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1. 	INTRODUCTION 

1.1 	Background  

Most elements of a concrete structure are frequently subjected to 

varying degrees of volume changes during their life time. At an early 

age, the hydration process gives a temperature rise which can cause 

rather large such volume changes. Volume changes caused by varying 

temperature conditions during service conditions and volume changes 

caused by shrinkage also occur in concrete structures. 

In massive concrete structures the temperature rise from the hydration 

process is marked and extends over a long period of time. It may also 

be non-uniform in the structure. Massive concrete elements are always 

restrained to some degree. The restraint is caused either by adjoining 

structural elements or by different parts of the element itself. Due 

to the restraint condition the temperature rise will induce compressive 

or tensile stresses in the elements. Of primary interest is if the in-

duced tensile stresses will lead to cracking. 

1.2 	Review of literature 

The risk for early-age thermal cracking in massive concrete struc-

tures, often imply expensive measures both for designers and con-

tractors. It is a vital problem and it has often been discussed in 

the literature. 

For example, the American Concrete Institute (ACI Committee group no 

207), has in 1970 published two reports on the subject. In the first 

one [1.1] the effects of heat generation and volume changes on the de-

sign and behaviour of massive concrete are discussed, and in the second 

one [1.2] a discussion of the proportioning, placing and curing of mass-

ive concrete is presented. The reports also present a survey of earlier 

investigations in this area. 

In Japan, Iwaki et al 1983 [1.3] and Yoshikawa et al 1984 [1.4] have 

published papers on the analysis of thermal stresses due to the heat 

of hydration. In both papers, finite element calculation have been 

used in computations of thermal stresses. 

1 
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In Germany, Springenschmidt et al 1973, 1984 [1.5], [1.6] have de-

veloped a method for studying temperature stresses experimentally. In 

test series, temperature rises due to hydration and stress development 

are compared for concrete with different types of cement. The results 

from the experiments have turned out to be very useful in application 

on practical constructive situations. 

In Sweden, studies on the phenomenon with thermal stresses have been 

carried out by Bernander et al 1973-1981 [1.7]-[1.10], Hansen 1960 

[1.11], Buö 1973 [1.12], Ingvarsson 1981 [1.13], Löfqvist 1946 [1.14] 

and others. In the Swedish Handbook for Concrete Construction, Bernander 

presents a survey of the damages that can occur in massive concrete 

structures 1980 [1.10]. Some practical measures for avoiding thermal 

cracks are also discussed and a method for calculation of the tempera-

ture stresses due to the heat of hydration is shown. 

In an analysis of thermal stresses in massive concrete structures the 

material characteristics of the young concrete is very important. A  

RILEM  conference on concrete at early ages was held in Paris in 1982 

[1.15]. Several interesting papers with application on mass concrete 

were presented there,  e g  [1.16]-[1.19]. 

Scanning the literature, one can notice that very few methods on the 

calculation of the thermal stresses in young concrete are published. 

The methods reported often give very approximate results and some of 

the computation methods neglect important parameters such as the creep 

properties of the concrete. 

1.3 	Aim and scope 

This report deals with methods to evaluate the temperature stresses in 

massive concrete structures. As the elastic and creep properties of 

the young concrete have been found to be very important parameters in 

the stress analysis, these parameters are specially discussed in chap-

ter 2. General viscoelastic models are presented both in  uniaxial  and 

triaxial forms. Some theories for the viscoelastic behaviour of con-

crete are briefly described together with some examples of calculations 

of the viscoelastic response of young and hardened concrete. The 



transformation of a viscoelastic model into relaxation formulation is 

also shown at the end of the chapter. 

In chapter 3, methods are given for the calculation of  uniaxial  thermal 

stresses in massive concrete structures. Differences between the pre-

sented methods are pointed out and restrictions of their use are dis-

cussed. 

Chapter 4 deals with laboratory tests performed at Luleä University of 

Technology. With the tests the conditions in a massive concrete struc-

ture can be simulated. Some results from tests with varying tempera-

tures and concrete mixes are presented. 

In chapter 5 the earlier presented methods for computation of thermal 

stresses are studied numerically. The discrepancies between the 

methods are discussed in connection with some examples of stress cal-

culations. The results from the theoretical analysis are also compared 

to the test results given in chapter 4. 

Finally, in chapter 6 a discussion of the presented methods and the 

test results are given together with some concluding remarks. 

3 



2. 	VISCOELASTIC MODELS FOR CONCRETE 

2.1 	General  

2.1.1 	Deformation of concrete under load 

Three fundamental types of deformation can appear when concrete and 

other material are loaded: elastic, plastic and viscous deformation. 

Of course, combinations of these types often are present such as 

elasto-plastic and visco-elastic deformation. A classification of the 

deformations of concrete can be done in the following manner [2.1] 

deformation 	instantaneous 	time-dependent  

recoverable 	elastic 	 delayed elastic 

irrecoverable plastic 	 viscous 

The elastic and plastic deformation are often described with reference 

to stress-strain relations. When describing the viscous and delayed 

viscous deformations it is convenient to use strain-time relations, 

see Fig 2.1. 

As can be seen from Fig 2.1 the elastic and delayed elastic deforma-

tions are reversible when the load is removed. The delayed elastic 

deformation is a form of deformation which has a decreasing deforma-

tion rate. The viscous deformation, often called the flow component 

of creep, also has a decreasing deformation rate. 

The response curve shown in Fig 2.1 is valid only when the stress 

level is moderate. In case of high stress levels, nonlinear effects 

occur mainly due to the growth of cracks. This can lead to an in-

creasing rate of viscous and delayed elastic deformations and failure 

of the concrete is obtained (creep failure). Only deformation which 

are present at moderate stress levels are, however, included in the 

following text. (Some aspects on the non-linear creep behaviour are 

given in section 3.1). 

4 
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Fig 2.1 	Typical stress-time curve for concrete showing three 

fundamental types of deformations. 

2.1.2 	Creep of concrete 

In engineering praxis the term creep is often used to denote time 

dependent deformations under load - the ordinary creep - and the 

stress release under sustained strain - the relaxation of stress. 

However, the relaxation and creep are closely connected physically 

and it is shown later in chapter 2.6 that they can be related 

mathematically to each other. 

The creep phenomen is very complicated and is yet not fully under-

stood. A number of theories of the creep mechanism have been proposed 

over the years. In [2.2] theories of the creep phenomenon according to 

Wittman, Powers, Bazant, Kesler and others are briefly described. 

Considering influencing factors of creep a subdivision may be done 

into intrinsic factors and extensive factors. The intrinsic factors 

are those material characteristics which are fixed once and for all 

when the concrete is cast, for example design strength, the elastic 

modulus of aggregate and fraction of aggregate in the concrete mix. 

The extensive factors are on the other hand those which can vary after 

casting. In this group the following factors are included: temperature, 



age at loading, pore water content, the size of specimen or structural 

member. 

Further on, in a study and analysis of creep phenomen, it is conveni-

ent to distinguish between basic creep and drying creep. The basic 

creep is the creep which occurs at constant humidity and temperature. 

The drying creep is present when the concrete is allowed to dry while 

it is loaded. The drying creep will increase the creep,  i  e  the creep 

is greater than basic creep even after shrinkage has been subtracted 

[2.2], [2.3]. 

2.1.3 	Spring and dashpot models 

A viscoelastic material combines the above mentioned elastic, delayed 

elastic and viscous behaviour (Fig 2.1). This viscoelasticity may be 

introduced through a discussion of two mechanical models (reological 

models) [2.2], [2.4], [2.5]. The models are the linear spring with a 

spring constant  E  and the linear viscous dashpot having a viscous 

constant r, see Fig 2.2. The two bodies with these ideal linear prop-

erties are often referred to as the Hookean solid and the Newtonian 

liquid. The relationships between the force (stress) across the models, 

a, and the elongation, E r  (or elongation rate, 	are given by 

o = E c 	 (2.1a) 

and 

a = n 	 (2.1b) 

A number of attempts have been made to simulate the viscoelastic 

behaviour of concrete by combinations of these two mechanical models. 

The combinations are often done in an empirical manner. Thus, the 

response of a single spring/dashpot or the responses of a group of 

springs/dashpots are made physically representative for a specific 

deformation phase of the concrete creep behaviour. 

6 
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a/  b/  E 
o---> 

Fig 2.2 	a) Linear spring (Hookean solid)  

b)  Linear viscous dashpot (Newtonian liquid)  

The simple spring and dashpot models, see Fig 2.3, give a qualitative 

representation of a material. The Kelvin-Voigt  element consists of a 

spring and dashpot in parallel, Fig 2.3a. The stress-strain relation-

ship for a Kelvin-Voigt  material is governed by the following differ-

ential equation  

=E e+ne 	 (2.2)  

which by introducing the retardation time T = n/E can be written as  

(2.3) 

where a is the stress and 	is the strain rate respectively. 

Eq (2.3) may be integrated for the creep load a =
o 

yielding 

the creep response 

a 
E(t) = 	(1 - e 	) 

E (2.4) 



time, time 

E 

ci  

° 

time time 

-1"  -A- 
an,  co,  

The Maxwell element, consists of a spring and a dashpot in  serie,  and 

has a stress-strain relationship described by the differential 

equation  

å 	a 	. —+-- = e 
E 	n  

which with T = n/E give 

(2.5) 

B  

(2.6) 

Similarly to the Kelvin-Voigt  element, Eq (2.6) may be integrated for 

sustained strain  E  =
o 

yielding the stress relaxation 

a(t) = c
o 
 E e 
	

(2.7) 

The time T = q/E is for the Maxwell element often called the 

relaxation time. 

(a) 
	

(b)  

Fig 2.3 
	

a) Kelvin-Voigt  element and  b)  Maxwell element. The stresses 

acting on the models and the response curves are also shown 

in the figure 



time 

E2  

More complicated models give a greater adaptability in describing the 

response of actual materials [2.2], [2.4]-[2.6]. The three-element 

model for instance, has an extra spring added in series with the 

Kelvin-Voigt  element, see Fig 2.4. This model is often called the 

Standard Linear Solid. The model provides an instantaneous, elastic, 

response characterized by the spring constant El  of the extra spring. 

9 

time 

Fig 2.4 	Three-element model or the Standard Linear Solid. 

The figure also shows the stress acting on the model and 

the response curves 

The four-parameter model, consisting of two springs and two dashpots 

of Fig 2.5, is capable to fit all three of the earlier mentioned 

basic viscoelastic responses. Thus, the model describes the 

instantaneous elastic response, the viscous flow and the delayed 

elastic response, see Fig 2.5. 



E1 
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E2  

do  
E1  

Fig 2.5 	Four-parameter model (also called The Burger model). 

The stress acting on the model and the response curve 

consisting of the three basic viscoelastic responses 

are also shown (see also Fig 2.1) 

The three- and four-element models give a good qualitative representa-

tion of viscoelastic behaviour but they do not suit test data well 

over any considerable range of time. 

A better fit to data but more complicated expressions are obtained 

with the generalized spring and dashpot models, see Fig 2.6. This 

approach of simulating the viscoelastic behaviour of concrete is 

moreover a method of data-fitting the parameters in differential 

equations. Hence, the physical responses of one spring/dashpot element 

in the equations does not represent a specific phase of the concrete 

creep behaviour. One example of a generalized model is the Generalized 

Kelvin-Voigt  model, consisting of Kelvin-Voigt  element in series. They 

give the constitutive equation 

0 	0 	 0 	 a  
E - 	 + 	+ 	 + 	+ 	 (2.8) 

(E
1
+ 

1
(5t1 	(E

2
+ ri

2
öti 	• 	(E + 	öt) 	 (E

N
+

N
öt) 

P 	P 



Fig 2.6 	Generalized spring and dashpot models: a) Generalized 

Kelvin-Voigt  model  b)  Generalized Maxwell model. 

In the same way the Generalized Maxwell model - Maxwell elements in 

parallel - give the equation 

+ 	 + .... + 	 + .... + 	 
öt 	1 	St  , 	 „ 1 

1  n
2 	

E ' n 	 E
N 

. ri
N ---- 4.  rT; 	

E
2 

. 	
P 	P 

(2.9) 

The method of approximating the creep response by fitting data in 

generalized spring and dashpot models have found an increased use in 

modern structural analysis [2.3], [2.7]. By utilizing powerful 

computers it is now possible to accomplish complicated finite element 

calculations where the viscoelastic behaviour of the concrete have 

been modelled with generalized spring and dashpot models [2.8]-[2.10]. 

Il 

b/  



2.1.4 	Compliance and relaxation functions 

The creep response of a material model to the creep loading o = o
o 
 may 

be written in the form 

c(t) = J(t)
o  

(2.10) 

where J(t) is the compliance function. For example the compliance 

function for the generalized Kelvin-Voigt  model is determined from 

Eq (2.4) to be  

N  1  
J(t) =  E  --  (1  -  e 	

1
)  

i=1  Ei  
(2.11) 

where  E.  and T. are the spring constant and retardation time for each 

Kelvin-Voigt  element. 

Similarly, the stress relaxation of a material subjected to the strain  

e  = c
o 

may be written 

o(t) = Y(t) 	e
o  

(2.12) 

where T(t) is the relaxation function. For the generalized Maxwell 

model the relaxation function is determined from  Eg  (2.7) to be  

N 	-th. 
T(t) = E E.e 	1  

i=1 
(2.13) 

The compliance function and relaxation function according to Eqs 

(2.11) and (2.13) can be made to fit data quite accurately. These 

generalized models with a discrete spectrum of  N  different relaxation 

times or retardation times, I', is as mentioned in section 2.1.3 also 

suitable for numerical analysis of creep response. 

12 



An often discussed issue when modelling viscoelastic deformation in 

concrete is if the total deformation is to be considered, or if a 

subdivision in an elastic, instantaneous, component and a viscous 

component should be made. This subdivision of the creep response could 

be introduced for instance in the generalized Kelvin-Voigt  model as an 

extra spring in series with the Kelvin-Voigt  elements.  Eg  (2.11) then 

leads to  (J.  = 1/E.)  

N 	 -t/T 
J(t) = j 	E J.(1 - e 	1) 

S 	. 
1=1 

(2.14) 

in which J
s 
= 1/E

5 
is the compliance of the extra spring giving the 

elastic, instantaneous deformation. However, this approach sometimes 

produces certain inaccuracies in the determination of the elastic 

deformation in a material test. The instantaneous deformation repre-

sents a point on an almost vertical part of the response curve 

- point A in Fig 2.6 - and the subdivision is therefore difficult. 

When comparing the compliance function in  Eg  (2.14) with the one in Eq 

(2.11), we must pay attention to that the modelling of the pure elastic 

component - as done in  Eg  (2.14) - is not present in  Eg  (2.11). 

13 
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time 

Fig 2.6 	Inaccuracies related to separation of elastic and creep 

deformations [2.11]. The instantaneous deformation 

represents a point on an almost vertical part of the 

response curve, point A in the figure. Therefore the sub-

division into a creep component, Cr, and an elastic 

component, El, is difficult. Then errors indicated in the 

figure are obtained, especially after a long time. 

When a time variable stress a(t) is considered, as is often necessary 

for structural analysis, the time-dependent deformation c(t) is 

evaluated by adapting the principle of superposition. In the theory of 

superposition, the response to a sum of stress histories is equal to 

the sum of the response to each of the stresses taken separately, see 

Fig 2.7. This implies that the response of each stress history is 

linear with regard to the stress  i  e  the strain, c(t), is a linear 

function of the previous stress history a(t). 

14 



t1 	t2 	 time 

E(t) 

](t,t11).c,(t) 

3(t,t12 )•C(b(t)  

t i 	t2 
	 time 

Fig 2.7 	Representation of arbitrary strain histories e(t) by 

superposition of responses from different stress histories 

a
a
(t) and ob(t).(J(t,ti) denotes the compliance function 

at time t for a loading at time ti etc). 

2.1.5 	Four methods of modelling concrete creep behaviour 

The viscoelastic behaviour of concrete  i  e  the elastic and creep 

deformation, can be described with a compliance function, with a creep 

coefficient, in terms of superimposed integrals and with rate-type 

formulations. 

The creep coefficient method is based on the earlier mentioned 

subdivision of the deformation in an elastic part and a viscous part. 

Thus the total deformation is described with an age dependent creep 

function, w(t,t'), and with the modulus of elasticity at the loading 

time, E(t'). 

15  
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The compliance function is for concrete often made dependent of the 

age of the concrete at time of loading. This is accomplished by intro-

ducing the age at loading, t', in the expression for the compliance. 

This leads to the age dependent compliance, J(t,t'). 

In the theory of superimposed integrals the strains are made dependent 

of the history of stress by superposition the contribution of each 

stress increment. 

However, for concrete with strong age-dependent properties the super-

imposed integrals above often will give a complicated formulation of 

the compliance function. In numerical step-by-step analysis this 

involves so much storage requirement in a computer that the calcula-

lations in some cases may be too expensive or next to intractable. For 

the analysis of complicated structural systems it is therefore 

necessary to use a rate-type formulation [2.11]. This formulation is 

almost similar to the earlier mentioned generalized spring and dash-

pot models. 

The above mentioned four methods of modelling viscoelastic behaviour 

in concrete will be described in the next sections. 

