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Abstract

Process industries have to operate in a very competitive and globalized environment,
requiring efficient and sustainable production processes. As a result, production targets
need to be translated into control objectives which are usually formulated as perfor-
mance specifications of the process, i.e. tracking of references or rejection of process
disturbances. This is often a hard and difficult task which involves assumptions and sim-
plifications because of the process complexity. Complexity arises often due to the large
scale character of a process, i.e. a pulp and paper can host thousands of control loops.
A critical step in the design of these loops is the choice of the structure of the control,
which means that controllers need to be placed between sensors and actuators.

Current methods for control structure selection include the Interaction Measures
(IMs). The IMs help the designer to select a subset of the most significant input-output
channels, which will form a reduced model on which the control design will be based.
The IMs are traditionally evaluated using a nominal model of the process. However, all
process models are affected by uncertainties as simplifications and approximations are
unavoidable during modeling. Thus, the validity of the control structure suggested by
the IMs cannot be assessed by only analyzing the nominal model. The first part of this
thesis focuses in analyzing the sensitivity of the IMs to model uncertainties in order to
determine a robust control structure which is feasible for all the uncertainty set.

It also becomes clear that, control structure selection requires extensive knowledge
about how the multiple process variables are interconnected. The second part of this
thesis focuses on creating IMs which can help the control designers to understand the
propagation of effects in the process, and express this propagation in directed graphs
for an intuitive understanding of the process which will help to design a feasible con-
trol structure. These methods have been inspired by coherence analysis used in brain
connectivity.

Neurons and neural populations interact with each other in different brain processes
related to events as perception, or cognition. Electroencephalography (EEG) is a measure
of electrical activity in the brain which is acquired from sensors positioned on the surface
of the head, each of the electrodes collects the aggregated voltage of a neuron population.
Analyzing the flow of information between populations of neurons allows to understand
the communication between different parts of the brain in different brain processes. In
a very similar way, analyzing the flow of information between variables in an industrial
process will provide designers with the required information to understand the behavior
of the plant.
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Preface

The work conducted in this thesis has been done in the MeSTA project (Methods for
Structural Analysis in Pulping).

The project MeSTA is run by ProcessIT Innovations under the SCOPE industry
programme for the pulp and paper industry.

As a result of the project, a prototype of a software tool for Process Modeling and
Visualization (ProMoVis) has been created.

ProMoVis is being used in the paper mills of SCA Obbola AB and Billerud Karlsborg
AB since 2009. ProMoVis can visualize the mill processes and the control system, and
it has been proved to be useful in obtaining and transferring process knowledge, and in
helping the control engineers to generate feasible control structures.

ProMoVis is still to be further developed and is meant to include the methods for
robust control structure selection and for analysis and visualization of complex processes
created and developed in MeSTA until the end of the project in December 2011.
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1

The complexity of structures

The control engineer of a complex industry process such as a pulp and paper mill
faces similar challenges to those of a builder of a Gothic cathedral in medieval times.

A crucial competence of a master of works in medieval times was mastering the art
of controlling the balance of forces in a delicate and complex structure (see Fig. 1.1).
For this purpose, the architect had at his disposal several elements and strategies such
as arches, vaults, timber frame roofs, columns and counterforts [1]. A key step on the
design was to make structural decisions on where to place this elements for an optimal
distribution of forces. In the same way, a control engineer has at his disposal different
control elements differentiated as control strategies such as PID, MPC, H∞, Feed-forward
actions, LQG, . . . , and this elements have to be structurally placed for obtaining an
optimal distribution of control actions in a largely complex system which is the pulp and
paper mill (see Fig. 1.2).

Figure 1.1: Structure of the Gothic cathedral Notre Dame of Rhemis (source [1]).

3



4 The complexity of structures

Figure 1.2: The Kraft process (source Metso). Simplification of a possible structure of a pulp
and paper mill.

By structurally placing and designing these elements, the builder aimed for certain
objectives like maximizing the open areas at the facade for placing windows and doors,
minimizing the number and with of columns in the naves for increasing the number of
followers which can fit in and the visibility they experience, maximizing the height and
slenderness of the building, whilst minimizing the cost of the resources. In addition, the
construction needs to be stable and robust against disturbances such as wind (continuous
disturbance) and possible attacks with siege weapons (instantaneous disturbance). The
control engineer of a modern pulp and paper mill also need to choose where to structurally
place the controllers in a complex structure, and design them to fulfill certain control
objectives, like maximizing production and certain quality parameters whilst minimizing
the consumption. This has to be done while keeping a stable process which is also robust
to certain continuous or instantaneous process disturbances, and even failure situations.

In both examples, the structural decisions have to be taken in a largely complex
system in which local actions or decisions can derive in unexpected consequences and
failures at other parts of this interconnected structure. Therefore, even if it is possible
to introduce hierarchies for decomposing, analyzing and structurally designing such a
complex system, a holistic perspective has to be always considered.

The knowledge of a master of works was much more a know-how than a theoretical
knowledge. In order to create a stable and robust structure, the master had to take
risks and make experiments, always bearing in mind former mistakes and accidents, like
collapsing of vaults [1]. The advances in elemental theory research on physics and the
wide range of computer simulating tools allows the modern architects to take a much
more theoretical approach, in contrast with the profoundly empirical methods used by
the medieval builder. For the actual framework of process control, and even if there exists
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a wide selection of methods for control structure selection, being the first one dating form
1966 ([2]), these methods are usually published in research papers and rarely form part
of educational books or courses. However, there has been a large research contribution
in the field of control structure selection during the last decade, and this topic starts to
be addressed as sections in educational books about multivariable control ([3]), or even
having full dedicated books ([4]). This large delay between research and education, and
finally industry application ([5]) implies that, control engineers in current paper mills still
address a strongly empirical approach to control structure design, basing their decisions
in know-how or common sense principles and experience.

This is the motivation for one of the objectives of the MeSTA project, which is to
bring these methods for control structure selection into a software tool which will help
the control engineers in paper mills and other complex industrial plants to take robust
decisions in the control structures to be used. A prototype of this software tool has
already been created and named ProMoVis ([6]) and is still evolving with late results on
control structure selection.

Far from being only a software development project, MeSTA is also involved in re-
searching methods for robust control structure design. Robustness is needed to deal with
the uncertainty and inaccuracy which are inherent properties of any model. Current
methods for control structure design are based only on a nominal model of the analyzed
system, but there is clearly a need of creating robust methods which would validate a
decision considering the existing model uncertainty. The robustness of the methods for
control structure selection is an issue which has recently received increasing attentions,
like the computation of the RGA ([7]), the HIIA ([8]) or the Gershgorin bands ([9]) for
uncertain process models. However, a full consolidated method for selecting a robust
control structure is still sought.

Continuing with the used analogy, it was soon natural in this world of medieval
complexity, that it was necessary to have good tools for communication between the
patron, the master of works, and other involved parts. To understand each other, plans,
diagrams and working models were used on the building site like the one in Fig. 1.3.
Those visualization techniques evolved and became more sophisticated, supporting a
good understanding and communication and deriving in a more efficient work.

Figure 1.3: Distribution of
forces in a vault (source [10]).

Figure 1.4: Importance of the actuators for each measure-
ment in the refining section of a stock preparation plant.



6 The complexity of structures

Visualization and communication tools and techniques are also needed in a modern
pulp and paper mill. Diagrams and flow sheets are used by control and process engineers
for communicating process knowledge to other workers such as operators or to decision
boards. It is an objective of MeSTA to explore and evolve visualization techniques
and combine them with mathematical tools in order to create diagrams which allow to
understand and communicate the process behavior (see Fig. 1.4).

An important added value of such a tool is the ability to maintain and transfer process
knowledge. In both cases of this analogy, if the responsible of evolving and maintaining
the complex system is substituted by a new employee, the new incorporate is likely to
be lost in this world of complexity which includes solutions and structures which have
rarely been documented, and whose sense was in the mind of the previous designer.
ProMoVis, within the same software tool, allows to create and edit process diagrams,
to define process models and analyze them for selecting an optimal control structure,
and to define implemented control solutions such as soft sensors and controllers and
use this information for the analysis of interactions in the closed loop. It is clear that,
having at disposal well maintained process information in ProMoVis will largely reduce
the integration period of a new control engineer in a complex industry plant such as a
pulp and paper mill.



2

Control Structure Design

Control structure design is a step in the procedure of the design of a control system in
which actuators and sensors are grouped in sets of variables with strong interconnections.
Each of the actuator/sensor sets will determine a subsystem, and independent controllers
will be designed for each of the subsystems. A proper structure with well tuned controllers
should derive in low loop interactions which would otherwise derive in a performance
degradation.

2.1 Procedure for control design of large scale sys-

tems

The design of a control system for a multivariable process usually involves the following
steps [11, 12]:

- Identify production targets.

- Select a subset of sensors and actuators which will be used for control.

- Determine a model for the system.

- Select a control structure by selecting a subset of the most significant actuator-
measurement interconnections on which control will be based.

- Translate production targets into performance specifications for the controller.

- Synthesis of the controller parameters using an adequate control strategy (i.e. PID,
MPC, LQG, . . . ).

- Controller implementation.

The work in this thesis focuses in the design step of the control structure selection.
The objective is to select the simplest control structure which derives in low loop inter-
action.

7



8 Control Structure Design

2.2 Loop interaction

Interaction analysis plays an important role in large scale control systems. The design
of a control structure which is not considering important process interconnections will
most likely derive in a large loop interaction having a performance degradation as direct
consequence.

Figure 2.1: Interacting subsystem formed by the pulp recirculation conducts in a Stock Prepa-
ration Plant.

Consider the simple case in which in which the recirculated flow of pulp from two
parallel refiners in a stock preparation plant of a paper mill is to be controlled (see
Fig. 2.1). The recirculated flow from each of the refiners is measured by a flow indicator
(FI1 and FI2), being these flows controlled by two independent SISO controllers (C11

and C22) for tracking the references (R1 and R2) which are set by and operator. Each of
the controllers decide the control action on a valve (V1 and V2 respectively) in order to
maintain the desired flow references. A linearization of the process can be described as
a multivariable transfer function of the form:(

FI1

FI2

)
=

(
G11 G12

G21 G22

)
︸ ︷︷ ︸

G

(
V1

V2

)

where Gij is the transfer function from Vj to FIi. The control action on the actuators
can be described as a function of the reference and the measurements as:(

V1

V2

)
=

(
C11 0
0 C22

)
︸ ︷︷ ︸

C

(
R1 − FI1

R2 − FI2

)
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where the matrix C represents the controller. The structure here resulting from a di-
agonal controller matrix C is known as decentralized control. In a decentralized control
structure, the process actuators and controlled variables are grouped in pairs, and SISO
controllers are synthesized for each of the pairs. This structure is usually the preferred
one in process industry due to its simplicity of design and maintenance. However, a de-
centralized control structure assumes a free of interaction process, which means that the
off-diagonal terms of the transfer function matrix G are 0 (see Fig. 2.2). In our example
this is clearly a simplification of the real case, and the existence of off-diagonal elements
in G will involve a performance degradation due to loop interaction which will depend
on their significance. If the off-diagonal elements of G are very small in comparison with
the diagonal ones, and for a well tuned decentralized controller, then the process behaves
almost like SISO independent loops ([13]).

For a better understanding of the nature and importance of loop interaction, two
cases will be differentiated ([14]) using the example of the flow recirculation.

- One way interaction. This is the case when, for example, G21 6= 0 and G12 = 0 (see
Fig. 2.3). It is clear that a reference change in R2 will not perturb the other loop,
but a reference change in R1 will require a control action in V1 which will perturb
FI2 and make the controller C22 react and actuate con V2 in order to reject the
interaction disturbance. A possible solution for this would be to add a feed forward
action in the second loop which will compensate for the interaction disturbance.
This will be reflected in a nonzero element C21 in the controller matrix C.

- Two ways interaction. Both off-diagonal terms are significant (see Fig. 2.1). Consid-
ering a change of the reference R1, the existing path G21 will, as in the previous
example, create a perturbation in the other control loop which will require an actu-
ation on V2, but in addition, this will involve another perturbation on the original
loop through the existing path in G12. This loop interaction is likely to create large
oscillations in the control loops, and can even affect the closed loop stability. In
this example a full MIMO controller would be usually required, which is reflected
in a controller matrix C with no zero elements.

Figure 2.2: Example of a free of inter-
action subsystem.

Figure 2.3: Example of a subsystem
presenting one way interaction.
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The complexity of the interaction effects grows with the number of process variables.
In this example only the recirculation system of a stock preparation plant is considered
but this is only a subsystem which is interacting with the rest of the stock preparation
plant, which is in turn another subsystem of superior hierarchies.

The complete plant of a large scale system is usually decomposed in reduced subsys-
tems with low reciprocal interaction. The resulting structure of a plantwide controller is
sought to be a block diagonal, with each of the blocks being the designed controller of a
subsystem in the decomposition.

2.3 Control structure selection using Interaction Mea-

sures

Control structure selection is the act of selecting the nonzero elements in the controller
matrix C. This structure is preferred to be as sparse as possible whilst presenting low
loop interaction. The maximum sparsity is obtained with a decentralized controller,
which is likely to derive in large loop interaction in the case of a process with large
off-diagonal elements. The maximum complexity will be a full MIMO controller with
no zero elements in the controller matrix C. This structure will have the potential
of synthesizing a controller with the minimum achievable loop interaction, whilst the
design, implementation and maintenance of such a controller would present a large cost
and complexity.

Interaction measures (IM) help the designer to select a control structure by selecting
a subset of the most important input-output interconnections which will for a reduced
model on which control will be based.

A large amount of literature has been published on IMs since Bristol introduced
the Relative Gain Array (RGA) in 1966 ([2]) as an indicator for choosing input-output
pairings in decentralized control structures which is based on the DC gain of the process.
The RGA has been largely used since then, and many authors have proposed different
variants to deal with some of its limitations, like the dynamic RGA (DRGA) which is
an extension of the original concept of the RGA in the frequency domain and is able
to consider process dynamics [15]. The RGA can provide with feasible suggestions for
choosing a decentralized pairing, and in combination of the Niederlinski Index [16], can
verify the stability and integrity of the chosen pairing.

However, the RGA gives no information on how to increase the controller complexity
in the case of having a process where a decentralized control structure will derive in large
loop interaction. The Index Arrays (IA) where created to overcome with this limitation
and are able to suggest sparse control structures. IAs exploit the concept of overall used
dynamics of a system. This means that the index array gives information on the amount
of the dynamics described by the reduced model which is used in the controller design.
Or in other words, if a large amount of the dynamics are considered during the controller
design, the there is a large probability that the control structure is also viable.



3

Contribution

During 2008 and 2010 the author of this thesis contributed in 6 international publi-
cations. All the contributions are within the field of control structure selection, but two
areas can be differentiated.

Robust analysis of process interactions

Paper 1. M. Castaño and W. Birk, “A new approach to the dynamic RGA analysis
of uncertain systems,” IEEE International Conference on Computer-Aided Control
Systems (CACSD), September 2008.

Paper 2. B. Halvarsson, M. Castaño, and W. Birk, “Uncertainty bounds for gramian-
based interaction measures,” The 14th WSEAS International Conference on Sys-
tems, July 2010.

Paper 3. M. Castaño, W. Birk and B. Halvarsson, “Unbiased estimation of gramian-
based process interactions with confidence bounds,” Submitted to IFAC World
Congress 2011.

Paper 1 describes a sensitivity analysis of the RGA to model uncertainty. Its contents
are not included in this thesis, since it is a formalization of the results produced by the
author in his Master Thesis [17], which can be consulted for a more detailed description
and variety of examples.

Paper 2 includes a pre-study in which a previously existing inequality for creating
bounds on the squared Hilbert-Schmidt norm of a SISO subsystem [8] is tightened and
compared with a new proposed method. The main contribution of the author was to
create and develop this new method in collaboration with Björn Halvarsson and Wolfgang
Birk. The considered examples in the paper were favorable to the new method, which
has been evolved in this thesis and included in chapters I.3 and II.1.

Paper 3 has been included in this thesis as Paper A (Chapter I.5). The contribution
of Wolfgang Birk with the models from the Bark Boiler, supervision, advice, reviewing
and writing efforts is gratefully acknowledged. The contribution of Björn Halvarsson in

11



12 Contribution

the creation of the method described and in the reviewing of the manuscript is gratefully
acknowledged. Special thanks to SCA Obbola AB for the experiments performed on the
bark boiler, and from which the models used in the paper were derived.

New method for structural and functional analysis of complex processes

Paper 4. M. Castaño and W. Birk, “New methods for structural and functional anal-
ysis of complex processes,” International Conference on Computer-Aided Control
Systems (CACSD), July 2009.

Paper 5. W. Birk, A. Johansson, M. Castaño, S. Rönnbäck, T. Nordin, and N.-O.
Ekholm, “Interactive modeling and visualization of complex processes in pulp and
paper making,” Control Systems 2010, September 2010.

Paper 6. M. Castaño and W. Birk, “New methods for interaction analysis of complex
processes using weighted graphs,” Submitted to Journal of Process Control.

Paper 6 is a journal extension of Paper 4. Paper 6 has been included in this thesis
as Paper B (Chapter II.2). The contribution of Wolfgang Birk with supervision, advice,
reviewing and writing efforts is gratefully acknowledged.

In Paper 5, the contribution of the author was creating a case study in which the stock
preparation plant in SCA Obbola AB is analyzed. This contribution has been extracted
from the paper and included as Chapter II.3 of this thesis. The review and advice of
the rest of the authors in creating this case study is fully acknowledged. Special thanks
to SCA Obbola AB for the information provided on the control structure of the stock
preparation plant, and for the experiments performed from which models were created
and analyzed in this case study.



4

Thesis Structure

This thesis Introduction includes in Chapter 1 the existing background in the design
of control structures in process industry, which is the motivation for the conducted re-
search. A description of the problem of control structure selection is given in Chapter 2.
The contribution of this thesis to the filed of control structure selection is described in
Chapter 3.

The results reported in this thesis were divided in two parts with the following con-
tents:

Part I. Robust Analysis of Process Interactions.
The robustness of two previously existing IMs for control structure selection is
analyzed. New methods for either determining bounds on the considered IMs from
uncertain models or for creating confidence estimations on the IMs are introduced.
These methods allow to take robust decisions on control structure selection.

Part II. New methods for interaction analysis of complex processes using
weighted graphs.
The introduced methods give visual and intuitive information on the process struc-
tural and functional properties. These methods can be used for acquiring and
transferring process knowledge, and have direct applications in the design of con-
trol structures.

Each of the parts and the introduction has their own reference list at their end.
Two papers have been inserted as chapters inside the parts, conserving their own and
independent references, which are listed at the end of the paper.

The numbering of equations, figures, chapters and sections resets for each of the parts
and the introduction.

Examples are numbered only within the included papers, and they maintain an inde-
pendent numbering.

There is a list of acronyms at the end of the thesis.

13
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I.1

Introduction

A process model with a description of the model uncertainty can be understood as a
set of models which includes the nominal model. Therefore, the value of the Interaction
Measures (IMs) may differ for different models in the set. Including model uncertainties
in the interaction analysis would make possible to take robust decisions in the control
structure selection.

Two interaction measures are considered in this thesis: the Σ2 [1] and the PM [2].
These are Index Arrays (IAs) created from the H2 norm and the squared Hilbert-Schmidt
(HS) norm respectively. The objective of this part is to create methods for computing
the possible bounds on these norms, which can later be converted in the bounds of their
corresponding IA as described in Chapter I.6.

Chapter I.3 describes methods for calculating the bounds on the considered norms
for uncertain parametric process models affected by multiplicative uncertainty.

However, creating parametric models is usually a complicated and time consuming
task. This complexity increases as the number of process variables increases, and esti-
mating nonparametric models is usually a more general and simpler approach which can
be addressed without the need of choosing the model order and structure.

Chapter I.4 introduces a methodology for obtaining bounds on the estimation of
the H∈ and the squared HS norms of each of the input-output channels of a linear
multivariable system. The robust estimation of the considered norms is performed in
the frequency domain from a nonparametric model of the Frequency Response Function
(FRF).

A large advantage of this method is derived from existing modeling approaches for the
identification of nonlinear systems. Traditional methods for control structure selection
require linear models for their use. In the case of facing nonlinear systems, IMs are usually
applied to a linearized process model around a working point, without any quantification
of the degree of nonlinearity of the systems which would validate the decision of analyzing
it within the linear framework. By using periodic excitation signals with a tailored
spectra, the degree of contribution of the process nonlinearities can be quantified [3],
and the best linear approximation of the system can be estimated as a nonparametric
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model of the FRF. It is suggested in this thesis to use such an excitation design in case
of having to perform an analysis of interactions of a nonlinear process with unknown
degree of nonlinearity. If, after quantifying the contribution of the process nonlinearities
it is found that the system can be considered as weakly nonlinear, then the obtained
best linear approximation can be used to compute a robust estimation of the H∈ and the
squared HS norms which will allow to take robust decisions in control structure selection.
If the process is found to be strongly nonlinear, then any of the existing methods for
control structure selection for nonlinear systems can be applied.

Possible extensions of the RGA concept to nonlinear systems have been proposed.
The extension proposed in [4] assumes that the process outputs can be expressed as an
invertible function of the process inputs. Another possible extension was introduced in [5],
requiring a non-linear parametric model of the process, and using feedback linearization
to compute the DC-Gains of the non-linear process. However, this measurements, as
extensions of the RGA, are only able to suggest decentralized control structures. A large
work in the interaction analysis of nonlinear systems still remains to be done.

