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Abstract 

A nonlinear complex  multi-input multi-output  process is very troublesome 
to control. It is usually also ill-modeled. The problem of such process both 
in control and modeling requires a comprehensive utilization of various 
techniques. The thesis presents some methods for modeling and control of 
complex systems. 

A typical example of a complex process is mineral flotation that is char-
acterized by  multivariable,  nonlinearities, strong interactions, stochastic 
disturbances, and large and variable delay times. The dynamic nonlinear 
model of a inverse continuous flotation process is developed based on the 
first order kinetics. The complexity of mineral flotation in modeling and 
control is shown by the analysis of the dynamic model and the relation 
between the process inputs and the process parameters. As an alternative 
of conventional control technologies, fuzzy logic control is discussed for the 
control of an MIMO nonlinear flotation system and the simulation of the 
control system is carried out. LQG optimal control of the pulp level, a 
subsystem in a flotation process is studied and the robustness is analyzed 
based on the structured singular value. 

The control of infinite dimensional systems is known to all as a knotty 
problem. The orthogonal collocation method, which is one of the methods 
of weighted residual, is employed to reduce the infinite dimensional model 
of the systems. In a case study a time delay system is approximated using 
the orthogonal collocation and a robust controller of the delay system is 
synthesized based on the method introduced by Glover and McFarlane in 
1989. The robustness degradation caused by model reduction is discussed. 

The results show that the strategies studied in the thesis are available 
to solve the relevant modeling and control problems of complex systems. 
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Chapter 1 

Introduction 

Many industrial plants, so called complicated and ill-defined systems, have 
high complexity in the modeling and control. Such systems usually have  

multivariable,  nonlinearity, time delay, strong interactions, unknown dis-
turbances and some times infinite dimensionality. To mention only a few: 
the control of mineral flotation, continuous paper pulp digester and fixed 
bed bioreactor. 

The control of such systems is always a troublesome task. Model based 
control could be an important means for improving the profitability of 
plants while meeting tighter constraints on product quality and environ-
mental regulations. 

In the last thirty years, there have been considerable developments in 
model based control approaches, such as model based PID control, optimal 
control, adaptive control, robust control and model predictive control etc. 
The model based control approaches have been applied effectively and re-
sulted in a notable progress in automatic control. This has been reflected 
by increasing acceptance of the model based control in industry. 

The core of any model based control system is a mathematical model 
of the controlled process. The success of a model based algorithm depends 
heavily on the quality of this model. The modeling of complex systems 
requires the comprehensive utilization of varies techniques. 

The modeling based on the first principle and the traditional identifi-
cation techniques have been successfully applied to a huge number of real 
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Chapter 1. Introduction 

processes and will remain valid in the future. However, traditional quanti-
tative techniques of systems modeling have significant limitations, particu-
larly when a system is complicated and imprecise. As a complement, fuzzy 
modeling and identification could be available in a combination with tra-
ditional techniques to obtain the model of a complex system. In addition, 
the techniques of model linearization, approximation and reduction are re-
quired to handle the nonlinearity, complexity and infinite dimensionality of 
complex systems. 

In the thesis the description of a number of methods for the modeling 
and control of complex systems will be given. Modeling based on the first 
principle is adopted to carry out the dynamic model for a single continuous 
flotation cell as well as the cells arranged in series. Fuzzy logic control is 
discussed for the control of an MIMO nonlinear flotation process. LQG 
optimal control of the pulp level in a flotation process is studied and the 
robustness is analyzed based on the structured singular value. Orthogonal 
collocation method, which is one of the methods of weighted residual, is 
employed to reduce the infinite dimensional systems. A robust controller 
of a time delay system is synthesized based on the method introduced by 
Glover and McFarlane in 1989. The robustness degradation caused by 
model reduction is discussed. 

The layout of this thesis is as follows. In the rest of this chapter, a 
fundamental introduction is given. It includes fuzzy technique, orthogonal 
collocation method, LQG control and Hoo  loop-shaping, as well as µ, anal-
ysis, which will be used in the modeling and control of different processes 
involved in the thesis. The next chapter discusses the modeling of a sin-
gle continuous flotation cell and the cells arranged in series. Chapter 3 is 
devoted to the fuzzy control of a flotation process. The optimal control of 
pulp level in five flotation tanks in series is presented in chapter 4. The 
robustness analysis of the control system is also presence in this chapter. In 
chapter 5, the applications of the orthogonal collocation method in a num-
ber of examples are briefly described. Then the Hoo  robust control of a time 
delay system is taken into account and the robustness degradation caused 
by model reduction is discussed. The last chapter gives the conclusions and 
the research plan in future. 
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1.1. Fuzzy logic and the applications in process control 

1.1 Fuzzy logic and the applications in process 
control 

Fuzzy theory was originally introduced by Prof. Lotfi Zadeh of the Univer-
sity of California, USA, in 1965 [67]. Distinct from the traditional science 
and technology theory, fuzzy theory represents the real world in the man-
ner that rather likes human thinking. Fuzzy logic, as its name suggests, is 
the logic underlying modes of reasoning which are approximate rather then 
exact [65]. 

For many practical problems, an important portion of information comes 
from human experts. Another important portion of information is numeri-
cal information which is collected from various sensors or obtained accord-
ing to physical laws. 

This two different kinds of information come from different sources, the 
physical world and the human world. The information collection from the 
two worlds may provide a mixture of the information that probably, in 
many cases, express the real world better than using only one kind of the 
information. 

Fuzzy theory offers a suitable tool for the description of human world 
information. Since 1965, the first paper concerned fuzzy theory was pub-
lished, an astonishing development both in the theory and practice in the 
area has been archived. One of the most important achievements is the 
application of fuzzy theory in control engineering. Particularly in the last 
decade, various fuzzy control algorithms were proposed and applied. Fuzzy 
control applications and the improvement of production or economic ben-
efit resulted by fuzzy control were reported frequently in the literature. A 
large number of examples make us to face the fact: it is worth to learn fuzzy 
logic and to study its application in control engineering, at least when a 
sufficiently good description of the controlled process can not be obtained 
using only numerical information. 

Classification of fuzzy systems 

The most popular fuzzy logic systems in the literature may be classified 
into two basic categories: Mamdani's fuzzy system and Takagi - Sugeno's 
fuzzy system. 
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Chapter 1. Introduction 

Assume that the inputs and outputs in a system are  X  and  Y  respec-
tively, the first category of fuzzy system, which is called Mamdani-type 
system [34] [51], usually consists of a set of rules that could look as 

IF xl  IS U1, AND • • • AND  x,,  IS  Uni  
THEN yi  IS AND • • • AND  y,  IS Vnti 

where  i  = 1, 2, • • • , r and r is the total number of the fuzzy rules. Let  
j  = 1, 2, • • • ,  n, k  = 1, 2, • • • , m. U3, and Vkz  are the fuzzy sets of the 
inputs  X  with the dimension  n  and the outputs  Y  with the dimension 
m, respectively. The set of rules operating with linguistic values of input-
output variables appears to be analogous to the set of equations used for 
presentation of linear and nonlinear systems. The fuzzy sets U's and V's 
are parameters of the fuzzy model and the number of the rules determines 
the structure of the model. In this kind of model both antecedent and 
consequent parts of IF-THEN rules usually consist of vague predicates. In 
these models, fuzzy quantities are associated with linguistic labels and the 
fuzzy model is essentially a qualitative expressing of the system that uses 
natural language expressions. 

The second category of fuzzy system, known as Takagi-Sugeno  (T-S)  
system [54], has the same structure as the first one but uses a linear 
function as consequent in each rule. Therefore it is more convenient to be 
used for the modeling of system dynamics. As an example we assume that 
a nonlinear system has the state space description 

x(k +1) = f(x(k),u(k)) 

y(k) = Cx(k) 

where f(.) is a nonlinear function and  C  is a real matrix. The fuzzy system 
can then be described as following 

IF xi (k) IS U1, AND • • • AND x(k) IS U, 	(1.2) 

THEN x(k +1) = Ax(k) Bu(k) 

The description of Eq. 1.2 can be varied in different forms both in 
continues [56] [27] and discrete [62] [25] cases. The nonlinear relation can 
be approximated by a set of linear local functions and the fuzzy mapping. 
Essentially this kind of system has a combination of fuzzy and non-fuzzy 
description. 
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1.1. Fuzzy logic and the applications in process control 

Fuzzy modeling and identification 

The motivation of fuzzy modeling is often that the system knowledge and 
dynamic models are uncertain. In most cases, it is quite difficult to ade-
quately describe the behavior of a nonlinear system by mathematical mod-
els, especially when the structure of the system is unknown. Even if one 
knows the structure, numerical model representations usually become irrel-
evant and computationally inefficient as the complexity grows. 

Fuzzy models are constructed based on both expert's knowledge and 
measured data so it offers an alternative to conventional models of complex 
systems. 

Fuzzy modeling and identification uses firstly IF-THEN rules that in-
corporates expert knowledge to give the model structure, then the system 
identification techniques are employed to turn the model parameters. The 
discussions of various aspects related fuzzy modeling and identification can 
be 'fined in literature [54] [51] [39] [66] [15]. 

Fuzzy model based control 

Traditionally, fuzzy controllers have been designed without an explicit model 
of the system. A typical example is fuzzy nonlinear PID control. 

u 
 = f  (

e, 
 de f 

 e
)  

Where the PID parameters are nonlinear functions of the control error. 
Such nonlinear functions are actually the fuzzy mapping from the input 
space to the output space of the controller. The fuzzy mapping is usually 
implemented by fuzzy IF-THEN rules. 

Although the purely heuristic approach is some times called model-
free approach, one may argue that the controller relies in fact an intuitive 
model. It is true that one can always find a model for any real world system, 
even though it some times is inaccurate due to the system complexity so 
that the traditional control approach is difficult to apply in this case. As 
we mentioned above, fuzzy technique offers an alternative to conventional 
modeling of complex systems, therefore the integration of fuzzy technique 
with a model based control approach may have great potentialities [50] [4] 
[29] [26]. 
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Chapter I. Introduction 

Adaptive fuzzy control is one of widely used fuzzy model based control 
approaches. An adaptive fuzzy system is a fuzzy logic system equipped with 
a training algorithm, in which the fuzzy logic system is constructed from a 
collection of fuzzy IF-THEN rules, and the training algorithm adjusts the 
parameters of the fuzzy logic system according to numerical input/output 
data. Conceptually, adaptive fuzzy systems combine linguistic information 
from experts with numerical information from sensors. Linguistic informa-
tion can be directly incorporated since fuzzy logic systems are constructed 
from fuzzy IF-THEN rule; on the other hand, numerical information is in-
corporated by training the fuzzy logic system to match the input/output 
data. 

Another important approach is fuzzy model predictive control. Model 
predictive control is a widely recognized control methodology that can han-
dle constrained  multivariable  process control problems in a transparent 
framework. The standard model predictive control is based on the solu-
tion of a discrete-time open-loop optimal control problem at each sample 
time. In fuzzy model predictive control, a fuzzy model acts as a numerical 
predictor of the process' output. 

Stability criterion and robust analysis 

Fuzzy control systems are a special class of nonlinear control systems. 
Therefore it is possible to apply nonlinear stability theory, such as small 
gain theorem, passivity and Lyapunov methods etc., to fuzzy control sys-
tems. Up to now, many stability results, which are based on nonlinear 
stability theory, have been reported [56] [57] [26] [27] [58]. 

Using Lyapunov method a generalized energy function called the Lya-
punov function need to be introduced. A Lyapunov function can have 
arbitrary structure, as long as the conditions on positive and negative def-
initeness are true. In the fuzzy control it is common to mainly consider 
the Lyapunov functions can be the types such as quadratic Lyapunov func-
tions, piecewise quadratic Lyapunov functions and piecewise affine Lya-
punov functions. 

The small gain theorem simply says that the feedback connection of two 
input-output stable systems will be input-output stable if the product of 
the gains is less than one. Many nonlinear systems can be represented as 
a feedback connection of a linear system and a nonlinear element. In the 
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W21 (t) aY(z,  t)  

(t) 
dY (z,  t)  

Oz 

Oz 

I  z=0 Wi2 (t) Y (z = 0, t)  

I 	+ W22  (t)  Y  (z = 1, t) = 

W13 (t) 

W23 (t) . 

1.2. The orthogonal collocation method 

fuzzy control case, the nonlinear element could be the nonlinear mapping 
given by a fuzzy controller. The nonlinear element is required to fulfill a 
sector condition. The problem of interest is to study the stability of the 
origin for a class of nonlinearities that satisfy a given sector condition. 

A number of stability analysis methods for fuzzy control have been 
developed that are based on a qualitative analysis of the fuzzy partition 
of the controller input space in combination with the trajectories or vector 
fields of the closed loop dynamic systems in this space. 

The robust stability analysis of fuzzy control systems via quadratic sta-
bilization, Linear matrix inequalities (LMI) and Hoo  control theory was 
introduced in the references [56] and [57]. 

1.2 The orthogonal collocation method 

The orthogonal collocation method is one of the methods of Weighted 
Residuals. It is a powerful and efficient method of obtaining the lumped 
model of a distributed parameter system [60] [44]. 

