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The efficiency of a hydraulic reaction turbine is significantly affected by the 
performance of its draft tube. The shape and velocity distribution at the inlet 
are, in next turn, two main factors that affects the performance of the draft 
tube. Traditionally, the design of this component has been based on 
simplified analytic methods, experimental rules of thumb and model tests. In 
the last decade or two, the usage of computational fluid dynamics (CFD) has 
dramatically increased in the design process and will continue to grow due 
to is flexibility and cost-effectiveness. A CFD-based design search can 
further be aided with a robust and userfriendly optimization framework. 
Numerical prediction of the draft tube flow are, on the other hand, 
challenging and time consuming, caused by its complex flow features, e.g. 
unsteadiness, turbulence, separation, streamline curvature, secondary flow, 
swirl, and vortex breakdown. Hence, there is a great need of developing both 
accurate and reliable CFD models, together with efficient and effective 
optimization frameworks. 

In this work, a surrogate-based optimization (SBO) framework has been 
employed, in order to develop and implement a computer tractable approach 
to optimize the shape of hydraulic turbine draft tubes. By this methodology, 
one can replace the expensive CFD model with a surrogate model in the 
optimizations phase, in order to provide a faster and more effective 
exploration of the design and solution space. In addition, one gets a better 
insight into the true relationship between design variables and objective 
functions. Furthermore, this study has surveyed to enhance the quality and 
trust of non-trivial draft tube flow simulations. Mainly, since the initial CFD 
predictions were found to be in poor agreement with model tests, whereby 
the work has been split into two major parts, one concerning the SBO 
analysis and the other concerning the validity of the obtained CFD 
calculations. 

The outcome of this research, demonstrates the potential and benefits of 
using surrogate models in the design phase of hydraulic turbines draft tubes. 
For example, is the computational burden with a SBO framework drastically 
reduced, compared to solely utilizing a standard optimization framework. It 
is also preferable to test multiple surrogate models, since the prediction 
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capabilities of it is highly problem dependent and the time cost of doing it is 
relatively low. The optimization results show moreover similar trends as 
model tests, illustrating the reliability of the approach. Some quantitative 
discrepancies are, however, found and it is recommended to further enhance 
the CFD simulations, by for instance include the runner geometry and/or use 
more advanced turbulence models in the calculations. 
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Chapter 1 

To be competitive and increase customer values, industry is always 
searching for better products at reduced design cycles and costs. For 
hydropower companies, small improvements of hydraulic turbines are of 
interest due to economical and safety aspects. New demands on the 
deregulated energy market make it also attractive to improve the turbines 
over a wide range of operating conditions. Furthermore, many of the 
turbines are old and in need of rehabilitations and modifications. As a result, 
there is a great potential of improving hydraulic turbines and other related 
components. Hence, there is also a growing need of developing efficient 
design tools for as well large reconstruction work as smaller projects within 
regular maintenance. From a Swedish point of view, it is additionally 
appealing to have a design tool that confirms obtained improvements 
accurately, due to the fact that the gain in electricity is classed as renewable, 
implying an extra income for hydropower companies. 

An important component of a medium and low head reaction turbine is 
the hydraulic draft tube, since it is responsible for a large proportion of the 
total hydraulic losses in the system. However, it is also one of the most 
challenging parts to design, due to the interaction of many complex flow 
features, such as unsteadiness, turbulence, separation, streamline curvature, 
secondary flow, swirl, and vortex breakdown. Traditionally, the shape has 
been based on simplified analytic methods, experimental rules of thumb and 
model tests (Gubin, 1973; Holmén, 1999). Today, simulation-driven design 
via computational fluid dynamics (CFD) is a growing area due to its 
flexibility and cost-effectiveness. On the other hand, CFD predictions of 
draft tube flows are very intricate to perform whereby a majority of work, so 
far, has been assessed towards the quality and trust of such calculations, as 
for instance the ERCOFTAC Turbine-99 Workshops, the GAMM Workshop 
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and the FLINDT project (Turbine-99, 2006; Scottas & Ryhming, 1993; 
Avellan, 2000). Therefore the experimental part is still essential, and the 
trends are towards fewer but more detailed measurements in order to 
validate CFD simulations. At the same time it is evident that the primary 
concern in industry is not to analyze and understand flow features, it is also 
to improve the flow conditions. As a result, several CFD-based optimization 
frameworks have been suggested recently to improve the draft tube 
performance numerically (Eisinger & Ruprecht, 2001; Lindgren et al., 2002; 
Puente et al., 2003). 

Time consuming CFD simulations of the draft tube flow are, however, 
impeding the optimization process, despite the steady advances in computer 
speed and capacity. Consequently, approximation methods, known as 
surrogate models, are widely used in similar optimization problems, to 
minimize the runtime dilemma (Simpson et al., 2004; Queipo et al., 2005). 
By this approach, it is possible to replace expensive CFD calculations with a 
surrogate model in the optimizations phase, providing a faster and more 
effective exploration of design and solution space. Thereby, also getting a 
better insight into the true relationship between objective functions and 
design variables. The selection of a suitable surrogate model is on the other 
hand problem dependent and not obvious. Hence, it is preferable to evaluate 
several surrogate models in order to choose the best one. In addition, there 
exist a variety of updating schemes to enhance the fidelity of the surrogate 
model further, and thereby also the ability to predict optimal designs. 
Another relevant issue concerns the choice of a suitable optimization 
algorithm, used in the design exploration of the surrogate model, especially 
for multi-objective optimization problems (MOOP).  

The main purpose of the present work has therefore been assessed 
towards developing and implementing methods for a robust surrogate-based 
optimization (SBO) framework, applied to hydropower components. It has 
also, together with several other projects, surveyed the quality and trust of 
non-trivial draft tube flow simulations. Specifically, the research has been 
split into two major parts, one concerning the SBO analysis and the other 
concerning the reliability of CFD predictions. This is done since the initial 
CFD calculations were in poor agreement with experiments, which later on 
was traced to possible discrepancies in operating conditions between 
simulations and experiments. Some of the more important topics during the 
work have been to reduce the overall computational and optimization time, 
while keeping the accuracy and reliability of the SBO analysis. For example; 
How the parameterization of the draft tube geometry can be done in an 
efficient way; How crude the SBO analysis can be regarding, for instance, 
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the governing equations, the turbulence model, transient effects, and the 
computational grid; How the fidelity of the surrogate model and the search 
for optimal solutions can be improved; How the quality and trust in the CFD 
simulations can be improved; and so on. The industrial and academic 
outcome (of this study and other jointly analysis) is the knowledge of how 
non-trivial CFD calculations will be treated, verified and validated regarding 
both flow investigation and shape optimization purposes. The results can 
furthermore also, in future, be implemented to get a robust and efficient 
shape optimizations tool that can be used to, for example, design and 
redesign the waterways of a hydropower plant. 

The scope of the present thesis is to give a brief introduction to hydraulic 
turbine draft tubes and SBO analysis. 
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Chapter 2 

Hydraulic turbines are present in most countries and accounts today to about 
one fifth of the total electricity production in the world (World Energy 
Council, 2006). Furthermore, they are producing electricity with high 
efficiencies (up to 95%) and with a minimum amount of pollution. In 
addition, they have great energy storing capabilities and are able to rapidly 
respond to daily changes in the electricity demand as well as being a pure 
base load, which are important features of the present deregulated energy 
market. The main disadvantages are, however, related to the local 
environment of the hydropower plant such as impaired fish migration and 
decreased natural habitats. In Sweden, hydropower is one of the major 
renewable energy resources, with about 1900 installed hydraulic turbines 
that together accounts for about halt of the total electricity production in the 
country (72.1 TWh of 149.1 TWh). The other half in principle by nuclear 
power (69.5 TWh). Of these turbines, 700 have a larger capacity than 1.5
MW and produces together to about 98% of the total energy from 
hydropower. The largest one is Harsprånget located in Lule river with a 
capacity of 940 MW (Swedish Energy, 2006). Most of the turbines were 
moreover built during 1940 to 1970, and an important period of 
rehabilitation of old constructions is therefore approaching. In addition, it is 
essential to secure the competence and knowledge within this technology, 
since a lot of experience has got lost during the years (Elforsk, 2006). 

The history of hydraulic machines is long, starting with the water wheels 
in order to extract mechanical energy from running water. The first 
hydraulic turbine, for practical purpose, was created in France 1827, by 
Fourneyron. It was an outward-flow turbine, where the water was directed 
from the centre to the periphery (axial to radial). After this innovation, the  

Hydraulic Turbines 
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Figure 2.1 - A representative sketch of a reaction turbine. 

design of hydraulic turbines advanced rather rapidly. In United States 1849, 
Francis developed the inward-flow turbine, where the water instead moved 
from the periphery to the centre (radial to axial). At about the same time, the 
axial-flow turbine was invented in Europe, in which the flow both entered 
and leaved the runner in an axial direction. In California 1880, Pelton 
invented the bucket turbine, which was an improvement of the original water 
wheel, wherein a jet of water from a nozzle stroked the runner buckets in the 
free air. In the former Czechoslovakia 1913, Kaplan improved the axial-flow 
turbines with adjustable runner blades, resulting in a great enhancement of 
the power generating characteristics. In England 1950, Deriaz developed the 
mixed-flow turbines, where the runner blades were mounted at an angle of 
the axis of rotations, compared to axial-flow turbines. In addition, there have 
been suggested a number of related turbines, as for example bulb-turbines 
which are horizontal axial-flow turbines. Today, the most commonly used 
turbines are the Pelton, Francis and Kaplan turbines, although they have 
been somewhat improved during the years (Krivchenko, 1994; Finnemore & 
Franzini, 2002).  

In a hydraulic turbine, the water is directed to the turbine from the head 
water via the penstock and then discharged into the tail water, as illustrated 
in Figure 2.1. Inside the turbine, the waters energy is converted into 
mechanical energy of the rotating shaft via the runner. The shaft rotates the 
rotor of the generator, where the mechanical energy is finally transformed 
into electricity and supplied to customers. The difference is that in all 
turbines, except Pelton, the runner is rotating inside the water and interacting 
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with all of its blades simultaneously. This permits the runner to utilize all 
components of the water energy, i.e. both pressure energy and kinetic 
energy. In Pelton turbines, however, the runner rotates in the free air, 
allowing only some of the buckets to interact with the water. Hence, a Pelton 
turbine is also only capable of utilizing the kinetic part of the water energy. 
This is furthermore also the reason to their categorization into reaction and 
impulse turbines, respectively (Krivchenko, 1994).  

The choice of an appropriate turbine configuration (i.e. the characteristic 
parameters head, discharge, speed and runner diameter) depends on the local 
situations of the hydropower plant and its desired operating regimes. In 
general, however, Kaplan, Francis and Pelton turbines are designed for low, 
medium and high heads, respectively, although the regimes overlap as seen 
in Table 2.1. To completely determine the turbine type and size, however, 
the specific speed ns is commonly used (Krivchenko, 1994; Finnemore & 
Franzini, 2002), defined as: 

4/34/5 65.3
nn

s
s H

Qn
H

Pn
n , (2.1)

where n is the runner speed, Ps the power transferred to the shaft (in hp), Hn
the net head, =Ps/ gQHn the turbine efficiency and Q the discharge. The 
specific speed represents the speed of a given runner to develop 1 hp (1.36
kW) under 1 m net head. Appropriate values of the specific speed for 
different types of turbines are shown in Table 2.1, from which the maximum 
runner diameter can be estimated via the peripheral-velocity factor.  

To operate the turbine, so called universal characteristics is normally 
employed (Krivchenko, 1994). These characteristics describe the turbine 
performance for a set of characteristic parameters (e.g. head and discharge 
since speed and diameter are under normal condition maintained constant). 
At constant heads, these universal characteristics furthermore collapse into 

Table 2.1 - Typical operating regimes of hydraulic turbines (data taken from 
Krivchenko, 1994). 

Turbine Type Head, H [m] Specific Speed, ns
Reaction Axial-Flow (Kaplan)  70 1200 – 450 
Reaction Mixed-Flow 40 – 100 500 – 300 
Reaction Radial-Axial-Flow (Francis) 40 – 700 400 – 80 
Impulse Pelton 400  50 – 10 
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Figure 2.2 - Discharge characteristics of a turbine. 

a single linear characteristic, as shown in Figure 2.2. From these 
characteristics, reaction turbines are mainly operated by regulating the guide 
vane angle to achieve the desired flow rate. In Kaplan turbines, the runner 
blade angle, is additionally, adjusted to obtain best efficiency at a given 
discharge, see Figure 2.2. To increase the electricity production, however, 
higher flow rates than optimal operating conditions is often required. 
Consequently, some of the water energy is wasted due to the lower 
efficiency of the turbine.  

In order to predict or compare the performance of a certain turbine type, 
similarity laws are normally adopted (Raabe, 1985; Krivchenko, 1994). 
These laws are used to express the characteristics parameters of a turbine to 
one with an equivalent head of H=1 m and runner diameter of D=1 m. The 
corresponding unitary parameters are the unit speed n11 and the unit 
discharge Q11, defined as:  

H
nDn11 , and  

HD
QQ 211 , respectively. 

(2.2)

However, these parameters are only valid under homologous conditions 
(geometrically similar machines and flow patterns). Hence, scale-up 
formulas has to be considered when comparing, for instance, model tests 
with prototypes. These formulas are, on other hand, not complete and leave 
many important flow phenomena off. Other extensively used parameters for 
this purpose are the head and discharge coefficients,  respectively 
(Raabe, 1985; Krivchenko, 1994).  

Q11

Kaplan

Propeller
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Chapter 3 

The efficiency of a reaction turbine is significantly affected by the 
performance of its draft tube. Especially, at low heads and high flow rates 
are the draft tube losses considerably large (up to 50%), as seen in Figure 
3.1. Its main purpose is to recover some of the kinetic energy (velocity) 
leaving the runner into pressure energy, which without the draft tube would 
be pure losses. Therefore, the main shape of the draft tube is essentially a 
diffuser. In addition, it enables to place the turbine above the tail water 
without losing head, and to redirect the flow into the tail water (Gubin, 1973; 
Krivchenko, 1994). The draft tube is furthermore one of the most 
challenging parts to describe from a fluid flow perspective, due to the 
interaction of many complex flow features such as unsteadiness, turbulence, 
separation, curvature streamline, secondary flow, swirl, and vortex 
breakdown. Other important components affecting the turbine efficiency 

(a) (b)  
Figure 3.1 - Typical losses in of a reaction turbine (data from Elforsk, 1993); 

(a) efficiency-load; (b) efficiency-head. 
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include the runner, the spiral case, the wicked gate and the stay ring. These 
will, however, not be considered in this thesis, although they have been 
successfully redesigned during the years (Michel et al. 2004).  

3.1 Principles of Draft tubes 
The principle of a draft tube can be outlined by aid of Bernoulli’s equation 
between section 1-1 and 2-2 (inlet and outlet, respectively) in Figure 3.2: 

fh
g
Vz

g
p

g
Vz

g
p

22

2
22

2
2

2
11

1
1 . (3.1)

Here p is the absolute pressure, z the height,  the kinetic energy correction 
factor, V the mean velocity and hf the hydraulic losses in the draft tube. The 
absolute pressure p at section 2-2 can furthermore be expressed as 
p2/ g=z2+patm/ g, where patm is the atmospheric pressure. Assuming that the 
turbine installation height Hs is approximately equal to z1, Eq. (3.1) reduces 
to:

fs
atm h

g
V

g
VH

g
p

g
p

22

2
22

2
111 . (3.2)

An interpretation of Eq. (3.2) is that the draft tube generates a low pressure 
region underneath the runner, which can be utilized by the turbine. This 
lower pressure, consist of two terms; static fall of pressure and dynamic fall 
of pressure, Hs and 1V1

2/2g- 2V2
2/2g-hf, respectively. The former part is 

(a) (b)
Figure 3.2 - Hydraulic principle of draft tubes; 

(a) with; (b) without. 
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independent of the discharge while the latter part generally increases with 
the flow rate. This second precaution is easily accomplished by increasing 
the diffuser wall angel and/or by enlarging the draft tube length. In both 
cases, however, the hydraulic losses will become larger. An efficient draft 
tube has therefore an optimal diffuser angle and length for which the 
pressure reduction below the runner will be maximal (Gubin, 1973).  

The efficiency of a draft tube (or a diffuser) is generally described by 
four performance metrics. These are the actual pressure recovery Cp, the 
ideal pressure recovery Cpi, the draft tube efficiency cp, and the loss factor 
, respectively. They are furthermore usually defined as;  

2

2
11

12

V
ppC p ,

(3.3)

2

2

1

1

2
2

1

2

1

2 11
A
A

V
VC pi , (3.4)

pi

p
cp C

C
, and (3.5)

2

2

1

1

21
A
ACCC pppi , respectively, (3.6)

where A is the cross-section area. Depending if maximum pressure recovery 
(Eq. (3.3)) or maximum draft tube effectiveness (Eq. (3.5)) is wanted, 
different optimal diffuser wall angles will be found (Kline et al., 1959). 
Usually maximum pressure recovery is desired when designing hydraulic 
turbine draft tubes, and theoretically the optimal diffuser wall angle occurs 
when the slopes of the loss factor and ideal pressure recovery factor are 
equal, i.e. when the flow nearly separates from the walls. Maximum 
effectiveness, on the other hand, occurs when the slopes of the actual and 
ideal pressure recovery factors are equal, i.e. before maximum pressure 
recovery occurs. In addition, special caution must be taken if the loss factor 
is used. Especially when the inlet-outlet area ratio is allowed to vary, as in 
Paper D, in which the last term 2A1

2/ 1A2
2 in Eq. (3.6) can be dominating. 
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This since the loss factor does not necessarily penalties for high outlet 
velocities. 

As indicated above, there exists no general shape of an optimal draft tube 
geometry. Its optimal shape depends instead on the turbine type and size, 
together with the flow conditions (operational conditions) at both inlet and 
outlet of the draft tube (as seen by the velocity and kinetic energy correction 
terms in Eq. (3.2)). In addition, the runner and draft tube geometries interact 
with each other due to the elliptic fluid flow equations, complicating its 
design even further.  

3.2 Types of Draft tubes 
The first draft tube was developed around 1840s and had a cylindrical shape 
in order to place the turbine above the tail water without losing head. Later, 
a straight-conical diffuser was suggested, which also improved the 
efficiency of the low head turbines considerably. The straight-conical draft 
tube was, however, restricted to small and medium size runner diameters (up 
to 2.5 m), due to the huge cost of constructing long vertical diffusers. In 
1920s, bell-mouth or bend-conical draft tubes were developed in United 
States. Some years later, Moody suggested a similar draft tube but with a 
cone that filled the centre of the draft tube since a dead zone is usually 
developed in this region, see Figure 3.3b. Both of these draft tubes allowed 
to recover a larger part of the kinetic energy leaving the runner outlet at non-
optimal operating conditions, due to their allowance of higher swirl and 
greater inlet-outlet area ratios. In addition, they made it possible to use 
somewhat larger runner diameters. However, it was not until Kaplan 
developed the curved or elbow draft tube really large runner diameters could 
be used (up to 10 m). The major drawback was, on the other hand, that it had 
somewhat reduced performance as compared to straight-conical diffusers, 
especially at non-optimal operating conditions. Figure 3.3 illustrates the 
shape of the mentioned types of draft tubes (Gubin, 1973). 

Curved draft tubes are commonly in Sweden in connection to vertical 
Kaplan and Francis reaction turbines, due to their low heights and relatively 
high pressure recoveries. In general, they are composed of three parts; an 
initial cone, an elbow and an end diffuser, as illustrated in Figure 3.3c. The 
shape and dimensions of a curved draft tube depend on the turbine type and 
size. For example, exist there draft tubes with sharp heels, piers, guides and 
inside cones (Gubin, 1973).  
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(a) (b)  

(c)
Figure 3.3 - Types of draft tubes; (a) straight-conical; 

(b) bell-mouth; (c) curved. 

(a) (b)
Figure 3.4 - The draft tubes studied in the present thesis; 

(a) Hölleforsen; (b) Yngeredsforsen. 

The two draft tubes considered in this thesis are a sharp heel draft tube 
and an underground draft tube, see Figure 3.4. The former one represents a 
large group that was installed in Swedish hydropower plants around 1950 
due construction simplifications. The actual draft tube geometry is a 1:11 
model of Hölleforsen Kaplan turbine that was built in 1949. It has moreover 
been studied in detail, both numerically and experimentally, in the three 
ERCOFTAC Turbine-99 Workshops (Turbine-99, 2006) and in many other 
works closely connected to the Workshops (Andersson, 2000; Bergström, 
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2000; Nilsson, 2002; Cervantes, 2003; Engström 2003; Lövgren 2006). It is 
also a test case in the QNET-CFD database (Hirsch, 2001). The old design 
makes it also possible to improve its shape, as stated independently by 
Gubin (1973), Dahlbäck (1996) and Högström (2006). The latter draft tube 
is a full-scale model of Yngeredsforsen Francis turbine, installed in 1963, 
and was included in a Swedish hydropower investigation. 

3.3 Flow in Curved Draft Tubes 
High flow rates in large dimensions causes the fluid motion in curved draft 
tubes to be highly turbulent. Prior to the inlet of the draft tube, a swirl is 
created by regulating the guide vanes. At optimal operating conditions this 
swirling flow motion follows the runner blades smoothly without any 
separation. After the runner the flow is still having a moderate amount of 
swirl and a high axial velocity. The pressure is, however, considerably 
reduced as a result of the outtake of energy. The swirl suppresses 
furthermore the boundary layer thickness in the draft tube cone and causes it 
to operate with full flow across the entire cross-section. Hence, separation is 
delayed and the draft tube performance is increased (McDonald et al., 1971; 
Moses 1986). At larger amount of swirl, a vortex breakdown will be present 
due to hydraulic instabilities (Avellan, 2004). The vortex core, located 
underneath the centre of the runner, reduces the cross-sectional area and 
thereby is also the draft tube performance decreased due to the higher 
velocities. The presence of a vortex rope will moreover give rise to large 
pressure fluctuations which can cause structural damage and trig flow 
separation. It will additionally co-rotate with the runner at low discharges 
and counter-rotate at high discharges.

In the cone, which generally is a straight-conical diffuser, the flow 
decelerates and the pressure increases. Any occurrence of sever separation 
will drastically reduce the draft tube performance and cause damaging 
pressure fluctuations. Most of the pressure recovery is furthermore obtained 
in this part of the fluid domain. 

In the elbow, the vertical fluid flow motion in the cone is redirected into 
a horizontal flow motion, resulting in an important variation in pressure 
along the elbow. This variation increases the risk for separation, especially at 
the inside of the elbow were the convex wall decreases the pressure. Hence, 
it is common to keep the cross-sectional area constant or even reduce it 
throughout the elbow. At the outside of the elbow, the flow will instead 
impinge the concave wall, resulting in an increased pressure. A secondary 
flow motion is also initiated by the elbow. The swirl will suppress the 
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secondary flow at one side of the elbow (left or right) and express it on the 
other side. In addition, the swirl will deflect the bulk flow toward one of the 
sides (left or right) and cause a non-uniform velocity distribution at the 
diffuser entrance and further downstream. An additionally circular-to-
rectangular area transition in the elbow, which simplifies the manufacturing 
process, complicates these flow features in the elbow even further. 

In the end diffuser, when the bulk flow is parallel with the wall again, the 
pressure difference between the inside and outside wall diminishes, mainly 
due to the acceleration of the flow at the outside wall. After this re-
connection, the pressure will again increase, slightly improving the 
efficiency of the turbine even further.

3.3.1 Cavitation. An important flow aspect when designing draft tubes is to 
avoid severe cavitations. Cavitation occurs when the absolute pressure at the 
draft tube entrance drops below the vapour pressure whereby cavities are 
developed. When these cavities moves further downstream into a higher 
pressure region they collapse and implodes, which increases the local 
pressure and temperature in the cavity centre tremendously. This will not 
only reduce the draft tube performance (since it hinders the flow) but also 
have damaging effects on the surrounding material, especially at the 
backside of the runner blades. Hence, the draft tube entrance can not be 
placed to far above the tail water without an increased risk of severe 
cavitation due to the reduced pressure. An expression for the maximum 
height above the tail water can be derived from Tomas’s cavitation factor 
(Krivchenko, 1994), to: 

ncvatms HgpgpH // , (3.7)

where pv is vapour pressure and c the critical value of Tomas’s cavitation 
factor which depend on the turbine type. Equation (3.7) together with 
construction (digging) costs sets finally the limits of the total height of the 
draft tube (cone and elbow).  
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Chapter 4 

The complexity of the flow leaving the runner combined with its intricate 
geometrical shape has made it difficult to develop accurate and reliable 
design tools for curved draft tubes. Mutual interactions between individual 
draft tube components (cone, elbow and diffuser) also preclude calculations 
of them separately. Possible interactions with upstream and downstream 
components make it further challenging. For example, changes in the cone 
wall angle will affect the flow condition at the runner exit, but not generally 
at the runner entrance (Gubin, 1973). The same concerns the opposite, an 
efficient modern runner may not be the best replacement in an old 
construction. In addition, the shape of the draft tube must not only provide 
high power indices but also satisfy construction requirements. The latter 
precaution is particularly crucial when refurbish old constructions, since the 
strength of the plant can be disoriented by removing materials. A better 
strategy is instead to add materials. This is also a favourable solution from 
electricity producers point of view, since it will minimize the interference 
with production and thereby minimize the overall costs.  

In the beginning of this century, there were in practice no good tools for 
designing draft tubes, although there had been several theoretical attempts 
with minor success. The shape of the draft tubes at this period was mainly 
based on trial and error methods, which depended on the skill and 
experience of the designing engineers to suggest design improvements. In 
1920s, model testing became available and the influence of the draft tube 
geometry could be determined more accurately. For example, it was showed 
that the draft tube operates better with a certain amounts of swirl at the draft 
tube entrance, whereby it was necessary to review the runner design (Gubin, 
1973). In 1959, Kline established methods, based on boundary separation, 
for optimum design of straight-walled and conical diffusers regarding 

Design Tools for Draft Tubes 
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lengths and angles. These methods were later transformed into draft tubes in 
forms of diagrams. Similar methods and rules of thumb for different parts of 
the draft tube has also been introduced by Gubin (1973), based on 
comprehensive experimental and hydrodynamical studies. Later on, a one-
dimensional integral method for calculating the boundary layer growth and 
separation was developed for straight-walled diffusers and soon after that 
also for draft tubes (Gubin, 1973; Holmén, 1999).  

All these methods were from then and forward used in the preliminary 
design phase of draft tubes, whereby model tests are adopted to avoid 
serious mistakes. Scale-up formulas are then employed to translate the 
model design to the prototype. A model test approach is, however, both time 
and cost expensive. An alternative and very attractive method today is 
therefore to utilize computer-based tools as CFD simulations. The CFD 
codes have now also matured to a stage were they can provide substantial 
insight to hydropower applications and draft tube flows. For example, can a 
CFD-based design tool offer detailed flow information and rapid tests of 
new designs, whereby many problems can be detected in the early stages of 
the product development. However, there is still a great need for evaluating 
the CFD tools with respect to detailed measurements, in order to increase the 
accuracy and reliability of the CFD tool (Shyy & Braaten, 1986; Avellan, 
2000; Mauri, 2002; Ruprecht et al., 2002; Vu et al., 2004; Turbine-99, 
2006). Nevertheless, CFD as a design and analysis tool is regularly applied 
to draft tubes in industry. In fact, it may be possible to modify and improve 
the draft tube geometry even if the computer model does not predict all flow 
features accurately as long as global trends is captured (Paper A-C).

4.1 Computational Fluid Dynamics 
Computational fluid dynamics (CFD) is a comprehensive name for all sorts 
of numerical flow analysis, including basic scientific studies as well as 
industrial products and process developments. CFD codes are today 
available in commercial packages, and are continuously being under 
development. In the CFD codes, the investigated flow is described by a set 
of partial differential equations (PDE), which generally cannot be solved 
analytically except in special cases. Instead they are approximated, by a 
discretization method, into a system of algebraic equations which can be 
solved at discrete locations in space and time. The most common method for 
this purpose is the finite volume method (FVM). Others available 
approaches are the finite difference method (FDM), the finite element 
method (FEM) and a hybrid control-volume-based finite element method 
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(CV-FEM) (Ferziger & Peric, 1996). The main difference between the FVM 
and CV-FEM methods is that the pressure gradient and diffusion term in the 
Navier-Stokes equations are discretized with shape functions (linear) instead 
of a difference schemes in the latter method. In this thesis, only the FVM 
method will be described next briefly due to the similarities, although both 
the FVM and CV-FEM methods have been used in this work (CFX-4 and 
CFX-5 from ANSYS, respectively). 

In the FVM method, the flow domain is discretized into a finite number 
of small cells, usually having hexahedral and/or tetrahedral shapes 
(structured and unstructured grids, respectively). The governing equations 
are integrated over each cell, such that the nodal average quantities are 
conserved within each cell. A difference scheme is then used to express the 
surface and volume integrals in terms of the nodal values. First the integrals 
are approximated then a difference scheme is used to express the integral 
approximations into nodal values. In order to preserve the accuracy, the 
order of the integral approximation must be at least of the same order as the 
difference scheme. Usually a second order accurate scheme is used to avoid 
numerical diffusion. As a result, one algebraic equation is obtained for each 
cell, in which the average cell value can be calculated from neighbouring 
nodes. The resulting system of algebraic equation is finally solved with an 
iterative method, since the equations usually are non-linear. Two types of 
solvers exist, segregated or coupled solvers, respectively, depending on how 
the pressure-velocity coupling is incorporated into the Navier-Stokes 
equations from the Poisson equation. A segregated solver often utilizes a 
pressure-velocity correction approach to satisfy the continuity equation, 
whereby the pressure and velocities are solved separately. A coupled solver 
incorporates instead the pressure-velocity coupling into the continuity 
equation by introducing a pressure redistribution term, whereby the pressure 
and velocities are solved simultaneously. To avoid checkerboard 
oscillations, a staggered grid or a collocated grid with Rhie-Chow 
interpolation scheme is normally employed in both solvers (Ferziger & 
Peric, 1996).  

4.1.1 Numerical Accuracy. Numerical solutions are approximations and 
will always contain some degree of uncertainty, which importance depends 
on the application studied. For that purpose, the ERCOFTAC Special 
Interest Group on Quality and Trust in Industrial CFD has published a book 
with best practice guidelines for CFD users (Casey & Wintergerste, 2000). 
These guidelines, if properly used, will minimize the errors arising from 
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mistakes and carelessness of the user and thereby enhance the accuracy and 
reliability of CFD predictions. 

In general, however, there are two major source of errors in CFD, 
numerical and modelling errors. The former kind of errors is estimated in the 
process of verification and the latter in the process of validation, i.e. “solve 
the equation right” and “solve the right equation”, respectively, as stated by 
Roache (1997).  

The verification process includes, among other things, the estimation of 
the iterative error and the discretization error (residual and grid error). The 
iterative error is the difference between the current and the exact solution of 
the discretized equations. A typical measure of this error is the residuals, 
which have to decrease a number of decades in order to be considered small 
(Ferziger & Peric, 1996). The discretization error is, next, the difference 
between the exact solution and the discretized solution of the governing 
equations. This error can be estimated with the analytic solution of the 
governing equation, if it is known, which the case seldom is. Another 
approach is to use at least two computational grids with different number of 
cells. By comparing a representative quantity, such as the pressure recovery 
in draft tube flows, an rough estimation of the discretization error can be 
obtained. If three grids are available, the method is known as Richardson 
extrapolation (Roache, 1997; Bergström 2000). This was also done in Paper 
B for different draft tube designs, with the same outcome as in Bergström 
(2000), that the tested grids (2.7M, 2.2M and 1.7M nodes) were to coarse to 
be in the asymptotic range. However, the flow patterns were similar 
independent of the grid size and some of the draft tube geometries showed 
asymptotic behaviour, suggesting that the main flow trends are captured. 
Other methods, for determining the discretization error include curve fitting, 
which is preferable when the problem is ill-conditioned. In principle, 
however, the discretization error is rarely estimated. Instead, different grid 
layouts and sizes are tested in order to determine the one that provides the 
best balance in terms of convergence and execution time. This approach is 
applied since flow trends are sought for rather than accurate values of a 
specific quantity.  