Chapter I.5 includes an alternative to the estimation of the squared HS norm in the
frequency domain introduced in Chapter I.4. The method created confidence bounds
on the squared HS norm based on estimation of a nonparametric model of the system
impulse response, which is obtained by a linear regression on process data in the time
domain obtained with white noise input excitation. This estimation method is simpler
and general.

Using any of the approaches to obtain a robust estimation of the considered norms
in a multivariable process will allow to make a robust selection of a subset including the
most significant input-output interconnections on which the controller will be based. In
the case of requiring more sophisticated models for the controller synthesis, the modeling
effort will only be placed on this set of significant interconnections.

The conclusions and future work perspectives are given in Chapter I.7.



I.2

Preliminaries

2.1 Representing linear systems

A time-invariant, linear continuous dynamic system can be represented in a state space
representation of the form:

ẋ = Ax+Bu (2.1a)

y = Cx+Du (2.1b)

The process inputs, outputs and internal states are collected in the vectors u ∈ Rn,
y ∈ Rm and x ∈ Rp respectively, and the system is represented by the quadruple
(A,B,C,D) with A ∈ Rp×p, B ∈ Rp×n, C ∈ Rm×p and D ∈ Rm×n.

A multivariable continuous time linear process can also be represented by its transfer
function matrix G(s), which for a proper system, can be obtained from the state space
representation as:

G(s) = C(sI − A)−1B +D

where s is the Laplace variable, and the size of the transfer function matrix is m × n.
Each of the elements Gij(s) of the matrix G(s) is the elementary subsystem which con-
nects the jth input with the ith output. When the system is represented in the frequency
domain, the Frequency Response Function (FRF) is denoted as G(jω).

2.2 System gramians

Given a continuous time system in state space form as in Equation (2.1), the controllabil-
ity (P) and observability (Q) gramians are obtained by solving the following continuous-
time Lyapunov equations [6]:

AP + PAT +BBT = 0
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ATQ+QA+ CTC = 0

The controllability gramian quantifies how hard it is to control a system state from the
system inputs, and the observability gramian quantifies how hard it is to observe a system
state from the system outputs. Some properties of the gramians are [7]:

- The minimal energy required to steer the states of the system from 0 to xf is
x∗fP

−1xf .

- The maximal energy of the output obtained by observing a system with initial state
x0, is x∗0Qx0

- The states which are difficult to reach are in the span of the eigenvectors of P which
correspond to small eigenvalues, and the states which are difficult to observe are in
the span of the eigenvectors of Q which correspond to small eigenvalues.

Therefore, inspecting the eigenvalues of P quantifies how hard it is to control the system
states from the system inputs, and inspecting the values of Q quantifies how hard it is
to observe a system state from the system outputs.

Gramians can be used to assess the process interactions and select viable control
structures, giving birth to several interaction measures. An early contribution in the field
of gramian based IMs dates from 1996, where A. Khaki-Sedigh and A.Shahmansourian [8]
presented an input-output pairing algorithm based on the cross-gramian matrix [9]. The
algorithm was using an indicator which was later classified as an IM named Dynamical
Input-Output Pairing Matrix (DIOPM) [10]. However, the term gramian based IMs
became popular after the publication in 2000 of the work by A. Conley and M. Salgado
[11], where the Participation Matrix (PM) was first introduced. Other gramian based
IMs were later introduced. In 2002 B. Wittenmark and M. Salgado introduced the
Hankel Interaction Index Array (HIIA) [12], which is the same indicator as the DIOPM,
but reinvented using the largest singular value of the product PQ instead of the largest
singular value of the squared cross-gramian matrix to quantify the channel significance,
being both values equal. In 2003 W. Birk and A. Medvedev [1] suggested the use of other
gramian based norms for the quantification of process dynamics, and introduced the IM
denoted as Σ2.

2.3 Norms on systems

In the work reported in this thesis, the following norms are used for quantifying the
importance of the process dynamics.

The squared Hilbert-Schmidt norm

The squared Hilbert-Schmidt (HS) norm is equal to the sum of the squared singular
values of the Hankel operator (Hankel Singular Values) [13]. The Hankel operator maps
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the past system inputs into the future system outputs, and the Hankel Singular Values
(HSVs) have important implications in quantifying the system dynamics [7].

The squared nonzero HSVs are equal to the eigenvalues of tr(PQ) and therefore, the
squared HS norm can be computed as the trace of the product PQ:

||Gij||2HS = tr(PjQi)

It has been mentioned that the gramians contain important information on the sys-
tem dynamics. However, gramians depend on the state realization. To overcome this
dependance, the product PQ can be used to quantify the system dynamics. PQ collects
important information about the controllability and observability of the system [11], be-
sides it is a positive-semidefinite matrix whose eigenvalues don’t depend on the state
realization.

Relationship of tr(PQ) with the frequency domain. The Nyquist diagram is a
well known tool for the analysis of dynamic systems. It was shown in [13] that tr(PQ) is
equal to the area enclosed by the oriented Nyquist diagram divided by π, with oriented
meaning clockwise direction:

tr(PjQi) = π−1Ac(Γij(ω)), (2.3)

where Ac(.) means area enclosed by, and Γij(ω) = Gij(jω) with ω ∈ R evaluated from
−∞ to ∞ in the continuous-time case.

Relationship of tr(PQ) with the time domain. In this thesis, the following rela-
tionship will be used for sampled systems to compute the If a discrete impulse response
for each of the channels of a multivariable system is know, tr(PjQi) can be computed as:

tr(PjQi) =
N∑
k=0

k (hij(k))2

were hij(k) are the coefficients of the impulse response, k is the order of the coefficients,
and N is the length of the impulse response.

The H2 norm

For any of the Gij(s) SISO systems, if Gij(s) is stable and strictly proper, ||Gij(s)||2 can
be expressed as

||Gij(s)||2 =

√
1

2π

∫ ∞
−∞
|Gij(jω)|2dw (2.4)

TheH2 norm has a strong connection with the controllability and observability grami-
ans. In the case that the process is given by state space description (A,B,C, 0), the H2

norm of each of the elementary SISO subsystem (A,Bj, Ci) can be computed as

||Gij(s)||2 =
√
CiPjCT

i
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where Pj is the controllability gramian of the SISO subsystem, and Ci the i-th row of C.
It has been shown [14] that the squared H2 norm of each elemental SISO subsystem

can be interpreted as the coupling in terms of the energy transmission rate between the
past inputs and the current output.

2.4 Index Arrays

In Section 2.3 the H2 and the squared HS norms have been introduced. Both of them can
be used to quantify the importance of each of the input-output channels in a multivariable
system. The Index Arrays were defined as an array including the norms of each of the
elementary subsystems divided by the total sum of the norms of all the elementary
subsystems.

Note that, due to the normalization, all the elements of given index array add up to 1.
Therefore the larger elements in an index array identify the input-output channels which
have a higher contribution in the process. When an IA is used for control structure design,
a subset S of the input-output channels is selected as the most significant. By evaluating
the closeness of

∑(i,j)∈S
i=1j=1 tr(PjQi) to 1, the designer can comprehend the amount of the

total process dynamics that the subsystem according to S is reflecting. The objective
is to find a simplified model formed by a reduced subset of the process interconnection.
This model will be used for the controller design and have to capture most of the process
dynamics.

The two considered index arrays in this thesis are the PM and the Σ2. Other popular
index arrays are the DIOPM [10] and the equivalent HIIA [12].

The Participation Matrix (PM)

The PM was defined as [11]:

φij =
tr(PjQi)∑

k,l

tr(PlQk)

The unnormed PM, will be denoted as φ̃, and it is an array collecting the values of
tr(PjQi) for each of the elementary input-output channels.

φ̃ij = tr(PjQi)

In this thesis, the names unnormed PM, squared HS norm of each SISO subsystem
and tr(PjQi) are used interchangeably. Which means that also the following notation is
interchangeably used:

φ̃ij = ||Gij||2HS = tr(PjQi)

Note from Equation (2.3) that the unnormed PM is proportional to the area enclosed
by the Nyquist diagram of each of the input-output channels. This shows that the PM
is in fact closely related to the Direct Nyquist Array (DNA) introduced by Rosenbrock
in the early 1970:s (see for instance [15, 16] for an introduction to DNA analysis and
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[17] for a discussion of DNA in connection with uncertain systems). In the basic DNA
approach, Nyquist curves are plotted for each subsystem and the decentralized pairings
corresponding to the largest Nyquist curves are selected. Obviously, the PM is a quan-
titative version of this concept, however, initially derived to quantify controllability and
observability of the state space.

The Σ2 Interaction Measure

The Σ2 is defined as [1]:

[Σ2]ij =
||Gij(s)||2∑

k,l

||Gkl(s)||2

The unnormed Σ2, will be denoted as Σ̃2, and it is an array collecting the values of
||Gij(s)||2 for each of the elementary input-output channels.

[Σ̃2]ij = ||Gij(s)||2

2.5 Representing model uncertainty

To represent model uncertainty in a SISO system, the following notation will be used:

Π : uncertainty set. Includes all the possible plants due to uncertainty

G(s) ∈ Π : nominal plant.

Gp(s) ∈ Π : particular perturbed plant.

The nominal plant G(s) is the actual model of the plant, that is, what we assume that
the plant is; Gp(s) represents a particular possible plant due to uncertainty, and Π repre-
sents the set of all possible plants. The uncertainty set is described using multiplicative
uncertainty as:

Π : Gp(s) = G(s)(1 +W (s)∆W (s)); |∆W (jω)| ≤ 1,∀ω (2.5)

W (s) is the scaling factor, and it is a stable transfer function selected to represent the
uncertainty, ∆W (s) represents any stable transfer function with magnitude less or equal
than one at each frequency. G(s)

(
1 + W (s)∆W (s)

)
describes at each frequency ωk a

circular region of uncertainty centered in G(jωk) with radius equal to |G(jωk) ·W (jωk)|.
As illustrated in Fig. 2.1, W (s) has to be selected so that the uncertainty set Π includes
the possible uncertainty at each frequency ωk.

Another possibility is to describe the uncertainty set as additive uncertainty of the
form:

Π : Gp(s) = G(s) +Wa(s)∆Wa(s); |∆Wa(jω)| ≤ 1,∀ω (2.6)

In this case, the circular regions describing the uncertainty have as radius |Wa(jωk)| at
each frequency ωk. Multiplicative uncertainty is usually preferred since it expresses the
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Figure 2.1: Circular uncertainty regions generated by multiplicative uncertainty. W (s) has to
be selected to include at each frequency all the possible perturbed plants due to uncertainty.

uncertainty as relative to the nominal case. However, both notations are equivalent if
|W (jω)| = |Wa(jω)|/|G(jω)|.

The uncertainty weights (W (s) or Wa(s)) are usually designed as rational transfer
functions. However, other options are possible, like defining the weight as a real valued
function of ω: W (ω) or Wa(ω) [18]. For the results presented in Chapter I.3 the latter is
preferred, since the results will be based on integrating expressions which are a function
of the uncertainty weights, and when using computer toolboxes based on symbolic math
operations it will in most cases involve less computational complexity.

For the results presented in this thesis the following conditions will be required for
the weights of the used multiplicative or additive uncertainty:

lim
ω→∞

W 6= ±∞ ; lim
ω→∞

Wa = 0

which are properties of typical uncertainty weights [18].



I.3

Bounds on Interaction Measures
from parametric models with

uncertainty description

In this chapter bounds for theH2 and the squared HS norms are created for parametric
process models with uncertainty description. MIMO models will be considered, in which
each of the SISO subsystems is independently perturbed by multiplicative uncertainty as
in Equation (2.5). The effect of uncertainty in the considered norms will be determined
independently for each of the SISO subsystems. Therefore, all the formulas in this chapter
are applied independently to each of the SISO subsystems, but the term ij will be dropped
for the sake of simplicity.

3.1 Model uncertainty in the Nyquist diagram and

connection to the bounds of tr(PjQi)

It has been mentioned in Section 2.5 how the multiplicative and additive descriptions
of model uncertainty affects the Nyquist diagram. It was also mentioned in Section 2.3,
that the value tr(PjQi) for each of the SISO subsystems of a MIMO system can be
computed as the area enclosed by the oriented Nyquist diagram divided by π. Therefore,
by obtaining the minimum and maximum possible areas enclosed by the Nyquist diagram,
the possible variation of tr(PjQi) in the uncertainty set can be obtained.

Considering a MIMO system in which each of the SISO subsystems is affected by
independent multiplicative uncertainty, the uncertainty region in the Nyquist diagram
can be determined for each of the SISO subsystems using the Frenet-Serret frame, which
is a well know concept in differential geometry.

For a SISO model affected by multiplicative uncertainty as in Equation (2.5), gen-
erally, adding the value of |G(jω)W (jω)| in the direction and sense of the vector normal
to the nominal Nyquist curve (see Fig. 3.1), the curve enclosing the smaller area in the
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Figure 3.1: Nyquist diagram perturbed by uncertainty. The nominal Nyquist curve, and the
curves enclosing the minimum and maximum areas in the uncertainty set are depicted.

uncertainty set is obtained. Similarly, by adding |G(jω)W (jω)| in the opposite sense, the
curve enclosing the larger area in the uncertainty set is obtained.

Denoting

G′(jω) =
∂G(jω)

∂ω
,G′′(jω) =

∂2G(jω)

∂ω2

~GN(jω) =
G′(jω)× (G′′(jω)×G′(jω))

|G′(jω)| · |G′(jω)×G′′(jω)|
(3.1)

where × denotes the vector product, then the the curves Glow and Ghigh enclosing the
minimum and maximum possible areas can be described as:

Glow(jω) = G(jω) + ~GN(jω) · |G(jω)| · |W (jω)| (3.2a)

Ghigh(jω) = G(jω)− ~GN(jω) · |G(jω)| · |W (jω)| (3.2b)

However, it has been observed that this statement may not hold for systems with large
uncertainty. Before proceeding with the integration of the areas, a visual inspection of
the validity of these bounds is therefore advised (see Fig. 3.1).

Example. Bounds on tr(PjQi)

The following model will be used for a robust analysis of interactions based on tr(PjQi).

G(s) =

(
5

0.5s+1
2.4

0.25s+1
2.7

0.4s+1
2.5

0.25s+1

)
(3.3)
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where each of the input-output channels is perturbed with multiplicative uncertainty
Wij = 0.15.

The nominal value of the unnormed PM φ̃N is:

φ̃N =

(
6.2500 1.4400
1.8225 1.5625

)
The regions in the Nyquist diagram induced by uncertainty are depicted in Fig. 3.2, from
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Figure 3.2: Uncertainty in the Nyquist diagram of the system in Equation (3.3) when each
input-output channel is affected by a multiplicative uncertainty of Wlij = 0.15.

which, the bounds on tr(PjQi) for each of the scalar channels with input j and output i
are computed and collected in the matrix φ̃.

φ̃ =

(
[4.1435, 8.9101] [0.9549, 2.0533]
[1.2123, 2.5980] [1.0359, 2.2286]

)
The sum of the diagonal elements of φ̃ is, in all cases, larger than the sum of the off-
diagonal ones, and therefore this indicator suggests the diagonal pairing in case of using
decentralized control. However, if φ̃ is normalized to obtain the PM, the sum of the
main diagonal will vary between 0.53 and 0.84, which means that such a decentralized
structure will consider between 53% and 84% of the process dynamics quantified using
tr(PjQi) as indicator. An upper triangular controller will be the result of discriminating
only the subsystem G12, and it is the simpler structure which will most likely derive in
a acceptable performance, since it will consider between 76% and 94% of the process
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dynamics. However, in the worst case for such a triangular structure, the significance of
the neglected input-output channel will be 24%, which is rather large considering that
in a system with four equal input-output channels the contribution of each channel is
25%. The final robust decision to be taken is that a full MIMO controller should be used,
since no input-output can be discriminated considering the variations of tr(PjQi) in the
uncertainty set.

3.1.1 Computing the area enclosed by the Nyquist Diagram.

Even if Equation (3.2) gives an analytical description of the curves enclosing the minimum
and maximum areas, it might not be an easy task to compute this areas. Two methods
are here proposed and discussed.

Computing the area enclosed by the Nyquist Diagram using triangulation

The easiest way of computing this areas is by discretizing the curves at a finite num-
ber of points, and using triangulation techniques to compute the area enclosed by the
resulting polygon. Therefore, for a chosen set of increasing positive frequencies ωk =
{ω0, ω1, . . . , ωN} the area enclosed by the resulting polygon can be computed as:

Area = (real(G(jωN)) · imag(G(jω0))− real(G(jωN)) · imag(G(jωN))) +

+
N−1∑
k=0

(
real(G(jωk)) · imag(G(jωk+1))− real(G(jωk+1)) · imag(G(jωk))

) (3.4)

where G can be substituted by Ghigh or Glow for computing the maximum and minimum
areas induced by uncertainty. The triangulation technique gives the desired area, since
it also considers the multiplicities due to several windings (positive or negative). Equa-
tion (3.4) gives the total area enclosed by the Nyquist diagram using a set of positive
frequencies by making use of the existing symmetry. It is recommended to choose ω0 = 0
and ωN →∞. It is also recommended to choose the set of frequencies as logarithmically
spaced.

This method is simple to implement and is fast to compute, and many software tools
have it in a built in function, like the function polyarea in Matlab. Another advantage
of the triangular integration is that it is suitable in the case of having a nonparametric
model of the frequency response function, which will be discussed in Section 4.2.1.

A clear disadvantage of this method is that it requires a certain interaction from the
user, for selecting the set of frequencies at which G(jω) is evaluated, and the exactitude
of the result depends on the ability with which this set of frequencies is selected.

Computing the area enclosed by the Nyquist Diagram using numerical inte-
gration

Equations 3.2 give the analytical description of the curves enclosing the minimum and
maximum areas in the Nyquist diagram due to model uncertainty. These equations are
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parametrizations of curves in the complex plane with respect to the parameter ω. The
area can therefore be analytically solved by evaluating the following line integral in the
complex plane:

Area(γ) =
1

2

∮
γ

xdy − ydx

where γ denotes the considered Nyquist curve. However, depending on the number of
zeros and poles of the original transfer function and on the complexity of the functions
W (jω) used to describe uncertainty, this integral can be tedious to solve, and therefore,
an alternative is here presented. The enclosed area can be computed as:

Area(γ) =

∫ ∞
−∞

∫ ∞
−∞

nυ(x+ j · y)dxdy

where nυ(x+ j · y) is the number of times that γ winds around the point in the complex
plane with real part x and imaginary part y. This integral can numerically be solved
using quadrature methods (i.e. the methods implemented in Matlab in the function
dblquad), if an algorithm which computes the winding number of a point in the complex
plane is provided to the quadrature method. Such algorithm was provided in [19] as
an application of general concepts in geometry applied to the Nyquist diagram. From
the results in that paper, the following algorithm can be formulated for computing the
winding number for a given point z0 = x0 + j · y0 in the complex domain:

1.- Define the horizontal half-line which starts at the point z0 and goes in the
positive direction of the abscissa. Denote it as %.

2.- Determine the number and the sign of the crossings of γ and %. Being a crossing
considered positive if the cross product of the tangent vectors to the curves t% × tγ
is also positive.

3.- The winding number is then the number of positive crossings minus the number
of negative crossings.

There are two specials cases in this algorithm which have to be clarified. For ω →∞ the
Nyquist plot approaches to a point in the real axis, and the curve is not smooth. The
same situation can occur at ω = 0, and therefore, the tangent to the Nyquist curve is not
well-defined. A simple approach for determining the sign of the crossings in this cases
can be consulted in [19].

3.2 Model uncertainty in the Bode diagram and con-

nection to the bounds of the H2 norm

The Bode diagram of a continuous-time dynamic system is obtained by plotting inde-
pendently the magnitude and the phase of the complex number G(jω) as a function of
ω. Only the magnitude of the Bode diagram will be analyzed, due to its connection with
the H2 norm.
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Considering a MIMO system in which each of the SISO subsystems is affected by
independent multiplicative uncertainty, the bounds on |G(jω)| are described for each of
the SISO subsystems by:

|G(jω)|min = |G(jω)|(1− |W (jω)|)

|G(jω)|max = |G(jω)|(1 + |W (jω)|)

As described in Equation (2.4), the H2 norm can be computed as the area under the
squared magnitude of the Bode diagram |G(jω)|2. Since |G(jω)|min and |G(jω)|max in
Equation (3.2) give the minimum and maximum values of |G(jω)|, substituting |G(jω)|
in Equation (2.4) for them gives the maximum and minimum values of ||G(s)||2 due to
uncertainty.

Example. Bounds on Σ̃2

The model in Equation (3.3) will be used for a robust analysis of interactions based on Σ̃2.
The nominal value of the unnormed Σ2 will be denoted as Σ̃N

2 and has been calculated
to be:

Σ̃N
2 =

(
5.0000 3.3941
3.0187 3.5355

)
Each of the input-output channels is perturbed with multiplicative uncertainty Wlij =
0.15. The uncertainty areas in the magnitude of the Bode diagram induced by uncertainty
are depicted in Fig. 3.3,

By analytically evaluating the expression in for |G(jω)|min and |G(jω)|max in , the
bounds on ||Gij||2 for each of the scalar channels with input j and output i are computed
and collected in the matrix Σ̃2.

