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Abstract

This thesis focuses on the possibility of using ultrasonic measurement techniques for
energy gas characterization. The idea is to combine both on-line flow measurements
with non-invasive fluid characterization in the same measurement setup using the same
sensor(s). The long-term goal of the project is to develop measurement methods based
on ultrasonic techniques that can measure; the flow rate, the energy content, detect
impurities, and estimate the composition.

In this thesis different problems concerning gas characterization and modeling are ad-
dressed. The information obtained from ultrasonic measurements are limited to spectral
variations in the attenuation and phase velocity. Hence, part of the research is focused
on estimating these quantities accurately with low uncertainty. Another area is para-
metric modeling and identification of the bulk modulus, where a new model structure for
gas mixtures with complex dynamic behavior and/or unknown components is presented,
capable of handling the combined effect of the absorption mechanisms. Finally, the prob-
lem of estimating the composition of a gas mixture is considered. The results show that
it is possible to estimate the composition of processed and upgraded biogas, with high
accuracy and precision, by combining the developed estimation techniques with multiple
linear regression methods.

The thesis consists of two parts. The first part includes an introduction to the research
area together with a short summary of the contributions. The second part contains a
collection of four papers describing the research.
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Introduction

1 Background

Sweden is introducing alternative fuels on the market, with bio- and natural gas as
alternatives to gasoline and diesel. Depending on the process the gases are used in, there
are different demands on the levels of purity and energy content. It is therefore of interest
to producers, suppliers and customers to be able to non-invasively measure the energy
content and composition of energy gases on-line at a low cost. For this to be possible
new measurement techniques are needed.

The project’s objective is to develop measurement methods based on ultrasound that
can:

• Measure the energy content.

• Detect impurities.

• Estimate the composition of the gas.

One of the main advantages of using ultrasonic techniques is that both flow measure-
ments and non-invasive fluid characterization can be combined in the same measurement
setup using the same sensor(s). This combination enables integration of on-line fluid
characterization into existing standard ultrasonic flow meter setups, reducing both costs
and installation of new hardware.

In ultrasonic measurement systems, the observable properties are restricted to fre-
quency dependent attenuation and phase velocity, which in turn are related to the ma-
terial properties of the investigated media. This thesis investigates both the forward
problem, presenting new parametric methods and models to describe the measurable
acoustic properties of the fluid, and the inverse problem of connecting these properties
to the quantities of interest using multivariate statistical techniques.
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2 Introduction

2 Energy Gases

Energy gases is a collection name for gases containing energy-rich flammable compounds
(when mixed with air). The most common energy gas is natural gas, a mixture of
several hydrocarbons with methane as its main component. The production source is
mainly from gas cavities underground, and the conventional method of extraction is
through drilling. Similar to oil, natural gas is a fossil fuel formed from organic matter
under high pressure and temperature conditions underground. Depending on the source,
e.g. the raw material, pressure and temperature conditions, different qualities of natural
gas are obtained. Typical compositions of natural gas are 80 ± 10% methane (CH4),
10 ± 10% ethane + propane + butane (C2H6+C3H8+C4H10), 4 ± 4% carbon dioxide
(CO2), 0.1 ± 0.1% oxygen (O2), 3 ± 3% nitrogen (N2), 3 ± 3% hydrogen sulphide (H2S).

During the recent years, biogas has gained interest as a renewable and environmen-
tal friendly energy source. Biogas is formed naturally when biological material decays
in oxygen free environments (anaerobic digestion). Unprocessed biogas is a mixture of
65 ± 5% methane (CH4), 35 ± 5% carbon dioxide (CO2), and small traces (< 1%) of
nitrogen (N2), hydrogen sulphide (H2S), ammonia (NH3) and hydrogen (H2), [1]. The
waste products from methane combustion, are carbon dioxide and water. From an en-
vironmental perspective, these products do not increase the net contribution of carbon
dioxide to the atmosphere, since they are included in the natural circulation.

Any organic material can be used to produce biogas. A large quantity of these mate-
rials is obtained from purifying plants, landfills, and rest products from the agricultural
sector. In Sweden there are more than 200 plants producing biogas with a total pro-
duction of 1.4 TWh energy per year, where 0.1 TWh is used as transportation fuel,
[2].

Biogas is often processed by drying it from saturated water, removing the sulfur and
nitrogen compounds, and upgrading it to a 97% CH4, 3% CO2 mixture before use. The
processing and upgrading of biogas is necessary if the gas is to be interchangeable with
natural gas (pipeline quality) or used as vehicle fuel. Depending on the usage, different
demands on the levels of purity and energy content are made. For example, the Swedish
quality standard SS155438 for upgraded biogas used as vehicle fuel, demand a methane
composition of 97 ± 1%, CO2+O2+N2 ≤ 4.0% with O2 ≤ 1.0%, NH3 ≤ 20 mg/m3, and
H2O ≤ 32 mg/m3 for a type A quality, see [3].

Another potential resource of energy gas is synthesis gas, or syngas, produced by
gasification of carbonaceous materials, such as coal, petroleum and biomass under high
temperatures, into hydrogen and carbon monoxide. The quality of the obtained syngas
depends on the gasification process (temperature and added oxygen) and the properties
of the carbonaceous material.
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3 Measurement Techniques

The natural behavior when exploring a new environment or examining an unknown
object, is to act on it and use our senses to obtain information or responses from our
actions. For example, imagine that you are given a birthday present (a sealed container)
and your objective is to find out as much as possible of its content, without opening it.
You might feel the content’s weight and estimate its size compared to the container, by
shaking it. While shaking it you can perceive additional information of its characteristics
from vibrations and sound of the content hitting the walls of the container. Questions
you might be able to answer are: Is the content solid or liquid? Is it hard or soft? Is it
heavy? Is it composed of many parts?

The same technique is used when designing a measurement system. However, in
these situations we are not restricted to our five senses, but can choose from a variety of
different sensors and actuators. The choice obviously depends on our objective, but also
on physical and realizable constraints around the object or media under investigation.
In general, we cannot find a specific sensor that can measure the desired quantity given
by our objective, and we have to find one that can measure something that is dependent
on or related to it in some way. To design a measurement setup around an object or
medium and connect a model or explanation to the obtained data, is called the forward
problem. To find the relationship between the model and the wanted quantity given by
our objective is called the inverse problem.

Relating the forward and inverse problem to the example above, let us assume that
the container is half full with a liquid, and your objective is to estimate whether the
content is lightly fluent or syrup like (estimating the viscosity). The actuator could be
your hand, holding the container and slightly tilting it back and forth. The sensor might
be your arm, feeling the mass displacement of the content and the forces generated when
the fluid hits the walls of the container, see Fig. 1. To find out anything about the
content, you have to connect the tilting movement to the feeling sensation. This is what
we mean by connecting a model or explanation to the observed data. A simple model
could be the time it takes from a tilt to feel the liquid hitting a wall, the system’s response
time. This is the forward problem. The inverse problem is to estimate the characteristics
of the content based on the model. If the response time is short it is probably a lightly
fluent liquid (low viscosity).

Figure 1: The behavior of a low viscous fluid (left) and high viscous fluid (right).
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In Fig. 2 a schematic of the forward problem is shown. The actuator acts on the
fluid and a sensor measures the response. A model of the fluid is built and fitted to
the measured data by some criterion of fit. The model could be based on prior physical
knowledge of the fluid’s behavior when affected by the actuator (a white model), or it
could be a pure statistical model based only on the relationship between the measured
sensor data (a black model), or something in between (a gray model). The model could
be built on a model structure capturing the relationship between the measurements
with a few parameters (a parametric model), or the model can be based directly on the
measurements without any parameters (a nonparametric model).

The criterion of fit is built on either a deterministic thinking, often by minimizing
some norm of the equation error, or on statistical concepts including prior knowledge of
the statistical properties of the measurement noise (and the model parameters), [4]. For
practical applications, complexity and realtime constraints may also affect this choice.

Once a model and a criterion of fit are selected, the model parameters are adjusted
to fit the measurements (if it is a parametric model). If the model is strictly based on
physical concepts and ideas, the number of parameters are fixed. If not, the model order
should be estimated using some model selection procedure. Whether the model is based
on pure physics or not, it should be validated by examining the residuals or “left overs”
which the model could not reproduce. The validation criteria depends on the model’s
application and our objective(s). If the model does not pass the model validation step,
we have to go back to the previous steps and make improvements; increasing the model
order, changing the model structure, or changing the sensor(s) and actuator(s).

the fluid

the model:

- parametric
- nonparametric
- physical
- statistical

actuator(s)

&

sensor(s)

+

modeled
data

Σ
-

criterion of fit:

- deterministic
- stochastic

model selection

measured
data resid

u
al

model validationapproved?

Figure 2: The forward problem.

Once a good model is obtained and approved by the validation step the forward
problem is completed, and the inverse problem of finding a relationship between the
obtained model and the desired quantity of our objective begins, see Fig. 3. If we are
lucky, the obtained model or one parameter in the model is an estimate of this quantity
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and the inverse problem is not a problem anymore. In general we are not so lucky, and
the relationship between the model and the quantity has to be found from either physical
reasonings, by statistical tools, or both.

Continuing the example above, with the simple time model, the inverse problem is
to find the correlation between the response time from a tilt to a splash, and the fluid’s
viscosity. This relationship can be described either by using a physical model based
on the fluid’s behavior when effected by a tilting container, or it can be based on a
empirical or statistical model obtained from experiments with different viscous fluids, or
a combination of both methods.

the model

wanted quantity

Figure 3: The inverse problem.

4 Gas Measurements

The energy content, or heat value, defined as the amount of heat delivered when the gas
is burnt, is an important property when determining the quality of an energy gas. The
composition of the mixture is another. For biogas, estimating the energy content and
composition is basically the same problem, since processed biogas is close to a binary
mixture, i.e. a two component mixture of methane and carbon dioxide. For non-binary
mixtures, finding the energy content may be easier than finding the composition. If the
composition is found the heat value can be calculated from it, but the other way around
is not possible. There are different techniques and sensors available for characteriza-
tion of energy gases. The following subsections give a short overview of conventional
methods available for gas characterization, and a more extensive overview for ultrasonic
measurements, which is the measurement technique investigated in this thesis.

4.1 Calorimeter

With a calorimeter the heat value can be estimated. In a bomb calorimeter the heat
value is determined by mixing the gas with oxygen in a container (bomb) and burning
it. The increase in temperature is measured, from which the heat value is estimated, [5].



6 Introduction

4.2 Gas Chromatography

With a gas chromatograph (GC) the composition of the gas mixture can be estimated
(from which also the heat value can be calculated). The basic principle is to separate
the components using the property that light gas components pass a column faster than
heavier gas components, a bit like the gold washing principle. The column acts as a
resistive element and can be constructed either by filling it with an absorbing material or
constructed as a thin capillary tube. The gas is carried through the separating column, by
an inert gas (same functionality as water in gold washing), and detected at the end of the
column. Each component of the mixture reaches the detector at different times called the
retention times, and with different amounts. The specific retention time together with
information of the amount are used to identify the component and its fraction in the
mixture. The most common detectors on commercial GCs are thermal conductivity de-
tectors (TCD). The TCD consists of a thermistor and a heat sensing element, measuring
changes in thermal conductivity of the gas, as different components flow through. There
are also optical detectors based on light absorption principles applicable to GC setups,
described in the next subsection. Results, where a GC is used for heat value estimation
of natural gas can be found in [6], a study of its repeatability in [7], and detection of
hydrogen sulphide in [8].

4.3 Optical Methods

Optical measurement methods are based on light absorption principles. Different wave-
lengths are absorbed by different molecules, and by comparing the the absorbed light with
the transmitted (or measure the transmittance), information about the gas molecules can
be extracted, see e.g. [9]. Most sensors work either in the infrared (IR) or near-infrared
(NIR) frequency band, measuring temperature changes related to the transmittance, or
in the ultraviolet (UV) band using a photo detector to measure the transmittance.

4.4 Ultrasonic Measurements

In ultrasonic measurement systems, the observable properties are restricted to frequency
dependent attenuation and phase velocity, which in turn are related to the material
properties of the investigated media. This means that the way to obtain information
about the material is through its acoustic properties, i.e. how the material disperse and
attenuate sound.

4.4.1 Dispersion and Attenuation

In Fig. 4 the main acoustic dispersion and attenuation mechanisms are shown. In ultra-
sonic gas measurements, viscosity, heat conduction and molecular relaxation mechanisms
are the main contributors for dissipation of acoustic energy.

To physically describe or model these mechanisms, we turn our attention to the wave
equation for a description of sound propagation, and to thermodynamics for a model of
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Figure 4: Sound dispersion and attenuation mechanisms.

the acoustic attenuation and dispersion.
The basic model for acoustic waves in a fluid is derived using the linearized continuity

equation and the linearized force equation

∂s

∂t
+ ∇ · u = 0, (1)

ρ0
∂u

∂t
+ ∇p = 0, (2)

where ρ0, s, u and p are the equilibrium density, condensation, particle velocity and
acoustic pressure, respectively. Here the condensation and acoustic pressure are defined
as s = (ρ − ρ0)/ρ0 and p = P − P0, where P ,P0 and ρ, ρ0 are the instantaneous and
equilibrium pressures and densities, respectively.

Differentiating (1) with respect to t and taking the divergence of (2) they will together
form the linear wave equation needed to explain propagation of acoustic energy

∇2p = ρ0
∂2s

∂t2
, (3)

where ∇2 = ∇ · ∇ is the Laplace operator. For the one-dimensional model the Laplace
operator is simply ∇2 = ∂2/∂x2.
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4.4.2 Lossless Wave

The lossless (non-dispersive) wave equation is obtained from Eq. (3) together with a
static relationship between the acoustic pressure and the condensation p = B0s. Here
B0 = ρ0(∂P/∂ρ)|ρ=ρ0 is the adiabatic bulk modulus, [10], derived from equilibrium ther-
modynamics, using a first order Taylor expansion of the equation of state around the
equilibrium density, [11]. Now Eq. (3) can be expressed using only the acoustic pressure
(or condensation) as

∇2p =
1

c2
0

∂2p

∂t2
, (4)

where c0 =
√

B0/ρ0 is the thermodynamic speed of sound.
To give a simple mental picture of the mathematical formula above, the wave equa-

tion obtained in Eq. (4) can be viewed in Fig. 5 using a finite-dimensional spring-mass
approximation.

k k k
m m m m

Figure 5: Finite-dimensional mechanical approximation of the lossless one-dimensional wave
equation, with Neumann boundary conditions (perfect acoustic reflectivity).