In the validation process the obtained numerical solutions is compared to 
real flow conditions, usually via some physical measurements. This will 
show if the investigated flow are described by the solved equations 
accurately. Care must, however, always be taken to the validity of the 
experimental investigations, as well as the consistency between the 
simulation and the experiments are preserved (Paper C). Furthermore, a 
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CFD code can not generally be validated only a CFD simulation cans 
(Roache, 1997).  

4.1.2 Turbulence and Turbulence Modeling. Another fundamental issue 
in CFD, apart from numerical accuracy, is the predictions of turbulent flow 
fields. Turbulence is encountered in most of our application today, as well as 
in draft tube flow calculations. In turbulent flow, unsteady, three-
dimensional, irregular, seemingly random and chaotic structures (eddies) 
appears on many scales and interact with each other. These eddies varies in 
sizes, from the largest comparable to the investigated geometry down to the 
smallest which size is order of millimetres or smaller (Kundu, 1990). 
Turbulence has furthermore two characteristic features, i.e. its ability to mix 
a fluid and its ability to dissipate energy (Durbin & Reif, 2000). The former 
ability among other things prevents the occurrence of boundary layer 
separation (structure and location), while the latter increases the resistance 
(hydraulic losses) of internal flows, as both in the case of draft tube flows. 
The latter since the turbulence consumes the mean flow energy in an energy 
cascade, from the largest developed by the mean flow to the smallest which 
is eventually dissipated by viscous forces. Accurate CFD predictions of 
turbulent flow field are therefore difficult to perform, although the equations 
are known, i.e. Navier-Stokes equations:  

0iiu

ijiijjit upuuu 21 , (4.1)

where ui is the instantaneous velocity,  the fluid density, p the pressure and 
 the kinematic viscosity. The solution of Eq. (4.1) can be obtained directly 

with direct numerical simulations (DNS). The DNS approach is, on the other 
hand, only applicable on low Reynolds numbers flow and on simple 
geometries in a foreseeable future, due to the huge requirements on grid and 
time resolutions as well as for boundary conditions. This since all turbulent 
length and time scales have to be resolved (Ferziger & Peric, 1996). 

Another approach is large eddy simulations (LES), where the 
instantaneous velocity ui is decomposed into a filtered (large scale) 
component and residual (small scale) component (Pope, 2000). The 
corresponding Navier-Stokes equations for the filtered velocity are similar to 
Eq. (4.1), except that an extra term will be present in the momentum 
equation, which is known as the subgrid-scale (SGS) stress tensor ij

s. In 
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these filtered equations the larger scale motion is resolved, which depend on 
the geometry and is not universal, whereas the small scale motion is 
modelled via the SGS tensor, which in some sense is universal. The concept 
is that almost all computational effort in DNS is related to the smallest 
eddies, but most of the energy is in fact contained in the larger eddies. The 
threshold between computing and modelling is determined by the cell sizes 
in the computational grid. Examples of common SGS models (i.e. 
expression of the SGS stresses in terms of the filtered velocity) are; the 
Smagorinsky model, the Scale Similarity model and the Dynamic model 
(Ferziger & Peric, 1996, Speziale, 1998). In general, LES can be used on 
relatively large Reynolds number flow, as long as a larger part of the 
turbulent energy spectrum is resolved. However, in case of wall flows and 
high Reynolds flow, such as draft tube flows, the fine grid resolution 
requierements often limits its use. In addition, all quantities in LES, as in 
DES, have to be computed instantaneously, in which detailed boundary 
conditions often are needed.  

The most common approach is instead to solve the Reynolds average 
Navier-Stokes (RANS) equations, where the instantaneous velocity ui is 
instead decomposed into a mean component Ui and a fluctuating part ui

’

(Durbin & Reif, 2000). The corresponding Navier-Stokes equations for the 
mean velocity are the same as those for the filtered velocity, excepted that 
the SGS tensor now is called the Reynolds stress tensor ij, i.e.: 

0iiU ,

ijjijiijjit UPUUU 21 . (4.2)

Note that the SGS and Reynolds stresses have completely different 
properties even though they look similar. In Eq. (4.2), all turbulent effects on 
the mean flow field are encountered in by the Reynolds stresses ij. The 
problem is to derive models for the Reynolds stresses ij, since Eq. (4.2) 
contains ten unknowns and only four equations. This is known as the closure 
problem of turbulence modeling. In general, however, two broad classes of 
turbulence models exist, depending on their level of approximation; eddy 
viscosity models (linear and non-linear) and Reynolds stress models (or 
Second Moment Closure (SMC)) (Durbin & Reif, 2000).  

In the first category of models, the Reynolds stresses ij are usually 
related linearly to the mean velocity gradients and a turbulent eddy viscosity 

T via the Boussinesq assumption (constitutive equation):  
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(4.3)

where Sij is the mean strain-rate tensor, k the turbulent kinetic energy and ij
the Kronecker delta. The most well-known and widely used eddy viscosity 
model is the standard k-  model (Jones & Launder, 1972; Launder & Sharma, 
1974). In this model the eddy viscosity T in Eq. (4.3) is approximated as: 

2kCT , (4.4)

where the turbulent kinetic energy k and the turbulent dissipation rate  are 
obtained from their corresponding transport equations. This model is very 
robust and relatively accurate on several types of flow. One major 
disadvantage, however, is that it over predicts the eddy viscosity T near the 
walls and therefore needs special wall treatment. The main reason to this 
feature is that it misses the normal stress anisotropy near the wall 
( 222 wvu ) and that the -equation becomes singular at the wall. For that 
purpose wall functions and low Reynolds modeling (damping functions) has 
been developed (Durbin & Reif, 2000). In the former approach it is assumed 
that a logarithmic layer is present in the turbulent boundary layer, see Figure 
4.1. The velocity of the first grid node can then be determined from the 
logarithmic law:  

Byu log1 ,

*u
uu , *yuy , and 

y
uuw * ,

(4.5)

where  and B are constants. The requirement is that the first grid node is 
placed in the logarithmic region, i.e. between 30<y+<100. For scalable wall 
functions, developed by Grotjans & Menter (1998), the lower limit is absence  
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(a) (b)  
Figure 4.1 - Mean velocity in turbulent boundary layers of channel flows 

(a) linear plot; (b) log-linear plot. 

and can therefore be applied on arbitrary fine meshes. This is mainly done by 
assuming that the thickness of the viscous and buffer layer is negligible. The 
major advantage with the wall function approach is that it reduces the 
computational time considerably, since a coarser mesh can be used near the 
walls. 

Another well-known linear eddy viscosity model is the Wilcox k-  model 
(Wilcox 1998), where the eddy viscosity T in Eq. (4.3) is instead estimated 
as:

k
T , (4.6)

where again the turbulent kinetic energy k and the turbulent frequency  are 
obtained from their corresponding transport equations. The main distinguish 
between this model and the standard k-  model is that an additional source 
term will be present in its transformed -equation, compared to the standard  
k-  model. This extra term will produce a larger dissipation that will deal with 
over prediction of eddy viscosity T near walls. Thereby will the Wilcox k-
model also be usable near boundaries without requirements for wall functions. 
The disadvantage, however, is that it still over predicts the eddy viscosity T
under adverse pressure gradients (thereby also predicting separation poorly) 
together with its sensitivity to free stream conditions (which the standard k-
model not is). To overcome these shortcomings Menter developed the SST k-

 model (Menter, 1994), where these two problems are solved by introducing 
a limiter to Eq. (4.6) and using k-  near walls and k-  in the outer region. 
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In general, however, all these eddy viscosity models are inadequate for a 
number of flows where anisotropy or non-equilibrium effects are important 
(Durbin & Reif, 2000). Examples of such flows are streamline curvature, 
rapidly changing, rotating, stagnation and separation flows. Some of these 
conditions are also found in draft tube applications. As a consequence non-
linear eddy viscosity model and Reynolds stress models have been developed. 
The former express the Reynolds stresses as a function of both the mean rate 
of strain Sij and the mean rate of rotation ij. The latter, which generally are 
superior, are based on the transport equations of the Reynolds stresses and the 
turbulent dissipation rate . Examples of common Reynolds stress models 
include LRR-IP, LRR-IQ and SSG Reynold stress models (Durbin & Reif, 
2000), where algebraic equations of the Reynolds stresses are solved. These 
Reynolds stress models have also shown to perform substantially better than 
the eddy viscosity models on many types of flow, but not on all types of flow 
(Hanjalic, 1999). A disadvantage, however, are that they are more computer 
demanding and often less robust than linear eddy viscosity models. 

Another category of turbulence models are hybrid RANS LES models. In 
these models a RANS approach is generally used near the walls while a LES 
approach is used in the bulk flow (detached region). One example of such a 
model is the detached eddy simulation (DES) model, based on Menter’s SST 
k-  model (Menter & Kuntz, 2003). It switches from a SST RANS model to 
an LES model in regions where the RANS prediction of the turbulent length 
scale is larger than the local grid spacing.  

4.1.3 The Turbine-99 Workshops. 
There have been three ERCOFTAC Turbine-99 Workshops during the last 
decade, to determine state of art techniques in draft tube flow simulations 
(Turbine-99, 2006) The first was held in Porjus, Sweden 1999, the second in 
Älvkarelby, Sweden 2001 and the third and last one again in Porjus Sweden 
2005. The test case in these workshops consists of the sharp heel Kaplan 
turbine draft tube model in Figure 3.5a. For validation purpose, an extensive 
experimental investigation of the draft tube flow was performed by 
Andersson (2000 & 2006). At the inlet, detailed velocity measurements of 
two operating conditions were made available, together with velocity and 
pressure measurements at different cross-sections and wall-section for 
experimental comparisons.  

The first workshop, yield in significant scatter in predicted flow field 
patterns and estimated engineering quantities between different CFD codes 
as well as CFD users. For example, the scatter in the wall pressure recovery 
was about 50%. The main reason for this large scatter was discrepancies in 
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the applied inlet boundary conditions and the quality of the computational 
grids. In conclusion, it was stated that the large number of free parameters 
(such as inlet radial velocity, inlet turbulence length scale and grid) made it 
difficult to interpret the results obtained in the workshop (Gebart et al., 
2000).  

In the second workshop, a calibration case was therefore proposed, with 
specified boundary conditions, grid (700k cells) and turbulence model 
(standard k- ). In general, this calibration case showed on similar main flow 
field and pressure features, although not equal to experiments. The previous 
scatter in the wall pressure recovery was also substantially reduced, and 
further decreased by re-evaluating the data since different post-processing 
methods were used by the participants. However, there was still a significant 
scatter in the average wall pressure recovery, mostly due to its sensitivity to 
the inlet radial pressure which in next turn is sensitivity to small variation in 
the draft tube geometry. If the average pressure recovery was used instead 
the scatter was reduced even further. Furthermore, the provided grid turned 
out to be to coarse and it also violated the y+ recommendations. Hence, no 
conclusions about different turbulence models could be drawn (Engström et 
al., 2002).  

In the third workshop, enhanced grids were provided, to better meet the 
y+ recommendations for each turbulence model. In addition, simulation 
protocols were asked to be filled out by the participants. From these 
protocols it was observed that different water properties, discretization 
schemes, turbulent dissipation formulas as well as turbulent length scales 
were used by the participants. These discrepancies showed also to have large 
impact on the estimated flow field patterns and engineering quantities, 
especially the discretization scheme and inlet turbulent dissipation (Paper F,
Cervantes et al., 2006). The applied inlet turbulent dissipation formulas 
( ~k3/2/LT) are furthermore not valid on the wall, since k 0 at the wall 
which means that also 0 at the wall, but according to its definition 0 at 
the wall (Paper F). A significant vortex rope was also noticed in these 
simulations compared to the previous ones, although with different 
frequencies depending on the applied turbulence model (Paper F, Cervantes
et al., 2006). This result was somewhat surprising, since the inlet conditions 
are related to the optimal operating point of the turbine were only a week 
vortex rope is expected. However, flow rate measurements by Lövgren 
(2006) indicate that the new boundary conditions used in the third workshop 
are rather a non-optimal condition than an optimal condition, as the old ones 
were, see also Paper C. Differences in the flow patterns at a cross-section 
just below the inlet section were also noticed between turbulence models and 
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experiments. Hence, no agreement can be expected further downstream. The 
engineering quantities showed also again on a significant scatter. The wall 
pressure recovery was furthermore also sensitivity to the resolution of the 
boundary layer and the tolerance of the grid (Paper F). The latter due to the 
interpolation of the inlet velocity profiles in the boundary layer. A 
concluding remark was that there is still a great need of further investigation 
of the accuracy and reliability of CFD predictions of draft tube flows, 
especially unsteady simulations (Cervantes et al., 2005; Cervantes et al., 
2006).
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Chapter 5 

The outcome of a CFD-based draft tube design or a model test may not 
necessarily lead to the best possible shape of it. Hence, there is a great need 
for a more systematic approach, capable of identifying optimum designs and 
comparing possible trade-offs. Such approach can significantly improve the 
productivity and shorten the design cycles, compared to for example a trial 
and error procedure. In addition, a designing engineer wants to focus on the 
design it self and not on simulation details. In this context, mathematical 
optimization frameworks (gradient and non-gradient based algorithms) have 
been developed during the years (Rao, 1996). Most of the previous and early 
works in the field of Fluid Mechanics have, on the other hand, been related 
to aerospace application, especially optimum designs of airfoils (Hicks et al. 
1974; Vanderplaats, 1979). For hydraulic turbines, these optimization 
frameworks have until recently been limited to optimal design of runners. 
One of the first papers on draft tube shape optimization was published by 
Eisinger and Ruprecht in 2001. In this paper, one gradient based and two 
non-gradient based optimization algorithms were evaluated. The outcome, 
among other things, showed that a local gradient based search method 
performed enough, if the initial guess was good. On the other hand, a non-
gradient based evolutionary algorithm was more robust but required 
substantially more computer evaluations. Other early and similar 
investigations in this area include Lindgren et al. (2002) and Puente et al. 
(2003). The paper by Lindgren et al., which the author is a co-author on, was 
moreover the first one suggesting a surrogate-based optimization (SBO) 
strategy applied to hydraulic turbine draft tubes. That paper is also the origin 
of this thesis. In Paper D it is furthermore shown that a surrogate model in 
combination with a evolutionary algorithm could drastically reduce the 

Surrogate-based Optimization 
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Figure 5.1 - Multiple surrogate model approximations ( 1ŷ , 2ŷ ) of a prescribed  
set of CFD evaluated data points. 

number of CFD calculations, to a level comparable to the local gradient 
based algorithm in Eisinger and Ruprecht 2001, with approximately the 
same amount of design variables. 

The basic concept of SBO analysis is to construct simple mathematical 
approximations of the expensive computer model, which is then used instead 
of the original computer model to facilitate an optimization framework more 
effectively. These approximations are usually referred to as surrogate 
models, surrogate approximations, approximation models or metamodels. 
Examples of popular surrogate models include polynomial response 
surfaces, neural networks, support vector regression, Kriging and radial 
basis approximation (Simpson et al., 2001; Myers & Montgomery, 2002; 
Simpson et al., 2004; Queipo et al., 2005). Some of these models are, 
however, developed for physical experiments rather than computer 
experiments. Hence, it is necessary to be aware of possible distinctions and 
drawbacks of respectively method (Simpson et al., 2001). In addition, it is 
preferable to test multiple surrogate models, since the prescribed set of data 
points building the surrogates model does not always contain sufficient 
information to uniquely determine the computer model, as seen in Figure 
5.1.

Generally, surrogate modeling can be seen as an approximation problem 
for which the aim is to determine the true relationship between N design 
variables x=(x1, x2, …, xN) and the computer calculated response y from a 
prescribed set of data points, see Figure 5.1. If the true response is given by:

xfy , (5.1)
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then a surrogate model of the true response is given by: 

xgŷ , (5.2)

such that: 

yy ˆ , (5.3)

where  contains both the bias error (modeling error) and the random error 
(measurement error). However, as stated by Simpson et al. (2001), computer 
models are often deterministic in nature in which the random error is absent. 
Nevertheless, stochastic surrogate models, as for instance polynomial 
response surfaces, are useful in practical applications. In the case of noisy 
objective functions, surrogate models can furthermore be used to effectively 
filter noise (Burman, 2003). In addition, there exist some gradient-enhanced 
surrogate approaches, for which the derivates of the true response is 
estimated (van Keulen & Vervenne, 2004), i.e.: 

Nx
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. (5.4)

These gradient-enhanced models will, however, not be considered in this 
thesis, although they not necessary leads to a more computer expensive 
problem. 

In a SBO analysis, furthermore, the task is to find the design variables x
that maximise or minimise the computer calculated response y, for which the 
surrogate model g(x) is used as an objective function instead of y. Hence, 
also an approximated optimal solution x will be found, which accuracy 
strongly depends on the fidelity of the surrogate model. If the problem 
involves optimization of several objective functions simultaneously, i.e. 
multi-objective optimization problem (MOOP), a number of optimal 
solutions of x can exist. These optimal solutions are known as Pareto 
optimal solutions, which will build up a Pareto front, from which penalties 
between objective functions can be determined (see Chapter 5.4 and Figure 
5.6). In addition there may be some constraints that must be fulfilled, 
geometrical or functional, specifying the limitations of the system. 
Mathematically, a general MOOP can be expressed as:  
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where y is the objective function, x the design variables, gi the inequality 
constraint, hj the equality constraints, and the last side constraint is the 
bounds (lower and upper for each design variable xk).

The selection of appropriate objection function(s) requires generally 
substantial experience of the problem in focus in order to get a well-
conditioned optimization problem. An ill-conditioned problem and/or 
unphysical CFD description can obviously lead to improper optimal designs 
(Paper D, Vanderplaats, 1999). Generally, the target value can contain 
physical parameters as well as economical and safety aspects. For draft tube 
flows, however, the pressure recovery factor (Eq. (3.3)) is regularly applied 
as an objective function. Possible constraints can also easily be incorporated 
in the objective function, creating a so called pseudo objective function 
(Vanderplaats, 1999); 

To summarize, the key steps of a SBO analysis consist of (see also Figure 
5.2):

Geometric Parameterization, for definition of design variables,
Experimental Design, for generation of a prescribed set of data points, 
Computer Analysis, for calculation of the prescribed set of data points,
Surrogate Model Construction, for construction and validation of the 
surrogate models, 
Design Exploration, for the estimation of optimal designs, 

For each of these steps there exist numerous options, but only a few of them 
will be highlighted here. In addition, the computer analysis will not be 
considered, since it was discussed in Chapter 4.1. A more detailed survey 
and recommendations of surrogate models can be found in (Simpson et al., 
2001; Simpson et al., 2004; Queipo et al., 2005). 
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Figure 5.2 - A typical flow chart in a SBO analysis. 

5.1 Geometric Parameterization 
The computational cost of an optimization problem is highly influenced by 
the number of design variables. Hence, there is much to gain in finding a 
minimum amount of relevant design variables as possible, as well as design 
space constraints. In addition, properly chosen design variables in CFD 
applications will alter the geometry and the computational grid in a proper 
and sound manner. Such design variables can, for instance, be traditional 
ones, but in many cases new variables are advantageous (Burman, 2003). 
Examples of traditional dimensions in a curved draft tube are illustrated in 
Figure 5.3. Furthermore, it is often convenient to scale (code) the design 
variable into the range [-1, 1], since it simplifies the calculations (Myers & 
Montgomery, 2002). 

5.1.1 Parametric Models. In modern computer aided design (CAD) 
software’s the geometry can be build and manipulated in numerous ways. 
Two parametric models, referred as Adapted Design and Profile Design, 
respectively, has for instance been suggested to describe the draft tube 
geometry in a shape optimization problem (Paper A; Vu, 1989; Eisinger & 
Ruprecht, 2001), see Figure 5.4. The former, by the author, is based on 
traditional design variables, where a change in the geometry is either 
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obtained by altering the traditional design variables or by defining some new 
via the powerful CAD tools. For example, alterations in the draft tube elbow 
can easily be done by typical CAD actions such as “cut” and “extrude” the 
geometry, as seen in Figure 5.4a. The latter model, suggested by Vu (1989) 
and Eisinger & Ruprecht (2001), uses a number of profiles (cross-sections) 
along a stacking curve, with different shape, location and orientation, to 
represent the draft tube geometry as seen in Figure 5.4b. Each profile is 
described by a set of design variables, which can have functional 
dependences to reduce the total number of design variables. The outer 
surface is finally obtained by lofting (connecting) either straight lines or 
smooth curvatures based on spline approximation. This latter model is also 
similar to that used in optimum design of airfoils The choice of an adequate 
parametric model depends highly on the design problem (Paper A).

(a)

(b)
Figure 5.3 - Basic dimensions of a curved draft tube; 

(a) side view; (b) top view. 
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(a) (b)
Figure 5.4 - Parametric models of a curved draft tube; (a) Adapted Design  

(Paper A); (b) Profile Design (Eisinger & Ruprecht, 2001).  

5.2 Experimental Design 
The quality and predictive capabilities of a surrogate model is strongly 
dependent on the distribution of the data points from which the model will 
be constructed. Properly designed experiments are therefore essential for an 
effective SBO analysis and to get an good overview of the design and 
solution space. Different experimental design strategies, developed for 
physical and computer experiments, are therefore regularly applied. 
However, there is clear distinction between these two classes of strategies, 
denoted design of experiments (DOE) and design and analysis of computer 
experiment (DACE), respectively, as stated by Simpson et al. (2001). DOE 
designs strategies are normally taking into account the random variation in 
the sampled data, while this is irrelevant in DACE designs since the 
computer analysis are deterministic. Figure 5.5 illustrates one common 
experimental design strategy for each of these two strategies.  

Examples of standard DOE design strategies include, factorial designs, 
central composite design, face centered composite design and Box-Behnken 
design (Myers & Montgomery, 2002). These strategies accounts for the 
sources of stochastic error by taking replicates, by randomization, by 
blocking and by spreading out the data points in a proper way. In addition, 
they usually also accounts for aliasing effects. In Paper A-B and Paper D, a 
modified face centered composite design strategy was employed to better 
meet the design constraints.  
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(a) (b)  
Figure 5.5 - Common experimental design strategies; (a) face centered  

composite design (DOE); (b) latin-hypercube (DACE). 

In deterministic DACE design strategies there is no need for replication, 
blocking and randomization. Thus, the data points are rather chosen to fill 
the design space, such that all regions of the design space are treated equally. 
These standard space filling design strategies includes latin-hypercube, 
orthogonal arrays, minimax and maximin designs to name a few (Simpson et 
al., 2001; Simpson et al., 2004; Queipo et al., 2005).  

There exists also a number of computer generated design strategies for 
which the data points is chosen from some quality metrics of the 
experimental design. These “optimal designs” exists in both classes and 
includes, for example, minimum bias designs and alphabetic optimal designs 
such as A-, D-, G- and I-optimal designs (Myers & Montgomery, 2002). The 
I-optimal design strategy was furthermore investigated in Paper E. The 
main drawback with these design strategies is that they are computational 
costly, especially for large problems.  

5.3 Surrogate Model Construction 
Once the sampled data has been collected from a computer analysis via an 
appropiate experimental design strategy, a variety of surrogate models can 
be chosen to represent the data. Many alternatives exist to achieve either a 
deterministic (interpolates the data) or non-deterministic (approximates or 
smoothes the data) surrogate model. For each surrogate model there also 
exists a corresponding model estimation strategy that usually is adopted. For 
example, polynomial response surfaces uses least square regression, neural 
networks uses backpropagation training and Kriging approximation uses 
maximum likelihood estimates. Here, only polynomial response surfaces and 
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radial-basis neural networks will be explained, since they are used in Paper 
A-E.

In polynomial response surfaces (PRS) the approximation of the true 
response y is usually represented by low ordered polynomials (linear, 
quadratic or cubic). For example, can a quadratic PRS model be expressed 
as:  

n

ji
jiij

n

i
iii

n

i
ii xxxxy

21

2

1
0ˆ , (5.6)

where i is the regression coefficients. These regression coefficients are 
generally determined by a least squares regression with a quadratic loss 
function. In matrix notation the PRS model can be expressed as: 

bxx Ty )(ˆ , (5.7)

where

yXXXb TT 1)( , (5.8)

and X is the predetermined experimental design. Equation (5.7) can then be 
adopted to predict an approximated response for a given data point x. The 
advantage with low ordered PRS is that they are well established and simple 
to use. The disadvantage is that they are not appropriate for complex 
objective functions and applications with a large amount of design variables 
(<15). For example, requires 15 design variables at least 136 (1+2N+N(N-
1)/2) design points to construct a quadratic RS (Myers & Montgomery, 
2002). In addition, they are more local in nature since they perform best near 
the optimal design where the response is of low modality. 

In radial basis neural networks (RBNN) the approximation of y is 
composed of neurons (perceptrons) in a two-layer network. The neurons of 
the first hidden layer consist of radial basis neurons while the neurons in the 
second output layer consist of linear neurons. The RBNN networks differ 
from standard backpropagation networks in the use of radial basis neurons, 
in which the transfer function net input n is formed differently. For radial 
basis neurons it is given by a bias scaled vector distance between the weights 
and the inputs, while in standard neurons (as linear and sigmoid neurons) it 
is given by the sum of the weighted input and a bias. To be precise, the 
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transfer functions a of the neurons in the hidden radial basis layer is given 
by the radial basis function:  

22 bn eea xw , (5.9)

and in the output linear layer by the linear function: 

bna T xw , (5.10)

where b is the bias and w the neuron weight vector. The radial basis network 
is therefore also trained (fitted) differently than standard backpropagation 
networks. In general, the RBNN model is generated by adding neurons one 
by one to the hidden radial basis layer until the network error falls beneath a 
predetermined error goal or when maximum number of neurons has been 
reached. At each iteration, the weights of the added neuron are set to the 
input vector x that lowers the network error at most. The weights and bias of 
the output linear layer are in next turn found explicitly by simulating the 
output of the hidden radial basis layer and combining it with the knowledge 
of the target output. The bias of the radial basis neurons is an adjustable 
parameter that allows the designer to adjust the sensitivity of the neurons. 
The advantage with radial basis networks is that they often can be designed 
in a fraction of time compared to standard backpropagation networks. The 
disadvantage is that they may require more neurons. They work also best for 
large problems (many design variables and complex objective functions) 
where several training vectors are available.  

5.3.1 Model Validation. Once the surrogate model has been constructed, it 
has to be validated in order to ensure that it is an adequate approximation of 
the original computer model. For PRS, which originally were developed for 
accounting random variation, typically measures are based on the coefficient 
of multiple regression R2 and its adjusted form Ra

2. In addition, different root 
mean square error metrics (  and a), different test statistics (t-tests and F-
tests) and residual plots are frequently used (Myers & Montgomery, 2002). 
As a result, the fidelity of a polynomial response surface is usually 
determined by a systematic bias accordingly to Simpson (2001). 

Other common validation metrics include the split sample, the cross-
validation or the bootstrapping method (Simpson et al., 2001; Simpson et al., 
2004; Queipo et al., 2005). In the first method the sampled data is divided 
into one training and one test set, for which the test sets are used to estimate 
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the quality of the model. The second method is an improvement of the split 
sample scheme, where the sampled data is dived into a variable number of 
subsets. Each subset is then leaved out once for testing while the others are 
used to construct a surrogate model. An average measure of the error can 
then be computed. In the bootstrapping technique, finally, random 
subsamples of the sampled data are considered instead of dividing the data 
into subsets.. 

Measures to compare and chose appropriate surrogate models could also, 
as stated by Jin et al. (2001), include accuracy, robustness, efficiency, 
transparency and simplicity.  

5.3.2 Model Updating. An updating scheme may additionally be needed if 
the quality of the constructed surrogate model is poor. The most cost-
effective updating approach is to detect and eliminate outliers. Outliers are 
data points that have too strong influence on the statistics and therefore will 
reduce the fidelity of the surrogate model. A common method for this 
purpose is the Iterative Re-weighted Least Square (IRLS) approach 
suggested by Beaton & Tuckey (1974) and which is used in Paper D-E. In 
principle, the method assigns low weights to outliers and by refitting the 
surrogate model with these weights the effects of outliners can be 
suppressed. However, outlier may also suggest unusual but desirable 
behaviors from an optimization viewpoint, whereby a note of caution must 
be taken (Goel et al, 2005). 

A more obvious but more cost-demanding updating scheme is instead to 
add data points from the predicted optimal designs, as was done in Paper E.
This approach may on the other hand stall early due to its local updating 
approach. Another method would therefore be to add data points from 
regions with highest prediction errors, giving a more global updating 
approach. However, then it is not necessarily that the region of optimal 
designs is enhanced. In expected improvement and weighted expected 
improvement, a balanced between local and global updating is employed 
(Sóbester et al., 2004). Unfortunately, there is not obvious which updating 
scheme that is preferable since it is highly problem dependent. 

5.4 Design Exploration 
After a surrogate model construction and validation, the management and 
exploration of the design and solution space can be initiated. Powerful tools 
for this include optimization and visualizations analysis, in which there exist 
many alternatives and options. In addition, there exist a number of 
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sensitivity approaches to determine the effects of individual design variables 
(and interaction) on the objective function. Examples include factorial 
design, Morris method, and Sobol’s method (Myers & Montgomery, 2002; 
Queipo et al., 2005). The first approach has also been used by Cervantes & 
Engström (2004) to determine the sensitivity of the inlet boundary 
conditions on the outcome of the draft tube flow simulation. 

For optimization analysis, there are in general two broad classes of 
analysis tools; gradient-based and non-gradient-based algorithms, which can 
be used in the search for optimal designs. Optimization frameworks based 
on gradient-based algorithms has drawn most attention in the past years 
(Rao, 1996). They are also suitable when the number of design variables is 
relatively few and when the objective function is smooth. However, for 
MOOP and noisy and complex objective functions, evolutionary algorithms 
(EA), which belong to the class of non-gradient-based algorithms, are 
usually superior (Deb, 2001). These algorithms require, on the other hand, a 
large number of function evaluations and are not generally suited for 
expensive computer problems as draft tube simulations. However, with the 
use of surrogate models these algorithms have recently been successfully 
implemented on expensive computer problems (Ong et al., 2003; Goel et al. 
2006; Paper E). Other common MOOP strategies include weighted sum 
strategy, -constraint strategy and desirability functions (Deb, 2001; Shyy et 
al. 2000; Paper D). These approaches are, however, not so efficient in 
finding Pareto optimal solutions as EA (see Figure 5.6), since only one 
Pareto optimal solution at time is determined. 

5.4.1 Evolutionary Algorithms. The EA are global search algorithms being 
inspired by the natural evolution. Several types of EA exist, but the two most 
common are evolutionary strategies (ES) and genetic algorithms (GA). The 
search in ES is solely based on mutation and in GA on crossover as well. In 
addition, GA was initially created by Holland (1975) for binary coding, 
while ES was invented by Rechenberg (1973) for real coding. Today, 
however, with the presence of real coded GA, the difference between the 
two algorithms is almost undistinguishable. 

The basic idea with GA is, as illustrated in Figure 5.7, to first randomly 
initiate a number of individuals (population) and evaluate their 
corresponding fitness. Some of the individuals are then selected into a so 
called mating pool, based on their fitness, for production of offsprings. In the 
mating pool, two parents are recombined in order to produce an offspring 
which also have a certain probability to mutate. A proportion of the initial 
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Figure 5.6 - Non-dominating ranking for obtaining Pareto optimal  
solutions (Pareto front). 

Figure 5.7 - Basic steps in a GA evolution.  

population is then finally replaced by the created offsprings, in order to 
produce a new generation. Possible elitism can also be added, whereby the 
best individuals in the initial population are copied into the new generation. 
For each of these steps there exist a number of possibilities and operators. 
Here mainly the ones used in Paper E will be briefly described next.  