2.2 	Creep coefficient formulation 

2.2.1 	General 

When using the creep coefficient, the deformation at time t induced by 

a loading at time t is subdivided into two parts. The first part is 

the instantaneous deformation, eel(t1)' and the second part is the 

inelastic, viscous, deformation c
c
(t,t'). The total deformation 

£tot(titt) can then be written (see also Fig 2.8) 

e
tot(tt') = Eel

(t') +
v(t,t')  (2.15) 



The elastic deformation e
el
(t'), may be written in the form 

a(t')  
el 	E(t') 

= 
E(t') 

(2.16) 

where a(t') is the stress applied at time t' 

E(t') is the modulus of elasticity at time t' 

The viscous deformation (the creep) at time t for a concrete loaded at 

t', is related to the elastic part by the creep function, tp(t1 t1 )1  

commonly called the creep coefficient 

= w(t,t1) 	
cel(t')  (2.17) 

  

 

t' time 

t` 
	

time 

Fig 2.8 	Elastic and creep deformation at time t for loading at t' 

A substitution of the expression for E l(t') and c
v
(t,t1 ) given by  

Egs  (2.16) and (2.17) into  Eg  (2.15) yields an often used creep law 

o(ti) 

E(t') 	+ w(t,t'))  (2.18) 

17 



2.2.2 	Some examples of formulae for the creep coefficient 

The formulation of the creep function, w(t,t1 ), can be accomplished in 

two ways [2.2]. In the first way of creep modelling the creep function 

is represented as a sum of two (or more) components. These components 

may be the in chapter 2.1 mentioned delayed elastic component and the 

viscous component (see also Fig 2.1). The second way of creep 

modelling attempts to express the creep function as a product of age 

and load duration functions. 

One example of a formulation with a sum is given by the Comite  Euro-

international  du  Beton  (CEB-FIP) [2.12]. Thus, the creep function is 

expressed as 

E(t1 ) 

W(t,t') 
E(28) (1)28(tI t1)  
c   

where  

(2.19) 

(P28(titl)  = ßa(t') + wod(t-ti) + wf
uf(t) - ßf(t)] 	(2,20) 

In Eq (2.19), E(t1)  and Ec
(28) are the  E-modulus at the loading time 

and at 28 days. The first term in Eq (2.20) represents the initial 

viscous flow, the second and third terms represent the so called 

delayed elastic deformation and delayed viscous flow. A more detailed 

description of the CEB-FIP model is given in Appendix A. 

In the ACI Model Code [2.13] the creep function w(t,t1 ) is expressed 

as a product of age and load-duration functions  

0.6 
W(t,t1) 

in which 

p(t1 ) = 

(t-t')  

K411  

m  
(t t') 
'  

)( 	Ki 

(2.21) 

(2.22) 

10+(t-t') 

2.35 	K',1  

0.6  

The coefficients Ki , K2, ... in Eq (2.22) give the influence of the 

age at loading, the composition of the concrete etc, see Appendix  B.  

18 
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Another example of a creep function where w(t,t') is modelled as a 

product of functions for the loading age and the load duration is 

given by the Swedish Handbook for Concrete Construction [2.14]. Thus, 

the creep coefficient is written as 

w(t,t1 ) = (4)0  wh  wt. wt_t. (2.23) 

Where  w
o 
	is the basic creep value for basic creep (no drying) 

dependent on the concrete composition 

(Ph 
	is the influence of the drying of the concrete 

wt' 
	is the influence of age of the concrete at the time of 

loading 

9
t-t

, is the influence of the loading time 

In massive concrete structures the influence of drying can be neglected 

(see also section 3.1) and Eq (2.23) is reduced to 

.www  
o t'  t-t'  

(2.24) 

This expression of w(t,t1 ) is used in formulae for calculation of 

thermal stresses. The formulae are presented in chapter 3. 

The basic value for basic creep in Eq (2.24)  wo  is dependent on the 28 

days concrete strength. For Swedish standard Portland cement,  w
o 
 have 

values in the range 1.0-3.0 [2.14], [2.15]. 

A formula for the dependence on the age at the time of the loading, 

wt„ has been proposed by  Byfors  [2.16]. Thus, wt„ is given as a 

function of the 28 day compressive strength of concrete. 

(Pt = 

-2/3 
fccW)  

+a 

1 + a 

f 	(28d) 
cc 

(2.25) 

where a = .17 for creep tests carried out by  Byfors.  f
cc
(t') is the 

compressive strength at time t' and f
cc
(28) is the compressive 

strength at 28 days. The function in Eq (2.25) and some test results 

are shown in Fig 2.9. 
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Fig 2.9 	Influence of loading age on creep, wt, as a function of the 

relative compressive strength, f(t)/ fcc(28)' (After  Byfors  

[2.16]). 

The influence of the loading time 	" has been studied by Pfefferle 
(Pt-t 

[2.17]. The influence can be modelled with the following function,  

n 
= 1-  E a. exp(-b.1

Jt-t') 
1=1 

(2.26) 

Eq (2.26) is based on the generalized Kelvin-Voigt  model (see chapter 

2.1) in which nonlinear dashpots are introduced instead of the linear 

ones. A deduction of Eq (2.26) from the standard equations of the 

spring and dashpot model and a more detailed description of the 

expression above are shown in Appendix  C.  



Pfefferle obtained fairly good fits to test data concerning t'= 28d 

with two Kelvin-Voigt  elements in series,  i  e n  = 2. However, Wilson 

[2.18] introduced a third and a fourth term in Eq (2.26) and obtained 

good agreements with tests reported for instance by Rostasy,  Teichen  

and Engelke [2.19]. According to Wilson the following values of the 

constantsa—and  b.  were found to be relevant 

al= 0.015 a2= 0.085 a
3
= 0.85 a

4
= 005 

(2.27)  
b = 24.0 
1  

b2= 2.3 b3
= 0.085 b4= 0.01 

Fig 2.10 shows schematically the dependence on loading time on creep 

according to Eq (2.26). 

1 

t' 	 time 

Fig 2.10 	Function for the influence of creep on loading time accord-

ing to Pfefferle [2.17] 

Bernander and  Gustafsson  [1.9] have also developed an expression for 

the creep coefficient w(t,t1 ). By supplementing a formula for concrete 

creep suggested by Dischinger [2.20] with additional creep functions 

of Dischinger-type, good agreement with experiments have been 

obtained. This creep function is of the form  

n 	-q t' 	-q
n
t 

o(t) 
 )
ml 

w(t,t') = [E ße n  (1-e 	)1  [1 	K(
am(t) 

i=1 n  
(2.28) 

in which ß
n
, q

n
, m and  K  are constants defining the material charac-

teristics. a(t) is the compressive/tensile stress in the concrete at 

time t and o (t) is the compressive/tensile strength at t. The first 

exponent with the time t' gives the influence of the loading age, and 

21 
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the second exponent with the time t gives the influence of the loading 

time. With the last factor in Eq (2.28), the influence of the stress 

level, a(t)/om(t) - and hence the effect of maturity - is considered. 

The function for early age concrete creep according to Eq (2.28) is 

shown in Fig 2.11. For a more detailed description of the creep 

function proposed by Bernander and  Gustafsson,  see Appendix  D.  

Calculations of temperature induced stresses in mass concrete with 

creep functions according to Eqs (2.24-2.28) are shown in chapter 3. 

	  to 

Q cl2 05 	2 5 10 20 50 CO EC 500 1C-00 DAYS(LOG)  

Fig 2.11 	Variation in the creep function with time from the beginning 

of hardening to infinity (after Bernander and  Gustafsson  

[1.9]) 

2.3 	Compliance function 

2.3.1 	General 

The total time-dependent deformation at time t, e(t), from a loading 

at time t', o(t'), is for concrete modelled with the compliance func-

tion J(t,t') (see also Fig 2.12 a) 

c(t) = J(t,t') o(t') 	 (2.29) 
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Notice that this compliance function models the total response of the 

concrete  i  e  both the elastic and viscous deformations. Compared to 

Eqs (2.10), (2.11) and (2.14), we see that the creep compliance here 

is expressed with an age-dependent function J(t,t') in which the 

loading age t' is an important characteristic. This age-dependence of 

the concrete creep compliance is shown in Fig 2.12  b.  (See also sec-

tion 3.1 where some aspects on the age-dependence of creep are given). 

t' 
	

time 
	

t4 
 

1 	 ti  2 	3 	 time 

t' 
	

time  
b/  

Jup-o-fti 

..---------------- 34.cft) 
	 J(t,t) 0(t') 

	( 	 > 
-t 	t 	time  

Fig 2.12 a) Time-dependent deformation at time t for a loading at 

time t' expressed with a compliance function.  

b)  Age-dependence of the compliance function when the con-

crete is loaded at different ages after casting. 

The compliance function, J(t,t'), can be written in terms of the creep 

function, w(t,t'). This is accomplished by expressing the total 

strain, c(t), with  Egs  (2.18) and (2.29) 

o(t')  
e(t) = J(t,t') 0(t') = (1 + w(t,t

, 
 )) 

E(t') 

which leads to 

1 + w(t,t 1 )  J(t,t') = 
E(t') (2.30) 

in which E(t') is the  .E-modulus at the loading time t'. 



However, it is difficult to define, as mentioned earlier, the true 

elastic deformation (see Fig 2.6). The value of the  E-modulus at a 

specified age, E(t'), shows a marked dependence of the load duration 

at tests. This depends on creep phenomenon of the concrete which 

always occur in the tests. 

Hence, in many works, the definition of the elastic deformation 

differs depending on which load duration that was used at the chosen 

test procedure. Some definitions are based on load durations of 

0.001 s and others are based on durations up to 0.1 day. Therefore, 

errors are easily made when interpreting values of the  E-modulus 

obtained by different authors. 

These errors can be avoided if the  E-modulus at time t', E(t,t'), is 

obtained from the more accurately defined compliance function, J(t,t(). 

By setting (11(t,t') = 0 is  Eg  (2.30) - no creep - and by defining an 

infinitesimal loading time At =  t-t'  = 0, we obtain the true  E-modulus 

1  
E(t') = 

J(t',t') 
(2.31) 

The influence of different loading times, At =  t-t',  may then be 

modelled as [2.11]. 

1  
E(t') = 

J(t'+At,t') 
(2.32) 

2.3.2 	Some examples of formulae for the compliance function 

Several expressions for the compliance function J(t,t1 ) can be found 

in literature. For example, the CEB-FIP and ACI models - chapter 2.2 - 

may with  Eg  (2.30) be written in terms of a compliance functions. 

Bazant and Panula have described the basic creep  i  e  no drying with 

the Double Power Law [2.21]. Thus, the creep compliance at time t for 

a loading at time t, is written as 

1 	(P 1  
J(t,t') = 	+ 	,  t

,-m 	 n 
+  a)  (t-t')  r  

0 	0 

(2.33) 

in which E
o
, w i , m, 	and  n  are material parameters. We see from  Eg  

(2.33) that the basic creep is described by power curves for the load 

24 
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duration,  t-t',  and by inverse power curves for the age at loading t'.  

Eg  (2.33) can be extended to model temperature effects on creep, 

nonlinear creep, drying creep and cyclic creep [2.21]. 

Example of shapes of compliance functions at different loading times 

is shown in Fig 2.13. A more detailed description of the Double Power 

Law,  Eg  (2.33), and some formulae for the determination of the 

material parameters are given in Appendix  E. 

0. 4 

2.0 	 4.0 	 5. 0 
	

8.0 	10.0 

TIME (Dcys) 

Fig 2.13 	Compliance functions for different loading ages expressed 

with the Double Power Law,  Eg  (2.33). Concrete: Swedish 

Standard Portland Cement,  w/c  = 0.58, cement-sand-gravel 

ratio = 1: 1.94: 2.31 (by weight), mix composition and co-

efficients in the creep formula: see Table 2.1 and 2.2 

(concrete I) 

Wilson [2.18] has described the basic creep with a formula where the 

times t and t' have been transformed into the variables u and u' 

1 
J(u,u1 	

1 
= r 	(1) (u-u')] E

c 
T(u ) 	o (2.34) 

E
c 
is the  E-modulus at 28 days. The function T(u') expresses the 

influence of the loading age.  w
o  is the basic value for basic creep and 

u-u' gives the dependence of the loading time. The transformation of t 

and t' into u and u' give creep curves for different loading times u' 

that are parallel with respect to the variable u, see Fig 2.14. For a 

further description of the creep formula proposed by Wilson, see 

Appendix F. 
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Fig 2.14 	Compliance function according to  Eg  (2.34) for different 

loading ages (after Wilson [2.18]) 

2.4 	Integral-type formulation of viscoelastic law 

Using the principle of superposition (see chapter 2.1) we can compute 

the strain history E(t) caused by an arbitrary history of applied 

stress a(t). This is accomplished by assuming the stress history to be 

composed of a  serie  of infinitesmal step functions, see Fig 2.15. 

Thus, the response of each step may be added and we get the total 

strain as [2.3] 

c(t) = 5 J(t,t') do(t') +
o(t) 

0 
(2.35) 

in which J(t,t') is the creep compliance at time t for a loading 

time t' 

do(t1 )  is the stress increment at time t', see also 

Fig 2.15 

c
o
(t) 	is the stress-independent strain at time t, for 

example thermal strain, shrinkage 



t i 
	

time 

Fig 2.15 	Representation of an arbitrary stress history o(t) as a 

sum of infinitesmal stress increments  da  

The superposition of responses of stress increments is permitted only 

if each response is purely linear with respect to stress. For concrete 

the assumption of linearity is acceptable if [2.3]: 

1. The stress is less than about 40% of the strength or failure load. 

2. The strains do not decrease in magnitude (but the stresses may) - 

creep recovery. 

3. The specimen undergoes no significant drying during creep. 

4. There is no large increase of the stress magnitude long time after 

initial loading. 
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a(t) = S R(t,t1 )[dt(t') - d£
o(t')i 0 

(2.36) 

The variation of stress at a prescribed strain history may be written 

in the same way as Eq (2.35) 
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in which R(t,t') is the relaxation function at time t for deformation 

at time t' 

de(t') is the strain increment introduced at time t' 

de
o(t') is the stress independent strain increment at time 

t'. 

The compliance function J(t,t') may be converted to a relaxation 

function, R(t,t') by solving the integral Equation (2.35). This is 

presented in section 2.6. An approximate formula for this conversion 

valid for  t-t'  > 1 day also exists, see [2.3]. 

2.5 	Rate-type formulation of viscoelastic laws  

A rate-type creep law eliminates the need for using the complete his-

tory of stress or strain that was necessary with the integral-type creep 

law. The formulation of a rate-type creep law can be accomplished by 

approximating the integrand in the integral equation - the functional 

J(t,t') - by a sum of products of functions of t and functions of t' 

[2.3], [2.7].  

N 	 N 	 (t) 

	

J(t,t') = E [1/C (t')] - E 	P  
P 	p=1 	p

(t') C (t') p=1 	 P 

(2.37) 

where ß and  C  are functions of time. The sum of the products of  
P 	P  

functions of t and t is often called the degenerated kernel. 

An introduction of a function  Y  (t) = -ln ß (t) yields ß (t) =  
P 	 P  

exp  [-Y  (t)]. Thus, Eq (2.37) may be written as  

N 
J(t,t') = E 	1/C (t') [1 - exp (Y (t') - Y (t)1] 

p=1 	P 	 P 	P  

It is convenient to denote 

(2.38)  

Y (t) = 	 (p = 1, 2, 	 N) 	 (2.39) 
P 	P 



in which constants T are called the retardation times.  Eg  (2.38)  
P  

then becomes  

N 	
1  

J(t,t') = 	
(t  

E 	[1 	exp {-(t-t)/r}]  
p=1  Cp

')  
(2.40) 

The  serie  of exponentials in  Egs  (2.38) and (2.40) are called the 

Dirichlet series. Fig 2.16a shows the shape of the individual expo-

nential term in  Eg  (2.40), plotted in a log(t-t') scale. We see that 

each exponential term look like a step function over one decade of 

time. The point t-t1 =1-  is located in the middle of the step and the  
P  

exponential function gives a  horisontal  curve on both sides of the 

step. By adding the responses of each such exponential term with its 

individual retardation times T and coefficient  C  we can approximate  
P 	 P  

a compliance function, see Fig 2.16.b 

1 
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It  

12 is tog  (t-t') 

3 (t1  t') 

Fig 2.16 	Dirichlet series: 

a) One exponential term with a retardation time t = 1  

b) Approximation of compliance function J(t,t1 ) by 

a Dirichlet  serie  with retardation times T and  
P  

coefficinents  C  (p=1-6)  
P  



30 

Eqs (2.38) or (2.40) can be substituted into the superposition 

integral - Eq (2.35) - yielding 

t N 1  
e(t) =  j 	E 	(1 - exp [Y (t') - Yp

(t)]) do(U) + e0(t) (2.41) 
0 p=1 

C
p
(t')  

The integral in Eq (2.41) have been - as mentioned before - expressed 

as a product of functions of t and t'. The function of t, exp(-Y (t)),  
P  

does not involve the variable of integration and can be extracted from 

the integral. This and a reformulation of Eq (2.41) gives  

N t doW)  dY(t1 N 
do(tI) 	E exp(-Y (t)) f exp Y (t') dy (v) C (t') j C (t') 

e(t) = E 	
P p=1 0 p 	p=1 

(2.42) 

+ e
o
(t')  

Considering Eq (2.42) we see that the integral in the second term is 

independent of t. Thus, at each new  timestep,  we only need to compute 

the change in value of the integral. In other words the value of the 

integral is updated for the new time t. This is compared to the 

ordinary integral-type of viscoelastic law where the integral at each 

new time step is calculated from the time of initial loading. 

In [2.3] and [2.7], rate-type constitutive relations based on Eq (2.42) 

are shown. The rate-type relations can be interpreted in terms of the 

in section 2.1.3 mentioned Generalized Kelvin-Voigt  and Generalized 

Maxwell models (Fig 2.6). Thus, the spring modules,  E  and dashpot  
P  

viscosities,  n  - see Eqs (2.8) and (2.9) - are expressed as  
P  

functions of the age t'. 

