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I've watched your face for a long time 

It's always the same 

I've studied the cracks and the wrinkles 

You were always so vain 

Well, now you live your life like a shadow 

In the pouring rain 

"Thieves like us", New Order 1984. 
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Abstract 

This thesis concerns fractures subjected to compressive stresses. In the four papers appended 

fracture behavior in brittle as well as ductile materials is studied. 

In the first paper, an expression for the mode I I stress intensity factor at a straight extended 

kink has been calculated under the condition that crack opening is suppressed during crack 

growth. The expression has been found as a function of the mode II stress intensity factor KB 

at the parent crack, the direction and length of the kink, and the difference between the remote 

compressive normal stresses perpendicular to, and parallel with, the plane of the parent crack. 

Crack growth directions have been suggested based on the result. At a sufficiently high non-

isotropic compressive normal stress, so that the crack remains closed, the crack will propagate 

along a curved path maximizing the mode I I stress intensity factor. Only at an isotropic 

compressive normal stress wil l the crack continue straight ahead in its original plane without 

directional change. 

By analyzing experimental crack growth patterns in paper two, the conclusion is that crack 

paths experimentally observed indicate that mode I I crack growth under compression in some 

brittle materials follow a propagation path described by a function y = Åxb. In fact, the 

agreement between the experiments and the propagation path prescribed by the model, in 

which b = 3/2, is astonishingly good since b was found in the interval [1.43-1.58] in all the 

experiments studied. Further, the investigation of the curvature parameter A has revealed that 

A also agree with the simplified model, even though not as good as the exponent b. However, 

the experimentally observed A differs in general less than 15% from the theoretical value 

predicted by the analytical model discussed in paper I . 

In paper three, a directional crack growth criterion in a compressed elastic perfectly-plastic 

material is considered. A slip-line solution is derived for evaluation of the stresses at the crack 

tip, which considers hydrostatic pressure and friction between the crack surfaces. Based upon 

the slip-line solution a projection stress based model is discussed for prediction of the 

direction of initiated crack growth. 

The opening displacement of an extended kink has been examined in paper four, using a 

finite element procedure. The conclusion is that an over-critical pressure in the plastic zone 

surrounding the crack tip suppresses crack opening regardless the direction of crack growth. 

The only possibility seems to be shear mode crack growth, which occur straight ahead in the 

crack plane i f the crack is assumed to follow the plane of maximum shear stress. At a sub-

critical hydrostatic pressure, or lower friction between the crack surfaces, the crack can 

extend via a kink subjected to local opening mode. The angle the kink forms, compared to the 

original crack plane, decreases with increasing pressure or increasing friction. An expression 

for the critical value determining fracture mode has been found as a function of hydrostatic 

pressure and friction between the crack surfaces assuming the fracture process to be 

predominantly controlled by local tensile stresses at the crack tip. 

It has been found that the crack growth directions predicted by the projection stress based 

criterion in paper three are comparable with the directions maximizing the opening 

displacement of an extended kink computed in the FE analysis in paper four. 
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I Introduction 

Through the years a vast literature has been devoted to the prediction of fractures in solids 

subjected to arbitrary loading. Crack initiation and/or crack propagation has been the subject 

of many discussions on fracture mechanics and several models and fracture criteria have been 

invoked in attempts to capture the essential features of the mechanisms leading to crack 

growth. For example, the maximum tensile stress criterion (Erdogan and Sih, 1963), the 

minimum strain energy density theory (Sih, 1974), and the maximum energy release rate 

theory (cf. Irwin, 1960 or Rice, 1968) are considered three of the most widely accepted crack 

initiation laws. The variety of the different propagation hypothesis have been extensively 

discussed, but a common conclusion is that the direction of crack growth for small deviations 

from the path straight ahead to a large extent is independent of the choice among the most 

generally used criteria, except for the initial kink, cf. Bergquist and Guex (1979). Some other 

discussions and reviews upon these criteria can be found in (cf. Williams, 1957; Kalthoff, 

1973; Bilby and Cardew, 1975; Lo, 1978; Cotterell and Rice, 1980; Hayashi and Nemat-

Nasser, 1981; Hutchinson, 1983; Sumi etal, 1983; Melin, 1987; Leblond, 1989; He and 

Hutchinson, 1989; Rubinstein, 1991; or Broberg, 1999). 

