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Abstract

This PhD thesis deals with the study of well posedness, existence and reg-
ularity properties of solutions of partial differential equations and systems.
Preparatory to the study of partial differential equations is the action of
some integral operators, that are extensively used. Such results are very
useful to obtain regularity properties of solutions of elliptic, parabolic and
ultraparabolic equations of second order with discontinuous coefficients, and
later of systems.

The thesis consists of five papers (Paper A – Paper F), an introduction,
which put these papers into a more general frame and which also serves as
an overview of this interesting field of mathematics, and an appendix, where
the behavior of Morrey spaces in connection with a lot of other spaces is
presented and discussed.

In paper A we study the local regularity in the Lebesgue spaces Lp, 1 <
p < ∞, for higher order derivatives of solutions of elliptic systems of arbitrary
order in nondivergence form with coefficients, which can be discontinuous.
In the case of continuous coefficients we review, discuss and complement the
results obtained by S. Agmon, A. Douglis and L. Nirenberg in 1959, 1964
and by S. Campanato in 1977.

In paper B we study the Cauchy-Dirichlet problem related to a linear
parabolic equation of second order in divergence form with discontinuous

coefficients. Moreover, we prove estimates in the space H1− 1
p , for every

1 < p < ∞.

The H
1
2 local regularity of u was also studied by A. Marino and A.

Maugeri in 1989. Moreover, they obtained relevant results about Lp−local
regularity for the gradient of u and existence of solutions of a nonhomoge-
neous Cauchy-Dirichlet problem.

We emphasize that the regularity we study in this paper is not of the
type considered by N. Meyers in 1963 and by M. Giaquinta in 1983. These
papers are concerned only with p close to 2. Our results are in fact true for
any value of p in the range ]1, +∞[.

Paper C is devoted to the study of a Cauchy-Dirichlet problem related
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to nondivergence form parabolic equation with discontinuous coefficients and
more precisely we derive and discuss existence, uniqueness and regularity of
the solution. This problem is inspired by the study made by M. Bramanti
and C. Cerutti in 1993. We point out that our fundamental tools are some
properties related to the products of the lower order terms with the solution
u and its derivatives. The technique used to derive these results is based on
dividing a cylinder in sections and obtaining the requested estimates in each
part of the subdivision.

In paper D we derive and discuss some estimates in Morrey Spaces for the
derivatives of local minimizers of variational integrals. The considered kind of
functionals arise as the energy of maps between Riemannian manifolds. From
this point of view, the geometric interest may occur on the above functionals.
Moreover, we observe that some methods of proofs of regularity for classes of
nonlinear elliptic systems can also be applied to a lot of equations in nonlinear
Hodge theory.

Paper E deals with the study of some qualitative properties of positive
solutions of a Schrödinger type equation of the kind Lu + V u = 0, having
discontinuous coefficients, where L is the Kolmogorov operator in Rn+1 and V
belongs to a Stummel-Kato class. Moreover, we consider the Green function
for the constant coefficients operator L0 and build the Green function for the
operator L.We also produce the proof of interior regularity and a uniqueness
result for the Cauchy-Dirichlet problem associated to L, making in both
cases the additional assumption that the solution u is bounded. Moreover,
a density argument allows us to remove the extra condition of boundedness
on u from the uniqueness result and then we use this fact to remove the
additional assumption from the regularity theorem.

To motivate our interest in this kind of operators, we recall that they arise
e.g. in the stochastic theory and in the theory of diffusion processes. For
instance, the linear Fokker-Planck equation can be written as a particular
case of the above equation.
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This PhD thesis consists of five papers (Paper A – Paper F) and an intro-
duction, which put these papers into a more general frame and which also
serves an overview of these mathematical topics.
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In order to make the thesis reasonable selfcontained we also include an
appendix where the behaviours of Morrey spaces in connection with a lot of
other spaces is presented and discussed.
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Introduction

In this PhD thesis we discuss existence, uniqueness and regularity properties
of solutions of elliptic, parabolic and ultraparabolic equations of second order
with discontinuous coefficients, and later of systems.

Moreover, we study some estimates for the derivatives of local minimizers
of variational integrals.

At first we consider partial differential equations of elliptic type having
coefficients that can be discontinuous and show that if the known term be-
longs to suitable spaces, Morrey spaces, then the highest order derivatives of
the solutions of the equations are in the same class. As a consequence it is
possible to obtain local Hölder continuity for the solutions.

In the last thirty years a number of papers have been devoted to the
study of local and global regularity properties of strong solutions to elliptic
equations with discontinuous coefficients. To be more precise, let us consider
the second order equation

Lu ≡
n∑

i,j=1

aij(x)Dxixj
u = f(x) for almost all x ∈ Ω, (0.1)

where L is a uniformly elliptic operator over the bounded domain Ω ⊂ R
n,

n ≥ 2.
Regularizing properties of L in Hölder spaces (i. e. Lu ∈ Cα(Ω̄) im-

plies u ∈ C2+α(Ω̄)) have been well studied in the case of Hölder continuous
coefficients aij(x). Also, unique classical solvability of the Dirichlet problem
for (0.1) has been derived in this case (we refer to [49] and the references
therein). In the case of uniformly continuous coefficients aij, an Lp-Schauder
theory has been elaborated for the operator L ([2], [3], [49]). In particular,
Lu ∈ Lp(Ω) always implies that the strong solution to (0.1) belongs to the
Sobolev space W 2,p(Ω) for each p ∈ (1,∞).

However, the situation becomes rather difficult if one tries to allow discon-
tinuity at the principal coefficients of L. In general, it is well known (cf. [73])
that arbitrary discontinuity of aij implies that the Lp-theory of L and the
strong solvability of the Dirichlet problem for (0.1) break down. A notable
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exception of that rule is the two-dimensional case (Ω ⊂ R
2). It was shown by

G. Talenti ([104]) that the solely condition on measurability and bounded-
ness of the aij’s ensures isomorphic properties of L considered as a mapping
from W 2,2(Ω) ∩ W 1,2

0 (Ω) into L2(Ω). To handle with the multidimensional
case (n ≥ 3) requires that additional properties on aij(x) should be added to
the uniform ellipticity in order to guarantee that L possesses the regularizing
property in Sobolev functional scales. In particular, if aij(x) ∈ W 1,n(Ω) (cf.
[74]), or if the difference between the largest and the smallest eigenvalues of
{aij(x)} is small enough (the Cordes condition, see [14]), then Lu ∈ L2(Ω)
yields that u ∈ W 2,2(Ω) and these results can be extended to W 2,p(Ω) for
p ∈ (2− ε, 2 + ε) with sufficiently small ε.

Later (see e. g. [20] for an exhaustive presentation) the Sarason class
VMO of functions with vanishing mean oscillation was used in the study of
local and global Sobolev regularity of the strong solutions to (0.1).

Next, we define the space BMO and then the smallest VMO class, where
we consider coefficients aij.

In the sequel let Ω be an open bounded set in R
n.

Definition 1. Let f ∈ L1loc(Ω). We define the integral mean fx,R by

fx,R :=
1

|Ω∩B(x,R)|
∫

Ω∩B(x,R)

f(y)dy,

where B(x,R) ranges in the class of balls centered in x with radius R and
|Ω ∩B(x,R)| is the Lebesgue measure of Ω ∩B(x,R).

If we are not interested in specifying which the center is, we just use the
notation fR.

We now give the definition of Bounded Mean Oscillation functions (BMO)
that appeared at first in the note by F. John and L. Nirenberg [58].

Definition 2. Let f ∈ L1loc(Ω).We say that f belongs to BMO(Ω) if the
seminorm ‖f‖∗ is finite, where

‖f‖∗ := sup
B(x,R)

1

|B(x,R)|
∫

B(x,R)

|f(y)− fx,R|dy.

Next, we consider the definition of the space of Vanishing Mean Oscilla-
tion functions, given at first by D. Sarason in [97].

Definition 3. Let f ∈ BMO(Ω) and

η(f,R) := sup
ρ≤R

1

|Bρ|
∫
Bρ

|f(y)− fρ|dy,
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where Bρ ranges over the class of the balls of Rn of radius ρ.
A function f ∈ VMO(Ω) if

lim
R→0

η(f,R) = 0.

The Sarason class is then expressed as the subspace of the functions in the
John-Nirenberg class whose BMO norm over a ball vanishes as the radius of
the balls tends to zero. This property implies a number of good features of
VMO functions not shared by general BMO functions; in particular, they
can be approximated by smooth functions.

A little different definition of VMO is given in [79] and [80], where some
interesting examples can be found. Moreover, we mention the note [57],
mainly concerning the problem of the characterization of pointwise multipli-
ers for BMO, where also some other remarks about VMO can be found.

This class of functions was considered by many others. At first, we recall
the paper by F. Chiarenza, M. Frasca and P. Longo [25], where the authors
answer a question raised thirty years before by C. Miranda in [74]. In his note
he considers a linear elliptic equation where the coefficients aij of the higher
order derivatives are in the class W 1,n(Ω) and asks whether the gradient of
the solution is bounded, if p > n. In [25] the authors suppose that aij ∈ VMO
and prove that Du is Hölder continuous for all p ∈]1,+∞[.

We observe that W 1,n ⊂ VMO, this fact follows by using Poincaré’s
inequality

1

|B| |f(x)− fB| ≤ c(n)

(∫
B

|∇u|dx
) 1

n

and the term on the right-hand side tends to zero as |B| → 0.
We point out that C0 is strictly contained in VMO.
Also, it is possible to check that bounded uniformly functions are in VMO

as well as functions of fractional Sobolev spaces W θ,n
θ , θ ∈]0, 1[.

The study of Sobolev regularity of strong solutions of (0.1) was initiated
in 1991 with the pioneeristic work [25]. It was obtained that, if aij(x) ∈
VMO ∩ L∞(Ω) and Lu ∈ Lp(Ω), then u ∈ W 2,p(Ω) for each value of p in
the range (1,∞). Moreover, well-posedness of the Dirichlet problem for (0.1)
in W 2,p(Ω) ∩ W 1,p

0 (Ω) was proved. As a consequence, Hölder continuity of
the strong solution or of its gradient follows if the exponent p is sufficiently
large.

Thanks to the fundamental accessibility of these two papers [25] and [26],
F. Chiarenza, M. Franciosi and M. Frasca in [23] and many other authors
have used this space VMO to obtain regularity results for partial differential
equations and systems with discontinuous coefficients.
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Continuing the study of regularity of partial differential equations, we see
that Hölder continuity can be inferred for small p if one has more information
on Lu, such as its belonging to suitable Morrey class Lp,λ(Ω).

We now define the Morrey space Lp,λ(Ω), where the known term f of
(0.1) can be considered (see [77] for definition and e. g. [85] for a careful
study of the structure of it). Moreover, there are some new results con-
cerning operators in harmonic analysis in weighted classical and generalized
Morrey spaces, which are interesting for applications in the theory of PDE
. More information about such spaces and weight functions can be found in
[83],[96],[84],[69], [82], see also the references there.

Definition 4. Let 1 < p < +∞, 0 < λ < n, and let f be a real measurable
function on the open bounded set Ω ⊂ R

n.
If |f |p is summable in Ω and the set described by the quantity

1

ρλ

∫
Ω∩Bρ(x)

|f(y)|p dy (0.2)

when changing of ρ in ]0, diamΩ[, x ∈ Ω, has an upper bound, then we say
that f belongs to the Morrey Space Lp,λ(Ω).

If f ∈ Lp,λ(Ω), we define

‖f‖pp,λ := sup
x∈Ω

0<ρ<diamΩ

1

ρλ

∫
Ω∩Bρ(x)

|f(y)|p dy (0.3)

and the vector space naturally associated to the set of functions in Lp(Ω)
such that (0.3) is finite, endowed with the norm (0.3), is a normed space,
which, as we will see later, is complete.
The exponent λ can take values that are not belonging to ]0, n[ but the
unique cases of real interest are that one for which λ ∈]0, n[. Indeed, from
the definition we immediately see that Lp,λ(Ω) = Lp(Ω), if λ ≤ 0. Sometimes
later we will explicitly use the fact that Lp,0(Ω) = Lp(Ω).
Moreover, if λ = n, by applying the Lebesgue differentiation theorem, we
find that

lim
ρ→0+

1

ρn

∫
Ω∩Bρ(x)

|f(y)|p dy= lim
ρ→0+

1

ρn

∫
Bρ(x)

|f(y)|pdy=C|f(x)|p

for every Lebesgue point or, equivalently, almost everywhere in Ω. Then, in
order that f(x) ∈ Lp,n(Ω) it is necessary and sufficient that f is bounded. It
means that Lp,n(Ω) = L∞(Ω).
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If λ > n, then the set described by (0.2) in general is not upper bounded,
except for f = 0 a. e. in Ω. This means that Lp,λ(Ω) = {0}, for λ > n.

Using the spaces defined above a natural problem arises namely to study
the regularizing properties of the operator L in Morrey spaces in the case
of VMO principal coefficients. In [12], L. Caffarelli proved that each W 2,p-
viscosity solution to (0.1) lies in C1+α(Ω) if f(x) belongs to the Morrey space
Ln,nα(Ω) with α ∈ (0, 1).

The previous discussion shall be considered as a background and
motivation of the content of this PhD thesis. We continue by shortly
describing the content of the papers A – E together with a brief discus-
sion about related results, which have motivated and supported this research.

In Paper A (see also [90]) local regularity in the Lebesgue spaces Lp,
1 < p < ∞, is studied for higher order derivatives of solutions of elliptic
systems of arbitrary order in nondivergence form with coefficients, which can
be discontinuous. In the case of continuous coefficients we recall the results
obtained by S. Agmon, A. Douglis and L. Nirenberg in [2] and [3]. Later,
discontinuous coefficients were considered by S. Campanato in [15].

Paper A can be regarded as a continuation of the study of Lp regularity
of solutions of second order partial differential elliptic equations to the max-
imum order derivatives of the solutions to a certain class of linear elliptic
systems in nondivergence form with discontinuous coefficients.

At first we review the results in our knowledge that up to now seems to
be the available ones for systems with VMO coefficients in the full range
p ∈]1,+∞[.

We start be recalling the already quoted papers [25], [26] by F. Chiarenza,
M. Frasca and P. Longo with a proof of the existence, uniqueness and regular-
ity of a strong solution to the Dirichlet problem for an elliptic nondivergence
form second order equation with coefficients in the Vanishing Mean Oscilla-
tion class.

The regularity results contained in [25] are developed from local to global
in the note [26], where it is also studied the solvability of the Dirichlet problem
for equation (0.1) in the class W 2,p(Ω) ∩W 1,p

0 (Ω).

Their arguments rest on two tools. The first one is to obtain the follow-
ing representation formula for the second order derivatives of a solution by
some singular integral operators and commutators with Calderón - Zygmund
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kernels:

Diju(x) =P.V.

∫
B+

r

Γij(x, x− y)

{
n∑

h,k=1

(ahk(x)− ahk(y))Dhku(y) + Lu(y)
}
dy

(0.4)

+ Lu(x)
∫

|ξ|=1

Γi(x, ξ)ξjdσξ + Iij(x),

where

Iij(x) =

∫
B+

r

Γij(x, T (x)− y)

{
n∑

h,k=1

(ahk(x)− ahk(y))Dhku(y) + Lu(y)
}
dy

for 1 ≤ i, j < n;

Iin(x) = Ini(x) =

∫
B+

r

(
n∑

j=1

Γij(x, T (x)− y)Aj(x)

)
·

·
{

n∑
h,k=1

(ahk(x)− ahk(y))Dhku(y) + Lu(y)
}
dy

for 1 ≤ i < n;

Inn(x) =

∫
B+

r

(
n∑

i,j=1

Γij(x, T (x)− y)Ai(x)Aj(x)

)
·

·
{

n∑
h,k=1

(ahk(x)− ahk(y))Dhku(y) + Lu(y)
}
dy.

Further,

T (x, y) = x− 2xn

ann(y)
an(y), T (x) ≡ T (x, x),

with an(y) = (ain(y))i=1,...,n being the last row (column) of the matrix a(y) =
{aij(y)}i,j=1,...,n, and

A(x) = (A1(x), . . . , An(x)) = T (en, x) ≡ T ((0, . . . , 0, 1), x).

The second tool is an Lp estimate of these operators extending a deep result
by R. Coifman, R. Rochberg and G. Weiss in [29] to the case with a kernel
depending on one variable.
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Thereby, in order to derive the estimate, the authors take Lp-norms of
the both sides of (0.4). We remark that the first integral appearing in (0.4)
is a Principal Value integral and to be able to estimate it in Lp it is nec-
essary to know estimates of singular integral operators and commutators,∫
|ξ|=1

Γi(x, ξ)ξj dσξ ∈ L∞(B+
r ) with a bound independent of r. The integrals

appearing in the definition of Iij are Lebesgue integrals, which are not sin-
gular, and it is not hard to see that the operators Iij are bounded using
geometric properties of T.

The analytic heart of this paper consists of proving boundedness in
Lebesgue spaces of the above singular integral operators.

Later, C. Vitanza in [107] and [108] extended the results in [25] and [26]
to the case when lower-order terms also appear in the operator L and are
taken in suitable Lp spaces.

Moreover, in [23] elliptic systems of arbitrary order in nondivergence form
is studied proving local Lp estimates for the highest order derivatives of the
solutions.

In paper A, we generalize the results obtained by F. Chiarenza, M. Fran-
ciosi and M. Frasca in [23]. In particular, the system is now endowed with
lower order terms. The higher order derivatives, Dαu, can be expressed as
a linear combination of singular integral operators and commutators whose
norm can be made small if the coefficients have a small integral oscillation
(i. e. if they belong to VMO). This method of integral perturbation about
the constant coefficient case allows us to obtain interior regularity results.
We point out that the technique used goes back at least to E. Levi (around
1950, cf. also [20]) and has been extensively used by the authors working
with spaces of Hölder continuous functions, see for instance the book by C.
Miranda [75].

The obtained Lp−estimates are the first available ones for systems with
discontinuous coefficients in the full range p ∈]1,+∞[.

In Paper B (see also [91]) we study the Cauchy-Dirichlet problem for
linear parabolic equations of second order in divergence form with discontin-
uous coefficients. We consider

�Lu := ut −
n∑

ij=1

(aij(x)ux′
i
)x′

j
= div f

in the cylinder
QT . = Ω× (−T, 0),

where Ω ⊂ R
n is a bounded open set with sufficiently smooth boundary,
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n ≥ 3, T > 0,
x = (x′, t) = (x′

1, .., x
′
n, t) ∈ R

n+1,

ut = Dt u =
∂u

∂t
,

ux′
i
= Diu =

∂u

∂x′
i

for i = 1, . . . , n,

and :
∇u = (D1u, . . . , Dnu),

the spatial gradient of u.
The function u is called the ”weak solution” of the equation

ut −
n∑

ij=1

(aij(x)uxi
)xj

= div f

if u : QT → R u, uxj
∈ L2loc(QT ), ∀j = 1, . . . , n and

∫
QT

n∑
ij=1

aij(x, t)uxj
φxj

dxdt−
∫
QT

u(x, t)
∂φ(x, t)

∂t
dxdt =

= −
∫
QT

n∑
i=1

fi(x, t)φxi
(x, t)dxdt, ∀φ ∈ C∞

0 (QT ).

Paper B is devoted to prove the well-posedness and the development of
Lp theory for the Cauchy-Dirichlet problem for linear parabolic equations
with discontinuous coefficients:⎧⎨

⎩
�Lu = divf in QT ,
u = 0 on ∂Ω× (−T, 0),
u(x′,−T ) = 0 in Ω.

Moreover, we prove estimates in the space H1− 1
p , for every 1 < p < +∞,

which is defined below.

Definition 5. Let Ω be an open bounded subset of R
n. The space

H
1− 1

p
p (−T, 0, Lp(Ω,R)) consists of the functions u in Lp(QT ) for which

[u]
H

1− 1
p

p (QT )
:=

{∫ 0

−T

(∫ 0

−T

(∫
Ω

|u(x, t)− u(x, ξ)|p
|t− ξ|p dx

)
dξ

)
dt

} 1
p

is finite.
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It is a Banach space endowed with the norm

‖u‖
H

1− 1
p

p (QT )
:=

(
‖u‖Lp(QT ) + [u]

H
1− 1

p
p (QT )

) 1
p

,

where

‖u‖Lp(QT ) :=

(∫
QT

|u(y)|pdy
) 1

p

.