Fitness is first a measure how good an individual is, and may not 
necessarily be the same as the objective function. For MOOP usually a non-
dominating ranking assignment is adopted, see Figure 5.6. In this ranking 
procedure, an individual is said to dominate another individual if it is better 
in at least one objective and no worse in all objectives. In the NSGA-IIa 
algorithm by Deb et al. (2000), which is one of the most promising multi-
objective GA and used in Paper E, the non-dominating ranking is further 
enhanced by also taking account to crowding-distance and possible 
constraints (Deb, 2001). The former criterion ensures, for example, that the 
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Pareto optimal solutions are evenly spread out. The selection operator, see 
Figure 5.7, is furthermore a method to choose individuals into the mating 
pool, usually by a roulette wheel selection, stochastic universal sampling, 
local selection or tournament selection (Deb, 2001). In the tournament 
selection employed in Paper E, the best individual from a randomly selected 
group of individuals is chosen as a parent. This tournament process is 
repeated until the mating pool is full. A crossover operator is next used to 
mix the genetic information between two parents in order to create an off-
spring, and a mutation operator is adopted to create a random change in the 
offspring with a certain probability, as illustrated in Figure 5.7. In Paper E,
the simulated binary crossover (SBX) operator and polynomial mutation 
operator by Deb (2001) has been employed. The SBX operator creates 
furthermore one offspring near each of the two parents with a high 
probability. For a better overview of many different crossover and mutation 
operators, please see Herrera et al. (1998). In the last reinsertion step, where 
some of the parents are replaced by the offspring before the new population 
is created, an archiving non-dominating based reinsertion was employed in 
Paper E to preserve elitism.  

5.5 Test Cases 
In this section a short summary of the appended papers is presented and 
discussed. Specifically, three examples of a surrogate-based draft tube 
optimization are introduced. For more details see appended papers. 

5.5.1 One design variable case (Paper A-C). Here, quadratic and cubic 
PRS are used to redesign the sharp heel draft tube of Hölleforsen Kaplan 
turbine. The design variable is the outer radius (r2=R) of the sharp heel, as 
outlined in Figure 5.8a, and the objective function is to maximize the 
pressure recovery (Cp). Three operating conditions of the turbine are also 
considered, corresponding to the top-point (T), left-leg-point (L) and right-
leg-point (R) of the discharge characteristics, as illustrated in Figure 5.8b. 
The result is furthermore validated to model tests performed by Dahlbäck 
(1996) in Paper A-B and by Högström (2006) in Paper C.

The SBO analysis in Paper A-B show that the optimal design can be 
predicted on relatively coarse grids, as long as global flow features is 
captured, see Figure 5.9a. The flow field and pressure recovery 
improvements in these two first papers alter, however, marginally compared  
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(a) (b)
Figure 5.8 - The draft tube geometry and problem definition; 

(a) design variable; (b) operational conditions.  

(a) (b)
Figure 5.9 - Cp as a function of the outer radius (R) for different; (a) grid  

sizes (Paper B); (b) operational conditions (Paper C).

to the model tests by Dahlbäck (<0.1% compared to about 3-4% in Cp). In 
Paper C, these discrepancies are traced to possible inconsistencies in 
operational conditions between CFD simulations and experiments. 
Specifically, equivalent measurements by Högström, on the same test model, 
show on rather small or unchanged efficiency improvements (<1% in Cp) at 
the top-point, being in better agreement with the CFD calculations in Paper 
A-C, G. Furthermore, these latter model tests by Högström show on 
significant efficiency improvements at both the left- and right-leg of the 
discharge characteristic. Corresponding efficiency improvements are also 
captured in the CFD simulations in Paper C, illustrating the validity of the 
CFD predictions. Especially, the left-leg-point calculations are in good 
agreement with the experiments by Högström, as seen in Figure 5.9b. The 
right-leg-point simulations are, as shown in Figure 5.9b, more analogous to 
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the top-point predictions, due to the fact that these two operating condition 
actually correspond to a “wider” top-point condition rather than two clearly 
distinguished operating condition, as seen in Figure 5.8b. Some minor 
discrepancies in the size of the left-leg-point pressure recovery 
improvements are also noticed (<3% compared to 4-5% in Cp). Possible 
explanations to this disagreement can probably be found in the applied 
turbulence model (standard k-  model) and/or the fact that the inlet boundary 
is kept fixed during the calculations, even though modification of the sharp 
heel region probably would reflect in alterations of the inlet velocity profile 
due to the relatively short cone height. The optimal outer radius is moreover 
generally larger than the recommended one by Gubin (R=1.0·d2=618 mm). 
In the CFD simulation, however, an elliptical insert have been used instead 
of a circular one for radii larger than 650 mm. In addition, it is observed that 
the tangential velocity profile have the largest effect on the gain in Cp, as 
noticed in Figure 5.9b.  

To conclude, it can be stated that using a sharp heel draft tube is generally 
not optimal. However, if the numerical obtained improvements at the top-
point are valid for all runner blade angles, only modest overall efficiency 
improvement can be expected. This due to the possibilities to adjust the 
runner blade angles and the guide vane angles to always operate at the best 
possible conditions in a Kaplan turbine, in contradiction to a Francis or a 
Propeller turbine. Changes in head and speed will, on the other hand, 
certainly affect this outcome, as shown in experiments by Gubin (1973). 

5.5.2 Three design variable case (Paper D). In this example, quadratic 
PRS are used to optimize the end diffuser of Yngeredsforsen Francis draft 
tube. The design variables are the right r, the left l and the upper u end 
diffuser wall angles, defined in Figure 5.10. Two objective functions are 
considered, the pressure recovery (Cp) and the loss factor ( ), respectively. 
An IRLS methodology is also applied to enhance the fidelity of the response 
surfaces and to determine outliers.  

The SBO optimization indicates that the end diffuser of the draft tube 
geometry should be angled horizontally rather than being straight as the 
original one. Physically this can be traced to the swirling motion in the draft 
tube, which bends the flow towards one side of the diffuser, whereby the 
angular displacement tends to smooth the flow field. The improvements are, 
however, only modest, 0.1% in Cp and 3.4% in . An interesting result is, 
however, that the loss factor suggests an end diffuser formed as a contraction 
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(a) (b)
Figure 5.10 - The draft tube geometry and its design variables; 

(a) side view; (b) top view.  

Figure 5.11 - Regions in design space with 1% and 3% deviation in Cp
and ,respectively. 

rather than an expansion. This is physically correct since the last term in Eq. 
(3.6) is dominating for this objective function, as discussed in Chapter 3. 
Furthermore, the IRLS approach enhanced the fidelity of the response 
surfaces adequately and MOOP could be handled in a straight-forward 
manner by building a composite response surface of individual response 
surfaces together with visualization analysis, see Figure 5.11. 

5.5.3 Five design variable case (Paper E). In this example, a straight-
elliptical model of Hölleforsens Kaplan draft tube geometry is considered, as 
outlined in Figure 5.12. The design variables consist of two elliptical  
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(a) (b)
Figure 5.12 - The simplified draft tube geometry and its design variables; 

(a) 3D model; (b) 2D sketch. 

(a) (b)
Figure 5.13 - The solution space (grey area) and estimated Pareto front (dark  

grey dots) for CFD designs (black stars) and GA designs 
(black dots); (a) quadratic PRS; (b) RBNN. 

parameters (ai, bi) for two cross-sections, together with the distance l2 to the 
second cross-section, as seen in Figure 5.12b. The shape is optimized for 
two competing operational conditions, corresponding to the top-point (T) 
and the right-leg-point (R) of the discharge characteristic, see Figure 5.8b. A 
GA (extended NSGA-IIa) is used to find Pareto optimal solutions of two 
surrogate models, quadratic PRN and RBNN, respectively. In addition, an 
IRLS analysis and a re-sample updating scheme are employed to improve 
the quality of the surrogate models. 

The optimization demonstrates the advantages of using EAs in 
conjunction with surrogate models to reduce the computational burden 
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effectively. Specifically, the GA required 50 000 evaluations to find the 
Pareto front which can be compared to the 128 CFD simulations for the 
construction of the two surrogate models. From visualization analysis and a 
number of model validation metrics it is furthermore found that RBNN 
performs better than the quadratic PRS in this case. Especially near the 
Pareto front, as seen in Figure 5.13. The maximum improvement of the 
pressure recovery was 14.4% and 8.9% for the top-point and right-leg-point, 
respectively. The obtained Pareto optimal designs were also non-
axisymmetrical in their shapes (i.e. elliptical cross-section) with somewhat 
larger wall angles compared to the original cone. This can be explained by 
the fact that a smooth transition between the circular inlet and rectangular 
outlet is preferred. 
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Chapter 6 

The present thesis has been focused on introducing the reader to the design 
of hydraulic turbine draft tubes and in particular CFD-based SBO analysis. 
Next, the main conclusions and experience of the appended papers together 
with possible outlines for future work will be presented and discussed. For 
more comprehensive details, please see appended papers. 

The overall result is that SBO analysis and numerical CFD predictions are 
in good agreement with experimental efficiency improvements (Paper C;
Högström, 2006), illustrating the validity and potential of the approach when 
designing or redesigning hydraulic turbine draft tubes. Specifically, the 
benefits of using surrogate models on computer expensive design problems, 
such as draft tube flows, have been highlighted and demonstrated (Paper A-
E). For instance, it is shown that a SBO framework can drastically reduce 
the computational burden of a MOOP, compared to a standard optimization 
framework (Paper E). Surrogate models are also applicable on relatively 
coarse grids, as long as global flow features are captured, reducing the 
computational capacity even further (Paper A-B). Usage of multiple 
surrogates are preferable, since the prediction capabilities of a surrogate 
model is highly problem dependent (Paper E) and the construction time of 
doing it is generally performed in a fraction of a single CFD analyse. In 
addition, an outliner analysis and/or an adequate updating scheme will 
increase the quality of the surrogate model further, and thereby also the 
reliability of the estimated optimal designs (Paper D-E). Caution must, 
however, be taken such that outliers, that are desirable from an optimization 
point of view, not are suppressed. Visualization and sensitivity analysis of 
the surrogate models can furthermore give valuable inputs into the true 
relationship between design variables and objective functions (Paper D-E), 
regarding, for instance, the importance of individual design variables, their 

Conclusions and Future Work
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correlations and their sensitivity to optimal designs. The choice of 
appropriate design variables, objective functions and constraints in the SBO 
analysis is additionally highly problem dependent and requires substantially 
experience of the problem in focus. A well-conditioned optimization 
problem will not only give accurate optimal solutions (Paper A, C), but also 
reduce the overall search time for optimal solutions. One parametric model 
has moreover been suggested in order to describe the draft tube geometry in 
a feasible way, referred as Adapted Design (Paper A).

The CFD calculations and obtained numerical efficiency improvements 
are, as mentioned earlier, in good agreement with model tests by Högström 
(2006) (Paper C). Some minor discrepancies are, however, observed in the 
magnitude of the efficiency improvements. Possible unsteady effects and/or 
interactions with upstream components of the hydraulic turbine have, on the 
other hand, not been considered in this work, which can explain the 
discrepancies. The CFD simulations differ furthermore to model test by 
Dahlbäck (1996) due to possible inconsistencies in operating conditions 
(Paper A-C). The predicted optimal designs are moreover highly affected 
by the operational conditions of the turbine, and especially to the tangential 
profile which in principle determines the operational condition of the turbine 
and thereby also its performance (Paper C). Hence, several operational 
conditions (tangential velocities) and sensitivity analysis are preferable to 
use, both from an optimization and turbine operating point of view. The 
ERCOFTAC Turbine-99 Workshops on draft tube flows shown additionally 
that the outcome of the CFD prediction on the pressure recovery and the 
flow field is highly affected by the assumptions made on the inlet boundary 
(radial velocity and dissipation length scale) together with the size and 
resolution of the computational grid. In this research, it has also been 
observed that the resolution of the boundary layer in the inlet velocity 
profiles and the grid tolerance affects the outcome (Paper F). The latter due 
to the interpolation of the inlet velocity profiles, especially near the wall 
where many significant digits are required for each grid node. In addition, 
the assumption of the turbulence dissipation formula, made here and in the 
Turbine-99 Workshops, is not valid at the wall (Paper F). From an 
optimization point of view, some of these observations are not so crucial 
since the errors seems to contribute equally to all investigated geometries, as 
the discretization (grid) error also tends to do (Paper A-B). However, these 
observations can have a large impact on the convergence of individual CFD 
calculations. Moreover, the new inlet boundary conditions of the Turbine-99 
Workshops does not correspond to the old ones as stated by Lövgren, 
(2006), and as seen in Paper C. The same concerns the angular averaged 
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(steady) and angular resolve (unsteady) profiles of the new data set (Paper
C), whereby extra caution must be taken when comparing these inlet 
profiles.  

The optimal geometries show that the outer curvature of the elbow not 
necessarily have to be circular as suggested by Gubin (1973), Dahlbäck 
(1996) and Högström (2006), an elliptic shape may be advantageous (Paper 
C). The end diffuser could also be angled horizontally (Paper D) in order to 
smooth the non-uniform velocity distribution in the end diffuser and thereby 
also improve the draft tube performance. On the other hand, the swirl will 
deflect the flow on both sides of the draft tube, depending on the operational 
conditions, whereby a straight end diffuser may be preferable after all. Most 
gain in efficiency is obtained by redesigning the cone part of the draft tube 
(Paper E), which not necessary has to be axi-symmetric, giving new ideas 
of innovative designs in the future. 

Possible future work should be focused on the enhancement of the CFD 
predictions and the SBO analysis. It is recommended to further improve the 
CFD predictions and especially the obtained efficiency improvements by 
using more advanced turbulence models and/or including the runner 
geometry in the simulations as Vu et al. 2004. An incorporation of the 
runner geometry will not only elucidate the interactions with upstream 
components, but also remove some of the difficulties with the applied inlet 
boundary conditions. Another alternative may be to approximate the runner 
effects in the simulation, by for instance using time averaging methods, as 
done by Bergström (2000). A detailed experimental study, of the alterations 
in the inlet velocity profile when changing the sharp heel elbow (circular or 
elliptical insert) of Hölleforsen draft tube would also be attractive, in order 
to obtain accurate inlet boundary conditions for several runner blade angels 
and to validate the CFD simulations. A minor study have already been 
performed by Högström (2006). In addition, it would be interesting to 
optimize the inlet velocity profiles for different draft tube geometries based 
on the swirl equations (axial and tangential) developed by Susan-Resiga et 
al. (2004), and as suggested by Galvan et al. (2005). Hence, not only an 
optimal runner design for a specific draft tube geometry could be 
determined, but also possible correlations and mutual interactions. 
Furthermore, it would be interesting to use another turbulent dissipation 
formula at the walls, together with a varying length scale. This may 
illuminate some of the issues of achieving a well-converged solution for 
more advanced turbulence models, as in the case of Bergström (2000) and 
seen in the authors simulations. It would moreover also be appealing to test 
an Euler code or a zero equation turbulence model, to determine its 
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usefulness in a pre-study of the draft tube design and solution space, but also 
to investigate the turbulence effect on the efficiency improvements. 
Regarding surrogate modelling, it would be interested to evaluate and 
compare Kriging, radial-basis and gradient-enhanced approximations. The 
same concerns different updating schemes. In addition, it would be 
motivating to determine the sensitivity of the objective functions to 
perturbations in the optimal designs and operating conditions. Finally, it 
would also be attractive to design or redesign other parts of a hydraulic 
turbine, such as runner and spiral case, with a SBO approach.  

To conclude, the choice of appropriate design variables, objective 
functions, experimental design strategies, computer models, surrogate 
models and design exploration frameworks requires substantially experience 
of the problem in focus. The designing engineers should be aware of 
possible distinctions and drawbacks of respectively methods and choices, 
since it will highly affect both the outcome and the computational burden of 
the analysis. It is, for example, not necessary that the most complex model is 
the best one to employ, simplicity, robustness and user experience of the 
selected model is also important factors to be considered.  
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ABSTRACT
Draft tube designs have to a large extend been based on

intuition and on the experience of the design engineer. In a
close future, CFD simulations coupled with optimisation
algorithms will assist in the search for an optimal technical
solution. Such a shape optimisation technique to redesign an 
existing draft tube is presented in this paper. By this method, a 
design can be predicted in terms of a predefined objective
function, here the pressure recovery factor. The optimisation is
performed with the Response Surface Method (RSM)
implemented on the commercial code iSIGHT7.0, while the
CFD simulations are carried out with the commercial code 
CFX4.4. The boundary conditions are based on detailed
experimental data and the turbulence is modelled with the
standard k-  turbulence model. With this set-up and with two
different parameterisations, Adapted and Profile Design
respectively, an optimal geometry of the ERCOFTAC Turbine-
99 draft tube can be predicted.

INTRODUCTION
In the present energy market, the demands of rehabilitation

and modernization of old constructions are increasing. Among
the renewable energy sources, hydropower offers one of the
highest potential for further improvements. This is of utmost
importance in the Swedish national perspective, since many of
the hydropower plants are old (50 years and older) and
hydropower accounts for about 50% of the total electricity
production in the country.

Traditionally, experienced research engineers based their
design of the hydropower turbine on analytical fluid mechanics,
time-consuming experiments with scale models and
requirements on simple constructions. The result was excellent
with a high coefficient of utilization (some people claim up to 
0.96). Much will still be gained if the efficiency can be further
increased. One possibility is to modify the runner design, since
the runner is important for the overall performance of the
hydropower plant. But a good runner design is not enough.
Recent studies have shown that efficiency improvements can
also be realised by minor modifications to the geometry of the

waterways [1]. An important part of the waterways is the draft
tube, often being a curved diffuser connecting the runner to the
outlet, see Fig. 1. The main purpose of the draft tube is to 
convert the kinetic energy of the flow leaving the runner into
pressure energy by an increase of the area perpendicular to the
main flow direction, and thereby increase the efficiency of the
turbine. The intricate task is to do this with minor losses of
energy and without risks for damaging mechanisms such as 
severe cavitations. This is particularly true for a low-head
hydropower plant for which the losses in the draft tube
(turbulent dissipation, separation and cavitations) can
contribute to nearly half of the overall losses.

Computational Fluid Dynamic (CFD) simulations of flows
through such draft tubes are very challenging since it includes
many flow phenomena, e.g. turbulence, unsteadiness,
separation, swirling and secondary flow. This type of
simulations has been studied systematically at two ERCOFTAC 
Turbine-99 Workshops [2,3]. One of the aims was to compare
results on the same problem from different groups worldwide.
Result from these workshops shows that small alteration to the
numerical set-up (e.g. different grids, different turbulence
models etc) could result in large discrepancies in the final
result. Keeping in mind that such assessments are a challenge
of its own [4-7], the main objective with this work is to develop
and implement a methodology to design and optimise the shape
of the waterways in a hydropower plant by using CFD
simulations coupled with optimisation algorithms.

Shape optimisation methods (CFD simulations and
optimisation alghorithms) have been demonstrated in a number
of cases [8-11] but several obstacles have to be overcome
before the method can be used routinely in product
development. The main advantage with shape optimisation
methods, compared to earlier designs methods (analytical
modeling, experiments with scale models and/or CFD
simulations) where the outcome depends much on the
experience of the designer and has a small assurance of being a
true optimum shape, are that they give a more systematic
approach of identifying an optimal shape and facilitates a 
comparison of possible trade-offs. They also offer new
approaches to the design, a reliable result in a reasonable time

1 Copyright © 2003 by ASME



and cost savings. To completely full-fill these goals the
methods have to be carefully explored, as mentioned earlier. A
fully automatic methodology requires furthermore that great
efforts are spent on the geometrical parameterisation and grid
generation. It is also obvious that feasible ways to reduce the
overall time for a CFD-based optimisation should be found.

In the present paper methods to optimise or redesign an
existing draft tube will be presented. The appropriate geometry
for this optimisation study is the named ERCOFTAC Turbine-
99 draft tube, a 1:11 draft tube model of the Hölleforsen power
station draft tube built in 1941 [2,3], which have a large
potential for efficiency improvements. By a shape optimisation
the optimal design can be predicted in terms of a predefined
objective function like the overall losses, the pressure recovery
factor and/or cavitation considerations. Two different
geometrical parameterisations are used to illustrate the
optimisation and to study how the optimal geometry is affected
by parameterisation and grid size.

FIG.1 THE ERCOFTAC TURBINE-99 DRAFT TUBE

SHAPE OPTIMISATION
The flow chart for a general shape optimisation strategy is

presented in Fig. 2 and can be used as a fully automatic as well
as a semi automatic optimisation technique. It consists of three
stages considering the parametric model of the geometry, the
CFD simulations and the mathematical optimisation,
respectively. In the first stage a suitable parameterisation of the
geometry is chosen. In the second stage the actual CFD 
calculation is carried out. The first action in this stage is to
build or change the draft tube geometry based on the parametric
model and on the result from the previous optimisation
iteration, if such result exist. The next move is to generate the
computational grid for the CFD calculation and finally the flow
equations are solved. The CFD results are then sent to the
mathematical optimisation stage, where an objective function
and an optimisation algorithm have been specified. This will
result in new values of the optimisation parameters, which in 
next turn leads to a modification of the draft tube geometry and
a new CFD simulation if the result is not sufficient. If it is
sufficient an optimum design has been found. More details
about these three stages are presented in the following chapters.

FIG.2 GENERAL OPTIMISATION CHART

PARAMETRIC MODELS 
An optimisation of an arbitrary geometry requires

geometrical parameters that can be varied in a simple way and
that alter the geometry and the numerical grid in a proper and
sound manner. Such parameters can be the traditional ones but
in many cases new parameters must be determined [12]. The
problem is to describe the geometry by a parametric model that
covers a wide spectrum of shapes of the geometry.

Two different parametric models of the ERCOFTAC
Turbine-99 draft tube are investigated, denoted Adapted and
Profile Design respectively. In the former approach the original
or traditional design parameters of the draft tube are used as a
starting point. In the latter approach new design parameters are
defined as described by Ruprecht [10]. These two parametric
models of the ERCOFTAC Turbine-99 draft tube are 
implemented with the commercial CAD software I-deas from
Electronic Data Systems.

Adapted Design
The original shape of the ERCOFTAC Turbine-99 draft

tube, cf. Fig. 1, is described by a number of traditional design
parameters. A parametric study of this original shape can then
either be done by changing the traditional design parameters
and/or using some of the powerful CAD tools existing on the
market today. For example, alterations to the elbow geometry
can easily be done by typical CAD actions such as “cutting”
and “extruding” the geometry. The challenge is to locate the
areas to be modified and decide how to carry out the
parameterisation and modification.

Profile Design
In this case the shape of the ERCOFTAC Turbine-99 draft

tube is described by a number of profiles or cross-sections, with
different shape, location and orientation, instead of the
traditional design parameters. Each profile is in next turn
described by a variable number of design parameters. The total
number of profiles and the number of design parameters
corresponding to each profile can vary from case to case 
depending on the design of the draft tube. The intricate task is 
to parameterise these profiles with so few design parameters as 
possible, and still represent as many different profile shapes as 
possible. In the present investigation 13 profiles are used to
describe the ERCOFTAC Turbine-99 draft tube, where each 
profiles is represented by 5 design parameter a, b1, b2, r1 and r2,
according to Fig. 3 and 4.

FIG.3 THE ERCOFTAC TURBINE-99 DRAFT TUBE
AND ITS PROFILE REPRESENTATION 
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FIG.4 THE ERCOFTAC TURBINE-99 DRAFT TUBE
 PROFILE PARAMETERS

The outer surface of the draft tube is at last obtained by 
either straight lines between the different profiles and/or by
smooth curvatures based on spline approximation, see Fig. 3. A
parametric study can then be done, by changing some of these
profiles parameters, the centre line and/or the guidelines for the
outer surface.

CFD SIMULATIONS
To solve the flow in the draft tube, the commercial code

CFX4.4 from AEA Technology is used with the assumption of
steady, incompressible and turbulent water flow. The code is 
based on the finite volume method and uses a structured multi-
block grid. The turbulence is modeled with the standard k-
model although it is well known that this model is unable to
represent all details of the flow accurately [5]. The arguments
for the use of this model is first that the main interest is to 
investigate methods for draft tube optimisations and second that
this model seems to predict many of the draft tube flow details
as good as many of the more advanced turbulence models, see
[2,3]. Consequently the following incompressible and steady
RANS equations are solved:

ijjiiijj uuUPUU 21 , (1)

0iiU ,     (2)
where Ui is the mean velocity, is the fluid (water) density, P
is the pressure, is the viscosity and uiuj is the Reynolds
stresses. The turbulence or the Reynolds stresses are modeled
by the k- model with the constitutive equation, and relates
thereby the stresses linearly to the strain:

ijijTji kSuu
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,   (3)
where T is the eddy viscosity and Sij is the mean strain tensor:
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The eddy viscosity is in next turn modeled by the k- model by
predicting the velocity and length scales (u and l) of the eddy
viscosity ( T~l u) with the turbulent kinetic energy k and the
turbulent dissipation rate  (u~k1/2 and l~k3/2/ ), i.e.: 
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where C  is a model constant. The steady equations for k and 
can be derived to:
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with the following values on the model constants: C =0.09,
C 1=1.44, C 2=1.92, k=1 and =1.3. The differencing schemes
used to solve these equations (Eq. 1-7) in CFX4.4 are Higher
Upwind for the velocity equations and Hybrid for the pressure
and k- equations. The under-relaxation factor was chosen to
0.65, 1 and 0.7 for the velocity, the pressure and the k-
equations, respectively and the linear solver for the velocity and 
the  equations were block stone while the pressure was solved
with preconditioned conjugate gradient and the k equation with
a linear solver. The reason why not all equations are solved
with a second order differencing scheme, as recommended in
[13] is first that the main objective with this paper is to
demonstrate a shape optimisation method and second that these
combination of schemes seems to predict the flow with a good
accuracy, see [2,3].

Boundary Conditions
The boundary condition of the draft tube, used in the CFD 

simulations, are the same as those provided by the organizers of
the second ERCOFTAC Turbine-99 workshop, see [3,14]. At
the inlet, the LDV measurements from the operational mode T 
at section Ia(1) is used. This mode represents the top point (T) 
on the propeller curve, i.e. is the point with highest efficiency.
At this point measured data for axial velocity, tangential
velocity and most of the Reynold stresses were given. But data
for the radial velocity, some of the Reynold stresses and the
turbulent or dissipation length scale could not be measured.
Therefore also some assumptions at the inlet of the draft tube
were specified, to give a complete and definite set of data for
the inlet boundary. For example the radial velocity profile at the
inlet was set to vary linearly with the flow angle, based on the
assumption that the flow is parallel to the walls at the runner
and draft tube cone. More details of the assumptions can be
found in [3,14]. To achieve the correct flow rate of Q=0.522
m3/s small adjustments to the inlet velocities profiles and
velocity fluctuations were carried out. The rescale factor for the 
adjustment of the inlet conditions to the correct flow rate was 
about 1 percent.

At the outlet, all quantities excluding the velocities are 
given a zero normal gradient, i.e. it is assumed that the flow
field is fully developed at the outlet. The velocities in their turn
are subjected to a constant gradient. At the wall boundaries a 
wall function with no surface roughness was used to model the
near-wall region.

Geometry and Grid Generation
The structured multi-block grids for the CFD simulation is 

generated with the commercial grid generator ICEM CFD Hexa
and the mesh editor ICEM CFD MED from ICEM CFD
Engineering. The grid generator is based on a global block
topology and generates structured or unstructured hexahedral
multi-block grids. In order to carry out the automatic shape
optimisation study an automatic grid generation is also
necessary. This is realised with the ICEM CFD Hexa replay 
function making it possible to automatically remesh similar
geometries, i.e. parametric changes in the geometry. To be able
to have control of the grid topology and minimize the
numerical errors, the created grid topologies of the two
different parametric models (Adapted Design and Profile
Design) are almost the same. The only difference is in the 
elbow part of the draft tube geometry where the actual models
are slightly different. This also implies that the only change in 
the grid occurs where the geometry is altered. This is 
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importance since it has been showed that the convergence rate 
and the numerical errors are closely connected to the grid 
quality, especially at the cone of the draft tube [2,3]. Both grid
topologies are created from a single global grid block. By
splitting this block into several smaller blocks, assigning each 
block different materials and projecting these blocks to the
underlying draft tube geometry, it is possible to reflect the
characteristic features of the draft tube geometry.

MATEMATICAL OPTIMISATION
The mathematical optimisation is performed with the

commercial software iSIGHT7.0 from Engineous Software and
includes a definition of an objective function and a choice of a
suitable optimisation algorithm.

Objective Function
The definition of an appropriate objective function that will

be minimized or maximized is one of the key issues of a 
mathematical optimisation. The contents or target values of the
objective function depend directly on the specific problem and
the formulation of it generally requires substantial experience
of the problem in focus. Often the objective function contains
not only physical parameters but also economical aspects. For 
draft tube flows the target values of the objective function can
for instance be the pressure recovery factor Cp and the energy 
loss coefficient , neglecting the economical aspects. Another
problem connecting to the objective function is to relate the
target values to each other in a suitable manner. One way to
solve this is to optimise each target value by itself, and then try 
to find a geometry that does not differ so much from all these 
optimised geometries. Another way is to deduce the importance
of each target value. For example with the above target values
the mathematical optimisation can be expressed as: 

21:Maximize cCcf p
,   (8)

where c1 and c2 are constants deciding the importance of each
target value.

Optimisation Algorithm
The optimisation algorithm used in the present shape

optimisation is the Response Surface Method (RSM). This
selection is based on a comparison of two suitable optimisation
algorithms, RSM and the Model of Feasibility Directions [15].
The evaluation showed that RSM algorithm found the optimum
with less iteration and with an accuracy good enough.

The RSM optimisation approach is generally described in
three phases [12]: data generation, polynomial generation and 
optimisation. In the first phase, data generation, suitable points
in the design space are defined often referred as design of
experiments (DOE). There are many different types of DOE
and among these techniques the face centered composite design
(FCCD) is the most commonly used when the total number of
optimisation parameters are relatively few. The FCCD 
generates (2N+2N+1) designs points, where N is the number of
optimisation parameters. The points are located at the corners
of the design space, the centers of the faces and at the centre of 
the design space. In the second phase, the polynomial
generation, often a second order polynomial response surface is
used to approximate the response surface, i.e. determine the
constants  in the second order model:
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where  is the response variable and 1-N are the N optimisation
parameters. The constants  are obtained by a least square fit to
the initial design points. In the third and final phase an
optimisation algorithm is used to find the minimum or
maximum of the response surface for the predefined objective
function. In the case with SIGHT software a sequential
quadratic programming algorithm can be used, which updates
the approximated response surface with the optimal design 
from the previous iteration. This search ends when the
convergence criterion is satisfied, i.e. when the change in
objective and penalty between two iteration cycles is less than a 
certain tolerance. Another possibility is to optimise the
response surface polynomial generated by the DOE directly.

TEST CASE
Draft tube geometries like the ERCOFTAC Turbine-99

draft tube can be dived into three parts: the cone, the elbow and
the discharge diffuser [16]. The shape of the inlet of the cone is 
obtained from the geometry of the turbine while the outlet area 
and the height of the cone is set by demands on: low velocity in
the elbow in order to reduce the losses, separation and 
reasonable costs for the construction and maintenance. The
length and areas of the discharge diffuser are determined by
similar considerations. The design of the elbow is more
intricate from a fluid flow point of view for several reasons.
One is that due to construction considerations the inlet to the
elbow often is circular while the outlet is normally rectangular.
Another is that a voluminous elbow gives low velocities but
may result in an energy consuming recirculation zone, cf. [2,3].
Of such reasons, effects of variations of the elbow geometry, is
going to be investigated in this test case.

The design or optimisation parameter considered is the
radius of the elbow heel (R), se Fig. 5. In the case of the 
Adapted Design a “cut” with the radius R is done at the elbow
heel, with the “extrude” tool in the I-deas CAD software. In the
case of the Profile Design a modification of some of the 5
profile parameters (a, b1, b2, r1 and r2) is carried out in 3 of the
profiles in the elbow heel. The modification of these parameters
is done with geometry formulas based on a given radius R.

FIG. 5 THE OPTIMISATION PARAMETER R FOR
 (LEFT) ADAPTED DESIGN

(RIGHT) PROFILE DESIGN 

Due to limitations in the I-deas CAD software and ICEM
CFD grid generator the design space for the present test case 
was set to 35.0 mm R  635.0 mm, which agrees with the
demand that the new design should fit into the old one.