Engineering models often appear in the guise of differential equations. 
The model of a distributed parameter system (in the one-dimensional case) 
can be often described as follows.  

DY  (z, t) 	0Y  2y 0  
=  f (37  „ 	V z t)  

dt 	 0 z 0 z2  ' ' ' 
dV  (t)  

= g (Y,  V, t)  . dt  

(1.3) 

The initial conditions are given by  

Y (z, 0)  = Yo  

V(0)  =  Vo  

and the general linear boundary conditions for the PDEs can be written as: 
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Chapter 1. Introduction 

Where  Y  and V are vectors of m and  n  dependent variables. 

The trial solution as a polynomial is given below 

N+1 
Yy (Z t) = E (z, t) (z) (1.4) 

where ti (z) known as basis functions in equation 1.4 are Lagrange interpo-
lation polynomials of order  N  , with the interpolation points chosen as the 
collocation points and the boundary points . 

The interior collocation points for the interval z  E  (0,1) should be 

chosen as the zeros of a Jacobi polynomial e' ß)  (z) to get the best accuracy 
in integration of equation 1.4 over z  E  (0,1). 

The Jacobi polynomial P' (z) is defined by the orthogonality prop-
erty: 

J
1 

o 
 Z I3  (1 — 	PN  (Z)  dz  = 0,  j  = 0,1, ...,  N  — 1. 

The N+2 collocation abscissas in equation 1.4 consist thus of the boundary 
points (Z =0 and Z = 1) and the zeros of a Jacobi polynomial of degree  N.  

From the definition of the interpolation polynomials 

/, (2'3 ) = 	
0, 
	i  

it follows that 
(1.5) 

The trial function 1.4 is substituted into the partial differential equa- 
tions 1.3 to give the residual function 

OYT 	, w a2y  
Ry  (Z t) = 	 f 1,

Oz Oz 

	

2  ,V,z,t) 	(1.6) 

The residual is set equal to zero at the  N  interior collocation points zi,  
i  = 1, 	N,  which are the zeros of the polynomial P.ATa' ß)  (z). We get 

OYT  (zi, t) 	 OYT (z, t) 	02YT  (z, t)  
Dt  

= 	f (YT  (zi,t) , 	a z iz=z,, 	az2 	lz=z, , V, zi, t  

i 	= 	1,2, ..., N 	 (1.7)  
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(1.10)  

Y (t)  

1.2. The orthogonal collocation method 

the approximate solution YT (z, t) satisfies the original PDEs exactly at the 
collocation points. 

The spatial derivatives OY/az and 02Y/0z2  can be expressed in terms 
of the values  Y  (zi , t) at the interior collocation points zi  ,  i  = 1,2, ...,  N  and 
the boundary points 2'0 = 0 and zN+1 = 1. 

Y (t) = [Y (zo, t) Y (z1, t) 	• • • Y (z N+1, t)iT (1.8) 

aY 

ay,(z,t) 

(1.9) 

a, 	I  .2.--Zo 
8177, (2,t) 

az 	iz=z, 
• 

ayr(z,t) 
az 

1,-zN+1  
810 iL  iz=z0 	8z 	Z=-Zo 
810  

81
8N 

 
z+

1
+  81,,  

z

z 

 =

= 

z
zoi  

8z 

 

lz=z1 	8z 	Z=Z1  
Y (t) 

al° 	 811  
- 	az 	rz=zN+1 	az 

• • 

_iy_ilai 
iz=zN+ 1 

I 

Z=Z0 

I z=-z1 

a2y,(z,t)  
az2 

a2  YT  (Z,t)  
8,2 

• 

82  YT  (z,i)  
8z2  

82 10  
8„2 	I z=zo  
8210  
az2 iz=zi  

Z=ZN-I-1 - 
82 
8z2  
82 11.  

az2 

821N+1  

az2  
821N+1 

 
az2 

I Z=ZO 

I Z=21 

-1\—÷---7 1.281,2 	I z=ZN+1 
82 /0 	 82 /I 	

2 iz=zN+1 
 

_ 8„2 Z=ZN+ 	az2  

Inserting Eq.1.5, Eq.1.9 and Eq.1.10 to Eq.1.7, the collocation approx-
imation of PDEs can be written as a state space model. Thus the collo-
cation approximation model of the distributed parameter process Eq.1.3 is 
obtained in state space as follows 

	

= 	f (U, V, z , t) 

1.7 	=  g  (U, V, t). 
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Chapter 1. Introduction 

Where U =  Y  (t) as shown in the Eq. 1.8, V 	[  vi  V2 	Vn 	and 

z 	[ zo z1 • • • ZN+1 T  • 

The infinite dimensional problem has been reduced to solve m.(N+2)-En 
coupled ordinary differential equations. 

For a linear f(.)  and  g(.),  combine the initial conditions and the bound-
ary conditions to define the input u and the output  y,  a linear state space 
description of the system could be obtained. 

= Ax Bu 

y = Cx +  Du. 

1.3 LQG optimal control 

The Linear Quadratic Gaussian (LQG) control problem is to find the opti-
mal control u(t) which minimizes the cost function  

J  = 	(x  (t)T  Q x  (t) + u(t)T  Ru(t))dt 

The plant model is defined as 

4t) 	=  Ax  (t) + B u (t) w d 

y(t) = C x (t) + w 

Assume that the covariance of disturbance and measurement noise are  

E {tv d (t)w d(7)T 	W (t — 7) 

E {w n(t)w „ (7)T  } = V  ö  (t — 7)  

Minimizing the deterministic cost, the optimal solution for control signal 
is 

u(t) = — K x (t) 

where 

K -= R-1  BT  X 
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1.4. Hoo  control of left-coprime-factor plant 

and  X  = XT  > 0 is the unique positive-semidefinite solution of the alge-
braic Riccati equation 

AT X +XA- XBR-1BT X +Q =0 

By choosing an appropriate weight matrix  Q  the control accuracy of the 
state variables  x  can be adjusted. A suitable matrix  R  restricts the control 
signals within a wanted range. 

The optimal state estimate is given by a Kalman filter. 

= Ad + Bu + K f  (y - C"i) 

	

The optimal choice of  Kf  which minimizes E{x - 	-  i)}  is given  
by 

K f  = YCTV 

where  Y  = YT > 0 is the unique positive-semidefinite solution of the 
algebraic Riccati equation 

YAT  + AY - YCTV-1CY + W 0 

The optimal controller is then obtained as 

	

(A -  BK,  -  K  f C)X +  K f y 	 (1.12) 

-Kr & 

1.4 Hoc  control of left-coprime-factor plant 

A perturbed plant model Gp  can be written as 

Gp  = (M + Am)-1  (N  + AN) 

An Hoo  robust stabilization problem under a left-coprime-factor uncertainty 
is shown in Fig. 1.1. 

The objective of robust stabilization is to stabilize not only the nominal 
model  G  = M-1N, but a family of perturbed plant defined by 

AN 
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Chapter 1. Introduction  

Figure 1.1: Coprime uncertainty and the Hoo  robust stabilization problem 

where  E  > 0 is the stability margin. To maximize this stability margin is 
the problem of robust stabilization of normalized coprime factor plant. 

For the perturbed feedback system of Fig. 1.1 the stability property is 
robust if and only if the nominal feedback system is stable and 

A 

 

(I  -  GK)-1  M-1  IK  

   

Notice that  -y  is the Hoc  norm from 0 to [  n  and (I - GK)-1  is the  
Y  

sensitivity function for this positive feedback arrangement. 

The lowest achievable value of  y  and the corresponding maximum sta-
bility margin  E  are given by Glover and McFarlane (1989) as 

  

2  } 1/2  = (1 p 4112  
H  7min = E1-7[11ax [ N M 

  

where 	denotes  Hankel  norm,  p  denotes the spectral radius (maximum 
eigenvalue), and for a minimal state-space realization (A,  B, C, D)  of  G,  Z 
is the unique positive definite solution to the algebraic Riccati equation 

(A - BS-1DTC) Z +Z (A - BS-1DTOT  — ZCT R-1CZ + BS-1  BT  = 0 

12 



< y 
00 

1.5. Robust analysis based on the structured singular value 

where  
R  = I + DDT  , S = I + DT D 

and  X  is the unique positive definite solution of the following algebraic 
Riccati equation 

(A - BS-1DTC)T  X+X (A - BS-1DTC)-XBS-1BT X+CT R-1C = 0. 

A controller which guarantees that 

(I  - CK)-1  M-1  IK  1 

for a specified  -y>  -ymin, is given by 

 

-1 
s K 	A + BF + 72  (LT)  ZCT  (C DF) = 

BT  

 

-y 2  (
I
L
, 
 T) 1  ZCT  

-D 

  

where  

 

F= (DTC + BTX)  

(1- 72)1+ xz 

1.5 Robust analysis based on the structured sin-
gular value 

In order to carry out a commonly used robust stability and robust perfor-
mance criteria, one rearranges an interconnected system, even though it 
is quite complicated, to fit the general framework shown in Fig. 1.2 and 
defines the structure singular value (denoted it) as a generalization of the 
singular value  ä-  and the spectral radius  p.  

The lower linear fractional transformation of  R  and  P  gives the NA 

Nu N12 structure shown in Fig. 1.3, where  N  = 	 . Assume that both 
N21 N22 

A and  N  are stable, the robust stability of the system can be analyzed 
using the MA structure where M = N11. An upper linear fractional 
transformation gives the FAp  structure and further it is rearranged as 
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1.5. Robust analysis based on the structured singular value 

the  N  3, structure that is used for the robust performance analysis, where 
= diag(A,  Ap)  

A definition of structured singular value given by Skogestad and Postleth-
waite in 1997 is as follows: 

Consider the MA-structure, find the smallest structured A (measured 
in terms of  ö-(A)) which makes  det(/  — MA) = 0; then ,a(M) = 1M-(A). 

Mathematically, 

minfü(A)1  det(/  — MA) = 0 for structured A} 

For unstructured (full matrix) A, 

= 5- (M) 

For the repeated scalar complex perturbation, 

it(M) = P(M) 

Thus we have 

P(m) it(M) ü(M)  

The nominal stability  (NS),  nominal performance (NP), robust stability 
(RS) and robust performance (RP) of a control system can be analyzed 
using the following criteria.  

NS  4=>  N  is internally stable 

NP <=> ü(N22) = it Ap  <1, Vw, and  NS  

RS .#› µA(Nii) < 1, Vw, and  NS  

RP .=>  (N)  < 1, Vw, A =[ 2' ° 	, and  NS  
0  Ap  
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Chapter 2 

Flotation 	a complex 
process 

Flotation process is widely used in mineral processing industry for the se-
lection of complex ores. The selectivity of the bulk flotation is difficult to 
understand due to the influences of mineralogical features of ores, floata-
bility of various minerals governed by pulp environments, flotation kinet-
ics and hydrodynamic variables. Flotation plant are dynamic processes 
mainly characterized by nonlinearities. strong interactions, stochastic dis-
turbances, and large and variable delay times, with each of these having 
significant effects on the plant's performance. The flowrate, grade, mineral 
surface condition and the particle size distribution of the feed stream are 
especially troublesome during normal operation. These inherent complex-
ity of the process makes the modeling and control of flotation circuits a 
difficult problem. 

2.1 Modeling of mineral flotation 

Fig. 2.1 shows a flotation circuit which is used to treat a complex ore 
containing valuable mineral. After a relatively coarse primary grind the 
ore, water and chemical reagent are well-mixed in conditioner tank then the 
conditioned pulp is fed into a number of flotation banks which are formed 
by single flotation cells arranged in series. A flotation bank can be divided 
into two parts named rougher and scavenger. The rougher concentrate is 

17 
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Feed 

Figure 2.1: Flotation process 

transported to cleaning and the scavenger concentrate goes to regrinding 
then return to the conditioner tank. 

The bulk flotation is a  multivariable  process. The inputs includes chem-
ical variables and operational variables. The inputs of the process can be 
defined as 

u = [Co, Di, Fr, F,pH,T,L, A, S, ...]T 	 (2.1) 

where Co is collector dosage, Di is dispersant dosage, Fr is frother dosage, 

F is feed grade, pH is pH value, T is temperature, L is pulp level, A is air 

flowrate and S is particle size, etc. 

The outputs can be defined as  

y = [R,Cr,Cs,Ct, 	 (2.2)  

where  R  is the recovery of valuable mineral, Cr,Cs,Ct are the valuable 
mineral content in rougher concentrate, scavenger concentrate and tailing 
respectively. 

Many efforts have been made for the process modeling but it is very 
difficult to obtain a well-defined global model for the whole process. In 
other words, an accurate global dynamic model is not available. 

Through a literature search the models of flotation plants vary with the 
philosophy of the researcher as well as the expected usage of the model. 

18 



2.1. Modeling of mineral flotation 

Lynch et al [33] documented a number of approaches to the practical 
modeling and simulation of flotation circuits, most proceed from an as-
sumption of first order kinetics. Perez-Correa [42] et al and Niemi et al 
[41] proposed the models of flotation based on the mass balances of each 
component. Dayal et al [8] studied a recursive exponentially weighted 
partial least squares method and applied the method to the modeling of a 
continuous stirred tank reactor and an industrial mineral flotation circuit. 
Aldrich et al [2] and Cubillos et al [5] adopted neural network in the mod-
eling of flotation processes. Su et al [49] in 1997 studied a fuzzy model for 
a single flotation cell based on the laboratory data. In addition, empirical 
and probability description are some times needed to modify the models 
[42] [41]. 