The basic idea is to first prove that ∃c > 0, independent on u and f, such
that

‖∇u‖Lp(QT ) ≤ c‖f‖Lp(QT )

under the hypotheses that

aij ∈ C∞(Rn+1) ∩ L∞(Rn+1)

and
f ∈ [C∞(QT )]

n+1

to obtain that u verifies the original problem, where the coefficients aij as
well as the known term f are discontinuous.

The technique is based on representation formulas of the first spatial
derivatives of the solution of the parabolic equation, in terms of singular
integral operators and commutators with Calderón-Zygmund kernel. U. Neri
in [78] showed that Lp estimates for the gradient of u are true if aij(x) = δij,
for every p ∈]1,+∞[. Later on the results are improved and extended to the
case of continuous coefficients by C. B. Morrey Jr. in [77], by C. G. Simader
in [101] and by S. Campanato in [18].

Using a different technique, similar results are obtained for some linear
second order elliptic systems in [1]. In the last mentioned paper the coeffi-
cients are supposed not to be contained in and nor contains C0, so they could
possibly be discontinuous.

Paper B can be regarded as an extension of [33], where the case of elliptic
Lp theory is considered and Hölder regularity results are obtained.

Concerning H
1
2 regularity, the case relating to real bounded measurable

coefficients aij is studied in [59] and [60]. Later on in [71], the authors
proved Lp−local regularity for the gradient of u and existence of solutions of
a nonhomogeneous Cauchy-Dirichlet problem.

We emphasize that the regularity we study in paper B is not of the type
considered by N. Meyers in [73] and M. Giaquinta in [39]. Those papers are
concerned only with p close to 2. Our results are in fact true for any value of
p in the range ]1, +∞[.
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In paper C (see also [92]) the following second order nondivergence form
equation is considered:

Lu := ut − Σn
i,j=1aij(x)ux′

ix
′
j
+ Σn

i=1bi(x)ux′
i
+ cu, (0.5)

where x = (x′, t) = (x′
1, x

′
2, . . . , x

′
n, t) ∈ R

n+1, Ω ⊂ R
n is a bounded C1,1

domain and QT the cylinder Ω× (0, T ).
The aim is to study the Cauchy-Dirichlet problem⎧⎪⎨

⎪⎩
Lu = f a. e. x ∈ QT ,

u = 0 on ∂Ω× (0, T ),

u(x′, 0) = 0 in Ω,

(0.6)

where the coefficients aij(x) are discontinuous, precisely they belong to the
VMO class, are symmetric and also uniformly elliptic, i. e.

∃ τ ≥ 1 : τ−1|ξ|2 ≤ aij(x)ξiξj ≤ τ |ξ|2, ∀ξ ∈ R
n, a. e. x ∈ QT . (0.7)

Concerning the known term f and the coefficients bi and c we suppose that
they belongs to suitable Lebesgue spaces of the following type.

Definition 6. We denote Lp,q(QT ), 1 ≤ p, q ≤ ∞, the space of measurable
functions h(x, t) such that

‖h‖Lp,q(QT ) :=

(∫ T

0

(∫
Ω

|h(x, t)|p dx
) q

p

dt

) 1
q

< ∞,

with obvious modifications if p or q or both the exponents are infinite. If
p = q we simply write Lp(QT ) instead of L

p,p(QT ).
Moreover, if h ∈ Lp,q(QT ) we define

ω(σ) = sup|D|≤σ‖h‖Lp,q(D),

where D ⊂ R
n+1 is Lebesgue measurable and |D| is its Lebesgue measure.

The function ω(σ) is decreasing in ]0 , |QT |[ and such that

lim
σ→0

ω(σ) = 0.

We consider ω(σ) as the AC modulus of |h|.
Moreover, we define W 2,1

p (QT ) as the space of functions u(x, t) with
p−summability in QT such that the derivative with respect to t belongs
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to Lp(QT ) and, as functions of t with values in Lp(Ω), belongs to the space
Lp(0, T,W 2

p (Ω)).
The norm in the space W 2,1

p (QT ) is defined by

‖u‖W 2,1
p (QT )

:=

(∫
QT

(
u2t + Σ|α≤2||Dαu|2) p

2 dx dt

) 1
p

.

The main result in paper C is to prove that the Cauchy-Dirichlet problem
(0.6) has a unique solution u ∈ W 2,1

p (QT ) and that there exists a constant
C0 such that

‖u‖W 2,1
p (QT )

≤ C0 ‖f‖Lp(QT ). (0.8)

The constant C0 depends on n; p; τ ; η; |Ω|; ∂Ω; T ; ‖bi‖Lt,t̄ , ∀i = 1, . . . , n;
‖c‖Ls,s̄ and the AC moduli of bi and c.

Well posedness of the Cauchy-Dirichlet problem has been studied by sev-
eral researchers, for instance, see the book by O. A. Ladyženskaya, V. Solon-
nikov and N. N. Ural’ceva [65] (cf. also [66]) and the papers by S. Campanato
[13], F. Guglielmino [53], E. Gagliardo [36] and [37], and O. Arena [7] and
[8]. When the coefficients aij are at least uniformly continuous existence and
uniqueness results together with a prioriW 1,2

p (QT ) estimates are well known,
while there is no general theory for operators with discontinuous coefficients.
We also mention a more recent study by M. Bramanti and C. Cerutti in [11].

Paper C can be regarded as a generalization of the last mentioned paper
because in it the operator have lower order terms.

The crucial point is to consider the explicit interior and boundary rep-
resentation formula for the solution in terms of singular integral operators
and commutators. Then, to study these operators we use techniques, which
are close to the elliptic ones contained in [25], [26] and [54], and useful tools
contained in [9].

We pronounce that the results in paper C contains those in [7], [53] and
[54] as particular cases.

Paper D (see also [94]) is devoted to the study of some estimates in
Morrey spaces for the derivatives of local minimizers of variational integrals
of the form

A(u,Ω) :=
∫
Ω

F (x, u,Du)dx,

where Ω is a domain in R
m and the integrand has the following form:

F (x, u,Du) := A(x, u, gαβ(x)hij(u)
∂ui

∂xα

∂ui

∂xβ
),

where u : Ω → R
n, Du = (Dαu

i), α = 1, . . . ,m, i = 1, . . . , n, and where
(gαβ) and (hij) are symmetric positive definite matrices. It is not assumed
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that A and g are continuous with respect to the variable x. We suppose that
A(·, u, t)/(1 + t) and g(·) in the class L∞ ∩ VMO and p ≥ 2.

A “local minimizer”of the functional A is a function u ∈ W 1,p
loc (Ω,R

n),
which satisfies

A(u; suppϕ) ≤ A(u+ ϕ; suppϕ)

for every ϕ ∈ W 1,p
0 (Ω,Rn).

Partial regularity results for solutions of nonlinear elliptic systems have
been obtained by C. B. Morrey Jr. in [76], by E. Giusti in [51] and by E.
Giusti and C. Miranda in [52], using an indirect argument similar to that
one introduced by E. De Giorgi and F. J. Almgren Jr. in the regularity
theory of parametrix minimal surfaces. New perturbation arguments are
later considered by M. Giaquinta and E. Giusti in [41] and by M. Giaquinta
and L. Modica in [46], to study higher integrability of the gradient of the
solutions.

Moreover, we recall that in [43] M. Giaquinta and E. Giusti consider the
quadratic functionals ∫

Ω

gαβ(x)hij(u)Dαu
i Dβu

j dx,

where gαβ and hij are symmetric positive definite matrices having smooth
coefficients.

We also mention that M. Giaquinta and L. Modica in [47] study partial
regularity in the vector valued case and everywhere regularity in the scalar
case for minimizers of the variational integrals∫

A(x, u,Du) dx,

are proved if the integrands have the special structure

A(x, u, |p|2)

or, more generally,

A(x, u, aαβ(x, u)bij(x, u)p
i
αp

j
β),

where aαβ and bi j are symmetric positive definite matrices.
A geometrically useful example is provided by the following functional∫

B1(0)

|Du|2
(1 + |u|2)dx
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that is, in local coordinates, the energy of a map from the disk Dm to Sm.

Under similar assumptions to that in the previous mentioned paper by M.
Giaquinta and L. Modica it is proved by M. Giaquinta and E. Giusti in [42],
by M. Giaquinta and P. Ivert in [44] and by M. Giaquinta and L. Modica
in [45] that minimizers have Hölder continuous derivatives in an open set Ω0

contained in Ω such that meas(Ω\Ω0) = 0.

Later, using a perturbation method, or direct argument, partial regularity
of functions minimizing the quadratic functionals, whose integrands have
VMO coefficients

A(u; Ω) :=
∫
Ω

S(x, u,Du)dx,

was studied, where the integrand has the following special form

S(x, u,Du) := Aαβ
ij (x, u)Dαu

iDβu
j + g(x, u,Du).

This method was preferred rather than the well known Euler’s equation as-
sociated to it, because it seems simplest and more rapid.

This kind of functionals arises as p−energy of maps between Riemannian
manifolds. From this point of view, the geometric interest may occur on
the above functionals. Moreover, we observe the fact that some methods of
proofs of regularity for classes of nonlinear elliptic systems can also be applied
to the equations of nonlinear Hodge theory, studied by several authors, for
instance by L. M. Sibner and R. B. Sibner in [100].

The hypothesis we later consider was inspired by works of S. Campanato
(see [14] and [17]), where he proves some deep Hölder regularity results in Lp,λ

spaces for solutions of elliptic systems having nonlinearity greater or equal
to 2. In these notes the coefficients of the second order elliptic differential
operators are supposed to be continuous.

We recall that, for linear systems, regularity results assuming Aαβ
ij con-

stants or in C0(Ω̄), was obtained by S. Campanato in [16]. Without assuming
continuity of the coefficients we mention the note by P. Acquistapace in [1],
where the author refines S. Campanato’s results considering that the coeffi-
cients Aαβ

ij belong to a class not to be contained in and nor contains C0(Ω̄),
and, hence, in general discontinuous.

Moreover, we recall the study by Q. Huang in [56], where he shows reg-
ularity results of weak solutions of linear elliptic systems with coefficients in
the class VMO.

Therefore, it seems to be natural to expect partial regularity results under
the condition that the coefficients of the principal terms Aαβ

ij ∈ VMO, even
for nonlinear cases.
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J. Daněček and E. Viszus in [31] treated regularity of minimizer for the
functional ∫

Ω

{
Aαβ

ij (x)Dαu
iDβu

j + g(x, u,Du)
}
dx,

where g(x, u,Du) is a lower order term, which satisfies that

|g(x, u, z)| ≤ f(x) + L|z|γ,
with f ∈ Lp(Ω), 2 < p ≤ ∞, f ≥ 0 a. e. on Ω, L is a nonnegative constant
and 0 ≤ γ < 2.

They obtained Hölder regularity of the minimizer assuming that

Aαβ
ij (x) ∈ VMO.

The authors of [93] extended both the results by Q. Huang and J. Daněček
and E. Viszus because they treated the functional whose integrand contains
the term g(x, u,Du) and has coefficients, dependent not only on x but also
on u, that is

Aαβ
ij (·, u) ∈ VMO(Ω).

We also mention that since C0 is a proper subset of VMO, the continuity
of Aαβ

ij (x, u) with respect to x is not assumed.
In paper D, generalizing [93], it is proved that, considering the functional

A(u,Ω) :=
∫
Ω

F (x, u,Du) dx,

having integrand of the form

F (x, u,Du) = A(x, u, gαβ(x)hij(u)Dαu
iDβu

j),

defined on Ω×R
n ×R

mn, such that for every (u, t) ∈ R
n ×R

mn, there exists
an open set Ω0 ⊂ Ω such that u ∈ C0,α(Ω0) for any α ∈ (0, 1). We pronounce
that, besides some other necessary assumptions, we suppose that

A(·, u, t) ∈ VMO(Ω).

We notice that, as in the above mentioned papers, the fact that the re-
sults are obtained in a subset Ω0 of the set Ω is mandatory, in fact when we
pass from the regularity theory for scalar minimizers of solutions of elliptic
equations to the regularity theory for vector-valued minimizers of solutions
of elliptic systems, the situation changes completely: regularity is an excep-
tional occurence everywhere, excluding the two dimensional case. In fact, E.
De Giorgi in [30] showed that his regularity result for solutions of second order
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elliptic equations with measurable bounded coefficients cannot be extended
to solutions of elliptic systems. He presented the quadratic functional

S :=

∫
Ω

A
αβ
ij (x)Dαu

iDβu
jdx

with A
αβ
ij ∈ L∞(Ω), such that

∃ν>0:Aαβ
ij χ

i
αχ

j
β ≥ ν|χ|2, a. e. x ∈ Ω,∀χ ∈RnN.

In particular, he proved that S has a minimizer that is a function having a
point of discontinuity in the origin. Later, J. Souček in [102] showed that
minimizers of functionals of the type S can be discontinuous, not only in a
point, but also on a dense subset of Ω. Modifying De Giorgi’s example, E.
Giusti and C. Miranda in [50] showed that solutions of elliptic quasilinear
systems of the type∫

Ω

A
αβ
ij (u)Dαu

iDβϕ
jdx = 0, ∀ϕ ∈ C∞

0 (Ω,RN)

with analytic elliptic coefficients Aαβ
ij have singularities in dimension n ≥ 3.

We can get global regularity for some special cases, see for example [105].
Similar examples were presented in the meantime independently by V.

G. Maz’ya in [72]. Even M. Giaquinta in [40], C. B. Morrey Jr. in [77]
and others were interested in these problems of solutions of elliptic systems,
solutions which in general are non-regular.

It is s therefore reasonable to prove, as we show in paper D, regularity in
Ω except on a set Ω0, where Ω0 is hopefully not too large.

We also point out that, in order to obtain our regularity results, we use
the so-called reverse Hölder inequality with increasing domain.

Paper E (see also [95]) is devoted to the study of regularity properties
and a Cauchy - Dirichlet problem associated to hypoelliptic equations of the
type

Lu + V u = 0, (0.9)

where L is the following Kolmogorov operator:

Lu := div (A(z)Du) + 〈x,BDu〉 − ∂tu (0.10)

defined in a bounded open set Ω of RN+1, A(z) = (ai,j(z)) and B = (bi,j)
are two matrices, having, respectively, coefficients in the class L∞

and real constant entries. We denote by z = (x, t) = (x1, ..., xN , t) any
point in R

N+1, D = (∂x1
, ...., ∂xN

), div and 〈· , ·〉, respectively, the gradient,
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the divergence and the inner product in R
N . We begin by introducing the

relevant field and its main properties. We consider matrices A and B, which
for some basis of RN , can be written as

A :=

(
A0 0
0 0

)
, B :=




0 B1 0 . . . 0
0 0 B2 . . . 0
...

...
...

. . .
...

0 0 0 . . . Br

0 0 0 . . . 0


 . (0.11)

We note that A0(z)=(aij(z))i,j=1,...,m0
is an m0 ×m0 matrix, symmetric and

positive definite and that aij are not constant coefficients, but they could be
even discontinuous functions, more precisely we assume that aij are bounded
functions.

We consider every Bj to be an mj−1×mj block matrix with rank mj, for
j = 1, 2, ..., r, m0 ≥ m1 ≥ · · · ≥ mr ≥ 1 and m0 +m1 + · · ·+mr = N .

Concerning the function V it is assumed to belong to a Stummel-Kato
class.

In order to give the definition of the Stummel-Kato class we recall that
the fundamental solution Γ0 of

L0 := div (A(z0)Du) + 〈x,BDu〉 − ∂tu, (0.12)

related to the constant coefficient operator L0, is known.

Definition 7. Let Ω ⊂ R
n+1 be an open subset and V a function in L1(Ω).

Moreover, let

ηV (h) := sup
(x,t)∈Ω

∫
(y,s)∈Ω, t−h2<s<t

Γ0(z̃, x, t, y, s)|V (y, s)|dyds,

η∗V (h) := sup
(y,s)∈Ω

∫
(x,t)∈Ω, s<t<s+h2

Γ0(z̃, x, t, y, s)|V (x, t)|dxdt.

(0.13)

Then, the function V belongs to Stummel-Kato class SK(Ω) related to
L0 if

lim
h→0

ηV (h) = 0, lim
h→0

η∗V (h) = 0. (0.14)

Next we explain the meaning of hypoelliptic operator.
We consider a linear second order differential operator of the kind (0.10)

defined in the domain Ω ⊂ R
N+1, having a quadratic semidefinite positive

principal part.
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Except when the coefficients belongs to C∞, if the operator is degenerate,
then it can not have regularity properties, which means that “L0 u is regular”
do not imply in general that “u is regular”.

A linear operator of second order of the type (0.10) is hypoelliptic in the
domain Ω if, for equations of the type

L0u = f

satisfied in Ω in the distribution sense, we have that if f ∈ C∞(A), where
A ⊂ Ω, then u ∈ C∞(A).

L. Hörmander in [55] pointed out that the following condition:
”ker(A) does not contain non-trivial subspaces invariant for the matrix B”
is equivalent to the hypoellipticity of (0.10).

If we define, for every t ∈ R,

C(t) :=

∫ t

0

E(s)AET (s) ds,

then it is possible to show that (0.6) is equivalent to the condition

C(t) > 0, ∀t > 0. (0.15)

It is interesting to observe that the condition (0.15) can also be expressed in
geometric terms. If we consider the first order differential operators

Xj :=
N∑

i,j=1

∂xi
(aj,k(z)∂xk

), j = 1, . . . , N, Y = 〈x,BD〉 − ∂t,

then (0.15) is equivalent to the following Hörmander condition

rankL(X1, X2, . . . , XN , Y )(x) = N, ∀x ∈ R
N, (0.16)

where rankL(X1, X2, . . . , XN , Y ) denotes the Lie algebra generated by
X1, X2, . . . , XN , Y.

It is possible to prove that an operator is hypoelliptic if and only if it has
a fundamental solution that belongs to C∞ outside the origin.

The study of operators of the type (0.10) arises in stochastic theory, see
e. g. the book of A. N. Kolmogorov [61], and in the theory of diffusion
processes, as considered e. g. by C. Chandrasekhar in [19] and by N. D. Anh
in [4]. We consider, for instance, the operator

S :=
n∑

j=1

∂2xj
+

n∑
j=1

xj ∂xn+ j
− ∂t u.



xxvi

This is a linearized prototype of Kolmogorov-Fokker-Plank operator. It de-
scribes, under suitable conditions, the moving of Brownian particles in a
fluid.

We observe that the operator S is of degenerate type because there are
only n = N

2
second order derivatives, but S is hypoelliptic. This fact holds

because if we set Xj = ∂xj
, j = 1, . . . , n and

Y := 〈x,BD〉 − ∂t,

then the operator S has the following form

S :=
n∑

j=1

X2
j + Y,

which satisfies the Hörmander hypoellipticity condition (see [55]).
We also observe that

Lu :=

m0∑
i,j=1

∂xi
(ai,j(z)∂xj

u) +
N∑

i,j=1

bi,jxi∂xj
u− ∂tu =

m0∑
i,j=1

∂xj
Fj(z),

where F = (F1, F2, . . . , Fm0 , 0 . . . , 0) is a linearized version of the Landau
equation that, in turns, is a simplified model of the Boltzmann equation (see
[68]).

Operators like those in (0.10), with constant coefficients ai,j, were studied
by L. P. Kuptsov in [63] and [64], and by E. Lanconelli and S. Polidoro in
[67]. In the last mentioned note, which is the first in a group of papers
containing a systematic study of operators L, it is shown that the operators
with a constant matrix A0 are invariant with respect to the following group
structures.

Definition 8. For every (x, t), (ξ, τ) ∈ R
N+1 we define

(x, t) ◦ (ξ, τ) := (ξ + E(τ)x, t+ τ), E(t) = exp(−tBT )

and
D(λ) := diag

(
λIm0 , λ

3Im1 , . . . , λ
2r+1Imr

)
,

where Imj
is the mj × mj identity matrix. We say that

(
R

N+1, ◦) is the
“translation group associated to L” and that

(
D(λ), λ2

)
λ>0

is the “dilation
group associated to L”. Moreover, the integer Q+ 2, where,

Q := m0 + 3m1 + . . .+ (2r + 1)mr,

is usually called “homogeneous dimension” of RN+1.
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Note that the zero of the group
(
R

N+1, ◦) is (0, 0) and that (x, t)−1 =
(−E(−t)x,−t). Also, ∂xj

(j = 1, . . . ,m0) is a first order operator with respect
to
(
D(λ), λ2

)
λ>0

, while Y is a second order operator.
Now we are able to define the function spaces BMOL0 and VMOL0 as

the usual bounded and vanishing mean oscillation classes, naturally equipped
with the group structure of Definition 8.

