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1. Abstract 
 

In the present thesis, the inelastic behavior of polymer composites is investigated. 
This investigation concerns three fields of study; time dependent behavior during the 
lifetime of the composite material, influence of micro-damage on its overall 
mechanical performance and development of chemical shrinkage strains during the 
curing process.  

The significance of this work is related to the nature of all composite materials. All 
polymer composites tend to indicate an inelastic behaviour. This behaviour can be 
either linear or non-linear. No matter what it is, is very important to be taken into 
account in the analysis, since it is related to strain rate effects, micro-damage induced 
to the structure of the composite and/or irreversible plastic strains. 

The first part of this thesis consists of the time dependent behavior of polymer 
composites. There are two main assumptions; irreversible strains in a damaged state 
are higher and that the strains can be decoupled into viscoelastic and viscoplastic 
response. Each assumption is investigated and a material model that includes all the 
above is compiled. In order to examine its validity, different material categories have 
been examined. Pure polymer (paper I), polymer reinforced with short fibres (Paper 
II), polymer reinforced with continuous fibres (Paper III). As a step further on, the 
time dependent behavior within a ply level was examined. A [45/-45]s laminate was 
used and the non-linear shear stress strain response was studied (Paper IV).  
In the first part of the thesis, damage was only quantified in terms of elastic modulus 
development after high stress application without going into detail in what is causing 
it. In Paper V, the effect of damage, in terms of crack density on shear elastic modulus 
was studied. More accurate expressions for stress calculations in the damaged lamina 
were suggested, by incorporating shape functions and by checking validity with the 
principle of minimum complementary energy. Finally, the results from the suggested 
model are compared with existing models and with results from finite element 
analysis. A small improvement is observed at all cases.  
Finally, in Paper VI, the effect of curing parameters and development of chemical 
strains during the curing process was investigated. A relation between curing time, 
degree of cure and mechanical performance was drawn. What is more, different 
procedures for measuring chemical strains were used and a testing methodology is 
suggested.  
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4. Introduction 

4.1 Time dependent materials 
 
Over the last decades the interest on composite materials has drastically increased. 
That is due to the superior properties that these materials exhibit. Higher specific 
strength and durability are their main advantages when compared to the respective 
classic materials. Moreover, their cost has significantly decreased over the past years 
due improvement of the manufacturing. However, the increased use of composites has 
also brought to surface the need to discard any waste either from their manufacturing 
or service. The solution was the recycling of composites by which used and damaged 
materials are reprocessed and they can be used further more in other manufacturing 
processes. This has two main effects; even lower price and environmentally friendly 
utilization of those materials.  

However, composite materials can present certain drawbacks as well. They exhibit 
time dependent behaviour. This behaviour is related to the stress-strain response of 
the material as a function of time. This is also known as viscoelastic behaviour and 
can be found in two ways; linear and non-linear.  One would expect to come across 
this linear behaviour in low loads. However, this is not always typical, since many up 
to date natural fibre composites indicate non-linear behaviour even from very low 
loads. It is also very common that this behaviour is also accompanied by irreversible 
deformation, the so called viscoplastic strains.  

The development of viscoplastic strains can be attributed to micro-damage induced to 
the material due to application of high stress or strain. It can be assumed that the total 
strain during a tensile test can be separated to the viscoelastic and the visco-plastic 
part. Once that viscoplastic strains are removed from the obtained experimental data, 
then the pure viscoelastic results can be processed and analysed. However, in order to 
study the viscoelastic behaviour of each material, sufficient and effective models are 
required to describe the development of viscoplasticity. Such models exist and will be 
described later on.  

 

4.2 Composite micro-architecture and failure 
Composite materials consist of usually two or more materials; namely the matrix and 
the reinforcement. The reinforcement can be either in the form of particles or fibres 
(short or continuous long fibres) and mainly, their role is to improve the mechanical 
properties (elastic modulus and strength) of the composites. That is usually due to 
superior mechanical properties of the reinforcement. In the present work, fibre 
composites are under study. In terms of mechanical behaviour, fibres (except natural 
fibres) usually are brittle and indicate a linear behaviour.  
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However, the behaviour of the final composite is not linear. Starting with the matrix, 
resins by nature, indicate a non-linear behaviour.  
In general the macroscopic properties of a composite material depend on two main 
factors: first, from the actual properties of the constituents, matrix and reinforcement 
and secondly, from the bonding between them, also known as interface. In fact the 
interface is usually responsible for the poor macroscopic properties of the composite. 
Well formed interface means extensive contact area between the constituents and 
strong bonds, which leads to a more effective load transfer from the matrix to the fibre 
and macroscopically to higher mechanical properties of the composite.  
 
As discussed in [1], the low properties of the composite are attributed to the weak 
interface (see Fig. 1a) between the polypropylene matrix and the carbon fibres. 
However, the addition of chemical substances, such as of maleic anhydride grafted 
polypropylene, to the same composite dramatically improved the adhesion between 
the two phases (see Fig 1b), increasing the mechanical properties of the composite. 
 

 
Figure 1: Polypropylene/Carbon Fibre composite with a) poor and b) strong interface 

 
From the previous, it can be obvious that the strength of polymer composites is 
strictly related to the interface. However, in laminated composites, the strength until 
failure of the material is also related to the strength of the individual laminae. In such 
cases, it is slightly difficult to define the strength of a composite. That is so because 
failure can occur to individual plies but the laminate can still be able to sustain 
increasing load, until macroscopic fracture occurs. The laminate failure is a sequence 
of ply failures. The approach in such cases is: 

a. To calculate the stresses in the specific laminae under the running loading 
conditions 

b. Those stress values are used as input in failure criterions 
c. When the failure criterion is fulfilled for a laminae, it is assumed that all plies 

with the same orientation have failed as well (in loading cases with zero 
curvature). 

  The loading case however, is of great importance. For instance, in the case of 
unidirectional laminates under uniaxial tensile loading the failure comes due to fibre 
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breaks if the load is in fibres direction and from matrix and/or interface failure if the 
load is off-axis to it. In practical use, there are few applications utilizing purely 
unidirectional materials. That is so, due to the fact that transverse tensile and shear 
strength is a lot lower when compared to the properties in direction parallel to the 
fibre direction. Since the lamina can fail in different modes, depending on the loading 
conditions, it is pre-required to know the strength associated with them. In cross-ply 
laminates, the initiation of the damage occurs in the transverse laminas. In those 
cases, there is a re-distribution and an increase of the stress on the longitudinal 
laminas. However, before this transverse cracking, there is fibre debonding which 
produces: a. Non-linear response and of course b) irreversible deformations, measured 
macroscopically as viscoplastic strains. 
The failure mode in angle-ply composites, like the ones in the present work, is more 
complicated. In this case, there are shear stresses in additional transverse stresses 
contributing to debonding and mostly affecting the interface between the matrix and 
fibres. As previously, the damage that is induced by shear stresses finally leads to 
non-linearity and irreversible phenomena. 
      
 

4.3 Microdamage development in composites 

 
In literature there are two main mechanisms that govern the crack initiation and 
propagation in fibre composites: matrix failure and fibre-matrix interface failure with 
the second being the most common for early-days composites. There are many studies 
on the transverse cracking problem in laminated composites [2-5]. The term 
transverse cracking, refers to cracks formed in laminaes with direction parallel to 
fibres and perpendicular with respect to the midplane. For instance, in cross-ply 
laminates transverse cracking develops in the 90o laminaes, as presented in Figure 3. 
Most of the transverse cracking problem studies focus on the decrease of the 
mechanical properties of the laminate, but there are no satisfactory quantitative 
explanations concerning the source/initiation of cracking. The actual problem is the 
stiffness degradation as a function of the applied stress level. This approach takes into 
consideration the fact that due to statistical nature of failure properties the crack 
initiation and propagation is a process occurring in steps.  
In the case of transverse loading, due to high stress concentration, one of possibilities 
is failure in the interface between the fibres and the matrix. In [6], the interface is 
considered as a third medium between the fibre and the matrix with a thickness 1-
1000nm depending on the materials and the process of manufacturing. There are high 
shear stresses developed within the interphase, which in fact are responsible for the 
debonding. What is of great importance is that these shear stresses are not uniform 
along the fibre length. They are responsible for the initiation of progressive debonding 
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which is prior to the complete separation. Once a debond crack is initiated it has been 
shown that it is following a path around the fibres as presented in Fig. 2. 
 

 
Figure 2: Transverse crack initiation from fibre/matrix interface failure 

 
The formation of a crack as presented in Fig. 2, leads to a redistribution of stresses 
causing multiple cracks as presented in Fig.3, leading to a macroscopic stiffness 
degradation. 
 

 
Figure 3: Multiple transverse cracking in 90o laminas 

 

As mentioned before the development of transverse cracks and the stiffness 
degradation are connected with the applied stress/strain level. In [7], the transverse 
cracks in cross-ply laminates were studied and the crack density as a function of the 
applied stress level was plotted. In [8-11] the stresses in cross-ply laminates were 
studied and both a) the development of cracks in the transverse plies and b)the 
delamination between the 0o and 90o plies close to the crack region was described. In 
similar studies carried out by the author, the effect of temperature to the development 
of transverse cracks was studied and the respective results are presented in Fig. 4. It 
was found that after the first cracking event the crack density is almost linear function 
of applied strain and that the service temperature is a main influence factor to the 
development of transverse cracks. That is again attributed to two factors. First, to 
thermal stresses which are higher at low temperatures compared to high temperatures, 
leading to laminae cracking and secondly to the nature of matrix. In low temperatures, 
it is expected that polymers exhibit a more brittle behaviour, than in room 
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temperature, causing increased multiple transverse cracking. In the same study, the 
effect of cracks in the macroscopic mechanical behaviour of the composite was 
studied. The elastic modulus was measured for every applied strain level and the 
results are presented in Figure 4. 

 

 

Figure 4:Crack density as a function of applied strain at different service temperatures 

  

 

Figure 5: Elastic modulus dependence on the applied strain level 
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4.4 Viscoplasticity 
Composite materials and polymers are associated with time dependent effects. One of 
those is the existence of macroscopic irreversible deformation of the materials, also 
known as viscoplasticity.  

In [12] a constitutive, unified, model was developed in order to predict the non-linear 
viscoelastic and viscoplastic behaviour. There, the initial stages of deformation are 
considered to be thermally activated and the plastic deformations are following a path 
according to the strain distribution around specific regions with high free volume. 
These free volumes, in their turn, store elastic energy. Once this energy exceeds a 
critical value then the neighbouring areas present non-recoverable states. In [13], the 
rate of viscoplastic deformation is considered to be caused by the thermally activated 
rearrangement within the material structure. 

Viscoplasticity is present in almost every composite structure. One characteristic 
example of viscoplasticity effect is the load application in clay or rubber specimens. 
However, most viscoelastic models do not take into consideration plastic strain which 
means that sufficient models are required to accurately describe this effect. In the last 
years, viscoplasticity is associated with the strain rate response. In [6, 14-16] strain 
rate was treated as a viscoplastic behaviour which was again caused by properties of 
the matrix. Viscoplacity however, cannot be attributed to the stiff fibres with the 
linear behaviour, as also presented in [8], where no viscoplastic effect was observed 
in tension of [0o]8 Glass Fibre epoxy specimens. In [18], the importance of 
viscoplasticity was also studied. There, the term viscoplasticity was not mentioned. 
The authors discussed the importance of the loading history on a composite material 
structure. It was mentioned that correct viscoelasticity cannot be held without the 
samples being subjected to prior “conditioning”. This conditioning consisted of 
several creep-recovery tests and it was proven that after every loading step the 
additional irreversible strain was reducing more and more.  

 It has been shown, see Marklund et al., 2008 [19], Nordin and Varna, 2006 [20], 
Marklund et al., 2006 [21], that for many materials the development of viscoplastic 
strains may be described by a functional presented by Zapas and Crissman, 1984 [18].  
The integral representation is as follows 

( ) ( )
m

t
t

M
VPVP dCt












∫=

*

0
, ττσσε                                             (4.1) 

In this model CVP, M and m are constants to be determined.  According to this model, 
the exponent m and M has to be independent on the stress level, *t is a characteristic 
time constant, for example, 3600 seconds is used in this paper, According to (4.1) the 
VP-strain at time instant t  depends on the whole stress history during the 
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dimensionless time interval [ ]*,0 t
t∈τ . The parameter identification is performed 

using the value of the strain at the end of the recovery after creep test as described 
below. 

In the case of creep test at fixed stress ( ) 0σσ =t  the integration in (4.1) is trivial and 

the VP-strain accumulated during the time interval [ ]1;0 tt ∈  is  

( )
m

Mm
VPVP t

tCt 





= *

1
01 σε      (4.2) 

If the length of the creep test is longer, for example 21 tt + , the same rule applies and 
the accumulated VP- strain will be 

( )
m

mM
VPVP t

ttCtt 





 +

=+ ⋅
*

21
021 σε      (4.3) 

In other words, according to the model the VP-strains in creep test grow according to 
power law with respect to time 

 .*

m

VP t
tA 





=ε       (4.4)  

where A is stress dependent and  should follow  relationship 

.0
mM

VPCA ⋅= σ        (4.5) 

According to (4.1) an interruption of the constant stress test for an arbitrary time at  
has no effect on VP-strain development: since stress during the unloaded state is zero, 
only the total time under loading is of importance.  
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∫+∫∫ +=++

+

*
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00
0

021

*
2

*

*

*
1

*
1

0, στσττσσε  (4.6) 

As a consequence, instead of testing at stress 0σ  for time 21 ttt +=Σ continuously, 

one could perform the testing in two steps: 1) creep at stress 0σ  for time 1t ; 

unloading the specimen and measuring the permanent strain 1
VPε  developed during 

this step. It has to be done after the recovery of viscoelastic strains; 2) now the stress 

0σ is applied again for interval 2t ; after strain recovery the new VP-strain 2
VPε is 

measured which has developed during the second creep test. The time profile 
followed is presented in Figure 6. 
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Figure 6: Time profile for viscoplastic accumulation tests 

According to (4.3), (4.6) the sum of two viscoplastic strains corresponding to two 
tests of length 1t and 2t  will be equal to the viscoplastic strain that would develop in 
one creep experiment with the length 21 ttt +=Σ  . 

The potential of the model to describe the viscoplasticity of a [45/-45]s Glass Fibre 
composite under tension is demonstrated in Figure 7. It is shown that the experimental 
data at different stress levels in Figure 7 can all be fitted with power function (4.4) 
with the same exponent m .  
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Figure 7: Power law fitting of the viscoplasticity data 
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As it follows from Figure 7, A  is a function of the stress level. In order for the model 
to be valid, the same m  value has to be applicable for any stress level, eq (4.4), and 
has to be  used to calculate corresponding values of A . The A  versus stress data are 
then plotted in logarithmic axes as shown in Figure 8 a). They have been fitted there 
by a linear function demonstrating that the power law dependence given by (4.5) is 
applicable. From the slope of the curve and the constant term in the fitting equation 
constants in (4.5) have been obtained: =M 23.08,   91014.2 −⋅=VPC . 
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a)              b) 
Figure 8: Power law fitting of the A parameter 

Figure 8b shows that the accuracy of fitting using these parameters is satisfactory. 

 

4.5 Viscoelasticity 
Viscoelasticity concerns materials that exhibit strain rate effects in response to applied 
stresses. Polymers consist of polymeric chains. In polymers, viscoelasticity is related 
to the diffusion of molecules. When a polymer is loaded, the polymer chains tend to 
rearrange their position and the energy spent for this rearrangement is recorded as a 
hysteresis loop in the stress-strain curve.  

The time dependent phenomena may affect the stress distribution in laminated 
composites as well. However, both stress and strain vary with time, even though the 
force may be constant. An example of creep and recovery results is presented in 
Figure 9. The results presented correspond to a glass fibre laminated composite [45/-
45]s subjected to 3 stress levels; 20, 30 and 40MPa. Those stress levels are relatively 
small, so very limited viscoplastic effect is expected. 
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Figure 9: creep-recovery curves at different stress levels 

 

There are several mechanical models consisting of springs and dashpots, describing 
those phenomena, from which three will be presented here.  

 

4.5.1 Maxwell Model 

The Maxwell model consists of a linear spring and a linear viscous dashpot connected 
in series as shown in Figure 10a.  

 

(a)                                               (b)                                       (c) 

Figure 10: a) Maxwell model, b)Kelvin Model, c) Four element model 
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The stress-strain relations of the spring and dashpot are: 

1

2

εησ
εσ
=

= R
       (5.1)  

Since both elements are connected in series, the total strain is: 

21 εεε +=        (5.2) 

where 1ε  is the dashpot strain and 2ε  the spring strain, R is the spring’s resistance 
and η  the dashpot’s viscosity. The stress-strain relation of the model is obtained: 

η
σσε +=

R


         (5.3) 

The Maxwell model can predict quite accurately the relaxation of polymers. However, 
under constant stresses, it states that strain would increase linearly with time, which is 
not true for most of polymers. 

4.5.2 Kelvin Model 

The Kelvin model is also consisting of a spring and a dashpot connected in parallel as 
presented in Figure 10b.  

The stress strain relations for the two elements are: 

εησ
εσ
=

=

2

1 R
       (5.4) 

Since the elements are connected in parallel, the total stress is: 

21 σσσ +=        (5.5) 

The stress strain relation under axial loading of the model is then given: 

( )ησ
ε /0 1 Rte

R
−−=       (5.6) 

Like the Maxwell model, the Kelvin model shares both good and bad characteristics. 
It is able to predict the creep behaviour very well, when it fails to describe relaxation 
in an accurate way. 

4.5.3 Four-element element 

The four-element model, also known as Burgers model, is a combination of the 
Maxwell and the Kelvin model connected in series, as presented in Figure 10c. The 
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constitutive equation of the model is derived by considering the strain response under 
constant stress of each of the elements. The total strain will then be the sum of the 
strain in the three elements, where the spring and the dashpot of the Maxwell model 
are considered as two elements.  

321 εεεε ++=       (5.7) 

A constitutive equation of the four element model is given: 

 ε
ηη

εησ
ηη

σ
ηηη

σ 
2

21
1

21

21

2

3

2

1

1

1
1 RRRRRR

+=+







+++   (5.8) 

 

4.5.4 Non-linear viscoelasticity 

The models mentioned in paragraphs 5.1, 5.2 and 5.3 are based on linear elements 
and when used, they lead to a differential equation as the one in (5.9)  However, as 
mentioned before, composite materials exhibit an intense non-linearity.  That can be 
proven with a simple compliance study. The compliance is defined strain response 
during a creep test, divided by the corresponding stress level. For linear elastic 
materials, the compliance should be the same for all stress levels. However, as 
presented in Figure 11, the compliance is a function of stress level, indicating by that 
a non linear behaviour.  

The viscoelastic analysis in this work is based on the nonlinear viscoelastic materials 
model introduced by Lou and Schapery, 1971 [22] and generalized using 
thermodynamic treatment by Schapery, 1997 [23] . The results obtained in this work 
concern uniaxial tension (in most of cases even Poisson’s effect related strains were 
not recorded). In this particular case the viscoelastic model contains three stress 
dependent functions which characterize the nonlinearity with respect to stress level. 
For a given stress history ( )τσ , [ ]t;0∈τ , the strain ( )tε  can be written as 

( ) ( ) ( ) ( )





 +∫ ′−∆+⋅= td

d
gdSgd VP

t
,2

0
10max σετ

τ
σ

ψψεσε                                     (5.9) 

In (5.9) integration is over “reduced time” introduced as, 

 

∫
′

=
t

a
td

0 σ
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ψ
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0ε  represents the elastic strain which can be nonlinear function of current stress, 
)(ψS∆  is the transient component of the linear viscoelastic creep compliance that 

can be written in the form of Prony series 

( ) ∑ 















−−=∆

i i
iCS

τ
ψψ exp1             (5.11) 

 In (5.11) iC  are stress level independent constants and iτ  are called retardation 

times, 1g  and 2g  are stress invariant dependent material properties. σa  is the shift 
factor, which in fixed conditions is a function of stress only. In the linear response 
region it is usually expected that 121 === σagg . 

The same technique can be applied in the case of unidirectional composites. In 
Figure 11 the viscoelastic shear compliance is presented for 5 different stress levels. 

 

Figure 11: Creep compliance at different stress levels 

 

Several researchers have described the nonlinear shear response as a combination of 
elastic and plastic response [14,24,25]. In [25] the elastic response is changing due to 
compliance degradation and the plasticity is for both shear and transverse stress which 
allows modelling biaxial proportional loading cases. The one-parameter plasticity 
model to describe the nonlinearity dependence on orientation angle of off-axis UD 
composites in terms of effective stress – effective plastic strain diagrams was 
successfully applied in [26]. These approaches are suitable for monotonously 
increasing loading, but they are unable to deal with unloading and loading rate effects. 
Still, in [14] the strain rate effect was incorporated in the model by using the scaling 
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rules of viscoplasticity in the expression for the rate of plastic deformation. 
Experimental data on low frequency cycling presented in [24] where used to discuss 
the degradation of the shear modulus. 

 

5. Shear modulus degradation due to transverse cracking 
In laminated composite materials, many different types of micro-damage entities may 
evolve without causing final failure of the structural element. However they are 
responsible for stiffness reduction and initiating of other, more critical, damage 
modes. One of the first and most common damage mode in laminates, causing 
degradation of thermo-elastic properties, is intralaminar cracking in layers with off-
axis orientation with respect to the main loading direction, Figure 12. Large amount 
of experimental data has been gathered regarding the reduction of the elastic modulus 
and Poisson’s ratio of damaged laminates. Numerous models based on analytical 
approaches and/or numerical routines have been developed to study the relationship 
between the damaged state and the modulus of the laminate. 
The situation is entirely different regarding the in-plane shear modulus of the 
damaged laminate. Only a few experimental investigations are described in literature 
and often the data are not reliable. For example, Tsai et al [27] developed a 
methodology for shear modulus determination using an experimental setup where a 
laminate pre-damaged in tension is subjected to in-plane tangential displacement in 
the middle part. The shear modulus was calculated using a Timoshenko beam 
approximation. The problem, in general, is that it is difficult to introduce intralaminar 
cracks in a controlled way during the shear test. Cracks have to be introduced, for 
example, during a tensile test with transverse tensile stress in layers. Unfortunately, 
the requirements on specimen geometry in tension and in shear are not compatible.  
 

 

 

a:  [S/90n]s laminate with cracks in central 90-layer           b:   [90n/S]s laminate with cracks 
in surface 90-layer 

Figure 12 Intralaminar cracks in symmetric and balanced laminates. 
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Another problem of using experimental data for model validation is related to the 
non-linear stress-strain response to shear of unidirectional (UD) composites. For a 
layer in the laminate this response is nonlinear not only because of evolving damage 
state, but also because of nonlinear viscoelastic and viscoplastic effects [28]. For the 
above reasons, analytical model predictions are usually compared with results of 
numerical solutions. Using different solution methods, rather similar results were 
obtained for the in-plane shear modulus reduction of cross-ply laminates with cracks 
in central 90-layer. 
Hashin [29] used the principle of minimum complementary energy. The admissible 
stress field, which satisfies equilibrium as well as the boundary and interface 
conditions in tractions, was constructed assuming that the in-plane shear stress 
distribution across each ply thickness is uniform and the single unknown function 
describing the in-plane shear stress distribution depends on the distance from the 
crack only. Using the stress distributions obtained by minimization, the lower bounds 
for the shear modulus of the laminate were obtained.  

Two entirely different approaches were used in [27, 30-33]: a) Tan et al. [30,31] 
obtained expressions for axial modulus, Poisson’s ratio and shear modulus of the 
cross-ply laminate with 90-cracks, by integrating the equilibrium and constitutive 
expressions over the ply thickness and obtaining a second order differential equation 
for stress distributions; b) Tsai et al [27,32] and Abdelrahman et al [33] reduced the 3-
D elasticity problem to 2-D problem in terms of displacements [27] or stresses [33] 
averaged over the ply thickness.  In both cases, the obtained set of differential 
equations with constant coefficients was solved analytically. Due to the assumed 
linear through the thickness dependence of the out-of-plane shear stresses the results 
of these models coincide with Hashin’s result.  

Henaff-Gardin et al [34] analysed a double-cracked cross-ply laminate in a similar 
manner as in [27] just using a simpler shear lag model with parabolic opening 
displacement and uniform sliding displacement distributions. For the same problem, 
Kashtalyan et al  [35, 36] adjusted the effective properties of the constraint layer for 
damage when analysing the local stresses in another layer. This leads to an iterative 
procedure when cracks are present in both 0- and 90-layers of the cross-ply laminate. 
It was shown that the interaction of cracks in two layers leads to considerable 
additional reduction of the laminate’s shear modulus. 

Fan et al [37], presented constitutive equations for a layer with cracks containing, so-
called, “in-situ damage effective functions -IDEF” which depend on the crack density 
of the lamina and on the neighbouring layer constraints. In order to determine IDEF 
they introduced “an equivalent constraint model”, which assumes that the constraint 
of the lay-ups above and below the analysed lamina is the same as from two 
homogenized orthotropic sublaminates and the actual laminate was replaced by a 
cross-ply. The constitutive relationships for the damaged layers were used in the 
framework of the CLT to obtain the stiffness matrix of the damaged laminate.  
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This approach was further refined in Zhang et al in [38] where the local stress 
problem was solved using an improved shear lag model which assumed that the 
intralaminar shear stress in the 0-layer differs from zero only in a zone close to the 
interface. This idea which is supported by finite element calculations was not 
consistently implemented: in [38] authors claimed that the perturbation zone covers 
one prepreg layer, whereas in more recent publications [35,36,39] they are extending 
the perturbation zone over the whole homogenized sublaminate. Obviously, the 
problem is that the size of this zone becomes a fitting parameter. 

Their hypothesis that the out-of-plane shear stress in the constraint layer can be 
described by a decreasing linear function of the distance from the interface (the 
maximum is at the interface and the value is zero at distance , Figure 13) will be 
inspected in paper V. To find , a simple calculation routine based on the principle of 
minimum complementary energy will be described and used. 

 

 
 
 
Figure 13: Profile of the shape function  in the sub-laminate according to Hashin, the present 
model (LTU) and Soutis et al: a) for cracked central 90-layer; b) for cracked surface 90-layer. 
 

In contrast to Hashin’s model, which assumes linear distribution, the novel model 
allows an arbitrary shape of the out-of-plane shear stress distribution in the constraint 
layer. Selecting specific form of the shape function with unknown parameters the 
principle of the minimum complementary energy can be used to find these 
parameters. The bi-linear distribution [38] is one particular case considered and the 
shape parameter to find is . The most accurate model, between the ones that were 
compared, can be identified by comparing the complementary energy values at the 
minimum; the lowest value corresponds to the most accurate stress distribution.  
The presented parametric analysis and comparison with Hashin’s model illustrate the 
potential for further improvement of the approach. 
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6. Effect of curing conditions and measurement of chemical 
shrinkage 
 
Polymers and polymer composites have been extensively used in a great variety of 
applications. However, the increasing interest on composite materials raises the level 
of understanding that one must have in their behavior. During the manufacturing, in 
order to insure fully cured state, all composites are subjected to certain processing 
parameters, such as time/temperature/pressure conditions, usually suggested by the 
supplier. These curing profiles, despite being different, aim to achieve the same 
degree of curing and ultimately produce the same final material with the same 
properties.  

In [39] and [40] the effect of curing cycle in resin transfer mold manufacturing on the 
material properties and the residual strains was investigated. In [40] different curing 
cycles were applied and it was found that due to the interference between the plate 
and the mold, different levels of residual strains were observed. For this case study, 
different temperatures lead to different curvatures. However the degree of conversion 
was not evaluated in each case. In [41], [42] the polymerization process has been 
monitored by an embedded fiber optic sensor. In this study, the sensor monitored the 
optical properties of the resin in real time and related them to the stages of the curing 
process along with the gelification onset.  In [43], the effect of process parameters on 
the material properties was studied. The volumetric changes were monitored with 
time using a homemade dilatometer. The curing process was evaluated by electrical 
resistivity techniques in [44]. The difference in electrical resistivity between the cured 
and the uncured states was measured. However this technique requires calibration, 
since the electrical output is related to the electrical sensor’s material and the curing 
temperatures.  In [45], the effect of curing time in dental resins was studied. A 
monotonic increase of the elastic modulus of the materials was observed in increasing 
curing times.  