Σ̃2 =

(
[4.2500, 5.7500] [2.8850, 3.9032]
[2.5659, 3.4715] [3.0052, 4.0659]

)
This indicator suggests that no robust decision on a decentralized control structure

can be taken, since the dominance of the sum of the diagonal elements or the off-diagonal
ones switches within the uncertainty set. The channel G21, which is the less significant
one in the nominal case, can contribute up to 26% of the process dynamics when the
H2 norm is used as quantification. The final conclusion is that no input-output channel
should be discriminated if all the uncertainty set is considered, and therefore a full MIMO
controller is to be used. This conclusion is in accordance with the one in Section 3.1 where
the bounds of tr(PjQi) were used to perform a robust control structure selection.
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Figure 3.3: Uncertainty in the magnitude of the Bode diagram of the system in Equation (3.3)
when each input-output channel is affected by a multiplicative uncertainty of Wij = 0.15.
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I.4

Confidence bounds on Interaction
Measures from estimated

nonparametric models in the
frequency domain. Applications on

weakly non-linear systems

There is a possibility of estimating a non-parametric model of the FRF of a linear
system by exciting the process inputs with for example white noise or with periodic
signals [3]. In the case of a SISO system, the quotient between the Fourier transform of the
process output and the Fourier transform of the process input is the Maximum Likelihood
(ML) estimation GML(jωk) of the real FRF G(jωk) at the considered frequencies ωk.
Confidence bounds on the estimation of each of the values G(jωk) can be created as a
circular complex region determined by the variance of the estimators.

An example of the resulting model from such a modeling scheme is depicted in Fig. 4.4,
were theGML(jωj) is depicted in a Nyquist diagram, and it becomes clear that the method
described in Section 3.1 can be used to create a robust estimation of the squared HS norm
by computing the maximum and minimum areas under the Nyquist diagram using the
triangulation method described in Section 3.1.1.

The magnitude of the estimated FRF can also be depicted in the frequency domain,
and confidence intervals for the estimation can be created from the variance of the com-
puted estimators GML(jωk). This will result in a diagram like the depicted in Fig. 4.6.
The bounds on the H2 norm can then be computed from the maximum and minimum
obtained areas under the squared magnitude of the Bode diagram in a similar approach
that the one described in Section 3.2.

It is important to clarify that the contribution of this chapter is not proposing any
modeling scheme or excitation design. The contribution is to present and illustrate a
methodology for creating bounds on the estimation of the H2 and the squared HS norms

35
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of the SISO subsystems of a MIMO system from nonparametric models describing the
its FRF. The optimal choice of the modeling scheme and the excitation signals is to be
decided by a qualified engineer depending on the process to be modeled and the scenario.

However, a modeling scheme using the ML estimator for linear multivariable systems
is included in Section 4.1.1.

In the case of facing a nonlinear system, Section 4.1.2 includes the description of a
excitation design which will quantify the contribution of the process nonlinearities [3]. If
the system is found to be weakly nonlinear, then the designed experiment will provide
with data for obtaining the best linear approximation ([3]) of the FRF. The variance of
the estimators can then be used to create confidence regions in the Nyquist and Bode
diagrams, and therefore it will be possible to compute a robust estimation of the H2 and
the squared HS norms in sections 4.2.2 and 4.2.1 respectively. If the process is found
to be strongly nonlinear, then an Interaction Measure for nonlinear systems have to be
used (see Chapter I.1).

4.1 Estimation of the FRF of the system

4.1.1 Estimation of the FRF for linear multivariable systems.

Periodic excitation signals will be considered. To estimate G(jωk) for a multivariable sys-
tem with n inputs and m outputs, n sub-experiments are needed. The Fourier transform
of the inputs for each frequency will then be collected in a matrix:

U(k) =

 U
[1]
1 (k) . . . U

[n]
1 (k)

...
. . .

...

U
[1]
n (k) . . . U

[n]
n (k)


where U

[i]
j (k) is the frequency content of the jth input at the frequency ωk and in the ith

sub-experiment. By collecting in the same way the Fourier transform of the output in a
matrix such as

Y(k) =

 Y
[1]

1 (k) . . . Y
[n]

1 (k)
...

. . .
...

Y
[1]
n (k) . . . Y

[n]
n (k)


then the ML estimator GML(jωk) at the frequency ωk can be computed as:

GML(jωk) = Y(k)U−1(k) (4.1)

For guaranteing that U(k) is regular and well conditioned, the DFT spectrum of one of
the input signals will be tailored, and U(k) will be selected as U(k) = U(k)W, being W
and orthogonal matrix. I.e. for the case of a 2× 2 system:

W =

(
1 1
1 −1

)
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These orthogonal input signals for TITO systems were introduced in [20] and later con-
sidered for an arbitrary input dimension in [21]. They have been designed for attenuating
the influence of process noise in the FRF measurements.

In case of having at disposal several successive periods of the signals, different aver-
aging techniques are possible (see [3]), being one of them to average the DFT spectrum
over the successive periods.

4.1.2 Excitation for nonlinear systems.

Consider a Wiener system with an output nonlinearity y = a · z + b · z2 + c · z3 excited
with a sine wave with a frequency f0. In the case of a 6= 0, b = 0 and c = 0 the system
is merely a linear system, and the output spectra has a contribution only at the original
frequency f0. On the other hand, nonlinear systems would create additional harmonics at
frequencies different than f0. A quadratic term (b 6= 0) will create a contribution at 2f0

(and a DC term), and a cubic term (c 6= 0) will create a contribution at f0 (superposed
to the linear contribution) and another contribution at 3f0.

The previous observations can be generalized using Volterra systems for a large class of
nonlinear systems [22, 3]. The implication is that, for a nonlinear system, and for periodic
signals exciting only a set of selected odd frequencies (i.e. ωk = f0, 3f0, 7f0, 11f0, . . . ), the
contribution of the even nonlinearities will appear at even frequencies and therefore they
will not disturb the estimation of G(jωk), whereas the odd nonlinearities will contribute
at the odd frequencies which are not excited (5f0, 9f0, . . . ), but also contribute at the
excited frequencies in superposition with the linear contribution.

From the obtained data, the best linear approximation GBLA(jωk) can be estimated
using the ML estimator, obtaining as result:

GBLA(jωk) = G0(jωk) +GB(jωk)

being G0(jωk) the underlying linear system and GB(jωk) the bias errors due to nonlinear
contributions, which depends only on the odd degree nonlinear distortions and the power
spectrum of the input [23, 3].

If for each period of the excitation signal the FRF is estimated, and the result is
averaged, then the total variance of the linear estimator will be a composition of the
variance induced by the additive output noise and a zero mean stochastic nonlinear
contribution from the odd degree nonlinearities [23, 3].

Example. Excitation and FRF estimation of a weakly nonlinear system

The quadruple tank system was described in [24] and is depicted in Fig. 4.1. It is an
interacting systems in which two pumps u1 and u2 deliver their flow in four tanks, being
the output flow of the top tanks delivered to their corresponding tanks at the bottom.
This interconnections form a complex system whose dynamic behavior depends on the
position of two manual valves which determine how the flow rate from each pump is
split into two different tanks. The nonlinear differential equations describing the process



38
Confidence bounds on Interaction Measures from estimated

nonparametric models in the frequency domain

Figure 4.1: The quadruple tank process.

behavior are [24]:

dh1

dt
= − a1

A1

√
2gh1 +

a3

A1

√
2gh3 +

γ1k1

A3

u1

dh2

dt
= − a2

A2

√
2gh2 +

a4

A2

√
2gh4 +

γ2k2

A2

u2

dh3

dt
= − a3

A3

√
2gh3 +

(1− γ2)k2

A3

v2

dh4

dt
= − a4

A4

√
2gh4 +

(1− γ1)k1

A4

v1

The considered process parameters are summarized in Table 4.1.
It is of desire to determine a control structure for controlling the level of the bottom

tanks (h1 and h2) for the working point described in Table 4.2. The first objective of this
experiment is to determine whether the process can be considered as linear around the
working point by measuring the contribution in frequency domain of the nonlinearities
and determining if they are negligible in comparison with the linear contribution.

If the process is found to be weakly nonlinear, the second objective will be to estimate

Parameter A1, A3 A2, A4 a1, a3 a2, a4 g k1 k2 γ1 γ2

Value 28 cm2 32 cm2 0.071 cm2 0.057 cm2 981 cm/s2 3.33 3.35 0.59 0.45

Table 4.1: Construction parameters of the quadruple tank process.
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Variable u1 u2 h1 h2 h3 h4

Value 3 V 3.2 V 14.1 cm 12.5 cm 3.5 cm 2.6 cm

Table 4.2: Selected working point for the quadruple tank process.

the best linear approximation as a nonparametric model in frequency domain. The
variance for the estimators of G(jωk) will also be estimated, and confidence regions will
be created. This will allow a robust estimation of the H2 and the squared HS norms
which can be used to derive robust decisions on the control structure selection.

Random phase multisine signals [25, 22, 3] were used as excitation for the non-
linear simulation of the process. The lower excited frequency was f0 = 0.5 · 10−4.2.
Every 4 odd multiples of f0, 3 random frequencies where excited, giving as sequence:
f0, 3f0, 5f0, 9f0, 11f0, 13f0, 17f0, 19f0, 21f0, 27f0, 29f0, 31f0 . . . , 3175f0. As it can be ob-
served in Fig. 4.2, the rms value of these excitation signals was selected to create a
significant deviation from the working point (rms(u1) = 0.8, rms(u2) = 1.2) in order
to asses whether the process can reasonably be considered as linear for a wide working
range.
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Figure 4.2: Time section showing simulated levels for the tanks.

The simulation outputs were disturbed with additive and uncorrelated white noise of
variance 0.03.

The magnitude of the DFT of one period of the input signal u1 and the output signals
h1 and h2 is depicted in Fig. 4.3. The magnitude of DFT for the input signal u2 have
the same profile as that of u1, but has a different magnitude level and a shifted phase.
The contributions in the input signal with a magnitude between −200dB and −300dB
are just numerical residuals.

For the output signals, the circles represent the contribution at the excited frequencies
(odd). The light yellow dots represent frequencies which are not integer multiples of any
excited frequency, and the contribution there corresponds to the contribution of the
additive white noise disturbance at the output. The triangles represent contributions
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Figure 4.3: Discrete Fourier Transform of one period of the input excitation signal and the
output signals.

at even multiples of excited frequencies. It can be observed that there is a certain
contribution of the even nonlinearities, but this contribution is negligible in comparison
with the linear contribution, and besides, as it was previously mentioned, it will not
disturb the FRF measurements. The crosses represent frequencies which are not excited
and are odd multiples of excited frequencies. At first sight it can be observed that at
these frequencies the level of the contribution is similar to that of the disturbing output
noise. This suggests that the odd nonlinearities are marginally contributing to the process
dynamics. However, the odd nonlinearities can perturb the FRF measurements, since
they are also contributing at the excited frequencies.

Linear models for the FRF response of the system will now be created. The same
multisine excitation signals will be used with the ML estimator in Equation (4.1). Three
realizations of an experiment like the one described in Section 4.1.1 were performed.
The input spectra U(k) was tailored so the mentioned odd frequencies have a unitary
contribution and a random phase. Each of the realizations is then composed of two sub-
experiments with input excitation described by U(k) = U(k)W . However, this time the
matrix W was selected to be:

W =

(
rms(u1) 0

0 rms(u2)

)(
1 1 · ejθ
1 −1 · ejθ

)
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with θ a uniform random number in the interval [0, 2pi] which changes for each realiza-
tion. Introducing this random phase shift makes the effect of the distortion from the
odd nonlinearities become independent over the sub-experiments, creating an additional
averaging effect over the sub-experiments which will result in most cases in an additional
reduction of the uncertainty in GBLA(jωk) [26]. For each sub-experiment, one period of
the random signal was considered as transient, and three periods where observed.

The final conclusion is that a quadruple tank process with the described parameters,
and at a wide range around the selected working point can be considered as a weakly
nonlinear system for a random phase multisine excitation signal. The best linear ap-
proximation in Equation (4.2) is therefore a good approximation of the underlying linear
system, since only a marginal bias contribution from the odd nonlinearities is expected.

Confidence regions on the estimation of the FRF were created from the variance of
the estimators, and the result is depicted in the magnitude of the Bode diagram and
in the Nyquist diagram in figures 4.6 and 4.4 respectively. The confidence regions for
a certain confidence ρ% can be created as a circular complex regions with a radius of√
−log(1− ρ/100)σ̂Gij(k) , where σ̂Gij(k) is the estimated variance of the FRF estima-

tors.

4.2 Robust estimation of Interaction Measures

At each of the excited frequencies ωk, a circular confidence region can be created for the
estimator Ĝij(jωk), and the uncertainty set can be described using additive uncertainty
as in Equation (2.6):

Πij(jωk) : [Gp(jωk)]ij = Ĝij(jωk) +
√
−log(1− ρ/100)σ̂Gij(k) ·∆Wa(s); |∆Wa(jω)| ≤ 1, ∀ω

where Ĝij(jωk) is the estimated FRF, σ̂Gij(k) is the estimated variance of the FRF
estimators, and ρ is the confidence of the region expressed in % .

This uncertainty description allows to calculate bounds on the squared HS norm from
the uncertainty in the area enclosed by the Nyquist diagram, and the uncertainty on the
H2 from the uncertainty in the area under the squared magnitude of the Bode diagram.
This approaches follow from the ones described in Chapter I.3 for parametric models
with uncertainty description.

4.2.1 Robust estimation of tr(PjQi)

The curves enclosing the minimum and maximum areas in the Nyquist diagram are
described by

Glow
ij (jωk) = Ĝij(jωk) + ~GN

ij (jωk)
√
−log(1− ρ/100)σ̂Gij(k) (4.2a)

Ghigh
ij (jωk) = Ĝij(jωk)− ~GN

ij (jωk)
√
−log(1− ρ/100)σ̂Gij(k) (4.2b)

where Ĝij(jωk) is the estimated FRF, σ̂Gij(k) is the estimated variance of the FRF

estimators, ~GN
ij (jωk) is the normal vector to the Nyquist curve which was computed
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Figure 4.4: Confidence regions in the Nyquist diagram for the magnitude of the estimated
nonparametric models for the quadruple tank. The continuous line describes the model obtained
from a linearization of the process equations around the working point.

using a discrete version of the Frenet Serret frame formulas and ρ is 99 for a region of
99% confidence.

A difficulty was encountered when computing the normal vector to the Nyquist di-
agram. The estimated Nyquist curve presents ripples and abrupt variations. As a con-
sequence, the computed normal vector was pointing to a largely uncertain direction.
This difficulty was solved by exploiting the smoothness property of the Nyquist diagram.
The estimated Nyquist curve was first smoothed with a moving average filter, then the
normal vector was computed and also smoothed, and finally Equation (4.2) was used
to create the uncertainty region depicted in Fig. 4.4. Integrating the obtained areas by
triangulation gave the following robust estimation of tr(PjQi):

φ̃NotSmoothed =

(
[4.6149, 5.9646] [6.4800, 7.1149]
[4.6770, 5.3551] [4.0416, 4.6398]

)
However, the uncertainty regions were still found to be largely conservative, so the com-
puted curves Glow and Ghigh were also smooth with a moving average filter. The result
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Figure 4.5: Smoothed confidence regions in the Nyquist diagram for the magnitude of the esti-
mated nonparametric models for the quadruple tank. The continuous line describes the model
obtained from a linearization of the process equations around the working point.

is depicted in Fig. 4.5, and the obtained robust estimation of tr(PjQi) is:

φ̃Smoothed =

(
[4.7736, 5.8070] [6.4415, 7.0866]
[4.6460, 5.3176] [4.0658, 4.5845]

)
Both results can be compared with the obtained value of tr(PjQi) from a linearization

of the process equations around the considered working point:

φ̃N =

(
5.4852 6.9683
5.2242 4.4498

)
4.2.2 Robust estimation of the H2 norm

99% confidence bounds on the estimation of the FRF response for the quadruple tank
were created. This bounds can be translated into two discretized curves which would
describe the maximum and minimum values taken by the magnitude of the FRF.

|Gij(jωk)|min = |Ĝij(jωk)| −
√
−log(1− ρ/100)σ̂Gij(k) (4.3a)
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Figure 4.6: Confidence regions for the magnitude of the estimated nonparametric models for
the quadruple tank. The continuous line describes the model obtained from a linearization of
the process equations around the working point.

|Gij(jωk)|max = |Ĝij(jωk)|+
√
−log(1− ρ/100)σ̂Gij(k) (4.3b)

where Ĝij(jωk) is the estimated FRF, σ̂Gij(k) is the estimated variance of the FRF
estimators and ρ is 99 for a region of 99% confidence.

The obtained regions in the magnitude of the Bode diagram are depicted in Fig. 4.6.
Since the H2 norm can be computed from the integral of the squared magnitude of

the FRF (see Equation (2.4)), then the bounds on the H2 norm can be computed from
the lines describing the maximum and minimum values of the magnitude of the FRF in
Equation (4.3):

Σ̃2 =

(
[0.3852, 0.4213] [0.3030, 0.3204]
[0.2266, 0.2474] [0.3035, 0.3255]

)
which can be compared with the nominal value obtained from a linearization of the
process equations:

Σ̃2 =

(
0.4054 0.3104
0.2363 0.3152

)
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4.2.3 Some numerical considerations

When estimating a nonparametric model for the FRF G(jωk), there will be some frequen-
cies at which the created uncertainty region is so large that it includes the origin. Some
implications of these can be consulted in [6]. One implication is that at these frequencies
the relative uncertainty exceeds 100%, and therefore we will consider them either as out-
liers in the FRF measurement, or as measurements in which the signal to noise ration is
so low that no confident measurement of the FRF is possible. This usually happens at
very high frequencies, at which the gain of the process is almost 0. These measurements
will only be introducing additional noise in the estimation of the H2 or the HS norms,
and therefore they have been removed before proceeding to the integration of the areas.

Another consideration to make before proceeding with the integration for computing
the bounds on the considered norms, is to force the Nyquist curve will to be closed.
This can be done by expanding the resulting nonparametric model of the FRF with two
points: the value G(ωk → ∞) = 0, which will force the Nyquist curve to cross through
the origin, and with an estimation of the DC gain. In the simulations here performed, the
DC gain was assigned to have the same magnitude and variance as the slowest excited
frequency, and forced to have a zero phase.
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Unbiased Estimation of Gramian-Based Process

Interactions with Confidence Bounds

Miguel Castaño, Wolfgang Birk and Björn Halvarsson

Abstract
The Hilbert-Schmidt norm (HS norm) of a dynamic system, is used in several aspects of
control engineering, i.e. model order reduction, or analysis of process interactions. This

paper deals with the estimation of the squared HS norm of stable dynamic systems
from logged data samples. A new unbiased statistic is proposed based on a previous
result. The probability distribution of the estimation of the squared HS norm is also

described, providing a methodology for obtaining confidence bounds for the estimates.
The results are applied in the analysis of process interactions by computing confidence
bounds in the estimation of the unnormed Participation Matrix (PM): a gramian based
interaction measure which uses the squared HS norm to quantify the importance of the

input-output channels.

5.1 Introduction

The design of control systems for complex processes is a difficult task and mostly based
on the experience of process and design engineers.

A critical step is the choice of the structure of the control, which means selecting
where to place the controllers between the sensors and actuators. Current methods for
control structure design use so called Interaction Measures (IMs), e.g. the Relative Gain
Array (RGA) [1], the Participation Matrix (PM) [2], the Hankel Interaction Index Array
(HIIA) [3], the Σ2 [4], or the recently introduced Functional Energy Transfer (FET) and
Functional Dynamic Power Transfer (FDPT) [5].

The IMs help the designer to select a subset of the most significant input-output
channels, which will form a reduced model on which the control design will be based.

All of the existing methods require that a model of the process is available and pro-
cess modeling is usually a time consuming task. The complexity of the process modeling
increases as the number of process variables increases. When modeling a complex large
scale process, the designer usually models only the input-output channels which he con-
siders significant. When interaction measures are applied to such a model, the analysis
is biased by the judgment of the designer, since potential input-output interconnections
may have been neglected. However, the significant input-output channels often form a
sparse subset of the full interconnection matrix, and therefore it is not optimal to model
all the system channels if most of them are neglected thereafter. Therefore, if there is a
possibility of estimating any of the IMs from input-output data before the modeling of
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the system is done, the most significant input-output channels will be identified. In this
case, the designer will obtain useful information on how to design the control structure,
and the modeling effort can be focused on the interconnections which were found to be
significant.

Besides the clear advantages of estimating IMs from input-output logged data, only
a limited amount of work has been published in this field ([6, 7]). The work in this paper
is based on the previous results by Salgado and Yuz in [7], where the Participation
Matrix (PM) is estimated from the impulse response of each of the input-output channels
modeled as a FIR filter using linear regression. Matching each of the input-output chan-
nels with a FIR filter provides non-parametric models which are easy and fast to create.
The PM then provides the required information for control structure selection, or in the
case of requiring more sophisticated models than an impulse response, the PM will pin-
point the input-output channels in which the designer should focus during the modeling
task.

Another fact to consider in the analysis of process interactions is model uncertainty.
Clearly, all process models are affected by uncertainties, since simplifications and ap-
proximations are unavoidable during modeling. Thus, the validity of the decisions based
on control structure methods can not be assessed by only analyzing the nominal models.
Only recently, the effect of model uncertainties on control structure design methods has
received increasingly attention, i.e. the work on the sensitivity of the RGA to model
uncertainties in [6, 8, 9], the work on the sensitivity of the HIIA in [10] and the work on
the sensitivity on the HIIA and PM in [11].