It must be emphasized that the models of complex processes such as 
flotation can never represent completely the actual process but the models 
will be improved better and better along with the continuous deepen of the 
research and the development of the new techniques for modeling. 

Modeling based on the first principle 

Although the modeling based on the first principle will become extremely 
difficult when the system is too complicated, such analytic approach gives 
good interpretations of the physical and chemical mechanisms for real pro-
cesses. The analytic description of a system is always important for the 
system analysis, system simulation and system control. Any approach of 
modeling has limitations and the modeling based on the first principle is 
no exception. It could be completed by combining other approaches, such 
as identification, fuzzy modeling and neural model etc. 

Although the flotation process is complex in terms of the important 
mechanisms, it is intrinsically a rate process [33]. The analytic model of a 
flotation process can be developed based on the first order kinetics. 

Assume that there is only a single component of floatable specie in the 
pulp, the simple rate equation for a semi-batch flotation process may be 
written [33] 

dC (t)  
= kC (t) 	 (2.3)  

dt  
where C(t) is the concentration of particles with identical flotation proper-
ties in the pulp at time t. By definition, the recovery rate of a component in 
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the concentrate per unit mass of the same component in the pulp is known 
as the rate constant  k  that is resulted from both the rate of flotation from 
pulp to froth and the rate of drainage from froth to pulp. The rate constant  
k  depends on various process variables governing the flotation physical and 
chemical environments. 

Solving Eq.2.3 gives 
C(t) = Coe-kt  

where Co  = C(0). This model can be recast in terms of fractional recovery 
R(t) and ultimate fractional recovery Roo  

R(t) = Roo(1 -  e-kt ) 	 (2.4)  

It is obvious that C(t) -> 0 and R(t) ---> Roo  when t -> co, here Roo  = 100%. 

It seems that the process kinetics derived in Eq. 2.3 and Eq. 2.4 is quite 
simple. But the situation in the real case is much more complicated. Firstly, 
flotation plant in production is continuous and a flotation circuit consists 
of quite a few flotation banks. In each flotation bank may exist a number 
of cells in series. Secondly, in practice there are usually many floatable 
components in the pulp. Thirdly, the flotation rate  k  is variable and it 
strongly depends on many chemical and operational variables. Finally, the 
relation between  k  and the chemical and operational variables is highly 
nonlinear and there exist interactions between the variables. An analytic 
description of the relation is very difficult to be obtained. 

Flotation dynamics in a continuous cell 

In a continuous flotation process, the residence time of particles in the pulp 
is different. The change of C(t) is governed not only by the rate constants 
but also by the distribution of the retention times of particles in the pulp 
volume which depends on the type of mixing or flow regime. Thus for 
a single component with a distribution of residence times in an isolated 
continuous compartment [33] 

Cst =  Co  10 	
k t  E (t)dt (2.5) 

where Cst  is the steady state value of C(t) and E(t) is the distribution of 
residence times. 
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2.1. Modeling of mineral flotation 

Consider the case where complete homogeneity exists over the length of 
the isolated compartment, in such a reactor, all material in the reactor has 
an equal probability of leaving and the reactor is considered to be perfectly 
mixed. The tailing of such a reactor has the same composition as the 
contents. For the continuous compartment, the residence time distribution 
E(t) is given [33] as 

1 
E(t) = e t  

where T is the mean residence time which is defined by 

V 
7 = — 

V 

where V is the pulp volume and v is the volumetric flowrate of tailing. 

For a constant  k,  the steady state value of concentration in an isolated 
continuous compartment can then be calculated as 

csi  = 
co

f cx)  e —  kt  _1  e-  '+idt = 	
co 
	 (2.7) 

o 	7 	 i  + k7 

Up to now, the first order rate equation for a semi-batch flotation pro-
cess (Eq. 2.3) and the steady state equation of a single continuous flotation 
cell (Eq. 2.7) have been accepted in the research field. However, the tran-
sient description of a continuous flotation cell is still a research topic. 

Perez-Correa et al. proposed in 1998 [42] a model based on the mass 
balances of each component 

dM7(,') 
= [K (i) 	1-]M (i)  g  X(i)  	(2.8)  

dt 	
p  v. 

 p 

 p  aa  e e  

dMe(i) = -[K
(i) 	.9 ]111(i)   

dt 	e 	vee 	 p  (2.9) 

where 

M$' )  - the mass of ith component in pulp  

K 	the flotation rate in pulp 

qt - flowrate of tailing 

Vp  - pulp volume 
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Chapter 2. Flotation —a complex process 

qt - mean resident time in pulp 

	

qa 	flowrate of feed 

concentration of ith component in feed 

	

le 	flotation rate in froth 

the mass of ith component in froth  
Q C  - mean resident time in froth 

- flowrate of concentrate 

Niemi  et al. [41] in 1997 gave the model as  follows 

dCt  
V 	= Qi,Cin  - QtCt  - kVCt  

dt  

where 

(2.10) 

- content of a component in tailing 

(2 in - flowrate of feed 

Qt - flowrate of tailing 

V - volume  

k  - flotation rate 

It can be seen that the Eq. 2.10 is built also based on the mass balances 
and its structure is as same as the structure of the Eq. 2.8. 

Using mass flow  Gi  = QC 

G t  (t) = 	G (0) -
17
1  e-(k+ )(t- 9)  dB 

-cc 

G f (t) 	G,n(0)ke--00d0 

where  

G(t) - mass flow of the component in tailing 

- mass flow of the component in feed 
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2.1. Modeling of mineral flotation 

G f (t) - mass flow of the component in concentrate  

k  - flotation rate 

— mean resident time, 7 = 

The models presented above have a common characteristic, that is they 
all assume that the flotation rate  k  is a constant. In other words, the 
physical and chemical environment of flotation is invariant. However, the 
objective reality of the actual process is entirely different from this. 

In my research [9] [10] [12], a dynamic description of a continuous 
flotation process can be developed based on the first order rate equation 
(Eq. 2.3). 

Consider a single continuous flotation cell, a equilibrium point of the 
concentration C(t) can be reached according to the Eq. 2.5. When the 
value of the rate constant  k  is changed from k1  to k2  due to the changes of 
chemical or operational variables, C(t) will be changed from an equilibrium 
point to another. 

Assume that the change occurs at time t = 0, the concentration C(t) 
on an arbitrary time t can then be calculated on the basis of Eq. 2.5 and 
Eq. 2.6 

	

t 	1 	i -ki(s-t)e-k2t _e-  7-s  ds  
1 	i 

C(t) =  Co  I e-k2s-e-7-sds +  Co  
e  1  c.° 

	

. 	7 	 T  

	

Co 	 ii,  ,1  \ 	Co  
= 	 

1  + k2T  (1  e-v'2m7)t) + 	  
1+  kiT  

The corresponding differential equation can be obtained as 

co  
ó(t) = (k2 + 1/7)(—C(t) + + k2T  

co  
C(0) = 

1d-kir  

(2.11) 

Eq. 2.11 gives the dynamic behavior of a continuous single flotation cell. 
The dynamic response to the parameter changes caused by the chemical and 
operational variations can be obtained. 
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Continuous flotation with  n  cells in series 

If there are  n  compartments in series, for single component case the steady-
state solution of concentration Cst(n)  and recovery >I =i  R,t(i)  are given [33] 
as 

co  
Cst(n)  (1+ kr)71  

n 
E R8t(1) 	— (1 + kr)n 
i=1 

(2.12) 

(2.13) 

Based on the idea for single compartment case, the dynamic model for 
the case of  n  compartments in series can be obtained 

C(t) 

(1 + k2 7)71-1 (1 + kir)  
Co  e-(k2 +e)t)n-2 

(1+  kr-)2(1+  ki r)n-2 
	 e-(k2+,e)t)2  

Co 	e-(k2-FeJt(i _  

This dynamic description is consistent with the Eq. 2.12 since 

co  
(1 + ki r)  

Co  
(1 + k2 r)n 

It can be seen that the concentration is the summation in terms of 

Co (1 C-(kzetr 
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2.1. Modeling of mineral flotation 

and 

(1 -I- k2T)n-i (1 	kir)i  

where  i  = 1, 2, • • • ,  n  - 1,  n.  

The total recovery can be calculated as 

Co  - Cn  (t) 	Cri (t)  
R(t) = 	=1 

Co 	Co  

Flotation model in multi-component case 

The dynamic model obtained for a single flotation compartment can even 
be expanded into the multi-component case. 

In practice there are usually many floatable components in the pulp. If 
we assume that the floatable species in a semi-batch process can be divided 
into two components, with high and low flotation rate constants, then the 
recovery is given [33] by 

R(t) = R f  (1  - _kf  t)  R3(1  - e-t) 	(2.14)  

where  R  f  R,  = R(1 -  e)  + Rcoe=  R,,  and  e  is the proportion of the 
floatable species with low rate constant  k,.  Here  k f  >  k,  . 

A literature search shows that the Eq. 2.14 is valid for a large number 
of mineral flotation processes. In many cases Roo  < 100%. This means 
that there exists a fraction of unfloatable species remains in the pulp when 
t --> oo. This fraction may be a part of locked particles with bad flotation 
property which are not dispersed well. This leads to the steady state con-
centration Co(1 - Rec,). Thus the rate equation for a semi-batch flotation 
cell may be written 

C(t) = coRco[(i — e)e-kft + ee-kst] + co(1 — Roo ) 
	

(2.15) 

It can be seen that the Eq. 2.15 is a function of a set of process param-
eters which can be defined as  

P  =  [k f  ,  k s,  Roo ,  ei  
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Chapter 2. Flotation —a complex process 

In an isolated continuous compartment for a constant  P  the steady state 
concentration becomes 

cst 	J
o
' co Roo(i - e)e-k f t E(t)dt 

▪ Coliocee-ks t E(t)dt 

▪ Co(1 - Roo)E(t)dt 

Colicx,(1 - 4.) coRoce 
oo  

1 + k f 	+ 1 + k,7 
+ co(1 - R) 

 

C.!t (P) C2t (P) C2t (P) (2.16) 

where the superscripts 1, 2, and 3 denote the fast floatable fraction, slow 
floatable fraction and unfloatable fraction respectively. 

The dynamic model of a continuous flotation cell for the multi-component 
case can be obtained from the Eq. 2.11. 

ã(t) = -k(P)C(t) k(P)C i(P)  i  = 1, 2, 3. 	(2.17) 

C(t) = EC(t) 

C(0) = ci(po) 

where 

ki (P) = kf 

k2(P) = k +1/r 

k3(P) -=  1/7 

	

(P) 	
CoR(u)(1  -  

1 -F  k f  

	

C2 (P) 	
Colic,o(u)em  

+ ks (u)i- 

c3(P) = Co(1 -  Roc  (u))  

where u is the process input that may include a number of chemical and 
operational variables. 
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, 

P=fi(U) 	Y=S2(P) 

Y=F(U)  
Figure 2.2: model structure of flotation 

Flotation parameters 

The flotation model we obtained consists of a set of differential equations 
governed by a number of important parameters such as  k f ,  k,,  95 and  R.  
The flotation parameters strongly depend on the system chemical and oper-
ational variables, known as the system inputs. Fig. 2.2 illustrate the model 
structure that includes dynamic part and the relation between the param-
eters and the system inputs. Where U denotes the system input as shown 
in Eq. 2.1,  Y  is the system output as shown in Eq. 2.2 and  P  is defined 
as the system parameter. With the assumption of fast and slow floatable 
components the system parameters can be expressed as  

P 	k f  K, 0 R, 

It is very difficult to find an analytical mathematic description of the 
relation  P  = f i (U). The experimental and production data show that the 
relation is highly nonlinear and there exists complex interactions. 

Niemi et al [41] in 1997 presented the flotation rate constant  k  in this 
way  

k, = ks (F,L,D)  
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Chapter 2. Flotation —a complex process 

p(ks)dk, = p(F, L,D)dFdLdD  

k = k(ks, Qair, C f rothen 

where 

ks  — floatability 

F — Chemical condition 

L — Liberation  

D  — Size 

- probability  

k  - Real value of the rate factor 

Perez-Correa et al [42] reported in 1998 that the rate constants can 
modified according the influence of collector and frother addition rate 

Ki(» = a(1 )Q3,01  bei)QL KO(1)  

le)  = K6O(') 	+ 3 (21  ) f  

where 

Kp 	rate in pulp 

Ke  - rate in froth 

a,  b, c,  0,0 - empirical constants 

f lowr ate 

A experiment of the apatite flotation at the Luossavaara-Kiirunavaara 
AB  (LKAB)  in Kiruna, Sweden shows the relation of the system parameters 
and some of the chemical variables as in the Fig. 2.3. 

Any how the choice of the relation fi  is difficult since the relation is 
complicated, imprecise and quite uncertain. The utilization of such de-
scription of fi  in practice is different from case to case. The experiment 
results and the experts' experiences usually involve in the choice of such 
description. 

