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ABSTRACT

In almost all production of electricity the rotating machines serves as an
important part of the energy transformation system. In hydropower units, a 
hydraulic turbine connected to a generator converts the potential energy stored
in the water reservoir into electrical energy in the generator. An essential part of 
this energy conversion is the rotating system of which the turbine and the
generator are part. During the last century the machines for electricity
production have been developed from a few mega watts per unit up to several
hundreds mega watts per unit. The development and increasing of size of the
hydropower machines have also brought a need for new techniques. The most 
important developments are the increased efficiency of the turbines and
generators, new types of bearings and the introduction of new materials.

Vibration measurements are still the most reliable and commonly used
method to avoid failure during commissioning, for periodic maintenance, and as 
protection of the systems. Knowledge of the bearing forces in different
operational modes is essential in order to estimate the degeneration of
components and to avoid failures. In the appended Paper A, a method has been
described for measurement of bearing load by use of strain gauges installed on
the guide bearing bracket. This technique can determine the magnitude and
direction of both static and dynamic loads acting on the bearing. This method
also makes it possible to find the cause of the radial bearing force among the
various eccentricities and disturbances in the system.

A principal cause of many failures in large electrical machines is the
occurrence of high radial forces due to misalignment between rotor and stator,
rotor imbalance or disturbance from the turbine. In this thesis, two rotor 
models are suggested for calculation of forces and moments acting on the
generator shaft depending on misalignment between stator and rotor. These two
methods are described in appended papers B and C. In Paper B, a linear model 
is proposed for an eccentric generator rotor subjected to a radial magnetic force. 
Both the radial force and the bending moment affecting the generator shaft are 
considered when the centre of the rotor spider hub deviates from the centre of
the rotor rim. The magnetic pull force acting on the rotor is assumed to be
proportional to the rotor displacement.

In Paper C, a non-linear model is proposed for analysis of an eccentric rotor 
subjected to radial magnetic force. Both the radial and bending moments
affecting the generator shaft are considered when the centre of the generator
spider hub deviates from the centre of the generator rim. The magnetic forces 
acting on the rotor are assumed to be a non-linear function of the air-gap 
between the rotor and stator.

The stability analysis shows that the rotor can become unstable for small 
initial eccentricities if the rotor rim position relative to the rotor hub is included
in the analysis. The analysis also shows that the natural frequencies can
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decrease and the rotor response can increase if the rotor rim position in relation 
to the rotor spider is considered.

The endurance of hydropower rotor components is often associated with the
dynamic loads acting on the rotating system and the number of start-stop cycles
of the unit. Measurements together with analysis of the rotordynamics are often 
the most powerful methods available to improve understanding of the cause of 
the dynamic load. The method for measurement of bearing load presented in
this thesis makes it possible to investigate the dynamic as well as the static loads 
as acting on the bearing brackets. This can be done using the suggested method
with high accuracy and without redesign of the bearings. During commissioning
of hydropower unit, measurements of shaft vibrations and forces are the most
reliable method to investigate the status of the rotating system. 

Generator rotor models suggested in this work will increase the precision of 
the calculated behavior of the rotor. Calculation of the rotor behavior is
important before the generator is put in operation, after rehabilitation or when 
new machines will be installed.
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1.  INTRODUCTION 

In almost all production of electricity the rotating machine serves as an 
important part of the energy conversion system. In units for hydropower 
production of electricity a hydraulic turbine connected to a generator converts
the potential energy stored in the water reservoir into electrical energy in the
generator. An essential part of this energy conversion from the water to the grid
is the rotating system. The main parts of the rotating system are turbine, shaft
and generator.  In Sweden today, the electricity consumed in the community
and industries is about 50 % generated by hydropower and about 50 % in 
nuclear power stations. A small amount, 2-3 %, of the electricity is produced 
with other types of systems for power production, such as thermal and wind
power.

The first hydroelectric power system for generation and transmission of 
three-phase alternating current was demonstrated at the exhibition in Frankfurt
am Main 1891 Germany [1]. The power was generated at a hydropower station 
located in Lauffen at the incomprehensible distance of 175 km from the
exhibition area. On the evening of 24th August 1891 the transmission of 175 kW
with a voltage of 13000-14700 was successfully demonstrated. The experts had 
predicted in advance that the efficiency would be about 5-12 % but the
demonstration showed that the total efficiency of the power system was about
75 %. The high efficiency of the three-phase system and the possibility to obtain
two levels of the voltage led to the fast expansion of the power production
system with three-phase.

Hydroelectric power production in Sweden has a long history. The use of
three-phase power systems in Sweden started with the expansion of Hellsjön-
Grängesberg where ASEA, on 18th December 1893, delivered four units with a
power of 70 kW each. Three of the generators were three-phase generators and 
used to supply the motors at the mining industries in Grängesberg. The fourth
generator was a single-phase generator and was used to supply the arc light
lamps with power at the mining industry area.

The occurrence and the effect of rotor eccentricity in electrical machines
have been discussed for more than one hundred years [2] and is still a question
of research. The research on rotor dynamics started 1869 when Rankine
published his paper [3] on whirling motions of a rotor. However, he did not
realize the importance of the rotor unbalance and therefore he concluded that a 
rotating machine never would be able to operate above the first critical speed.
De Laval showed around 1900 that it is possible to operate above the critical
speed, with his one-stage steam turbine. In 1919 Jeffcott presented the first
paper [4] where the theory of unbalanced rotors is described. Jeffcott derived a 
theory which shows that it is possible for rotating machines to exceed the
critical speeds. However, in the Jeffcott model the mass is basically represented
as a particle or a point-mass, and the model can not correctly explain the
characteristics of a rigid-body on a flexible rotating shaft. Therefore, the
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eigenfrequencies of a Jeffcott rotor is independent of the rotational speed. De
Laval´s and Jeffcott’s names are still in use as the name of the simplified rotor
model with the disc in the mid-span of the shaft.

The influence of the gyroscopic effects on a rotating system was presented
1924 by Stodola [5]. The model that was presented consists of a rigid disk with a
polar moment of inertia, transverse moment of inertia and mass. The disc is 
connected to a flexible mass-less over-hung rotor. The gyroscopic coupling
terms in Stodola’s rotor model resulted in the natural frequencies being
dependent upon the rotational speed. The concept of forward and backward
precession of the rotor was introduced as a consequence of the results from the
natural frequencies analysis of the rotor model. When the natural frequencies of
the rotor system change with the rotational speed the result is often presented
in a frequency diagram or Campbell diagram with natural frequencies as a
function of the rotational speed

In rotating electrical machines the rotor eccentricity gives rise to a non-
uniform air-gap, which produces an unbalanced magnetic pull force acting on
the rotor and stator. The large radial forces acting on the rotor will also affect
the guide bearings, which are supporting the generator shaft. If these forces are
not kept low, the forces can cause damage or bearing failures with economical
losses as a consequence [6]. Almost 40 % of the failures in electrical machines
can be related to bearing failures [7,8]. When measurements of the bearing
loads are performed in hydropower generators, the load sensors are usually 
built-in behind the bearing pads using techniques similar to those described in
[9]. Measurement with strain gauges attached to the bracket base plates have
been shown in [10]. But, on a great number of generators, the base plates are
pre-loaded and therefore not suitable for measurements of the bearing force. A 
few hydropower generators are however equipped with facilities for monitoring
of the bearing loads. The reconstruction, which is necessary in order to install
the load sensors behind the bearing pads, is associated with high expenditures.
In Paper A an alternative method to measure the radial bearing force is
presented. The method is based on strain measurement using strain gauges
installed on the generator bearing brackets and the bearing forces are calculated
from the measured stain by use of the beam theory [11].

Knowledge of the radial magnetic pull force acting in an electrical machine
is important for the mechanical design of the rotor. A number of equations have
been suggested for calculation of the magnetic pull due to disturbance in the 
magnetic field. In the early part of the 20th century the suggested equation for
calculation of the magnetic pull was a linear function of the rotor displacement
[12][13][14]. Some equations for calculation of the magnetic pull have been
improved by taking in account the effects of saturation on the magnetization
curve [15] [16][17]. A more general theory has been developed for vibration in
induction motors and it was shown that the unbalanced magnetic pull force
acting on the rotor also consists of harmonic components [18][19][20]. An
important and widely used approximate method to obtain the magnetic pull
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force acting on the rotor is to solve Maxwell’s differential equation with the
finite element method [21]. In Paper B and in Paper C the magnetic pull forces 
have been calculated with the finite element method for a specific value of
eccentricity and the force has then been used to obtain the coefficient in the
analytic expression of the magnetic pull force. In Paper B the magnetic pull 
force has been assumed to be a linear function of the rotor displacement while 
in Paper C the pull force has been assumed to be a non-linear function of rotor
displacement.

In Paper B a model is proposed for an eccentric generator rotor subjected to
a radial magnetic pull force. Both the radial force and the bending moment
affecting the generator shaft are considered when the centre of the rotor spider
hub deviates from the centre of the rotor rim. In Paper B the electromechanical 
forces acting on the rotor are assumed to be proportional to the rotor
displacements. In Paper C the rotor stability as well as the rotor response have
been analysed with non-linear magnetic pull forces acting on the rotor and the 
influence from stator eccentricity. The rotor model takes into consideration the
deviation between the centre of rotor hub and the centreline of the rotor rim. 
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2.  DYNAMICS OF ROTATING SYSTEMS IN HYDROPOWER UNITS 

The dynamics of rotating systems differs from non-rotating systems and is 
therefore treated as a separate research area in structural dynamics. The reason 
is that in rotor dynamics there are phenomena which are not usually found in
other areas of structural dynamics. To make it possible to describe the
phenomena occurring for the rotating system, the rotating system has to be 
described in a body-fixed coordinate system related to a space-fixed coordinate
system. The most significant difference between a non-rotating and rotating
system is probably that the natural frequencies in a rotating systems can depend 
on the spin speed of the system. Therefore it is necessary to investigate the
natural frequencies and responses of the system over the entire range of
operating speeds. Another difference between rotating and non-rotating system
is that the sign of the eigenfrequencies in structural dynamics usually has no
meaning. On the other hand, in rotor dynamics the motion of the centre of the
rotor is often considered and its motion may be in the direction of the spin
(forward whirl) or in the opposite direction of the spin (backward whirl). Hence,
the whirl direction can be determined from the sign of the eigenvectors and the
whirl direction plays a central role in rotor dynamics. 

In large electrical machines the electromagnetic forces can in some situation
have a strong influence on the rotor dynamics. One such case is when the rotor
is eccentrically displaced in the stator bore. A strong magnetic pull force will 
then appear in the direction of the smallest air gap and affect the characteristics
of the rotor dynamics. In an electrical machine a combination of stator and
rotor eccentricity is most common. Characteristics for the stator eccentricity is
that the rotor centre will be in a fixed position in the stator bore under action of 
a constant magnetic pull force. In the case of rotor eccentricity, the rotor centre
will whirl in an orbit. If a stator eccentricity is combined with rotor eccentricity
the rotor centre will whirl around the fixed eccentricity point. 

2.1.  ROTOR MODEL 

To be able to create a good model of the physical system of interest, it is
necessary to decide the objectives of the study. In many cases, a simplified 
model can predict the observed fundamental behaviour of the physical system
with good accuracy. The main purpose for the model of a hydropower unit is to
capture the fundamental behaviour rather than to investigate all details and
events that can occur in the system.

A model of a physical system in dynamics can be described in two basically
different ways, discrete-parameter or distributed-parameter systems. The
discrete-parameter models refer to lumped or consistent models, while the
distributed-parameter models are referred to as continuous models. The choice
of model type depends on the complexity of the system. A simple system may be 
solved directly with a continuous model while for a complex model it is
preferable to use a discrete-parameter model. All rotor models used in this
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thesis are based on the discrete model assumptions and all masses are treated as
rigid.

The derivation of the equation of motion can be carried out by methods of
Newtonian mechanics or by methods of analytical dynamics, also known as
Lagrangian mechanics. Newtonian mechanics uses the concepts of force, 
momentum, velocity and acceleration, all of which are vector quantities. For this
reason, Newtonian mechanics is referred to as vectorial mechanics. The basic
tool to derive the equation of motion is the free-body diagram, namely, a
diagram for each mass in the system showing all boundary conditions and 
constraints acting on the masses. Newtonian mechanics is physical in nature
and considers boundary conditions and constraints explicitly. By contrast,
analytical dynamics is more abstract in nature and the whole system is
considered rather then the individual components separately, a process that
excludes the reaction and constraint forces automatically.

Analytical mechanics, or Lagrangian mechanics permits the derivation of 
the equation of motion from three scalar quantities, kinetic energy, potential
energy and virtual work of the nonconservative forces. The most common
method to obtain the equation of motion from an energy consideration is the 
well-known Lagrange’s equation. The most general form of the Lagrange’s 
equation can be expressed as

n,...,iwereQ
q
W

q
V

q
T

q
T

dt
d

i
iiii

1,2 (1)

where T represent the kinetic energy, V is the potential energy, qi is the 
generalized coordinate no. i and Qi is the generalized nonconservative forces 
[22]. The parameter W represent the virtual work of the nonconservative
forces performed under a virtual displacement qi.  The advantage of Lagrange’s
equation is that the whole system is considered, rather then the individual
components separately, a process that excludes the reaction and constraint
forces automatically.