The analytic heart of paper E is to study regularity properties of solu-
tions of equation (0.9) in the case when the coefficients ai,j(z) belong to the
class of vanishing mean oscillation functions, where they could be discon-
tinuous. Therefore, the paper can be seen as a continuation, extension and
improvement of the study made by S. Polidoro in [87], [88] and [89] and by
M. Manfredini in [70], where the operators (0.10) were studied under a suit-
able Hölder condition on the coefficients ai,j defined in terms of the following
quasidistance.

Definition 9. We fix α1, . . . , αN as the positive integers such that D(λ) =
diag

(
λα1 , . . . , λαN

)
.

If z = 0 we set ‖z‖ = 0 while if z ∈ R
N+1 \ {0} we define ‖z‖ = ρ, where

ρ is the unique positive solution to the equation

x21
ρ2α1

+
x22
ρ2α2

+ · · ·+ x2N
ρ2αN

+
t2

ρ4
= 1.

With this norm we associate the “quasidistance” d(z, w) = ‖w−1 ◦ z‖ and by
Br(z) we denote by Br(z) the d-sphere centered at z and with radius r.

It is easy to see that the “norm” z �→ ‖z‖ has the following properties
‖z−1‖ ≤ c1‖z‖ for every z ∈ R

N+1 (0.17)

and
‖z ◦ ζ‖ ≤ c2(‖z‖+ ‖ζ‖) for every z, ζ ∈ R

N+1, (0.18)

where the constants c1 and c2 depend only on matrix B.
Moreover, the Lebesgue measure in R

N+1 is invariant with respect to the
translation group, because detE(t) = et trB = 1. Since detD(λ) = λQ, we
also have that

meas(Br(0)) = rQ+2meas(B1(0)),
where meas(B1(0)) = ωN+1 is the Lebesgue measure of the Euclidean unit
ball of RN+1.

Therefore, the regularity assumption made in the papers [87], [88], [89]
and [70] about the ai,j coefficients, defined in terms of quasidistance is: there
exist two positive constants α,M , with α ≤ 1, such that |ai,j(z)− ai,j(ζ)| ≤
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M‖ζ−1 ◦ z‖α, for every z, ζ ∈ R
N+1 (this condition is the “uniform B-Hölder

continuity”).
Under this hypothesis in [87], [88] and [89], in paper E the existence

of a fundamental solution of the operator L has been proved. Moreover,
some sharp local and global estimates and uniqueness results for the Cauchy
problem are proved and discussed.

Main objective in paper E is to prove interior regularity result of the
solution of Lu + V u = 0. It is obtained in two steps. At first, we make
the additional assumption that the solution u is bounded. The basic idea to
obtain the first step is to consider a cut-off function ϕ and write the repre-
sentation formula of the product function ϕu in terms of singular integral
operators and Calderón-Zygmund kernel. Then, a density argument allows
us to remove the extra condition of boundedness on u.
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1. Introduction

In this note we are concerned with the well posedness of the Dirichlet problem for
the divergence form parabolic equation

Lu ≡ ut −
n∑

ij=1

(aij(x)ux′i)x′j = div f ,

in the cylinder QT = Ω × (0, T ), where Ω ⊂ R
n is a bounded open set with

sufficiently smooth boundary, n ≥ 3 and T > 0.
In the sequel we shall denote x = (x′, t) = (x′

1, . . . , x
′
n, t) ∈ R

n+1, ut = Dtu =
∂u
∂t , Diu = ∂u

∂xi
for i = 1, . . . , n, and ∇u = (D1u, . . . , Dnu) the spatial gradient of

u.
We also define R

n+1
+ = R

n+1 ∩ {x′
n ≥ 0} and R

n+1
− = R

n+1 ∩ {x′
n ≤ 0}.

We consider the linear parabolic operator L having principal part

aij(x) = aji(x) , ∀ x ∈ QT , ∀ i, j = 1, . . . , n ,

such that

∃μ > 0 : μ−1|ξ2| ≤ aij(x)ξiξj ≤ μ|ξ|2 , ∀ ξ ∈ R
n a.e. x ∈ QT .
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The main goal of this note is to study existence and uniqueness of solutions for the
Cauchy–Dirichlet problem

⎧⎨⎩
Lu = div f , in QT ,

u = 0 , on ∂Ω× (−T, 0) ,
u(x′,−T ) = 0 , in Ω ,

where we assume that f ∈ Lp(QT ), 1 < p <∞. The coefficients aij of the principal

part will be discontinuous. Finally we derive estimates inH
1− 1

p
p for every 1 < p < ∞

(see Sec. 2 for definitions).
The existence of the weak solutions of linear parabolic equations and H

1
2 regu-

larity were considered by Kaplan in [12, 13] in the case of real bounded measurable
coefficients aij .

The H
1
2 local regularity of u was also studied in the paper [15] by M. Marino and

A. Maugeri. Moreover, they obtained relevant results about Lp-local regularity for
the gradient of u and existence of solutions of a nonhomogeneous Cauchy–Dirichlet
problem.

We emphasize that the regularity we study in this note is not of the type con-
sidered by Meyers in [16] and Giaquinta in [9]. Those papers are concerned only
with p close to 2. Our results, on the other hand, are true for any value of p in the
range ]1,+∞[.

Of course one might think that such results need more smoothness assumptions
on the coefficients aij . We point out that in our results aij are still discontinuous,
though we require the coefficients to have vanishing mean oscillation, the Sarason
class.

This crucial assumption was considered by Caffarelli in the case of elliptic equa-
tions in [2], by Chiarenza, Frasca and Longo in their study of Dirichlet problem for
nondivergence form elliptic equations (see [6]), and for fully nonlinear equations by
Caffarelli in [3]. Later many other authors contributed to this subject. In [10] the
authors developed new methods for elliptic PDEs with VMO-coefficients by using
Fredholm index theory via certain algebraic relations between Riesz transforms and
new estimates of their norms.

Our ideas make use of the methods of potential theory, like in [5, 6] where the
interior and boundary estimates for the gradient of u where established. We exploit
the fundamental solution for a parabolic operator of second order and the explicit
representation formula of the solution in terms of singular integral operators and
commutators with Calderón–Zygmund kernel. To obtain the Hr

p regularity result
we have been inspired by the book of Ladyzhenskaya, Solonnikov and Ural’tseva
(see [14]).

Let us close this introduction with a remark that the case of elliptic Lp-theory
was considered in [7], where also regularity results have been obtained.
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2. Definitions and Main Results

Definition 2.1. Let us define “parabolic metric”, the quantity d(x, y) = ρ(x− y)
where

ρ(x) =

√
|x′|2 +√|x′|4 + 4t2

2
.

Definition 2.2. We define “parabolic cubes” of center x = (x′, t) and radius r by
the rule

Q = Qr(y) = {y = (y′, s) ∈ R
n+1 : |x′ − y′| < r ; |t− s| < r2} .

Definition 2.3. Let Ω be an open bounded subset of R
n. The space

H
1− 1

p
p (−T, 0, Lp(Ω, R)) consists of the functions u in Lp(QT ) for which

[u]
H

1− 1
p

p (QT )
=
{∫ 0

−T

(∫ 0

−T

(∫
Ω

|u(x, t)− u(x, ξ)|p
|t− ξ|p dx

)
dξ

)
dt

} 1
p

is finite.

It becomes a Banach space with the norm

‖u‖
H

1− 1
p

p (QT )
=
(
‖u‖Lp(QT ) + [u]

H
1− 1

p
p (QT )

) 1
p

,

where

‖u‖Lp(QT ) =
(∫

QT

|u(y)|pdy

) 1
p

.

Definition 2.4. A “weak solution” of the equation

ut −
n∑

ij=1

(aij(x)uxi)xj = div f

is a function u : QT → R such that u, uxj ∈ L2
loc(QT ), ∀ j = 1, . . . , n and∫

QT

n∑
ij=1

aij(x, t)uxj φxj dxdt−
∫

QT

u(x, t)
∂φ(x, t)

∂t
dxdt

= −
∫

QT

n∑
i=1

fi(x, t)φxi (x, t)dxdt , ∀ φ ∈ C∞
0 (QT ) .

Definition 2.5 ([17]). A function k is a Parabolic Calderón–Zygmund kernel
(PCZ kernel) on R

n+1 with respect to the metric ρ (introduced above) if:

(1) k is smooth on R
n+1\{0};

(2) k(rx′, r2t) = r−(n+1)k(x′, t), ∀ r > 0 (homogeneity condition);
(3)

∫
ρ(x)=r

k(x)dσ(x) = 0, ∀ r > 0 (cancellation property on ellipsoids).
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Definition 2.6. Let f be a locally integrable function defined on R
n+1. We say

that f is in the space BMO(Rn+1) (see [11]) if

sup
Q⊂Rn+1

1
|Q|
∫

Q

|f(y)− fQ|dy <∞ ,

where Q runs over the class of all parabolic cubes in R
n+1 and fQ = 1

|Q|
∫

Q
f(y)dy.

Let f ∈ BMO(Rn+1) and r > 0. We define the V MO modulus of f by the rule

η(r) = sup
ρ≤r

1
|Qρ|

∫
Qρ

|f(y)− fQρ |dy ,

where Qρ is a parabolic cube with radius ρ, ρ ≤ r.
BMO is a Banach space with the norm ‖f‖∗ = supr>0 η(r).

Definition 2.7. We say that a function f ∈ BMO is in the Sarason class
V MO(Rn+1) (see [18]) if

lim
r→0+

η(r) = 0 .

Hereafter we denote by ηij the V MO modulus of aij , i, j = 1, . . . , n, and set
η(r) = (

∑n
i,j=1 η2

ij(r))
1/2.

Next we define the Calderón–Zygmund kernels Γij(x, ξ).

Definition 2.8 ([1]). Consider the fundamental solution, denoted by Γ(x0, ξ) =
Γ0(x), of the constant coefficient operator L0 obtained from L by freezing the
coefficients at a fixed point x0 ∈ QT .

Γ(x0, ξ) =

⎧⎪⎨⎪⎩
1

(4πt)(
n
2 )
√
det{aij(x0)}

exp

(
−
∑n

i,j=1 Aij(x0)ξiξj

4t

)
, t > 0 ,

0 , t < 0 ,

(2.1)

where Aij are the entries of the inverse matrix of {aij}i,j=1,...,n.
Then let us set

Γi(x, ξ) =
∂

∂ξi
Γ(x, ξ) ,

and

Γij(x, ξ) =
∂

∂ξi∂ξj
Γ(x, ξ) .

It will be useful to introduce the following quantity:

M = max
i,j=1,...,n

max
|α|≤2n

∥∥∥∥∂αΓij(x, ξ)
∂ξα

∥∥∥∥
L∞(Ω×Σ)

.

Definition 2.9 ([1]). Let us define the generalized symmetry T . Denote by
an(x′, t) = (ain(x′, t))i=1,...,n the last column (row) of the matrix {aij}i,j=1,...,n

and define

T (x′, t; y′, t) = x′ − 2x′
n

an(y′, t)
ann(y′, t)

∀ x′, y′ ∈ R
n : x′

n ≥ 0, y′
n ≥ 0 ,
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and any fixed t < 0. Let us also set

T (x) = T (x′, t;x′, t) ∀ x′ ∈ R
n : x′

n ≥ 0 ,

for any fixed t < 0.
Finally we observe that when k(x, ·) is a variable PCZ kernel, then k(x, T (x)−y)

is a nonsingular kernel for every x = (x′, t), y = (y′, s) ∈ R
n+1
+ : t, s < 0.

Theorem 2.10 (Main Result). Let aij ∈ V MO ∩L∞(Rn+1), i, j = 1, . . . , n, be
symmetric and uniformly elliptic. Suppose that f ∈ Lp(QT ) where 1 < p <∞.

Then the Dirichlet problem⎧⎨⎩
Lu = div f , in QT ,

u = 0 , on ∂Ω× (−T, 0) ,
u(x′,−T ) = 0 , in Ω ,

(2.2)

has a unique solution u.
Moreover if u satisfy the above parabolic equation, we have that

u ∈ H
1− 1

p
p (−T, 0, Lp(Ω, R))

and ∃C > 0 independent of f such that∫ 0

−T

dt

∫ 0

−T

dξ

∫
Ω

|u(x, t)− u(x, ξ)|p
|t− ξ|p dx ≤ C

{∫
QT

|f |pdxdt+
∫

QT

|u|pdxdt

}
. (2.3)

3. Preliminary Results

Let us recall the following result by Fabes and Riviére, see [8].

Theorem 3.1. Let k be a variable PCZ kernel and

Kf(x) = P.V.

∫
Rn+1

k(x, x − y)f(y)dy .

Then, for every f ∈ Lp(QT ), 1 < p < ∞, there exists C = C(p, k) independent
of f such that

‖Kf‖Lp(QT ) ≤ C‖f‖Lp(QT ) .

Theorem 3.2 ([1]). Let k be a variable PCZ kernel and K as in the previous
theorem. For a ∈ V MO ∩ L∞(Rn+1), we consider the commutator

C[a, f ](x) = P.V.

∫
Rn+1

k(x, x− y)[a(x)− a(y)]f(y)dy = a(x)K(f)(x)−K(af)(x) .

Then, for every ε > 0, ∃c = c(p, k) and ∃ r0 > 0, depending only on ε and the V MO

modulus ηa of a, such that

‖C[a, f ]‖Lp(Qr) ≤ cε‖f‖Lp(Qr) , ∀ f ∈ Lp(Qr) , with r ≤ r0 .
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The following two results are established in [1], respectively as in Theorem 3.1
and Corollary 3.8.

Theorem 3.3. Let k be a PCZ variable kernel and T the operator defined in
Definition 2.9, we consider the operator

K̃f(x) =
∫

R
n+1
+

k(x, T (x)− y)f(y)d(y) .

Then, for every 1 < p <∞, ∃C = C(p, μ, k) such that for f ∈ Lp(Rn+1
+ )

‖K̃f‖Lp ≤ C‖f‖Lp .

Theorem 3.4. Let k(x, y) be a variable PCZ kernel, T as in the previous theorem,

a ∈ V MO ∩ L∞(Rn+1
+ ) and

C̃[a, f ] =
∫

R
n+1
+

k(x, T (x)− y)[a(x)− a(y)]f(y)dy .

Then for every ε > 0, ∃ r0, depending only on ε and the V MO modulus ηa of a,

such that for every f ∈ Lp(Q+
r ), 1 < p < ∞, Q+

r = Qr ∩R
n+1
+ , with r < r0

‖C̃[a, f ]‖Lp ≤ c(p, μ, k)ε‖f‖Lp .

Theorem 3.5 ([19]). Let α ∈]0, n+ 1[ and let V ∈ C∞(Rn+1\{0}) be a homoge-
neous function of degree −α. If g ∈ Lq(Rn+1), then the operator

Jg(x) =
∫

Rn+1
V (x− y)g(y)dy

is defined almost everywhere and ∃ c = c(p, q) > 0 such that

‖Jg‖Lp ≤ c max
‖x‖=1

|V (x)| · ‖g‖Lq ,
1
p
+ 1 =

1
q
+

α

n+ 1
.

* * *

Let Qσ be some parabolic cube Qσ ⊂⊂ QT , Θ ∈ C∞(QT ) a standard cut-off
function, Θ(x) = 1 in Qγσ, 0 < γ < 1, |∇Θ| ≤ c

(1−γ)σ .
If u is a solution of Lu = div f on QT with zero boundary data, we may consider

u as a solution, with support in Qσ, of the equation

L(Θu) = divG+ g ,

where G = −aijΘxiu+Θf and g = −aijΘxj uxi −Θxjf +Θtu.
It is true because of the identities

L(Θu) = (Θu)t − (aij(Θu)xi)xj = (Θu)t − (aij(Θxiu))xj − (aij(Θuxi))xj

= Θtu+Θut − (aij(Θxiu))xj − (Θ(aijuxi))xj

= Θtu+Θut − (aij(Θxiu))xj −

⎡⎢⎣Θ(aijuxi)xj︸ ︷︷ ︸
ut−div f

+Θxj(aijuxi)

⎤⎥⎦
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= Θtu+Θut − (aij(Θxiu))xj − [Θut − [(Θf)xj −Θxjf ] + Θxj(aijuxi)]

= Θtu+Θut − (aij(Θxiu)− (Θf))xj − (aijuxiΘxj +Θxjf +Θut) .

We are now ready to prove the following result.

Theorem 3.6 (Interior representation formula). Let the hypotheses of sym-
metry and ellipticity for aij ∈ C∞(Rn+1)∩L∞(Rn+1) hold and let G ∈ [C∞

0 (Q)]n+1

and g ∈ C∞
0 (Q). Consider v = Θu ∈ C∞

0 (Q), for some Q ⊂⊂ QT , as a solution of

L(Θu) = divG+ g .

Then,

vxi = (Θu)xi = P.V.

∫
Q

Γij(x, x − y){[ahj(x) − ahj(y)](Θu)xh
(y)−Gj(y)}dy

+
∫

Q

g(y)Γi(x, x − y)dy +Gj(x)
∫

∑
n+1

Γi(x, t)ηjdσt , (3.1)

where ηj stands for the jth component of the outer normal to the surface Σn+1.

Proof. Let x0 ∈ Q. We have

L0(Θu)(x) = (Θu)t − (aij(x0)(Θu)xi(x))xj

= (Θu)t − (aij(x0)(Θu)xi(x))xj − (Θu)t + (aij(x)(Θu)xi(x))xj

+(Gj(x))xj + g(x)

= −[(aij(x0)− aij(x))(Θu)xi(x)−Gj(x)]xj + g(x)

= −(λx0
j (x))xj + g(x) .

Since (Θu), G and g are compactly supported in Q, we have

(Θu)(x) =
∫

Q

Γj(x0, x− y)λx0
j (y)dy +

∫
Q

Γ(x0, x− y)g(y)dy , ∀ x ∈ Q .

Differentiating twice yelds

(Θu)xi(x) = P.V.

∫
Q

Γij(x0, x− y){[ahj(x0)− ahj(y)](Θu)x′
h
(y)−Gj(y)}dy

+
∫

Q

Γi(x0, x− y)g(y)dy + cijλ
x0
j (x) ;

cij(x) =
∫

Σn+1

Γi(x, t)tjdσt .

This function is true for every x ∈ Q. Letting x = x0 we obtain the interior
representation formula for vxi.

In the sequel we will consider the Lp estimates only for p > 2 because the case
p = 2 is classical (see [4]). The case 1 < p < 2 is obtained by duality.
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Theorem 3.7 (Interior estimate). Let aij satisfy the hypotheses of Theorem 3.6,
and let u ∈ C∞(QT ) is a solution of Lu = div f, with f ∈ [C∞(QT )]n+1. Then ∃σ,

c depending on n, p, ηij , μ and dist(Qσ, ∂QT ), such that

‖∇u‖Lp(Q σ
2

) ≤ c(‖∇u‖L2(Qσ) + ‖f‖Lp(Qσ) + ‖u‖Lp(Qσ)) , ∀ Qσ ⊂⊂ QT . (3.2)

Proof. Let us first examine the assertion if 2 < p ≤ 2∗. Using the above obtained
interior representation formula, Theorems 3.1, 3.2, 3.5, and taking the p-norms of
∇(Θu) over cylinders Qσ, we find that

‖∇(Θu)‖Lp(Qσ) ≤ c(‖a‖∗‖∇(Θu)‖Lp(Qσ) + ‖G‖Lp(Qσ) + ‖g‖Lp∗(Qσ)) ,

where 1
p∗ =

1
p +

1
n+1 . If σ is chosen for which ‖a‖∗ < 1

2 then ∃ c, independent of Θ,
u, G and g, such that

‖∇(Θu)‖Lp(Qσ) ≤ c(‖G‖Lp(Qσ) + ‖g‖Lp∗(Qσ)) .

From the definition of G and g we have:

‖g‖Lp∗(Qσ) ≤ c(‖∇u‖Lp∗(Qσ) + ‖f‖Lp∗(Qσ) + ‖u‖Lp∗(Qσ))

≤ c(‖∇u‖Lp∗(Qσ) + ‖f‖Lp(Qσ) + ‖u‖Lp(Qσ)) ,

and

‖G‖Lp∗(Qσ) ≤ c(‖f‖Lp(Qσ) + ‖u‖Lp(Qσ)) .

Let us observe that, if 2 < p ≤ 2∗, 1
p ≥ 1

2∗ =
1
2 − 1

n+1 , then
1
p∗

= 1
p +

1
n+1 ≥ 1

2 . It
follows that p∗ ≤ 2 and we have:

‖∇u‖Lp∗(Qσ) ≤ c‖∇u‖L2(Qσ) .