28 



2.1. Modeling of mineral flotation 

CI) 

0 
40 

Di: 

pH: 9, T: 20°C 
- - 

..... rID 

5 
 

4 

2 

.... 

..................... 
 

Di: 350, T: 20°C 

Co: ••• 30, — 65 
--- 300, — 400, ••• 500 

----- 

50 	60 	70 
Collector dosage (g/t) 

80 8 	9 
pH value 

10 

0.95 0.4 

pH: 9, T: 20°C 9, T: 20°C 
,
pH: / / 

0.9 0.3  . , 	i  
0.85 

cr  
0.8 

«f2. 0.2 .1  
, ... 	..... 	_ - 

....... ..... -.. ...... .. 

0.1 
0.75 

/ 	Di: --- 300, — 400, .•.500 Di: --- 300, — 400, ••• 500 
0,7 

40 50 	60 	70 
0 
40 50 	60 	70 80 80 

Collector dosage (g/t) 	 Collector dosage (g/t) 
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Model reduction 

The flotation models discussed in the section fundamentally reveals the 
complexity of the process. For a MIMO, multi-component, continuous flota-
tion process with multi-flotation-bank that contains multi-cells in series, it 
is very difficult to use the analytic model directly in the control. On the 
other hand, the complexity and the uncertainty of the relation between the 
process inputs and the process parameters makes the problem much more 
troublesome. In addition, the process inputs shown in the Eq. 2.1 are ac-
tually the outputs from a number of subsystems such as reagent control 
system, air addition control system and pulp level control system, etc. So 
the global model of the overall process should include the models of the 
sub-processes. 

The model reduction and approximation are required such that one 
could obtain a model that not only has sufficient accuracy, but also is 
useful in practice. For this purpose, the related techniques such as system 
identification, fuzzy modeling and neural network can be integrated in the 
application to improve the obtained flotation model. As mentioned at the 
beginning in the section, a lot of efforts have been made in the modeling 
by different manners [33] [42] [41] [8] [5] [49] [9] [10] [12]. But there 
are still many problems remained to obtain the expected model. 

2.2 Control of mineral flotation 

A flotation control system consists of various subsystems and all contribute 
to the overall control objective. 

The most commonly measured variables of conventional flotation con-
trol systems are recovery, concentrate and tail grade. In more sophisticated 
plants, however, the electrochemical potential and the collector concentra-
tion are also measured. Cell levels are usually the preferred manipulated 
variables, although, in some plants, the addition rates of chemicals such as 
collector and frother, and air flowrate, are also considered. 

Disturbances caused by variations in feed rate, pulp density and particle 
size distribution should be minimal if grinding circuit control is effective, 
such that the prime function of flotation control is to compensate for varia-
tions in mineralogy and floatability. The variables which are manipulated, 
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either manually or automatically to effect this are reagent and air addition 
rates, pulp and froth levels, and circulation loads by the control of cell-splits 
on selected banks [64]. 

PID control does not usually perform well in industrial flotation cir-
cuits. Advanced control techniques such as optimal control, adaptive con-
trol, multivaiable control and expert control , can provide much better re-
sults. However, the advanced algorithms are not used continually in many 
current plant applications [64]. Perez-Correa et al [42] discussed different 
control strategies for the flotation. The rule based objective control can be 
used to keep the general concentrate grade over a minimum and the general 
tailing grade below a maximum. The algorithm is developed in collabora-
tion with the plant operators and engineers. The  multivariable  predictive 
control, such as dynamic matrix control and quadratic dynamic matrix con-
trol were carried out in a simulation of flotation control. Such controllers 
presented small output deviations and smooth control. Munoz and Cipri-
ano [37] proposed the use of a combination of technical and economical 
criteria in order to determine the most effective control. 

Control of collector addition rate is often performed by feed-forward 
control based on a linear response to assays or tonnage of valuable metal 
in the flotation fee [64]. The aim of collector control is to maintain the 
addition rate at the edge of the plateau, beyond which further addition 
may either have no practical effect, or a slight reduction in recovery may 
occur. The main difficulty is in identifying the optimum point, especially 
when the response changes due to changes in ore-type, or the interaction 
with other reagent. For this reason, automatic control using feed-forward 
loops has rarely been successful in the long term. There are many cases of 
successful semi-automatic control, however, where the operator adjusts the 
set-point to accommodate changes in ore-type, and the computer controls 
the reagent addition over fairly narrow limits of feed grade. 

Control of slurry pH is also a very important parameter in many se-
lective flotation circuits, the control loop often being independent of the 
others, although in some cases the set-point is varied according to changes 
in flotation characteristics. 
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2.3 Summary 

The modeling and control of flotation is difficult due to the complexity of 
the process. The modeling of flotation processes in different methods are 
reviewed and the dynamic modeling of flotation is studied. The dynamic 
model obtained differs from the previous models in literature and it is 
available for the flotation in a variant chemical and physical environment. 

The complexity of flotation process is revealed through the analysis 
of the dynamic model obtained in the chapter and the relation between 
the model parameters and the chemical, operational variables. The model 
reduction is required for a relatively simple and sufficiently accurate model 
that is suitable to be applied in practice. 
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Chapter 3 

Fuzzy control of a single 
continuous inverse flotation 
cell 

In this chapter the fuzzy control of a single continuous inverse flotation cell 
will be discussed. The controlled process is a single cell that is as same as 
the one used in the apatite flotation plant at the Luossavaara-Kiirunavaara 
AB  (LKAB),  in Kiruna, Sweden. 

The magnetite concentrator at  LKAB  includes mainly grinding, mag-
netic separation and flotation processes. The flowchart of the concentra-
tor is shown in Fig. 3.1 [53, 23]. The magnetite ore contains about 1 
wt% phosphorus which is detrimental to blast-furnace technology. The de-
phosphorization is carried out after pre-magnetic separation by floating the 
phosphorus gangue from magnetite fines with a fatty acid based collector 
and sodium silicate dispersant. 

The main difficulty during the reverse flotation is the need to stabilize 
the phosphorus content in magnetite concentrate to an acceptable level of 
less than 0.025 wt%  P  with no residual collector coating on magnetite and 
to minimize the loss of magnetite in the flotation circuit. A higher dosage 
of collector can easily reduce the phosphorus content in the magnetite con-
centrate but results in a significant loss of production in green pelletization 
due to lower strength of pellets caused by the reagent contamination on 
the surfaces of magnetite. It is very important to control two key variables, 
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Figure 3.1: Flowchart for the Kiruna concentrator of  LKAB  

i.e., collector dosages and dispersant dosages at given conditions of pulp 
pH and temperature [53, 47]. When dispersant dosage is divided into three 
reasonably levels, the centre question of the flotation process is to minimize 
collector dosage consumption of the apatite flotation process while main-
taining the phosphorus content in magnetite concentrate within acceptable 
limits less than 0.025%  P.  

3.1 Modeling and model analysis 

A previous study [48] indicates that Eq. 2.14 gives an excellent fit to the 
experimental results of the apatite flotation. It implies that in the apatite 
flotation, the phosphorus can be divided into a fast floatable component, 
a slow floatable component and an unfloatable component. The dynamics 
of a single continuous flotation cell in multi-component case (Eq. 2.17) has 
been obtained in the preceding chapter. Now we rewrite it as follows 

Ci(t)= —k(P)C(t) ki (P)C i (P)  i  = 1, 2, 3. 

C(t)  = E  C(t) 

(o) 

Denote x = [ Ci C2 C3 y = C, and 

k(P) = diag(ki(P)) 
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g(P) = [ ki(P)Ci (P) 	k2(P)C2(P) 	k3(P)C3(P) 
jT 

h(P0) = [n(po) 	c2(p0) 	-c3(pc)
1T 

 

the  multivariable  nonlinear model can be written as a state-space descrip-
tion 

= —k(P)æ+g(P) 

y =  [i  1 1 

x(0) = h(P0)  

Choose  P  such that 
g(P) = k(P)r 	 (3.1) 

then 
= k(P)(r — 

and since k(P) is positive definite,  x  will converge to the reference r. 

The experimental results shown in Fig. 2.3 indicates that Eq. 3.1 is not 
guaranteed to have a solution, and in the case when at least one solution 
exists, there can be several others making it nontrivial to select a proper 
value of  P.  An alternative approach is to use fuzzy control to approximate 
the relation in Eq. 3.1, this is presented in the next section. 

3.2 Fuzzy controller design 

Consider a set  X  which contains  n  crisp variables:  

X  = {Xi X2, ..., Xn} 

The fuzzy set A is defined by assigning to each possible individual input 
variable a value between 0 and 1 representing its membership grade in the 
fuzzy set in the form: 

A = {µA (Xi), HA (X2), •••1 itA(Xn)} 

where ILA(Xi)  is the membership grade of the variable  X,  and µ A (X) —> 
[0,1],  i  = 1,2, ...,  n.  This gives the fuzzification for the system inputs. 
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Figure 3.2: Basic configuration of a fuzzy controller 

The fuzzy sets are manipulated by a number of " IF — THEN" state-
ments called fuzzy rules. All the fuzzy rules and fuzzy sets constitute the 
knowledge base of fuzzy controller. 

Assume that the total number of rules is  N,  then the output fuzzy set  
B  can be obtained by the fuzzy inference [65]  

B  = Ulk\r_ i  A 0  Rk  

A  = fl i Ak  

where  Rk  is the fuzzy relation of input space A and output space  B  from 
the kth rule and o is a compositional operator. 

The inferred fuzzy output can be calculated to give a single crisp value 
by defuzzification. 

The goal of the control in this study is to stabilize the phosphorus 
content in the magnetite concentrate  (P-MC) to an acceptable level (under 
0.025 wt%  P)  and to minimize the residual collector coating on magnetite. 
Assume that the suitable range of  P-MC is from 0.02 to 0.025. The error of  
P-MC  (E),  the change rate of  P-MC (CC) and the dispersant dosage (Di) 
are chosen as the inputs of the controller. The output is the change of the 
flow rate of the collector (Cco). A basic configuration of a fuzzy controller 
is shown in Fig. 3.2 [65]. In fact, the fuzzy logic controller used in apatite 

flotation gives a fuzzy mapping from the input space x=[E CC Di 
to the output space  y  = Cco. 

36 



3.2. Fuzzy controller design 

Fuzzification of the system variables 

The observed data of all variables in the process are crisp. The first stage 
of designing the fuzzy logic controller is to map the crisp variables of inputs 
and output to fuzzy sets. It includes three steps: defining the universe of 
discourses for the variables, discretization and choosing membership func-
tions. 

By discretization these values within such ranges are made discrete to be 
input to a digital computer system. The fuzzy sets are defined by assigning 
degree of membership values to each generic element of the new discrete 
universe. The membership functions chosen in the study are Gaussian 
curve, trapezoidal form and triangular form respectively (see Fig.3.3 ). The 
primary fuzzy sets for  E,  Di, CC and Cco have the linguistic values such 
as:  NL  (negative large), 0 (zero), PVS (positive very small), L (low), M 
(Medium) and  H  (High), etc. The input  E  is defined to be positive if the 
measured value of phosphorus content in magnetite concentrate is higher 
than 0.025. 

Construction of the rule base 

Usually the fuzzy control rules are built on the bases of expert's experience 
and knowledge or operator's control actions. In this study the rule base 
is constructed based on the experimental data and expert's experience. 
Totally 23 fuzzy control rules have been built in the rule base. The control 
rules are in the form 

IF  E  is Ail  AND Di is Ai2 THEN Cco is  Bi  

IF  E  is Ail  AND CC is Aj3 THEN Cco is  Bi  

The control rules is given by table 3.1 

i  = 1,2, ..., 21.  

j  = 1,2.  

Fuzzy inference  

There are various ways in which the observed input values can be used to 
identify which rule should be used, and to infer an appropriate fuzzy control 
action. In this study the point-valued MAX-MIN fuzzy inference method 
is chosen. 
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Figure 3.3: The membership functions for  E,  Di, CC, Cco.  

E 
PVL PL  PM PS 0 NS NM  NL  NVL  

L PVL PL PM PVS 0 NM - 
Di M  - - PL  PS 0  NVS  NL  -  

H - 	-  PS 0 	0  NVS  NM  NL NVL  
CC N 	 NM  -  

P PM 

Table 3.1: Fuzzy control rules 
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3.3. Simulation 

P-MC  

Figure 3.4: A close-loop control system for apatite flotation 

Defuzzification  

The output given by the fuzzy inference unit is a fuzzy set. Defuzzification 
is the process of mapping from a space of inferred fuzzy control actions to 
a space of non-fuzzy control actions. The defuzzification strategy used in 
this study is to calculate the centroid of an area. 

3.3 Simulation 

The fuzzy logic controller can be incorporated in a closed-loop control sys-
tem as shown in Fig. 3.4. 

The system has been simulated with SIMULINK to test the properties 
of the controller. Both the fuzzy controller and the dynamic model of a 
continuous flotation process developed in previous sections are used in the 
simulation. Fig. 3.5 illustrates the simulation result. 