The different grids created for the test case are composed
of 62704, 125616 and 251088 cells. The minimum angel of 
these grids varies from 11 degrees to 33 degrees depending on
the parameterisation and radius of the elbow heel, where the 
largest ones are for the radius for which the grids was
constructed.
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The objective function is set to the pressure recovery factor
Cp, i.e. c1 is set to one and c2 to zero in Eq. 8. This was done
since results from [2,3] show that the energy loss coefficient 
is very difficult to predict. The pressure recovery factor Cp, is in
this case, a better measure of the draft tube efficiency and is 
defined as:

2

2

1

in

in

inout
p

A
Q

ppC

,    (10)
where pout and pin are the integrated pressure at outlet and inlet,
Qin is flow rate at inlet, Ain is the cross-section area of the inlet
and  is the fluid (water) density.

The DOE strategy for the RSM algorithm is set to a 
modified FCCD technique where 5 initial design points were 
generated (R=35, 135, 235, 435 and 635 mm). An uneven
distribution is chosen since it is expected that the optimum
design point probably will be within a “small” radius R.

The optimisation study were performed on a Sun Blade
1000 workstation, having two 750 MHz processors and 4 GB
internal memory. Each CFD simulation was carried out and
assumed converged until all residuals had fallen at least four 
decades from the start of each run. To check the convergence
the pressure recovery factor Cp was plotted as a function of the
number of iterations I, see Fig 6. 

FIG.6 Cp AS A FUNCTION OF THE NUMBER OF 
 ITERATIONS I.

RESULT
The overall result is that it is feasible to perform

optimizations with both methodologies presented. The 
objective function is stabilized although not fully converged
(see Fig. 6) and the actual flow field is similar to what has been
derived in other studies. This is exemplified with the vortex
rope that moves from one side of the draft tube to the other; cf 
Fig. 7 and  [3]. Another outcome is that the alternation in Cp(R)
is qualitatively similar for all grid sizes for respectively design
method; cf. the symbols in Fig. 8 and 9. It is also clear that the
actual values on Cp is comparable for the two design
methodologies at large radii but dissimilar at small ditto; cf. 
symbols in Fig. 10 and notice the grading on Cp. Furthermore,
relatively small modification to the geometry gives noticeable
influences on Cp. To exemplify, for the case with 251088 cells,
the Cp increased from 0.924 (worst design) to 0.930 (best
design) for the Adapted Design and from 0.921 to 0.928 for the
Profile Design; cf. again Fig. 10. When now computing the
optimal radius for each set-up it can be concluded that the
spread in the result, as a function of grid size, is smaller for the
Profile Design as compared to the Adapted Design; cf. Table.1

where the optima are calculated with Matlab 6.5. The actual
optimum is also more pronounced for the former case; cf. the 
curves in Fig. 8 and 9. As a final result please notice that for the
Adapted Design the calculated optimal value on Cp is lower
than the value calculated for the smallest radius; cf. Fig. 8.

FIG.7 STREAMLINES FROM THE RUNNER AND
VELOCITY CONTOUR PLOTS 

FIG.8 Cp AS A FUNCTION OF THE RADIUS R 
 FOR ADAPTED DESIGN

FIG.9 Cp AS A FUNCTION OF THE RADIUS R 
of the radius R for Profile Design. 

Fig. 10. Pressure recovery factor Cp as a function
of the radius R for Adapted and Profile

 Design. 
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Parametric Model Grid Size [Nr of cells] Roptimum [mm]

Adapted Design 62704 174.5
Adapted Design 125616 194.5
Adapted Design 251088 189.5
Profile Design 62704 296.2
Profile Design 125616 285.2
Profile Design 251088 293.0

Table.1 OPTIMUM DESIGN POINTS. 

DISCUSSION AND CONCLUSIONS
The results from the test case shows that it possible to

carry out a shape optimisation that can be used in the future to 
design or redesign the waterways of a hydropower plant. Both
parameterisation models, Adapted and Profile Design,
predicted an optimal geometry based on the predefined
objective function (maximize Cp).  The exact shape of Cp(R) is
however unequal at small radii. An explanation to this is that
the geometry of the elbow heel for the two different models
distinguishes as most from each other at this end. Usage of 
additional profiles to describe the draft tube geometry and/or an
improved parameterisation of the profiles in the Profile Design
model would certainly improve the result in this respect.
Another explanation to the discrepancy is that the minimum
angel of the grids for the two parametric models differs as most
in this region, i.e. possible differences in the grid errors. 
Nevertheless it can be concluded that the Adapted Design is
better to use when redesigning old hydropower plants, while
Profile Design is the main choice when constructing new ones.
Another interesting result is the fact that the shape of Cp(R)
seems to be independent of the grid size for both parametric
models, indicating that an optimum can be found on coarser
grids. This is somewhat surprising since we are likely to have
rather large errors (iterative and grid, for instance) in the
computations due to the coarse grids studied, cf. [6]. In addition
the maximum y+ values, at near wall cells, are about 900, for 
the different grids which is much higher than the ones
recommended [13]. The result therefore indicates that any 
errors present contribute equally to the overall shape of Cp(R)
for different grid sizes. Another remarkable result regarding the
Adapted Design is that Cp varies only with 0.1% for small
radius. It implies that the “true” optimum for the Adapted
Design can be anywhere in the range between R=35 mm and
R=400 mm. It also brings up the question if Cp is a suitable
physical parameter to include in the objective function and if
there are better ways to improve the efficiency of the draft tube
than what is suggested here. Another issue related to this is how
the “cut” influences the boundary conditions (especially
upstream) of the draft-tube, and thereby the prediction of Cp.
Such topics are however subjects for future studies with refined
CFD-simulation (grid, errors, convergence etc) and with
validations to experiments.

To conclude, we have developed and successfully
demonstrated an optimisation methodology that can be used for
draft-tube design. Although we have not fulfilled all 
requirements on a correct simulation, as discussed above, the
results indicate that we can do optimisations also on rather
course grids and that small changes to the draft tube geometry
are important for quantities such as the pressure recovery.
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SUMMARY

Numerical optimization techniques in �ow design are often used to �nd optimal shape solutions, re-
garding, for instance, performance, �ow behaviour, construction considerations and economical aspects.
The present paper investigates the possibilities of using these techniques in the design process of a
hydropower plant. This is realized by optimizing the shape of an existing sharp heel draft tube and
validating the result with previously performed experiments. The actual shape optimization is carried
out with the response surface methodology, by maximizing the average pressure recovery factor and
minimizing the energy loss factor. The result from the optimization shows that it is possible to �nd
an optimal solution on rather coarse grids. The location of the optimum is similar to the experiments,
but the improvements are unexpectedly small. This surprising result indicates that the simulated �ow
�eld does not completely act as the real �ow, which may be a result of the applied inlet boundary
conditions, insu�cient turbulence models and=or the steady �ow assumption. Copyright ? 2005 John
Wiley & Sons, Ltd.

KEY WORDS: CFD; optimization; response surface methodology; draft tube; di�user; hydropower

1. INTRODUCTION

Shape optimization for �ow design refers here to a numerical procedure to, in some per-
spective, �nd an automatic optimized bounding geometry of an industrial �uid �ow. The
technique has been demonstrated in a number of cases, but several problems have to be
solved before it can be routinely applied in product development [1–3]. One problem is that
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massive computational resources are often required to solve the non-trivial �ow equations for
several geometries. Others are that the stability of the optimum computed is often unknown
and that it is not evident how to choose the best optimization technique. The insu�cient
physical description of the �ow adds to the complexity. Conversely, there are many bene�ts
of a fully working procedure. It will, for instance, be possible to get reliable results in
reasonable time, to �nd new products with better functionality and to save cost and time in
product development, maintenance and support. It is therefore vital to further develop, verify
and validate e�cient shape optimization techniques.
This paper considers a shape optimization of the Turbine-99 draft tube geometry for-

merly used in two ERCOFTAC Turbine-99 workshops [4–6]. It is a physical 1:11 model
of H�olleforsen sharp heel draft tube. The sharp heel construction is representative of designs
around 1950, and is a rather odd construction from a �ow design perspective. It was basi-
cally chosen in order to reduce investment cost. Nevertheless, the e�ciency of such a draft
tube has been proved to be good. Still, small improvements to the draft tube shape are of
importance due to huge production volumes. Several successful experimental investigations
have also been performed to redesign these kinds of sharp heel draft tubes into curved draft
tubes, showing that it is possible to reduce the hydraulic losses in the draft tube, and thereby
increase the overall e�ciency of the hydropower plant [7, 8]. Smoothing the sharp heel corner
of the Turbine-99 draft tube with a removable curved insert, for example, yields an e�ciency
improvement in the turbine of about 0.5% for both model and full-scale tests [8]. Note that
the actual performance increase in the draft tube is unknown, but the �ow �eld analysis in-
dicates that it is higher than 0.5%. The present shape optimization is done according to this
experimental redesign, in order to validate the optimization result and to study how the opti-
mal design is a�ected by both grid size and grid error. The optimization is performed with
the response surface methodology (RSM) and the overall objective is to minimize the hy-
draulic losses by maximizing the average pressure recovery factor and minimizing the energy
loss factor.

2. TECHNICAL APPROACH

A general �ow chart for a shape optimization strategy in �ow design consists of three stages
in the following order: geometric parameterization, computational �uid dynamic (CFD) sim-
ulation and numerical optimization, see Figure 1. In the �rst stage an appropriate number
of design variables are chosen so that they describe the modi�cations of the shape of the
geometry in a feasible way. The second stage considers the actual CFD calculation, where
the �rst action is to build or modify the geometry based on the values of the design variables
from previous iteration. If such results do not exist, initial values have to be set to get a
proper initial shape of the geometry. When this is done, the computational grid is gener-
ated and the �ow equations are solved. The results from the calculations are then sent to
the numerical optimization stage, where an objective function and an optimization algorithm
have been speci�ed. The optimization evaluation will then result in some new values of the
design variables, which in next turn leads to a modi�cation on the shape of the geometry and
an additional CFD simulation if the result is inadequate. On the other hand, if the result is
satisfactory, an optimum design has been found. Details on these three stages for the draft
tube in focus now follow.
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Figure 1. A general shape optimization �ow chart.

Figure 2. The original ERCOFTAC Turbine-99 draft tube geometry on top and the sharp heel
modi�cation of it on bottom (mm).

2.1. Geometric parameterization

The main challenge with the geometrical parameterization is to �nd a minimum amount of
design variables that cover such as wide a spectrum of shapes as possible. When alterations
of the sharp heel region are done according to the experimental redesign presented in Ref-
erence [8], the number of design variables are reduced to the radius R of the heel insert, as
shown in Figure 2. The actual geometric parameterization and de�nition of the design variable
follows the adapted design parameterization presented in Reference [1], since this method is
an appropriate choice when redesigning old constructions. It should, however, be recalled that
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the design variable R is neither the only one nor the best one. It is used here simply to vali-
date the present work with previously successful experimental e�ciency improvements studies
[7, 8], together with the fact that it is a rather simple, inexpensive and not so time-consuming
redesign of an old construction. Changing the inlet cone part of the draft tube will probably
give the highest e�ciency improvements, since most of the pressure recovery takes place in
this portion of the �uid domain. A reconstruction of this part is, however, not straightforward.

2.2. CFD simulation

The commercial CFD code CFX-5 [9] is used to solve the �ow in the draft tube, with the
assumption of steady, incompressible and turbulent water �ow. The solver is a coupled solver,
based on the �nite volume method on an unstructured grid. It uses shape functions to evaluate
the derivates for the pressure gradient term and the di�usion term [9]. The advection term
is discretized with a formally second-order accurate scheme (numerical advection correction
scheme with a blend factor of 1.0) in the end of the solution progress, for both the continu-
ity and momentum equation as recommended in References [9, 10]. In the beginning of the
solution progress, a locally automatic changing scheme between �rst and second order (high
resolution) was chosen to increase the robustness of the solution progress. For the turbulent
equations, however, only a �rst-order scheme is used during the whole solution progress due
to robustness problems.
The �uid domain or the actual geometry of the Turbine-99 draft tube is built and modi�ed

with the commercial CAD software I-deas NX 10 [11] according to the geometric parame-
terization discussed earlier. Note that the draft tube geometry is also extended at the outlet
so that it follows the provided grid at the second ERCOFTAC Turbine-99 Workshop [4, 6].
This is done to ensure that a constant average static pressure is an acceptable assumption at
the outlet of the draft tube.
The computational grid is generated with the commercial structured grid generator ICEM

CFD Hexa [12]. To minimize the numerical errors and the e�ects of di�erences in the grid
topologies, the same grid topology was used for all radii of the heel insert, implying that the
generated grids are altered only in the sharp heel corner. This precaution is important since
it has been shown that the result of a CFD calculation is closely connected to the topology
and quality of the grid, especially at the inlet and the cone of the draft tube [4–6]. To also
ensure that the grid topology has as good quality as possible (angles, aspect ratios, etc.), the
grid resolutions are non-uniform.
The applied inlet boundary conditions are exactly the same as (regarding velocity compo-

nents, �uctuations, symmetry assumption, radial velocity assumption, dissipation length scale,
etc.) those used for the T-mode in the second ERCOFTAC Turbine-99 Workshop [4, 6, 13].
The experimental e�ciency improvements reported here were also conducted for this opera-
tional mode [8]. Note that the T-mode represents the optimal operation condition, i.e. measure-
ments from the point with highest e�ciency on the propeller curve. During the optimization
the inlet pro�le is kept �xed, although it is probably sensitive to draft tube modi�cations.
In addition, it has been showed that, for example, the radial velocity assumption has a large
impact on the draft tube performance [14]. This type of sensitivity analysis of the inlet bound-
ary conditions will, however, not be performed here. At the outlet two zero-pressure condi-
tions are implemented to increase the robustness of the solution progress. To start, an opening
boundary condition is used that allows �ow into and out of the �uid domain, while toward

Copyright ? 2005 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2006; 50:911–924



REDESIGN OF A SHARP HEEL DRAFT TUBE 915

the end and in most of the solution progress an outlet boundary is used that allows only �ow
out over the boundary. This procedure improves the convergence rate and it minimizes the
risk for the solver to fail to �nd a converged solution.
The turbulence in the draft tube �ow is modelled with the standard k–� model and by usage

of scalable wall functions on smooth walls (no-slip) [15]. The arguments for the use of this
model are that the main interest is to investigate methods for draft tube optimizations with
reasonable CPU usage. It is, however, well known that this turbulence model is unable to
predict all details of the �ow accurately [16, 17], but it should be mentioned that this model
is able to predict the main �ow features of the �ow in the draft tube [4–6].

2.3. Numerical optimization

For the numerical optimization the target values of the objective function are chosen to be
the average pressure recovery factor Cp and the energy loss factor �, as indirect indications
of the economical gains. Although there are several methods and algorithms to relate the
target values to each other, e.g. multi-objective optimization, Cp and � will be, respectively,
maximized and minimized individually. The average pressure recovery factor Cp is de�ned as

Cp=

1
Aout

∫∫
Aout
p dA− 1

Ain

∫∫
Ain

p dA

1
2
�
(
Qin
Ain

)2 (1)

where A is the area, p is the static pressure, Q is the �ow rate, � is the density and the
subscripts ‘in’ and ‘out’ correspond, respectively, to the inlet and the outlet. The energy loss
factor � is de�ned as

�=

∫∫
Ain

ptotu · n dA+
∫∫

Aout
ptotu · n dA

∫∫
Ain

pdynu · n dA
(2)

where n is the surface normal vector, pdyn is the dynamic pressure, ptot is the total pressure
and u is the velocity vector.
As optimization algorithm the RSM is chosen. The RSM can in general be described in

three phases; design of experiments (DOE), response surface (or polynomial) and optimization
phase [3]. In the �rst phase, a suitable number of points are chosen within or on the borders of
a prede�ned design space so that they re�ect the global behaviour of the object function. One
frequently used DOE technique is the face centred composite design (FCCD). This technique
generates (2N + 2N + 1) designs points and is common when the total number of design
variables N are relatively few. The design points are located at the corners of the design
space, the centres of the faces and at the centre of the design space. In the second phase,
the response surface phase, a low ordered polynomial (quadratic or cubic) is usually �tted to
the DOE points. This response surface approximation is actually a least square problem, so
it is computationally straightforward. In the third and �nal phase, the optimization phase, an
optimization algorithm is used to �nd the optimum point of the response surface, often with
a gradient-based algorithm. In this case, the fminbnd function in Matlab [18] was selected.
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In the end, the �delity of the response surface model has to be scrutinized by analysing the
value of the coe�cient of multiple regression R2 and=or the adjusted coe�cient of multiple
regression R2a . A value near one is obtained when the �t is acceptable, whereas a lower value
should be taken as a sign of a poor �t. Another relevant measure is the root mean square
(rms) error �.
The optimization problem can be summarized as

minimize: f=−Cp and f= �

subject to: 106R6 610mm
(3)

where f is the objective function. The lower and upper constraint of R (10 and 610mm,
respectively) in Equation (3) is set by the CAD and grid generation techniques used here.
However, it is reasonable to assume that a draft tube with the lower constraint (10mm) has
approximately equal e�ciency as the original draft tube, since the radius is rather small.

3. COMPUTATIONAL DETAILS

A total number of 36 CFD simulations were carried out with di�erent coarseness of the
grid for the shape optimization and the error estimation. The DOE strategy for the RSM-
based shape optimization was evaluated on a modi�ed FCCD technique, where �ve ordinary
points (21 + 2× 1 + 1=5) are complemented by one extra point that is designed to evaluate
the behaviour of Cp and � for small radius R. A non-uniform design point distribution was
also chosen, since it is expected that the optimum design point is within a ‘small’ radius R,
according to R=10; 60; 110; 210; 410 and 610mm. For each radius R, six grids were gen-
erated automatically, composed of about 0.6M, 0.9M, 1.3M, 1.7M, 2.3M and 2.7M nodes,
respectively. The minimal angle for these grids sizes varied from 22◦ to 25◦ depending on the
radius and the grid size. The average y+ value at near-wall nodes was about 32 (from 1 to
126) for the draft tube wall and about 70 (from 1 to 235) for the runner wall. Regions with
low y+ values correspond to areas with separated �ows, where the velocity goes to zero, and
regions with the highest values can be traced to the inlet, runner and cone part of the draft
tube, where the velocity gradients are steeper.
Each CFD simulation was assumed converged when all rms residuals had dropped to about

10−5, which is su�cient for most engineering problems according to Reference [9]. The
iterative convergence for Cp and � was monitored by plotting the iterative error as a function
of the rms mass source residual ratio. By doing this, the iterative error could be estimated to
1.8% according to the method presented in Reference [14].
A grid error analysis was carried out for all R based on the three �nest grids (2.7M,

2.2M and 1.7M nodes) following the Richardson Extrapolation method presented in Reference
[19] and by using Cp and � as the dependent variables. However, it turned out that neither
the di�erencing scheme, the extrapolated values nor the grid error could be estimated in a
reasonable way. For example, the order of the scheme was often about 10 for Cp and negative
for �. The reason is that not all the grids are in the asymptotic range, which is exempli�ed
in Figure 3, where the grid error analysis for R=10 and 610mm with � as the dependent
variable is shown. The symbols correspond to DOE points, the line to the extrapolated curve
and � is the grid re�nement factor (�=1 and 1.62 corresponds to the �nest and coarsest
grid, respectively). Nevertheless, it is still possible to estimate the grid error by using the
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Figure 3. Richardson extrapolation on an assumed second-order scheme for R=10 and 610mm,
with � as the dependent variable.

Figure 4. The constructed cubic response surfaces. Symbols correspond to DOE designs, stars to optimal
solutions and lines to the response surfaces: (a) Cp; and (b) �.

same equations and by assuming that the actual order of the di�erencing scheme is between
one and two [20]. This also implies that only two grids are necessary for the estimation of
the grid error. Doing so on grid 2.7M and 1.7M nodes, the grid convergence error can be
estimated to about 0.4–0.7% in Cp and to about 1.2–2.6% in � for the �nest grid and all
radii. The 2.2M node grid was excluded in the above calculations since the objective value
distributions di�er slightly from the two other grids and follow more the behaviour of the
three coarsest grids (1.3M, 0.9M and 0.6M nodes). One explanation to this di�erence is that
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the grid re�nement factor used to generate the computational grids is not of equal multiple,
forcing the objective value distribution to alter. Thereby, the grids follow di�erent paths in the
asymptotic range. Another possible explanation is that the iterative convergence is not fully
satisfactory, which is more pronounced for the three �nest grids since the grid error becomes
smaller.

4. RESULT

4.1. Optimization analysis

The result of the shape optimization showed that a cubic response surface model performed
better than a simpler quadratic model on the two objectives, Cp and �. For the cubic model,
the R2a value was high and the � value was low, indicating that the �ts are of high accuracy,
see Table I. Also, the behaviour of the cubic models, Cp and � as a function of R, was similar
for all the six grid sizes, see Figure 4, where the symbols correspond to DOE designs, stars
to optimum solutions and lines to the constructed response surfaces models. It is also seen
that the estimated optimal solution of R is about 210mm for Cp and about 330mm for �,
see Table II and Figure 4. The values di�er as a function of grid size with about 46% for
Cp and about 13% for �. The large error in Cp can be traced to the scatter of the DOE
design point distribution for the two �nest grids. To check the reliability of the estimated
optimal solution, two additional CFD simulations were performed on the two coarsest grids
with the estimated optimal value of R. This showed a remarkable good estimation of the
credible optimal value for Cp and for �, see Table II. A remark is that all estimated optimum
solutions of Cp and � estimated an increase in the objective compared to the approximated
original design (R equal to 10mm), see Table II. The most interesting result, however, is the
unexpected small improvements of the objective functions Cp and �, around 0.02% within the

Table I. Result of the response surface analysis.

Quadratic response surface Cubic response surface

# of # of
R2 R2a � Mean terms R2 R2a � Mean terms

Cp 0.6M 0.97025 0.95042 0.00038 0.95437 6 0.99968 0.99920 0.00005 0.95437 6
Cp 0.9M 0.97552 0.95921 0.00034 0.95454 6 0.99998 0.99994 0.00001 0.95454 6
Cp 1.3M 0.97808 0.96346 0.00030 0.95613 6 0.99999 0.99999 0.00001 0.95613 6
Cp 1.7M 0.97211 0.95352 0.00027 0.95568 6 0.99880 0.99701 0.00007 0.95569 6
Cp 2.2M 0.99520 0.99201 0.00014 0.95636 6 0.99909 0.99772 0.00007 0.95636 6
Cp 2.7M 0.99673 0.99455 0.00011 0.95662 6 0.99998 0.99995 0.00001 0.95662 6
� 0.6M 0.94054 0.90090 0.00021 0.08056 6 0.99908 0.99770 0.00003 0.08056 6
� 0.9M 0.93389 0.88981 0.00021 0.08072 6 0.99988 0.99969 0.00001 0.08072 6
� 1.3M 0.88636 0.81060 0.00023 0.07897 6 0.99535 0.98838 0.00006 0.07897 6
� 1.7M 0.89222 0.82037 0.00013 0.07933 6 0.99873 0.99682 0.00002 0.07933 6
� 2.2M 0.91371 0.85619 0.00015 0.07890 6 0.99874 0.99684 0.00002 0.07890 6
� 2.7M 0.88641 0.81069 0.00012 0.07904 6 0.99793 0.99482 0.00002 0.07904 6
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Table II. Result of the CFD and optimization analysis.

DOE Cubic response surface

OPT OPT
10 (mm) 60 (mm) 110 (mm) 210 (mm) 410 (mm) 610 (mm) ROPT (mm) response CFD

Cp 0.6M 0.95514 0.95517 0.95513 0.95521 0.95464 0.95090 241 0.95525 0.95522
Cp 0.9M 0.95534 0.95532 0.95532 0.95542 0.95474 0.95112 227 0.95542 0.95542
Cp 1.3M 0.95687 0.95686 0.95689 0.95696 0.95630 0.95292 222 0.95696 —
Cp 1.7M 0.95614 0.95620 0.95632 0.95633 0.95598 0.95316 252 0.95641 —
Cp 2.2M 0.95702 0.95719 0.95715 0.95729 0.95624 0.95325 165 0.95727 —
Cp 2.7M 0.95732 0.95738 0.95744 0.95737 0.95643 0.95380 135 0.95744 —
� 0.6M 0.08034 0.08031 0.08032 0.08021 0.08028 0.08189 303 0.08013 0.08016
� 0.9M 0.08048 0.08050 0.08051 0.08038 0.08044 0.08201 309 0.08031 0.08037
� 1.3M 0.07880 0.07877 0.07887 0.07872 0.07865 0.08002 339 0.07859 —
� 1.7M 0.07929 0.07930 0.07924 0.07916 0.07908 0.07991 345 0.07904 —
� 2.2M 0.07880 0.07880 0.07880 0.07864 0.07864 0.07971 330 0.078570 —
� 2.7M 0.07899 0.07897 0.07898 0.07888 0.07882 0.07955 345 0.078795 —

Figure 5. Calculated streamlines from the runner and velocity contour plots:
(a) R=10mm; and (b) R=210mm.

interval 106R6 410mm. This can be compared to the experimental result that shows an
e�ciency improvement in the turbine of around 0.5%, and indicating that the improvements
of the pressure recovery factor should be even higher than that. Note that the numerically
obtained improvement is much smaller than the numerical uncertainties (iterative and grid
error). The most likely reason for this is that the physical model, used in the CFD calculations,
is not good enough to describe all the �ow features in the draft tube. Before discussing this
fact let us study the simulated �ow �eld in detail.

4.2. Flow analysis

The result of the calculated �ow �eld for all R was similar to what has been derived in
other studies [4–6]. It captured among other things regions with separated �ow, secondary
�ow with two main vortices and a vortex rope moving from one side of the draft tube to
the other, as shown in Figures 5 and 6. For small R the prediction consistently gave three
regions with separated zones: one small beneath the runner cone, a second one in the sharp
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Figure 6. Velocity vector and contour plots at the sharp heel corner:
(a) R=10mm; and (b) R=210mm.

Figure 7. The pressure distribution at a plane through the draft tube: (a) R=10mm; and (b) R=210mm.

heel corner and a third large one at the upper left wall just before the extension at the outlet,
seen downstream. For higher R the separation region in the sharp heel corner disappeared as
expected, but the e�ciency did not increase considerably as mentioned earlier, see Figure 6.
This can be due to the fact that an ‘arti�cial wall’ is built up by the �ow at the optimal R, and
therefore Cp and � are not in�uenced until R becomes large enough. In consensus there is no
remarkable alteration in the velocity �eld and the pressure distribution with respect to R, see
Figure 7. In fact, the only tendency to a di�erence in the pressure distribution occurs in the
sharp heel corner of the draft tube, compare Figure 8. Here, the pressure recovery is plotted
along the normalized upper, respectively, lower wall centre line and the rings correspond to
experimental measurements on the original draft tube (R=0mm) reported in Reference [13].
It can then be seen that most of the pressure is recovered in the cone. Also, the inlet radial
pressure is independent of R, see Figure 9. The disparities between the obtained radial pressure
distribution and the experimental values near the cone wall, as seen in Figure 9, can be traced
to the �rst grid layer adjacent to the wall, suggesting that it is a numerical issue rather than
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Figure 8. Pressure recovery along the centre line. Lines correspond to CFD simulations and rings to
experimental measurements in Reference [10]: (a) upper wall; and (b) lower wall.

Figure 9. The inlet radial pressure distribution. Lines correspond to CFD simulations and rings to
experimental measurements in Reference [10].

a �ow feature. This drop in the radial pressure also disappears a few grid layers downstream,
suggesting that the inlet must be extended upstream or the runner geometry included in the
computation process to obtain reliable values.
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5. DISCUSSION

The calculated simulated �ow �eld is similar to what has previously been obtained, but di�ers
from experimental redesign studies [4–8]. There are at least three possible explanations to the
discrepancies between the simulations and the experimental results, all being based on the
assumption made on the �ow in the CFD calculations. The �rst explanation is that the �ow
is assumed stationary although it is obviously transient, leaving many of the strongly impres-
sionable �ow features o�. Angular resolved inlet data are also available, but have not been
used in this study. The second explanation is related to the turbulence model; theoretically,
a more advanced turbulence model would predict the �ow �eld more accurately. It should,
however, be compared to the fact that the standard k–� simulations by the participants of
the second ERCOFTAC Turbine-99 Workshop predicted the major �ow features [4–6]. The
third and �nal explanation is the fact that modi�cations to the draft tube geometry may also
re�ect in alterations in the inlet velocity pro�le, and thereby also the outcome of the CFD
calculations, due to the elliptic behaviour of the solved equations [7]. Therefore, the runner
geometry should probably be included in the computational processes for the optimization,
to get signi�cant e�ciency improvements. It is, however, not taken into account here since
the inlet velocity pro�les are �xed. Three closely connected questions to this last explanation
that also can change the result are, the reliability of the symmetry assumption, the radial
velocity pro�le assumption and the tangential velocity pro�le assumption done here and in
the ERCOFTAC Turbine-99 workshops [4–6, 14]. The inlet velocity pro�le is most likely not
symmetric in this case, since it has been shown that the pro�le is not symmetric in a Francis
turbine [21]. For the radial velocity pro�le in its turn, it has already been shown that it has
a large in�uence on the �nal result [14]. In fact, the variations of Cp and � were larger than
those observed in this shape optimization study. In addition, the tangential velocity pro�le has
an alteration in signs near the runner wall, resulting in a huge velocity gradient and requiring
a very �ne grid resolution near the wall. This change of sign originates from the log wall
assumption and the third-order polynomial �tting of the measured tangential velocity pro�le,
whose correctness can be discussed. Finally, it should be recalled that the inlet section of the
draft tube is very close to the runner blades, see Figure 2.

6. CONCLUSION

This work demonstrates the potential of a procedure to automatically optimize new or exist-
ing parts of the waterways in a hydropower plant. To exemplify, a cubic response surface
model performs better than other models when �tted to simulated values. Its general shape
is furthermore independent of the grid size although the actual level varies. It also shows an
excellent agreement between predicted optimal values and CFD-simulated values at optimal
conditions. Hence, for cases where the underlying physical description of the �ow �eld is
correct, rather coarse grids can be used to predict the optimal design. However, for the draft
tube in focus, the small gains obtained by CFD for the optimal design as compared to exper-
imental results suggest that the physical description of the �ow must be enhanced before the
evaluated technique can be used more frequently for this type of component improvements.
In practice, the major explanations to the relatively small improvements derived by CFD are
that: (i) the �ow is assumed stationary although it is obviously transient, leaving many of
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the strongly impressionable �ow features o�; (ii) the k–� turbulent model is insu�cient; and
(iii) modi�cations to the draft tube geometry should re�ect in alterations in the inlet veloc-
ity pro�le. Three closely connected questions to this last explanation that also in�uence the
result are, is the reliability of the symmetry assumption, the radial velocity pro�le assumption
and the tangential velocity pro�le assumption done here and in the ERCOFTAC Turbine-99
workshops [4–6, 14]. An additional remark from this work is that it is of highest importance
to monitor the convergence of the objective functions, especially for �ne grids, when the
iterative error becomes greater than the grid error.
To conclude, the methodology proposed is working very well, but to get reliable and deci-

sive results for the present case the physical description of the �ow must be enhanced, since
the numerically obtained improvement is much smaller than the experimental improvement
and the numerical uncertainties. The way forward is to further enhance the �ow modelling
capabilities until the accuracy leads to errors less than one order of magnitude of the changes
in the objective function(s). Then it is also crucial to de�ne better independent parameters,
such that the variations induced on the objective function(s) are one order of magnitude larger
than the numerical uncertainties.
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Abstract
The usage of Computational Fluid Dynamics (CFD) in the design process of 
industrial components has evolved in the last decades due to its flexibility 
and cost-effectiveness. In this work, CFD simulations are carried out to 
redesign a Kaplan sharp heel draft tube with an elliptical heel insert. In 
particular, the influence of the turbines operational mode on the size of the 
insert and the draft tube performance is determined. Specifically, three 
operational modes at a fix runner blade angle configuration are considered, 
corresponding to the top-point, left-leg and right-leg of the discharge 
characteristics. The axial and tangential velocity component of each 
operational mode is also combined, in order to scrutinize their individual 
importance. Finally, the CFD simulations are validated with previously 
performed experiments. The results show on a significant efficiency 
improvements at off-design conditions, while it is almost unchanged or 
slightly enhanced at the top-point, being in agreement with experiments.  