Hence

‖∇u‖Lp(Qγσ) ≤ c(‖u‖Lp(Qσ) + ‖f‖Lp(Qσ) + ‖∇u‖L2(Qσ)) . (3.3)

If 2∗ < p ≤ 2∗∗ (with 2∗∗ such that 1
2∗∗ =

1
2∗ − 1

n+1 ), it follows that p∗ ≤ 2∗. Letting
Θ be a cut-off function identically equal to 1 in Qγ2σ and supported in Qγσ, such
that 0 ≤ Θ ≤ 1 and |∇Θ| ≤ c

γσ(1−γ) , we obtain

‖∇u‖Lp(Qγ2σ) ≤ c(‖u‖Lp(Qγσ) + ‖f‖Lp(Qγσ) + ‖∇u‖Lp∗(Qγσ))

≤ c(‖u‖Lp(Qγσ) + ‖f‖Lp(Qγσ) + ‖∇u‖L2∗(Qγσ)) . (3.4)

Using (3.3) with p = 2∗ we see that (3.4) reduces to the inequality

‖∇u‖Lp(Qγ2σ) ≤ c(‖u‖Lp(Qσ) + ‖f‖Lp(Qσ) + ‖∇u‖L2(Qσ)) .

If γ2 = 1
2 we obtain (3.2).

Finally, iterating this procedure with various exponents p > 2 we will find h ∈ N,

an exponent 2

h−1︷︸︸︷∗ ∗ ∗ < p ≤ 2

h︷︸︸︷∗ ∗ ∗ so that γh = 1
2 concluding with (3.2).
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* * *

We set Q+
σ = {(x1, . . . , xn, t) ∈ Qσ : xn > 0, t < 0}, where Qσ is parabolic cube.

Theorem 3.8 (Boundary representation formula). Let us assume the above
hypotheses about the coefficients aij and, in addition, that aij ∈ C∞(Rn+1) ∩
L∞(Rn+1). Let G ∈ [C∞(Q̄+

σ )]
n+1 and g ∈ C∞(Q̄+

σ ), vanish in a neighbourhood of
R

n+1
+ ∩ ∂Qσ.

If u is a restriction to Q+
σ of some function in C∞

0 (Qσ) vanishing in {{xn =
0}×]− T, 0[} ∩ Q̄+

σ and satisfies the equation Lu = divG+ g in Q̄+
σ , then

uxi = P.V.

∫
Q+

σ

Γij(x, x− y){[ahj(x) − ahj(y)]uxh
(y)−Gj(y)}dy

+ cij(x)Gj(x) +
∫

Q+
σ

Γi(x, x− y)g(y)dy + Ii(x) , ∀ x ∈ Q+
σ ,

where cij(x) =
∫

∑
n+1

Γi(x, t)ηjdσt are bounded functions arising from (3.1),

Ii(x) =
∫

Q+
σ

Γij(x, T (x)− y){[ahj(x) − ahj(y)]uxh
(y)−Gj(y)}dy

−
∫

Q+
σ

Γi(x, T (x)− y)g(y)dy , i = 1, . . . , n− 1

and

In(x) =
∫

Q+
σ

Bh(y)Γhj(x, T (x)− y){[ahj(x)− ahj(y)]uxh
(y)−Gj(y)}dy

where Bh are bounded functions that have L∞ norm estirated in term of the constant
of ellipticity μ.

Proof. Let us consider the Green’s function G0(x, y) for the halfspace R
n+1
+ and

u as in the above hypothesis, then

u(x) =
∫

Q+
σ

G0(x, y)L0u(y)dy .

We claim that for fixed x0 ∈ R
n+1

G0(x, y) = Γ0(x− y)− Γ0(T (x0, x)− y) ,

then

L0u(x) = ut(x) − (aij(x0)uxi(x))xj = −(λx0
j (x))xj + g(x) ,

so that
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u(x) =
∫

Q+
σ

Γ0(x0, x− y)L0u(y)dy −
∫

Q+
σ

Γ0(T (x0, x)− y)L0u(y)dy

= −
∫

Q+
σ

Γ0(x0, x− y)(λx0
j (y))xj dy +

∫
Q+

σ

Γ0(x0, x− y)g(y)dy

−
{
−
∫

Q+
σ

Γ0(x, T (x0, x)− y)(λx0
j (y))xj dy

+
∫

Q+
σ

Γ0(x0, T (x0, x)− y)g(y)dy

}
;

then

u(x) =
∫

Q+
σ

Γ0
j(x0, x− y)(λx0

j (y))dy +
∫

Q+
σ

Γ0(x0, x− y)g(y)dy

−
∫

Q+
σ

Γ0
j(x0, T (x0, x− y)(λx0

j (y))dy −
∫

Q+
σ

Γ0(x0, T (x0, x− y)g(y)dy ,

and it follows that

uxi(x) =
∫

Q+
σ

Γ0
ij(x0, x− y)(λx0

j (y))dy + cij(x)λx0
j (x)

+
∫

Q+
σ

Γ0
i (x0, x− y)g(y)dy + Ii(x) , (3.5)

where, for i = 1, . . . , n− 1,

Ii(x) =
∫

Q+
σ

Γ0
ij(x0, T (x0, x− y)(λx0

j (y))dy ,

and

In(x) =
∫

Q+
σ

Bh(y)Γhj(x0, T (x0, x)− y)(λx0
j (y))dy .

By our smoothess assumption, equality (3.5) is true for any fixed x0 and, in par-
ticular, for x = x0.

Then we have proved the boundary representation formula.

Theorem 3.9 (Boundary estimate). Let aij ∈ C∞(Rn+1) ∩ L∞(Rn+1) and
in addition symmetry and ellipticity conditions be true. Let us assume f ∈
[C∞(QT )]n+1. Then there exists σ > 0 such that for every u ∈ C∞(Q+

σ ) solution
of Lu = div f in Q+

σ , which vanishes on {{xn = 0}×]− T, 0[} ∩ Q̄+
σ , we have

‖∇u‖Lp(Q+
σ/2) ≤ c(‖∇u‖L2(Q+

σ ) + ‖f‖Lp(Q+
σ ) + ‖u‖Lp(Q+

σ )) .

for a suitable constant c independent on u and f .
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Proof. To prove the theorem, similarly to Theorem 3.7, we have to consider the
boundary representation formula (see Theorem 3.8) and estimate the singular inte-
gral operators applying Theorems 3.3 and 3.4. We point out that the terms Bh(x)
are not relevant because are bounded functions and their L∞ norms are estimated
in terms of the constant μ.

4. Dirichlet Problem

Let us first prove that ∃ c > 0, independent on u and f , such that ‖∇u‖Lp(QT ) ≤
c‖f‖Lp(QT ) with restrictive hypotheses that aij ∈ C∞(Rn+1) ∩ L∞(Rn+1) and f ∈
[C∞(QT )]n+1.

Interior and boundary estimates implies that

‖∇u‖Lp(QT ) ≤ c(‖∇u‖L2(QT ) + ‖f‖Lp(QT ) + ‖u‖Lp(QT )) , ∀ p > 2 . (4.1)

Let us suppose 2 < p ≤ 2∗, by Sobolev theorem we deduce

‖u‖Lp(QT ) ≤ c‖∇u‖Lp∗(QT ) ≤ c‖∇u‖L2(QT ) . (4.2)

Combining this with (4.1) and using the classical Campanato L2 theory we have

‖∇u‖Lp(QT ) ≤ c(‖∇u‖L2(QT ) + ‖f‖Lp(QT ))

≤ c(‖f‖L2(QT ) + ‖f‖Lp(QT )) ≤ c‖f‖Lp(QT ) . (4.3)

Hence

‖∇u‖Lp(QT ) ≤ c‖f‖Lp(QT ) .

Therefore, in particular, it follows that

‖∇u‖L2∗(QT ) ≤ c‖f‖L2∗(QT ) . (4.4)

If 2∗ < p ≤ 2∗∗, by Sobolev lemma (we notice that p∗ ≤ 2∗)

‖u‖Lp(QT ) ≤ c‖∇u‖Lp∗(QT ) ≤ ‖∇u‖L2∗(QT ) ≤ c‖f‖L2∗(QT ) ≤ c‖f‖Lp(QT ) (4.5)

which establishes the inequality

‖u‖Lp(QT ) ≤ c‖f‖Lp(QT ). (4.6)

Finally, it is easy to see that from (4.1) and (4.6) we have

‖∇u‖Lp(QT ) ≤ c(‖∇u‖L2(QT ) + ‖f‖Lp(QT )) ≤ c‖f‖Lp(QT ) , ∀ 2 < p ≤ 2∗∗ .

After a finite number of steps the required estimate ∀ p > 2 follows.
Let us now consider aij ∈ V MO∩L∞(Rn+1) and {ak

ij}k∈N a sequence of smooth
functions converging to aij in the BMO norm and {fk}k∈N a sequence of functions
in [C∞(QT )]n+1 converging to f ∈ [Lp(QT )]n+1. Let us denote by uk the solution
of the Dirichlet problem⎧⎨⎩

ut − (ak
ijuxi)xj = div fk , QT ,

u = 0 , ∂Ω× (−T, 0) ,
u(x′,−T ) = 0 , in Ω .
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Therefore, it follows that

‖∇uk‖Lp(QT ) ≤ c‖fk‖Lp(QT ) , ∀ k ∈ N ,

where c is independent of k ∈ N. By the last inequality there exists a function u

such that

‖∇u‖Lp(QT ) ≤ c‖f‖Lp(QT ) . (4.7)

and moreover u verifies the original Dirichlet problem.

We shall prove that u ∈ H
1− 1

p
p (−T, 0, Lp(Ω, R)) and satisfies the estimate (2.3).

Let us observe that we prove (2.3) for p > 2 because if 1 < p < 2 it is obtained
by duality and the case p = 2 is proved by M. Marino and A. Maugeri in [15].

If Fi(x, t) = −∑n
j=1 aij(x, t)uxj (x, t)+fi(x, t), the parabolic equation becomes:

−
∫

QT

u(x, t)
∂ϕ(x, t)

∂t
dxdt =

∫
QT

{
n∑

i=1

Fi(x, t)ϕxi(x, t)

}
dxdt , (4.8)

∀ ϕ ∈ L2(−T, 0, H1
0 (Ω, R)) ∩H1(−T, 0, L2(Ω, R)) ∩ L∞(QT , R) : ϕ(x, 0) = 0 in Ω .

We define, as in [14], the extension of the vectors u and Fi to the whole cylinder
Q−∞,∞ = Ω×]−∞,+∞[ given by

u∗(x, t) =

⎧⎨⎩
u(x, t) , t ∈ [−T, 0] ,
u(x,−t− 2T ) , t ∈ [−2T,−T ) ,
0 , t > 0 and t < −2T ,

(4.9)

F ∗
i (x, t) =

⎧⎨⎩
−Fi(x, t) , t ∈ [−T, 0] ,
Fi(x,−t− 2T ) , t ∈ [−2T,−T ) ,
0 , t > 0 and t < −2T .

(4.10)

Now, Eq. (4.8) becomes

−
∫

Q−∞,∞
u∗(x, t) · ϕt(x, t)dxdt =

∫
Q−∞,∞

{
n∑

i=1

F ∗
i (x, t)ϕxi(x, t)

}
dxdt , (4.11)

∀ ϕ ∈ L2(−∞,∞, H1
0 (Ω, R))∩H1(−∞,∞, L2(Ω, R))∩L∞(Q−∞,∞, R) : ϕ(x, t) = 0

where t ≥ 0 and t ≤ −2T .
Let us set w(t) ∈ C∞

0 (R) a function such that⎧⎨⎩ 0 ≤ w ≤ 1 , w = 1 in [−2T + δ,−δ] ,

w = 0 , in (−∞,−2T ] ∪ [0,+∞) , |w′| ≤ C

δ
, 0 < δ < T ,

(4.12)

Let us define ϕ(x, t) = w(t)Φ(x, t), where

Φ ∈ L2(−∞,+∞, H1
0 (Ω, R) ∩H1(−∞,+∞, L2(Ω, R)) ∩ L∞(Q−∞,∞, R) .
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The equality (4.11) implies that

−
∫

Q−∞,∞
u∗(x, t)

∂(w(t)Φ(x, t))
∂t

dxdt=
∫

Q−∞,∞

{
n∑

i=1

F ∗
i (x, t)(w(t)Φ(x, t))xi

}
dxdt ,

then

−
∫

Q−∞,∞
u∗(x, t)w(t)

∂Φ(x, t)
∂t

dxdt −
∫

Q−∞,∞
(u∗(x, t)w′(t))Φ(x, t)dxdt

=
∫

Q−∞,∞

⎧⎨⎩
n∑

j=1

F ∗
i (x, t)w(t)(Φ(x, t))xi ·

⎫⎬⎭ dxdt .

As a consequence we have

−
∫

Q−∞,∞
v(x, t)

∂Φ(x, t)
∂t

dxdt

=
∫

Q−∞,∞

{
n∑

i=1

F ∗
i (x, t)w(t)(Φ(x, t))xi + u∗(x, t)w′(t)Φ(x, t)

}
dxdt (4.13)

where v(x, t) = w(t)u∗(x, t).
Similarly to the proof of [14, Chap. III, Lemma 4.1], we have for almost every

t ∈ (−∞,∞) and ∀ Θ(x) ∈ H1
0 (Ω, R) ∩ L∞(Ω, R), that∫

Ω

∂vh(x, t)
∂t

Θ(x)dx =
∫

Ω

{
n∑

i=1

(F ∗
j w)h(x, t) · (Θ(x))xj ++(u∗w′)h(x, t)Θ(x)

}
dx

(4.14)

where in general,

gh(x, t) =
1
h

∫ t+h

t

g(x, τ)dτ .

In the following it will be useful to consider F̃ (x, α), that is, the Fourier transform
of a function F (x, t), with respect to t

F̃ (x, α) =
1√
2π

∫ +∞

−∞
F (x, t)eiαtdt .

Note that (4.14) is actually equivalent to

−iα

∫
Ω

ṽh(x, t)Θ(x)dx

=
∫

Ω

⎧⎨⎩
n∑

j=1

(F̃ ∗
j w)(x, α)(Θ(x))xj + (ũ∗w′)h(x, α)Θ(x)

⎫⎬⎭ dx , ∀ α ∈ R . (4.15)

Let us consider Θ(x) = χ(α) · ¯̃vh(x, α) · |ṽh|p−2, where χ(α) = i if α > 0, and
χ(α) = −i whenever α < 0. Taking into account that ∇u ∈ Lp(QT )∀ p > 2, the
integration respect to α in (−∞,+∞) permit to us to obtain
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∫ +∞

∞

∫
Ω

|α| · |ṽh|2|ṽh|p−2dxdα

=
∫ +∞

−∞

∫
Ω

n∑
j=1

(χ(F̃ ∗
j w)h · (¯̃vh · |ṽh|p−2)xj )dxdα

+
∫ +∞

−∞
(χ · (ũ∗v′)h · ¯̃vh · |ṽh|p−2)dxdα . (4.16)

Moreover χ(α) ·(F̃ ∗
j w)h and χ(α) ·(ũ∗w′)h are the Fourier transforms of the Hilbert

transforms, (F̂ ∗
j w)h, (û∗w′)h of the functions (F ∗

j w)h, (u∗w′)h; then according to
(4.16) and Parseval’s equality, it follows∫ +∞

−∞

∫
Ω

|α| · |ṽh(x, α)|pdxdα =
∫ +∞

−∞

∫
Ω

n∑
j=1

(F̂ ∗
j w)h · (vh · |vh|p−2)xj dxdt

+
∫ +∞

−∞

∫
Ω

(û∗w′)h · (vh · |vh|p−2)dxdt . (4.17)

The Hilbert transform is a bounded linear operator (see [20]) from Lr(−∞,+∞)
into Lr(+∞,+∞), ∀ r > 1, then we obtain the following inequalities⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

∫
Q−∞,+∞

n∑
j=1

|(F̂ ∗
j w)h|rdxdt ≤ c

∫
Q−∞,+∞

n∑
j=1

|(F ∗
j w)h|rdxdt , ∀ r > 1 ,

∫
Q−∞,+∞

|(û∗w′)h|rdxdt ≤ c

∫
Q−∞,+∞

|(u∗w)h|rdxdt , ∀ r > 1 .

(4.18)

As a result∫ +∞

−∞

∫
Ω

|α| · |ṽh|pdxdα

≤ c

{∫
Q−∞,+∞

n∑
j=1

|(F ∗
j w)h|p
p

dxdt+
∫

Q−∞,+∞

|∇(vh · |vh|p−2)|p′
p′

dxdt

+

(∫
Q−∞,+∞

|(u∗w′)h|pdxdt

) 1
p

·
(∫

Q−∞,+∞
(vh · |vh|p−2)p

′
dxdt

) 1
p′
}

= I1 + I2 + I3 .

We first take the limit for h → 0 in I1, it follows∫
Q−∞,+∞

n∑
j=1

|(F ∗
j w)h|p
p

dxdt −→ c

(∫
QT

|∇u|pdxdt+
∫

QT

n∑
i=1

|fi|pdxdt

)
.
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I2 = c

∫
Q−∞,+∞

|[(∇vh) · |vh|p−2 + vh∇(|vh|p−2)]|p′dxdt

≤ c

∫
Q−∞,+∞

{|∇vh|p′ · |vh|(p−2)p′ + [|vh|p′ · |∇(|vh|p−2)|p′}dxdt

≤ c

{∫
Q−∞,+∞

[
|∇vh|p′q

q
+
|vh|(p−2)p′q′

q′
+ [|vh|p′ · |vh|(p−3)p′ · |∇|vh| |p′ ]

]
dxdt

}
(if p > 2 choosing q = p

p′ we have p′q = p then q = p− 1 and q′ = p−1
p−2 ; so that

(p− 2)p′q′ = (p− 2)
p

p− 1
(p− 1)
(p− 2)

= p)

≤ c

{∫
Q−∞,+∞

[|∇vh|p + |vh|p + (|vh|(p−2)p′ · |∇vh|p′)]dxdt

}

≤ c

{∫
Q−∞,+∞

(|∇vh|p + |vh|p)dxdt+
∫

Q−∞,+∞

[
|vh|(p−2)p′q′

q′
+
|∇vh|p′q

q

]
dxdt

}

≤ c

{∫
Q−∞,+∞

(|∇vh|p + |vh|p)dxdt+
∫

Q−∞,+∞
[|vh|p + |∇vh|p]dxdt

}
;

taking the limit in I2 yields:

I2
h→0−→

{∫
QT

|∇u|pdxdt+
∫

QT

|u|pdxdt

}
.

Finally let us consider the term I3.

I3 ≤ c

(∫
Q−∞,+∞

|(u∗w′)h|pdxdt

) 1
p

·
(∫

Q−∞,+∞

|vh|p′q
q

+
|vh|(p−2)p′q′

q′
dxdt

) 1
p′

.

In the same way we can also have that

I3
h→0−→ c · 1

δ

(∫
QT

|u|pdxdt

) 1
p

·
(∫

QT

|u|dxdt

) 1
p′
= cδ

(∫
QT

|u|pdxdt

)
.

These estimates allows us to say that

u ∈ H
1− 1

p
p (−T,−δ, Lp(Ω, R)) ,

and∫ −δ

−T

dt

∫ −δ

−T

dξ

∫
Ω

|u(x, t)− u(x, ξ)|p
|t− ξ|p dx

≤ c

{∫
QT

|∇u|pdxdt+
∫

QT

|f |pdxdt + cδ

∫
QT

|u|pdxdt

}
, ∀ δ ∈ (0, T ) .

(4.19)
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We claim that u ∈ H
1− 1

p
p (−T, 0, Lp(Ω, R)) and the desired conclusion (2.3) is ob-

tained using (4.7) combined with [14, Remark 4.2, p. 160].
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SCHRÖDINGER EQUATIONS WITH DISCONTINUOUS

COEFFICIENTS

Maria Alessandra Ragusa

Dipartimento di Matematica, Università di Catania
Viale A. Doria, 6, 95125 Catania, Italy

Abstract. Our main concern is to obtain some qualitative properties of
positive solutions of a Schrödinger type equation having discontinuous
coefficients

Lu + V u = 0,

where L0 is an operator satisfying Hörmander’s condition and V belongs
to a Stummel-Kato class. Moreover, we study the existence of a Green
function and uniqueness of solution of a Cauchy-Dirichlet problem.