The step responses of the control system are given for different condi-
tions. One group of curves is from the simulation when the initial value 
of the collector dosage is 80 and the dispersant dosage is 300, 400 and 500 
respectively. The other group gives the result when the initial value of 
collector dosage is 40. 

3.4 Stability analysis 

The stability of the fuzzy control system analysed based on a qualitative 
analysis of the fuzzy partition of the controller input space in combination 
with the trajectories of the closed loop dynamic system in this space. 
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3.5. Summary 

Fig. 3.6 shows the stability of the fuzzy control system. For a certain 
value of dispersant dosage, there exists a region of collector dosage in which  
P-MC is maintained within the range (0.02,0.025). The fuzzy control rules 
guarantee that the flow rate of collector (Cco) is positive when  E  and CC 
are both positive and vice versa. The collector dosage will be changed until  
E  and CC become zero. 

3.5 Summary 

The model of continuous apatite flotation is analyzed based on the dy-
namic model of flotation process obtained in the preceding chapter. A 
fuzzy logic controller of a continuous apatite flotation is studied. The con-
troller involves mainly four components: fuzzy knowledge base, fuzzifier, 
fuzzy inference system and defuzzifier. 

The construction of the knowledge base which consists of a data base 
and a rule base is a key issue in the design of a fuzzy logic controller for the 
flotation process. The knowledge base of the controller is constructed on 
the basis of the lab flotation test results and the experience from experts. 

It is shown in a simulation experiment that a fuzzy logic controller can 
reduce the collector dosage consumption of the apatite flotation process 
while maintaining the phosphorus content in magnetite concentrate within 
acceptable limits that less than 0.025%  P.  The stability analysis shows that 
the fuzzy control system is stable. The further work is needed to improve 
the fuzzy rules by combining the production data and to test the controller 
on a real continuous flotation process. 

41 



Chapter 3. Fuzzy control of a single continuous inverse flotation cell 

42 



Chapter 4 

Pulp level control and the 
robust analysis  

Boliden  concentrator in Aitik mine, Sweden treats a complex sulphide ore 
which roughly contains about 2-3% chalcopyrite and a total iron sulphide 
content of approx. 40%. Fig. 4.1 shows the flowchart of the flotation pro-
cess, in which rougher, scavenger and regrinding are mainly included. After 
conditioning, the pulp is then fed to the rougher cells that are arranged in 
series forming a bank. The underflow from the scavenger section enters the 
next section, and the overflow from the scavenger section is re-ground and 
fed to the conditional tank. In this rougher-scavenger-regrinding system, 
the floated material is composed of a fast floating fraction in the medium-
size range and a more reluctant fraction comprising unliberated coarse ma-
terial and fines. The fast floating material will be recovered in the roughing 
section while the more reluctant fraction is recovered by scavenging. 

The control objectives of the flotation are to maximize the copper recov-
ery, maintain the concentrate grade, maximize throughput and minimize 
reagent costs. 

Fig. 4.2 shows the supervisory type of control system used for the bulk 
copper flotation process. The process can be divided into two parts. The 
first one is the flotation dynamics denoted as  Gid  which is the relation 
between flotation input u and the output  y.  The second one denoted as 
Gm  that includes a set of mechanical devices such as pumps and valves that 
are used to manipulate the flotation input u. 
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The reagent addition, air addition and pulp level are the three impor-
tant variables in the flotation process. These variables are included in the 
flotation input u and controlled separately by a set of SISO linear con-
trollers which forms a set of control subsystems. The set points for the 
subsystems are determined by a main control unit. The manipulation of 
the three variables, reagent dosage in different flotation stages, air flowrate 
for each compartment and the pulp level in each compartment, strongly 
depends on the flotation dynamics. However the absence of global flotation 
dynamics in the current control system makes the control ineffective when 
some of the set points need to be changed or some disturbances occur. In 
addition, any change of a variable in a subsystem, for example, the pulp 
level in the compartment or the air flowrate for the compartment, will effect 
all the other variables and further the whole process. Since the interactions 
exist, it is difficult to meet the desired performance by using traditional 
SISO linear controllers. 

In order to meet the desired performance we propose that, firstly, the 
control for the mechanical part should be improved and then the flotation 
dynamics need to be developed. Finally a global MIMO controller can be 
designed based on the dynamic model to govern the whole process. 

4.1 Modeling of pulp level process 

Pulp level is an important manipulated variable in the control of flotation. 
Changes in this variable may have a substantial effect on the behaviour of 
the total circuit, e.g., a valve that is incorrectly operated can cause pulp 
level variation that can affect the quality of the final concentrate. 

The flotation banks in the flotation circuit shown in Fig. 4.1 are formed 
by five flotation tanks in series (see Fig. 4.3). 

There exist a pump between the conditional tank and the first flotation 
compartment to control the pulp in-flow to the first compartment. The 
out-flow from each compartment will be controlled by five valves that are 
located at the exit of each compartment respectively. 

Let the state hi (t) denotes the pulp level in each compartment, and the 
input q(t) is the flowrate of out-flow from each compartment and the ith 
out-flow is the (i+1)th in-flow. The process output L(t) is equal to the 
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Figure 4.3: The flotation tanks arranged in series 

state vector. The model of pulp level process is then defined as 

= 	Ah(t)±  c  ± Bq(t) wd 	 (4.1) 

L(t) = Ch(t)+w 

Where  h, q  and L are 5  x  1 vectors and A is a 5  x  5 zero matrix. 

= [ gin 0 0 0 0 

—1/b1 	0 	0 	0 	0 

	

1/b2  —1/b2  0 	0 	0  

	

B=  0 1/b3  —1/b3  0 	0 
0 	0 1/174  —1/174  0 
0 	0 	0 	1/b5 	1/b5  

C  is a 5 x5 identity matrix, wd  and wr, are the disturbance and measurement 
noise inputs respectively.  bi  is the cross-section area of the ith compartment. 

The flowrate q(t) depends both on the pulp levels of adjacent compart-
ments and the valve openings v which are the real inputs of the process. 
The nonlinear relation between  q  and v are 

qz = 	 ai 	+ At 	= 1, 2, 3, 4. 	(4.2) 

a5v5  -F 051/Z it 	 
q5 	= 	v tt 5  + )15  

1 + e -Yv5 

Where ai , Oi, yi and A, are real constants. 

The set point of the pulp level in each compartment depends on the 
thickness of the froth layer which is governed by chemical and operational 
variables. 
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4.2 LQG controller design 

Pulp enters the flotation bank and gives up its valuable mineral as a froth. 
The froth column in the first few compartments being kept high, since 
there are plenty of hydrophobic mineral particles to sustain it [64]. As the 
pulp becomes depleted in floatable minerals, the last few compartments in 
the bank contain relatively low-grade froths, comprising weakly aerophilic 
particles. Therefore the pulp level in a compartment should be kept higher 
and be controlled more accurately than an upstream compartment to have 
a stable quality of overflow. In other words, the requirement of control 
accuracy of the pulp level increases with the order number of compartments,  
i.  e.  the pulp level in the last compartment should be most constant. 

Using SISO PI control system (Fig. 4.4), both the disturbance and the 
set point change cause variations in the pulp levels. The pulp level variation, 
in particular in the last few compartments, have a substantial effect on the 
concentrate grade. In order to solve the problem a MIMO linear quadratic 
Gaussian (LQG) controller is proposed. 

A linear state space description of the pulp level process has been given 
as Eq. 4.1. Where the pulp levels are chosen as the states and the pulp 
flowrates are inputs. In fact the process has nonlinear characteristic due to 
the nonlinearity of the valve function shown in Eq. 4.2. Using Eq. 4.2 as a 
nonlinear transformation, the model given in Eq. 4.1 can be considered as 
an exact linearized model that will be used in the controller design. 

Since the in-flow changes very slowly and the change is bounded in a 
certain range, the change of the in-flow can be considered as a constant dis-
turbance. In order to reject the disturbance five additional state variables 
are introduced so that the controller will include integral action. Eq. 4.1 
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becomes 

(t) 	= Ax(t) + c + 13-  q(t) wd 
L(t) = 	x (t) + w, 

Where  

x = [ hi  h2  h3  h4  h5  f hi  f h2  f h3  f h4  f h5  

[i4. 0] 	[B] 	
[ 	0 

/ 0 	0 

/ is a 5  x  5 identity and 0 is a 5  x  5 zero matrix. 

Assume that the covariance of disturbance and measurement noise are 

Etwd(t)wd (7)T 1 = WS(t — 7)  
E  {w,(t)w„(7)T } = V (5 (t — 7) 

The cost function is chosen as  

J  = f
o
c°  (x(t)T  Qx(t) + q(t)T  Rq(t))dt 

Minimizing the deterministic cost, the optimal solution for control signal is 

q(t) = —Kr x(t) 

where 
Kr  = 1?-113T  X  

and  X  = XT  > 0 is the unique positive-semidefinte solution of the algebraic 
Riccati equation 

jiT X+XA — XERETX +Q = 0 

By choosing an appropriate weight matrix  Q  the control accuracy of the 
pulp level for each compartment can be adjusted. In this study the weight 
matrix is chosen as diagonal.  

Q  = diag{Q 1, Q2 } 

where Qi  and Q2 are 5  x  5 diagonal matrices. The values of the diagonal 
elements in both matrices should be chosen such that the error of the pulp 
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level and its integral in the last few compartments will be small enough. In 
this design the values of the diagonal elements are progressively increased. 

The matrix  R  is chosen as a 5  x  5 identity times a constant. A suitable 
constant restricts the control signals within a wanted range. 

The optimal state estimate of pulp level is given by a Kalman filter. 

= A 	+  Bq  +  K  f  (L — Cit) 

The optimal choice of  K  f  which minimizes E{(h— it)T(h — it)} is given by 

Kj = YCT V 

where  Y  -= YT is the unique positive-semidefinite solution of the algebraic 
Riccati equation 

YAT  + AY — YCTV-1CY W =0 

The optimal controller is then obtained as 

(A —  K f 	— 	K  f  L  

q  =-- Kr f 	 (4.4) 

where=[i 	. 

The real control signal v is given by the nonlinear function in Eq. 4.2. 
Let 

(u) aivi Oiv?  

	

1 + 
	 (4.5) 

then 
U (v) \/h  i  — hi+1  d-  Ai 	 (4.6) 

The function can then easily be approximated without substantial error by 
a piecewise linear function 

KiiiIi  
1 	

o  < ui < Uil  
Vi  = Ki2Ui + di2 Uil < Ui < Uz2 

Ki3Ui + di3 Ui2 < Ui  < U3 

(4.7) 

where Kii, dii  and  Uj  are  real  constants  and  i  =  1,2, 3, 4, 5,  j  =  1,2,3. 
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Figure 4.6: The MIMO LQG control system 

The linearization of a valve function is illustrated in Fig. 4.5. The pulp 
flowrate in production is usually less than 20m3/min and the corresponding 
value of U is much smaller than Uz2. This implies that the error caused by 
linearization in the domain Ui2 <  Uz  < Uz3 does not play any role. 

The new control system is shown in Fig. 4.6. The LQG controller in-
cludes Eq. 4.4, Eq. 4.6 and Eq. 4.7. 

4.3 Simulation 

A simulation of the old control system of pulp level is performed by putting 
a dynamic model of the process and five PI feedback control loops together 
using simulink. The model has been verified by real data from production 
and the PI parameters in the controllers are the same as in production. 
Fig. 4.7 illustrates the set points of the five pulp levels and the in-flow to 
the first compartment, which are used in the simulation. 

Fig. 4.8 illustrates the responses of the pulp levels to a constant distur-
bance of the in-flow and the change of set point of pulp level in the second 
compartment when the SISO control system is used. 

It can be seen that both the disturbance and the set point change cause 
variations in the pulp levels. The pulp level variation, in particular in the 
last few compartments, have a substantial effect on the concentrate grade. 

The simulation of the new control system of the pulp level is illustrated 
in Fig. 4.9, and the test signals shown in Fig. 4.7 is used. 

The simulation result shows that there is a noticeable reduction of the 
pulp level variations when the LQG controller is used. A constant distur-
bance of in-flow sized 2m3/min does not lead to any substantial variation 
of the pulp levels in the second to fifth compartment. The pulp level per- 
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Figure 4.10: Pulp level control by LQG with linearized valve function  

formance shown in Fig. 4.9 can be achieved while the control signal v varies 
between 0.03 to 0.11. 

4.4 Robustness analysis 

The perturbed system of pulp level in 5 compartments in series is illus-
trated in Fig. 4.10. Where  G  is exact linearized process model,  R  is the 
controller that is designed based on  G, Gy,  is the nonlinear valve function 
(see Eq. 4.2), Gy1  is the linearized valve function composed by Eq. 4.6 and 
Eq. 4.7,  g  is the unmodeled valve dynamics. The control signal  q  is given 
by the LQG controller designed on the basis of  G, q,  is the control signal 
perturbed by the linearization and qdp  is the control signal perturbed by 
both the linearization and the neglect of valve dynamics. 

4.4.1 Uncertainty 

Skogestad and Postlethwaite [45] pointed out several origins of uncertainty 
in the plant: 

1. There parameters in the linear model which are only known approx-
imately or are simply in error. 

2. measurement devices have imperfections. 