The focus of this paper is to continue the work in [7]. We show in this paper that the
statistic used is a biased estimator of the true value of the squared Hilbert-Schmidt norm
(HS norm), although asymptotically unbiased. We also propose a new unbiased statistic
of the squared HS norm, and create confidence intervals based on the distribution of the
estimation. The results are applied in the field of interaction measures to perform an
estimation of the unnormed PM with confidence intervals.

The layout of this paper is as follows. First the preliminaries are given in Section 5.2.
Section 5.3 shows that the statistic used in [7] for the estimation of the squared HS norm
provides a biased estimation (but asymptotically unbiased) . Section 5.4 introduces a
new statistic providing an unbiased estimation of the squared HS norm, and a numerical
example is used to compare the convergence of both estimations. Section 5.5 describes
a methodology to obtain confidence bounds on the estimation of the squared HS norm.
In Section 5.6 The method is applied to a bark boiler: a complex process with different
time scales. Finally, the conclusions are given in Section 5.7.

5.2 Preliminaries

5.2.1 Controllability and Observability Gramians

Given a continuous time system represented by the quadruple (A,B,C,0) in state-space
representation, the controllability (P) and observability (Q) gramians are obtained by
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solving the following continuous-time Lyapunov equations ([12]):

AP + PAT +BBT = 0 ; ATQ+QA+ CTC = 0

P quantifies how hard it is to control the system states from the inputs, and Q quantifies
how hard it is to observe the process states from the outputs.

Since P and Q depend on the state space realization, the product PQ is formed.
PQ is a matrix with non-negative eigenvalues which are independent of the state space
realization, and the sum of its eigenvalues equals its trace.

The trace of PQ quantifies the combined abilities of the inputs and outputs to control
and observe the process state, or in another words, it quantifies the connection of the
input and output spaces via the state space.

5.2.2 Participation Matrix (PM)

The PM was introduced in [2] as:

φij =
tr(PjQi)

tr(PQ)

where tr(PQ) is the trace of the product of the controllability and observability gramians
of the full MIMO system, and tr(PjQi) considers the gramians of the (i, j) input-output
channel.

The fact that tr(PQ) =
∑m,n

i=1j=1 tr(PjQi) implies that all the elements in the PM add
up to one, and the element φij quantifies the importance of the (i, j) input-output channel
in the process dynamics.

When the PM is used for control structure design, a subset S of the input-output chan-
nels is selected as the most significant. By evaluating the closeness of

∑(i,j)∈S
i=1j=1 tr(PjQi)

to 1, the designer can comprehend the amount of the total process dynamics that the
subsystem according to S is reflecting.

The squared HS norm of a system is the sum of the squared Hankel Singular Values
(HSVs). The participation matrix has a close relationship to the HS norm [7]. For each
of the elemental input-output subsystems Gij of a multivariable system G:

||Gij||2HS = tr(PjQi)

In the sequel, a matrix which is composed by the squared HS norm of the elementary
subsystems (i, j), will be called unnormed PM, and will be denoted as φ̃. Being:

φ̃ij = tr(PjQi) = ||Gij||2HS

Besides, given a multivariable discrete time system G, the squared HS norm of the
elementary subsystem Gij can be computed as [7]:

φ̃ij =

Nij∑
k=0

k(hij(k))2 (5.1)
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where hij(k) is the true impulse response of the subsystem Gij such that:

yj(τ · T ) =
m∑
i=1

Nij∑
k=0

hij(k) · ui(τ · T − k · T ), for τ = 1, 2, . . .

being T the sample time, and Nij the number of coefficients of the true impulse response
of the subsystem Gij until it settles to 0.

5.3 Biased estimation of tr(PjQi)

The method for the estimation of the PM introduced in [7], uses Equation (5.1) to esti-
mate tr(PjQi) from an estimation of the impulse response of each input-output channel
obtained using linear regression to match FIR filters of selected orders. For a selected
order of each of the FIR filters Nmax

ij , and assuming that Nmax
ij has been chosen larger

than the length Nij of the true impulse response, the true response of the jth output is
given by:

yj(τ · T ) =
m∑
i=1

Nmax
ij∑
k=0

hij(k) · ui(τ · T − k · T ), for τ = 1, 2, . . .

with hij(k) = 0,∀k > Nij, and the value of φ̃ij is given by Equation (5.1).
When the process inputs are excited with uncorrelated gaussian noise, and in the

presence of measurement gaussian noise at the output, the estimated impulse response
of the MISO subsystem corresponding to the jth output is:

yj(τ · T ) =
m∑
i=1

Nmax
ij∑
k=0

ĥij(k) · ui(τ · T − k · T ), for τ = 1, 2, . . .

where ĥij(k) ∼ N(hij(k), σ2
ij(k)), and being σ2

ij(k) the diagonal elements of the convari-
ance matrix in the linear regressions.

The following statistic was used in [7] to estimate φ̃ij

[φ̃ij]B =

Nmax
ij∑
k=0

k(ĥij(k))2 (5.2)

Theorem 1. When the inputs of a linear process are excited with uncorrelated white
noise, and in the presence of measurement gaussian noise at the output, the statistic in
Equation (5.2) provides a biased estimator for the value of the squared HS norm of the
(i, j) input-output process channel. However, the estimator is asymptotically unbiased.

Proof. The estimated linear regressors are ĥij(k) = hij(k) + νij(k), where hij(k) is
the true value of the impulse response, and νij(k) is a random variable distributed as
νij(jk) ∼ N(0, σ2

ij(k)).
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The expected value of the estimator is:

E
(

[φ̃ij]B

)
= E

Nmax
ij∑
k=0

k
(
hij(k) + νij(k)

)2

 =

Nmax
ij∑
k=0

k · h2
ij(k) +

Nmax
ij∑
k=0

E
(
k · ν2

ij(k)
)

+

+

Nmax
ij∑
k=0

E (2k · hij(k)νij(k)) =
N∑
k=0

k(hij(k))2 +

Nmax
ij∑
k=0

k · σ2
ij(k) = φ̃ij +

Nmax
ij∑
k=0

k · σ2
ij(k)

(5.3)

And therefore is a biased estimator of φ̃ij.
σ2
ij(k) is obtained from the covariance matrix of the linear regression, and it tends

to zero when the number of samples available for the linear regression tends to infinity.
Therefore, the estimator is asymptotically unbiased, and it will converge to the true value
of φ̃ij for an infinite number of data samples.

5.4 Unbiased Estimation of tr(PjQi)

Theorem 2. The statistic

[φ̃ij]UB =

Nmax
ij∑
k=0

k(ĥij(k))2 −
Nmax
ij∑
k=0

k · σ2
ij(k) (5.4)

provides an unbiased estimator of φ̃ij.

Proof. It follows from Equation (5.3).

Example 1

The following model has been used in [7] to estimate the PM from the statistic [φ̃ij]B in
Equation (5.2).

G(s) =

 2.231
s+ 2.231

0.1189
s+ 3.567

0.5579
s+ 2.231

2.448s+ 2.567
s2 + 5.192s+ 5.797

 (5.5)

The sampling rate of the system has an important impact in the estimation of the PM
of a linear system [13]. A sampling rate of T = 0.1 sec was selected, and the discretized
system with a zoh is:

G(s) =

 0.2
z − 0.8

0.01
z − 0.7

0.05
z − 0.8

0.2(z − 0.9)
(z − 0.7)(z − 0.85)


The nominal value of the unnormed PM for the discrete system is:

φ̃ =

(
0.3086 0.0004
0.0193 0.1143

)
(5.6)
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The continuous time process was excited with discrete uncorrelated gaussian noise
with a variance of 4 through a zoh. The measurements were disturbed by uncorrelated
additive gaussian noise with a variance of 0.04.

The chosen length of the FIR filters was 35 coefficients. Independent experiments
were performed, with different numbers of data samples logged. Figure 5.1 depicts the
convergence of the estimators with respect to the number of samples. For the selected
length of the FIR filters, at least 179 simulated samples are needed for the degrees
of freedom of the residual error in the MISO linear regressions to be larger than the
number of estimated parameters. For a number of logged samples larger than 179 the
new estimator [φ̃ij]UB in Equation (5.4) converges to the true value, whilst the estimator
[φ̃ij]B in Equation (5.2) does not. When more samples are taken, the variance of the new
estimator is reduced, whilst the estimator [φ̃ij]B needs more samples both for reducing
the variance and for converging to the true value.

When this process was used in [7] to estimate the PM with the estimator [φ̃ij]B , a
certain error in the estimation was identified in the channels with poor signal to noise
ratio. In this example, we identify a bias term contributing to this discrepancy. This
bias term can therefore be subtracted to obtain an unbiased estimation.
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Figure 5.1: Convergence of the estimations of tr(PjQi) for the system in Equation (5.5) with
respect to the number of logged data samples. Two statistics are used: the biased one [φ̃ij ]B
(solid blue) and the unbiased one [φ̃ij ]UB (dashed red). The nominal values in Equation (5.6)
are also represented (solid black horizontal line).
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5.5 Confidence intervals on the estimation of tr(PjQi)

Theorem 3. The estimator in Equation (5.4) is distributed as a linear combination of
noncentral chi-square random variables with one degree of freedom of the form:

[φ̃ij]UB =

Nmax
ij∑
k=0

k · σ2
ij(k)Hij(k)−

Nmax
ij∑
k=0

k · σ2
ij(k)Hij(k) ∼ χ2

1

(
µ2
ij(k)

σ2
ij(k)

)
(5.7)

where µ2
ij(k) and σ2

ij(k) are the mean and variance of the estimated regressor ĥij(k).

Proof. The factors of the estimated impulse response ĥij are independently normally
distributed random variables with mean µij(k) and variance σ2

ij(k). Where µij(k) are
the coefficients estimated in the linear regressions and σ2

ij(k) are the diagonal elements
of the covariance matrices from the linear regressions.

[φ̃ij]UB =

Nmax
ij∑
k=0

k · ĥ2
ij(k)−

Nmax
ij∑
k=0

k · σ2
ij(k) ; ĥij(k) ∼ N(µij(k), σ2

ij(k))

Introducing the random variables h̃ij(k) = ĥij(k)/σij(k), we obtain:

[φ̃ij]UB =

Nmax
ij∑
k=0

k · σ2
ij(k) · h̃2

ij(k)−
Nmax
ij∑
k=0

k · σ2
ij(k) ; h̃ij(k) ∼ N

(
µij(k)

σij(k)
, 1

)
(5.8)

The square of a normally distributed variable with mean µ and unit variance, follows
a non-central chi-square distribution χ2

1(λ) with one degree of freedom, and centrality
parameter λ = µ2. Therefore, the variables Hij(k) = h̃2

ij(k) are distributed as Hij(k) ∼
χ2

1

(
µ2
ij(k)

σ2
ij(k)

)
. Substituting h̃2

ij by Hij(k) in Equation (5.8) we obtain Equation (5.7).

Example 2

Asymmetric 99% confidence bounds (0.1% from the left, 0.9% from the right) on the
estimation of [φ̃ij]UB were created for the system in Equation (5.5), and the result is
depicted in Fig. 5.2. The system was excited as described in Example 1, and independent
simulations were performed with different length of the time domain logged data.

The bounds were created by using Theorem 1, which shows that the estimator is dis-
tributed as a linear combination of independent non-central chi-square random variables.
An algorithm for computing the Cumulative Distribution Function (CDF) of such a ran-
dom variable was proposed in [14]. The author distributes the implemented algorithm
in FORTRAN and C++ versions. In the work described in this paper, the algorithm
was translated into Matlab code. This resulting function was then used as described in
Appendix 5.A to obtain the desired confidence bounds.

This example shows how for a short number of logged samples, the uncertainty in the
estimation is too large, and the only robust conclusion that we can take is that the input-
output channel with higher significance is the channel (1, 1). As the number of logged
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Figure 5.2: 99% confidence intervals on the estimation of tr(PjQi) for the system in Equation
(5.5) with respect to the number of logged samples. Biased estimation (solid blue), unbiased
estimation (dashed red), 99% confidence region (cyan) and nominal value (horizontal black
line).

samples increases, it can be observed that the confidence bounds become tighter and
it becomes clear that the most important input-output channels are the diagonal ones,
being able to take the robust decision of using a decentralized controller with diagonal
pairing.

5.6 Case study: Bark boiler

Bark boilers are used in the pulp and paper industry to burn rest products from the de-
barking of wood in order to produce steam. If there is an over production of steam which
is not used within the production processes, electrical power is produced from remaining
steam. Nowadays, these boilers are operated with hard environmental constraints on the
composition of the flue gases, resulting in trade-off between optimal steam production at
low cost while producing minimal exhaust gases like CO, CO2 and NOx.

In this case study, the air control system of a bark boiler at SCA Obbola AB is
analyzed. A simple sketch of the boiler is given in Fig. 5.3. There, the primary, secondary
and tertiary air ducts are indicated. The tertiary air is tapped from the primary air after
the first heater using an extra fan to achieve a desired flow. Subsequently, the air flow is
split in an upper an lower part to be supplied in the exhaust gas duct. A good control
performance of the air system is a prerequisite to achieve a stable operation of the bark
boiler.

In order to acquire measurement data on the process dynamics, experiments are
performed at the bark boiler around a specified working point. In the experiments four
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Figure 5.3: Sketch of a bark boiler with air system.

manipulated variables (red nodes) are affected by a multivariable random step sequence
and four controlled variables (green nodes) that represent the measured air flows in the
respective air ducts. The manipulated variables are throttle valves adjusting the air flow
to the combustion chamber for primary and the two tertiary ducts, denoted u1, u3 and
u4, respectively. The fourth manipulated variable u2 affects the fan speed at the entrance
of the tertiary air duct. The acquired data was used to estimate linear process models
for the bark boiler using system identification techniques.

5.6.1 Estimating tr(PjQi) for the bark boiler

The linear process models were simulated in order to obtain an estimate for tr(PjQi). The
inputs were excited with uncorrelated white noise of variance 16 and the measurements
were disturbed with uncorrelated additive white noise of variance 0.01. A sampling rate
of 3 sec was considered enough to capture the process dynamics.

The complexity of these example resides in the fact of having very different time scales
for the different input-output channels. By checking the step response of the system, it
has been observed that the settling time of the fastest channel is around 20 sec whilst
the slowest channel shows a setting time around 1500 sec.

For convenience to the final user of the algorithm, it was of desire to choose the same
length of the FIR filter used to match the impulse response for each of the channels.
The selected length of the filter was 500 coefficients, which allows to capture the impulse
response of the slower channels.
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Figure 5.4: Estimated tr(PjQi) for the air system of the bark boiler with respect to the number
of logged samples for the same experiment. Biased estimation (solid blue), unbiased estimation
(dashed red), 99.5% confidence region (cyan) and nominal value (horizontal black line).

This means that for the fastest channels, a large part of the coefficients of the esti-
mated impulse response which should be 0 are still estimated as significant (but small)
due to the noise. This effect increases the variance of the estimated value of tr(PjQi)
(and the bias if the biased estimator is used).

The biased and unbiased estimations of tr(PjQi) for each of the channels is depicted
in Fig. 5.4. As it can be observed, the unbiased estimator can still give a quite accurate
estimation with a variance which decreases as the number of logged samples increases.

However, first attempts to create confidence bounds on the estimation gave incoherent
results. The reason was considered to be numerical errors, specially with the use of the
function which computes the CDF of the linear combination of the non-central chi-square
random variables. The author of the function reports that it may give inaccurate results
when a few random variables with few degrees of freedom (all of our random variables
have 1 degree of freedom) are dominating in the linear combination. This is clearly
the case when the length of the FIR filters have been selected too large and many of
the estimated coefficients in the impulse response are distributed around 0. For dealing
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with this limitation, the coefficients of the impulse responses were separated in a set
including the significant coefficients, and a set including the not significant coefficients.
Only the significant coefficients are then passed to the function for computing the CDF.
We therefore decompose the element S1 in Equation (5.9) as follows:

S1 =
∑
k∈ksig

k · σ2
ij(k) ·Hij(k)︸ ︷︷ ︸
S1a

+
∑

k∈kunsig

k(ĥij(k))2

︸ ︷︷ ︸
S1b

Hij(k) ∼ χ2
1

(
µ2
ij(k)

σ2
ij(k)

)
ksig = {k : hij(k) is a significant coefficient}

kunsig = {k : hij(k)is not a significant coefficient}

Therefore, for computing the confidence bounds on the estimation of σ̃ij it is advised to
first compute the confidence bounds on S1a and then shift them by adding the quantities
S1b and S2.

The classification of each of the hij(k) coefficients as significant or not significant, has
been done by applying statistical t-tests with the following hypothesis:

Ho : ĥij(k) comes from a normal distribution with 0 mean.

H1 : ĥij(k) comes from a normal distribution with mean different than 0.

For a P-value of the test lower than 0.05, the null hypothesis was rejected and the
coefficients were considered as significant.

The obtained confidence bounds on the estimation are depicted in Fig. 5.4. The
confidence intervals were selected to be at 99.5% (0.01% from the left and 0.004% from
the right).

5.6.2 Analysis of results on the bark boiler

The confidence bounds on the estimation of tr(PjQi) are depicted in Fig. 5.4. There,
it can be noticed that the unbiased estimate of tr(PjQi) is converging rapidly to the
nominal value and that it stays within the confidence region. It can also be seen that
the biased estimator yields large deviations for most of the process channels.

Analysis of tr(PjQi) relates to the participation matrix for the decision on control
strategies. From inspection of nominal values the following control scheme could be
suggested:

• Use u1 primarily to control the tertiary air flow y2.

• Use u2 to control the lower tertiary air flow y3.

• Use u4 to control the upper tertiary air flow y4
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• Do not use u3 for control purposes.

Additionally, it can be seen that there is an affect from u1 to y1, which should be dealt
with by either a feedforward control or by integrating into the control loop for y2 using
a cascade.

5.7 Conclusions

A method for estimating the squared HS norm of each of the subsystems of a MIMO
system has been proposed. The method is based on previous results presented in [7],
and requires the matching of the impulse response of each of the subsystems with an
FIR filter of a selected order. This impulse response can be estimated from time-domain
sampled data, and the method provides with confidence bounds for the estimation of the
squared HS norm .

The results are applied in the field of analysis of interactions by obtaining bounds on
the estimation of the unnormed PM. Robust decisions on control structure selection can
be taken based on the bounds created for the estimation of the unnormed PM.

The method has successfully been applied to open loop simulated linear processes
with additive gaussian noise at the output, and different implementation difficulties have
been identified and solved. Future work will include the direct application of this method
to process measurement data.

5.A Implementing the algorithm for the calculation

of the confidence bounds

This appendix explains in detail the implementation of the method used in Section 5.5
to obtain the confidence bounds of tr(PjQi), that is, of the unnormed PM.

Assume that the continuous time system in Equation (5.5) is excited as described in
Example 1. The length of the performed experiment is 600 samples, and we want to
compute the confidence bounds on the estimation of φ̃11 = tr(P1Q1).

After obtaining an estimation ĥ11(k) of the impulse response of the input-output chan-
nel (1, 1) by linear regression, the statistic in Equation (5.4) is used to obtain an estima-
tion of φ̃11.

It was shown in Section 5.5, that this estimator is distributed as a linear combination
of independently distributed non-central chi-square variables with one degree of freedom.
The coefficients of the elements in the linear combination, and the non-centrality param-
eters can be easily computed from the obtained value of the mean and variance of the
regressors ĥ11(k) ∼ N(µij(k), σ2

ij(k)), as shown in Equation (5.7). The two summations
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on the right hand side of the equation will be denoted as:

S1 =

Nmax
ij∑
k=0

k · σ2
ij(k)Hij(k) ; Hij(k) ∼ χ2

1

(
µ2
ij(k)

σ2
ij(k)

)

S2 = −
Nmax
ij∑
k=0

k · σ2
ij(k)

(5.9)

An algorithm used to compute the CDF of S1 was implemented as a function in
Matlab using the results from [14]. This function will be used to create a confidence
interval on S1, which will be afterwards shifted by S2 to create a confidence interval for
the estimation of φ̃11.

Given the coefficients k · σ2
ij(k) of the non-central chi-square distributed variables,

the values of the non-centrality parameters µ2
ij(k)/σ2

ij(k), and a selected value for S1,
the implemented function will return the CDF of S1 at the selected value. For example,
Fig. 5.5 has been created by calling the function with different values of S1, and each of
the obtained pairs (S1, CDF (S1)) is represented by a circle.

0.3 0.305 0.31 0.315 0.32 0.325 0.33 0.335 0.34
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

S1

C
D

F
(S

1)

Figure 5.5: The CDF of S1 obtained from each call to the implemented function is represented
by dots.

Due to the asymmetry of the distribution, the 99% confidence intervals where selected
to be asymmetric with 0.1% confidence from the left and 0.9% confidence from the right.
In order to create a this interval, we have to find the values [S1]0.001 and [S1]0.991 such
that P (S1 ≤ [S1]0.991) = 0.001 and P (S1 ≤ [S1]0.991) = 0.991

This can be done by finding the solution to the equations:

CDF ([S1]0.001)− 0.001 = 0

CDF ([S1]0.991)− 0.991 = 0
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Denoting QP(S1) = CDF (S1)−P , we will then have to find the root of QP for the values
of P of 0.001 and 0.991. The solution is denoted as [S1]P .

