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Abstract

This Licentiate thesis addresses the topics of Joint Replenishment and Multi-
Echelon Inventory Systems. Both are important parts in the concepts and current 
trends in Supply Chain Management and Logistics. The objective of Supply 
Chain Management is to manage the flow of information and goods from the 
supplier to the final customer with respect to high customer value and low costs.  

A common inventory and coordination problem is the so called Joint 
Replenishment Problem. The problem often occurs when several items are 
replenished at a single stocking point. This can happen in many different 
situations, e.g. when several items are procured from the same supplier or when 
a product after manufacturing, is packaged in different quantities. Cost savings 
can be obtained by coordinating the replenishments, compared to when items are 
replenished independently. Coordination of several levels in a supply chain, 
often referred to as multi-echelon inventory control, is another important part of 
Supply Chain Management. A frequently encountered problem in practice is the 
One-warehouse N-retailer problem, which can found in divergent distribution 
systems where a central warehouse supplies several retailers with goods.

The thesis contains an introductory part and three research papers. The first two 
papers deal with the Joint Replenishment Problem and the second with the One-
warehouse N-retailer problem. Paper I provides a novel heuristic method to 
solve joint replenishment problems using a spread-sheet technique. The 
principle of the recursion procedure is to find a balance between the 
replenishment and inventory holding costs for the different items by adjusting 
the replenishment frequencies. Paper II is an extension of the area and presents a 
new method that may help reduce peak inventory levels and arrival quantities in 
joint replenishment problems. The replenishments are re-scheduled during the 
cycle periods and if necessary individual replenishments are delayed single time 
periods. Paper III deals with the problem of prioritizing retailers when there is a 
shortage of supply at a warehouse. All customers are often not equally important 
and a warehouse that suffers from stock-outs may therefore want to give higher 
priority to some retailers when new goods are ready for delivery. The paper 
presents an approximation of the inventory holding and shortage cost when 
retailers are prioritized according to two groups, high and low priority retailers.  

Keywords: Joint Replenishment; Multi-Echelon; Inventory Management; 
Inventory Control; Supply Chain Management; Heuristics; Warehouse; Retailers 
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1. Introduction

Logistics and Supply Chain Management concern the associated activities how 
to plan and control the flow and storage of goods and services on the way to the 
final customer. As the number of activities can be large, there are often 
contradictory goals at different parts of the logistics system. Axsäter (2000a) 
states that inventory management plays a crucial and central role to balance 
these conflicting goals. The purchase manager may want to order large 
quantities to obtain volume discounts and the production manager prefers large 
production batches to avoid time-consuming setups. An idle production due to 
shortage of materials is expensive so both managers like to have a large supply 
in stock. The marketing manager as well would like to keep high stock levels to 
quickly meet customer orders. 

Understandably, high inventory levels cost money as well. Not only the capital 
tied up in stock costs money. Lower inventory levels of raw material, 
components and finished goods require smaller buildings and less manpower for 
administration and handling of physical goods. Less work in progress requires 
less factory space, makes internal transportation more efficient and enables 
shorter throughput times. For information on these areas, see Hopp and 
Spearman (1996). 

According to Mentzer et al. (2001) there are three different categories of 
definitions and viewpoints on Supply Chain Management (SCM). They can be 
summarized into:

A management Philosophy. A systems approach to viewing the supply 
chain as a whole, and to managing the total flow of goods inventory from 
the supplier to the ultimate customer.  

SCM as a set of activities to implement a management philosophy. The
focus on activities to constitute Supply Chain Management. Thus the 
activities to implement a management philosophy.  

SCM as a set of management processes. This focus is on processes to 
constitute SCM instead of the activities. SCM is the process to manage 
relationships, information and materials flow to enhance customer service 
and economic value through synchronized management of flows of 
physical goods and associated information.  
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There exist many definitions of Supply Chain Management. Christopher (1998) 
provides the following definition with an overarching management perspective: 

The management of upstream and downstream relationships with suppliers and 
customers to deliver superior customer value at less cost to the supply chain as 
a whole. 

Steven (1989) for instance, presents a more specific definition which is geared 
towards inventory management.

The objective of managing the supply chain is to synchronize the requirements 
of the customer with the flow of materials from suppliers in order to effect a 
balance between what are often seen as conflicting goals of high customer 
value, low inventory management, and low unit cost.

Persson (1997) reveals the stated objectives of Supply Chain Management and 
concludes that it can be seen as a set of fundamental beliefs; coordination and 
integration along the material flow, win-win relations and end customer focus. 
However, in comparison with forerunners Persson finds that the ideas and 
beliefs of Supply Chain Management also can be found in prior works on the 
area. She also states that there is much empirical evidence on how the work with 
Supply Chain Management affects companies and the outcome shows an 
overwhelming success when using it.  

Christopher (1998) discusses the supply chain and competitive performance. He 
means that the Supply Chain can be viewed as a network of organizations that 
are involved with upstream and downstream linkages in different processes and 
activities that produce value to the products or services. Traditionally 
organizations have viewed themselves as independent entities. This has changed 
over the years and today many supply chains are more integrated. This can be 
done in different stages; the first step is to have a functional integration where 
the companies have recognized a limit degree of integration between adjacent 
functions. The natural next step is to reach internal integration within a company 
and finally external integration when all suppliers and customers are linked 
together with internal operations. 

Supply Chain Management and logistics are changing and there are several 
trends towards the areas are progressing. Waters (2003) discusses 12 different 
trends in logistics today. 

Improving communications. Better communication within the supply 
chain with new technologies such as Electronic Data Interchange (EDI). 
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Improving customer service. Making logistics cost as low as possible and 
increasing high service levels at low costs. 
Globalization. Firms operations are becoming more and more 
international when trade and competition are rising.  
Reduced number of suppliers. The number of suppliers is reduced and 
long term relationships are created. 
Concentration of ownership. When the companies experience economics 
of scale the competition is concentrated to fewer players on the market. 
Outsourcing. More and more logistics operations are outsourced to 
specialized companies.  
Postponement. The movement of almost-finished goods into the 
distribution system and delays of final modifications. 
Cross-docking. When incoming goods are shipped again without being 
stored at the warehouse. 
Direct delivery. Direct shipping from manufacturer to final customer. 
Other stock reduction methods. Newer methods such as Just-in-Time and 
Vendor Managed Inventories. 
Increasing environmental concerns. The movement towards ‘greener’ 
practices among logistics operations.  
More collaboration along the supply chain. Aiming towards the same 
objectives and no internal competition within the supply chain.

The papers in this thesis are a consequence of two of the logistics trends above; 
improving customer service and reduced number of suppliers. When the number 
of suppliers are becoming fewer and fewer each supplier may have to offer more 
types of raw material or components than they used to. Procuring several 
products from a supplier requires well functioning coordination regarding 
transportation and inventory management. The first two papers in the thesis deal 
with a famous inventory and coordination problem, The Joint Replenishment 
Problem.  

Looking at Supply Chain Management out of an Inventory Management 
perspective it is possible to obtain high service levels and reduce costs by 
considering more than one stocking points in a Supply Chain System. This is 
called multi-echelon inventory control. Muckstadt and Thomas (1980) show that 
implementing multi-level methods may result in cost savings up to 50 %. The 
third paper deals with a common multi-echelon inventory control problem, the 
One-warehouse N-retailer problem.  

Both problems, the Joint Replenishment Problem and the One-Warehouse N-
retailer are related under constant demand. Graves (1979) discusses the 
similarities regarding cost functions and solutions procedures for the Joint 
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Replenishment Problem, The Economic Lot Scheduling Problem (ELSP) and 
the One-warehouse N-retailer problem.  

The research objective of this thesis is to develop new models in inventory 
management with either constant or stochastic demand and evaluate these based 
on performance.

The outline of the thesis is the following: Chapter 2 presents an overview of the 
inventory management, including types of inventories, inventory control 
systems and different multi-echelon inventory systems. Chapter 3 and 4 give a 
review of earlier research on the two areas. The constant and stochastic demand 
joint replenishment problem, including variants and extension are reviewed in 
Chapter 3. Papers on the one-warehouse N-retailer problem with constant and 
stochastic demand are reviewed in chapter 4. Paper I, II, III are briefly 
summarized in the review where they contribute to earlier research on the area. 
Finally, chapter 5 presents a summary and extensions.
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2. Inventory Management 

It has been known for a long time that economic growth fluctuates in a cycle, 
called the business cycle. Periods of expansion are followed by periods of 
recession and vice versa. For a number of reasons fluctuations are very much 
unwanted for industry, the economy and the society as a whole. Inventories play 
a crucial role in the business cycle. During periods of expansion industry invests 
in inventories and during periods of expansion industry disinvests in inventories. 
For instance, Aley (1995) claims that the advances in inventory management 
and production planning and scheduling have contributed to less volatility in the 
business cycles in later years. 

Increasing efficiency in inventory management has made it possible to increase 
production of goods and services without the need of growing inventory 
investments. In the Swedish economy, the investments in inventories have been 
kept on a relative constant level during the last decades while the growth in the 
Gross Domestic Product (GDP) has been a few percent per year. See figure 1. 
Between 1980 and 2003 the real GDP growth was 59.6% while the inventories 
decreased by 1.1 %. The progress made on Inventory Management in has 
enabled us to produce more without tying up more capital in inventories. An 
important contribution to increased productivity, better economic growth and a 
higher standard of living.  

Growth in GDP vs Inventories
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 Figure 1. Real growth in Gross Domestic Product (GDP) and inventories 1980-2003.
 1980 = Index 100. Source: Statistics Sweden (SCB)
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Many authors have pointed out the purpose and importance of inventories in 
industry. For instance, Aschner (1990) gives these five reasons: 

Demand/supply fluctuations. Safety stocks or buffer stocks are held to 
absorb variations in demand, and supplier performance uncertainty. 
Anticipation. Inventory allocations made to meet seasonal demand, sales 
promotion and to meet customer requirements during periods in which the 
production facility is inoperable.
Transportation. There is a trade-off between the speed of the 
transportation and the cost of inventory in a pipeline system where 
products are in transit.
Hedging. An issue of procurement economies and the cost of holding 
inventories versus the impact of price increase, special procurement offers 
or speculation. 
Lot size. Replenishment volumes that exceed immediate demand rates in 
order that economies may be obtained from longer production runs or 
lower transportation costs. 

Inventories can be categorized in different ways. For instance, Lambert & Stock 
(1993) categorize six types of inventories as follows: 

Cycle Stock. Inventory that is the result from a replenishment process and 
is required in order to meet demand under conditions of uncertainty.
In-transit inventories. Items that are on a route from one location to 
another.
Safety or Buffer stock. Stock that is held in excess of cycle stock because 
of uncertainty in demand or lead time.
Speculative stock. Inventory held for other reasons than satisfying current 
demand.  
Seasonal stock. Another type of speculative stock that involves 
accumulation of stocks before a high season begins.   
Dead stock. The set of items for which no demand has been registered for 
some specific period of time.

Throughout the year’s research on inventory control have progressed. Still 
however, some of many old models and strategies are still successfully used 
today. The classic Economic Order Quantity (EOQ) is used to calculate lot sizes 
and can be used as an inventory control system when demand is constant and 
known. Harris (1913) is first to suggest the approach but the model is also 
known after the publication of Wilson (1934). The EOQ is a simple optimal 
calculation of the replenishment quantity based on two costs for an individual 
item in an inventory system; one replenishment and one inventory holding cost.  