1. Introduction

This note deals primarily with interior regularity results and the study of
a Cauchy-Dirichlet problem related to a Schrödinger type equation of the
form

Lu+ V u = 0, (1.1)

where L is the following Kolmogorov operator in R
n+1:

Lu ≡ div (A(z)Du) + 〈x,BDu〉 − ∂tu (1.2)

and V a measurable function belonging to a Stummel-Kato class. Here
A(z) = (ai,j(z)) and B = (bi,j) are two n× n matrices, having respectively
coefficients in L∞ and real constant entries. Let us denote by z = (x, t) =
(x1, ..., xn, t) any point in R

n+1, D = (∂x1 , ...., ∂xn), div and 〈· , ·〉 respectively
the gradient, the divergence and the inner product in R

n. The matrices A
and B, for some basis of Rn, can be written as

A =

(
A0 0
0 0

)
, B =

⎛⎜⎜⎜⎜⎜⎝
0 B1 0 . . . 0
0 0 B2 . . . 0
...

...
...

. . .
...

0 0 0 . . . Br

0 0 0 . . . 0

⎞⎟⎟⎟⎟⎟⎠ . (1.3)

AMS Subject Classifications: 35K70, 35J10, 35K20, 32A37, 35B65.
Key words and phrases: Harnack inequality, equations with discontinuous coefficients.
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Let us point out that A0(z)=(aij(z))i,j=1,...,m0 is an m0 ×m0 matrix, sym-
metric and positive definite, aij are not constant coefficients as in [28], but
they could be discontinuous functions, precisely we setaij bounded functions,
∀i, j=1, . . . ,m0.
We consider every Bj an mj−1 × mj block matrix with rank mj , for

j = 1, 2, ..., r, m0 ≥ m1 ≥ · · · ≥ mr ≥ 1 and m0 +m1 + · · ·+mr = n.
Applications to stochastic theory and to the theory of diffusion processes

justify our interest in these operators. For example, the linear Fokker-Planck
equation considered in [12] is

∂f

∂t
+ v · ∇xf −∇V (x) · ∇vf = ∇v · (∇vf + fv),

V is a smooth potential and the variables (x, v, t) belong to Rm×R
m×R. The

equation can be written as the above Kolmogorov operator (2.3) assigning:

A =

(
Im 0
0 0

)
, B =

(
0 Im
0 0

)
,

where Im is the identity m ×m matrix while the dimension of the space is
n = 2m.
We mention the papers [26], [24], [22], [5], [23], [27] and [35] where results

are obtained in regard to L0.
In the present note one of the main results consists of a Harnack inequality

invariant for positive solutions of

Lu+ V u = 0.

This problem has been considered by many authors and for a lot of L0
operators. In 1965 Stampacchia in [33] considers L0 uniformly elliptic, shows
that if V ∈ Lp

loc, p > n/2, the solutions of the Schrödinger equation are
Hölder continuous and displays a uniform Harnack inequality. This is the
best possible condition in the Lp spaces, in [20] the authors prove that the

above result cannot be extended to the space L
n/2
loc . In 1982 Aizeman and

Simon in [1] improve Stampacchia’s result because they show a Harnack
inequality in the case where L0 is the Laplace operator and V belongs to the
Stummel-Kato class of locally summable functions such that

sup
x∈Rn

∫
|x−y|<r

|V (y)|
|x− y|n−2dy → 0 as r → 0. (1.4)

Afterwards this result, based on probabilistic techniques, was simplified and
extended to uniformly elliptic operators with discontinuous coefficients by
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Chiarenza, Fabes and Garofalo in [9] using analytic techniques. Similar re-
sults are later obtained by Hinz and Kalf [16] and Simader [32]. Techniques
and results contained in [9] are generalized in different directions : Gutier-
rez in [15] studied degenerate elliptic operators with degeneration of weight
type. Dal Maso and Mosco in [11] considered a class of relaxed Dirich-
let problems having solutions that can be characterized as limits of classic
Dirichlet problems and a Borel measure μ stands in for V.
More recently the regularity problem of solutions of

Lu+ V u = 0

has been considered for a class of uniformly parabolic operators; in 1994 by
Sturm in [34], which provided operators having coefficients of the second or-
der derivatives that are continuous; in 1995 by Zhang [36], which considered
measurable coefficients. In both papers [34] and [36] the parabolic Stummel-
Kato class is individualized by the fundamental solution of the heat equation
Γ0, as follows:

sup
(x,t)∈Rn+1

∫
(y,s)∈Ω, t−r2<s<t

Γ0(x, t; y, s)|V (y, s)|dyds → 0

sup
(y,s)∈Rn+1

∫
(x,t)∈Ω, s<t<s+r2

Γ0(x, t; y, s)|V (x, t)|dxdt → 0

as r → 0. (1.5)

Citti, Garofalo and Lanconelli in 1993 in the note [7] studied the signifi-
cant category of operators considereded by Hörmander in his celebrated note
[17] :

L0 ≡
m∑
j=1

X2
j , (1.6)

where X0, ..., Xm are smooth linear vector fields that satisfy the so called
Hörmander’s condition on the rank of the Lie algebra. Later these operators
were subject-matter of a systematic study to prove the principal properties
of operators of the type (1.6) : existence and local estimates of a fundamental
solution, by Folland in [14], then by Rothschild and Stein in [29] in a general
case. We also recall the study made by Jerison and Sánchez-Calle in [18]
and the existence of a control distance by Nagel, Stein and Wainger in [25].
The regularity problem for solutions of Schrödinger equation

Lu+ V u = 0



4 Maria Alessandra Ragusa

has been studied by Citti, Garofalo and Lanconelli in [7], the function V
belongs in the Stummel-Kato class defined as in (1.4), by using the funda-
mental solution Γ0 of the operator L defined in (1.6):

sup
x∈Ω

∫
Ωr(x)

Γ0(x; y)|V (y)|dy → 0 as r → 0, (1.7)

where Ωr(x) =
{
y ∈ Ω : Γ0(x, y) > 1/r

}
, for every bounded open set

Ω ⊂ R
n. The paper by Citti, Garofalo and Lanconelli has been generalized

in some directions, by Lu in [21] who studied the same type of operators
with a degeneration of A2 weight; Biroli in [2] and [3] considered the same
problem for the following nonlinear subelliptic p-Laplace operators

m∑
j=1

X∗
j

(|Xu|p−2Xju
)
+ V |u|p−2u = 0, (1.8)

where the fields Xj verify the Hörmander condition. These two papers by
Biroli are a part of a study of operators (1.8) that has been developed by
Capogna, Danielli and Garofalo in [6]. We observe that if p = 2, equation
(1.8) is the same of (1.6) and the definition employed in the nonlinear study
in [6] is equivalent to (1.7).
In order to introduce the following definition of Stummel-Kato class we

recall that we know the fundamental solution Γ0 of:

L0 ≡ div (A(z0)Du) + 〈x,BDu〉 − ∂tu. (1.9)

In the sequel we highlight the fact that the fundamental solution Γ0 is related
to the constant coefficient operator L0,

Definition 1.1. Let Ω ⊂ R
n+1 be an open subset and V a function in L1(Ω).

Let us set

ηV (h) = sup
(x,t)∈Ω

∫
(y,s)∈Ω, t−h2<s<t

Γ0(x, t; y, s)|V (y, s)|dyds,

η∗V (h) = sup
(y,s)∈Ω

∫
(x,t)∈Ω, s<t<s+h2

Γ0(x, t; y, s)|V (x, t)|dxdt.
(1.10)

The function V belongs to SK(Ω) related to L0 if

lim
h→0

ηV (h) = 0, lim
h→0

η∗V (h) = 0. (1.11)

This definition, established in [28], is a conjunction and an extension of
that contained in [34] and in [36]. In fact, if A = In and B = 0, the
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operator (2.3) brings back the heat operator and the Stummel-Kato class
defined by (1.10) is the parabolic one defined by (1.5).
The aim of this paper is to prove continuity and a uniform Harnack in-

equality for non negative solutions of Lu + V u = 0 (Proposition 2.3 and
Theorem 2.5). Moreover, we demonstrate the existence of a Green function
for the operator L + V (Theorem 2.4) for a suitable class of cylindrical do-
mains introduced by Montanari in [24], where the Cauchy-Dirichlet problem
for classical solutions of Lu = 0 is studied.
Let us describe the paper in outline. Section 2 is devoted to recalling

known results concerning the Kolmogorov operator, we state the main results
and give the definition of Stummel-Kato class. In Section 3, we consider the
Green function for L and build a Green function for the operator L + V.
In Section 4, we produce the proof of the interior regularity results and a
uniqueness result for the Cauchy-Dirichlet problem, making in both cases
the additional assumption that the solution u is bounded. In Section 5 a
density argument permit us to remove the extra condition of boundedness
on u from the uniqueness result, then we use this outcome to remove the
additional assumption from the regularity theorem .

2. Basic knowledges and main theorems

We begin by introducing some notations that will be used throughout this
work. Let us consider

L+ V, (2.1)

defined in a bounded open set Ω of Rn+1, being L the Kolmogorov operator
above mentioned and V belongs to the Stummel-Kato class defined in (1.10)
and (1.11). We define a function u as a weak solution of Lu+ V u = 0 if

(1) for suitable p > 1 : u, ∂1u, ..., ∂m0u ∈ Lp
loc(Ω),

(2) V u ∈ L1loc(Ω),
(3) − ∫

Ω〈A(z)Du(z), Dϕ(z)〉dz + ∫
Ω(uY

∗ϕ)(z)dz +
∫
Ω(uV ϕ)(z)dz = 0,

for every ϕ ∈ C∞
0 (Ω)

where Y = 〈x,BD〉 − ∂t.
Due to the fact that the trace of the matrix B is zero, we have Y ∗ = −Y.
Let us recall some useful issues about the Kolmogorov operator L, at first

we note that L is invariant with respect to a homogeneous Lie group, that
we can explicitly write: the product of the group is defined by (x, t) · (ξ, τ) =
(ξ + E(τ)x, t+ τ) and the dilations are

(D(λ), λ2)
λ>0

, being

E(t) = exp(−tBT ), D(λ) = diag
(
λIm0 , λ

3Im1 , . . . , λ
2r+1Imr

)
(2.2)
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and B is the matrix introduced in (1.3). We assume N = m0 + 3m1 + · · ·+
(2r + 1)mr + 2 the homogeneous dimension of the group. In the sequel we
set N > p2, where p is later defined (see (2.4)).
In this direction we bring up a norm, homogeneous with respect to the

dilations of the Lie group, and a distance that is equivalent to the control
distance of the Lie group (see [25]).

Definition 2.1. Let α1, . . . , αn be the positive integers such that

D(λ) = diag
(
λα1 , . . . , λαn

)
.

If z = 0 we set ‖z‖ = 0 whereas in the case z ∈ R
n+1 \{0} we define ‖z‖ = 	

being 	 the unique positive solution to the equation

x21
	2α1

+
x22
	2α2

+ · · ·+ x2n
	2αn

+
t2

	4
= 1.

Now, let us connect the norm with the distance : d(z, w) = ‖w−1 · z‖, and
consider Br(z) the d-ball centered at z with radius r.
We have meas

(
Br(z)

)
= rN meas

(
B1(0)

)
, where N is the homogeneous

dimension of the group.

Let us define the Morrey spaces Lp,λ(Ω) useful in the sequel.

Definition 2.2. Let Ω be an open subset of Rn+1, 1 ≤ p < ∞ and
0 ≤ λ ≤ N . We say that a function f ∈ Lp

loc(Ω) belongs to the Morrey

space Lp,λ(Ω) if ‖f‖Lp,λ(Ω) < ∞, where

‖f‖Lp,λ(Ω) =
(

sup
r>0,z∈Ω

1

rλ

∫
Ω∩Br(z)

|f(w)|pdw
) 1

p
.

We recall that L1,λ(Ω) ⊆ SK(Ω), for every λ ∈]N−2, N [, as in the elliptic
case (see [28]).
Now we recall the explicit expression of the fundamental solution Γ and

some results about it. As in Proposition 2.6 in [23], let us set for every
z0 ∈ R

n+1 and for every t > 0 the following n× n symmetric matrix

C(z0, t) =

∫ t

0
E(s)A(z0)E

T (s)ds.

Because of the hypothesis on A and B, we can consider C strictly positive
for every t > 0. The fundamental solution of

L0 ≡ div (A(z0)Du) + 〈x,BDu〉 − ∂tu (2.3)
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with pole at zero is

Γ(z0;x, t) =
1√

(4π)ntN−2 detC(z0, t)
exp

(− 1

4
〈C−1(z0, t)x, x〉

)
if t > 0, Γ0(z0;x, t) = 0 if t ≤ 0.
The fundamental solution of L0 with pole ζ = (y, τ) ∈ R

n+1 is

Γ(z0; ζ
−1 · z).

As in the paper by Bramanti, Cerutti and Manfredini [5] (thm.2.2 pg.343), or
also the study made by Bramanti and Cerutti [4] (see pg.1739), fixed a point
z0, let us denote Γ(z0, ·) = Γ0(·). We have that

(D(λ), λ2)-homogeneous of
degree N − 2. Also, let us denote Γj(z0, ·) = ∂xjΓ(z0; ·), for j = 1,. . .,m0,
we observe that the first order derivatives ∂xjΓ(z0; ·), for j = 1, ...m0, are(D(λ), λ2)-homogeneous of degree N − 1. Moreover, we have that Γ(z0; ·) ∈
Lq(Rn × I) for any q ∈ [1, N

N−2 [ and ∂xjΓ(z0; ·) ∈ Lp
′
(Rn × I) for p

′ ∈
[1, N

N−1 [, ∀j = 1, ...,m0, and every bounded interval I ⊂ R. We define p,

N < p < 2N, as the conjugate exponent of p′, that is

p =
p′

p′ − 1
. (2.4)

We exploit the fact that Γ(z0, ·) is the fundamental solution of the adjoint
operator L∗

0 = div(A(z0)D) − Y ∗. Furthermore, we recall the following re-
sults contained in [23]:

there exists a constant C̃ > 0 : ∀z0, z1, z2, ζ ∈ R
n+1, with d(z1, ζ) ≥

2d(z1, z2), we have

|Γ(z0; ζ−1 · z1)− Γ0(z0; ζ
−1 · z2)| ≤C̃

d(z1, z2)

d(z1, ζ)N−1 ,

|∂xjΓ(z0; ζ
−1 · z1)− ∂xjΓ(z0; ζ

−1 · z2)| ≤ C̃
d(z1, z2)

d(z1, ζ)N
,

(2.5)

for j = 1, ...,m0.
Let us declare the most important findings of this article.

Proposition 2.3. Suppose Ω a bounded open set of Rn+1, u a weak solution
of Lu = 0 in Ω and V ∈ SK(Ω). Then u is continuous and there exists a
constant C > 0 such that

|u(z)− u(z0)| ≤
(
Cd(z, z0)

1/2 + 2ηV (5δ(z, z0)
1/2)

)
sup

B4r(z0)
|u|
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for every z0 ∈ Ω, r ∈ (0, 12) : B4r(z0) ⊂ Ω and for every z ∈ Br2(z0).

Moreover if V ∈ L1,λ(Ω, L0) for λ ∈ (N − 2, N),

|u(z)− u(z0)| ≤ C sup
B4r(z0)

|u| · ‖V ‖L1,λ(Ω)d(z, z0)
α,

holds, being α = min
{
1
2 ,

λ−N+2
2

}
.

We stress that Proposition 2.3 is at first proved under the additional
condition that u is bounded (Theorem 3.1), then the assumption is removed
in the last section.
The next result concerns the Cauchy-Dirichlet problem and requires the

following notations of cylindrical open sets introduced by Montanari in [24].
In the last mentioned note the Cauchy-Dirichlet problem related to the op-
erator L has a unique solution that obtains the boundary data by continuity.
Let (ξ, τ) be a point of Rn+1 and let R, h > 0 be fixed constants. For every
X ∈ R

n we denote by |X| the euclidean norm of X and we set

QR(ξ, τ, h) =
{
(x, t) ∈ R

n+1 : τ < t < τ + h;
∣∣∣D( 1

R

)
(E(−t)x− E(−τ)ξ)

∣∣∣ < 1
}
,

SR(ξ, τ) =
{
(x, t) ∈ R

n+1 : t = τ ;
∣∣∣D( 1

R

)
E(−τ)(x− ξ)

∣∣∣ < 1
}
,

SR(ξ, τ, h) =
{
(x, t) ∈ R

n+1 : t = τ + h;
∣∣∣D( 1

R

)
(E(−t)x− E(−τ)ξ)

∣∣∣ < 1
}
,

MR(ξ, τ, h) =
{
(x, t) ∈ R

n+1 : τ < t < τ + h;
∣∣∣D( 1

R

)
(E(−t)x− E(−τ)ξ)

∣∣∣ = 1
}
,

that are respectively, the open set, its basis, its section at the height t = τ+h
and its lateral boundary.
The case of classic parabolic operators is here included because, assuming

A = In and B = 0, we have E(t) = In,D(λ) = λIn and then the open set
QR(ξ, τ, h) is the cylinder SR(ξ, τ)×]τ, τ + h[, whose basis is the euclidean
ball of Rn centered at ξ with radius R. Moreover we set

Q∗
R(ξ, τ, h) = QR(E(−h)ξ, τ − h, h) (2.6)

the cylindrical set whose upper basis is the disk SR(ξ, τ).We define u solution
of the Cauchy-Dirichlet problem⎧⎨⎩

Lu = 0 in QR(ξ, τ, h)
u = 0 in MR(ξ, τ, h)
u = f in SR(ξ, τ)

(2.7)

with f ∈ C0(SR(ξ, τ)), if

(1) u is a weak solution of Lu = 0 in QR(ξ, τ, h),
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(2) lim
(x,t)→(y,s)

(x,t)∈QR(ξ,τ,h)

u(x, t) = 0, ∀ (y, s) ∈ MR(ξ, τ, h),

(3) lim
(x,t)→(y,τ)

(x,t)∈QR(ξ,τ,h)

u(x, t) = f(y, τ), ∀ (y, τ) ∈ SR(ξ, τ).

We say that G is Green function for QR if, ∀ f ∈ C0(SR), the function

u(x, t) =

∫
SR

G(x, t; ξ, τ)f(ξ)dξ

is solution of the Cauchy-Dirichlet problem in (2.7).
The next theorem shows that continuity up to the boundary is a good

condition for ensuring that the Cauchy-Dirichlet problem (2.7) is well posed.

Theorem 2.4. (see [28], Theorem 2.6) If V ∈ SK(QR(ξ, τ, h)), then there
exists a Green function G which refers to (2.7) that belongs to the space
Lp(QR(ξ,τ,h)) for every p ∈ [1, N

N−2) and there exist two positive constants
cp, c

∗
p, dependent only on V , such that

‖G(·;w)‖Lp(QR(ξ,τ,h))
≤ cp, ‖G(z; ·)‖Lp(QR(ξ,τ,h))

≤ c∗p.

Besides this, ∀p ∈ [1, N
N−1) there exist two positive constants c̃p, c̃

∗
p, which

depend only on V , such that ∂G
∂xj

, ∂G
∂yj

∈ Lp(QR(ξ, τ, h)), for j = 1, ...,m0,

and ∥∥∥ ∂G
∂xj

(·;w)
∥∥∥
Lp(QR(ξ,τ,h))

≤ c̃p,
∥∥∥ ∂G
∂yj

(z; ·)
∥∥∥
Lp(QR(ξ,τ,h))

≤ c̃∗p.

Moreover, the solution of the problem (2.7) is unique.

For convenience we will use the notations below. Let us consider the
cylinder QR(ξ, τ, R

2) and, for every α, β, γ, δ ∈ (0, 1) : α < β < γ, we may
assume

Q− =
{
(x, t) ∈ QδR(ξ, τ, R

2) : τ + αR2 ≤ t ≤ τ + βR2
}
,

Q+ =
{
(x, t) ∈ QδR(ξ, τ, R

2) : τ + γR2 ≤ t
}
.

Theorem 2.5. (Harnack). Let u ≥ 0 be a weak solution of Lu = 0 in
QR(ξ, τ, R

2) and V ∈ SK(QR(ξ, τ, R
2)). Then there exists M > 0, depen-

dent on V and on the constants α, β, γ, δ, such that

max
Q−

u ≤ M min
Q+

u.
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We give a definition of the Stummel-Kato class in terms of cylindrical sets
QR and Q∗

R. Because of the homogeneity of Γ0, for some open subset Ω of
R
n+1, a natural definition may be thus obtained:

η̃V (h) = sup
(x,t)∈Ω

∫
Ω∩Qh(x,t,h2)

Γ0(x, t; y, s)|V (y, s)|dyds,

η̃∗V (h) = sup
(y,s)∈Ω

∫
Ω∩Q∗h(y,s,h2)

Γ0(x, t; y, s)|V (x, t)|dxdt.
(2.8)

We can easily prove that

lim
h→0

ηV (h) = 0 ⇔ lim
h→0

η̃V (h) = 0

lim
h→0

η∗V (h) = 0 ⇔ lim
h→0

η̃∗V (h) = 0,

that is η̃V and η̃∗V define the same class as ηV and η∗V .
The next result concerns the existence of a Green function G0 for L+ V ;

useful to construct the Green function G of the operator L, following the
method used in [28].