For this purpose, a modified Newton-Raphson algorithm is used. A Newton-Raphson
algorithm starts from an initial guess of the solution, and approximates the function by
its tangent (derivative) at the initial point. The intersection of the tangent to the function
with the horizontal axis is considered as a better solution than the previous one, and the
method is iterated until the difference between two consecutive approximations of the
solution is lower than an arbitrary threshold. Since no analytical description of QP(S1)
is available, the Newton-Raphson algorithm is modified by substituting the derivative of
QP(S1) by the line joining two consecutive points in the iteration. This implies that two
initial guesses for the solution are required in order to initialize the derivative as the line
joining them.

The resulting algorithm is illustrated in Fig. 5.6, and can be described as:

1.- Choose two initial guesses for the solution of QP([S1]P) = 0, and denote them as
[S1]oldP and [S1]newP . We propose [S1]oldP = [φ̃ij]B and [S1]newP = 1.01 · [φ̃ij]B, with
[φ̃ij]B described in Equation (5.2).

2.- Estimate the derivative of QP at the point ([S1]newP ) by doing the assignment:

Q′P =
QP([S1]newP )−QP([S1]oldP )

[S1]newP − [S1]oldP

3.- Do the assignment [S1]oldP = [S1]newP

4.- Do the assignment

[S1]newP = [S1]newP − QP([S1]newP )

Q′P

5.- It the difference |[S1]newP − [S1]oldP | is lower than an arbitrary threshold, consider
[S1]newP as the solution of QP([S1]P) = 0 , otherwise go back to step 2.

Running the algorithm for P = 0.001 and P = 0.991 we find [S1]0.001 and [S1]0.991,
such that S1 ∈

[
[S1]0.001, [S1]0.991

]
is a 99% symmetric confidence interval.

We create a 99% symmetric confidence interval for corresponding element in the
unnormed PM as: φ̃11 ∈

[
[S1]0.001 + S2, [S1]0.991 + S2

]
.

The obtained 99% confidence interval in this example is:

0.2857 ≤ φ̃11 ≤ 0.3095

Remark : Note that there is a possibility that in the iterative algorithm, the solution
will diverge and move to areas at which the CDF of two consecutive iterations is 1 or
0. We are in those cases at the flat areas of the curve in Fig. 5.6. The derivative of the
function in this cases will be 0, and the real solution will not be found. There are several
approaches to deal with this situation. In the work presented in this paper the following
solution was implemented:
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Figure 5.6: One iteration of the Newton Raphson Algorithm.

2a.- After step 2, check the value of Q′P . If the value is 0, continue with the step 2b,
otherwise continue with step 3 as normal.

2b.- Do the assignment [S1]oldP = [S1]newP and continue with step 2c.

2c.- Find a random value uniformly distributed between [S1]newP and the value [φ̃ij]B
described in Equation (5.2). Assign this random value to [S1]newP and go back to
step 2.
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I.6

Creating bounds for Index Arrays

This part of the thesis has focused in computing the bounds on the H2 norm and the
squared HS norm for each of the elemental subsystems of a multivariable process. How-
ever, when these norms are used as interaction measures, they are collected into an array
which is normalized so the sum of all of its elements is equal to 1. This chapter describes
how to create the bounds on the individual elements of the normalized arrays from the
previously created bounds on the considered norms for each elementary subsystem.

Denote ϕij as the considered process norm to be used as indicator, and assume that,
for each of the SISO subsystems, we have constructed confidence intervals for its estima-
tion ϕ̂ij.

0 ≤ [ϕ̂ij]min ≤ ϕ̂ij ≤ [ϕ̂ij]max

Each of the elements of the Index Array is then computed as:

IAij

ϕ̂ij, m,n∑
k,l=1

(k,l) 6=(i,j)

ϕ̂kl

 =
ϕ̂ij

ϕ̂ij +

m,n∑
k,l=1

(k,l) 6=(i,j)

ϕ̂kl

(6.1)

If the estimators ϕ̂ij are independent random variable, then IAij can be expressed as a
function of two independent variables within the domain:

0 ≤ [ϕ̂ij]min ≤ ϕ̂ij ≤ [ϕ̂ij]max ;

m,n∑
k,l=1

(k,l)6=(i,j)

[ϕ̂kl]min ≤
m,n∑
k,l=1

(k,l) 6=(i,j)

ϕ̂kl ≤
m,n∑
k,l=1

(k,l) 6=(i,j)

[ϕ̂kl]max (6.2)

Lemma 1. The maximum and minimum of IAij are found at:

[IAij]min =
[ϕ̂ij]min

[ϕ̂ij]min +

m,n∑
k,l=1

(k,l)6=(i,j)

[ϕ̂kl]max

; [IAij]max =
[ϕ̂ij]max

[ϕ̂ij]max +

m,n∑
k,l=1

(k,l)6=(i,j)

[ϕ̂kl]min

(6.3)
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Proof. The problem is formulated as finding the maxima and minima of the function
IAij described in Equation (6.1). IAij is a function of ϕ̂ij which is the considered norm
of the (i, j) channel, and a function of the sum of the norms of the rest of the channels,
both variables with domain described in Equation (6.2).

For the sake of simplicity the following notation will be used in the sequel:

x = ϕ̂ij ; y =

m,n∑
k=1
l=1

(k,l)6=(i,j)

ϕ̂kl ; f(x, y) = IA

ϕ̂ij,
m,n∑
k=1
l=1

(k,l) 6=(i,j)

ϕ̂kl

 (6.4)

The problem is then equivalent to find the maxima and minima of the function:

f(x, y) =
x

x+ y

with domain

x ∈ [xmin, xmax] , xmin ≥ 0 and y ∈ [ymin, ymax] , ymin > 0

An example of such a function is depicted in Fig. 6.1.
The partial derivatives of f(x,y) are:

∂f(x, y)

∂x
=

y

(x+ y)2 ;
∂f(x, y)

∂y
=

−x
(x+ y)2

The critical points of f(x, y) are the points of the domain at which ∂f(x, y)/∂x =
∂f(x, y)/∂y = 0. The only point at which the derivatives are 0 is (0, 0), which does
not belong to the domain.

Since there is no critical point in the domain of the function, the maxima and minima
will be at the boundaries of the domain.

1© x = xmin
f can be restricted to a function of y:

f1(y) =
xmin

xmin + y
, y ∈ [ymin, ymax] with f ′1(y) =

−xmin
(xmin + y)2 ≤ 0

and therefore f1(y) is decreasing and has its minima at (xmin, ymax) and its maxima
at (xmin, ymin).

2© y = ymax
f can be restricted to a function of x:

f2(x) =
x

x+ ymax
, x ∈ [xmin, xmax] with f ′2(x) =

ymax

(x+ ymax)
2 > 0

and therefore fs(y) is strictly increasing and has as its minima at (xmin, ymax) and
its maxima at (xmax, ymax).
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Figure 6.1: Domain of f(x,y), being the minima at P2 and the maxima at P4.

3© x = xmax
f can be restricted to a function of y:

f3(y) =
xmax

xmax + y
, y ∈ [ymin, ymax] with f ′3(y) =

−xmax
(xmax + y)2 ≤ 0

and therefore f3(y) is decreasing and has as its minima at (xmax, ymax) and its
maxima at (xmax, ymin).

4© y = ymin
f can be restricted to a function of x:

f4(x) =
x

x+ ymin
, x ∈ [xmin, xmax] with f ′4(x) =

ymin

(x+ ymin)2 > 0

and therefore f4(y) is strictly increasing and has as its minima at (xmin, ymin) and
its maxima at (xmax, ymin).

Denoting P1 = (xmin, ymin), P2 = (xmin, ymax), P3 = (xmax, ymax) and P4 = (xmax, ymin),
the maxima and minima of f(x, y) are:

min
(
f(x, y)

)
= min

(
f(P1), f(P2), f(P3)

)
; max

(
(f(x, y)

)
= max

(
f(P1), f(P3), f(P4)

)
Since f1(y) is decreasing then f(P2) ≤ f(P1), and since f2(x) is strictly increasing then
f(P2) < f(P3). The minima of f(x, y) is then f(P2), with P2 = (xmin, ymax). This
derives in [IAij]min in Equation (6.3) after undoing the variable change in Equation (6.4).

Since f3(y) is decreasing then f(P4) ≥ f(P3), and since f4(x) is strictly increasing
then f(P4) > f(P1). The maxima of f(x, y) is then f(P4), with P4 = (xmax, xmin. This
derives in [IAij]max in Equation (6.3) after undoing the variable change in Equation
(6.4).
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Example

The continuous time system in Example 1 of Paper A was excited as there described.
Only one experiment was performed with a length of the logged data of 600 samples.

99% confidence intervals for the values of the unnormed PM were created as described
in Section 5.5:

0.2932 ≤ ϕ̂11 ≤ 0.3221 (6.5a)

−1.054 · 10−4 ≤ ϕ̂12 ≤ 0.0128 (6.5b)

0.0176 ≤ ϕ̂21 ≤ 0.0326 (6.5c)

0.1124 ≤ ϕ̂22 ≤ 0.1335 (6.5d)

Remark: The H2 and the HS norms are always positive. Therefore, at this stage, if
any of the created confidence intervals has a negative value of the lower limit, the interval
should be truncated to include only nonegative values.

The interval in Equation (6.5b) is then substituted by:

0 ≤ ϕ̂12 ≤ 0.0128

The bounds on the estimation for each of the individual elements of the PM can then be
calculated from Equation (6.3):

ϕ̂600 =

(
[0.6210, 0.7125] [0, 0.0294]
[0.0362, 0.0745] [0.2342, 0.3005]

)
For this example, it can be concluded that, since the sum of the diagonal elements will
be always higher than 0.85, a decentralized controller using the diagonal pairing is very
likely to derive in an acceptable performance, since such a structure is considering more
than 85% of the process dynamics, which are quantified using the value tr(PjQi) for each
elemental subsystem.



I.7

Conclusions and future work

7.1 Conclusions

Methods for computing the bounds on the H2 and the squared HS norms of each of
the SISO subsystems of a multivariable uncertain system are given in Chapter I.3. For
applying these methods, the process models have to be formulated as transfer functions
with independent additive multiplicative or additive uncertainty in each of the input-
output channels.

The considered uncertainty descriptions represent the model uncertainty as a circular
complex region at each point in the frequency domain. Such an uncertainty description
can also be obtained by different estimation techniques for creating nonparametric models
of the FRF of the process by choosing the radius of the circular complex regions as a
function of the variance of the estimators. Therefore, the created methods in Chapter I.3
can also be used to perform a robust estimation of the H2 and the squared HS norms
from process data in the frequency domain. The acquired process data can be obtained
by experiments in which the process inputs are excited either with white noise or with
tailored periodic signals. White noise is an excitation signal which is simpler to design,
however, periodic signals reduce the variability of the estimated FRF, and therefore
the estimated bounds on the considered norms will in most cases be reduced. Another
advantage of periodic signals is that by tailoring the spectra of the excitation signal,
the contribution of the process nonlinearities can also be quantified [3], giving to the
designer an indicator of the error committed when analyzing the process within the
linear framework.

An alternative for the estimation of the squared HS norm is given in Chapter I.5. The
estimation is obtained from the time domain signals result of exciting with white noise the
actuators of a linear process in open loop. An advantage with on previous methodology
is that the confidence for the estimation of the squared HS norm can directly be chosen,
whilst in the previous methodology the confidence intervals of the FRF estimation are
selected and the resulting regions are considered to be the uncertainty set in which

69



70 Conclusions and future work

the process models can vary, and the bounds of the squared HS norm on the obtained
uncertainty set are computed. Another advantage is that the logged data can be arbitrary
expanded for reducing the width of the confidence intervals, whilst if the logged data
wants to be expanded in the method in the frequency domain using periodic signals, a
new experiment run is needed which is composed by as many subexperiments as number
of process inputs.

Two are the advantages of the method in the frequency domain using periodic signals
over the method in the time domain. The first advantage is that it also allows the
possibility to create bounds on the estimation of the H2 norm, and the second is the
mentioned possibility of combining the estimation of the considered IAs with a method
for quantifying the contribution of the nonlinearities ([3]) which helps to decide if the
process should be analyzed within the linear framework.

Any of the proposed methods can be used to carry robust decisions on control struc-
ture selection based on calculated bounds on the H2 or squared HS norms of each of the
SISO subsystems. For a normalized version of those indicators, the bounds on the Σ2

and the PM can be calculated as described in Chapter I.6.

7.2 Future work

Different approaches for calculating or estimating bounds on the PM and the Σ2 have
been proposed. These bounds can be used to make robust decisions on control structure
selection. However, the selection of a robust control structure which remains optimal for
the possible variations on the considered IA has to be done by the designer. A future
step is to design algorithms which process the created bounds on the obtained IA and
suggests an optimal control structure which remain valid for all the uncertainty set.

Combining the methods described in [3] for quantifying the contribution of the process
nonlinearities with the created bounds on the estimation of the H2 and HS norm, allows
the analysis of interactions for weakly nonlinear systems. However, a lot of work remain
in the analysis of interactions for strongly nonlinear systems.
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II.1

Introduction

“One picture is worth a thousand words.”

In a large scale process such as a pulp and paper mill, a single change in any operating
condition will most likely affect several properties. The selection of a control structure
has to be done in order to reduce the inherent loop interaction of large scale processes.
Control structure design requires extensive knowledge about how the different variables
in the process are interconnected, that is, how is the propagation of effects in the process.

Visualization techniques such as diagrams and flow sheets are valuable when com-
municating process knowledge. Many authors have created and evolved visualization
techniques for the analysis and visualization of complex processes, which include the use
of interactive learning environments to aid users in learning to understand and control
complex systems [1], the use of Self-Organizing Maps [2] for visualizing and exploring
process dynamics [3, 4], and the use of graph theory concepts for the structural analysis
and visualization of complex processes [5].

Brain connectivity is another field in which graph theory is extensively used for the
structural and functional analysis of a largely complex system [6]. Neuroimaging tech-
niques such as Electroencephalograpy (EEG) [7] and functional Magnetic Resonance
Imaging (fMRI) [8] are used to acquire noninvasive measurements of the brain activity.

Both brain connectivity theory, and interaction measures share several common fea-
tures. They try to determine interactions in different processes in order to obtain a proper
understanding of the process behavior. In the case of using EGG measurements in brain
connectivity, signals of the electrical activity in the brain are acquired with sensors place
on the scalp of the subject, with each of the electrodes measuring the aggregated voltage
of a neuron population. The neural activity is then stimulated, for example by presenting
visual stimuli to the subject or asking him to perform certain tasks [9]. Using methods
for analyzing the mutual relationships of the acquired signals is equivalent to analyze
the flow of information between populations of neurons, and allows to understand the
communication between different parts of the brain in different brain processes. In the
case of an industrial process, and in a similar fashion, signals representing the process
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variables (as control actions, references and measured variables) could be acquired under
the presence of certain stimuli (i.e. white noise) and analyzing the mutual relationships
of the acquired signals would be equivalent to analyzing the propagation of effects in
the process, and would allow to understand the structural and dynamic properties of a
process.

In the work described in this part, some of the methods used for the analysis of
estimated models of the brain interconnections have been combined with concepts used
in the analysis of interactions of control processes. The result are methods which can help
designers to understand complex processes and carry out decision on control structure
selection.

Chapter II.2 is a journal which collects all the results in the created methods, and uses
the quadruple tank process as an illustrative study. The presented methods are applied
to a case study using ProMoVis in Chapter II.3. This case study is the stock preparation
plant of SCA Obbola AB, and has been extracted from [10]. The conclusions and the
future work perspectives are given in Chapter II.4.
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New methods for interaction analysis of complex

processes using weighted graphs

Miguel Castaño and Wolfgang Birk

Abstract
The selection of the structure of a controller in large scale industry processes requires

extensive process knowledge. The aim of this paper is to introduce new results on
previously introduced methods for the analysis of complex process. These methods help

the designers to comprehend a process by representing structural and functional
relationships from actuators and process disturbances to measured or estimated

variables. The methods are here reformulated in a flexible formulation based on graph
theory. New considerations are here contemplated and resolved, sensitiveness to scaling
and time delays, filtering for restricting the analysis to a region of interest in frequency

domain, and usefulness of the methods for closed loop analysis.

2.1 Introduction

Large scale industrial process plants are characterized by a high degree of interaction
between process variables, where hundreds or even thousands of variables are connected
through dynamic systems. Examples of such interconnections are material flows and
reflows, the latter e.g. due to discarded material being returned to previous process steps
which gives rise to large feedback loops. Other examples are connections through supply
grids for e.g. pressurized air. One process step consuming pressurized air may give rise
to a pressure drop that propagates to every other consumer in the plant. Adding control
loops to the process on both low and high level may result in a system with unintelligible
causality and unpredictable dynamics.

For the control engineer, these very complex interconnected systems are a challenge.
The question is how to represent the complexity in a comprehensible way and how to
analyze it regarding e.g. control structure selection and dynamic behavior. As a result,
interaction in large scale system has been investigated since the 1960s. First measures
were the Rijnsdorp interaction measure [1] and the Relative Gain Array (RGA) [2].
These measures are derived from steady-state gain information of the process and in-
dicated how a decentralized controller for a process should be structured, i.e. which
controlled/manipulated variables pairs should chosen. Later the relative gains concept
was extended to a dynamic measure [3] and also to a measures that can consider richer
controller structures than the decentralized control structure, [4], [5]. Apart from the
relative gains concept, gramian based measures for interaction and controller structure
selection were suggested recently, [6], [7]. A limitation of these methods is that they

81
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become hard to interpret and make decisions when the number of process variables be-
comes.

An alternative to these quantitative methods are qualitative methods like directed
graphs to represent, visualize and analyze complex systems. By letting the nodes rep-
resent signals and the edges linear dynamic systems, one obtains the signal flow graph
[8], which is a very general representation for interconnected, dynamic, linear systems.
Compared to a block diagram, the signal flow graph has the advantage of being closely
related to an algebraic representation, in terms of matrices consisting of the edges in the
graph. Similarly, the signal flow graph allows choosing the level of detail in the repre-
sentation, thus encompassing both the input-output form as well as the state-space form
as special cases. Tools for decomposing interconnected systems in state-space form are
considered in e.g. [9, 10].

Inspired by the work within brain connectivity theory [11], signal flow graphs can
be analyzed from the perspective of the energy or power than is transferred from a
selected input/output set of nodes. In this context, structural and functional properties
are treated separately, where the structural properties capture the structural nature of a
signal flow graph, while the functional properties resolve all intermediate connections in
order to map the properties to the input/output set alone. Consequently, the analysis can
be adapted to the needs for the task at hand, which makes the methods more versatile.

The aim of this paper is now to combine the quantitative methods with the signal flow
graphs approach by introducing weights on the edges. It will be shown that the gramian
based methods can be effectively used to assess the significance of edges in relation to
each other. Moreover, some new methods for the assessment that determine the transfer
of energy or power are suggested and applied to signal flow graphs. It is the authors
believe that the combination enables control engineers to make better decision and have
a better understanding of an industrial process. As a result the methods have been
integrated into a prototype tool, that can be used to both model, visualize and analyze
processes, [12].

The paper layout is as follows. First the preliminaries for the representation of linear
systems as a signal flow graph is given in Section 2.2. Section 2.3 introduces a method-
ology for obtaining a scaling independent representation of linear processes as a signal
flow graph. Section 2.4 describes the quadruple-tank process and derives a scaling inde-
pendent representation for a selected working point. Section 2.5.2 describes the norms
and normalizations which will be used for quantifying and comparing the significance of
the process interconnections. The quadruple-tank process is used in Section 2.6 as an il-
lustrative example for introducing the methods for the structural and functional analysis
of complex processes which are the subject of this paper. Section 2.7 describes how to
interpret the methods and use them for control structure selection, comparing the results
obtained in the analysis of the quadruple tank with those of the RGA. Section 2.8 ana-
lyzes the scaling sensitivity of the methods for the cases in which a scaling independent
representation of the process is not used. Section 2.9 introduces the usefulness of the
analysis methods for the evaluation of the interaction between control loops, and con-
tains examples which show the use of filters for selecting a range of frequencies subject
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to analysis. The conclusions are finally given in Section 2.10.

2.2 Signal Flow Graphs Representing complex pro-

cesses

A representation of complex systems in relation to graph representations was presented
in [13]. The same representation will be used here dispensing with the output equation.
When representing an open loop process, it will then be considered that the input vector
u is composed by the exogeneous inputs to the process and the process disturbances, and
x collects all the internal states and measurements which are subject to analysis, being
both related in an expression like:

xi = Φi1 · x1 + · · ·+ Φin · xn + Γi1 · u1 + . . .Γip · up

where Φij and Γij are linear dynamic systems. The signal flow graph was then formulated
as

x = Φx+ Γu (2.1)

Given a multivariable system H , the duple (Φ,Γ) is called a visualization of H .

This formulation will also be used in Section 2.9 for representing a closed loop system.
In that case, the reference signals for the closed loops are aggregated to the input vector
u, and the control actions which are manipulated by a controller are now aggregated
to the vector x and removed from the input vector u. Useful operations on signal flow
graphs were introduced in [13]. The following operations will be here used for making
transformations on the process representation into a representation describing the nodes
and interconnections which are of interest for the analysis.