3. At high frequencies even the structure and the model order is un-
known, and the uncertainty will exceed 100% at some frequency. 
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Figure 4.11: Perturbed system of pulp level control 

4. The parameters in the linear model may vary due to nonlinearities or 
changes in the operating conditions. 

5. In addition, the controller implemented may differ from the one ob-
tained by solving the synthesis problem, and one may include un-
certainty to allow for controller order reduction and implementation 
inaccuracies. 

In the pulp level control system, disturbances on both controlled vari-
ables and manipulated variables as well as the measurement imperfections 
exist simultaneously. The main perturbation is caused by valve function 
linearization Gvl, i.e., the piecewise linear function Eq. 4.7. In addition 
the valve dynamics  g  is neglected. This two parts perturbations can be 
considered as a input uncertainty as shown in Fig. 4.11. 

The optimal controller has been obtained as 

= 	(A —  K  f  C)i —  B  Kr  +  K  f L  

q  = Kr  

and the control signal  q  has a nonlinear relation with the real manipulated 
variable v. 

Fig. 4.12 illustrates the perturbed valve model. Where F2  denotes the 
piecewise linear function Eq. 4.7, F1 is the nonlinear function Eq. 4.5 and 
f is the square root in Eq. 4.6. 

We discuss firstly the uncertainty caused by linearization of valve func-
tions. This part of uncertainty is the input uncertainty Ai  as shown in the 
Fig. 4.13. 
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Figure 4.12: Perturbed valve model 

3,1 

Figure 4.13: Input uncertainty of the pulp level control system 

gives 

then 

where 

GvIGvn = I + zi 

FiF2  = 	At 

At = FiF2 — / 

diag(.9v/igvni)i = 1, 2, 3, 4, 5. 

Thus the structure of the uncertainty caused by valve linearization is 
diagonal. 

Using the signals up  and U shown in Fig. 4.12, the size of the uncertainty 
caused by valve linearization can be determined as follows. 

Up  
= I + 

At 
	Up  — U 

(4.8) 

Fig 4.14 illustrates the uncertainties. Where U  E  [0  Urnas ]  is divided into 
500 data points as the test signal and the perturbed signal Up  is measured. 
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Figure 4.14: Perturbed valve model 

The left figure in the Fig 4.14 shows the U and U. Ai  can be obtained by 
the Eq. 4.8 and it is illustrated on the right side of the Fig 4.14. 

The infinite norm of the uncertainty 

1100 < 0.12 

The unmodeled dynamics of valve function may also exists. Here we 
assume that the neglected dynamics of valves are first order processes. 

1 
gi = 	 

TiS 
, (4.9) 

The time constants 7„ where  i  = 1, 2, • • • , 5. are much less comparing with 
the bandwidth of the system. The overall uncertainty that contains both 
the linearization uncertainty and the neglected valve dynamics then can be 
expressed as W/Ai. 

It can be seen in the Fig. 4.13 

WIAI+ I = 	I)g 

then 

WiA/ = (Ai +  /)g  — 

Choosing 0.12 as the upper bound of Ai  and using the Eq. 4.9, then 

WI = 0.12 	
+ 1 

TS + 
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Figure 4.15: Scaled system of pulp level control with uncertainty 

The magnitude of the uncertainty become larger at high frequencies 
than at low frequencies. Here Ai is a diagonal complex matrix and II Ai 	< 
1. 

4.4.2 Scaling 

The scaling is very important in the controllability, observability and robust 
analysis. The scaling is done by dividing each variable by its maximum 
expected or allowed change. 

Fig. 4.15 shows the scaled system that will be used for the robust anal-
ysis. 

The notations Gs  and  R,  are scaled process model and scaled controller 
respectively. 7-8, d1s , d2s  and  ns  are normalized exogenous inputs. qs  is 
scaled control signal and z is normalized exogenous outputs. 

It is obtained by scaling 

	

Gs 	D7 1G.13q  

D q-1  RD,  

	

Gr 	D 1 Dr  

	

Gd1 	Dji Ddi  

	

G d2 	DJ 1 Dd2  

	

Gr, 	D7 1,07, 
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Where 

	

Dr 	largest expected change in reference value 

	

De 	largest allowed control error 

	

Dq 	largest allowed input change 

	

Ddi 	largest expected change in disturbance d1  

largest expected change in disturbance d2  

	

D7, 	largest expected change in measurement noise 

The performance requirement can be represented as a weight function  

S/M  WB  
w = 	  P 	

S 	WB  A 

The scaled transfer function of the process is 

where  k  is a constant that depends on the dimensions of time, size, the 
areas of the cross section in each compartment and the scaling factors etc, 
and 

—2 0 0 0 0 
1 —1 0 0 0 
0 SI —1 0 0 
0 0 1 —1 0 
0 0 0 1 —1 

4.4.3 The  SVD,  condition number and RGA 

The singular value decomposition of Go  gives 

= 2.3094 	o-(G0) = 0.32931 

0.94297 	- 0.05327 - 
—0.31421 0.26055 

=  0.10436 =  0.43958 
—0.03364 0.57093 
0.00776 0.64038 
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Figure 4.16: process model and the controllers 

—0.81664 —0.3235 - 
0.54438 —0.6295 

=  —0.18125 u = —0.5437 
0.05975 —0.3989 

—0.00179 —0.2109  

The condition number 

-y = ü(G0)/z(G0) = 7.0128 

The relative gain array is identity since Go  is a triangular matrix. 

Fig. 4.16 shows the largest singular values of scaled process model, con-
troller and the corresponding open loop transfer functions, sensitivity func-
tions and complementary sensitivity functions. a and  b  illustrate  ri- (G)  and 
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UA  A 

Figure 4.17: General configuration of control system  

(R)  (LQR and LQG),  c  and  d  give  ö-(L), (S) and  ö-  (T) for using LQG 
controller and LQR controller, respectively. 

4.4.4 1.t analysis 

A general control configuration shown in Fig. 4.17 will be used for the 
analysis of the scaled system shown in Fig. 4.15. w represents the exogenous 

inputs, where w = [ r, c/1, d28  n8  ]7'  and z the exogenous outputs. 

When the change of reference signal is zero,  

N 
 =[

—WITI 
WpGSI 

 

WISIRGd2  

WpGiSiGdi WPSGd2 —WpTG7, 

 

	

[ N11 N12 	iJ2x 

z 	N21 N22 	iv 

The NP, RS and RP of the optimal control system can be analyzed.  

NS  4#-  N  is internally stable 

NP <=:› a (N22) -= 1,1 	< 1, Vw, and  NS  

RS .=> µA(Nii) <1, Vw, and  NS  

63 



Chapter 4. Pulp level control and the robust analysis 

1.2 1.1 
a 

0.8 0.9 - 

0.6 0.8 - 

0.4 0.7 - 

0.2 0.6 - 

0.5 
10°  10°  io5  10 lo' 

Frequency  Frequency 

0.2 1.2 
C  RP d  

RP 
0.15 

0.8 

RS RS 
0.1 0.6 

0.4 
0.05 NP 	. 

_ • _ 
0.2 

NP 

0 	 
10° 
	

io
Frequency 

Figure 4.18: W1 and the corresponding NP, RS and RP  

[ A 0 
RP <=>  (N)  <1, V , = 	 and  NS  

0  Ap  

Fig. 4.18 illustrates the result of it analysis for the pulp level MIMO 
control system. (a) is the frequency response of the 1/17/ and  (b)  is the 
largest W1  that can be tolerated.  (c)  and  (d)  show the structured singular 
value of N11, N22 and  N  under the existIKr and the largest W1, respectively. 

4.5 Summary 

A description of the bulk copper flotation process and its control problems 
is given. The dynamic model of the pulp levels in five compartments in se-
ries is developed and the model is verified with real data from a production 
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4.5. Summary 

plant. A linear quadratic Gaussian (LQG) controller for the MIMO non-
linear process is designed based on an exact linearized model. The model 
is modified by introducing five extra process states to include the integral 
control action in the controller. The choice of the diagonal elements of the 
weight matrix  Q  is important to meet the different requirement of control 
accuracy of the pulp levels in each compartment. The simulation result 
shows that the pulp level performance has been noticeably improved when 
the set points are changed or a disturbance occurs. 

The perturbations caused by the linearization and unmodelled dynamics 
are analyzed. The robust analysis is given based on the structured singular 
value. It can be seen that the control system is quite robust due to the 
small values of it(M) and it(N). 
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Chapter 5 

Approximation of infinite 
dimensional systems 

Physical systems in many fields of applied science and engineering can be 
described by partial differential equations (PDEs), in which the process 
variables are distributed inhomogeneously in space. Such distributed pa-
rameter processes are usually difficult to handle because of the infinite 
dimensionality of the state equations, especially when they are nonlinear. 

A typical procedure to treat linear distributed parameter system is to 
find a finite dimensional approximate model by using various approximation 
methods. One of them is the optimal  Hankel-norm approximation method. 
The original theory of this method was developed by Adamian, Arov and 
Krein [1]. This method has been much studied [18], [19], [38]. Another 
method, Trefethen's CF method [59], is closely related to the  Hankel  op-
timal rational approximation.  Gu  et al [22] presented Fourier series based 
Hoo  (Loo ) approximation methods, which are using Fourier transform and 
FFT techniques. In a case study of delay systems using  Hankel  optimal 
rational approximation, Trefethen's CF method and Pade approximation 
were applied in Glader et al. [17], and Lc, error norms were also computed 
in this paper. 

The method of orthogonal collocation (OC), one of the Methods of 
Weighted Residuals (MWR), has also been considered in the past [60]. 
A computer program package for the solution of parabolic partial differ-
ential equations coupled to ordinary differential equations was developed 
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by Salmi et al [44]. The OC method was used to solve PDEs in the 
package. Funkquist [16] used the OC method to reduce a nonlinear in-
finite dimensional system (continuous digester) into a finite dimensional 
state space approximation suitable for the numerical calculations involved 
in identification. The OC method is efficient for approximating PDEs and 
is well suited for computer implementation, thus it may provide significant 
advance in the analysis of distributed parameter systems and controller 
design. 

The finite difference and finite elements techniques are also typical 
methods used to solve partial differential equations. The numerical tech-
nique employed to solve the model equations can be of considerable signif-
icance, especially where the model forms part of an on-line control scheme 
such that the speed of solution as well as its stability and accuracy is of im-
portance. The comparisons of OC method and finite difference or elements 
method have been made by Wardle et al., Funqkuist and Aly et al. The 
main disadvantage of the finite difference approach is in the large number of 
grid points needed to approximate the continuous system. A much smaller 
number of spatial discretisation points is required when using the orthog-
onal collocation method in the comparison to that for finite differences or 
finite elements based on the Galerkin criterion. 

In this chapter the approximation of infinite dimensional systems by 
the OC method is studied. Using this method the PDEs can be reduced to 
coupled ODEs, then the state space model of the process can be obtained. 
Firstly the applications of the OC method will be demonstrated by three 
examples. Then the OC method will be used in a case study. The step 
responses of a delay system using the finite dimensional approximation 
by the OC method show that the accuracy of approximation depends on 
the choice of the number of collocation points  N  and Jacobi polynomial 
parameters a and 	After that, a McFarlane-Glover type Hoo  optimal 
controller will be designed based on the finite dimensional approximation 
of a delay system. The robustness of the control system will be analyzed. 
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5.1 	Applications of the orthogonal collocation 
(OC) method 

Orthogonal collocation method is usually used as lumping technique to 
give a finite dimensional approximation of distributed parameter systems. 
A large number of papers in literature presented the applications of OC 
method. Dochain et al [13], Tali-Maamar et al [55] and  Hua  [24] etc 
reported the simulation and control of a fixed bed reactor by using the 
OC method to obtain the lumped model. Funkquist [16] applied the OC 
method to reduce the nonlinear distributed parameter model of a continu-
ous paper pulp digester. Wardle [63] and Wajge [61] described the model 
reduction of a multi-component packed distillation columns using OC ap-
proach. The OC method was also applied in the following studies: the 
model approximation for steady state bubble column reactors [43]; the ap-
plication for solving the model equations of a two dimensional packed bed 
electrod [52]; the simulation of the electrolysis process in which the OC 
method is employed to solve the mass transport differential equations [3]; 
the dynamic modeling and simulation of activated sludge process [32]; and 
so on. 

In this section the application of the OC method in the control of  biore-
actors studied by  Doch  et al, Tali et al and  Hua  is introduced as the first 
example. Then the model reduction using the OC method for a contin-
uous paper pulp digester proposed by Funkquist will be given. The OC 
approximation of the processes with time delay is discussed at last. 

The application of the OC method in the control of bioreactors 

The OC method is largely used and accepted in chemical engineering. It 
offers the advantages that the nature and dimension of the state variables 
remain unchanged after the reduction procedure. Moreover, it has been 
shown that orthogonal collocation methods preserves mass balances. 

The application of the OC method in the control of bioreactor appears 
frequently in literatures [13] [55] [24]. Fixed-bed reactors constitute an 
important component in many chemical plants, and therefore studies on 
fixed-bed reactor modeling and control have received considerable atten-
tion. These systems are typically distributed in nature and possess extreme 
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Figure 5.1: A fixed-bed bioreactor 

nonlinearities.  