Proposition 2.6. (see [24]). For every (ξ, τ) ∈ R
n+1, R > 0, h > 0, there

exists a Green function G0 related to the operator L0 and to the open set
QR(ξ, τ, h). Moreover, for every δ, γ ∈ (0, 1), ∃ ε = ε(δ, γ, h) > 0 such that

G0(x, t; y, τ) ≥ ε

meas(SR(ξ, τ))

for every y ∈ SδR(ξ, τ) and for every (x, t) ∈ QδR(ξ, τ, h), where t ≥ τ + γh.

The function G0 defined in [24] is such that

G0(x, t; y, s) ≤ Γ0(x, t; y, s),

as a consequence ε < δ 2−N , since

1 =

∫
Rn

Γ0(x, t; y, τ)dy >

∫
SδR(ξ,τ)

G0(x, t; y, τ)dy ≥ ε · δN−2.

We can build the Green function G using the parametrix method and then
we have to work out the equation

G(z;w) = G0(z;w) +

∫
QR

G0(z; η)V (η)Φ(η;w)dη,
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being the unidentified function Φ a solution of

Φ(z; ζ) = G0(z; ζ) +

∫
QR

G0(z; η)V (η)Φ(z̃; η; ζ)dη.

The successive approximation method brings us to the expression of G :

G(z;w) = G0(z;w) +

∞∑
k=1

Jk(z;w), (2.9)

where

J1(z;w) =

∫
QR(ξ,τ,h)

G0(z; η)V (η)G0(η;w)dη

Jk+1(z;w) =

∫
QR(ξ,τ,h)

G0(z; η)V (η)Jk(η;w)dη.

(2.10)

We can verify that the above integrals Jk are well defined, next we prove
that the series (2.9) is convergent in Lp and that G is a Green function for
L+ V .

Proposition 2.7. The above functions Jk belong to Lp(QR(ξ, τ, h)) for every
p ∈ [1, N

N−2) and there exist two positive constants cp, c
∗
p such that, for every

w, z ∈ QR(ξ, τ, h) we have

‖Jk(z; ·)‖Lp(QR(ξ,τ,h)) ≤ cp ηkV (h),

‖Jk(·;w)‖Lp(QR(ξ,τ,h)) ≤ c∗p ηkV (h).
(2.11)

Furthermore Jk(x, t; y, s) = 0 for every t ≤ s, we can also write Jk+1 as

Jk+1(z;w) =

∫
QR(ξ,τ,h)

Jk(z; η)V (η)G0(η; ξ)dη. (2.12)

Proof. Let us set Ṽ (η) = |V (η)| and J̃k defined though the relations (2.10)

replacing V with Ṽ . We observe that formula (2.12) for J̃k is an immediate
consequence of the classic reduction theorems. The estimates (2.11) are
demonstrated remarking that G0(z, η) ≤ Γ0(z, η), it implies∫

QR(ξ,τ,h)
G0(z; η)|V (η)|dη ≤ ηV (h). (2.13)

As in [28] by induction is possible to prove that the functions

sk = sup
z∈QR(ξ,τ,h)

∫
QR(ξ,τ,h)̃

Jk(z; η)|V (η)|dη,
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s∗k = sup
η∈QR(ξ,τ,h)

∫
QR(ξ,τ,h)

|V (z)|J̃k(z; η)dz

are such that

sk ≤ ηV (h)
k+1, s∗k ≤ η∗V (h)

k+1 (2.14)

for every k ∈ N. Moreover the following inequality |Jk(z;w)| ≤ J̃k(z;w), for
every z, w ∈ QR(ξ, τ, h), completes the proof.
Using Proposition 2.7 the following result can be proved.

Proposition 2.8. Let h > 0 is such that ηV (h) < 1 and η∗V (h) < 1, then

i) for every p ∈ [1, N
N−2) the series

G(z; ζ) = G0(z; ζ) +

∞∑
k=1

Jk(z; ζ).

is convergent in Lp(QR(ξ, τ, h)) and there exist two positive constants
cp, c

∗
p, that depend only on p, such that

‖G(z; ·)‖Lp(QR(ξ,τ,h))≤cp

∞∑
k=1

ηV (h)
k; ‖G(·;w)‖Lp(QR(ξ,τ,h))≤c∗p

∞∑
k=1

η∗V (h)
k

ii) G(x, t; y, s) = 0 for t ≤ s;
iii) for every p ∈ [1, N

N−1) and for every j = 1, ...,m0,
∂G
∂xj

and ∂G
∂yj

are

in Lp(QR(ξ, τ, h)) and there exist cp, c
∗
p > 0 such that∥∥∥ ∂G

∂xj
(·;w)

∥∥∥
Lp(QR(ξ,τ,h))

≤cp

∞∑
k=1

ηV (h)
k,

∥∥∥ ∂G
∂yj

(·;w)
∥∥∥
Lp(QR(ξ,τ,h))

≤c∗p
∞∑
k=1

η∗V (h)
k,

for j = 1, ...,m0;
iv) for every (x, t) ∈ QR(ξ, τ, h),∫

SR(ξ,τ)
|G(x, t; y, τ)|dy≤

∞∑
k=1

ηV (h)
k;

∫
SR(ξ,τ,h)

|G(y, τ + h;x, t)|dy≤
∞∑
k=1

η∗V (h)
k;

v) for every z ∈ QR(ξ, τ, h), we have∫
QR(ξ,τ,h)

|G(z;w)V (w)| dw≤
∞∑
k=1

ηV (h)
k,

∫
QR(ξ,τ,h)

|V (ζ)G(ζ; z)| dζ≤
∞∑
k=1

η∗V (h)
k.

As in [28] we can prove that the function G defined in (2.9) is the solu-
tion, in the distribution sense, of LG(z; ζ) = −δζ , L

∗G(z; ζ) = −δz, that



Schrödinger equations with discontinuous coefficients 13

is G, ∂xjG ∈ Lp(QR(ξ, τ, h)), for opportune p > 1 and for j = 1, ...,m0,

G V ∈ L1(QR(ξ, τ, h)) and, for every ϕ ∈ C∞
0 (QR(ξ, τ, h)), satisfies∫

QR(ξ,τ,h)
(〈ADzG(z; ζ), Dϕ(z)〉 −G(z; ζ)Y ∗ϕ(z)−G(z; ζ)V (z)ϕ(z))dz=ϕ(ζ)∫

QR(ξ,τ,h)
(〈ADζG(z; ζ), Dϕ(ζ)〉 −G(z; ζ)Y ϕ(ζ)−G(z; ζ)V (ζ)ϕ(ζ))dζ=ϕ(z).

Theorem 2.9. The function G defined in (2.9) is a Green function for the
problem (2.7).

Moreover, if g ∈ C0(S(ξ, τ, h)), the function

v(y, s) =

∫
S(ξ,τ,h)

G(x, t+ h; y, s)g(x, t+ h)dx

is a solution of the problem⎧⎨⎩
L∗v = 0 in QR(ξ, τ, h)
v = 0 in MR(ξ, τ, h)
v = g in SR(ξ, τ, h).

(2.15)

In the next property, applying the method used in Lemma 5.1 by [36], the
extension of the result contained in Proposition 2.6 from G0 to G, is proved.

Proposition 2.10. Suppose G the Green function related to the operator
L + V and to the open set QR(ξ, τ, R

2). Then, for every δ, γ ∈ (0, 1), there
exist ε = ε(δ, γ) > 0 and R0 = R0(δ, γ, V ) > 0 such that

G(x, t; y, τ) ≥ ε

2 meas(SR(ξ, τ))

for every y ∈ SδR(ξ, τ) and for every (x, t) ∈ QδR(ξ, τ, R
2), where t ≥ τ+γR2

and R ∈ (0, R0].

3. Proofs of the results

To prove regularity results of the solution of Lu + V u = 0 we take into
account the results contained in [23].

Theorem 3.1. If Ω is a open bounded subset of Rn+1 and u is a bounded
solution of Lu = 0 in Ω, then u is continuous and such that

|u(z)− u(z0)| ≤ Cd(z, z0)
1/2 + 2ηV (5d(z, z0)

1/2) sup
B4r(z0)

|u|

for every z0 ∈ Ω, r ∈ (0, 12) : B4r(z0) ⊂ Ω, ∀ z ∈ Br2(z0), where C is a
constant dependent on L0 and supB4r(z0) |u|.
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Moreover, if V ∈ L1,λ(Ω, L0), with λ ∈ (N − 2, N), then

|u(z)− u(z0)| ≤ C‖V ‖L1,λ(Ω,L0)d(z, z0)
α,

where α = min
{
1
2 ,

λ−N+2
2

}
.

Proof of Theorem 3.1. Let us fix z0 ∈ Ω, r ∈ (0, 12) such that B4r(z0) ⊂ Ω,

z ∈ Br2(z0), 	 = 2
√

d(z, z0) and assume ϕ ∈ C∞
0 (B2
(z0)) a function such

that ϕ ≡ 1 in B
(z0), |∂xjϕ| ≤ c



(
2N−p

2p )
, |∂2xixj

ϕ| ≤ c



(
2N−p

2p +1)
, for i, j =

1, ...,m0 and |Y ϕ| ≤ c

2

for a suitable positive constant c, dependent only

on the operator L. Since 	 = 2
√
d(z, z0) ≤ 2

√
r2 = 2r it follows B2
(z0) ⊂

B4r(z0) ⊂ Ω. It implies that ϕu is defined on B2
(z0) and such that

L(ϕu) = uLϕ+ 2〈A(z)Du,Dϕ〉 − ϕV u =

= u[ div(A(z)Dϕ) + 〈x,BDϕ〉 − ∂tϕ] + 2〈A(z)Du,Dϕ〉 − ϕV u =

= u div(A(z)Dϕ) + 2 〈A(z)Du,Dϕ 〉 − uY ∗ϕ − ϕV u =

= div(A(z)uDϕ) + 〈A(z)Du,Dϕ〉 − uY ∗ϕ− ϕV u = div(S) + s.

As in Chiarenza [8] (formula (2.5), or in the paper by Di Fazio [10] (formula
(3.7)), for every z ∈ B
(z0), the representation formula is:

(ϕu)(z) =−
m0∑

h,k=1

∫
Rn+1

Γh(z0; ζ
−1·z){[ahk(z0)−ahk(ζ)]∂k(ϕu)(ζ)−Sh(ζ)}dζ−

−
∫
Rn+1

Γ(z0; ζ
−1 · z)s(ζ)dζ,

where Γh is the h-component of the function
∂Γ
ζh
, equivalently:

(ϕu)(z)=

m0∑
h,k=1

∫
Rn+1

Γh(z0; ζ
−1·z){[ahk(z0)−ahk(ζ)]∂k(ϕu)(ζ)−ahk(ζ)u(ζ) ∂hϕ(ζ)}dζ−

−
∫
Rn+1

Γ(z0; ζ
−1·z)(ahk(ζ)∂hu(ζ)∂hϕ(ζ)−(uY ∗ϕ)(ζ))dζ }+

∫
Rn+1

Γ(z0, ζ
−1·z)V (ζ)u(ζ)ϕ(ζ)dζ=

= I1(z) + I2(z) + I3(z).

The difference is then
(ϕu)(z)− (ϕu)(z0) =

=

m0∑
h,k=1

{
∫
Rn+1

Γh(z0; ζ
−1 · z){[ahk(z0)− ahk(ζ)]∂k(ϕu)(ζ)−ahk(ζ)u(ζ) ∂hϕ(ζ)}dζ−
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−
∫
Rn+1

Γ(z0; ζ
−1·z)(ahk(ζ)∂hu(ζ)∂hϕ(ζ)−(uY ∗ϕ)(ζ))dζ }+

∫
Rn+1

Γ(z0, ζ
−1·z)V (ζ)u(ζ)ϕ(ζ)dζ−

−
m0∑

h,k=1

{
∫
Rn+1

Γh(z0; ζ
−1 · z0){[ahk(z0)− ahk(ζ)]∂k(ϕu)(ζ)−ahk(ζ)u(ζ) ∂hϕ(ζ)}dζ−

−
∫
Rn+1

Γ(z0; ζ
−1·z0)(ahk(ζ)∂hu(ζ)∂hϕ(ζ)−(uY ∗ϕ)(ζ))dζ }+

∫
Rn+1

Γ0(z0, ζ
−1·z0)V (ζ)u(ζ)ϕ(ζ)dζ.

We proceed to consider the terms one by one. Let us now examine I1(z).

|I1(z)−I1(z0)|≤
m0∑

h,k=1

∫
Rn+1

|Γh(z0; ζ
−1·z)−Γh(z0; ζ

−1·z0)||ahk(z0)−ahk(ζ)||∂k(ϕu)(ζ)|dζ+

+

m0∑
h,k=1

∫
Rn+1

|Γh(z0; ζ
−1 · z)− Γh(z0, ζ

−1 · z0)||ahk(ζ)||u(ζ)||∂hϕ(ζ)|dζ ≤

≤ c
d(z, z0)

	N
‖A‖∞|B2
| 12

(∫
B2�\B�

|∂2k(ϕu)(ζ)|dζ
) 1

2

+ (3.1)

+‖A‖∞
∫
B�

(|Γh(z0; ζ
−1·z)|+|Γh(z0; ζ

−1·z0)|
) |∂k(ϕu)(ζ)|dζ+ (3.2)

+c
d(z, z0)

	N
‖A‖∞ c

	
( 2N−p

2p
)
|B2
| sup

B2�

|u| ≤ (3.3)

≤ c
d(z, z0)

	N
‖A‖∞	

N
2 · J1+ (3.4)

+‖A‖∞ ·
(∫

B�

|Γh(z0; ζ
−1·z)|p′dζ

) 1
p′

·
(∫

B�

|∂k(ϕu)(ζ)|pdζ
) 1

p′

+ (3.5)

+‖A‖∞ ·
(∫

B�

|Γh(z0; ζ
−1·z0)|p′dζ

) 1
p′

·
(∫

B�

|∂k(ϕu)(ζ)|pdζ
) 1

p

+ (3.6)

+c
d(z, z0)

	N
‖A‖∞ c

	
( 2N−p

2p
)
	N · sup

B2�

|u| ≤ (3.7)

≤ c
d(z, z0)

	
N
2

· J1 + cJp + cJp + c
d(z, z0)

	
( 2N−p

2p
)
· sup
B2�

|u|, (3.8)

where
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J1 =

(∫
B2�(z0)

∂h(ϕu)(ζ)∂h(ϕu)(ζ)dζ

) 1
2

(3.9)

and

Jp =

(∫
B2�(z0)

|∂h(ϕu)(ζ)|pdζ
) 1

p

. (3.10)

We prove that
J1 ≤ c d(z, z0)

α · sup
B2�

|u|, (3.11)

and
Jp ≤ c d(z, z0)

α · sup
B2�

|u|, (3.12)

We observe that in the sequel the letter c will be used to denote various
constants which does not depend on the functions.
Let us examine the term J1, we have

J1=

(∫
B2�(z0)

(u(ζ)∂hϕ(ζ) + ϕ(ζ)∂hu(ζ)) (u(ζ)∂hϕ(ζ) + ϕ(ζ)∂hu(ζ))dζ

) 1
2

≤

≤ c

(∫
B2�(z0)
(u(ζ)(∂hϕ)(ζ)) (u(ζ)(∂hϕ)(ζ)) +

∫
B2�(z0)
(ϕ(ζ)∂hu(ζ)) (ϕ(ζ)∂hu(ζ))dζ

) 1
2

≤

≤ c

(∫
B2�(z0)

u2(ζ) · c

	2
dζ+

∫
B2�(z0)

(ϕ(ζ)∂hu(ζ)) (ϕ(ζ)∂hu(ζ))dζ

) 1
2

≤

≤ c

	
|B2
(z0)| 12 sup

B2�(z0)
|u| + J̃1,

J̃1 =
(∫

B2�(z0)
(ϕ(ζ)∂hu(ζ)) (ϕ(ζ)∂hu(ζ))dζ

) 1
2
= (3.13)

=
{∫

B2�(z0)
(∂h(uϕ)(ζ)) (∂h(uϕ)(ζ))dζ −

∫
B2�(z0)

(u(ζ)∂hϕ(ζ)) (u(ζ)∂hϕ(ζ))dζ−

−2
∫
B2�(z0)

(∂hu)(ζ)ϕ(ζ)u(ζ)(∂hϕ)(ζ) dζ
} 1

2 ≤

≤
{[1
2

∫
B2�(z0)
(∂hu(ζ)ϕ(ζ)) (∂hu(ζ)ϕ(ζ))dζ+

1

2

∫
B2�(z0)
(u(ζ)∂hϕ(ζ)) (u(ζ)∂hϕ(ζ))dζ

]
−
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−
∫
B2�(z0)

(u(ζ)∂hϕ(ζ)) (u(ζ)∂hϕ(ζ))dζ+2
(∫

B2�(z0)
(∂hu(ζ)ϕ(ζ)) (∂hu(ζ)ϕ(ζ))dζ

) 1
2 ·

·
(∫

B2�(z0)
(u(ζ)∂hϕ(ζ)) (u(ζ)∂hϕ(ζ))dζ

) 1
2
} 1

2 ≤

≤ 1

2

∫
B2�(z0)
(∂hu(ζ)ϕ(ζ)) (∂hu(ζ)ϕ(ζ))dζ+

1

2

∫
B2�(z0)
(u(ζ)∂hϕ(ζ)) (u(ζ)∂hϕ(ζ))dζ−

−
∫
B2�(z0)

(u(ζ)∂hϕ(ζ)) (u(ζ)∂hϕ(ζ))dζ+

+
1

4

∫
B2�(z0)

(∂hu(ζ)ϕ(ζ)) (∂hu(ζ)ϕ(ζ))dζ+16

∫
B2�(z0)
(u(ζ)∂hϕ(ζ)) (u(ζ)∂hϕ(ζ))dζ

} 1
2≤

≤
(1
2
+
1

4

)∫
B2�(z0)
(∂hu(ζ)ϕ(ζ)) (∂hu(ζ)ϕ(ζ))dζ+

31

2

∫
B2�(z0)
(u(ζ)∂hϕ(ζ) (u(ζ)∂hϕ(ζ))dζ

} 1
2≤

≤
(
3

4

) 1
2(∫

B2�(z0)
(∂hu(ζ)ϕ(ζ)) (∂hu(ζ)ϕ(ζ))dζ

) 1
2
+
c

	
·
(
31

2

)1
2(∫

B2�(z0)
u2(ζ)dζ

) 1
2≡(α̃)+(β̃).

Then subtracting the term (α̃) in (3.13) we obtain

J̃1 − (α̃)=

=

(
1−

(
3

4

)1
2

)(∫
B2�(z0)

(∂hu(ζ)ϕ(ζ)) (∂hu(ζ)ϕ(ζ))dζ
) 1

2≤c

	
|B2
(z0)| 12 sup

B2�(z0)
|u|

note that
(
1− (

3
4

) 1
2

)
> 0, hence

J̃1=
(∫

B2�(z0)
(∂hu(ζ)ϕ(ζ)) (∂hu(ζ)ϕ(ζ))

) 1
2≤ c

	
|B2
(z0)| 12 sup

B2�(z0)
|u|.

