stiffness 
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a =, a plate parameter (9) 

a similarity parameter in eq (8) (10) 

Several interesting conclusions can be drawn in this case. A l l plate 

large values of r is 1/r 2 , and the wavelenght of the ripples decreases wi th 

increasing r, that is high frequency components travel faster than low 

frequency ones. The phase speed, i.e. the speed by which a minima seems to 

move, is 

( I D 

We have not yet found the equivalent solution to the equation in [3] for the 

orthotropic or the anisotropic case. I f we assume that there is a similar 

parameter "a" as in (9) above, see ref [4], that is characteristic also in the 

anisotropic case, i t is possible to substitute D wi th of the plate i f the 

influence of the couplings terms and D26 are small. If equation (8) is 

solved for zero amplitude w(r,t) = 0 we get for the second zero crossing 

It is then possible to estimate D-values in different directions by measuring 

the radial distance f rom the impact center to the second zero crossing f r o m 

the interferograms at a certain time, t, after impact. 

parameters are described by one parametei ;r "a". The decay in amplitude for 

1 

(12) 
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RESULTS USING RAYLEIGH'S M E T H O D 

In table 2, a comparison between frequencies obtained in the experiments 

and those estimated by Rayleigh's method for the first three modes of 

vibration are shown. The D 1 1 ; D 2 2 , D12, Dig, D26 and D55 values used in this 

estimate are f r o m ref. [2]. The slopes for the nodal lines are measured f rom 

the interferograms. 

In equation (7), which describes the ring mode, the same values of k and q 

have been used as in equation (6), the equation which describes the cross 

mode. I t is quite di f f icul t to determine the slopes of the nodal lines w i t h 

high accuracy. Therefore the approximation, that the nodal lines are parallel 

to the sides of the plate for the (1,1) mode, have been done except for plates 

number 4, 4a and 5. Figure 6a shows the (1,1) mode for the orthotropic plate 

number 7 and figure 6b the same mode for plate number 4b. Figure 6b 

clearly shows that the nodal lines not are parallel w i th the sides of the plate. 

For the cross modes, the nodal lines w i l l run almost diagonally f r o m one 

corner to the opposite one for all plates except for number 4, 4a and 5. The k 

and q in equations (6) and (7) have been measured to be in between 0.9 - 1.1 

except for for the plates mentioned above. 

Figure 7a and 7b show the cross mode for plate number 7 respective plate 

number 4a. I n these figures i t is clear that the nodal lines w i l l run 

diagonally f r o m one corner of the plate to the opposite one for the 

orthotropic plate (Fig 7a), which is not the case for plate 4a (Fig 7b). Table 2 

shows, that the agreement between the frequencies estimated w i t h 

Rayleigh's method and those calculated w i t h FE is very good. That is, 
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Rayleigh's method together w i th the functions used to describe the first 

three modes of vibration, gives a good estimate of the frequencies for 

anisotropic plates. 

A PROPERTIE OF THE TUNED PLATES 

Figures 8a and 8b show that i f a plate, tuned so that the second mode of 

vibration (0,2) for a free-free plate w i l l degenerate into the cross mode, is hi t 

at the center by a ballistic pendulum, the created bending waves of equal 

amplitude w i l l reach the boundaries of the plate simultaneously. Figure 8a 

shows the propagation of bending waves in plate 2, and figure 8b the waves 

in the plate f rom which plate 4 is cut. In the last figure different sizes of 

plates, tuned to give a cross mode, have been marked at the interferogram. 

For an orthotropic plate the bending waves are symmetric w i t h the respect 

to the x- and y-directions, that is along the longer respective the shorter side 

of the plate. A n anisotropic plate, however, as plate 4 in figure 8b, has 

symmetrical lines which are inclined. Since the bending waves reach the 

boundaries of the plate at the same time, equation (12) gives 

(13) 

a = length of the longer side of the plate 

b = length of the shorter side of the plate 

In table 3 a comparison between measured a/b and calculated (Du/D22) ' is 

shown for the plates. The D11 and the D22 values used are f r o m the FE-
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calculation in ref. [2]. The agreement is very good, even for anisotropic 

plates. 

A M E T H O D TO DETERMINE M A T E R I A L PARAMETERS 

General case 

To determine the effective material parameters E x , Ey, E s and v x v for a 

rectangular plate i n a general case, i t is necessary to know the six flexural 

modul i i D j j , i f the in plane modul i i (Ay) and the couplings terms (Bjj) are 

neglected. Using Rayleigh's method, i t is necessary to know the frequencies 

of six different modes of vibrations and furthermore functions w(x,y) which 

describe these modes. I f the flexural modul i i are known i t is, for instance, 

then possible to estimate the effective material parameters (E x , Ey, E S / V X y ) 

of plates [6]. 

Plates are usually made out of identical layers. A single layer of a plate is 

described in the x'-y'-system, where the x'-axis is parallel w i t h the direction 

of fibers and the y'-axis is orthogonal to this direction. I f the layers are 

identical the local parameters, that is, the two Young's modul i i (Ex>, EyO, 

the shear modulus (E s0 and the Poisson's ratio ( V x y ) for each single layer, 

are the same for all layers. Normally the sequence of layers of the plate are 

known. In this case i t is possible to determine the global flexural modul i i , 

that is the Dj j for the total plate, i f the local parameters are known [6]. That 

is, i f all the layers are identical and the sequence of the layers are known 

then 

Dij = D i j ( E x ' , E y ' , E s ' , V x y ) (14) 
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In this case i t is only necessary to know the frequencies and mode functions 

of four modes of vibrations. Rayleigh's method then gives four equations. 