Consider a fixed bed bioreactor shown in Fig. 5.1 in which m biochemical 
reactions with  n  components take place. Among these reactants, n1  are 
micro-organisms entrapped or fixed on some support and which remain 
within the reactor, and n2  other components flow through the reactor. 
From mass balance considerations and under the assumptions that diffusion 
is negligible, the following model  

e2) 

"2 	"2  
at 	

+ k293(fie2) aZ 

with the following boundary conditions 

e2(t,z=o) = e2,in(t) 

can be used to describe the dynamic behaviour. Where  ei  is the biomass 
concentration vector with dimension n1,  G  is the other components concen-
tration vector with dimension n2 , G,in  (t) is the influent concentration of e2, 

e2 ) is the reaction rate vector with dimension m, K1  and k2 are the 
yield coefficient matrices with dimensions n1  x  m and n2  x  m respectively, 
F is the hydraulic flow rate, A is the cross-section of the bioreactor and z 

the space variable. 

Using the orthogonal collocation method the model can be reduced to 
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B1,1 
B2,1 

B= 

= diag(Ki), K2 = diag(I 2) 

B1,2 	• 

B2,2 

Bi,N+1 

B2,N+1  

fi.2 X.) = 

_ G,N+1 

e-2,1) 
2,2) 

e2,N+1) 

5.1. Applications of the orthogonal collocation (OC) method 

a set of ordinary differential equations as following 

dxi 	„ 
= RiAxix2) dt 

dX2 	F  
dt 	A  B

x2+  FR+ K2(xiX2) 

Where 

BN+1,1 BN+1,2 • • • BN+1,N+1 _  

Bio  = diag(b,3) and bzj  is the derivative of the basis functions which are 
usually chosen as Lagrange polynomials.  

FR  gives the input vector related the e2,(t) and the derivetive of the 
basis functions at z = 0. 

dim(xi) = ni (N + 1) 
dim(K) = ni (N + 1) x m(N +1) 
dim(p) = m(N +1) 

dim(Bi,j) = n2  X n2 

N  is the number of collocation points. 

Modeling of paper pulp digester using OC method 

Funkquist [16] studied a continuous paper pulp digester and reduced the 
nonlinear PDEs model by the OC method. 
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A pulp digester is a chemical reactor in which a mixture of wood chips 
and liquor is heated by steam and the chemical reactions called delignifi-
cation take place. By the process the  lignin,  a substance that line the cell 
walls of wood fibers and keep the wood intact, is dissolved and the cellu-
lose fibres, product of the process, are separated. Fig. 5.2 shows a Kamyr 
continuous digester. 

A continuous pulp digester is a  multivariable,  nonlinear distributed pa-
rameter system. The modeling and control are troublesome due to a com-
plex mixture of chemical reactions and transport phenomena within the 
process. The characteristics of the digester such as  multivariable,  non-
linearity, incomplete and inaccurate model, imprecise process quantities, 
unknown disturbances and the dependence on human involvement lead a 
new endeavour in the process control. 

Funkquist [16] in 1995 suggested that the model of a continuous digester 
could be in the form 

Oxi 	Oxi 	O2 x• 
= 	vi 	 D---  + 	i  = 1, • • •,1O. 

Ot 	Oz 	Oz 2  

= gi(x,u),  j  =1,• • •6 

The states are defined such that x1  — x5  correspond to the co-current 
cooking zone and x6  — x10  correspond to the counter-current cooking and 
washing zone. The ordering of the states within each group is  lignin,  tem-
perature in chips and liquor and alkali concentration in chips and liquor.  
vi ,  Di  and fi  are nonlinear functions. 

The reduced model [16] using OC approximation is still nonlinear 

= f(x,u)  

y  = Cx + Du 

where  x  = [  x1,1  • " xi,N " • xio,i • • • X10,N  

ber  of collocation  points. 

]T 
and N is the num- 

Finite dimensional approximation of delay system 

Most of the real-world industrial plants are endowed with the time-delay 
occurrence. Many of them can be modeled as G(s) = P(s)e 	where 
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y(t,0) 	y(t,l) 
v(t) uffl y(t) 

Exp(-es) P(s) 

Pure delay 

G(s) 

Figure 5.3: A delay system 

> 0 is a time delay and P(S) is a stable strictly proper rational transfer 
function. Fig. 5.3 shows such process. 

The pure time-delay effect results from the transport phenomenon (along 
a length L) described formally by the advective equation as follows 

Oy(t, z) 	1 ay(t, z)  

Dt  +  e  Dz  
with the initial condition 

y(0. z) = 0 

and the boundary condition 

y(t, 0) = v(t) 

The spatial variable z is considered to be in the interval [0, 1]. It should 
be noted that a finite interval z'  e  [a,  b]  can always be transformed to 
z  E  [0, 1] by a linear change of variables: z 	(z' — a)/ (b — a). 

The application of orthogonal collocation method to pure time delay 
provides a finite dimensional description of the system as follows 

N+1  dy 	1 
—3- = — —  E  b

3  
,  y 	j  = 1, 2, • • •  N 	1 	 (5.3)  

dt 	0 z=0  

where bij  is the derivative of the basis functions. 

Using the boundary condition and y(t) = y(t, 1) the Eq. 5.3 can be 
rewrite in state space form 

i2= A2X2 B2t,  

II =- C2x 2  
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dYN+1  

dt  

5.2. Case study - robust control of a delay system 

Where  

A2 

	

[
X9 2 	ClY2 

	

dt 	dt  

• bi,N+1 

• b2 ,N+ 1 

b1,2  

b2,2 

blv+1,1  bN+1,2 " • " bN+1,N+1  

b1,0 

b2,0 

bN+1,0  

C2  = [ 0 0 • • • 1 

Assume that the state space description of P(s) is 

= 

= Ci xi + Diu 

then the overall system has the state space description 

Ax 

Cx Du  

Where 

x = [ X1 x2  ]
T 

 

A1 	0 A = 	A 	B 

	

1362 1 11-2 	
= 
 B2 D1 

C = [ 0 C2 	D = 0 

5.2 	Case study - robust control of a delay system 

In the section the HQ°  loop-shaping procedure of Glover-McFarlane is car-
ried out for the controller design based on the approximate model of a delay 
system, then the robustness margin of the control system will be analyzed. 
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Chapter 5. Approximation of infinite dimensional systems 

Many plants in practice can be modeled as follows 

G(s) = P(s)e _ 98 

Where 9 > 0 is a time delay and P(S) is stable strictly proper rational 
transfer function. 

In this case study 0 is chosen as 1.5 and P(S) is a second order system. 
Then the plant is given as 

G(s) =  
1 

e-1.5s (5.4) 
s2  + 0.2s + 1  

McFarlane and Glover introduced in 1989 a very attractive approach 
for robust control, i.e., robust controller design using normalized coprime 
factor plant descriptions. The loop-shaping design procedure is based on 
the Hoc  robust stabilization combined with classical loop shaping. Firstly, 
the open-loop plant is augmented by pre and post-compensators to give a 
desired shape to the singular values of the open-loop frequency response. 
Secondly, the resulting shaped plant is robustly stabilized with respect to 
coprime factor uncertainty using Ho°  optimization. 

5.2.1 The OC approximation of the pure delay 

The time delay in the model Eq. 5.4 is 9 = 1.5, the corresponding PDE is 
shown as 

dy(t,  z) 	1  ay(t,  z)  
=  0 (0  <  z  <  1)  

Dt  +15  Oz  

The boundary conditions are given  

y (t , 0) = v (t) 	y (t , 1) = y (t)  

Assume that the number of collocation points is chosen as  N,  the state 
vector used in the approximation can be defined as 

   

dy(zi  ,t)  
dt 

dy(z2  ,t)  
dt 

• 

dY(zNi-i,t)  
dt 

xa  =  

X al 

X a2 

X a(N+i)  
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= — 

5.2. Case study - robust control of a delay system 

The OC approximation of the plant in state space form is given in a 
state space description 

= Aaxa + Ba y  

y  = Ca xa  +  Da v  

Where  

  

 

1 
Aa

1.5 
= 

811  
az  1.7z1 	a, iz=zi 

811  
az iz=zN-Fi 	aa1z2  lz=zN-Fi 

  

ca  = [ o o • • • 1 
and 

Da  = 0 

Fig. 5.4 shows the Bode plot of the pure delay using exact model. 

Fig 5.5 and Fig. 5.6 illustrate the step responses of the pure delay using 
OC approximation and Pade approximation respectively. The order of the 
approximations are chosen as  n  = 1,  n  = 3,  n  = 5 and  n  = 15. 

Fig 5.7 and Fig 5.8 give the step responses and Bode plots of the OC 
model choosing different a and /3. 

Fig 5.9 shows the Bode plot of the OC model for different number of 
collocation points. 

The accuracy of the OC approximation depends on the choice of both 
the number of the collocation points and the Jacobi polynomial parameters. 
A good approximation result can be achieved by choosing a suitable number 
of collocation points and appropriate Jacobi polynomial parameters. 

The comparison of the step responses shown in the Fig. 5.5 and Fig. 5.6 
demonstrates that the OC method gives better results in low-order approx-
imation. 
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Figure 5.4: Bode plot of a delay system with exact model 
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5.2.2 State space description of the controlled process 

The plant 
1  

G  = 	 e-1.5s 
S2  + 0.2s + 1 

can be described by following differential equations 

dy(t, z) 	1 dy(t, z) 

	

O 
	 + 5 

 1. 	Oz 	
0 (0 < z 1) 

t 

	

d2v(t) 	0 2  dv(t)  
+ v(t) 	u(t) 

dt2 	dt  

and the boundary conditions are given 

	

y(t,0) = v(t), 	y(t,l) = y(t) 

Fig. 5.10 gives the exact frequency response of the plant. 

The infinite dimensional part in the model have been reduced using 
OC approximation. The state vector can be defined in the combination 
of  x,  and the two additional states given from the second order ordinary 
differential equation. 

T 
[ x1  _2 Xai Xa2 • • • x a(N+1) 

[ dv V  dt 	dt 	dt 	 dt  
dy(zi ,t) 	dy(z2 ,t)  dy(zN+1,t)  

The OC approximation of the plant in state space form is given 
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Choosing the number of interior collocation points  N  = 5, the Bode 
plot of the OC approximation is illustrated in Fig. 5.11. 

This approximation leads a model uncertainty that would influence the 
robustness of the control system. It will be discussed later in the section. 

5.2.3 Optimal robustness controller design 

Robust stabilization of uncertain systems 

Additive, multiplicative and left-coprime-factor uncertainty are three main 
types uncertainty in practical systems [7]. All the three types can be 
generalized using the configuration shown in Fig. 5.12. 

Let  G  denotes the nominal model of a process, the perturbed model can 
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Figure 5.12: Three types of uncertainty and their general structure 

5.2. Case study - robust control of a delay system  

be given as 

Additive: Gp =  G  +  Aa  

Multiplicative: Gp = (1+ .Am)G 

Left-coprime-factor:  G  = 	 
P  M±Am 

The perturbed model can be obtained by upper linear fractional trans-
formation. 

= Fu(P, A) = P22 + PA (I — PllArl  P12 
	

(5.5) 

The general nominal plants and the uncertainties 

Additive:  P =  0  /  
A  = Aa  

I  G  '  

  

0  G  
Multiplicative:  P  = 	IA = Ara  

I  G  ' 
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114 
FL(P,K)  

Figure 5.13: Robust stability 

Left-coprime-factor:  P  = 
0 

Gl, 
G 

A = [ •31\T 

   

The uncertainties can be calculated when the perturbed models are 
known 

Additive: A = Gp  -  G  

Multiplicative: A = 2P 

Left-coprime-factor: Am = Mp  - M, AN  = Np  -  N  

According the small gain theorem, the robust stability conditions for 
the three types uncertain system can be deduced. 

For the control system shown in Fig. 5.13, where Gp  = Fu (P, 3,), A 
is a bounded unknown perturbation and  K  is a controller, the closed-loop 
system is stable if and only if the nominal closed-loop is stable and 

sup IFL (P, 	<1 

i.e.  
K)Alloo  5_ IIFL(P, 	 < 1 

We denote 11All O  =  E  = 7-1, then the small gain theorem can be given 
in other words:  K  stabilizes Gp  for all 6-admissible perturbations A if and 
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5.2. Case study - robust control of a delay system 

only if  K  stabilizes Fu (P, 0) =  G,  and 

IIFL(P,K)110,, < 	= 

Where  e  is called the robustness margin for  G  and  -y  is the infinite norm of 
lower linear fractional transformation of  P  and  K.  

The maximal robustness margin for  G  is 

Emax = 
 (

inf 	IIFL (P,  K)  !i  K  stabilizes  G  

The lower linear fractional transformation Fu (P,  K)  can be computed  

(P, K)  = P11 + P12K (I - P22K)-1P21 

Then for three types uncertain systems 

Additive: Fu (P,  K)  =  K  (I - GK )-'  
Multiplicative: F„(P,  K)  =  G K  (I - GK)-1  

Left-coprime-factor: Fu(P,  K)  = ( 1:;.-  (I - GK)-1M-1  

The Hoc  loop-shaping procedure 

The main idea of the 11,0  loop-shaping procedure is as follows: 

At the first stage a desired loop shape is specified without the con-
sideration of the closed-loop stability. Then the shaped plant is further 
compensated by a controller using the normalized left-coprime-factorization 
robust stabilization method. The guaranteed stability properties of the II oo  
method ensure closed-loop stability. 