Let us examine Jp :

Jp =

(∫
B2�(z0)

|∂h(ϕu)(ζ)|pdζ
) 1

p

=

(∫
B2�(z0)

|u∂hϕ(ζ) + ϕ(ζ)∂hu(ζ)|pdζ
) 1

p

≤
(3.14)

≤cp

[∫
B2�(z0)

|ϕ(ζ)∂hu(ζ)|pdζ+
∫
B2�(z0)

|u(ζ)∂hϕ(ζ)|pdζ
] 1

p

≤ cpJ̃p+
c

	
( 2N−p

2p
)
|B2
|

1
p sup

B2�

|u|,
(3.15)
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where

J̃p =

(∫
B2�(z0)

|ϕ(ζ)∂hu(ζ)|pdζ
) 1

p

. (3.16)

We point out that: [ϕ∂hu]
p =

=[∂h(ϕu)]p−[u ∂h(ϕ)]p−cp[ϕ∂hu]
p−1·[u ∂hϕ]−. . .−cp[ϕ∂hu]·[u ∂hϕ]p−1, (3.17)

then

J̃p ≤
{
εp ·

∫
B2�(z0)

|ϕ(ζ)∂hu(ζ)|pdζ + 1

εp

∫
B2�(z0)

|u(ζ)∂hϕ(ζ)|pdζ + (3.18)

+

∫
B2�(z0)

|u(ζ)∂hϕ(ζ)|pdζ + cp[
1

4p

∫
B2�(z0)

[ϕ(ζ) ∂hu(ζ)]
p−1· p

p−1dζ ]
(p−1)

p
· p
p−1+

(3.19)

+cp[4p

∫
B2�(z0)
[u(ζ) ∂hϕ(ζ)]

pdζ ]
1
p
· p
p−1 + cp[

1

4p

∫
B2�(z0)
[ϕ(ζ) ∂hu(ζ)]

p−2· p
p−2dζ ]

(p−2)
p

· p
p−2+

(3.20)

+cp[4p

∫
B2�(z0)
[u(ζ) ∂hϕ(ζ)]

2· p
2 dζ ]

2
p
· p
p−2 +cp[

1

4p

∫
B2�(z0)
[ϕ(ζ) ∂hu(ζ)]

p−3· p
p−3dζ ]

(p−3)
p

· p
p−3+

(3.21)

+ cp[ 4p

∫
B2�(z0)

[u(ζ) ∂hϕ(ζ)]
3 · p

3 dζ ]
3
p
· p
p− 3 +...+cp[

1

4p

∫
B2�(z0)

[ϕ(ζ) ∂hu(ζ) ]
pdζ ]+

(3.22)

+4p[

∫
B2�(z0)

[u(ζ) ∂hϕ(ζ)]
pdζ ]p−1

} 1
p

, (3.23)

then

J̃p
p − εp

∫
B2�(z0)

|ϕ(ζ)∂hu(ζ)|pdζ −p · cp · 1
4p

∫
B2�(z0)

|ϕ(ζ)∂hu(ζ)|pdζ ≤ (3.24)

≤ 1

εp

∫
B2�(z0)

|u(ζ)∂hϕ(ζ)|pdζ +
∫
B2�(z0)

|u(ζ)∂hϕ(ζ)|pdζ + (3.25)

+cp[4p

∫
B2�(z0)
[u(ζ) ∂hϕ(ζ)]

pdζ ]
1

p−1 + cp[4p

∫
B2�(z0)
[u(ζ) ∂hϕ(ζ)]

pdζ ]
2

p−2+ (3.26)
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+ . . .+ cp[4p

∫
B2�(z0)

[u(ζ) ∂hϕ(ζ)]
pdζ ]p−1; (3.27)

choosing a suitable εp, for instance εp < 1− cp
4 , we have

J̃p ≤ Cp

{
[

∫
B2�(z0)

[u(ζ) ∂hϕ(ζ)]
pdζ ] + 4p[

∫
B2�(z0)
[u(ζ) ∂hϕ(ζ)]

pdζ ]
1

p−1+ (3.28)

+4p[

∫
B2�(z0)
[u(ζ) ∂hϕ(ζ)]

pdζ ]
2

p−2 + . . .+ 4p[

∫
B2�(z0)

[u(ζ) ∂hϕ(ζ)]
pdζ ]p−1

} 1
p

=

(3.29)

= Cp

{(
c

	

)p

[

∫
B2�(z0)

up(ζ)dζ ] + 4p

(
c

	

) p
p−1

[

∫
B2�(z0)

up(ζ)dζ ]
1

p−1+ (3.30)

+4p

(
c

	

) 2p
p−2

[

∫
B2�(z0)
up(ζ)dζ ]

2
p−2 + . . .+ 4p

(
c

	

)p·(p−1)
[

∫
B2�(z0)

up(ζ)dζ ]p−1
} 1

p

=

(3.31)

= Cp

{
1

	p
( sup
B2�(z0)

|u|)p · |B2
|+ 4p

(
c

	
p

p−1

)
( sup
B2�(z0)

|u|) p
p−1 |B2
(z0)|

1
p−1+

(3.32)

+
4pc

	
2p
p−2

(sup
B2�(z0)

|u|) 2p
p−2 |B2
(z0)|

2
p−2 + . . .+

4pc

	p·(p−1)
(sup
B2�(z0)

|u|)p·(p−1)|B2
(z0)|(p−1)
} 1

p

≤
(3.33)

≤ c sup
B2�(z0)

|u|
{
	N−p + 	

N−p
p−1 + 	

2N−2p
p−2 + . . .+ 	(N−p)(p−1)

} 1
p
, (3.34)

the last inequality is true because, if the exponent of supB2�(z0)
|u| is more or

equals than 1, it is trivial. In the other case, if the exponent of supB2�(z0)
|u|
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less than 1, let us set, at first, supB2�(z0)
|u| > 1. Then,

( sup
B2�(z0)

|u|) s
p−s < sup

B2�(z0)

|u|,

where 1 ≤ s ≤ p− s. Otherwise, if supB2�(z0)
|u| < 1, then:

( sup
B2�(z0)

|u|) s
p−s = ( sup

B2�(z0)

|u|) · ( sup
B2�(z0)

|u|)( s
p−s

−1)
= ( sup

B2�(z0)

|u|) ·
(supB2�(z0)

|u|) s
p−s

(supB2�(z0)
|u|) ≤
(3.35)

≤ ( sup
B2�(z0)

|u|) · (supΩ|u|)
s

p−s

(hΩ)
= K sup

B2�(z0)

|u|, (3.36)

where hΩ ≤ |u| ≤ kΩ.
Then we can obtain

Jp ≤ c sup
B2�(z0)

|u| d(z, z0)α.

For the term I2 :
|I2(z)− I2(z0)| ≤

≤c

m0∑
h,k=1

∫
B2�(z0)\B�(z0)
|Γ(z0; ζ−1 · z)− Γ(z0; ζ

−1 · z0)||[ahk(ζ)∂hu(ζ)∂hϕ(ζ)− (uY ∗ϕ)(ζ)]|dζ≤

using (2.5) we have

≤ C̃

m0∑
h,k=1

∫
B2�(z0)\B�(z0)

d(z, z0)

d(z0, ξ)N−1[
1

2
|ahk(ζ)||∂2hu(ζ)|+

1

2
|ahk(ζ)||∂2hϕ(ζ)|]dζ+

+
C

	2
supB2�(z0)|u|

∫
B2�(z0)\B�(z0)

|Γ(z0; ζ−1 · z)− Γ(z0; ζ
−1 · z0)|dζ ≤

≤Cd(z,z0)

m0∑
h,k=1

∫
B2�(z0)\B�(z0)

1

d(z0, ξ)N−1[|ahk(ζ)||∂2hu(ζ)|+|ahk(ζ)||∂2hϕ(ζ)|]dζ+

+C
d(z, z0)

	
supB2�(z0)|u| ≤

≤ C
d(z, z0)

	N−1

m0∑
h,k=1

∫
B2�(z0)\B�(z0)

[|ahk(ζ)||∂2hu(ζ)|+|ahk(ζ)||∂2hϕ(ζ)|]dζ+
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+C d(z, z0)
1
2 supB2�(z0)|u| ≤

because of A ∈ L∞, we have

≤C
d(z, z0)

	N−1 [

∫
B2�(z0)\B�(z0)

|∂2hu(ζ)|dζ+
∫
B2�(z0)\B�(z0)

|∂2hϕ(ζ)|dζ]+

+C d(z, z0)
1
2 supB2�(z0)|u| ≤

the first term can be treated similarly to J̃1, while in the second one we
recall that |∂jϕ| ≤ c


 .

≤ C
d(z, z0)

	N−1
|B2
|
	2

sup
B2�(z0)

|u|+Cd(z, z0)
	N−1

|B2
|
	2

+C d(z, z0)
1
2 supB2�(z0)|u|.

Let us examine the term I3. We obtain, ∀ζ ∈ supp(ϕ) and ∀z ∈ Br(z0),
that

d(z, ζ) ≤ d(z, z0) + 2	 ≤ 5
√

d(z, z0).

Also, if ζ = (ξ, τ) and z = (x, t), we take in consideration that

|t− τ | ≤ d2(z, ζ),

it follows

|I3(z)| ≤ sup
B2�(z0)

|u|
∫
{t−25d(z,z0)<τ<t}

Γ0(z; ζ
−1 · z)|V (ξ, τ)|dξdτ

≤ sup
B2�(z0)

|u| · ηV (5
√
d(z, z0)).

Analogously the last inequality for I3(z0) is easily verified. We establish the
assertion of the first statement because B2
(z0) ⊂ B4r(z0). The second one
is true observing that

|I3(z)|, |I3(z0)| ≤ sup
B2�(z0)

|u| · η̃V (5
√
d(z, z0)),

this completes the proof.
Let us show a uniqueness result for the Cauchy-Dirichlet problem (2.7),

set u a solution of Lu = 0 in QR(ξ, τ, R
2), such that u≥ ũ, ∀ũ : L0ũ+V ũ = 0.
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Proposition 3.2. Assume that u is a bounded solution of the problem⎧⎨⎩
Lu = 0 in QR(ξ, τ, h)
u = 0 in MR(ξ, τ, h)
u = 0 in SR(ξ, τ).

(3.37)

Then u ≡ 0.

Proof. The proof is based, as in [28], on the comparison principle between
u and a weak solution v of⎧⎨⎩

L0u = f in QR(ξ, τ, h)
u = 0 in MR(ξ, τ, h)
u = g in SR(ξ, τ)

where f ∈ L1(QR(ξ, τ, h)) and g ∈ C0(SR(ξ, τ)).
Let us now consider u not a bounded function. Then if the function V is

bounded and u is a solution to the problem⎧⎨⎩
Lu = F in QR(ξ, τ, h)
u = 0 in MR(ξ, τ, h)
u = g in SR(ξ, τ)

for F ∈ L1(QR(ξ, τ, h)) and g ∈ C0(SR(ξ, τ)), then

u(z) =

∫
SR(ξ,τ)

G(z; y; τ)g(y)dy −
∫
QR(ξ,τ,h)

G(z; η)F (η)dη. (3.38)

Proposition 3.3. If u ≥ 0 is a solution of Lu = 0 in QR(ξ, τ, R
2), and V

is a bounded function belonging to SK(QR(ξ, τ, R
2)), then there exists M>0

dependent on ηV, η
∗
V and the constants α,β, γ, δ such that

sup
Q−

u ≤ M inf
Q+

u.

Note that the analogous proposition for the adjoint operator L∗
remains valid.
Let us now set (ξ, τ) ∈ R

n+1, R > 0 and define Q∗
R = Q∗

R(ξ, τ, R
2),

M(R) = sup
Q∗R

u, m(R) = inf
Q∗R

u Osc(u, ξ, τ, R) =M(R)−m(R).

The statement of Proposition 3.3 will be proved once we prove the Lemma
below.
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Lemma 3.4. If u ≥ 0 is a bounded solution of Lu = 0 in Q∗
R, then for every

δ ∈ (8
−1

N−2 , 1) there exist 	 ∈ (0, 1) dependent on δ and R0 > 0 dependent on
ηV and δ, such that

Osc(u, ξ, τ, δR) ≤ 	M(R), ∀R ∈ (0, R0).

Proof. Let us define by (ξ∗, τ∗) =
(
E(−R2)ξ, τ −R2

)
and

S =

{
(x, τ∗) ∈ SδR(ξ

∗, τ∗) : u(x, τ∗) ≥ M(R) +m(R)

2

}
.

Then, as in [28], we obtain the assertion using the Green function of L0,
Proof of Proposition 3.3. For this purpose we use the method contained
in [28]. If V is bounded it is easily verified that u is a continuous function.

Then ∃ (x̄, t̄) ∈ Q+ such that u(x̄, t̄) = infQ+ u.

Let us take into account, ∀r ∈ [0, βR2], that

v(x, t) =

∫
SR(ξ,τ,r)

G(x, t; y, r)u(y, r)dy , ∀(x, t) ∈ QR(ξ, τ, R
2).

From the function v, solution of L0,z0v + V v = 0 that is the frozen case,
and u, solution of L0u+ V u = 0 that is the variable case, we have that

u(x̄, t̄) ≥
∫
SR(ξ,τ,r)

G(x̄, t̄; y, r)u(y, r)dy. (3.39)

Fixing δ′ = δ+1
2 , ∀λ > 0 we define

S(r, λ) = {y ∈ Sδ′R(ξ, τ, r) : u(y, r) ≥ λ.}
From Proposition 2.10 and the above inequality it holds

u(x̄, t̄) ≥
∫
S(r,λ)

G(x̄, t̄; y, r)u(y, r)dy ≥ λ ε meas(S(r, λ))

2 meas(SR(ξ, τ))
.

We conclude following the line of the proof of Theorem 5.4 in[13] and using
some suitable properties contained in [24].
Our next goal is to remove the additional assumption on thesolution u.

We proceed introducing, ∀m ∈ N, the bounded functions

Vm(x, t) =

⎧⎨⎩
−m if V (x, t) ≤ −m
V (x, t) if −m < V (x, t) < m,
m if V (x, t) ≥ m

and Lm = L0 + Vm.
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Lemma 3.5. If Ω is a bounded open subset of Rn+1 and u is a solution of
Lu = 0 in Ω, then, for every compact subset K of Ω, u is the L1(K) limit
of a sequence (um)m∈N, where every um is a solution to Lmum = 0 in K.
Furthermore, for every compact subset H of int(K), there exists a positive
constant cH such that

|um(z)| ≤ cH ∀z ∈ H, ∀m ∈ N. (3.40)

Proof. Let us consider a cylindrical open set QR(ξ, τ, h) ⊂⊂ Ω, for h :
ηV (h) < 1 and η∗V (h) < 1. If ϕ ∈ C∞

0 (QR(ξ, τ, h)) is such that ϕ ≡ 1 in a
compact subset K of QR(ξ, τ, h), we have

Lm(uϕ) = 2〈A(z)Du,Dϕ〉+ uL0ϕ+ (Vm − V )uϕ.

On the other hand, set QR = QR(ξ, τ, h), f = 2〈ADu,Dϕ〉+ uL0ϕ and Gm

the Green function asociated to Lm, we can write

um(z) = −
∫
QR

Gm(z; ζ)f(ζ)dζ. (3.41)

We can asserts that{
Lm(um − ϕu) = −(Vm − V )ϕu in QR

um − ϕu = 0 in ∂QR.

Let us observe that (Vm − V )ϕu ∈ L1(QR), from (3.38) it follows

(um − ϕu)(z) =

∫
QR

Gm(z, ; z)(Vm − V )ϕu(ζ)dζ

which implies

‖um − ϕu‖L1(QR) ≤ c‖(Vm − V )ϕu‖L1(QR).

Moreover
|Vm(ξ)− V (ξ)| · |ϕ(ξ)u(ξ)| ≤ |ϕ(ξ)V (ξ)u(ξ)|,

then we obtain
lim

m→∞ ‖um − ϕu‖L1(QR) = 0.

Let us now fix H̃ = supp(∂x1ϕ)
2+ ...+(∂xm0

ϕ)2+(Y ϕ)2. Then f(z) = 0 for

any z �∈ H̃. Let us define, ∀ζ0 ∈ H̃, a cylindrical open set Q̃ ⊂ QR for which

ζ0 ∈ Q̃+ and Q̃∩H = ∅. The function Gm is a positive bounded solution of

L∗
mGm(z, ·) = 0 in Q̃, ∀z ∈ H. Because of the Harnack inequality contained

in Proposition 3.3 remains valid for the adjoint operator L∗, we have

sup
˜Q+

Gm(z; ·) ≤ M inf
˜Q−

Gm(z; ·),



Schrödinger equations with discontinuous coefficients 25

note that M is independent of z. We make use of the following inequality

meas(Q̃−) inf
˜Q−

Gm(z; ·) ≤
∫
QR

Gm(z; ζ)dζ ≤ c1,

where c1 is a suitable constant independent on m, so that

Gm(z; ζ) ≤ c1M

meas(Q̃−)
,

∀z ∈ H, ζ ∈ Q̃+, ∀m ∈ N. We claim that

Gm(z; ζ) ≤ c̃H

for an opportune constant c̃H > 0, ∀z ∈ H, ζ ∈ H̃, ∀m ∈ N. Finally, (3.41)
completes the proof of Lemma 3.5.
We are able to prove the previously announced results.

Proof of Proposition 2.3. Let H and K be two compact subsets of Ω,
such that H ⊂ int(K). Lemma 3.5 allows us to consider the solution u of
Lu = 0 as the L1(H) limit of the sequence (um)m∈N. Therefore there exists
a subsequence (umk

)k∈N such that umk
(z) → u(z) for almost every z ∈ H.

We recall the boundedness of every solution um of Lmum = 0 in H, then
the function um, ∀m ∈ N, satisfies the hypotheses of Theorem 3.1. We also
observe that (umk

)k∈N contains a subsequence (umkj
)j∈N which uniformly

converges on H. Then u is continuous in H with the same modulus of
continuity mentioned explicitly in Theorem 3.1, and the proof is complete.

Proof of Theorem 2.4. Following an idea contained in [28] we define a
Green function, ∀QR(ξ0, τ0, T ) ⊂ Ω. Let h > 0 : ηV (h) < 1, η∗V (h) < 1 and
(y, s) a point belongs to QR(ξ0, τ0, T ).We also set ξ = E(s−τ0)ξ0 and define

G(s)(x, t; y, s) as the Green function associated to the open set QR(ξ, s, h).
We fix, G(x, t; y, s) = 0 if t ≤ s, while, if (x, t) ∈ QR(ξ, s, h), G(x, t; y, s) =

G(s)(x, t; y, s).
If we require that (x, t) ∈ QR(ξ0, τ0, T ) and s+ h < t ≤ s+ 2h, let us set

G(x, t; y, s) =

∫
SR(ξ,s,h)

G(s+h)(x, t;w, s+ h)G(s)(w, s+ h; y, s)dw.

For t > s + 2h iterative procedure permit us to determine G, ∀(x, t) ∈
QR(ξ0, τ0, T ).
Finally the uniqueness is easily proved only by using Lemma 3.5 and

Proposition 3.2.
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Proof of Theorem 2.5. Recalling Lemma 3.5 and Proposition 3.3 we
can prove the requested invariant Harnack inequality for any non negative
solution of Lu = 0 in QR(ζ, τ, R

2).
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Appendix

In this Appendix we collect and discuss some basic known results, which
are used a lot in the study of regularity of solutions of partial differential
equations in this PhD thesis. We take this opportunity to thank G. Di Fazio
to give me his thesis [32], because it contains a lot of these results. We begin
to introduce the relevant field and its many properties. At first we study the
nature of the open set Ω. Talking about Morrey spaces we suppose (see e. g.
[62]) that the boundary of the set Ω satisfies the following condition (A) :

∃A ∈]0, 1[: |Ω ∩Bρ(x)| ≥ Aρn, ∀x ∈ ∂Ω, (A1)

where the constant A is independent of x and ρ. When (A1) is verified we
say that the open set Ω satisfy assumption (A).

The usefulness of assumption (A1) consists of the fact that, in this case,
Lp,λ(Ω) can be equivalently renormed by setting

‖f‖�p,λ :=
⎛⎝ sup

x∈Ω
0<ρ<diamΩ

1

|Ω ∩ Bρ(x)|λn
∫
Ω∩Bρ(x)

|f(y)|p dy
⎞⎠

1
p

.

A property that will not be true for Morrey spaces is concerning extra-
integrability. If, for instance, we consider a function u belonging to the
Sobolev space W 1,p

0 (Ω) with 1 ≤ p < n we have, by definition, u ∈ Lp(Ω).
However, thanks to the embedding theorem by Sobolev, we can say more
about the function u. Indeed we know that u ∈ Lp∗(Ω), where p∗ is strictly
greater than p.

Instead, a similar phenomenon does not occurs in the framework of Mor-
rey spaces. Indeed, in general, the functions of Lp,λ does not possess this
property, that is, it is possible that

u ∈ Lp,λ(Ω)

The references mentioned in this Appendix can be found in the Bibliogra-
phy at the end of the Introduction.
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but
u �∈ Lq(Ω)

for none q greater than p (see e. g. [88], [6]).
Similarly to what is done in the case of Lp spaces, are defined the analogue

of weak spaces, see the paper by J. Peetre [81]. More precisely, we say that
f(x) belongs to the weak Morrey space Lp,λ

w (Ω) if

sup
t> 0

tp |{x ∈ Ω ∩Bρ(x0) : |f(x)| > t}| ≤ C ρλ,

where C is independent of ρ and x0.
The embeddings between Lp,λ spaces, when varying p and λ (and, in

particular, between the spaces Lp and Lp,λ) are obtained by making use of
Hölder spaces and Hölder’s inequality.