C-2

Introduction
Hydraulic turbines have a long history, starting in the early nineteen century, 
and only the most efficient ones have survived until today. Presently there 
exist mainly three types of turbines; i.e. Pelton, Francis or Kaplan turbines, 
designed for high, medium respectively low heads. In all these turbines, up 
to 95% of the available head can be converted to electricity [1]. Still, small 
improvements are of interest to hydropower companies due to economical 
and safety aspects. The new demands on the energy market, where the 
turbines often are run at off-design conditions, makes it also attractive to 
improve the turbines over a wide range of operating conditions.  

The efficiency of Francis and Kaplan (reaction) turbines is significantly 
affected by the performance of the draft tube [1], since the gain in suction 
head by this component is large in proportion to the total head. Traditionally, 
the design of draft tubes has been based on simplified analytic methods 
similar to Kline’s work [2], experimental rules of thumb as in Gubin [3] and 
model experiments. Today, simulation-driven design via Computational 
Fluid Dynamics (CFD) and optimization algorithms is a growing area due to 
its flexibility and cost-effectiveness. The experimental part is, however, still 
essential, and the trends are toward fewer but more detailed experiments in 
order to validate CFD calculations.  

The flow field in the draft tubes is multifacitated and difficult to predict 
numerically due to the interaction of many complex flow features such as 
unsteadiness, turbulence, swirl, vortex rope, separation and secondary flow. 
Therefore, a majority of work, so far, has been assessed towards the 
accuracy and reliability of such simulations [4,5]. At the same time it is 
evident that the primary concern in industry is not only to analyze and 
understand flow features, it is also to improve the flow conditions in draft 
tubes. As a result, several shape optimization frameworks have been 
suggested to improve the performance of this hydropower component [6-9]. 
However, in the case of an optimization of a sharp heel draft tube with a 
circular sharp heel insert, at the best operating mode of the turbine, the 
quantitative agreement between the CFD based optimizations and 
experiments was found to be poor [9-10]. In the CFD simulation no flow 
field or efficiency improvements were noticed at the top-point of the 
discharge characteristics (best operating mode). The experiments, on the 
other hand, revealed in significant efficiency improvements at both the top-
point and right-leg of the discharge characteristics, while the left-leg was 
unchanged. Slightly different experimental results were recently obtained by 
Högström [11], on the same test model, and in better agreement with the 
CFD improvements due to its better consistency in operational mode. In 
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these latter measurements, significant improvements were observed at both 
the left- and right-leg, while it was reduced at the top-point. It can, however, 
be concluded that using a sharp heel draft tube is generally not optimal. 
Accordingly to experiments by Gubin [3], recommended values of the insert 
radius (outer elbow radius) and its corresponding inner elbow radius should 
be one outlet cone diameter (rinner=1.0·Dcone) respectively three fifth of the 
outlet cone diameter (router=0.6·Dcone).

In this paper, we intend to, numerically, study how differences in the 
operational mode affect the size of the sharp heel insert and the draft tube 
performance. The draft tube geometry is the same as the one studied earlier 
by [9-11], in order to both verify and validate the obtained improvements. 
Three operational modes of the turbine are considered, corresponding to the 
top-point, the left-leg and the right-leg of the discharge characteristics. The 
axial and tangential velocity components of these modes are also combined 
in order to determine their individual importance.  

The paper is organized as follows; first the sharp heel draft tube geometry 
is described in detail. Next the computational details are explained and 
finally the result and conclusion of the CFD simulation are presented. 

Geometric and Problem Definition 
The sharp heel draft tube in focus is a 1:11 model of Hölleforsen Kaplan 
turbine that was built in 1949, see Figure 1. This type of draft tube geometry 
is commonly used in hydro power stations constructed around 1950, since it 
reduced both construction time and investments. The considered draft tube 
geometry has former been studied in detail, both numerically and 
experimentally, in the three ERCOFTAC Turbine-99 Workshops [4] and in 
many other works closely connected to the Workshops. It is also a test case 
in the QNET-CFD database [12]. Furthermore, as stated earlier, the draft 
tube geometry has been modified in a number of ways to improve its 
performance [8-11]. 

In this work, elliptical inserts will be used to redesign the sharp heel 
corner while previous work have been limited to pure circular ones [9-11], 
see Figure 1. This extension in geometry is done in order to investigate draft 
tube geometries with a larger insert as well, without modifying the cone part 
of the draft tube geometry. To also ensure that the elliptical insert fulfills the 
experimental circular setup, the following geometrical constraints are added 
to the design variables a and b; b=a for a 650 mm and b=650 mm for a>650 
mm. The actual parameterization is finally done in I-DEAS from UGS [13] 
according to the Adapted Design parameterization as described by the 
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(a)

(b)
Figure 1. The sharp heel draft tube geometry and its design variables,  

a and b (dimension in meters); (a) original geometry; (b) 
modified geometry. 

authors in [8]. Note that size of the inner elbow radius agrees well with the 
recommendations by Gubin, and is approximately 0.62·Dcone, where 
Dcone=618 mm. Consequently, the recommended size of a circular insert 
should be 618 mm.

The main purpose of the draft tube is to recover kinetic energy leaving 
the turbine runner into pressure energy, and thereby produce a gain in head. 
In addition, it also enables to place the turbine above the tail water without 
losing head. A typical measure of the draft tube performance, that also will 
be used here, is usually given by the pressure recovery factor, Cp, commonly 
defined as: 

2

2
1

11

in

in

AinAout
p

A
Q

dAp
A

dAp
A

C inout , (1)

where A is the area, p the static pressure, Q the flow rate,  the total kinetic 
energy correction factor (i.e. axial+ swirl),  the density and the subscripts in
and out correspond to the inlet and outlet, respectively. 

To summarize the present draft tube rehabilitation, the problem can be 
expressed as: 
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where f is the objective function, g the geometrical equality constraints, and 
the last side constraint is the bounds.  

Computational Details 
The 3D turbulent flow field, in each draft tube geometry, is solved with the 
commercial CFD software CFX-10 from ANSYS [14]. The CFX-10 code 
has a coupled solver, and utilizes a finite element based finite volume 
method applied on an unstructured grid to solve the governing equations. 
The turbulence, in this case, is modelled with the standard k-  model and 
with a scalable implementation of the standard wall function approach. The 
discretization of the pressure gradient term and the diffusion term in all 
equations are obtained with shape functions, while the discretization of the 
advection term depends on the equation. For the momentum and continuity 
equation, the discretization is done with the Numerical Advection Correction 
Scheme (NACS) and with a blend factor, , of one. The  value determines 
the level of correction for the Upwind Difference Scheme (UDS), and =0
corresponds to a first order accurate UDS scheme and =1 to a second order 
accurate scheme. The turbulence equations, k and , are discretized with the 
UDS scheme. A formally second order accurate scheme (High Resolution 
Scheme) was also tested in some cases, but the discrepancies were negligible 
compared to the UDS scheme, in accordance with previously simulation by 
the authors [15]. 

Boundary conditions. The inlet boundary conditions are linearly 
interpolated from measurements of the Turbine-99 Workshops [4]. Three 
operational modes are considered, corresponding to the left-leg UL, to the 
top-point UT, and to the right-leg UR of the discharge characteristics, as 
outlined in Figure 2. Their corresponding velocity profiles are shown in 
Figure 3, where the solid thick lines are the profiles applied here and the 
dashed dotted lines are the profiles used in the second or third Turbine-99 
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Figure 2. The discharge characteristics at a runner blade angle of 5 degrees, head 
of 4.5 m and a speed of 595 rpm. Data taken from Lövgren [16]. 
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Figure 3. The applied inlet velocity profiles; 
(a) axial velocity; (b) tangential velocity. 
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Workshop (as seen by the number 2 or 3 in the upper subscripts). The main 
difference between these profiles is how the boundary layer is estimated and 
resolved, especially near the runner hub. In this work, they are calculated in 
the same manner as in the Workshops, except that the continuous connection 
between the measured and added data points in the boundary layer is 
removed. This condition creates a large positive velocity near the runner hub 
in the profiles of Ut

T2 and Ut
R2, as seen in Figure 3, which correctness can be 

discussed. The new approach applied here and in [15] is as follows; 
assuming that the measuring point closest to the wall lies in the wake region, 
the friction velocity u* can be determined as:  

25*
mm yUKu , (3)

where Um is the velocity at the measuring point closest to the wall, ym the 
distance to the measuring point closest to the wall and K is a constant set to 
1.4. Data points in the logarithmic region can then be determined and added 
to the velocity profiles according to the log-law: 

,,

,log1

*

*

uyy
u
Uu

Byu
, (4)

where  is the kinematic viscosity,  and B is two constants set to 0.41 
respectively 5.1. Another difference between the profiles used here and in 
the Turbine-99 Workshops is related to the UL velocity profile. In the 
Workshops, both angular averaged and angular resolved (time resolved) data 
points were used. However, since these two data sets are not consistent 
regarding flow rates, a mean of the angular resolved data points is used here, 
as seen in Figure 3 where UL is the mean angular resolved velocity profile, 
UL3aa is the angular averaged velocity profile (dashed dotted line) and UL3ar

contains 24 angular resolved velocity profiles (dotted lines). Furthermore, 
the radial velocity profile, Ur, is also estimated and linearly interpolated 
accordingly to the Turbine-99 Workshops, so it is attached to the walls 
accordingly to:  
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(5)

where Rcone r Rwall, Rcone=98.1 mm, Rwall=236.5 mm, cone=-12.8 º and 
wall=2.8 º.

The turbulence kinetic energy k and turbulent dissipation  at the inlet 
boundary are linearly interpolated from the RMS measurements of the UL

data accordingly to: 

,

,
2
1

2/3

222

d

rta

L
k

uuuk
(6)

where Ld is the turbulent dissipation length scale and set to 0.1 m, and 2
au ,

2
tu and 2

ru  are the Reynolds stresses which are estimated based on the RMS 
measurements and by using the relation 22

tr uu .
At the outlet a zero pressure boundary condition is applied, that also 

allows recirculation flow at the outlet. The runner wall velocity is set to 595 
rpm, based on the runner speed, and the walls are considered rough with a 
roughness factor of 0.01 mm.

Grids. The computational grids are generated with the commercial grid 
generator ICEM CFD-10 from ANSYS [17]. The produced grids consist of 
hexahedral elements being non-uniformly distributed with smaller elements 
near the walls, in the inlet region and in the vortex rope region downstream 
the runner. To minimize the grids effect on the draft tube performance, the 
same grid topology and mesh parameters are used for all grid systems, 
implying that the grids only alter in the sharp heel region were the insert is 
integrated. Grids of different layouts and sizes were also tested in order to 
determine the one that provided the best balance in terms of convergence 
and execution time. The selected grid configuration consists of 1.34 million 
nodes, and has a minimum angle of 10.4 degrees and a maximum aspect 
ratio of 425. The average y+ values at near-wall nodes is 38.3 (from 0.2 to 
140.4) for the draft tube wall and 46.6 (from 1.1 to 101) for the runner wall. 
These values are appropriate for the standard k-  model according to best 
established practices [14]. 
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Performed cases. Totally 96 CFD simulations are conducted, corresponding 
to 6 combinations of the axial and tangential velocity profiles (2 axial and 3 
tangential profiles) and 16 insert sizes. The velocity combinations are {{Ua

L,
Ut

L}, {Ua
L, Ut

T}, {Ua
L, Ut

R}, {Ua
T, Ut

L},{Ua
T, Ut

T} and {Ua
T, Ut

R}}, and the 
insert sizes are a={50, 150, 250, 350, 450, 550, 650, 750, 850, 950, 1054,
1150, 1254, 1352, 1452 and 1552} mm. Note that the Ua

R velocity profile is 
excluded since it comparable in shape with the Ua

T profile, as shown in 
Figure 3. The insert size a=50 mm is, furthermore, assumed to have an 
approximately equal efficiency as the original draft tube geometry, since the 
geometries are almost the same. To achieve a flow rate of 0.522 m3/s, all 
axial velocity profiles are also scaled with ~7.6% for the Ua

L profile and 
~1.8% for the Ua

T profile. The CFD simulations are assumed converged 
when all max residuals have dropped about 5 decades. All simulations are 
finally carried out on a 5 nodes homogeneous Windows cluster, with dual 
Intel Xeon 2.4GHz 32-bit processors, 2GB ram and a 1Gb/s network, and 
the runtime was approximately 8 hours for each case.

Result
The numerical redesign of the sharp heel draft tube geometry yield in 
significant pressure recovery improvements at the left-leg {Ua

L, Ut
L} of the 

discharge characteristics, while the top-point {Ua
T, Ut

T} is almost unchanged 
or slightly enhanced, as seen in Table 1 and Figure 4. No CFD simulations 
where carried out at the right-leg {Ua

R, Ut
R}, but the simulations with the 

right-leg tangential velocity, {Ua
L, Ut

R} and {Ua
T, Ut

R}, indicates that there 
are no major difference with the top-point mode. This agrees also with the 
closeness of the two modes in the discharge characteristics, see Figure 2, 
where the right-leg mode appears to belong to a “wider” top-point mode 
rather than a right-leg mode. A small drop in the pressure recovery is also 
observed at the top-point {Ua

T, Ut
T}, for insert size larger than 650 mm, see 

Figure 4. This decrease, although slightly larger and little earlier, is also 
noticed when the old {Ua

T2, Ut
T2} profiles are used, being in agreement with 

authors previously simulations [9]. However, considering all top-point and 
right-leg profiles in this study, i.e. {Ua

L, Ut
T}, {Ua

T, Ut
T}, {Ua

L, Ut
R} and 

{Ua
T, Ut

R}, it seems reasonable to assume that the top-point mode is rather 
unchanged or somewhat improved. Generally, all these obtained results are 
in good agreement with the experimental trends in efficiency improvement 
by Högström [11], but differences slightly from those obtained by Dahlbäck 
[10] due to possible discrepancies in operational modes, as stated earlier. 
The magnitude of the CFD obtained pressure recovery increase, at off-
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design conditions, is however somewhat smaller than the experimental ones 
at equivalent insert sizes (i.e. a=b=499-620 mm). For instance, based on that 
the theoretical pressure recovery in the draft tube correspond to about 15% 
of the net head (( Vi

2/2g)/4.5 m) and that equivalent right-leg efficiency 
improvements by Högström is around 0.7%, the experimental pressure 
recovery increase can be estimated to be approximately 4-5%. The CFD 
predicted pressure recovery increase, on the other hand, is just 2.7%, as seen 
in Table 1 for an insert size of 550 mm. The optimal sizes of the insert is also 
generally larger than the experimental tested ones by Högström and 
Dahlbäck (a=b=290-620 mm) [10-11], as well as larger than the 
recommended one by Gubin (a=b=1.0·Dcone=618 mm) [3], except for the 
top-point data {Ua

T, Ut
T}, see Table 1. In the CFD simulation, however, an 

elliptical insert is used instead of a circular one for insert sizes larger than 
650 mm, which can explain the difference in optimal sizes. 
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Figure 4. The pressure recovery as a function of the insert size a, for six 
combinations of the axial and tangential velocity profiles. 

Table 1. The pressure recovery improvements (Imp).
Ua Ut amax

[mm] 
aoptimal*
[mm]

Cp50mm Cp550mm Cpmax Cpoptimal* Imp550mm
[%] 

Impmax 
[%] 

Impoptimal*
[%] 

Ua
L Ut

L 1254 1208.2 0.740 0.760 0.797 0.795 2.7 7.7 7.4 
Ua

L Ut
T 850 910.9 0.828 0.833 0.839 0.846 0.6 1.3 2.2 

Ua
L Ut

R 1054 907.6 0.841 0.842 0.846 0.854 0.1 0.6 1.5 
Ua

T Ut
L 1150 1128.8 0.794 0.813 0.847 0.846 2.4 6.7 6.5 

Ua
T Ut

T 550 845.3 0.874 0.876 0.876 0.879 0.2 0.2 0.6 
Ua

T Ut
R 650 813.4 0.871 0.883 0.883 0.888 1.4 1.4 2.0 

*Data estimated with the Response Surface Methodology [18] and cubic polynomials. 
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Scrutinizing the individual velocity components effect on the pressure 
recovery, it is observed, in Table 1 and Figure 4, that the tangential velocity 
profile has the largest effect on the efficiency improvements, especially the 
Ut

L profile. This is due to the larger penetration of high velocity fluid into 
the sharp heel region at off-design conditions, originating from its higher 
inlet tangential velocities. Hence, also a larger low velocity region beneath 
the runner cone is created which reduces the efficiency, as seen in Figure 5. 
Smoothing the sharp heel corner with an insert reduces this penetration and 
thereby also the size of the low velocity region beneath the runner cone, 
which increases the efficiency, as observed in Figure 6. The axial velocity 
profile, on the other hand, has the largest effect on the overall magnitude of 
the pressure recovery, as seen in Table 1 and Figure 4. Specifically, the Ua

T

profile has the largest overall pressure recovery, compared to the Ua
L profile. 

This is due to its higher radial velocity near the runner hub, originating from 
its larger axial velocity near the runner hub (see Figure 2) and the 
assumption made in Equation (5). The higher radial velocity reduces also the 
size of the low velocity region beneath the runner cone and thereby increases 
the overall pressure recovery, as seen in Figure 5 and 6.  

Finally, it is also observed that redesigning the sharp heel corner affects 
the performance of the cone part at off-design conditions, see Figure 7 where 
the lower wall pressure recovery and the cross-section area are plotted as a 
function of the draft tube length. 
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Figure 5. Velocity magnitude plots at mid plane for an insert size of a=50mm; 
(a) {Ua

L, Ut
L}; (b) {Ua

L, Ut
T}; (c) {Ua

L, Ut
R};

(d) {Ua
T, Ut

L}; (e) {Ua
T, Ut

T}; (f) {Ua
T, Ut

R}.
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Figure 6. Velocity magnitude plots at mid plane; 
(a) a=50mm and {Ua

L, Ut
L}; (b) a=550mm and {Ua

L, Ut
L};

(c) a=1150mm and {Ua
L, Ut

L}; (d) a=50mm and {Ua
T, Ut

T};  
(e) a=550mm and {Ua

T, Ut
T}; (f) a=1150mm and {Ua

T, Ut
T}. 
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Figure 7. Lower wall pressure recovery and cross-section area as a function  
of the draft tube length; (a) {Ua

L, Ut
L}; (b) {Ua

T, Ut
T}.

Conclusion 
A numerical redesign of a Kaplan sharp heel draft tube with an elliptical 
insert has been conducted and validated at a fixed runner blade angle. The 
results show on significant pressure recovery improvements at off-design 
conditions, while it is almost unchanged or slightly enhanced at best 
operating mode, being in agreement with previously performed experiments. 
The increase in performance is, however, smaller than the experimental 
ones, and it is mainly the tangential velocity profile that determines the 
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magnitude of the improvements. The optimal insert size is also slightly 
larger than the former recommended circular one, although it mainly differs 
in the major axis. Possible unsteady effects or alterations in the inlet velocity 
profile when redesigning the sharp heel corner (due to the relatively short 
cone length) has, on the other hand, not been considered in this work, which 
can explain the discrepancies. In addition, another turbulence model can 
affect the outcome of the CFD based rehabilitation process.  

To conclude, the CFD simulations indicates that only modest overall 
efficiency improvement can be expected at the present head and speed 
conditions, if the obtained improvements at the top-point are valid for all 
runner blade angles. This due to the possibilities to tune the runner blade 
angles and the guide vane angles to always operate at the best possible 
conditions in a Kaplan turbine, in contradiction to a Francis or a Propeller 
turbine. Changes in head and speed will finally certainly affect these 
obtained results at best operating mode, as shown in the experiments by 
Gubin [3]. 
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Abstract
The usage of Computational Fluid Dynamics (CFD) in combination with 
optimization techniques has evolved in flow design the last decades due to 
the never ending escalation in computer performance. Shape optimization of 
hydraulic turbine draft tubes has, however, not been performed until recently 
due to the still relatively high CPU requirements on the CFD calculations. In 
order to develop and evaluate such a computer tractable approach, a 
Response Surface-based optimization methodology has been employed in 
this work. Specifically, steady 3-D CFD computations have been conducted 
with the standard k- turbulence model in order to redesign the end diffuser 
of a Francis draft tube. The optimization criteria are based on a combination 
of maximum pressure recovery and minimum energy loss. Issues being 
addressed, are numerical noise via an Iterative Re-weighted Least Square 
(IRLS) analysis and trade-offs between multiple objectives and desirable 
functions. Results from the shape optimization indicate that an optimum 
draft tube design should have a curved end diffuser due to the swirling flow 
motion in the draft tube. Improvements of the size 0.1% and 3.4% are 
obtained in the average pressure recovery factor and energy loss factor, 
respectively. 
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Introduction
In the present energy market, the demands on rehabilitation and 
modernisation of old hydropower constructions are increasing due to the fact 
that a great number of plants are ageing and that they are run at off-design 
conditions. Today, however, often only the generator and/or the runner are 
considered when refurbishing a system, although several investigations show 
the importance of the waterways (Avellan, 2000; Scottas and Ryhming, 
1993; Turbine-99, 1999). For example, the efficiency of a low or medium 
head hydraulic turbine is significantly affected by the performance of its 
draft tube (Gubin 1973, Krivchenko 1994).  

Traditionally, the design of hydraulic turbine draft tubes has been based 
on model tests and the experience of the designing engineers. With the latest 
advances in computer performance, Computational Fluid Dynamics (CFD) 
has also matured as a useful design tool in the search for optimal solutions 
regarding, for instance, performance, flow behaviour, construction 
consideration and/or economical aspects (Avellan, 2000; Scottas and 
Ryhming, 1993; Turbine-99, 1999). Shape optimization of hydraulic turbine 
draft tubes with aid of CFD and computer optimization has, however, not 
been performed until recently due to high CPU requirements on 3-D CFD 
calculations (Eisinger and Ruprecht, 2001; Marjavaara and Lundström, 
2003, Marjavaara and Lundström, 2006). Such optimizations methodologies 
have nevertheless shown on the potential of using CFD and computer 
optimizations in the design/rehabilitation process of a hydraulic turbine draft 
tube. Several problems have though to be solved before it can routinely be 
applied in product development. One problem is that the stability of the 
optimum found is often unknown and that it is not evident how to choose the 
best optimization technique. Another is that the accuracy and reliability of 
the CFD predictions is highly dependent on the boundary conditions and the 
grid (Cervantes, 2003, Engström 2003; Mauri, 2002; Turbine-99, 1999). 
Conversely there are many benefits of a fully working procedure. It will, for 
instance, be possible to get reliable results in reasonable time, to find new 
products with better functionality and to save cost and time in product 
development, maintenance and support. It is therefore vital to further 
develop, verify and validate both CFD calculations and computer 
optimization techniques. 

In the present study, the Response Surface Methodology (RSM) will be 
investigated in order to optimize the shape of a Francis draft tube (Myers 
and Montgomery, 2002). This optimization strategy is very common in other 
engineering applications with demanding, complex and expensive numerical 
simulations such as CFD calculations (Madsen et al. 2000; Shyy et al. 2000). 
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The main advantages with the RSM, compared to most other optimization 
techniques, are that it is robust and that it is efficiently filter noise intrinsic to 
numerical or experimental data (Beaton and Tuckey, 1974; Burman, 2001). 
Additional advantages are its strong coupling to design variable and design 
space characteristics, and its parallel computing capabilities. The 
disadvantages are that the computer requirements grow very fast with 
increasing number of design variables.  

One way to improve the quality of a Response Surface (RS) and 
minimise the effect of noise is to use a Design Of Experiment (DOE) 
strategy when selecting data points for the construction of it (Myers and 
Montgomery, 2002). Another way is to identify and repair data points that 
have too strong influence on the fidelity of the RS, so called outliers. Here, 
the Face Centred Composite Design (FCCD) respectively the Iterative Re-
weighted Least Square (IRLS) method is adopted for these purposes (Beaton 
and Tuckey, 1974; Myers and Montgomery, 2002). The overall objective is 
to minimise the draft tube losses by maximising the average pressure 
recovery factor and minimising the energy loss factor, one by one and 
simultaneously. Issues to be addressed are numerical noise due to 
discretization, iterative, round off and modelling errors, and trade-offs 
caused by multiple objectives. 

The first three sections describe the assumptions and procedure of the 
CFD simulations and the RS-based optimization. The result is then presented 
and discussed in the rest of the paper. 

Geometric description 
The flow domain is a full-scale model of a curved draft tube, see Figure 1, 
built and installed 1963 at Yngeredsforsen hydropower plant in Sweden. The 
inlet and bend part (cone respectively elbow) of the draft tube geometry is a 
steel construction, while the end diffuser is a concrete construction. 
Therefore it is expected, from a construction point of view, that the end 
diffuser is both easier and less expensive to rebuild, although it is likely that 
the largest efficiency improvements are found when the cone is optimized. 
Hence, the design variables considered here are, the right end diffuser wall 
angle r, the left end diffuser wall angle l and the upper end diffuser wall 
angle u, as shown in Figure 1. By alterations in the end diffuser geometry it 
is also anticipated that the velocity field becomes more uniform after the 
elbow and thereby the distortion and the overall losses are reduced. The  
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Figure 1. The draft tube geometry and its design variables.

actual parameterization of the draft tube geometry is done in accordance 
with the Adapted design method presented in (Marjavaara and Lundström, 
2003).

The main purpose with the draft tube is to utilize the energy 
corresponding to the hydraulic turbine installation height above the tail 
water level and the water kinetic energy at the runner outlet. Typical 
measures of its performance are therefore the pressure recovery factor and 
the energy loss factor, which both are highly influenced by the operating 
point of the turbine. Although the objective function could contain other 
parameters involving economical aspects, for instance, these two measures 
will be used here in the RS-based optimization process. The average 
pressure recovery factor Cp is defined as: 
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where A is the area perpendicular to the main flow direction, p the static 
pressure, Q the flow rate,  the density and the subscripts in and out
corresponds to inlet and outlet, respectively. The energy loss factor  in its 
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where n is the surface normal vector, pdyn is the dynamic pressure, ptot is the 
total pressure and u is the velocity vector 

Optimization approach 
The RSM approach implies that a series of experiments is evaluated, 
numerically or experimentally, for a prescribed set of data points. The 
sampled response (objective function) is then used to construct a global 
approximation, called RS, of the performance over the design space. An 
optimal design can then finally be found at low costs from the RS because it 
is merely an algebraic expression. Depending on the behaviour of the RS 
near the optimum one can decide if the approximation has to be refined or 
not. Common quality statistics for this purpose are the coefficient of 
multiple regression R2 and its adjusted form Ra

2. Other relevant quantities 
are the root mean square error , and its revised counterpart a.

Here, quadratic RS models are generated using the statistical analysis 
software JMP (JMP, 2002), since the number of data points is rather few. 
This fitting procedure is actually a least square problem so it is 
computationally straightforward. The prescribed data points are selected 
according to the FCCD DOE technique, in order to get an optimal number 
and distribution of the data points. It generates (2n+2n+1) data points, where 
n is the number of design variables located at the centre, corners and face 
centres of the design space. The optimal designs are finally found with the 
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generalised reduced gradient algorithm in Microsoft Excel Toolbox (JMP, 
2002; Ladson et al. 1978).  

The fidelity of the RS models is improved by usage of the IRLS 
approach. It detects and eliminates data points (outliers) that have too strong 
influence on the statistics and thereby reduce the quality of the RSs. In 
principal low weights are assigned to these outliers and by refitting the RSs 
with a weighted least square procedure the effects of the outliners can be 
suppressed. This process is finally repeated until convergence. The weight w
that is given to a data point in this case is: 

otherwise,,0

,/if,
/

1

22

Be
B

e
w ai

ai

i  (3) 

where B is a tuning parameter usually having a value between 1 and 3, and e
is the residual. In this case a value of 1.9 was chosen for B.

The multi-objective optimization problem can be summarised as follows: 
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where f contains the objective functions, g contains the geometrical 
inequality constrains, and the remaining side constraints are the bounds. The 
inequality constraint is introduced in order to ensure that the draft tube outlet 
is wider or equal to the original outlet, and the side constraints are defined to 
avoid model and grid generation difficulties. The three objective functions, 
which are optimized one by one, are the average pressure recovery factor Cp,
the energy loss factor  and the composite desirability function D. The latter 
optimizes Cp and  simultaneously, by relating the target values to each 
other (Shyy et al. 2000). This technique is often applied in multi-objective 
optimization problems, and it builds up a composite RS from individual RSs 
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by using a geometric mean. The resulting function that will be maximised 
becomes: 

ddD
pC ,         (5) 

where the individual desirability functions of Cp and , dCp respectively d ,
are defined as: 
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p

C LT
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p

        (6) 

respectively 

r

HT
Hd .        (7) 

where H is the highest acceptable value, L is the lowest acceptable value, T
is the target value and the powers r set the rule of each individual 
desirability function (here set equal to one).  

With three design variables, the standard FCCD technique yields 15 data 
points. However, in this case, 4 of these points violate the inequality 
constraint given in Equation (4). In order to improve the final DOE 
population, 7 additional data points that are satisfying the inequality 
constraint are added. The total number of data points in the design space 
then becomes 18, as illustrated in Figure. 2. The values of the design 
variables for the original draft tube are r=0 , l=0 , and u=32.8 .

CFD simulations 
The assumed steady 3-D turbulent flow field, in each draft tube geometry, is 
solved with the CFD code CFX-5 (CFX-5, 2004). This code has a coupled 
solver, and utilizes a finite element based finite volume method applied on 
an unstructured grid to solve the governing equations. In this work, the 
discretization of the pressure gradient term and the diffusion term are 
obtained with shape functions, while the discretization of the advection term 
is done with the High Resolution Scheme (HRS). The HRS evaluates 
automatically and locally a blend factor , which determines the level of  
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Figure 2. The modified FCCD population for the construction of individual RSs.

correction for the Upwind Difference Scheme (UDS), as close to one 
without violating the boundedness principles. A value of zero corresponds to 
the first order UDS scheme and a value of one to a second order accurate 
scheme.  

The turbulence is modelled with the standard k- model and by usage of 
scalable wall functions (CFX-5, 2004). Although it is well known that this 
model is unable to reproduce all details of the flow accurately (Durbin and 
Reif, 2000), it is chosen since there are no major reported improvements for 
alternative models regarding draft tube flow simulations (Turbine-99, 1999). 
It is also used here so a general optimization framework first can be 
established and general findings be investigated. For the discretization of the 
turbulence equations, first order UDS scheme are employed in order to get a 
robust and well converged solution. 

In the absent of authentic boundary conditions, the inlet boundary 
components are taken from measurements of the best efficiency operating 
point of the GAMM Francis hydraulic turbine (Nilsson, 2002). This Francis 
model, including stay vanes, guide vanes, runner and draft tube, was used as 
a test case at the GAMM Workshop on 3D Computation of Incompressible 
Internal Flows 1989 (Scottas and Ryhming, 1993). The velocity components 
are scaled and adjusted to fit the dimension of the present draft tube, and to 
get the required flow rate of 38 m/s. For the turbulent quantities, a 



D-9 

turbulence intensity of 5% and a turbulence length scale of 10% of the inlet 
diameter are assumed. At the outlet an average zero total pressure boundary 
condition is applied, which allows both flow into and out of the domain. To 
ensure the validity of this boundary condition, the outlet of the draft tube 
geometry is also extended 10.0 metres downstream. Finally, the walls are 
assumed smooth with a no-slip boundary condition applied. 

The draft tube geometry is built and modified with the CAD software I-
DEAS according to the geometric parameterisation previously discussed (I-
DEAS, 2003). The grids, containing wedges elements near the walls and 
tetrahedral elements in the bulk flow, are generated with the grid generator 
ICEM CFD (ICEM CFD, 2004). To minimise the numerical errors and the 
influences from grid topologies, the same mesh parameters are used for all 
draft tube geometries, such that the grid is only modified in the end diffuser. 
Grids of different layout were also tested in order to determine the best one 
in terms of convergence and execution time. The selected grid configuration 
consisted of 1.1M elements, and has a minimum angle of 12º and an average 
aspect ratio of 110. 