A connection to Eq. (4) can be found if xl denotes the displacement from equilibrium
for the l:th mass element, pl represents the force from the l:th spring, and let k = B0/Δx
and m = ρ0Δx, where Δx is the distance between two equilibrium positions. Using N
spring-mass elements, the resulting ordinary differential equation (ODE) system can be
expressed as

Ap =
1

c2
0

d2p

dt2
, (5)

where p = [p1(t), p2(t), · · · , pN(t)]T and

A =
1

Δx2

⎡
⎢⎢⎢⎢⎢⎢⎣

−2 1 0 · · · 0

1 −2 1
. . .

...

0 1 −2
. . . 0

...
. . . . . . . . . 1

0 · · · 0 1 −2

⎤
⎥⎥⎥⎥⎥⎥⎦

(6)

is an N×N matrix. If the number of elements goes to infinity the matrix A approaches the
(one-dimensional) Laplace operator, pl(t) = p(lΔx, t) = p(x, t), and Eq. (5) is identical
to Eq. (4). An interesting observation is that the eigenvectors of A are identical to the
eigenfunctions of the Laplace operator (for Neumann boundary conditions) up to order
N at the discrete spatial points, see Fig. 6. Since both the Laplace operator and the
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matrix are symmetric, the eigenfunctions and eigenvectors form an orthogonal basis in
the infinite- and N-dimensional space, respectively (spectral theorem, [12, 13]). For the
N-dimensional space a linear combination of the eigenvectors of A can represent arbitrary
signals fulfilling the spatial Nyquist sampling theorem, i.e. ω < πc0/Δx. This means that
infinite dimensional problems can be represented with a finite-order ODE for bandlimited
signals. This observation also coincides with the conclusions drawn in Paper C, using
the Mittag-Leffler theorem, [14].

0 0.2 0.4 0.6 0.8 1

−1

0

1

no
rm

al
iz

ed
am

pl
itu

de

x

e
l
[n]

e
l
(x)

Figure 6: A comparison between the eigenvectors el[n] of matrix A with nΔx = x, to the
eigenfunctions el(x) = cos(lπx) of the Laplace operator, for l = 0, ..., N − 1 and N = 6.

4.4.3 Absorption from Viscosity

To model a fluid with viscous losses, we turn from equilibrium thermodynamics to non-
equilibrium thermodynamics. Similar to solids, fluids also appose strain ε, but for fluids
it is not the amount of strain that is important, since the fluid collapses, but the rate at
which the strain is produced ε̇ (= ṡ). For example, consider stirring a bucket of syrup,
the faster you stir the more effort you have to put into it. The relationship between
strain ε and the condensation s is found from Eq. (1). If the amount of effort is linearly
proportional to the rate at which the strain is produced ε̇ (or condensation ṡ), the fluid is
called Newtonian, [15]. To model a Newtonian fluid (excluding vorticity and turbulence,
i.e. ∇× u = 0), a resistive element is added to the bulk modulus

p = B0s + ηṡ, (7)

where B0 = ρ0c
2
0 is the bulk modulus for the lossless wave, and η = 4ηS/3 + ηB is the

combined viscosity from the shear and bulk viscosity coefficients ηS and ηB, [16]. The
equivalent frequency domain representation is B(ω) = B0(1 + τ0jω), where τ0 = η/B0 is
the relaxation time. Combining Eq. (7) with Eq. (1) and Eq. (2) gives the linear viscous
wave equation

(B0 + η
∂

∂t
)∇2p = ρ0

∂2p

∂t2
. (8)

Continuing with mental pictures, a finite-order approximation of the viscous wave
equation can be seen in Fig. 7. The relationship to Eq. (8) is found by letting k = B0/Δx,
m = ρ0Δx, r = η/Δx, and the number of elements approach infinity (N → ∞).
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Figure 7: Finite-dimensional mechanical approximation of the viscous one-dimensional wave
equation, with Neumann boundary conditions.

4.4.4 Absorption from Heat Conduction

A local compression associated with a sound wave produces an increase in temperature
in that region. The molecules in this region have higher kinetic energies and diffuse into
the surrounding cooler areas, resulting in an energy flow from this region and thereby a
loss of acoustic energy. The corresponding bulk modulus for this process can be modeled
as

p = B0s +
κ(γ − 1)

CP

ṡ, (9)

where B0 = ρ0c
2
0, κ is the thermal conductivity, and γ = CP /CV is the ratio of the specific

heat capacities at constant pressure and volume, respectively, [10, 16].
The absorption model gives the same finite-order approximation as in Fig. 7, for

k = B0/Δx, m = ρ0Δx, r = κ(γ − 1)/(CP Δx).
In Fig. 8 an example of absorption per wave length and phase velocity from the

classical components are presented, using Eq. (7) and Eq. (9) and typical parameters for
CO2.

4.4.5 Absorption from Molecular Relaxation

Absorption from molecular relaxation is the oldest and most successful theory for explain-
ing relaxation peaks, i.e. peaks that are present in the attenuation spectra in addition
to classical components.

Under equilibrium conditions, the total energy of a polyatomic fluid is distributed
partly as translational (external) degrees of freedom and partly as rotational and vibra-
tional (internal) degrees of freedom, see Fig. 9. Under non-equilibrium conditions, the
distribution of the energy is dynamic and involves energy flows between the external
and internal degrees, [17, 16, 18]. The energy exchange from the internal to the exter-
nal degrees are slow and associated with specific relaxation time τM . If the period of
sound is close to this relaxation time, a phase lag between the acoustic pressure p and
the condensation s emerges, and acoustic energy is converted into thermal energy. For a
gas that exhibits a molecular relaxation, the relationship between acoustic pressure and
condensation can be expressed as

p + τpṗ = B0s + B0τsṡ, (10)

where B0 = ρ0c
2
0, τs = τM(Ce + R)/CP , and τp = τMCe/CV . Here CV and CP are the

equilibrium specific heats at constant volume and constant pressure, respectively, Ce
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Figure 8: Classical absorption per wave length and phase velocity, using the models in Eq. (7)
and Eq. (9) and typical parameter values for CO2.

the heat capacity of the fully excited degrees, and R the universal gas constant. The
corresponding frequency domain representation is

B(ω) = B0
1 + τsjω

1 + τpjω
, (11)

where B(ω) is the bulk modulus. The relaxation frequency for this model is ω0 =
(τsτp)

−1/2.

vibrational

vi
br
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io

na
l

rotationaltra
nsla

tio
nal

(
)u

Figure 9: Distribution of energy to translational (external) degrees of freedom (left), and to
vibrational, rotational (internal) degrees of freedom (right).

A finite-order approximation can be seen in Fig. 10. The relationship to Eq. (10) is
found by letting k1k2/(k1 + k2) = B0/Δx, r/k2 = τs, r/(k1 + k2) = τp, m = ρ0Δx, and
the number of elements approach infinity (N → ∞).
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Figure 10: Finite-dimensional mechanical approximation of the one-dimensional wave equation
with a molecular relaxation (Neumann boundary conditions).

In Fig. 8 an example of absorption per wave length and phase velocity from molec-
ular relaxation is presented, using Eq. (7) and Eq. (9) and typical parameters for CO2,
resulting in a relaxation peak around 30 kHz.
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Figure 11: Molecular relaxation absorption per wave length and phase velocity, using the model
in Eq. (11) and typical parameter values for CO2.

4.4.6 Combined Absorption

Each absorption mechanism contributes to a dissipation behavior with a corresponding
relaxation time (or frequency). In gas mixtures, the behavior and relaxation time de-
pend in a complex manner on; the molar fraction and molecular structure of each gas
component in the mixture, the temperature, the pressure, and the ultrasound frequency,
[19, 20, 21]. Several molecular relaxation mechanisms might be present together with
absorption from the classical components. In this situation, the absorption has to be
explained by a distribution of relaxation peaks.

In Paper B this behavior is modeled by considering a series of M sub-models connected
in parallel, where each sub-model contributes with one relaxation peak. Notice that a sub-
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model similar to Eq. (11) can represent both viscosity, heat conduction, and molecular
relaxation. The combined bulk modulus for this type of model can be written as

B(ω) =
B0

M

M∑
m=1

1 + τsmjω

1 + τpmjω
, (12)

where the corresponding relaxation frequency for the m:th sub-model is ω0m = (τsmτpm)−1/2.
Similar model structures have been successfully used in describing complicated material
functions for solids, see e.g. [22, 23, 24].

A finite-dimensional approximation for the combined absorption mechanisms can be
seen in Fig.12 for τsm = ηm/k2m and τpm = rm/(k1m + k2m).
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Figure 12: Finite-dimensional mechanical approximation of the combined absorption mecha-
nisms present in a gas or gas mixture. Each element consists of M sub-models connected in
parallel.

In Fig. 8 an example of absorption per wave length and phase velocity from the
combined effect of all components is shown, using the model in Eq. (12) and typical
parameters for CO2. To describe the gas, two sub-models (M = 2) are needed, one
to handle classical absorption from viscosity and heat conduction, and one to describe
absorption from molecular relaxation. Fig. 8 shows an example of absorption per wave
length and phase velocity for a gas having two relaxation peaks (M = 3).

4.4.7 Measurement Setups

The basic linear model for acoustic waves in a fluid is obtained using Eq. (1), Eq. (2),
and a relationship between the acoustic pressure and condensation. For linearly dynamic
fluids, this relationship is described by a linear system P (ω) = B(ω)S(ω), and a lossy
wave equation is obtained

∂2P (x, ω)

∂x2
= −k2(ω)P (x, ω), (13)

where P (x, ω) is the Fourier transform of the acoustic pressure p(x, t) and k(ω) =
ω
√

ρ0/B(ω) is the complex frequency-dependent wave number. Here the arguments x
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Figure 13: Combined absorption per wave length and phase velocity, using the model in Eq. (12)
and typical parameter values for CO2.
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Figure 14: Example of the combined absorption per wave length and phase velocity, for a gas
with two relaxation peaks and absorption from classical components (M = 3), using the model
in Eq. (12).

and t are the spatial and time variables, respectively. The ordinary differential equation
(ODE) in Eq. (13) has the solution

P (x, ω) = A1(ω)e−jk(ω)x + A2(ω)ejk(ω)x, (14)

where j =
√−1. A1(ω) and A2(ω) are to be determined by the boundary conditions.

Different measurement setups leads to different boundary conditions. For example,
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in a through-transmission setup, assuming Neumann boundary conditions (perfect re-
flectivity), the following linear dynamic relationship is obtained between the transmitted
and the received signal

Y (ω) = cosh(jk(ω)d)U(ω), (15)

where U(ω) = P (0, ω) and Y (ω) = P (d, ω) are the Fourier transformed acoustic pres-
sure at distance x = 0 (transmitted signal) and at distance x = d (received signal),
respectively.

Using a pulse-echo setup, there is usually only one sensor that works both as a trans-
mitter and receiver. For this setup an additional criterion of separable echoes is needed to
put it in an input - output (first echo - second echo) description. For Neumann boundary
conditions, the relationship can be written as

Y (ω) = e−jk(ω)dU(ω), (16)

where U(ω) = P (0, ω) and Y (ω) = P (d, ω) are the Fourier transformed acoustic pressures
of the first- and second echo, respectively. Here d denotes the difference in propagation
distance between the two echoes.

4.4.8 Attenuation and Phase Velocity

The relationships in Eq. (15) and Eq. (16) can both be written in a general linear input-
output description as

Y (ω) = H(d, ω)U(ω), (17)

where d is the distance, and H(d, ω) is the transfer function connecting them. This
is often the result of assuming linear acoustics. Focusing on the pulse-echo setup the
transfer function can be rewritten in a magnitude and phase representation as

H(d, ω) = e−jk(ω)d = e�{k(ω)}de−j�{k(ω)}d

= |H(d, ω)|ej arg{H(d,ω)}, (18)

where �{·} and �{·} represents the real- and imaginary parts, respectively. Using
Eq. (18), the attenuation α(ω) and the phase velocity cp(ω) are defined as

α(ω) = −�{k(ω)} = − log |H(d, ω)|
d

,

cp(ω) = ω/�{k(ω)} = − ω · d
arg{H(d, ω)} . (19)

From Eq. (19) there are two possible ways to estimate attenuation and phase velocity.
The first one is based on calculating the phase velocity cp(ω) solely from estimates of the
attenuation α(ω), using the Kramers-Krönig relationship between the real- and imaginary
parts of k2(ω), see [25]. This approach is valid under the assumption that the attenuation
and phase velocity are slowly varying functions of frequency. The advantage with this



16 Introduction

approach is that the phase unwrapping problem, arising when calculating the phase
velocity from a wrapped phase, is avoided. However, accurate estimate of the attenuation
is needed. The phase unwrapping problem is well known and has been addressed using
other approaches, see e.g. [26, 27, 28].

The second approach is to estimate the transfer function H(d, ω) in Eq. (17) and use
this estimate together with Eq. (19), without any assumptions made on the dispersion.
The transfer function can be estimated by using a model structure based on the solution
to the partial differential equation (PDE) and its boundary conditions, as in Eq. (15) or
Eq. (16), and model k(ω) from physical characteristics of the media, such as viscosity
(Eq. (7)), heat conduction (Eq. (9)), and relaxation phenomena (Eq. (10) or Eq. (12)).
The drawback with this approach is that these model structures are strictly dependent
on the specific measurement setup, i.e. the investigated media and the assumed boundary
conditions.

In Paper A and C the second approach is investigated using a general parametric
model structure, independent of the measurement setup, the boundary conditions and the
investigated media. The parametrization is based on the ideas behind a common finite-
order approximation to the solutions of different measurement setups. The result is a
common model structure expressed as a rational transfer function, where the parameters
are estimated using standard system identification techniques, see e.g. [29, 30, 31].

4.5 The Inverse Problem

As discussed in Section 4.4, the problem is often that we are restricted to a measure or
a model of something that is, at best, correlated with the quantity of interest. To find
this relation is called the inverse problem.

4.5.1 Physical

A possible physical approach is to use the model for the bulk modulus in Eq. (12), Paper
B, to capture the non-equilibrium thermodynamic properties of the gas. From this model,
properties related to classical absorption (combined contribution from viscosity and ther-
mal conductivity) and molecular relaxation (relaxation frequencies and strengths) can be
extracted, and used to solve the inverse problem.