Another very important phenomenon is the chemical shrinkage. The chemical 
shrinkage occurs during the curing process, at constant temperature and it is related to 
the re-arrangement of the polymer chains. The polymer chains are given the necessary 
energy to increase their mobility, which ultimately leads to closer packing-also related 
to the principle of minimum free volume. Macroscopically, this phenomenon is 
observed as a volumetric decrease, as presented in Figure 14. When fibres are 
introduced in the uncured polymer, they act as a constraint to the free volumetric 
shrinkage during the curing, eventually causing internal stresses.  
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Figure 14: In-situ measurement of chemical shrinkage 

 

Extensive work has been performed on dental resins, where the interest in chemical 
shrinkage strains is high. In [46] seven different systems were studied in order to 
investigate the influence of the molecular mobility and chemical structure on the 
shrinkage stresses. It was found that the chemical stresses in cases of high viscosity 
were slightly lower. In [47] it was found that the degree of conversion is connected to 
the chain mobility of dental polymers. In specific, the degree of conversion was 
higher in systems with high chain mobility.  In [48], a volumetric shrinkage method 
was used and evaluated by using dilatometry. In [49], The volumetric shrinkage 
techniques were again evaluated when measured using a rheometer, a pycnometer and 
a thermomechanical analyzer. It was found that the rheometer provided an accurate 
technique. However all techniques require specialized equipment and in the case of 
TMA, results may not be reliable.  In [50], the volumetric chemical shrinkage was 
measured in a composite in-situ and through the thickness as well as a relation 
between the shrinkage and the degree of cure was drawn. It was found that the 
shrinkage is decreasing with the degree of cure. In [51], the chemical shrinkage of 
dental resins was measured based on the Archimedes buoyancy principle. An almost 
linear relation between volumetric change and curing time was drawn. In [52], the 
chemical shrinkage was in-situ measured by applying gravimetric methods, similarly 
to the technique applying in the current work. In [53], the effect of fibres’ presence 
during the curing was studied. It was found that for glass fibre reinforced composites, 
no chemical shrinkage was observed in the fibre direction, while all linear shrinkage 
was measured in the transverse direction. 
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7. Content of attached papers 
 
 
In Paper I entitled “Time dependent nonlinear behaviour of recycled PolyPropylene 
(rPP) in high tensile stress loading” the behaviour of recycled polypropylene and 
recycled polypropylene with the addition of Maleic Anhydride grafted PolyPropylene 
(MAPP) was studied. The time dependent response was decomposed into nonlinear 
viscoelastic and viscoplastic parts and each of them was quantified. It was found that 
the elastic properties did not degrade due to high loading. The addition of MAPP did 
not change the mechanical properties of the rPP. Then the material model was applied 
and the involved parameters were identified. 

In Paper II, entitled “Mechanical properties of a recycled carbon fibre reinforced 
MAPP modified polypropylene composite”, the previously studied rPP/MAPP matrix 
was used to form a composite by using recycled carbon fibres. It was found that in 
creep tests, the time and stress dependence of viscoplastic strains follows a power 
law, which makes the determination of the parameters in the viscoplasticity model 
relatively simple. What is more, the viscoelastic response of the composite was found 
to be linear in the investigated stress domain. The material model was validated in 
constant stress rate tensile tests. 

In Paper III, entitled “The sources of inelastic behaviour of GF/VE NCF  [45/-45]s 
laminates” a glass fibre non-crimp fabric laminate was studied. The viscoelastic and 
viscoplastic material model parameters were calculated and it was found that the 
material indicates no linear region. This fact was also attributed to the fibre 
orientation. Loading the fibres in an off-axis direction caused shear stresses, which are 
responsible for microdamage (related to the fibre-matrix interface and intralaminal 
cracks) which is considered to be an important source of non-linearity. 

In Paper IV, entitled “Analysis of non-linear shear stress-strain response of 
unidirectional GF/EP composite” as a step further on, the time dependent behavior 
within a ply level was examined. A [45/-45]s laminate was used and the non-linear 
shear stress strain response was studied.  
 
In Paper V, entitled “Potential of a simple variational analysis in predicting shear 
modulus of laminates with cracks in 90-layers” the effect of damage, in terms of 
crack density on shear elastic modulus was studied. More accurate expressions for 
stress calculations in the damaged lamina were suggested, by incorporating shape 
functions and by checking validity with the principle of minimum complementary 
energy. Finally, the results from the suggested model are compared with existing 
models and with results from finite element analysis. A small improvement is 
observed at all cases.  
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Finally, in Paper VI, entitled “Effect of curing conditions and measurement of 
chemical shrinkage in polymers” the effect of curing parameters and development of 
chemical strains during the curing process was investigated. A relation between 
curing time, degree of cure and mechanical performance was drawn. What is more, 
different procedures for measuring chemical strains were used and a testing 
methodology is suggested.  
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Abstract 

Inelastic mechanical behaviour in tension of a recycled polypropylene (rPP) and a rPP with 
addition of 10% of maleic anhydride grafted polypropylene (rPP+MAPP) was characterised 
and compared. The time dependent response was decomposed into nonlinear viscoelastic 
and viscoplastic parts and each of them quantified. It was found that the elastic properties 
did not degrade during loading. The addition of MAPP did not change the mechanical 
properties of the rPP. A non-linear material model was developed and the involved 
parameters (stress dependent functions) were identified. The model was then validated in a 
stress controlled test at a constant stress rate. 

 

Keywords: Recycling, Polypropylene, Mechanical properties, Viscoelasticity, 
Viscoplasticity 

 

Introduction 

Recycling is of particular interest for thermoplastic polymers. Thermoplastic materials, 
contrary to thermosets, can be remelted or reshaped several times, which gives various 
possibilities to manufacture a new product from reused material. Thermoplastics also offer 
many advantages over traditional materials, including low energy for manufacture and 
ability to be formed into complex shapes easily. 

One of the most extensively used thermoplastics by the automotive industry is 
polypropylene (PP). This polymer is used for a large number of applications as it is cheap, 
can be reprocessed several times, and has low environmental impact. Polypropylene is also 
one of those most versatile polymers available used in engineering applications in virtually 
all end-use markets. Polypropylene is used as a matrix in many fibre composites, where a 
high production rate is important, making thermoplastics the preferable choice.  
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It is well known that the fibre/PP interface properties are often the weakest link in the 
composite performance.  Several modifications, including the addition of maleic anhydride 
grafted polypropylene (MAPP), is often used [1-11]. In order to ensure a good interfacial 
adhesion and stress transfer across the interface, chemical or physical interactions between 
a matrix and a fibre need to be formed. The potential for a physical or chemical interaction 
is limited in polyolefins such as PP [12]. To overcome this, chemically reactive groups can 
be grafted onto the non-polar polymer, where grafted PP migrates to the fibre surface 
forming chemical bonds during processing [12]. MAPP improves the interface bonding 
between the fibre and polymer matrix by two simultaneous reactions. Firstly, the long 
molecular chain is responsible for chain entanglements and co-crystallisation with the non-
polar PP matrix. These entanglements provide mechanical integrity to the host material. 
Secondly, the anhydride groups chemically interact with the functional groups on the fibre 
surface [1]. The presence of MAPP has been found to improve the interface [1,2,4,13] and 
increase the stiffness and strength of the composite. 

A limiting feature of PP and PP based composites is their inelastic behaviour with loading 
rate effects on “stiffness” and strength. In addition to these basic properties the long term 
behaviour in terms of creep and development of irreversible strains limits the range of 
applications.  

Since the composite properties on a macro-scale are determined by the properties of the 
constituents and the interaction between them (interface), a deeper knowledge of the PP 
time dependent behaviour and the development of an adequate material model are of 
primary interest. It was previously demonstrated [14] that the time dependent behaviour of 
PP has a viscoelastic nature and linear viscoelasticity was used to develop a material model 
in the low and medium-high load region [14].  According to the authors’ knowledge, the 
effect of MAPP on the time dependent behaviour has not been thoroughly investigated. 

The objectives of the presented paper are: 

a) to analyse the inelastic time dependent stress-strain behaviour of the recycled PP (rPP) 
by decomposition of the total strain in viscoelastic and viscoplastic parts by using 
Schapery’s model for nonlinear viscoelasticity [15], 

b)  to investigate the source of inelastic behaviour of the material, 

c) to analyse the effect on the time dependent behaviour of the MAPP modified rPP 
(rPP+MAPP).  
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Mechanical properties of the recycled polypropylene 

Material 

PURE® process scrap polypropylene was supplied by Lankhorst Indutech bv, The 
Netherlands [16], in the form of tape wound onto bobbins. The mechanical and thermal 
properties of the reprocessed PURE® scrap were characterised earlier by Szpieg et al. [17]. 

In this study, the PP scrap was compounded with maleic anhydride grafted polypropylene 
(MAPP) coupling agents [18] in order to improve the interfacial adhesion with the recycled 
carbon fibres [13]. The practical interest in these materials is related to an ongoing project, 
where recycled carbon fibre mats and rPP are combined to make a new composite material 
[13,19]. 

The compounding process was performed using a laboratory scale extruder, Brabender® 
AEV 651. 35 g of rPP (the maximum possible amount of material in the extruder) was 
blended with 10% by weight of MAPP. The mixing was performed during seven minutes at 
a temperature of 200˚C, and the rotating speed of the screws was 80 rpm. Seven minutes 
for the mixing time was chosen, as it mimics a typical extrusion time for polypropylene 
using an industrial scale extruder [17].   

Two different materials were used in this investigation, rPP with 0 and 10% addition of 
MAPP, respectively. All tests were performed at approximately 21oC temperature and a 
relative humidity of about 20%. Rectangular shaped specimens with dimensions 150x20x2 
mm were used and the distance between the grips in the tensile tests was 100 mm.  

 

Elastic modulus 

The elastic modulus was evaluated in a quasi-static tensile test using a displacement rate of 
5 mm/min. The elastic modulus was defined in the low strain region, assuming that the 
relation in this region is linear.  Usually, the relationship is not entirely linear and therefore 
the elastic modulus needs to be determined in the same strain region for all samples (or 
stress region in case considerable irreversible strains develop during the test program). In 
this study, the elastic modulus was determined by analysing data in a loading-unloading 
cycle using a maximum strain value of approximately 0.2%. The Young’s modulus was 
calculated between 0.05 and 0.15% strain. Even in this low strain region with a test 
duration shorter than 1 min, the loading and unloading curves had slightly different slopes. 
Consequently, three elastic modulus definitions are possible: the loading, unloading and the 
average modulus.  The loading modulus for 25 specimens of rPP and 25 specimens of 
rPP+MAPP was determined and the results are presented in Table 1. No difference between 
the rPP and the rPP+MAPP values were observed. The results were used to select 
“representative” specimens for the test programme. 
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Table 1. Elastic modulus of the rPP and the rPP+MAPP. 

Property 
 

Displacement rate 

(mm/min) 

Sample 

rPP rPP+MAPP 

Elastic modulus (GPa) 5 1.676 (± 0.151) 1.696 (± 0.151) 

 

Strain rate effect 

The stress-strain response was obtained using two nominal displacement rates, 5 and  
0.05 mm/min. However, real displacement rates in the measurement region (as checked 
with the extensometer) were sometimes 20% lower when compared to the nominal. This 
difference can be attributed to a local yielding, close to the region of the clamping.  

 

 

Figure 1. Stress–strain curves for the rPP and the rPP+MAPP at two different cross-head speed 

rates, 5 mm/min and 0.05 mm/min. 

 

For “fast” loading using a cross-head speed of 5 mm/min, two rPP specimens and two 
rPP+MAPP specimens were tested. The stress-strain curves in Figure 1 are almost 
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coinciding. Similar stress-strain curves at the speed 0.05 mm/min for one rPP specimen and 
two rPP+MAPP specimens are shown in Figure 1. The difference between those specimens 
is almost undistinguishable, however, the stresses are significantly lower than for the high 
speed loading curves. The dotted line in Figure 1 is the predicted linear response based on 
the measured initial slope. The demonstrated loading rate dependency requires that 
viscoelastic effect has to be considered in the material model for both the rPP and the 
rPP+MAPP materials.  

None of the samples tested using this experimental procedure failed. This was mainly due 
to the material’s ductility. As presented in Figure 1, in the case of 0.05mm/min, the test was 
stopped at 4% of strain, as the loading rate was too low, and along with the creep 
(occurring because of the load presence), the load did not increase. For this reason, the 
effect of loading rate was studied by comparing the stress values at 2.5% of strain and not 
the maximum strength. The results are presented in Table 2.  

 

Table 2. Basic mechanical properties of the rPP and the rPP+MAPP.  

Property Cross-head 
speed (mm/min) 

 rPP rPP+MAPP 

    Sample 1 Sample 2 Sample 1 Sample 2 

Elastic modulus 
(GPa) 

0.05 1.50 - 1.59 1.68 

5 1.79 1.88 1.80 1.73 

Stress at 2.5% 
strain (MPa) 

0.05 17.14 - 17.17 17.36 

5 22.11 21.82 22.10 21.88 

Strength (max. 
stress, MPa) 5 30.11 29.8 29.89 29.91 

 

 

High load effect on elastic modulus 

The elastic modulus may depend on the previously applied maximum stress. This statement 
is valid under the assumption that damage development is an elastic time independent 
process, i.e. damage develops in the same way as it would in the case of a different loading 
rate. In practice, the high load application would be the maximum strain/stress level 
experienced during service until the current time instant. Quantified modulus degradation 
may be used to estimate the amount of microdamage accumulated during the loading 
history.  
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The loading ramp used in the tests is illustrated in Figure 2. The displacement rate was  
5 mm/min. The experimental procedure consisted of several blocks, each containing the 
following steps:  

• loading  to 0.15% strain followed by unloading for measuring of the elastic 
modulus,  

• waiting at “almost zero” stress (holding a constant load at approximately  
2 N) for decay of all viscoelastic effects,  

• loading to a higher stress level and unloading to “almost zero” stress as described 
previously,  

• waiting at “almost zero” stress for decay of all viscoelastic effects during a time 
period of 10 times the duration of the applied stress (loading time + unloading 
time), 

• elastic modulus determination by applying 0.15% strain in addition to the residual 
value of the previous loading step (this is important if irreversible strains develop 
during the test).  

For this case study, the modulus was determined as the average slope calculated from the 
loading and unloading steps. In this way, the elastic modulus dependence on the applied 
stress was obtained. The successively applied stress levels were 10, 15, 20, 25 and 27 MPa.  

 

                   Figure 2. Loading ramp in the stiffness reduction test. 

 

Figure 3 presents the elastic modulus dependence on the applied stress for the rPP and the 
rPP+MAPP respectively. There was no statistically confirmed modulus change for the rPP, 
the variation was about 2%. For one of the specimen (specimen “rPP 7” in Figure 3 a))  
there was even a small increase of the modulus, which  may be attributed to strain 
hardening phenomena [20].  However, it is not clear why this would happen only for some 
specimen. 
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a)  b)  

Figure 3. Elastic modulus dependence on stress for: a) rPP; b) rPP+MAPP. 

 

Figure 3 b) exhibits similar features for MAPP modified rPP, while in this case, the 
modulus variation was approximately 4%. From the results it can be concluded that there is 
no reason to include a damage dependent stiffness in the material model. 

 

Material Model 

A typical assumption when developing material models for materials exhibiting inelastic 
behaviour is that the main phenomena are viscoelasticity and viscoplasticity and that they 
may be decoupled. When appropriate, damage related function ( )maxσd  with a physical 
meaning of damage-reduced elastic compliance can be introduced as a multiplying 
constant [21]. As shown in section: ”High load effect on elastic modulus“, both rPP 
materials had negligible stiffness degradation and therefore the function ( )maxσd will not 
be used. 

The basic assumption of the material model is that strain decomposition is possible, the 
viscoelastic strain response can be separated from any viscoplastic response. 

( ) ( ) ( )ttt VPVE ,,, σεσεσε +=                                                 (1) 

The viscoelastic behaviour is described by using the theory of nonlinear viscoelastic 
materials developed by Lou and Schapery [22] and Schapery [15]. The test results 
presented below are for uniaxial loading cases.  In this case, the viscoelastic model 
contains three stress dependent functions, which characterise the nonlinearity:  

( ) ( ) ( )td
d
gdSg VP

t
,2

0
10 σετ

τ
σ

ψψεε +∫ ′−∆+=                   (2) 
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In Equation (2) integration is performed over “reduced time” introduced as 

∫
′

=
t

a
td

0 σ

ψ    and  ∫
′

=′
τ

σ

ψ
0 a

td
                                                   (3) 

where 0ε  represents the elastic strain, which may be a nonlinear function of stress.  )(ψS∆  
is the transient component of the linear viscoelastic creep compliance written in the form 
of Prony series, 

   
( ) ∑ 
















−−=∆

i i
iCS

τ
ψψ exp1                                         (4) 

where iC  are constants and iτ  are called retardation times, 1g  and 2g  are stress dependent 
material properties and σa  is the shift factor, when in fixed conditions is a function of 
stress only.  

If there is a linear region, then 121 === σagg , and Equation (2) turns into the strain-stress 
relationship for linear viscoelastic nonlinear viscoplastic materials. The set of experiments 
needed to determine the stress dependent functions in the material model are described in 
this paper.  

 

Viscoplastic strains 

Model 

Zapas and Crissman in 1984, [23] introduced a functional to describe viscoplastic strain 
(VP-strain) development in composites:  

( ) ( )
m

t
t

M
VPVP dCt













= ∫
*

0

, ττσσε

                                             

 (5) 

It has been previously successfully used in Nordin and Varna [24], Marklund et al. [25], 
Marklund et al. [21], Sparnins et al. [26]. In this model VPC , M  and m  are stress 
independent constants to be determined, *tt=τ where *t  is a characteristic time constant 
for example, 3600 seconds if the time interval of interest is about 1h. Actually, *t  is 
introduced to have dimensionless expressions with respect to time. There are no guarantees 
that this expression will be valid for a given particular material. The validity has to be 
checked in tests and if valid, the constants in Equation (5) have to be determined. 

 

Creep test with following strain recovery can be used for validation. In creep test at fixed 
stress, ( ) 0σσ =t , and the integration in Equation (5) becomes simple. The VP-strain 
accumulated during the time interval [ ]1;0 tt ∈  should be  
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Equation (6) can also be presented in the following form 

( ) ( )
m

VP t
tAt 





= *00 , σσε where ασ 0VPCA = ,    mM ⋅=α         (7) 

Thus, according to Equation (6) the VP-strain is a power function of the length of the creep 
test and a power function of the stress level. If the creep test is performed for a longer time 
interval, 21 tt + , the same rule applies and the accumulated viscoplastic strain will be 

( )
m

mM
VPVP t

ttCtt 





 +

=+ ⋅
*

21
0210 , σσε                                             (8) 

According to Equation (5), an interruption of the constant stress tests for an arbitrary time 
interval at  (for example, during strain recovery) has no effect on VP-strain development: 
since stress during the unloaded state is zero, only the total time of loading is of 
importance. Then the sum of two VP-strains corresponding to two tests of length 1t and 2t  
will be equal to the VP-strain that would develop in one creep experiment with the length 

21 tt +  at the same stress. As a consequence, instead of testing at a stress 0σ  for the time 

21 tt + continuously, one could perform the testing in two steps: 1) creep at stress 0σ  for 
time 1t ; unloading the specimen and measuring the permanent strain 1

VPε  developed during 
this step. During the creep test viscoelastic strains are also developing simultaneously with 
VP-strains. Therefore, the VP- strains cannot be directly measured after the load removal. It 
has to be done after the recovery of viscoelastic strains; 2) the stress 0σ is applied again for 
time 2t  and after strain recovery, the new VP-strain 2

VPε developed during the second test of 
length 2t  is measured. The total VP-strain after these two creep tests is found by adding the 
two VP-strains, 1

VPε  and 2
VPε . 

From the above discussion, it follows that the time dependence of VP-strains at a fixed 
stress level can be determined by performing a sequence of creep-strain recovery tests on 
the same specimen. Several creep tests with different time durations are performed and the 
developed VP-strains are added and presented as a function of the total creep time.  The 
constant m  in Equation (7) is determined as the best fit by a power function to the test data 
(standard option in EXCEL).   As seen in Equations (6) and (7), the stress dependence of 
VP-strains in creep tests also has to obey a power law. By performing creep tests at fixed 
time duration σt at several stress levels σ  on specimens without any previous loading 
history and measuring the VP-strains after strain recovery, it is possible to plot the VP-
strain ( )σε tVP  versus stress. These data have to be fitted to a theoretical relationship for this 
loading case: 

( )
m

Mm
VPVP t

tC 





= *

σσσε                                                      (9) 
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From the fitting procedure, M   and  VPC  are obtained. The procedure is basically the same 
if ( )σA  in Equation (7) obtained from fitting the time dependence of VP-strain is fitted 
using a power function. 

 

Experimental procedure and VP data reduction 

The test programme to identify the time dependence and stress dependence of viscoplastic 
(irreversible) strains is based on the discussion in section ”Model”. In the present work, an 
INSTRON testing machine with a 10 kN load cell in load controlled mode was used 
measuring strains in the loading direction (axial direction) using an extensometer, and 
measuring transverse strains using a strain gauge. 

To identify the time dependence of the VP-strains, a sequence of steps was selected at a 
fixed level of stress, each consisting of creep and strain recovery. The test sequence 
performed on the same specimen is schematically shown in Figure 4. 

 

Figure 4. Sequence of creep and recovery steps. 

 

As the VP-strain rate often decreases with time, the length of the creep loading time kt  in 
each of the following test can be increased (proportionally also increasing the strain 
recovery time). The time scale depends on the time region to be covered. Creep tests of 
durations 1t =3, 2t =10, 3t =20, and 4t =30 min were used. The strain recovery time after the 
load application step was 8 times the length of the loading step. The whole creep – recovery 
curve was recorded (see Figure 5) for axial strain and transverse strain development at 20 
MPa for the rPP specimen. However, for viscoplasticity analysis, only the final recovery 
strain value is of importance. The developed VP-strain is defined as the remaining strain at 
the end of the strain recovery.  
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As explained in section ”Model”, according to the model, the VP-strains do not develop 
during the strain recovery part (zero applied load) and, when the same load is applied again 
in the next step, the viscoplastic process continues without any effect from the test 
interruption time interval.  

According to Equation (5), the exponent m  has to be independent on the stress level used in 
the creep test (it has to be proved experimentally).  

 

 

Figure 5. Axial and transverse VP-strain development in a creep tests.  
Transverse strains are shown as positive. 

 

In the example shown in Figure 5, four data points for the specimen were obtained from 
this test to establish the VP-strain dependence on time for the used stress level. This 
experiment has to be performed for several stress levels (using other specimens) to make 
sure that the shape of the time dependence is not changing and if it is, to find how much the 
parameters depend on the stress level.  

Often, the VP-strain developed during the first loading step is larger than the VP-strain 
created during the following step. It can be seen in Figure 5 that even if the 3rd loading step 
is two times longer than the 2nd, the additional VP-strain during the 3rd step is not larger. 
For materials with decreasing rate of VP-strain development, this feature can be used to 
“condition” specimens before viscoelastic analysis: several high stress creep steps are 
performed until the VP-strain increase slows down. Then the same specimen can be used in 
a viscoelasticity test, preferably at a lower stress than during conditioning. It is then 
expected that the viscoplastic part during the test will be negligible. Certainly, one has to be 
very careful with the conditioning procedure to make sure that damage is not introduced 
and that the stiffness is not degraded. 
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a)          b)  

Figure 6. VP-strain development with time in the rPP and the rPP+MAPP specimens during creep 
tests at several stress levels: a) axial VP-strain; b) transverse VP-strain. 

 
The VP-strain evolution in the rPP and the rPP+MAPP specimens at 15 MPa and 20 MPa 
(one specimen for each case) are shown in Figures 6 a) and 6 b). Fitting by power function 
(see Equation (7)) for each individual specimen (solid lines in Figures 6 a) and 6 b)) is 
satisfactory. VP-strains at 15 MPa are much lower than at 20 MPa. The best fit m values for 
the same material are slightly different at different stress levels, which contradicts the 
assumed law (Equation (7)), where m  is stress independent. However, the stress effect on 
m  is not systematic and rather reflects variation between specimens than real trends. In 
order to obtain an optimal fit with a stress independent m  value, the data points in Figures 
6 a) were presented in logarithmic axes as shown in Figures 7 a) and 7 b) for two 
specimens of the recycled polypropylene, rPP 24 and rPP 25, at 15 and 20 MPa 
respectively. According to Equation (7) the data in log-log axes should have linear 
dependence, which is confirmed by Figures 7 a) and 7 b).  According to Equation (7) m  is 
the slope of the linear dependence and A  is the vertical shift of the line.  

  

a)              b) 

Figure 7. VP-strains as a function of time in log-log axes. Recycled PP specimens at:  
a) 15 MPa, b) 20 MPa. Fit using 51.0=m  
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The value of 51.0=m  was selected to be the one that satisfied the general trend at both 15 
and 20 MPa. Then, the value of A  was selected as the best fit for each of the stress levels. 
The solid lines in Figure 7 represent the result of the fitting procedure. More data points for 
A  were obtained from a one step VP creep tests (40 min) at the stress levels 12 MPa and 17 
MPa using the established time dependence with 51.0=m . The A  values were calculated 
from Equation (7) using the experimental value of VPε . The obtained A  dependence on the 
stress level for the rPP material is shown in Figure 8 a).The scatter is rather large but still, 
the trend of a nonlinear increase is clear. According to Equation (7), it can be fitted using a 
power function. The fit is shown in Figure 8 a) as the solid line. From the fitting equation in 
Figure 8 a), the parameters in the VP-law can be determined as 

=plC 1.08E-06, =M 8.53  

It has to be noted that these values are quite sensitive with respect to the VP-strain data at 
low stress, which are not very accurate.  

Interestingly enough for the rPP+MAPP specimens, the time dependence of VP-strains 
could also be described by the same exponent 51.0=m  independently on the used stress 
level. This is not especially surprising since the stress-strain curves of both the rPP and the 
rPP+MAPP polymers are very similar (see Figure 1). Therefore, it was decided that the VP 
test data for both polymers could be considered as one material, thus improving the 
statistical description. The data from this exercise together with the fitting curve and the 
corresponding equation are shown in Figure 8 b). The fitting was good and the obtained 
exponent was similar to the one obtained in Figure 8 a). 

 

  

a)                                                                     b) 

Figure 8. Stress dependence of VP-strain presented in terms of A (Equation (7)):  
a) for the rPP, b) considering the rPP and the rPP+MAPP as one material. 

 

From these data it was concluded that the average parameters in the VP-strain law given by 
Equation (5) (or by Equation (6) in the particular case of creep loading) become: 
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         51.0=m              =VPC 6.78E-08                =M 10.37                    (10) 

As shown in Figure 5, complementary to the VP-strain development in the loading (axial) 
direction, negative VP-strains grow in the transverse direction. According to Figure 6 b), 
the transverse VP-strain growth with time also follows a power law, but the exponent is 
different than in the axial direction. In Figure 9 the axial VP-strain and the transverse VP 
strain for a given specimen at a given creep stress are plotted at four different instants of 
time.  

   

Figure 9. Transverse and axial VP-strain ratio development with time. 