Results
Totally, 21 CFD calculations were conducted for the construction and 
validation of the RS approximations. All of these simulations are presented 
in Table I, where the first 18 correspond to the DOE data points and the last 
3 to the CFD validated optimal solutions. The convergence criteria was set 
to a residual drop of at least 3 decades, for all MAX and RMS residuals, 
which is sufficient for most industrial applications according to (Casey and 
Wintergerste, 2000). However, 2 of the 18 DOE configurations (count 13 
and 16 in Table I) did not fulfil this criteria, so they were rejected from the 
analysis. The average y+ value for all calculations at near wall nodes was 
190 (range from 1 to 580), which is not optimal based on established 
practices (Casey and Wintergerste, 2000). It is, however, still good for this 
complex flow situation and compares to other similar works if the high 
Reynolds number is accounted for as well (Turbine-99, 1999). 

For the construction of the quadratic RS approximations, three models 
were generated for each objective (i.e. Cp,  and D), as summarized in Table 
II and III. The first one (i) is a RS model based on the original DOE 
population, the second one (ii) is a IRLS model based on the same 
population, and the third and last one (iii) is a IRLS models based on an 
enhanced population. In this latter enhanced DOE population, the 3 CFD 
validated optimal solutions from the first RS models were added to the 
population and all outlier with a weight less than 0.1 were removed. The 
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original DOE population consisted of the 16 initial data configurations in 
Table I. 

The low Ra
2 values for Cp and D for the original RS- and IRLS models 

indicate, however, that these fits are of poor accuracy, see Table II. By 
adding data points to the original DOE population, the quality of the IRLS 
model for both Cp and D become more satisfactory, as seen in Table II. The 
fidelity for  are, however, high for all approximations as shown by the Ra

2

values close to unity in Table II. This high accuracy is also noticed in the 
variation of the estimated optimal values for l and r between the different 
models. For  the variation is low (approximately ±0.5º), while it is 
considerable larger for Cp and D (approximately ±5.0º respectively ±2.8º) 
due to less accuracy, as seen in Table II and III.  

An evaluation of the estimated optimal angles in Table III, shows that the 
optimal draft tube geometry should have a curved end diffuser rather a 
straight one. Physically this can be traced to the swirling flow motion in the 
draft tube. The obtained CFD improvements compared to the original draft  

Table I. Result from the CFD analysis. 
Count r [º] l [º] u [º] Cp  D 

DOE designs 
1 -45 45 25.2 0.832 0.144 0.844
2 -45 45 32.8 0.886 0.142 0.872
3 -45 45 39.2 0.906 0.143 0.881
4 0 0 25.2 0.895 0.116 0.890
5* 0 0 32.8 0.911 0.117 0.897
6 0 0 39.2 0.912 0.119 0.897
7 0 45 25.2 0.907 0.142 0.882
8 0 45 32.8 0.901 0.143 0.879
9 0 45 39.2 0.895 0.144 0.875

10 45 -45 25.2 0.852 0.119 0.867
11 45 -45 32.8 0.902 0.119 0.891
12 45 -45 39.2 0.918 0.120 0.899
13 45 0 25.2 - - - 
14 45 0 32.8 0.902 0.141 0.881
15 45 0 39.2 0.897 0.142 0.877
16 45 45 25.2 - - - 
17 45 45 32.8 0.895 0.161 0.866
18 45 45 39.2 0.893 0.160 0.866

Validated optimal designs (RS models)
19 7.9 -7.9 39.2 0.912 0.117 0.897
20 19.6 -19.6 25.2 0.892 0.113 0.890
21 12 -12 39.2 0.912 0.117 0.898

*original design 
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Table II. Properties of the RS and IRLS models. 
Objective R2 Ra

2 Mean Observations
(i) RS models based on the original DOE population
Cp 0.802 0.504 0.016 0.894 16 

0.998 0.996 0.001 0.136 16 
D 0.868 0.671 0.008 0.879 16 

(ii) IRLS models based on the original DOE population
Cp 0.818 0.490 0.006 0.901 8.7 

0.999 0.999 0.001 0.132 8.5 
D 0.950 0.860 0.003 0.883 8.7 

(iii) IRLS models based on the enhanced DOE population
Cp 0.963 0.921 0.002 0.903 13.2 

0.999 0.999 0.001 0.125 12.4 
D 0.992 0.983 0.001 0.887 13.1 

Table III. Estimated optimal designs from the RSM analysis. 
Objective r [º] l [º] u [º]

(i) RS models based on the original DOE population
Cp 7.9 -7.9 39.2 

19.6 -19.6 25.2 
D 12.0 -12.0 39.2 

(ii) IRLS models based on the original DOE population
Cp 13.6 -13.6 39.2 

18.6 -18.6 25.2 
D 15.9 -15.9 39.2 

(iii) IRLS models based on the enhanced DOE population
Cp 17.2 -17.2 38 

19.1 -19.1 25.2 
D 16.6 -16.6 36.7 

tube design validates this conclusion, as seen in Table I where the efficiency 
increases with 0.1% and 3.4% for Cp and , respectively. Interestingly the 
objective suggests an end diffuser formed as a contraction rather than an 
expansion, see the low value of u in Table III. This is physically correct 
since the outlet losses are not accounted for in , but the draft tube becomes 
unefficient. This result clearly exemplifies that Cp is a better measurement of 
the draft tube performance than .

Comparable designs are finally identified by plotting regions with small 
deviation from the optimal design in the same design space for the two 
objectives Cp and , as illustrated in Figure 3 where the shaded isosurfaces 
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Figure 3. Regions in design space with 1% and 3% deviation in  
Cp and , respectively. 

corresponds to 1% respectively 3% deviation from the optimal designs. 
Hence an optimal design for compatible design objectives should have a u
value that is larger than the original design but lower than the optimal design 
estimated from Cp. This in accordance with result for the final IRLS 
composite objective function D, as seen in Table III. Another remark in 
Figure 3 is that  seems to be less sensitive to non optimal designs than Cp,
which can be traced to the better fidelity of the  approximations in Table II. 

Conclusion 
The present work demonstrates the possibilities and difficulties of using the 
Response Surface Methodology (RSM) in the design process of a hydraulic 
turbine draft tube. It among other things exemplifies the potential of using 
the Iterative Re-weighted Least Square (IRLS) method and multi objectives 
for improving the estimated optimal design. The overall result is that the 
RSM approach is capable of offering satisfactory results in the design 
process of hydraulic components. Furthermore it increases the knowledge of 
the flow designer, regarding categorizing the design variables that affect the 



D-13 

design objectives and in finding design solutions with comparable design 
objectives.

The outcome of the optimization indicates that the end diffuser of the 
draft tube geometry should be curved, due to the swirling flow motion in the 
draft tube. The pressure recovery, however, is relative insensitive to minor 
changes of the end curvature (improvements of the order 0.1%), suggesting 
that the CFD simulation might not catch all details of the flow accurately 
due to the applied turbulence model and/or inlet boundary conditions. Better 
CFD predictions will therefore certainly affect the outcome of the 
optimization process (magnitude of improvements, optimal values and so 
on), although the present ones most likely catch the overall trends and 
primary flow patterns. It should also be kept in mind, that the present CFD 
calculations were performed in accordance to the best available praxis today 
regarding draft tube flow simulations (Turbine-99, 1999). Modification of 
the draft tube geometry could finally also reflect in alterations in the inlet 
velocity profile, meaning that the runner have to be included in the CFD 
simulations to get larger improvements in the pressure recovery. The energy 
loss factor gave better improvements, but should not be used as an objective 
function for the whole draft tube since the outlet losses are not accounted for 
in the expression. Furthermore, it is showed that the numerical noise (i.e. the 
presents of discretization, iterative, round off and modelling errors) can be 
minimised with adequate result by the usage of an IRLS method. Keeping 
the size of the design space and modifying the design point distribution in 
the present case might improve the fits further, since the chosen one was not 
variance optimal and there were no points in the middle of the design space. 
The usage of another order of the response surface and/or a reduced design 
space will certainly reduce the RSM modelling errors and enhance the result. 
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Abstract
For hydraulic turbines, the performance of the draft tube diffuser can 
substantially affect the efficiency of the entire system. The shape and the 
velocity distribution at the inlet are two main factors affecting the 
performance of the diffuser. In order to develop a computationally tractable 
approach, utilizing three-dimensional CFD solutions to optimize the design 
of hydraulic diffusers, a surrogate model-based approach has been employed 
in this paper. Specifically, we adopt a global surrogate approach in 
conjunction with an evolutionary algorithm to optimize the shape of a 3D 
hydraulic diffuser, by maximizing the pressure recovery factor for two 
competing inlet boundary conditions. Polynomial response surfaces and 
radial basis neural networks are used as surrogates, while a hybrid 
formulation of the NSGA-IIa evolutionary algorithm is applied to construct 
the Pareto optimal solutions from the two surrogates. The result shows that 
the radial basis neural networks are more accurate near the Pareto front 
while the response surface performs better in regions away from it. By 
adding data points from the Pareto front instead of excluding outliers the 
fidelity of both surrogates could be improved, especially near the Pareto 
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front. The maximum improvement of the pressure recovery was 14.4% and 
8.9%, respectively, for the two inlet boundary conditions, with substantially 
reduced separation and non-axisymmetrical shapes. 

Introduction
Hydraulic turbine diffusers, referred to as the draft tubes in the field, are an 
important part of low and medium headed hydropower plants, since they 
create a gain in head by recovering kinetic energy. The design of these 
diffusers has traditionally been based on simplified analytical methods, and 
reduced and full scale experiments. In the last decade or two, however, the 
usage of computational fluid dynamics (CFD) has dramatically increased in 
the design process and will continue to grow. The numerical prediction of 
the flow field in these diffusers are though challenging and time consuming, 
caused by the complex flow features, e.g., unsteadiness, turbulence, swirl, 
separation and secondary flow. Therefore the majority of the work, so far, 
has been focused on the accuracy and reliability of such CFD simulations [1-
3]. At the same time it is evident that the primary concern in industry is not 
to analyze and understand the flow; it is instead to improve the design 
capability for the system. In this context surrogate model-based optimization 
has shown to be an effective tool for estimating the response of 
computationally expensive CFD models in other application areas involving, 
for example, airfoils, blade profiles, injectors and supersonic turbines [4-7], 
as well as in diffuser shape optimization [8-11]. The surrogate models 
provide global approximation of the system response and by using these 
models instead of complex CFD simulations in the optimization phase. 
Hence, not only the total computational time in the design process can 
potentially be reduced but also better insight into the design space 
characteristics, such as the interplay between design variables and sensitivity 
of the design objective with respect to the individual design variables 
[12,13], can be gained. Examples of surrogate models are response surface 
methodology, neural networks, support vector regression, and spline, radial 
basis and Kriging approximations [13-16]. The selection of a suitable 
surrogate model is, however, problem dependent and it is therefore 
preferable to evaluate several models in the optimization phase in order to 
chose the best one [12,16-18]. Another important issue is how to search for 
the optimal solution of the surrogate model approximation, especially for 
multi-objective optimization problems. Multi-objective optimization 
problems usually have several optimal solutions known as Pareto optimal 
solutions and there exist a number of approaches to find these solutions like 
weighted sum strategy and -constraint strategy [19,20]. One popular niche 
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is, however, to use multi-objective evolutionary algorithms [21-23]. These 
algorithms require a large number of function evaluations and are generally 
not suited for expensive problems such as diffuser shape optimization. 
However, by usage of surrogate model approximations these algorithms 
have recently been successfully implemented for other computationally 
costly problems [7,24]. 

In the present work, a multi-objective evolutionary algorithm in 
conjunction with multiple surrogate model approximations will be used to 
optimize the shape of a hydraulic turbulent diffuser. The diffuser in focus is 
a 3D extension of the cone part of the ERCOFTAC Turbine-99 Workshop 
draft tube [1], where optimal solutions for two competing inlet boundary 
conditions are sought for. Some relevant prior works on turbulent diffuser 
shape optimization include both 2D and 3D studies [8-11,25]. In these cases, 
however, changes in optimal shape for different inlet boundary conditions 
have not been studied in detailed. This issue is though very important when 
for example designing hydraulic turbines, where the shape of the draft tube 
(and thereby the performance of the turbine) depends on which operational 
mode the turbine is run at. Hence, the chosen multi-objective diffuser shape 
optimization problem will be scrutinized using a hybrid formulation of the 
archiving elitist non-dominating sorting genetic algorithm (NSGA-IIa) by 
Deb [26] on a five design variable case. As surrogate models the response 
surface methodology and the radial basis neural networks will be used. The 
objective function is simultaneous optimization of the pressure recovery 
factor for the two competing operational modes of the diffuser, as mentioned 
earlier. Major topics to be addressed are the interaction and trade-offs 
between competing objectives, the fidelity of multiple surrogate models and 
the experimental design.  

The paper is organized as follows: We will first describe the diffuser 
geometry, the multi-objective optimization problem definition, and the main 
components of the optimization techniques. Then, we present the results 
based on the CFD analyses and discuss the outcome and implications of the 
design optimization process.  

Geometric and Problem Definition 
Diffusers convert dynamic pressure into static pressure by gradually 
increasing the cross-sectional area. The performance of the diffuser is highly 
influenced by the wall shape, the cross-sectional area ratio together with the 
velocity distribution at the inlet. A typical measure of its performance that 
will be used here is therefore usually given by the average pressure recovery  
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(a)

(b)
Fig. 1- 3D models of the diffuser geometries in focus; 

(a) ERCOFTAC Turbine-99 Workshop draft 
tube; (b) Simplified diffuser geometry. 

factor Cp, defined as: 
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where A is the area, p the static pressure, Q the flow rate,  the density and 
the subscripts in and out correspond to the inlet and outlet, respectively. 

The geometry in focus is a 3D extension of the inlet cone part of the 
ERCOFTAC Turbine-99 Workshop draft tube [1] since most of the pressure 
recovery is obtained in this portion of the flow domain. Figure 1 illustrates 
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Fig. 2- 2D sketch of the diffuser geometry and its design variables,  
dimensions in millimeter. 

both original Turbine-99 and the presently simplified geometry. Three cross-
sections (excluding the inlet and outlet) are used to define the shape of the 
diffuser, as shown in Fig. 2. The final envelope surface of the diffuser 
geometry is obtained by lofting a spline function through the inlet, cross-
section 1 and cross-section 2, and by lofting two straight lines between 
cross-section 2 and cross-section 3 and between cross-section 3 and the 
outlet, respectively. The cross-sectional profiles at cross-section 1 and 2 are 
elliptical while they are rectangular at cross-section 3 and at the outlet, so 
that the diffuser geometry includes non-axisymmetric shapes and matches 
the Turbine-99 draft tube exit area. Note also that the inlet profile follows 
the Turbine-99 draft tube inlet. As design variables the four elliptical 
parameters a1, b1, a2 and b2 together with the distance l2 to cross-section 2 
are considered (i.e. totally five design variables), while the distance l1 to 
cross-section 1 is set fixed to 178.8 mm. All these parameters are allowed to 
vary with about ±24% compared to the original design variables, such that 
the area of cross-section 1 is also always no larger than the area of cross-
section 2. The final geometry parameterization was created according to the 
profile design method presented by Marjavaara [10], using the ANSYS 
Design Modeler 9.0 [27]. 

The performance of the present diffuser (i.e., pressure recovery factor) 
will be optimized for two competing inlet boundary conditions, called the T-
mode respectively the R-mode, in the ERCOFTAC Turbine-99 Workshops  
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Fig. 3- Sketch of the propeller curve and the operational modes. 

[1]. The T-mode is based on measurements from the top point of the 
propeller curve, while the R-mode represents measurement from the right 
leg of the propeller curve of the turbine, see Fig. 3. In this case, boundary 
conditions regarding the axial and the tangential velocity profiles will follow 
the experimental measurements, and quantities needed by the turbulence 
model and the radial velocity profile will follow those adopted in the second 
workshop [1]. 

The final multi-objective optimization problem can therefore be 
formulated as: 
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where f contains the two objective functions and g contains the geometrical 
inequality constrains, while the remaining side constraints are the bounds. 

Optimization Approach 
Surrogate-based optimization analysis can be seen as an approximation 
problem for which one aims at determine the true relationship between the N
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design variables x=(x1, …, xN) and the computer calculated response y from 
a prescribed set of data points (i.e. to find out xgŷ ). By this approach, 
one can replace the original computer model y with the surrogate model g(x)
in the optimizations process, to provide a faster and more effective 
exploration of the design and solution space and thereby also a better insight 
into the true relationship between x and y. The key steps in the approach will 
be highlighted in the following subsections. 

Experimental Design. The first step in the surrogate-based optimization 
process is the selection of n data (design) points for the surrogate model 
approximation. This is a crucial step since the predictive capability of the 
surrogate model (especially for response surface methodology) is strongly 
dependent on the distribution of these points. Usually a Design of 
Experiments (DOE) or a Design and Analysis of Computer Experiment 
(DACE) strategy is adopted to select the data points and to improve the 
fidelity of the surrogate approximation [28,29]. The difference between 
these strategies is that the former ones are developed for physical 
experiments rather than computer analysis which the latter ones are. It has 
also been shown by Giunta [30] that using a DOE design strategy is superior 
to a random selection strategy. Some examples of standard DOE strategies 
that can be found in the literature are central composite design (CCD), face 
centred composite design (FCCD), and Box-Behnken Design (BBD) [14]. In 
addition there also exist a number of computer-generated DOE strategies 
based on different optimal criterion like A-optimal, D-optimal, G-optimal 
and I-optimal (also referred as Q-optimal) [14]. Examples of standard DACE 
strategies, on the other hand, are latin-hypercube, orthogonal arrays, 
minimax and maximin designs to name a few [28,29]. The choice of a 
suitable experimental design strategy is, however, also problem dependent, 
exemplified by the fact that the often used FCCD design method is only 
effective as long as the number of design variables is modest [14].

Here 34 initial data points were selected (including both the centre point 
and original design point) according to the I-optimal DOE strategy [31], 
which is listed in Table A1 Appendix. The actual data points were generated 
with the commercial software JMP 5.0.1a [31] on coded (scaled) design 
variables and by satisfying the non-coded constraints. In this case a 
computer based DOE strategy was preferred instead of one of the standard 
strategies in order to satisfy the constraints and to keep the total number of 
data points relative few. The I-optimal criterion was finally chosen based on 
a comparison with the D-optimal criterion since the former gave the smallest 
average prediction variance profile. 
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The data points with the I-optimal criterion are found by minimizing: 

MXX 1)( TtrI , (3)

where X is the design matrix and M is a moment matrix that is independent 
of the design points and can be computed in advance. M is defined as: 

R

T dxxfxf )()(M , (4)

where R is the region of interest and fT(x) denotes a row corresponding to a 
factor combination x of the design matrix X.

CFD analysis. The second step in a surrogate-based optimization process is 
the evaluation of the objective function(s) for each data point in the 
experimental design plan. In this case the objective functions (i.e. Cp for the 
T and R modes) were obtained by solving the 3D flow field for each diffuser 
design and inlet boundary condition, using the commercial CFD code CFX-
5.7.1 from ANSYS [32]. This solver is coupled and utilizes a finite element 
based finite volume method applied on an unstructured grid to solve the 
governing equations. To obtain a closured form of the solved Reynolds-
Averaged Navier Stokes (RANS) equations the standard k-  turbulence 
model with scalable wall functions was used. Although it is well known that 
this model is unable to reproduce all details of the flow accurately [33], due 
to lack of computationally tractable alternatives, it is used here so that an 
optimization framework can be first established and general findings 
investigated. For the numerical discretization of the continuity and 
momentum equations a second order corrected Upwind Difference Scheme 
was applied for the advection term, while the correction was removed for the 
turbulent equations due to robustness problems. The derivatives for the 
pressure gradient term and the diffusion term were obtained with shape 
functions. At the outlet of the fluid domain a zero average static pressure 
condition was applied and the walls were considered smooth. 

The structured computational grids for each diffuser geometry were 
generated with the commercial grid generator ICEM CFD 5.1 [34]. To 
minimise the variation in numerical errors as a function of grid topology, the 
same topology and mesh parameters were used for all grid systems, which 
are non-uniform, with more clustering near the wall, the inlet, and in the 
wake region downstream of the runner. Grid layouts of different sizes were 
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also evaluated in order to determine the one that provided the best balance in 
terms of convergence and execution time. The selected grid consisted of 
708k nodes. 

Surrogate model approximation. The third step in a surrogate-based 
optimization process is the surrogate model approximation. With the 
response surface methodology, a polynomial is fitted to the evaluated data 
points according to the experimental design plan so that it reflects the global 
behaviour of the objective function over the design space. The fashion is to 
use low order polynomials (quadratic and cubic) due to their cost 
effectiveness. For example, a quadratic response surface (RS) model can be 
written as: 

n
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jiij

n

i
iii

n

i
ii xxxxy
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where ŷ  is the system response, xi the design variables and i the regression 
coefficients to be determined. The error i between the approximated 
response ŷ  and true response y at each data point can be expressed as: 

, ..., n,iyy iii 21,ˆ . (6)

The error term represents random noise errors and modelling errors (or bias 
error). The former type originates from background noise and/or 
measurement/numerical errors, while the latter type is plainly an effect of 
lack of flexibility of the polynomial approximation. Equation (5) and Eq. (6) 
can now be combined to yield the following expression: 

Xy . (7)

The regression coefficients  in Eq. (7) are usually determined by the 
method of least squares, i.e. minimising the sum of square of errors SSE: 
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1

2 XyXy TT
n

i
iESS , (8)

which gives the least square estimator b of the regression coefficients  as: 
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yXXXb TT 1)( . (9)

The final RS model can then be expressed as: 

bxx Ty )(ˆ , (10)

which can be used to predict an approximated response ŷ  for a given data 
point x.

The fidelity of the RS model can be judged by comparing a number of 
quality statistics. The two most commonly used the coefficient of multiple 
regression, R2, and its adjusted form, Ra

2, are defined as: 
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and p is the number of regression coefficients. These two measures 
determine the proportion of the variation around the mean in the response 
which can be captured by the RS model. The Ra

2 value does also take 
account to the degrees of freedom and is therefore generally more reliable. 
Based on Eq. (11) and Eq. (12) it can be seen that the range of these two 
quantities is between [0, 1] where a value close to one corresponds to a good 
fit. Two other relevant quality measures are the root mean square (RMS) 
error  and it adjusted counterpart a defined as: 

n
SSE , (15)
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pn
SSE

a , (16)

respectively being estimations of the standard error of the RS model. To 
check the significance of each regression coefficient i (i.e. H0: i =0, H1: i

0) the t0 test statistic is commonly used. It rejects the null hypothesis (H0)
if: 

pn
iia

i t
C

b
t ,2/20 , (17)

where Cii is the diagonal element to (XTX)-1 corresponding to i, and is the 
significance level. Note that this is only a partial test because the regression 
coefficient i depends on all variables in the model. In this study the RS was 
implemented in MATLAB 7.0.1 using coded design variables. [35]. 

The other surrogate model used here is based on a radial basis neural 
network (RBNN), where the global behaviour of the objective function over 
the design space is obtained by training a two layer network with the 
evaluated data points in the experimental design plan. This type of network 
consists of one hidden radial basis layer and an output linear layer. The 
transfer function a of the neurons in the hidden radial basis layer is given by 
the radial basis function: 

2bea xw , (18)

and in the output linear layer by the linear function: 

ba T xw , (19)

where b is the bias, w the neuron weight vector and x is again the design 
variable (input) vector. In this study the RBNN model was constructed with 
the function newrb in MATLAB 7.0.1 [35] on coded design variables. The 
newrb function iteratively creates a RBNN by adding neurons one by one to 
the hidden radial basis layer until the sum of square error falls beneath an 
error goal or a maximum number of neurons have been reached. This error 
goal is specified by the input constant goal and if it is set to zero, neurons 
will be added until the network exactly predicts the input vector x. The bias 
b for each neuron in the hidden radial basis layer is set default to 
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0.8326/spread, where spread is another input constant that determines the 
radius of influence of each neuron. The bias b and the neuron weights w of 
the output linear layer is in next turn found explicitly by simulating the 
output of the hidden radial basis layer and combining it with the knowledge 
of the target output. In order to learn the RBNN model in a proper way and 
avoid over-fitting, i.e., select appropriate values of the goal and spread
constants, a small number of the experimental design data points are usually 
reserved for validation and testing while the remaining ones are used for 
training. The neural network is then developed recursively. First the network 
is exposed to the training data and then it is tested with the validation data 
for a large range of goal and spread constants. The values of goal and 
spread that produces the smallest error accordingly to Eq. (15) in the 
validation data, i.e. v, are then finally selected before the range of goal and 
spread are reduced and some new values of them are identified. This cross-
validation continues until the goal and spread combination that minimizes 
the error in the validation data is found. 

In this third step, a frequently used method to improve the quality of the 
surrogate models is to detect and eliminate outliers. Outliers are data points 
that have too strong influence on the statistics and will therefore reduce the 
quality of the surrogate model. In this work a method analogous to the 
Iterative Re-weighted Least Square (IRLS) approach suggested by Beaton 
[36] was applied to both surrogate models. In principle, the method assigns 
low weights to outliers and by refitting the surrogate model with these 
weights the effects of the outliners can be suppressed. This process is 
repeated until convergence. The weight w that is given to a data point in this 
case is: 
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where B is a tuning parameter usually having a value between 1 and 3, and ei
is the residual. In this case a value of 1.9 was chosen for B.

Design exploration. Much insight can be gained in a surrogate-based 
optimization process from the Pareto optimal solutions (Pareto front) in the 
surrogate model approximation. In this study the Pareto optimal solutions 
were found by using a hybrid formulation of the elitist non-dominated 
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sorting genetic algorithm (NSGA-II) developed by Deb [26]. This is one of 
the multiple-objective evolutionary algorithms that have showed to be most 
effective in finding Pareto optimal solutions [7]. Here the real coded 
archiving NSGA-II (NSGA-IIa) algorithm in conjunction with a local search 
method in the end of the algorithm was used. Real coded means that 
crossover and mutation operator is conducted over real rather than binary 
space, and archiving means that archiving strategy is dynamic rather than 
static. As local search method the -constraint strategy was chosen since it 
has been showed that it can improve the Pareto optimal solutions further [7]. 
The final clustering to obtain a relevant subset of the generated Pareto 
optimal solutions was performed using a weighted sum approach. The 
algorithm was implemented in MATLAB 7.0.1 [35], where the selection, 
crossover and mutation operator was set to two crowded tournament 
selection operator, simulated binary crossover operator and polynomial 
mutation operator respectively. For more details of the algorithm please see 
Deb [22] and Goel [24]. 

Results and Discussion 
The CFD solutions for the construction and validation of the surrogate 
models were obtained for totally 64 geometries, presented in Table A1 
Appendix. The first 34 geometries correspond to the computer generated I-
optimal DOE designs in section 2.2, while the rest represents the validated 
Pareto optimal solutions. Of these latter points, the first 15 are Pareto 
optimal solutions based on the original 34-case DOE plan containing the I-
optimal designs, while the remaining ones are based on an enhanced 49-case 
DOE plan where the first 15 validated designs were added to the original 
DOE plan in order to improve the accuracy of the surrogate models. Having 
two inlet boundary conditions, Cp for T respectively R mode, the total 
number of performed CFD simulations boils down to 128 (64x2). Each of 
these CFD simulations was assumed converged when all the RMS residuals 
had dropped to about 10-6, which is sufficient for most industrial 
applications according to [32]. The average y+ values for each calculation at 
near wall nodes was about 42 for the diffuser wall, and about 52 for the 
runner wall, which are sufficient based on established practices [32]. The run 
time for one simulation was approximately 8 CPU hours on a dual Intel 
Xeon 2.4GHz 32-bit processor and with 2GB ram available. The validated 
Pareto optimal solutions was selected, once the Pareto Fronts were 
constructed, from sets containing 255 to 434 solutions for the 34-case DOE 
plan and 333 to 656 solutions for the 49-case DOE plan, depending on the 
surrogate model approximation. The input parameters for the hybrid NSGA-
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IIa algorithm, for the construction of the Pareto fronts, were chosen based on 
an extensive parametric study, and were set to: 

Population size, pop 100 
Generations, gen 250 
Crossover probability, X 1.0 
Crossover distribution parameter, X 5.0 
Mutation probability, M 0.2 
Mutation distribution parameter, M 20.0 

The total number of evaluated functions, for each surrogate model and both 
objectives, in the hybrid NSGA-IIa algorithm was therefore 50 000 
(100x250x2) as seen in Fig. 4 (black dots). 

Optimization analysis. Only quadratic polynomials were considered in this 
study for the construction of the RS models, since the number of data points 
needed grows rapidly as the order of the polynomial increases. Specifically, 
three RS models were constructed for each objective and each DOE plan, as 
summarized in Table 1 and Table 2. These include the; (i) full quadratic RS 
model, (ii) reduced quadratic RS model omitting regression coefficients with 
a t-ratio less than 1.0, and (iii) full quadratic RS model excluding outliers 
with a weight less than 0.1, respectively. The full quadratic RS model based 
on the 34-case DOE plan yields, however, in low Ra

2 and high a values, for 
both objectives (0.91 and 0.82 respectively 0.038 and 0.051), as shown in 
Table 1. Hence, the accuracy of this model is poor for Cp in both the T and R 
mode. Comparable result was also obtained, in both objectives, using the 
reduced quadratic RS model (0.91 and 0.83 respectively 0.038 and 0.049), as 
seen Table 1 and Table A2 Appendix. By excluding outliers, however, the 
fidelity of the RS models becomes enhanced in both objectives (0.96 and 
0.95 respectively 0.023 and 0.027), see Table 1. A note of caution regarding 
the so-called outliers should be made. As investigated by Mack [18] and 
Goel [37], the outliers may suggest unusual but desirable points from the 
viewpoint of design optimization. Therefore in the present approach, once 
the Pareto front was constructed, additional cases along the Pareto front 
were added to the original DOE plan, to enhance the fidelity of the surrogate 
model in the critical region. Specifically, 3 data points on the Pareto front 
were selected from each of the three fitted quadratic RS models in Table 1 
and from the two constructed RBNN models in Table 3 (explained later),  
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Table 1. Fidelity of the quadratic RS models based on the original 34-case DOE plan. 
(i) Full quadratic RS 

model 
(ii) Reduced quadratic 

RS model 
(iii) Full quadratic RS model 

excl. outliers 
Cp T-mode R-mode T-mode R-mode T-mode R-mode 

Mean 0.57 0.60 0.57 0.60 0.58 0.59 
a 0.038 0.051 0.038 0.049 0.023 0.027 

0.025 0.037 0.024 0.031 0.012 0.014 
# of 
obs. 34 34 34 34 29 29 

R2 0.96 0.93 0.96 0.90 0.99 0.99 
R2

adj 0.91 0.82 0.91 0.83 0.96 0.95 
(ii)omitting regression coefficients with t-ratio less than 1.0 (see Table A2 Appendix). 
(iii)excluding outliers with a weight less than 0.1 (T-mode: {Geo 4, 13, 16, 22 and 30} and 
R-mode: {Geo 10, 16, 21, 31 and 33}). 

Table 2. Fidelity of the quadratic RS models based on the enhanced 49-case DOE plan. 
(i) Full quadratic RS 

model 
(ii) Reduced quadratic 

RS model 
(iii) Full quadratic RS model 

excl. outliers 
Cp T-mode R-mode T-mode R-mode T-mode R-mode 

Mean 0.62 0.66 0.62 0.66 0.62 0.66 
a 0.030 0.035 0.030 0.035 0.016 0.018 

0.023 0.027 0.023 0.027 0.011 0.013 
# of 
obs. 49 49 49 49 42 44 

R2 0.97 0.96 0.97 0.96 0.99 0.99 
R2

adj 0.95 0.93 0.95 0.94 0.99 0.98 
(ii)omitting regression coefficients with t-ratio less than 1.0 (see Table A3 Appendix). 
(iii)excluding outliers with a weight less than 0.1 (T-mode: {Geo 10, 13, 16, 21, 22, 30 and 
32} and R-mode: {Geo 10, 16, 21, 31 and 33}). 