An incremental analysis can be obtained by approximating the integral 

in Eq (2.42) at discrete times to, tl, 	t
n 
 and using the assumption 

that da/dt and Ei(t) are constant within each time interval. Then, an 

incremental stress-strain relation can be formulated [2.7]. This 

incremental stress-strain analysis, specially suited for finite element 

equations, is, however, not treated in this report. 
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2.6 	Multiaxial generalization of the integral-type of viscoelastic  

law  

2.6.1 	General 

The generalization of  Egs  (2.35) and (2.36) for the multiaxial stress 

state can be determined assuming isotropy. For this case the stress-

strain relations may be written in the same form as for the  uniaxial  

case if stress and strain are resolved into their volumetric and 

deviatoric components 

3e
v
(t) = J JV(t,t') daV(t') + 3E 

0
(t) (2.43a) 

0 

t D 
D 

2e. 	(t) = 	J (t,t') da.
D 
 .(t') 	 (2.43b) 

ij 	 ij 
0  

D  
where  E..  =  e..  - 6.. eV, are the deviatoric strain components 

ij  
D 	 V 
a.. = a.. - 	are the deviatoric stress components 

V 
is the volumetric strain 

ekk/31  
V 

= 
a 	

is the volumetric stress 
kk/31  

c
o 

= stress independent strains, thermal strains, shrinkage 

etc. 

6ii  = the Kronckers delta = 1 for  i  =  j  and = 0 for  i  *  j  

The functions JV(t,t1 ) and J
D
(t,t') are the volumetric and deviatoric 

compliance functions which are related to the creep compliance J(t,t1 ) 

as follows 

J
v
(t,t1 ) = 3(1 - 2v) J(t,t') 
	

(2.44a) 

J
D
(t,t') = 2(1 + v) J(t,t1 ) 
	

(2.44b) 

Here the Creep Poisson ratio, v, is a function of the times t and t' 

but can in general be considered as approximately constant. For sealed 

concrete V 	0.18 [2.3], [2.22], [2.23]. On the other hand, for very 

young concrete, t' less than about 2 days, the Poisson ratio is not 

constant, see [2.16]. 
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The formulae above can be compared to an ideal elastic material where 

the response is described by the generalized Hooke's law. Thus, the 

volumetric and deviatoric components of elastic strains are written as 

[2.4], [2.5]. 

1 V 
e
V 
= 	+ c

o  

D 1 D 
c.. = 	a.. 
13 2G 13 

(2.45a) 

(2.45b) 

where  K  and  G  are the bulk and shear modulus respectively.  K  and  G  are 

related to the  E-modulus as  

E  
K= 

3(1-2v) 

E  
G = 

2(1+v) 

(2.46a) 

(2.46b) 

where v is the (elastic) Poisson ratio. As 1/JV(t,t1 ) and 1/J
I)
(t,t1 ) 

can be considered as the "creep bulk modulus" and the "creep shear 

modulus", the relations in  Eg  (2.44) become more evident. 

By using the trapetzoidal rule  Eg  (2.43) can be approximated to [2.3]: 

3e
V 
 = E J

V 
1 AaV  + 3e

o 
r,s-- 

s=1 	2 

D 	D 	D 
1  Aa 2e

ij 
=  E J 	

ijs  
s=1 

(2.47a) 

(2.47b) 

V 	 D  
where  ta  V 	V  = a

s 	
a 

	

and 1:31?. 	 JV  1 and J
D 

1 
s-1 	I33 	 ijs-1' 

are the volumetric and deviatoric compliance functions at time t
r 
 for 

loading at time t
s
.  

D  
Writing  Eg  (2.47) for eV  

	

and 	
jr-1 

	

. 	and subtracting it from  Eg  (2.47) 
r-1 	El  

we obtain for volumetric and deviatoric increments (see also appendix  

G  where a more detailed deduction is shown). 



V 
Aa

r 
= 3K" (AeV  - Ac"

v
)  

D 	 D 	D  
Aa. 	=  2G" (Ae—  - 	) 
ijr 	r 	ijr 	ijr  

1 	 1  
in which  K"  = 	 Gn  = r V 	r 

J
D 

1  J 	1 
r,r-7 
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(2.48a) 

(2.48b) 

are the bulk and shear 
modulus, for  timestep  r › 1 

r-1 
Me"

v 
=  E  AZ

v 	
1 Aa

v 
+ 3Ae

r 
inelastic strains, 

r,s-7 	s 
s=1 	 for r 	2 

r-1 
D  

2Ae?1? =  E  LJID 
 1  Aa 

ijr 	 r,s-7 	ijs  
s=1  

Ae"V  = Ae
o 
and Ae?.

D  
= 0 

1 	ijr 

inelastic strains, 
for r › 2 

for r = 1 

AJV 	1 = J
v 	

1 - J
v 	

1 and AJ
D 	

1 =  J
D 	

1 -  J
D 	

1 
r,s-i 	r,s-i 	r-1 ,s-- 	r,s- 	r,s-i 	r

.
-1,s-i  

With Eq (2.48) we have obtained a relaxation formulation of multiaxial 

creep deformation. This formulation is used in stress calculations 

presented in the next section. 

2.6.2 	Comparison between calculations and tests 

Numerical analysis with Eqs (2.47) and (2.48) has recently been carried 

out at the University of Luleä by using a test program.  Uniaxial,  bi-

axial and triaxial tests were simulated and comparison with experiments 

were performed. 

In the calculations, the compliance function according to Bazant and 

Panula is used (Eq (2.33) and Appendix  E)  and the following material 

parameters are used: 

f
28 

= 43.4 MPa, w
o
/c = 0.425, cement content = 404 kg/m

3
, 

cc 
cement-sand-gravel ratio = 1: 2.03: 2.62 (by weight), 

Poisson ratio, v = 0.18. 
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This is the characteristics of a concrete tested by McDonald [2.24]. 

The loading ages at the tests were 90 days and the temperatures were 23°C. 

The asymptotic modulus in  Eg  (2.33), E0
, is calculated from the 28-day 

compressive strength and the density according to formulae in Appendix  

E.  With the material characteristics of the concrete above the 

following values of the constants in  Eg  (2.33) are obtained 

E
0 
 = 68.5 GPa, 	= 2.72, m = 0.305, al  = 0.0588 and n = 0.120 

In the following sections, test examples with prescribed stresses or 

strains are shown. 

2.6.3 	Prescribed stresses. Stress-strain relations  

Uniaxial  loading (Fig  2.17) 

At the  uniaxial  loading up to 16.54 MPa 	0.38 f
28

) the calculations 
cc 

agree fairly well with the experiments. The expansion due to the 

Poissons effect occurs as expected. The loading time in the experi-

ments, At =  t-t',  was 69 minutes. The effect of creep is shown theor-

etically by using other values of At. 

In the calculations, 100 time-steps have been used but the algorithm 

shows a marked insensitivity with respect to the number of time steps. 
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DEFORMATION 

Fig 2.17 	Stress-strain relations for a loading up to 0.38 f
28
. 

cc 
Theoretical calculations with Eqs (2.47) and (2.33) for 

different values of the loading time. Results from experi-

ments are also shown. The concrete mix composition and con-

ditions at the tests are given in section 2.6.2. 

Biaxial and triaxial loading (Fig 2.18) 

„ 

The same stress-rate for a
1 
as in the  uniaxial  loading is used 

(At = 69 min). No test data with McDonalds concrete mix is available 

but qualitative agreements with tests carried out by York et al [2.25] 

have been observed. 



0. 0 1. 0 2. 0 3. 0 4. 0E-04 

2. 0 

E+07 

1.6 

1.2 

a  -ut) 

Cf 2 -4.13 MP 	"" 

36 

£3  

0. 8 
r—cf 

cn 

cc 	0.4 

Mt)  

(12-53-413M% 

£2 'E3 

J 

2. 0 

E+07 

1. 6 

1. 2 

0. 8 

DEFORMATION 

0.0 	1.0 	2.0 

b/ 	 DEFORMATION  

3. 0 	4. 0E-04 

Fig 2.18 	Stress-strain relations for a) biaxial and  b)  triaxial 

loadings. Theoretical calculation with Eqs (2.47) and 

(2.33). Concrete: see section 2.6.2  
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2.6.4 	Prescribed stresses. Strain-time relations (Fig 2.19) 

The concrete is loaded with  uniaxial,  biaxial and triaxial stresses at 

the ages 28  d,  90  d  and 150  d.  For the loading age 90  d  the calculated 

strains show fairly good agreement with test results. The effect of 

the ageing of the concrete is noticeable when comparing the response 

curves from different loading ages, see Fig 2.19a. 

	

2.6.5 	Prescribed strain. Stress-time relations (Figs 2.20 and 2.21) 

In this section the relaxation of the concrete is studied with Eqs 

(2.48) and (2.33) for different situations of prescribed strains. Due 

to the lack of data from multiaxial relaxation tests in the literature 

the theoretical results are here only studied qualitatively. 
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Fig 2.19 	Stress-time relations for a)  uniaxial  b)  biaxial and  

C)  triaxial loadings. Theoretical calculations with  Egs  

(2.47) and (2.33) and test data according to McDonald 

[2.24]. Concrete: see section 2.6.2 
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Fig 2.20 shows  uniaxial  stress relaxation at different early loading 

ages. The ageing property of the relaxation is evident - higher stress 

levels occur with increased age at time of loading. (Compare with the 

creep response curves in Figs 2.12 and 2.19a). Examples of relaxations 

of the concrete for different multiaxial loading situations in display 

expected shapes of curves, see Fig 2.21. 

2. 0 

E+06 
Uniaxtal loading 

El -4.99.10s  

TIME (days) 

Fig 2.20 	Uniaxial  stress relaxation in early age concrete. 

Theoretical calculations with Eqs (2.48) and (2.33). 

Concrete mix composition: Swedish Standard Portland, 

cement content = 400 kg/m
3
,w

o
/c= 0.4125, cement-sand- 

gravel ratio = 1: 1.94: 2.31 (by weight), f
28 

= 51.7 MPa 
cc 
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Fig 2.21 	a-c)  Multiaxial relaxation in concrete for a loading age 90 

days. Different situations of prescribed strains. 

Theoretical calculations with Eqs (2.48) and (2.33). 

Concrete: see section 2.6.2 

2.6.6 	Concluding remarks 

The multiaxial generalization of the compliance function according to 

Bazant and Panula seems to be able to model both prescribed stresses 

and prescribed strains in a good manner. 
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2.7 	Material Parameters for modelling viscoelastic behaviour in 

young concrete - Numerical studies  

2.7.1 	General 

The viscoelastic properties of young concrete are rather difficult to 

describe as these properties change considerably during the hardening 

process. 

In this section the elastic and creep properties will be studied 

numerically with respect to some of the theories of modelling. The 

effect of the growth of the compressive and tensile strength is also 

described. 

2.7.2 	E-modulus, compressive strength and tensile strength 

The elastic properties of the young concrete, expressed with the  E-

modulus, are in this report modelled as a function of the compressive 

strength or as a function of the creep compliance. 

A formula for the relationship between the  E-modulus and the com-

pressive strength has been proposed by  Byfors  [2.16]. Thus, the  E-

modulus at age t' is written as 

9.93 103 f  

E(t1 ) = 	
cc 
	 (2.49) 

1 + 1370 f (t')
2.204 

cc 

where f (t') is the compressive strength at age t' (in MPa). cc 

According to  Byfors  f
cc(t') can be written as a function of fcc

(28), 

the concrete strength after 28 days. 

fcc(t1)  = n(t') fcc(28) 
	

(2.50) 

where n(t') is given in Appendix  H.  

The influence of temperature on the growth of the compressive strength 

- the maturity - is modelled with the Arrhenius function. The equation 

for this influence of the temperature on the evolution of strength and a 

formula for the growth of the tensile strength are given in Appendix  H.  



The formula for expressing the  E-modulus as a function of the compli-

ance function has been described earlier in  Eg  (2.32) 

1  
E(t) = 

J(t4 +At,t1 ) 
(2.51) 

where At is the load duration of the test and J(t'+At,t') is the com-

pliance of the concrete at the age t' for this load duration. At can 

have values in the range of 3.5- 10
-4 
 d  - 0.1  d  (30 s - 2.4  h)  [2.26], 

[2.3]. 

In Fig 2.22a results from calculations of the early age  E-modulus with  

Egs  (2.49) and (2.51) are plotted for two types of concrete. The com-

pliance function in  Eg  (2.51) is here modelled with the formula pro-

posed by Bazant and Panula  (Eg  (2.33)). Results from tests are also 

shown in the figure. Fig 2.22b shows the compressive and tensile 

strengths calculated with the formulas described in Appendix  H.  Com-

pressive strength obtained experimentally are also given in the figure. 
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Fig 2.22a)  E-modulus calculated with Eqs (2.49) and (2.50) compared 

to test data reported by  Byfors  [2.16].  

b)  The early age compressive and tensile strengths calculated 

with formulas according to  Byfors  [2.16], see also Appendix  H.  

Concrete: Swedish Std,  w/c  = 0.58 and 0.40, concrete mix 

composition and material data in creep formula are given 

in Tables 2.1 and 2.2 (concrete II and III). 
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As can be seen in Fig 2.22a, the  E-modulus expressed with Eq (2.49) 

gives the best agreement with the experiments for the very young con-

crete, t < 1.2  d.  A modelling of the  E-modulus with the compliance 

function according to Eqs (2.51) overestimates the value of the modulus 

for these ages. However, the two ways of modelling give quite similar 

results for concrete of older ages. 

The formula for the early age compressive strength, Appendix  H,  fit 

test data quite accurately, see Fig 2.22b. With a parameter al  it is 

possible to model an earlier stage of the hardening process for the 

high-quality concrete, see Fig 2.22b. When other types of concrete are 

used (type low-heat, rapid hardening) or when accelerators or retarders 

are added it can be rather difficult to model this stage and more 

sophisticated theoretical models must probably be used. 

Another difficulty is to evaluate the strengths development for dif-

ferent curing temperatures. A higher temperature gives a more rapid 

strength gain at early ages, but a lower strength in the hardened con-

crete, see Fig 2.23. An earlier stage of the hardening process with a 

higher curing temperature can also be seen in the figure. These strength 

losses due to high curing temperatures are, however, at present not 

taken into account in the applied maturity function, see Appendix  H.  
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Fig 2.23 	Compressive strength gain at various curing temperatures. 

Concrete: w
o
jc = 0.58, concrete mix composition - see Table 

2.1 (concrete I) (After  Byfors  1980 [2.16]) 

The modelling of the  E-modulus is, as mentioned in section 2.3.1, 

rather sensitive to load durations that are used (see also Fig 2.17). 

Fig 2.24 shows examples of calculation of E(t) with Eqs (2.32) and 

(2.51) and with different load durations, At. A load duration of 

5.0 - 10
-4 
 d  (43 s) gives 1.5 times higher values of the  E-modulus 

than with At = 0.1  d  (2.4  h).  
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Fig 2.24 	The development of the  E-modulus expressed with a compliance 

function according to Bazant and Panula for different load 

duration, At. Concrete: w
o/c = 0.58, mix composition - see 

Table 2.1. Material parameters in compliance function - see 

Table 2.2 (concrete I). 

2.7.3 	Creep compliance J(t,t') 

The creep compliance, J(t,t'), has been expressed with explicit for-

mulae and with formulae based on creep coefficients. 

Some examples of calculated compliances functions for different loading 

ages are plotted in Figs 2.26-2.30. The calculated values are compared 

to results from creep tests carried out by  Byfors,  see Fig 2.25. 
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Fig 2.25 	Different creep response in tests with young concrete re-

ported by  Byfors  [2.16]. Stress levels about 1/3 of the com-

pressive strengths at the ages of loading. The concrete mix 

compositions are given in Table 2.1 (concrete II and III) 

Fig 2.25 shows a marked age-dependency of the creep response, specially 

for the low-quality concrete. Observe that the creep responses for the 

two types of concrete are quite similar at the loading of the 2 days 

old concrete. 

The calculated compliance functions plotted in Figs 2.26-2.30 show 

rather substantial descrepancies between the different compliance for-

mulae for the very early age loading (t < 1  d).  However, quite similar 

results are obtained for loadings at the ages 27, 51 and 55 hours. The 

best agreement with the test results are achieved with  Byfors'  and 

Pfefferle's creep functions. Wilson's compliance function fits the 

test data quite well for the very early ages, but give somewhat high 

values at older load application ages. 
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Fig 2.26-2.30 Creep behaviour at limited loading times for different 

loading ages obtained from theoretical calculations and 

from tests. The compliance has been expressed either 

with explicit formulae (Bazant and Panula, Wilson) or 

with formula based on the creep coefficient (Bernander 

and  Gustafsson,  Byfors  and Pfefferle). The loading ages, 

t', and  E-modulus, E(t'), are given in the figures. The 

tests were carried out by  Byfors  [2.16]. Stress levels 

about 1/3 of the compressive strengths at the ages of 

loading. Two types of concrete mixes - see Table 2.1 

(concrete II and III). Material parameters in the com-

pliance formula are given in Table 2.2 
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The creep formulae according to Bernander and  Gustafsson  overestimates 

the creep behaviour for the actual types of concrete at very early ages. 

However, the creep formula according to Bernander and  Gustafsson  has 

been applied with material parameters that were primarily adopted for 

another test  serie  with a slightly different type of concrete, see 

Appendix  D.  The parameters can be adjusted for the present types of 

concrete,  e g  by lowering 133  and adding of a new term in the sum that 

constitutes w(t,t'). (Some adjustments will be carried out in the 

thermal stress analysis in chapter 5). This will give a better con-

formity with the tests. 