If a general plate is tuned in such a way that the second mode degenerates 

into the cross mode i t is seen f r o m equation (13) or table 3 that i t is possible 

to make the approximation a/b = ( D i 1 / D 2 2 ) 1 / 4 • I t is then only necessary to 

know the frequencies and the describing functions for three modes of 

vibrations to estimate the material parameters i f a plate is constructed by 

identical layers and the plate is tuned to give cross mode. I t is possible to 

make a system of equations w i t h four unknown and four equations. I f 

construction of the plate is unknown, however, f ive modes have to be 

determined, i f the plate is cut to give cross-mode. 

Orthotropic case 

For orthotropic plates Dig = D26 = 0, and therefore only four Djj-values are 

needed i n equation (14). I t is therefore only necessary to know the 

frequencies and the describing functions of four modes. I f the plates are 

tuned in such a way that the second mode degenerates into a cross-mode i t 

is, as above, necessary only to know the frequencies and the describing 

functions of three modes to determine the flexural modul i i D u , D22/ D12 

and Dg6 . This makes i t possible to estimate the effective parameters E x , Ey, 

E s and V x v . N o knowledge of the construction of the plate is necessary. 
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DISCUSSIONS A N D RESULTS 

For a quadratic isotropic plate i t is quite clear that i f such a plate is impacted 

of the center of the plate, the created bending waves w i l l reach the 

boundaries of the plate at the same time. I f such a plate, w i t h free-free 

boundary conditions, is excited by an harmonic force, the first mode of 

vibrations have nodal lines parallel w i t h the sides of the plate. For the 

second mode the nodal lines w i l l run diagonally f r o m one corner to the 

opposite one and for the th i rd mode the nodal line w i l l be a circle. Even an 

orthotropic plate, tuned so that bending waves created at the center of the 

plate w i l l reach the boundaries of the plate simultaneously, w i l l have nodal 

lines parallel w i t h the sides of the plate for the (1,1) mode and f r o m one 

corner to the opposite one for the (0,2) mode. The ring mode, the (2,0) 

mode, w i l l not be a circle but rather an ellipse (see Fig. 9a). For an 

anisotropic plate tuned so that the bending waves reach the boundaries 

simultaneously, the (1,1) mode also have two straight lines as nodal lines 

but not necessarily parallel w i t h the sides of the plate. The nodal lines for 

the cross mode, (0,2) mode, do not have to run f rom one comer to the 

opposite one and the elliptic like nodal line for the r ing mode do not 

necessarily have the symmetry axis parallel w i th the sides of the plate, see 

figures 6b, 7b and 9b. 

From the theory of bending waves i t is shown that a/b = (Di i /D.22)1 ̂  for a 

tuned plate. This is true i f D i 6 and D26 are zero [7], that is for orthotropic 

plates. For anisotropic plates used in this investigation the influence of 

these coupling terms are rather small. Wi th this result and the knowledge 

of the frequencies of the first three modes and the slopes of the nodal lines 

for the (1,1) mode and the cross mode i t is possible, by using Rayleigh's 



C 1 : 1 7 

method w i t h the functions suggested, to estimate the parameters, that is the 

two Young's modul i i (E x ' and Ey'), the local shear modulus (E s-) and the 

Poisson's ratio ( V x y ) . The assumption is however that the plate is made 

out of identical layers. Here the experimental frequencies together w i t h the 

slopes of the nodal lines, which are measured f rom the interferograms, are 

used. The results are not too sensitive to the choice of the slopes of the 

nodal lines, neither for the (1,1) mode nor the cross mode. To describe the 

ring mode the same value of k and q have been used. This is possible 

because the main difference between these two modes is that the D17 term 

w i l l give a negative contribution to the frequency for the cross mode but 

positive one for the ring mode. Effective global Youngs modul i i ( E x and Ey), 

shear modulus (E s) and Poisson's ratio ( V x v ) for the plates are then 

estimated f r o m the local material parameters. In table 4 these results are 

compared to the material parameters obtained in three other ways. These 

are the FE calculation f r o m ref [2], a static test and a dynamic test. The static 

test is a tensile test of bars cut f r o m the test plates and the dynamic test is a 

vibration test of the same bars. The agreement is very good. The values 

estimated w i t h the Rayleigh's method are often smaller than those 

calculated wi th FE method. That is in agreement w i th a theory, which says 

that FE calculation gives an over-estimate of the parameters while the 

Rayleigh's method gives an under-estimate. The results of the static and 

dynamic tests are quite uncertain, especially for E y , because the main fiber 

direction is across the bar. Especially the tensile test gives a very "short 

signal". Another reason w h y these tests give uncertain values are that 

cracks often w i l l appear both when the bars are cut f rom the plate and when 

the bars are loaded during experiments. 
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CONCLUSIONS 

A method to determine the effective global material parameters, E x , Ey, E s 

and v X y , of anisotropic plates is presented. Rayleigh's method is used 

together w i t h the simple functions which describe the first three modes of 

vibrations for plates tuned to give a cross-mode. I t is also shown that 

bending waves created in the middle of these plates reach the boundaries of 

the plates simultaneously. 