 

The relationship for each specimen is very linear and a parameter like viscoplastic 
Poisson’s ratio can be introduced. The value of this ratio varies between specimens much 
more than for the elastic Poisson’s ratio. It seems that the ratio depends on the stress level 
and decreases with increasing stress. Unfortunately, the trend lines of the linear 
relationships, do not cross the origin of coordinates and show a nonzero transverse VP-
strain at a zero axial VP-strain, which seems to be unrealistic. Theoretically speaking, since 
time dependence of all VP-strain components follow a power law, the axial and transverse 
VP-strains should also be linked by a power law with a stress dependent scale parameter. 
Nevertheless, the linearity could be used as a first approximation in applications. However, 
due to limited number of obtained data it is difficult to estimate the generality of these 
trends. No distinct differences between the rPP and rPP+MAPP were observed. 
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 Viscoelastic characterization in creep and strain recovery test 

In the creep test, the stress was applied at 0=t  and kept constant up to a certain time 1t  
when the stress was removed and the strain recovery period began according to 

[ ])()( 1ttHtH −−= σσ  where )(tH  is the Heaviside step function.  

The material model (see Equations (2)-(4)) may therefore be applied separately to the creep 
interval [ ]1,0 tt ∈  and to the strain recovery in the following creep test at 1tt > .   

The equations for creep strain creepε  and recovery strain recε  [21, 26] is described as: 
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Equations (11) and (12) are used to fit the experimental creep and strain recovery data. The 
constants iC  i=1,….I, (stress independent) and 0ε , σa , 1g  and 2g (stress dependent) are 
evaluated by fitting. The retardation times iτ in the Prony series were chosen arbitrary, but 
the largest iτ  should be at least a decade larger than the length of the conducted creep test. 
A good approximation to the experimental data may be achieved if the retardation times are 
spread more or less uniformly over the logarithmic time scale, typically with a factor of 
about ten between them. Optimisation of the iτ  selection can be made by comparing the 
accuracy of the obtained fit for different selections using the least square method. Even if it 
is not a necessary condition, the additional requirement 0>iC  usually leads to an improved 
fitting of test results. 

The stress and time dependent VP-strains entered in Equations (11) and (12). The term 
( )1,tVP σε  is the VP-strain developed during the current creep test and comes directly from 

the test as the last data point at the end of the strain recovery.  However, in the creep strain 
expression (Equation (11)) the time dependence of the VP-strain during this test is required. 
Generally speaking, if the viscoplasticity is understood, described by equations, and the 
previous loading history for the given specimen is known, the time dependent viscoplastic 
strain during the current creep test can be calculated and subtracted from the measured 
strains to have the pure viscoelastic response to analyse. The VP-strain after a creep test of 
length 1t  is given by Equation (6). In any arbitrary time instant t , VP-strain can be written 
as: 

( )
m

Mm
VPVP t

tCt 





= *00 , σσε                                                (13) 

From Equation (13) and Equation (6), a convenient form for subtraction can be obtained by 
using 
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The steps using creep and strain recovery data to determine the coefficients iC , iτ , σa , 1g , 

2g  and also the elastic term 0ε  are summarised below. 

1. VP-strain (if present) is subtracted from creep strain.  
2. Creep and strain recovery data in the low stress region (an expected linear response) 

where 121 === σagg  are used to determine mC  by fitting simultaneously the 
reduced creep and strain recovery data (method of least squares (LSQ)) using 
Equations (11) and (12). Retardation times mτ  are selected rather arbitrary and 
adjusted to ensure a positive iC (see Table 3). This procedure is performed separately 
for each specimen and the iC values are averaged to obtain an average linear 
viscoelastic response. 

3. Data at higher stress where viscoelasticity may be nonlinear are fitted by Equations 
(11) and (12) by using the previously obtained mC  and mτ values. The initial value of 

σa  is selected and then increased using a selected step. For each value, the method of 
LSQ is used to find the best 1g , 2g and 0ε . For each set of σa , 1g , 2g  and 0ε  the 
misfit function (sum of the squares of the deviations with test data) is calculated. The 
set of σa , 1g , 2g  that gives the minimum of the misfit function is considered to be the 
correct set. 

4. The procedure described in point 3 have to be repeated for all available stress levels to 
obtain the stress dependence of σa , 1g , 2g  and 0ε . 

Creep curves at low stresses are presented in Figures 10 a) and 10 b). As typical for 
polypropylene [14] there is a large variation between different specimens taken from the 
same plate. However, no systematic difference was observed between the rPP and the 
rPP+MAPP specimens. The linear viscoelastic model (see Figures 10 a) and 10 b)) using 
averaged parameters for the individual specimens at stresses 5 and 8 MPa gives a good 
description of the creep test. However, the strain recovery is better described for the creep 
test performed at 5 MPa than for 8 MPa. The creep test at 8 MPa experiences a very fast 
strain recovery for the used test specimens. Since the rate of recovery was significantly 
higher than the creep rate, the experimental behaviour for this case has to be considered as 
an anomaly. The simulated strain of recovery approaches to zero at a much slower rate. 
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                                     a)                                                                        b) 
Figure 10.  Creep curves for the rPP and rPP+MAPP specimens at: a) 5 MPa; b) at 8 MPa.  

 
 

Permanent (viscoelastic) strains after the strain recovery were observed for some specimens 
even at low stresses. They were much larger in the high stress creep tests. In order to obtain 
pure viscoelastic response, VP-strains were subtracted from the data using Equation (14). 
Viscoelastic compliances were obtained by dividing the creep strain data by the stress level. 
The results are presented in Figures 11 a) and b). 

Creep compliances at stresses between 5 and 8 MPa do not depend on the stress level. The 
different curves in Figures 11 a) and 11 b) have no correlation with the stress level, the 
difference reflects the variability of the material. At 12 MPa, the compliance starts to 
increase. It is better seen in the rPP specimens without MAPP. Compliances at 17 and 20 
MPa were much larger and the nonlinear viscoelastic behaviour was obvious. It was 
concluded to consider the rPP and the rPP+MAPP as the same material and to use all the 
data to identify the nonlinear viscoelastic functions. This conclusion is consistent with the 
almost identical macro-behaviour shown in Figure 1. 

 

 

a)                                                                       b)  

Figure 11. Creep compliance dependence on stress in a) rPP; b) rPP+MAPP. 
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In the next step, the 5 to 8 MPa region was defined as the linearity region and all creep and 
strain recovery data treated as described above. The τ  values were selected to cover the 
time region of interest and to guarantee that all C  values were positive. The values of C   
and 0ε  were determined for each specimen separately. Then, the average values were 
calculated making no distinction between the rPP and rPP+MAPP. Theτ and average C  
values are presented in Table 3. The numerical values of stress dependent parameters 
obtained for each specimen as described above are presented in Table 4. Since no 
difference between the rPP and the rPP+MAPP was noticed, all data are considered 
together. 

Table 3. Linear viscoelastic parameters. 

)(sτ  10 200 700 15000 

)%( MPaC  0.005784 0.007145 0.005402 0.056204 

 

Table 4. Nonlinear viscoelastic parameters. 

Specimen Stress  (MPa) σa  1g  2g  0ε  

rPP+MAPP 25 12 4.2 1.0892 1.8395 0.6233 

rPP+MAPP 17 12 6.3 1.0316 2.5356 0.7093 

rPP+MAPP 13 17 7.1 0.9247 5.3499 1.3681 

rPP+MAPP 19 20 38.9 0.3485 26.768 2.1696 

rPP 19 12 5.4 1.4667 2.0888 0.85191 

rPP 23 17 10.4 0.84937 6.7513 1.3824 

rPP 5 20 44.4 0.30988 31.969 2.3796 

 

The elastic strain response is illustrated in Figure 12 a). Since it becomes nonlinear for 
stresses larger than 8 MPa, the strain-stress relationship in different regions is given by 
different equations 

σε 054.00 =    for stress < 8MPa      

( )2.1
0 0.054 0.005 8ε σ σ= + −  for stress > 8 MPa                (15) 
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In Equation (15) stress is in MPa and strain is in %. The data points in the linear region are 
presented in Figure 12 a). 

 

  

a)                                                                     b)  

 

                                  c)                                  d) 

Figure 12.  Nonlinear elastic strain, 0ε , reduced time parameter σa , and  1g , 2g as function of 
applied stress. 

 

The stress dependence of the viscoelasticity parameters σa , 1g  and 2g is shown in  
Figures 12 b)-d) together with the fitting equations. 

 

The deviation from the values obtained at low stresses is very large. This completes the 
model identification, see Equations (2)-(4). In section ”Material Model”, a quantitative 
description of parameters in the VP model was obtained, and in section  “Viscoplastic 
strains” all the nonlinear stress dependent functions for viscoelasticity were defined. 
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These models were used to simulate the rPP strain response at a constant stress rate test. 
Tests were performed using a stress rate of 0.5 MPa/min until the specimen failed. The 
length of the tests was approximately one hour. The predicted stress-strain curve is 
presented in Figure 13 together with the experimental curves obtained using two rPP 
specimens. The agreement is very good until approximately a stress level of 27 MPa, which 
is very close to the rupture stress. The final stage was not predicted well by this model, as 
the strains were rapidly increasing and did not follow the laws identified at lower stress 
levels. For example, the creep does not develop according to the exponential parameter 

51.0=m  in the later part of the test, but much faster as typical in the secondary creep 
region. However, these details are out of the scope of this investigation. 

 

Figure 13. Experimental and predicted constant stress rate loading curves at a stress rate of 0.5 
MPa/min.  

 

 

Figure 14. Decomposition of the simulated strain in nonlinear elastic, nonlinear visco-elastic and 
viscoplastic components. 
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Figure 14 shows the significance of the different components in the material model. At low 
stresses and time, the response is mostly linear elastic. At the final stress used in the 
simulation (30 MPa) the situation becomes different: a) the nonlinear elastic response 
constitutes about 50% of the total strain; b) the nonlinear viscoelastic solution (elastic plus 
the time dependent term) covers approximately 85% of the strain; c) the plasticity is about 
15% of the total strain. 

 

Conclusions 

Experimental studies of recycled polypropylene (rPP) and rPP with 10% of maleic 
anhydride-grafted polypropylene (rPP+MAPP) were performed to compare the inelastic 
mechanical behaviour, to explain the inelastic stress-strain response and to develop a 
material model. 

It was found that: 

a) the stress-strain curves of the rPP and the rPP+MAPP were almost coinciding, the 
viscoplasticity and nonlinear viscoelasticity followed the same laws; 

b) the elastic modulus was not influenced by a high stress loading. Damage has not 
been included in the material model; 

c) the viscoplasticity became an issue at stresses higher than 12 MPa and in the creep 
test it followed a power law with respect to time and the stress level. The 
parameters of the viscoplastic model were identified; 

d) the viscoelastic strain became nonlinear for stresses higher than 8 MPa. The stress 
dependent parameters in the nonlinear viscoelastic model were determined; 

e) the predictive capability of the model was demonstrated in a constant stress rate 
tensile tests. 

 

References 

1. Wong, K.H., Pickering, S.J. and Brooks, R.(2007). Recycled Carbon Fibre 
Reinforced Polypropylene Composites: Effect of Coupling Agents on Mechanical 
Properties, Composites Innovation 2007 – Improved Sustainability and 
Environmental Performance, Organised by NetComposites, Barcelona, Spain, 4-5 
October 2007. 

2. Jannerfeldt, G., Törnqvist, R., Rambert, N., Boogh, L. and Månson, J-E. (2001). 
Matrix Modification for Improved Reinforcement Effectiveness in 
Polypropylene/Glass Fibre Composites, Applied Composite Materials, 8: 327-341. 

3. Khalil, R., Chryss, A.G., Jollands, M. and Bhattacharya, S. (2007). Effect of 
coupling agents on the crystallinity and viscoelastic properties of composites of rice 
hull ash-filled polypropylene, Journal of Materials Science, 42: 10219–10227. 

4. Hee-Soo, K., Byoung-Ho, L., Seung-Woo, C., Sumin, K. and Hyun-Joong, K. 
(2007). The effect of types of maleic anhydride-grafted polypropylene (MAPP) on 
the interfacial adhesion properties of bio-flour-filled polypropylene composites, 
Composites: Part A, 38: 1473-1482. 

5. Garkhail, S.K., Heijenrath, R.W.H. and Peijs, T. (2000). Mechanical Properties of 
Natural-Fibre-Mat-Reinforced Thermoplastics based on Flax Fibres and 
Polypropylene, Applied Composite Materials, 7: 351-372. 

23 

 



6. Joffe, R., Andersons, J. and Wallstrom, L. (2003). Strength and adhesion 
characteristics of elementary flax fibres with different surface treatments. 
Composites: Part A, 34: 603-612. 

7. Karmaker, A.C. and Youngquist, J.A. (1996). Injection Molding of Polypropylene 
Reinforced with Short Jute Fibers, Journal of Applied Polymer Science, 62: 1147-
1151. 

8. Zafeiropoulos, N.E., Williams, D.R., Baillie, C.A. and Matthews F.L. (2002). 
Engineering and characterisation of the interface in flax fibre/polypropylene 
composite materials. Part I. Development and investigation of surface treatments, 
Composites: Part A, 33: 1083-1093. 

9. Fung, K.L., Li, R.K.Y. and Tjong, S.C. (2002). Interface Modification on the 
Properties of Sisal Fiber-Reinforced Polypropylene Composites, Journal of Applied 
Polymer Science, 85: 169-176. 

10. Nyström B., Joffe, R. and Långström, R. (2007). Microstructure and Strength of 
InjectionM olded Natural Fiber Composites, Journal of Reinforced Plastics and 
Composites, 26: 579-599. 

11. Andersons, J., Sparnins, E. and Joffe, R. (2006). Stiffness and Strength of Flax 
Fiber/Polymer Matrix Composites, Polymer Composites, 27(2): 221-229. 

12. Thompson, M.R., Tzoganakis, C. and Rempel, G.L. (1998) Terminal 
Functionalisation of Polypropylene via the Alder ene Reaction, Polymer, 39: 327-
334. 

13. Giannadakis, K., Szpieg, M. and Varna, J. (2010). Mechanical performance of 
recycled Carbon Fibre/PP, Experimental Mechanics, Published online.  

14. Megnis, M., Varna, J., Allen, D.H. and Holmberg, A. (2001). Micromechanical 
modeling of visco-elastic response of GMT composite, Journal of Composite 
Materials, 35(10): 849-882. 

15. Schapery, R.A. (1997). Nonlinear Viscoelastic and Viscoplastic Constitutive 
Equations Based on Thermodynamics, Mechanics of Time-Dependent Materials,  
1: 209-240. 

16. Technical data sheet, Lankhorst Idutech bv, PURE®, 2007. 
17. Szpieg, M., Wysocki, M., Asp, L.E. (2009). Recycled PP aimed as a composites 

precursor material, Plastics, Rubber and Composites: Macromolecular 
Engineering, 38: 412-418. 

18. Product data sheet Eastman G-3216 Polymer, 2007 (www.eastman.com). 
19. Szpieg, M., Wysocki, M., Asp, L.E. (2009). Reuse of polymer materials and carbon 

fibres in novel engineering composite materials, Plastics, Rubber and Composites: 
Macromolecular Engineering, 38: 419-425. 

20. Senden, D.J.A., Van Dommelen, J.A.W. and Govaert, L.E. (2010). Strain 
Hardening and its Relation to Bauschinger Effects in Oriented Polymers, Journal of 
polymer science. Part B, 48(13): 1483-1494. 

21. Marklund, E., Eitzenberger, J. and Varna, J. (2008). Nonlinear viscoelastic 
viscoplastic material model including stiffness degradation for hemp/lignin 
composites, Composites science and technology, 68: 2156-2162. 

22. Lou, Y.C. and Schapery, R.A. (1971). Viscoelastic characterization of a nonlinear 
fiber-reinforced plastic, Journal of Composite Materials, 5: 208-234. 

23. Zapas, L.J. and Crissman, J.M. (1984). Creep and Recovery Behavior of Ultra-high 
Molecular Weight Polyethylene in the Region of Small Uniaxial Deformations, 
Polymer, 25(1): 57-62. 

24 

 



24. Nordin, L.O. and Varna, J. (2006). Nonlinear viscoplastic and nonlinear viscoelastic 
material model for paper fiber composites in compression, Composites Part A, 37, 
344-355. 

25. Marklund, E., Varna J., Wallström L. (2006), Nonlinear viscoelasticity and 
viscoplasticity of flax/polypropylene composites, Journal of Engineering Materials 
and Technology, 128: 527-536. 

26. Sparnins E., Varna J., Joffe, R., Nattinen, K. and Lampinen, J. (2010). Time 
dependent behavior of flax/starch composites, Mechanics of Time-Dependent 
Materials, submitted for publication. 

25 

 



26 

 



 
 

Paper II 
 
 

M. Szpieg, K. Giannadakis, L.E. Asp 
 
 

Mechanical properties of a recycled carbon fibre reinforced MAPP 
modified polypropylene composite 

27 

 



28 

 



Mechanical properties of a recycled carbon fibre reinforced 
MAPP modified polypropylene composite  

 

M. Szpieg1,2, K. Giannadakis1 and L.E. Asp1,2 

 
1Division of Polymer Engineering, Luleå University of Technology, SE-971 87 Luleå, 

Sweden 

2 Swerea SICOMP AB, P.O. Box 104, SE-431 22 Mölndal, Sweden 

 

Abstract 

The effect of maleic anhydride grafted polypropylene (MAPP) coupling agents on 
properties of a composite made of recycled carbon fibres and recycled polypropylene  
(rCF/(rPP+MAPP)) was studied experimentally. The new material presented significantly 
improved properties, compared to one without the addition of MAPP [1]. This was mostly 
attributed to improvement of the fibre/matrix interface. The inelastic and time dependent 
behaviour of the MAPP modified composite material in tension was analysed. A series of 
quasistatic tensile and creep tests were performed to identify the material model, which 
accounts for: a) damage related stiffness reduction, b) development of stress and time 
dependent irreversible strains described as viscoplasticity, c) nonlinear viscoelastic 
behaviour. It was found that in creep tests, the time and stress dependence of viscoplastic 
strains follows a power law, which makes the determination of the parameters in the 
viscoplasticity model relatively simple. The viscoelastic response of the composite was 
found to be linear in the investigated stress domain. The material model was validated in 
constant stress rate tensile tests. 

 
Keywords: A: Polymer-matrix composites (PMCs), B: Mechanical properties, E: Recycling 

 

 

1. Introduction 

Recycling is becoming more and more important in composites production. New legislation 
polices, increasing environmental awareness and threat of shortage of raw materials, in 
combination with the ever increasing use of carbon fibre composites, force society to 
recycle these materials. 

Carbon fibres, even when trapped in composites, are valuable products worth to be 
recovered. The energy needed to produce pristine carbon fibres is very high, 286 MJ/kg [2]. 
The high stiffness and strength and low density of recovered carbon fibres allows them to 
be re-used in new engineering materials for use in lightweight components [3,4,5]. With 
carbon fibre composites, recycling technologies involving burning or chemical 
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decomposition of the polymer matrix have been developed [3,6,7,8] in order to process 
carbon fibre reinforced polymer (CFRP) composite waste.  
There are different methods to produce composites using recovered carbon fibres. For 
instance, fibres recovered via a pyrolysis process and converted into a randomly oriented 
mat were employed to manufacture a composite material through a resin film infusion 
process in a matched die tool [9]. This composite was characterised in terms of its 
microstructure and mechanical performance in [4]. Another way of manufacturing 
composites using recovered carbon fibres is to align them into a carbon fibre 
preform/epoxy composite material [10]. In [10], carbon fibres were recovered via a 
fluidized bed process and the composite was manufactured using press forming.  

In the present work, a thermoplastic composite material was made using press forming, a 
commonly used process to manufacture thermoplastic composite materials. The 
constituents are usually preheated, sandwiched together in a stack and press formed in a 
cold press [11]. A similar process employed in this work is described in detail in the further 
part of this paper.  

It is well known that the fibre/matrix interface properties are often the weakest point in the 
composite performance [12]. In order to ensure a good interfacial adhesion and load 
transfer across the interface in a composite, maleic anhydride grafted polypropylene 
(MAPP) coupling agents can be added to the recycled PP matrix [13,14].  

Most of the above papers report only the main mechanical properties of the composite 
materials such as stiffness and strength. However, loading curves of composites with short, 
randomly oriented fibres, which are considered in this paper, are usually nonlinear [1]. The 
most possible reasons for this type of behaviour could be a microdamage, viscoelasticity 
and viscoplasticity [15,16,17]. Often, they are considered separately but certainly any 
interactions are possible and have to be inspected.  

The objective of this paper is to perform a thorough investigation of the recycled carbon 
fibre reinforced MAPP modified polypropylene (rCF/(rPP+MAPP)) composite material. 
The sources of the inelastic behaviour will be analysed by studying the output from the 
strain response. The significance of the following phenomena will be ranked and included 
in the material model; a) reduced elastic modulus due to microdamage development at high 
stresses, b) viscoelastic composite material behaviour, which may be nonlinear with respect 
to stress, c) viscoplastic (irreversible) strains development with time at high loads. 

 
2. Materials and their basic mechanical properties 

2.1 Recycled materials 

2.1.1 Recycled polypropylene (rPP)  

 

PURE® process scrap polypropylene (rPP) was supplied by Lankhorst Indutech bv, The 
Netherlands [18] in the form of tape wound onto bobbins. The mechanical and thermal 
properties of the reprocessed PURE® scrap were earlier characterised by Szpieg et al. [19]. 
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In this study, the rPP was compounded with maleic anhydride grafted polypropylene 
(MAPP) coupling agents in order to improve the interfacial adhesion with the recycled 
carbon fibres [1] in the composite material to be manufactured. The compounding process 
was performed using a laboratory scale extruder, Brabender® AEV 651. 35 g of PP scrap 
(the maximum possible amount of material in the brabender) was blended with 10% by 
weight of MAPP. The mixing was performed during seven minutes at the temperature of 
200˚C, and the rotating speed of the screws was 80 rpm. Seven minutes for the mixing time 
was chosen, as it mimics a typical extrusion time for polypropylene using an industrial 
scale extruder [19].  

The compounded rPP with MAPP was reprocessed into a film by press forming using  
a HASCO® Z121/196 196/5 press (see Fig. 1). The same press was subsequently used to 
manufacture the composite material. The following processing parameters were used:  
a pressing time of five minutes, cooling time of five minutes, applied force, F, of 150 kN at 
a 

temperature of 200°C.   

 

Figure 1. Press forming used to manufacture the recycled polypropylene film and the 
composite material. 
 

2.1.2 Recovered carbon fibres 

Recovered carbon fibres CFM-PYR-H-1 [20] were supplied by Hadeg Recycling GmbH, 
Germany. The fibres were produced by milling of carbon fibre composites, which were 
obtained from production waste generated by the aircraft industry. The fibres were 
recovered using a pyrolysis process at approximately 1200°C. Due to the cotton-like 
structure of the recovered carbon fibres (see Fig. 2 a)) they had to be reprocessed into fibre 
mats with a controlled fibre distribution [21]. The fibre length varied between 1 and 20 
mm. A scanning electron microscope (SEM) was used to analyse the morphology of the 
recovered carbon fibres. As depicted in Figure 2 b), there is some contamination, stemming 
from the pyrolysis process, present on the fibres. However, the degree of contamination is 
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low and the fibre quality is comparable to the fibres recovered via some other recovery 
method available, e.g. the fluidized bed process [22].  

 

    

Figure 2. Recycled carbon fibres: a) cotton-like structure, view with the naked eye,  
b) individual fibre (x7.5k). 

 

2.2 Carbon fibre preform manufacture and compaction response 

The principles of papermaking [21] were employed to obtain preforms with uniformly 
distributed carbon fibres for subsequent composite manufacturing. The recovered carbon 
fibres were dispersed in distilled water using a mixer as shown in Fig. 3. After dispersion,  
a filter was used to drain off the water and protect the fibre preform from damage. The 
preform was dried on the filter for approximately 12 hours at room temperature. The carbon 
fibre preform, still containing some moisture, was then placed in a Vacuum Oven 
GALLENKAMP for approximately five hours at 100˚C to completely remove the moisture. 
Compaction experiments were performed to characterise the out of plane mechanical 
behaviour of the preform [21]. The mechanical response of the carbon fibre preform 
indicated that the preform was nearly in plane randomly oriented [21]. 

32 

 



 

Figure 3. Dispersion of the recycled carbon fibres. 

 

2.3 Composite manufacturing 

Two layers of polypropylene films manufactured earlier by press forming were sandwiched 
between three carbon fibre preform layers in a stack.  The stack was heated and pressed, 
resulting in a composite plate thickness of approximately 1.60 mm. The nominal areal 
weight of the recycled carbon fibre preform was 0.31 kg/m2 and the nominal areal weight 
of the rPP films was 0.55 kg/m2. Using a compaction law [21] the required amount of the 
constituents (rPP film and recycled carbon fibres preforms) was calculated to obtain a 
nominal fibre volume fraction of 30 %. The following processing parameters were used: 
pressing time seven minutes, cooling time five minutes, applied pressure 13 MPa and 
temperature 200°C. Rectangular shaped samples with dimensions 150x20 mm were cut and 
polished for subsequent investigation.  

 

2.4 Mechanical properties of the rCF/(rPP+MAPP) composite 

2.4.1 Strain rate effect 

All tests were performed at room temperature (23°C) and relative humidity of 20%. For all 
tests, an Instron 3366 testing machine was used, equipped with a 10 kN load cell. The gage 
length between the grips in the testing machine was approximately 100 mm. The stress-
strain responses were obtained in monotonic tensile loading until failure. Two different 
loading rates were used, 5 mm/min and 0.05 mm/min. The loading curves for the MAPP 
modified recycled composite (rCF/(rPP+MAPP)) are shown in Fig. 4.  
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Figure 4. Stress-strain curves for the rCF/(rPP+MAPP) composite at two different cross-
head speed rates, 5 mm/min and 0.05 mm/min. 

The effect of the strain rate on the mechanical properties such as an elastic modulus and 
tensile strength are presented in Table 1. Three samples of the rCF/(rPP+MAPP) were used 
for each of the mean value presented. In each case, the material indicated higher properties 
with respect to the higher strain rate.  

 

Table 1. Mechanical properties of the rCF/(rPP+MAPP) composite. 

Material rCF/(rPP+MAPP) 

Property 
Crosshead 

speed  

(mm/min) 

Mean 
value 

Standard 
deviation 

Elastic 
modulus 

(GPa) 

0.05 7.6 1.1 

5 9.0 0.6 

Tensile 
strength 
(MPa) 

0.05 47.8 5.1 

5 50.1 4.7 
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2.4.2 Elastic modulus 
 
The elastic modulus of the rCF/(rPP+MAPP) composite was determined in a standard 
quasi-static tensile test. The cross head speed was 5 mm/min, corresponding to a strain rate 
of approximately 5% strain per minute. The specimen was loaded up to 0.2% of strain and 
unloaded. The elastic modulus was defined using the loading slope of the stress-strain 
curve in the strain region between 0.05 and 0.15%. This strain level was used expecting 
that damage and irreversible phenomena would not develop in this relatively low strain 
region. The measurements of the elastic modulus were performed to choose representative 
samples for subsequent investigation. In the elastic modulus measurement, the average 
value of the “loading modulus” was 8.7 GPa with a standard deviation of 2.1 GPa. The 
large variability is attributed to still existing structural inhomogeneity such as resin rich 
layers [1]. These values of the elastic modulus and standard deviation are slightly different 
compared to the values presented in Table 1. The reason for that discrepancy is that the 
elastic modulus measurement was performed using 20 samples, while the modulus 
measurement concerning the strain rate effect presented in section 2.4.1 was performed 
using only 3 samples. Hence, the values presented in the following section can be 
considered as more accurate, without discarding the values presented in Table 1. The elastic 
modulus for the MAPP modified composite is not much larger than for the unmodified 
material, for which values between 6.5 and 9.5 GPa were reported [1].  