Bazant and Panula's compliance function underestimates the response at 

very early ages. The parameters in Bazant and Panulas compliance func-

tion are, however, adopted in order to fit test data over a wide range 

of ages at time of loading, load durations, types of concrete etc. 

Thus, it is quite possible to obtain better agreement with creep tests 

on other types of young concrete than the ones shown here. 

When using the compliance functions based on creep coefficients it is 

very important to define a correct value of the  E-modulus at the time 

of loading E(t'). In the computation shown in Figs 2.26-2.30 the  E-

moduli have been obtained from the initial deformation of the concrete 

when the creep tests were started. These correct values of the  E-

modulus, entered in the figures, give a optimum data fit of the com-

pliance values at the times of loading. 

Since it is difficult to describe - as mentioned earlier - the pure 

elastic deformation theoretically, a compliance function based on a 

creep coefficient and a theoretically defined  E-modulus must be used 

very carefully. Great errors in data fitting have been observed if 

Bernander and Gustafsson's and  Byfors'  and Pfefferle's creep coef-

ficients used in conjunction with values of E(t') obtained theoreti-

cally with Eqs (2.49) and (2.51). 

The influence of a varying temperature on early age creep is important. 

A higher temperature tends to increase the creep due to the heating of 

the concrete, but it will also reduce the creep due to thermally ac-

celerated hydration - the mentioned maturity effect. The latter effect 
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is taken into consideration in the analysis by introducing equivalent 

ages, t20, instead of the times t and t' in the formula for the com-

pliance functions. The former effect is, however, only considered in 

Bazant and Panulas compliance function. Fig 2.31 shows examples of 

culation of the creep compliance according to Bazant and Panula for 

different temperatures that are constant during loading. As can be 

seen the temperature influence in creep is considerable. 

Some properties of the used compliance and creep formula and an at-

tempt of writing down some of the merits of the formula are given in 

Table 2.3. 

To sum up, the four theories of modelling early age creep compliance 

shown in Fig 2.26-2.30 and in Table 2.3 seem to have individual 

merits. All of them are therefore used in the analysis of thermal 

stresses in order to obtain comparisons. 

2.0 	 4.0 	 6.0 
	

8.0 	10.0 

TIME (Days) 

Fig 2.31 	The influence of different temperatures on creep compliance 

function calculated with formula according to Bazant and 

Panula. Concrete: w
o
/c = 0.40, mix composition and material 

parameters - see Table 2.1 and 2.2 (concrete III) 
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Table 2.1 	Concrete mix composition, and material parameters in 

formula for the compressive strength 

A) Concrete mix composition - 28 day strength (Fig 2.22-2.28) 

w
o
/c 	cement-sand-gravel 	density 	f 	(28d) 

CC 
ratio (by weght) 

kg/m
3 	

MPa 

f
ct
(28d) 

MPa 

Concrete I 0.58 1: 	3.45: 	3.21 2.37 10
3 

33.1 3.19 

II 0.58 1: 	3.45: 	3.21 2.37 10
3 

28.0 2.88 

III 0.40 1: 	1.88: 	1.75 2.37 10
3 

47.6 4.00 

IV 0.40 1: 	1.88: 	1.75 2.37 10
3 

52.0 4.20 

V 0.41 1: 	1.94: 	2.31 2.29 10
3 

51.7 4.18 

VI 0.53 1: 	2.91: 	2:53 2.37 10
3  

44.9 3.80  

B)  Compressive strength gain,  Byfors  (Eq (2.50), App  H)  

w
o 
 /c a

1 
a
2 

b
1 

b
2 

f 	(28d) 
cc  

Concrete I 

II 

0.58 

0.58 

2.0 

2.0 

10
-5 

10
-5 

41.52 10
-2 

3.236 0.135 

33.1 MPa 

28.0 

III 0.40 4.7 10
-5 

47.6 

IV 0.40 4.7 10
-5 

52.0 

V 0.41 4.7 10
-5 

51.7 

VI 0.53 2.5 10
-5 

44.9 
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Table 2.2 	Material parameters in creep formula 

A) Compliance function; Bazant and Panula (Appendix  E)  

w
o
/c f'

c 
MPa 

E
o 
GPa 

(P 1 
n m a f 	(28d) 

cc 
MPa  

Concrete I 0.58 26.5 59.6 3.2 0.12 0.348 0.0431 33.1 

II 0.58 22.4 50.4 3.47 0.12 0.375 0.0430 28.0 

III 0.40 38.1 65.0 2.76 0.12 0.312 0.0625 47.6 

IV 0.40 41.6 66.6 3.71 0.11 0.307 0.0625 52.0 

V 0.41 41.4 65.3 2.71 0.12 0.307 0.0609 51.7 

VI 0.53 35.9 63.8 2.90 0.12 0.317 0.0472 44.9 

Temperature effects (Fig 2.31 - concrete type III): 

T c
o 

T
T 

c
T 

C
T WT gT 

fl
T 

10 

20 

40 

0.0726 

II 

II  

0.786 

II 

-0.723 

-0.257 

1.75 

-0.04132 

-0.01467 

0.1000 

2.64 

2.72 

3.08 

1.0004 

1.00 

1.046 

0.1201 

0.12 

0.1255 

B) 	Compliance function; Wilson (Appendix F) 

w
o
/c 	E

o
(28d) 	w(o.,28) 

*  
t g  

Concrete I 0.58 35.4 2.0 0.3042 d 	(7.3 	h) 3 

III,IV 0.40 38.5 2.0 0,25 	d 	(6.0 h) 3 

V 0.41 40.0 2.0 0.25 	d 	(6.0 h) 3 

VI 0.53 38.0 2.0 0.303 	d 	(7.27 h) 3 

C)  Creep coefficient; Bernander,  Gustafsson  (Appendix  D)  

i)1 	g2 	fg3 	cl1 	(42 	cl3 
	
' comp Ktens 

Concrete  I-VI  2.12 1.90 9.0 0.002 0.307 279 0 	0  

D)  Creep coefficient;  Byfors,  Pfefferle  (Eg  (2.25),(2.26), Appendix  C)  

w
o 
 a a

1  a2 
a
3 

a
4 

b
1 

b
2 

b
3 

b
4 

Concrete  I-VI  2.0 0.17 0.015 0.085 0.85 0.05 24.0 2.3 0.085 0.01 



Wilson  

Byfors, Pfefferle 

Table 2.3 

Creep function 	 No of coefficients 
	

No of input 
	

Model early age creep in massive concrete structures? 

in formula 
	

parameters 	 Advantages 	 Disadvantages  

Bazant,Panula  5(E0
'
01'

ma
'
q) linear creep: 

7(f
cy1(28),c,g,s,w

o
/c,4501

1
) 

cc 

nonlinear creep: 

+3(f
cc
(t),f

0t
(t),f

ct
(28d)) 

Parameter adjusted to over 1000 Not suited for t < 1 day? 
creep test data. Wide range of 
load ages and load durations. 
Model concrete mix, types of 
cement (LH,RH) etc. Model tem- 
perature effects and nonlinear 
effects. Explicit formula for 
compliance 

4(E
c
,m,t ,q) 

6(fcc(t)'fct(t"fcc(28d), 
fct(28d),m

0'Mt.)) 

c
op,t  ,q)  

can be reduced for 
hardened concrete to 
2(E

c
,m) 

10(m
0'
a
'
a
1
-a

11 ,b1
-b4)  

can be reduced for 
hardened concrete and 
moderate loading times to 

o'
a
'
a
1'
a
2'
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Model creep at very early ages. 
Model different initial times 
of hydration process. Fit 
actual test data well. Paral-
lel functions for different 
loading in log u-scale. 
Explicit formula for compli-
ance. 

Model creep at very early ages, 
nonlinear creep. Fit actual - 
data quite well at optimized 
E(t'). 

Adjusted for a few creep tests 
(few concrete mixes, strengths etc) 
Crude for short load durations. 
Not temperature and nonlinear 
effects.  

E-modulus at loading must be 
defined - errors easily done. 
Not temperature and nonlinear 
effects. Adjusted for a few 
tests.  

Bernander,Gustafsson linear creep: 

6(131 -133,c11-g3)  

nonlinear creep: 

1°"1-ß31(41 -c13'Kc'KUmemt)  

1(E(t')) 

5(fcc(t"ct(t)1 fcc(28d), 

f 	(28d),E(t') 
ct 

Model creep at very early ages. 
Fit actual test data well at 
at optimized E(t). Can be 
used in the Rate of Creep 
Method. 

E-modulus at loading must be 
defined - errors easily done. 
Not temperature effects. 
Adjusted for a few tests. 



3. 	METHODS FOR CALCULATION OF THERMAL STRESSES IN MASSIVE CONCRETE 

STRUCTURES 

3.1 	General  

The most important parameters when calculating temperature stresses in 

massive concrete structures are those depending on the thermal and 

creep properties of the young concrete and the restraint imposed by 

the surrounding structures or the structure itself. 

The thermal properties are important characteristics of the concrete 

in massive structures. The large dimensions impose a temperature rise 

due to the hydration which in the centre of a very thick structure may 

be nearly adiabatic. The temperature rise is therefore substantial and 

extends over a long period of time. In a massive concrete structure 

the temperature distribution will also be non-uniform. In the calcula-

tion of the temperature development from hydration several parameters 

are to be considered. These parameters comprise type of concrete mix-

ture, cement content, type of cement, dimensions of the structure, mix 

temperature, temperature in the surrounding air and in adjoining 

structures. 

In literature some methods of evaluation of the temperature rise 

due to hydration are presented. For example, Freiesleben-Hansen has 

developed a method for the computation of temperature gradients in 

different sections of a massive concrete structure [3.1]. A similar 

method for evaluation of temperature rise due to hydration in one-

dimensional finite-element calculations have been developed by  Jonasson  

[3.2]. (A method for two-dimensional  FE-calculations are in progress 

by  Jonasson).  
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5R 

When calculating temperature stresses in young concrete, important 

properties are also the coefficient of thermal expansion,  ah,  and the 

coefficient of thermal contraction ac 
 Byfors  [2.16] has reviewed some 

experimental results and found that results reported by Löfqvist [1.14] 

seemed to be relevant. Thus, the following values of the coefficients 

of thermal expansion and contraction were suggested for young concrete: 

a
n 
= 12.10

-6
/
o
K 

a
c 
= 7.10

-6
/
o
K  

i  e  irreversible deformations were obtained after the temperature had 

returned to the initial value. 

The restraint is of two types. The first type is the internal re-

straint, which occurs inside the massive and statically highly inde-

terminate structure itself (internal indeterminancy). This is the 

case, for example, when the structure is subjected to a non-uniform 

temperature field, see Fig 3.1a. Non-uniform drying of the concrete 

can also lead to internal restraint. The second type of restraint 

arises from the hyperstatic connection of the structure to surrounding 

structures (external indeterminancy). Here we must model for instance 

the friction or adhesion to a basement and the stiffness of a previously 

cast section, see Fig 3.1b. The thermal stresses caused by internal 

and external restraint conditions are shown schematically in Fig 3.2 

and Fig 3.3 respectively. 
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a/ Internal restraint 
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1. 	 2.  

b/  External restraint 

Fig 3.1 	Conditions of restraint in massive concrete structures: 

a) Internal restraint in a wall section caused by a non-

uniform temperature field. Compressive stresses and 

tensile stresses occur at different times both in the 

center of the wall and at the surface.  

b) External restraint conditions: A massive concrete wall 

cast on a foundation slab. The dashed lines mark sche-

matically the temperature induced deformation and the 

and the shaded areas illustrates different sections of 

the wall in which high restraints occur. In comparison 

with case 1, case 2 involves a higher degree of restraint 

and cracks may occur as shown in the figure. 



b/ 
log t  

Ts  

d k 	 

60  

C/  

Fig 3.2 	Internal restraint: 

a) Temperature distribution in the cross section of a wall.  

b) Temperature-time curves in the section.  

C)  Thermal stresses in the mid-section, ac
, and at the 

surface, a
s 

as a function of time. 
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crff,  

Fig 3.3 	External restraint: 

a) Mean temperature variation with time in a wall section.  

b) Thermal stresses at 100 per cent restraint (inflexible 

supports). 

The creep is often disregarded in the analysis of the temperature 

stresses in young concrete. Characteristic for creep of young concrete 

is the influence of the age at which load is applicated (the load app-

lication age), see Fig 2.12. Fig 3.4 shows an example of the age-

dependence of creep at "moderate" loading ages based on results of 

five different investigators [2.2]. The same stress has been acting on 

the concrete at different loading ages and an almost linear age-

dependence in the log time scale can be observed. 
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Fig 3.4 	Influence on creep of the load application age. The creep 

values are related to the creep at a loading time of seven 

days. Results from tests reported by different investigators 

(after Neville, Dilger, Brooks 1983 [2.2]) 

For load application ages less than seven days, the age-dependence on 

creep is probably much stronger. The age-dependence at very early 

loading ages is difficult to study experimentally and makes the creep 

modelling complicated. However, some attempts to assess useful creep 

functions for very young concrete can be found in literature. For 

instance, creep formulae proposed by Bernander and  Gustafsson  [1.9],  

Byfors  [2.16], Bazant and Panula [2.21] and Wilson [2.18] - see section 

2.2 and 2.3 - involve functions for describing the age-dependence of 

early concrete creep. Examples of creep modelling with the theories 

above in comparison with tests have been shown in section 2.7. 

In the temperature analysis there are also non-linear effects on creep 

due to high stress levels. High stress levels occur in the very early 

ages of the temperature rise, t < 1  d,  and in the latter part of the 

computations when high tensile stresses are present, see Figs 3.2 and 3.3. 

For creep at loading ages not less than three days experimental results 

have shown a linear relation between creep and applied compressive 

stress. This linearity has in several investigations been found to be 

valid for stresses up to 0.3 - 0.75 of the strength of the concrete [2.2]. 

An example of a result from such an investigation is shown in Fig 3.5 

[3.3]. 
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Fig 3.5 Relation between creep after one minute under load to the 

stress/strength ratio for a five days old concrete (after 

Neville, Dilger and Brooks, 1983 [2.2]) 

In the very early ages, less than 3 days after casting, the non-

linearity effects on creep is probably very strong. An investigation 

of the linearity of creep is, however, very complicated for the very 

early ages and no test data have been found in the literature on this 

early-age nonlinearity. 

The non-linear effects on creep in tension are also very difficult to 

study experimentally. Here we must consider for instance microcracking 

effects on the creep [2.6]. Little is known about creep at high ten-

sile stresses even though this subject is of paramount importance when 

determining the risk of cracking in the concrete. 
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It can be seen from the above, that a complete analysis of the tem-

perature stresses hardly can be done at present. To formulate realistic, 

but from a practical point of view, applicable mathematical models, it 

it therefore necessary to introduce some simplifications. In this 

report the following assumptions are made: 

A) Drying in a massive concrete structure takes place over a very 

long period. Only the concrete near the surface of the structure 

is affected by this process. Within the scope of this report the 

effect of drying is neglected.  

B) The temperature field is assumed to be uniformly distributed in 

the structure. In this report only the stresses caused by a mean 

temperature rise are treated.  

C) The above mentioned effect of any non-linearity in creep that may 

arise are neglected in some of the used calculation models.  

D) The structure is assumed to be surrounded by inflexible support,  

i  e  the restraint is taken to be 100 per cent in the calculations. 

This limitation leads to a simple series of test to which the pro-

posed models are calibrated. However, some theoretical calculations 

with partial restraint are shown in section 5.2 

In section 3.2, 3.3 and 3.4 three methods for calculation of  uniaxial  

temperature stresses are described: the creep coefficient method, the 

creep compliance method and the relaxation formulation. 

3.2 Creep coefficient method 

The time-dependent deformation at time t for a loading at time t' was 

with  Eg  (2.18) expressed with the creep function as 

o(tI )  
= (1 + p (t,t')) 

E(t) tot 
(3.1) 



Compared to the pure elastic deformation (a(t')/E(U)), it is appearant 

that the  E-modulus in  Eg  (3.1) can be considered as reduced. Hence, the 

reduced value of the  E-modulus - the effective  E-modulus - is written 

E(t1 )  
E 	= 
eff 	1 + cp(t,t 1 ) 

(3.2) 

Calculations of time-dependent deformations with the reduced  E-modulus 

- the Effective Modulus Method - give good results only if [3.4] 

a) the concrete stress does not vary during the actual period of time.  

b) the ageing of the concrete is neglected, which implies that calcu-

lations of creep deformations in young concrete give crude results. 

A better modelling of concrete creep behaviour under a varying stress 

history is obtained with the Rate of Creep Method. The application of 

the rate of creep method to structural problems was introduced by 

Dischinger 1939 [2.20]. The method is based on the assumption that the 

rate of creep is independent of the age of loading. This leads to the 

following formula for the time-derivative of the total strain (accord-

ing to Dischinger). 

de
tot

(t)  a(t) dw(t)  1  da(t)  
dt 	E

c 
dt E

c 
dt 

where a(t) is the stress at time t 

(3.3) 

dw(t) 	da(t)  
and  

dt 
 are  the time-derivative  of  the  creep coefficient  

dt   
and of the stress 

E
c 
is the modulus of elasticity, here assumed to have a constant 

value. 