With few exceptions, most of the previous studies are focused on the mechanisms of crack 

initiation and growth of opening (mode I) cracks. The reason for that is that experimental 

observations indicate that pure mode I crack growth is usually preferred before crack growth 

under mixed mode I + I I or pure shear mode (mode II) conditions. Even under pure shear 

loading, the crack grows under mode I as a result of local tensile stresses at the tip. Since this 

observation generally is valid irrespective of load situation it confirms the assumption that 

crack growth occurs under mode I rather than under mode I I conditions for opening cracks. I f 

the original crack orientation does not coincide with the preferred mode I plane, a smooth 

adjustment occurs after initial kinking, i.e. change of direction, which may be abrupt, Broberg 

(1999). However, even though shear crack growth seldom is experienced in engineering 

structures, there are a few practical situations in which mode I I is promoted. As a rule, mode 

I I crack growth appears in structures subjected to earthquakes, Fig. 1. 

Figure 1. Diagonal shear cracking in a damaged column failed in an earthquake, Maekawa 

(2000). 
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Other applications where shear mode crack growth generally is anticipated to prevail are in 

structures subjected to combined load of shear and compression (e.g. gear drives or rolling 

bearings). 

An illustrative example of shear mode crack growth may be found in railway applications. 

Increased traffic density and the heavier axle loads of modern trains have led to severe 

problems with rolling contact fatigue which causes initiation of cracks in the rails. Failures 

are normally initiated at the rail surface, or in the material a short distance beneath the 

surface, due to gross plastic deformation of the material caused by traction induced by the 

wheels when moving along the railhead. Usually, the initiation occurs at a macroscopic 

material defect (such as a void or a pore) and, then, the crack normally grows some 

millimeters into the material (Ekberg, 2000) as illustrated in Fig. 2a. The cracks usually 

propagate in mode I I parallel to the surface as the cracks cannot open in opening mode but 

instead maintain shear mode during the growth process, cf. Sin and Suh (1984). Sometimes, 

depending on the deflection and origin of the initiated macroscopic failure, the propagating 

cracks can also grow downwards in the material, Fig. 2a. If, or when, a crack finally branches 

towards the surface, a large piece of material may break loose from the railhead as illustrated 

in Fig. 2b and, maybe, cause catastrophic failure. 

a) b) 

Figure 2. a) The cracks have initiated at the rail surface due to gross traction between the 

railhead and the wheels and have grown downward in the material (A), or 

parallel to the surface (B), Olofsson (2000). The photo shows a cut directed along 

the rail direction, b) Failure of a railhead caused by contact load, Esveld (1989). 
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Even though scientists in the field of fracture mechanics sometime find the nature of cracks 

fascinating, the majority of the population of mankind considers them most annoying This is 

illuminated in the following two articles: 

a) 97 cracks on Delhi-Ambala rail track 

By Raman Kirpal, 8 December 1998 

For the last one week, it's been a nightmare for rail 
passengers on the Delhi-Chandigarh route. Timings 
have gone haywire, the Shatabdi to Amritsar stays 
cancelled since December 4, the Chandigarh 
Shatabdi is crawling via Saharanpur, almost two 
hours late every day, several other trains have been 
diverted. The reason is startling: there's a "rail 
fracture" every two kilometre on the 200 km Delhi-
Ambala track. And on the 70-km Delhi-Rohtak 
route, there are 67 fractures, almost one every km! 
The trains are expected to be back on track on 
December 10 though they will run, initially, at a 
maximum speed of 60 kmph until the cracks are 
ironed out. The official reason is that a goods train 
with defective wheels scraped off the surface of the 
Delhi-Ambala track on December 2. 
Says Northern Railways General Manager S P 
Mehta: "We have taken action against the goods 
train driver for driving a train with flat tyres." This, 
however, doesn't explain the fractures on the Delhi-
Rohtak route. Whenasked, Mehta says that maybe 
another train with defective wheels was responsible 
for this. Sources, however, say the reasons could be 

many: loose fishplates; hairline cracks caused by 
poor maintenance and in some cases, even old 
tracks damaged due to wear and tear. Says Mehta: 
"At some place, the crack is wide and at others, the 
cracks are hairline. I f the trains run faster on such 
tracks, there is a danger of derailment. We are 
repairing it through welding." 
The first crack was discovered near Panipat by an 
inspector on December 3 at 3.50 a.m., a week after 
the Sealdah Express-Frontier Mail accident at 
Khanna in which over 200 people were killed. The 
entire team of inspectors was asked to probe and all 
trains were directed to trundle at 30 kmph. By 
evening, 94 cracks were found. 
Next day, the same team inspected rails on the 
Delhi-Rohtak route and found 67 cracks. A 
Railways spokesman says that "heavy repair work," 
including welding, is on. How will these cracks be 
prevented in the future? Whatkind of monitoring 
system is in place? Railways officials have no 
answers. Mehta, however, admits that some of the 
rails are quite old. "But they have not yet crossed 
the expiry date. We are not replacing them. We are 
only filling the cracks through welding," he adds. 
And hoping for the best. 