7

When demand is not constant but can be determined over a set of discrete time 
periods it is time-varying. This means that demand is deterministic but can vary 
over time. As with the EOQ there are still one individual item with a 
replenishment and inventory holding cost. Wagner and Whitin (1958) present an 
optimal solution for this problem. The method has been criticized since it is 
rather complex to understand and use, and more important because it is 
backwards looking from a clear defined ending point. Several heuristic methods 
have been suggested over the years. The most famous and best performing in 
terms of low cost solutions is the Silver-Meal heuristic from the publication of 
Silver and Meal (1973). The method is also known as least period cost heuristic 
and is a forward looking technique which enables the method to work in 
combination with Material Requirements Planning (MRP) systems. See Baker 
(1989) for a review on the area and the test performance of different methods 
where he states that the Silver-Meal outperforms other heuristics. 

Many authors and publications have dealt with stochastic demand models. Silver 
et al. (1998) deal with the four common continuous review and periodic review 
models. In continuous review models, the inventory position is updated 
continuously meaning that whenever the position changes, it is instantly visible 
in the system. In periodic review models, there is a fixed review interval when 
the inventory position is updated which makes the position visible only at the 
review opportunity. 

One of the oldest continuous review models is the (r, Q) system When the 
inventory position reaches the reorder point r, a fixed order quantity Q is 
ordered. The order quantity is preferably calculated using the EOQ formula. 
Another common system is the (s, S) system which uses order-up-to S policies. 
This means that when ever the inventory position reaches or passes the reorder 
point s, an order of variable size is placed to fill up the inventory to its S-level.
This system has an advantage over the (r, Q) since it is possible to better take 
account of the size of the customer order that reaches or passes the reorder point.
A special case of the (s, S) system is the (s-1, S) system where a new order is 
immediately placed as soon as the inventory position drops below the order-up-
to S-level. The (s-1, S) system is used for products with relatively low demand, 
high value and low replenishment costs.  

As for periodic review there are two common models. The first and most simple 
model is the (R, S) system where there is an inspection interval of the inventory 
position every R units of time. At every inspection a variable order is placed to 
fill up the inventory to its S-level. The other model is the (R, s, S) system which 
is a combination of (s, S) and (R, S) systems. The inventory position is checked 
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every R units of time but an order is only placed at the review opportunity if the 
inventory position is at the time above the s-level.

More complex inventory systems are so called multi-echelon inventory systems. 
An echelon in this case is refereed to a single level in a supply chain. In multi-
echelon inventory systems several stocking points is evaluated together 
comparing to single echelon control where each level is evaluated 
independently. Information on different multi-echelon inventory systems can be 
found in Silver et al. (1998), Axsäter (2000a), and Zipkin (2000). 

There are different systems of multi-echelon inventories. The most simple 
system is a series system where two or more inventories are coupled. Figure 2 
illustrates such a system. This system can be encountered in different situations. 
For instance where the first inventory holds the stock of a subassembly and the 
second inventory holds the final parts. The second inventory can in any situation 
be considered as a customer of inventory one.

 Figure 2. A series system with two inventories. 

In a divergent distribution system each stocking point has at least one 
predecessor. An illustration is given in figure 3. A typical situation in practice is 
when a central warehouse supplies goods to several retailers.

 Figure 3. A general two-echelon distribution system. 

A convergent assembly system is just the opposite of a general distribution 
system. Each stocking point has at least one immediate successor. This is 
illustrated in figure 4. 
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 Figure 4. An assembly system.

General systems in a supply chain can of course be of more complex nature and 
be a combination of different systems described above. Figure 5 illustrates a 
general system which is a complex structure of all three basic systems.

 Figure 5. A general system.

Heinrich and Schneeweiss (1986) present previous research and a survey of 
methods that have been proposed to solve the multi-stage lot-sizing problem. 
For treating this problem it is important to be aware of and distinguish between 
the basic product structures; serial structure, assembly structure, divergent 
structure, and general structure. Suggested solution methods are often dedicated 
to a special structure. In this thesis the One-warehouse N-retailer problem is 
studied, which belongs to divergent systems. The problem is described in 
chapter 4.
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3. The Joint Replenishment Problem

The Joint Replenishment Problem (JRP) has been a famous research topic for 
many years since it is a common real-world problem that occurs in different 
situations. For instance when a group of items are purchased from the same 
supplier or when a product after manufacturing is packaged in different 
quantities. See Goyal (1973a, 1974b) for definitions and descriptions of the 
problem.  

The problem occurs where there are two identified replenishment costs 
involved. One major replenishment cost when a family of items is replenished. 
Even though the definitions major and minor replenishment costs are widely 
used, the major cost does not necessarily have to be bigger than minor costs. The 
word major can be seen as an overarching cost during the replenishment. In each 
replenishment situation, the major replenishment cost does not depend on the 
number of items that are replenished. The minor replenishment costs are 
individual for each item and will only occur when a particular item is 
replenished. For each item there is of course an individual demand rate and 
inventory holding cost as well. 

There is an individual inventory holding cost for each item in the family as well. 
Silver et al. (1998) discuss the cost savings that can be achieved by coordinating 
the replenishment of several items.  

3.1 Constant demand 

There are two different types of strategies to deal with the JRP and constant 
demand. Indirect grouping strategies and direct grouping strategies. When using 
the former, joint replenishment opportunities are scheduled at constant intervals 
of time and the quantity ordered of each item is sufficient to last for an integer 
multiple of the basic time period. This is the most common approach to the 
problem. The strategy with assumptions, notation and formulas and the many 
solutions procedures is described in 3.1.1. In direct grouping strategies, different 
items that are economically reordered together are grouped. Each group has its 
own base period time. More on direct grouping strategies is found in 3.1.2. 

3.1.1 Indirect grouping strategies 
When using indirect grouping strategies, all replenishments occur at constant 
intervals of a base time period. The replenishment quantity of each item must 
last an integer multiple of the basic time period. The major replenishment cost 
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occurs during every base time period and the minor replenishment costs occur 
when a particular item is ordered. When using so called strict cycle strategies at 
least one item in the family must be replenished during each base time period. In 
the more relaxed cycle strategies a replenishment opportunity does not have to be 
used, meaning that in some problems there will be empty replenishments.

There are several assumptions for the original deterministic JRP: 

The demand rate for each item is constant and known. 
Holding costs for all items are at a constant rate per unit and unit time  
Lead times are known and independent of the size of the replenishment 
For the original problem lead times are negligible for all items 
No shortages are allowed 
The entire order quantity is replenished at the same time 
There are no quantity discounts on the replenishments  
The time horizon is infinite  
There is no initial stock in inventory 

Notation for the JRP: 

id  Demand rate in units per unit time for item i
A  Major replenishment cost for the family of items 

ia  Minor replenishment cost for item i
ih  Inventory holding cost per unit and time unit for item i

N Number of items in the family 
T Base time period, within zero, one or several items can be replenished

im The integer number of T intervals that the replenishment quantity of 
item i will last

TRC  Total cost function 

The total cost function of the JRP depending on the time period and m-values:

N

i

iii
N

i i

i mhdT
m
aA

T
TRC

11
)

2
()(1  (1) 

The time period can be found by deriving Eq. (1).

N

i iii

N

i
i

i
N hdm

m
aAmmmT )(2),,,,( 21

 (2) 



12

If Eq (2) is substituted back into Eq. (1) the total cost function given a set of m-
values is the following: 

)()(2),,,,( 21

N

i iii

N

i
i

i
N hdm

m
aAmmmTRC

 (3) 

The difficulty of the JRP is to find the best set of m-values. An early author to 
propose a heuristic method is Brown (1967). He uses an iterative procedure to 
find the set of m-values, where the starting solution is when all items are 
replenished each base time period. Shu (1971) gives a method for determining 
the joint replenishment of two items. The fast moving item is supposed to be 
replenished every opportunity and he then determines a relative optimum 
ordering frequency for the slow moving item. Goyal (1973a) and (1974a) 
introduce iterative procedures to find the set of m-values by using an upper and 
lower bound for T. The bounds of optimal T give the upper and lower bounds for 
each m-value. All possible combinations are then evaluated and the combination 
having the lowest cost is chosen.  

Goyal (1974b) presents an optimal solution, thus the lowest possible cost 
solution, which is an enumerative procedure with a strict cycle policy. The upper 
and lower bound for T is determined and all intervals of T when mi is unchanged 
are evaluated within these bounds. Determining the lower bound of T is a 
difficult task and the method does not guarantee the optimal solution in all 
situations. See for instance Andres and Emmons (1976). Goyal (1988a) modifies 
Goyal (1974b) become optimal by determining a new lower bound. 

Silver (1976) introduces a different simple approach where he modifies the 
economic ordering quantity (EOQ) to handle the coordination of several items. 
The algorithm ranks the item in ascending order of iii dha / . The item with the 
lowest ranking is replenished every T. The m-values of the other items are 
calculated as rounded integer multiple of the first item. Goyal and Belton (1979) 
modify the way how to calculate the multiples. Kaspi and Rosenblatt (1983) 
suggest a combination of Silver (1976) and Goyal (1974a). The first value of T
is calculated using Silver’s method and then Goyal’s iterative method is used to 
find the best set of m-values. Goyal (1988b) gives an iterative procedure without 
the use of an upper and lower bound for T and the m-value.

Kaspi and Rosenblatt (1991) present a heuristic method called the RAND-
method. In the method an upper and lower is determined for T and the interval is 
divided into a number of equally spaced values. For each potential value of T the 
procedure the method in Kaspi & Rosenblatt (1983) is applied. For larger 
numbers of the equally spaced values, the procedure is basically a complete 
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enumeration of the search procedure. Goyal and Deshmukh (1993) marginally 
improve the method by providing a better estimate for the lower bound for T.

Van Eijs (1993) presents a similar enumerative optimal algorithm as Goyal 
(1988a). He defines a new lower bound for T which enables optimal solutions 
for any cycle policy. Viswanathan (1996) introduces a new algorithm that 
reduces the computational effort required by Goyal’s and Van Eijs’s optimal 
algorithms by improving the bounds of T in an iterative fashion. Wildeman et al. 
(1997) present a new approach where they use the Lipschitz optimisation 
technique to solve the problem. The method finds solutions with an arbitrary 
small deviation from the optimal value. The procedure is fairly complex but 
requires less computational effort than other procedures with full enumeration. 

Kaspi and Rosenblatt (1985, 1991) test the performance of different heuristic 
methods. The first paper concludes that Kaspi and Rosenblatt (1983) produce 
most optimal solutions, followed by Goyal (1974a), Brown (1967), Goyal and 
Belton (1979) and finally Silver (1976). The second paper shows that the RAND 
procedure in Kaspi and Rosenblatt (1991) performs best followed by Kaspi and 
Rosenblatt (1983), Goyal (1988), Goyal (1974a), Goyal and Belton (1979) and 
Silver (1976). Viswanathan (2002) tests different optimal methods and shows 
that Viswanathan (1996) on average requires least processing time. 

In general all optimal solutions and the most well performing heuristics are 
rather complex to use. In most heuristics the underlying principle is the same. 
Given a time interval for the joint replenishments, optimal order frequencies are 
determined. Then a new time interval is determined. These steps are repeated 
until the solution converges. Paper I presents a completely different approach in 
dealing with the Joint Replenishment Problem (JRP). The method is relatively 
simple and solves the problem in an iterative procedure using on a spread-sheet 
technique. The principle of the recursion procedure is to find a balance between 
the replenishment and inventory holding costs for the different items by 
adjusting the replenishment frequencies. The heuristic performs well in 
comparison with many other heuristics, especially concerning number of 
optimal solutions reached. 