The assumption that the rate of creep is independent of loading age 

involves that the concrete is considered as a time-hardening material 

according to Fig 3.6.  Eg  (3.3) is only valid if the creep functions wa
(t) 

and wb(t)  in Fig 3.6b, induced by stresses ao 
 and  Aa  (Fig 3.6a), are 

parallel. As an illustration to  Eg  (3.3), Fig 3.6c shows the time-

dependent strain increase, Ae(t), during the time interval between t1  

and t
2' 
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Fig 3.6 	Time hardening material. 

a) Increase of stress level at time tl .  

b) Parallel creep functions for stresses 0
o 

and  Lic.  

c) Time-dependent strain increase,  Ae,  induced by the stress 

increment 

In Eq (3.3) the  E-modulus is assumed to be constant. However, this is 

not the case for young concrete where a considerable increase of the 

value of  E-modulus occur. To compensate for this Eq (3.3) has empiri-

cally been modified to [3.5], [3.6]. 
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a(t) 	da(t) 	a(t) dE(t)  de
tot (t) = 	

dtp(t) + 
E(t) 

(E(t)) 
E(t) 2 

(3.4) 
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in which detot(t)  is the total strain increment at time t 

E(t) and a(t) are the modulus of elasticity and stress at time t 

dE(t) and da(t) are the corresponding increments of  E-modulus 

and the stress during the time  dt  

dw(t) is the increment of the creep coefficient during the 

time  dt.  

Compared to Eq (3.3) the following changes have been made. E
c 
 has been 

changed to E(t) in the first two terms. To compensate for the increasing 

of stiffness the third term has been introduced. 

A simpler expression for the time-derivative of the total strain in 

the case of a variable  E-modulus is given in [3.4]. 

a(t) 	 da(t)  de
tot 

(t) = 	d(p(t) + 
E(t) E(t

1) 
(3.5) 

in which E(t1) is the  E-modulus at the time of initial loading, t1. 

The other variables are given in Eq (3.4). 

Criticism can be directed towards the assumption of time-hardening. It 

leads to an underestimation of the creep caused by stresses applied 

some time after the initial loading. However, the assumption of time 

hardening has often been used in literature [1.9], [3.4], [3.7] and 

[3.8], and for that reason it has been used here in order to obtain a 

comparison with other calculation methods. In chapter 5, the accuracies 

regarding the assumption of time-hardening is discussed for modelling 

creep of young concrete. 

In order to overcome the shortcomings of the rate of creep method 

several improvements have been performed in recent years [3.4]. 

Example of such improved calculation methods based on the rate of 

creep mehtod are the rate of flow method and the improved Dischinger 

method [3.9], [2.26] and[2.18]. These calculation methods are, however, 

not treated in this text. 



n+1 
Ac
tot n+1 

E 	+
n
(
E
n+1 2 	

A9
n+1
) 

2 

n+1 

hiE  

La
n+1 = 	  

AE 
1-0.5(

E 	1  
n+-2- 

(3.7) 

68 

A discretizising of Eq (3.4) for finite difference calculations give 

the following formulation of the strain increment at  timestep  t
n 
 to 

t
n+1 

a 	1 	 Aa  
n+1  En+1 

- 	1  AE
n+1  n+7 

2  
Ac
tot  n+1  =  E 1 

 bp
n+1 

	

n+i 	 (E
n+1

)
2  

2 

(3.6) 

where a 1 = a
n 
+ 0.5 

Aan+1. 
 A substitution of this expression in Eq (3.6) 

n+- 
2 

and a reformulation of the equation yields the stress increment, 
 

In this equation a is the stress at time t and  E  1 is the mean  n 	 n 	n+7  
E-modulus for the time step. Further, 

AIn+1 
and 

 Awn+1 
are the in-

crements of  E-modulus and creep coefficient respectively. At 100 % 

restraint,  (inflexibel  support), the strain increment is equal to the 

thermal strain increment, Ac
tot n+1 

= a1T
n+1' 

The thermal strain in-

crement is calculated with the coefficient of thermal expansion,  a
h
,  

or with the coefficient of thermal contraction, a
c
. 

Similarly to the deduction above the stress increment, 
A°n+11 

can be 

obtained from Eq (3.5) 

Ac
tot  n+1 

E
1  - 

 a
n 
 Ap

n+1  
Aa  

n+1  = 
	 (3.8) E 
	1 

where E
1 
is the  E-modulus at the first loading time t

1' 
and the other 

variables are the same as those in Eq (3.7). In chapter 5, calcula-

tions with Eq (3.7) and Eq (3.8) are compared to one other for some 

theories of the creep coefficient. 

By putting AE
n+

.1  = 0 in Eqs (3.7) and (3.8) we obtain the stress 

increment at constant  E-modulus = E
c 
according to Eq (3.3) 

tot n+1 
E
c 

- a
n 

Aw
n+1 

Ao
n+1 

= 
1 + 0.5 Aw

n+1 
(3.9) 

E 1 
+ 0.5 A(4)

n+1 
n+7  
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By means of  Eg  (3.9) Bernander and  Gustafsson  have evaluated the ther-

mal stress development for some practical cases [1.9]. Bernander and 

Gustafsson's creep function have been described in chapter 2.2  

(Eg  (2.28)) and a more detailed description of the approach is given 

in Appendix  D.  The effect of a variable  E-modulus - that is not pre-

sent in  Eg  (3.9) - is with Bernander and Gustafsson's creep function 

modelled through the creep function. Some calculations with  Egs  

(3.9) and (2.28) are shown in Fig 3.7. 

Fig 3.7 	Calculated stresses from a mean temperature rise in 100 per 

cent restrained concrete walls of different thickness. 

Concrete: Swedish  Standard  Portland,  Cement  content  300  kg/m
3
,  

w/c  ratio 0.53  (after  Stig  Bernander  and  Staffan Gustavsson  

1979 [1.9])  
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In calculations of temperature stresses performed at the University of  

Luleå  both Eqs (3.7) and (3.8) - variable  E-modulus - and Eq (3.9) - 

constant  E-modulus - have been used. Thus, the creep coefficient have 

been expressed according to creep theories mentioned earlier: 

A) A modified Dischinger-type formula (Eq (2.28)) - Bernander and  

Gustafsson.  See also Appendix  D. 

B) An expression of the creep coefficient as a product of an age func-

tion and a duration function (Eq (2.24)) - Handbook of Swedish Con-

crete Construction. Age-dependence according to  Byfors  (Eq (2.25)) 

and dependence of loading time according to Pfefferle (Eq (2.26)). 

See also Appendix  C.  

The results of the calculations are shown in chapter 5. 

3.3 	Creep compliance method 

In the creep compliance method a linear integral-type of viscoelastic 

law is used to calculate the thermal stresses. The formulation of a 

integral-type law has been mentioned in chapter 2.4. Thus, the follow-

ing expression for the the deformation at time t for a loading time t' 

was stated (see also Eq (2.33) and Fig 2.13). 

e(t) = 	J(t,t') do(t1 ) 4- so(t) 
	

(3.10) 

in which J(t,t') is the creep compliance at time t for the loading 

time t' 

do(t') is the stress increment at time t' 

E0(t) 	is the stress independent strain at time t - here: 

thermal strain. 

According to the trapetzoidal rule a transformation of Eq (3.10) into 

discrete time steps give (see also Fig 3.8) 
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Ao
r 
= 	  

J 	1 
r,r -7  

r-1 
C -C  -  E J 1 
r 	o 	

Aa
s  

s=1  

C  =  E J 1  Aa  +  
r 	 s  c

o  
ri s-- 

s=1 	2 
(3.11) 

71  

where Cr is the total deformation at time tr
, see Fig 3.8 

Lo
s 
is the stress increment at loading time t

s  

J 	1 is the creep compliance at t for loading at t. 
r,5--  

2 	
r 	 s 

As the stress increment for the last  timestep,  Aa
r
, is of interest, 

the sum in Eq (3.11) is subdivided into 

r-1 
C  =  E J 1  AO  +J 	1  Aa  +C 
r s=1 	 s 	r,r- 	r 	o7  

which may be written as 

(3.12) 

(3.13) 

E  

   

n 	Acs 

 

s-7  s  

Fig 3.8 	Strain history from a given stress history for discrete  time- 

step.  The figure shows superimposition of strain increments 

obtained with a linear history dependent creep law. 



Eq (3.13) is the finite difference equation we have obtained for cal-

culation of thermal stresses. The thermal strain is introduced as 

E
o 
= uAT. The total strain is dependent on the restraint of the struc-

ture. At 100 per cent restraint,  i  e  inflexible support, Cr = O. 

Formulations of the creep compliance,  J 	1, are found in the litera- r,s-7  

Calculations of temperature stresses with Eq (3.13) have been carried out 

at  Luleå  University of Technology and are shown in chapter 5. The two 

compliance functions mentioned earlier were used in the calculations: 

A) The Double-Power-Law (Eq (2.33)) - Bazant and Panula. See also 

Appendix  E. 

B) Compliance function according to Wilson (Eq (2.34)). See also 

Appendix F. 

3.4 	The relaxation function in section 2.6  

Eq (2.48), section 2.6, describes the volumetric and deviatoric stress,  

incrementsattimet
ri

tlov
r
andAo9lir from a given strain history 

Ao
v 
= 3K' (AE

v 
- AeV) 

r 	r  

D 	 D 	D = 2G" (Ae. . - 
1)r 	r 	1)  

InEq(3.14)K;andG''r
arethebulkandshearmdulus.A£V

r
andA2li are 

V 
the volumetric and deviatoric elastic strain increments and Ae"r 

and 

are the correspoding inelastic increments: 
13r 

r-1 	 r-1 	 D 
3AE"

v 
= E AJ

v 	
1 Aa

v 
+ 3Ae

o 
2AE?

D 
= E AJ

D 	
1 Aa 	(3.15) 

r,s-- s 	r: 
 

ur 	r,s-i  ijs 
s=1 	2 	 s=1 

in which AJV  and AJ
D 

are the compliance increments. Formulas for 
r,S 	r,s 

the parameters in Eq (3.14) and (3.15) are given in Eq (2.48). 
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--7fA E 3,(1+v )AE° 

iL 
AE22  = (i+v )AE 

When evaluating  uniaxial  thermal stresses at 100 % restraint the 

following conditions are valid 

°ail * 0  "22 = "33 = ° 

Ac11 = °' Ac22 = Ac33 = Ae
0(1+v) 

(3.16) 

where Ao11' 
Ao
22' 

Ao
33 

are the principal stress increments and As11' 

Ae
22' 

Ae
33 

are the principal strain increments. Ae
o 
= aAT is the 

thermal strain increment. The conditions in  Eg  (3.16) are visualized 

in Fig 3.9. 
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Fig 3.9 	Superposition of free thermal strains and  uniaxial  loading 

causing thermal strains and  uniaxial  thermal stresses at 

100 % restraint 

Act?.  
Intheprincipaldirection, =0 and Au ? = 0 for  i  *  j.  Thus, 

r 	 ijr 
V 	D  

the volumetric and deviatoric strain increments,  Ae  and 	. 
Acijs' 

- according to  Eg  (3.16) - are obtained as 

V 	i 	 Ae 	) = 	Ac 	(1 A
c 	

(Ac 
	Ac 	

(1 + v) - r = '- llr 22r 33r 3 r  

D V 2 o 
Ac

11r 
= Ae

11r 	
Ae = - — Ae (1 + v) 

3 	r 
(3.17)  

D V 1 o 
Ac

22r 
= Ae

22r 
- Ae

r 
= 	Ae

r 
(1 + v) 

D V 1 o 
Ae

33r 
= /le

33r 
- Ae

r 
= 	Ae

r 
(1 + v) 
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These expressions can be substituted in  Eg  (3.14) yielding the principal 

stress increments 

✓ D  
Aa11 = Aar 	Aar11 

✓ D  _ 
A°22 = Aar 4. Aar22 	u  

✓ D  
A033 = Aar + 

Acr
r33 

= 0 

(3.18) 

Some calculations with this method and with compliance functions 

according to section 2.3 are shown in chapter 5. 



4. 	LABORATORY TESTS 

4.1 	General  

In the laboratory tests, the theoretical models presented in chapter 3 

are tested and calibrated for different types of cements, temperature 

curves, restraints etc. 

In the tests, a concrete specimen is placed in a water tank in a 

servohydraulic testing machine immediately after casting. The concrete 

is then heated by the surrounding water to give a hydration tempera-

ture curve representative for a massive concrete structure. The ends 

of the specimen are for example held fixed during the test. This simu-

lates the 100 per cent restraint. The compressive and tensile forces 

induced in the specimen are recorded in a load cell. The time when 

tensile fracture occurs is also determined. 

Thus, with the test method described above, different conditions in 

the production of massive concrete structures can be simulated. 

Therefore the test method can reduce the need for complicated and 

expensive full scale field tests. 

4.2 	Test set-up 

The design of the concrete specimen used in the tests is shown in 

Fig 4.1. The concrete to be tested is situated in the central part of 

the specimen. A high strength concrete  (e g  a concrete treated with an 

accelerating additive) is cast above and below the concrete to be 

tested. The high strength concrete reduces the deformation and the 

risk of failure in the connecting zones. The test concrete and the 

high strength concrete are cast "wet to wet" to give optimum bonding. 
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Fig 4.1 	Design of test specimen  

Fig 4.2 shows the test set-up with the specimen, the water tank for 

heating the concrete, the load-cylinder and the electronic control 

equipment. The heating of the water, the automatic control of the de-

formations, the load on the specimen, and the recording of test data 

are performed by a microcomputer. 

To obtain a controlled and purely monotonic loading of the very young 

concrete, high precision in recording deformation is necessary. For 

instance, with an inflexible support, a loading or unloading of the 

specimen will occur if the change of deformation of the concrete ex-

ceeds 0.15 pm. Thus long-time stability and accuracy of the gauges as 

well as adequate stiffness and symmetry of the loading unit is required. 

Details of the test set-up with gauges for measurements of the defor-

mation of the concrete are shown in Fig 4.3. Inductive gauges (type 

Shaewitz LVDT model 010 MHR) mounted on invar/graphite bars were used 

for this purpose. As the gauges and bars are heated by the surrounding 

water, special compensation are performed of undesirable thermally 

induced strains and inductive signals in the bars and gauges. 



N
  

c
r.  

!T
. 

, elttet 
rn

v
 

- 

:4
1,0

9
1

te
te

l 
e

e
llire

T
3

 
Milit .1i 

W
ir'\‘,\ANNAM

\ 

Test set-up  



The strain gauges are mounted on the concrete directly after the form 

removal, 5-8 hours after casting. Hence, a controlled loading/unloading 

of the specimen  i  e  an analysis of the thermal stresses cannot be 

performed before this point of time. 

However, in laboratory tests with a simplified test set-up the thermal 

stresses are studied in the first 10 hours after casting. The simpli-

fied test set-up and results of pilot tests are described in [4.1] 

(see also Fig 4.9). 

A more detailed description of the test method shown in Fig 4.1-Fig 4.3 

is given in [4.2]. 

4.3 	Test results  

The aim of the tests performed was to calibrate and register the re-

sponse of the concrete for different types of cements, temperature 

curves, restraints etc. So far, only tests with 100 per cent restraint 

have been carried out. Some results from these tests are presented here. 

Fig 4.4 shows the evolution of thermally induced stresses in an ageing 

concrete. In this pilot test the concrete was loaded at the age of 17 

hours. The temperature curve had a linear shape during the heating 

with a maximum temperature after 24 hours after the loading. During 

the heating of the concrete, inelastic deformation, induced by the 

creep mechanism of the very young concrete, is obtained. When the 

concrete cools down, the reduced creep disposition of the concrete 

induces tensile stresses. 
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Fig 4.4 	Temperature-time and stress-time graphs in a pilot test. The 

concrete mix composition: Swedish standard  portland  cement, 

cement content: 340 kg/m
3 0/c= 0.53, cement-sand-gravel 

ratio = 1: 2.9: 2.52 (by weight), t
28 

= 44.9 MPa. (See also 
cc 

Table 2.1 - concrete V) 
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In four tests two types of concrete were heated with a temperature 

curve according to Fig 4.5 a. The concretes were loaded at 8 hours 

after the casting and the thermal stresses that arised after that are 

plotted in Fig 4.5  b  and  c.  

During the heating of the concretes, compressive stresses were induced 

with a maximum value in the range of 0.7-1.2 MPa. Some 25 to 35 hours 

after the casting, tensile stresses arose with tensile failures occuring 

after another 25 to 35 hours. The scattering of the tests with the high 

quality concrete was about 0.2 MPa. 

The stiffer response of the high-quality concrete is evident. The 

maximum compressive stresses are almost twice as high as the maximum 

stress obtained with the low-quality concrete. However, higher tensile 

stress are obtained with the high-quality concrete than with the low-

quality concrete. In the latter phase of the tests and tensile fracture 

occured at almost the same time for the two types of concrete.  

80 

O. 4 
	

O. 8 	1.2 
	

1.5 
	

2. 0E+02 

TIME (Hours) 

Fig 4.5 a) Temperature-time graph corresponding to a temperature 

development in a 0.5-1.0 m thick wall section 
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Fig 4.5  b-c)  Stress-time graphs obtained at tests with two types of 

concretes and at 100 % restraint. Concrete: Swedish 

Standard Portland, concrete mix compositions: w
o
/c = 0.53 

- see Fig 4.4, w
o
/c = 0.41: cement-sand-gravel ratio = 

28 
1: 1.94: 2.31 (by weight), 

f 	
= 51.7 MPa. (See also 

cc 
Table 2.1 - concrete V and VI). 
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The compensation of the earlier mentioned thermally induced strains 

and inductive signals in the bars and gauges was, however, not clearly 

established at the tests above. After a large number of calibration 

tests of the bars and gauges to different temperature curves a more 

accurate temperature compensation was obtained. 

Two tests conducted with this refined temperature compensation are 

shown in Fig 4.6. The temperature curve was the same as at the tests 

showed in Fig 4.5 and the same high-quality concrete was used. Compared 

to the earlier tests a somewhat less stiff response are obtained, see 

Fig 4.7. However, the shapes of the curves are in principle the same 

and the tests with the earlier temperature compensation could be con-

sidered as rather accurate. 