Newton’s laws were originally formulated for single particles but they can
also be used for systems of particles and rigid bodies. In additional they can be
extended to handle elastic bodies. The equation of motion can be obtained by
using Newton’s second law. Newton’s second law states that the acceleration of
a particle with constant mass is proportional to the resultant force acting on it,
and it is oriented in the same direction as this force. With help of the theories of
momentum and moment of momentum the equation of motion can be
expressed as:
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i
i

d
=

dt
p f (2)

i
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dt
Hd

(3)

where  is the momentum vector of the rigid body and  corresponds to

the external forces. The parameter  represents the moment of the

momentum, or angular momentum, of the rigid body and  represents the
external moments acting on the body.

ip if

iH

iM

For a complex geometry such as a generator rotor it is preferable to use a
discretized model of the rotor. The finite element method, FEM [23], is a
method for discretization of a continuous structure and the method can be used
for complex geometries. The matrix formulation of the equation of motion for a 
discretized rotor system can be formulated as 

fKqqGqCqM (4)

where q and f are the displacement vector and force vector, respectively and
 is the angular velocity of the shaft. The mass matrix or inertia matrix,

represented by M, can be formulated with a lumped or consistent approach
[24]. The parameter C is the damping matrix, and K is the stiffness matrix
which can be formulated for different element types. The most commonly used 
elements are Timoshenko element and Euler-Bernoulli element. In this thesis
the stiffness matrixes have been obtained from the inverse of the flexibility
matrix and the flexibility matrix has been derived from the integration of the
bending moment distribution in the shaft. The skew-symmetric gyroscopic 
matrix, G, contains the polar moment of inertia for the model.

The equation of motion described in Equation (4) is an ordinary differential
equation and if the equation is linear it can easily be solved by analytical
methods. However, in many cases it is not possible to use a linear approach to 
describe the behaviour of the observed system. In rotating electrical machines
the magnetic pull force acting on the rotor can only be assumed to be a linear
function for small rotor displacement. For larger rotor displacement or stator
eccentricity a non-linear approach has to be adopted to describe the rotor 
behaviour.
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2.2.  MAGNETIC PULL FORCE

Two basic methods are used for calculation of the electromagnetic force
acting between the stator and rotor in electrical machines [25]. The two
methods are based on Maxwell’s stress tensor or on the principle of the virtual 
work. For calculation of force and torque in electric devices the finite element
method are commonly used besides the analytical methods. The analytical
methods are commonly based on the Maxwell’s stress tensor [26].  The surface 
integral of the electromagnetic force can be expressed as: 

S

dSF (5)

2

0 0

1 1
2S

dSF B n B B n  (6)

where  is the Maxwell’s stress tensor, n is the normal vector to the surface
S and μ0 is the permeability of free space, respectively. The magnetic flux
density is denoted as B. The finite element method can also be based on the
principle of virtual work for calculation of the magnetic forces acting in an 
electrical machine [21]. From the partial derivative of the coenergy functional
with respect to virtual movement the force can be calculated as 

0

H

c
V

W dB H dV (7)

T
c c cW W W

x y
F

p
 (8)

where F is the force vector and is the coenergy functional.cW

The electromagnetic pull force acting on the generator rotor depends on the
asymmetry in the air gap between the rotor and stator. In a perfectly symmetric
machine the radial pull forces should add up to zero. However, all practical 
generators have some asymmetry in the air gap [27]. A common example of 
asymmetry is when the rotor centre and stator centre do not coincide with each
other. The relative eccentricity is defined as: 

R
ur  (9)
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where is the radial displacement of the rotor centre and the average air 

gap  is the radial clearance between the inner radius of the stator  and the 

outer radius of the rotor . The rotor eccentricity can be sketched schematically
as shown in Figure 1. 

ru
R sR

rR

Figure 1. Schematic sketch of the air-gap with an eccentric rotor.

Belmans et al. [19] and Sandarangani [27] have shown that in a three-phase
electrical machine with an arbitrary number of poles the magnetic pull force is
composed of a constant part and an alternating part. The alternating part of the 
force alternates twice the supply frequency for static eccentricity, and twice the
supply frequency multiplied by the slip for dynamic eccentricity. Sandarangani
[27] showed that the alternating force component decreases with an increasing 
number of poles in the generator. Hydropower generators usually have many
poles and operate as synchronous machines. This implies that the alternating
magnetic pull force is negligible in comparison to the constant magnetic pull
force. The mean value of the magnetic pull force can be expressed as:

32
22

32
0

12 e

e
Rp
hRSF ss  (10)

where Ss is the stator linear current density, p is the number of poles, h is 
the length of the rotor and μ0 is the permeability of free space. The result of
Equation (10) is that the magnetic pull force is a non-linear function of the air-
gap eccentricity and the magnetic pull force will destabilize the rotor system
with an increasing rotor eccentricity.

The air gap eccentricity can be divided in two categories; stator eccentricity
and rotor eccentricity. In the case of stator eccentricity the rotor will be in a
fixed position relative to the stator under a constant magnetic pull force. That 
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means that the smallest air gap will be in a same direction during the rotation of
the shaft. Characteristic for the rotor eccentricity is that the rotor will whirl
around the centre line of the rotor in an orbit. However, the most common case
of eccentricity is a combination of stator and rotor eccentricity and the rotor
centre will whirl around a fixed position in the stator bore with the angular
speed of rotation. 

2.3.  MEASUREMENT OF BEARING FORCE 

The electromagnetic pull force and the flow force induced from the turbine
together with the rotor mass unbalance, produce forces on the bearings. The
total radial bearing forces are equal to the sum of all forces acting on the rotor.
This means that the forces that act on the bearings also measure the condition
of generator with respect to stator and rotor eccentricity. In the cases where the
bearing brackets are built up as spokes of a wheel the strain can be measured in
each arm and the total force is the sum of the force in each arm. By simple
geometric relationships the bearing force can be calculated as: 

n

i
iiX cosEAF

1

 (11)

n

i
iiY sinEAF

1

(12)

where E is the Young’s modulus for the beam with the cross-sectional area
A, i  is the angle to the X axis and i  the apparent strain measured in all n 
spokes. The apparent strain is the sum of strain from forces, moments and
temperature variation in the bracket. If the bracket is symmetric and the
temperature variation is equal over the bracket, the temperature influence on
the apparent stain will add up to zero. 

2.4.  ANALYSIS OF JOURNAL BEARINGS 

Rotordynamics has historically been a combination of two separate areas, 
structural dynamics and analysis of hydrodynamic bearings [28]. The theory of
hydrodynamic bearings started with an experiment performed by Beauchamp 
Towers at the request from the British railways. He unexpectedly found that the
pressure distribution in a journal bearing was not constant. The result of the
experiment was reported to the Royal Society 1883, [29]. Osborne Reynolds
found Beauchamp Towers’ experimental results interesting and developed a
theory for the oil flow in a thin oil film. The theory and the equations developed
by Osborne Reynolds are today known as Reynolds’ equation and the equation
is still widely used for calculation of the journal bearing properties. Reynolds’
equation can be derived from a simplified version of the Navier-Stokes’ equation 
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by using assumptions which include those of Newtonian fluid, laminar flow, 
small inertia forces, and thin oil film. 

Figure 2. Plane journal and bearing segments.

If the bearing moves with the velocity ,  and the journal moves with

the velocity , , Reynolds equation in Cartesian coordinates can be written
according to Olsson [29] as

1U 1W

2U 2W

t
hhWW

z
hUU

x

z
ph

zx
ph

x

1266 2121

33

(13)

where h is the oil film thickness,  the viscosity and p is the oil film pressure. 
The pressure distribution in the bearing oil film can be obtained in closed form 
if some simplifications of equation (13) are assumed. If the bearing is assumed 

to be in a stationary position 0
t
h

 and the velocity in the z direction is 

W1=W2=0 an analytical solution can be found for long and short bearings. For 
bearing that are very long in axial direction it is possible to neglect the pressure 
gradient in the z direction. For short bearings the pressure gradient in the x
direction is small and can be omitted. However, for many practical bearing
geometries equation (13) has to be solved by an approximate numerical method,
for example finite-difference methods or finite-element methods [28]. From the
rotordynamic point of view, the stiffness and damping of the bearing is of 
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interest. The stiffness and damping coefficients are required for the analysis of 
the synchronous response as well as for the linear stability analysis for the rotor.
The stiffness and damping coefficients can be developed from a Taylor-series 
expansion of the reaction force in the stationary position where the second- and
higher-order differential terms have been omitted. The linear relation between
the bearing reaction forces as acting on the shaft in the x- and y-direction, can
be described by the linear model: 

F KX CX (14)

where the K is stiffness matrix and C is the damping matrix.
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3.  ANALYSIS OF ROTOR-BEARING SYSTEM 

The purpose of this section is to present some methods to model and
analyze rotating machines. In the analysis of rotating machines several special
effects occur which usually does not appear in the analysis of other vibrating
systems. Some of these effects will be only briefly discussed in this section
however effects occurring in hydropower generators are discussed in detail. The 
implications of these effects on the behaviour of the rotor dynamics are briefly
demonstrated and discussed.

This thesis deals with the influence of magnetic pull force acting on the
generator rotors and measurements of the bearing forces in hydropower units. 
The lengths of the rotors in hydropower units are much greater than the
characteristic diameter of the rotors. This implies that the rotors have to be
handled as continuous bodies. Since the geometries of these rotors are too
complex to be handled by continuous models, approximate discretized models
are used. This section deals only with analysis of multi DOF (degree of freedom)
models. The bearing brackets analyzed in this thesis are built up of beams and
can be analyzed with simple beam theory. For a more detailed theory of the
rotordynamics the reader is referred to the books by Genta [24] and Childs [28]
and to Timoshenko [11] for the beam theory.

3.1.  DISCRETIZED ROTOR MODEL OF A HYDROPOWER UNIT 

The substitution of a continuous system, characterized by an infinite 
number of degrees of freedom, into a system with finite number of degrees of 
freedom, is usually referred to as discretization.  The number of degrees of 
freedom in the discrete system can sometimes be very large but it is still finite. 
In practical problems this step is of primary importance because the accuracy of
the results obtained are largely dependent on the feasibility of the discrete
model to represent the actual continuous system. The discrete model of the
rotor system consists of a discrete number of beam elements and connected
nodes. Each of the nodes is usually described by two translational and two
rotational degrees of freedoms to analyze the transverse vibration of the rotor 
system.  In Figure 3 an example of a discrete representation of a hydropower 
rotor is shown. 
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Figure 3. Hydropower rotor with generator shaft, intermediate shaft, turbine
shaft, bearings and added masses for generator and turbine. 

For each element the equation of motion can be obtained by use of Newton’s 
second law, the law of conservation of momentum, or from energy
considerations were the Lagrange’s equation is the most common. Through the 
years several techniques have been suggested to discretized and handle the
differential equation of continuous systems. 

In the assumed–modes method, the deformed shape of the system is 
assumed to be a linear combination of n known functions of the space 
coordinates, defined in the whole space occupied by the body.

In the lumped-parameters method the mass of the body is lumped in a 
certain number of stations in the deformable body.  The lumped masses are 
then connected to each other by massless elements and the elements contain the
elastic properties. The mass matrix for such systems can easily be found while it 
can be more difficult to obtain the stiffness matrix for the system. To avoid
problems when dealing with large eigenvalue problems the transfer matrices 
method can be used. 

The transfer matrix method was generally used for calculation of critical
speeds in rotordynamics up to the recent past. The advantage of this method is 
that it is fast since large matrix operations are not required and the method
could be implemented in small computers. The sizes of the matrices that need to
be solved are  the same  as the matrices at the element level.

Today the finite element method, FEM, is a popular and widely used
discretization method to solve partial derivative differential equations and the
method is used in other fields than structural dynamics and structural analysis.
Formulation and application of FEM to structural dynamics of mechanical 
systems are found in books including Cook [30] and Hughes [31].  In FEM the
model is divided into small, finite, elements and each element is a model of a 
deformable solid. The displacement field in each element is approximated with 
help of shape functions. The over-all system matrices are then assembled from 
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the element matrices and the size of the system matrices are the same as the
number of degrees of freedoms.

If the mass matrix is obtained from a FEM approach it becomes consistent.
However it is also possible to mix the FEM approach with the lumped-
parameters approach. If the lumped-parameter approach is used to obtain the
mass matrix the mass matrix will be a pure diagonal one.

1.1.  ANALYSIS OF THE EQUATION OF MOTION 

In large electrical machines the electromagnetic pull force can in some 
situation have a strong influence on the rotor dynamics.  The magnetic pull
force is in general a non-linear function of the air gap between the stator and
rotor. In both Paper B and Paper C a linear approach has been used to solve the
equation of motion. However in Paper C the magnetic pull force has been
assumed to be a non-linear function of the air-gap and the analysis has been 
performed in the stationary point at operating conditions.