4.5.2 Statistical

Statistical regression tools is another approach to find a relationship between the mea-
sured properties and our wanted quantity. These methods have very few restrictions on
how and to what they are applied. They can be directly applied on the measured data
without any forward modeling, as in [32], or they can be applied to the extracted physical
parameters, as explained previously. If there is any correlation between the measured
parameters and the wanted quantity, it can be captured. A drawback with these tools
is that you need to calibrate them for the specific task in order to make good predic-
tions. However, this is frequently the case when solving the inverse problem based on
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pure physical relationships as well, since the observed parameters often differ from the
theoretical ones, either by under- or over estimating them (due to un-modeled dynamics).
For example, the physical descriptions in Section 4.4.3, yield only unbiased estimates of
the theoretical parameters for a few simple gas molecules, see [16, 21]

For multiple linear regression (MLR) models the relationship between the measured
properties X (descriptors), and our wanted quantities Y (responses) can be written as

XA = Y, (20)

where A is a matrix containing the linear regression model coefficients.
There are a number of different regression techniques available for estimating A, and

most of them aim for a “good” low rank approximation Â ≈ A, where “good” means to
capture the essential variation and ignore the noise.

If the objective is to find a relationship between the acoustic properties of a gas
mixture and its composition, then each row in X contains the measurable ultrasonic
properties for a specific gas mixture, and the corresponding row in Y is the composition of
that mixture. In Paper D this relationship is investigated for methane and carbon dioxide
mixtures, similar to processed and upgraded biogas, using partial least squares regression
(PLSR). PLSR is a method of estimating A based on capturing the essential combined
variation or cross-covariance between Y and X. A nice geometrical interpretation of
PLSR can be found in [33]. In Paper D, the acoustic properties or descriptors X were
obtained from attenuation and phase velocity estimates using the parametric estimator
proposed in Paper C.

5 Summary of Contributions

This section gives a short summary of the papers included in this thesis. It includes a
comment on my personal contributions to the papers and the involvement of the other
authors. Johan E. Carlson has been my supervisor during the work, providing valuable
comments and discussions during the writing of the papers. I would also like to acknowl-
edge Pär-Erik Martinsson for valuable discussions and for providing the experimental
data used in Paper A and B.

5.1 Paper A - Parametric Estimation of Ultrasonic Phase Ve-
locity and Attenuation in Dispersive Media

Authors: Jesper Martinsson and Johan E. Carlson
To appear in: Elsevier Ultrasonics.

Summary
A parametric approach to estimate the phase velocity and attenuation estimator is pro-
posed. The method is based on a parametrization of the linear dispersion system that
describes the relationship between two ultrasound echoes. The parametrization is built
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on a discrete rational transfer function, and the parameters are estimated using system
identification techniques. The proposed parametric method enables accurate estimation
of frequency dependent attenuation and phase velocity with up to 50 times lower variance
than the standard non-parametric methods. Robust phase velocity estimation is ensured
since the phase unwrapping problem is avoided and replaced by calculation of the phase
of an analytical expression.

Personal Contributions
The general idea, theoretical work and implementation. Supervision and valuable inputs
and comments by Johan E. Carlson. Measurements by Pär-Erik Martinsson.

5.2 Paper B - Parametric Modeling of Wave Propagation in
Gas Mixtures - A System Identification Approach

Authors: Jesper Martinsson and Johan E. Carlson
Reproduced from: Proceedings of IEEE Ultrasonic Symposium, (Rotterdam, Holland),
2005.

Summary
The standard approach to describe the dynamics of the bulk modulus is to parameter-
ize it, given the complete physical knowledge of the gas properties under investigation.
However, for a gas or gas mixture with complex dynamic behavior and/or unknown com-
ponents, a complete physical description of the complex bulk modulus is generally not
available.

This paper presents a parametric model of the bulk modulus, composed of the basic
physical building blocks of absorption (relaxation blocks). The model’s ability to de-
scribe pulse-echo measurements in oxygen, ethane and mixtures of the two, is validated
using residual analysis and cross-validation. Compared to non-parametric methods, the
proposed structure not only gives higher accuracy when modeling wave propagation in
complex fluids, but also contributes to the understanding of the underlying dissipation
mechanisms present in fluids.

Personal Contributions
The general idea, theoretical work and implementation. Supervision and comments by
Johan E. Carlson. Measurements by Pär-Erik Martinsson.
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5.3 Paper C - Model-Based Phase Velocity and Attenuation
Estimation in Wideband Ultrasonic Measurement Systems

Authors: Jesper Martinsson, Johan E. Carlson, and Jan Niemi
Submitted to: IEEE Transactions on Ultrasonics, Ferroelectrics, and Frequency Control.

Summary
In this paper the idea of using a parametric approach to estimate the attenuation and
phase velocity, as in Paper A, is thoroughly analyzed. The main purposes of the analysis
are:

• To find a good model structure, capable of describing the dynamics with as few
independent parameters as possible, while still keeping the structure as general as
possible, e.g. independent from the specific setup, media under investigation and
boundary conditions.

• To find an estimation method best suited for the specific measurement procedure,
i.e. repeated identical experiments.

• To find expressions of the confidence or uncertainty of the estimated attenuation
and phase velocity.

A continuous rational transfer function replaces the discrete time model to reduce the
number of parameters. A frequency domain maximum likelihood method was used to
find the parameters, ideal for measurement setups with repeated ultrasonic excitations.
The parametric method is compared with standard nonparametric Fourier analysis tech-
niques using numerical simulations as well as real pulse-echo experiments. Approximate
expressions for the standard deviations are derived for both methods and validated with
numerical simulations.

Compared to standard Fourier analysis, the parametric model gives considerably lower
variance when estimating attenuation and phase velocity, using both simulations and real
experiments. Also in contrast to nonparametric techniques the proposed estimator avoids
the phase unwrapping problem, since an analytic expression for the continuous phase ve-
locity and attenuation can be derived.

Personal Contributions
The general idea, theoretical work and implementation. Supervision by Johan E. Carlson.
Measurements by Jan Niemi.
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5.4 Paper D - Ultrasonic Measurement of Methane Content in
Upgraded Biogas

Authors: Johan E. Carlson, Jesper Martinsson, and Magnus Lundberg
Submitted to: Measurement Science and Technology.

Summary
This paper uses the parametric tools developed in Paper C, together with partial least
squares regression, to estimate the composition of upgraded biogas. The results show
that methane content, and hence also the heat value, can be accurately estimated with
high repeatability from information of the attenuation- and phase velocity properties of
the gas.

Personal Contributions
Measurements. Implementation in cooperation with Johan E. Carlson. Statistical knowl-
edge provided by Magnus Lundberg.

6 Conclusions

The results presented in Paper A, B and C show that there is much to gain by going
from traditional nonparametric techniques to using parameterized structures and tieing
measurements together. The choice of model structure depends on how general and
independent the structure should be of the measurement setup, the investigated media,
and the boundary conditions. If the intention is to capture physical properties and give
insight to specific material behaviors and parameters, the underlying structure should
be built on physical reasonings and ideas, and thus be very specific and dependent, as
in Paper B. If the purpose is to develop a parametric attenuation and phase velocity
estimator, applicable to various experimental situations, the structure should be general
and independent, as in Paper A and C. The result presented in Paper D shows that it is
possible to estimate the composition of processed and upgraded biogas, from estimates
obtained using the ideas in Paper C, with high accuracy and precision using multiple
linear regression techniques.
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Parametric Estimation of Ultrasonic Phase Velocity

and Attenuation in Dispersive Media

Jesper Martinsson and Johan E. Carlson

Abstract

In ultrasonic characterization of liquids, gases, and solids, accurate estimation of fre-
quency dependent attenuation and phase velocity is of great importance. Non-parametric
methods, such as Fourier analysis, suffers from noise sensitivity, and the variance of the
estimated quantities is limited by the signal-to-noise ratio. In this paper we present a
parametric method for estimation of these properties. Pulse echo experiments in ethane,
oxygen and mixtures of the two show that the proposed method can estimate phase ve-
locity and attenuation with up to 50 times lower variance than standard non-parametric
methods.

1 Introduction

When attenuation and speed of sound is estimated using pulse-echo ultrasound, the
most common method is standard cross-correlation. In non-dispersive media, the cross-
correlation method [1] is the maximum likelihood estimator for both quantities in additive
white gaussian noise. In dispersive media, however, the cross-correlation method is biased
and frequency dependent estimation methods should be considered.

In this paper a parametric phase velocity and attenuation estimator is proposed. The
method is based on a parametrization of the linear dispersion system as a rational transfer
function that describes the relationship between two ultrasound echoes, which is then es-
timated using system identification techniques. In contrast to non-parametric techniques,
e.g. Fourier analysis, the proposed estimator method avoids the phase-unwrapping prob-
lem since an analytic expression for the continuous phase velocity and attenuation can
be derived.

The paper is organized as follows: In Section 2 we describe the theory of wave prop-
agation, parametric and non-parametric modeling. Section 3 describes the experimental
setup and ultrasonic pulse-echo measurements. In Section 4 the methods are evaluated
using measurements in ethane, oxygen, and mixtures of the two, followed by a discussion
and some concluding remarks.
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2 Theory

In the first part of this section the acoustic wave propagation model in dispersive media
is reviewed. The second part concerns modeling of dispersive wave propagation as linear
systems, and the connection to attenuation and phase velocity. The final two parts are
dedicated to non-parametric and parametric estimation methods for attenuation and
phase velocity.

2.1 The wave propagation model

The basic model for acoustic waves in a fluid is obtained using the linearized continuity
equation, the linearized force equation, and a relationship between the acoustic pressure
and condensation. For linearly dynamic fluids, this relationship is described with a linear
system, and a lossy wave equation is obtained

∂2P (x, ω)

∂x2
= −k2(ω)P (x, ω), (1)

where P (x, ω) is the Fourier transform of the acoustic pressure p(x, t) and k(ω) the
complex frequency dependent wave number. The ODE in Eq. (1) has the solution

P (x, ω) = A1(ω)e−jk(ω)x + A2(ω)ejk(ω)x, (2)

where j =
√−1. A1(ω) and A2(ω) are to be determined by the boundary conditions, i.e.

the amplitude of the wave at x = 0.

2.2 Linear system representation

To find the phase speed and attenuation we have to identify exp(±jk(ω)x) in Eq. (2)
and find A1(ω) and A2(ω) from the boundary conditions. For a pulse-echo system we can
simplify the solution to one wave moving in one direction, assuming near field, perfect
reflectivity and short pulses compared to traveling distance. In this case Eq. (2) can be
written as

P (x, ω) = H(x, ω)P (0, ω), (3)

where P (0, ω) = A1(ω) in Eq. (2) and H(x, ω) = exp(−jk(ω)x).

U( )ω Y( )ωH(2d, )ω

( )ω

ω

Figure 1: Linear system representation of the pulse echo system: U(ω) is the input signal; Y (ω)
is the output signal; ε(ω) represents unknown disturbances (measurement noise); H(2d, ω) the
linear system.
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Knowing the acoustic pressure at two different locations say at x = 0 from the first
echo and x = 2d from the second echo, where d is the distance between the transducer and
reflector, this can be interpreted as a linear system, see Fig. 1 and 2. In this interpretation
U(ω) = P (0, ω) is the input signal (Fourier transform of the first echo), Y (ω) = P (2d, ω)
is the output signal (Fourier transform of the second echo) and H(2d, ω) is the transfer
function connecting them.

Using Eq. (2) for x = 2d, the attenuation and the phase velocity are defined as

α(ω) = −�{k(ω)} = − log |H(2d, ω)|
2d

,

cp(ω) = ω/�{k(ω)} = − 2dω

arg{H(2d, ω)} , (4)

where �{·} and �{·} represents the real- and imaginary parts, respectively.
From Eq. (4) there are two possible ways to estimate absorption and phase speed.

The first one is based on calculating the phase speed cp(ω) only from estimates of the
absorption α(ω), using the Kramers-Kronig relationship between the real- and imaginary
parts of k2(ω), see [2]. This approach is valid under the assumption that the absorption
and phase speed are slowly varying functions of frequency.

The second approach, investigated in this paper, is to estimate the transfer function
H(2d, ω) in Eq. (3) and use this estimate together with Eq. (4), without any assumptions
made on the dispersion.

2.3 Non-parametric estimation method

In this paper we will focus on the Fourier transform (spectral analysis), often used for
this type of applications. Using the Fourier transform, the estimate of H(2d, ω) is (using
N samples)

Ĥ(Ω) =
YN(Ω)

UN(Ω)
, (5)

for ω = Ω/Ts and Ts is the sampling time. Here ·̂ denotes estimate, and YN(Ω) and
UN(Ω) are the Discrete Fourier Transforms (DFT) of the sampled sequences {y[n]}N

1 and
{u[n]}N

1 .
The accuracy of estimating H(2d, ω) in Eq. (3) using Eq. (5) is low and the result

is a very erratic function of Ωl, see [3]. If the estimate of H(2d, ω) is inaccurate, the
attenuation and phase velocity estimates in Eq. (4) will be inaccurate as well, see [3], [4].

2.4 Parametric estimation method

In general, a parametric method can be descried as a mapping from the measured data to
the estimated model parameters, θ̂, where θ̂ = [θ̂1, θ̂2, . . . , θ̂q], q being the model order.

In this paper, the linear system, H(2d, Ω), is modeled as a rational transfer function.
The motivation for this choice is primarily its non-complexity in terms of estimation and
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evaluation, but it will be shown also to be adequate for this application. This choice
leads to a model of the form

y[n] = −a1y[n − 1] − · · · − anay[n − na]

+b1u[n − nk] + · · · + bnbu[n − nk − nb + 1]

+ε[n], (6)

where u[n] = p(0, nTs) is the sampled first echo (input), y[n] = p(2d, nTs) is the sampled
second echo (output of the linear system), and ε[n] is the residual and representing
unmeasured inputs that influence the system (i.e. disturbances and measurement noise).

Given a collection of N samples, n = 1, · · · , N , Eq. (6) becomes a system of equations
and can be written in matrix notation as

y = Φθ + ε

θ = [a1, · · · , ana, b1, · · · , bnb]
T

Φ = [ϕ[1], · · · , ϕ[N ]]T

ϕ[n] = [−y[n − 1], · · · ,−y[n − na],

u[n − nk], · · · , u[n − nk − nb + 1]]T , (7)

where y = [y[1], · · · , y[N ]]T and ε = [ε[1], · · · , ε[N ]]T .
The parameter vector θ contains the coefficients ai and bi to be estimated. The pa-

rameters na, nb and nk are the structure parameters and describes the characteristics
and complexity of the model, i.e. its size. There are also other aspects such as complex-
ity, estimate quality, noise modeling and over-fitness to consider when choosing these
parameters, see [5], [6].

For θ ∈ Rq and N > q, Eq. (7) is over-determined and the least-squares (LS) estimate
is

θ̂LS = (ΦTΦ)−1ΦTy. (8)

A set of candidate models is obtained, using the LS estimate in Eq. (8) and the two
measured echoes (input and output), for different model sizes, i.e. different na, nb and
nk. The best model size is determined by cross-validation [7] and residual analysis.