Compared to other methods the method is simple, fast and very little 

influenced by cracks and do not need heavy computer capacity. 
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TABLES 

Table 1. Properties of test plates used in the calculations 

Plate Laminate sequence Thickness Density Properties Size 

(mm) (kg/m3) (mm*mm) 

1 (2.5/-2.5) 3 3.34 1940 aniso, antisym 216*164 

2 (4.5/-3.5/4.5) s 3.10 1993 aniso, sym 229*171 

3 (20/-2.0/Z0) s 3.15 2027 aniso, sym 214*166 

4 (30.5/-29.5/30.5) s 4.10 1957 aniso, sym 208*172 

4a (25/-35/25) s 4.10 1957 aniso, sym 172*141 

5 (29/-29) 3 4.03 1938 aniso, antisym 204*175 

6 4 plies, weave 2.87 1736 orthotropic 182*140 

7 6 plies, weave 4.70 1660 orthotropic 225*181 

Table 2. Frequencies in H z obtained w i t h Rayleigh's method and in the 

experiments for the first three modes of vibration. 

late (l , l)-mode Cross-mode Ring-mode 

Rayleigh Exp Rayleigh Exp Rayleigh Exp 

1 184 179 324 317 361 355 

2 154 149 276 275 302 302 

3 177 176 322 317 360 356 

4 259 260 330 325 425 426 

4a 376 358 485 488 610 626 

5 260 256 309 303 411 406 

6 201 197 361 358 380 389 

7 163 164 318 314 366 353 
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Table 3. Comparison between ( D - i j / D ^ ) 1 / 4 and a/b . (a=longer side and b=shorter 

side of the plate). 

Plate C D n / D 2 2 ) 1 / 4 a/b 

1 1.33 1.32 

2 1.32 1.34 

3 1.29 1.29 

4 1.19 1.21 
4a 1.22 1.22 

5 1.18 1.17 

6 1,31 1.30 

7 1.25 1.24 

Table 4 . A comparison between Young's modul i i , shear modulus and Poisson's 

ratio obtained w i t h different methods. Ra = Rayleigh's method, FE = FE-

calculation, see [2], St = Static test, see [2] and Dy = Dynamic test, see [2]. 

Plate E x (GPa) E y(GPa) E s (GPa) Vxy 

Ra FE St Dy Ra FE St Dy Ra FE Ra FE St 

1 39.5 42.1 47 42 13.1 13.3 12 12 6.1 6.4 0.28 0.27 0.30 

2 44.3 43.8 48 45 13.9 14.5 18 12 6.0 6.5 0.28 0.26 0.30 

3 44.7 46.2 49 41 16.2 16.6 16 14 6.8 6.9 0.23 0.22 0.30 

4 24.9 25.2 22 21 12.1 12.8 14 11 9.7 9.6 0.45 0.43 0.45 

4a 26.9 26.9 - - 12.6 12.7 - - 93 9.3 0.38 0.44 -

5 23.0 24.6 23 24 12.6 13.1 12 11 9.0 9.6 0.43 0.42 0.50 

6 30.0 31.8 32 - 10.6 10.7 10 - 4.6 4.8 0.21 0.19 0.13 

7 19.7 20.5 20 23 8.3 8.4 8 7 2.8 2.8 0.22 0.27 0.26 
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S3—a 

ure 1. The VibraVision system, consist of three units, a monitor, an 
electronic box and an optical unit also containing a laser and a 
camera. 
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Figure 2. Experimental arrangement used to record interferograms of 
vibrat ing plates. (RUBY) is the laser, (F) the negative lens, (O) the 
test plate, (R) the reference beam, (M) the mirrors (M) and (H) the 
hologram f i lm-holder . 
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Figure 3. Experimental arrangement used to record interferograms of 
propagating transverse waves in plates. L l - HeNe laser, D - photo
diode, E M - pendulum arrangement w i t h an electromagnet that 
holding the impacting steel sphere which hits the plate (O) f r o m 
behind. Compare f igure 2. 
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Figure 4. A set of two interferograms showing the propagation of bending 
waves in two different anisotropic plates. The plates have the 
same number of layers, the same angle between the fiber-
directions in different layers, almost the same density and 
thickness but made w i t h a different stacking sequence. The plate 1 
f igure 4a is symmetric but the plate i n f igure 4b is antisymmetric. 
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Figure 5. The graphs of the three functions used to estimate the Djj w i t h 
Rayleigh's method. The dashed lines represent the nodal lines. 
Figure 5a shows the (1,1) mode, 5b the cross mode and 5c the r ing 
mode, for an orthotropic plate. 
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Figure 6. Figure 6a shows the interferogram for the (1,1) mode of vibration 
for an orthotropic plate (pate 7) and figure 6b for an symmetric 
anisotropic plate (plate 4a). The dashed lines represent the nodal 
l ines. 
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Ficure 7. Figure 7a shews the interferogram for the cross mode for an 
orthotropic plate (plate 7) and f igure 7b for an anisotropic plate 
(plate 4a). The dashed lines represent the nodal hues. 
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b) 

Figure 8. Figure 8a shows that the bending waves w i l l reach the sides of an 
almost orthotropic plate (plate 2) at die same time i f the plate is h i t 
i n the middle of the plate. I n f igure 8b different size of plate 4, 
tuned to give cross - mode, have been marked in the 
interferogram showing the propagation of bending waves i n a 
plate f r o m which plate 4 is cut. 
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Figure 9. Figure 9a shows the interferogram for the r ing mode for an 
orthotropic plate (plate 7) and figure 9b for plate 4. The dashed line 
represent the nodal line. 