3.1.2 Direct grouping strategies  
In direct grouping strategies, different items that are economically reordered 
together are grouped. This means that items are collected to different groups 
which are treated independently. Each group has its own base period time and 
all items within the group are replenished together. The challenging issue of 
direct grouping strategies is to divide the number of items into a certain number 
of different groups, since there can easily be a large amount of combinations to 
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consider. Chakravarty (1981) proves a theorem that he called “consecutiveness 
property”. This means that the items are rearranged according to decreasing 
order of iii dha / . Using the same method of ranking the items, several authors 
including Page and Paul (1976), Chakravarty (1981, 1985) and Bastian (1986) 
present different algorithms with direct grouping strategies.  

Van Eijs et al. (1992) compare direct and indirect grouping strategies on 
different problems. They conclude that the indirect grouping methods produce 
lower cost solutions than direct grouping in cases where the major 
replenishment cost is large relative to the minor replenishment costs. It should 
be noted however, that the heuristics tested for indirect grouping strategies were 
older ones. Olsen (2005) uses an evolutionary algorithm to solve the problem 
and which slightly outperform the RAND method in Kaspi and Rosenblatt 
(1991).

3.1.3 Extensions and variants 

Goyal (1973b, 1974c) present methods when there are a known frequency of 
replenishment orders. Goyal (1975a) solves the JRP when there is a finite 
horizon. Goyal (1976) presents a model where the items have dependent 
replenishment costs. Goyal (1977) deals with the problem when the items are 
perishable. Goyal (1980) suggests a method when the items have more than one 
brand name. Khouja et al. (2005) develops a method when the items are under a 
continuous unit cost change.

Jackson et al. (1985) introduce a so called Power-of-Two (PoT policy) for the 
Joint Replenishment Problem. Their PoT policy is the usage of a power-of-two 
multiples instead of integer values. They show that the cost penalty for such an 
approach is within 6 % of the original problem. Roundy (1986) and Federgruen 
and Zheng (1992) present better methods that guarantee solutions within 2 % of 
the optimal value. Lee and Yao (2003) derive a global optimum search 
algorithm with the use of the PoT policy. 

Hariga (1994a) presents two new heuristic methods with a relaxation of the 
problem, where the reorder intervals do not need to be an integer multiple of the 
base time period. Hariga (1994b) shows that the second of the two heuristics in 
Hariga (1994a) outperforms the modified RAND-procedure in Goyal and 
Deshmukh (1993). This is however not a fair comparison since the RAND 
procedure solves the JRP without any relaxation. 

Goyal (1975b) adds a constraint to the problem of how much that can be tied up 
in stock. Hoque (2005) presents an optimal solution method with constraints 
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regarding storage, transport and budget. Porras and Dekker (2005) provide an 
optimal solution method for the Joint Replenishment problem with minimum 
order quantities.

Involving constraints that changes the m-values for a problem may lead to a high 
cost penalty. Paper II presents a simple method that often can help reduce peak 
inventory level and arrival quantities. It is based on three steps, where the 
replenishments are re-schedule during the cycle periods and if necessary delayed 
one or more time periods where there are a large number of replenishments at 
the same time. The method incurs either zero or a very small cost penalty from 
the optimal solution of the original Joint Replenishment Problem.  

3.2 Stochastic demand 

Stochastic joint replenishment systems can be divided into continuous and 
periodic review models. As most papers proposing periodic review systems have 
also compared the methods to continuous system, all remarks on performance 
are in chapter 3.2.2. 

For both systems there are a few assumptions involved: 

Lead times are assumed to be deterministic or negligible.  
The entire order quantity is replenished at the same time. 
Holding costs for all items are at a constant rate per unit and unit time.  
There are no quantity discounts on the replenishments.  
The horizon is infinite.

3.2.1 Continuous review systems  
The most common strategy in continuous review system is the (S, c, s) system, 
also known as can-order policies. As a difference from single product re-order 
systems, there are three computed levels in the (S, c, s) system. All products in 
the family have three individual levels in the re-order system. When any product 
passes its s-level, it triggers a general replenishment order which will include at 
least that particular item. All other items that are below its individual c-level will 
then also be included in this replenishment. The remaining items that are above 
its c-level will not be included. The order quantity is variable and when an item 
is replenished it will be ordered-up-to its individual S-level.
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Finding the control variables for all three levels is a difficult task and many 
research papers in this area have therefore dealt with different ways to calculate 
the different levels. 

The first author to propose the (S, c, s) system is Balintify (1964) who calls it the 
random joint order policy. He assumes that the distribution involved is negative 
exponential. Silver (1965) considers a simple problem when there are only two 
items having identical cost and demand, the latter according to a Poisson 
process. Ignall (1969) also deals with a two product problem where demand is 
determined by two independent Poisson processes. Silver (1973) analyzes three 
different procedures to obtain the same total cost function of the problem when 
having Poisson demand and zero lead times. Silver (1974) deals instead with 
constant lead times. He shows that by using the (S, c, s) system it is possible to 
obtain substantial cost savings in comparison with individual ordering policies. 
Thompstone and Silver (1975) find the cost expression with compound Poisson 
demand and zero lead times.   

The following authors suggest different methods to find control variables when 
having compound Poisson demand and non-zero lead times; Shaack and Silver 
(1972), Silver (1981), Federgruen et al. (1984), Schultz and Johansen (1999) and 
Melchiors (2002).

Much of the research has focused on the (S, c, s) system, however a few authors 
have dealt with system with fixed order quantities. Simons (1972) uses an 
iterative procedure to calculate optimal order quantities and control variables 
when the distribution functions for the demand are known. Hartfiel and Curry 
(1974) suggest an alternative solution procedure to Simon’s paper. Chern (1974) 
present an inventory model based of an independent re-ordering policy with 
Poisson demand.

3.2.2 Periodic review systems 
Sivazlian (1970) proposes models on so called mixed ordering policies, where 
replenishment opportunities involves zero, one or several items. Naddor (1975) 
present a heuristic model for a periodic review multi-item inventory system.  

Atkins and Iogyun (1988) propose two replenishment policies. 1) A periodic 
policy where all items are ordered up to the base stock level in every 
replenishment opportunity. 2) A modified periodic policy where items belonging 
to a base set are ordered every replenishment opportunity and other items are 
ordered once in a certain number of replenishment opportunities. A lower bound 
is also suggested by allocating the major replenishment to the different items. 
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The modified periodic policy outperformed the (S, c, s) system in a number of 
test problems.  

Pantumsinchai (1992) suggests the use of a what he a so called QS-policy, which 
was originally studied by Renberg and Planche (1967). The principle of the QS-
policy is that when the aggregated consumption since the previous order reaches 
a certain amount, all items are ordered up to their base stock level. It performs 
well in comparison with the (S, c, s) system when there is a small number of 
items with similar demand and having a high major replenishment cost. 
Viswanathan (1997) presents what he defines as a P(s, S) policy. At every 
review a (s, S) policy is applied to each item, meaning that any item having an 
inventory position below it s-level is included in the replenishment. In the paper 
he shows that the P(s, S) policy outperforms earlier approaches on the majority 
of the test problems. Johansen and Melchiors (2003) present a method to 
calculate can-order policies for a periodic review inventory system. Their 
method performs well in comparison to other periodic review approaches. When 
the demand is irregular it works especially well. Nielsen and Larsson (2005) 
improve the P(s, S) policy by working out an analytical solution procedure. The 
method is shown to be superior the (S, c, s) system on almost all of the test 
problems evaluated in the paper. 
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4. The One-warehouse N-retailer problem 

In the One-warehouse N-retailer problem there are N number of retailers that are 
served from a central warehouse. All facilities hold stock. Demand takes place at 
the retailers who order the goods from the warehouse when the inventory 
position reaches the reorder point. The warehouse is supplied from an outside 
supplier (e.g. factory). See figure 6 for a description of the One-warehouse N-
retailer problem. As with the Joint Replenishment Problem different models 
demand can be categorized using either constant or stochastic demand. The issue 
with One-warehouse N-retailer is to find models that can find low cost solutions 
for the entire system. 

 Figure 6. The One-warehouse N-retailer problem. 

4.2 Constant demand 

The One-warehouse N-retailer problem with constant demand is related to the 
Joint Replenishment problem. Graves (1979) discusses the similarities regarding 
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cost functions and solutions procedures for the Joint Replenishment Problem, 
The Economic Lot Scheduling Problem (ELSP) and the One-warehouse N-
retailer problem.

The assumptions for the Joint Replenishment Problem apply to the One-
warehouse N-retailer problem in the same manner, see section 3.1. 

A author to suggest complete solution methods to the One-warehouse N-retailer
problem is Schwarz (1973). He shows that a well performing policy may be very 
complex since the order quantities must vary with time even though demand is 
constant. He introduces two restricted basic policies, an optimal single cycle 
policy and a so called myopic policy. The single cycle policy is nested and 
stationary, which means that the ordered quantities are the same and the retailers 
are restricted to order whenever the warehouse places an order. The myopic 
policy divides up the system into N number of one-warehouse one-retailer
systems. Further more; he also suggests a heuristic method for the case when 
there is one-warehouse and N number of identical retailers.  

Graves and Schwarz (1977) conduct a similar analysis for divergent systems, 
where each stage orders the goods from a predecessor. They find optimal single 
cycle policies by using a branch-and-bound algorithm and examine the myopic 
policies regarding closeness to optimality. Muckstadt and Singer (1978) 
contribute with corrections to the above paper. 

Maxwell and Muckstadt (1985) present a heuristic for a nested and stationary 
system that produces solutions within 6 % of the optimal single cycle policy. 
The retailers order a Power-of-Two (PoT) multiple of a base time period, which 
is the time interval between each replenishment to the warehouse. Roundy 
(1985) argue that the optimal single cycle policy can result in a high cost penalty 
from the general optimal value. He proposed a different approach without the 
use of a nested and a stationary assumption. As in Maxwell and Muckstadt’s 
paper the retailers order a Power-of-Two multiple of a base time period. If the 
time period is fixed the method guarantees a solution within 6 % of optimal 
value and if the time period is variable it guarantees a solution within 2 %. Lu 
and Posner (1994) present a method giving the same results but require less 
computational effort.  Abdul-Jalbar et al. (2005) derive a solution method to find 
near optimal solutions using integer multiples instead of Power-of-Two 
multiples. 

Muckstadt and Roundy (1987) present an algorithm that coordinates the items 
and levels in the problem and guarantees solutions within 6 % of the optimal 
nested policy. 
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4.3 Stochastic demand 

In stochastic demand situations generally (r, Q) or (s-1, S) polices are used, see 
chapter 2 for a description of different re-order systems.  

The assumptions are similar to the ones for the stochastic Joint replenishment 
problem: 

The entire order quantity is replenished at the same time. 
Holding costs for all items are at a constant rate per unit and unit time.  
Lead times may be considered to be either deterministic or stochastic. 
There are no quantity discounts on the replenishments.  
The horizon is infinite.
There are no lost sales due to shortage of supply. 

The first continuous models were with a so called (s-1, S) policy. As soon as a 
demand takes place at a retailer a new item is immediately placed at the 
warehouse. Then instantly as the warehouse receives the request from the 
retailer, it orders a new unit from the outside supplier. All orders that can not be 
delivered from stock are backlogged at both the warehouse and the retailers. 
Whenever the warehouse suffers from stock-outs and have orders backlogged, 
the retailers are served on a first-come-first-served basis when the warehouse 
receives new goods again.  