Table 3. Fidelity of the RBNN models based on the original 34-case DOE plan. 
(iv) Ordinary RBNN model (v) RBNN model excl. outliers 

Cp T-mode R-mode T-mode R-mode
Mean 0.57 0.60 0.56 0.60 

v 0.035 0.018 0.002 0.009 
0.017 0.010 0.001 0.005 

# of neurons 23 24 25 25 
# of val points* 7 7 7 7 

spread 0.001 0.001 0.001 0.001 
goal 1.9 1.8 1.7 1.7 

*validation points randomly selected ({Geo 7, 16, 15, 27, 30, 32 and 34}). 
(v)excluding outliers with a weight less than 0.1 (T-mode: {Geo 7, 16, 27, 30, 32 and 34} 
and R-mode: {Geo 16, 24, 27 and 32}). 
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Table 4. Fidelity of the RBNN models based on the enhanced 49-case DOE plan.
(iv) Ordinary RBNN 

model 
(v) RBNN model excl. 

outliers 
Cp T-mode R-mode T-mode R-mode

Mean 0.62 0.66 0.62 0.66 
v 0.030 0.012 0.008 0.007 

0.014 0.007 0.005 0.004 
# of neurons 29 28 29 27 

# of val points* 10 10 10 10 
spread 0.001 0.001 0.001 0.001 
goal 1.8 1.9 1.6 2.0 

*validation points randomly selected ({Geo 15, 27, 30, 32, 35, 40, 41, 44, 45 and 47}). 
(v)excluding outliers with a weight less than 0.1 (T-mode: {Geo 27, 30, 32 and 45}and R-
mode: {Geo 9, 27, 32 and 48}). 

and then added to the 34-case DOE plan. By this approach the accuracy, Ra
2

and a values, of the three quadratic RS models, now being based on the 
enhanced 49-case DOE plan, become more satisfactory (0.95 and 0.93 
respectively 0.030 and 0.035 for the full quadratic RS model), as shown in 
Table 2. Furthermore, it is noticed that the fidelity of all the three quadratic 
RS models, in Table 1 and Table 2, is somewhat higher for the T mode than 
for the R mode. 

For the construction of the RBNN models, two models were tested for 
each objective and each DOE plan, as shown in Table 3 and Table 4. These 
two are the: (iv) ordinary RBNN model and the (v) RBNN model excluding 
outliers with a weight less than 0.1. In both models, about 20% of the data 
points in each DOE plan (7 and 10, respectively) were randomly selected as 
the validation set, see Table 3 and Table 4. As for the quadratic RS models, 
the fidelity of the RBNN models, for both objectives, becomes enhanced by 
excluding outliers as well as using the 49-case DOE plan, compare the 
decrease in v,  being based on the validation points, between the RBNN 
models in Table 3 and Table 4. It is also noticed that the improvement in v
is related to the number of validation points being dismissed as outliers. For 
example, the ordinary RBNN model for the T mode, based on the 34-case 
DOE plan, is enhanced ( v decreased from to 0.035 to 0.002) due to the fact 
that all outliers actually corresponded to the validation data points, as shown 
in Table 3. In general, however, the size and deviation in v, # of neurons,
spread and goal in Table 3 and Table 4, between the different RBNN 
models, indicates that the prediction capabilities of the RBNN models are 
quite adequate. Moreover, the fidelity of the two RBNN models is generally 
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higher for the R mode than for the T mode, in contrary to the quadratic RS 
models, see Table 3 and Table 4.  

As indicated in Table 1 to Table 4, the  values are generally lower for 
the RBNN models than those for the quadratic RS models, in both 
objectives. The difference is also larger for the R mode. Consequently, the 
RBNN models are considered better than the quadratic RSM models 
according to these quality statistics. Examining the Pareto fronts in Fig. 4, 
where the solution space (green dots) of the two competing objectives is 
plotted for alternative surrogate model and DOE plans, it is also observed 
that the predictive capabilities near the Pareto front is better for the RBNN 
models than for the quadratic RS models. In fact, the fidelity of the quadratic 
RS models in this region is poor, since the shape of the Pareto front (red 
dots) is not in agreement with the CFD data for none of DOE plans (blue and 
red stars). Instead the shape of the Pareto front, for both DOE plans, seems 
to converge into a single optimum solution, due to the sharp-edged solution 
spaces. In addition, the variation in the Pareto front shape (and solution 
space) as a function of the DOE plan (number of data points) is small, due to 
the properties of the fitted quadratic polynomials. Reducing the design space 
near the Pareto front or using higher order polynomials would probably give 
larger variations and better agreements. The RBNN models on the other 
hand have generally a more blunted solution space and the shape of the 
Pareto front corresponds better to the CFD data in this region, as shown in 
Fig. 4. It is also observed that the variation in the Pareto front shape as the 
number of data points increases is larger for the RBNN models. Especially, 
the Pareto front based on the enhanced 49 case DOE plan is the preferred 
surrogate model and seems to match the CFD data, except for high Cp values 
in the T mode, and low Cp values in the R mode. Compare Fig. 4 and Fig. 5, 
where all validated data points and their corresponding number in Table A1 
Appendix are included in the latter figure. The fidelity of the Pareto front 
based on the original 34 case DOE plan is, however, poorer and comparable 
to the ones estimated by the quadratic RS models. In fact, it also tends to 
converge to a single optimum solution, see Fig. 4. Furthermore, it is noticed 
by similar assessments that the quadratic RS models seems to, in some 
extend, be more accurate away from the Pareto front than the RBNN 
models, compare Fig. 4. In addition, it is also observed that all the selected 
and validated Pareto optimal solutions except one solution (Geo 58), actually 
improve at least one of the two objectives compared to the original design 
(Geo 1), as seen in Fig. 5 and in the Cp values of Table A1 Appendix. This 
solution was obtained with the full quadratic RS model omitting outliers,  
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(a) (b)

(c) (d)
Fig. 4- Solution space (green dots), Pareto front (red dots), CFD calculated 

designs (blue and red stars) and the hybrid NSGA-IIa evaluated 
designs (black dots) for the constructed surrogate models (The 
hybrid NSGA-IIa parameters were set to; pop=100, gen=250, 

X=1.0, X=5.0, M=0.2, M=20.0); (a) Full quadratic RS model 
based on the 34-case DOE plan; (b) Full quadratic RS model based 
on the 49-case DOE plan; (c) RBNN model based on the 34-case 
DOE plan; (d) RBNN model based on the 49-case DOE plan. 

(a) (b)
Fig. 5- Solution space (green dots) for the RBNN model based on the enhanced 

49-case DOE plan, and all calculated CFD data points (blue and red 
stars); (a) Whole solution space; (b) Zoomed solution space. 
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 (a) (b)

(c) (d)
Fig. 6- CFD calculated axial velocity fields at the A-plane for two diffuser  

geometries; (a) Geo 60, T mode; (b) Geo 60, R mode; (c) Geo 6, T 
mode; (d) Geo 6, R mode. 

Fig. 7- Flow characteristics in the solution space (green dots). The solution  
space is from the full quadratic RS model based on the enhanced 
49-case DOE plan. 

and the shape of its diffuser geometry is quite different from the rest of the 
validated geometries, see Table A1 Appendix. However, the overall best 
point (Geo 60) is not located on the Pareto front; instead it appears to be a 
single optimum point, as shown in Fig. 5. This is commonly encountered, 
and suggests the need for further data points to help improve the surrogate 
model. 
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In geometrical terms the optimization result shows that the diffuser wall 
angle can be larger and that a non-axi-symmetrical cross-sectional shape is 
preferable in comparison to an axi-symmetrical one to gain the best 
performance of the diffuser due to the rectangular outlet area, see geometries 
in Table A1 Appendix. How much the wall angle can increase depends on 
the choice of the trade-off between the competing objectives. The maximum 
improvement of the pressure recovery is 14.4% for the T-mode and 8.9% for 
the R-mode, obtained for Geo 60 and Geo 47, respectively. The overall most 
favourable design is, however, Geo 60 for which the wall angle increases 
with approximately 3.5 degrees at the B-plane (see Fig. 2 for plane 
definition). 

Flow analysis. The calculated steady flow field exhibits typical regions with 
separated flow near and downstream the runner, but also in some cases near 
the walls, as shown in Fig. 6 for two designs representing the overall best 
(Geo 60) respectively worse (Geo 6) geometry. The size of these separated 
zones is highly geometry dependent and generally the smaller they becomes 
the better diffuser performance is obtained. The flow field characteristics can 
be divided into three major groups based on the size and locations of the 
separated zones as illustrated in Fig. 7. Group A corresponds to diffuser 
geometries with “bad” performance where strongly separated flow regions 
appear near the walls and/or downstream of the runner. Group C contains 
diffuser geometries with “good” performance where weakly separated flow 
regions appear downstream of the runner, especially for the R-mode. This 
observation follows earlier investigations showing that maximum 
performance (i.e. pressure recovery) occurs at the boarder of appreciable 
flow separation [25]. The geometric characteristics of Group B lies finally 
between Group A and C. 

Conclusion 
The present study reports our effort in shape optimization of a 3D hydraulic 
diffuser, by maximising the pressure recovery for two competing inlet 
velocity profiles. Such real-world design problems can be effectively 
addressed by multiple surrogate models. In particular, RBNN and 
polynomial RS models can be fruitfully employed to offer contrast. The 
accuracy of the global surrogate model can be improved by judiciously 
adding data points once the Pareto optimal solutions is constructed. By 
excluding outliers (and uncertain regression coefficients for the RS model) 
the accuracy of the surrogates can be improved even further. But in this case 
care must be taken for outliers that actually are desirable from the objective 
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viewpoint. Furthermore, it is demonstrated that by using global surrogate 
approximations in conjunction with an evolutionary algorithm one can 
construct the Pareto front on a computational limited budget as compared to 
solely using an evolutionary algorithm in the optimization process. In the 
present design problem, the fidelity of the Pareto front improves as the 
number of data points increases, and the RBNN model performs better than 
the quadratic RS model. The outcome of the optimization revealed in 
optimal 3D hydraulic diffuser designs with very small separation regions in 
agreement with our physical insight. An interesting result is, however, that 
the corresponding geometry is not axi-symmetric giving ideas of innovative 
designs in the future. 
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Appendix

Table A1: CFD data for the I-optimal designs and validated Pareto optimal solutions. 

Geo a1, b1
[mm] 

a2, b2, l2
[mm]

Cp
T mode 

Cp
R mode 

A-
plane 

B-
plane 

34 I-optimal data points 

1* 269.07 
269.07 

309.01 
309.01 
397.8 

0.71 0.75 

2 236.46 
236.46 

236.46 
381.56 
429.80 

0.51 0.60 

3 236.46 
236.46 

294.50 
236.46 
429.80 

0.41 0.48 

4 236.46 
236.46 

294.50 
309.01 
278.46 

0.33 0.43 

5 236.46 
236.46 

367.05 
381.56 
323.86 

0.31 0.42 
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6 236.46 
236.46 

381.56 
236.46 
278.46 

0.27 0.37 

7 236.46 
236.46 

381.56 
309.01 
429.80 

0.47 0.56 

8 236.46 
265.48 

236.46 
265.48 
278.46 

0.54 0.57 

9 236.46 
272.74 

309.01 
338.03 
369.26 

0.60 0.69 

10 236.46 
277.64 

323.52 
277.64 
354.13 

0.60 0.69 

11 236.46 
301.76 

381.56 
381.56 
429.80 

0.56 0.55 

12 236.46 
309.01 

236.46 
309.01 
399.53 

0.52 0.53 

13 236.46 
309.01 

371.40 
309.01 
278.46 

0.35 0.36 

14 239.65 
309.01 

252.41 
381.56 
278.46 

0.63 0.57 

15 258.22 
279.30 

332.23 
279.30 
354.13 

0.69 0.74 

16 266.47 
272.51 

266.47 
272.51 
429.80 

0.56 0.58 

17 267.86 
236.46 

267.86 
309.01 
354.13 

0.59 0.66 

18 270.29 
287.25 

304.11 
381.56 
429.80 

0.76 0.76 

19 271.28 
272.74 

271.28 
348.91 
354.13 

0.73 0.75 

20 272.74 
272.74 

309.01 
309.01 
354.13 

0.73 0.76 

21 272.74 
272.74 

381.56 
359.80 
278.46 

0.60 0.71 

22 272.74 
284.00 

327.15 
284.00 0.74 0.74 
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278.46 

23 272.74 
307.89 

381.56 
307.89 
429.80 

0.63 0.62 

24 272.74 
309.01 

316.26 
309.01 
339.00 

0.66 0.60 

25 279.99 
254.51 

381.56 
254.51 
369.26 

0.69 0.75 

26 287.25 
236.46 

371.40 
381.56 
429.80 

0.62 0.65 

27 300.00 
236.46 

307.06 
236.46 
323.86 

0.59 0.57 

28 309.01 
236.46 

309.01 
381.56 
278.46 

0.41 0.35 

29 309.01 
236.46 

381.56 
309.01 
278.46 

0.52 0.52 

30 309.01 
243.72 

309.01 
323.52 
429.80 

0.64 0.59 

31 309.01 
275.60 

381.56 
275.60 
414.67 

0.68 0.59 

32 309.01 
288.92 

309.01 
288.92 
278.46 

0.61 0.60 

33 309.01 
296.36 

309.01 
296.36 
429.80 

0.57 0.58 

34 309.01 
309.01 

381.56 
381.56 
354.13 

0.56 0.56 

15 Pareto optimal solutions obtained based on the 34-case DOE plan (Geo 1-34) 

35a 270.74 
271.63 

332.15 
357.48 
400.42 

0.71 0.80 

36a 272.18 
274.27 

329.19 
373.96 
417.54 

0.72 0.80 

37a 273.13 
275.34 

330.09 
381.56 
429.80 

0.72 0.80 

38b 273.89 
267.19 

380.78 
272.39 
344.43 

0.70 0.78 
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39b 272.72 
275.12 

319.61 
373.84 
423.72 

0.73 0.80 

40b 278.02 
277.13 

338.64 
362.19 
423.47 

0.74 0.79 

41c 278.78 
266.81 

381.56 
332.91 
425.48 

0.71 0.80 

42c 280.81 
268.68 

380.49 
333.63 
429.80 

0.72 0.80 

43c 277.29 
273.73 

344.45 
353.16 
429.80 

0.73 0.79 

44d 275.70 
267.25 

373.86 
292.21 
339.24 

0.70 0.79 

45d 275.13 
276.12 

331.33 
367.87 
410.23 

0.73 0.80 

46d 282.41 
278.19 

349.40 
358.82 
411.24 

0.76 0.78 

47e 276.10 
273.16 

361.75 
372.31 
404.83 

0.72 0.82 

48e 275.30 
274.80 

338.50 
373.54 
411.03 

0.73 0.81 

49e 273.49 
278.58 

307.31 
381.56 
406.79 

0.75 0.79 

15 Pareto optimal solutions obtained based on the 34-case DOE plan (Geo 1-49) 

50a 272.86 
270.39 

346.30 
350.90 
398.02 

0.71 0.80 

51a 274.19 
273.77 

331.20 
355.37 
396.25 

0.72 0.80 

52a 270.76 
281.42 

294.48 
381.56 
387.75 

0.76 0.78 

53b 272.09 
267.69 

366.31 
344.93 
410.13 

0.70 0.79 

54b 279.60 
269.03 

371.75 
325.27 
384.28 

0.72 0.80 
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55b 268.91 
300.35 

284.62 
381.56 
405.08 

0.72 0.66 

56c 278.24 
267.55 

381.56 
338.91 
419.91 

0.71 0.81 

57c 278.70 
269.29 

381.56 
339.94 
429.23 

0.71 0.81 

58c 283.56 
285.29 

283.56 
285.29 
278.46 

0.66 0.66 

59d 271.86 
267.23 

374.25 
337.37 
397.46 

0.70 0.79 

60d 280.70 
268.35 

374.26 
313.88 
369.91 

0.81 0.80 

61d 289.22 
271.84 

363.37 
306.03 
352.68 

0.77 0.77 

62e 274.28 
270.42 

350.03 
350.03 
396.26 

0.71 0.81 

63e 274.29 
274.10 

326.98 
356.67 
393.91 

0.75 0.76 

64e 269.37 
281.57 

270.15 
381.56 
373.42 

0.75 0.76 

*original geometry 
aFull quadratic RS model 
bOrdinary RBNN model 
cFull quadratic RS model excluding outliers 
dRBNN model excluding outliers 
eReduced quadratic RS model  

Table A2 Regression coefficients and t-ratios of the full and reduced quadratic RS 
models based on the 34-case DOE plan. 

 (i) Full quadratic RS model (ii) Reduced quadratic RS model 
Term T mode t- 

ratio 
R mode t- 

ratio
T mode t- 

ratio
R-mode t- 

ratio 
Inter. 0.737 48.2 0.778 38.5 0.737 48.6 0.773 40.5 

a1 0.035 2.7 -0.005 -0.3 0.042 4.2 0 0 
b1 0.019 1.5 -0.011 -0.7 0.015 1.3 0 0 
a2 0.015 0.9 0.026 1.1 0 0 0.015 0.9 
b2 0.033 2.1 0.042 2.0 0.033 2.1 0.029 1.8 
l2 0.015 1.5 0.013 1.0 0.014 1.4 0.012 1.0 

b1*a1 -0.023 -2.0 0.007 0.4 -0.024 -2.2 0 0 
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a2*a1 0.059 3.1 0.059 2.3 0.045 3.5 0.048 2.6 
b2*a1 -0.021 -1.5 -0.017 -0.9 -0.019 -1.4 0 0 
l2*a1 -0.021 -2.0 -0.023 -1.7 -0.020 -1.9 -0.022 -1.7 
a2*b1 -0.012 -0.9 -0.017 -1.0 0 0 0 0 
b2*b1 0.040 2.4 0.043 1.9 0.042 2.5 0.030 1.6 
l2*b1 -0.034 -3.1 -0.033 -2.3 -0.034 -3.2 -0.036 -2.6 
b2*a2 -0.035 -2.2 -0.020 -0.9 -0.035 -2.3 0 0 
l2*a2 0.044 3.5 0.022 1.3 0.045 3.7 0.019 1.2 
l2*b2 0.043 3.2 0.046 2.6 0.040 3.1 0.047 2.8 
a1

2 -0.102 -6.3 -0.112 -5.2 -0.101 -6.2 -0.109 -5.3 
b1

2 -0.101 -5.7 -0.124 -5.3 -0.103 -5.9 -0.121 -5.5 
a2

2 -0.043 -1.8 -0.035 -1.1 -0.026 -1.5 -0.022 -0.9 
b2

2 -0.030 -1.4 -0.047 -1.7 -0.031 -1.5 -0.035 -1.5 
l2

2 -0.031 -1.9 -0.043 -2.0 -0.034 -2.1 -0.048 -2.3 
(ii)omitting regression coefficients with t-ratio less than 1.0 

Table A3 Regression coefficients and t-ratios of the full and reduced quadratic RS 
models based on the 49-case DOE plan. 

 (i) Full quadratic RS model (ii) Reduced quadratic RS model 
Term T mode t- 

ratio 
R mode t- 

ratio
T mode t- 

ratio
R-mode t- 

ratio 
Inter. 0.728 70.8 0.784 64.8 0.728 72.4 0.783 66.5 

a1 0.039 3.9 -0.005 -0.4 0.042 5.5 0 0 
b1 0.023 2.4 -0.013 -1.1 0.019 2.2 -0.014 -1.3 
a2 0.008 0.6 0.028 1.8 0 0 0.024 2.0 
b2 0.024 2.1 0.042 3.1 0.025 2.2 0.042 3.2 
l2 0.011 1.6 0.013 1.5 0.011 1.5 0.013 1.6 

b1*a1 -0.023 -2.5 0.006 0.6 -0.024 -2.8 0 0 
a2*a1 0.052 3.5 0.059 3.4 0.045 4.4 0.053 4.1 
b2*a1 -0.023 -2.1 -0.016 -1.3 -0.021 -2.0 -0.015 -1.2 
l2*a1 -0.022 -2.6 -0.024 -2.4 -0.021 -2.5 -0.023 -2.4 
a2*b1 -0.010 -1.0 -0.017 -1.4 0 0 -0.016 -1.4 
b2*b1 0.035 2.7 0.043 2.8 0.037 2.8 0.044 2.9 
l2*b1 -0.035 -4.1 -0.034 -3.3 -0.035 -4.1 -0.035 -3.5 
b2*a2 -0.035 -2.9 -0.022 -1.5 -0.036 -3.0 -0.022 -1.5 
l2*a2 0.042 4.4 0.023 2.0 0.043 4.5 0.022 2.0 
l2*b2 0.037 3.8 0.047 4.0 0.036 3.7 0.047 4.1 
a1

2 -0.095 -7.7 -0.116 -8.0 -0.095 -7.8 -0.113 -8.1 
b1

2 -0.092 -7.1 -0.129 -8.5 -0.094 -7.5 -0.131 -8.9 
a2

2 -0.034 -2.0 -0.030 -1.5 -0.025 -2.3 -0.024 -1.5 
b2

2 -0.028 -1.8 -0.048 -2.6 -0.028 -1.8 -0.047 -2.6 
l2

2 -0.038 -3.2 -0.046 -3.3 -0.039 -3.4 -0.048 -3.6 
(ii)omitting regression coefficients with t-ratio less than 1.0 
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Abstract
Numerical predictions of the flow fields in hydraulic turbine draft tubes are 
challenging as demonstrated in the ERCOFTAC Turbine-99 Workshops. In 
order to further lighten this subject, steady and unsteady simulations of the 
Turbine-99 draft tube are carried out using the two CFD codes CFX-5 
respectively Loci-STREAM. For the steady calculation, the turbulence is 
modeled with the standard k-  model and Menter’s BSL and SST k-
models, whereas for the unsteady calculation, the SST based DES turbulence 
model is used. Results from these simulations show that the codes predict 
about the same main flow structures although significant differences in 
detailed flow fields are noticed between the codes and turbulence models 
applied. 

* The article was also presented at the 3rd IAHR/ERCOFTAC Workshop on Draft tube Flow, Porjus, 
Sweden, 8-9 December 2005 [1]. 
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Introduction
The efficiency of a hydraulic reaction turbine is significantly affected by the 
performance of its draft tube. This part converts the kinetic energy leaving the 
turbine runner into pressure energy to create an additional head. The design of 
the draft tube is, however, not straight-forward since the flow comprise of 
many interacting features such as unsteadiness, turbulence, swirl, vortex rope, 
adverse pressure gradients, separation and secondary flows. In this context, 
three ERCOFTAC Turbine-99 Workshops [1] have been carried out to 
determine the state of the art techniques in draft tube flow simulation. Results 
from these workshops show that CFD simulations done by groups world 
wide, with the same mesh, inlet- and outlet boundary conditions, and 
turbulence models generally give similar main flow patterns, although 
differences are observed while using different turbulence models when a 
detailed flow field analysis is made. However, for engineering quantities, such 
as the pressure recovery factor, no distinct improvement could be noticed 
when using different codes or turbulence models. It was also observed that 
flow field predictions were very sensitive to the inlet boundary condition and 
grid quality. 

In this paper, one of the main purposes is to evaluate the numerical flow 
prediction capabilities in turbine draft tubes further. The focus is set on steady 
and unsteady CFD calculation of the Turbine-99 draft tube using the two CFD 
codes CFX-5 and Loci-STREAM. The draft tube geometry is a 1:11 model of 
Hölleforsens Kaplan turbine draft tube, built in 1941. The turbulence is 
modeled and compared by applying three RANS-based models (standard k- ,
BSL k-  and SST k- ) for the steady calculations, and one hybrid RANS 
LES model (the SST based DES turbulence model) for the unsteady 
calculations. In addition the reliability of the inlet boundary conditions, 
measured by Andersson [2], will be investigated. Details of the computations, 
results and discussions can be found in the next three sections. For more 
details about the Turbine-99 Workshop, see the Turbine-99 web page [1], and 
for other relevant works in this area, see for example Avellan [3] and Scottas 
[4]. 

Computational Approach 
The draft tube geometry and the definition of the verification and validation 
sections (six cross-sections, three pressure monitor points and upper- and 
lower centerlines) are defined in Figure 1. In the CFD simulation, angular 
averaged and angular resolved (time resolved) inlet boundary conditions are  
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Figure 1. Sketch of Hölleforsen draft tube model including sections for  
verification and validation.

Table 1. Performed simulations.
Case Model Grid Code Inlet Boundary

Steady k- 1m_yp50 CFX Averaged 
Steady BSL 1m_yp50 STREAM Averaged 

Steady SST 1m_yp50 CFX 
STREAM

Averaged 
Averaged 

Steady SST 1m_yp1 CFX 
STREAM

Averaged 
Averaged 

Unsteady DES 1m_yp1 CFX Averaged 
Unsteady DES 1m_yp1 CFX Resolved 

used, both corresponding to the best operating point of the turbine. The two 
computational grids, denoted 1m_yp1 respectively 1m_yp50, were provided 
by the organizers of the Turbine-99 Workshop [1] and constructed by Guido 
Döbbener and Holger Grotjans from ANSYS CFX. They consist of 1 million 
hexahedral nodes and have a y+ resolution of 1 and 50, respectively. 
Furthermore, the grids have a minimum face angle of 20.8 º, a maximum edge 
length ratio of 132 respectively 4585, and a maximum volume ratio of 8.9 
respectively 10.5. The simulations performed are summarized in Table 1. 

Turbulence models. In the two-equation RANS models (k-  and k-  based 
models) applied, the Reynolds stresses are related to the mean velocity 
gradients and the eddy viscosity via the constitutive equation. The difference 
between these models is the way the eddy viscosity is treated and how the 
turbulent transport equations are formulated. In the standard k-  model the 
eddy viscosity T is approximated as: 
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2kCT , (1)

and the turbulent transport equations for the turbulent kinetic energy k and the 
turbulent dissipation rate  are defined as: 
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In Menters BSL (Baseline) k-  model the eddy viscosity is instead 
estimated as: 

k
T . (4)

The turbulence transport equation for the turbulent kinetic energy k and the 
turbulent frequency  are then modeled as a blending between Wilcox k-
model near the surface and the transformed standard k-  model in the outer 
region as follows: 
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Here F1 is the blending factor and the model constants are defined as 
=F1 1+(1-F1) 2, where 1 represents constant in the original Wilcox k-

model and 2 constants in its transformed standard k-  model. 
Menter’s BSL k-  model still poorly predicts separation under adverse 

pressure gradients due to an over prediction of the eddy viscosity. This 
problem is solved in Menter’s SST (Shear Stress Transport) k-  model by 
introducing a limiter to Eq. (4), i.e.: 

21

1

;max F
k

T , (7)
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where F2 is blending factor, see [5], and  is the invariant measure of the 
strain rate. 

The DES (Detached Eddy Simulation) model is finally based on Menter’s 
SST k-  model, and switches from a SST RANS model to an LES (Large 
Eddy Simulation) model in regions where the RANS prediction of the 
turbulent length scale LT is larger than the local grid spacing . In this case the 
dissipation rate  in Eq. (5) is calculated from the local grid spacing  instead 
of the turbulent length scale LT= k/( * ), i.e.: 

1,1max 2
* F

C
Lk
DES

T , (8)

where =max( i) and F2 is the SST blend factor introduced to protect against 
grid-induced separation. For more details about the turbulence models see 
Menter [5-6]. 

Numerical Methods 
CFX-5 version 10 from ANSYS [7] and Loci-STREAM [8] are used to solve 
the 3D flow in the draft tube for the cases presented in Table 1.  

CFX-5. The CFX-5 solver solves the governing equations with a finite 
element based finite volume method, applied on an unstructured grid. The 
discretization of the pressure gradient term and the diffusion term are obtained 
with shape functions, while the discretization of the advection term is usually 
specified with a blend factor  (Numerical Advection Correction Scheme), or 
an automatic local evaluation of the blend factor  close to 1 without violating 
the boundedness principle (High Resolution Scheme). The blend factor 
determines the level of correction for the Upwind Difference Scheme, with 
=0 corresponding to a first order accurate scheme and =1 to a second order 

accurate scheme. Here a blend factor of =1 was used for the momentum and 
continuity equations whereas the high resolution scheme was applied to the 
turbulent equations for all RANS turbulence models except for the SST 
turbulence model on the 1m_yp1 grid, for which the high resolution scheme 
had to be specified for all equations in order to achieve a well converged 
solution. For the simulation with the DES turbulence model, the central 
difference scheme was applied to the LES equations and the high resolution 
scheme internally to the RANS equations. The near wall treatment is a 
scalable implementation of the standard wall functions for the standard k-
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model, and an automatic switch from wall functions to low-Re formulation as 
the grid is refined for the k-  based models. 

Loci-STREAM. The Loci-STREAM code [8] is a new CFD solver for 
generalized grids implemented in a novel rule-based programming 
framework called Loci [9], which allows seamless integration of 
multidisciplinary physics in a unified manner and automatic handling of 
massive parallel computing. The flow solver is based on the SIMPLE 
algorithm. It uses a control volume approach with a collocated arrangement 
for the velocity components and scalar variables like pressure. Pressure-
velocity decoupling is prevented by employing the Rhie-Chow momentum 
interpolation approach; this involves adding a fourth-order pressure 
dissipation term while estimating the mass flux at the control volume 
interfaces. The velocity components are computed from the respective 
momentum equations. The velocity and the pressure fields are corrected 
using a pressure correction equation. The correction procedure leads to a 
continuity-satisfying velocity field. The whole process is repeated until the 
desired convergence is reached. Details of the basic algorithm can be found 
in [8]. The convection terms are discretized using a second-order upwind 
scheme with an option of using limiters. Turbulence closure is achieved via 
k-  based BSL and SST models, with the option of invoking wall functions 
near solid boundaries.

Boundary conditions. The inlet boundary conditions for the axial Ua and 
tangential Ut velocity components were interpolated from the measurements 
of the third Turbine-99 Workshop (linearly for the angular averaged data and 
distanced weighted average for the angular resolved data) [1]. The radial 
velocity component, Ur, was estimated in accordance with workshop 
guidelines so it would be attached to the walls accordingly to: 

tantr UU , (9)

with a linear variation of :

cone
conewall

conewall
cone Rr

RR
, (10)

where Rcone  r  Rwall, Rcone=98.1 mm, Rwall=236.5 mm,  cone=-12.8º and 
wall=2.8º. The turbulence kinetic energy k and turbulent dissipation  were also 
interpolated from the provided RMS measurements, as shown below: 
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222
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rta uuuk , (11)

dL
k 2/3

,
(12)

where the Reynolds stresses 2
au , 2

tu and 2
ru  were estimated based on the RMS 

measurements and by using the relation 22
tr uu . The turbulent dissipation 

length scale was estimated to be Ld=0.05/0.09.
To achieve the correct flow rate of Q=0.522 m3/s all measured quantities 

were scaled in the CFX calculation. This was, however, not done in the 
STREAM calculations. 

At the outlet boundary a zero pressure condition was applied that also 
allowed recirculation flow at the outlet. The wall velocity at the runner was 
set based on runner speed, N=595 rpm, with all walls considered rough in the 
CFX calculation and smooth in the Loci-STREAM calculations. The 
roughness factor was set to 0.01 mm in CFX. 

Engineering quantities. The engineering quantities investigated in this work 
are; the pressure recovery factor, Cpr, defined as: 

2
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WallInWallOut
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C ,

(13)

the mean pressure recovery factor, Cprm:

2
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C inout , (14)

and the energy loss coefficient, :



F-8

in

outin

A
dyn

A
tot

A
tot

dAp

dApdAp

nu

nunu

. (15)

In addition, the pressure is represented using the pressure coefficient cp,
defined as: 

2
:

2
1

in

in

WallIn
p

A
Q

ppc .
(16)

where p is the pressure, WallOutp :  is the outlet averaged static wall pressure at 
C.S IVb, WallInp : is the inlet averaged static wall pressure at C.S Ia,  is the 
density, Q is the flow rate, Ain is the area of C.S Ia and Aout refers to the C.S 
IVb.

Result and Discussion 
In the following subsection, the main results of the CFD simulations using 
different turbulence models, grids and codes are presented. In addition, the 
boundary layer in the angular averaged inlet boundary data is analyzed. 