D I : 1 

A Non-Destructive Method to Detect Delaminations 
and Defects in Plates 

by 

K-E. FÄLLSTRÖM 

Division of Experimental Mechanics 
Luleå University of Technology 

S-951 87 Luleå, Sweden 

To be submitted to N D T International 



D I : 2 

ABSTRACT 

Double exposed holographic interferometry, w i t h a ruby laser as the l ight 

source, is used to study the influence of local changes in thickness, of 

delaminations and variations in damping upon propagating transient 

bending waves in plates and shells. The bending waves are created by the 

impact of a pendulum. Defects cause changes in the wave impedance of the 

plate, which w i l l give rise to changes relative to the undisturbed fringe 

pattern, by reflected and transmitted waves. 

The size of a defect has to be of the same size or larger than the wavelength 

of the bending wave, to get visible. Since bending waves are dispersive, high 

frequency components travel faster than low frequency ones, a small defect 

is most likely observed shortly after impact. The influence of local changes 

in thickness and delaminations upon the fringe pattern is presented, 

together w i t h a method to interpret the fringe pattern when several defects 

are present. 
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INTRODUCTION 

Holographic interferometry [1] used in nondestructive testing (NDT) is a 

non-contact, ful l - f ie ld-of-view measurement technique that allows both a 

qualitative study and a quantitative analysis f rom an image of the test piece. 

A fringe pattern is superimposed onto the image of the test-piece and both 

surface and internal flaws can be detected. 

N D T has already been used in many fields. The aircraft industry have 

proven the usefulness of holographic N D T in the testing of structural 

components. The pneumatic tire tester is used extensively for checking the 

integrity of the rubber plies. Another application is i n the inspection of 

debonds in composite structures that make up the majority of an aircraft's 

body and wings. 

In two papers f rom 1971, Aprahamian et al. [2,3], demonstrates the use of 

hologram interferometry to measure axi-symmetric transverse propagation 

of bending waves in plates and beams. In 1989 Mol in et al. [4] reports about 

transient wave propagation in wooden plates used in musical instruments. 

Also in 1989, Fallström et al [5,6] uses hologram interferometry to study the 

propagation of transient bending waves in isotropic and anisotropic plates. 

In these papers a closed solution to the Euler plate equation is given, when 

the starting conditions are modelled as a Dirac-pulse in space and time. 

Another solution is given for point impacts of finite sinusoidal duration. In 

the first solution a similarity variable is found, that brings new 

understanding to the importance of specific parameters for wave 

propagation in plates. This variable is dependent on the plate density and 

the stiffness. A change in material parameters like density, Young's 

modulus and Poisson's ratio or i n plate thickness, a geometrical factor, w i l l 

change the plate similarity parameter. Significant changes w i l l affect the 
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fringe pattern recorded in the interferograms. The purpose of this 

investigation is to examine how the variables contained in the similarity 

parameter influence the fringe pattern. 

In this paper the experimental set-up and procedure is first described. Then 

the theory of propagating transient bending waves in plates is briefly 

discussed. Finally the detection of defects in plates, both isotropic and 

anisotropic ones, and a scheme for automated inspection are presented 

followed by conclusions. 

EXPERIMENTAL SETUP A N D PROCEDURE 

The experimental arrangement is shown in figure 1. Light f r o m the double 

pulsed ruby laser (RUBY) passes a negative lens (F), becomes divergent and 

shines almost in right angle onto the plate of observation (O). A smaller 

portion of this l ight beam (reference wave R) reflects f r o m two mirrors (M) 

onto the hologram film-holder (H). This light interferes w i t h scattered light 

f rom the object plate, thus forming an off axis hologram. The observation 

direction f r o m hologram towards the object plate is close to the normal of 

the plate. The object plate is held wi th a clamp at the edge seen in the 

interferograms. 

Bending waves are created by the impact of a steel sphere of a ballistic 

pendulum released f r o m an electromagnet (EM). The steel sphere (7 m m in 

diameter) breaks a light beam f rom a HeNe laser (L l ) directed towards a 

photodiod (D). This triggers the ruby laser to send its first pulse onto the 

undisturbed plate, forming the first exposure of the hologram. Shortly 

afterwards the pendulum impacts the plate thereby creating transient 
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bending waves. The next pulse is deliberately delayed wi th respect to the 

first pulse in between 1 to 800 us. Thus a sequence of holograms can be 

recorded by repeating the experiment w i th increasing time delays. 

A small copper membrane glued at the impact point is a part of an electrical 

circuit containing a battery and the ballistic pendulum. Pulses f rom this 

circuit and f rom the ruby laser are traced by a double beam memory 

oscilloscope giving the impact time T and the time t f rom the start of the 

impact to the second laser pulse. Since the laser pulse duration is as short as 

25 ns, the out-of-plane amplitude of the bending waves are recorded 

"frozen" in the double exposed holograms. 

The evaluation of an interferogram is done i n the same way as described by 

Fällström et al. [5] and is schematically shown in figure 2. The fringes can be 

looked upon as curves connecting points of equal amplitude, like iso-curves 

on a map wi th hills and valleys. Two consecutive fringes have a difference 

in amplitude of about half the wavelength used, i.e 694.3/2 nm. A t the 

impact centre there is a maximum of deflection, a h i l l w i t h a relatively f lat 

top. Going outwards the fringes become narrower and more closely spaced 

indicating a steep downhi l l slope. This flattens out at the first min imum of 

deflection situated at the next broad white fringe. The fol lowing broad fringe 

corresponds to a maximum and so on. Theory predicts that further 

outwards there are waves wi th amplitudes less than X/4, which cannot be 

detected by this method Near the edge of the plate the deflection w i l l be 

practically zero thus giving a zero reference fringe. This method of 

evaluation is thus applicable as long as the apparent wave has not reached 

the boundaries. Note that the wavelength of the ripples •becomes shorter 

further out. 
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THEORY OF BENDING W A V E PROPAGATION I N PLATES 

The theory of propagating bending waves w i l l be treated briefly. A more 

detailed description is given in ref. [5,6]. 