Also Morrey spaces of measures can be defined in an analogous way as
follows (e. g. [81], [48]):

Let μ be a measure of bounded variation in Ω ⊆ R
n. We say that μ

belongs to the Morrey class Lp,λ
m if

‖μ‖λ := sup
x∈Ω
ρ> 0

1

ρλ

∫
Ω∩Bρ(x)

|d μ| < +∞,

where
∫
Ω∩Bρ(x)

|d μ| as usual denotes the total variation of μ in Ω ∩ Bρ(x).

These spaces have similar properties as the corresponding classical Morrey
spaces. We observe that it is impossible to approximate in the sense of
the Lp,λ norm, C∞-functions. This raises the problem of finding possible
subspaces of Lp,λ where this is possible. For this reason we introduce the
following subclass: For every function in Lp,λ we define

ηp(r) := sup
x∈Ω

ρ∈]0,r[

1

ρλ

∫
Ω∩B(x,ρ)

|f(y)|p dy, 1 ≤ p < ∞.

We call η(r) the modulus of Morrey of the function f. The spaces V Lp,λ has
as main applications the study of regularity of solutions of elliptic equations
in nondivergence form (see [22] and [109]).We say that f ∈ V Lp,λ if

lim
r→ 0

η(r) = 0.

We illustrate some inclusion relations between Morrey spaces and other
well known function spaces in the literature. The first comparison, very
simple, is with Lp spaces. From the definition, it is obvious that functions
in Lp,λ(Ω) are also in Lp(Ω).

The theorems below provide us with information about the relationships
between some Lp and Lp,λ spaces.
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Theorem 0.1. Let 1 ≤ p ≤ q ≤ +∞, λ, ν ≥ 0. If λ−n
p

≤ ν−n
q

, then

Lq,ν ⊂ Lp,λ.

Next we present some relations between Morrey spaces and weak Morrey
spaces and the vanishing class.

Theorem 0.2. Let 1 ≤ q < p < +∞, 0 < λ < n. Then

Lp,λ
ω (Ω) ⊆ Lq,μ(Ω),

where μ = n − q (n−λ)
p

.

Theorem 0.3. Let 1 ≤ q < p < +∞, and u ∈ Lp(Ω). Then, u ∈
V Lq,λ(Ω), where λ = n (1 − q

p
).

Our next aim is to give the definition of the useful spaces S̃(Ω) and S(Ω)
of Stummel-Kato type.

Let u be a summable function in an open bounded set Ω ⊆ R
n. If the

function

η(r) := sup
x∈Ω

∫
{y∈Ω : |x− y |<r}

|u(y)|
|x − y|n− 2

dy

is finite for every r > 0, then we say that u ∈ S̃(Ω).Moreover, if this function
goes to zero when r tends to zero, then we say that u ∈ S(Ω).

These classes are extensively used to obtain regularity properties of so-
lutions of elliptic problems. They were are introduced in [5] to study the
Laplace operator and later considered also in [21] to study elliptic opera-
tors in divergence form having discontinuous coefficients. We refer to [5] for
interesting examples of these classes.

We observe that if f ∈ L1(Ω), then the fact that the function η(r) is finite
in a point, is equivalent to the fact that it is finite in every point r > 0.

Theorem 0.4. It yields that

L1,λ(Ω) ⊆ S(Ω) ⊆ S̃(Ω) ⊆ L1,μ,

where
0 < μ ≤ n − 2 < λ < n.

Another class of functional spaces is the Schechter space Mp that we now
recall (see [98] and later [99]).
Let Ω⊂R

n, n≥3, be a bounded open set and 1≤p≤+∞.
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The subset of L1(Ω), Ω⊂R
n, n≥3, of functions such that

Mp(f):=

(∫
Ω

(∫
Ω∩{|x− y|<δ}

| f(y) |
|x− y|n−2dy

)p

dx

) 1
p

<+∞, 1≤p<+∞,

for some δ > 0, is denoted by Mp(Ω), or briefly Mp.

We observe that if Mp(f) is finite for a fixed δ > 0, then it is finite for
every δ > 0. We also point out that if f ∈ L1, then f ∈ Mp, ∀p ∈]1, n

n−2 ]. In
the case p = ∞, the definition reads

M∞(f) := sup
x∈Ω

∫
{|x− y|<δ}

| f(y) |
|x− y|n−2 dy < +∞.

We note that M∞(Ω) coincides with the class S̃(Ω), which we introduced
before.

We also have the following relations:

Theorem 0.5. Let Ω ⊂ R
n, n ≥ 3, be an open bounded set and 1 ≤ p ≤

q ≤ ∞. Then

M∞ ⊆ Mq ⊆ Mp ⊆ M1.

Moreover, we have the following inclusion theorem between Schechter and
Morrey spaces:

Theorem 0.6. Let Ω ⊂ R
n, n ≥ 3, be an open bounded set and n − 2 ≤

λ ≤ n. Then

L1,λ(Ω) ⊆ M∞ ⊆ L1,n− 2(Ω) ⊆ ∩1≤p<∞Mp(Ω).

We notice that to prove that

L1,n− 2(Ω) ⊆ Mp(Ω), ∀p ∈] 1, +∞ [.

it is useful to apply a result proved by Chiarenza and Frasca in [24] concerning
Riesz potentials in Morrey spaces. This result will be stated and proved later
on.

Another useful function space we have used is BMO having Bounded
Mean Oscillation, introduced by John and Nirenberg in [58]. The following
relation between bounded and BMO functions holds:

Theorem 0.7. It yields that L∞(Rn) � BM O.
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For all the spaces we have introduced before it is possible to define a
corresponding local version in a natural way.

Next, we study the action of some integral operators in Morrey spaces.
This is motivated by the applications of these results to the regularity for
solutions of partial differential equations of elliptic and parabolic type.

We define the Hardy-Littlewood Maximal Operator. Let f be a real mea-
surable and locally summable function in R

n. For every x∈R
n we consider

the average
1

|Bρ|
∫
Bρ(x)

|f(y)| dy, ρ > 0.

If this set is upper bounded, we define

(M f )( x ) := sup
ρ> 0

1

|Bρ|
∫
Bρ(x)

|f(y)| dy.

We say that the function M f ( x ) is the Maximal Function of Hardy-
Littlewood and the operator that associates to f(x) the function M f (x)
is said to be the Maximal Operator.

Theorem 0.8. The following implications yield:

f ∈ L1(Rn) =⇒ i) | {Mf (x) > t} | ≤ C

t
‖f‖1, ∀t > 0,

f ∈ L∞(Rn) =⇒ ii) | ‖Mf‖∞ ≤ C ‖f‖∞,

f ∈ Lp(Rn) =⇒ iii) | ‖Mf‖p ≤ C ‖f‖p, 1 < p < +∞.

The proof of these classical results can be found e. g. in the book by
Stein [103] or in the book by Torchinsky [106].

A variant of the maximal operator of Hardy-Littlewood is the Fractional
Maximal Operator. Precisely, if 0 < η < 1 and f is a locally summable
function in R

n, then the function

(Mη f )(x) := sup
ρ> 0

1

|Bρ|1−η

∫
Bρ(x)

|f(y)| dy.

is said to be the Fractional Maximal Function of Hardy-Littlewood and the
function that for any f associates the function Mη f (x) is the Fractional
Maximal Operator of Hardy-Littlewood.

Analogously as the Maximal Operator of Hardy-Littlewood has the
boundedness property between Lp spaces, the Fractional operator has a sim-
ilar boundedness property. More precisely, we have the following result:
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Theorem 0.9. Let f ∈ Lp(Rn) for 1 ≤ p ≤ 1
η

and 0 < η < 1. Then, Mη

is bounded from Lp(Rn) to Lq
ω(R

n), where 1
q
= 1

p
− η.

We also remark that is possible to improve the above result by using
Marcinkiewicz interpolation theorem. Indeed,

for p = 1, Mη : L1 → L
1

1−η
ω

and

for p =
1

η
, Mη : L

1
1−η → L∞.

By using the Marcinkiewicz interpolation theorem (see e. g. [10]) we have
that

Mη : Lp → Lq.

Another operator, similar to maximal operators introduced before, is the
operator that associate to every local summable function f(x), the function

f �(x) := sup
ρ> 0

1

|Bρ|
∫
Bρ(x)

|f(y) − fρ| dy,

where

fρ :=
1

|Bρ|
∫
Bρ(x)

|f(y)| dy.

This operator was introduced in 1972 from Fefferman and Stein in [35].
We recall a result contained in the above mentioned paper.

Theorem 0.10. Let M f ∈ Lp0(Rn) for some 0 < p0 < ∞.
If p0 ≤ p < ∞, then ∃C = C(n, p) such that

‖Mf‖p ≤ C ‖f �‖p.
Now we are ready to discuss the action of the Maximal Operators in-

troduced before in Morrey spaces. We note that the Morrey spaces which
we have considered so far are defined in an open bounded subset of Rn.
Sometimes it is useful to consider them in R

n. For this reason we recall the
definition. We say that a function f ∈ Lp

loc(R
n) belongs to the Morrey space

Lp,λ(Rn), if

‖f‖pp,λ := sup
ρ> 0

1

ρλ

∫
Bρ

|f(y)|p dy < ∞.

The next result was obtained by Chiarenza and Frasca in [24]. We also
point out that its proof since it is interesting and useful for the technique
they used.
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Theorem 0.11. If 1 ≤ p < +∞ and 0 < λ < n, then ∃ c ≡ c(n, p, λ) ≥ 0
such that

i) ‖Mf‖p,λ ≤ c ‖f‖p,λ, f ∈ Lp,λ(Rn),

ii) |{Mf(x) > t} ∩ Br(x)| ≤ c

t
rλ ‖f‖1,λ,

and therefore it means that Mf(x) is almost everywhere finite in R
n when-

ever f ∈Lp,λ(Rn), for 1≤p< +∞, 0 < λ < n.

Proof. In the proof we use the following inequality proved by C. Fefferman
and E. M. Stein in the paper [34]. If 1 ≤ p < +∞, then∫

Rn

(Mf)p χdx ≤ c

∫
Rn

| f |p (M χ) dx, (0.19)

where f, χ are summable functions in R
n, χ ≥ 0 and c is a constant inde-

pendent of the functions.
If x0 ∈ R

n, r > 0 and χ is the characteristic function of the sphere Br(x0),
then we obtain that∫

Br(x0)

(Mf)p dx ≤ c

∫
Rn

| f |p (M χ) dx.

Starting from this inequality we have that∫
Br(x0)

(Mf)p dx ≤ c

∫
Rn

| f |p (M χ) dx =

= c

{∫
B2r

|f |p (M χ)dx+
∞∑
k=1

∫
2kr≤|x−x0|<2k+1r

|f |p (M χ)dx

}
≤

≤c

{∫
B2r

|f |p‖(M χ)dx+
∞∑
k=1

∫
2kr≤|x−x0|<2k+1r

|f |p rn

(|x− x0| − r)n
dx

}
≤

≤ c

{∫
B2r

|f |p(M χ)dx +
∞∑
k=1

rn

(2k− 1r)n

∫
|x−x0|<2k+1r

|f |pdx
}

≤

≤ c‖ f ‖p, λ
{
(2 r)λ +

∞∑
k=1

(2k+1r )λ

(2k− 1)n

}
=

= c rλ ‖ f ‖p, λ ,
and i) is proved.
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To prove ii) we start from the previous Fefferman and Stein inequality
(0.19). For p = 1 we have that∫

{x∈Rn :Mf(x)>t}
t · χdx ≤

∫
Rn

(Mf)χdx ≤ c

∫
Rn

|f |(Mχ)dx

so that ∫
{x∈Rn :Mf(x)>t}

χ(x) dx ≤ c

t

∫
Rn

|f |(x)(Mχ)(x)dx.

Due to the definition of characteristic function, χ(x) = χBr , we have that

t | {x ∈ R
n : Mf(x) > t} ∩ Br | = t

∫
{x∈Rn :Mf(x)>t}

χ(x)dx ≤

(from the above inequality)

≤ c

∫
Rn

|f |(x)(Mχ)(x)dx.

By estimating the last integral as in the case i) we have that

t | {x ∈ R
n : Mf(x) > t} ∩ Br | ≤ c · rλ · ‖ f ‖p,λ

and we get also the conclusion in ii).

For the Fractional Maximal operator we have a similar result, that is the
following theorem:

Theorem 0.12. Let 1 < p < +∞ and 0 < λ < n. Then, for every η ∈
]0, 1

p

(
1 − λ

n

)
[, there exists a constant C ≥ 0 independent of f such that

‖Mηf‖p,λ ≤ C‖f‖p,λ, f ∈ Lp,λ(Rn),

where
1

q
=

1

p
− n η

n − λ
.

We also state an extension, in Morrey spaces, of the above result by
Fefferman and Stein. Also, in this case we show the proof because the method
used is very useful in other situations.

Theorem 0.13. Let 1 < p < +∞, 0 < λ < n and f ∈ Lp,λ(Rn). Then,
there exists a constant C ≥ 0 independent of f such that

‖Mf‖p,λ ≤ C‖f �‖p,λ, f ∈ Lp,λ(Rn).
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Proof. Let x0 ∈ Ω, ρ > 0. Set Bρ ≡ Bρ(x0), consider γ ∈]λ
n
, 1[, and let χ

denote the characteristic function of Bρ(x0).
We recall the Fefferman and Stein inequality:∫

Rn

(Mf )p(x)ω(x) dx ≤ C

∫
Rn

| f(x) |pω(x) dx,

which holds whenever ω ∈ A∞ and f ∈ Lp
ω(R

n). The proof of this inequality
can be found e. g. in the book by Garcia- Cuerva and Rubio de Francia in
[38].

Using a Theorem by Coifman and Rochberg contained in the paper [28],
we have that (M χ)γ ∈ A1, where A1 is the set of functions ω ∈ L1loc such
that Mω ≤ Cω, a. e. in R

n. We also observe that f ∈ Lp,λ(Rn) implies that
f ∈ Lp

(Mχ)γ (R
n). Indeed if f ∈ Lp,λ(Rn), then we have that∫

Rn

| f(x) |p(Mχ)γ (x)dx ≤
∫
|x−x0|<2ρ

| f(x) |p(Mχ)γ (x)dx+

+
∞∑
k=1

∫
2kρ≤|x−x0|<2k+1ρ

| f(x) |p
(

ρ

|x− x0| − ρ

)nγ

dx ≤

≤ Cρλ‖f‖pλ ≤ C‖f‖pλ.
We can apply the above inequality by Fefferman and Stein for ω = (Mχ)γ

and obtain that∫
Rn

|Mf(y) |p (x)dx ≤
∫
Rn

|Mf(y) |p(Mχ)γ (x)dx ≤

≤ C

∫
Rn

| f �(x) |p(Mχ)γ (x)dx =

{∫
B2ρ(x0)

| f �(x) |pdx+

+
∞∑
k=2

∫
B

2kρ
(x0)\B2k−1ρ

(x0)

| f �(x) |p ρnγ

(|x− x0| − ρ)n−γ dx

}
≤

≤ Cρλ‖f �‖pp,λ
{
2 +

∞∑
k=2

2λk

(2k−1 − 1)n−γ

}
≤ Cρλ‖f �‖pp,λ

and we get the conclusion.

We now consider 0 < α < n, f a measurable function in R
n, and

f ∈ Lp(Rn) for some p ≥ 1.



10 APPENDIX

We define the Fractional Integral Iα of order α or Riesz potential of order
α as follows:

Iα f(x) :=

∫
Rn

| f(y) |
|x − y|n−α

dy.

If α = 2 we call it the Newtonian Potential.
Theorem 0.11 is particulary useful in the study of the behavior of the

Riesz potential, as can be seen in the following result:

Theorem 0.14. Let 0 < α < n, 1 < p < n
α
, 0 < λ < n − αp, and 1

q
=

1
p
− α

n−λ
. Then, there exists a constant C = C(α, n, p, λ), independent of

f ∈ Lp,λ(Rn), such that

‖Iαf‖q,λ ≤ C‖f‖p,λ.
If p = 1, then

tq |{|Iα f | > t} ∩ Br(x)| ≤ C rλ ‖f‖1,λ.
Next we give the definition of the Calderón- Zygmund singular integral.

Let Ω(x) be a real function, measurable in R
n, regular outside of the origin,

homogeneous of degree zero and such that∫
|x |=1

Ω(x) d σx = 0,

and
|Ω(x) − Ω(y)| ≤ |x − y| |x| = |y| = 1.

For every bounded function having compact support, we define

(T f)(x) := lim
x→0+

η→+∞

∫
x< |y|<η

Ω(x − y)

|x − y|n f(y)dy =

= P.V.

∫
Rn

Ω(x − y)

|x − y|n f(y)dy.

We say that the operator T is the Calderón- Zygmund singular integral
operator. Using a property proved by Coifman and Fefferman in [27] we can
prove the following useful result:

Theorem 0.15. Let 1 < p < ∞ and 0 < λ < n. Then, there exists a
nonnegative constant C such that

‖T f‖p,λ ≤ C‖f‖p,λ.
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Concerning commutators we have the following result:

Theorem 0.16. Let 0 < α < n, 1 < p < n
α
, 0 < λ < n − αp, 1

q
= 1

p
− α

n−λ

and K(x) ≡ | x |α−n.
If a ∈ BMO, then the commutator

C [a, f ] (x) := a (K ∗ f)(x) − K ∗ (a f)(x), f ∈ Lp,λ(Rn)

is a bounded operator from Lp,λ(Rn) to Lq,λ(Rn) and there exists C ≥ 0
such that

‖C [a, f ] ‖q, λ ≤ C ‖a‖∗ ‖f‖p,λ.
Vice versa, if n − α is an even integer and there exist p ∈ ]1, n

α
[ and λ ∈

]0, n − α p[ such that C [a, f ] is bounded from Lp,λ(Rn) to Lq,λ(Rn), then

a ∈ BMO.

It is well known that very useful operators in the study of partial differ-
ential equations are those ones which are invariant to translation. However,
it is also important to have knowledge about some operators that are non
invariant to translation. For this reason let us define a Calderón Zygmund
kernel (C-Z kernel) k(x) :

Let k(x) : Rn\{0} → R. We call k(x) a Calderón Zygmund kernel (C-Z
kernel) if

i) k(x) ∈ C∞(Rn\0);
ii) k(x) is homogeneous of degree -n;

iii)

∫
Σ

k(x) dσx = 0,

where Σ = {x ∈ R
n : |x| = 1} is the unit sphere in R

n.

Theorem 0.17. Let B an open ball in R
n and let k(x, z) be a real measurable

function in B × (Rn\{0}) such that

i) k(x, z) is a C-Z kernel for a. a. x ∈ B;

ii) max
|j|≤2n

‖( ∂
j

∂zj
)k(x, z)‖L∞(Rn×Σ) = M < +∞

For 1 < p < +∞, 0 < λ < n, let f ∈ Lp,λ(B) and assume that a ∈
BMO(B). We define, for ε > 0,

Kε f(x) :=

∫
|x−y|>ε

k(x, x− y)f(y)dy,
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and

Cε[a, f ](x) :=

∫
|x−y|>ε

k(x, x− y)[a(x)− a(y)]f(y)dy.

Then we have that ∃ Kf, C[a, f ] ∈ Lp,λ(B) such that

lim
ε→0

‖Kεf −Kf‖ = 0, lim
ε→0

‖Cε[a, f ]− C[a, f ]‖ = 0.

Moreover, there exists a constant c dependent only on n, p, λ,M such that

‖Kf‖p,λ ≤ ‖f‖p,λ, ‖C[a, f ]‖p,λ ≤ c‖a‖∗‖f‖p,λ.

A consequence of this result is the following local version considering the
commutator C for a function a belonging to the Sarason class.

Theorem 0.18. Let a ∈ VMO(Rn). Then, for any ε > 0, there exists
ρ0 > 0 such that, if Br is a ball with radius r such that 0 < r < ρ0, k(x, z)
satisfies the hypothesis of the above Theorem 0.17 in Br and if f belongs to
Lp,λ(Br), 1 < p < +∞, 0 < λ < n, then we have that

‖C[a, f ]‖p,λ ≤ Cε ‖f‖p,λ, ∀f ∈ Lp,λ(Br)

for some C = C(n, p, λ,M).