b) Hatfield crash trai 

By Paul Marston, 24 January 2001 

The faulty rail that caused the Hatfield train crash 
was in "very poor" condition and this may have 
been partly concealed by Railtrack's inadequate 
checking methods, accident investigators said 
yesterday. 
Leaders of the Health and Safety Executive inquiry 
said the track had deteriorated so far below normal 
standards that it shattered into more than 300 pieces 
as a London-Leeds express went over it at 117mph. 
Re-assembly of the 115ft section had revealed 
"large numbers" of surface cracks up to 1.5in long. 
One segment of rail head showed "extensive 
flaking" across an area four inches long. A further 
50 fragments exhibited evidence of fatigue cracks. 
Frank Hyland, investigation manager, said: "The 
rail was in a very poor condition over and above 
what you would expect from normal wear and 
tear." Chris Willby, technical adviser to the inquiry, 
said he had never encountered worse track. "I had 
not seen track with so many pieces out of it. Some 
came out as a result of the derailment, but others 

broke into 300 pieces 

were clearly out before." 
He added that, in his view, though Balfour Beatty 
was the maintenance contractor for the Hatfield 
line, it had ultimately been Railtrack's 
responsibility to impose a speed restriction until the 
defective track was replaced. The need to renew the 
rail had been identified, but no speed limit applied. 
The investigators indicated that the flaws in the rail 
should have been detected in routine visual 
inspections, the last of which took place a week 
before the crash, which killed four people and 
injured 70. 
However, their report was critical of Railtrack's 
system of ultrasonic testing for cracks within the 
rail. It said the system had not been designed 
specifically to detect "rolling contact fatigue 
cracks", what Railtrack describes as gauge corner 
cracking. 
As a result, the kind of crossways internal cracks 
that caused the broken rail at Hatfield would not all 
have registered on the ultrasonic equipment 
because of the angles at which they occurred. Mr 
Willby said: "Railtrack had a system that would not 
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pick up shallow cracks or those at the gauge 
corner." 
The Hatfield rail had been ultrasonically tested less 
than three months before the October crash, and 
more than six months after deterioration was noted. 
Though the replacement rail was lying beside the 
faulty track, waiting to be fitted, when the 
ultrasonic exercise took place, the renewal schedule 
was not brought forward and the maximum 
permitted running speed was not reduced. 
Vic Coleman, the HSE's chief railway inspector, 
said the industry had been alarmed by the fact that 
inspections had failed to detect rails on the point of 
breaking at both Hatfield and Mossend, near 
Glasgow, where a Virgin train derailed a month 
later. He added: "This is a matter of concern. The 
effect of these two incidents has been to send a 
shock wave through the organisations that do this 
work." 
The H S E has recommended that Railtrack 
intensifies its inspection procedures and improves 
ways in which problems are reported and 

monitored. The investigators said they wanted to 
look further into why the coupler between the 
buffet car, where the four victims died, and the 
carriage behind had come undone. 
It was possible that this factor had increased the 
momentum of the derailing buffet car, which 
smashed into a trackside mast at almost 90mph and 
may have struck another seconds later. The HSE 
would not comment on the possibility of 
manslaughter charges being brought against rail 
managers over the accident. 
It said that was a matter for the separate police 
investigation and the Crown Prosecution Service. It 
said it would consider lesser charges under the 
Health and Safety at Work Act if the CPS decided 
against proceedings. 
Railtrack said it had accepted that the condition of 
the rail at Hatfield had been "wholly unacceptable", 
but believed that its subsequent emergency re-
railing programme and maintenance changes would 
ensure that a similar accident could not occur. 

Figure 3. Articles found in (a) Indian Express Newspapers (1998) and (b) Daily Telegraph 

(2001). 

2 Mode II crack growth 

The process of mode I I crack growth is not well understood. There are several interpretations 

of macroscopic shear mode growth and the most common view is that mode I I is caused by a 

linkage of many small tensile cracks, so-called microcracks (cf. Horii and Nemat-Nasser, 

1985; Petit and Barquins, 1988; or Shen, 1993). 