A n isotropic plate is assumed to have a un i form thickness and 

composed of a linearly elastic material. To describe the deflection of the 

plate, a cylindrical coordinate system (r,0) is used. The load is assumed to be 

circularly symmetric so that the ^-dependence can be omitted. The 

deflection, w(r,t) , of the plate is then governed by the isotropic plate 

equation 

32w 
DV4w + p 0 - ~ =p(r,t) (1) 

where D is the plate stiffness, p Q the mass per unit area of the plate, p(r,t) the 

load per unit area and V 4 the biharmonic operator given by 

V4=l<L(JL(±<Lf ' 
r 3 r ^ 3r ^ 3r 

(2) 

The plate stiffness is given i n terms of modulus of elasticity (E), the plate 

thickness (h) and Poisson's ratio (V) as 

Eh3 

If the impact force is modelled as a Dirac pulse in space and time, the 

solution to equation (1) is, see ref [5] : 
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w(r,t) = 
Ia 

4TCD 

sm x ; dx (4) 

where 

I = impulse of impact 

r = distance f r o m point of impact to the point of interest 

t = time after initiation of impact 

a = plate parameter 

ß = similarity parameter 

a and ß can be expressed as 

a = (5) 

(6) 

Aside f rom the factor I a / D , w is seen to depend only upon ß which is thus a 

similarity variable. This is a major parameter in the description of wave 

propagation in plates. However, this variable appears solely when the 

impact is modelled as i Dirac pulse in space and time. Still i t gives some 

valuable physical insight. For times long compared to the impact time and 

for points far f r o m the impact point this relationship can be used to estimate 

the parameters contained in a. This is straightforward to do f r o m the 

interferograms, since both radius r and time t are known quantities. 
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A number of interesting conclusions can be drawn f r o m this closed 

solution. The expansion of the integral for large values of ß gives 

la cosß2/4 
w-4rcD~pvT" ( 7 ) 

which shows that, for large r-values, the amplitudes decays as 1/r 2 and that 

the wavelength decreases wi th increasing r, compare figure 2. 

If equation (4) is solved for zero amplitude w(r,t) = 0 we get 

r 2 = 4 o -
IPo 

DA 1/2 
• t (8) 

r 2 

a = 4 l 
Po>/2 
D (9) 

where 

a = 1.9265 for the first zero crossing 

a = 4.8938 for the second zero crossing 

a = 7.9727 for the third zero crossing 

a = 11.084 for the fourth zero crossing 

The first zero crossing is where the amplitude curve for the first time crosses 

the r-axis i n figure 2. 

Combining equations (3) and (8) give zero crossings at 

« / E y / 2 

r 2 = 4 a h | r r - : — - | -t (10) ^12p( l -v 2 ) J 
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where p is the volume density. Thus i f we trace a zero crossing at a specific 

time t, its distance f rom the impact centre, r, depends upon thickness, Young's 

modulus, density and Poisson's ratio. 

The wave pattern for an isotropic plate is cylindrically symmetric, that is, 

the iso-amplitudes are concentric circles. For orthotropic plates the iso-

amplitudes are elliptic-like curves (ellipses w i t h flattened sides) w i t h one 

symmetry axis parallel to one side of the plate and the other orthogonal to 

this axis. The pattern for anisotropic plates are also elliptic-like but the 

symmetry axis are not necessary orthogonal or parallel to the sides of the 

plate. 

We have not yet found the equivalent solution to the plate equation for the 

orthotropic or anisotropic plates. In ref. [6] i t is shown that i f we assume that 

a similar parameter a exist, as in equation (5) above, characteristic also in the 

anisotropic case, then we can substitute Young's modulus E i n equation (3) 

by an effective Youngs modulus, E e f f , of the plate. Then, in the similarity 

parameter ß, equation (6), the distance f rom the impact point r is 

proportional to -\j a e f f or ( E g f f ) 1 / 4 . Experimental results support such an 

approach. 

PHASE SPEED, WAVELENGTH A N D FREQUENCY OF B E N D I N G WAVES 

Phase speed, v 

One parameter of interest when interpreting the experimental data is the 

phase speed, i.e. the speed at which e.g. a maximum seems to move. In 



DI: 10 

equation (4), constant phase means constant ß so differentiation of equation 

(6) w i t h respect to time gives the phase speed 

This equation shows that the phase speed increases wi th increasing quotient 

r / t but also for large r and small t, the phase speed can be arbitrary large. This 

is unphysical and demonstrates a l imitation of the simple plate model used. 

This is to be compared w i t h the limited phase speed obtained of bending 

waves in a Timoshenko beam, where shear forces also are taken into account. 

Combining equation (9) and (11) we get the phase speed of a zero crossing 

To get the magnitude of the phase speed of the bending waves, we estimate 

the speed in the r-direction of figure 2. By measuring the distances f r o m the 

impact point to the first four zero crossings and using equation (11) i t is 

possible to estimate v at a given time t and at different distances f rom the 

impact po in t . The time after the start of the impact for this interferogram is 

100 us. The results are 215 m/s , 340 m/s , 440 m/s respective 520 m/ s for the 

first four zero crossings. We can also determine the phase speed using 

equation (12). For this orthotropic plate h=2.35 mm, t=100 us, p =1865 k g / m 3 

and in the r-direction the values of Young's modulus and Poisson's ratio 

have been estimated to E e f f=25 GPa and v=0.20. The phase speeds f rom 

equation (12) are 220 m/s , 350 m/s , 450 m/s respective 530 m/s , that is, almost 

the same as the measured ones. In ref. [7] the average speed of the inflexion 

r 
(11) 

(12) 
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point of the central peak has been measured and the same magnitude as 

above is obtained. 