Most of the studies are based on so called installation stock polices ,which 
means that every installation is calculated individually. A few later research 
papers consider echelon stock polices, which means that two or more 
installations are calculated together downwards in the supply chain. All research 
papers are under continuous review if not mentioned otherwise.

Sherbrooke (1968) is the first author to propose a solution method, called the 
METRIC approximation, which gives the inventory holding and shortage costs 
at the retailers. The model has been shown to underestimate the shortage costs at 
the retailers when there is a shortage of supply at the warehouse. Simon (1971) 
finds the exact steady-state distributions at the retailers and Shanker (1981) 
shows the model with compound Poison demand. Graves (1985) presents the 
exact calculations of the costs at the retailers. That requires a high computational 
effort to do, so he provides a two-parameter approximation model as well. On 
the contrary to the METRIC approach, Grave’s model overestimates the 
shortage costs at the retailers. However, he shows that the over all performance 
is much better. Svoronos and Zipkin (1991) consider a more general model with 
stochastic transportation lead times.
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Axsäter (1990) suggests a completely different approach to exactly calculate the 
inventory and shortage costs at the retailer by using a recursive procedure. The 
method requires much less computational effort than the method by Graves. 
Forsberg (1995) extends the former model and presents an exact recursive 
method with compound Poisson demand, which means that the ordered size 
throughout the system is a stochastic integer number.  

As for (r, Q) systems, Deurmeyer and Schwarz (1981) present a decomposition 
technique where they assume all retailer to be identical and have the same order 
quantity. They approximate the demand at the warehouse to be a Poisson 
process with demand quantity Q. Moinzadeh and Lee (1986) and Moinzadeh 
(1987a, 1987b) suggest better approximation models that are closely related to 
Graves (1985). They drop the assumption that the retailers are identical but use 
the same order quantity. The demand process at the warehouse is approximated 
to be a Poisson process which works well for systems with a large number of 
retailers. Svoronos and Zipkin (1988) present a related approximation where 
they assumed demand to be a shifted Poisson process at the warehouse.

Axsäter (1993a) derives the exact and approximate cost functions for the 
inventory levels in a system with identical retailers and compound Poisson 
demand. Axsäter (1993b) presents a similar procedure as Axsäter (1990) but 
with a batch ordering policy under periodic review. Axsäter (1995) provides an 
approximation procedure for non identical retailers under compound Poisson 
demand. Axsäter (1998) is a generalized model of Axsäter (1993) which 
considers two non-identical retailers. Forsberg (1997a) is an extension to handle 
N number of retailers. Forsberg (1997b) is a further extension and generalized
model that uses Erlang distributed customer inter-arrival times at the warehouse. 
Axsäter (2000b) finally presents a model where he provides the complete 
probability distributions for the retailer inventory levels and permits the usage of 
compound Poisson demand. 

Chen and Zheng (1997) consider echelon stock polices and present a model that 
gives the costs for a system with non-identical retailers. The model is exact with 
Poisson demand and an approximation with compound Poisson demand. Axsäter 
(1997) suggests an alternative approach where he evaluates the exact costs for 
the compound Poisson case as well. 

Dada (1992) uses priority inventory pooling to expedite service when the 
warehouse is out of stock. Axsäter et al. (2004) present a model that sets 
different service levels for the retailers and the direct customer demand.
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Paper III presents an approximation procedure to prioritize retailers in a two-
echelon inventory system when there is a shortage of supply at the warehouse. 
Whenever there is a shortage at the warehouse the retailers are prioritized 
according to two groups, high and low priority retailers. The model uses Poisson 
demand and a one-for-one replenishment policy from the warehouse. The 
approximation procedure will in any situation give a more accurate description 
of the performance of the system in comparison with the exact first-come-first 
served calculations where retailers are not prioritized. 



23

5. Summary and Extensions 

This licentiate thesis contains two research papers on the Joint Replenishment 
Problem and one research paper on the One-warehouse N-retailer problem. The 
first two papers consider constant demand and the last paper considers stochastic 
demand. In this thesis, earlier research on the area has been presented and it is 
clear that both problems have extensively been studied throughout the years. 
The reason for this is the practical relevance of both problems. When 
implemented, cost savings can be reached in comparison with more basic 
models. The three papers are related under deterministic demand as pointed out 
by Graves (1979).

Together however they contribute to the general scientific discussion by 
providing new ideas to Inventory Management and Supply Chain Management. 
As discussed in chapter one, there are several trends in logistics and Supply 
Chain Management. The research papers are important for two of these trends; 
reduced number of suppliers and improving customer service. The first two 
research papers will help the coordination of procuring several items from the 
same supplier. An important issue since companies rely on fewer and fewer 
suppliers, see Waters (2003). All three research papers are important for 
obtaining higher service levels at lower costs.

Paper I presents a novel method to solve the Joint Replenishment Problem using 
a spread-sheet technique. The heuristic is well performing and also an argued 
advantage is the relative simplicity of the model in conjunction with a spread-
sheet program. Future extension may be to improve performance by deriving a 
different value for step 1 instead of using a fixed value for any problem.  

Paper II introduces a new idea that may help reduce peak inventory levels and 
arrival quantities in the Joint Replenishment Problem. This can be done without 
using a constraint to a very low cost.  Future work may be to come up with a 
model that is less computational heavy and the development a stochastic model. 
Interesting would also be to develop a model that uses Power-of-Two multiples 
and compare the results with the model presented in the paper. 

Paper III extends the work on the One-warehouse N-retailer problem. The paper 
presents an approximation method to prioritize retailers according to high- and 
low priority retailers. A significant subject since in practical situations all 
customers or markets are often not equally important. Future work could be 
dedicated to improve performance and extend the model to handle more 
numbers of priority groups. 
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Abstract

In this paper, a heuristic method is presented which gives a novel approach to 
solve joint replenishment problems (JRP) with strict cycle policies. The heuristic 
solves the JRP in an iterative procedure and is based on a spreadsheet technique. 
The principle of the recursion procedure is to find a balance between the 
replenishment and inventory holding costs for the different items by adjusting 
the replenishment frequencies. The heuristic is also tested according to an 
extensive test template and shows pleasing results. It also performs well in 
comparison with many other heuristics.  

Keywords:  Inventory; Joint replenishment; Heuristics 

1. Introduction 

The joint replenishment problem (JRP) is a famous real-world problem that 
occurs in different situations. For instance when; 1) Several items are ordered 
from a single supplier; 2) Several products share the same means of 
transportation; 3) One product is packaged after being manufactured in different 
quantities.

The characteristic of the JRP is two types of replenishment costs. One major 
replenishment cost when any of the items are ordered and a minor, individual 
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replenishment cost when a particular item is ordered. In addition, there is also an 
individual inventory holding cost involved as well. The structure of an optimal 
strategy can be very complex, even for systems with only a few products. For all 
items, stock-outs are not allowed and demand is known and constant. 

Different strategies are proposed for the JRP according to direct grouping 
strategies (DGS) and indirect grouping strategies (IGS). In the first strategy 
(DGS), items are divided into different groups where all items in each group are 
jointly replenished. Each group has its own cycle time. With the latter strategy 
(IGS), joint replenishment opportunities are scheduled at constant intervals of 
time and the quantity ordered of each item is sufficient to last for an integer 
multiple of the basic interval. A replenishment opportunity does not have to be 
used. We will in this paper focus on strict cycle policies, which means that we 
assume that at least one item is ordered at every replenishment opportunity. In 
most of the cases, the optimal solutions are the same using either cycle policies 
or strict cycle policies. 

The work on methods to solve the Joint Replenishment Problem throughout the 
years has been extensive. On optimal deterministic models, readers are referred 
to the publications of Fung and Ma (2001), Goyal (1974, 1988a), Van Eijs 
(1993), Viswanathan (1996, 2002). Wildeman et al.  (1997). There exists also 
several heuristic methods of interest, some complemented with technical notes. 
See among other publications: Brown (1967), Goyal (1973, 1985, 1988b), Goyal 
and Belton (1979), Goyal and Deshmukh (1993), Hariga (1994a,b), Kaspi and 
Rosenblatt (1983, 1985, 1991), Nocturne (1973), Olsen (2005) and Silver 
(1976).

The common feature of most heuristics presented in literature is the iterative 
way for obtaining a solution. Given a time interval for the joint replenishments, 
optimal order frequencies are determined. Given these order frequencies a new 
time interval is determined. These steps are repeated until the solution 
converges. In this paper we will propose a new method where we balance the 
replenishment- and inventory holding costs for the different items in an iterative 
procedure.

The paper has the following outline; Firstly general notation is described and 
two necessary formulas for the heuristics are derived. Then, the principle of the 
model and the recursion procedure are described. We start by presenting a 
schematic recursion procedure described in words, followed by a detailed 
recursion procedure and ending by giving an illustrated numerical example. The 
heuristic is then tested according to an extensive test template and the results are 
compared with earlier heuristics in terms of closeness to optimality, average and 
maximum error. Finally, we present some conclusions.



3

2. Notation and important equations for our heuristic method

id  Demand rate in units per unit time for item i
A  Major replenishment cost for the family of items 

ia  Minor replenishment cost for item i
ih  Inventory holding cost per unit and time unit for item i

N Number of items in the family 
T Time interval in units within which at least one item has to be 

replenished
im The integer number of T intervals that the replenishment 

quantity of item i will last.
),.,( 1 Nmmm  Vector containing m-values for all items

)(mC  Minimal total cost function given m
)(m

i
Q  Quotient between replenishment cost and holding cost for item i

given m
K  Subset of {1, 2, …, N} containing K items where 1, 2,...,K N

The total cost function expressed per time unit is the following: 

N

i

iii

i

i hdTm
Tm
a

T
ATC )

2
();( m  (1) 

The optimal time interval, *T , that minimizes Eq. (1) with a given set of 
1 2, ,..., Nm m m  is easily found by derivation. 

N

i
iii

N

i i

i hdm
m
aAT )(2)(* m  (2) 

Substituting back optimal *T  into Eq. (1) gives the total cost function, which 
depends only on the set of m-values. This is the first of only two formulas 
needed for the heuristics. 

N

i
iii

N

i i

i hdm
m
aAC )2)(m  (3) 
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The replenishment cost and inventory holding cost for item i.

i

ia
i Tm

a
C  (4)                      

      

2
iiih

i
hdTm

C  (5) 

Dividing Eq. (4) with Eq. (5) gives the quotient or the ratio between the two 
costs for item i.

iii

i
i hdmT

aQ 22
2  (6) 

Substituting back of the optimal *T (Eq. 2.) into Eq. 6 gives the quotient formula 
for item i depending only on the set of m-values. This is the second formula 
needed for the heuristic. 

iii

i
N

i i

i
N

i
iiii hdm

a
m
a

AhdmQ 2)()(m  (7) 

3. Principle of the model and recursion procedure 

Segerstedt (1999) presents a heuristic method to solve an Economic Lot 
Scheduling Problem (ELSP). The ELSP problem occurs when several products 
are processed in a capacity constrained facility, where only one product can be 
processed at the same time. This heuristic has been modified and reworked to 
better suit the JRP-problem, but still has the same basic principle to balance the 
replenishment cost and the holding cost for each individual item. In the original 
heuristic the frequencies are changed individually and local optimal solutions 
are found by recalculating the cycle-time. 