In one of the new tests a tensile failure was obtained at 65 hours 

after the casting - 5-15 hours later than in Fig 4.5 - and the other 

test was stopped at 170 hours without any tensile crack. The stress 

curve on this last test is somewhat odd. This probably depends on a 

too rough surface of the concrete where the  invar  bars are mounted. 

This can have affected the strain measurements and the loading pro-

cedure of the concrete. 

Two tests have been carried out with a temperature curve according to 

Fig 4.8 a. The temperature curve is based on a mean temperature rise 

measured in a 12 m long and 0.7 m thick wall section in a full-scale 

test at  Ringhals,  Sweden in 1982 [4.3]. Thus, the temperature at the 

casting was 25.4
o
C and a temperature maximum of 57

o
C was reached about 

one day after the casting. 

The main purpose of the full-scale test at  Ringhals  was to compare the 

temperatures, thermally induced deformations and cracks in six wall 

sections with different types of concrete and mix composition. The 

sections with a recently developed low heat cement turned out to give 

the lowest temperature rises and deformations. No thermal cracks 

occured in these sections while considerable crack propagations were 

observed in the sections cast with ordinary Swedish Standard cement. 
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In the tests at  Luleå  University of Technology the same type of con-

crete (Standard cement) and mix composition was used as in the studied 

wall section at  Ringhals.  The thermal stresses that were obtained at 

the tests are shown in Fig 4.8  b.  The figure show maximum compressive 

stresses of 0.9 and 1.2 MPa and concrete failures at 80 and 115 hours 

after the casting. Actually, the times of tensile failures are very 

similar to the time of the first observed crack in the wall section 

- 120 hours after the casting. 

Test results 
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Fig 4.6 	Stress-time graphs obtained at tests with a new type of 

temperature compensation of bars and inductive gauges. 

Concrete: same as Fig 4.5 (w
o
/c = 0.41) 
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Fig 4.7 	Stress-time graphs obtained at tests with two types of tem-

perature compensation of bars and gauges. Concrete: same as 

Fig 4.6 

Finally, Fig 4.9 shows results from pilot tests with the simplified 

test set-up mentioned earlier [4.1]. Four tests have been carried out 

with the same concrete and temperature curve as in Fig 4.5. The con-

crete was placed in a test-rig one hour after casting and it was then 

heated by surrounding water in a similar way as in the earlier de-

scribed test method. Thus, the thermal stresses induced in the concrete 

can be measured almost directly after the casting. 

From 1 hour to 8 hours (where the tests were stopped), the thermal 

stress increase was measured to 0.25-0.35 MPa, see Fig 4.9. However, 

the restraints were not 100 per cent in the tests - small deformations 

were measured in the test-rig. 
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Fig 4.8 a) Temperature-time graph based on measurements in a 0.7 m thick 

wall section at  Ringhals,  Sweden 1982 [4.3].  

b)  Stress-time graphs obtained at tests. 

Concrete: same as Fig 4.5 
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Fig 4.9 	Stress-time graphs obtained at tests with a simplified test 

set-up. Concrete and temperature curve: same as in Fig 4.5, 

(after Skaalvik, Williksen [4.1]) 



5. 	NUMERICAL STUDY OF DIFFERENT CALCULATION METHODS. 

COMPARISON WITH THE TEST RESULTS 

5.1 	Comparison between calculation methods  

5.1.1 	General 

In this section, the earlier described methods for computation of 

thermal stresses are exemplified with use of four creep formulae. 

Thus, thermal stresses are calculated for one studied temperature 

curve with formulae for the creep coefficient according to Bernander 

and  Gustafsson  and  Byfors  and Pfefferle and formulae for the compli-

ance function according to Bazant and Panula and Wilson. 

Data and assumptions in the calculations are as follows: 

A) A schematic temperature curve corresponding to the temperature de-

velopment in a 0.5-1.0 thick wall is used. The temperature curve 

is shown in Fig 5.1.  

B) Concrete: Swedish Standard Portland Cement,  w/c  = 0.40. The con-

crete mix composition is given in Table 2.1 (concrete III).  

C) The  uniaxial  thermal stresses are calculated at 100 per cent re-

straint. This simulates the thermal stresses induced by a mean 

temperature rise in a wall section surrounded by inflexible 

supports.  

D) No stresses are assumed to occur during the first 4.8 hours (0.2d) 

after the pouring. During this period, no hardening process has 

begun and the concrete is completely plastic. The length of this 

period, often called the dormant period, depends among other things 

on the cement type, concrete mix composition, temperature and ad-

ditives. In Fig 2.23 the influence of the temperature on this 

length is shown. With a temperature of 30-40
o
C the time of initial 

hardening and start of the compressive strength gain is reduced to 

about 4-5 hours. 
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E)  The maturity function described in Appendix  H  have been entered in 

the studied calculation algorithms. This affects both the lengths of 

the time steps in the algorithms and the loading ages and loading 

times in the used creep formulae. However, in Bazant and Panula's 

compliance function the temperature does not affect the loading 

time,  t-t',  see Appendix  E.  The maturity function is used without 

consideration to that it will give a crude approximation at tem-

peratures over 30-40°C. 

The methods tested were the Creep Coefficient Method or the Rate of 

Creep Method, the Creep Compliance Method and the Relaxation Formula-

tion. The calculations are shown in Fig 5.1-5.4. Calculations with 

nonlinear creep formulae in the Creep Compliance Method in comparison 

with linear ones are also shown. 

5.1.2 	Creep Coefficient Method (Rate of Creep Method) with constant  

E-modulus - Fig 5.2 

The method, based on the original Dischinger equation (Eqs (3.3) and 

(3.9)), was used in Bernander and Gustafsson's analysis of thermal 

stresses [1.9]. In this report calculations with creep theories accord-

ing to Bernander and  Gustafsson  and  Byfors  and Pfefferle are shown. 

The thermal stresses computed with  Byfors'  and Pfefferle's formulae 

show far too high stresses. However, it is not quite advisable to use  

Byfors'  and Pfefferle's creep formula in the Dischinger equation since 

the formula does not apply to a time-hardening material, see section 

3.2 and Fig 3.6. 

Bernander and Gustafsson's creep formula gives for this specific case 

a very sharp response with a rapid stress decrease direct after the 

temperature maximum. A concrete failure (tensile crack) nearly occurs 

four days after the pouring. 

However, it is a crude approximation to use a constant  E-modulus for 

young concrete and temperature stresses computed with Eq (3.9) must be 

considered to be quite uncertain. 



A detail of the calculation for the first two days and a study of the 

stability of the algorithms with respect to chosen time-steps are 

given in Appendix I. 

5.1.3 	Creep Coefficient Method (Rate of Creep Method) with a 

variable  E-modulus - Fig 5.3 

An introduction of a variable  E-modulus in the original Dischinger 

equation gives a better agreement to tests for calculations with young 

concrete, see Eqs (3.7) and (3.8). However, the results from stress 

calculations with the equations are not particularly satisfactory, see 

Fig 5.3. 

The calculations with Eq (3.8) give here very low thermal stresses with 

both creep formulae. This depends on that the original value of the  E-

modulus - E1 
in Eq (3.8) - is for young concrete very low yielding 

small stress increments, see the figure. Considering the computations 

with Eq (3.7) we see that Bernander and Gustafsson's creep formula give 

rather acceptable graphs with a concrete failure at about 4.0  d  after 

the casting. 

With Eq (3.7) a very odd stress graph is obtained for this specific 

case with  Byfors'  and Pfefferle's formulae. The stresses are sharp 

during the maximum temperatures and the calculations are unstable with 

respect to the chosen time-steps, see the figure and Appendix I. 

However, we are not allowed, as earlier mentioned, to use  Byfors'  and 

Pfefferle's creep formulae here. 
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Fig 5.2 	Stress-time graphs at 100 per cent restraints calculated 

with the Creep Coefficient Method - constant  E-modulus. 

Concrete: see Table 2.1 (concrete III) 
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Fig 5.3 	Stress-time graphs at 100 per cent restraints calculated 

with the Creep Coefficient Method - variable  E-modulus. 

Concrete: see Table 2.1 (concrete III) 

5.1.4 	Compliance Method and Relaxation Formulation - Fig 5.4-5.5 

Calculations with the Compliance Method and with the four compliance 

equations (see section 2.7) are shown here. Thus, the  E-modulus at the 

loading time in Eq (2.30) is modelled theoretically with  Byfors'  for-

mula (Eq (2.49)). Preliminary calculations have shown that the Compliance 

Method give exactly the same value of stress increments for the  uniaxial  

state as obtained with the Relaxation Formulation. This is expected as 

the two formulations are almost equivalent, see Appendix  G.  Therefore, 

only calculations with the Compliance Method are shown from here on. 

Computation with Bazant and Panula's and Wilson's compliance functions give 

very similar stress decreases in the latter phase of the analysis, see 

Fig 5.4. The two compliance functions are also nearly alike for loading 

ages older than 1 day, see Figs 2.26-2.30. The higher thermal stresses 

of Bazant and Panula's formula are explained by a very stiff response of 

the compliance function for t' < 1  d,  see Figs 2.26 and 2.29. 
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Bernander and Gustafsson's formula give a very fast relaxation of the 

thermal stresses. Depending on the high creep disposition of the for-

mula for early ages, see Figs 2.26-2.30, the stress relaxations is too 

fast and negative stresses occur just after the temperature maximum 

has been reached. 

Calculations with  Byfors'  and Pfefferle's creep theories yield high 

thermal stresses when the temperature increases. The stress decline is 

sharp during the cooling phase of the concrete. These stiff properties 

of the model occur in spite of the earlier observed good data fitting 

in the study of the compliances (Fig 2.26-2.30). This can be explained 

by the fact that the used theoretical value of the  E-modulus, E(t'), 

probably is too high due to errors in the maturity function. 

The use of formulae for the nonlinear creep does only affect the stress 

calculations in the latter phase where high tensile stresses occur, 

see Fig 5.5. The nonlinear creep is here modelled with terms in Bazant 

and Panula's compliance function and Bernander and Gustafsson's 

coefficient function, see Appendix  D  and  E.  
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Fig 5.4 	Stress-time graphs at 100 per cent restraints calculated 

with the Compliance Method. Concrete: see Table 2.1 

(concrete III) 
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Fig 5.5 	Stress-time graphs at 100 per cent restraints calculated 

with the Compliance Method and with nonlinear compliance 

formulae. Concrete: see Table 2.1 (concrete III) 

5.1.5 	Concluding remarks 

Considering the calculations above, we see that some combinations of 

,computation methods and creep formula seems to give rather correct 

thermal stresses. On the other hand, some combinations are not advis-

able or not even allowed. 

The Creep Coefficient Method can only be used with Bernander and  

Gustafssons  creep formula - the discrepancies when using Byfors and 

Pfefferle's formulae turns out to be too great. With the Creep Coef-

ficient Method we do not need to save the whole history of stress in 

the computer (as is done with the Compliance Method). However, the as-

sumption of time-hardening is doubtful and the available equations for 

computation of thermal stresses give results that are rather approximate 

or seem to be too low. 
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The Creep Compliance Method give thermal stress curves that have a 

rather adequate shape and that are stable with respect to chosen  time-

steps  (see Appendix I where calculations are performed with different 

length of time-steps). The methods can be used with all here proposed 

creep formulae, even if a conversion of the creep coefficient and the  

E-modulus into a creep compliance can be rather uncertain. An applica-

tion of the method to thermal stress calculations implies, however, 

that the restrictions for the principle of superposition not completely 

can be fulfilled, see section 2.4. One restriction is that the strain 

may not decrease in magnitude - creep recovery. When this happens a 

stiffer response of the concrete occurs as calculated with the prin-

ciple of superposition, see Fig 5.6. A question is how this undesirable 

effect of the creep recovery, which occurs during the cooling phase, 

affect the accuracies of the thermal stress calculations. 
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Fig 5.6 	Creep recovery of concrete in compression observed and pre-

dicted from the principle of superposition; specimens stored 

at 17°C and a relative humidity of 93 per cent; applied 

stress = 15 MPa (after Neville, Dilger and Brooks 1983 [2.2)) 



5.2 	Variation of parameters  

5.2.1 	General 

Some combinations of calculation methods and creep formulae that 

appears to be useful for thermal stress calculations are here studied 

when various parameters are changed, such as material properties, 

stiffness of supports etc. 

5.2.2 	Creep characteristics, types of cement 

Calculations with  Byfors'  and Pfefferle's formulae and with different 

basic creep values  w
o 
 and coefficient a in  Byfors'  formula for wt, are 

shown in Fig 5.7. The value of  w
o 
 have a marked influence on the 

stress analysis while the calculations are insensitive to different 

values of the coefficient a. 

Bernander and Gustafsson's creep formula are examined for different 

values of the coefficients q1-q3  and 131 -ß3, see Fig 5.8. With a reduc-

tion of the creep disposition for the very early ages the rapid relax-

ation of the stresses before the temperature maximum is avoided. 

Instead this give a too stiff response (curve  B)  which can be reduced 

by an increase of the creep disposition for t' > 0.5-1.0 days (curve  C  

and  D).  In this way it seems to be possible to adjust the coefficient 

in Bernander and Gustafsson's creep formula so that agreement with 

test results are obtained. 
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Fig 5.7 	Stress-time graphs calculated with the Creep Compliance 

Method and with different characteristics in  Byfors'  and 

Pfefferle's creep formulae. Concrete: see Table 2.1 (concrete III) 
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Fig 5.8 	Stress-time graphs calculated with the Creep Compliance 

Method and with different coefficients in Bernander and 

Gustafsson's creep formula. Concrete as in Fig 5.7 
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The influence of different cement types (rapid hardening and low heat), 

modelled in Bazant and Panula's compliances with the constant a, is 

shown in Fig 5.9. The figure also shows an attempt of reducing the too 

stiff creep response of the formula for very early loading ages (see 

Fig 2.26 and 2.29). In order to reduce the response, the coefficients 

for the influence of the loading time, m, has been multiplied with a 

coefficient  k  for t' < 0.6  d.  The adjustment of the compliance is, 

however, rather sensitive near the time of first loading 0.2 days and 

negative stresses occur easily, see Fig 5.10. A more accurate adjust-

ment for the very early age creep is necessary for yielding more 

correct results. 

Computations with Wilson's compliance function, Fig 5.10, is rather 

sensitive to the chosen basic creep values tp. Different values of the 

times of initial hardening process, t*, (model cement types etc), have 

also an affect on the calculated stress values. 

TIME (Days) 

Fig 5.9 	Stress-time graphs computed with different coefficients in 

Bazant and Panula's compliance formula. Concrete as in Fig 5.7 
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Fig 5.10 	Stress-time graphs computed with different coefficients in 

Wilson's compliance function. Concrete as in Fig 5.7 

5.2.3 	Concrete strength 

The thermal stresses are calculated with the Compliance Method for two 

types of concrete: the earlier used low-quality and high-quality con-

cretes (I and III in Table 2.1). 

The low-quality concrete gives a considerable reduction of the thermal 

stresses, see Fig 5.11. In comparison with the high-quality concrete 

the compressive stresses are reduced with values from 25 per cent 

(Wilson's formula) to 40 per cent (Bazant and Panula). The differences 

between the calculations with the two concretes are smaller during the 

cooling phase and almost 'similar stresses occur during the latter 

phase of the analysis. However, the risk of tensile failure (tensile 

crack) is greater for the low-quality concrete due to a lower tensile 

strength. Compare to the tests shown in Fig 4.5  c.  
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Fig 5.11 	Stress-time graphs calculated with the Compliance Method, 

for two different concretes (concrete I and III in Table 

2.1) 

5.2.4 	Thermal expansion and thermal contraction 

Different values of the coefficient of thermal expansion,  ah,  are used 

in the Compliance Method with Bazant and Panula's and with Wilson's 

compliance function, see Fig 5.12. A reduction of  ah  with 10 per cent 

gives a greater influence of the calculated stresses than if the value 

is increased with 10 per cent. This effect is observed in calculations 

with both creep formulae. 

A change of the coefficient of thermal contraction, a
c
, with 	10 per 

cent induces larger changes of the tensile stresses than if  ah  is 

modified with the same values, see Fig 5.13. 
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Fig 5.12-5A3 	Stress-time graphs calculated with the Compliance Method 

and with different values of the coefficient of thermal 

expansion and the coefficient of thermal contraction. 

Concrete: see Table 2.1 (concrete III) 
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5.2.5 	Stiffness of adjoining structures (restraint conditions) 

The flexibility of adjoining structures can be modelled by introducing 

a stiffness S in the calculation algorithms. Thus, the deformation 

E
r 
- that before was zero - is made dependent of the stress level,  a

r'  

and the stiffness, c
r
(a,S) = a

r
/S. 

With a stiffness S = 35 GPa, simulating an adjoining structure with a 

hardened concrete of normal quality, the thermal stresses are at 

t = 0.5 days reduced to about 65 per cent of the value obtained at 

inflexible supports, see Fig 5.14. The degree of the restraint at 

S = 35 GPa can be obtained by studying the flexible deformations of 

the supports, E 	see Fig 5.14. The degree of restraint is obtained 

as 
(ctot 	cf1(35 

 GPa))ictot = 80 per cent. 
 

We see from this that the reduction of stress level is higher than the 

reduction of restraint. This effect is also observed at the calcula-

tions with other stiffnesses of adjoining structures, see Figs 5.14 

and 5.15. 