The objective of this approach is to incorporate the simple perfor-
mance/robustness trade-off obtained in loop shaping, with the guaranteed 
stability properties of  H  or, design methods. 

The principal idea of Loop Shaping is that the magnitude (or maximum 
singular values) of these closed-loop transfer functions can be directly de-
termined (over appropriate frequency ranges) by the singular values of the 
corresponding open-loop transfer function. 
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Chapter 5. Approximation of infinite dimensional systems 

dB 

Figure 5.14: Open-loop singular value shaping 

Fig. 5.14 [21] indicates graphically how the requirements on these 
closed-loop objectives constrain the shape of the open-loop singular values 
in design. The common closed-loop design objectives can be approximated 
over a specified frequency range by open-loop singular value [21]. It demon-
strates that the open-loop requirement for good performance (o-(GK), a(K) 
large) is in conflict with the open-loop robust stability requirement  (ö-(GK), 
O  (K)  small). As performance is typically most important at low frequency 
while robust stability is typically most important at high frequency, one 
can achieve an acceptable compromise by specifying a large a(GK) for all 
w  E  (0, W I) and a small "O-(GK) for all w  E  (Wu , oo). 

The robust stabilization problem of a coprime factor plant has been 
briefly introduced in chapter 1. Here we bring up again some key points. 

A perturbed plant model Gp  can be written as 

Gp  = (M + Am)-1  (N  + AN) 

The objective of robust stabilization is to stabilize not only the nominal 
model  G  = 111-1N, but a family of perturbed plant defined by 

Gp  = {(M + Am)-1  (N  + AN) 1E Am  N] < E}oo 
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(I) 

Figure 5.15: Left coprime factor perturbations 

where  E  > 0 is then the stability margin. To maximize this stability margin 
is the problem of robust stabilization of normalized coprime factor plant. 

For the perturbed feedback system of Fig. 5.15 the stability property is 
robust if and only if the nominal feedback system is stable and 

A 
=  

 

The lowest achievable value of  -y  and the corresponding maximum sta- 
bility margin  E  are given by Glover and McFarlane in 1989 [20] [21] as 

min x ={1-1[N M]12  } 1/2  =  (i  p (X  4112  , 7 H 

A controller which guarantees that 

GK)-1 M-1 

00 

for a specified  -y  > -yinin, is given by  

	

K s 	A + BF + -y2  (LT )
-1 

 ZCT  (C  + DF) 

	

= 	  
BT  X  

 

Y2 	T) 
-1 

 zcT 

-D 
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Chapter 5. Approximation of infinite dimensional systems 

Gs 

Figure 5.16: The shaped plant and controller 

F = 	(DTC BT  X), 

L= (1— 172)  I  X Z. 

Optimal robust control of the delay system 

The loop-shaping technique is used for the delay system in the case study. 
As shown in Fig. 5.16 the shaped plant  G,  = 1/172GIV1, and the feedback 
controller for the plant  G  is  K  = W1K3W2. In order to have a good perfor-
mance the plant  G  shown in Fig. 5.11 should be shaped in low frequencies 
with higher gain. Using  E  as a design indicator, we choose 

w1 = 
1.4s + 0.4 

 

and W2  = 1, then (ma, = 0.32958. 

Note that, in contrast to the classical loop shaping approach, the loop 
shaping here is done without explicit regard for the nominal plant phase 
information [21]. 

We specified the desired loop shape by W2GW-1, but the actual loop 
shape achieved is in fact given by W1ii,W2G at plant input and GW1KsW2 
at plant output. 

At frequencies where cr(G„)> 1 or eir(Gs ) < 1, the deterioration in the 
loop shape due to  K,  is bounded by a function of  y  (or equivalently  E)  only. 
Noting that -7 small' (implying  e  'large') indicates a minimal deterioration 
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(1/ko)ks  

Figure 5.17: Scheme for optimal robustness controller 

in the loop shape, it is confirmed that  e  indicates the compatibility between 
the specified loop shape and closed-loop stability requirements [21]. 

Choosing  -y  = 1.1-ym1n  the optimal robustness controller is obtained. 

The system considered in design is shown as Fig.5.17, where  

G  (s) =  s2H-2s 
	e-1.58, 	(s) = 1.4 + -9  ko  = Ks(0) ol +1  

Fig. 5.18 illustrates the bode plots of the pre-compensator WI., the 
shaped plant  G,,  the open-loop transfer function L and the optimal con-
troller  K.  

The Hoc, optimal controller guarantees the stability of the system and 
the desired performance is achieved as shown in Fig. 5.19. 

5.2.4 The comparison of robustness margin 

This section will be completed with the estimates given for the degradation 
of robustness due to using finite dimensional controller instead of infinite 
dimensional controller. The robustness margin of the control system based 
on the OC approximation and the Pad  e  approximation will be compared. 

If  G E  M (Hoc/Ho)  has a normalized left-coprime factorization(see 
Fig.5.15), then (M,  N, K, e)  is factor robustly stable, if and only if  

e <  (1—  II  [N, MUIR-) ,  
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5.2. Case study - robust control of a delay system 

where  11.11H  represents the Hankel norm  of  the system (M, N) , and 

AM AN  <E 
00 

 

The maximum factor robustness margin is given by 

emax = (1 — HEN, M]lr H ) )2' = (1 +  p  (X z)) 1/2 .  

here  K  is 1100  controller and emax  is the maximum factor robustness margin 
for  G.  

Denote the exact model of the delay system as  G  (s) , and the finite-
dimensional model by approximation (reduced order model) as  G  f  (s) , the 
maximum factor robustness margin obtained on the basis of  G  f  (s) is given 
by 

€f max  =  -4/1  11) -1 	+ P (X f Zf))-112  

Since the approximation error gives an additional perturbation to the 
control system, the maximum robustness margin for true system should be 
[6] 

ep,mas = Ef,mar 11G Gf 

Dym, Georgiou and Smith [14]studied in 1995 the optimal robust con-
trol of the delay system discussed in this chapter. In the study they pro-
posed an infinite dimensional controller using the Hoo  loop-shaping proce-
dure. It gives the following maximum robustness margin  

Ein  f  =  0.3296 

The degradation of robustness due to using finite dimensional controller 
instead of infinite dimensional controller then can be computed 

Degradation = einf Ep,max 

The tables 5.1 and 5.2 illustrate the robustness of the control system. 
It can be seen that the degradation is decreased with the increase of the 
approximation order. The degradations is noticeably smaller using OC 
approximation than using Pade approximation. 
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Eznf Approx. order Ef,n2ax  IIG -  G  f Iloo Ep,max Degradation 

0.3296 

1 0.35183 0.62517 -0.27334 0.60294 
2 0.33139 0.061461 0.26993 0.05967 
3 0.32971 0.030879 0.29883 0.03077 
4 0.32960 0.020184 0.30942 0.02018 
5 0.32958 0.014463 0.31512 0.01448 

Table 5.1: Robustness degradation caused by 0-C approximation 

Einf Approx. order Ea,max IIG - Gf lico Ep,max Degradation 

0.3296 

1 0.34545 1.0414 -0.69595 1.0255 
2 0.33053 0.10002 0.23051 0.09909 
3 0.32960 0.052843 0.27676 0.05284 
4 0.32958 0.032822 0.29676 0.03284 
5 0.32958 0.023100 0.30648 0.02312 

Table 5.2: Robustness degradation caused by Pade approximation 

5.3 Summary 

The orthogonal collocation method is one of the efficient lumping techniques 
and it is largely applied in the control of infinite dimensional plant. The 
accuracy of the OC approximation depends on the choice of the number of 
collocation points and the parameters of Jacobi polynomial. An advantage 
of the method is that a better result of low-order approximation can be 
achieved compare with many other methods. 

In the case study the model of a delay system is reduced by OC method 
and the  H  oc  loop-shaping procedure is employed to solve the optimal ro-
bust control problem. The approximation error leads a degradation of the 
robustness margin compare with the control system using a infinite dimen-
sional controller. But the degradation is smaller than that caused by Pade 
approximation. 
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Chapter 6 

Conclusions and future work 

Co nclusions 

A dynamic model based on first principles is given for an inverse continu-
ous flotation process. It differs from previous models in literature that the 
obtained model describes the flotation dynamics in a variant chemical and 
physical environment. The model is available for a single cell continuous 
flotation as well as the cells arranged in series. The complexity of flota-
tion process is revealed through the analysis of the model and the relation 
between the model parameters and the chemical, operational variables. 

A common feature of complex systems is the uncertainty of the model. 
Many complex systems can not be expressed by explicit mathematical de-
scription. There exist a number of strategies that could be used to solve 
such control problems, for example, fuzzy logic control, robust control etc. 
As an attempt, a fuzzy controller is applied to a  multi-input,  single-output 
flotation process to reduce the reagent consumption while maintain the 
grade of the valuable mineral in concentrate within a suitable range. The 
simulation result shows that the control objective is achieved. It should be 
mentioned here that the controller performance would be better if the pro-
duction data is integrated in the fuzzy rules and a realizable controller could 
be expected using the combination of conventional and fuzzy techniques. 

A large class of complex systems are inherently  multivariable  with strong 
interaction. For this class of systems it is usually impossible to find SISO 
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controllers that can deliver the desired performance. The pulp levels in 
a flotation series is a good example where improved performance can be 
acheived with a MIMO controller. A MIMO LQG controller is introduced 
in the control of pulp levels, a subsystem of flotation process, instead the 
SISO PI controllers. The controller is carried out based on the exact lin-
earized process model. The simulation demonstrates that there is a notice-
able reduction of the pulp level variations when the LQG controller is used. 
The control accuracy of the pulp level increases with the order number of 
compartments and a constant disturbance of in-flow sized 2m3/min does 
not lead to any substantial variation of the pulp levels in the second to fifth 
compartment. 

The perturbations of the pulp level control  systern  include the model 
uncertainty, unknown disturbances in the pulp flow and at the outlets of 
concentrate as well as the measurement noise. The robustness of pulp level 
control system is analyzed based on the structured singular value. It can 
be seen that the control system is quite robust due to the small values of 
,u(M) and ,u(N). 

The lumping techniques are often required to surmount the difficulty 
caused by the infinite dimensionality in the modeling and control of com-
plex systems. The orthogonal collocation method is one of the efficient 
lumping techniques. The three examples shown in the chapter 5 give a 
glimpse at the extensive applicability of the OC method. The OC approxi-
mation of a delay system is discussed in greater detail and the comparison 
of the approximate accuracies is made between the different choices in the 
number of collocation points and the parameters of Jacobi polynomial. A 
satisfactory result can be achieved by choosing a sufficient high approxi-
mation order and appropriate Jacobi polynomial parameters. The study 
shows also the OC method provides better approximation in low order than 
the Pade method. 

The further research of the application of the OC method is carried out 
by the Hoc, control of a delay system that is considered as a left-coprime-
factor plant. The model of the controlled plant is a stable strictly proper 
rational transfer function times a pure delay, which frequently appears in 
the real world. The uncertainty caused by finite dimensional approximation 
will influence the robustness of the Ho°  control system. The system is robust 
when the number of collocation points is more than or equal to 2. A large 
number of collocation points give less degradation. Compared with the 

98 



OC approximation, a worse robustness is resulted for the optimal control 
system based on the Pade approximation. 

Research plan in future 

Modeling and control of complex systems is an open field with a need for 
continuous development. The flotation process is a good example of a 
complex system that has a great potential for better performance if we can 
understand and model the process and design capable controllers that can 
take full advantage of the model. 

The following activities can be the first step towards a better under-
standing of the flotation process 

• Dynamic model of main flotation process 

— Complete the analytical part of the model. 

Investigate the non-analytical part of the model and identify the 
model by the traditional and fuzzy approaches. 

Integrate the two parts and reduce the model to obtain a dy-
namic model of main flotation process. 

• Control of subsystems 

— Modify the pulp level control system. 

— Apply MIMO control technique to the other subsystems, such as 
froth level control, reagent addition control, air addition control, 
slurry pH value control, etc. 

• Apply the OC lumping technique. 

The objectives of the research works planed above is: firstly, to stabilize 
the inputs of main flotation process by the improvement of the control for 
the subsystems so that the disturbances caused by the unexpected input 
variations could be eliminated. Secondly, to obtain a dynamic model of the 
main flotation process by the combination of different modeling and iden-
tification methods such that the obtained model both has a good accuracy 
and can be easily applied. 
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Chapter 6. Conclusions and future work 

The final goal of the control for any complex system is to achieve de-
sired performance and robustness. The planed research works shown above 
provide the possibility for the model based controller design of a global 
flotation process. It is a feasible way to improve the control system of 
flotation that has been considered as a complicated problem. 

Hopefully this work will lead to knowledge that is applicable on other 
complex systems. 
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