When using the traditional Economic Order Quantity (EOQ) for an individual 
item, the quotient or the ratio between the replenishment cost and the inventory 
holding cost without any safety stock is equal to one. The further away the 
quotient is from one, the higher the cost. Also, for any value of the quotient, the 
inverted value (1 / quotient) presents the same total cost. It is simply a matter of 
keeping a balance between the replenishment and inventory holding cost.  

Returning to the JRP-problem, the same applies; the closer the individual 
quotients are to one, the better the solution. It is possible to solve joint 
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replenishment problems by adjusting the quotients to come closer to one. This 
will be done in a two-step heuristic, where the starting solution is when all items 
are replenished every time interval (all m-values are set to one). During both 
steps we simply look at the quotients and track how the total cost changes as the 
replenishment frequencies (m-values) are updated.

Schematic recursion procedure 

Step 0. Set all m-values to 1 and compute the total cost (Eq. 3) for the initial 
solution.

Step 1. Compute quotients (Eq. 7) and increase the m-value(s) by one for all 
items with quotients higher than 1.4. Calculate the total cost. Repeat that until all 
quotients are below 1.4 or the total cost starts to increase. If all quotients are 
below 1.4 go to step 2 or if the total cost increases, step back one step to the best 
solution and then go to step 2. 

Step 2. Calculate quotients and rank them according to how far away they are 
from one. Then individually increase/decrease the m-value of the item with the 
highest ranking (furthest away from one). Calculate the total cost. Repeat all that 
until the total cost starts to increase, then go back one step to the best solution 
and try to adjust the m-value of the item having the second highest ranking. 
Repeat this step until no more items exist to examine, then go to step 3. Note, 
that all m-values most be 1. If an item has the highest ranking, a quotient 
below one and 1m  it must be skipped. 

Step 3. Final solution. 

Since there are several local optimal solutions from the start solution to the final 
solution it is necessary in this heuristic to both change the frequencies together 
and individually. That is why the heuristic is divided into two steps. 

Our objective with the research has been to come up with a simple method to 
solve joint replenishment problems. To make the method as simple as possible 
we intended to find a general value, a well-functioning compromise for step 1 
that will work well in any situation. We have tested different values and found 
the value 1.4 to be the best compromise, see section 4.  
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Detailed recursion procedure 

Step 0 
Set imi 1

NK
Compute )(0 mCC
Go to Step 1 

Step 1 
Compute iQi )(m

i with 4.1)(miQ then 1´
ii mm

If 0´)( CC m then ´)(0 mCC , ´mm and repeat step 1 
    Else go to step 2 

Step 2 
ii

i
QQk

K

/1,maxarg

If 1kQ and 1km  then kKK , 1KK  and ii
i

QQk
K

/1,maxarg

´mm ; If 1kQ  then 1´
kk mm  else 1´

kk mm

If 0´)( CC m  then ´)(0 mCC , ´mm , NK  and Compute iQi )(m
     Else kKK  and 1KK
If K > 0 then repeat step 2 
     Else go to Step 3 

Step 3 
0C  is the best solution. 

Numerical illustration 

Consider the following example with seven items, summarized in Table 1. 

Table 1. Initial data. 

Items  A B C D E F  G  

Demand rate di 2500 300 700 225 650 150 100 
Minor replenishment cost ai 20,00 4,50 15,00 22,00 15,00 14,00 9,50 

Inventory holding cost hi 3,00 2,50 2,00 5,00 1,00 2,00 1,50 

Major replenishment cost 30   
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In table 2 a printout from a simple spreadsheet model is given. The starting 
solution (Step 0) when all items are replenished every replenishment cycle. By 
checking the quotients we see that items D, E, F and G all have a quotient higher 
than 1.4. We therefore increase their m-values by one. 

Table 2. Start solution. 

      A B C D E  F  G 
C Run-out time in T mi 1 1 1 1 1 1 1

1757.13 Quotient (ratio) Qi 0.24 0.55 0.98 1.79 2.11 4.26 5.79
Ranking of quotients 3 5 7 6 4 2 1

After increasing the m-values for item D, E, F and G the total cost has dropped. 
Now, items. C, F and G have quotients above 1.4. We continue to increase their 
m-values.

Table 3. Second iteration. 

      A B C D E  F  G 
C Run-out time in T mi 1 1 1 2 2 2 2

1677.19 Quotient (ratio) Qi 0.38 0.85 1.51 0.69 0.82 1.65 2.24
Ranking of quotients   1 7 4 5 6 3 2

The increased m-value of items C, F and G did not result in a better solution and 
we need to step back to the former solution, the best solution so far.

Table 4. Third iteration. 

      A B C D E  F  G 
C Run-out time in T mi 1 1 2 2 2 3 3

1678.64 Quotient (ratio) Qi 0.48 1.08 0.48 0.88 1.04 0.94 1.27
Ranking of quotients   1 5 2 4 7 6 3

Once again having this solution, we go to step 2 of the recursion procedure and 
look how far away the quotients are from one. In this case item A has the 
quotient that is furthest away from one. However, since the m-value of item A
cannot be decreased ( 0im ), we look at the second highest quotient, which 
belongs to item G. We increase the m-value for G.
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Table 5. Back to best solution so far. 

      A B C D E  F  G 
C Run-out time in T mi 1 1 1 2 2 2 2

1677.19 Quotient (ratio) Qi 0.38 0.85 1.51 0.69 0.82 1.65 2.24
Ranking of quotients   1 7 4 5 6 3 2

Since the total cost continued to decrease we continue the procedure of step 2. 
Again, item A is not valid, but item F is.

Table 6. Fourth iteration. 

      A B C D E  F  G 
C Run-out time in T mi 1 1 1 2 2 2 3

1672.65 Quotient (ratio) Qi 0.39 0.87 1.56 0.71 0.84 1.69 1.02
Ranking of quotients   1 6 3 4 5 2 7

After increasing the m-value of item F the total cost drops.  If we continue to 
change the m-value of item C the total cost will start to increase. To guarantee 
the best solution of the heuristic we need to try to increase the m-value for the 
item with the second, third, forth etc. highest quotient. Finally we stop when we 
have tried all items. In this case that will not give us any better solution. Hence, 
the solution in table 7 is the best solution our procedure can find, and also in this 
case the optimal solution of the problem (Can be verified using for instance 
Goyal (1988a)). 

Table 7.Final solution. 

      A B C D E  F  G 
C Run-out time in T mi 1 1 1 2 2 3 3

1669.96 Quotient (ratio) Qi 0.40 0.91 1.63 0.74 0.88 0.79 1.07
Ranking of quotients   1 6 2 3 5 4 7

4. Test of the model 

The testing of the new heuristic has two purposes. 1) To evaluate the 
performance of the heuristic 2) To find the general value for step 1. 
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Kaspi and Rosenblatt (1991), Goyal and Deshmukh (1993) and also partly 
Hariga (1994b) all use an extensive test template to test their heuristics. Using 
the same test template gives the results presented in table 8 and the value 1.4 for 
step 1. 

Table 8. Test results of 48 000 simulated test problems. 

n A U1 U2 OPT 
5 5 991 955 1000  

 10 997 981 1000  
 15 1000 992 1000  
 20 1000 989 1000  

10 5 957 889 1000  
 10 976 933 1000  
 15 992 951 1000  
 20 993 961 1000  

15 5 921 821 1000  
 10 949 902 1000  
 15 981 922 1000  
 20 986 940 1000  

20 5 905 818 1000  
 10 945 880 1000  
 15 964 919 1000  
 20 970 927 1000  

25 5 889 800 1000  
 10 940 863 1000  
 15 945 904 1000  
 20 960 892 1000  

30 5 863 761 1000  
 10 925 857 1000  
 15 946 877 1000  
 20 947 895 1000  

          Optimal solutions: 44571(92.9%)   
          Average error: 0.008967 %   
          Maximum error: 1.49 %   

U1: D = U (100, 100 000), a = U (0.5, 5.0) and h = U (0.2, 3.0)  
U2: D = U (100, 100 000), a = U (5.0, 17.5)) and h = U (0.2, 1.2)  

In table 8, the U1 and U2 columns represent two different types of randomized 
values according to a uniform distribution. At both columns the numbers of 
optimal solutions are given that were reached with the heuristics. 

Kaspi and Rosenblatt (1991) test several heuristics. Our heuristic outperforms 
older heuristics such as Goyal (1973), Silver (1976), Goyal and Belton (1979), 
Goyal (1988b) and Kaspi and Rosenblatt (1983) in all three aspects (optimality, 
average and maximum error). In comparison with more recent ones, Kaspi and 
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Rosenblatt (1991) with the modification by Goyal and Deshmukh (1993) our 
heuristic performs both better and worse. Comparing with Hariga (1994b) is not 
possible since he conducts his testing differently.

According to the test data made by Goyal and Deshmukh (1993), out of 48 000 
test examples the modified RAND procedure produces 81.7 % optimal 
solutions, an average error of 0.00184 % and a maximum error of 0.381. As can 
be seen, our heuristic produces far more optimal solutions, but gives a slightly 
higher average and maximum error. 

In general our method, as most methods works better when the major 
replenishment cost is relatively high. The most difficult problems to handle are 
when the major replenishment cost is lower than the minor replenishment costs. 

As for the testing of which value of the quotients that gives the best 
performance, we have tested different values between one and two. If we look at 
formula (7) we can see that the largest possible decrease of a quotient, when the 
m-value is increased by one will be less than ¾ of the original value. This will 
happen when an m-value is increased from one to two. This means that if a 
quotient is two or higher an increase in the m-value will always give a lower 
total cost. Low values are not of interest since too many quotients will be put too 
low.

The results of all 48 000 simulated problems for different values is presented in 
table 9. 

Table 9. Test results of different values for step 1. 

Value of quotients Opt. solutions Avr. error (%) Max. error (%) 
    

1.0 43430 0.019207 2.46 
1.1 43801 0.014879 2.46 
1.2 44079 0.012286 1.60 
1.3 44319 0.010455 1.72 
1.4 44571 0.008967 1.49 
1.5 44628 0.009864 2.01 
1.6 44465 0.012653 3.23 
1.7 44032 0.017468 5.24 
1.8 43331 0.024049 5.24 
1.9 42361 0.031075 5.24 
2.0 42165 0.032089 5.24 
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When the major replenishment cost is low in comparison with the minor 
replenishment costs a lower value works better and vice versa. As seen from the 
results the value 1.5 gives most optimal solutions, but 1.4 gives a better average 
error and maximum error. Since the difference in optimal solutions between the 
two values is very small and the fact that the average- and maximum error are 
better we choose 1.4. (Note, that using exactly 2 does not improve the results, 
only marginally worsen).  It is clear that 1.4 it is not a critical value. Using close 
lying values would also work as well and only marginally change the results for 
the worse.  

5. Conclusions 

In this paper we present a new heuristic to solve the Joint Replenishment 
Problem. It offers a different approach where we are not trying to determine the 
most favorable cycle times and order quantities instantly for all items in a 
recursion procedure as most earlier methods do.  

Production planners, purchasers etc. in industry many times require access to 
Enterprise Resource Planning (ERP) software to deal with complex problems. 
As for the Joint Replenishment Problem, the only “simple” method that has been 
presented is Silver (1976). This is also a well-known method, which can be 
found in many books, possibly because of its simplicity. Unfortunately, the 
method performs in general worse than many newer methods, and could result 
in a high cost penalty (c.f. test data by Kaspi and Rosenblatt (1991)). The 
simplicity of different models, in terms of understanding and usage, is very 
difficult to measure. We still, however, argue that this new method is quite easy 
to understand and use. Since the model is based on a spreadsheet technique it is 
very suitable to use in spreadsheet programs on a routine basis. All this could be 
valuable for, primarily small- and medium size companies that don’t have access 
to an ERP-software that can handle the JRP nor much knowledge of the 
problem. The usage in practical situations for a deterministic model is, however, 
limited since demand is stochastic in most situations.   