Wavelength, X 

As the wavelength of the bending waves, X, decreases wi th increasing 

distances, r, f r o m the impact point, we had to make an approximation, i f we 

want to estimate X at different r-values. I f we measure, in figure 2, the 

distance along the r-axis between a min imum and a maximum on each sides 

of a zero crossing this distance is a rather good approximation of X/2 at the 

zero crossing. This approximation is not as good for the first zero crossing as 

the surrounding maximum value w i l l be the impact point, but quite a good 

approximation is to measure the distance between the first zero crossing and 

the first min imum. This distance is about X/4 . I t is also possible to determine 

X/2 by taking the derivative w i t h respect to r of equation (4 ) , and then 

examine the zeros. The zero condition gives 

where n = 1, 3, 5,.. for minima and n = 0, 2, 4,.. for maximum. W i t h the same 

approximation as above we can get X/2 f rom equation (13) for the n:th zero 

crossing, i f n > l . This gives the fol lowing relation 

r 2 = 4 n TC t h 
f E e f f y/2 

1 2 p ( l - v 2 ) 
(13) 

X/2 = (4rcth)V2 (
 E e f f N 

J 1 2 p ( l - v 2 ) , 

\ l / 4 
(Vn + 1 - Vn") (14) 
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Wavelengths obtained f r o m measurements in figure 2 for the zero crossing 

wi th serial number 2, 3 and 4 are 4.6 cm, 3.6 cm respective 3.0 cm. The same 

results are obtained w i t h the use of equation (14). 

Frequency, f 

The bending wave is dispersive, that is high frequency components travel 

faster then low frequency ones. I t is possible to get an idea of the frequency, f, 

of different parts of the wave using 

Xf = v (15) 

From the estimated values of X and v above, i t is possible to estimate the 

frequency for the zero crossings number 2, 3 and 4. The results are about 7,4 

kHz, 12 kHz, 17 kHz respectively. 

EXPERIMENTS W I T H CHANGE I N THICHNESS I N A N ISOTROPIC MATERIAL 

Figure 3. shows a sequence of interferograms obtained at increasing time 

after the start of the impact f rom a steel sphere at the centre of an A l plate. 

The plate is 3 m m thick. A defect, 10 m m in diameter and of 1.5 m m depth, 

is intentionally made at the left centre side at the back of the plate. In the 

interferograms the defect has been marked wi th a small circle also showing 

the correct dimension of the defect. In the deviation f rom pure circular 

fringes of the fringe pattern the effect of the defect is visible for times shorter 

than 120 us. For very short times (50 us in figure 3), that is, when the waves 
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having a short wavelength, just have reached the defect, i t is only possible 

to see that the fringe bending on the outside of the defect is broader. For 

longer times ( 120 us in figure 3), that is, when the waves w i t h longer 

wavelength are passing the defect, i t is impossible to detect the defect. When 

the bending waves reach the impedance change across the defect, reflected 

waves are created which interfere w i th the outgoing ones. 

Figure 4 shows a sequence of interferograms of the same plate as used in 

figure 3, but now w i t h 2 more defects w i th a diameter of 10 m m at the left of 

the centre and one larger defect w i t h a diameter of 20 m m and a depth of 1.5 

m m at the right of the centre. The interferogram at 90 us after the start of the 

impact, shows that the disturbances of the three small defects are barely not 

detectable but the large defect is clearly seen. 

The conclusion of these experiments is that if a defect is to bee detected, i t is 

necessary that the magnitude of the defect is of the same order as the 

wavelength of the bending wave. Thus small defects can only be detected by 

those init ial (leading) waves which have this smaller wavelength and large 

defects become visible by longer wavelength waves emanating at a later 

time after impact. As the amplitude of the wave decreases further out f r o m 

impact centre, i t is necessary to increase the impact force when small defects 

are to be detected. 
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EXPERIMENTS W I T H ANISOTROPIC PLATES 

Geometrical changes, defects 

In f igure 5 a sequence of three interferograms are shown. The plate is 

orthotropic w i t h a thickness of 2.5 mm. A defect 10 m m in diameter and of 

1.25 m m depth is intentionally made at the centre left side at the back of the 

plate. The defect is indicated wi th a small circle of the front side of the plate. 

The circle also shows the correct dimension of the defect. The impact time is 

about 40 us. Here the distortion of the fringe pattern due to the defect is 

more evident than in the case of the isotropic plate (figure 3). Figure 5 

illustrates the wave 70 us and 95 us after impact start, The fringe pattern 

outside the defect show that the speed of the wave is slowed down when 

passing the defect. 

Figure 6 shows another orthotropic plate w i th a thickness of 2.8 mm. Three 

defects, 10 m m in diameter, have intentionally been made in the plate. The 

depth of the defects is 1.4 mm. As in the previous case the interferograms 

show that we get reflected waves f r o m the defects, which interferes w i t h 

outgoing ones thus creating a distorted fringe pattern f rom which the 

defects can be localized. Note also the almost periodic variation in the fringe 

pattern outside the defects. 

Continuous variation in thickness 

The plate shown in figure 7 has a thickness that varies f rom 2.3 m m to 

about 2.8 m m over the plate, see the scale in the bottom of the picture. The 
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interferogram shows that the waves have reached further out to the right 

than to the left (compare the right and the left part of the plate). 