Steady State RANS Calculations. In general, CFX and STREAM predicts 
the same main flow structures as obtained from experiments when second 
order accurate schemes were used. The two codes captured, among other 
things, regions with separated flow near the runner hub and in the elbow 
corner, secondary flow with two main vortices and a vortex core located at the 
right side seen upstream (see Figure 2). The velocity magnitude contours at 
mid-plane were, regardless of the code used, in good agreement for different 
turbulence models, as shown in Figure 3. Some differences were however 
observed for the axial and tangential velocity at C.S Ib, and for the axial 
velocity contours at C.S II and C.S III between the two codes (see Figure 4-6). 
The contour levels at C.S II and C.S III are however in comparable range and 
the velocity vectors have better agreement between the two codes, as shown 
in Fig 5-6.
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(a) (b)
Figure 2. Calculated streamlines from the runner and velocity contours for the steady  

RANS calculations; (a) SST 1m_yp50 CFX; (b) SST 1m_yp50 STREAM.

(a) (b) (c)

1
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5

(d) (e) (f)
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5

Figure 3. Velocity magnitude contours at mid-plane for the steady RANS calculations; 
(a) k-  1m_yp50 CFX; (b) SST 1m_yp50 CFX; (c) SST 1m_yp1 CFX; (d) 
BSL 1m_yp50 STREAM; (e) SST 1m_yp50 STREAM; (f) SST 1m_yp1 
STREAM. 
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Figure 4. Axial and tangential velocity at C.S Ib for the steady RANS calculations;  
(a) Axial velocity Ua; (b) Tangential velocity Ut

(a) (b) (c)

(d) (e) (f)
Figure 5. Axial velocity contours and velocity vectors at C.S II for the steady RANS  

calculations; (a) k-  1m_yp50 CFX; (b) SST 1m_yp50 CFX; (c) SST 
1m_yp1 CFX; (d) BSL 1m_yp50 STREAM; (e) SST 1m_yp50 STREAM; 
(f) SST 1m_yp1 STREAM 

(a) (b) (c)

(d) (e) (f)
Figure 6. Axial velocity contours and velocity vectors at C.S III for the steady RANS  

calculations; (a) k-  1m_yp50 CFX; (b) SST 1m_yp50 CFX; (c) SST 
1m_yp1 CFX; (d) BSL 1m_yp50 STREAM; (e) SST 1m_yp50 STREAM; 
(f) SST 1m_yp1 STREAM 
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When comparing the engineering quantities, it was observed that the 
STREAM code with the SST turbulence model was closest to the 
experimental value of the pressure recovery factor, Cpr, as shown in Table 2. 
Also, the STREAM code performed slightly better at the elbow compared to 
CFX when using the SST turbulence model and the 1m_yp1 grid while 
comparing the pressure coefficient, cp, at the central lines to experimental 
values (see Figure 7). The scatter in the engineering quantities for the SST 
turbulence model between 1m_yp50 and 1m_yp1 was however larger for the 
STREAM code and almost negligible for the CFX code. This is also the case 
for the pressure coefficient along the central lines and the velocity profiles at 
different cross-sections, as shown in Table 2 and Figs. 4-7. The most likely 
reason for this scatter is that there are some differences in the wall function 
implementation between the two codes. 

(a)
0 1 2 3 4
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c p
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SST yp1 CFX
BSL yp50 STREAM
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Experiments

(b)
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Figure 7. Pressure coefficient cp along the centerline for the steady RANS  
calculations (cp=1 at outlet); (a) Upper wall; (b) Lower wall. 

Table 2. Engineering quantities for the steady RANS calculations.
Case Model Code Cpr Cprm

Steady k-
1m_yp50 CFX 1.391 0.892 0.165

Steady BSL
1m_yp50 STREAM 1.451 1.032 0.150

Steady SST
1m_yp50 

CFX 
STREAM

1.219
1.174

0.884 
0.934

0.176 
0.237

Steady SST
1m_yp1 

CFX 
STREAM

1.218
1.113

0.885 
0.873

0.175 
0.207

Experiments 1.120 - - 
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It is also observed that when first order upwind difference schemes were 
used for both equations, the two codes gave similar flow fields predictions, as 
shown in Figure 8 and 9. When applying second-order accurate schemes 
(Specific Blend in CFX and second order upwind difference scheme in 
STREAM) for either the momentum equation only or for both equations, the 
discrepancies between two codes became more pronounced. For the 
engineering quantities, there is, however, no correlation between the order of 
the scheme and the difference between the codes, as seen in Table 3. 
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Figure 8. Axial and tangential velocity at C.S Ib for different discretization schemes, 
calculations with the SST model and the 1m_yp50 grid; (a) Axial velocity 
Ua; (b) Tangential velocity Ut.

(a) (b) (c)

(d) (e) (f)

Figure 9. Axial velocity contours and velocity vectors at C.S II for different  
discretization schemes, calculated with the SST model and the 
1m_yp50 grid; (a) CFX 1ord +1ord; (b) CFX 2ord+1ord; (c) CFX 
2ord +2ord; (d) STREAM 1ord +1ord; (e) STREAM 2ord+1ord; 
(f) STREAM 2ord +2ord. 
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Table 3. Engineering quantities for different discretization schemes, calculated with  
the SST model and the 1m_yp50 grid.

Code Mom. Turb. Cpr Cprm

CFX-5 
STREAM 1ord 1ord 1.236 

0.957 
0.898 
0.745

0.160
0.309

CFX-5 
STREAM 2ord 1ord 1.215 

1.100 
0.881 
0.873

0.177
0.408

CFX-5 
STREAM 2ord 2ord 1.219 

1.174 
0.884 
0.934

0.176
0.237

Experiment 1.120 

The discrepancies between the codes can probably be traced to 
implementation and interpolation strategies of the momentum and turbulence 
equations, wall treatments and boundary treatments adopted, together with 
differences in the post-processing of the data. The inlet velocities were 
furthermore adjusted to get the correct flow rate and that the walls were 
considered rough in the CFX calculations which were not the case in 
STREAM calculations. 

Influence of the Inlet Boundary Condition profile. New angular averaged 
inlet boundary conditions were used in the third Workshop compared to the 
two previous ones (see Andersson [2]). One major difference is that this new 
data set does not resolve the boundary layer near the runner hub and cone wall 
as the old data sets did. Therefore, an attempt to estimate and resolve the 
boundary layer for this new data set is carried out, in accordance with the old 
data sets, except that the continuous connection between the measured and 
added data points in the boundary layer is removed. The approach as is 
follows; assuming that the measuring points closest to the walls (runner hub 
and cone wall) are located in the wake region, the friction velocity u* can be 
determined as:  

25*
mm yUKu , (17)

Byu log1 , (18)

where Um is the velocity at the measuring point closest to the wall, ym is the 
distance to the measuring point closest to the wall and K is a constant set to 
1.4. Points in the logarithmic region can then be determined according to the 
log-law. The difference between the profiles (new original, new resolved and 
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old data set) is presented in Figure 10. Note that largest difference is near the 
runner hub and that the alteration of sign of the tangential velocity Ua in the 
old data set originates from the boundary layer estimation and is not a 
measured behavior. 

Simulation with CFX, the SST turbulence model and the 1m_yp1 grid, 
shows significant differences in the local flow field depending on the used 
velocity profiles. Especially, the flow field becomes more attached to the 
runner hub using the new resolved data set, resulting in a smaller region of 
separated flow near the runner, hub as seen in Figure 11 and 12. Further 
downstream, the differences are still noticeable but in general both profiles 
predict the same features of the main flow field, as can be seen in Figure 13.  
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Figure 10. The angular averaged inlet velocity profiles;  
(a) Axial velocity Ua; (b) Tangential velocity Ut.

(a) (b)
Figure 11. Velocity vectors for the original and resolved angular averaged profiles at  

the symmetry plane near the runner hub, calculated using CFX with the 
SST model and the 1m_yp1 grid; (a) Original; (b) Resolved.
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Figure 12. Axial and tangential velocity at C.S Ib for the original and resolved angular 
averaged profiles, calculated using CFX with the SST model and the 
1m_yp1 grid; (a) Axial velocity Ua; (b) Tangential velocity Ut.

(a) (b)

(c) (d)
Figure 13. Axial velocity contours and velocity vectors at C.S II and C.S III for the  

original and resolved angular averaged profiles, calculated using CFX 
with the SST model and the 1m_yp1 grid; (a) Original C.S II; (b) 
Resolved C.S II; (c) Original C.S III; (d) Resolved C.S III. 

Table 4. Engineering quantities for the original and resolved angular averaged profiles, 
calculated using CFX with the SST model and the 1m_yp1 grid.

Inlet Boundary Condition Cpr Cprm

Original 1.218 0.885 0.175
Resolved 1.096 0.898 0.150

Experiments 1.120   

Major differences were also noticed in the pressure recovery factor, Cpr,
while the other engineering quantities were more consistent (see Table 4). 
Specifically, the Cpr value is closer to the experimental value of reasons that 
can be traced to discrepancies near the walls, see Figure 14. In addition, the 
turbulent dissipation rate  is set to zero at the inlet wall nodes due to 
assumption in Eq. (12), but it is not zero according to its definition 

0jijiw uu .
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Figure 14. Inlet radial pressure coefficient cp for the original and resolved angular 
averaged profiles (cp=0 at r=0.117m), calculated using CFX with the 
SST model and the 1m_yp1 grid.

Unsteady DES Calculations. The unsteady DES calculation was performed 
using CFX only on the 1m_yp1 grid. As inlet boundary condition, both the 
angular averaged (used in the steady RANS calculations) and the angular 
resolved inlet velocities were applied. The final time step in the simulation 
was set to 0.05 s (~1/2 revolution) for the angular averaged data and to 0.001
s (~1/100 revolution) for the angular resolved data. Notice that even a smaller 
time step of 0.005 s (~1/20 revolution) was tested for the angular averaged 
data, with no noticeable improvement. The mean pressure recovery factor, 
Cprm, energy loss coefficient, , and pressure at 3 points (see Figure 1 for 
location) where monitored at every time step. Unsteady solutions were written 
every 0.05 s and averaged during about 1.0 s after the simulation was 
converged.

The result of these unsteady simulations shows that both the angular 
averaged and angular resolved inlet velocities capture the same main flow 
structures. Figure 15, shows, for example, the calculated streamlines from the 
runner and elbow corner, velocity contours and the vortex rope (red isobar 
surface). Differences are seen in the size of the vortex rope and in velocities at 
different cross-sections, as shown in Figure 15-18. The secondary flow 
pattern is however more consistent. Also, the engineering quantities show 
some differences, where the simulation with the angular resolved inlet 
velocities was closest to the experimental value of the pressure recovery 
factor, Cpr (see Table 5). The pressure coefficient, cp, along the central-lines 
also differs slightly, especially at the elbow, as seen in Figure 19.  
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(a) (b)
Figure 15. Calculated streamlines from the runner and elbow corner, velocity contours 

and the vortex rope (red isobar surface) for the unsteady DES calculations 
using CFX and the 1m_yp1 grid; (a) Angular Averaged; (b) Angular 
Resolved.

(a) (b)

1

2

3

4

5

Figure 16. Averaged velocity magnitude contours at mid- plane for the unsteady DES  
calculation using CFX and the 1m_yp1 grid; (a) Angular Averaged; (b) 
Angular Resolved. 

Table 5. Engineering quantities for the unsteady DES calculation using CFX and 
the 1m_yp1 grid. 

Inlet Boundary Condition Cpr Cprm

Angular Averaged 1.236 0.912 0.155
Angular Resolved 1.056 0.910 0.222

Experiments 1.120
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Figure 17. Average axial and tangential velocities at C.S Ib for the unsteady DES 
calculation using CFX and the 1m_yp1 grid; (a) Axial velocity Ua; (b) 
Tangential velocity Ut.

(a) (b)

(c) (d)
Figure 18. Averaged axial velocity contours and velocity vectors at C.S II and C.S III  

for the unsteady DES calculation using CFX and the 1m_yp1 grid; (a) 
Angular Averaged C.S II; (b) Angular Resolved C.S II; (c) Angular 
Averaged C.S III; (d) Angular Resolved C.S III. 
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Figure 19. Averaged pressure coefficient cp along the centerline for the unsteady  
DES calculations using CFX and the 1m_yp1 grid (cp=1 at outlet); 
(a) Upper wall; (b) Lower wall.
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The numerically calculated pressure fluctuations and the presence of the 
vortex rope agreed well in phase but worse in amplitudes (see Figure 20 and 
21). From these figures it can be deduced that the vortex rope frequency is 
about 1.7-1.8 Hz, independent of the inlet boundary condition, and that the 
blade passing frequency is about 49.6 Hz, as shown in Table 6. The amplitude 
of the pressure fluctuations was also much larger for the angular resolved 
data. Note that all these averaged quantities could be more accurately 
determined by writing unsteady solutions more frequently and by including 
more periods in the averaging process. 
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Figure 20. Pressure fluctuations at monitor point 3 (see Figure 1 for location) for the  
unsteady DES calculation using CFX and the 1m_yp1 grid. 
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Figure 21. Power spectrum at monitor point 3 (see Figure 1 for location) for the  
unsteady DES calculation using CFX and the 1m_yp1 grid. 
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Table 6. Frequency characteristics of pressure fluctuations at monitor point 3 (see Figure  
1 for location) for the unstedy DES calculations using CFX and the 1m_yp1 
grid. 

Inlet Boundary Condition 
Vortex
Rope 
[Hz]r

Blade 
Passage

[Hz] 

p

[Pa] 
Angular Averaged 1.8 - 130 
Angular Resolved 1.7 49.6 2600

Conclusion 
In the present paper we have conducted steady and unsteady simulations of 
the Turbine-99 draft tube using the CFD codes CFX-5 and Loci-STREAM. In 
general, both codes predict similar main flow features, although some 
differences are observed in the engineering quantities, the pressure along the 
central lines and in the velocities at different cross-sections. These differences 
are more pronounced when using different second order accurate schemes 
than identical first order schemes. Different turbulence models also gave 
generally similar main flow structures but significant differences in the 
engineering quantities and in the local flow field. Simulations show, 
furthermore, that the final result is highly affected by the inlet boundary 
conditions. Specifically, the final result is dependent on the resolution of the 
inlet boundary layer and the usage of angular averaged or angular resolved 
inlet data profiles. 
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Abstract
The design of hydraulic turbine draft tubes has traditionally been based on 
simplified analytic methods, model and full-scale experiments. In the recent 
years the use of numerical methods such as Computational Fluid Dynamics 
(CFD) has increased in the design process, due to the rapid escalation in 
computer performance. Today with parallel computer architectures, new 
aspects of flow can be considered. However, several problems have still to 
be solved before CFD can routinely be applied in product development. This 
paper aims to investigate the parallel performance of commercial CFD 
software on homogeneous computer networks, as common solutions 
encountered in the industry today. In addition, the efficiency improvements 
obtained in earlier experiments by modifying the shape of the draft tube will 
be considered, to deduce if the improvements can be captured with aid of 
CFD. Results from both the steady and the unsteady CFD simulations show 
that almost full scalability is obtained with the commercial CFD software 
CFX-5.7.1. Furthermore, no noticeable improvement in the pressure 
recovery factor or the flow field is noticed in the CFD simulations as 
compared to experiments. The discrepancy may be to the applied inlet 
boundary conditions and/or the turbulence model. 
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Introduction
A hydropower plant converts the potential energy of water stored in a dam 
into electricity by the hydraulic turbine and the generator. In general, one of 
three types of turbines is chosen depending on the head and discharge of the 
hydropower plant: either a Pelton, a Francis or a Kaplan turbine. A Pelton 
impulse turbine is suited for high heads and low discharges, while Francis 
and Kaplan reaction turbines are more appropriate for medium and low 
heads, respectively, and high discharges. Turbines are generally highly 
effective, transforming up to about 95% of the available head into electric 
energy [1]. Even small efficiency improvements in the turbine are of interest 
for the industry due to huge production volumes, especially in the runner and 
draft tube since they are responsible for a large amount of the losses in 
medium and low headed turbines [2]. The design of these two components 
has traditionally been based on simplified analytical methods, model tests 
and full-scale tests. The use of numerical methods such as Computational 
Fluid Dynamics (CFD) in the design process has, however, increased 
considerably due to the rapid development in computer technology, and it is 
an area that will definitely continue to evolve. So far, most of the work has 
been focused on the runner, but with enhanced computer performance more 
attention is shifted towards the draft tube and, in particular, to the reliability 
of CFD simulations in this context [3-8]. This is due to the fact that CFD 
predictions of the flow field in draft tubes are very challenging and time 
consuming, caused by complex flow features such as turbulence, 
unsteadiness, swirl, separation and secondary flow. Nowadays, with parallel 
computer architectures, computer power is approaching sufficient and, 
consequently, CFD predictions of the main flow features are becoming quite 
accurate. However, models for turbulence still need to be tested and 
sensitivity to the applied boundary conditions needs to be investigated 
further. Automatic shape optimisation of draft tubes with the aid of CFD as 
well as  computer optimisation have also been performed recently, where the 
CPU requirements are even more demanding due to the fact that several 
CFD simulations have to be evaluated for different draft tube geometries 
before an optimal design can be found [9, 10]. Results from these studies 
show, however, the potential of using CFD and computer optimisations in 
the design/rehabilitation process of hydraulic turbine draft tubes. However, 
several problems also have to be solved here, before the technique can be 
routinely applied in product development. For example, the stability of the 
estimated optimum design is often unknown and it is not obvious how to 
choose the best optimisation technique.  
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To solve these problems in an efficient and accurate way there exists 
today an array of CFD software and a variety of parallel computer 
architectures, using either shared or distributed memory configuration with a 
homogeneous or heterogeneous network of computers. This paper aims to 
investigate the parallel performance of a common solution strategy 
(commercial CFD software + parallel computer architecture) often applied in 
the industry in order to solve 3D complex flow in a hydraulic turbine draft 
tube. The chosen CFD software, which is representative of modern 
numerics, is CFX-5.7.1 from ANSYS [11], and the parallel computer 
architecture is a homogeneous Windows cluster with dual Intel Xeon 
2.4GHz 32-bit processors, with 2GB ram available on each node and with a 
1Gb/s communication bandwidth network. For decomposition of the grid the 
MeTiS partitioning method is selected, and for communication between the 
nodes the MPICH message-passing libraries (MPI) are used [11]. 

From a turbine designer point of view, the surprisingly small efficiency 
improvements obtained in earlier CFD simulations by Marjavaara [10], 
compared to experiments by Dahlbäck [12], will be investigated in detail 
here. In the latter case a total efficiency improvement of about 0.5% was 
obtained in the turbine, while in the former case an improvement in the 
pressure recovery of about 0.02% was obtained in the draft tube. The 
inconsistency can be traced to the assumptions made about the applied inlet 
boundary conditions, the turbulence model and/or the steady/unsteady flow 
behaviour [10]. In this paper the steady/unsteady hypothesis will be 
evaluated by carrying out both steady and unsteady CFD simulations. 

The paper is organised as follows: Sections Two describes the two draft 
tube geometries investigated. Section Three presents details of the CFD 
simulations, and in Section Four and Five the results and conclusions of the 
parallel performance and the CFD analysis are presented. 

Geometrical description 
The main purpose with a draft tube is to convert dynamic pressure into static 
pressure and thereby increase the efficiency of the turbine. This is done by 
gradually increasing the cross-section area and consequently decelerating the 
fluid flow motion, see Figure 1. A common measure of its performance is 
the pressure recovery factor Cp, being defined as: 
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where A is the area, p the static pressure, Q the flow rate,  the density and 
the subscripts in and out correspond to the inlet and outlet, respectively. This 
measure will be used here in order to compare the draft tube performance 
with the original and the redesigned draft tube geometry of Hölleforsen 
Kaplan turbine, located in Indalsälven, Sweden. The original draft tube 
geometry is well mapped out in two ERCOFTAC Turbine-99 Workshops [4] 
by using a 1:11 scale model of the real turbine including the spiral case and 
the draft tube. The design of this draft tube is representative of designs in the 
1940s and is characterised by a sharp heel, see Figure 1. In the redesigned 
draft tube geometry, suggested by Dahlbäck [12], a removable curved insert 
has been placed in the sharp heel corner in order to make it smoother, see 
Figure 2.

Figure 1. A CAD model of Hölleforsen draft tube. 

Figure 2. Two draft tube geometries, the original geometry (left) and a 
sharp heel modification of it (right). 
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CFD Simulations 
The 3D flow field in the two draft tube geometries are solved with the 
commercial CFD code CFX-5.7.1, with respectively incompressible, 
turbulent, steady and unsteady flow assumption. The CFX-5.7.1 solver is 
based on the finite volume method applied on an unstructured grid. The 
solver is coupled, meaning that the hydrodynamic equations are solved in a 
single step [11]. In this case the flow field is calculated based on the 
Reynolds-Averaged Navier Stokes (RANS) equations which are derived 
from the governing Navier-Stokes equations by decomposing the total 
velocity u~ into a mean U and fluctuation component u (i.e. uUu~ , where 

uU ~ ), resulting in the following equations: 

ijjiiijjit uuUPUUU 21 , (2) 

0iiU . (3) 

Here  is the fluid (water) density, P is the pressure,  is the viscosity and 
jiuu are the Reynolds stresses. These equations represent the mean flow 

characteristics where the turbulent effects are modelled via the Reynolds 
stresses. To obtain closure, the Reynolds stresses are modelled with the 
standard k- turbulence model and with scalable wall functions [11]. 
Theoretically, a more “advanced” turbulence model would predict the flow 
field more accurately, but the standard k- turbulence model is used here 
since it has been shown that this model is able to predict the main flow 
features quite accurately with reasonable usage of CPU, as compared to 
Reynolds stress models and LES models [4]. In the standard k- turbulence
model the Reynolds stresses are modelled with the constitutive equation, and 
thus the Reynolds stresses are linearly related to the strain: 

ijijTij kSuu
3
22 , (4) 

where T is the eddy viscosity and Sij is the mean strain tensor: 

ijjiij UUS
2
1 . (5) 
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The eddy viscosity is modelled by predicting the velocity and length scales 
(u and l) of the eddy viscosity ( T~l*u) with the turbulent kinetic energy k
and the turbulent dissipation rate (u~k1/2 and l~k3/2/ ), i.e.: 

2kCT , (6) 

where C  is a model constant. The turbulent kinetic energy and the 
dissipation rate in Eq. 6 are described by: 
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with the following standard values on the model constants: C =0.09, 
C 1=1.44, C 2=1.92, k=1 and =1.3. For a more elaborate derivation of 
these equations please read [13]. 

Numerical discretization. The numerical discretisation in CFX-5.7.1 is 
node based and it uses shape functions to evaluate the derivatives for the 
pressure gradient term and the diffusion terms in the momentum, continuity 
and turbulent equations (Eq. 2, 3, 7 and 8). A second order accurate scheme 
was chosen for the discretisation of the advection term in the momentum and 
continuity equations (Specific Blend, with a blend factor of 1.0) while only a 
first order accurate scheme was used for the turbulent equations (First Order 
upwind) due to boundness problem, which may reduce the accuracy. For the 
unsteady CFD simulations the second order Euler backward scheme was 
applied for the unsteady term. The total time for the unsteady CFD 
simulation was set to 40 seconds, to ensure that the CFD simulations were 
well converged. The time-step was set to 0.1 seconds which corresponds to 
approximately one runner rotation. More details about the numerical 
discretisation in the CFX-5.7.1 software can be found in [11].

Parallelisation. The parallelisation strategy in CFX-5.7.1 is based on the 
Single Program Multiple Data (SPMD) model, which basically runs 
identical versions of the software on several processors. It is designed so that 
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all numerical intensive tasks are run in parallel while the administrative tasks 
(like input/output) are performed in a sequential manner by the master 
process. The communication between the processors is done with either 
Parallel Virtual Machine (PVM) or the MPICH message-passing libraries 
(MPI – Message Passing Interface). In this case only the MPICH 
implementation is tested since it was considerably faster than the PVM 
implementation. For example, it reduced the execution time per outer solver 
iteration with about 1.4%, and the preparation and finalisation of the solver 
solution by more than 100%. A disadvantage of the MPICH as compared to 
the PVM implementation is, however, that it is not completely interoperable 
between all supported platforms. 

The decomposition of the grid into a number of partitions, which then are 
distributed and solved on separate processor in CFX-5.7.1, can be of either 
equal or unequal size depending on whether the  computer network is 
homogeneous or heterogeneous. This decomposition is node based since it is 
consistent with the node base coupled solver. Three main base partitioners 
are available in the code and the MeTiS partitioning method is the 
recommended one due to its fast and efficient algorithm. The other two base 
partitioners are the Recursive Co-ordinate Bisection and the Optimised Co-
ordinate Bisection, which may be preferable in some cases where the 
memory requirement is restricted. In addition, four additional partitioners 
exists (User Defined Direction, Radial, Circumferential and Junction Box) 
where the user can specify the direction of the decomposition. In this work, 
however, only the MeTiS algorithm was tested since all of the other 
partitioners contained, in general, larger overlap regions. The MeTiS 
algorithm uses the advanced Multilevel Graph Partitioning Method, as 
follows. A graph is first build up containing the topology information of the 
mesh to be partitioned. Then the graph is coarsened down and a bisection of 
each coarsened graph is calculated. Finally the resulting partitions are 
projected back to the original graph, by consequently refining the partitions. 
For more details of the parallelisation in the CFX-5.7.1 software please see 
[11]. 

Numerical setup. At the inlet of the two draft tube geometries exactly the 
same steady boundary conditions (velocity components, radial velocity 
assumption, dissipation length scale etc) used in the second ERCOFTAC 
Turbine-99 Workshop were applied [4]. At the outlet of the fluid domain a 
zero average static pressure condition was employed and the walls were 
considered rough, with a roughness of 1e-5 m. The roughness effects are 
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accounted in CFX-5.7.1 by modifying the logarithmic profile of the wall 
functions, such that it moves closer to the wall [11].

The unstructured computational grids (containing both tetrahedral and 
prism elements) were generated by the commercial grid generator ICEM 
CFD 5.0 [14]. To minimise the variation in numerical errors as a function of 
grid topology, the same mesh parameters were applied to both draft tube 
geometries. To ensure that the grid topology also had as good quality as 
possible (near wall resolution, angles, aspect ratios etc) the grid resolution is 
non-uniform, with higher density of grid points near the walls and near the 
inlet boundary. Grids of different sizes were tested in order to determine the 
grid that provided the best balance in terms of solution convergence and 
solution run time. The selected grids consisted of 1470k and 1445k nodes 
(respectively, original and redesigned geometry) and had a minimum angle 
of about 11 degrees, a max edge length ratio of about 280 and a max element 
volume ratio of about 30. 

Note that in order to improve the convergence rate and minimise the risk 
of solver failing, an initial guess was used for both the steady and unsteady 
CFD simulations. An initial guess for the steady calculations was generated 
by using a first order accurate scheme (First Order upwind) for all equations, 
and an outlet that allows both in and out flow from the fluid domain. The 
initial guess for the unsteady calculations was simply the steadiest, one. In 
addition the outlet of the draft tube geometry was extended downstream, to 
prevent it crossing a possible recirculation at the actual outlet. 

Result

Parallel performance. The evaluation of parallel performance in the CFX-
5.7.1 software was performed on a homogeneous Windows cluster with dual 
Intel Xeon 2.4GHz 32-bit processors, with 2GB ram available on each node 
and with the 1Gb/s communication bandwidth network mentioned earlier. 
Only the original draft tube geometry was considered in the evaluation since 
it is expected that both geometries will give about the same speedup. The 
parallel efficiency obtained in this case was almost ideal, as shown in Table 
I where the efficiency (for the initial, steady and unsteady CFD simulations) 
is presented for 6 to 12 processors. It is, however, noticed (in Table I) that 
the execution time for the steady calculations with 6 processors differs from 
the rest of the CFD simulations, indicating that there was a problem with the 
processor availability, memory availability or communication bandwidth 
during this simulation [16]. Note that 6 processors was the minimum number  
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# Proc./6 Initial Steady Unsteady 

1 100 
5.18·104 sec 

100 
6.55·104 sec

100 
3.80·105 sec

1.33 94.75 
4.10·104 sec

161.07 
3.05·104 sec

96.61 
2.95·105 sec

1.67 98.04 
3.17·104 sec

173.85 
2.26·104 sec

101.33 
2.25·105 sec

2 95.57 
2.71·104 sec

167.09 
1.96·104 sec

97.93 
1.94·105 sec

Table I. The efficiency (and total execution time) related to the  
6 processor configuration.

Geometry Steady Unsteady
Original 0.95878 0.95880 

Redesigned 0.95314 0.95319 
Table II. The pressure recovery factor for the original and redesigned geometry.

of CPUs necessary to avoid memory swapping in the CFD simulations, and 
that the same mesh partition was used for the initial, steady and unsteady 
calculations. The total execution time for the unsteady CFD simulation with 
12 processors was about 2 days and 6 hours, where the communication time 
was about 4% of the total time and increased slightly with the number of 
processors.

Flow analysis. Results from both the steady and unsteady CFD simulations 
show up as small efficiency improvements (pressure recovery) compared to 
the experiments performed by Dahlbäck [12], but they are in accordance 
with the CFD simulations performed by Marjavaara [10]. For example, an 
enhancement in the pressure recovery factor for the redesigned draft tube 
geometry, compared to the original draft tube geometry, of about 0.006% for 
both the steady and unsteady CFD simulations, see Table II. This should be 
weighed against a total efficiency improvement in the experiments of about 
0.5%. It is also noticed that there are small differences between the steady 
and unsteady CFD simulations, about 0.001% see Table II.

Likewise, the velocity and pressure fields are nearly identical in the CFD 
simulations but in conflict with the experimental result by Dahlbäck [12], 
see Figure 3 and Figure 4. The only difference in the flow field is obtained 
in the sharp heel corner where the separated region disappears in the  
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Figure 3. Streamlines from the runner and velocity contour plots for the 
original geometry (left) and redesigned geometry. (right). 

Figure 4. Pressure distribution at a mid plane for the original geometry (left) 
and redesigned geometry. (right). 

Figure 5. Velocity vectors and contour plot at the sharp heel corner for the 
original geometry (left) and redesigned geometry. (right). 
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redesigned geometry, as expected. However, there were no efficiency 
improvements, see Figure 5. The CFD simulations performed here also show 
positive agreement with the simulations carried out in the two ERCOFTAC 
workshops on the original geometry. Regions with separated flow, 
secondary flow after the sharp heel corner with two main vortices, and a 
vortex rope moving from one side of the draft tube to the other is captured, 
compare [4].  

The average y+ values at near wall nodes for the two CFD simulations 
were about 250, which may reduce the accuracy of the calculations since 
they are higher than the recommended value of 100 [11]. However most of 
these values can be traced to the extension of the draft tube, where their 
effects should not be critical. Removing the extension the average y+ is also 
getting closer to 100, which are more satisfactory but not optimal. Each CFD 
simulation was assumed converged when all root mean square (RMS) 
residuals had drop to about 10-8, which is sufficient for most industrial 
engineering applications [11].  

Conclusion 
The present paper illustrates the need of parallel computing architectures 
when performing draft tube CFD simulations due to lack of RAM memory 
and to reduce the overall computational time. This High Performance 
Computing requirement is even more essential when the grid becomes finer, 
when more advanced turbulence models are used and when performing 
shape optimisations. Using the commercial CFD software CFX-5.7.1, almost 
ideal speedup can be obtained for draft tube flow simulations, which reduces 
the execution time satisfactorily. If MPICH communication is also available 
on the specific platforms used, the execution time can be reduced even 
further.  

The result of the calculated flow field in both draft tube geometries 
(original and redesigned) agrees well with CFD simulations previously 
performed by Marjavaara (original and redesigned) [10] and by participants 
in the two ERCOFTACT Workshops (only original) [4]. Conversely, there 
were no improvements in the pressure recovery between the original and 
redesigned draft tube geometry for both the steady and unsteady CFD 
simulations compared, to the experiment by Dahlbäck [12]. An example of 
this would be the inlet velocity profile used for the draft tube geometry 
modifications, which remains fixed during the CFD simulations. This 
implies that including the runner in the calculations may give better 
agreement. A finer grid (especially the near wall resolution) and a more 
advanced turbulence model would certainly also predict the flow field more 
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accurately. Note that the unsteadiness of the unsteady CFD simulation can 
be discussed in this case, since it is based on the RANS equation, a standard 
k- turbulence model and fixed steady inlet boundary conditions. All of 
these suggestions imply more expensive calculations, some of them which 
can only be realised by intensifying the parallel computation with the 
method studied here. 
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