The purpose of the residual analysis is to make sure that the residuals, ε[n], i.e.
the part of the data that the model could not estimate, are zero mean white noise,
uncorrelated (or independent) of the input u[n].

Once a proper model is estimated and validated, the estimate of H(2d, ω) in Eq. (3)
using Eq. (8) is simply

Ĥ(Ω, θ̂LS) =
b1e

−jΩnk + · · · + bnbe
−jΩ(nb+nk−1)

a1e−jΩ + · · · + anae−jΩna
, (9)

for ω = Ω/Ts.
The accuracy of Eq. (9) is high and the variance approaches zero as the sample size

grows, in contrast to Eq. (5), see [6].
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Figure 2: The measurement cell and the pulse-echo principle. The transducer emits an unknown
sound wave. The reflection from the bottom of the measurement cell is then recorded.

2.5 Magnitude and Phase response

The main two advantages for parameterizing the transfer function H(2d, ω) in Eq. (4),
compared to non-parametric methods, is the increase in accuracy for the estimates and
the elimination of the phase unwrapping problem. The first comes from the discussion
made in Sections 2.3 and 2.4. The latter is a direct result of that the obtained pa-
rameterized structure is a rational transfer function, which enables us to calculate the
attenuation and phase velocity from an analytical expression.

3 Experimental Setup

For all the experiments in this paper, the ultrasound echoes were measured in a pulse-
echo configuration (see Fig. 2). An ultrasound transducer was mounted in a measurement
cell, transmitting pulses through the gas towards a stainless steel reflector. The acoustic
properties of interest vary with frequency, f , and pressure, P , and were studied as a
function of the ratio f/P [8]. In this work, a 1 MHz air transducer with an effective
diameter of 15 mm was used while the static pressure was varied. For the propagation
distances in the present work, diffraction losses can be assumed to be negligible [9]

A custom-built pressure chamber was used to achieve different static pressures. The
pressure was varied between 1.54 to 7.4 bar in 12–18 steps. Since the attenuation in ethane
is extremely high at low pressures and high frequencies, we were limited to measurements
at higher pressure for ethane (above 1.86 bar).

The pressure in the chamber was measured with an ANDERSON TPP Pressure
Transmitter. The transducer was mounted on a stainless steel measurement cell (see
Fig. 2), immersed into the pressure chamber. The whole setup was then placed in a tem-
perature controlled chamber (Heraeus Vötsch HT4010 ). To excite and receive acoustic
pulses from the transducer, a Panametrics Pulser/Receiver Model 5072 was used. All
pulses were sampled at 100 MHz with an 8-bit Tektronix TDS 724, digitizing oscilloscope.
For each measurement, the temperature was recorded using a PT100 sensor.
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Figure 3: Cost-functions V (θ) plotted against the model size q = dim θ, for Ethane at T =
20.6◦C and P = 2.86 bar. The dashed line represents the cost-function evaluated with calibration
data, and the solid line with fresh data (cross-validation).

4 Results

4.1 Parametric Model Selection and Validation

To make sure that the parametric model is capable of describing the true system, we
have to find the best model size using the techniques described in the theory section.

Fig. 3 shows the least-squares cost-function V (θ) = εT ε evaluated with fresh data,
for Ethane at T = 20.6◦C and P = 2.86 bar. The best model size was obtained for
q = dim θ = 14 and the parameters: na = 4, nb = 10 and nk = 9.

Fig. 4 shows the measured and estimated echoes with corresponding residuals, using
the parametric model obtained from Fig. 3. Note that the residual does not show any
remaining systematic behavior.
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Figure 4: Measured and estimated echoes with corresponding residuals: (a) measured primary
echo; (b) two (coinciding) secondary echoes, solid line the true measured secondary echo, dashed
line are estimated from the measured primary echo using the parametric model; (c) the residual
(the difference between estimated and measured secondary echo).
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The model was validated by analyzing the residuals in Fig. 4c, and were found to be
white and uncorrelated with the input signal, at a 99 % confidence level.

4.2 Estimation Results

This section presents a comparison of the non-parametric and parametric estimation of
attenuation and phase speed.

Fig. 5 shows phase speed estimates in Oxygen and Ethane, evaluated at the transducer
center-frequency for different pressures.

0.2 0.3 0.4
0

1

2

3

4

5

s c p
(f

0
/P

)
(m

/s
)

f
0
/P (MHz/bar)

0.2 0.3 0.4

295

300

305

c p
(f

0
/P

)
(m

/s
)

f
0
/P (MHz/bar)

0.2 0.4 0.6 0.8 1
0

1

2

3

4

5

s c p
(f

0
/P

)
(m

/s
)

f
0
/P (MHz/bar)

0.2 0.4 0.6 0.8 1
316

318

320

322

324

326

328

c p
(f

0
/P

)
(m

/s
)

f
0
/P (MHz/bar)

<
<

<|

|

<

(a)

(c) (d)

(b)

Figure 5: Mean value ¯̂cp and estimated standard deviation sĉp of 49 phase velocity estimates
using the parametric model (solid line), non-parametric (dashed line), and cross-correlation
(dotted line): (a,b) Oxygen at T = 20.3 ◦C; (c,d) Ethane at T = 20.6 ◦C. The estimates are
evaluated at the center frequency f0 for different pressures.

5 Conclusions and Discussion

In this paper we have showed how a rational transfer function can be used to describe
the wave propagation in dispersive media. The proposed parametric method enables
accurate estimation of frequency dependent attenuation and phase velocity with up to 50
times lower variance than the standard non-parametric methods. Robust phase velocity
estimation is ensured since the phase unwrapping problem is avoided and replaced by
calculation of the phase of an analytical expression.

Cross-correlation can not be used to estimate cp in dispersive media, since cp is fre-
quency dependent. For such media we need to use either parametric or non-parametric



36

spectral methods. In dispersive media the cross-correlation method will give biased re-
sults.
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Parametric Modeling of Wave Propagation in Gas

Mixtures - A System Identification Approach

Jesper Martinsson and Johan E. Carlson

Abstract

In ultrasonic pulse-echo systems, the observable properties are restricted to frequency
dependent attenuation and phase velocity, which in turn are related to the material
properties of the investigated media. In this paper we present a parametric model of
the bulk modulus, composed of the basic physical building blocks of absorption (relax-
ation blocks). The parametric model is capable of handling the combined effect of the
absorption mechanisms present in a gas or gas mixture and captures the experimental
variation in the observation. The performance of the parametric model is demonstrated
with pulse-echo experiments in oxygen, ethane and mixtures of the two. Compared to
standard Fourier analysis techniques, the parametric model gives higher accuracy when
estimating attenuation and phase velocity, and physical parameters such as relaxation
strengths and relaxation frequencies can be extracted from it.

1 Introduction

Using ultrasonic techniques, the measurable properties of a gas are characterized by the
complex frequency dependent wave number. The wave number is directly related to
the bulk modulus, which for a non-dispersive and absorption free gas is a real-valued
constant containing the equilibrium density and the thermodynamic speed of sound. For
dispersive media (e.g. gases and gas mixtures), the relationship between the acoustic
pressure and the condensation is dynamic, and the bulk modulus connecting these two
quantities is both complex-valued and frequency dependent.

The standard approach to describe the dynamics of the bulk modulus is to parame-
terize it given the complete physical knowledge of the gas properties under investigation.
However, for a gas or gas mixture with complex dynamic behavior and/or unknown com-
ponents, a complete physical description of the complex bulk modulus is generally not
available. For these situations a common approach is to use non-parametric methods, to
describe the dynamics. Although non-parametric techniques are easy to apply, they give
only moderately accurate descriptions. To obtain higher accuracy, parametric models
must be used. When choosing the model structure, two things are desirable: First, the
model should capture the dynamics of the system and second, the model should give
information about the underlying physical properties.

In this paper, the bulk modulus is parameterized using a rational transfer function
(spring-dashpot model). This structure has a well-known connection to some physical
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properties, while still keeping the number of parameters reasonably low. We use system
identification techniques to estimate the parameters and cross-validation to prevent over-
parametrization. The model is validated by analyzing the prediction errors which show
that the prediction errors are uncorrelated with the measured echoes. This means that
the parametric model is able to capture the dynamics of the true system.

The proposed method is compared with standard non-parametric techniques using
pulse-echo measurements in ethane, oxygen, and mixtures of the two. The experimen-
tal results show that the variances of the estimates are considerably smaller using the
proposed method compared to non-parametric methods, especially for noisy data.

2 Theory

In this section we start by reviewing the main absorption mechanisms present in a gas,
and present them as equivalent spring-dashpot representations of the bulk modulus. A
more general model structure is also presented, which is capable of handling the combined
effect of all mechanisms. Next, the identification procedure is explained for pulse-echo
experiments, followed by a description of optimization and initial values.

2.1 Absorption

In any real acoustic wave there are losses, acoustic energy is dissipated and converted
into thermal energy. Sound absorption in a gas or gas mixture is described by several
mechanisms. On a macroscopic level there is the classical absorption component, due
to losses from viscosity and heat conduction. On a microscopic level, losses arise from
relaxation of vibrationally and rotationally excited molecules. Each absorption mech-
anism contributes to a dissipation behavior with a corresponding relaxation time (or
frequency). In gas mixtures, the behavior and relaxation time depend in a complex man-
ner on the: molar fraction and molecular structure of each gas component in the mixture,
temperature, pressure, and ultrasound frequency.

The absorption mechanisms are described by the frequency dependent bulk modulus,
a material function that describes the dynamic relationship between the acoustic pressure
and the condensation. In the frequency domain the relationship can be expressed as
(assuming linearity and time invariance)

P (ω) = B(ω)S(ω), (1)

where P (ω) and S(ω) are the Fourier transforms of the acoustic pressure p(t) and con-
densation s(t), respectively. B(ω) is the frequency dependent bulk modulus.

2.2 Spring-Dashpot Representation

In this paper, we represent the bulk modulus as a series of spring-dashpot sub-models
connected i parallel to capture the variety of absorption mechanisms present in a real
fluid.
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In this representation, the acoustic pressure p is considered the effort (force) variable,
and the time derivative of the condensation ṡ represents the flow (velocity) variable. Each
sub-model contributes to a single relaxation peak at a given relaxation frequency, and is
therefore an ideal building block to model the absorption mechanisms mentioned earlier.
To motivate the use of this type of interconnecting sub-models, we review some of the
absorption mechanisms present in a gas, in a spring-dashpot analogy.

For a lossless fluid, the bulk modulus is a real-valued constant composed of the equi-
librium density and the thermodynamic speed of sound B = ρ0c

2
0. The equivalent spring-

dashpot representation is a simple spring with k = ρ0c
2
0 = B, see Fig. 1(a).

To model a fluid with viscous losses, a resistive element (dashpot) is added in parallel
with the spring, see Fig. 1(b). For this spring-dashpot model the following dynamic
relationship is obtained

p(t) = ks(t) + ηṡ(t). (2)

The equivalent frequency domain representation is obtained using Eq. (1) and B(ω) =
B0(1 + τ0jω), where B0 = k = ρ0c

2
0 is the bulk modulus of the lossless wave, τ0 = η/k

is the relaxation time, η = 4/3ηS + ηB the dash-pot constant (viscosity), and k the
spring constant. The corresponding relaxation frequency is ω0 = τ−1

0 . Combining Eq. (2)
with Euler’s equation and the linear continuity equation, the result is the Navier-Stokes
equation (excluding turbulence and vorticity), see [1].

A fluid that exhibits absorption due to a molecular relaxation mode, can be repre-
sented as the spring-dashpot model in Fig. 1(c). The dynamic relationship between p
and s is

p(t)(1 +
k2

k1

) + ṗ(t)
η

k1

= k2s(t) + ηṡ(t) (3)

or using Eq. (1) and

B(ω) = B0
1 + τsjω

1 + τpjω
, (4)

where B0 = k1k2/(k1 + k2) = ρ0c
2
0, τs = η/k2 and τp = η/(k1 + k2). The corresponding

relaxation frequency is ω0 = (τsτp)
−1/2. Notice that the spring-dashpot model in Fig. 1(c)

is constructed by connecting the models in Fig. 1(b) and (a) in series, and can thus
represent both.

In a gas or gas mixture several molecular relaxation mechanisms might be present
together with absorption from the classical components. For this situation, the absorption
have to be explained by a distribution of relaxation peaks. This behavior is modeled by
considering a series of M sub-models connected in parallel, see Fig. 2, where each sub-
model contributes to one relaxation peak. The bulk modulus for this type of model
is

B(ω) =
B0

M

M∑
m=1

1 + τsmjω

1 + τpmjω
, (5)

where τsm = ηm/k2m and τpm = ηm/(k1m+k2m). The corresponding relaxation frequencies
are ω0m = (τsmτpm)−1/2.
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Figure 1: Spring-dashpot representation of: (a) no absorption; (b) absorption due to viscosity;
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Figure 2: Spring-dashpot model of the combined absorption mechanisms present in a gas or gas
mixture. The model is constructed of M sub-models connected in parallel.

2.3 Wave Propagation

In one-dimensional wave propagation experiments, Eq. (1) is combined with Euler’s equa-
tion and the linear continuity equation, and the following ordinary differential equation
(ODE) is obtained,

∂2P (x, ω)

∂x2
= − ρ0ω

2

B(ω)
P (x, ω), (6)

where x and ρ0 are the position and equilibrium density. The ODE has the solution

P (x, ω) = A1(ω)e−jβ(ω)x + A2(ω)ejβ(ω)x, (7)

where the complex wave number β(ω) =
√

ρ0ω2/B(ω). A1(ω) and A2(ω) are determined
by the boundary conditions, i.e the amplitude of the wave at x = 0. For a pulse-echo
system, see Fig. 3, we can simplify the solution to one wave moving in one direction
(assuming near field, perfect reflectivity and short pulses compared to the traveling dis-
tance). Knowing the acoustic pressure at two different locations, say at x = 0 from
the first echo and at x = 2d from the second echo, where d is the distance between the
transducer and reflector, Eq. (7) can be written as

P (2d, ω) = P (0, ω)e−jβ(ω)2d, (8)
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where P (0, ω) and P (2d, ω) are the Fourier transforms of the first- and second echoes,
respectively.

2.4 System Identification

In this paper the model in Eq. (5) (see Fig. 2) is used to describe the bulk modulus.
The unknown model parameters are estimated in the discrete frequency domain, using
Eq. (8) (pulse-echo experiments) and a least-squares (LS) fit given by

J(θ) =

N/2−1∑
l=−N/2

∣∣∣∣∣P (2d, Ωl) − P (0, Ωl)e
−jωl

√
ρ0

B(ωl,θ)
2d

∣∣∣∣∣
2

, (9)

for an even N . Here P (·, Ωl) is the discrete Fourier transform (DFT) of a sampled echo,
Ωl = ωl/Fs is the discrete angular frequency and Fs the sampling frequency. The para-
meter vector θ = [B0, τs1, τp1, · · · , τsM , τpM ]T represent the unknown model parameters
to be estimated by minimizing Eq. (9).