In both Papers B and C the state space method for analysis of the equation
of motion is used. The method has the advantage that it has no requirement on
the shape of the involved matrices provided the mass matrix can be inverted.
With this method it is also possible to handle anisotropy and damping. The
skew-symmetrical gyroscopic matrix does not complicate the solution either.
Introducing the magnetic pull as the linear force from Equation (4), the
equation of motion can be written as:

t MG C u Ku f K uMu (15)

where the KMu is the magnetic pull force acting on the rotor. The solution of the 
second order differential equation of motion can be found by rewriting Equation
(15) into a system of first order differential equations. By defining a state

vector Equation (15) can be written in the state vector form asT T Tx u u

bAxx  (16)

where

t
and

fM
0

b
CGMKKM

I0
A 11

M
1  (17)

If the number of degrees of freedom in Equation (15) is N then the system
has been expanded to 2xN in Equation (16) and hence the matrix A has been
expanded to the size of 2Nx2N.  The differential equation (16) has a total
solution consisting of two parts, the homogeneous and the particular part. 
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Assuming now a homogeneous solution of the exponential form

and inserting this in Equation (16), then an eigenvalue problem is
obtained as

teqx th

0qqAq , (18)

where j are the eigenvalues and qj are the corresponding eigenvectors. The
obtained eigenvalues j and the corresponding eigenvectors qj are frequently
complex valued and appear in complex conjugate pairs. The complex valued
eigenvectors qj are referred to as complex modes. According to Inman [32], the
physical interpretation of a complex mode is that each element describes the 
relative magnitude and phase of the degrees of freedom associated with the
element.  The homogeneous solution to Equation (16) is then

2N

1j

t
jjh

jeqctx  (19)

where the constants cj are determined by the initial conditions. The solution
of Equation (19) is real although there are complex quantities involved.

An interesting part of the results from the analysis of the eigenvalues is the 
possibility of studying the damping ratio, stability, and the eigenfrequencies of
the system.  The complex eigenvalues j can be written as

j1

j1
2
iiii1i

2
iiiii

  where the

2
i

2
i

i
i

2
i

2
ii

ImRe

Re
ImRe

 (20)

In Equation (20) the i is the undamped natural frequency of the ith mode
and i is the modal damping ratio associated with the ith mode. In the case the
damping ratio  is less than 1, (0< <1), the system is an under damped system
and the damped natural frequencies can be obtained from the imaginary part of

the eigenvalue 2
iiid 1 . From the analysis of eigenvalues it is also

possible to investigate the stability of the system. Using Equation (20) and the
Euler relation the homogeneous solution can be written in the following form:

 where A is a constant and  is the phase. This is an

exponential damped oscillating motion as long as  > 0. If the damping ratio is 
less than 0 (  < 0) the motion will grow exponentially with time and the system
become unstable. The analysis of generator stability performed in Paper B and

tsintAet dhx
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Paper C are based on the investigation of the damping ratio from the eigenvalue
analysis on the generator rotor system. In Papers B and C the expression decay
rate  is sometimes used and the relation to the damping ratio is  = .

The unbalance rotor response can be studied with help of the particular 
solution to equation (15). The particular solution to the equation of motion
describes the behavior of the rotor if it runs with constant speed and the
transients have died out. For the rotating system in a hydropower unit the
external forces are commonly connected to the rotational speed. Examples of
such forces are rotor unbalance, hydraulic force on the turbine and magnetic
unbalance at the generator. For an external mass unbalance force f(t) the 
corresponding response x(t)p can be solved. If both force and response vectors 
are separated in two harmonic vectors, one containing the sine components and
other containing the cosine components, the particular solution can be written
in the form 

tsintcost
and

tsintcost

sc

scp

fff

qqx

(21)

Combining Equation (21) and Equation (16) give the solution.

ccs

s
c

12

c

bAqq

bAbAIq

1
 where (22)

c
1c

s
1s

fM
0

b

fM
0

b

Taking the initial conditions together with the sum of the particular and 
homogeneous solutions the total solution to Equation (15) can be obtained.

However a common practice in the analysis of generators and turbines in 
hydropower applications is to only examine the eigenvalues of the rotating
system. From the eigenvalues the natural frequencies and mode shapes are
studied. The possibilities to study the rotor response are seldom considered in
order to find rotor deflections or bearing forces. 

3.3.  NATURAL FREQUENCY DIAGRAM AND GYROSCOPIC EFFECT

In this section it is discussed how the magnetic pull force on the generator
affects the eigenvalues and what influence the moment of inertia (about the axis
of rotation) has on the eigenvalues.

The moment of inertia, introduced in the skew-symmetric gyroscopic matrix 
G, causes the natural frequencies of bending modes to depend on the rotational
speed. The gyroscopic matrixes appear together with the damping matrix in
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Equation (15) and give a stiffening effect on the system. A result of the stiffening 
effect is that the natural frequencies of whirl modes changes with the rotational
speeds of the rotor. However this is generally characteristic of all cross-coupled
damping forces independent of their origins from, Vance [33].

The magnetic pull force, acting on the generator rotor, is generally a non-
linear force depending on the eccentricity of the rotor. To illustrate the effect of 
magnetic pull force on a generator rotor the simplest form of magnetic pull force 
is assumed in this section. This means that the force is assumed to be linear and 
has no influence from rotor inclination, rotor height or the position of the rotor 
rim compared to the hinge line of the rotor. The magnetic pull force reduces the
shaft stiffness and appears in the equations of motions as K-KM. This leads to a
softer system and affects the eigenvalues as well as the rotor response.

To illustrate the effects from the gyroscopic moment and the magnetic pull
force on the rotor, a frequency and a stability diagram are usually plotted versus
the rotational speed. The frequency diagram is sometimes called a Campbell
diagram. For this purpose a simple rotor, shown in Figure 4, is used as an
example.

Figure 4. Simplified model of a generator rotor. 

The simplified rotor model in Figure 4 consists of a uniform massless shaft 
supported by two bearings and the rotor is treated as a rigid body. The model of
the generator rotor has 4 degrees of freedom and therefore also four natural
frequencies will be obtained from the analysis. The results of the
eigenfrequencies analysis are usually presented in a frequency diagram
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sometimes also called a Campbell diagram. In Figure 5 an example is shown of a
Campbell diagram where eigenfrequencies are plotted as a function of the 
rotational speed of the shaft.

In this plot results from two analyses are plotted together to make it possible
to compare the influence from the magnetic pull force. The results obtained for
a generator without magnetic pull force are plotted with blue lines and for the 
case when the magnetic pull force is acting on the rotor the lines are red. 

Figure 5. Damped eigenfrequencies diagram of the 4-DOF generator rotor. 
Blue lines without magnetic pull force and red lines with magnetic pull force 
acting on the rotor.

In Figure 5 it can also be seen that the eigenfrequencies will increase as a 
function of the spin speed and the reason is the stiffening effect from the
gyroscopic moments. The whirl direction of the modes can be forward or
backward. The eigenfrequencies with eigen mode whirling in forward direction
are plotted as positive values in the diagram and the eigenfrequencies with
corresponding eigen mode that have backward whirl direction are plotted with
negative values. The directions of forward and backward are related to the
rotational direction indicated by in the Figure 4. 

However, from the analysis of Equation (20) it is not clear if the sign of the
eigenfrequencies would be positive or negative. The information of the whirling
direction for a complex mode can be found from the corresponding eigenvector.
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Angantyr [34] demonstrate a method where the whirling direction for each
mode can be found by studying the sign of yxyx  in the corresponding 
eigenvector. In cases when a continuous rotor has been approximated with a 
discrete model, the meaning of the whirl direction is lost. This is due to the fact
that the forward and backward whirl can coexist, see Figure 8, for a single mode
in such rotors. For that reason the frequency diagram is usual plotted with only
positive values of natural frequencies as shown in Figure 6.

Figure 6. Damped natural frequency diagram for a hydropower rotor. 

The resonance speeds for the rotor, with respect to unbalance force, is given
by the cross point of the straight line  and the eigenfrequencies. In Figure
5 the first resonance speeds are indicated for the two load cases, without

magnetic pull force and 
cr

crEMP with magnetic pull force acting on the rotor. In

Figure 5 there are also four asymptotes indicated, K/m ,

and the line)/J(J dp 0 , which also is an asymptote for the first 

backward mode. In Figure 5 the asymptotes are indicated for a rotor unaffected
by the magnetic pull force. Figure 5 shows that the eigenfrequencies which have

the K/m as asymptotes have been affected by the magnetic pull force. In
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Figure 6 the resonance speeds are indicated as 1x, 2x and 5x. The 1x is the 
resonance speed related to the unbalance response, 2x is excitation connected to
rotor ovality and 5x is related to the frequencies of blade disturbances on the 
shaft.

The analyses of the eigenvalues also give information about the stability of 
each eigenmode. In Figure 7 an example of a stability diagram is shown where
the damping ratio of each mode is plotted for the simplified rotor model shown
in Figure 4. In Figure 8 a corresponding stability map is shown for the discrete 
rotor model shown in Figure 3.  If the damping ratio for any mode is less than 
zero the system will be unstable and the amplitude of the rotor response will
grow exponentially in time. The diagram shows that the stability for an excited
rotor decreases compared to unexcited rotor.

Figure 7. Stability diagram of the 4-DOF generator rotor. Blue lines without 
magnetic pull force and red lines with magnetic pull force acting on the rotor.

20



R. Gustavsson   Modelling and Analysis of Hydropower Generator Rotors

Figure 8. Stability map for a discretized rotor model is shown in Figure 3. The 
diagram shows the damping ratio vs. rotor speed. 

A useful diagram can be obtained if the natural frequency diagram and the
stability diagram are combined in a root locus plot. The root locus plot shows
the roots of the characteristic equation in the complex plane as a function of the
natural frequency. The roots trace a curve on the complex plane, which is called
the root locus. In Figure 9 damping ratio versus natural frequency is plotted for 
the rotor shown in Figure 3.
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Figure 9. Root locus plot for a discretized rotor model is shown in Figure 3. 
The diagram shows the damping ratio vs. natural frequency.

As mentioned before, the forward and backward whirl can coexist for a
single mode. This implies that the relevance of studying the whirl direction in
the frequency diagram is lost. The investigation of the whirl direction for a rotor 
has to be performed with help of the mode shapes where the whirl directions
have been indicated for each node. In Figure 10 an example of a mode plot for a
hydropower shaft is shown. 
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Figure 10. Example of mixed mode plots for a hydropower unit. Forward whirl 
is red and backward whirl is marked blue.

It should be observed that it is not only the gyroscopic moments that have 
effects on eigenfrequencies in Figure 5 and 7. Since the bearings properties 
(stiffness and damping) are frequently functions of the rotational speed for a 
constant bearing load, it is necessary to consider this in the analysis.  In Figure 
6, 8 and 9 the bearing stiffness and damping are calculated for each frequency.
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4.  SUMMARY OF APPENDED PAPERS 

In this section three short summaries of the appended papers are presented
and the scientific contribution in each paper from the author is given. 

4.1.  PAPER A 

This paper presents a relatively inexpensive way to determine the bearing
load with strain gauges installed on the generator bearing brackets. With this
method it is possible to measure the static and dynamic bearing loads without 
any redesign of the bearing.

Almost 40 % of the failures in hydroelectric generators result from bearing
failures. A common cause of the failures is the misalignment between the rotor 
and stator, rotor imbalance or disturbance from the turbine. The misalignment
generates magnetic attraction forces between the stator and rotor which the 
guide bearings have to carry. Generally the magnetic pull force can be divided
into static and dynamic parts. 

The method is based on measuring the mechanical strain in each bracket 
arm with the use of strain gauges. On each bracket arm there are two strain
gauges bonded to the surface at the centerline of the beam. Two other strain
gauges are bonded to a steel block close to the measuring point and are used for 
determination of the temperature compensation. The total force acting on the
bearing has then been calculated with use of the measured strain at each point
together with beam theory. The results show the force acting on the bearings in
both magnitude and direction.

The scientific contribution of the paper is to provide detailed information on 
the bearing loads which can be used to detect phenomena or to verify models.
For the hydropower industry this paper contributes with a low cost tool for 
measurement of the bearing force with high accuracy.

4.2.  PAPER B 

In this paper, the influence of magnetic pull force is studied for a
hydropower generator where the rotor spider hub does not coincide with the
centerline of the rotor rim. The influence of stator eccentricity on the stability
and rotor response are also studied for different rotor configurations. 

In many cases when a power station is upgraded a new generator stator and 
rotor are installed but the existing shaft is re-used. That means, in many cases,
that the rotor hub has a fixed position on the shaft but the stator and rotor have
a changed elevation depending on a new construction. This implies that the 
center of the rotor hub and the center of the rotor rim do not coincide with each
other.

The usual way to calculate the influence of magnetic pull force on a rotor is 
to apply radial magnetic force acting at the position of the rotor hub. The 
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bending moments that occur due to the inclination of the rotor are not 
considered.

In this paper a linear model of the magnetic pull force has been used for 
development of a model, which includes the bending moment due to the
inclination of the rotor. The model also considers the geometrical configuration
between the rotor and the rotor hub. 

The stability of the generator has been analyzed for all possible rotor 
positions in the design space for the generator. 

The scientific contribution of the paper is the development of a linear 
generator model where the distance between the spider hub and the generator
rim centre is taken into consideration.

4.3.  PAPER C 

In this paper the method developed in Paper B has been formulated for a
non-linear magnetic pull force acting on the rotor. The rotor response and the
stability have been studied for different values of stator eccentricities.

Rotor dynamics in the electrical industries has traditionally focused on
turbo generators and high-speed motors. In such machines the rotor designs are 
significantly different and have other characteristic properties compared to the
hydropower generators. Hydropower generators have usually a rotor with large 
diameter and mass compared to turbo generators. Another difference between
the two types is that the hydropower generators usually have a small air-gap 
between the stator and rotor, which results in high electromagnetic forces
between stator and rotor. Therefore, the methods used for turbo generators can
not always be used in hydropower generators. 