The stiffness of the rCF/(rPP+MAPP) composite significantly differs in comparison to the 
stiffness of the other recycled thermoplastic composite manufactured by injection moulding 
[13]. The stiffness of the composite reported in [13] was approximately 14 GPa, while the 
average stiffness of the rCF/(rPP+MAPP) composite studied here is approximately 9 GPa. 
One could think that reinforcing fibres become shorter during the injection moulding 
process, causing a stiffness reduction in the composite. Even though the fibres become 
shorter, they also become oriented in one direction during this process, which results in 
higher stiffness.  

 

2.4.3 Effect of MAPP on fibre/matrix interface  
As reported in [23] the properties of the rPP (elasticity, strength, viscoelasticity and 
viscoplasticity) are almost not affected by the presence of MAPP. Therefore, the composite 
strength increase is attributed to the improved fiber/matrix interface due to the addition of 
MAPP. This assumption is reasonable, as both the elastic properties of the composites with 
and without MAPP were almost the same. The difference is more pronounced at higher 
stresses, were debonding of weak fiber/matrix interface reduces the elastic properties and 
leads to premature failure. 

The fracture surfaces of the composites with and without MAPP, proving the above 
assumption are shown in Fig. 5. The scanning electron microscopy (SEM) micrograph of 
the fracture surface of a tensile specimen without the addition of MAPP is depicted in Fig. 
5 a). This figure shows considerable amount of fibre pull-outs and clean matrix-free fibre 
surfaces indicating a very weak fibre/matrix interface. Figure 5 b) shows the fracture 
surface of the MAPP modified composite. The fibres are fully covered by the matrix and 
there is no pull-outs indicating a good bonding between the constituents.  
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Figure 5. SEM micrographs showing the positive effect of MAPP on fiber/matrix interface 
strength: a) rCF/rPP, b) rCF/(rPP+MAPP). 

 

The improved fibre/matrix interface results in much improved tensile strength of the 
composite, see Table 2. The addition of MAPP has caused a significant increase, while the 
elastic modulus remained almost unchanged. The results depicted in Table 2 come from 
tensile testing of two samples of the rCF/rPP composite and three samples of the 
rCF/(rPP+MAPP) composite. 

Table 2. Effect of MAPP on the mechanical properties of the  rCF/rPP and 
rCF/(rPP+MAPP) composites. 

 

Material rCF/rPP [1] rCF/(rPP+MAPP) 

Property Mean 
value 

Standard 
deviation 

Mean 
value 

Standard 
deviation 

Elastic 
modulus 

(GPa) 
9.6 2.5 9.0 0.6 

Tensile 
strength 
(MPa) 

27.9 0.1 50.1 4.7 
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3. Material model  

In development of the material model, it is assumed that the damage development, 
viscoelastic and viscoplastic responses may be decoupled. Generally speaking it may not 
be true, especially at high stresses. Separation of the micro-damage influenced viscoelastic 
strain response from viscoplastic response (which is also affected by damage) gives, 

 

( ) ( ) ( ) ( ) ( )tdtdt VPVE ,,, maxmax σεσσεσσε +=                                     (1)  

To describe the viscoelasticity, the general thermodynamically consistent theory of 
nonlinear viscoelastic materials developed by Lou and Schapery [24] and presented in more 
general form by Schapery [25] is used in this paper. In uniaxial loading considered in this 
paper, the viscoelastic model contains three stress invariant dependent functions, which 
characterise the nonlinearity. In addition, a function ( )maxσd  with values dependent on the 
maximum (most damaging) stress state experienced during the previous service was 
incorporated to account for microdamage [17]. In monotonously increasing uniaxial 
loading, the “most damaging” is the current stress state. As demonstrated below (see Eq. 
(8)), the damage function represents the normalised elastic compliance of the composite, 
which is degrading due to experienced high stress/strain. Certainly the form of interaction 
between d  and viscoplastic strain (VP-strain) VPε  used in Eq. (1) is rather questionable. In 
[17] it was concluded from limited number of empirical observations that this form fits the 
test results better than a standalone term of VPε . Actually, it states that larger irreversible 
strains develop in a damaged composite than in an undamaged composite. It has to be noted 
that microdamage itself without any viscoplasticity can introduce irreversible strains. 

The final form of the material model written for the one-dimensional case is 

( ) ( ) ( ) ( )





 +∫ ′−∆+⋅= td

d
gdSgd VP

t
,2

0
10max σετ

τ
σ

ψψεσε             (2) 

In (2) integration is over “reduced time” introduced as, 

 

∫
′

=
t

a
td

0 σ

ψ and ∫
′

=′
τ

σ

ψ
0 a

td                                                                  (3) 

0ε  represents the elastic strain which, generally speaking, may be nonlinear with respect to 
stress. )(ψS∆  is the transient component of the linear viscoelastic creep compliance, 1g  
and 2g  are stress dependent material properties, σa  is the shift factor, which in fixed 
conditions is a function of stress only. These functions also depend on temperature and 
humidity, however, under fixed environmental conditions they are functions of stress only. 
If a region with linear viscoelastic behaviour exist: 121 === σagg . 

It was shown by Schapery [24], that the viscoelastic creep compliance can be written in the 
form of Prony series, 
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iCS
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ψψ exp1                                                        (4) 

where iC  are stress independent constants and iτ  are constants, so-called, retardation 
times. 

The optimal set of experiments needed to determine the stress dependent functions in the 
material model and development of reliable methodology for data reduction is still a 
debatable issue. Most of researchers agree that it is important to obtain as much as possible 
of characteristics from one and the same “representative” specimen. Since for the 
considered material the properties variation is very large, the averaging has to be 
performed. However, it is better to average the final results than to use all available data 
pool at once to define the model “in average”. 

 

 

3. Stiffness degradation 

The physical meaning of the damage related function ( )maxεd  can be revealed by 
comparing the elastic strains in damaged and undamaged composite at given low stress σ  

( )maxεσε Eel =  00 Eσε =                                                  (5) 

In (5) 0E is the elastic modulus of the undamaged composite. Excluding stress from (5), it 
is obtained as 

( ) 0
max

0 ε
σ

ε
E

E
el =                                                                            (6) 

From (1) the elastic response of the damaged material may be written as  

( ) 0max εσε del =                                                                             (7) 

Comparing with (6), it is obtained as 

( ) ( )max

0
max σ

σ
E

E
d =                                                                        (8) 

Obviously ( )maxσd  has the physical meaning of normalised elastic compliance it is inverse 
to the normalised elastic modulus dependence on the highest experienced stress level.  

In this paper, the elastic modulus dependence on the previously applied maximum 
strain/stress level was measured to evaluate the significance of the modulus degradation 
and the amount of microdamage accumulation. The loading ramp used in the tests is 
illustrated in Fig. 6. It consists of a sequence of blocks, each containing the following steps:  
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  loading to 0.15% strain followed by unloading for measuring of the elastic 
modulus,  

 waiting at “almost zero” stress for decay of all viscoelastic effects (constant load 
about 5 N is defined as “almost zero”), 

 loading up to a certain stress level and unloading to “almost zero” stress, 

 waiting at “almost zero” stress for decay of all viscoelastic effects during a time 
period of 10ti, 

 elastic modulus determination by applying 0.15% of strain in addition to the 
residual value of the previous loading step. The same sequence was repeated for a 
higher level of applied strain. The stress levels applied were: 14, 20, 30, 40, 45, 47 
and 50MPa.  

In each of the multiple high load steps (see Fig. 6), irreversible strains were developed. 
Hence, after unloading to “almost zero” stress and a relatively large recovery period, rather 
large strains were still present. Consequently, the modulus determination in strain region 
between 0.05 and 0.15% as described in Section 2.4 was not possible. Instead, it was 
carried out using a stress region corresponding to the above strain interval, determined for 
each individual specimen in an undamaged state (first step in the test program).  

10ti

St
re

ss

Time

0
ti

Elastic ModulusHigh Stress Application

 

Figure 6.  Example of strain dependence on time during one cycle of the test. 
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Figure 7. Composite elastic modulus reduction due to microdamage accumulation in high 
stress region. 

  

 

 

The experimental data were fit by function 
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and the fit is also shown in Fig. 7. 
 

A partial conclusion, derived from Fig. 7 is that the observed stiffness reduction during 
these tests is very low, in fact less than 10%, hence, it will not be considered as a main 
source of non-linearity. Therefore, a damage dependent stiffness in the material model is 
not included. 
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4. Viscoplastic strains 

4.1 Model 

The viscoplastic strains (VP-strain) development in composites has been previously 
successfully described by a functional presented in Zapas and Crissman [26] and used by 
Marklund et al. [17], Marklund et al. [16] and Nordin and Varna [15]. Here, this model is 
presented in a slightly different form introducing normalised time *tt=τ  

( ) ( )
m

t
t

M
VPVP dCt












∫=

*

0
, ττσσε                                                     (10) 

where VPC , M  and m  are constants to be determined, and *t  is a characteristic time 
constant for example, 3600 seconds if the time interval of interest is about 1h. A 
generalisation of  
Eq. (10), if necessary, is possible by replacing ( )Mτσ  by a more general function ( )( )τσf  
to be identified. 

Assuming that Eq. (10) is valid for the analysed material, it is possible to design test 
procedures for determination of the parameters VPC , M and .m  First, a sequence of creep 
tests at fixed stress, ( ) 0σσ =t  is taken into consideration. In this case, the integration in Eq. 
(10) is analytical and the VP-strain accumulated during the time interval [ ]1;0 tt ∈  is  
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which can also be presented in the form  
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ασ 0plCA = ,    mM ⋅=α                                                                    (13) 

If the creep test is performed for a time interval 21 tt + , the accumulated VP- strain will be 
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According to Eq. (10), interruption of the constant stress test for an arbitrary time interval 
rt  (for example, strain recovery) has no effect on VP-strain development: since stress 

during the unloaded state is zero, only the total time under loading is of importance 
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As a consequence, instead of testing at a stress 0σ  for the time 21 tt + continuously, one 

could perform the testing in two steps: 1) creep at stress 0σ  for time 1t ; unloading the 
specimen and measuring the permanent strain 1

VPε  developed during this step. During the 
creep test viscoelastic strains are also developing simultaneously with VP-strains. 
Therefore, the VP- strains cannot be directly measured after the load removal. It has to be 
done after the recovery of viscoelastic strains; 2) the stress 0σ is applied again for time 2t  
and after strain recovery, the new VP-strain 2

VPε developed during the second test of length 

2t  is measured. The total VP-strain after these two creep tests is found by adding the two 
VP-strains, 1

VPε  and 2
VPε . 

  2121 t
VP

t
VP

tt
VP εεε +=+                                                                       (16) 

From the above discussion, it follows that the time dependence of VP-strain at fixed stress 
level can be determined by performing a sequence of creep and strain recover tests on the 
same specimen.  

The VP-strain time dependence in creep loading at the same stress level 0σ  is given by  
Eq. (12). Hence, the test data should be fitted with a power function with respect to time. 
According to Eq. (10), the constant m  determined as the best fit by a power function has to 
be independent on the stress level used in creep test (it has to be proved experimentally). 
Constant ( )0σA  is also obtained in the fitting procedure. Following Eqs. (11) and (13), the 
stress dependence of VP-strains in creep tests (and consequently ( )0σA ) also has to obey a 
power law. Performing the above described sequences of creep tests at several stress levels, 
it is possible to plot ( )0σA  versus stress and fit it using Eq. (13). In result, constants M  
and VPC  are determined. After that the VP-strain model, Eq. (10) can be applied to any 
arbitrary stress controlled loading ramp. 

The assumption that the creep test interruption does not affect the viscoplastic strain 
development has to be checked experimentally for each material. In other words, the 
assumption and validation that viscoplastic strains are accumulative, is an important step in 
validation of the VP-strain model (Eq. (10)).  

 

4.2 Experimental procedure and data reduction 

The test program to identify the time dependence and stress dependence of viscoplastic 
strains in creep tests (constants: VPC , M  and m ) is based on the discussion in section 4.1. 
In a low stress region, a tensile creep test with a creep rig consisting of dead weights was 
performed, whereas at a high stress region, a tensile creep test was performed by a stress 
controlled test.  

During the creep and strain recovery periods, strains in the loading and transverse directions 
were recorded using an extensometer and strain gauges respectively.  
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To identify the time dependence of VP-strains, a sequence of steps was selected at a fixed 
level of stress, each consisting of creep and strain recovery. The test sequence performed 
on the same specimen is schematically shown in Fig. 8. 

 

Figure 8. Sequence of creep and strain recovery steps to identify the time dependence of 
VP-strains at a fixed stress level. 

 

 Often, the VP-strain rate decreases with time. Therefore, the length of the creep loading 
time kt  in each of the following step was increased proportionally increasing also the strain 
recovery time. The time scale depends on the time region to be covered in expected 
application of the model. Creep tests of durations 1t =3, 2t =10, 3t =20, and 4t =30 min were 
used. The strain recovery time after the load application step was 8 times the length of the 
loading step. The whole creep-recovery curve was recorded (see Fig. 9) for axial strain and 
transverse strain development at 37 MPa. The VP-strains are given by the final recovery 
strain value.  

According to the model (see Eq. (15)), the VP-strains are not developing during the strain 
recovery part and when the same load is applied again in the next step, the viscoplastic 
process continues without any effect of the test interruption time interval.  
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Figure 9. Axial and transverse VP-strain development in a creep test.  

 

In the example shown in Fig. 9, four data points for the specimen were obtained to establish 
the VP-strain dependence on time for the stress level of 37 MPa. This test was performed at 
several stress levels (using other specimens) to make sure that the shape of the time 
dependence is not changing with stress.  

Often, the VP-strain developed during the first loading step is larger than the VP-strain 
created during the following step. It can be seen in Fig. 9 that the increase of VP-strains is 
slowing down with time.  

The VP-strain evolution in specimens at 37 MPa and 40 MPa (one specimen for each case) 
are shown in log-log axes in Fig. 10. According to Eq. (12), the dependence in log-log axes 
should be linear, which is confirmed by Fig. 10. In this figure, m  is the slope of the linear 
dependence and A is the vertical shift of the line. 

  

                              a) 40 MPa                                                        b) 37 MPa 

Figure 10. VP-strain development as a function of time in log-log axes. rCF/(rPP+MAPP) 
composite at:  a) 40 MPa, b) 37 MPa. Solid line represents fitting using m=0.37. 
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Since m  has to be stress independent, the value of 37.0=m  was found as the best fit data 
in Fig. 10. The value of A  obtained by fitting is different for each of the stress levels. The 
solid lines in Fig. 10 represent the result of the “visual fitting”. Additional data points for 
A  were obtained in a similar way from one step of the VP creep tests (40 min) at different 
stress levels using the established time dependence using 37.0=m , the experimental value 
of  VPε  and Eq. (12). The obtained  dependence on stress level is shown in Fig. 11. The 
scatter is large but still, the trend of nonlinear increase is clear.  The fit is shown in Fig. 11 
as the solid line. From the fitting equation in Fig. 11, the parameters in VP-law can be 
determined as: 

 

              37.0=m  =plC 1.95e-15 =M 23.81                    (17) 

 

It has to be noted that these values are rather sensitive with respect to the VP-strain data at 
low stress levels (see σ=20 MPa in Fig. 11). As the accuracy of strain measurements is 
approximately 0.005 %, a VP-strain at low stress levels cannot be measured accurately. In 
this particular example, depending on value of VP strain at 20 MPa, the power law will 
change. 

 

 

Figure 11.  Stress dependence of VP-strain presented in terms of A in order to determine 
parameters VPC  and .M  
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Figure 12.  Predicted evolution of VP-strains with time in creep tests. 

 

The use of the determined parameters (see Eq. (17)) to predict VP-strain development in 
creep test is demonstrated in Fig. 12. These parameters are used in Eq. (11) to predict VP-
strains at 37 and 40 MPa. One can see that in this stress region VP-strains are significantly 
affected by small increase in stress level. 

As shown in Fig. 9, complementary to the VP-strain development in the loading (axial) 
direction, negative VP-strains grow in the transverse direction. These strains are shown in  
Fig. 13, where each point represents a certain instant of time during creep test at a fixed 
stress. Two specimens are presented: Specimen 4 is subjected to creep at 37 MPa and 
Specimen 5 to creep at 40 MPa. For each of the specimens, both VP-strain components are 
proportional at all time instants, which allow to introduce a parameter called “viscoplastic 
Poisson’s ratio”. According to Fig. 13, the ratio is almost the same for different stress level. 
The relationship is rather similar for both stress levels. Due to limited data, it is not possible 
to investigate if the small difference is due to variations between the specimens or due to 
the effect of stress level. Linear fit to all the data and the corresponding equation is also 
shown in Fig. 13. 
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Figure 13. Relationship between transverse and axial VP-strains in creep tests showing 
linearity (Specimen 4 at 37 MPa and Specimen 5 at 40 MPa). 

 

The value of the viscoplastic Poisson’s ratio is equal to 0.275. If the observed 
proportionality holds not only for a creep test, but also for more general loading ramps, the 
introduction of constant VP-strain ratio could be very useful for implementation in 
numerical codes. 

 

5. Viscoelasticity 

5.1 Viscoelasticity characterisation in creep and strain recovery tests 

In a creep test, the stress is applied at 0=t  and kept constant up to a certain time 1t . Then 
the stress is removed and the strain recovery period begins according to 

[ ])()( 1ttHtH −−= σσ  where )(tH  is the Heaviside step function.  

The material model (see Eqs. (2)-(4)) may therefore be applied separately to the creep 
interval [ ]1,0 tt ∈ and to the strain recovery in the following creep test at 1tt > . The 
equations for creep strain creepε  and recovery strain recε  [17] are described as: 
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Equations (18) and (19) are used to fit the experimental creep and strain recovery data. 
Stress independent constants iC  i=1,….I and stress dependent 0ε , σa , 1g  and 2g  are found 
in result of fitting, using the method of least squares (LSQ). The retardation times iτ in the 
Prony series are chosen arbitrary, but the largest iτ  should be at least a decade larger than 
the length of the conducted creep test. The retardation times were spread more or less 
uniformly over the logarithmic time scale, with a factor of about ten between them. Even if 
it is not a necessary condition, the additional requirement 0>iC  was used. It usually leads 
to an improved fitting of test results. 

The VP-strains are then used in Eqs. (18) and (19). The time dependent viscoplastic strain 
has to be subtracted from the measured strains to have pure viscoelastic response to analyse. 
The VP-strain after creep test of length 1t  is given by Eq. (11). In any arbitrary time instant 
t ,  
VP-strains can be written as 

( )
m

Mm
VPVP t

tCt 





= *00 , σσε                                                                     (20) 

From Eq. (20) and Eq. (11), a convenient form for subtraction can be obtained by using 

( ) ( )
m

VPVP t
ttt 







=

1
100 ,, σεσε                                                                         (21) 

In order to obtain pure viscoelastic response, VP-strains were subtracted from the data 
using Eq. (21). Viscoelastic compliances were obtained by dividing the creep strain data by 
the stress level. The results are presented in Fig. 14. A very large scatter at each stress level 
is discovered, which is typical for PP composites [27]. However, no systematic increase 
with a stress level can be observed and, therefore, it was concluded that in the considered 
stress region, the composite can be considered as linear viscoelastic assuming 

121 === σagg  and 0ε  proportional to stress. 

Creep and strain recovery data were used to determine iC  by fitting simultaneously the 
creep and strain recovery data using LSQ method. The same set of iτ  was used for all 
specimens. This procedure was performed separately for each specimen and then the 

iC values were averaged to obtain an average linear viscoelastic response. 
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Figure 14. Creep compliance at different stress levels. 

 

The τ  and average C  values are presented in Table 3.  

 

Table 3. Linear viscoelastic parameters. 

( )sτ  10 200 700 15000 

( )MPaC %  0.000774 0.001126 0.000809 0.006947 

 

This completes the model identification given by Eqs. (2)-(4).  

5.2  Validation tests 

 This material model was used to simulate the rCF/(rPP+MAPP) composite at a constant 
stress rate test. This test was performed experimentally with a stress rate of 1.0 MPa/min 
until specimen failure. The length of the test was approximately 40 min. 

Simulation was performed using a numerical integration to obtain VP-strain according to  
Eq. (10). Since in this case analytical integration is also possible, numerical results were 
compared with the analytical ones, and the time step in numerical integration was selected 
to obtain coinciding results. 

Incremental procedure presented in [28] and used also in [17] was applied for the 
viscoelastic part of the model. 

The predicted stress-strain curve is presented in Fig. 15 together with experimental curves 
for  
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two specimens. The agreement is good even close to the rupture stress.  Figure 16 shows 
the significance of different components in the material model. At the end of the test, about 
45% of the strain is elastic (including stiffness reduction effect), about 15% is linear 
viscoelasticity and the rest (40%) is viscoplasticity.   

 

 

Figure 15.  Experimental and predicted constant stress rate loading curves at a stress rate of 
1.0 MPa/min. Predictions based on  the average E=8.68 GPa. 

 

Figure 16. Decomposition of the simulated strain in elastic, linear viscoelastic and total 
strain (viscoelastic+viscoplastic) components.  
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Figure 17.  Experimental loading curves in constant stress rate test for Specimens 8 and 9 
and simulations adjusting the elastic modulus to each individual specimen. The E-modulus 

value for each specimen used in simulations is shown in the legend. 

 

 

For the specimens’ predictions, the average properties were used. Due to the large scatter 
between the specimens, these predictions are not very reliable, especially if the validation 
was performed using two specimens only (see Fig. 15). A different simulation was 
performed (see Fig. 17), using individual elastic modulus of each specimen and average 
viscoelastic and viscoplastic behaviour. The simulation is in a very good agreement with 
test results indicating that the large variability of results is more related to elastic modulus 
than to viscoelasticity and viscoplasticity. 

 

6. Conclusions 
 
The effect of maleic anhydride grafted polypropylene (MAPP) coupling agents on 
properties of a composite made of recycled carbon fibres and recycled polypropylene 
rCF/(rPP+MAPP) was studied experimentally. It was shown that adding 10 wt% of MAPP 
to the recycled polypropylene matrix leads to an almost 100% increase of the composite 
strength and strain to failure. The elastic modulus remains unchanged. 

The inelastic stress-strain behaviour of the composite is related to elastic modulus reduction 
at high stresses, viscoelasticity and viscoplasticity. 
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The elastic modulus change rate is increasing with stress and the relationship is fitted by a 
polynomial. 

It was demonstrated that the viscoplastic response can be described by Zapas model, which 
in creep test predicts a power law dependence of viscoplastic strains with respect to time 
and stress level. Parameters in the model were determined in creep and strain recovery 
tests. 

The viscoelasticity of the rCF/(rPP+MAPP) composite is linear in the whole considered 
stress region. The parameters in the viscoelastic model were also identified. 

The developed material model was used to simulate strain response in constant stress rate 
test. Simulation is in a good agreement with the experimental data. 
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Abstract 

Experimental results show very nonlinear and time dependent stress-strain response of non-
crimp fabric (NCF) [±45]s laminates in tension. Testing methodology is suggested to 
separate and quantify the effect of damage development, nonlinear viscoelastic effects and 
viscoplasticity on the inelastic response. This is achieved by decomposition of viscoelastic 
and viscoplastic response, both of them being affected my microdamage accumulated 
during the service life. Material model based on Schapery’s work on viscoelasticity and 
Zapas viscoplastic functional is presented and used. Simulation is performed and validated 
in constant stress rate tests identifying the nonlinear viscoelasticity and viscoplasticity as 
the major sources of the nonlinear response. 

  

1. Introduction:  
An important characteristic of all polymer composites is time-dependent nature of their 
mechanical properties. Due to that fact, these materials present complex stress-strain 
behaviour, hysteresis loops and loading rate effects [1-5]. For the short fibre composites 
such behaviour is observed more often that for materials reinforced with long fibres but in 
general the same principal applies to continuous fibre composites as well. However, 
unidirectional laminates loaded in the axial direction show a highly linear behaviour and 
exhibit only limited time dependence, this is mainly due to high stiffness of fibres. In cases 
of angle-ply laminates with off-axis orientation of fibres shear stresses are developed and 
they seem to be responsible for the non-linear performance of such materials. This non-
linearity was previously described successfully by Ramberg and Osgood [6]. The authors 
used an earlier developed model by Holmquist and Nadai [7]. According to those studies, 
the failure of a coupon is strictly related to the shape of the stress-strain curve. Based on 
this approach a semi-empirical model to predict the stress-strain response was developed. 
The time dependent behaviour is due to the viscoelastic response which is complemented 
with the development of microdamage as well as irreversible plastic strains. Extensive 
research has been done, in order to characterize and model this nonlinear viscoelastic - 
viscoplastic behaviour for different types of composites [8-18]. The most possible source of 
nonlinear behaviour could be a microdamage, viscoelasticity and viscoplasticity [19].  

The objective of this paper is to perform investigation of inelastic behaviour of a GF/VE 
[±45]s laminates. The sources of the inelastic behaviour will be analysed by studying the 
output from the strain response at certain applied stress level. The significance of the 
following phenomena will be ranked and included in the material model: a) reduced elastic 
properties due to microdamage development at high stresses; b) viscoelastic composite 
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material behaviour, which may be nonlinear with respect to stress; c) viscoplastic 
(irreversible) strains development with time at high loads. 

Since the stress-strain response of [±45]s  laminate can be attributed to the nonlinear 
response to shear loading typical for unidirectional composite, we expect that the presented 
results will contribute to deeper understanding of the shear response “mystery” of UD 
composites. 

 

2. Material Model 

Selecting the material model that includes the desired features we assume that the 
viscoelastic and viscoplastic responses may be decoupled: although both, viscoelastic and 
viscoplastic, strains are affected by micro-damage, its influence can be separated: 

( ) ( ) ( ) ( ) ( )tdtdt VPVE ,,, maxmax σεσσεσσε +=  (1)  

As demonstrated in Section 4.2 the physical meaning of ( )maxσd  in (1 and 2) is the 
normalized elastic compliance of the composite degraded due to damage.  

As a starting point we rely on the nonlinear viscoelastic materials model introduced by 
Lou and Schapery, [20] and generalized using thermodynamic treatment by Schapery [21]. 
The test results presented in Section 4 concern uniaxial tension (in most of cases even 
Poisson’s effect related strains were not recorded). In this particular case the viscoelastic 
model contains three stress dependent functions which characterize the nonlinearity with 
respect to stress level. For a given stress history ( )τσ , [ ]t;0∈τ , the strain ( )t,σε  can be 
written as 

( ) ( ) ( ) ( )
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In (2) integration is over “reduced time” introduced as, 
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0ε  represents the elastic strain which can be nonlinear function of current stress, )(ψS∆  is 
the transient component of the linear viscoelastic creep compliance that can be written in 
the form of Prony series 

( ) ∑ 















−−=∆

i i
iCS

τ
ψψ exp1        (4) 

 In (4) iC  are stress level independent constants and iτ  are called retardation times, 1g  and 

2g  are stress invariant dependent material properties. σa  is the shift factor, which in fixed 
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conditions is a function of stress only. In the linear response region it is usually expected 
that 121 === σagg . 

The viscoplastic strain term VPε  is analyzed later on in this article. The optimal set of 
experiments needed to determine the stress dependent functions in the material model and 
development of reliable methodology for data reduction is described in Section 4.  

 

3 Material and testing 

3.1 Composite material 
 
The glass fibre reinforcement is in form of knitted biaxial ±45 non-crimp fabric (NCF)  
with surface weight of 1800 g/m2. The reinforcement was laid in two layers ([45/-45]s)to 
achieve symmetry and a suitable thickness. Since bundle width is very large, it is difficult 
to see the bundle mesostructure (see Figure 1) even at fairly low magnification. 

The resin used is bisphenol-A epoxy-vinylester, Dow Derakane 411-C50.  The chemicals 
were mixed in the following propostions (%wt with respect to the mass of resin): 0.3% 
Accelerator Akzo NL-51P, 0.1% Accelerator Akzo NL-63-100, 0.1% Inhibitor Akzo NLC-
10 and 1.5% Curing agent Akzo Butanox M50.  

Plates were manufactured using vacuum infusion with stiff mould base and flexible top 
(polyamide film). The final thickness for the laminate was approximately 2.6 mm. After 
completed infusion the plates were in-mould cured at room temperature over night. The rest 
of the cure is described as part of the sample preparation step. 