To estimate the appropriate number of sub-models M , cross-validation is used [2, 3].
Cross-validation evaluates the predictive performance when models of different sizes are
confronted with new data sequences (other than those used for model estimation). Eval-
uating models with fresh data prevents over-parametrization and finds the appropriate
model size within the chosen model structure.

To make sure that the model is capable of describing the true system, we have to
validate its performance. The key concept here is to examine the prediction errors or
“leftovers”, i.e. the part of the ultrasonic pulses that the model could not predict, to
determine the model’s validity, see [3] .

2.5 Optimization

Minimizing Eq. (9) with respect to θ results in a non-linear least-square (NLS) minimiza-
tion problem, and good initial values are important. In this paper the initial values for
the relaxation frequencies are obtained using the constant-Q model [4], where the (M)
relaxation peaks are equally distributed along the log(ω) axis covering the frequency
range of interest.

In the identification step, the equilibrium density ρ0 is treated as unknown and for
simplicity it is incorporated with B0 as a new parameter B̃0 = B0/ρ0, see Eq. (5) and
Eq. (9). The initial value for B̃0 is estimated with cross-correlation due to its relationship
with the phase velocity at DC (ω = 0). To minimize Eq. (9) the Nelder-Mead simplex
(direct search) method is used [5].

3 Experimental Setup

For all the experiments in this paper, the ultrasound echoes were measured in a pulse-
echo configuration (see Fig. 3). An ultrasound transducer was mounted in a measurement
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Figure 3: The measurement cell and the pulse-echo principle. The transducer emits an un-
known sound wave. The reflection from the bottom of the measurement cell is then recorded.
Consecutive echoes can be recorded, as indicated in the figure.

cell, transmitting pulses through the gas towards a stainless steel reflector. The mea-
surement cell was then immersed into the pressure chamber. The whole setup was then
placed in a temperature controlled chamber (Heraeus Vötsch HT4010 ), where keeping
the temperature constant at the desired temperature (20 ◦C).

A custom-built pressure chamber was used to achieve a static pressure. Since the
attenuation is extremely high at low pressures and high frequencies, we were limited to
make measurements at high pressures (around 6.6 bar). The pressure in the chamber
was measured with an ANDERSON TPP Pressure Transmitter.

A 1 MHz air transducer with a effective diameter of 15 mm was used. For this trans-
ducer and the propagation distance, diffraction losses were assumed to be negligible [6].
To excite and receive acoustic pulses from the transducer, a Panametrics Pulser/Receiver
Model 5072 was used.

All pulses were sampled at 100 MHz with an 8-bit Tektronix TDS 724, 1 GHz digitizing
oscilloscope. For each measurement, the temperature was recorded using a PT100 sensor.

4 Results

In this section modeling and estimation results are presented, using the ultrasonic pulse-
echo technique described in the previous section.

4.1 Model Selection and Validation

The model selection and validation results are presented for measurements in oxygen
(highest SNR). Similar results are obtained for ethane and mixtures of the two.

The appropriate number of sub-models is determined by comparing the value of the
criterion of fit in Eq. (9) using fresh data, for estimated models of different orders (cross-
validation). For models with M ≥ 4 no significant decrease can be observed, see Fig. 4.
For this reason a model order of M = 4 is chosen.

Once the appropriate model size is determined and the parameters are estimated,
the model is validated by analyzing its predictive performance. In Fig. 5 measured and
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Figure 5: Measured and predicted echoes with corresponding residual, using M = 4 sub-models:
(a) measured primary echo; (b) two (coinciding) secondary echoes, dashed line is predicted from
the measured primary echo using the parametric model, solid line the true measured secondary
echo; (c) the residual (the difference between predicted and measured secondary echo).

predicted echoes are shown together with the residual (their difference). Note the scale
differences i the figure.

In the residual plot, a slight systematic variation can be noticed. However, testing its
dependence with the first echo, by analyzing their cross-correlation, shows uncorrelation
(independence) within a 99% confidence region, see Fig. 6.

4.2 Accuracy of Modeling Wave Propagation

When a good model for the frequency dependent bulk modulus is obtained, quantities
describing the wave propagation such as phase velocity and attenuation can be computed.

In this section the phase velocity and attenuation are estimated using the bulk mod-
ulus model. The estimates obtained from the bulk modulus model are compared with
estimates obtained from a non-parametric spectral model. The non-parametric model
is based on computing the ratio between the discrete Fourier transformed second- and
first echoes, to obtain the spectra from which the attenuation and phase velocity are
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Figure 6: Analysis of the residual in Fig. (5). Independence (correlation) test of the cross-
correlation function between the residual ε(n) and the first echo p(0, n). The horizontal lines
mark the 99% confidence region.
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Figure 7: Mean value ¯̂α(f) and estimated standard deviation sα̂(f) of 50 attenuation estimates
α̂(f), where ·̂ denotes estimate. The attenuation α(f) is estimated with the bulk modulus model
(solid lines) and the non-parametric model (dashed lines).

estimated.

In Fig. 7 the mean value and the estimated standard deviation are shown for 50 atten-
uation estimates in oxygen, ethane and a mixture of 80% oxygen 20% ethane. Comparing
the attenuation estimates, obtained from both models, a good agrement can be observed
in the high SNR region. However, outside this region their similarities end, mostly due
to the erratic behavior of the non-parametric method at low SNR, see [7]. This behavior
can also be seen in the estimated standard deviation plots, as a decrease in accuracy
compared to the bulk modulus model.

The plots are shown in the frequency region [0.8, 1.2] MHz which corresponds to the
40 dB bounded spectrum bandwidth [8] of the first echo.

The phase velocity estimates are close to non-dispersive in the frequency region
[0.8, 1.2] MHz and the results are presented for f0 = 1 MHz (transducer center fre-
quency) in Table 1. In Table 1 the phase velocity estimates are compared using: the
parametric bulk modulus model (P ); the non-parametric spectral method (NP ); and
standard cross-correlation (X). The mean values and estimated standard deviations co-
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Table 1: Mean value ¯̂cp(f) and estimated standard deviation sĉp(f) of 50 phase velocity estimates
ĉp(f) (evaluated at f0 = 1 MHz). The phase velocity cp(f) is estimated using: the parametric
model (P); standard cross-correlation (X); and the non-parametric model (NP).

method oxygen mixture ethane
¯̂cp(f0) ± sĉp103 ¯̂cp(f0) ± sĉp103 ¯̂cp(f0) ± sĉp103

P : 323.4 ± 3.308 324.8 ± 3.222 296.3 ± 3.286
X : 323.4 ± 4.033 324.8 ± 4.000 296.4 ± 3.842

NP : 325.3 ± 679.3 326.1 ± 759.2 298.0 ± 463.6

incides using the parametric model and cross-correlation. For the non-parametric model,
a large mean value offset can be seen together with a 100 times higher standard deviation.
This high inaccuracy is mainly produced in the phase unwrapping step, when estimating
the phase velocity using a non-parametric technique.

5 Discussion

The assumption that the residual is uncorrelated with the first echo is only valid for
situations where the unknown input disturbance is negligible (here input and output
refers to the first- and second echo). In presence of input disturbances or un-modeled
non-linearities, which is often the case in reality, a natural correlation appears even
though a good model is used.

Considering the criterion of fit, improvements can be achieved by weighting it with
the inverse covariance matrix of the noise or using an errors in variables approach, see
[9]. Since we are dealing with repeated experiments with the same excitation signal, it
is possible to get an estimate of the covariance matrix for the experimental noise.

In the minimization process, faster iteration can be achieved by deriving an analytical
expression for the gradient (and Hessian) of Eq. 9.

6 Conclusions

In this paper we have showed how the combined effect of the absorption mechanisms
present in a fluid can be described by modeling the bulk modulus as a series of mechan-
ical sub-models. The model’s ability to describe pulse-echo measurements in oxygen,
ethane and mixtures of the two, is validated using residual analysis and cross-validation.
Compared to non-parametric methods the proposed structure gives, not only higher ac-
curacy when modeling wave propagation in complex fluids, but also contributes to the
understanding of the underlying dissipation mechanisms present in fluids.
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Estimation in Wideband Ultrasonic Measurement

Systems

Jesper Martinsson, Johan E. Carlson and Jan Niemi

Abstract

In this paper we present a parametric method to estimate the frequency dependent
phase velocity and attenuation. The parametric method is compared with standard
nonparametric Fourier analysis techniques using numerical simulations as well as real
pulse-echo experiments. Approximate standard deviations are derived for both methods
and validated with numerical simulations. Compared to standard Fourier analysis, the
parametric model gives considerably lower variance when estimating attenuation and
phase velocity. Also in contrast to nonparametric techniques the proposed estimator
avoids the phase unwrapping problem, since an analytic expression for the continuous
phase velocity and attenuation can be derived.

1 Introduction

In ultrasonic measurement situations, whether it is flow measurement or material charac-
terization, accurate estimates of the frequency dependent attenuation and phase velocity
are very important. In this paper a parametric phase velocity and attenuation estimator
is proposed. The method is built on a parametrization of the linear dispersion system that
describes the relationship between two measured ultrasonic signals. The parametrization
is based on the ideas behind a common finite-order approximation to the solutions of
different measurement setups. The result is a common model structure expressed as a
continuous rational transfer function, where the parameters are estimated using standard
system identification techniques. The main advantages following this parametrization are
higher accuracy, lower uncertainties, control over the phase unwrapping ambiguity, and
a large data reduction.

The paper is organized as follows: In Section 2 the wave propagation model is de-
scribed for dispersive media and its dependence on specific measurement setups and
boundary conditions are discussed. The models are generalized into a linear systems no-
tation from which attenuation and phase velocity are estimated. The nonparametric and
parametric estimation techniques are described and approximative expressions for the
standard deviations for the estimated attenuation and phase velocity are given for both
methods. In Section 3 computer simulations are used to compare the two techniques and
to validate the approximative uncertainty expressions. Finally, experimental results are
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found in Section 4 followed by a discussion and some concluding remarks.

2 Theory

2.1 Physical Model

The basic model for acoustic waves in a fluid is obtained using the linearized continuity
equation, the linearized force equation, and a relationship between the acoustic pressure
and condensation. For linearly dynamic fluids, this relationship is described by a linear
system, and a lossy wave equation is obtained

∂2P (x, ω)

∂x2
= −k2(ω)P (x, ω), (1)

where P (x, ω) is the Fourier transform of the acoustic pressure p(x, t) and k(ω) is the com-
plex frequency dependent wave number. Here the arguments x, t and ω are the spatial-,
time- and angle frequency variables, respectively. The ordinary differential equation
(ODE) in Eq. (1) has the solution

P (x, ω) = A1(ω)e−jk(ω)x + A2(ω)ejk(ω)x, (2)

where j =
√−1. A1(ω) and A2(ω) are to be determined by the boundary conditions.

Different measurement setups result in different boundary conditions. For example,
in a through-transmission setup, assuming Neumann boundary conditions (perfect re-
flectivity), the following linear dynamic relationship is obtained between the transmitted
and the received signal

Y (ω) = cosh(jk(ω)d)U(ω), (3)

where U(ω) = P (0, ω) and Y (ω) = P (d, ω) are the Fourier transformed acoustic pres-
sures at distance x = 0 (transmitted signal) and at distance x = d (received signal),
respectively.

Using a pulse-echo setup, there is usually only one sensor that works both as a trans-
mitter and receiver. For this setup an additional criterion of separable echoes is needed
to use an input-output (first echo-second echo) description. For Neumann boundary
conditions, the relationship can be written as

Y (ω) = e−jk(ω)dU(ω), (4)

where U(ω) = P (0, ω) and Y (ω) = P (d, ω) are the Fourier transformed acoustic pressures
of the first- and second echo, respectively.

2.2 Linear System

The relationships in Eq. (3) and Eq. (4) can both be written in linear input-output
relationship as

Y (ω) = H(d, ω)U(ω), (5)
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where d denotes the distance, and H(d, ω) is the transfer function connecting the signals.
This is often the result of assuming linear acoustics.

Focusing on the pulse-echo setup, the transfer function can be rewritten in a magni-
tude and phase representation as

H(d, ω) = e−jk(ω)d = e�{k(ω)}de−j�{k(ω)}d

= |H(d, ω)|ej arg{H(d,ω)}, (6)

where �{·} and �{·} represents the real- and imaginary part, respectively.
Using Eq. (6), the attenuation α(ω) and the phase velocity cp(ω) are defined as

α(ω) = −�{k(ω)} = − log |H(d, ω)|
d

,

cp(ω) = ω/�{k(ω)} = − ωd

arg{H(d, ω)} . (7)

From Eq. (7) there are two possible ways to estimate attenuation and phase velocity.
The first one is based on calculating the phase velocity cp(ω) solely from estimates of the
attenuation α(ω), using the Kramers-Krönig relationship between the real- and imaginary
parts of k2(ω), see [1]. This approach is valid under the assumption that the attenuation
and phase velocity are slowly varying functions of frequency. The advantage with this
approach is that the phase unwrapping problem, arising when calculating the phase
velocity from a wrapped phase, is avoided. However, a good estimate of the attenuation
is still needed. The phase unwrapping problem is well known and has been addressed
using other approaches, see e.g. [2, 3, 4].

The second approach, investigated in this paper, is to estimate the transfer function
H(d, ω) in Eq. (5) and use this estimate together with Eq. (7), without any assumptions
made on the dispersion.

2.3 Nonparametric Techniques

The nonparametric technique is perhaps the most commonly used approach to estimate
attenuation and phase velocity. It is based on the linear relationship between the input-
and output signal in Eq. (5), the discrete Fourier transform (DFT), and the definitions
in Eq. (7).

The transfer function H(d, ω) is estimated using the ratio of the Fourier transformed
output and input signal. Since the measured signals are both truncated and sampled the
estimate is given by the DFT as

Ĥ(ωl) =
YN(ωl)

UN(ωl)
, (8)

for ωl = 2πl/N and l = 0, 1, · · · , N − 1. Here ·̂ denotes estimate, and YN(ωl) and UN(ωl)
are the DFTs of the sampled sequences {y[n]}N

1 and {u[n]}N
1 .
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With the correct choice of sampling frequency and window size, the continuous ul-
trasonic pulse can be considered in practice both band- and time limited, and the effect
of leakage- and aliasing errors occurring when truncating and sampling it can be ne-
glected. In this case the DFT coefficients gives a (close to) perfect representation of the
true spectrum of the pulse at the discrete frequencies (Y (ωl)  YN(ωl)). For this to be
fulfilled, the sample size (N) of the measurement window should be chosen so that the
system response becomes negligible at the end of the measurement (circular and linear
convolution is equivalent).