In this paper the electromagnetic pull force acting on the rotor is assumed to
be a non-linear force, which is dependent upon on the rotor eccentricity. An
analytic model of the bending moments and radial forces acting on the
generator hub is developed where the distance between the spider hub and the
centre of rotor is considered. Under the action of the non-linear magnetic pull
force and different values of stator eccentricity, the rotor stability and rotor
response have been analysed.

The calculations of rotor stability have been made for the stationary points. 
The stationary rotor position has in this case been calculated with the Newton
Raphson method. This stationary point is the rotor position at operating
conditions under action of stator eccentricity and the electromagnetic pull force. 
After the stationary rotor position has been found, the Jacobian matrix can be
evaluated at the stationary point and the stability of the rotor can be analysed. 

The rotor response has been studied as function of stator eccentricity, for 
different rotor hub and rim positions. This analyse have been performed by 
numerical simulation of the system. 

The stability analysis shows that the rotor can be unstable for relatively 
small initial stator eccentricities if the rotor rim position relative to the rotor
hub is included in the analysis. Analysis of rotor response shows that there are 
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only few rotor configurations that allow initial stator eccentricity which exceed
more than 5 % of the air-gap.

The scientific contribution in this paper is the study of the influence of a 
non-linear magnetic pull for a hydropower generator where the generator spider
hub does not coincide with the centre of the generator rim.
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5. CONCLUSIONS

In this section short conclusions from each of the appended papers are
presented.

Paper A presents a method for measurements of bearing loads on 
hydropower generators. This method is based on strain measurements on the
beam surfaces in the bearing brackets. One advantage of this method is that the 
installation of the strain gauges does not require any reconstruction of the
bearing. The presented results show that the method can be used for
examination of both static and dynamic bearing loads. The bearing forces can be
determined in both magnitude and direction for different types of disturbances
such as vortex rope, magnetic pull force and turbine forces. Examples of results
obtained from a 70 MW hydropower generator are presented in the appended
Paper A. 

In Paper B a model is proposed for analysis of an eccentric generator rotor
subjected to a radial magnetic pull force. Both the radial force and the bending
moment affecting the generator shaft are considered when the centre of the
rotor spider hub deviates from the centre of the rotor rim. The
electromechanical forces acting on the rotor are assumed to be proportional to
the rotor displacement. The results show that the complex eigenvalues as well as
the rotor response will be affected if the distance between the centre of rotor rim 
and the rotor hub is considered in the analysis.

In Paper C the radial magnetic force acting on the generator rotor is 
assumed to be a non-linear function of the air-gap between the stator and rotor.
The non-linear magnetic force is then applied to the rotor model suggested in
Paper B. The stability and rotor response have been analysed as function of
stator eccentricity for different values of the distance between the centre of the
rotor rim and the centre of the rotor spider. The results show that there can be a 
large difference between the initial stator eccentricity and the actual rotor
response. The non-linear effects from the magnetic pull forces on the rotor
response are evident from the results obtained. The rotor stability has been 
investigated for stator eccentricity from 1% up to 7 % of the nominal air-gap.
The results from the stability analysis show that the rotor can be unstable for 
relatively small initial stator eccentricities if the rotor rim position relative to the
rotor hub is included in the analysis. 

This theses spans over two very different research areas namely rotor 
dynamics and force measurements. In most cases rotor dynamics and the force 
measurements are treated as two separate research areas. In this work the 
developed force measurement techniques has increased the understanding of
the dynamic behaviour of the rotor and the force acting on the rotor in different 
operational conditions. The measurement of the dynamic behaviour of the rotor
is also important in the evaluation of the developed rotor models. Rotor models
developed in this work have contributed to an increased accuracy in the
prediction of rotor dynamic behaviour of the hydropower generator rotors. 
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6.  DISCUSSION AND FUTURE WORK 

In this section some of the achieved results and experiences from the
appended papers are discussed in more general terms. For a more detailed 
discussion and conclusions the reader is referred to the appended papers. 

6.1.  DISCUSSION

The generator rotor models used in the appended papers are simplifications
of a real generator rotors. The aim of the simplified models is to capture the
fundamental behaviour of a generator rotor influenced by magnetic pull force 
for different rotor geometries. One of the more important simplifications is that
the bearing properties are independent of the shaft rotation speeds and the load
on the bearings.

The stability and rotor response of a hydropower generator rotor are in most
cases analysed with a linear magnetic pull force applied in the centre of the rotor 
spider hub. The force is applied as a radial magnetic pull force proportional to
the rotor displacement in the radial direction without influence from the
inclination of the rotor.  That implies that the forces and bending moment due
to magnetic pull acting on the rotor do not take into consideration the rotor
geometry or the difference in the air gap between the upper and lower part of 
the generator rotor. 

The suggested rotor model presented in the appended Paper B and Paper C
includes both rotor inclination as well as the position of the rotor rim in relation
to the rotor spider hub. The advantage of the suggested rotor model is that it
includes the configuration of the generator rotor directly into the stiffness
matrix for the generator rotor. In linear cases the method can be implemented
in programs used for calculation of rotor dynamics as a bearing with negative 
stiffness without modifying the program code. 

In the appended papers the influences from different load cases have been
calculated separately. However in an actual generator the different load cases
coexist and have to be calculated together to obtain the correct value of the
parameters of interests.  In this sense the calculated rotor response has been
underestimated and the rotor stability has been overestimated in the appended
papers.

6.2.  FUTURE WORK 

The bearing properties are an essential part of the dynamics of the rotor and 
therefore it is of importance to verify these parameters on-site. In Paper A, a 
method for measurement of bearing force with help of strain gauges was 
developed. With help of the force measurement and measurement of shaft
displacement it should be possible to develop a method for measurement of
bearing stiffness and damping at hydropower generators.  Therefore one area of
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the future work is to develop a method for determination of bearing properties
with help of on-site measurements of bearing force and shaft displacement.

Another field for future work is to study the influence from the damping 
rods on the magnetic pull force. It is also of interest to study if the out-put load
from the generator has an effect on the pull force.

Essential parts of the rotating system in a hydropower unit are the bearings
and the bearing supports. The bearing properties are usually calculated for a
specific bearing load or for a specific bearing eccentricity in a fixed direction.
However in a hydropower unit the shaft whirls around in the bearing with a
frequency not necessary equal with the spin speed. A possible research area is to 
study how bearings should be described in a rotordynamic model for vertical
hydropower generators. 

7. ACKNOWLEDGEMENT

The present work is a project in the Polhem Laboratory at Luleå University
of Technology, one of the VINNOVA’s  (the Swedish Agency for Innovation
Systems) competence centres. This project has to a large extent been funding by
Vattenfall Vattenkraft AB. I therefore would like to acknowledge the company
for the funding of the project.

The first person I would like to express my appreciations to is my 
supervisor Jan-Olov Aidanpää at Luleå University of Technology for guiding me
throughout the research. I would also like to thank Per-Gunnar Karlsson at 
Vattenfall Vattenkraft AB who originally initiated the project and supported me
through the work.

29



R. Gustavsson   Modelling and Analysis of Hydropower Generator Rotors

REFERENCES

[1] Spade B., De Svenska Vattenkraftverken - teknik under hundra år,
Riksantikvarieämbetet och Kraftverksföreningen, 1999,
ISBN 91-7209-161-4 

[2] Behrend B. A., On the Mechanical Force in Dynamos Caused by Magnetic
Attraction, Trans. AIEE, Vol. 17, Nov. 1900, p 617.

[3] Rankine W. J. M., On the Centrifugal Force of Rotating Shafts. 
The Engineer, Vol. 27, pp 249-249, April 9 1869 

[4] Jeffcott H. H., The Lateral Vibration of loaded Shafts in the 
Neighbourhood of a Whirling Speed. -The Effect of Want of Balance.
Philos. Mag., Vol. 37, pp 304-315, 1919 

[5] Stodola A., Dampf- und Gas-Turbinen, Verlag von Julius Springer, Berlin.

[6] Al-Nuaim Nabil A., Toliyat, Hamid A., Method for Dynamic Simulation
and detection of Dynamic Air-Gap Eccentricity in Synchronous Machines.
IEEE International Electric Machines and Drives Conference Record,
IEMDC, 1997, p MA2 5.1-5.3, Milwaukee, WI USA 

[7] Ong R., Dymond J. H., Findlay R. D., Szabados B., Shaft Current in AC 
Induction Machine – An Online Monitoring System and Prediction Rules. 
IEEE Transaction on Industry applications, Vol. 37, No. 4 July/August 
2001.

[8] Bonnett A., Soupkup G. C., Cause and analysis of stator and rotor failures 
in three-phase squirrel-cage induction motors.
IEEE Trans. Ind. Applicat., vol. 28, pp. 921-936, July/Aug. 1992. 

[9] Grant Robert B.: “Shaft Alignment with Strain Gauges and Load cells”.
Marine Tecnology, Vol. 17 No. 17, 1 Jan, 1980, pp. 8-15 

[10] Ohishi H., Sakabe S., Tsumagari K., Yamashita K., Radial Magnetic Pull in
Salient Poles Machines.
IEEE Transaction on Energy Conversion, Vol. EC-2, No. 3, Sep. 1987. 

[11] Timoshenko S., Strength of Materials part 1 Elementary Theory and 
Problems.,
Robert e. Krieger Publishing INC. Krieger Drive, Malabar, Florida.

30



R. Gustavsson   Modelling and Analysis of Hydropower Generator Rotors

[12] B.A. Behrend, On the Mechanical Force in Dynamos Caused by Magnetic
Attraction. Trans. AIEE, Vol. 17, Nov. 1900, p 617.

[13] A. Gray, Electrical Machine Design.
McGraw-Hill Book Company, Inc., New York, N.Y., 1926, p. 498-500.

[14] R.C. Robinson, The Calculation of Unbalanced magnetic Pull in 
Synchronous and Induction Motors.
Electr. Engng. 1943, Vol. 62, p. 620-624. 

[15] Covo A., Unbalanced Magnetic pull in induction Motors with Eccentric 
rotors. Trans. AIEE, Dec. 1954, Vol. 73. pt. III, p. 1421-1425. 

[16] Bratolji  T., Vrkljan P., Magnetic Force Created by Rotor Eccentricity in 
Electrical Machines.
The Brown Boweri Review, Sep. 1967, Vol. 54, No. 9, p. 580-592. 

[17] Ohishi H., Sakabe S., Tsumagari K., Yamashita K., Radial Magnetic Pull in
Salient Poles Machines.
IEEE Transaction on Energy Conversion, Vol. EC-2, No. 3, Sep. 1987. 

[18] R. Belmans, W. Geysen, H. Jordan, A. Vandenput, Unbalanced magnetic
pull in three phase two-pole induction motors with eccentric rotor. 
Proceedings, International Conference on Electrical Machines-Design and 
Application, London, 65-69, 1982

[19] R. Belmans, W. Geysen, H. Jordan, A. Vandenput, Unbalanced magnetic
pull and homopolar flux in three phase induction motors with eccentric
rotors. Proceedings, International Conference on Electrical Machines-
Design and Application, Budapest, 916-921, 1982

[20] D. Guo, F. Chu, D. Chen, The unbalanced magnetic pull and its effects on
vibration in a three-phase generator with eccentric rotor, Journal of 
Sound and Vibration (2002) 254(2), 297-312. 

[21] Coulomb, J. L. 1983. A methodology for the determination of global
electromechanical quantities from a finite element analysis and its
application to the evaluation of magnetic forces, torques, and stiffness,
IEEE Trans, on Magnetics, 1983, Vol. 19, No. 6, pp. 2514-2519. 

[22] Meirovitch L. Fundamentals of Vibrations. McGraw-Hill 1991. 

31



R. Gustavsson   Modelling and Analysis of Hydropower Generator Rotors

[23] Nelson, H. D., and Mc Vaugh, J.M, The dynamics of rotor bearing 
systems, using finite elements, Trans. ASME, J. Eng. Ind., 1976  Vol 98, 
No. 2, pp 593-600. 

[24] Genta G., Vibration of structures and machines, 3rd ed. New York: 
Springer-Verlag  1999, ISBN 0-387-98506-9

[25] Asmo Tenhunen, Electromagnetic forces acting between the stator and 
eccentric cage rotor, Helsinki University of Technology, Laboratory of 
Electromechanics, ISBN 951-22-6682-2

[26] Reichert, K., Freundl, H., Vogt, W. 1976. The calculation of force and 
torques within numerical magnetic field calculation methods. Proceedings
of Compumag, Oxford, UK, 1976, pp. 64-73.

[27] Sandarangani C., Electrical Machines – Design and Analysis of Induction 
and Permanent Magnet Motors, Royal Institute of Technology, Stockholm,
2000-08-07.

[28] Childs D., Turbomachinery rotordynamics: phenomena, modeling, and 
analysis. John Wiley & Sons, Inc., 1993, ISBN 0-471-53840-X

[29] Olsson K-O., Tribologi, Doktorandkurs I Maskinkonstruktion 1988-89.
Institute of Technology, Department of Mech. Eng, LiTH-IKP-S-351,
Linköping Sweden

[30] COOK D. R., Concepts and applications of finite element analysis., 2nd  ed, 
John Wiley & Sons, Inc., 1981, 

[31] Hughes T. J. R., The finite element method: Linear static and dynamic
finite element analysis.,
Prentice-Hall International, 1987, ISBN 0-13-317017-9

[32] Inman, D. J., Engineering vibration, 2nd ed, 2001, Prentice Hall, ISBN 0-
13-726142-X

[33] Vance J.M., Rotordynamics of turbomachinery, John Wiley & Sons, Inc., 
1988,ISBN 0-4791-80258-1

[34] Angantyr A., Constrained optimization of rotor-bearing system by
evolutionary algorithms, 2004:04,ISSN: 1402-1757: LTU-LIC--04/04---
SE

32



Paper A 





B
earing failures account for
almost 40 percent of the fail-
ures of hydroelectric genera-
tors. A principal cause of

failures of generator guide bearings is the
occurrence of radial forces due to mis-
alignment between rotor and stator,
rotor imbalance, or disturbance from the
turbine. The usual way to measure bear-
ing load is to install load sensors behind
the bearing pads. However, because the
cost to reconstruct the bearings to install
the sensors is relatively high, a majority

of generators are not instrumented for
bearing load measurement.