Hiding of self-references. A node depending on itself is know as a self-reference. For
the work described in this paper we will assume that the visualization representing the
process has no self references, that is, the diagonal of matrix Φ is composed by zeros.
If a visualization with self references is to be analyzed, the user has to first make an
operation which hides the self references and still preserves the physical structure of the
plant. Such an operation was defined in [13].

Hiding arbitrary nodes. Different levels of hierarchy are usually present when repre-
senting and analyzing large scale interconnected systems, and the hiding of nodes allows
to disregard the variables which are not presently important while preserving the physical
structure of the plant.

Consider the partitioning of the interconnected system as (Φ,Γ)(
x1

x2

)
=

(
Φ11 Φ12

Φ21 Φ22

)(
x1

x2

)
+

(
Γ1

Γ2

)
u
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where x2 = [0 Im] · x represents the last m nodes and assume that x′ = Φ22x
′ + u′ is

well-posed [13]. Then the visualization of the system when the last m nodes are hidden,
and which preserves the system structure is:

z1 = Φ̂z1 + Γ̂u

with
Φ̂ = Φ11 + Φ12(I −Φ22)−1Φ21 , Γ̂ = Γ1 + Φ12(I −Φ22)−1Γ2

Which can be expressed as a function F of Γ, Φ, and Im, being m the number of nodes
to be hidden.

[Γ̂ Φ̂] = [Γ1 Φ11] + Φ12(1−Φ22)−1[Γ2Φ12] = F([Γ Φ], Im)

To hide an arbitrary subset N of nodes, let us define the permutation matrix T T =
[ET E ′T ] such that z1 = Ez is a vector containing the nodes to be retained and z2 = E ′z
contains the nodes to be hidden. The operation HN of hiding an arbitrary set of nodes,
is then:

HN [Γ Φ] = F
(
T [Γ Φ · T T ], Im

)
2.3 Scaling Independet Representation

Scaling is an important issue in many applications. The methods used in this paper are
based on comparing the power (or energy) that can be transferred through the process
interconnections. This power transfer is quantified as signal power transfer, and therefore
it depends on the scales used to represent the analyzed signals.

Usual methods for scaling signals involve dividing each variable by its maximum
expected or allowed change [14].

Let Q = [Φ Γ] be a visualization of a system H . a The input vector u and the
output vector x will be scaled by the diagonal scaling matrices Du and Dx respectively.
The new input and output vectors will be ū = D−1

u · u and x̄ = D−1
x · x. The scaled

visualization Q̄ = [Φ̄ Γ̄] is then:

Φ̄ = D−1
x ΦDx ; Γ̄ = D−1

x ΓDu

and the scaled input-output matrix Ω̄ is :

Ω̄ = D−1
x ΩDu

It can be tedious to find a realistic scaling for each of the process variables. Here,
we present a representation of linear processes based on a visualization, and which is
independent of the selected scaling. For obtaining such a representation, an estimation
of the standard deviation of the signals represented by the process variables is required.

Let σu , σū, σx and σx̄ be diagonal matrices collecting the standard deviation of
each of the input or output signals and their scaled versions. Then σū = σuD

−1
u and

σx̄ = σxD
−1
x .
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Lemma 1. The pair (σ−1
x Φσx,σ

−1
x Γσu) is scaling invariant.

Proof.

σ−1
x Φσx = σ−1

x̄ D−1
x DxΦD

−1
x Dxσū = σ−1

x̄ Φ̄σx̄

σ−1
x Γσu = σ−1

x̄ D−1
x DxΓD

−1
u Duσū = σ−1

x̄ Γ̄σū

Given the visualization Q = [Φ Γ] of a linear multivariable system H , we will name
the pair Q̃ = [σ−1

x Φσx σ−1
x Γσu], as scaling invariant representation of H .

Remark 1 : It follows from Equation (2.2) , that the matrix Ω̃ = σ−1
x Ωσu =

(I−σ−1
x Φσx)

−1σ−1
x Γσu related to the scaling invariant representation Q̃, is also scaling

invariant.

Ω̃ = σ−1
x Ωσu = σ−1

x̄ D−1
x DxΩ̄D

−1
u Duσū = σ−1

x̄ Ω̄σū (2.2)

Remark 2 : The premultiplication of matrix Ω or Γ by σ−1
x makes it invariant to

output scaling, and the postmultiplication by σu makes it invariant to input scaling.
Matrix Φ is independent of the selected input scaling, and the premultiplication by σ−1

x

with the postmultiplication by σx makes it independent of output scaling. Therefore,
applying any of the structural or functional methods to the scaling invariant representa-
tion Q̃ = [σ−1

x Φσx σ−1
x Γσu] with input-output matrix Ω̃ = σ−1

x Ωσu, always give the
same result independently of the chosen scaling.

Remark 3 : The scaling invariant representation is also useful for computing a scaling
invariant version of any of the Index Arrays, by applying the corresponding method to
the matrix Ω̃ = σ−1

x Ωσu.

The following section presents the quadruple-tank process, and introduces an example
of how to create a scaling independent representation of the process. This representation
will be used later to apply the structural and functional methods here described.

2.4 The Quaruple Tank Process

The quadruple tank process was introduced in [15], and is a well know interacting process
which has been used by a large number of authors to test several control and analysis
methods. The description of the process which is here used includes two process distur-
bances, modeled as flow disturbances in the upper tanks. The differential equations of
this modification were described in [16]. The process is depicted in Fig. 2.1. The process
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Figure 2.1: Interacting system with water tanks. Each of the red arrows represents a dynamic
model connecting two process variables.

linear model can be formulated as a visualization as follows:
∆h1

∆h2

∆h3

∆h4

 =


0 0 A3

A1T3

(
s+ 1

T1

) 0

0 0 0 A4

A2T4

(
s+ 1

T2

)
0 0 0 0
0 0 0 0


︸ ︷︷ ︸

Φ


∆h1

∆h2

∆h3

∆h4

+

+



γ1k1

A1

(
s+ 1

T1

) 0 0 0

0 γ2k2

A2

(
s+ 1

T2

) 0 0

0 (1−γ2)k2

A3

(
s+ 1

T3

) − kd1

A3

(
s+ 1

T3

) 0

(1−γ1)k1

A4

(
s+ 1

T4

) 0 0 − kd2

A4

(
s+ 1

T4

)


︸ ︷︷ ︸

Γ


∆u1

∆u2

∆d1

∆d2


(2.3)

where Ti are the time constants of the tanks

Ti =
Ai
ai

√
2hoi
g
, i = {1, 2, 3, 4}

uj is the speed setting of pump j and they are expressed in %, the measured outputs to
the system are considered to be the level in each of the i tanks hi expressed in cm. The
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construction parameters are given in Table 2.1.
The input-output relationship is given by


∆h1

∆h2

∆h3

∆h4

 =



γ1k1
A1(s+ 1

T1
)

(1−γ2)k2
A1T3(s+ 1

T1
)(s+ 1

T3
)
− kd1
A1T3(s+ 1

T1
)(s+ 1

T3
)

0

(1−γ1)k1
A2T4(s+ 1

T2
)(s+ 1

T4
)

γ2k2
A2(s+ 1

T2
)

0 − kd2
A2T4(s+ 1

T2
)(s+ 1

T4
)

0
(1−γ2)k2
A3(s+ 1

T3
)

− kd1
A3(s+ 1

T3
)

0

(1−γ1)k1
A4(s+ 1

T4
)

0 0 − kd2
A4(s+ 1

T4
)


︸ ︷︷ ︸

Ω=(I−Φ)−1Γ


∆u1

∆u2

∆d1
∆d2



(2.4)

The working point selected for the analysis corresponds to an opening of 50% on both
pumps, and the process disturbances are assumed to be at half of their possible maximum
value. The values for the working point are summarized in Table 2.2. The maximum
allowable value of d1 and d2 was estimated to be 634 from the information reported in
[16] that the maximum allowed change in in w2 causes a decrement of approximately 2.3
cm in h2.

Example 1

The quadruple tank system has two input variables (expressed in % of pump speed),
two process disturbances (unknown units), and four measured variables (expressed in
cm). The selection of the scaling factors has an important impact on the analysis of the
process interconnections. This selection is not trivial, as the scaling factors have to be
chosen based on the expected variation of the process variables.

We proposed in the previous section a methodology for obtaining a system represen-
tation which is invariant with respect to the scaling of the process variables.

In order to demonstrate the utility of using the scaling invariant representation, the
original system was first scaled so that the new input and output vectors, ū and ȳ are:

ū = D−1
u u with Du = diag(100, 1, 317, 317) (2.5a)

ȳ = D−1
y y with Dy = diag(12.6472, 1.9508, 5.57, 10.9376) (2.5b)

The input u1 is scaled so its value varies from 0 to 1, and the input u2 is represented in
%. The output levels which are originally expressed in cm are scaled with a randomly
generated scaling matrix Dy. The process disturbances are scaled so that the allowed
variation around the working point remains in the interval [−1, 1].

Parameter A1, A2, A3, A4 a1 a2 a3 a4 g k1 k2 γ1, γ2 kd1 , kd2

Value 730 2.05 2.26 2.37 2.07 981 7.45 7.30 0.3 0.0049

Table 2.1: Construction parameters of the quadruple tank process. All the areas are in cm2 and
g is in cm/s2.
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Variable u1 u2 d1 d2 h1 h2 h3 h4

Value 50% 50% 317 317 14.77 12.36 5.11 7
Range 0%− 100% 0%− 100% 0− 634 0− 634 0cm− 20cm 0cm− 20cm 0cm− 20cm 0cm− 20cm

Table 2.2: Selected working point for the quadruple tank process.

An analysis of a system with such a scaling will surely be inconclusive, specially,
since the two manipulated inputs, which are similar in nature are scaled by very different
values.

The described procedure to obtain a scaling independent representation involves that
the variance of the signals during the operation of the system must be known. The inputs
to the process should be excited with signals with selected variances. These excitation
variances should be selected according to the expected or allowed change in the process
inputs. The process outputs are then measured/simulated, and the variances of the
output signals are collected.

In the case of normally distributed variables, the standard deviation gives a 95% con-
fidence interval for its value. So a good rule when the inputs are excited with white noise
is to select the variance of the input excitation as the square of the maximum expected
deviation from the average value. In the case of the quadruple tank, the analyzed work-
ing point has 50% of opening as nominal value for both pumps. A variation of ±10% is
contemplated, which gives a variance of 100 in the case of u2, since it is expressed in %,
and a variance of 0.01 in the case of u1, since it is scaled by a factor of 100.

Since process disturbances are allowed to vary within the interval [−1, 1] around the
working point, the excitation of the process disturbances is selected to be white noise
with a variance of (1/3)2, which means that 99.7% of the randomly generated values will
be within the allowed interval. The outliers have been saturated.

The variance of the scaled input signals (manipulated inputs and process distur-
bances) is therefore

σ2
ū = diag(0.01, 100, (1/3)2, (1/3)2)

The output signals were measured after the scaling in Equation (2.5b) was applied,
and the variance of the signals was collected in:

σ2
ȳ = diag(6.5780e− 004, 0.0298, 0.0036, 0.0011)

The scaling independent representation can therefore be created as

Q̃ = [σ−1
ȳ D−1

y ΦDyσȳ σ−1
ȳ D−1

y ΓDuσū]

with input-output matrix Ω̃ = σ−1
ȳ D−1

y ΩDuσū .
The methods for the analysis of complex processes introduced in this paper are applied

in the next section to the scaling independent visualization of the quadruple tank. Even if
the method for creating the scaling independent visualization has originally been designed
for linear process, the experiment previously described for measuring the variance of the
input and output signals was performed on a simulation of the non-linear quadruple tank
around the selected working point with satisfactory results.
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2.5 Norms and normalizations for quantifying the

significance of the process interconnections

Index Arrays (IAs) have been largely used for determining feasible control structures. In
the IAs, fist a norm-based operator is applied to each of the input-output subsystems in
order to quantify the significance of the represented interconnection. Traditionally used
operators include the Hankel norm [6, 17], the squared Hilbert-Schmidt norm [7], and
the H2 norm [18].

The IA is then computed by comparing the importance of the input-output channels:

[IA]ij =
[Gij]p

m,n∑
i=1,j=1

[Gij]p

where [.]p denotes the selected operator. This normalization involves that all the elements
of an IA add up to one. The selection of the control structure is made by selecting a
subset of the most important interconnections, which will form a reduced model on which
control will be based.

In the methods created in this paper, the squared H2 norm is used for quantifying the
importance of the process interconnections due to the reasons mentioned in Section 2.5.1.
When the process is to be analyzed in frequency domain, the squared magnitude of the
transfer functions will be used to represent the importance of process interconnection.

Besides, instead of using the traditional normalization in Equation (2.5), row and
column normalizations will be used in the analysis as described in Section 2.5.2.

2.5.1 The use of the H2 norm for quantifying the significance of
the process interconnections.

In the work presented in this paper, the H2 norm is used to quantify the significance of
the process interconnections.

For any of the Gij(s) SISO subsystems of a multivariable process described by a
transfer function Gm×n(s) , if Gij(s) is stable and strictly proper, ||Gij(s)||2 can be
expressed as

||Gij(s)||2 =

√
1

2π

∫ ∞
−∞
|Gij(jω)|2dw (2.6)

The reasons why the H2 norm was selected over the Hilbert-Schmidt or the Hankel
norms to quantify the significance of the process interconnections are:

- The frequency dependant methods SDPT (ω) and FDPT (ω) to be here presented,
describe the power conversion at the process interconnections for each frequency
ω. Using the H2 norm allows the compression of this information into real valued
numbers which can be used to create directed graphs, since it is obtained by inte-
grating the power conversion with respect to the frequency as it can be observed



90
Paper B. New methods for interaction analysis of complex processes

using weighted graphs

from Equation (2.6). This also implies that the H2 is the energy observed at the
channel output when the input is unitary white noise [14].

- It has been shown in [7] that the squared Hilbert-Schmidt norm of a system in-
creases with the presence of time-delays. The same fact can also be shown for the
Hankel norm (see Appendix 2.A). This means that the larger the time delay in an
input-output channel, the larger the significance of the channel weighted by these
two norms. This is not a convenient property for a norm weighting the channel
significance, since previous simulation work in [19] indicate that the presence of a
time delay by itself is not a reason enough to say that a particular input-output
pair should be included in the controller when a decentralized controller structure
is desired. It was therefore decided that the H2 norm is a more convenient measure
for the channel significance due to its insensitivity to channel delays.

2.5.2 Normalizations used to compare the significance of the
process interconnections

We will further use the row normalization ΣB(A) and the column normalization ΣO(A)
on a matrix A ∈ Rm×n:

[ΣB(A)]ij ,


0 , if

n∑
l=1

Ail = 0

Aij
n∑
l=1

Ail

, otherwise [ΣO(A)]ij ,


0 , if

m∑
k=1

Akj = 0

Aij
m∑
k=1

Akj

, otherwise

Note that these normalizations involve that the rows of ΣB(A) either add up to 1 or all
the elements of the row are 0, whereas the columns of ΣO(A) either add up to 1 or all
the elements of the column are 0.

For a multivariable system with transfer function Gm×n we will use these normal-
izations on [|Gij|2], which is a frequency dependant matrix result of computing the
squared magnitude of each of the elemental transfer functions. Therefore, normaliza-
tions Σr([|Gij|2]) and Σc([|Gij|2]) yield to frequency dependant matrices, and will be
used to obtain a measure of the strength of the process interconnections in frequency
domain.

For a multivariable stable and strictly proper system with transfer function Gm×n, the
real valued matrix result of computing the squared H2 norm of each of the elementary
subsystems will be denoted as [||Gij||22]. Normalizations ΣB([||Gij||22]) and ΣO([||Gij||22])
yield real valued matrices, and will be used to obtain an overall measure of the strength
of the process interconnections.

This means that ΣB([|Gij|2]) compares the elements of the same row of |Gij|2 in
frequency domain , whilst ΣB([||Gij||22]) compares the squared H2 norm of the elements
in the same row of G. In a similar way the comparisons of ΣO([|Gij|2]) and ΣO([||Gij||22])
are performed through the columns.
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u1 u2 w1 w2 h1 h2 h3 h4

h1 1 0 0 0 0 0 1 0
h2 0 1 0 0 0 0 0 1
h3 0 1 1 0 0 0 0 0
h4 1 0 0 1 0 0 0 0

Figure 2.2: Structural matrix for the quadru-
ple tank process in Fig. 2.1.

u1

u2 h1

h2

h3

h4

d1

d2

Figure 2.3: Structural graph describing the
quadruple tank process. The graph was gen-
erated with the method SET.

2.6 Methods for structural and functional analysis

formulated from a visualization representation.

In this section, first an explanation of the difference between structural and functional
analysis is given in 2.6.1, and then the structural and functional methods introduced in
[20] are formulated from a visualization representation of the system in 2.6.2 and 2.6.3
respectively.

2.6.1 Structural properties Vs functional properties

Structural The word structure in analysis of systems is related to the concept of
causality. When a model of each of the process interconnections (one on one interconnec-
tions) between the considered inputs, outputs and internal states is described, then the
representation of the process is a structural realization. I.e. a structural realization of
the quadruple tanks process in Fig. 2.1 would be the one described in equation Equation
(2.3), where each of the internal one on one interconnections represented in the figure by
a red edge is modeled as a transfer function.

When a matrix relating process variables is filled with boolean elements representing
whether there is a causal dependence of the variables or not, it is named structural matrix
[21]. The structural matrix for the quadruple tank process is represented in Fig. 2.2.

Structural matrices have been used in [21] as a tool to determine feasible control
structures based on the concept of controllability and observability. Visualization of
the cause/effect relationship of the process was also provided by associating structural
matrices to digraphs. Further work on structural matrices and digraphs can be consulted
in [22] and [23].

Structural matrices are used as a first stage tool to extract information of the plant
which helps to take decision on the control structure. In Section 2.6.2 we aim to substi-
tute the boolean types in the structural matrices by either a frequency domain description
of the relative effect between variables or a real valued weight describing this effect in
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order to associate the structural matrix with a weighted digraph like the one depicted in
Fig. 2.3.

Functional The word functional is relating to function as opposed to structure. A
structural realization of a process would collect all the one on one internal connections
of the process, whilst a functional realization directly expresses the input-output rela-
tionships. A functional realization is therefore representing the total dynamic behavior
connecting each of process inputs with each of the process outputs. Each of these input-
output connections can be represented by a transfer function which doesn’t reflect the
process structure, but is instead the combined contribution of all the internal one on
one connections including the possible feedback paths. A functional realization of the
quadruple tank would be the one in Equation (2.4). Analyzing such a realization would
be performing a functional analysis of the process. An example of such analysis can be
observed in Fig. 2.5(right), where the functional effect of independent variations on the
process inputs is analyzed.

2.6.2 Structural Methods

Structural Energy Transfer (SET)

SET was introduced in [20] as a normalization on a matrix which collects the squared H2

norm of each of the transfer functions representing all the structural interconnections of
the process. From a visualization of a systemH = [Φ Γ], in which all the self references
have been hidden, SET can be expressed as:

SET , ΣB([Γ Φ])

The element SETij describes de direct coupling (in terms of energy transmission rate)
between the past values of the variable represented in column j into the future values of
xi compared to the coupling of the rest of the variables which are directly affecting xi.
SET is a real valued matrix, and can be associated with a weighted directed graph which
expresses the process causal relationships.

Example 2

Consider the visualization of the quadruple tank described in Equation (2.3). The values
for the considered physical parameters are the ones described in [16].

Applying SET the scaling invariant visualization yields:

SET =


0.9244 0 0 0 0 0 0.0756 0

0 0.9342 0 0 0 0 0 0.0658
0 0.9898 0.0102 0 0 0 0 0

0.9902 0 0 0.0098 0 0 0 0

 (2.7)

which determines the weights of the directed graph in Fig. 2.3. Note that the operation
performed is a normalization from the point of view of the sinks of the effect, implying
that the weight of all the edges entering a node add up to 1.
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Structural Dynamic Power Transfer (SDPT)

When a frequency domain description of these effects is required, the method SPDC can
be applied. Having a visualization of a system H = [Φ Γ], SDPT can be expressed as:

SDPT (ω) , ΣB

( [ ∣∣[( I −Φ) | Γ ]ij
∣∣2] )

The element SDPTij represents the influence of the past values of the variable represented
in column j into the future values of xi compared to the influence of the rest of the
variables which are directly affecting xi. The element SDPTi(i+n), which is relating xi
with itself represents the own dynamics of the lumped state xi, that is, how the past
values of xi couple to the future ones compared to the coupling from the other variables
which are directly affecting to xi.

Example 3

Applying SDPT to the quadruple tank process yields Fig. 2.4. SET in Equation (2.7) and

h 1

u
1

u
2

d
1

d
2

h
1

h
2

h
3

h
4

h 2
h 3

h 4

Figure 2.4: SDPT for the quadruple tank process for frequencies between 10−3rad/sec and
100rad/sec (logarithmic scales). The ordinates axes are ranged between 0 and 1 (normalized).

its associated graph in Fig. 2.3 provide a structural description of the process, allowing
to visualize qualitative and quantitative information about the cause/effect relationship
in the plant. When information is required in frequency domain, SDPT in Fig. 2.4 can
be inspected. Inspecting either Fig. 2.3 or Fig. 2.4 it can be concluded that:

- Pump 1 is directly affecting only to the level of tanks 1 and 4.

- Pump 2 is directly affecting only to the level of tanks 2 and 3.