However due to additive noise in the measurements the uncertainty of estimating
H(d, ω) in Eq. (5) using Eq. (8) is high and the result is a very erratic function of ωl.
This behavior is directly related to the main drawbacks of using the DFT as estimate of
the spectral density, see [5, 6]. If the estimate of H(d, ω) is uncertain, the attenuation
and phase velocity estimates in Eq. (7) will be uncertain as well.

2.4 Parametric Techniques

In general, a parametric method can be descried as a mapping from the measured data
to the estimated parameter vector θ̂, where ·̂ denotes estimate. The parameter vector is
connected to a specific model structure M, where for a fixed parameter vector θ = θ∗,
M(θ∗) represents one model within the structure M. An important step is to select a
model structure M that represents the true system S. One alternative is to choose a
model structure based on solutions to the partial differential equation (PDE), as in Eq. (3)
or Eq. (4), and model k(ω, θ) from physical characteristics of the media such as viscosity,
heat conduction and relaxation phenomena, see [7]. The drawback with this approach
is that these model structures are strictly dependent on the specific measurement setup,
i.e. the investigated media and the assumed boundary conditions.

An alternative approach is to find a common model structure based on the ideas
behind the Mittag-Leffler theorem, see [8], with an expansion of the transfer functions in
Eq. (3) and Eq. (4) as

H(x, ω) = cosh(jk(ω)x) =
∞∑

r=0

(jk(ω)x)2r

(2r)!
(9)

= ejk(ω)x =
∞∑

r=0

(jk(ω)x)r

r!
. (10)

For bandlimited signals the transfer functions can be approximated very well within the
signal’s bandwidth, using an expansion (or rational transfer function) of finite order.
This leads to a common model structure M of the form

H(ω, θ) = e−jωτ B(ω, θ)

A(ω, θ)
= e−jωτ

∑nb

q=0 bq(jω)q∑na

q=0 aq(jω)q
, (11)

where θ = [b0 · · · bnb
a0 · · · ana τ ]T . Here an additional parameter τ is introduced to

account for pure time delays.



59

The advantage with this structure is its independence of any prior knowledge con-
cerning the specific boundary conditions and physical properties of the media under
investigation. With this ability it is possible to apply the same structure to various ex-
perimental situations. A drawback with this approximation is often that the number of
model parameters are increased compared to an accurate physical parametric description
(if one exists).

To find the appropriate model order nb and na, a model selection and validation step
must be introduced. In the selection process a set of models with different orders are
tried out and matched to the system S. The matching or estimation is done using the
measured data together with a criterion of fit. How consistent the mapping is, depends on
the experimental condition (the data), the model structure and the criterion of fit. Given
a set of matched models, the models are validated using different statistical techniques
based on the assumptions made about the true system S.

In this paper the frequency domain sample maximum likelihood method is used as
the criterion of fit, see [9] and Appendix 7.2. The motivation for this choice is its nice
statistical properties with the ability to handle noisy input and noisy output problems
(error-in-variable) for measurement setups using repeated burst signals (repeated ultra-
sonic excitations). For the model selection part, the minimum description length (MDL)
criterion [9] is used to find the appropriate order and prevent over parametrization. Fi-
nally, the model is validated using residual analysis.

2.5 Uncertainty Bounds

Naturally when estimating a parameter, an expression of the uncertainty of the estimate
is very important. Often in ultrasonic measurement setups it is possible to make many
repeated experiments (excitations) under a short period of time under which the media
under investigation can be assumed to be stationary.

Given a set of M independent noisy but identically excited experiments, from which
a parameter can be estimated, there are different ways to estimate the parameter and
its uncertainty. The straightforward way is to estimate the parameter for each noisy
experiment, resulting in M estimated parameters, and use the mean value as the final
estimate and the sample standard deviation as a measure of its uncertainty. However,
this approach is not recommended if the estimator is a nonlinear function of the noisy
data, since the nonlinearity in general destroys the consistency and efficiency of the esti-
mate, see [10]. When dealing with nonlinearities the recommended way is to first reduce
the noise by averaging techniques (averaging M experiments) and then estimate the pa-
rameter by applying the nonlinearity. This approach reduces the bias effect introduced
by the nonlinear transformation and results in consistent (M → ∞) estimates. The con-
sistency property comes at the cost of loosing the normality, introduced by averaging the
M parameters using the first approach. The approximative uncertainty can be estimated
from the derivative of the nonlinearity and the estimated uncertainty of the data.

The expressions in Eq. (7) for the attenuation and phase velocity are nonlinear func-
tions of the linear system H in Eq. (5), and on top of that the estimates of H described
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in sections 2.3 and 2.4 are nonlinear functions of the measured data. Given the estimated
uncertainty of the measurement noise, the approximate uncertainty of the attenuation
and phase velocity can be derived using a first order Taylor approximations as

σ2
α(ω) ≈ 2

∂α(H(ω))

∂H(ω)
σ2

H(ω)

[
∂α(H(ω))

∂H(ω)

]∗
,

σ2
cp(ω) ≈ 2

∂cp(H(ω))

∂H(ω)
σ2

H(ω)

[
∂cp(H(ω))

∂H(ω)

]∗
, (12)

where ·∗ denotes hermitian transposed and σ2
H(ω) is estimated from Eq. (8) or Eq. (11)

using the estimated standard deviations of the noise and similar approximations as above,
see Appendix 7.1 or [9]. The expressions for the partial derivatives in Eq. (12) is found
in Appendix 7.1.

3 Simulations

In this section the nonparametric and parametric techniques to estimate the attenua-
tion and phase velocity are compared using computer simulations. The validity of the
asymptotic expressions in Eq. (12) are examined together with the observed numerical
standard deviation using 500 independent simulations.

3.1 The Simulation Model

To get a similar excitation of the simulated system, compared to the real experiments,
the simulated noise-free input signal (or first echo) was chosen as mean value of 100
measured first echoes from the real experiment, see Fig. 1.
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Figure 1: Mean value of 100 measured first echoes: (left) the sampled time signal; (right) the
power spectral density.

To validate the assumption in section 2.2, that the true model can be approximated
with a rational transfer function of finite order, the simulated model structure did not
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belong to the rational transfer function family. The simulation model was constructed as

H(ω, θ, x) = e−jk(ω,θ)x = e−jωx/c(ω,θ), (13)

where x is the distance between the signals and c(ω, θ) is the complex speed of sound.
In the simulation the complex speed of sound was modeled as, see [7]

c(ω, θ) =
c0√
2

[
1 + jωη +

1 + jωτ1

1 + jωτ2

]1/2

, (14)

with θ = [c0 η τ1 τ2]
T as a parameter vector containing the thermodynamic speed of

sound (c0), viscosity (η), and two additional parameters (τ1,2) contributing to a simulated
relaxation phenomenon. In the simulations the parameters were set to θ = [1500, 1 ·
10−12, 3.75 · 10−8, 3.7125 · 10−8]T .

Before the estimation procedure was started, an equal amount of white Gaussian
measurement noise was added to the simulated input and output signal. The same
signal-to-noise ratio (SNR), 14 dB relative to the input signal, was used, as estimated in
the real experiments. Each simulation consists of 100 repeated noisy excitations, similar
to the real experiment.

3.2 Model Selection and Validation

For the parametric estimation technique, described in section 2.4, a model selection and
a validation step were added to find the appropriate model order. The model selection
procedure, using the MDL [9], indicates that a model order of 3, or na = nb = 3 is
enough to capture the dynamics within the excited frequency band of the true simulated
system. The residual analysis in the model validation step can be seen in Fig. 2. The
residual is the difference between the modeled (parametric) transfer function and the
measured (nonparametric) transfer function weighted by its standard deviation. For a
model order of 3 the whiteness within the 95% bound might be questionable, however the
final value of the cost function is within its 95% confidence interval indicating no model
errors. Increasing the model with one order, gives higher confidence on the whiteness
test but the final value of the cost function exceeds its lower 95% bound, indicating
over-parametrization. For this reason the estimated model order of 3 given by MDL, was
chosen.

3.3 Simulation Results

In Fig. 3 we can see the estimated attenuation and phase velocity from one simulation
using the nonparametric technique. Examining the attenuation estimate, we can see a
good fit in the area where there is a high SNR and poorer more erratic behavior in the
lower SNR regions. Also in these low SNR regions a large bias is present, which is the
result of trying to estimate the attenuation from just measurement noise on the input and
output. This effect shows the importance of uncertainty expressions for the estimates to
find its valid frequency region.
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Figure 2: Whiteness test of the residuals. The residuals are the difference between the modeled
and measured transfer functions weighted by its standard deviation, see [9]. The dots are the
amplitude of the cross correlation R of the residuals, and the line marks the 95% confidence
level, where |R|2 ∼ χ2(2).

The phase velocity figure reveals a similar erratic behavior. Although the bias in this
case is a result of the noise sensitive phase unwrapping step, where the phase unwrapping
errors accumulate over the low SNR frequencies giving a “random walk” behavior. This
bias is however neither an over- nor under estimation, as in the attenuation case, but
fluctuates randomly from simulation to simulation.
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Figure 3: Nonparametric estimation of the attenuation and phase velocity from one simulation.
The fat solid line shows the true parameter, the fat dashed line shows the nonparametric esti-
mation, and the thin dashed line shows the theoretical standard deviation calculated using the
expressions in Eq. (12).

In Fig. 4 the attenuation and phase velocity estimates are shown for the same simu-
lation as in Fig. 3, using the proposed parametric technique. Compared to the nonpara-
metric estimates, both fitness and uncertainties are highly improved for both estimates.
The improved fit in the low SNR regions is the fruit of weighting the cost function with
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the inverse of the sample covariance matrix of the noise, in the maximum likelihood es-
timation of the transfer function in Eq. (11), see Appendix 7.2. The overall decrease in
standard deviation is the result of using a parameterized model structure compared to a
nonparametric estimation procedure.
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Figure 4: Parametric estimation of the attenuation and phase velocity from one simulation.
The fat solid line is the true parameter, the fat dashed line is the nonparametric estimation,
and the thin dashed line shows the theoretical standard deviation calculated using Eq. (12).

3.4 Validation of Approximate Uncertainties

To validate the approximate theoretical expressions of the uncertainties in Eq. (12), the
observed numerical standard deviation is compared with the mean and standard deviation
of theoretical expressions using 500 independent simulations.

In Fig. 5 the numerical and theoretical standard deviations are compared using the
nonparametric technique. Examining the attenuation plot, a good fit is obtained for
high SNR regions, while an over estimation can be observed in the lower SNR regions.
The over estimation is the result of when the statistical linearity fails, and higher order
derivatives in Eq. (12) must be used.
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In the phase velocity plot a large deviation can be observed between the theoretical
and numerical standard deviations. This is also a consequence of the phase unwrapping
step, not taken into account in the theoretical expression. Since the simulated input signal
is of bandpass character, the phase unwrapping errors at the low frequencies (low SNR)
accumulates over the entire frequency band, giving high standard deviation even in the
high SNR region. To support this explanation, a comparison between the numerical and
theoretical standard deviations can be seen in Fig. 6 using simulations with a wideband
signal. In this plot only an under estimation can be observed in the highly attenuated
(low SNR region), where the statistical linearity fails.

For the parametric case a good fit is seen between the approximative theoretical
expressions and the observed numerical standard deviation. The good fit is a consequence
of an overall low σ2

H(f) in the parametric case, so the statistical linearity applies over the
whole frequency range.
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Figure 5: Nonparametric comparison between the observed numerical and the calculated theoret-
ical standard deviations, for attenuation and phase velocity. The fat solid line is the numerical
standard deviation estimated from 500 independent simulations. The fat and thin dashed lines
are the mean value and standard deviation of 500 theoretical calculations.

4 Experiments

To experimentally test the method, experiments were performed in pulp fibre suspensions,
which are weakly dispersive. The experiments were carried out using the pulse-echo
technique in a custom designed test cell, shown in Fig. 8. A detailed description and
specification of the cell is found in [11] and is therefore only summarized briefly here.
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Figure 6: The same comparison as in Fig. 5, but with a wideband signal (burst of white noise).
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Figure 7: Parametric comparison between the observed numerical and the calculated theoretical
standard deviations, for attenuation and phase velocity. The fat solid line is the numerical
standard deviation estimated from 500 independent simulations. The fat and thin dashed lines
are the mean value and standard deviation of 500 theoretical calculations.

4.1 Measurement Setup

The experimental setup consists of a broadband piezoelectric transducer with a center
frequency of 10 MHz (V311), manufactured by Panametrics, Waltham, MA, USA. The
transducer is mounted on a buffer rod made of casted plexiglass, and the sample space is
located between the buffer rod and a stainless steel reflector, see Fig. 8. A pulser/receiver
5072PR from Panametrics was used to excite the transducer and amplify the received sig-
nal. The signal was then digitized using a CompuScope 14100 oscilloscope card, by Gage
Applied Technologies Inc., Lachine, QC Canada, with 14-bit resolution and a sampling
rate of 100 MHz. All data were stored in a computer for off-line analysis. In the exper-
iment 100 ultrasonic pulses was recorded. A digital thermometer F250, by Automatic
Systems Laboratories LTD, England, monitored the temperature both in the suspension
under test and in the room. The temperature in the pulp suspension under test was
19.93± 0.03 ◦C. To accurately determine the distance d2 in the cell, pure, distilled water
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Figure 8: Lattice diagram of the pulse-echo measurement system used in this study

was used as a reference since it has a well known relationship between speed of sound
and temperature, see [12]. Using the temperature of the calibration fluid and a cross-
correlation technique to determine the time-of-flight for an ultrasonic pulse, the distance
d2 was found to be 0.03010± 0.00004 m. The pulp suspension was carefully poured into
the measurement cell and thereafter stirred slowly to remove air bubbles and break up
flocs in the suspension.

The pulp sample used in this study were produced from thermo-mechanical pulp
(TMP). The pulp suspension is a 99.5% water and 0.5% fiber mixture, with fibre lengths
that vary between 1–3 mm and diameter of 20–50 μm. The fibre size distributions were
analyzed using a Kajaani Fiberlab instrument, Metso Corporation, Finland.