Figure 1 shows the microstructure for the glass fibre NCF (edge view of the specimen). The 
material has high fibre content, fibers are homogeneously distributed and void content is 
rather low. One of the voids is presented in the bottom insert image of the Figure 1. 
However, in Figure 1 black stripes can be seen 1/4th and 3/4th in to the material (+45/-45 
interface). Following the basic architecture of non-crimp fabrics, a stitch is also presented 
in Figure 1.  The out-of-plane shear cracks in between the +45 and -45 layers are located in 
a very narrow edge region and are not growing during the loading. They can be related to 
cure shrinkage and thermal shrinkage in the 3-D edge region. Since they are small and not 
growing they are neglected in the following discussion. 

 
Figure 1. Microstructure of the NCF material. 
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3.2 Sample preparation – conditioning 

 
As mentioned above the injected plates were first subjected to a cure cycle at ambient 
temperature over night, approximately 22°C for 12 hours. In order to minimizing the risk of 
introducing micro cracks due to cutting, the plates were cut before the post-curing while 
matrix is still rather ductile. The dimensions of the coupons were 300x25 mm. Then 
samples were labeled in accordance with the plate number, location in the plate and 
infusion number. Finally, specimens were subjected to a post-cure at 80°C for 9 hours to 
ensure full cure. To prevent moisture from entering the laminate through exposed defects 
and the interphases between layers, a thin layer of resin was painted to the edges of every 
specimen. After this the samples were placed in sealed containers together with silica gel to 
ensure dry environment. Any initial moisture was driven out by heating the containers to 
50°C for 60 h. The weight of the dry samples was determined by recording the mass loss 
during the conditioning at 50°C until the weight of each individual specimen was stabilised. 
 
4. Experimental results 
 
All experiments were performed at room temperature (22-23C) and at a relative humidity 
(RH) of about 20-30%. It is expected that this range of variation of parameters does not 
affect the measured results. Two equipments were used; an Instron 3366 equipped with a 
10kN load cell and a 50mm Instron extensometer with ±5mm of travel length and a creep 
rig with dead weights. Four different experimental studies were carried out, namely to: 
investigate strain rate effect; characterize viscoplastic strain; characterize viscoelastic 
strains and stiffness degradation due to high stress application. 
 
4.1 Effect of strain rate on stress-strain curves 
 
For all experimental procedures rectangular shaped specimens were used with typical 
dimensions 150x25x2.6 mm. In all cases, the distance between the grips was 100mm.  

Two different strain rates were used on reference and dried material. The crosshead speed 
was fixed to 0.05mm/min and 5mm/min. Given the gage length of 100mm, these strain 
rates correspond to 0.05 %.min-1 and 5%.min-1 respectively. Monotonic tensile loading was 
applied. A typical stress-strain curves for both strain rates are presented on Figure 2.  

The stress-strain curve is slightly nonlinear even at low stresses. Nevertheless a quasi-linear 
region in stress - strain curve was formally defined between 0 and 0.3% axial strain. The 
elastic modulus was then determined in a range between 0.05-0.2% of the axial strain 
during increasing loading and it was obtained using a linear function fitting to the 
experimental data in the specified range (slope of the line represents elastic modulus). 
Obviously, for time dependent material the slope of the line is not exactly the elastic 
modulus, especially for slow strain rate, but it will be referred as modulus at certain strain 
rate or “apparent modulus”. Strength of each sample was also obtained, defined in this case 
as the maximum stress reached during the experiment. 

The different strain rates were used in order to study the difference in the mechanical 
response with respect to changes observed on the apparent elastic modulus, tensile strength 
and shape of the loading curves.  

60 

 



 

Figure 2: Typical stress-strain curves, using two different crosshead speeds 0.05 and 5 mm/min 

In all cases the same trend is observed, higher values of strength and apparent modulus 
with increasing crosshead speed. The effect of strain rate was established by using 3 
specimens per crosshead speed. The values for the apparent elastic modulus, the tensile 
strength and the failure strain are presented in Table 1. 

Table 1: “Elastic modulus” dependence on the crosshead speed  

Property 0.05 mm/min 5 mm/min 

  
Individual 

Values 
Mean 
Value 

Standard 
deviation 

Individual 
Values 

Mean 
Value 

Standard 
deviation 

Elastic 
Modulus 

(GPa) 

14.2 

14.9 0.6 

14.8 

14.7 0.3 15.1 15 

15.3 14.4 

Tensile 
Strength 
(MPa) 

77.3 

86.0 8.0 

86.6 

90.6 4.1 87.4 94.8 

93.2 90.4 

Strain at 
Failure  

(%) 

4.3 

4.5 1.3 

2.8 

3.1 0.3 3.3 3.2 

5.9 3.4 
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The strain rate effect on the initial stress-strain slope, if any at all, is small comparing to the 
effect on strength and strain at failure. 
 
4.2 Stiffness degradation due to high stress 
The function ( )maxσd in (2) was incorporated to account for microdamage.  The values of 
this function dependent on the maximum (most damaging) strain/stress state experienced 
during the previous service life before the current instant of time. The physical meaning of 
( )maxσd  can be revealed by analyzing the elastic strain term in (2). At given stress σ  the 

relationship between elastic strain of the damaged and virgin composite can be written as 

( )max
0

σ
ε
ε

del =     (5) 

Since 

 ( )maxσσε Eel =   00 Eσε =   (6) 

we obtain 

        ( ) ( )max

0
max σ

σ
E

E
d =     (7) 

According to (7) ( )maxσd  has the physical meaning of normalized elastic compliance- it is 
inverse to the normalized elastic tangent modulus dependence on the “worst” experienced 
stress.  

Since the elastic properties may degrade due to microdamage developing at high stresses, 
the elastic modulus and Poisson’s ratio dependence on the previously applied maximum 
stress level was measured to evaluate the significance of the modulus degradation and the 
amount of microdamage accumulation during the loading history. The loading ramp used in 
the tests is illustrated in Figure 3. It consists of initial apparent elastic properties 
measurement followed by a sequence of displacement controlled loading blocks each 
containing the following steps: a) waiting at “almost zero” stress for decay of all 
viscoelastic effects initiated during previous steps; b) loading to a certain high strain/stress 
level and unloading to “almost zero” stress (constant stress about 0.5 MPa), the length of 
this step being 2t ; c) waiting at “almost zero” stress during a time interval of 10t2  for decay 
of all viscoelastic effects; d) elastic properties determination by applying 0.25% of strain in 
addition to the residual value.  
The comment “in addition to the residual value” is important, because it was observed that 
after unloading to “almost zero” stress and a relatively large recovery period, rather large 
strains were still present. Consequently, the elastic properties determination region defined 
before was modified: it was defined in terms of stress as the strain contains elastic as well 
as an irreversible part. In other words, the stress region corresponding to strain region 
between 0.05 and 0.2% in the first step was used when estimating the elastic properties 
change. 
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Figure 3: Loading profile for evaluation of stiffness degradation 

 

Each specimen was subjected to a number of loading blocks. The applied high stress levels 
were 40, 50, 60, 70, 80, 85 and 90 MPa and the results are presented on Figures 4 and 5. 
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Figure 4: Normalized Apparent Elastic Modulus evolution with applied stress level 
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Figure 5: Normalized Apparent Poisson’s ratio evolution with applied stress level 

 

The main observation is that there is a reduction of about 10% in the measured elastic 
modulus, whereas for the apparent Poisson’s ratio no significant difference has been 
recorded. Actually for all specimens except one an increase in Poisson’s ratio was 
observed. Concerning the material model, the reduction of the normalized stiffness was 
fitted and the following empirical expression for damage parameter was obtained. 

 

( ) 2

0

0max

max

3
2.01

1








 −
−

=

σ
σσ

σd   for 0max σσ >  MPa300 =σ   (8) 

The large Poisson’s ratio degradation for Specimen 1 remains unexplained. Since the 
elastic modulus of this specimen was not reduced more than in average the behavior is most 
probably an artifact caused by partial strain gauge failure or damage just under the strain 
gauge. 

Acoustic events indicating formation of intra-laminar cracks in layers at high loads were 
detected but not registered and counted. Since the crack opening due to thermal stresses in 
these laminates is rather small, cracks in unloaded specimen cannot be quantified. 
Therefore, the MINIMAT miniature mechanical test machine from Polymer Laboratories 
Ltd, England was used to apply load before observing cracks in specimen after the end of 
macroscopic loading blocks. The specimens with the dimensions 70x5x1.8 m was cut from 
tested sample, polished and then loaded. The MINIMAT machine was mounted on the x-y 
table of a Zeiss Axioscope microscope. Examination proved the presence of intralaminar 
cracks usually covering one layer thickness. 
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To estimate the possible effect of cracks on laminate residual elastic constants simulation 
was performed using earlier developed stiffness degradation model based on GLOB-LOC 
approach [22, 23]. Since the UD layer properties for the used material are not known, the 
elastic properties change due to increasing number of cracks (cr/mm) was calculated for a 
GF/EP [45/-45]s laminate made of UD layers with following rather typical for such 
material elastic constants: 

GPaE 7.441 =  GPaE 7.122 =            297.012 =ν  GPaG 8.512 =     (9) 

Thickness of the 45-layer in simulation was 0.65 mm, calculated from the overall thickness 
of the sample, divided with the number of layers. It was assumed for simplicity that the 
crack density is the same in all layers. According to simulation results shown in Figure 6, 
the elastic modulus of the laminate can be reduced in the considered range of crack density 
by about 15% whereas the Poisson’s ratio is increasing by about 7%. Similar effect of 
damage on Poisson’s ratio was observed also in [13]. 
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Figure 6. Elastic properties of typical [45/-45]s GF/EP laminate as a function of crack density. The same 
crack density (cr/mm) is assumed in all layers 

 

Thus the experimental trend is confirmed and the intralaminar cracking is responsible for it. 
This calculation was performed assuming that crack density is low and there is no 
interaction between cracks (local stress perturbations do not overlap). 

 
4.3 Accumulation of viscoplastic strains 

The irreversible strains in angle-ply laminates develop at high stresses and they increase 
with loading time at fixed stress. Therefore in this paper they are treated as viscoplastic 
strains.  
The form of interaction between ( )maxεd  and viscoplastic strain (VP-strain) VPε  used in (2) 
is not obvious. In some cases [11] this form fits the test results better than a stand-alone 
term of VPε . Actually the form with the product of these two terms states that larger VP-
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strains develop in damaged composite than in undamaged composite. To advocate this form 
it has to be noted that microdamage itself without any viscoplasticity can introduce 
irreversible strains, for example, by releasing thermal stresses in layers of laminates which 
leads to elongation of the laminate.  

It has been shown, see Marklund et al., 2008 [11] , Marklund et al., 2006 [9] , Nordin and 
Varna, 2006 [10], that for many materials the development of viscoplastic strains may be 
described by a functional presented by Zapas and Crissman, 1984 [12].  The integral 
representation is as follows 

( ) ( )
m

t
t

M
VPVP dCt












∫=

*

0
, ττσσε                                          (10) 

In this model CVP, M and m are constants to be determined.  According to this model, the 
exponent m and M has to be independent on the stress level, *t is a characteristic time 
constant, for example, 3600 seconds is used in this paper. According to (10) the VP-strain 
at time instant t  depends on the whole stress history during the dimensionless time interval 

[ ]*,0 t
t∈τ . The parameter identification is performed using the value of the strain at the 

end of the recovery after creep test as described below. 
In the case of creep test at fixed stress ( ) 0σσ =t  the integration in (10) is trivial and the 
VP-strain accumulated during the time interval [ ]1;0 tt ∈  is  

( )
m

Mm
VPVP t

tCt 





= *

1
01 σε       (11) 

If the length of the creep test is longer, for example 21 tt + , the same rule applies and the 
accumulated VP- strain will be 

( )
m

mM
VPVP t

ttCtt 





 +

=+ ⋅
*

21
021 σε                  (12) 

In other words, according to the model the VP-strains in creep test grow according to 
power law with respect to time 

 .*

m

VP t
tA 





=ε                 (13)  

where A is stress dependent and  should follow  relationship 

.0
mM

VPCA ⋅= σ                  (14) 

According to (10) an interruption of the constant stress test for an arbitrary time at  has no 
effect on VP-strain development: since stress during the unloaded state is zero, only the 
total time under loading is of importance 
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As a consequence, instead of testing at stress 0σ  for time 21 ttt +=Σ continuously, one 
could perform the testing in two steps: 1) creep at stress 0σ  for time 1t ; unloading the 
specimen and measuring the permanent strain 1

VPε  developed during this step (it has to be 
done after the recovery of viscoelastic strains); 2) now the stress 0σ is applied again for 
interval 2t and after strain recovery the new VP-strain 2

VPε is measured which has developed 
during the second creep test.  

According to (12), (15) the sum of two viscoplastic strains corresponding to two tests of 
length 1t and 2t  will be equal to the viscoplastic strain that would develop in one creep 
experiment with the length 21 ttt +=Σ  . 

This conclusion was used designing the test and constructing the VP-test, see Figure 7. The 
time and stress dependence of viscoplastic strains was evaluated using a high stress tensile 
creep test. The tests were performed using a servo hydraulic INSTRON 8800 equipped 
with extensometer Instron 2620-601 with 50 mm gauge length. The extensometer recorded 
the development of axial strains during the creep and the following interval of strain 
recovery. To identify the time dependence, a fixed level of stress was defined and a 
sequence of steps each consisting of creep and strain recovery were performed on the same 
specimen, as schematically shown in Figure 7. In each of the following steps, the length of 
the creep loading time was increased while also proportionally increasing the strain 
recovery time.  

 

Figure 7: Applied stress and resulting strain – time profile for viscoplastic accumulation tests 

 
At a given stress five creep loading steps were taken during the tests, t1=1, t2=3, t3=10, 
t4=20 and t5=40 minutes. The strain recovery time after the load application was eight times 
the length of the loading step. The complete creep-recovery curve was recorded. However, 
for viscoplasticity, only the finally recovered strain value is of importance: the developed 
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viscoplastic strain is defined as the remaining strain at the end of the strain recovery. 
Nevertheless, provided that the viscoplasticity is described by the model, the rest of data 
points can be used to analyze the viscoelasticity at high stresses, over 50MPa. Following 
the theoretical model it was assumed that viscoplastic strains do not develop during the 
strain recovery part (zero applied load) and that the viscoplastic process is continuous 
irrespective of the test interruption time interval between creep tests. As a result, five data 
points showing the viscoplastic strain dependence on time for the used stress level were 
obtained for each specimen. The test has to be performed for several stress levels (using 
other “representative” specimens) to evaluate whether the shape of the time dependence is 
changing and how the strain values depend on the stress level. According to the model (13) 
the time dependence is not stress level dependent, whereas the magnitude A  is stress 
dependent  

The obtained data are shown in Figure 8 with stress levels indicated in the legend. For each 
stress level  2-3 specimens were used. The viscoplastic strains are increasing with time but 
the rate of increase is reducing. At stress below 50 MPa the viscoplasticity is rather small 
(some data at this stress were obtained using “standard” creep rigs). As shown in Figure 8 
the dependence of viscoplastic strain on stress is strong. No data were obtained for stress 
larger than 70 MPa since all specimens ruptured during the first two creep steps. 
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Figure 8: Viscoplastic strain evolution with time 
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The potential of the model to describe the viscoplasticity of reference composite is 
demonstrated in Figure 9. It is shown that all experimental data at different stress levels in 
Figure 8 can be fitted with power function (13) with the same exponent m .  
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Figure 9: Power law fitting of the viscoplasticity data 

 

As it follows from Figure 9, A  is a function of the stress level. Two more data points for  
A  corresponding to stress levels 30 and 40 MPa where obtained from 1 h creep data. Since 
the same 19.0=m  has to be applicable for any stress level, eq (13) with this value was 
used to viscoplastic strains in 30 and 40 MPa test to calculate corresponding values of A . 
The A  versus stress was plotted in logarithmic axes as shown in Figure 10 a). The data have 
been fitted there by a linear function demonstrating that the power law dependence given 
by (14) is applicable. From the slope of the curve and the constant term in the fitting 
equation constants in (14) the following constants have been obtained: =M 23.08,   

91014.2 −⋅=VPC  
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a)              b) 

Figure 10: Power law fitting of the A parameter 

Figure 10b shows that the accuracy of fitting using these parameters is good.  

It has to be noted that the viscoplastic analysis and model development was performed in 
region MPa70≤σ  where according to Fig. 4 elastic modulus reduction is not more than 3-
4%. Due to the insignificant changes of stiffness and large scatter of viscoplastic data, the 
effect of damage was neglected (assuming 1=d ) when Mm, and VPC  were estimated.  

 

4.4 Nonlinear viscoelasticity 
 
4.4.1 Methodology 
 
Creep tests for viscoelastic characterisation lasted 40 minutes, which is the same time scale 
as used for viscoplasticity identification. It can be considered as one step in the sequence 
shown in Figure 7. 
In this experimental setup, each sample was mounted on a creep rig and an extensometer 
was placed on it so as to monitor the axial strains. Then constant load was applied for 40 
minutes. After that the load was removed, allowing the sample to recover for five hours. 
Four different stress levels namely; 20, 30, 40 and 50MPa, were used. Typical creep-
recovery curves for these relatively low stress levels are presented in Figure 11.  
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Figure 11: Typical creep-recovery curves at different stress levels 

 

In a creep test the stress is applied at 0=t  and is kept constant until time instant 1t . Then 
the stress is removed and the strain recovery period begins according to 

[ ])()( 1ttHtH −−= σσ  where )(tH  is the Heaviside step function.  

The material model (2) may therefore be applied separately to the creep interval 
[ ]1,0 tt ∈ and to the strain recovery interval after the creep test 1tt > . The expression for 

strain development during the creep test is [11, 12, 20]. 
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The time dependence of strain in the recovery region follows expression  
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As discussed in before, ( )maxσd  is close to 1 in these creep tests.  Expressions (16) and (17) 
have to be used to fit the experimental creep and strain recovery data. Constants iC  
i=1,….I, (stress independent) and 0ε , σa , 1g  and 2g (stress dependent) are found as result 
of fitting. The retardation times iτ in Prony series are chosen arbitrary, but the largest iτ  
should be at least a decade larger than the length of the conducted creep test and they are all 
spread more or less uniformly over the logarithmic time scale, typically with a factor of 
about ten between them.  

The stress and time dependent VP-strains enter (16) and (17). The term ( )1,tVP σε  is the VP-
strain developed during the creep test and it comes directly from the test as the last data 
point at the end of strain recovery.  However, in the creep strain expression (16) the time 
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dependence of the VP-strain during this test is required. If it would be known, then it can be 
subtracted from the total strain during the creep test with the rest being a pure nonlinear 
viscoelastic strain. 

Generally speaking there are three alternatives to account for viscoplasticity when 
viscoelasticity is analyzed using (16), (17):  

 a) using low stress levels where viscoplasticity is almost not present (then the 
viscoelasticity is usually linear and this method is not applicable in the nonlinear 
viscoelasticity region).   

 b) performing specimen “conditioning” by subjecting it first to high stress creep. If 
the viscoplasticity development rate decay with time (as it does for many materials [11, 24-
26]) and damage does not develop during this test, then this specimen after conditioning can 
be used for nonlinear viscoelasticity analysis, performing creep tests at any level below the 
conditioning stress level. The viscoplastic strain development in these tests will be small 
and may be neglected. In other words, the conditioning means that VP-strains in the 
specimen have already developed and if the creep test is now performed at lower stress the 
new (additional) viscoplasticity will be very small. It can be verified using strain recovery 
curves- the irreversible strain should be small. As shown in Figures 4 and 11 it only 
partially applies for material in this paper because we have about 10% elastic modulus 
reduction at high stress. 

 c) if the viscoplasticity of the composite is well understood, described by equations 
and the previous loading history for the given specimen is known, the viscoplastic strain 
growth during the current creep test can be calculated theoretically and subtracted from the 
measured strains to have pure viscoelastic response to analyze. The methodology is based 
on known time dependence (13) (given by m ) and the measured ( )1, tVP σε  at the end of the 
strain recovery for this particular specimen. 

In a particular case when the analyzed creep test is the first loading for the specimen the 
expression is very simple 

  ( ) ( )
m

VPVP t
ttt 







=

1
1,σεε    (18) 

For cases where the specimen has been loaded prior the current loading step the expression 
becomes more complex, see [27]. 

The steps to determine the coefficients iC , iτ , σa , 1g , 2g  and 0ε  are summarized below: 

1. The damage related function ( )maxσd  is found in modulus reduction test. 
2. Viscoplastic strains are subtracted from creep strain data using expression (18). 
3. Creep and strain recovery data in low stress region (expected linear response) 

assuming 121 === σagg  are used to determine iC  by fitting simultaneously the 
reduced creep and strain recovery data using method of least squares (LSQ) and 
expressions (16),(17). Average values of iC  for different specimens are calculated. 

4. Nonlinear viscoelastic analysis is performed using previously obtained mC , mτ  and 
fitting by (16) , (17) to find σa , 1g , 2g  and 0ε . The following routine can be 
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suggested: initial (small) value of σa  is assigned and then increased with a selected 
step. For each value the method of LSQ is used to find the best 1g , 2g and 0ε . For 
each set of σa , 1g , 2g  and 0ε  the misfit function (sum of squares of deviations with 
test data) is calculated. The set of σa , 1g , 2g  that gives the minimum of the misfit 
function is considered as the best fit. The procedure described in point 4 is repeated 
for all available stress levels and all specimens to obtain the stress dependence of 

σa , 1g , 2g  and 0ε . 
 

4.4.2 Creep compliance and stress dependent parameters 

In this study five different stress levels were studied, namely 20, 30, 40, 60 and 70 MPa. 
The strain response was recorded during creep tests, the viscoelastic strain was extracted 
and divided by the respective stress level in order to calculate the viscoelastic creep 
compliance. The compliance study was carried so as to establish the linear/non-linear 
material behaviour. The material indicates a linear behaviour if the compliance curves at 
different stress levels do not differ. If for a higher stress level the creep compliance curve 
leaves the “common cloud” then that may be indication of a non-linear behaviour at this 
stress level. The results obtained are presented in Figure 12.  
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Figure 12: Creep compliance at different stress levels 
 

Analyzing Figure 12, it was decided that all creep levels between 20 and 40 MPa give 
approximately the same compliance curves and the all belong to the “linear region”. The 
scatter is large but there is no distinct trend with increasing stress in this region. Using 
expressions for the linear region each specimen was analyzed and iτ values were selected 
that give positive values of iC . From these preliminary calculations a common set of iτ  
was selected in such a way that for each specimen condition 0>iC  would be satisfied. 
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Then the average values of iC  for given iτ in the defined “linear region” were calculated. 
The results are in Table 2. 

At 60 MPa the numerical values of the viscoelastic creep compliance are still similar as in 
the linear region but some qualitative differences may be observed: the elastic part of the 
compliance is similar as before whereas the time dependence is stronger. 

Table 2: iC  Values at given iτ  

τ  (sec) 10 80 700 8000 

iC  (%/MPa) 1.12e-4 2.74e-4 1.03e-4 1.15e-3 

 

Next these values were used in the nonlinear expressions (16), (17) to calculate for each 
individual specimen the stress dependent parameters  210 ,,, ggaσε . The data scatter is 
large. The data points (each corresponding to one specimen) along with simple 
approximation curves are shown in Figures 13-16. It has to be noticed that 

a) the test data are available only until 75 MPa and the behavior at larger stress is just 
linear interpolation which may be underestimation 

b) there is NO LINEAR region for this material. The values of nonlinearity parameters 
in the “linear region” ARE NOT equal to 1. This result becomes clear comparing 
creep and strain recovery curves: the strain rate in recovery is much lower. 

The expressions for the fitting functions in Figures 13-16 are summarized below: 

 

Parameter Value

   0.004678σ+0.414*10-4σ2 (19)

   0.122

   0.1632σ-9.67

   0.667

   0.0732σ-3

   0.39

   0.135σ-6.36

(20)

(21)

(22)

MPa60<σ MPa60<σ

MPa 60≥σ MPa 60≥σ

MPa  50<σ MPa  50<σ

MPa 50 ≥σ MPa 50 ≥σ

MPa  50<σ MPa  50<σ

MPa 50 ≥σ MPa 50 ≥σ

0ε0ε

σaσa

1g1g

2g2g
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Figure 13: Polynomial fitting of elastic strain dependence on stress in creep tests. 
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Figure 14:  Parameter ςa  dependence on stress. Fitting with bi-linear function 
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Figure 15: Parameter 1g  dependence on stress. Fitting with bi-linear function. 
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Figure 16: parameter 2g  stress dependence. Fitting with bi-linear function 

 

4.4.3 Validation 

Simulations were performed using incremental form of the nonlinear viscoelastic part of (2) 
given in [21] and numerically integrating (10) for VP-strains. 

Tensile tests with linear increase of stress were performed and  a stress level of 75 MPa  
was reached after 3000 sec using constant stress rate (1.5 MPa/min). Loading with this rate 
was continued until stress corresponding to specimen failure in experiment was reached. 
Experimental data from this test (three specimens) are shown in Figure 17. 

The damage function ( )maxσd  in simulations is given by (8). The VP-model is given by 
previously determined constants 

19.0=m   =M 23.08,   91014.2 −⋅=VPC  

 Comparison between results using the identified material modeland the test data is 
presented in Figure 17. 
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Figure 17:  Experimental data for three specimens subjected to tension until failure and simulation 
using the material model. 

 

The agreement is very good. Small qualitative differences can be noticed at about 70 MPa 
where the predicted strain is too high as well as at very high stress where the predictions are 
lower than the test data. This is an indication that the stress dependence of nonlinearity 
parameters would be described better using nonlinear interpolation instead of linear in 
Figures 13-16. 

In Figure 18  the significance of each term in the constitutive model in this test  is 
demonstrated (the total strain is a sum of elastic, visco- and visco-plastic responses, all of 
them being nonlinear with respect to stress). Until 50 MPa the viscoelastic and visco-plastic 
effects may be neglected. At failure the three strain components have approximately the 
same significance, but the rate of increase of viscoplasticity seems to be the highest. 
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Figure 18:  Decomposition of strain in constant stress rate test with rate 1.5 MPa/min 
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Figure 19: Two simulation curves using the model: dashed line – accounting for damage; continuous- 
neglecting the damage term by assuming 1=d  

 

Results presented in Figure 19 represent two simulations where the lowest curve 
corresponds to case when the damage effect is neglected assuming 1=d . Obviously the 
difference between strain response and the curve which also includes damage is very small 
(strain response as expected is slightly smaller). This results show that the error introduced 
by neglecting damage effect in this composite in comparison with the data scatter is very 
small and thus acceptable.  

 

5. Conclusions 
 

Effect of microdamage development, viscoelasticity and viscoplasticity on inelastic, time 
dependent behaviour of GF/VE [45/-45]s angle-ply laminate was analyzed experimentally 
performing stiffness reduction and creep tests and strain recovery tests. 

Empirical material model based on Schapery’s nonlinear viscoelasticity and Zapas et al 
viscoplasticity representation is generalized by including effect of microdamage.  

Testing methodology for stress dependent parameter identification in material model is 
suggested and verified. It is shown that the elastic response of the angle-ply laminate is 
only slightly nonlinear. Numerical simulations of slow constant stress rate loading ramp are 
performed using the developed material model in incremental form. It was found that the 
nonlinear viscoelasticity becomes very important at high stresses whereas viscoplastic 
effects are the most important just before failure. Intralaminar cracking in off-axis plies was 
observed and its effect on stiffness reduction was quantified. However, simulations show 
that the effect of damage on the overall inelastic behaviour is rather limited. 
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Abstract 
 
The nonlinear shear stress-strain response of unidirectional glass fibre composite is 
analysed. Laminate with stacking sequence [45/-45]s is used in tensile quasi-static as well 
as in tensile creep and strain recovery tests to study the development of viscoelastic and 
viscoplastic shear strains in local coordinates of the ply. It is shown that Zapa’s integral 
representation of viscoplasticity is applicable for this material and methodology for 
parameter determination is given. Schapery’s nonlinear viscoelastic material model was 
used for shear response characterization and the nonlinearity parameters’ dependence on 
the shear stress was determined and described by fitting functions.  Microdamage 
development is quantified by measuring axial modulus and Poisson’s ratio of the laminate. 
The obtained nonlinear viscoelastic, viscoplastic model with included effect of 
microdamage was successfully used to predict the shear stress-strain curve in strain 
controlled tensile loading. 
 