- The variation of level in Tank 3 is only affecting to the variation of level in Tank 1,

- The variation of level in Tank 4 is only affecting to the variation of level in Tank 2.
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- Process disturbance w1 is directly affecting only to the level of Tank 3, although
this effect is insignificant in comparison with the direct effect from Pump 1.

- Process disturbance w2 is directly affecting only to the level of Tank 4, although
this effect is insignificant in comparison with the direct effect from Pump 2.

- It can be observed how at high frequencies it becomes hard to influence to the level
of the tanks. This is in concordance with the concept of system bandwidth.

Hence the structure of the plant is described and direct effects compared, giving a first
intuitive analysis of the process.

2.6.3 Functional Methods

The previous methods are based on the direct causality of the plant, however, they give
limited information about the following questions:

- how is the effect in one of the inputs propagated through the rest of the process?,

- how is a process internal variable affected by the process inputs?.

The functional methods described in [20] can be used to obtain a numerical quantification
and visual representation of these effects.

Functional Energy Transfer (FET)

FET is formulated as:

FETr , ΣB

( [ ∣∣∣∣Ωij

∣∣∣∣2
2

] )
; FETc , ΣO

( [ ∣∣∣∣Ωij

∣∣∣∣2
2

] )
where Ω is a multivariable transfer function collecting the input-output relationships,
and which can be obtained from any system visualization Q = [Φ Γ] as :

Ω =
(
(I −Φ)−1 · Γ

)
Each of the first m columns of FETc represents the relative effect of a manipulated
variable ui, with i = {1, . . . ,m} onto the rest of the process, and the remaining v columns
represent how each of the process disturbances wi, with i = {1, . . . , v} is propagated
through the rest of the process.

Each of the columns of FETc is related to a process input, and in open loop analysis
can represent the relative effect of a manipulated variable onto the rest of the process or
how a process disturbance is propagated through the process.

Each of the n columns of FETr represent the relative effect of the manipulated vari-
ables of the process and the process disturbances into an internal or output variable.

In both cases, the effect is quantified in terms of energy propagation y using the H2

norm.
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Example 4

The methods SET and SDPT were used in the previous section to describe the structure
of the plant and compare the direct effects. Nevertheless, it can be noticed for example
that Pump 1 also affects to the level of Tank 2, or that the process disturbance d2 also
affects to the level of Tank 2. The questions at the starting of Section 2.6.3 then arise.

Applying FETc to the quadruple tank results in Equation (2.9), which can be trans-
lated in the weighted graph in Fig. 2.5 (right). Each of the columns describes how the
energy at the process inputs is propagated through the rest of the process. It can then
be concluded that:

- Manipulating u1 creates an impact in h1, h2 and h4. Being the impact on h1 very
low compared with the two other.

- Manipulating u2 creates an impact in h1, h2 and h3. Being the impact on h2 very
low compared with the two other.

- A variation in d1 creates similar impacts in h1 and h3, being the impact on h3

slightly more significant.

- A variation in d1 creates similar impacts in h2 and h4, being the impact on h3

slightly more significant.

Applying FETr to the quadruple tank results in Equation (2.8), which can be trans-
lated in the weighted graph in Fig. 2.5 (left). Each of the rows of FETr represent the
relative effect into a process variable from the process inputs. It can then be concluded
that:

- h1 is mainly affected by the pump action u2 with a slight effect from u1. The effect
from the process disturbance w1 is very low and can be neglected in comparison
with the one from u2.

- h2 is mainly affected by the pump action u1 with a slight effect from u2. The effect
from the process disturbance w2 is very low and can be neglected in comparison
with the one from u1.

- h3 is affected by the pump action u2, and by the process disturbance d1. The effect
of d1 is insignificant compared with the effect from u2.

- h4 is affected by the pump action u1, and by the process disturbance d2. The effect
of d2 is insignificant compared with the effect from u1.

FETr =


0.2222 0.7699 0.0079 0
0.7512 0.2413 0 0.0074

0 0.9898 0.0102 0
0.9902 0 0 0.0098

 (2.8)
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Figure 2.5: FETr (left) and FETc (right) for the quadruple tank process.

FETc =


0.1180 0.3854 0.4364 0
0.3854 0.1167 0 0.4369

0 0.4979 0.5636 0
0.4966 0 0 0.5631

 (2.9)

Functional Dynamic Power Transfer (FDPT)

When a frequency domain description of these effects is required, the method Functional
Dynamic Power Transfer (FDPT) can be used.

FDPTr(ω) = ΣB

( [
|Ωij|2

] )
; FDPTc(ω) = ΣO

( [
|Ωij|2

] )
Example 5

The result of applying FDPT to the quadruple tank is depicted in Fig. 2.6.
Deeper insight is then obtained in the functional analysis of the quadruple tank pro-

cess. It can be observed in the first row of FDPT that, as noticed before, the main effect
on h1 comes from u2, nevertheless, this effect is dominating at low frequencies. At high
frequencies (above the cross-over frequency) there is a higher contribution from u1 on h1

than that of u2. In a similar way, for h2 it is u1 dominating at low frequencies and u2 at
high frequencies.

2.6.4 Squared Directed Transfer Function (sDTF) and the anal-
ysis of interactions in the autorregressive part of the pro-
cess

The methods introduced in [20] for the analysis of interactions in the autorregressive part
of the process are based on the concept of Directed Transfer Function (DTF), a method
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Figure 2.6: FDPTr (left) and FDPTc (right) for the quadruple tank process for frequencies be-
tween 10−3rad/sec and 100rad/sec (logarithmic scales). The ordinates axes are ranged between
0 and 1 (normalized). The red lines in FDPTr represent in each row the largest bandwidth of
all the channels. The red lines in FDPTc represent in each column the largest bandwidth of all
the channels.

introduced by [24] to determine direction and frequency content in the brain activity
flow.

Assume that the autorregressive part of the process in Equation (2.1) is excited by a
random wide sense stationary processes ξ = (ξ1, . . . , ξm)T , affecting the process as:

x = Φx+ ξ

ξ is then considered to be the input of the process, the output x of the linear process
is also a wide sense stationary process, and ξ and x are jointly wide sense stationary
processes. Then, the power spectral density of x(t), Sxx(ω) can be expressed as:

Sxx(ω) = (I −Φ(jω))−1 · Sξξ(ω) ·
(
(I −Φ(jω))−1

)∗
(2.10)

The power spectral density of a random process describes the region in the frequency
domain where power of the process exists. Thus, Equation (2.10) describes how the input
power is converted in the process by matrix (I −Φ(jω))−1 to obtain the power content
of x(t), when the states are excited by a wide sense stationary process. Therefore,
(I − Φ(jω))−1 gives information about the internal flow of energy in the process. The
fact that (I −Φ(jω))−1 is not a symmetric matrix involves that, the transmission from
channel i to channel j is different than from channel j to channel i, which means that
(I −Φ(jω))−1 is able to separate the energy flow in both directions.

sDTFr(ω) , ΣB

( [∣∣[(I −Φ)−1]ij
∣∣2] )

; sDTFc(ω) , ΣO

( [∣∣[(I −Φ)−1]ij
∣∣2] )

Example 6

The result of applying sDTF to the quadruple tank is depicted in Fig. 2.7.
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Figure 2.7: sDTFr (left) and sDTFc (right) for the quadruple tank process for frequencies be-
tween 10−3rad/sec and 100rad/sec (logarithmic scales). The ordinates axes are ranged between
0 and 1 (normalized). The red lines in sDTFr represent in each row the largest bandwidth of
all the channels. The red lines in sDTFc represent in each column the largest bandwidth of all
the channels.

When there is no internal feedback path, like in this case, the states can be reordered
to a representation in which sDTFr and sDTFc are triangular. In the diagonal elements
the relative importance of the own dynamics of the tanks can be observed, and in the
off-diagonal elements the relative importance of the propagations of energy from Tank 3
to 1 and Tank 4 to 2 can be observed. The interactions in the autorregressive part of the
process are rather simple in this example, and very limited amount of information can
therefore be extracted from the method sDTF . However, the reader can refer to similar
methods previously used. In [25], coherence functions where used to reveal dynamical
characteristics of a power reactor. Besides, these methods have been inspired in the
method DTF used in brain connectivity theory, and in order to gain insight about how
DTF analyzes complex processes with feedback paths the reader can refer to [24], [26],
[27].

2.6.5 Advantages of the new formulation

- Simpler and more general. The new formulation uses a much more general repre-
sentation of the process. The previous formulation required a representation of the
process in a obscure realization which was in cases hard to formulate.

- Based on signal flow graphs theory. This allowed a cleaner implementation in
the software tool ProMoVis [12], where the process models are defined by the
user through a visual interface which allows to introduce dynamic models (edges)
connecting the process variables (nodes) like in Fig. 2.1. When the structural or
functional methods are applied, the result can be translated into weighted graphs
like the ones in Fig. 2.3 or Fig. 2.5.
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- Operations are defined for hiding edges. This allows to hide the nodes representing
internal or measured variables which are not of interest in the analysis.

- Process disturbances can be driven through filters. It is assumed that the process
disturbances in this representation are white noise. Nevertheless, it is easy to
describe colored noise, for example, by creating an internal variable which is defined
as the white noise driven through a filter describing the frequency content of the
colored noise. This internal variable (node) can afterwards be hidden, since it will
not be a relevant variable in the analysis.

- Analysis at a selected range of frequencies for the actuators excitation. Sometimes
it is of interest to obtain graphs which describe the relative contribution of the
manipulated inputs at a certain range of frequencies, for example, at frequencies
around the crossover frequency, since it is the frequencies at which the larger control
action is usually required. This can easily be done (like in the case of filtering the
process disturbances) by pre-multiplying the process inputs by a filter which passes
the frequencies of interest and then applying the described methods to the resulting
representation of the process.

- Allows open loop and closed loop analysis of interactions. The high versatility of
the formulation allows easy computation of open loop analysis, but also of closed
loop analysis as it is described in Section 2.9. This is a clear improvement, since
the original methods were only described for open loop analysis.

- The same formulation can be also be used for discrete time systems, just by using
the operator z instead of s. This is a clear improvement from the initial formulation,
since the methods where originally introduced only for continuous time systems.

2.7 Interpretation

When a linear model of the process is available, the structural analysis of the plant de-
scribed in Section 2.6.2 gives a qualitative and quantitative description of the cause/effect
relationships of the process around the working point.

If the propagation of the effects from the manipulated inputs and process disturbances
is to be analyzed , the methods in Section 2.6.3 are applied. The columns of FDPTc and
FETc compare the effects of a manipulated input or process disturbance in the process.
The rows of FDPTr and FETr compare the effects on a certain lumped state from the
manipulated inputs and process disturbances.

In Section 2.6.4 sDTFr and sDTFc are proposed as variants of the DTF used for
measuring the internal propagation of power due to the interconnections of the process
variables.
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2.7.1 Applications in Control Structure Selection

The method FETr has been previously used to successfully design control structures by
considering only the input-output connections which were found to be significant ([12,
20]). A controlled variable should be associated with the minimum number of actuators
that result in a large enough value of the sum of their contributions (edge widths).
Measurable process disturbances with large contributions should also be considered in
the control structure by using a feed-forward action. In general, there is no theory stating
which one is the minimum sum of contributions hat gives an acceptable control structure.
However, based on the experience from [12] and with similar interaction measures [7],
we will consider that a value larger than 0.7 should be achieved to be on the safe side.
Besides, it is of interest that the structural matrix obtained by considering only the input-
output channels found to be significant, represents a structurally controllable system [28].

A further motivation of using the method FETr is its insensitivity to output scaling.
This also implies that, when a scaling independent representation is used to compute
this method, the result will not be affected by possible sources of noise affecting to the
estimation of the variance of the output variables. In fact, it is only needed to know the
variance of the input signals to compute the scaling invariant method.

Example 7

A decentralized control structure will be designed for the quadruple-tank process. The
objective is therefore to pair each of the controlled variables (h1 and h2) with an actuator
(u1 and u2). It is clear from the graph obtained with FETr in Fig. 2.5 (left), that the
preferred decentralized pairing is u1−h2 and u2−h1. A feed-forward action is not needed
for a good rejection of the process disturbances, since, as it was previously revealed, the
effect of the process disturbances in the controlled variables is insignificant compared with
that of the process inputs. A numerical quantification of these effects can be observed
in Equation (2.8), where it is confirmed that the channels u1 − h2 and u2 − h1 are
weighted with values larger than 0.7. Inspecting FDPTr in Fig. 2.6 it can be observed
that for the decentralized pairing selected that, at low frequencies, there will be a low
amount of interaction between the control loop. This interaction effect starts to increase
at frequencies around the crossover frequency, where a large control effort is expected.
The fact that the dominating decentralized pairing switches at high frequencies is not
relevant, since these frequencies are larger than the crossover frequency.

The Relative Gain Array (RGA), probably the most widely used IM will now be
used as a comparison with the methodology here proposed. The RGA was introduced in
[2], and for a multivariable process with matrix transfer function G(s), it is defined as
RGA(G) = G(0) ⊗ G(0)−T , where ⊗ represents element by element multiplication, and
G(0)−T is the transpose of the inverse of the DC-gain matrix G(0). The RGA can only
be used for the design of decentralized control structures, being the preferred parings
those with RGA values close to 1. Negative values of the RGA should be not selected for
pairing due to instability issues. The RGA for the subsystem formed by the inputs u1, u2

and the outputs y1, y2 in Equation (2.11) suggests the same decentralized pairing than
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Figure 2.8: DRGA for the quadruple-tank process.

the one selected using FETr, and since the RGA values for that pairing are positive,
there exists an stable decentralized controller with integral action. By evaluating the
value of the RGA in the frequency domain, the decisions on the decentralized controller
can be evaluated at any desired range of frequencies. This generalization of the RGA in
frequency domain is known as Dynamic RGA (DRGA) [29], and was used in [16] to de-
termine a decentralized control structure for the quadruple tank system. The magnitude
of the DRGA for the quadruple tank system is depicted in Fig. 2.8. In this example,
similar conclusions can be obtained from the FDPTr and the DRGA: at low frequen-
cies there exists a moderated amount of interaction between the control loops since the
diagonal elements of the DRGA are at the order of 0.225, the interaction starts to in-
crease around the crossover frequency, and at high frequencies the preferred decentralized
pairing switches.

The differences of FETr and FDPTr with the DRGA are:

- The RGA can only be used for designing decentralized control structures. FETr
and FDPTr can be used to design control structures with higher complexity.

- The DRGA can only be evaluated as a function of the frequency. FETr compresses
the information in the frequency domain into a real number by the use of the H2

norm.

- The RGA in combination with the Niederlinski Index [30] can be used to asses the
feasibility of designing a stable decentralized controller with a certain structure.
FETr and FDPTr only give information about the energy transfer in the process
interconnections, no conclusions about the stability of the closed loop system can
be derived.

- The RGA is not able to analyze the effect of the process disturbances. FETr and
FDPTr can quantify the importance of the impact of the process disturbances and
have the potential to be able to identify cases in which a feed-forward action would
improve the controller performance.
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2.8 Scaling Sensitivity

An approach has been presented in Section 2.3 for obtaining an scaling independent
representation of a system. However, it is of interest to analyze the scaling sensitivity
of the proposed methods for the analysis of complex processes to consider the cases in
which other traditional scaling techniques are used.

Lemma 2. Let Dx and Du be the diagonal scaling matrices of a linear time-invariant
MIMO system Ωm×n. Let T be an operator on a SISO system subsystem Ωij such that
T (K · Ωij) = K · T (Ωij), with k ∈ R , then the operation T (Ωij)

2/
∑m

k=1 T (Ωkj)
2 is

invariant to input scaling of Ω, and the operation T (Ωij)
2/
∑n

l=1 T (Ωil)
2 is invariant to

output scaling of Ω.

Proof. Both statements are proved with the following identities:

T ([D−1
x · Ω ·Du]ij)

2

m∑
k=1

T ([D−1
x · Ω ·Du]kj)

2

=
[Dx]

−2
ii · T (Ωij)

2 · [Du]
2
jj

m∑
k=1

[Dx]
−2
kk · T (Ωkj)

2 · [Du]
2
jj

=
[Dx]

−2
ii · T (Ωij)

2

m∑
k=1

[Dx]
−2
kk · T (Ωkj)

2

(2.12)

T ([D−1
x · Ω ·Du]ij)

2

n∑
l=1

T ([D−1
x · Ω ·Du]il)

2

=
[Dx]

−2
ii · T (Ωij)

2 · [Du]
2
jj

n∑
l=1

[Dx]
−2
ii · T (Ωil)

2 · [Du]
2
ll

=
T (Ωij)

2[Du]
2
jj

n∑
l=1

T (Ωkj)
2[Du]

2
ll

(2.13)

Corollary 1. Note that both operators on linear systems || . ||2 and | . | have the same
property described for T ( . ). And therefore, from Equation (2.12) and Equation (2.13)
it can be concluded that:

- FETr and FDPTr are insensitive to input scaling (scaling of vector u).

- FETc and FDPTc are insensitive to output scaling (scaling of vector y).

2.9 Closed Loop Analysis

After choosing a control structure and selecting the controller parameters, the resulting
interaction between the control loops can be analyzed by using the functional methods
described in this paper. The behavior of a good control structure with a well tuned
controller should show that when a reference is modified, then the effect should be mainly
on the measured variable which corresponds to that reference, whilst the effect on the
rest of the measured variables corresponding to other control loops should be kept low.

As it will be also shown in this section, the introduced functional methods can also
help to comprehend the effect of changing the references onto the control actions.
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Assume an open loop process represented by a visualization of the form:

x = Φx+ (Γu | Γw)

(
u
w

)
where the vector x collects measured variables, estimated variables, and internal variables,
vector u collects the manipulated variables, and w collects the process disturbances.

Assume that the loop is closed with control action

u = Cr · r − Cx · x+ FF · w

This control action allows a 2-DOF structure with Feed Forward action for the process
disturbances.

The closed loop system can then be expressed by a visualization of the form:(
x
u

)
=

(
Φ Γu

−Cx 0

)(
x
u

)
+

(
0 Γw

Cr FF

)(
r
w

)
Example 8

Consider an open loop system represented by the following MIMO transfer function:

G =

(
1

10s+1
0.6

10s+1
−0.6
s+1

1
10s+1

)
which can be represented by the open loop visualization:

y = 0 · y +G · u

The system is controlled with a decentralized controller with PI controllers in the
diagonal. Both PI controllers have kc = 4 and Ti = 2.

The closed loop system can then be represented by the visualization, HCL = (ΦCL,ΓCL)
: (

y
u

)
︸ ︷︷ ︸

z

=

(
0 G
−C 0

)
︸ ︷︷ ︸

ΦCL

·
(
x
u

)
︸ ︷︷ ︸

z

+

(
0
C

)
︸ ︷︷ ︸

ΓCL

·r

where :

C =

 kc(1 + Ti · s)
Ti · s 0

0
kc(1 + Ti · s)

Ti · s


And with reference to controlled and manipulated variables relationship

ΩCL = (I −ΦCL)−1ΓCL

Using the following matrix Ey for performing a hiding operation on HCL hides the
manipulated variables u , and using the following matrix Eu hides the measured variables
y.

Ey =

(
1 0 0 0
0 1 0 0

)
, Eu =

(
0 0 1 0
0 0 0 1

)
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To analyze the effect of the references on the controlled variables (y), the functional
methods described in Section 2.6.3 are applied to the closed loop visualization HCL after
hiding the nodes which correspond to the manipulated variables (u).

FETr(Ey ·ΩCL) =

(
0.9240 0.0760
0.8228 0.1772

)
, FETc(Ey ·ΩCL) =

(
0.1772 0.0760
0.8228 0.9240

)
(2.14)

By observing the first column of FETc(Ey ·ΩCL) in Equation (2.14), it can be con-
cluded that when the reference r1 is changed, the perturbation on y2 is higher than the
influence on y1. FDPTc(Ey ·ΩCL) describes these effects in the frequency domain. By
inspecting the first column of FDPTc(Ey ·ΩCL) in Fig. 2.9 (right) it can be concluded
that the perturbation from the first control loop into y2 only exists at high frequencies.
Since the interaction is not existing at DC and low frequencies, then a step in any of
the references will be tracked at steady state, as it is expected since the decentralized
controllers have integral action. Nevertheless, the existing interaction at high frequencies
means that a step in the reference r1 will highly disturb y2 during the transient.

By looking at the second column of FETc(Ey · ΩCL) in Equation (2.14), it can be
concluded that there is also an impact in y1 when the reference of the second control loop
is manipulated. Nevertheless, this impact is very low (0.076) compared with the effect
on y2 (0.924), and it is also existing only at high frequencies as it can be appreciated in
the second column of FDPTc(Ey ·ΩCL) in Fig. 2.9 (right).
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Figure 2.9: FDPTr(Ey · ΩCL) (left) and FDPTc(Ey · ΩCL) (right) for frequencies between
10−3rad/sec and 102rad/sec (logarithmic scales). The ordinates axes are ranged between 0 and
1 (normalized).

The same conclusions were obtained in [31] using loop decomposition, and they were
validated by examining the responses to independent setpoint changes in both control
loops. These step responses are depicted in Fig. 2.10.