By installing strain gauges on the
generator guide bearing brackets,
Vattenfall Utveckling indirectly mea-
sured static and dynamic bearing loads
on the 75-MW Unit 1 of Vattenfall
Generation’s 263-MW Porsi hydropower
plant in Sweden. The strain gauges used
were standard, relatively inexpensive
instruments, were easily installed, and
have high resolution. Computer displays
of the strain gauge signals clearly depict
variation of bearing load, allowing engi-
neers to interpret the cause.

Vattenfall Utveckling initially tested
the method on the 216-MW Unit 12 of
Vattenfall Generation’s 432-MW Porjus
hydropower plant. The company is
presently applying the method to mea-
sure bearing load on a third unit, at
Vattenfall Generation’s 153-MW Akkats
hydropower plant.

Understanding the problem

The primary cause of radial load in gen-
erator guide bearings is misalignment
between rotor and stator. The magnetic
flux in the generator’s air gap gives rise
to large radial, magnetic attraction forces
between rotor and stator. In a perfectly
symmetrical machine, the sum of all
those radial magnetic forces is always

zero. However, if — as shown in Figure
1 — the centerlines of the rotor and
stator do not coincide perfectly, the air
gap will be non-uniform (“air gap
eccentricity”), resulting in a non-uni-
form magnetic field. In turn, the net
radial force between rotor and stator
will not equal zero, and a radial force on
the bearings will result.

The most common cause of air gap
eccentricity is a combination of static
and dynamic eccentricity of the rotor
with respect to the stator. With static
eccentricity, the rotor centerline will be
in a fixed position in the stator bore,
and the smallest air gap will occur at a
constant position along the stator cir-
cumference. In the dynamic case, the
rotor centerline rotates around the sta-
tor centerline. The resulting time-
dependent force has both a constant and
an alternating component. The magni-
tude of the alternating component
depends on the number of poles and
can be neglected if the generator has
more than five poles as is typical for
hydroelectric generators.

Monitoring bearing load:
devising a new method

Bearing behavior, vibration, displace-
ment, and load often are monitored
after maintenance work or during trou-
ble-shooting of a hydroelectric genera-
tor. Bearing load usually indicates an
undesirable condition — an unbalanced
rotor or misalignment of the rotor with
respect to the stator. When measure-
ment of the bearing load is performed,
the load sensors are usually built in
behind the bearing pads. However, the
majority of hydro generators are not
instrumented for load measurement.

M E C H A N I C A L  E Q U I P M E N T

Using Strain Gauges to Measure Load 
On Hydro Generator Guide Bearings

By Rolf K. Gustavsson and Jan-Olov Aidanpää

Measuring the load on hydroelectric generator guide bearings — usually achieved 
by installing load sensors behind the bearing pads — can indicate poor operating
conditions or predict the need for maintenance. A relatively inexpensive way to
determine bearing load is to install strain gauges on the generator bearing brackets.
This method has been successfully tested on a hydro unit in Sweden.

Rolf Gustavsson is a doctoral student
and research engineer in the depart-
ment of mechanical and materials en-
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quently, the magnetic eccentric pull
consists mainly of the static load compo-
nent and, furthermore, the pull direction
is always toward the position of the nar-
rowest air gap between rotor and stator. 

The unit has upper and lower gen-
erator guide bearings, a turbine guide
bearing, and a thrust bearing. The
generator guide bearings are attached
to the powerhouse structure through
bracket frames, each designed in a
spoked-wheel arrangement. The spokes
are fabricated from hot-rolled steel I-
beams. The upper bearing bracket has
12 spokes arranged in a horizontal
plane; each spoke is 500 millimeters
(mm) high with cross sectional area of
25,040 square mm. The lower bearing
bracket has eight spokes inclined five
degrees to the horizontal; each spoke
consists of two I-beams 550 mm high
with a combined cross sectional area of
42,620 square mm. The spokes of both
the upper and the lower bearing
brackets are equally spaced circumfer-
entially.

The authors established one measur-
ing point in each spoke of the upper and
lower generator bearing brackets; Figure
2 shows the typical location of the mea-
suring point in each upper bearing
bracket. In addition, they measured shaft
displacement relative to the bearing
house. At each measuring point, two
strain gauges to measure mechanical
strain were bonded to the beam surface
at the centerline of the beam. Two other
strain gauges to determine temperature
compensation were bonded to a small
steel block mounted on the beam close
to the measuring point. Hottinger
Baldwin Messthechnik LY 41 10/350
strain gauges were used. The test
required 80 strain gauges, each costing
about US$15. The estimated total cost of
the installation was about US$7,500.

Simple geometric considerations
imply that the force acting on the gen-
erator bearing may be calculated ac-
cording to Equations 1 and 2: 

Equation 1:
n

RX = -EA � �i cos(�i)
i=1
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At the Porsi hydropower plant in Sweden, strain gauges bonded to Unit 1’s

upper generator bearing brackets at the position indicated by “SG” in this 

figure allowed the authors to indirectly measure bearing load. Strain gauges

were similarly positioned on the lower bearing brackets.

Figure 2

Redesign and reconstruction of bearings
to provide load sensors is relatively costly.
Because knowledge of bearing load is
important for optimal operation, bearing
load measurement is likely to become
even more common in the future.

A relatively inexpensive alternative
to installing load sensors for measuring
radial bearing force is now available.
This method involves measuring strain
in the bearing brackets and calculating

force by applying beam
theory. The method can
be used without costly
redesign or rebuilding of
the bearing housing or
other mechanical parts.
Standard-type strain
gauges can be used.

Applying, testing 
the new method

Vattenfall Generation
selected the Porsi hydro-
power plant, in the far
north of Sweden, for the
first full-scale application
of the new method
because of operational
problems during com-
missioning of the 75-
MW Powerformer gen-
erator on Unit 1. (The
Powerformer generator
supplies electricity di-
rectly to the high-voltage
transmission grid with-

out using a step-up transformer.) The
Porsi Unit 1 generator is a 50-Hertz
(Hz) machine with a rated voltage of
155 kilovolts (KV), a rated capacity of 75
megavolt amperes (MVA), a rated power
factor of 1.00, and a rated speed of 125
revolutions per minute. The turbine is a
five-bladed Kaplan-type propeller. 

The generator has 48 poles. This
large number of poles means that the
alternating load component of the bear-
ing force is approximately zero. Conse-

Air gap eccentricity in a hydroelectric generator 

may be visualized as shown in this figure, where e

represents the distance between the center of the

stator and the center of the rotor, Ds is the inner

diameter of the stator, and Dr is the outer diameter

of the rotor.

Figure 1
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Equation 2:
n

RY = -EA � �i sin(�i)
i=1

where:
RX is the force acting in the X direc-
tion;
RY is the force acting in the Y direc-
tion;
E is Young’s modulus;
A is the beam cross-section area;
�i is the apparent strain in spoke i;
�i is the angle to the spoke i; and
n is the number of measuring points in

the bracket (equal to the number of
spokes).

The apparent strain �i is determined
by Equation 3: 

Equation 3:
�i = �f + �t

where:
�i is the apparent strain;
�f is the strain dependent on the force
acting on the bearing; and
�t is the strain of the bracket spoke
depending on the temperature variation
in the bracket.

Equation 3 implies that if the bracket

is symmetric and the temperature varia-
tion is equal in each spoke, the tempera-
ture dependent strain sums up to zero
and the strain in the bracket will only
depend on the external force acting on
the bracket. 

Calibrating the gauges

At the Porjus Power Station, personnel
jacked the shaft radially with known
loads to check the strain gauges. At
Porsi, personnel calibrated the gauges
during balancing of the rotor; with the
rotating parts in balance, adding weight
at a given location allowed the load
response of the bearing to be compared
to the theoretical value. In this case,
Vattenfall Utveckling had access to a
finite-element model of the brackets,
including the bearings; this model al-
lowed the authors to study the strain dis-
tribution across the beam section as well
as strain as a function of bearing load.

Compensating for pre-load,
temperature, magnetic effects

Subtracting the mean strain value ac-
quired from a measurement with the
unit at standstill for each strain sensor
compensated the measured strain data for
pre-load on the brackets. The authors
made these measurements as closely as
possible before the measurements were
taken with the unit loaded. Then, im-
mediately after the test, they measured
strain in the bracket due to temperature
expansion, with the shaft rotating slowly
for a number of revolutions, and com-
pensated the test result by the mean value
of the temperature-dependent strain.

When the generator is running and
loaded, 50-Hz disturbances from the
magnetic field surrounding the genera-
tor can affect the measured data. Treating
the measured strain signals with a low-
pass filter having a cut-off frequency of
30 Hz produced a good quality signal.

Analyzing the results

The results from measurement of the
force acting on the upper and lower
bearing are shown as orbit plots in
Figure 3. Measurements were taken at
75 percent and 100 percent load with

Figure 3

These computer plots show the forces acting on the upper and lower genera-

tor bearing, as determined by the strain gauges installed on the bearing brack-

ets at Unit 1 at the Porsi hydropower plant. In these plots, the 75 percent load

case is plotted in red (outer load circle) and the 100 percent load case is plot-

ted in blue (inner load circle).

Figure 4

The plotted frequency spectra of bearing load for the 75 percent generator 

load test at Porsi Unit 1 show prominent spikes associated with the turbine

draft tube vortex rope (0.65 Hz), the operating speed frequency (2.08 Hz) and

the blade-passing frequency (10.4 Hz). Such plots help to analyze the source 

of bearing loads.
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the generator connected to the grid.
The magnitude and direction of the

static load on the bearings is represented
by the distance and direction of a vec-
tor from the origin of the plot to the
center point of the plotted load. As
noted above, the static load on the bear-
ings depends mainly on stator eccen-
tricity, causing a non-uniform magnetic
field operating on the rotor. From
Figure 3, at full load, the maximum sta-
tic forces acting on the upper and lower
bearings respectively can be seen to be
approximately 4 and 2 metric tons.
Plotted frequency spectra, such as
depicted in Figure 4, help to analyze
the nature and source of these loads. 

In Figure 4, the dominant load
component at the lower bearing ap-
pears at a frequency of 0.65 Hz. This
load component is the result of a vor-
tex rope in the draft tube beneath the
turbine. The vortex rope grows when
the turbine is not operating under opti-
mum blade angle and wicket gate
opening. From the frequency spectra
for the lower guide bearing at 75 per-
cent load, one can observe that the
vortex rope affects the lower bearing
with a dynamic load component of ap-
proximately 9 tons.

It is possible to de-
termine the magnetic
pull as well as the mass
unbalance on the rotor,
by comparing the loads
acting on the bearing
at different load fac-
tors. At no-load, one
can make a mechanical
balancing of the rotat-
ing system with this
method. It is impor-
tant to balance the ro-
tating system when
the generator is loaded
and thereby compen-
sate for the magnetic
unbalance force.

The authors also
measured bearing load
and shaft displacement
relative to the bearing
house at different gen-

erator output voltages, at 100 percent
rotation speed with no load on the gen-
erator. The measured bearing loads and
shaft displacement at varying voltages
from the generator are the effects of
magnetic forces due to the mass eccen-
tricity of the rotating system. As shown
in Figure 5, the bearing loads and the
displacements increase with increasing
generator output voltage.

The raw signals from the strain and
displacement gauges were treated with
a band pass filter with pass frequencies
of 1.8 to 2.2 Hz. Using the filtered sig-
nals allowed the mean value and the
standard deviation of the force and dis-
placement amplitudes to be calculated. 

The system also can be used to inves-
tigate the bracket connection to the
powerhouse structure by comparing
each sensor’s response for a known un-
balanced force.

As noted above, Vattenfall Utveckling
developed and tested the technique at
Porjus Unit 12, prior to the initial appli-
cation of the method at Porsi. Following
the work at Porsi, Vattenfall Utveckling
took similar measurements at the Porjus
unit during maintenance to correct
excessive vibration.

Thus far, the authors have compared

the bearing loads determined by the
method to the results of a finite-element
analysis of the brackets, including the
bearings; those results included stress dis-
tribution across the beam section, and
strain as a function of bearing load.

Conclusions

Measurement of loads on hydro genera-
tor guide bearings can help protect the
bearings from overload and thus avoid
possible failure. Installing strain gauges
on guide bearing brackets has been
shown to be a reliable way to measure
bearing load in the common case where
the generator lacks instrumentation for
direct measurement of bearing load. 

The technique can determine the
magnitude and direction of both static
and dynamic loads acting on the bear-
ing. It also makes possible the ability to
pinpoint the cause of the bearing radial
force from among the various eccen-
tricities or disturbances in the system.

The technique may have application
on machines where the thrust bearings
and guide bearings are on the same
bracket. The authors plan to test an
installation of strain gauges on the axial
bearing bracket connected to the tur-
bine cover. To establish a force-strain
relationship may require a finite-ele-
ment model of the bracket.