From the extensive testing it is clear that our method performs well and 
outperforms older models. In comparison with the newer RAND procedure, our 
new heuristic produces more optimal solutions, but gives a higher average- and 
maximum error. A small drawback is perhaps the maximum error, which ranged 
up to 1.49 %. One should, however, bear in mind that this was out of a very 
large test sample. The performance is still very good and it should hardly make a 
difference during practical use. Finally, the new heuristic solves joint 
replenishment problems in a novel way, and we believe that future modifications 
may increase the performance. 
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the Joint Replenishment Problem
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Sweden

Abstract

This paper presents a method that may help reduce peak inventory levels and 
arrival quantities in the deterministic Joint Replenishment Problem (JRP). 
Instead of including a constraint to how much can be ordered at the same time a 
simple method is proposed. The replenishments are re-scheduled during the 
cycle periods and if necessary individual replenishments are delayed a single 
time period. The method is tested with several test problems and incurs either 
zero or a very small cost penalty from the optimal solution of the original Joint 
Replenishment Problem.  

Keywords:  Inventory; Joint replenishment; Scheduling 

1. Introduction 

The Joint Replenishment Problem (JRP) is a famous real-world problem that has 
been studied extensively throughout the years. The main characteristic of the 
JRP is two types of replenishment costs, one major and several individual minor 
replenishment costs. The major replenishment cost occur when any item is 
ordered and the minor individual replenishments costs when a particular item is 
ordered. The deterministic model does not allow stock-outs and all demand is 
known and constant. 

Different strategies are proposed for the JRP according to direct grouping 
strategies (DGS) and indirect grouping strategies (IGS). In the first strategy 
(DGS), items are divided into different groups where all items in each group are 
jointly replenished. Each group has its own cycle time. With the latter strategy 
(IGS), joint replenishment opportunities are scheduled at constant intervals of 
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time and the quantity ordered of each item is sufficient to last for an integer 
multiple of the basic interval. A replenishment opportunity does not have to be 
used, meaning that there may be empty replenishments. 

There exist a few methods to find the optimal solution of the original problem 
using indirect grouping strategies. First to present an optimal procedure with 
strict cycle policies is Goyal (1974a). The method however did not guarantee the 
optimal solution and is revised by Goyal (1988a). Later methods have been 
proposed that guarantee the optimal solution with cycle policies; see the work of 
van Eijs (1993), Viswanathan (1996) and Wildeman et al. (1997). Also of 
interest may be Viswanathan (2002) for information on computational efforts of 
different optimal strategies.  

There are several heuristic methods as well. See for instance, Brown (1967), 
Goyal (1973), Silver (1976), Goyal and Belton (1979), Kaspi and Rosenblatt 
(1983), Goyal (1988b), Kaspi and Rosenblatt (1991), Goyal and Deshmukt 
(1993) and Nilsson et al (2006). 

Even though practical situations often involve constraints, only a few 
researchers have conducted research on the Joint Replenishment Problem with 
constraints. As for the JRP with IGS that involves constraints, see Goyal (1975) 
who adds a constraint to the problem of how much that can be tied up in stock. 
Porras and Dekker (2005) provide an optimal solution method that handles joint 
replenishment problems with minimum order quantities. Hoque (2005) presents 
an optimal solution method with constraints regarding storage, transport and 
budget.

The Joint Replenishment Problem occurs, in among other situations, when 
several items are supplied by a single supplier and procured by a single buyer. 
See Goyal (1974b) for a definition of the problem. When using coordination 
according to the Joint Replenishment Problem, the warehouse or inventory at the 
buyer will in certain situations receive large amounts of goods at the same time. 
This will especially occur whenever the replenishment costs are relatively high 
and/or the inventory holding costs are low. Even if a warehouse does not have a 
strained storage capacity, reducing peak inventory levels can free up space to 
make classification of goods more efficient, which reduces travels distances for 
the trucks. Also, large shipments take up a lot of manpower at the same time to 
unload, control, transport and storage of goods in the warehouse which can 
make work force planning difficult for certain work days. 

One possibility to reduce inventory levels and large arrivals of goods is to 
include a constraint and reduce the order quantities by decreasing the time 
interval between the replenishments. Another possibility is to include a 
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restriction on the size of the frequencies. However, the cost penalty may be large 
for such a solution if the set of frequencies differ much from the optimal set of 
the non-constrained problem.  

The object of this paper is to demonstrate that, based on the optimal solution of 
the original problem; a simple procedure can reduce the peak levels in the 
inventory and arrival quantities for many joint replenishment problems. The 
method will result in either zero or only a very small cost penalty.

The paper has the following outline. Firstly general notation is explained. The 
method is explained by combining the derivation of necessary formulas, a 
description in words and giving several illustrated numerical examples. It is also 
summarized in the end of the chapter. Then, the method is tested to determine 
the extent of the deviations from the optimal solution of original problem. 
Finally, some conclusions are presented.

2. Notation and model 

id  Demand rate in units per unit time for item i
A  Major replenishment cost for the family of items 

ia  Minor replenishment cost for item i
ih  Inventory holding cost per unit and time unit for item i

N Number of items in the family 
T Base time period, where either zero, one or several items will be 

replenished.
CL Cycle lengths in T-periods 

im The integer number of T intervals that the replenishment 
quantity of item i will last.

),.,( 1 Nmmm  Vector containing m-values for all items
);( TTRC m  Total cost function given T and m

W Maximum number of replenishments that occur during any T-
period during the cycle time.

R Total Number of replenishments during the cycle lenght. 

The definition and calculation of the cycle lengths in T-periods before the 
pattern repeats is not described in literature, at least to the best of knowledge. It 
is however a very simple procedure. Since every item is replenished an integer 
number of the base period there will also be an integer number of the base 
period when the whole pattern repeats itself, the cycle length CL.
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Step 1. Calculation of CL and Wmin

Given a final solution for a JRP-problem, a method of determining CL is the 
following:

Arrange the items after ascending re-order intervals according to: 

ii

i

hd
a

       

Start dividing the m-value for the N:th item with all other m-values that are equal 
or smaller. If the product of the division is an integer value, then cross the m-
value in the denominator. When the m-value of the N:th item has been divided 
with all other m-values continue with the N-1:th item and only divide the smaller 
or equal m-values that still have not been crossed. Continue until there exist no 
more items are left to divide.  

To illustrate this consider the following seven item example which already have 
been sorted in ascending re-order intervals.

)7,6,5,4,3,2,1(m

If we start by dividing 7 with 6, 5, 4, 3, 2 and 1, we will cross only the last 
number since this is the only division that gives an integer number, namely 7. 
Thus we are left with: 

)7,6,5,4,3,2(

If we continue dividing 6 with 5, 4, 3, 2 we will cross item 3 and 2. We have 
left:

)7,6,5,4(

Continuing and making the last division, 5 with 4, does not give an integer 
number and we therefore will not cross it.   

)7,6,5,4(

Finally, all remaining are multiplied to find the CL.

7654840
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The cycle length in this case is 840 T periods, meaning that it will take a total 
number of 840 periods before the cycle repeats it self. 

When we know the cycle length we can calculate the lowest possible maximum 
number of replenishments Wmin that have to occur during any T-period. Wmin
must be an integer value that satisfies the following:

minmin )1( WCL
m
CLWCL

N

i
i

 (1) 

Step 2. Re-scheduling the replenishments 

If Wmin < N the first approach is to re-schedule the replenishments by shifting all 
replenishments during the cycle for one or several items. Every item having a m-
value above one may be re-scheduled one or several T periods later. By doing 
this we may decrease the number of replenishments during the T-periods. All 
this is perhaps best explained by illustrating another numerical example, having 
the following set of m-values.

3,24),6,4,3,2,1( minWCLm

In the start solution the replenishments would occur according to the schedule in 
table 1. 
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 Table 1. Start solution for replenishment schedule. 

T-period Replenishments item 1-5 Nr repl. Per 
  1 2 3 4 5 T-period

1 X x x x x 5
2 x      1
3 x x     2
4 x  x    2
5 x x  x   2
6 x      2
7 x x x  x 4
8 x      1
9 x x  x   2

10 x  x    2
11 x x     3
12 x      1
13 x x x x x 4
14 x      1
15 x x     2
16 x  x    3
17 x x  x   2
18 x      1
19 x x x  x 4
20 x      1
21 x x  x   3
22 x  x    2
23 x x     2
24 x         1

Since Wmin = 3 we will exceed this five times; First time in T-period 1 where we 
reach the maximum number of replenishments when we replenish all items at 
the same time. Then, we will exceed Wmin another four times, in period 7, 13, 19 
and 25 when we replenish four items at the same time.  

In table 2 item two and item three have been re-scheduled one period to the 
future. By doing this we have decreased the maximum number of 
replenishments during the same T-period from five to three. For any rolling 
cycle, this will not result in any cost penalty.
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 Table 2. Final solution for replenishment schedule. 

T-period Replenishments item 1-5 Nr repl. Per 
  1 2 3 4 5 T-period

1 x   x x 3
2 x x x    3
3 x      1
4 x x     2
5 x  x x   3
6 x x     2
7 x    x 2
8 x x x    3
9 x   x   2

10 x x     2
11 x  x    2
12 x x     2
13 x   x x 3
14 x x x    3
15 x      1
16 x x     2
17 x  x x   3
18 x x     2
19 x    x 2
20 x x x    3
21 x   x   2
22 x x     2
23 x  x    2
24 x x       2

To find Wmin by re-scheduling the replenishments may require a high load of 
computational effort for large problem. Since we do not know if it is possible to 
solve the problem by re-scheduling we have to try all the combinations in order 
to find Wmin, meaning that the total number of combinations will be: 

i

N

i
m

1

Fortunately most large JRP problems have optimal solutions with several m-
values equal to one or many m-values equal to each other. However, for certain 
problems containing a high number of items with several prime numbers the 
model will be to time consuming to apply. See test of model in section 4. 
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Step 3. Delaying one or more replenishments.

If Wmin was not found during step 2 after trying all combinations of re-
scheduling, we can solve the problem by increasing some replenishments and 
decreasing others. This will only inquire a small cost penalty. We simply delay a 
replenishment one period later by increasing the former replenishment to last 
one T-period longer. Since we have delayed the replenishment one T-period we 
need to decrease the next replenishment to last for one T-period shorter. There 
may be several solutions giving the lowest W from step 2. To make the method 
faster we will only choose the solution that was first obtained. 

The total cost function for the JRP is: 

N

i

iii
N

i i

i mhdT
m
aA

T
TRC

11
)

2
()(1

 (2)                      

      
The cost penalty to delay one replenishment for the first item j where 1im :

TCL
mhdmhdT

m
a

m
aA

T

TCL
mhdmhdT

m
a

m
aA

T

TCL
mhdmhdT

m
a

m
aA

T
TRC

N

jii

jjjiii

j

j
N

jii i

i

N

jii

jjjiii

j

j
N

jii i

i

N

jii

jjjiii

j

j
N

jii i

i
j

,1,1

,1,1

,1,1

)
22

()(12

)
2

)1(
2

()
)1(

(1

)
2

)1(
2

()
)1(

(1

 (3)

Simplifying the above we get the following expression for the cost penalty 
incurred to delay one replenishment one T-period for item j.

j

j

j

j

j

j
j m

a
m

a
m

a
TCL

TRC
2

)1()1(
1

2

 (4) 

All items having a replenishment in a period where W > Wmin and mi > 1 can be 
considered. Item p is defined as the item with the highest m-value among all 
items in a time period where W > Wmin and k as the item that gives the lowest 
cost penalty.