4.2 Model Selection and Validation

In Fig. 9 the result of the whiteness test is presented together with a 95% confidence
level. From this figure the residual analysis cannot detect any unmodeled dynamics.
However the final value of the cost function (146.5) is larger than the expected value
(112.6) indicating presence of nonlinearities, see [9].
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Figure 9: Whiteness test of the residuals. The dots are the amplitudes of the cross correlation
R of the residuals, and the line marks the 95% confidence level, where |R|2 ∼ χ2(2).
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In Fig. 10 the predicted and measured second echo are shown together with the pre-
diction error (their differences). The prediction is made using the estimated parametric
model and the measured first echo. Examining the figures, a good fit is obtained by the
the prediction and no “leftovers” from the pulse is visible in the prediction errors (note
the difference in scale).
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Figure 10: Comparison between the measured (dots) and predicted (line) second echo. The
second echo is predicted using the measured first echo and the estimated parametric model. The
lower plot shows the prediction error.

4.3 Experimental Results

In Fig. 11 the estimation results of the attenuation and phase velocity are compared
using the nonparametric- and parametric techniques. Although the experimental system
is quite different from the simulated system, similar behavior of the different estimation
techniques is visible. The bias, or under estimation, of the attenuation in the low SNR
region is present using the nonparametric technique. Also the phase unwrapping problem
for the nonparametric technique is visible in the phase velocity plot, producing a large
bias. To give some confidence to this explanation, the speed of sound is estimated with
standard cross-correlation and added to the figure. For low dispersive fluids, the cross-
correlation method estimates a accurate average (over frequency) velocity. The dip in
the frequency range 0 < f < 0.1 MHz for the nonparametric attenuation estimate, is
the result of both pre-sampling and post-sampling processing, i.e. high-pass filtering and
de-trending to remove unwanted low frequency disturbance and trends. For this reason
constraint are put on the parametric method to ignore this region in the identification
process, explaining its flatness within the region.
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Figure 11: Comparison between the nonparametric (fat dashed line) and parametric (fat solid
line) estimation of attenuation and phase velocity on the experimental data. The thin dashed
and solid lines mark the theoretical standard deviation (±σ). The circle is the speed of sound
estimated using standard cross correlation.

5 Discussion

When estimating the attenuation and phase velocity in suspensions it is common to relate
or calibrate these estimates to those of pure water, to reduce the effects from measurement
setup, reflection coefficients, and losses from diffraction. This type of calibration was
not applied to the estimation result presented in this paper, since the intention was to
compare two different estimation methods. However, if the suspension estimates were to
be calibrated to water, the uncertainties of the estimates in water are often negligible
in comparison to the suspensions, due to the high SNR difference. The same principles
of estimating the transfer function are applied, but with scaled or calibrated input and
output signals as U(ω) = Us(ω)/Uw(ω) and Y (ω) = Ys(ω)/Yw(ω), where Us(ω), Ys(ω)
are the measured first and second echoes in the suspension, and Uw(ω), Yw(ω) are the
corresponding measurements in distilled water.

On the other hand, if the water uncertainties is of the same magnitude as those for
the suspension, these uncertainties should be included when calculating the approximate
uncertainties in Eq. (12). For the non-parametric and parametric methods, the uncertain-
ties can be included using similar approximation as in Eq. (19) and Eq. (18) in Appendix
7.1.

For the parametric method, high calibration noise has an additional effect of destroy-
ing the efficiency of the weighted least squares (WLS) cost-function for the maximum
likelihood (ML) method in Eq. (23). The WLS cost-function is a consequence of identi-
fying the transfer function in the frequency domain. Discrete fourier transformed (DFT)
measurement noise tends towards normality, by the central limit theorem, resulting in
the WLS cost in the frequency domain. However, the calibration or scaling is applied
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after the DFT, and the quotient changes the normality and thus also the efficiency of the
cost-function. To compensate for the change in the probability densities by changing the
cost-function is difficult, hence it is still recommended to use the WLS due to its nice
properties at the cost of loosing some efficiency.

Another approach in this case would be to estimate a separate parametric transfer
function for both suspension and water, and do the calibration afterwards to preserve
normality and efficiency, i.e. H(ω) = Hs(ω, θs)/Hw(ω, θv). The drawback compared
to pre-scaled the signals, is an increased complexity of the estimation problem and an
increased number of model parameters, since pre-scaling reduces the dynamical content
by capturing the medial differences and ignoring possible linear dynamical effects from
the measurement setup.

6 Conclusions

A comparison between the proposed parametric estimator and the standard nonparamet-
ric Fourier analysis technique have been illustrated using both computer simulations and
real experiments. The proposed estimator enables accurate estimation of the frequency
dependent attenuation and phase velocity with considerably lower variance compare to
standard Fourier analysis methods. Robust phase velocity estimation is ensured since
the phase unwrapping problem is avoided and replaced by calculation of the phase of an
analytical expression. Also a data reduction with a factor 15 is observed for the present
case. This improvement comes at the cost of a model selection and validation step, not
necessary for nonparametric methods. Approximate expressions for the uncertainty for
both methods were derived, valid for high SNRs or a large number of repeated experi-
ments. The expressions were validated by numerical simulations, showing good accuracy
under similar SNR conditions as in the experiment.

7 Appendix

7.1 Calculation of Approximate Uncertainties

The patrial derivatives in Eq. (7) w.r.t H is given by (omitting ω as an argument in the
expressions)

∂α(H)

∂H
= − 1

2xH
(15)

∂cp(H)

∂H
= − xjω

2 arg{H}2H
. (16)

Here a complex derivative of a real scalar function f w.r.t a complex parameter z is
defined as

∂f(z)

∂z
=

1

2

[
∂f(z)

∂a
− j

∂f(z)

∂b

]
, (17)
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where z = a + jb with a and b being the real and imaginary parts of z, respectively.
The estimated uncertainty for the input and output measurement noise is estimated

using the sample variance. Given a set of M independent noisy but identically excited
experiments, the input and output noise variances are estimated as

σ̂2
U =

1

M − 1

M∑
m=1

|Um − Ū |2

σ̂2
Y =

1

M − 1

M∑
m=1

|Ym − Ȳ |2

σ̂2
Y U =

1

M − 1

M∑
m=1

[Ym − Ȳ ][U∗
m − Ū∗] (18)

where Um and Ym represents the discrete fourier transforms of the p:th input and output
signal, and Ū , Ȳ denotes the sample mean (over M experiments).

The estimated uncertainty for the nonparametric transfer function is estimated us-
ing a first order Taylor series expansion of the transfer function in Eq. (8) including
measurement noise as

H =
Y

U
=

Y0 + NY

U0 + NU

=
Y0[1 + NY /Y0]

U0[1 + NU/U0]

≈ Y0

U0

[1 + NY /Y0 − NU/U0] , (19)

where U0, Y0 represents the noise free signals and NU , NY the measurement noise. An
approximative uncertainty for H can be expressed using Eq. (19) as

σ2
H = E{|H − E{H}|2}

≈
∣∣∣∣Y0

U0

∣∣∣∣2
[

σ2
Y

|Y0|2 +
σ2

U

|U0|2 − 2�
{

σ2
Y U

Y0U∗
0

}]
. (20)

where E{·} denotes expectation. The estimated uncertainty is obtained by dividing
Eq. (20) with M and replacing U0, Y0 with Ȳ , Ū and using the estimated measurement
uncertainties Eq. (18).

The parametric transfer function uncertainty is estimated from Eq. (11) using a first
order Taylor approximation as

σ2
H ≈ ∂H

∂θ
Cθ

[
∂H

∂θ

]∗
(21)

where ·∗ denotes hermitian transposed. An approximate expression for the covariance
matrix of θ can be obtained from an approximation of the Hessian (Fisher information
matrix) of the cost-function (in Eq. (23)) as

Cθ ≈ 1

2
�

{[
∂

∂θ

(
E(θ)

σe(θ)

)]∗ [
∂

∂θ

(
E(θ)

σe(θ)

)]}−1

. (22)
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The expressions for E(θ) and σE(θ) can be found in the next section.

7.2 Maximum Likelihood Cost-function

The maximum likelihood cost function is expressed as

VML(θ) =
N−1∑
l=0

|E(ωl, θ)|2
σ2

E(ωl, θ)
(23)

where
E(ωl, θ) = A(ωl, θ)Y (ωl) − B(ωl, θ)e−jωlτU(ωl) (24)

is the equation error and

σ2
E(ωl, θ) = σ2

Y (ωl)|A(ωl, θ)|2 + σ2
U(ωl)|B(ωl, θ)|2

−2�{σ2
Y U(ωl)A(ωl, θ)B∗(ωl, θ)} (25)

its uncertainty. Estimations for σ2
U(ωl), σ2

Y (ωl) and σ2
Y U(ωl) are found in Appendix 7.1.
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Ultrasonic Measurement of Methane Content in

Upgraded Biogas

Johan E. Carlson, Jesper Martinsson, and Magnus Lundberg

Abstract

Biogas upgraded for use as vehicle fuel should have a methane (CH4) content of > 95%,
with the rest being essentially only carbon dioxide (CO2). In this paper we present an
ultrasonic pulse-echo technique that estimates the CH4 content in such gas mixtures.
The method is based on parametric estimation of phase velocity and frequency depen-
dent attenuation in combination with a multivariate calibration technique called Partial
Least-Squares Regression (PLSR). The technique is verified using experiments on bi-
nary mixtures of CH4 and CO2, with a volume fraction of CO2 in the range of 0 % –10
%. The experiments show that the CH4 content can be accurately estimated with high
repeatability.

1 Introduction

Biogas manufactured from urban waste has been identified as a potential replacement
of fossil fuels in the transport sector. Several small cities in Sweden (for example) have
already converted to biogas use in all public transportation. The biogas is upgraded to a
high methane content and then inserted into a natural gas grid. In order for this to work,
the quality of the upgraded gas must be guaranteed, which means it should essentially
contain only methane (CH4) with a small fraction of carbon dioxide (CO2), i.e. < 10 %
by volume.

For natural gas, which is by far the most commonly available energy gas, several
measurement techniques are available, see for example [1, 2]. For other gas mixtures,
like biogas or synthesis gas (carbon monoxide, hydrogen and carbon dioxide), there is a
lack of non-invasive on-line techniques. The long term goal of this project is to develop
a method based on ultrasound that can measure the energy content and composition of
such gas mixtures. One of the reasons for using ultrasound is that such technology can
also be used to measure the gas volume flow. A combination of such techniques would
provide a cost-effective sensor technology suitable for smaller producers, and end-users.

Previous work shows that the composition of a gas mixture significantly affects the
acoustic wave propagation through the gas [3, 4]. Some work has also suggested how to
extract these effects from experimental data using multivariate statistical tools [5, 6].

In [7], it was identified that Partial Least-Squares Regression (PLSR) can be used
to connect measured ultrasonic pulse spectra to the composition of mixtures of ethane
and oxygen. The paper used a non-parametric method to estimate pulse spectra, which
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showed some limitations, mainly due to the high uncertainty of the spectral estimation,
and the inherent sensitivity to experimental noise in this procedure.

This paper takes the results of [7] one step further by first estimating the frequency de-
pendent attenuation and phase velocity of the gas mixtures using a parametric technique
[8], then using PLSR to estimate the gas composition.

The remainder of this paper is outlined as follows. Sec. 2 gives a summary of the
parametric method used to estimate the phase velocity and attenuation, followed by an
overview of the PLSR method, and the uncertainty analysis. The experimental setup
and the experiments on upgraded biogas are described in Sec. 3, followed by some exper-
imental results in Sec. 4.

2 Theory

When sound propagates through gases, two properties can be directly observed: speed of
sound and attenuation. Both of these are frequency dependent. They depend on viscous,
molecular, and thermal relaxation phenomena that occur when molecules collide. To
describe the details of underlying physics that lead to changes in speed of sound and
attenuation is beyond the scope of this paper, but can be found in previous work, e.g.
[3, 4, 9, 10]. Good physical models are crucial for the understanding of the problem,
so that proper instrumentation can be designed. However, even if a good model of
the underlying physics is available, the parameters of such model are not necessarily
identifiable from the observed ultrasound data. Furthermore, the end goal is not to
describe the model, but to measure some implicit property (e.g. energy content or volume
fractions). The choice of model thus depends on the objective of the study.

Using the pulse-echo setup described in Section 3 we obtain two echoes that traveled
different distances through the gas mixture (see Sec. 3 for details). Given these two
echoes, we can estimate the frequency dependent attenuation and the phase velocity.
The approach in this paper is then to use these two properties as input to a statistical
technique called Partial Least Squares Regression (PLSR) [11] in order to estimate the
composition of the gas mixture.

This section first summarizes the estimation of attenuation and phase velocity, then
outlines the principles of PLSR, and finally the uncertainty analysis of the model is
described.

2.1 Estimating attenuation and phase velocity

Estimating the frequency dependent attenuation and phase velocity from ultrasound
pulses essentially means estimating the spectrum of the system H(ω), representing the
gas mixture. Assuming linear acoustics, this can be represented by the linear system
shown in Fig. 1.

Given the transfer function H(ω), we can calculate the attenuation α(ω) and the
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h (t)
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Figure 1: Linear systems representation of the problem. p1(t) represents a sampled pulse that
has propagated twice through the gas, and p2(t) represents a pulse that has propagated four times
through the gas (see Fig. 4).

phase velocity cp(ω) as

α(ω) = − log |H(ω)|
d

(1)

cp(ω) = − ω · d
arg{H(ω)} , (2)

where d is the difference in propagation distance between the two echoes.
In the ultrasonic pulse-echo setup, the input and output signals p1(t) and p2(t) are

defined as in Fig. 4. Taking the Discrete Fourier Transform (DFT) of p1(t) and p2(t), the

empirical Fourier transform estimate (EFTE), ĤEFTE(ω) of the transfer function H(ω)
can be obtained by

ĤEFTE(ω) =
P2(ω)

P1(ω)
. (3)

The attenuation and phase velocities can then be calculated from the magnitude and
unwrapped phase of ĤEFTE(ω). However, this non-parametric approach suffers from a
number of problems, highlighted in [8]. To combat these problems, we propose to use
a parametric technique to estimate H(ω). The method is based on a frequency domain
system identification of a band-limited model representing the transfer function H(ω).
The model used in this paper is a continuous ARMA filter, of the form

Ĥ(ω, θ) = e−jωτ B(ω, θ)

A(ω, θ)
= e−jωτ

∑nb

q=0 bq(jω)q∑na

q=0 aq(jω)q
, (4)

where θ = [b0 · · · bnb
a0 · · · ana τ ]T . Here an additional parameter τ is introduced to

account for pure time delays.
The identification procedure estimates the underlying parameters θ using the max-

imum likelihood principle, and yields the estimate denoted θ̂ML. The estimated model
parameters θ̂ are asymptotically Gaussian [12]. Associated with the estimated model pa-
rameters, the identification procedure also provides an estimate of the covariance matrix,
Cθ for the model parameters.