TIME 
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8.0 
	

10.0 (Days) 

• Fig 5.14 	Stress-time graphs calculated with the Compliance Method 

and with different restraint conditions. Concrete as in 

Fig 5.12 
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Fig 5.15 	Strain-time graphs showing the flexibility at different 

restraint conditions. Calculations with the Compliance 

Method. Concrete as in Fig 5.13 

5.2.6 	Age at first loading 

The assumption that no stresses arise during the first 4.8 hours after 

the casting can be rather uncertain (see point  D,  section 5.1.1). 

Hence, it is of interest to see how different values of the time of 

first loading ti  affect the stress calculations. 

Computations with Bazant and Panula's compliance formula show a strong 

dependence of the chosen time t
1' see Fig 5.16. The thermal stresses 

are with a time of first loading, ti  = 0.30  d,  50 per cent lower than 

with t
1 
= 0.15  d.  On the other hand, different values of t

1 
do not 

give a strong influence on the stress values computed with Wilson's 

formula, see Fig 5.17. 

102 



2. 0 4. 0 

TIME (Days) 

6.0 	 8.0 	 10.0 

CC Time of first loading 
Wilson 

Fig 5.16 	Stress-time graphs calculated with different times of 

first loading and with Bazant and Panula's compliance 

formula. Concrete see Table 2.1 (concrete III) 
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Fig 5.17 	Stress-time graphs calculated with different times of first 

loading with Wilson's compliance function. Concrete - see 

Fig 5.16 
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5.2.7 	Concluding remarks 

To sum up the calculations in this section, we see that the thermal 

stress analysis is rather sensitive to almost all of the parameters 

that have been studied. 

Some of the parameters are difficult to determine for the young con-

crete such as the coefficients of thermal expansiön/contraction and 

the time of initial loading (the initial time of the hydration process). 

If these parameters are unknown experimentally, the thermal stress 

calculations must be carried out carefully and should be followed by 

an analysis of the sensitivity of the computed stresses. 

Considering the calculations with different creep characteristics in 

the creep theories, we see that it is possible to change some coef-

ficients in the creep formulae so that they better suit the early age 

concrete creep. For example, the coefficient m in Bazant and Panula's 

formula can be increased for the very early ages. However, this 

adjustment of the coefficient must be done in advance in order to 

obtain stability in the whole length of the studied time. 

Further on, looking at the calculation with the different creep char-

acteristics, we can notice that the basic value  w
o 
 has a marked influ-

ence on the thermal stresses. This basic value is, however, not 

clearly defined in literature and must therefore be used with care in 

the analysis. 

5.3 	Comparison with test results  

In this section results from the theoretical analysis are compared 

with the test results reported in chapter 4. Computations are mainly 

carried out with the Creep Compliance Method, but calculations with 

the Creep Coefficient Method are also shown. 

Fig 5.18 shows stress calculations with the Creep Compliance Method in 

comparison with the result from the test with the low-quality concrete 

(Fig 4.5,  w/c  = 0.53). During the heating of the concrete the best 

agreement with the test is obtained with Wilson's and Bazant and 

Panula's creep theories. The best conformity with the test during the 

cooling phase is obtained with Bernander and Gustafsson's creep for- 
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mula.  However, the calculated response is with this creep formula too 

stiff. This too stiff response is also observed with the use of the 

creep theories according to  Byfors  and Pfefferle. 
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Fig 5.18 a) Temperature-time graph corresponding to a temperature rise 

in a 0.5-1.0 m thick wall section (see also Fig 4.5 a)  

b)  Stress time obtained at test and calculated with the creep 

Compliance Method. Creep coefficients in used creep for- 

mulae are given in Table 2.1. Concrete:  w/c  = 0.53, mix 

composition see Fig 4.4 
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The creep characteristics of the creep formula used in the Creep Com-

pliance Method have been varied similarly to what was done in section 

5.2.2. Calculations with these varied creep characteristics, shown in 

Appendix I, do not, however, give same variations of the stress graphs 

as were observed in section 5.2.2. It seems that the algorithm is less 

sensitive to the creep characteristics for the low-quality concrete and 

with the later starting time. 

The thermal stresses according to the temperature curve and test in 

Fig 4.5 have also been calculated with the Creep Coefficient Method 

and with Bernander and Gustafsson's creep formula. As can be seen in 

Fig 5.19 a rather good agreement with the test is obtained with this 

method, specially if a variable  E-modulus is used in the algorithm. 
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Fig 5.19 	Stress-time graphs obtained at test and calculated with the 

Creep Coefficient Method and with Bernander and Gustafsson's 

creep formula. Concrete: same as in Fig 5.18 
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In Fig 5.20 the tests with the high-quality concrete, Fig 4.7, are 

compared with theoretical calculations. One test with the new tempera-

ture compensation is plotted in the figure. The theoretical calculations 

with the Creep Compliance Method show here a better conformity with the 

test results than in Fig 5.18. In fact, the agreement with the test is 

during the heating of the concrete very good with Wilson's creep theory. 

Bernander and Gustafsson's and  Byfors'  and Pfefferle's creep formulae, 

however, still give a quite stiff response. 
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TIME Ways) 

Fig 5.20 	Stress-time graphs obtained at tests and calculated with 

the Creep Compliance Method. Concrete:  w/c  = 0.41, mix 

composition: see Fig 4.5. Coefficients in the creep for-

mulae, see Table 2.1 
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Fig 5.21 shows calculations of thermal stresses with the high-quality 

concrete and with the Creep Coefficient Method. The agreements with 

the test are somewhat poorer as were obtained for the low-quality con-

crete, see Fig 5.19. 
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Fig 5.21 	Stress-time graphs obtained at test and calculated with the 

Creep Coefficient Method and with Bernander and Gustafsson's 

creep formula. Concrete same as in Fig 5.20 

Theoretical calculations with the temperature curve obtained at  

Ringhals,  Fig 4.18 a, are shown in Fig 5.22 (Creep Compliance Method) 

and Fig 5.23 (Creep Coefficient Method). 

Calculations with Wilson's compliance function give the best agreement 

with the stress-time graphs obtained from the two tests, see Fig 5.22. 

Bazant and Panula's compliance function give too high compressive 

stresses. However, during the cooling of the concrete the curve ob-

tained with Bazant and Panula's theory is almost parallel to the curve 

from the test result. 
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Bernander and  Gustafssons  and  Byfors'  and Pfefferle's creep theories 

yield stress graphs that are to steep during the cooling phase. 

Furthermore, the graph obtained with Bernander and  Gustafssons  creep 

formula is rather odd during the heating of the concrete with a very 

fast stress relaxation. Compare with Fig 5.4 where the same effect 

was observed. 
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Fig 5.22 	Stress-time graphs obtained at two tests and calculated 

with the Creep Compliance Method. Temperature curve: same 

as Fig 4.18 a. Concrete:  w/c  = 0.41, mix composition: see 

Fig 4.5 a. Coefficients in the creep formulae are given in 

Table 2,1 

The calculations with the Creep Coefficient Method and Bernander and 

Gustaffson's creep formula shown in Fig 5.23 give a better conformity 

with the tests than the calculations with the Creep Compliance Method. 

However, the agreement is with the Creep Coefficient Method poorer 

with this temperature curve than it was with the earlier used tempera-

ture curve (Fig 5.21). 
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The theoretical calculations in comparison with the tests above are 

summed up and commented in chapter 6. 
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6. 	SUMMARY AND CONCLUSIONS 

6.1 	General  

In this report two methods of calculating thermal stresses in massive 

concrete structures are described. The methods are the Creep Coef-

ficient Method (or the Rate of Creep Method) and the Creep Compliance 

Method. A relaxation formulation is also described yielding the same 

expression as the Creep Compliance Method. 

An important part of the study is a test method for measuring thermal 

stresses in young concrete. In the tests the calculation methods are 

calibrated for different cements, concrete mixes etc. 

As the viscoelastic properties of young concrete are very important 

characteristics in the thermal stress analysis, these properties are 

described in detail in chapter 2. Different viscoelastic models are 

presented in connection with rheological models (spring and dashpot 

models). It appears from the description that several proposed the-

ories of concrete creep behaviour are based on such rheological models 

which are adjusted to fit data from creep tests. Hence, the proposed 

models can be rather similar to each other. (Compare for instance the 

creep models suggested by Bernander and  Gustafsson  with the ones pro-

posed by  Byfors  and Pfefferle). 

In the report numerical studies performed showing that compliance 

functions for the  uniaxial  state can be generalized to a multiaxial 

formulation and fit test data quite well. Numerical studies also show 

how well four proposed creep theories model the viscoelastic response 

of young concrete. 

The two methods for computation of thermal stresses are then described 

in detail in chapter 3. Expressions for the calculation of stress in-

crements at discretized time-steps are given as well as restriction 

for use of the calculation methods. 

By using the Creep Coefficient Method we do not need to save the whole 

history of stress in the computer. On the other hand, the method can 

only be adopted to calculate the response in a time-hardening material. 

112 



For young concrete an assumption of time-hardening is rather douptful. 

The time-hardening rate also implies restrictions of the creep theory 

used in the calculations. 

The Creep Compliance Method can be adopted with a large amount of creep 

theories. An application of the method to thermal stress analysis might, 

however, give uncertain results as the restrictions for the use of the 

principle of superposition not completely can be fulfilled. 

6.2 	Comparison with test results  

With the test method developed at  Luleå  University of Technology the 

calculation methods are calibrated for different situations. In chap-

ter 4 results from tests with two temperature curves and three con-

crete mixes are shown. In chapter 5 comparison is made with theoreti-

cal calculations. The two calculation methods are used in combination 

with four creep theories. The comparison can be commented as follows: 

Calculation with the Creep Compliance Method: 

The best agreements with the tests are obtained with the explicit 

compliance functions according to Wilson and Bazant and Panula 

Calculations with Bazant and Panula's formula give, however, a 

somewhat too stiff response in the very early ages, t' < 0.5 days. 

Wilson's compliance formula give, actually, a very good fit to 

some of the test data, see Fig 5.20 and 5.22. A somewhat worse 

agreement with the test results are obtained with the compliance 

functions that are based on creep coefficient formulae, according 

to Bernander and  Gustafsson  and  Byfors  and Pfefferle. The results 

from the calculations give too stiff responses or odd results, see 

Fig 5.20 and 5.22. 

Calculations with the Creep Coefficient Method: 

Due to the restrictions to a time-hardening material only Bernander 

and Gustafsson's creep formula can be used in combination with the 

Creep Coefficient Method. Actually, the calculations with Bernander 

and  Gustafsson  give a rather good fit with the test data, specially 

if a variable  E-modulus is used in the algorithm. 
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Further on, concerning the theoretical analysis, it is doubtful to di-

vide - as done with the formulae for the creep coefficient - the visco-

elastic response in an elastic, instantaneous part and a viscous part. 

Errors are easily done experimentally and theoretically in these sub-

divisions. Therefore the creep coefficient formulae must be used care-

fully. 

In the theoretical analysis the calculated values of the temperature 

dependent strengths (compressive and tensile strengths,  E-modulus) 

seems to be too high. (Compare the theoretical values of the tensile 

strengths with the ones obtained at the tests). The maturity function 

give crude results for temperatures over 40°  C  yielding too high 

strengths. Thus, the conversion of creep coefficient formulae into a 

compliance function give too stiff response. 

With too high theoretical values of the strengths also the formulae 

for nonlinear creep do not model the response accurate, see Fig 5.5 

and 5.20. 

6.3 	Future work 

The results from the theoretical calculations and the tests show that 

the  uniaxial  thermal stresses can be described rather accurate both 

theoretically and experimentally. An accurate theoretical analysis 

implies, however, that some of the used creep theories must be ad-

justed to better model the early age creep. 

The  uniaxial  models presented here can be generalized to multiaxial 

formulation. In this way it is possible to calculate thermal stresses 

and risks of cracks in elements of different massive concrete struc-

tures. 

At  Luleå  University of Technology such analysis recently have been 

performed. With an approximate creep formula adjusted for calculations 

of stress increments in a  FE-model, thermal stresses have been com-

puted in a massive wall section cast on a slab [6.1]. The results from 

the analysis have been compared to stress and strain measurements in 

the wall with quite good agreement. The creep formula is based on the 

Effective Modulus Method, see section 3.2, where the  E-modulus for the 

young concrete is computed at each time-step [6.2]. 
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APPENDIX A. 	CREEP FUNCTION ACCORDING TO COMITE EURO-INTERNATIONAL 

DU  BETON  (CEB-FIP), 1978 [2.12] 

The creep function according to CEB-FIP 1978 is written as 

E
c
(t°) 

w(t,t') = 	 E(28d) (P 28(t'
t') 

c 
  

(Al) 

where E
c
(t') = modulus of elasticity at the age of loading 

E
c
(28d) = modulus of elasticity at 28 days 

w28(t,t°) relates the creep for a loading at age t° to the elastic 

strain at 28 days. 
(P28(titl) 

 is expressed as the sum of initial flow, 

delayed elastic strain and delayed flow viscous components. 

28(tit) = = 13a (tI) + (pd ßd (t-t°) + wf rßf (t) - f (t)] (A2) 

in which the coefficients are written as follows 

Initial flow: 

= 0.8 [1 

Delayed elastic strain: 

(pd 
= 0.4  

d(t-t) = 0.73 [1 	
e-0.01(t-t')] 

 + 0.27  

Delayed viscous flow: 

f 
and ß

f 
are coefficients depending on the environmental humidity 

and the effective thickness of a member, obtained from graphs in 

diagrams, see [2.2] and [2.12]. 

The method is primarily intended for manual calculations and cannot in 

its present form be used in a computer analysis without a considerable 

amount of programming work. 
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APPENDIX  B. 	CREEP FUNCTION ACCORDING TO THE AMERICAN CONCRETE 

INSTITUTE (Ad) 1978 [2.13] 

The creep coefficient according to ACI is expressed as a product of 

a function of loading time  t-t'  and a function of age at loading t'. 

(t-t')
0

•
6 

0.6 
	... (t') 
	

(B1) 

(p.(t') is the ultimate creep coefficient given by 

W.(tI ) = 2.35 K.1.0(??'iliqK7 
	 (B2) 

where  KI  express the dependence of humidity 
1  

K'  express the dependence of age at loading 
2 
Ki express the dependence of thickness of a member 
4  

KI 
' KI'  K

I  give the inluence of the concrete composition 
3 6 7 

Formulae for the coefficients K
1
- 1<

7 
are given as follows  

K.;  = 1.27 - 0.006  h  ;  h  = relative humidity (per cent)  h  › 40 

1<2 

or 

= 1.25 
-0.118 

t' ; moist curing 

F( = 1.13 t'-0.095  steam curing 

Ki = 0.82 + 0.00264 s
r 

 s
r 
= slump of fresh concrete  

K'  
4  

K'  
4 

= 

= 

1.14 

1.10 

- 0.00091  d  

- 0.00067  d  

;  

;  

t-t' 	4 	1 	year 
d  is the average thickness of 
the concrete member  

t-t° 	> 1 year 

or when  d  › 380 mm 

= 	[1 	1.13 e
-(0.01212(v/s))

] 	v/s = volume/surface ratio (mm) 
4 	3 

1‹  =  0.88  +  0.0024  s/a 	;  s/a  =  fine  aggregate/total aggregate  by  
weight  (per cent) 

K21  = 0.46 + 0.09 A A = air content (per cent) 
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APPENDIX  C. 	CREEP FUNCTION ACCORDING TO PFEFFERLE [2.17] 

The creep function is based on an attempt to model creep with a non-

linear dashpot in a Kelvin-Voigt  element, Fig C.1. The time-dependent 

strain c(t) in the nonliear dashpot is for constant stress assumed to 

be proportional to the square root of the loading time t1  =  t-t'  

e(t) 
1  (Cl) 

dti  
By the substitution u = /Ti and du = 2fe- the equation for the stress 

in the dashpot (Eq (2.1b) in section 2.1) leads to 

a(u) = 0 è(u) 	 (C2) 

which will give 

a(t) = 20*  TEIT i(ti) 	 (C3)  

ri  is the viscosity of the nonlinear dashpot. Eq (C3) is substituted 

in the differential equation for the Kelvin-Voigt  element - Eq (2.2) - 

yielding 

a(t) = E s(t) 4- 2q*  1E1 e (t1) 	 (C4)  
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Fig C.1 	Kelvin-Voigt  element with a nonlinear dashpot 



Similarly to  Egs  (2.2) and (2.4), integration of  Eg  (C4) for the creep 

load a =
o 

gives  

E 
a 	

-
:7 

fE
1 

c(t1) = 	(1 - e " 
E 

For  n  Kelvin-Voigt  element in series we obtain (see also  Eg  (2.11)) 
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(C5) 

e(t
1
)  

	

n 	1  

	

= ao E 	r-1- 
1=1 	i 

E. 

* 	1 
0i  e 	) (C6) 

According to  Egs  (2.16) and (2.17), the creep response can also be 

written as 

a(t')  
e t

l
) = e

v
(t,t') = w(t,t') E(ti)  (C7) 

In  Eg  (2.24) the creep coefficient was written as 

tp(t,t 1 ) = (1)
ott-t' 
	 (C8) 

in which  w
o 
 and ipt, give the ultimate creep value 4)(c...i t') =  w

o 
 wt, 

The function w 	describes the influence of the loading time  t-t'.  

The function w(t,t1 ) is shown in Fig C.2. 

A 

t' ti me 

Fig C.2 	The dependence of creep on the loading time, (Pt-t1 

ti  

1 



The creep c(ti) according to Eq (C.6) can also be expressed with Eqs 

(C.7) and (C.8) for a constant stress a(t) = a
o, 

a constant  E-modulus 

E(t') = E
o 
 and a  loading  time  t-t'.  

E.  
1 

--- TEITI  
n  i 	 * 	 c

o  n.  e
v
(t,t') = c

o  .
E 	

7 
(1 -  e  1 	) =  

1=1 1 	 o 

which can be written  
E.  