If we assume that effective Young's modulus E e f f and density p is constant 

over the plate i n the horizontal direction, equation (9) shows that the 

distance f r o m the impact centre to a zero crossing point is directly 

proportional to the square of the thickness of the plate at a specific time t 

after impact start. That is, the thicker the plate, the faster the bending wave 

is travelling. Figure 7 gives that a change in thickness w i t h 8 % gives a 

change in travelling distance wi th 4 %. This result confirms of equation (9) 

which predicts that a change in thickness w i th 10 % gives a change i n 

travelling distance r of 5 %. 

Delaminations 

Also delaminations in plates can be detected by propagating transient 

bending waves. Figure 8 shows a sequence of interferograms of a plate w i t h 

two delaminations. The anisotropic plate is 3.95 m m thick. The defects have 

been created by folio strips placed in between two layers i n the plate. The 

position of the two defects at different depth in the plate are shown in the 

figure, one wi th dashed lines and the other w i t h solid thin lines. The left 

column in the figure shows interferograms of the plate w i t h delaminations 

at increasing times after the impact start, and the right column an identical 

plate without this type of defects, at almost same times after the impact start. 

The effects of the two delaminations are easily seen at the left side of the 

impacted point. The large defect makes a distortion in the fringe pattern, 

compare left and right columns in figure 8. The small delamination, 

marked w i t h solid lines, gives an additional distortion in the distorted 
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pattern f r o m the large delamination which is best seen in figure 8c. Figures 

8b and 8c also show that the left and the right part of the figures are not 

symmetrical but the delaminations are not symmetrical either. As small 

delaminations as 15 m m in diameter have been detected. 

Damping 

Figure 9 show interferograms of identical anisotropic plates w i t h a thickness 

of 3.6 mm. Two of the plates, however, have rubber carpets, 1 m m (figure 

9b) and 3 m m (figure 9c), glued at the back of the plate. A l l plates are excited 

w i t h the same force at the rubber side and the interferograms are taken 100 

us after the start of the impact at the other side. A comparison of the three 

figures shows that the rubber carpet seems to damps the bending wave 

considerably when the thickness of the carpet increases. This examination of 

the effect of the rubber carpet glued at the back of the plate is not complete. I t 

needs more experiments to give a certain proof of the carpets effects. 

SCHEME FOR AUTOMATED INSPECTION 

It can be very diff icul t to discover small defects, see for example figure 3 at 

50 us after impact start. I t should therefore be of value to f i nd a method to 

discover such small defects. One idea, tested by Olofsson [8], is to treat the 

interferogram in an image processing unit of computer. The pictures are 

often distorted, so that a right angle of the plate is not imaged as being 90°. 

Therefore the plate in the picture is first made rectangular, using a mapping 

computer software. Then the centre of the interferogram is located, also 



D I : 1 7 

using a computer algorithm. The picture is rotated 180 0 about this centre 

and laid on the top of a non-rotated identical picture. By subtracting the two 

pictures f r o m each other, only the differences between the left and right side 

of two pictures remain to be seen. However, the defects are seen both in the 

the place where they really were situated and on the opposite side. I t is not 

easy to conclude which of the two symmetric patterns that is the correct one. 

If we, however, have some knowledge about the defect, for example i f we 

suspect that there is a delamination in the plate, we know that such a defect 

w i l l disturb the wave, to slow i t down. Wi th such an information available 

i t is possible to predict the position of the defect. One result of this method is 

shown in figure 10. The same plate as i n figure 3, is used. One half of the 

fringe pattern is rotated and then subtracted f r o m the original fringe pattern. 

The left part of the figure shows the result after the subtraction and the right 

part shows the undisturbed pattern. One defect is seen in the centre left side 

as a black spot (A in figure) and another in the lower part ( B in figure) 

This method is di f f icul t to use i f we have two or more defects, and one of 

them has a large scale effect. For example, i f the thickness of the plate 

changes f rom left to right, this change can give quite a large difference in the 

interferogram fringe pattern, comparing the left and the right side of the 

pattern. In this case i t often happens that the original fringe pattern and the 

rotated one diverge so much, that i f the two patterns are subtracted the 

picture w i l l be very jumbled i t w i l l be almost impossible to interpret the 

result. Furthermore, i f another defect, for example a small delamination, 

gives an additional, but very small change i n the fringe pattern, i t w i l l be 

impossible to discover this one w i t h this method. 

One method to detect and distinguish two defects f rom each other is 

schematically shown in figure 11. For simplicity we consider only one "iso-
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amplitude" fringe in this example. We assume that the wave is travelling 

wi th lower speed in the right part of the plate, due to for example a change 

in thickness. Another small defect is situated at the right side in the lower 

part, at A in figure 11a. A transparent copy of this "pattern" is made and 

rotated 180° wi th regard to the centre and laid above the original figure so 

that the x- and y-axis coincide respectively, see figure l i b . In the figure radial 

lines at an increment of 10° are drawn as dashed lines. Reference lines, for 

example the sides of the transparency, parallel w i t h the x- and y-axis is then 

marked on the original paper (the rectangular in figure 11c). The 

transparent copy is then pushed along the x-axis so that the two patterns 

coincide for this direction, that is, points B and B' at the original (see figure 

l i b ) coincidence wi th the corresponding points C and C at the transparency. 

The position of the transparency is then marked on x-axis of the original. 