Keywords: viscoelasticity, viscoplasticity, shear, microdamage 
 

1. Introduction 
In the fiber direction unidirectional (UD) continuous fibre composites have excellent 
specific properties, such as specific strength and specific elastic modulus. However, in 
loading cases where the matrix properties dominate they have another typical feature in 
addition to low strength and modulus, which is the time dependent behaviour. This means 
that they are sensitive to strain rate effects, exhibit differences in loading and unloading 
curves, degradation of thermo-elastic properties of laminates. Whereas microdamage 
evolution in a layer is a laminate property because it is strongly influenced by the presence 
of other layers (constraint effect, for example), the time dependent behaviour is the UD 
layer property. In this paper we attribute this behaviour to viscoelastic and viscoplastic 
strain development claiming that these phenomena are larger in shear than in transverse 
tensile loading. This statement seems to be true for the analysed [45/-45]s laminate, where 
the transverse strain is restricted as this direction is the longitudinal direction for the 
neighbouring layer. For a general laminate the quantification of transverse viscoplasticity 
and viscoelasticity at high transverse stress is complicated due to intralaminar cracking 
which often occurs first. 
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Viscoelastic effects are caused by energy dissipation during the loading. The energy 
dissipation is usually presented as hysteresis loops in monotonic tensile tests with a 
loading and an unloading phase. In general, viscoelastic effects are due to the 
rearrangement of the material’s structure (matrix in the composite case) [1,2]. Under load, 
the polymeric chains are orienting themselves in such way that they can carry the load in a 
more efficient way. What is more, the ability of the chains to move and rotate, provides a 
mechanical interlocking between them, which also affects the properties of the material 
while it is loaded. Viscoplasticity is described as irreversible strains developing with time 
exhibiting strong dependence on the stress level. We assume that they are attributed to two 
facts; first, to irreversible stretching/rearrangement within the polymer chains and second 
due to microdamage forming during the loading.  
The nonlinear shear response of UD composites has been known and intensively studied 
for many years [3-12]. Elastic type of description for the non-linearity of UD layer was 
given by Ramberg and Osgood [10] who suggested a simple nonlinear mathematical form 
with parameters to be determined by fitting test data. As an alternative in [9], the shear 
stress –strain relationship is assumed linear at low strains and described by fourth order 
polynomial at high strains. 

Several researchers have described the nonlinear shear response as a combination of elastic  
and plastic response [3,4,11]. In [11] the elastic response is changing due to compliance 
degradation and the plasticity is for both shear and transverse stress which allows 
modelling biaxial proportional loading cases. The one-parameter plasticity model to 
describe the nonlinearity dependence on orientation angle of off-axis UD composites in 
terms of effective stress – effective plastic strain diagrams was successfully applied in [12]. 
These approaches are suitable for monotonously increasing loading, but they are unable to 
deal with unloading and loading rate effects. Still, in [3] the strain rate effect was 
incorporated in the model by using the scaling rules of viscoplasticity in the expression for 
the rate of plastic deformation. Experimental data on low frequency cycling presented in 
[4] where used to discuss the degradation of the shear modulus. 
In [9] authors report large strains after unloading with only part of them recovering with 
time and conclude that viscoelasticity alone cannot be the main reason for shear 
nonlinearity. According to [13], the nonlinearity in the in-plane shear behaviour is a 
combination of nonlinear elasticity, viscosity and plasticity with significant strain 
hardening. 
In [16] nonlinear viscoelasticity in the transverse direction of the UD composite was 
analyzed using Schapery’s model [14,15] and power lower for viscoelastic compliance. 
Attempting to describe the nonlinearity function dependence on fibre orientation this work 
was in [17] extended to 75° and 60° UD composites. 
In [18] authors, without attempting to develop material model, conclude that the behaviour 
is due to the viscoelastic response which is complemented with development of 
microdamage as well as irreversible plastic strains.  
One of the most complete analysis of strain development in angle ply [45/-45]s is given in 
[5] where the laminate response to tensile load is successfully simulated using laminate 
theory type of analysis based on UD composite material model which accounts for all 
above phenomena except for the effect of damage. As discussed above the transverse stress 
and shear stress caused multiple cracking is not only a UD property. 
Methodology for decoupled experimental analysis of damage effect, nonlinear 
viscoelasticity and viscoplasticity in composites has been developed in [6,19]. In these 
papers microdamage development and stiffness reduction is analysed as an elastic process 
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and viscoplasticity described by Zapas and Crissman model [20]. Most of these papers deal 
with short fibre composites where nonlinear effects are pronounced.  

The objective of this paper is to reveal sources of the nonlinear shear stress-strain response 
of UD layer by performing selected tests on [+45/-45]s GF/EP laminates. Degradation of 
the effective shear modulus of the layer versus the maximum applied shear stress is 
measured in tensile quasi-static test. Creep and strain recovery tests are used to analyse the 
nonlinear viscoelastic and viscoplastic shear strains. The constitutive model used in this 
study was introduced in [14,15] and previously used in [21,22] studying the macroscopic 
time dependent behaviour of pure polymer and polymers reinforced with short fibres and 
laminates. Its applicability is validated and the model is used to predict the shear stress-
strain response in strain controlled tests at different strain rates. 
 

2. Material Model 
The basic assumption for this model is that viscoelastic ( )VEε  and viscoplastic ( )VPε   
strains can be separated and both are affected by micro-damage ( )( )maxσd , as presented in 
(1).  
( ) ( ) ( ) ( ) ( )tdtdt VPVE ,,, maxmax σεσσεσσε ⋅+⋅=     (1) 

In this paper the nonlinear viscoelastic material behaviour is described by the model 
introduced by Lou and Schapery[14] and generalized using thermodynamic treatment by 
Schapery [15].   
 
For a given stress history ( )τσ , [ ]t;0∈τ , the strain ( )t,σε  can be written as: 
 

( ) ( ) ( ) ( )







+′−∆+⋅= ∫

t

VP t
d
gdSgd

0

2
10max ,σε

τ
σψψεσε   (2) 

In Equation (2) 0ε  represents the elastic strain which can be nonlinear function of current 
stress, ( )tσ , 1g  and 2g  are stress invariant dependent material properties, ψ  is reduced 
time, introduced as, 

∫
′

=
t td

0 σα
ψ , ∫

′
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τ

σα
ψ

0

td         (3) 

In (3) σα  is the shift factor, which in fixed environmental conditions is a function of stress 
invariants only. ( )ψS∆  is the transient component of the viscoelastic creep compliance in 
low stress region that can be written in the form of Prony series: 

( ) ∑ 















−−=∆

i i
iCS

τ
ψψ exp1       (4) 

In Equation (4) iC are stress level independent constants and iτ  are constants called 
retardation times. If a linear response region exists it is usually expected that in this region 

121 === ggσα . (Actually this value for 2g  cannot be pre-assigned, see Results and 
Discussion section for details). 
Irreversible strains develop in angle-ply laminates at high stresses and they increase with 
loading time even if the stress level is fixed. In this paper they are treated as viscoplastic 
strains and described by a functional presented by Zapas and Crissman [20]. It has been 
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shown [6-8], that for many materials this model captures the main features of the 
viscoplastic behaviour. 

The integral representation of the viscoplasticity is as follows, where *t
t

=τ  represents time 

in a normalised form. 

( ) ( )
m

t
t

M

VPVP dCt


















= ∫

*

0
*, τ

σ
τσσε                                                (5) 

Where VPC , M , m  are constants to be determined and sec3600* =t , MPa1* =σ  are 
characteristic time and stress constants. They are used in order to have dimensionless 
expression for viscoplastic strains in Equation (5). The viscoplastic strain development in 
creep test and the methodology for parameter determination is analysed in Section 5. 
 

3. Experimental 
 

For the experimental part of the present work glass fibre/epoxy [45/-45]s samples, with an 
average uncured ply thickness 0.35mm, were used. The manufacturing technique was based 
on use of pre-impregnated unidirectional layers (prepreg). The layers were initially cut in 
45o –direction and then piled up so as to form the desired stacking sequence. The preform 
was placed between two sealed metal plates. The curing was performed at 125 oC for 60 
minutes, under vacuum. Due to the nature of the prepreg that was used (high matrix 
content), any applied pressure would cause a resin flow during the curing, that eventually 
would lead to a fibre orientation deviation from 45  in the laminate. Hence, the only 
applied pressure was due to the weight of the upper metal plate. That did not reduce the 
quality of the composite, as the thickness was uniform across the plate and no voids were 
observed. 
For the testing, rectangular shaped samples were cut, 200x20x1.4 (mm). Strain gages were 
glued in order to measure transverse strain and extensometer with 50 mm gauge length was 
used for axial strains. The testing, including monotonic tensile loading as well as creep 
testing, was performed on an Instron 3366 universal testing machine with a load cell of 10 
kN.  The measured axial stress xσ  as well as axial and transverse strains xε , yε were used 
to calculate the shear stress and the shear strain in a layer using expressions 

2
x

LT
σσ =  and yxLT εεγ −=      (6) 

In addition, the unidirectional properties of one ply where obtained; GPaE 7.321 = , 
GPaE 5.82 = , GPaG 45.312 = , 359.012 =ν . For the creep tests, the samples were mounted 

on the Instron 3366 and subjected to constant stress in load controlled test. To observe 
strain recovery, the samples were unloaded to a minimum force of 1N (practically, all load 
was removed from the sample). The same test was performed at four axial stress levels; 40, 
50, 60 and 70MPa with a loading time of 60 minutes (1 hour) and a recovery part of 480 
minutes (8 hours). Since, the nonlinear viscoelastic analysis in the present paper is 
performed for shear response on ply level, the shear stresses were calculated using (6), 
which due to the specific stacking sequence are 20, 25, 30 and 35MPa.  
 

4. Stiffness Degradation 
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Transverse and shear failure properties of UD fibre composites are much lower than in the 
fibre direction and intralaminar cracks may form in layers of laminated structures in the 
presence of tensile transverse and shear stresses in the local coordinates of the layer. The 
formation of cracks has a double effect: a) The reduction of the material’s capacity to carry 
load, usually measured as the elastic properties change as a function of the damage state 
and b) the increase of macroscopic irreversible strains. In this work the damage was not 
quantified.  Instead, assuming that the current damage state corresponds to the maximum 
stress applied previously, the elastic properties after application of increasing strain were 
measured. This means that we assume here that cracking is an elastic process, ignoring 
possible time and fatigue effects.  The laminate elastic constants (axial modulus and 
Poisson’s ratio) were found as dependent on applied stress xσ , see Figure 1.  
 

 
Figure 1: Axial modulus and Poisson’s ratio dependence on the applied axial stress xσ  
 
The laminate axial modulus is decreasing whereas the Poisson’s ratio is slightly increasing. 
This behavior agrees with the data and the theoretical investigation in [Figure 4, 20] where 
the reduction of these constants was explained by multiple intralaminar cracking. 
The effective shear modulus of the damaged layer was found from the shear stress –strain 
curves at different damage states (after loading to specified stress values). 
Damage was introduced in a controlled way by performing monotonic tensile tests up to a 
pre-defined stress level. After unloading a new tensile test up to 0.3% axial strain was 
performed and the shear stress-strain curve was obtained. The slope of this curve represents 
the effective shear modulus of the damaged layer. The modulus was always measured 
within a shear stress interval, which corresponded to the axial strain interval between 0.05-
0.25% of the first step. The stress interval was used instead of strain interval because of the 
increasing irreversible strains after every step. 
The effect of the damage state is represented by a function d  described as: 

( ) ( )max

0
max

LTLT

LT
LT G

Gd
σ

σ =          (7) 

where, 0
LTG  is the initial shear modulus of the layer and ( )max

LTLTG σ  is the effective shear 
modulus after the shear stress max

LTσ  application. 
According to Equation (7) the inverse of the ( )max

LTd σ  has the physical meaning of the 
normalized secant shear modulus of the layer after high stress max

LTσ  application.  
The applied axial stress levels 20, 40, 60, 80 and 100MPa, were recalculated to shear stress 
in the layer using (6) and shear stress were obtained usin (6). From the intial slope of this 

87 

 



curve the effective shear modulus of the layer was obtained. The results are presented in 
Figure 2. Polynomial fit was then applied to shear modulus reduction data in Figure 2.  
 

 
Figure 2: Effective shear modulus of the damaged layer in [45/-45]s laminate after high shear stress 
application 
 
 
Fitting function was used to define the damage function (7) 
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It has to be emphasized that the obtained effective shear modulus dependence on the shear 
stress is valid only for this particular laminate and should not be used analysing laminates 
with different layer orientations. The main reason for intralaminar cracking is a 
combination of transverse tensile and shear stresses and transverse stresses seem to have 
dominant role. The ratio of these stresses is different in different laminates.  
 
5. Viscoplastic strain accumulation 
In this section the development of viscoplastic shear strains within one layer is analysed. 
For that reason, subsequent creep and strain recovery tests at the same load were 
performed, increasing the loading time and the recovery time after every complete creep-
recovery cycle. The loading regime is presented in Figure 3. In order to allow the decay of 
any viscoelastic strains the recovery time was eight times the loading time. 
In the case of creep test at fixed stress ( ) 0σσ =t with corresponding 0τσ =LT , the 
integration in Equation (5) can be performed analytically and the VP-strain accumulated 
during the time interval [ ]1;0 tt∈  is  

( )
mMm

VPVP t
tCt 





⋅






= *

1
*
0

1 τ
τε      (9) 

If the length of the creep test is longer, for example 21 tt + , the same rule applies and the 
accumulated VP- strain will be 
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In other words, according to the model the VP-strains in creep test grow according to 
power law with respect to time 
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where  is stress dependent function and  should follow  relationship 
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= *

0

τ
τ      (12) 

According to Equation (5) an interruption of the constant stress test for an arbitrary time at  
has no effect on VP-strain development: since stress during the unloaded state is zero, only 
the total time under loading is of importance. 
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Figure 3: Stress ramp in viscoplastic accumulation test 
 
 
As a consequence, instead of testing at stress 0τ  for time 21 ttt +=Σ  continuously, one 
could perform the testing in two steps: 1) creep at stress 0τ  for time 1t ; unloading the 
specimen and measuring the permanent strain 1

VPε  developed during this step (it has to be 
done after the recovery of viscoelastic strains); 2) now the stress 0τ  is applied again for 
interval 2t  and after strain recovery the new VP-strain 2

VPε  is measured which has 
developed during the second creep test. According to Equations (10) and (13) the sum of 
two viscoplastic strains corresponding to two tests of length 1t  and 2t  will be equal to the 
viscoplastic strain that would develop in one creep experiment with the length 21 ttt +=Σ . 
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The selected loading times were 1, 5, 10, 20 and 40 minutes. By selecting these time 
intervals, both the initiation of the plastic strains and their development in time periods of 
76 minutes are captured. The viscoplastic shear strain was calculated from the axial and 
transverse strain using (6). At the end of each creep-recovery set, a monotonic tensile 
loading up to 0.3% of axial strain was performed, so as to measure the elastic modulus of 
the laminate at that particular moment. The result obtained, was the shear modulus 
development as a function of loading time. No significant change in the shear modulus was 
observed. The viscoplastic shear strain development with time in creep tests at different 
shear stress levels is presented in Figure 4. 
In Figure 4 the time under load is presented, since as discussed before, viscoplastic strains 
are developing only during the loading time. Power function (11) was used to fit the time 
dependence data at each stress level.  
 

 
Figure 4: Viscoplastic shear strain development with time. Two specimens at 25 MPa and 35 MPa, 
one specimen at 30 MPa. Predictions are represented by curves 
 
 
The best fit for each specimen gives value of m  and A  individual for each specimen and 
each stress state. However, in the model, m has to be stress independent and therefore a 
“master value”, suitable for all stress levels and specimens has to be used. The value of 

25.0=m  was selected. Using this m value and an unknown A  a new fit was obtained to 
find the A  values. The values are presented in Table 1.  
 

Table 1: Stress dependent values of A  
 

Shear stress (MPa) A  

25 0.07 

30 0.2 

35 0.3 
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According to (12) A  is a power function with respect to stress. Parameters PLC  and M  
were obtained fitting the values in Table 1 with power function. Results are in Table 2. 
To check the accuracy of the obtained constants, a simulation of the viscoplastic strain 
development was performed for all stress levels. The results are presented in Figure 4. A 
very good agreement with test data is achieved and that the initial claim that m  has to be 
stress independent is satisfied. 
 

Table 2: Viscoplastic parameters 
VPC  M  m  

5.93E-08 17.55 0.25 

 
 
 
6. Viscoelasticity 
 
To analyse the viscoelastic behaviour, the viscoplastic strains have to be accurately 
described and extracted from the initial strain data so as to have a pure viscoelastic 
response. For that reason, the m  parameter defined in the viscoplasticity session of the 
present paper is used to describe the rate of viscoplastic strain development.  
The expression for strain development during the creep test is: 
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The time dependence of strain in the recovery region follows the expression  
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As follows from results in Section 4, ( )max
LTd σ  is close to 1 at stress levels used in creep 

tests. Equations (17) and (18) have to be used to fit the experimental creep and strain 
recovery data. Constants iC , i=1,….I, (stress independent) and 0

LTγ , σα , 1g  and 2g (all 
stress dependent) are found as result of fitting. The retardation times iτ  in Prony series are 
chosen arbitrary, but the largest iτ  should be at least a decade larger than the length of the 
conducted creep test and they are all spread more or less uniformly over the logarithmic 
time scale, typically with a factor of about ten between them.  
The initial step was to draw the viscoelastic shear compliance curves for each stress level. 
This is the simplest way to check for nonlinear response. In order to avoid disturbance from 
differences in terms of elastic shear modulus amongst different samples, the elastic strain 
response was removed and only the viscoelastic strain development was analysed. Next, the 
strain values were divided by the applied shear stress and the resulting curves are presented 
in Figure 5.  
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Figure 5: Viscoelastic shear compliance, without initial strain response 
 
 
It can be seen from Figure 5 that the compliance is stress dependent and increases with 
increasing stress. Even for low shear stress levels, such as 10 and 20MPa, there is a 
difference which is following the increase in stress. Therefore, it is unclear whether there is 
an obvious threshold between linear and nonlinear stress regions. Tests at lower stress 
levels are not recommended due to very low strains and the limited accuracy of their 
measurement. 
The stress and time dependent VP-strains enter Equations (17) and (18). The term 

( )1, tLT
VP
LT σγ  is the VP-strain developed during the creep test and it comes directly from the 

test as the last data point at the end of strain recovery.  However, in the creep strain 
expression in Equation (17), the time dependence of the VP-strain during this test is 
required. The time dependence is given by (11) and the value of 25.0=m  was established 
in Section 5. The A  value in (11) could be calculated using (12) with parameters in Table 2 
which are good to characterize the material “in average”. However, it is much more 
accurate to use the known ( )1, tLT

VP
LT σγ  for the specimen under consideration. Using this 

value, the A  value for the particular specimen can be obtained and (11) can be written as:  
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LT
VP
LT

VP
LT t

tt 







=

1
1,σγγ      (19) 

This strain can be subtracted from the total strain during the creep test with the rest being a 
pure nonlinear viscoelastic strain.  
In this work, the constants iC  are found for the shear stress level of 20MPa (sample 
20MPa_P6s4). This sample was considered as a reference sample and the values were used 
analysing test data at all stress levels. To see how the selection of the reference sample 
affects all following results, another reference sample (20MPa_p7s10) was chosen and 
calculations were repeated. The nonlinearity parameters calculated using these two 
different reference samples are shown in Fig. 5 to 8.  
The least square method (LSM) was applied to creep and recovery data and the agreement 
between experimental results and fitting are presented in Figure 6.  
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Figure 6: Comparison between experimental and fitted results; a. Creep 20MPa, b. Recovery 
20MPa, c. Creep 30MPa, d. Recovery 30MPa, e. Creep 35MPa, f. Recovery 35MPa 
 
Next, the σα   parameters were found from tests at different levels of shear stress and the 
resuls are presented in Figure 7. The two series in the plot represent the results when iC   
constants from two different reference samples are used. 
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Figure 7: σa  as a function of shear stress level. The two data sets correspond to two different 
reference specimens 
 
The trends are in both cases similar and the shift parameter σα  is decreasing with stress 
which is in agreement with physical models based on free volume consideration (at high 
stresses processes should be faster). Using 20MPa_p7s10 as a reference the average σα  
values for each stress level are presented in Table 3. The results from Table 3 where fit 
with an appropriate function to obtain a smooth curve, which in this case was an 
exponential function  

321.1212.48 −= LTσασ      (20) 
  

Table 3: σa  found from (20) 

Shear Stress (MPa) Average σa  σa from (20) 

20 0.89 0.921 

25 0.7275 0.686 

35 0.43 0.440 

 
 
Using this expression the σα  value for each experimental shear stress value was calculated 
and the results are also presented in Table 3. Considering the data scatter the accuracy is 
acceptable. The rest of the nonlinearity parameters were also determined when data in 
Figure 6 were obtained. However it was decided not to use them, instead calculating new 
updated values corresponding to the decided σα  dependence given by (20). Once the σα  
values were selected, the 1g , 2g  and 21gg  parameters were calculated, again using 
20MPa_p6s4 or 20MPa_p7s10 samples as references (different iC  constants). The results 
are presented in Figures 8-10. 
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Figure 8: 1g  parameter as a function of shear stress level. The two data sets correspond to two 
different reference specimens 
 
 

 
Figure 9: 2g  parameter as a function of shear stress level. The two data sets correspond to two 
different reference specimens 
 
 

 
Figure 10: 21gg  as a function of shear stress level. The two data sets correspond to two different 
reference specimens 
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The viscoelastic parameters 1g  and 2g  increase with increasing stress. What is more, 1g  
parameter for low stress levels tends to 1 which agrees with common assumptions as well 
as with expressions in linear viscoelasticity. It seems from Figure 9 that 2g  also approaches 
to 1 al low stresses. This would be a misinterpretation because the shear stress level used in 
the reference creep and strain recovery test was 20 MPa. As one can see from (17), (18) in 
the test description 2g  and iC  are everywhere in a form of product iCg2 , and therefore only 
the product can be determined from test results. Without losing generality, assumption was 
made that 12 =g  in the test at MPaLT 20=σ   and it explains the value in Figure 9. 
Assuming 22 =g  would require dividing all iC  values by two. This procedure would not 
change the determined 1g  dependence on stress. It is not clear what should be the 2g  
values below MPaLT 20=σ . Due to low strains experimental data are not available and 
requiring the value to be 1 is not reasonable. Assuming that at low stress the trend with 
respect to stress is the same as in the testing region the value at zero stress, where strain 
measurements are not possible, would be around 0.5. If this value for some researchers 
seams unacceptable, it is always possible to multiply all 2g  values by 2, correspondingly 
dividing iC . Then at zero stress 12 =g  but it does not change the behavior: a) there is no 
linear region and b) the predictions do not change because of this re-definition. 
Finally, the initial elastic shear strain as a function of the shear stress is presented in Figure 
11.  
 

 
Figure 11: Elastic shear strain response at each stress level during creep experiments 
 
 
In order to compare the accuracy of the obtained results, the strain values are compared 
with calculated strain values based on measurements of the shear modulus, which was 
performed on all samples prior to any testing described above. The stress dependence is 
linear and can be fitted by LT

el
LT kσγ = , in which for the present study was: 

LT
el
LT σγ 0317.0=      (21) 

Summarizing, the functions that describe the viscoelastic parameters are presented in 
Tables 4 and 5.  
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Table 4: Viscoelastic Parameter functions 
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Table 5: iτ  and iC  Viscoelastic Parameters 
 

 iτ  (sec) 20 200 1500 9000 

20MPa_p6s4 iC  (%/MPa) 1.2057e-03 6.6221e-04 8.2921e-04 9.6964e-04 

20MPa_p7s10 iC  (%/MPa) 1.2204e-03 9.2639e-04 7.8100e-04 13.606e-04 

 
 

7. Validation 
 

For validation of the obtained results, two different tensile loading cases in strain controlled 
mode were considered (with shear strain rate 0.053%/min and 53%/min). The developed 
nonlinear material model was written in incremental form and inverted to obtain stress 
increment as a function of the applied strain increment. Details of the numerical procedure 
implemented in Matlab code can be found in [23]. 
A comparison between the experimental results and the obtained simulation is presented in 
Figure 12.  
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Figure 12: Tensile test: comparison between experimental results and simulation, different strain 
rates. Data and predictions are for strain rates 0.053%/min and 53%/min 
 
 
Predictions account for shear modulus degradation as well as for nonlinear viscoelasticity 
and viscoplasticity. A fair agreement between experimental and predictions can be 
observed. The effect that damage has on the overall stress-strain response is shown in 
Figures 13, 14.  
 

 
Figure 13: Damage effect on stress-strain curve, shear strain rate 53%/min 
 
In the model, the damage function described in Section 4 of this article accounts for it. The 
“no damage” calculation was performed with 1=d , whereas the “with damage” calculation 
is using (8) for d . Two different loading cases were simulated again, strain rates 53%/min, 
(Figure 13) and 0.053%/min (Figure 14) and the respective results are presented. The effect 
of damage in both cases is much smaller than the effect of viscoelasticity and 
viscoplasticity. 
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Figure 14: Damage effect on simulated results, shear strain rate 0.53%/min 
 
 
Finally, it has to be reminded that the nonlinear parameters in the viscoelastic model 
depend on stress invariants. The stress state in the layer 0f [45/-45]s laminate is not 
uniaxial: large transverse tensile stresses and longitudinal stresses may be present. One 
could expect that the fiber direction stress should not have large effect on shear 
viscoelasticity. Due to possible viscoelastic effects the transverse stress in the layer is not 
known. However, with certain accuracy it can be assumed that in the analyzed laminate the 
transverse/shear stress ratio is not changing much with the applied axial stress level. 
Therefore one-parametric analysis (expressing nonlinearity functions through shear stress) 
is still valuable: even if the nonlinearity functions in this paper are presented as dependent 
on the shear stress (instead of invariants), the transverse stress is increasing proportionally 
and the stress invariant containing these two stresses would also increase proportionally. 
Schapery [14] used the Octahedral shear stress in the matrix as the invariant.  
As a last step, all fitting functions for viscoelastic parameters from Tables 4 and 5 and 
damage from (8) were utilized in (17) and (18) in order to predict the shear strain 
development at each stress level in creep-recovery test. The results are presented in Figure 
15. For all stress levels a very good agreement between the experimental data and the 
predicted results is observed.  
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Figure 15: Creep and recovery strain prediction for different stress levels 

 
 
 
8. Conclusions 
 
In the present study a [45/-45]s  glass fibre composite was used to characterize and analyze 
the nonlinear shear stress –strain response in the layer. Assumption that the nonlinear 
response depends on intralaminar cracking in layers, viscoelasticy and viscoplasticity was 
inspected.  
The microdamage development at high applied load was analysed and the stiffness 
degradation was quantified. The laminate axial modulus decrease and Poisson’s ratio 
increase after loading to high axial stress was obtained. The effective shear modulus of the 
damaged layer was calculated directly from the shear stress-strain curves of the damaged 
laminate. The shear modulus reduction was modest: less than 5% in the creep test load 
region and about 10% at very high stresses. 
The viscoplastic strain development was described in a sequence of creep and strain 
recovery tests. It was found that in creep test the viscoplasticity development follows power 
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function with respect to the time and also with respect to the stress level. Since these 
conclusions agree with the Zapas and Crissman model [20], it was assumed that this model 
is applicable.   
Analysing the viscoelastic response the growing viscoplastic strains were subtracted from 
the initial experimental data. It was found that the viscoelasticity is highly nonlinear. Any 
linear region was not found in the inspected stress region. The nonlinear viscoelasticity 
model by Schapery was applied, the non-linear parameters in this model were described as 
functions of the shear stress and a satisfying agreement between experimental results and 
the material model was achieved. It was shown that the model has good capability to 
predict the shear stress-strain curves in displacement controlled test with very different 
strain rates.  
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Abstract 
 
The potential of accurate modelling of the shear modulus reduction of laminates with 
cracked 90-layers using models based on the minimization of the complementary energy 
with improved stress description in the constraint layers is evaluated. 
This group of models refine Hashin’s model by introducing shape functions with unknown 
parameters to represent the out-of-plane shear stress distribution across the constraint layer 
thickness. The Hashin’s model becomes a particular case of the presented when the shape 
parameter approaches to zero. The most accurate shape parameters are found in the result 
of minimization. Three models are compared: the present variational model, Hashin’s 
model and the shear lag model introduced by Soutis which assumes linear out-of-plane 
shear stress distribution over an unknown part of the layer. It is shown in this paper that the 
size of this part may be determined by minimization of the complementary energy. The 
present model is the most accurate amongst the three, whereas Soutis’ model is more 
accurate than the Hashin’s model for laminates with constraint layer, thicker than the 
cracked layer. The comparison with FEM results shows reasonable agreement. Agreement 
can be improved developing models with better description of the stress state in the cracked 
layer. 
 