),.....,,( 1 pjjj TRCTRCTRCArgMink  (5) 
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Once again we illustrate this procedure with yet another numerical example. 
Consider the following example: 

3,30),6,5,3,2,1( minWCLm

After conducting the step 2 we obtain the replenishment schedule in table 3. 

 Table 3. Replenishment schedule step 2. 

T-period Replenishments item 1-5
Nr repl. 

per
  1 2 3 4 5 T-period

1 x x x x   4
2 x    x 2
3 x x     2
4 x  x    2
5 x x     2
6 x   x   2
7 x x x    3
8 x    x 2
9 x x     2

10 x  x    2
11 x x  x   3
12 x      1
13 x x x    3
14 x    x 2
15 x x     2
16 x  x x   3
17 x x     2
18 x      1
19 x x x    3
20 x    x 2
21 x x  x   3
22 x  x    2
23 x x     2
24 x      1
25 x x x    3
26 x   x x 3
27 x x     2
28 x  x    2
29 x x     2
30 x         1

As seen in table 3 we have four replenishments in T-period one. If we delay the 
replenishment for item four to T-period two we will find Wmin. This means that 
the delayed replenishment in T-period two will be smaller in size to last for       
m4 -1 = 3 periods and the replenishment in T-period 26 will last for m4 +1 = 5
periods.



10

Summary of procedure 

Step 0: 

Find the best set of m-values with any appropriate method

Step 1: 

Re-order the item after ascending iii hda
Determine CL and Wmin
If Wmin =N go to step 4 

Step 2: 

Try to find Wmin by re-scheduling the replenishments  
If W  Wmin then go to Step 4 
Keep track of first schedule giving the lowest findable W

Step 3: 

Find Wmin by delaying replenishments in time periods where W > Wmin
Calculate cost penalty 

Step 4: 

End solution 
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4. Test of method 

The testing of method has two purposes. To see how many randomized 
problems the method can be apply on and the extent of the cost penalty incurred 
when using the method.  

The problems have been randomized using a uniform distribution with large 
intervals of each variable to ensure a variety of different problems. The uniform 
distributions values used are the following: 

)100,10(UA

)000100,100(UDi

)50,1(Uai

)0.5,1.0(Uhi

Since step 2 may require large processing times for a few problems the testing 
has been limited to a maximum of 15 items. There are three test groups with 5 
items, 10 items and 15 items. Each test group contains 5 000 simulated 
problems, giving a total of 15 000 problems. Calculation of optimal solutions 
was conducted with the method presented by Van Eijs (1993). The test results is 
presented in table 4. 
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Table 4. Test data. 

5 items W=3 W=4 W=5         
        

A 507 1721 2772     
B 507 2228 5000     
C 10.14 44.56 100.00     
D 172 1510    -      
E 33.93 67.77    -      
F 0.125 0.027    -      
G 3.035 0.484    -      
        

10 items W=6 W=7 W=8 W=9 W=10     
        

A 905 1110 1506 1115 364   
B 905 2015 3521 4634 5000   
C 18.1 40.3 70.42 92.68 100   
D 419 1192 2738 4347    -    
E 46.30 59.16 77.76 93.81    -    
F 0.182 0.076 0.013 0.002    -    
G 5.736 4.514 0.531 0.180    -    
        

15 items W=9 W=10 W=11 W=12 W=13 W=14 W=15 
        

A 1186 851 1091 1102 607 147 16
B 1186 2037 3128 4230 4837 4984 5000
C 23.72 40.74 62.56 84.6 96.74 99.68 100
D 637 1288 2330 3542 4552 4955    -  
E 53.71 63.23 74.49 83.74 94.11 99.42    -  
F 0.114241 0.074207 0.039485 0.013395 0.00153 6.82E-05    -  
G 5.910 5.000 3.810 1.950 0.320 0.070    -  
                
        

A - Nr. with Wmin (total 5000)      
B - Nr. that allows W       
C - (%) that allows W       
D - Nr. with zero penalty cost, out of B     
E - (%) of [2] having zero penalty cost     
F - Average error (%), out of B      
G - Max error (%), out of B      

                

Some remarks to the test data: 

The method could be applied on a large amount of the test problems. It 
was possible to reduce inventory levels and arrival quantities for 44.6 % 
of the problems with 5 items and well over 90 % of the problems with 10 
and 15 items. One drawback for the five item case, is that it was only 
applicable on about 10 % of the problems with the lowest W tested. 
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A large proportion of the problems did not result in any cost problem. 
More over, the average errors for all values of W were very low. 

The maximum error (5.9%) can be regarded as a bit high; this was 
however out of a very large test sample.   

5. Conclusions 

In this paper a different approach is presented that may for many joint 
replenishment problems reduce peak inventory levels and arrival quantities. As 
discussed in section one there can many times be a practical relevance for 
smooth inventory levels and goods arrivals. 

On average it will only incur a very small cost penalty. As noted in section four 
the method can be used on most problems with ten or more items and slightly 
less than half of the problems with five items. Since the method is a based on 
solutions for the original joint replenishment problem it can not be applied on all 
problems. This especially concerns problems with a high ratio between the 
major and minor replenishment costs. In such situations many or all items are 
ordered at the same, thus there is no room for re-scheduling and delaying of 
replenishments.

Since the computational effort can be high on problems with many items, future 
notes on reducing that may be of interesting for coming research. Further more, 
the development of a Power-of-Two model and a stochastic model would be 
interesting. Future research could also be to include constraints with respect to 
weight, volume, inventory levels, arrival quantities, work planning etc. 
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Abstract

In this paper we deal with the problem of prioritizing retailers in a two-echelon 
inventory system when there is a shortage of supply at the warehouse. The 
model is an approximation of the inventory holding and shortage cost at the 
retailers. Whenever there is a shortage at the warehouse the retailers are 
prioritized according to two groups, high and low priority retailers. The retailers 
face Poisson demand and use a one-for-one replenishment policy from the 
warehouse. The performance of the warehouse is not affected by the priority 
rules. Our approximation model is tested extensively with different service 
levels and the results are also compared to the exact calculations where the 
retailers are served on a first-come-first served basis. The test results show that 
the approximation procedure will in any situation give a more accurate value of 
the performance than using the first-come-first calculations when retailers are 
not prioritized. 

Keywords: Inventory, Multi-echelon, stochastic 

1. Introduction 

We consider a continuous review two-echelon inventory system, consisting of a 
central warehouse and N number of different retailers. Customer demand takes 
place at the retailers which replenish their goods from the central warehouse, 
according to a one-for-one replenishment policy. This means that every time a 
demand occurs at a retailer, a new item is immediately ordered directly from the 
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warehouse. Each retailer faces an individual Poison demand and all lead times 
are constant and known. All demands that can not be fulfilled are backlogged 
and served when new items arrive. Typical so called (s-1, S) systems consist of 
items with a high value, low demand and a relatively small replenishment cost, 
for instance recoverable items. See figure 1 for a description of the problem. 

For a review on early research on two-echelon inventory models, see Axsäter 
(1993). For later research on (s-1, S) systems see Forsberg (1995) who presents 
the exact calculations of the inventory and shortage levels at the warehouse and 
retailers with compound Poison demand. For general batch ordering policies in 
continuous review systems see Axsäter (1993, 1995, 1997, 1998, 2000), 
Forsberg (1997a, 1997b) and Chen and Zheng (1997).

There exist a lot of research papers dealing with several demand classes in 
single-echelon inventory systems. Few authors have however dealt with the two-
echelon case and almost all the research concerns periodic review systems. See 
Diks, De Kok and Lagodimos (1996) for a review on deciding different service 
levels for different retailers in periodic review systems. On continuous review 
systems see; Dada (1992) who use priority inventory pooling to expedite service 
when the warehouse is out of stock. Axsäter et al (2004) presents a model that 
sets different service levels for the retailers and the direct customer demand.

 Figure 1. Two-echelon inventory model. 

Warehouse

Retailers

21 N

L0

L1 L2 LN
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Whenever a demand takes place at a retailer a new unit is at the same time 
ordered from the warehouse.  As soon as the warehouse receives the order from 
the retailer a new unit is immediately ordered from a supplier (e.g. factory). The 
supplier will never experience any shortage of supply. All lead times from the 
supplier to the warehouse and from the warehouse to the retailers are constant 
and known.

If an order is placed at the warehouse when its storage level is zero, the delivery 
is delayed and the unit is backlogged. Once the unit is available again at the 
warehouse, the unit is immediately shipped away. In such a situation the unit is 
already assigned to the retailer where the demand has taken place. In previous 
work, retailers are served on a first-come-first-served basis. It is however in our 
point of view not always realistic in practice to assume that all retailers are 
homogenous. In this paper we will instead assume that the warehouse prioritizes 
the retailers. When two or more items are backlogged from at least two different 
retailers from different priority groups, the warehouse will prioritize the 
retailer(s) with high priority. All retailers within the same priority group will be 
served according to a first-come-first served policy. E.g. Three units from three 
different retailers are backlogged in order: low priority retailer (X), high priority 
retailer (Y) and last, high priority retailer (Z). When new units arrive at the 
warehouse; Y will be served first, Z second and X last.

The paper has the following outline. Firstly general notation is described. Then 
all necessary formulas are derived for the approximation model. Since we deal 
with an approximation we then perform an extensive testing of the model, where 
we randomly create several test problems with different service levels. The test 
procedure is explained and results are presented based on the deviation from the 
simulation results according to average, maximum and minimum error. Further 
more, the results are also compared to the calculations of the first-come-first 
served scenario. Finally, we present some conclusions. 

2. General notation and equations 

For the derivation we like to introduce the following notation: 

N  Number of different retailers.
i  Customer arrival frequency at retailer i.

N

i
1

0  Customer arrival frequency at the warehouse. 

H  Customer arrival frequency at the warehouse for all high priority 
retailers.
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L  Customer arrival frequency at the warehouse for all low priority 
retailers.

iL  Deterministic lead time of retailer i.
0L  Deterministic lead time of the warehouse. 
iS  Inventory position at retailer i.
0S  Inventory position at the warehouse. 

tiS
i    Conditional expectancy cost per unit for retailer i given the 

   delivery delay t at the warehouse.
0

0
Sg   Density function at the warehouse of the Erlang distribution 00 , S

for the time between the order is placed and the arrival of the 
ordered unit. 

000 ,0 LGS  Corresponding cumulative distribution function at the warehouse.

Axsäter (1990) has shown that the expected retailer inventory carrying and 
shortage cost incurred to fill a unit of demand at retailer i, when the retailers are 
served according to a first-come-first-served policy can be calculated as:

0,1, 000
0

0000
0

0
0 iii S

i
S

L
S
i

SS
i LGdtttLgS  (1)

The second part of formula (2) gives the cost when the warehouse can deliver 
from stock. Thus, the probability that the warehouse will have a shortage of 
supply:

1

1

0000
000

0
00

0

000
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1
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,

S

j

j
L

Sj

j
LS

j
L

e
j

L
eLG  (2) 

The first part of formula (1) gives the cost when the warehouse suffer from 
stock-out and can not deliver.
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It possible to calculate 00 ,SiS
i  by using a recursive formula, see appendix.  