This procedure is repeated for all directions, that is, the next step is to place 

the transparency so that the 10° - line at the copy and the original figure 

coincidence. The transparency is pushed along this line so that the pattern 

coincidence in this direction, and the position of the copy, at the 10° -line is 

marked on the original paper. In figure 11c the points at the lines represent 

the results, when the procedure has been repeated for all directions. The 

dotted lines are interpolations between the points. In this case the dotted 

curves are situated to the left of the reference lines (the rectangular), that is 

the waves travel w i th lower speed to the right. Consequently, a 

displacement of the dotted lines to the left means that the waves travel wi th 

lower speed to the right. The defect A is seen as a disturbance in the dotted 

lines. The size of this disturbance is as large as the defect A . In the directions 

where the dotted curves coincidence wi th the reference lines indicate that 

we have no defects in these directions. 
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I t is a simple task to discover both the small and the large scale defects w i t h 

this method. However, even w i t h this method i t is impossible to determine 

the position of the defects as we get distorted curves on both sides, w i th 

regards to the centre, of original paper. However, i t is possible to locate a 

small defect and even its position provided that we know what effect a 

certain k ind of defect w i l l have on the interferens pattern. 

If this method is used on interferograms w i t h many iso-amplitudes, i t is 

possible to locate the position of a defect by examining several iso-

amplitudes w i t h different distances f rom the impact centre. By observing 

the first iso-amplitude, w i th regards to the centre, which gives anomalies i n 

the pattern, i t is possible to confirm the position of the defect. Using this 

method e.g. delaminations as small as 15 m m in diameter has been 

discovered. 

W i t h the use of a computer and image processing it should be possible to 

increase the sensitivity of this method. 

CONCLUSIONS 

We have shown that it is possible to visualize defects i n anisotropic plates, 

by studying the propagation of transient bending waves. Defects which are 

spread over a large area, as a continuous change in thickness, and local 

defects, as delaminations or change in thickness in a very small area, can be 

detected. I t is also shown that i f the defect is local, i t is only that part of the 

bending wave which has a wavelength smaller or of equal size as the 

dimensions of the defect which is disturbed by the defect. As the amplitude 



D I : 2G 

of the wave decreases wi th the distance f rom the impact point and the 

fastest waves have the shortest wavelengths, i t is necessary to increase the 

impact force i f small defects are to be detected. 

A method to detect defects, which are so small that i t is impossible to 

discover them in the interferogram w i t h the naked eye, is proposed. Wi th 

this method i t is also possible to distinguish two defects f r o m each other, 

even i f one give a large scale effect, as a change in thickness, and the other is 

a local one, like a small delamination. 
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Figure 1. Experimental arrangement used to record interferograms of 
propagating transverse waves in plates. H - hologram f i l m holder , 
- HeNe lasers, RUBY - double pulsed ruby laser, D - photo-diode, 
E M - pendulum arrangement w i t h an electromagnet that drops 
the impacting steel sphere which hits the plate (O) f r o m behind. 
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Figure 3. Set of interferograms of an impacted 3 m m Al-plate w i t h a 10 m m 
defect 1,5 m m deep situated at the back of the plate i n the left 
centre part marked w i t h a small circle. Note that this defect is not 

visible i n the fringe pattern at 125 us. Impact time T = 90 us. 
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115 US 

Figure 4. Three interferograms of an impacted 3 m m Al-plate w i t h three 10 
m m defects situated i n the left centre part and one larger defect, 

w i t h doubled size, i n the right centre part. Note that for 115 us the 

small defects are not visible but the larger one is. T = 90 us. 
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Figure 5. Three interferograms of an impacted orthotropic plate. A 10 m m 
defect is situated in the centre left part. Note that the speed of the 
wave is slowed down when i t passes the defect. T = 40 us. 
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140 us 

ure 6. Interferograms of an 2.8 m m orthotropic plate w i t h three 10 m m 
defects 1.4 m m deep situated in the centre left part. Note that we 
get reflected waves f r o m the defects, which interfere w i t h the 

outgoing ones. T = 35 us. 
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Figure 7. A n interferogram of an orthotropic plate w i t h variable thickness. 
The variation of the thickness is shown in the lower part of the 
figure. Note that the wave has reach further to the right than to 
the left . 
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Figure 8. The lef t column shows interferograms taken at different times 
8 after impact start. The plate is anisotropic w i t h two delaminations. 

The right column shows interferograms at about the same times 
for an identical plate wi thou t such a defect. The two 
delaminations areas are marked w i t h dashed respective sol id 
lines Note the distorted pattern f r o m the large delamination, and 
the additional distort ion f r o m the small one. The last dis tor t ion is 

best seen in figure c. 
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Figure 9. Three interferograms showing the influence of a damping rubber 
carpet glued at the back side of the plates. Figure a is a plate 
wi thou t carpet, f igure b a plate w i t h a carpet 1 m m thick and i n c 
the carpet is 3 m m thick. A l l plates have been exited w i t h the same 
impact force at the rubber side. 
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Figure 10. The same plate as i n f igure 3. Half the f igure has been rotated 
about the symmetry centre and then subtracted f r o m the original 
f igure. The defect is situated in the centre left part. 
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Figure 11. a) A n imaginary example showing an iso-amplitude due to an 
impact at the marked centre. The wave travels slower to the right 
w i t h respect to the impact point. A n another small defect is 
situated down to the right, at A. 
b) A n overhead is made of the pattern and the rotated 180° and 
then laid on the top of the original figure so that the x- and y-axis 
coincidence. 
c) The dotted curves represent the f inal position of the overhead 
in different directions after that the overhead has been pushed so 
that the patterns coincidence in the different directions. 