Keywords: shear modulus, intralaminar cracking, complementary energy 
 
 

1. Introduction 
 
In laminated composite materials, many different types of micro-damage entities may 
evolve without causing final failure of the structural element. However they are responsible 
for stiffness reduction and initiating of other, more critical, damage modes. One of the first 
and most common damage mode in laminates, causing degradation of thermo-elastic 
properties, is intralaminar cracking in layers with off-axis orientation with respect to the 
main loading direction. Large amount of experimental data has been gathered regarding the 
reduction of the elastic modulus and Poisson’s ratio of damaged laminates. Numerous 
models based on analytical approaches and/or numerical routines have been developed to 
study the relationship between the damaged state and the modulus of the laminate. 
The situation is entirely different regarding the in-plane shear modulus of the damaged 
laminate. Only a few experimental investigations are described in literature and often the 
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data are not reliable. For example, Tsai et al [1] developed a methodology for shear 
modulus determination using an experimental setup where a laminate pre-damaged in 
tension is subjected to in-plane tangential displacement in the middle part. The shear 
modulus was calculated using a Timoshenko beam approximation. The problem, in general, 
is that it is difficult to introduce intralaminar cracks in a controlled way during the shear 
test. Cracks have to be introduced, for example, during a tensile test with transverse tensile 
stress in layers. Unfortunately, the requirements on specimen geometry in tension and in 
shear are not compatible.  
Another problem of using experimental data for model validation is related to the non-
linear stress-strain response to shear of unidirectional (UD) composites. For a layer in the 
laminate this response is nonlinear not only because of evolving damage state, but also 
because of nonlinear viscoelastic and viscoplastic effects [2]. For the above reasons, 
analytical model predictions are usually validated comparing with results of numerical 
solutions.  
Hashin [3] used the principle of minimum complementary energy. The admissible stress 
field, which satisfies equilibrium as well as the boundary and interface conditions in 
tractions, was constructed assuming that the in-plane shear stress distribution across each 
ply thickness is uniform and the single unknown function describing the in-plane shear 
stress distribution depends on the distance from the crack only. Using the stress 
distributions obtained by minimization, the lower bounds for the shear modulus of the 
laminate were obtained.  
Two entirely different approaches were used in [1, 4-7]: a) Tan et al. [4,5] obtained 
expressions for axial modulus, Poisson’s ratio and shear modulus of the cross-ply laminate 
with 90-cracks, by integrating the equilibrium and constitutive expressions over the ply 
thickness and obtaining a second order differential equation for stress distributions; b) Tsai 
et al [1,6] and Abdelrahman et al [7] reduced the 3-D elasticity problem to 2-D problem in 
terms of displacements [1] or stresses [7] averaged over the ply thickness.  In both cases, 
the obtained set of differential equations with constant coefficients was solved analytically. 
Due to the assumed linear through the thickness dependence of the out-of-plane shear 
stresses the results of these models coincide with Hashin’s result.  
Henaff-Gardin et al [8] analysed a double-cracked cross-ply laminate in a similar manner as 
in [1] just using a simpler shear lag model with parabolic opening displacement and 
uniform sliding displacement distributions. For the same problem, Kashtalyan et al  [9,10] 
adjusted the effective properties of the constraint layer for damage when analysing the local 
stresses in another layer. This leads to an iterative procedure when cracks are present in 
both 0- and 90-layers of the cross-ply laminate. It was shown that the interaction of cracks 
in two layers leads to considerable additional reduction of the laminate’s shear modulus. 
Fan et al [11], presented constitutive equations for a layer with cracks containing, so-called, 
“in-situ damage effective functions -IDEF” which depend on the crack density of the 
lamina and on the neighbouring layer constraints. In order to determine IDEF they 
introduced “an equivalent constraint model”, which assumes that the constraint of the lay-
ups above and below the analysed lamina is the same as from two homogenized orthotropic 
sublaminates and the actual laminate was replaced by a cross-ply. The constitutive 
relationships for the damaged layers were used in the framework of the CLT to obtain the 
stiffness matrix of the damaged laminate.  
This approach was further refined by Soutis research group, see for example [12] where the 
local stress problem was solved using an improved shear lag model which assumed that the 
intralaminar shear stress in the 0-layer differs from zero only in a zone close to the 
interface. This idea which is supported by finite element calculations was not consistently 
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implemented: in [12] authors claimed that the perturbation zone covers one prepreg layer, 
whereas in more recent publications [9,10,13] they are extending the perturbation zone over 
the whole homogenized sublaminate. Obviously, the problem is that the size of this zone 
becomes a fitting parameter. 
Their hypothesis that the out-of-plane shear stress in the constraint layer can be described 
by a decreasing linear function of the distance from the interface (the maximum is at the 
interface and the value is zero at distance ) will be inspected in this paper. To find , a 
simple calculation routine based on the principle of minimum complementary energy will 
be described and used. 
The objective of the current work is to address the potential of improving the conservative 
predictions for [S/90n]s and [90n/S]s laminates using variational models with more refined 
stress description in the constraint layer. A more general variational model is introduced to 
predict shear modulus reduction of laminates with intralaminar cracks. This model includes 
Hashin’s model as particular case and can be used to find the shear zone size in the model 
based on Soutis assumptions. In contrast to Hashin’s model, which assumes linear 
distribution, the novel model allows an arbitrary shape of the out-of-plane shear stress 
distribution in the constraint layer. Selecting specific form of the shape function with 
unknown parameters the principle of the minimum complementary energy can be used to 
find these parameters. The bi-linear distribution [12] is one particular case considered and 
the shape parameter to find is . The most accurate model, between the ones that were 
compared, can be identified by comparing the complementary energy values at the 
minimum; the lowest value corresponds to the most accurate stress distribution. It is shown 
that the improved stress description in the constraint layer is not sufficient for accurate 
predictions of the laminate shear modulus The approach for further improvement of the 
model is outlined. 
 

2. Repeating element and assumptions 
2.1 Model formulation 

 
We consider a repeating element of the [S,90n]s or [90n S]s laminate with a periodic system 
of cracks in the 90-layers as shown in Figure 1. S is the notation used for the homogenized 
adjacent lay-up. Its elastic properties are as for a balanced “sub-laminate” with the same 
lay-up. For simplicity and in order to maintain symmetry, with respect to the midplane, we 
assume that the lay-up of the sub-laminate on the top and on the bottom of the 90-layer is 
the same. In the simplest case, the sublaminate is a UD 0-layer. The crack spacing is noted 
as , the 90-layer thickness and the sub-laminate’s thickness is shown in Figure 1. The 
laminate’s overall thickness is noted as . The in-plane shear modulus of the 

undamaged laminate,  can be calculated using Classical laminate Theory (CLT). 

     (1) 

In Equation (1), S
xyG  is the in-plane shear modulus of the sub-laminate which may be 

calculated using CLT and 12G  is the shear modulus of the UD composite. The laminate is 
subjected to average in-plane shear stress . Then the undamaged laminate shear strain, 

 and stresses in layers,  are: 

    (2) 
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Figure 1 Intralaminar cracks in symmetric and balanced laminates. a:  [S/90n]s laminate with 
cracks in central 90-layer, b:   [90n/S]s laminate with cracks in surface 90-layer 
 
 

2.2. Assumed stress profiles 
 
Independent on the location of the cracked 90-layer (on the surface or in the center of the 
laminate), we use the same assumptions and the same method of solution. It was shown in 
[3] and [14] that for the case when the stress distributions does not depend on the y-
coordinate (infinite material in y-direction) the two stress components  and are 
separated in equilibrium equations from the rest of stress components. If in addition the 
layers in the laminate are orthotropic in the used system of coordinates, the stress 
distribution problem in macroscopic in-plane shear loading does not include other stress 
components. If, in contrary, some of the layers are monoclinic (for example off-axis layers) 
the complementary energy expression will include all stress components (due to coupling 
terms in stress-strain relationships). Hence, homogenization over  layers suggested in 
this paper to obtain homogenized sub-laminate is not entirely correct. The same interaction 
appears if the sub-laminate is not balanced.   
We assume that the in-plane shear stress in the cracked 90-layer, 90

xyσ does not depend on 
the thickness coordinate z , whereas in the sub-laminate supporting this layer the 

−z distribution is given by an unknown function ( )zf ′ . Here and in following, ( )′  denotes 
derivative of the function of one variable. In the sub-laminate, the shear stress is assumed in 
a form of product of two functions; one depending on x  and the second on z . After 
introducing two unknown stress perturbation functions ( )xΦ and ( )x1Φ , to describe the 
stress distribution in x-direction in 90-layer and in the sub-laminate respectively, we use the 
following form of the in-plane shear stress distribution 

( )( )xxy Φ−⋅= 190
0

90 τσ        (3) 

( ) ( )( )zfxdSS
xy ′⋅Φ⋅−⋅= 10 1τσ      (4) 

These forms are a generalization of the expressions used by Hashin [3], in which these 
stress components were assumed to be z -independent. 
The shear stress in the 90-layer has to satisfy the traction free condition on crack surfaces 

( ) 00
90 =±= lxxyσ        (5) 

The solution for yzσ  has to satisfy the stress free boundary conditions on hz ;0= . In 
addition to that, the equilibrium equations in each point and in average, as well as the 
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interface conditions in tractions have to be satisfied. The principle of minimum 
complementary energy will be used in the following section to insure displacement 
continuity in average. The derivation of all stress expressions is now demonstrated in detail 
for the case of central transverse 90-layer only. 

2.3.  Expressions for stress components 
 
Cracked central 90-layer 
 
 
From the shear force balance  

( )bddz
h

xy +=∫ 0
0

τσ       (6) 

we obtain 

( ) ( ) ( ) ( )dfhfG
Gxx S

xy −
Φ−=Φ

112
1     (7) 

leading to 
( )

( ) ( ) ( )x
dfhf

zfdSS
xy Φ⋅

−
′

⋅⋅+= 90
00 ττσ    (8) 

Substituting S
xyσ  in the equilibrium equation 

0=
∂

∂
+

∂

∂

zx
yzyx σσ

      (9) 

and integrating it with respect to x  we obtain after applying stress free condition on the 
surface hz =   

( ) ( )
( ) ( ) ( )x

dfhf
zfhfdS

yz Φ′⋅







−
−

⋅⋅= 90
0τσ     (10) 

The same equilibrium equation + boundary condition at 0=z in 90-layer yield 
( ) zxyz ⋅Φ′⋅= 90

0
90 τσ       (11) 

It can be checked that continuity of yzσ at the layer interface is satisfied. We introduce a 

new unknown function ( )zϕ  as: 
( ) ( )
( ) ( )dfhf

zfhf
−
−

=ϕ        (12) 

Then, the following expressions can be written for stress components in the case of cracked 
central layer (lower index c is used for “central”) 

( )( )xCxy Φ−⋅= 190
0

90 τσ       (13) 

( ) ( )zxd CC
SS

xy ϕττσ ′⋅Φ⋅⋅−= 90
00     (14) 

( ) zxCyz ⋅Φ′⋅= 90
0

90 τσ       (15) 

( ) ( )xzd CC
S
yz Φ′⋅⋅⋅= ϕτσ 90

0      (16) 
Finally, the unknown functions ( )zCϕ  and ( )xCΦ  have to satisfy the boundary conditions: 

( ) 0=hCϕ  ( ) 1=dCϕ  ( ) 10 =±Φ lC    (17)  
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Cracked surface 90-layer 
 
The derivation of expressions is very similar to the case of a central cracked layer and all 
stress components are expressed through unknown functions ( )xSΦ  and ( )zSϕ  

( )( )xSxy Φ−= 190
0

90 τσ        (18) 

( ) ( )zxd SS
SS

xy ϕττσ ′⋅Φ⋅⋅−= 90
00      (19) 

( ) ( )zhxSyz −⋅Φ′⋅−= 90
0

90 τσ       (20) 

( ) ( )zxd SS
S
yz ϕτσ ⋅Φ′⋅⋅= 90

0       (21) 
In this case 

( ) 1−=bSϕ  ( ) 00 =Sϕ  ( ) 10 =±Φ lS     (22) 
 

3. Minimization of the complementary energy 
 
Thermal stresses do not affect the calculated elastic properties and therefore thermal terms 
can be neglected in the expression for complementary energy. The complementary energy 
expression becomes equal to the strain energy. In spite of this equality there is a 
fundamental difference in using minimum principle for complementary energy and 
minimum principle for strain energy. In the former case the used admissible stress field for 
minimization has to satisfy automatically the equilibrium conditions and all boundary and 
interface conditions in tractions whereas in the latter case conditions of displacement 
continuity are automatically satisfied by the assumed functions. The strain energy of a 
repeating element between two cracks in 90-layer is: 

( ) ( )
dzdx

GG
U

l

l h
S
yz

S
yz

S
xy

S
xyS

S

∫ ∫
− 











+⋅=

0

0

22

2
1 σσ

      (23) 

( ) ( )
dzdx

GG
U

l

l h

yzxy
∫ ∫
− 











+⋅=

0

0 90 12

290

12

290
90

2
1 σσ

     (24) 

Symbols ∫
Sh

and  ∫
90h

are used for integration over the corresponding layer thickness. After 

substituting Equations (13)-(16) (or (18)-(21)) in Equations (23), (24) and performing z-
integration, we obtain the following expression for complementary energy of the laminate 
in case of a cracked 90-layer 

( ) ( ) ( )[ ][ ]∫
+

−

Φ′⋅⋅+Φ⋅+=+=
0

0

22
2

2
1

12

290
0

0
90

2

l

l

LAMSLAM dxxdAxA
G

d
UUUU

τ  (25) 

Since Equation (25) is valid also for laminate with cracks in surface 90-layer, indexes C  or 
S in Φ are omitted. For cracked central 90-layers  

CS
xy

K
G
GA 1

12
1 1+=  CS

yz

K
G
GA 2

12
2 3

1
+=   (26) 

( )[ ]∫ ′=
h

d
CC dzzdK 2

1 ϕ  ( )[ ]∫=
h

d
CC dzz

d
K 2

2
1 ϕ   (27) 
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For cracked surface 90-layers: 

SS
xy

K
G
GA 1

12
1 1+=  SS

yz

K
G
GA 2

12
2 3

1
+=   (28) 

( )[ ]∫ ′=
b

SS dzzdK
0

2
1 ϕ  ( )[ ]∫=

b

SS dzz
d

K
0

2
2

1 ϕ   (29) 

In the following, indexes C and S are omitted only if the expression has the same form for 
both locations of the 90-layer. 
The function Φ  that minimizes Equation (25) has to satisfy the Euler-Lagrange Equation 
(30): 

 0=
Φ∂
∂

−






Φ′∂
∂ LL

dx
d       (30) 

which leads to the following equation for ( )xΦ  determination: 
 0)( 12

2 =Φ⋅−Φ ′′⋅⋅ AxAd      (31) 
The solution of Equation (31) which satisfies the boundary condition Equations (17) or (22) 
is  

)cosh(

)cosh(

0

d
l
d
x

µ

µ
=Φ        (32) 

where : 

2
12

1
12

2

1

3
1

1

K
G
G

K
G
G

A
A

S
yz

S
xy

+

+

==µ           (33) 

The Equation (32) gives the minimum of the complementary energy for the used selection 
of ( )zϕ  which means that it can be further minimized by selection of ( )zϕ . For this purpose 
the complementary energy Equation (25) can be rearranged as follows 

( ) ( ) ( ) ( ) ( ) ( )























Φ ′′Φ−Φ′⋅Φ⋅+Φ⋅+= ∫∫

+

−

+
−

+

−

0

0

0

0

0

0

2
2

2
1

12

290
0

0 2

l

l

l
l

l

l

LAMLAM dxxxxxdAdxxA
G

dUU τ (34) 

By replacing Φ ′′ in the second integral via Φ , as follows from Equation (31), we obtain 
( ) ( )02

12

3290
0

0 2
2

lA
G

d
UU LAMLAM Φ′+=

τ
     (35) 

Substituting in Equation (35) 2A  given by Equations (26) or (28) and expressing ( )0lΦ′  
from Equation (32) we obtain  

( )


















++=

d
l

K
G
G

G
d

UU S
yz

LAMLAM 0
2

12

12

2290
0

0 tanh
3
1 µ

µτ   (36) 

By selecting different functions ( )zϕ , we will have different values of 2K and µ , leading 
to different values of LAMU . The lowest value will correspond to the most accurate stress 
distribution in average. 
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4. Shear modulus expression 
The shear modulus of the damaged laminate can be determined using LAMu - the strain 
energy density of the repeating element: 

0τ
γ

∂
∂

=
LAM

LAM
xy

u         (37) 

The strain energy density can be obtained by dividing Equation (36) with the volume of the 
repeating element, while the shear stress )90(

0τ in Equation (36) can be expressed through 

0τ using Equation (2). The undamaged laminate strain energy density is LAM
xyG 0

2
0 2τ . After 

performing differentiation according to Equation (37) we obtain 

( ) ( ) 

















+

+
+=

d
l

K
G
G

lbd
d

G

G
G S

yz
LAM
xy

LAM
xy

LAM
xy

0
2

12

0

2

2
0

120

0

0 tanh
3
1 µµ

ττ
γ   (38) 

Since the Hook’s law for the damaged laminate has to have the form 

LAM
xy

LAM
xy G

0τγ =          (39) 

the following shear modulus expression for the damaged laminate is obtained  



















+

+
+

=

d
l

K
G
G

l
d

bd
d

G
GG

G

S
yz

LAM
xy

LAM
xy

LAM
xy

0
2

12

00

120 tanh
3
11

1

µµ

   (40) 

For cross-ply laminates, 12GG S
xy = , 23GG S

yz = and 120 GG LAM
xy = . Then the expression for the 

shear modulus can be re-written as 

















+

+
+

=

d
lK

G
G

l
d

bd
dG

G
LAM
xy

LAM
xy

0
2

23

12

0

0 tanh
3
11

1

µµ
,        

2
23

12

1

3
1

1

K
G
G

K

+

+
=µ  (41) 

The shear modulus reduction is usually [14] presented as a function of the crack density, ρ  
(cr/mm) or the normalized crack density, nρ  

02
1
l

=ρ   
0

90

2l
t

n =ρ       (42) 

where  is the thickness of the 90-layer. For surface layers , whereas for central 
layers . This definition of the normalized crack density means that for the same 
relative distance between cracks  the  in the cracked central layer is two times 
larger than for the cracked surface layer. 
 
 
5. Selection of the shape function ( )zϕ   
Since it is expected that the shear stress perturbation in the sub-laminate will decay with 
increasing distance from the crack tip (layer interface), the absolute values of the ( )zϕ  
function and its first derivative have to be decreasing monotonously with the increase of the 
distance from the interface.  
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a. Exponential shape function 
 
A natural choice with these features is exponential function. The shape function will 
contain one shape parameter α , which will be found as the one which produces the lowest 
value of the complementary energy given by Equation (36). The expected shape is shown 
schematically in Figure 2 as “LTU”. 
 

 
Figure 2: Profile of the shape function  in the sub-laminate according to [1] (Hashin), the present 
model (LTU) and [12] (Soutis): a) for cracked central 90-layer; b) for cracked surface 90-layer. 
 
 
Central 90-layer with cracks 
 
The shape function that satisfies boundary conditions in Equation (17) is selected in the 
form: 

( )
( )









−⋅

−
=

−⋅
−

⋅ 1
1

1 d
hz

d
bC e

e
z

α

αϕ  

( )

1−
⋅−=′

−⋅
−

d
b

d
hz

C

e

e
d α

α

αϕ    (43) 

This function increases exponentially approaching the transverse crack tip. Using Equation 
(27), the parameters 1K , 2K  are calculated 

1

1
21

−

+
=

d
b

d
b

C

e

eK α

α

α  
2

2

2

1

121
2
1









−









−+








−−

=
d
b

d
b

d
b

C

e

ee
d
b

K
α

αα

αα
  (44) 

Surface  90-layer with cracks 
The shape function that satisfies the boundary conditions in Equation (22) is selected in the 
form 

( )
1

1

−

−
−= ⋅

⋅

d
b

d
z

S

e

ez α

α

ϕ   
1−

−=′ ⋅

⋅

d
b

d
z

S

e

e
d α

α

αϕ     (45) 

By using Equation (29), the parameters 1K , 2K  are calculated. For this particular selection 
of Sϕ  

CS KK 11 =    CS KK 22 =      (46) 
This means that the same value of will give the most accurate solution for both ([S,90n]s 
and [90n S]s ) lay-ups. 
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b. Hashins assumptions 
 
It can be proven that the Hashin’s solution [3] is a partial case of the selected functions 
(43), (45). In Hashin’s model, the function ( )zCϕ  representing the  distribution is linear 

( )
b

zhzHashin
−

=ϕ      (47) 

Writing the Taylor expansion of Equation (43) for small α  values we obtain 

( )
( )

( )z
b

zh

d
b

d
hz

z HashinC ϕ
α

α

ϕ
α

=
−

=
/−

⋅
+/

/−
−⋅

−/
=

→
11

11
lim

0
   (48) 

In Hashin’s case: 

 
b
dK HashinC =,1   

d
bK HashinC 3,2 =   (49) 

 
5.3 Bi-linear shape functions by Soutis 
In [12], the stress distribution in the 0-layers was assumed to be bi-linear as schematically 
presented in Figure 2. The distance from the interface, where the stress perturbation 
becomes negligible, is denoted by . The shape functions for cracking in central and in 
surface 90-layers are 

  (50) 

Using Equation (50) in Equations (27) and (29) we obtain: 

    (51) 

The value of the complementary energy depends on the unknown . 
 
6. Results and analysis 
6.1 Minimum of the complementary energy 
During the minimization of Equation (36), the parameter α  was increased with a small 
step and at each value the perturbation complementary energy (the second term in Equation 
(36)) was calculated. Since the minimum point does not depend on the applied stress and 
on the geometrical scale, this term was normalized dividing by . An example of 

these calculations for [0/90]s laminate with 3.0=nρ  is shown in Figure 3a. There is only 
one minimum in the curve and it is usually in the region . It was found that the 
α  value, which corresponds to the minimum, becomes smaller with increasing crack 
density as shown in Figure 3b. 
For very high crack density, the shear modulus from Equation (40) has to approach to 
predictions of the ply-discount model, which assumes that transverse and shear modulus of 
the damaged layer is zero. One can show that it is possible only if the shape parameter 

0→α . Thus our solution in the very high crack density region coincides with the Hashin’s 
solution. 
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Figure 3 Cross-ply laminate with  , G12=4.58GPa, G23=3.4GPa,  . a: 
Perturbation energy dependence on the shape parameter  showing minimum in small  –value 
region, , b:  dependence on crack density 
 
  
6.2 Comparison with Hashin’s model 
 
The complementary energy, which was calculated by using the exponential shape function, 
was always lower than using Hashin’s model. As a consequence a) the present model is 
more accurate for all geometrical and elastic parameters; b) Hahin’s model predicts larger 
shear modulus reduction than the more accurate model.  
However, as shown in Fig. 4 for [S/90n]s laminates, the numerical differences in the 
predicted shear modulus are rather small. The well-known and expected trends shown in 
Fig. 4 are: higher shear modulus reduction when the cracked layer is relatively thick; the 
predictions are not sensitive to the layer shear modulus change of 20% or less (compare 
Fig. 4b with Fig. 4c); in the laminate, where the 0-layer is replaced by a sub-laminate with 
high in-plane shear modulus, the shear modulus reduction is much smaller. The comparison 
of the models for the cases presented in Fig. 4 shows that: a) the improved model gives 
more noticeable difference for laminates with relatively thin cracked 90-layer; b) the 
difference between models is slightly larger if the anisotropy in composite shear moduli 
increases, see Fig. 4b and Fig. 4c (carbon fiber composites); c) for laminates with stiff sub-
laminates the difference is rather large in an intermediate crack density region. 
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Figure 4 Reduction of the shear modulus of a cross-ply laminate due to cracking according to 
Hashin’s and the present model. The upper index  is omitted. a: , 

, ;  b:  , , ; c: , 

, ; d: , , , , 

 
 

6.3 Parametric analysis of the [0m/90n]s laminate using exponential shape functions 
 
First the thickness of the 0o layer was kept constant and equal to 0.3mm and the thickness 
of the 90o –layer was given different values. Specifically, values from 0.01-3mm were 
studied with the step of 0.3mm, ie the same as the assumed ply thickness. The values of the 
in-plane and out-of-plane shear modulus were kept constant as well; G12=3.4GPa and 
G23=4.58GPa. The results are presented in Fig. 5.  The arrow in Fig.  5 indicates the 
direction of the 90-layer thickness increase; larger thickness leads to higher   
reduction. It is shown that the thickness of the transverse layers affects both the saturation 
value of the  at high crack density and the slope of the curve.  
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Figure 5: Effect of the  90o –layer thickness on the shear modulus of the damaged [0/90n]s 
laminate 
 
In order to quantify the effect of the thickness of the 0o layer on the laminate’s shear 
modulus reduction, the thickness of the transverse layer was kept constant (0.3mm) and the 
thickness of the 0- layer was given the values 0.01-3mm with an increment of 0.3mm. The 
results are presented in Fig. 6. As expected from the ply-discount model the thickness of 
the longitudinal ply has a strong influence on the final shear properties of the laminate: for 
3mm thick 0o-layer, the modulus reduction is only 10% at saturation, whereas for 0.3mm 
(ie only one 0o ply) the reduction is close to 53%. 
 

 
Figure 6: Effect of the 0o –layer thickness on the shear modulus of [0n/90]s cross-ply laminate 
 
 
Apart from the geometrical parameters and the in-plane shear modulus, the current model 
contains the out-of-plane shear modulus G23 of the constraint layer as input. This property 
is usually not measured; it is estimated from the transverse isotropy if the constraint layer is 
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a UD layer. The sensitivity of the results to the value of the out-of-plane shear modulus is 
shown in Fig. 7 and 8.  The geometrical parameters were kept constant (the thickness 0.3 
mm for both 0o- and the 90o layer) and G12=4.58GPa. G23 was given values from 0.01-
15GPa. Fig. 7 proves that for high crack density the value of G23 is not of great importance 
(the curve approach to the ply-discount value calculated using CLT). Fig. 8 is the detail of 
Fig. 7 at more realistic, low crack density.  With higher G23 the laminate’s shear modulus 
reduction versus crack density is much slower. This may be related to the decreased stress 
transfer length (size of the perturbation zone). 
 