Since a generator cannot be operated
during installation of the strain gauges,
minimizing the installation time is desir-
able. Hydro plant owners and/or testing
or maintenance organizations need to
conduct further investigations to deter-
mine whether the number of gauges can
be reduced without loss of sensitivity of
the measurements. ▲

Mr. Gustavsson may be contacted at
Vattenfall Utveckling AB, SE-814 26
Älvkarleby, Sweden; (46) 26-83680; 
E-mail: rolf.gustavsson@vattenfall.
com. Dr Aidanpää may be reached at
Luleå University of Technology, Divis-
ion of Computer Aided Design, SE-
971 87 Luleå, Sweden; (46) 920-
491000; E-mail: joa@mt.luth.se.
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ABSTRACT

In large electrical machines the electromagnetic forces 
can in some situations have a strong influence on the rotor
dynamics. One such case is when the rotor is eccentrically 
displaced in the generator bore. A strong unbalanced
magnetic pull will then appear in the direction of the
smallest air gap. 

In this paper, the influence of magnetic pull is studied
for a hydropower generator where the rotor spider hub 
does not coincide with the centre of the rotor rim

The generator model consists of a four-degree-of-
freedom rigid body, which is connected to an elastic shaft
supported by isotropic bearings. The influence of magnetic
pull is calculated for the case when the rotor spider hub 
deviates from the centre of the rotor rim. A linear model of
the magnetic pull is introduced to the model by radial
forces and transversal moments.

In the numerical results typical data for a 70 MW
hydropower generator is used. Results are presented in
Campbell diagrams and stability diagrams. The results
show that this type of rotor design affects the complex
eigenvalues and in some cases it can become unstable. 

INTRODUCTION

The occurrence and the effect of an eccentric rotor in 
an electric machine has been discussed for more than one 
hundred years. During operation, the rotor eccentricity 
give rise to a non-uniform air-gap which produce an 
unbalanced magnetic pull acting on the rotor. The
influence from the unbalanced magnetic pull on the
rotating system can be severe since stability problem of the
shaft can occur. There are a number of documented cases 
where the rotor has been in contact with the stator due to
air gap asymmetry, “DeBortoli et al.(1993)”.

Knowledge of the radial magnetic forces acting on the
rotor in an eccentric machine is important for the 

mechanical design of the rotor. A number of equations
have been suggested for calculation of the magnetic pull
on the rotor due to a disturbance in the magnetic field.
Early papers such as “Behrend (1900)”, “Gray (1926)” and 
“Robinson (1943)” suggested linear equations for 
calculation of the magnetic pull for an eccentricity up to 
10% of the average air-gap. “Covo (1954)” and “Ohishi et
al. (1987)” improved the equations for calculation of 
magnetic pull by taking into account the effect of
saturation on the magnetization curve. A more general
theory was suggested by “Belmans et al. (1982a)” where
they developed an analytic model for vibration in two pole
induction motors. They show that the unbalanced magnetic
pull acting on the rotor also consist of harmonic
components. This harmonic component has double slip
frequency if the rotor is dynamically eccentric or double 
supply frequency for a statically eccentric machine.
Investigation of radial stability of flexible shaft in two
poles induction machines was performed by “Belmans et
al. (1987b)” to verify the theoretical results. They studied
the influence of magnetic pull on the rotor system for
various values of slip and supply frequency. A similar
study was performed of “Gou et al. (2002)”. They studied
the effects of unbalanced magnetic pull and the vibration
level in three-phase generators with any numbers of pole
pairs.

The usual way to calculate the influence of magnetic
pull on a rotor is to apply a radial pull force acting on the
rotor at the rotor spider hub. In this paper, the influence of
magnetic pull on the rotor stability is studied for a 
synchronous hydropower generator where the rotor spider
hub does not coincide with the axial centre of the rotor
rim. An analytical model of the bending moments and
radial forces acting at the rotor hub is developed where the
distance between the rotor spider hub and the rotor rim
centre is taken into consideration. A simple generator
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model is then combined with the developed load model.
Using this simple rotor model, numerical results are 
presented to describe the effects of unbalanced magnetic
pull acting on a displaced rotor rim.

UNBALANCED MAGNETIC PULL ON A

GENERATOR ROTOR

The air gap flux in an electrical machine gives rise to 
large radial attraction forces between the stator and the 
rotor. In a perfectly symmetric machine, the sum of all
those radial magnetic forces acting on the rotor is equal to
zero, which means that the there is no radial net force 
acting on the rotor. However, all hydropower generators
are associated with some degree of asymmetry in the air 
gap, ” Sandarangani (2000)”. 

The most common example of such asymmetry is the
so-called air gap eccentricity. Air gap eccentricity occurs if
the centre of the rotor does not coincide perfectly with the
centre of the stator bore. The relative eccentricity is 
defined as 

rRR rs Δ
δδε =

−
= (1)

where is the distance between the centre of the rotor and 
the centre of the stator. Rs is the inner radius of the stator,
Rr is the outer radius of the rotor and r is the average air
gap length, shown in Figure 1. 

Figure 1: Air-gap of a generator with an eccentric 

rotor.

Analytical expression for the unbalanced magnetic
pull caused by static and dynamic eccentricity was shown
by “Gou et al. (2002)” for a three-phase electrical machine
with any pole-pairs. The method is based on the idea of 
modulating the fundamental MMF wave by the air-gap
permeance expressed as a Fourier series. The magnetic
force equation becomes,
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where the f1 is the amplitude of the constant unbalanced
magnetic pull, φ is its direction angel,  is the angular
velocity of the supply, and p is the number of pole-pairs.
From Figure 1, one can observe that the direction of the
constant unbalanced magnetic pull is always towards the
smallest air gap between the stator and the rotor. The
component f1eiφ in Equation (2) is the mean value of the
unbalanced magnetic pull and the other components are 
oscillating ones. The functions f1, f2, f3 and f4 becomes
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where h is the length of the rotor, μ0 is the air permeance
and B is the fundamental MMF amplitude of the rotor 
exciting current. 

In a generator, the most common case of eccentricity 
is a combination of stator eccentricity and rotor 
eccentricity. Characteristic for the stator eccentricity is that 
the rotor centre will be in a fixed position in the stator bore
under action of a constant magnetic force. Due to this, the
smallest air gap vector will always appear in the same
direction in relation to the stator. In the case of rotor
eccentricity, the rotor centre will whirl around the rotor
centre line in an orbit. If a stator eccentricity is combined
with rotor eccentricity the rotor centre will whirl around 
the static eccentricity point with the angular velocity of Ω
and hence the smallest air gap will fluctuate with an
angular velocity of Ω.

Rr

Rs

THE MODEL OF THE GENERATOR ROTOR

The rotor model consists of a massless uniform
vertical shaft of a length L, supported in bearings with
stiffness k1 and k2 at its ends. The shaft has the area 
moment of inertia I, and the Young’s modulus E. The
generator rotor, treated as a rigid body, consist of a rotor
spider, rotor rim and poles with the total mass m, polar
moment of inertia Jp, transversal moment of inertia Jt and a 
length of h. The distance between the centre of the rotor 
rim and the centre of the rotor spider hub is denoted with l.
The position of the rotor spider hub along the shaft is
denoted with αL where α+ =1. The rotor mass centre is
slightly eccentric, denoted e, from the elastic centre line of 
the shaft. Rotor geometry and dimension parameters are 
shown in Figure 2. The connection of the rotor to the shaft
is assumed stiff.
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Figure 2: Rotor geometry

ROTOR UNAFFECTED BY MAGNETIC PULL. 

From the simple model of the rotating system the
flexibility {u} = [a]{F(t)} of the rotor can be expressed 
with Euler-Bernoulli beam theory. With the parameters
shown in Figure 2, and the assumption that the bearings
and rotor are isotropic the flexibility matrix [a] can be 
formulated as 
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kF xδ=

The rotor stiffness matrix [K] can be formulated as the 
inverse of the flexibility matrix, [K] = [a]-1
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The equation of motion for the generator rotor model
shown in Figure 2 can be written in matrix formulation as 

[ ]{ } [ ] [ ]( ){ } [ ]{ } { })t(FuKuCGuM =+++ Ω  (6) 

where [M] is a diagonal mass matrix, including
transversal moment of inertia of the generator rotor, [G]

contains the gyroscopic terms, [K] is the stiffness matrix of
the shaft, [C] is the external damping matrix for the rotor
and the rotational speed of the rotor. In this paper a 
damping matrix of proportional type is used, C
γ M η[K] The excitation force vector {F(t)} which 
occurs at the rotor spider centre, contains the sinusoidal
mass unbalance forces and the couple unbalance, “Genta
(1999)”.
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ROTOR AFFECTED BY MAGNETIC FORCE 

Development of the rotor model described in Equation
(6) to include magnetic rotor pull as well as a rotor spider
hub which is not coincident with the centre of the rotor
rim, l  0, will be suggested.

The rotor eccentricity cause a disturbance in the
magnetic field, which results in a pull force and moment
acting on the rotor spider hub. The magnetic force FM
depends on the rotor displacement , inclination of the
rotor  and the distance l between rotor spider hub and the
geometrical centre of the rotor rim. For rotor eccentricity 
up to 10% of the air gap the magnetic pull force, according 
to Equation (2) and (3), can be linearized and the magnetic
stiffness can be obtained and denoted as kM [N/m]. For 
eccentricity larger then 10%, the non-linear effects of the 
magnetic pull will affect the results. The forces acting on
the rotor can be obtained by an integration of the radial
magnetic force distribution over the rotor height h which 
gives
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where is the magnetic stiffness.Mk

The moment acting on the rotor spider hub depends on the
vertical displacement l of the rotor rim and the inclination

of the rotor. The magnetic forces results also in moments
affecting the shaft with the magnitude of
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Assuming an exponential solution on the form

the homogenous part of Equation (14) results

in an eigenvalue problem defined as 

{ } { } teqQ λ
0=

[ ] [ ][ ]{ } { }00 =− qIA λ (15)

where [I ] is the identity matrix. The solutions consist of
eight complex eigenvalues and associated eigenvectors 

These eigenvalues can be expressed in the general

form

{ }0q
The magnetic force and moment, Equation 7 to 10,

acting on the rotor spider centre can then be written in
matrix form as

{ } [ ] { }uKF MM =  (11) ωτλ i+−= (16)

where the matrix  is defined as[ ]MK

[ ] −
−=

Γ
Γ
00
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010
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l
l

l
l

kK MM  (12) 

where τ  is the decay rate, and ω  is the frequency of each
eigenvalue. The system is asymptotically stable, if all 
eigenvalues have positive decay rate.

UNBALANCE RESPONSE 

The unbalance response can be studied from Equation
(14). For an external mass unbalance force { , the 

corresponding response{ can be solved. Each of the 

vectors{ and { can be separated into two harmonic

vectors. The vectors { and { containing the cosine

and sine components of the force vector { and in the

same way the response { is separated into the vectors

and { } . For this load case a particular solution on

the form

}F
}Q

}c

}Q

}F

q

}Q
F }sF

}F

{ }cq s
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Stator eccentricity results in a constant magnetic pull 
force and moment acting on the rotor. This load vector is
denoted as {F}MK. The equation of motion for the
generator rotor model shown in Figure 2, including the
effects from the magnetic pull and the displacement of the 
rotor rim centre line from the rotor spider hub hinge line,
can be written in matrix form as 

{ } { } ( ) { } ( )

{ } { } ( ) { } ( )tsinFtcosFF
and

tsinqtcosqQ
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+=
 (17) 

[ ]{ } [ ] [ ][ ]{ } [ ] [ ][ ]{ } { } { }MKFF(t)uKKuCGuM M +=−+++  (13) 

satisfies the differential Equation (14) and the initial
conditions. Combining Equation (17) and (14) gives,STABILITY AND NATURAL FREQUENCIES 

To simplify the analysis the constant magnetic pull
force {F}MK and the couple unbalance force in the vector
{F(t)} is omitted in the stability analyses.  Equation (13) 
can then be transformed into state equations according to 
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{ } [ ]{ } [ ]{ }FBQAQ += (14) { } [ ] [ ]+ 1
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= (19)

where
where{ is the state vector of the particular solution while

are vectors containing constants derived in

Equations (18) and (19). 
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NUMERICAL RESULTS

NATURAL FREQUENCIES OF THE UNDAMPED 

SYSTEM

The suggested method to include the magnetic pull in
the rotor analyse formulated in previous section, has been 
applied on the rotor model shown in Figure 2. In the
analysis, typically rotor and shaft dimensions and values of 
magnetic pull have been used for a 70 MW three-phase
synchronous hydropower generator. The influence of
magnetic pull on a generator rotor rim were the rotor 
spider hub and the centre of the rotor rim doesn’t coincide
has been studied. The natural frequencies  as function of
rotational speed  have been plotted for different values of
rotor spider hub position and displacement of the rotor 
spider hub from the centre of the rotor rim l/h.

Table 1

Dimensions and parameters used in the calculations Figure 3: Natural frequencies as function of rotor

speed for rotor position α=0.5. Rotor offset l/h=0, -0.2, -

0.4 and without electromagnetic pull EMP=0.