Furthermore, we will continue the analysis by inspecting FETr(Ey ·ΩCL) in Equation
(2.14). Each of the rows of FETr expresses the relative contribution on an output
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Figure 2.10: Responses to setpoint changes for the closed loop system in Example 8.
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Figure 2.11: Analysis of the loop interaction of the closed loop in Example 8 by comparing the
response obtained when one reference is changed with that of changing both references simulta-
neously.

variable obtained by changing the references. It can be concluded that for simultaneous
step changes in both references, y1 is mainly affected by the change in r1, being the
interaction from manipulating on r2 very low. Nevertheless, the second row of FETr
suggests that when both references are subject of simultaneous changes, y2 receives higher
impact from r1 than from r2. These contributions can be analyzed in frequency domain
by inspecting FDPTr(Ey · ΩCL), which is depicted in Fig. 2.9 (left). There we can see
that even if y2 is highly affected by r1, this contribution is dominating at high frequencies,
whilst at low frequencies and DC it is clear that y2 is mainly affected by r2.
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Figure 2.12: FDPTc(Eu ·ΩCL) for the closed loop system in Example 8 for frequencies between
10−3rad/sec and 102rad/sec (logarithmic scales). The ordinates axes are ranged between 0 and
1 (normalized)..

Therefore, this analysis suggests that, for a simultaneous step change in r1 and r2,
the response of y1 will not be much different from that of only making a step change in
r1, whilst the response of y2 will be highly perturbed compared with the response from
only making a step change in r2.

These conclusions were validated with the simulations depicted in Fig. 2.11.

At this point, the effect of setpoint changes in the control actions will be analyzed.
Since the resulting closed loop transfer functions from the references to the control actions
have the same number of poles and zeros, the H2 norm of these interconnections is not
defined. Nevertheless, a filter can be used in order to restrict the analysis to a range of
frequencies which are of interest. For this purpose, a second order Buttterworth filter
with passband between 10−1.9rad/sec and 100.7rad/sec. This frequency range has been
selected to include the crossover frequency of the open loop and closed loop processes,
since that is the range of frequencies at which the majority of the control action is
expected. Denoting the obtained filter as F , FETc can be computed as:

FETc(F · Eu ·ΩCL) =

(
0.3895 0.0323
0.6105 0.9677

)

This indicator suggests that a change either in r1 or r2 will produce a larger control
effort in u2 than in u1. This effect can be analyzed in frequency domain by inspecting
FDPTc in Fig. 2.12. By inspecting the first column in the figure we can conclude that a
setpoint change in r1 will require a larger variation in the control action of u1 than the
variation in u2, however, there is a peak dominating the effect on u2 around the crossover
frequency, which means that larger variations on the control action of u2 are expected
during the transient. It also means that, during steady operation of the plant around a
working point, possible perturbations in y1 are likely to require a larger control action
from u2 than that required from u1.



2.10. Conclusions 107

10
0

y 1

r
1

10
0

r
2

10
0

y 2

10
0

Figure 2.13: FDPTc(Ey ·ΩCL) for the closed loop system in Example 9 for frequencies between
10−3rad/sec and 102rad/sec (logarithmic scales). The ordinates axes are ranged between 0 and
1 (normalized)..

Example 9

The second loop is now tuned in order to reduce the perturbation caused by the first loop
due to loop interaction. The new controller parameters of the second loop are kc2 = 12
and Ti2 = 2.

FETc(Ey ·ΩCL) =

(
0.3103 0.1304
0.6897 0.8696

)
(2.15)

FETc(F. ∗ Ey ·ΩCL) =

(
0.4714 0.1062
0.5286 0.8938

)
(2.16)

Comparing the new value of FETc in Equation (2.15) with the previous one from
Equation (2.14), it can be concluded that the loop interaction is reduced but still large.
Using a bandpass filter which selects the frequencies between the open loop and closed
loop crossover frequencies results in Equation (2.16). FDPTc is depicted in Fig. 2.13. It
can therefore be concluded that like in the previous controller, the loop interaction will
cause a significant perturbation on the second loop during the transient response in case
of a setpoint change, or during steady state in case of the presence of significant process
disturbances.

2.10 Conclusions

The methods presented in [20] to describe the flow of energy in time-invariant processes
linearized around a working point have been reformulated in a more general and flexible
notation. The new notation is based in signal flow graphs and provides with additional
advantages as easy computation of closed loop analysis, or filtering in order to restrict
the analysis into a desired range of frequencies. This notation also allowed a more
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efficient implementation of the methods in the software tool ProMoVis: a tool for Process
Modeling and Visualization [12].

The validity and usefulness of these methods is reinforced with new examples which
successfully determine feasible control structures, and evaluates closed loop behavior.

It was discussed in [20] that the fact that the methods depend on the scaling of
the signals affects the interpretation of the results. This issue is solved in this paper
by proposing a alternative computation of the methods based on an scaling invariant
representation of the linear system.

2.A Sensitivity of the Hankel norm to time delays

Assume that a stable SISO system G(s) is excited with an input u(t) up to t = 0, and
the output u(t) is measured for t > 0. The Hankel norm is then obtained by finding the
input u(t) which maximizes:

||G(s)||H , max
u(t)

√∫ ∞
0

||y(τ)||22dτ√∫ 0

−∞
||u(τ)||22dτ

Theorem 1. The Hankel norm of the time delayed system Gd(s) = G(s) · e−td is higher
or equal than that of G(s).

For the same input sequence u(t), G(s) will present an output y(t) and Gd(s) will
present as output y(t− td). And therefore:

||Gd(s)||H , max
u(t)

√∫ ∞
0

||y(τ − td)||22dτ√∫ 0

−∞
||u(τ)||22dτ

= max
u(t)

√∫ 0

−td
||y(τ)||22dτ +

∫ ∞
0

||y(τ)||22dτ√∫ 0

−∞
||u(τ)||22dτ

≤

≤ max
u(t)

√∫ ∞
0

||y(τ)||22dτ√∫ 0

−∞
||u(τ)||22dτ

References

[1] J. Rijnsdorp, “Interaction on two-variable control systems for distillation columns,”
Automatica 1 (1) (1965) 15.28.



2.A. Sensitivity of the Hankel norm to time delays 109

[2] E. Bristol, “On a new measure of interaction for multi-variable process control,”
IEEE Transactions on Automatic Control AC-11 (1) (1966/01/) 133 . 134.

[3] M. Hovd, S. Skogestad, “Simple frequency-dependent tools for control systems
analysis, structure selection and design,” Automatica 28 (5) (1992) 989.996.

[4] V. Manousiouthakis, R. Savage, Y. Arkun, “Synthesis of decentralized process con-
trol structures using the concept of block relative gain,” AIChE Journal 32 (6)
(1986) 991.1003.
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II.3

Case study: Stock Preparation
Plant

The stock preparation plant is a subprocess present in a paper mill for the refining
treatment of mainly chemical and semichemical pulps. The refining section of the stock
preparation plant in SCA Obbola AB is here considered. In conventional refining, the
pulp is pumped through the gap between two coaxial grooved discs. A moving disc can
be rotated and displaced in the axial direction, and the friction of the fibres with the
discs and with each other creates the refining effects. Refining creates major changes
in pulp properties. External fibrilation is the most desired of the effects, improving the
fibre bonds at the forming section. Refining also creates undesirable effects on the pulp,
i.e. internal fibrilation has a large impact in the dewatering capacity of the paper web,
short fibre flocs may have a negative impact in the paper forming, and the formation of
a large amount of fines have to be avoided, since they have to be retained by the paper
web at the wire section.

For the refining section of the stock preparation plant in SCA Obbola AB, the process
and the existing controller are depicted in Fig. 3.1. First the pulp is pumped from a
storage tank and the flow bifurcates towards two parallel refiners. Note that a fraction
of the pulp is recirculated again for a finer refining. This recirculation increases the
complexity of the process, requiring a deep analysis of the process interconnections in
order to understand the process and design a control structure.

The set of considered sensors and actuators is summarized in Table 3.1. The refiners
have internal controllers to track a setpoint for the energy delivered to the pulp. Safety,
quality, and production depend on well maintained setpoints for the considered flows
and the pressure at the entrance of the refiners. In the current control of the process,
four independent scalar PID controllers are used to maintain the flows at the desired
setpoints. The centrifugal pump is then used as actuator in another control loop to keep
the pressure before the refiners constant.

The structure which results from closing scalar controllers by selecting pairs of sensors
and actuators is known as decentralized control structure. This technique is very popular
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Figure 3.1: ProMoVis screenshot. Refining section of the stock preparation plant at SCA Obbola
AB.

Actuators
Tag Name Description
PA Pump Actuator Pumps the flow through the refiners
VA1 Valve Actuator 1 Valve after refiner 1
VA2 Valve Actuator 2 Valve after refiner 2
VA3 Valve Actuator 3 Valve at the recirculation from refiner 2
VA4 Valve Actuator 4 Valve at the recirculation from refiner 1

Sensors
Tag Name Description
PI Pressure Indicator Pressure before the flow bifurcation
FI1 Flow Indicator 1 Pulp flow though refiner 1
FI2 Flow Indicator 2 Pulp flow through refiner 2
FI3 Flow Indicator 3 Pulp flow recirculated from refiner 2
FI4 Flow Indicator 4 Pulp flow recirculated from refiner 1

Table 3.1: Considered sensors and actuators in the refining section.

due to its simplicity and easy maintenance. Nevertheless, loop interactions often result
in oscillations in the control loops, which can be reduced by increasing the complexity of
the control structure.
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3.1 Implementation of the stock preparation plant in

ProMoVis

The visual representation resulting from implementing the stock preparation plant in
ProMoVis is depicted in Fig. 3.1.

First, a visualization of the physical layout of the process was created by connecting
components representing elements as pipes, valves, pumps and refiners. Then a subset
of sensors and actuators to be considered for control was selected, and the corresponding
variables were defined in the visualization.

In order to collect significant process data for the modeling task, the process was
excited during normal operation by perturbing the actuators with additive white nose.
In a first modeling step, a model structure was created by identifying which actuators
generate an observable impact on which measured variables. The actuator-sensor rela-
tionships corresponding to this model structure were modeled as dynamic models using
system identification techniques. Each of the obtained actuator-sensor models was im-
plemented in ProMoVis and is represented by a red arrow in Fig. 3.1.

Finally, the controllers representing the current control of the process were defined in
order to visualize and maintain the information on the current control.

3.2 Analysis of the stock preparation plant with

ProMoVis

FETr, a tool based on brain connectivity, was applied to the ProMoVis model of the
stock preparation plant, and the result is depicted in Fig. 3.2. In FETr, the significance
(width) of all the edges entering a measured variable add up to one, and they represent the
relative effect of the process actuators. The most significant edges entering a measured
variable identify the actuators which can deliver a higher energy contribution on the
measured variable. An optional threshold on the significance of the edges to be displayed
was placed at 0.1, simplifying in this case the analysis by neglecting the edges which are
considered to be insignificant.

A controlled variable should be associated with the minimum number of actuators that
result in a large enough value of the sum of their contributions (edge widths). In general,
there is no theory stating which one is the minimum sum of contributions wthat gives an
acceptable control structure. However, based on the experience with similar interaction
measures [11], we will consider that a value larger than 0.7 should be achieved to be on
the safe side.

By inspecting Fig. 3.2, and pairing each of the measured variables with the actuator
connected with the most significant edge, it is clear that, the best decentralized control
structure is the one already in use in the process, and it is expected to achieve a satis-
factory performance It is also clear at first sight, that both recirculation branches can
be assumed to behave as independent scalar subprocesses, and simple PID controllers
can be independently designed for them without loop interaction. Nevertheless, it is
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Figure 3.2: ProMoVis screenshot. Analysis of the stock preparation plant with the method
FETr. Either a graph, or the connectivity matrix related to the graph can be chosen as displayed
result. The layers including the components, the process models, and the controllers with their
corresponding references are selected as not displayed.

suspected that there exist a potential of improving the control performance by consider-
ing the dynamic connection from VA2 to PI in the control system, since this will increase
the sum of contributions on PI from 0.7153 to 0.9737.

To obtain a deeper insight on the effects on PI, the brain connectivity tool FDPTr is
applied using ProMoVis, and the result is depicted in Fig. 3.3. This tool is a frequency
domain description of the relative power contribution of the actuators on a given mea-
sured variable. At each frequency, the sum of all the contributions on a measured variable
add up to one. It can be observed that the contribution from VA2 has an important im-
pact at frequencies around the maximum crossover frequency of the considered channels,
causing interaction between the control loops which may be translated into oscillations.
This conclusion is supported by the fact that the centrifugal pump has rotor dynamics
which are slower than the dynamics of the valve, and by the observations of the plant
operators and engineers, which confirm the existence of the mentioned oscillations. A
potential of improving the existing control structure has therefore been identified. The
suggestion is to consider the actuator-sensor connection from VA2 to PI in the control
structure, i.e. with a feed-forward action.
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Figure 3.3: ProMoVis screenshot. The tool FDPTr describes the contributions on PI from
the actuators in the frequency domain. The largest crossover frequency of all the considered
actuator-sensor channels is marked by a dashed line.



II.4

Conclusions and future work

The results from applying the introduced methods are displayed as a directed graphs
which indicate the significance of process models as thicknesses of the edges in the graph
or as frequency plots displaying the significance over a frequency range.

The methods have been implemented in a software tool for Process Modeling and
visualization (ProMoVis), which be successfully used to interactively model, visualize
and analyze complex processes.

A case study in which the methods are applied to analyze a stock preparation is
included.

It can be concluded that Interaction Measures and Brain Connectivity share similar
concepts, and there is a potential of modifying methods used in Brain Connectivity theory
for the use in the analysis of complex industry processes. As a motivation for further
exploration of this potential, the results of applying two brain connectivity methods to
the brain of a macaque are depicted in Fig. II.4.

The anatomical connectivity patter in Fig. 4.1(a) shows structural connections in the
brain, and can be used to decompose the brain in different interconnected areas. Similar
structural matrices have been used in control structure selection for decomposing the
system in several interconnected subsystems and synthesize the controllers only within
the subsystem boundaries, and finally combine the subsystems appropiately [5].

The effective connectivity patter in Fig. 4.1(b) quantifies the significance and the
direction of direct or indirect causal influences between the regions. Applying similar
methods to an industrial process could be of a grand value for estimating the propagation
of process effects.
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optimal balance of functional integration and segregation (Sporns
and Honey, 2006). While this is a plausible hypothesis, the
somewhat abstract nature of functional paths (see above) makes
interpretation of the small-world property less straightforward in
functional networks. A more complete understanding of the
relationship between brain dynamics and functional connectivity
will help to clarify this issue.

Small-world networks are formally defined as networks that
are significantly more clustered than random networks, yet have
approximately the same characteristic path length as random
networks (Watts and Strogatz, 1998). More generally, small-world
networks should be simultaneously highly segregated and inte-
grated. Recently, a measure of small-worldness was proposed to
capture this effect in a single statistic (Humphries and Gurney,
2008). This measure may be useful for snapshot characterization
of an ensemble of networks, but it may also falsely report a small-
world topology in highly segregated, but poorly integrated
networks. Consequently, this measure should not in general be
regarded as a substitute for individual assessments of integration
and segregation.

Anatomical and effective networks in Fig. 2 are simultaneously
highly segregated and integrated, and consequently have small-world
topologies. In comparison, the functional network is also highly
segregated but has a lower global efficiency, and therefore weaker
small-world attributes.

Network motifs

Global measures of integration and segregation belie a rich
repertoire of underlying local patterns of connectivity. Such local
patterns are particularly diverse in directed networks. For instance,
anatomical triangles may consist of feedforward loops, feedback
loops, and bidirectional loops, with distinct frequencies of individ-
ual loops likely having specific functional implications. These
patterns of local connectivity are known as (anatomical) motifs
(Fig. 3). The significance of a motif in the network is determined
by its frequency of occurrence, usually normalized as the motif
z-score by comparison with ensembles of random null-hypothesis
networks (Milo et al., 2002). The frequency of occurrence of
different motifs around an individual node is known as the motif
fingerprint of that node and is likely to reflect the functional role of
the corresponding brain region (Sporns and Kotter, 2004). The
frequency of occurrence of different motifs in the whole network
correspondingly represents the characteristic motif profile of the
network.

Functional activations on a local anatomical circuit may at any
given time utilize only a portion of that circuit. This observation
motivated the introduction of functional motifs, defined as
possible subsets of connection patterns embedded within
anatomical motifs (Sporns and Kotter, 2004). Functional motif
significance may be optimally characterized by weighted

Fig. 2. Illustrative anatomical, functional, and effective connectivity networks. (A) Large-scale anatomical connection network of themacaque cortex. This network includes the ventral
and dorsal streams of visual cortex, aswell as groups of somatosensory and somatomotor regions. Networkmodules representing these groups, form largely contiguous (color-coded)
anatomical regions. Area names and abbreviations are provided in the supporting information. (B, top) Functional connectivity network, representing cross-correlation of the regional
BOLD signal, as estimated from simulated neuralmassmodel dynamics.Warm colors represent positive correlations,while cool colors represent negative correlations. (B, bottom) The
samenetwork, thresholded by removing negative and self-self correlations. (C, top) Effective connectivity network, constructedby computing inter-regional transfer entropy, from the
simulated fast time-scale dynamics. (C, bottom) The same network, thresholded to preserve the strongest connections, of the same number as in the structural network. See Honey
et al. (2007) for a further exploration of these networks.
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(a) Anatomical connectivity (binary di-
rected network).

optimal balance of functional integration and segregation (Sporns
and Honey, 2006). While this is a plausible hypothesis, the
somewhat abstract nature of functional paths (see above) makes
interpretation of the small-world property less straightforward in
functional networks. A more complete understanding of the
relationship between brain dynamics and functional connectivity
will help to clarify this issue.

Small-world networks are formally defined as networks that
are significantly more clustered than random networks, yet have
approximately the same characteristic path length as random
networks (Watts and Strogatz, 1998). More generally, small-world
networks should be simultaneously highly segregated and inte-
grated. Recently, a measure of small-worldness was proposed to
capture this effect in a single statistic (Humphries and Gurney,
2008). This measure may be useful for snapshot characterization
of an ensemble of networks, but it may also falsely report a small-
world topology in highly segregated, but poorly integrated
networks. Consequently, this measure should not in general be
regarded as a substitute for individual assessments of integration
and segregation.

Anatomical and effective networks in Fig. 2 are simultaneously
highly segregated and integrated, and consequently have small-world
topologies. In comparison, the functional network is also highly
segregated but has a lower global efficiency, and therefore weaker
small-world attributes.

Network motifs

Global measures of integration and segregation belie a rich
repertoire of underlying local patterns of connectivity. Such local
patterns are particularly diverse in directed networks. For instance,
anatomical triangles may consist of feedforward loops, feedback
loops, and bidirectional loops, with distinct frequencies of individ-
ual loops likely having specific functional implications. These
patterns of local connectivity are known as (anatomical) motifs
(Fig. 3). The significance of a motif in the network is determined
by its frequency of occurrence, usually normalized as the motif
z-score by comparison with ensembles of random null-hypothesis
networks (Milo et al., 2002). The frequency of occurrence of
different motifs around an individual node is known as the motif
fingerprint of that node and is likely to reflect the functional role of
the corresponding brain region (Sporns and Kotter, 2004). The
frequency of occurrence of different motifs in the whole network
correspondingly represents the characteristic motif profile of the
network.

Functional activations on a local anatomical circuit may at any
given time utilize only a portion of that circuit. This observation
motivated the introduction of functional motifs, defined as
possible subsets of connection patterns embedded within
anatomical motifs (Sporns and Kotter, 2004). Functional motif
significance may be optimally characterized by weighted

Fig. 2. Illustrative anatomical, functional, and effective connectivity networks. (A) Large-scale anatomical connection network of themacaque cortex. This network includes the ventral
and dorsal streams of visual cortex, aswell as groups of somatosensory and somatomotor regions. Networkmodules representing these groups, form largely contiguous (color-coded)
anatomical regions. Area names and abbreviations are provided in the supporting information. (B, top) Functional connectivity network, representing cross-correlation of the regional
BOLD signal, as estimated from simulated neuralmassmodel dynamics.Warm colors represent positive correlations,while cool colors represent negative correlations. (B, bottom) The
samenetwork, thresholded by removing negative and self-self correlations. (C, top) Effective connectivity network, constructedby computing inter-regional transfer entropy, from the
simulated fast time-scale dynamics. (C, bottom) The same network, thresholded to preserve the strongest connections, of the same number as in the structural network. See Honey
et al. (2007) for a further exploration of these networks.
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(b) Effective connectiv-
ity (weighted directed
network).

Figure 4.1: Brain connectivity methods applied to the brain of a macaque (source [12]).
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List of Acronyms

CDF Cumulative Distribution Function

DFT Discrete Fourier Transform

DTF Directed Transfer Function

EEG Electroencephalography

DIOPM Dynamic Input-Output Pairing Matrix

FDPT Functional Dynamic Power Transfer

FET Functional Energy Transfer

FIR Finite Impulse Response

fMRI functional Magnetic Resonance Imaging

FRF Frequency Response Function

HIIA Hankel Interaction Index Array

IA Index Array

HS norm Hilbert-Schmidt norm

HSV Hankel Singular Value

MIMO Multiple Input Multiple Output

MISO Multiple Input Single Output

ML Maximum Likelihood

P Controllability gramian

PM Participation Matrix

Q Observability gramian

RGA Relative Gain Array

SET Structural Energy Transfer

SDPT Structural Dynamic Power Transfer

SISO Single Input Single Output

TITO Two Inputs Two Outputs

zoh Zero Order Hold