By using Little’s formula we can calculate the expected delay at the warehouse, 
BEWE . This gives the expected waiting time given a shortage at the 

warehouse and can be expressed as: 
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000 ,0 LG
BEBWE S  (4) 

If an item is backlogged, there might arrive more retail orders during that time. 
The probability that k number of retail orders arrive during that time can be 
approximated as a Poisson process: 

 (5)

In chase of shortage at the warehouse, a high priority retailer will be served 
before all low priority retail orders that are already placed at the warehouse. If a 
high priority retailer arrives when there are k low retailers orders waiting for 
delivery at the warehouse, the delivery delay for the high priority retailers will 
be the same as if the warehouse used an order-up-to level S0+k and only served 
high priority retailers. By using this we can approximate the excepted cost for 

high priority retailers 0S
iS

i  as: 

(6)

If k orders from high prioritized retailers are placed between the time a low 
prioritized retailer places an order at the warehouse and the time when it is 
served, we approximate the delivery delay for the unit to be equal to the case 
with order point S0-k at the warehouse and with no priority rules.  The expected 

cost for the low priority retailers 0S
iS

i   is therefore approximated as: 

 (7) 

3. Test of approximation model 

To test such an N retailer inventory problem, were the performance of one high 
and one low priority retailer are measured, there is sufficient to simulate a 
system with only four retailers. One high priority retailer, one low priority 
retailer and the other two representing the rest of the high and low retailers 
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respectively. This is logical since the inventory and shortage level at the 
warehouse will only depend on 0 , 0S  and 0L .

The simulation model has been constructed as follows:  

 Figure 2. Test procedure. 

The randomized test problems have been constructed from the following sets of 
uniform distributions: 

)20,5(0 US

)5,0(0 UL

)10,1(USi

)5,0(Ui

)5,0(ULi

To reduce the deviation in the simulation results and make the whole 
comparison better, the initial values for each problem must have an inventory 
and shortage level of at least 0.1 units.  

In each randomized test problem, the performance of one high and one low 
priority retailer have been measured. The start of the first measure takes place 
after 50 000 events. Each measure consists of 10 000 events and each pause of 
2 000 events. The long run performance has been calculated from an average of 
1 000 measures which gives a total of 10 000 000 events.  

When the warehouse has a low service level there will be a substantial time with 
stock-outs and backlogged items. In such situations the approximation will be 
less accurate. The higher service level the better performance. It is therefore 
necessary to evaluate the performance based of the service level at the 
warehouse. We have divided the simulated test problems into groups of service 
levels with five percent intervals, 20-25 %, 25-30 % etc. where each group 
contains 100 test problems. Also for comparison we have included the exact 
calculations of Axsäter [1] in the non-prioritized situation. Thus, from the 
randomized initial data we have calculated the inventory and shortage levels if 

start                             measure      pause      measure etc.
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the retailers were threaded in a first-come-first served manner. See table 1 and 2 
for the comparison between; 1) The simulation results and the approximation 
model for the high priority retailer i and low priority retailer j. 2) The simulation 
results and the exact calculations of the non-prioritized model for two retailer i
and retailer j. The values in the tables are the absolute deviation from the 
simulation results. Thus, the absolute difference between the simulation result 
and the approximated value is divided with the simulation result.

Table 1. Test results with service levels between 20 – 55 %. 

Service level interval (%) 20-25 25-30 30-35 35-40 40-45 45-50 50-55 
            
High Inventory Average 1.33% 0.96% 0.80% 0.76% 0.92% 0.68% 0.52%
Priority   Max 4.72% 5.36% 8.84% 8.36% 8.64% 7.22% 5.44%
Retailer i   Min 0.05% 0.01% 0.01% 0.01% 0.03% 0.00% 0.01%

Shortage Average 2.49% 2.30% 1.23% 1.33% 1.42% 1.37% 0.64%
    Max 26.78% 49.73% 6.25% 21.94% 11.19% 17.93% 4.21%
    Min 0.05% 0.00% 0.02% 0.00% 0.00% 0.00% 0.01%
            
Low Inventory Average 5.21% 5.22% 4.39% 4.00% 3.20% 2.99% 2.69%
Priority   Max 17.19% 14.36% 12.42% 11.48% 9.53% 7.47% 6.05%
Retailer j   Min 0.09% 0.86% 0.13% 0.35% 0.25% 0.08% 0.05%

Shortage Average 15.48% 15.69% 12.63% 12.08% 8.14% 9.55% 8.16%
    Max 71.99% 56.49% 49.23% 38.82% 29.26% 36.41% 34.02%
    Min 1.19% 1.06% 0.22% 0.73% 0.24% 0.24% 0.60%
            
No Inventory Average 17.97% 15.46% 12.45% 10.04% 8.35% 6.64% 5.91%
Priority   Max 36.66% 34.16% 26.52% 20.79% 20.92% 14.63% 11.76%
Retailer i   Min 2.23% 2.92% 0.82% 2.69% 1.83% 1.38% 0.77%
  Shortage Average 44.55% 38.84% 28.21% 24.20% 19.61% 16.14% 11.60%
    Max 258.21% 452.96% 158.31% 200.05% 134.22% 138.28% 44.32%
    Min 4.35% 3.75% 2.88% 2.04% 1.92% 1.37% 0.82%
            
No Inventory Average 14.87% 13.53% 10.54% 8.74% 6.46% 5.59% 4.77%
Priority  Max 31.62% 28.03% 24.93% 19.56% 14.94% 13.11% 9.74%
Retailer j   Min 1.11% 3.76% 1.64% 1.60% 1.44% 0.39% 0.62%
  Shortage Average 27.67% 25.95% 20.95% 19.34% 12.98% 14.31% 11.85%
   Max 87.29% 73.84% 66.43% 52.56% 41.24% 46.01% 45.67%
    Min 3.77% 4.17% 1.11% 2.75% 1.29% 1.04% 1.13%
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Table 2. Test results with service levels between 55 to 95 %. 

Service level interval (%) 55-60 60-65 65-70 70-75 75-80 80-85 85-90 90-95
             
High Inventory Average 0.46% 0.63% 0.56% 0.51% 0.50% 0.47% 0.47% 0.38%
Priority   Max 4.14% 8.25% 3.87% 3.56% 2.76% 2.86% 2.41% 2.30%
Retailer   Min 0.01% 0.00% 0.01% 0.00% 0.00% 0.00% 0.00% 0.00%

i Shortage Average 0.73% 1.11% 0.87% 0.64% 0.76% 0.55% 0.59% 0.40%
    Max 10.51% 16.15% 10.31% 5.65% 8.15% 3.75% 8.45% 1.95%
    Min 0.00% 0.01% 0.00% 0.00% 0.00% 0.01% 0.01% 0.00%
             
Low Inventory Average 2.11% 1.73% 1.42% 1.38% 0.91% 0.73% 0.57% 0.48%
Priority   Max 6.09% 5.67% 4.56% 4.64% 3.26% 3.47% 2.49% 2.01%
Retailer   Min 0.12% 0.17% 0.04% 0.03% 0.03% 0.00% 0.00% 0.00%

j Shortage Average 6.85% 5.37% 4.12% 3.53% 2.42% 2.01% 1.17% 0.73%
    Max 32.39% 26.53% 28.33% 15.00% 10.82% 12.55% 5.27% 3.65%
    Min 0.27% 0.25% 0.02% 0.01% 0.01% 0.00% 0.04% 0.03%
             
No Inventory Average 4.30% 3.31% 2.70% 2.00% 1.55% 0.94% 0.67% 0.41%
Priority   Max 9.62% 8.57% 6.76% 4.88% 3.56% 3.02% 2.43% 2.45%
Retailer   Min 0.72% 0.34% 0.12% 0.22% 0.02% 0.02% 0.03% 0.00%

i Shortage Average 9.59% 8.03% 5.43% 4.63% 3.24% 2.15% 1.21% 0.56%
    Max 36.15% 48.91% 21.92% 26.36% 17.64% 18.45% 11.07% 3.45%
    Min 0.62% 0.47% 0.05% 0.18% 0.01% 0.09% 0.01% 0.00%
             
No Inventory Average 3.66% 2.81% 2.23% 1.99% 1.26% 0.96% 0.68% 0.52%
Priority  Max 9.33% 7.71% 6.22% 5.79% 3.96% 3.73% 2.65% 2.01%
Retailer   Min 0.35% 0.65% 0.08% 0.09% 0.03% 0.01% 0.00% 0.02%

j Shortage Average 9.92% 7.58% 5.67% 4.74% 3.16% 2.57% 1.43% 0.82%
   Max 39.95% 32.91% 36.48% 18.79% 13.46% 16.46% 5.89% 4.05%
    Min 0.58% 0.63% 0.36% 0.28% 0.05% 0.01% 0.05% 0.05%

The average deviation in the simulation results was 0.37 %, minimum deviation 
was 0.03 % and maximum deviation was 1.65 %. The numbers were obtained 
from the simulation problem. 

Some remarks to the test data are: 

a) For all service levels and all three measures of the performance of the 
warehouse, our approximation always gave a better description of the 
inventory and shortage levels than simply using the calculations for the 
first-come-first served scenario. 

b) Overall performance for both the high and low priority retailers is better 
for higher service levels. This is obvious, since higher service levels 
means less situations when shipments are prioritized.
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c) The approximation model works better for the high priority retailer than 
for the low priority retailer. Our approximation model underestimates the 
delivery delay for low priority retailers at the warehouse when many 
orders from high priority retailers are prioritized before a low priority 
retailer order.

d) Inventory levels for both retailers are better approximated than the 
shortage levels.  One reason for this is when the warehouse suffer from 
stock-out the probability that the retailers also suffer from stock-out is 
higher than when the warehouse can deliver from stock. 

e) Worst performance is the approximation of shortage levels at low priority 
retailers. The combination of c) and d) makes this performance especially 
vulnerable for deviation from the actual level.  

4. Conclusions 

In this paper we have proposed a method to approximate the long run inventory 
and shortage levels at retailers when they are prioritized according to groups of 
high and low priority retailers. This addresses an important issue in Supply 
Chain Management. In many cases some retail customers are more important 
than others or certain markets may be more important than others. If this is the 
case, clearly many companies would give a higher priority to some retailer when 
they are out of stock.  

The method presented here gives an approximation to measure the performance 
at any given high or low priority retailer. The model only gives the inventory 
and shortage levels at the retailers. It is however, a simple procedure to calculate 
the service levels at the retailers once the relationship between the inventory 
holding and shortage cost is determined. 

From the testing it is clear that the approximation model give a more accurate 
measure of the inventory and shortage level than using the exact calculation 
when retailers served on a first-come-first served basis. There are however, 
needs for improvement of the model. Future research would be necessary to 
improve the performance at lower service levels and handle the maximum error 
that may be a bit high. This concerns especially the performance of low priority 
retailers. More over, our model only handles two priority groups so future 
extension may be to handle arbitrary number of priority groups.  
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Appendix. Derived formulas for recursion procedure 

Density function at the warehouse of the Erlang distribution 00 , S :
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The recursion formula for the conditional expectancy cost tiS
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Formula (1) and (3) in chapter 3 can be re-written as  

0,1, 000000
0 iii S

i
SS

i
S
i LGSS  (a3) 

In Axsäter (1990) the recursive formula for 0SiS
i  is: 
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From formula (a3) and (a4) we can express: 
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In a similar way as (a5) we can solve the case when 0iS :
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