Item Values Unit
E Young’s modules 2.0·1011 N/m2

M Mass of rotor 336000 Kg
Jp Polar moment of inertia 5.3·106 kg m2

Jt Transverse moment of inertia 3.3·106 kg m2

L Length of shaft 6.5 m
h Length of rotor 3 m
kM Magnetic stiffness 331·106 N/m
I Moment of inertia 0.0201 m4

K1 Bearing stiffness 7·108 N/m
K2 Bearing stiffness 7·108 N/m

The influence of magnetic pull on a generator rotor,
were the rotor spider hub and the centre of rotor rim
doesn’t coincide (rotor offset), has been determined for the 
undamped system according to Equation (15). Four rotor 
spider positions on the shaft, α = 0.5, 0.6, 0.7 and 0.8 have
been analysed in Figures 3 to 6. The natural frequencies
for three displaced rotor rim positions have been
calculated in each figure, l/h = 0.0, -0.2 and -0.4. Also the
load case without electromagnetic pull (EMP=0) acting on
the rotor rim has been analysed with a rotor offset off, l/h
= 0.0 for each rotor position. Figure 4: Natural frequencies as function of rotor

speed for rotor position α=0.6. Rotor offset l/h=0,-0.2, -

0.4 and without electromagnetic pull EMP=0.
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Figure 5: Natural frequencies as function of rotor

speed for rotor position α=0.7. Rotor offset l/h=0,-0.2, -

0.4 and without electromagnetic pull EMP=0.

Figure 6: Natural frequencies as function of rotor

speed for rotor position α=0.8. Rotor offset l/h=0,-0.2, -

0.4 and without electromagnetic pull EMP=0.

UNBALANCE STEADY STATE RESPONSE OF THE

UNDAMPED SYSTEM 

In Figures 7 to 10 the rotor unbalance response as 
well as the static unbalance have been scaled with the
nominal air gap length r (  = u/ r and e’ = e/ r). Four 
rotor spider hub positions on the shaft, α = 0.5, 0.6, 0.7 
and 0.8 have been analysed in Figures 7 to 10. The rotor

response for three displaced rotor rim positions have been 
calculated in each figure, l/h = 0.0, -0.2 and -0.4. Also the
load case without electromagnetic pull (EMP=0) acting on
the rotor rim has been analysed with a rotor offset off, l/h
= 0.0 for each rotor position. In Figure 7 to 10 the rotor 
responses have been plotted as function of the static
unbalance according to Equation (18) and (19).

Figure 7: Unbalance response  as function of static

unbalance e’=e/ r for rotor position at the shaft α=0.5.

Figure 8: Unbalance response  as function of static

unbalance e’=e/ r for rotor position at the shaft α=0.6.
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Rotor spider hub position on the shaft α has been analysed 
for α = 0 to 1 and the rotor offset l/h has been varying
from -0.5 to 0.5. In the Figures 11 to 14 the rotor
configurations with negative decay rate τ have been 
marked with black dots. The magnetic pull constant kM
has been increased from 1.0*kM to 1.4*kM in Figures 11 to
14

Figure 9: Unbalance response  as function of static

unbalance e’=e/ r for rotor position at the shaft α=0.7.

Figure 11: Stability region (white) for a magnetic

stiffness of 1.0*kM as function of rotor position α and 

rotor offset l/h.

Figure 10: Unbalance response as function of static

unbalance e’=e/ r for rotor position at the shaft α=0.8.

ROTOR STABILITY

Stability of the rotor system has been studied by use
of proportional damping [C] =0.2[M] + 0.5[K]. In Figures
11 to 14 the stability for different rotor configurations have
been analysed according to Equation (16). 

Figure 12: Stability region (white) for a magnetic

stiffness of 1.13*kM as function of rotor position α and 

rotor offset l/h.
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In the model the electromechanical forces and
moments acting on the rotor rim are calculated as
functions of rotor displacements as well as deviation
between centre of rotor spider hub and the centre of the
rotor rim. The force models appear as a negative stiffness
matrix in equation of motion (15) and affect the complex
eigenvalues as well as the rotor response.

The natural frequencies have been plotted in Figures 3 
to 6 for different rotor spider positions on the shaft. It can
be observed that the natural frequencies can decrease as 
much as 50 % depending on the rotor rim position in
relation to the rotor spider. The lower natural frequencies
in Figures 3 to 6 decrease while the upper natural
frequencies increase. For the opposite direction of the
rotor rim displacement, the lower natural frequencies will 
increase and the upper natural frequencies will decrease.
The unbalance rotor response in Figures 7 to 10, show that
the response is strongly dependent of the rotor rim position 
in relation to the centre of the rotor core. Therefore, it has
to be considered in the rotor design. Besides the rotor
unbalances the rotor response will be affected of the stator 
eccentricity. This has to be considered to avoid the non-
linear part of the magnetic pull.

Figure 13: Stability region (white) for a magnetic stiffness of 

1.26*kM as function of rotor position α and rotor offset l/h.

The magnetic pull on the rotor can be assumed to be 
linear up to 10% of the air gap. For larger eccentricity the
magnetic pull will increase exponential. For a rotor 
eccentricity of 17% the magnetic stiffness have increased 
to 15 % of the value for 10 % eccentricity. For 27 % rotor 
eccentricity the corresponding magnetic stiffness have 
increased up to 40 %. In Figures 11 to 14 the rotor stability
has been plotted for magnetic stiffness of 1.0 – 1.4 times
the linear magnetic stiffness. The figures show that the
rotor design can be unstable if the distance between the 
rotor rim centre and the rotor spider are not considered. 
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ABSTRACT

In large electrical machines the electromagnetic forces can in some situations have a strong 
influence on the rotor dynamics. One such case is when the rotor is eccentrically displaced in the 
generator bore. A strong unbalanced magnetic pull will then appear in the direction of the smallest
air-gap. In this paper, the influence of non-linear magnetic pull is studied for a hydropower
generator where the generator spider hub does not coincide with the centre of the generator rim.

The generator model consists of a four-degree-of-freedom rigid body, which is connected to an 
elastic shaft supported by isotropic bearings. The influence of magnetic pull is calculated for the 
case when the generator spider hub deviates from the centre of the generator rim. A non-linear 
model of the magnetic pull is introduced to the model by radial forces and transverse moments.

In the numerical analysis input parameters typical for a 70 MW hydropower generator are used. 
Results are presented in stability and response diagrams. The results show that this type of rotor 
configuration can in some cases become unstable. Therefore it is important to consider the distance 
between the centreline of generator spider hub and the centreline of generator rim.

KEYWORDS

Rotor, dynamics, non-linear, stability, generator, hydropower

1.  INTRODUCTION 

The occurrence and the effect of an eccentric rotor in an electric machine have been discussed for 
more than one hundred years. During operation, the rotor eccentricity gives rise to a non-uniform
air-gap which produces an unbalanced magnetic pull acting on the rotor. The influence from the 
unbalanced magnetic pull on the rotating system can be severe since instability of the shaft can 
occur. There are a number of documented cases where the rotor has been in contact with the stator 
due to air gap asymmetry, DeBortoli et al. [1].

*Corresponding author. Tel.: +46-26-83680; Fax: +46-26-83670, E-mail address: rolf.gustavsson@swedpower.com
  Co-author. Tel.: +46-920-492531; Fax: +46-920-491047, E-mail address; joa@ltu.se
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Knowledge of the radial magnetic forces acting on the rotor in an eccentric machine is important for 
the mechanical design of the rotor. A number of equations have been suggested for the calculation 
of the magnetic pull on a rotor due to a disturbance in the magnetic field. Early papers such as 
Behrend [2], Gray [3] and Robinson [4] suggested linear equations for calculation of the magnetic
pull for an eccentricity up to 10% of the average air-gap. Covo [5] and Ohishi et al. [6] improved
the equations for calculation of magnetic pull by taking into account the effect of saturation on the 
magnetization curve. A more general theory was suggested by Belmans et al. [7],[8] where they
developed an analytic model for vibrations in induction motors. They showed that the unbalanced 
magnetic pull acting on the rotor also consist of harmonic components. This harmonic component
has a double slip frequency if the rotor is dynamically eccentric or double supply frequency for a 
statically eccentric machine. Investigation of radial stability of a flexible shaft in two pole induction 
machines was performed by Belmans et al. [9] to verify the theoretical results. They studied the 
influence of magnetic pull on the rotor system for various values of the slip and supply frequency. A
similar study was performed by Gou et al. [10]. They studied the effects of unbalanced magnetic
pull and the vibration level in three-phase generators with any number of pole pairs. 

Fig.1. Schematic figure of the generator rotor model consisting of 1) generator rim including the poles, 2) 
rotor spider, 3) rotor spider hub connected to the 4) shaft. 5)The generator rotor is radial supported in the two
bearings.

The usual way to calculate the influence of magnetic pull on a rotor is to apply the radial pull force 
at the generator spider hub, Fig. 1. Gustavsson et al. [11] suggested a linear model where the 
distance between the spider hub and the generator rim centre is taken into consideration. In this 
paper, the influence of non-linear magnetic pull on the rotor stability is studied for a synchronous
hydropower generator where the generator spider hub does not coincide with the axial centre of the 
generator rim. An analytical model of the bending moments and radial forces acting at the generator 
hub is developed where the distance between the generator spider hub and the generator rim centre 
is taken into consideration. A simple generator model is then combined with the developed load 
model. Using this simple rotor model, numerical results are presented to describe the effects of 
unbalanced magnetic pull acting on a displaced generator rim.

2.  UNBALANCED MAGNETIC PULL ON A GENERATOR ROTOR

The air-gap flux in an electrical machine gives rise to large radial attraction forces between the 
stator and the rotor. In a perfectly symmetric machine, the sum of all these radial magnetic forces 
acting on the rotor is equal to zero, which means that there is no radial net force acting on the rotor.
However, all hydropower generators are associated with some degree of asymmetry in the air-gap,
Sandarangani [12].
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The most common example of such asymmetry is the so-called air-gap eccentricity. Air-gap
eccentricity occurs if the center of the rotor does not coincide perfectly with the center of the stator 
bore. The relative eccentricity, e’, is defined as 

r
u

RR
ue r

rs

r (1)

where ur is the distance between the centre of the rotor and the centre of the stator, Rs is the inner 
radius of the stator, Rr is the outer radius of the rotor and r is the average air-gap between the rotor 
and stator. See Fig. 2.

Fig. 2. Air-gap of a generator with an eccentric rotor.

An analytical expression for the unbalanced magnetic pull caused by static and dynamic
eccentricity was presented by Belmans et al. [8] and Sandarangani [12] for a three-phase electrical 
machine with an arbitrary number of poles. The time dependent attractive force is composed of a 
constant force and an alternating force. The alternating force oscillates with twice the supply
frequency for static eccentricity, and with twice the supply frequency multiplied by the slip for 
dynamic eccentricity. Sandarangani [12] showed that the alternating force decreases with an 
increasing number of poles in the machine. For a hydropower generator with many poles the 
alternating magnetic pull force can be neglected due to its insignificance in comparison to the 
constant magnetic pull force.

The expression for the value of the constant unbalanced magnetic pull force, fe, for a rotor parallel 
to the stator was found from the integration of the horizontal and vertical projection of the Maxwell 
stress over the rotor surface
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where Ss is the stator linear current density, p is the number of poles, h is the length of the rotor and 
μ0 is the permeability of free space. Furthermore, the direction of the constant unbalanced magnetic
pull is always towards the smallest air-gap between the stator and the rotor.

In a generator, the most common case of eccentricity is a combination of stator eccentricity and 
rotor eccentricity. The characteristic for stator eccentricity is that the rotor centre will be in a fixed 
position in the stator bore under the action of a constant magnetic force. Due to this, the smallest
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air-gap vector will always appear in the same direction relative to the stator. In the case of rotor 
eccentricity, the rotor centre will whirl around the rotor centre line. If a stator eccentricity is 
combined with rotor eccentricity the rotor centre will whirl around the static eccentricity point and 
hence the smallest air-gap will fluctuate with the whirling frequency.

3. THE MODEL OF THE GENERATOR ROTOR

The rotor model consists of a massless uniform vertical shaft of length L, supported in a bearing at 
each end with stiffnesses k1 and k2 respectively as shown in Fig. 3. The shaft has the area moment of 
inertia I, and Young’s modulus E. The generator that is connected to the shaft is treated as a rigid 
body, consisting of a generator spider, generator rim and poles. The generator is considered to have 
total mass m, polar moment of inertia Jp, transverse moment of inertia Jt and length h.

The rotor geometry and dimension parameters are shown in Fig. 3. The distance between the centre 
of the generator rim and the centre of the generator spider hub is denoted by l. The position of the 
generator spider hub along the shaft is denoted by L where + =1. Let u1 be a positive 
displacement in X direction, u4 the rotation around the Y coordinate axis and  the distance from the 
centre of the rotor hub to a cross section on the rotor rim. Then the displacement (small angles) of a 
specific section of the generator rotor in the X-direction, is given by u1+u4 . In the same way, if u2
is positive displacement in the Y-direction and u3 is the rotation around the X coordinate axis, the 
displacement (small angles) of the generator rotor at a distance  from the rotor hub in Y direction is 
u2-u3 . The angular velocity of the generator rotor is denoted . The connection of the generator 
rotor hub to the shaft is assumed to be stiff.