	

1 	 
it-f'  

	

n 	 a
o  q.  

0 	L - - a 
i1  
L 	e  1 	

= 	
(C10)  

E. 	 Wo  wt' Wt-t' E
o =1 

1.1  1 	 00 
In Eq (C.10) we can recognize the coefficients a 	E  7,7,- and w w , =9- 

o 1=1 
 i.  
	 t h

o 
  

- independent of the loading time - giving the ultimate creep strain, 

Eq (C10) can be divided with this ultimate creep strain  
n  i 	 a 

o 
E 	= w

ot  
w., -

2 
yielding 

E
o 1=1  i  

  

E. 

 

 

fl  

E —1 
G 	 e 

q
i o E. 

1=1 
(C11) 

  

n 
 1 
	  = Wt-t 
a 	E  
o . 	E.  
1=1 1 

  

By defining the equivalent  E-modulus as 

1  
E = 

n 

E  E 
i=1  

We obtain in Eq (C11)  
E.  

--;jc.  
n E

g n  
wt-t

, = 1 -  E 	e 
E.  

i=1 	1 

(C12)  

(C13)  

Pfefferle found that two Kelvin-Voigt  elements in series were 

necessary for modelling short-time and long-time creep behaviour. 
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Elysettinga.=Eq 
	1 	1 	i
/E.andb.=E. 

 i 
 Pfefferle obtained fairly good 

1  
agreement with test data. Thus, the formula for the dependence of 

loading time was written  

n 	-bi  ig-77f.' 
Wt-t 

= 1 -  E  a.  e  
. 	1 
1=1 

(C14) 

coefficients a1  and b1 	values like 

al 	= 0.09 131 	= 3.25 (to model short-time creep) 

a
2 
= 082 to 0.88 b2  = 0.08 to 0.10 (to model long-time creep) 
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APPENDIX  D. 	CREEP FUNCTION ACCORDING TO BERNANDER AND  GUSTAFSSON  

[1.8] 

The "normal" creep function for hardened concrete, according to 

Dischinger, is in the proposed formula supplemented by additional 

creep functions of the Dischinger type, see Fig D.1. In this way the 

age-dependence of the young concrete is described. The influence of 

the stress level,  i  e  nonlinear creep, is also taken into account and 

the creep function will have the form:  

n 	 -q • t 

w(t,t)) = [E ß e (1-e 
n 

)] [1+d0(t)/am
(t)lm] (D1) 

1 	n  

in which ß
n' 

q
n'  K 

 and m are material constants and a(t)/a (t) is the 

stress level. 

For a concrete made of Standard Portland Cement with a cement content 

of 350 kg/m
3 
and with a  w/c  ratio of 0.53, the following values for ßn 

and q
n 
 were found to be valid for  n  = 3: 

ß i  = 2.12 	ß
2 
= 1.90 	ß

3 
= 9.00 

q
1 
= 0.002 	q

2 
= 0.307 	q

3 
= 2.79 

By backanalysis from tests the constants for the influence of the 

stress-level were determined to: 

compression  K  = 6, m = 3 

tension 	K  = 9, m = 2 

The influence of the age t' at loading on the ultimate creep value 

w(...,t 1 ) with the coefficient above and with other coefficients is 

given in Fig D.1  (n  = 3). 
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Fig D.1 	Variation in the creep coefficient of the concrete with time 

form the beginning to hardening to infinity. In the figure 

thefollowingvaluesofßi andcli have been used: 

a) ß = 2.12 
1 	 ß

2 
= 1.90 	ß3  = 9.00 

q
1 
 = 0.002 	q

2 
= 0.307 	q

3 
= 2.79 

b) ß = 2.12 	ß
2 
= 1.90 	ß3  = 9.00 1 

qi  = 0.002 	q2  = 0.307 	q3  = 13.00 

TIME (DAYS)  



APPENDIX  E. 	CREEP FUNCTION ACCORDING TO BAZANT AND PANULA 1979 [2.26] 

The creep of concrete at constant moisture and thermal conditions 

.(also called basic creep) may be described by the Double Power Law: 

1 	(P1 (ti-m 00.(t-t°)n j(t,t') = i-
0 	0 o 0  

(El) 

in which 
Eo'l' 

 n,  m and a are material constants. The dependence on 

composition and strength have been evaluated by data fits. Thus, the 

following empirical formulas have been obtained. 

The "negative asymptotic modulus", E
0
: 

1 	 1  
= 0.09 + 	 where  Z = 5 10

-5 
f'

2 

o 
E 	 2 	1 	 c 

1.7 Z
1  

where a = unit mass of concrete lb/ft
3 

f' = 28 day cylinder strength in ksi  
c  

E
o 

could also be optimized from creep test data or from the 28-day  

E-modulus, E
28  
stat"  

The  coefficients  a, m, n and (pi:  

_ 	1  (E3) 
-  40  w/c  

where  w/c  = water-cement-ratio. 

1 
 m = 0.28 + (E4) 
(f C)2 

 

0
'
07 x

6 
0.12 n = 	+ 	 for x > 4 

5130 + x
6 

(E5) 

= 0.12 	 for x 4 	4  

a/c + where  x 	[2.1 	 0.1 	(f)
1.5 ( h) 1/3 ( a.) 2.21  

.g  
a- 4 (E6) 

s/c
1.4 

a/c = aggregate-cement ratio 

s/c = sand-cement ratio 

a
1 = 1.00 for ordinary cement 

0.93 for rapid hardening cement 
1.03 for low heat cement 
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10
3n 

W1 = 
2(28

-m
+u) 

(E7) 

The dependence on creep from temperature variations can be modelled 

with the following coefficients 

n
T 
= B

T 
n  

where B
T 
= 	

0.25 	
+ 1 	 (E8) 

1+(74/(T-253.2))
7 

T is the absolute temperature in  °K  

(4)
T 	

(4)
1
(1+C

T) 	
(E9) 

where C
T 
= c

T
T
T
c
o 	

(E10) 

0.25 	
1 	 (Ell) C

T 
 = 

1+(100/(T-253.2))
3.5 

1  
T
T 
 = 

1+60/t'
0.69 

+ 0.78 	 (E12) 

T 
 

t'
T 
is the age of the concrete when the temperature T is applied. 

1 w2 a 
c
o  =

— (
c
—) 	(-E)  a1 

(E13) 

The age of the concrete at time of loading t' is here expressed 

t' 
t = t

e 
= 1

T
(t")dt"  

where ti
e 
is the equivalent hydration period: 

= exp (
4000 	4000

) 
T
o 

T
o 
= 293

oK, reference temperature 

(E14)  

(E15)  

The nonlinear dependence of creep upon stress level may be modelled as 

follows 
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1 
J(t,t) = 	

(r) 	(ti -m+u) (t-t ')11] ' 	F 
, 

E 
o 	0 

f
a 

(E16) 



where the function f
a 
define the nonlinearity of creep: 

= 
R(a)  

f  
a 	R(0.3) 

R(a) = 1 + 4.4 [1- i1-(a/f)4  

f' is the strength of the specimen at static loading. 

Thus with Eq (E17), the expression for f
a 
 is introduced so as to 

give 1.0 at the stress level a = 0.3 f'. 
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APPENDIX F. 	CREEP FUNCTiON ACCORDING TO WILSON 1981 [2.18] 

With a transformation of the time-scale to a variable u a rate-type 

creep model is obtained: 

1 	1  
J(u,u') = E E

T 	
+ (r) 	(u-11 1 )] 

C 
(u')  

(Fl)  

in which E
c 

is the  E-modulus at 28 days and (9 is the creep coefficient 

at the time t = 	for a loading at the time 28 days Op = 4)(00,28)). 

The variables u and u' are evaluated from, see Fig F.1. 

u = 0.483 log t 	 for t . 100 days 

u = 0.483 [3 	(
4-log t

)
2
] 	for 100 . t . 10 000 days (F2) 2 

u = 1.45 	 for t › 10 000 days 

In Eq (F1) the expression T(u') is written as 

1 - 0.545 (0.996-u')
3 

T(u') = 

	

	 for -0.258 4 u' 4 0.966 
1 + 0.25(p 

(F3) 
1  

T(u') = 

	

	 for 0.966 . u' 4 1.45 
1 + 0.25p 

Eq (F3) is established for a concrete where the hardening process 

begin for t*  = 7 hours. When other types of cement or when accelerators 

or retarders are used we may have t*  * 7 hours. This will give another 

more general function for the parameter T(u) 
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11 (u) = 

1 	(
0.966-u

*) 

0.966-u  

1 + 0.25 (p  
(F4)  

where u = 0.483 t
* 

q  = coefficient depending on the concrete composition. 

The creep function J(u,u') according to Eq (F1) is shown in Fig F.2. 



E ci u,u' ) 

Ec3 u,o)- 

	 4f = 2.0 

1 

10 

-0.2( 0 0.5 1.0 1.4 5 

7 12 24 
10 101 

I 	i 	
hours 

z, 
10

3 
 10 days t 

Fig F.2 	Creep function J(u,u') according to  Egs  (F1)-(F4). 

W(.0,28) = 2.0. 
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APPENDIX  G. 	CONVERSION OF A CREEP FUNCTION INTO A RELAXATION FUNCTION 

In  Eg  (2.47) the dicretizised viscoelastic deformation was written as 
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3E
V  

= E J
V 

1 • AaV  + 3E
r 

s=1 	
s 

 

D 	 D 
2ci
.=E  J

D 	
1 • Aa

jr 	 ijs 
s=1  

Writing  Eg  (G1) for the time r-1 we find 

r-1  
3E

V 	 V 	 V  
=  E J 	 Aa

s 
+ 3Er-1 

 r-1 
s=1 	2 

r-1 
D 	 D 	 D 

1 • Ao. . 2E
ij 

= 
r-1 

E J 	
i 

s=1 	
Ds 

 

(G1a)  

-(Gib) 

(G2a) 

(G2b)  

By subtracting  Eg  (G2) from  Eg  (G1) the strain increments from r-1 to r 

r-1  
3e

V 	 V  
=  E J  i  Aa

V  E  JV 
Aa
s 
 + 3Actip. =  

s=1 r's-7 	s=1 	 2 

r-1 	 r-1 
= J

v 	
1 .Aa

v 
+ E 	J

v 	
1 . Aa

v 
- 	J

v 
„ 	1 , Aa

v 
+ 

S=I 	
3AE r 	 r,S-7 	 r-I,S-7 	S 	r 

S=1 

r-1 
= J

v 	
1 • Aa

v 
+ E 	MV 	1 • AaV  + 3AE

r r s=1 r,s-- s 
2 

(G3a)  

r-1 
D 2 	

D 
AE. = E  J

D 
 1 A° - E  J

D  
1  

i 	
•  Act  ijr 	r,s-7 	js 	 ijs s=1 	 s=1 

r-1 	 r-1, 
D 	 D  = J

D 	D 
1  Aa. +  E  J

D 
 1  Aa. - 	J

D  

	

1 	Aa. 
ijr 	r,s- 	

s=1  
i 	ijs 	r-1,6-7 	ij  s=1 	

s 

r-1  
J
D 	D 

1  •Aa., +  E  . AJ
D 	

Aa., 
r,r-7 ijr  s=1  r,s-i, 1JS 

(G3b) 



In Eq (G3) the compliance increments, AJV 	1 and AZ
A 

1, are written 
r, s-- 

2 	 2 
as 

AJV 	1 = J
v 	

1 - J
v 
, 1 	 (G4a) 

2 
ri s-7 	r,s-- 	r-1,s-7 

• 1=J
D 	

1-J
D 

1 	 (G4b) 
r,s-- 

2 	
r,S-- 	r-1,• s-7 

2  

D  
FromEq(G4)thestressincrementsAaVand 

Aaljr 	
.are resolved as 

r-1 

	

Me
v 
- E MV 	1 • AcIV  - 3Ae

r r,s-7 	s 
Aa

V 	s=1  

	

J
D 	

1 
r,r-7 

r-1 
2Ae. - t AJ

D 
1  D 

 
. pa  

D 
ijr s=1  r,s-7 ijs 

13r 
J
D 	

1 
r, r-- 

2 

(G5a) 

(G5b) 

By writing IV; 
1 	 1  

Gn  = 
J
V 

1 
r 

J
D 

1 
r,r-7 	r,r-7 

r-1 
V 	1 	V 

Ae" 	= 	AaV  + 3Ae0) and 
s=1 ' 2 s  

r-1 
D 

	

pc?
D 

= 1  ( E AJ
D 	

1 • 
s=1 	

Ao 	) 
ijr 2 	r,s- i 7 	js 

Eq (G5) will result in 

Ao
v 	

= 3K" (Ae
v 
- r 	r  

D D  
AO. 	= 2G" (Ae

D  
. . -  

13r 	r 	13 	13r 

(G6a) 

(G6b)  

in which  K"  and  G"  are the bulk and shear modulus. AV  and  Ae..  
1) 

V 
are the volumetric and deviatoric elastic strain increments and  Ae"  

and Ae
D
r 
are the corresponding inelastic strain increments. Eq (G6) is 

a relaxation formulation of multiaxial creep which can be used in 

evaluation of thermal stresses. 
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Ae
r
- Ae

r
- 	

s 
E  AJ  1  Aa  

ri s-- 
s=1 	2  

Aa = 	  
r 

 
J 	1 (G10) 

Similarly to the deduction above a conversion of an  uniaxial  creep 

function into an  uniaxial  relaxation may be done as follows:  

Eg (3.101i give the discretized viscoelastic deformation as 

e
r 
=  E J 	1  Aa  +C 

 
s=1 r's-7 

s 
 

writing  Eg  (G7) for time r-1 we get 

r-1 

r-1 =  E  Jr-1,s-;  Aas  + 
 e

r-1 
s=1 

By subtracting  Eg  (G8) from (G7) yields 

r-1 
Ae
r 
 =EJ 	1Aa  +

o 
 -EJ

r-1,s-1 
Aa
s 

-  E
r-1 r 	r 

S=1 	2 	 s=1 	2 
r-1  

=  J 	1  Aa +  E 	AJ 	1  Aa + Aeo  
r 

s=1 
 r,s-7  s 

From  Eg  (G9) the stress increment Aa
r 
 is resolved as 

r-1  
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(G7)  

(G8)  

(G9)  

2 

Comparing the compliance of calculating thermal stresses,  Eg  (3.11), 

we see that  Eg  (Gib) is in incremental form instead of the total de-

formations that are included in  Eg  (3.11). 



APPENDIX  H. 	COMPRESSIVE AND TENSILE STRENGTHS FOR YOUNG CONCRETE. 

MATURITY FUNCTION 

According to  Byfors  [2.16] the compressive strength f(t)  at the 

time t can be written as 

f 	(t) = n- f 	(28d) 	 (H1) 
cc 	 cc  

where f (28d) is the compressive strength after 28 days and  n  is a 
cc 

constant expressing the relative strength. This constant is given as 

follows 
b
1  

a1 .t 
 

fl=  
1 + al  . t(bl-b2)  

a
2 

in which a
l' 

a
2' 

b
1 
and b

2 
are constants depending on the concrete 

composition 

t is the age of the concrete measured from the moment when 

the water was added, hours. 

The influence of temperature on the growth of the compressive strength 

is taken into consideration by expressing the age t in an equivalent 

age at 20°h, t20. This is done with maturity functions,  i  e  functions 

of both time and temperature. In this report a maturity function based 

on the Arrhenius equation for the thermal activation is used [2.16]. 

Thus, the equivalent age, t
20' 

 is written as  

E 	1 	1 
t 	(293 )  

t20 =f e 	 dt  (H3) 

in which  R  is the universal gas constant 8.31  

E is the activation energy in kJ/mol  

T
K 
 is the temperature in  °K  

t is the age of the concrete 
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The activation energy  E  is obtained as follows [1.17]  

E  (T
K
) =  33.5 	 [kN/mol] ; T

K 
› 293

o
K 	(H5a)  

E  (T
K
) =  33.5  +  1.47 (293  - T

K
) [kJ/mol] 	T

K 
<  293°K 	(H5b)  

The  uniaxial  tensile strength at the time t is, according to  Byfors,  

obtained as a function of the compressive strength 

f
ct
(t) = 0.115 f (t) - 0.022 	[MPa] ; f(t) 4 20 MPa (H5a) 

cc 	 cc  

f
ct
(t) = 0.082 (f 

cc
(t))

1.09 
[MPa] ; f

cc
(t) > 20 MPa (I-15b)  

Egs  (H1)-(115) are used to model the material characteristics of the 

young concrete in the thermal stress analysis. 
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APPENDIX I. 	EXAMPLES OF STRESS CALCULATION 

1) Different lengths of time-steps (see also section 5.1.2) 

6110 

50.0 

40.0 

30.0 

0. 4 	0. 8 
	

1.2 	1.6 	2.0 

TIME (Days) 

Fig 1.1 	Temperature time graph - same as Fig 5.1 

0.4 	0.8 	1.2 	1.6 	2.0 

TIME (Days) 

Fig 1.2 	Stress-time graphs obtained with Bernander and Gustafsson's 

creep formula 
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Fig 1.3 	Stress-time graphs obtained with  Byfors'  and Pfefferle's 

creep formulae 
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Fig 1.4 	Stress-time graphs obtained with Wilson's and Bazant and 

Panula's creep formulae 
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2) Different coefficients in used creep formulae 
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Fig 1.5 	Stress-time graphs with  Byfors'  and Pfefferle's creep formulae 
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Fig 1.6 	Stress-time graphs with Wilson's compliance formula 
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Fig 1.7 	Stress-time graphs with Bazant and Panula's compliance formula 
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