From the model parameters and Eqs. (1) and (4) we can now form the descriptor
and response matrices X and Y that will serve as input to the PLSR described in the
next section. Let each row, xT

n , of X be the attenuation (see Eq. (1)) corresponding to a
given volume fraction of CO2, sampled at the frequencies ω = ωk, where ωk = 2πFsk/K,
k = 0 . . . K − 1, K is the number of samples, and Fs is the sampling frequency. The
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volume fraction of CO2 is then the corresponding row, yn, of the response matrix Y.
That is

X =

⎡
⎢⎢⎢⎣

αT
1 cT

1

αT
2 cT

2
...

...
αT

N cT
N

⎤
⎥⎥⎥⎦ , (5)

Y =

⎡
⎢⎢⎢⎣

y1

y2
...

yN

⎤
⎥⎥⎥⎦ , (6)

where αn = [ α(ω0) α(ω1) · · · α(ωK−1) ]T , cn = [ cp(ω0) cp(ω1) · · · cp(ωK−1) ]T .
Here, the subscript n denotes the n:th row of X.

2.2 PLS Regression

The PLS method was developed by Herman Wold [13], and has been applied to many
areas in experimental sciences. In this section we will give a brief description of the PLS
method, and how this is used to estimate the CO2 content in mixtures of CO2 and CH4.
An extensive overview of the PLSR principle can be found in [11].

The central idea of PLS, as opposed to principal component regression (PCR) and
ordinary least-squares (OLS) estimation [14], is that PLS determines a set of basis func-
tions (PLS components) for both the X block and the Y block, in such a way that they
best describe the cross-covariance between the blocks.

Calculating PLS components

Determining the PLS components is an iterative process. The first step is to calculate
the sample cross-covariance matrix CY X , as

CY X = YTX, (7)

where X is an N ×K matrix and Y is an N ×L matrix. The columns of both X and Y
are normally scaled to unit variance and centered to have zero mean. The next step is to
find the first principal component of CY X , i.e. the eigenvector of CT

Y XCY X corresponding
to the largest singular value of CY X [14]. This vector, also called weight vector, is denoted
w1. The first score vector, t1 (N × 1) is then

t1 = Xw1, (8)

and the corresponding loading vector for the X block, p1 (K × 1), is given by

p1 = XT t1/
(
tT
1 t

)
. (9)
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For the Y block, the first loading vector, q1 (L × 1), is given by

q1 = YT t/
(
tT
1 t1

)
. (10)

The residuals of the first iteration E1 and F1 for the X block and Y block, respectively,
are then

E1 = X − t1p
T
1 , (11)

F1 = Y − t1q
T
1 . (12)

To find the next PLS component, the steps above are repeated with E and F as the new
starting matrices. This procedure is repeated until the the desired number of components,
γ, has been determined. The scores and loadings of the X and Y blocks are then stored
as columns in the matrices T, P, and Q, as

T =
[

t1 t2 · · · tγ

]
(13)

P =
[

p1 p2 · · · pγ

]
(14)

Q =
[

q1 q2 · · · qγ

]
(15)

The weight vectors, w, from the different iterations are stored in the matrix W (K × γ).

Estimation of the Y block

The original matrices X and Y can now be expressed in terms of the PLS components
as:

X = TPT + E, (16)

Y = TQT + F, (17)

where E and F are residual matrices of the X and Y blocks, respectively.
Given an existing set of PLS components, an estimate of Y is obtained by [11]:

Ŷ = XW̃QT , (18)

where
W̃ = W

(
PTW

)−1
. (19)

Geometrical interpretation of the PLS components

As mentioned earlier, the PLS algorithm determines a set of components for the X and Y
block that best describes the covariance between the blocks, in a least-square sense. The
first step of the algorithm, determining the sample cross-covariance matrix CY X = YTX
projects X onto what is common between the X and Y blocks. The first weight vector,
w1 is a principal component (i.e. a singular vector) of CY X , which means it represents the



82 Paper D

direction that describes most of the cross-covariance. The first score and loading vectors
of the X block, t1 and p1 are projections of X onto that weight vector. This means
that they represent variations in X that best describes the cross-covariance between the
blocks. The scores and loadings of the Y block (u1 and q1) are projection of Y onto what
is already described by the first PLS component of X. The X and Y blocks are then
deflated and the residuals are used as input to the consecutive steps of the algorithm.

This means PLS gives the low rank approximation of X that optimally (in the least-
squares sense) describes the cross-covariance between X and Y.

Determining PLS model order

As in all modeling, finding an appropriate model order is an important, and difficult,
problem. There are numerous criteria available for model order selection, e.g. the Akaike
information criterion [15] and cross-validation [16]. Some of the available methods tend
to overestimate the model-order, while others are overly conservative [17]. For PLS
modeling problems, cross-validation is the most commonly used method.

1 2 3 4 5 6
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−1

0

1

PLS model order

Q
2  s

ta
tis

tic

Figure 2: Q2 statistic for PLS model order selection. Using two components gives the highest
value of Q2.

In this paper we have one training data set and one validation set. We estimate a
PLS model from the training set and we evaluate it by looking at the Q2 statistic [18] as
a function of the number of components in the PLS model, using the validation data in
for cross-validation. In practice Q2 > 0.5 is considered OK and Q2 > 0.9 is considered
excellent [18]. From Fig. 2 we see that two PLS components is the best model order for
our experiments, which yields a Q2 value of 0.9998.
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2.3 Uncertainty analysis

The phase velocity and attenuation for each gas composition are estimated using the
parametric model in Eq. (4). It is well-known from the statistics literature that the max-
imum likelihood estimate is asymptotically Gaussian distributed [12]. Furthermore, an
estimate of the covariance matrix for the model parameters is known from the identifica-
tion step. This enables us to generate a randomized distribution of the attenuation and
phase velocity curves, and eventually even a randomized distribution of the estimated
gas compositions.

Given the covariance matrix for the model parameters, the following procedure is
applied in order to obtain a randomized distribution of the estimated gas compositions:

1. Randomize a large number of model parameter vectors, given the covariance matrix,
Cθ (i.e. the prior distribution).

2. Calculate the magnitude and phase corresponding to the randomized models.

3. Calculate the attenuation and phase velocity from the magnitude and phase.

4. For each randomized model, run the PLSR as described above, to obtain an em-
pirical (posterior) distribution of the estimated gas compositions.

5. Estimate the uncertainty from the empirical distributions.

Note that this procedure incorporates both uncertainty due to the noise in the ultra-
sonic measurements, as well as estimation errors from the PLSR step.

3 Experiments

3.1 Experimental design

In order to evaluate the performance of the proposed method, a series of experiments
was designed. For all measurements, we used calibration gas mixtures from Air Liquide
Gas AB (Kungsängen, Sweden) with an analysis uncertainty of 1 % (relative to the CO2

content).
Experiments were made at a static pressure of 8 bar at room temperature (see details

in the next section), for volume fractions of CO2 of 0 %, 2 %, 4 %, 6 %, 8 %, and
10 %, respectively. The order of the experiments was randomized in order to avoid
misinterpretations due to systematic variations in any ambient variables beyond our
control.

3.2 Setup

For all the experiments in this paper, the ultrasound echoes were measured in a pulse-
echo configuration (see Fig. 4). A 300 kHz air transducer (D-Flow AB, Lule̊a, Sweden)
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was mounted in a measurement cell, transmitting pulses through the gas towards a spher-
ical stainless steel reflector. As input to the phase velocity and attenuation estimation
algorithm, the second and fourth echo, as indicated in Fig. 4, were used. The reason for
not using the first echo was that it contained some traces from the excitation. The fourth
echo was exploited instead of the third in order to maximize the propagation path and
thus amplify the effects of dispersion and attenuation in the gas mixture.

Pressure
transmitter Gas inlet

Magnetic
valve

Temp. probe

Electrical
feed-through

Pressure
chamber

Transducer

Measurement
cell

Figure 3: The measurement equipment. All measurements were performed in a pressure cham-
ber.

A custom-built pressure chamber (see Fig. 3) was used to achieve the desired static
pressures. For the experiments presented here, the static pressure was set to 8 bar.

The pressure in the chamber was measured with an ANDERSON TPP Pressure
Transmitter with a range of up to 13.6 bar above atmospheric zero. The transmitter
has an accuracy of approximately 30 mbar, including the combined effects of linearity,
hysteresis, and repeatability. In all measurements presented in this paper, the average
pressure was 8.0 bar ±0.01 bar (±σ), where σ is the standard deviation of all measured
pressures.

The transducer was mounted on a stainless steel measurement cell (see Fig. 4), as seen
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Figure 4: The measurement cell and the pulse-echo principle. The transducer emits an un-
known sound wave. The reflections from the bottom of the measurement cell is then recorded.
Consecutive echoes can be recorded, as indicated in the figure. In this paper, the second and the
fourth echo are used, denoted x(t) and y(t), respectively.

in the lower left corner of Fig. 3. The reflector in the measurement cell has a spherical
surface, with a radius of curvature of 40 mm. The main motivation for this is to increase
the signal-to-noise ratio (SNR) by eliminating losses due to diffraction, by re-focusing
the reflected sound waves to the midpoint of the transducer. The measurement cell was
then immersed into the pressure chamber.

To excite and receive acoustic pulses from the transducer, a Panametrics Pulser/Receiver
Model 5052 was used. In transmitting mode, the pulser/receiver was set to deliver max-
imum energy to the transducer, which corresponds to a short voltage peak with 380 V
amplitude with an energy of 104 μJ. In the measurements presented here, the gain of the
pulser’s receiver input was set to 40 dB.

All pulses were sampled at 100 MHz using a 14-bit CompuScope 14100 oscilloscope
card (Gage Applied Technologies Inc., Lachine, QC Canada). The pulses where later
down sampled 12 times off-line to reduce the amount of data to process. For each mea-
surement, the temperature was recorded using an encapsulated PT100 probe mounted
through the wall of the pressure chamber. The lab was temperature stabilized to within
±1 ◦C and all measurements were recorded at room temperature, which was monitored.
The average temperature of the gas mixtures throughout the measurements was 20.4 ◦C
± 0.2 ◦C (±σ), where σ is the standard deviation of all measured temperatures.

4 Results

Figures 5 and 6 show the results of from the parametric estimation of attenuation and
phase velocity, respectively. Fig. 5 shows the result for pure CH4 and for a mixture
containing 10 % CO2 and 90 % CH4. Fig. 5 also presents the corresponding ±2σ intervals,
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estimated using the procedure described in Sec. 2.3. For the phase velocity, Fig. 6
illustrates all estimates. From the figure we see that there is a significant change in
phase velocity as the composition of the gas mixture changes. In Fig. 6 no uncertainty
intervals are shown, for the simple reason that they are much to narrow to be visible in
the plot.
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Figure 5: Estimated attenuation coefficients α (in Np/m) as a function of the frequencies
present in the pulse, for 0 % and 10 % CO2. The error bars indicate the ±2σ uncertainties.
The corresponding curves for volume fractions of 2 %, 4 %, 6 %, and 8 % lie in between these
curves and have been left out for the sake of clarity.
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Figure 6: Estimated phase velocities cp (in m/s). The figure shows the average value over 10
000 estimates. The uncertainties are much smaller than the difference due to changes in CO2

volume fraction, and is therefore not plotted.
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The attenuation and phase velocity estimates then served as input to the PLSR
step. The PLS model was built from one experiment series, and the estimates in Fig. 7
were obtained using a repeated experiment. Fig. 7 shows that accurate estimates of the
CO2 volume fractions were obtained. Studying the uncertainty intervals (±2σ) we also
note that the resolution is excellent, enabling the measurement of small changes in CO2

content.
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Figure 7: True vs. estimated volume fractions of CO2. The error bars indicate the ±2σ interval
for each estimated volume fraction.

In Fig. 8 the histograms for the estimation errors are plotted for each CO2 volume
fraction. Except for the measurements in pure methane, the marginal distributions are
essentially Gaussian. This means that the ±2σ intervals can be interpreted as ±95 %
confidence intervals.

To examine if there is any significant model mismatch, the estimation errors are
plotted against the CO2 volume fraction (Fig. 9). As shown in the figure, the errors
are slightly larger for high CH4 content, which could indicate a model mismatch. After
studying the data closer, however, we noticed that the signal-to-noise ratio (SNR) de-
creases with the CH4 content, as a result of higher attenuation (see Fig. 5). Therefore,
we believe that the higher uncertainty for the high CH4 contents are mainly due to the
inferior SNR.

5 Discussion

The use of a spherical reflector in the measurement cell (see Fig. 4) could cause bias errors
in the estimates of phase velocity and attenuation, since the distance from the transducer
surface to the reflector is not unambiguously known in the current setup. For this reason,
we can not claim that the measurements of phase velocity and attenuations are correct,
to an absolute value. However, since the PLS regression step explores variations in these
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Figure 8: Empirical estimation error distributions. (a): 0 % methane, (b): 2 % CO2, (c): 4 %
CO2, (d): 6 % CO2, (e): 8 % CO2, and (f): 10 % CO2.

properties and not absolute values, the nature of the setup should not affect the final
estimate of the CO2 and CH4 content.

As in all ultrasound measurement systems, environmental factors such as pressure
and temperature fluctuations, will affect the measured ultrasound pulses. Pressure and
temperature can be measured and incorporated into the PLS regression model, or if
their effects are known, into the estimates of the attenuation and phase velocity. Even if
changes in pressure and temperature are monitored, they are likely to decrease the per-
formance of the estimator unless they are properly taken care of. This will be addressed
in future research. However, for the small changes observed in the experiments presented
in this paper, no significant effect on the estimated volume fractions should be expected.

It is also worth noting that the uncertainty analysis presented in Sec. 2.3 does not
include any effects of bias due to model mismatch. The confidence intervals should be
interpreted in terms of repeatability, i.e. that an additional experiment will fall within
the intervals, with a 95 % probability.
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Figure 9: Estimation errors as function of CO2 volume fraction. The fact that the interval is
larger for low CO2 fraction is due to the inferior SNR for these measurements.

6 Conclusions

In this paper we have demonstrated how the principle of PLS regression (PLSR) can
be combined with parametric estimation of frequency dependent attenuation and phase
velocity to obtain accurate estimates of the quality of upgraded biogas. We show that
under constant pressure and temperature conditions, the volume fraction of CO2 can be
accurately estimated with high repeatability, using a technique based solely on ultrasonic
pulse-echo measurements. Since the gas is a binary mixture of CO2 and CH4, this also
gives an estimate of the CH4 content, which is the dominant factor when assessing the
quality of upgraded biogas.
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