Fig. 3. Generator rotor displaced a distance u1 + u4  from the generator vertical line

4.  ROTOR UNAFFECTED BY MAGNETIC FORCE 

The displacement vector of the shaft, which is simply supported in the bearings, 
depends on the force vector f(t)  acting on the shaft at the position of the centre of the rotor hub. 
The displacement and the curvature of the shaft can be derived from the integration of the bending 
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moment distribution in the shaft. To obtain the total displacement and rotation of the generator rotor 
(at the position of the rotor hub) the deflections in the bearings have been added to the shaft 
displacement. From the simple model of the rotating system the flexibility tfAu  with the 
parameters shown in Fig. 3, and under the assumption that the bearings and rotor are isotropic, the 
flexibility matrix A can be formulated as
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The rotor stiffness matrix K can be formulated as the inverse of the flexibility matrix, K=A-1
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The equation of motion for the generator rotor model shown in Fig. 3 can be written in matrix form
as

tfKuuCGuM (5)

where M is a diagonal mass matrix, including transverse moment of inertia of the generator rotor, G
is the skew symmetric gyroscopic matrix, K is the stiffness matrix of the shaft, C is the damping
matrix for the rotor and  the rotational speed of the rotor. In this paper a damping matrix
proportional to the shaft stiffness KC  is assumed. The term tf  is a time dependent load 
vector.

5.  ROTOR AFFECTED BY MAGNETIC FORCE 

Extension of the rotor model described in Eq. (5) to include the non-linear magnetic rotor pull as 
well as a generator spider hub which is not coincident with the centre of the generator rim, l  0, 
will be presented. 

The generator eccentricity causes a disturbance in the magnetic field, which results in a pull force 
and moment acting on the generator spider hub. The magnetic force fe depends on the rotor 
displacement , inclination of the rotor .displyu,.displxu 21 .rotxu3 ,  and .rotyu4
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the distance l between generator spider hub and the geometrical centre of the generator rim. The
inclination of the rotor is assumed to be small which gives the cosine of inclination angle to be 
approximately equal to 1 and the sine of the angle to be the angle itself. 

The magnetic pull force acting on a unit length of the rotor rim has been obtained by dividing the 
magnetic pull force in Eq. (2) by the length h of the rotor rim. By assembling the constants in Eq. 
(2) into the term ke the Eq. (2) can be rewritten for a load element as
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where the d  is the differential. The magnetic pull force for a rotor not parallel to the stator can be 
obtained by substituting the rotor displacements ur( ) in Eq. (6)  with a function for the rotor 
displacement at a specific distance ( ) from the rotor hub. The magnetic pull force in the X-
direction can be found by substituting the rotor displacement ur( ) in Eq. (6) with 411 uuur ,

and in the Y-direction the substitution is 322 uuur . The integration of Eq. (6) over the rotor 

height h from the centre of the rotor hub gives 
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The moment acting on the generator spider hub depends on the vertical position l of the rotor rim,
the rotor displacements  and the inclinations  of the rotor.21 u,u 43 u,u The moment on the rotor hub 
due to the magnetic pull force (as acting on a rotor element d  at a distance  from the rotor hub) 
can be found by calculating the moment from the magnetic pull force acting on the rotor rim. The
moment around the X coordinate axis can be formulated by substituting the displacements ur( ) in 
Eq. (6) with  and the moment around the Y coordinate axis can be formulated by

the substitution of . Multiplication of Eq. (6) with 

323 uuur

414 uuur  and integration over the rotor 

height h from the centre of the rotor hub then gives 
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The stator eccentricity results in a constant magnetic pull force and moment acting on the rotor. This
load vector can be calculated according to Eqs. (7) and (8) for a specific stator eccentricity. The
equation of motion for the generator rotor model shown in Fig. 3, including the effects from the 
magnetic pull and the displacement of the generator rim from the spider hinge line, can be written in 
matrix form as 

uffKuuCGuM et (9)

Where  is a time dependent load vector and ftf e(u) is the magnetic pull force acting on the rotor 
due to the rotor displacement u.

In hydropower applications it is not unusual that the generator stator centreline does not coincide 
with the centreline of the rotor. The reason for the misalignment can for instance be, a non-uniform
thermal expansion or non-circular stator shape. In this paper this deviation (without magnetic pull 
and zero rotational speed) has a fixed direction and is denoted as initial eccentricity. If this initial 
eccentricity is denoted , the equation of motion (9) becomesieu

iee uuffKuuCGuM t  (10) 

6.  STABILITY OF STATIONARY POINTS 

The stability of the second order differential equation of motion can be found by rewriting Eq. (10) 

as a system of first order differential equations. By defining a state vector , Eq. (10) can be 

written in state vector form as 
u
u

U

(11)
tfMuufM

0
U

CGMKM
I0

U 1
iee

111

The stationary point  can be found by assuming that sU tf  is equal to zero and setting the time
derivatives of Eq. (11) equal to zero. This stationary point is the rotor position at operating 
conditions. By defining the components of a matrix  as efD

7(14)
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the Jacobian matrix J evaluated at the stationary point  can be expressed in standard form as sU

 (13) 
CGMfKM

I0
J

e
11 D

Assuming a solution on the form  the stability of the equation of motion (11) can be 
studied by the eigenvalue problem

te0UU

0UIJ 0 (14)

where I is the identity matrix. The solutions consist of eight complex eigenvalues  and associated 
eigenvectors . These eigenvalues can be expressed in the general form0U

i (15)

where  is the decay rate, and  is the damped natural frequency of each eigenvalue. The system
is asymptotically stable if all eigenvalues have negative decay rates.

7. ANALYSIS OF ROTOR RESPONSE 

The rotor response which depends on the magnetic pull force and the rotor eccentricity can be found 
by numerical simulation of Eq (10). The displacement vector  in Eq. (10) represents the initial 
stator eccentricity. The stator eccentricity results in a constant magnetic pull force acting on the 
rotor.

ieu

Eq. (11) is a system of first-order differential equations which can be solved by ordinary
mathematical programs. To solve this system of equations MATLAB’s ODE solver has been used 
which is based on the Runge-Kutta-Fehlberg method.

8.  NUMERICAL RESULTS

8.1.  Rotor stability 

The suggested method to include the magnetic pull in the rotor analysis formulated in the previous 
section has been applied to the rotor model shown in Fig. 3. In the analysis, shaft dimensions and 
values of magnetic pull have been selected to model a 70 MW three-phase synchronous hydropower
generator.

The influence of non-linear magnetic pull on the generator rim where the generator spider hub and 
the centre of the generator rim do not coincide has been studied. In Table 1 the numerical data used 
in the analysis are presented. 

Table. 1. Dimensions and parameters used in the calculations
Item Values Unit

E Young’s modulus 2.0·1011 N/m2
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m Mass of rotor 336000 Kg
Jp Polar moment of inertia 5.3·106 kg m2

Jt Transverse moment of inertia 3.3·106 kg m2

L Length of shaft 6.5 m
h Length of rotor 3 m
ke Magnetic pull constant 329.3·106 N/m
I Moment of inertia 0.0201 m4

k1 Bearing stiffness 7·108 N/m
k2 Bearing stiffness 7·108 N/m

The stability of a hydropower generator has been determined for the damped system according to 
Eq. (14). The stability of the rotor system has been studied with the assumption of proportional 
damping KC  with =0.003. In Figs. 3 to 6 the stability for different rotor configurations has 
been analysed according to Eq. (15). The generator spider hub position  on the shaft has been 
analysed for  = 0 to 1 and the generator-offset l/h has been varied from -0.5 to 0.5. The selected 
values of and l/h cover all possible combination of spider hub positions and generator rotor offset.
In Figs. 4 to 7 the rotor configurations with negative decay rate  have been marked with black 
dots. The rotor stability has been analysed for specific values of the stator displacement . In 

these figures the stator displacement vector  has been defined as 
ieu

ieu T
statoru 000  and the 

value of  has been varied between 1 to 7 % of the nominal air-gap between the rotor and the 
stator in the generator. A normally accepted value of the stator eccentricity  for a new 
generator is 3-4% of the air-gap, however for old generators the eccentricity can exceed this value 
due to factors such as thermal expansion of the stator and may appear in any direction in the X-Y
plane.

statoru

statoru

Fig. 4.  Stable region (black) for stator displacement  of 1 % of the air-gap. Stable region as function
of generator position  and generator rotor offset l/h.

statoru
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Fig. 5. Stable region (black) for stator displacement of 3 % of the air-gap. Stable region as function of 
generator position  and generator rotor offset l/h.

statoru

Fig. 6. Stable region (black) for stator displacement of 5 % of the air-gap. Stable region as function of 
generator position  and generator rotor offset l/h.

statoru
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Fig. 7. Stable region (black) for stator displacement  of 7 % of the air-gap. Stable region as function
of generator position  and generator rotor offset l/h.

statoru

8.2.  Rotor response

The rotor response has been analyzed for rotor hub positions corresponding to = 0.5, 0.6 and 0.7 
where =0.5 means that the rotor hub is at the mid-point between the two bearings and =0.7
means that the spider hub is closer to the lower generator bearing. The position of the spider hub on 
the shaft depends on the selected design of the rotor spider. In the rotor response analysis a higher 
value of  means that the spider hub is closer to the lower generator bearing which is common if the 
thrust bearing is located under the generator rotor. The ratio l/h = 0 means that the rotor rim centre 
is in the centre of the rotor spider hub. To adjust the rotor rim relative to the stator core the rotor rim
may have to be moved from the centre of the spider hub. In the analysis of rotor response the rotor 
rim has been analysed for ratios ranging from l/h = 0, centre of rotor rim in centre of rotor spider 
hub, to l/h=-0.4 lifted rotor rim. To compensate for a spider hub in lower position the rotor rim
centre has been lifted to keep the position of the rotor in between the bearings. In Figs. 8 to 10 the 
rotor response as well as the stator eccentricity have been scaled with the nominal air-gap length r,

r
uu

'e
2
2

2
1 and

r

uu
'u ieie

2
2

2
1 . In these figures, the rotor responses for three generator spider 

hub positions on the shaft, = 0.5, 0.6 and 0.7 have been plotted as a function of the stator 
eccentricity.
The rotor responses for five displaced generator rim positions have been calculated in each figure, 
for l/h = 0.0, -0.1, -0.2, -0.3 and –0.4. 
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Fig. 8. Rotor response e´ as function of stator eccentricity u´ for generator rotor position on the shaft =0.5
and for the rotor rim offset l/h=0, l/h=-0.1, l/h=-0.2, l/h=-0.3, l/h=-0.4

Fig. 9. Rotor response e´ as function of stator eccentricity u´ for generator rotor position on the shaft =0.6
and for the rotor rim offset l/h=0, l/h=-0.1, l/h=-0.2, l/h=-0.3, l/h=-0.4
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Fig. 10. Rotor response e´ as function of stator eccentricity u´ for generator rotor position on the shaft =0.7
and for the rotor rim offset l/h=0, l/h=-0.1, l/h=-0.2, l/h=-0.3, l/h=-0.4

9.  CONCLUSIONS 

In this paper a model is proposed for analysis of an eccentric generator rotor subjected to a radial 
magnetic force. Both the radial force and bending moment affecting the generator shaft are 
considered when the centre of the generator spider hub deviates from the centre of the generator 
rim. The electromechanical forces acting on the rotor are assumed to be a non-linear function of the 
air-gap between the rotor and stator. The electromechanical forces acting on the rotor appear as a 
negative stiffness vector which affects the complex eigenvalues as well as the rotor response.

The rotor stability has been plotted in Figs. 4 to 7 for stator eccentricity 1 % to 7 % of the nominal
air-gap. In each figure stable rotor configurations have been plotted as a function of the generator 
hub positions  and for possible combination of position between generator spider hub and 
generator rim. Figs. 4 to 7 show that the area of stability decreases for increased stator eccentricity.
Fig. 7 shows that a mid span rotor will be unstable for all possible combinations of position between 
generator spider hub and generator rim for stator eccentricity greater than 7 % of the air-gap.

The rotor responses in Figs. 8 to 10 have been calculated as function of stator eccentricity for three 
different generator hub positions. In each figure, five response curves have been plotted for 
different distances between centreline of generator spider hub and the centreline of generator rim.
The figures show that there is a large difference between the initial stator eccentricity and the actual 
rotor response and that the non-linear effects on the rotor response are obvious.

10.  DISCUSSION

The rotor stability and rotor response of a generator rotor are normally analysed for a linear 
magnetic pull force applied in the centre of the rotor spider hub. The forces acting on the spider hub 
by a rotor where the centreline of rotor spider hub and the centreline of rotor rim do not coincide are 
normally omitted. In addition the inclination between the stator and the generator rotor is also 
normally omitted from analyses.
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The rotor stability has been analysed for different rotor spider hub positions along the shaft and for 
each hub position the centreline of the rotor rim position have been varied. The stability analysis
shows that the rotor can be unstable for relatively small initial stator eccentricities if the rotor rim
position relative to the rotor hub is included in the analysis. In Fig. 6 the rotor stability has been 
plotted for a stator eccentricity of 5% of the air-gap. This figure shows that a rotor with the rotor 
hub at the mid-point between the bearings should be unstable if the rotor rim centreline deviates 
more than 15 % from the centreline of the rotor hub. Using an analysis that does not consider the 
deviation of the rotor rim from the centre of the rotor hub, the result has shown that the rotor should 
be stable. 

In Figs. 8 to 10 different rotor hub positions have been analysed and in each plot the rotor response 
has been plotted for five different rotor rim positions. The figures show that there are only few rotor 
configurations that allow initial stator eccentricity that exceed more than 5 % of the air-gap.

The analysis presented in this paper are based on a specific rotor geometry and bearing 
configurations, however the behaviour and influence from the non-linear magnetic pull on the rotor 
configurations can be applied to several hydropower applications.
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