 
Figure 7: Effect of  on the shear modulus reduction of [0/90]s laminate 
 

 
Figure 8: Effect of  on the shear modulus reduction of [0/90]s laminate  at low crack density 
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There was no need to perform parametric analysis for similar laminates with cracks in 
surface layer; as shown in section 5.1 ,  and the value of  that gives 
the lowest value of complementary energy is the same. Hence, calculations using Equations 
(40) or (41) for the same crack density ( the same ) would give identical shear 
modulus reduction. Presenting the shear modulus reduction as a function of the normalized 
crack density,  the predicted reduction is different due to reasons described in section 4. 
The conclusion that in both cases shown in Fig. 1, the laminate’s shear modulus reduction 
with crack density is the same, was unexpected because the shape of the crack faces in the 
deformed state is different. The same result is obtained also for Hashin’s model (as a 
special case of our model) and also for Soutis model, see Equation (51). Since this result 
could be due to the approximate nature of the discussed analytical solutions, results from 
finite element method (FEM), presented in [15], were used to resolve this question. More 
exactly, in [15] fitting functions for the normalized average crack face sliding displacement 
were presented in the form: 

     (52) 

In [15] it was found from data fitting that  in both cases, whereas , 
 for central cracks and ,  for 

surface cracks. So, the  for surface cracks is almost exactly two times larger. Since in 
[15] the normalization of the  is with respect to the layer thickness (2d for central 
cracks and d for surface cracks) the real “non-normalized” average sliding displacement is 
almost identical in both cases. Therefore, the effect of both cracks on the shear modulus 
reduction is also almost identical. This conclusion confirms our findings and should be 
incurraging for researchers developing approximate analytical models. 
 
6.4 Comparison with FEM 
 
The shear modulus reduction for GF/EP laminate with layer elastic properties and 
geometrical parameters given in Table 1 was compared with results in [15], obtained using 
FEM.  
 
 

Table 1: Parameters used for the comparison in Figure 9 

 
In calculations ANSYS 8.1 with 21,000 3_D 8-node elements representing the upper part of 
the repeating element were used (more details regarding boundary conditions etc. are given 
in [15]).  The accuracy of the FEM model was confirmed by complete agreement with 
FEM results presented in [16]. The analysis involved three different stacking sequences; 
[0n/902]s , where n=1, 2 and 4. The results obtained using the present model show correct 
trends but the values are lower than the FEM predictions, see Fig 9. That is expected since 
the current model is based on the principle of minimum complementary energy, which 
always gives a lower bound to exact results. The agreement with FEM is acceptable but not 
perfect. The main reason for differences is that the used exponential shape function with 
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shape parameter obtained by minimization improves the stress state description mostly in 
the constraint layer (sub-laminate). In result, see Figure 4, the predictions are improved 
more comparing with Hashin’s model when the 0-layer is relatively thick. The agreement 
with FEM results improves for laminates with larger . For example, for the considered 
GF/EP with  the values at   are 0.88 and 0.91 according to the developed 
model and FEM. Reducing the in-plane shear modulus of the 90-layer to 3 GPa while 
keeping for 0-layer the value in Table 1 the analytical value  at  is 0.66 whereas the 
FEM value is 0.68. These both examples with a good agreement are for cases when the role 
of the 90-layer is lower. Apparently the stress description in the 90-layer also has to be 
improved to come closer to the exact results in this case represented by the FEM solution. 
 

 
 
Figure 9: Comparison between FEM results and analytical modeling  for [0n/902]s laminate  
 
 

6.5 Accuracy of Soutis et al model [12] 
 

As described in the introduction, the research group by C. Soutis et al suggested in [12] to 
improve the shear lag assumption based stress distribution models by replacing the 
common assumption of linear out-of-plane shear stress distribution across the constraint 
layer thickness by another assumption which was based on analysis of FEM results. It was 
assumed that  is a linear function of  with the maximum at the layer interface. In 
contrast with the common assumption, stating that the stress is non-zero over the whole 
layer thickness, they suggested that the perturbation stress  becomes equal to zero at 
some distance  from the interface.  The suggested distributions are shown in Fig. 2. The 
value of the distance  is unknow, but in [12] it was assumed to be equal to one prepreg 
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layer thickness. Much more reasonable, from the elasticity point of view, would be to 
assume that the perturbation zone  is proportional to the size of the crack (the thickness 
of the 90-layer ). 
Since the shape of the  z-distribution is given by  and  respectively, the 
implementation of the bi-linear shape functions is very simple. The parameters for 
complementary energy calculation according to this model are given by Equations (50), 
(51). Since parameters  and  for surface cracks and central cracks are the same, there 
is no difference in the value of the complementary energy and in the shear modulus 
reduction for these two cases.  
The best value of  can be found as the one that produces the lowest value of the 
complementary energy. The complementary energy values can also be used to resolve the 
question about the most accurate among the three models (Hashin’s [3], Soutis [12] and the 
present). The comparison in this section is performed for central cracks. The 
complementary energy values according to these models are given in Table 2 and 3 for 
several values of the layer thickness ratio. The  values found by minimization are also 
presented there. 
 
 
Table 2 Normalized complementary energy of  at , , 

 

 
The complementary energy value according to the present model is the lowest for all 
configurations and crack densities which means that this model is the most accurate. Using 
Soutis model in cases when the 0-layer is thinner than the 90-layer  results show 

that  which means that the best solution is obtained when the  action zone 
covers the whole layer. In this case Hashin’s and Soutis models give identical results. If 

 we obtain that  which means that the  action zone covers only a part of 
the 0-layer as was earlier suggested in [12]. The predictions of the Soutis model in this case 
are more accurate than the results under the assumption that the linear distribution is over 
the whole 0-layer. It is interesting to note that  depends on the crack density: with 
increasing crack density the stress  action zone tends to expand in the thickness 
direction to cover the whole 0-layer. 
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Table 3 Normalized complementary energy of , , , 
 

 
It has to be emphasized that the values of the complementary energy in Table 2 (for low 
crack density, ) and in Table 3 (for ) can be used only for ranking the 
models with respect to the accuracy. They should not be used to determine the magnitude 
of the improvement. It can be done using (40) and also comparing the stress distributions as 
shown in Fig.10 for the case of [03/902]s with elastic properties from Table 1 and with 
normalized crack density . Figure 10a shows that the shape of the out-of-plane 
distribution given by  is rather different. Nevertheless the differences in the 
normalized in-plane shear stress distribution in Figure 10b are much smaller and they are 
almost negligible between Soutis and the present model. Since the value of the average 
shear stress decrease between cracks determine the amount of shear modulus reduction, the 
Hashin’s model predicts the largest reduction, the Soutis model predicts smaller reduction 
and the present model even slightly smaller. FEM profiles are not presented here because 
they depend on the distance from the symmetry axes and the average value of stress which 
is of relevance in this paper is not available. 
 

 
Figure 10: a. Shape of the out-of-plane distribution , b. In-plane shear stress distributions 
 
In the analysis we assumed that cracks in surface layers are located symmetrically with 
respect to the middle-plane. Due to statistical failure properties distribution along the 90-
layer, more probable is random location, especially for low crack density.  For higher crack 
density it may be more staggered (the crack in the bottom layer is located in the middle 
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between cracks in the top layer). The variational stress model for the latter case was 
introduced in [17] by Nairn. Since the variation of failure properties along the 90-layer 
transverse direction is much larger than the stress perturbation in the bottom layer of the 
laminate due to crack in the top layer, the assumption of staggered cracks and the assumed 
symmetry of the damage with respect to the midplane used in this paper may be two 
extreme cases.  
 
7  Conclusions 
The developed analytical model for the shear modulus of laminate with intralaminar cracks 
in 90-layer is based on minimization of the complementary energy. It is shown that this 
model is more general and accurate than the Hashin’s variational model, which was 
developed using an assumption that the out-of-plane shear stress has linear distribution 
across the thickness of the damaged layer and also across the thickness of the constraint 
layer. The refinement presented here consists of introducing an exponential shape function 
to characterize this distribution, with the shape parameters determined during minimization. 
Hashin’s model becomes a particular case of the present model. 
As expected from an improved model based on minimization of complementary energy, the 
predicted laminate shear modulus is slightly higher than according to Hashin’s model. The 
difference is larger for laminates with relatively thin 90-layers. Laminates with damaged 
90-layer in the central part as well as on the surface are analysed. The predicted shear 
modulus reduction is the same in both cases, when exponential shape function is used. The 
same conclusion follows from Hashin’s model and it is confirmed by FEM results.  
Finally, it is shown that the shear lag model introduced by Soutis [12] with an unknown 
perturbation zone can be considered as a special case of the developed variational model 
and the size of the zone may be found. In this case the shape function in the 0-layer is 
bilinear and the out-of-plane shear stress is active only in a part of the 0-layer. It is 
demonstrated that for relatively thick 0-layer this model is more accurate than Hashin’s 
model but less accurate than the presented model. For laminates with relatively thin 0-layer 
the results of the Hashin’s and Soutis models coincide.  
A comparison with FEM results shows that the obtained shear modulus values are 
conservative and rather insensitive to the refinement of the stress description in the 
constraint layer. Therefore, improvement of the model requires introducing non-linear 
shape functions also in the damaged 90-layer. 
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Abstract 

The effect that different curing time/temperature conditions bring to the final properties of a 
polymeric resin, along with measurements of their chemical shrinkage have been 
investigated in the present study. Increasing the curing temperature (and simultaneously 
decreasing the curing time) the elastic modulus and tensile strength decreased whereas the 
Poisson’s ratio slightly increased and the thermal expansion coefficients remained constant. 
The degree of cure was for a curing temperature of 50oCincreasing slowly during the first 
20 hours and more rapidly after this threshold. The glass transition temperature was 
proportional to the degree of cure. Two methods were used to measure chemical shrinkage 
strain development during curing. Tests on unsymmetrical cross-ply laminates showed that 
the stress-free temperature is higher than the curing temperature and that the internal 
stresses in the laminate contain thermal and chemical shrinkage parts. 

 

Introduction 

Polymers and polymer composites have been extensively used on a great variety of 
applications. However, the increasing interest on composite materials raises the level of 
understanding that one must have in their behavior. During the manufacturing, in order to 
insure fully cured state, all composites are subjected to certain processing parameters, such 
as time/temperature/pressure conditions, usually suggested by the supplier. These curing 
profiles, despite being different, they aim to achieve the same degree of curing and 
ultimately produce the same final material with the same properties.  

 

In [1] and [2] the effect of curing cycle in resin transfer mold manufacturing on the material 
properties and the residual strains was investigated. In [2] different curing cycles were 
applied and it was found that due to the interference between the plate and the mold, 
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different levels of residual strains were observed. In this case study, different temperatures 
lead to different curvatures. However the degree of conversion was not evaluated in each 
case. In [3] and [4] the polymerization process has been monitored by an embedded fiber 
optic sensor. The sensor monitored the optical properties of the resin in real time and 
related them to the stages of the curing process along with the gelification onset.  In [5], the 
effect of process parameters on the material properties were studied. The volumetric 
changes were monitored with time using a homemade dilatometer. The curing process was 
evaluated by electrical resistivity techniques in [6]. The difference in electrical resistivity 
between the cured and the uncured states were measured. However this technique requires 
calibration, since the electrical output is related to the electrical sensor’s material and the 
curing temperatures.  In [7], the effect of curing time in dental resins was studied. A 
monotonic increase of the elastic modulus of the materials was observed increasing curing 
times.  

In the current work, two epoxy resins have been used; Araldite LY5052 and HexFlow® 
RTM6. Different curing profiles have been used, all theoretically reaching the same degree 
of cure. The degree of cure has then been calculated for each case and the mechanical 
properties have also been studied as an attempt to establish a link “curing time-degree of 
curing-mechanical performance”. 

The second part of this investigation is related to chemical shrinkage. The chemical 
shrinkage occurs during the curing process, at constant temperature and it is related to the 
re-arrangement of the polymer chains. The polymer chains are given the necessary energy 
to increase their mobility, which ultimately leads to closer packing-also related to the 
principle of minimum free volume. Macroscopically, this phenomenon is observed as a 
volumetric decrease. When fibres are introduced in the uncured polymer, they act as a 
constraint to the free volumetric shrinkage during the curing, eventually causing internal 
stresses. In this work, the existence of such chemical strains has been proven by studying 
the curvature of unsymmetric CF/RTM6 samples when reheated to their curing 
temperature.  
Extensive work has been performed on dental resins, where the interest in chemical 
shrinkage strains is high. In [8] seven different systems were studied in order to investigate 
the influence of the molecular mobility and chemical structure on the shrinkage stain. It 
was found that the chemical strain and stresses in cases of high viscosity were slightly 
lower. In [9] it was found that the degree of conversion is connected to the chain mobility 
in dental polymers. In specific, the degree of conversion was higher in systems with high 
chain mobility.  In [10], a volumetric shrinkage method was used and evaluated  by using 
dilatometry. In [11], the volumetric shrinkage techniques were again evaluated in 
measurements using a rheometer, a pycnometer and a thermomechanical analyzer (TMA). 
It was found that the rheometer provided an accurate technique. However all these 
techniques require specialized equipment and in the case of TMA, results may not be 
reliable.  In [12], the volumetric chemical shrinkage was measured in a composite in-situ 
and through the thickness as well as a relation between the shrinkage and the degree of cure 
was drawn. In [13], the chemical shrinkage on dental resins was measured based on the 
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Archimedes buoyancy principle. An almost linear relation between volumetric change and 
curing time was drawn. In [14], the chemical shrinkage was in-situ measured by applying 
gravimetric methods, similarly to the technique applied in the current work. In [15], the 
effect of fibres’ presence during the curing was studied. It was found that for glass fibre 
reinforced composites, no chemical shrinkage was observed in the fibre orientation, while 
linear shrinkage was measured in the transverse direction.  

In the present work two different methods of measuring the chemical shrinkage of RTM6 
resin have been used; one by measuring in situ the volume of the resin while curing in a 
cylindrical glass testing tube and a second method that utilizes the Archimedes principle in 
which resin has been cured in a capsule immersed in an oil bath at curing temperature. In 
both cases, the chemical shrinkage strain has been measured.  

In the current work there are two main objectives; first to find the degree of cure for 
unreinforced epoxy material and try to correlate it to the curing time and its mechanical 
performance. The second aim of this work is to use different techniques to measure the 
chemical shrinkage in pure polymer.  

 

Effect of curing profiles 

The first part of the work was to cure a resin with three different curing profiles, and 
establish the relationship between the suggested curing profiles and the final mechanical 
properties. For that reason, Araldite LY5052 was cured using three different time-
temperature profiles; 50oC for 15hours (coded CT50), 80oC for 8hours (coded CT80) and 
120oC for 1 hour (coded CT120).  

The mechanical tensile testing was performed at room temperature (23°C), during which 
the elastic modulus, strength and Poison’s ratio were measured. Rectangular shaped 
samples were used with typical dimensions 200x20x2 mm (length, width, thickness). The 
testing was performed on an Instron 3311 universal tensile testing machine, equipped with 
an extensometer with 50mm gage length for measuring axial strains. A strain gage from 
Vishay was also glued in the transversal direction for all samples, in order to measure the 
respective transverse strains. The mechanical properties were measured and the findings are 
presented in Figure 1. 
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Figure 1: Pure epoxy LY5052 mechanical properties 

 

It appears that the neat resin’s mechanical properties depend on the applied curing profiles, 
such as a higher elastic modulus for lower curing temperatures. What is more, Poison’s 
ratio increases with higher curing temperatures (shorter curing profiles). The trend is 
observed, despite the experimental scattering. Poison’s ratio is an intrinsic property of 
materials: metals’ Poison’s ratio is affected by their micro-structures and in thermoplastics 
it can vary with their crystal-structures. In both previous examples, thermokinetics is 
involved so it can be expected that for thermosets too, micro-structure is affected by curing 
profiles.  

The mobility of the polymeric chains is affected by temperature, hence the molecular 
structure of the material can somehow be altered. Therefore tests were also performed at a 
temperature of 50oC. The results are presented in Figure 2.  
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Figure 2: Elastic Modulus response for different curing profiles for two different 
testing temperatures 

 

In Figure 2, the results at 50oC are presented as the red bars. Despite the higher testing 
temperature, the same trend is observed as in the case of testing at room temperature. What 
is more, the absolute values are certainly lower, since the polymer is not as stiff in higher 
temperatures due to increased chain mobility It. should also be considered that the glass 
transition temperature for the specific system can vary between 80-85oC. The testing that 
was performed previously was well below that temperature, so no radical structural change 
should be observed. Moreover, the testing duration was such that on one hand allowed 
uniform temperature across the sample (settling at testing temperature for at least 5 minutes 
prior to any testing) and on the other hand, short enough to prevent any post curing effects.  

The next step was to measure the coefficient of thermal expansion (CTE). The thermal 
expansion is the tendency of material to change in volume, as a response to temperature 
change. The samples were mounted on an Instron extensometer, but still the sample was 
allowed to expand freely. Then the sample was heated in a stepwise profile between 25 and 
80 oC allowing to settle at the target temperatures 25, 40, 60 and 80 oC for ten minutes prior 
to any strain recording. Figure 3 sums up the CTE for every curing profile. The expansion 
strain was plotted versus the temperature change. Since the relationship was close to linear, 
the CTE was defined as the strain change between 80C and 25C divided by the temperature 
change 80-25C. 
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Figure 3: CTE for every curing profiles 

In Figure 3, it can be seen that despite the experimental scatter, the thermal expansion 
coefficient seems to be only slightly affected by the curing profile applied.  

 

Effect of Curing Time 

For this part of the current work two epoxy resins were used; Araldite LY5052 and 
HexFlow® RTM6. For the case of LY5052, small amounts of resin were placed in small 
containers and cured at 50oC for different time periods so as to obtain samples with 
different degrees of cure. Specifically, the selected curing times were the following:  8, 12, 
15 24 and 48 hours.  

 

Measurement of Degree of Cure. 

For the thermal characterization of all curing profiles, Differential Scanning Calorimetry 
experiments were performed. The parameters for the test were: 

Heating Rate: 10oC/min; Temperature Range: 25-160oC 

The aim of this experiment was to establish the degree of conversion based on the 
endothermic part of the obtained curve. DSC curves for different curing profiles can be 
found in Figure 4.  
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Figure 4: DSC comparison between curing profiles 

 

Once the testing has been done, the degree of cure for the different cases has been 
calculated and the profile between degree of cure and curing time was drawn, as shown in 
Figure 5. 

 

 

Figure 5: Degree of cure as a function of curing time 

 

The results from Figure 5 indicate that the degree of cure is changing very slowly for the 
first hours of curing, presumably up to a 20 hour threshold. It seems that during this time 
interval, polymer chains are given the necessary amount of energy in order to re-arrange 
their position in space and start forming chemical bonds between them. Beyond this 
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threshold, a rapid increase is observed. During this work, the glass transition temperature 
was also found. The results are presented in Figure 6. 

 

 

Figure 6: Glass Transition temperature vs Degree of cure 

 

From Figure 6 there seems to be a linear relation between the glass transition temperature 
and the degree of cure. Certainly, the the range is between 80 and 87oC, but a clear trend 
can be drawn. As mentioned before, according to the manufacturer the Tg of this system 
can be between 80-85oC.  

 

Mechanical characterization 

The next part of the characterization concerned the mechanical properties. Specifically, 
monotonic uniaxial tensile tests were performed. For the tensile testing, Vishay strain gages 
were attached on the samples so as to measure axial strains. A typical tensile sample had 
dimensions 50x17x3.5 mm (length, width, thickness) as presented on Figure 7. Due to 
manufacturing limitations, non standard samples were used. However, this is a qualitative 
study, therefore the comparison between cases is valid. 
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Figure 7: Sample for tensile testing with attached strain gage 

The samples were monotonously loaded at a crosshead speed of 1mm/min with an Instron 
3311 universal tensile testing machine up to 0.5% strain and unloaded to 2N so as to avoid 
compression during the unloading stage.  Next, the elastic modulus was calculated from the 
linear coefficient by fitting the stress-strain results between 0.05-0.3%. The results are 
presented in Figure 8. 

 

 

Figure 8: Elastic modulus as a function of curing time 

 

It appears that the mechanical performance, in terms of elastic modulus is a complex 
function of the curing time. In fact, it is a function of the degree of conversion, which again 
is related to the curing time. A drop in the elastic modulus of the polymer is observed in the 
early stages of curing. This result is unexpected and at present has no explanation. 
Therefore, with a caution it could be claimed that the modulus has more or less stable value 
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until a critical threshold after 20hours, followed by an fast increase when the morphological 
properties of the material start to build up and reach their nominal values.  

The next step is to plot the elastic response as a function of degree of cure for each case, 

see Figure 9.  

Figure 9: Elastic modulus as a function of Degree of cure 

 

As seen from Figure 9 there is a clear trend of increasing elastic modulus as a function of 
degree of cure after reaching 50% of cure. The initial high value of elastic modulus even at 
very early curing stages is also presented here. Additional work needs to be performed in 
order to define the source of this behavior.  

 

Chemical Shrinkage Strain 

 

During the curing process, the polymeric chains are given sufficient energy in order to 
increase their mobility. This re-arrangement is leading to a closer packing, according to the 
principle of minimum free volume. This is ultimately observed as a decrease in 
macroscopic volume, which in this work will be called Chemical Shrinkage and the 
respective strains, chemical strains. In [16], the residual stresses were studied not by curing 
techniques, but by grating rosette, moiré interference technique and hole-drilling, whereas 
in [17] the authors used an unsymmetric [0/90] AS4/8552 plate to monitor the development 
of residual stresses and to measure the stress free temperature. What they discovered is that 
the curvature is mostly driven by the transverse thermal expansion coefficient of the 
composite.  What is more, they discovered that the residual curvature is higher in not fully 
cured systems compared to specimens with higher degree of cure. 
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In order to obtain a basic understanding and try to quantify the findings an unsymmetric 
[0/902] carbon fibre/epoxy laminate was manufactured at 120oC for 1 hour. Due to the 
selected stacking sequence, the end product was a plate with a macroscopic curvature. 
According to laminate theory the stress free state, in which the plate is expected to be flat, 
is at curing temperature. For this case study, the span length as well as the radius of the 
curved samples were recorded at different temperatures in order to measure their stress free 
temperature. The manufactured plate was placed in an oven and then subjected to elevating 
temperatures. The temperatures studied were: -40, 0, 23, 40, 60, 80, 100, 120 oC.  

In order to account for the inertia of the oven and assure uniform temperature distribution 
in the specimen, the waiting time before the measurements of curvature at each target 
temperature was at least 10 min. Once the temperature had stabilized, a picture was taken 
and the span length as well as the elevation of the sample were measured as shown in 
Figure 10. 
 
 

 

 

Figure 10: Schematic representation of measured parameters and comparison 
between curvatures at room temperature (RT) and curing temperature (CT) 

 

After reaching 120C the specimen was brought to room temperature. This procedure was 
repeated twice and the respective stress free temperatures were calculated by extrapolation. 
The actual experimental setup is presented in Figure 11.  
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Figure 11: Curvature as a function of temperature 

 

The measured curvature was plotted as a function of applied temperature. The results are 
presented in Figure 12.  
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Figure 12: Curvature as a function of temperature 

 

It can be extrapolated from Figure 12 that the stress free temperature was 160oC and in the 
second run 140oC, both higher that the curing temperature, which was 120oC. In the second 
run the curvature at low temperature is higher which mean residual stresses are higher than 
before. Assuming that the thermal expansion coefficients have not changed, the only 
explanation can be that the curing stresses have increased in result of additional chemical 
shrinkage during the high temperature stage of the test.  The linear extrapolation leading to 
values 140C and 160C is not reliable (the dependence is not linear at these temperatures. 
Nevertheless, in both cases, the difference between the real stress free temperature and the 
one that was expected (the curing temperature) is attributed to the development of chemical 
strains during the curing process.  

 

 

Development of chemical strains 

The way chemical strains build during the curing process is described in Figure 13. In the 
initial curing stages, a volumetric increase is expected, according to the thermal expansion 
of the resin’s liquid state. Once the temperature of the resin has been stabilized at curing 
temperature and polymer chains are given sufficient energy, as described before, the 
shrinking procedure is initialized. This process is occurring during the curing stage and 
eventually decreases as the resin is entering the solid state. When the curing has ended and 
the temperature is reduced an additional volumetric decrease is observed, according to the 
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resin’s solid state thermal expansion coefficient.  The difference in volume between the 
initial and the final state is the chemical shrinkage.  

 

 

Figure 13: Development of Chemical shrinkage 

 

Measurement of Chemical Shrinkage 

 

For this part of the present work, HexFlow® RTM6 mono-component epoxy resin with a 
typical curing profile was used: 160oC for 75 minutes+180oC for 120minutes. During this 
process the volumetric difference was monitored. Two different techniques were utilized;  

• in-situ measurement when a transparent glass tube is filled with resin  
• measurement of the level of an oil bath that contains a capsule full with resin 

 

For the first technique, a glass tube is filled with RTM6 and then placed inside an oven in 
order to cure. For the second, an oil bath was heated to curing temperature and a resin 
capsule was immersed into it. Then the level of the oil was measured.  
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Figure 14: A: In situ measurement of resin’s volumetric change, B: Measurement of 
level in an oil bath 

 

The curing process was monitored by taking photographs every 10 minutes. A schematic 
representation of the two techniques is shown in Figure 14 and the actual experimental 
setup in Figures 15-18.  

 

 

Figure 15: Experimental setups for measurement of resin’s volumetric change 

 

 

 

Figure 16: In-situ measurement of the resin level 
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Figure 17: Measurement of level in an oil bath 

 

The measured results are values of volumetric change. These values are then recalculated 
into linear shrinkage, by dividing the initial value over 3. The obtained results for linear 
shrinkage in both considered techniques are presented in Figures 19 and 20. 

 

Figure 18: Obtained linear shrinkage, in-situ measurement, curing +initial postcuring 
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Figure 19:Obtained linear shrinkage, oil bath, curing process-no prostcuring 

The values for the chemical shrinkage strains at the end of the curing process are presented 
in Table 1.  

 

 

Table 1: Linear chemical shrinkage strain values 

Method 
Linear chemical strain(%) 

Value Standard Deviation 

Resin inside a glass 
tube 

1.61 0.23 

Oil Bath 1.46 0.16 

 

Despite the fact that both techniques seem to give similar results, there is a small difference 
between them, which however is within the standard deviation. In the first case of in-situ 
measurements, there are resin residuals left on the walls of the glass testing tube that 
constrains the free volumetric change. That is why there is smaller initial thermal expansion 
than expected in the theory. However, in the second technique, a negative shrinkage 
(expansion) is observed, see Figure 20, which is attributed to the initial thermal expansion 
of the liquid state and which coincides with the theoretical considerations. 
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Conclusions 

 

In the present work the influence of the degree of cure on the mechanical properties of 
thermoset polymers is described. 

It was found for the used polymers that increasing the curing temperature (and reducing the 
curing time) following manufacturer’s recommendations leads to reduction of the elastic 
modulus and tensile strength. The Poisson’s ratio is slightly increasing whereas the thermal 
expansion coefficient is practically not changing. It was found that at very low degrees of 
cure, there is an unexpected elastic modulus change: it first slightly drops before increasing 
with increasing degree of cure.  

The development of the degree of cure and the glass transition temperature during the 
curing process was investigated and linear relationship between both these quantities was 
found. For the measurement of actual chemical strains, two methods were utilized; in situ 
measurement of resin’s level inside a glass tube and measurement of the level of an oil bath 
containing a resin capsule during curing. Both methods show similar trends and values of 
the chemical shrinkage. For example, it may be noted that according to both methods the 
shrinkage in the RTM6 resin stops after 60 min at 160C. 

The existence and the magnitude of chemical shrinkage in the transverse direction of a 
unidirectional composite was investigated by manufacturing an unsymmetrical cross-ply 
laminate and then changing stepwise the temperature from negative to curing temperature.  
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