Broberg (1987) argued that on a microscale, mode I I growth could consist of repeated 

micro-separations at an angle to the crack direction due to tensile forces of short reach near 

the crack tip. This mixed micro-separation mechanism occurs as a result of the local 

conditions near the crack tip. In other cases the micro-separation mechanism could consist of 

pure shear flow resulting in pure sliding of the crack surfaces. 

At the grain level, a combined compressive and shear load can produce local tensile cracks 

at the tips of microscopic imperfections or at the grain boundaries, cf. Broberg (1987). I f the 

compressive stresses at the crack tip are so high that an opening crack cannot propagate more 

than a very short distance from the tip because compressive stresses force the separation to 

close at its end, the continued macroscopic crack growth most likely wi l l occur in the 

direction of the main crack along the plane of maximum shear stress, independent of the 

processes taking place on the microscale. Compressive load may, therefore, create a dense 

array of microcracks. The crack wil l then grow by successive coalescence with microcracks in 

a narrow band extending from the crack edge, cf. Broberg (1999). I f a confining pressure is 

high enough so that the stresses at the crack tip vanish, or become compressive, pure 

macroscopic mode I I crack growth may occur and the crack seems to extend in the direction 
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of the maximum shear stress, cf. observations by Lawn and Wilshaw (1975) or calculated 

results by Melin (1986). Any crack formed under these circumstances can not be regarded as 

a tensile crack, at least not on the macroscale. For the scale at which this thesis is concerned 

the shear cracks are, indeed, shear cracks as the linkage of microscale tensile cracks may be 

looked upon as shear cracks on the macroscale, cf. Bobet (2000). 

Extensive studies have been done on crack propagation in many materials under different 

loading conditions in order to figure out favorable conditions for mode I I crack growth. 

According to results reported by Melin (1986) and (1987), mode I I crack growth in a linearly 

elastic material wil l be preferred only i f a high confining pressure is present or when the ratio 

between the critical stress intensity factors, KUc/Klc, is fairly low. Jung et al. (1992) 

conducted tests of pure shear loading on brittle materials and reported that mode I I cracks 

occurred under pure shear loading in various rock materials while mode I cracks occurred in 

other materials like glass or polymers. A similar study is found in Melin (1989) where crack 

paths in concrete, mortar and PMMA were analyzed and compared. Other researchers, (cf. 

Granier, 1985; Jiefan et al, 1990; or Chen et al, 1992), reported that cracks in brittle 

materials can propagate in mode I I when a compressive uniaxial load is substantially high, 

following the occurrence of a mode I crack. Petit and Barquins (1988) showed in their 

experiments that a high biaxial compressive load wil l promote shear stress controlled mode I I 

cracks in PMMA as well as in sandstone, while mode I crack growth was inhibited, Figs. 4a 

and 4b. Petit and Barquins concluded that the obtained mode I I cracks consisted of many so-

called microcracks concentrated along the direction in which the maximum shear stress was 

present. In a similar manner, Broberg (1987) reported laboratory produced mode I I growth in 

PMMA plates in experiments conducted in a combination of pressure and shear load. 

Figure 4. Principal appearance of laboratory-produced macroscopic crack growth from 

inclined straight single pre-existing cracks in PMMA. Uniaxial (a) and biaxial (b) 

compression. Sketched after Petit and Barquins (1988). 

b) 
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Furthermore, Petit and Barquins (1988) reported that the macroscopic shear mode crack 

growth in their experiments tended to escape from the influence of the direction of a pre

existing crack and reach a direction of 45° to the uniaxial compressive load. In uniaxial load 

this direction is the plane of maximum shear stress. 

More recently (cf. Shen, 1993; Bobet and Einstein, 1998; or Rao, 1999), mode I I crack 

growth, illustrated in Fig. 5, were produced in experiments in brittle materials containing two 

parallel straight inclined cracks conducted under uniaxial, or biaxial, compressive load. The 

crack growth was only produced under mode I I conditions as confinement increased, 

according to observations reported by Bobet (2000). 

Although attempts to experimentally realize shear crack growth in ductile materials under 

compressive stresses usually have failed due to the difficulty to apply a sufficiently high 

compressive pressure, some results have been reported on aluminum alloys, notably by 

Otsuka and Aoyama (1984) and Otsuka et al. (1984). Ghonem et al. (1988) obtained mode I I 

cracks in rail steel in a combined compression/shear loading experiment. The propagation of 

cracks parallel with a shear loaded surface, i.e. so-called subsurface horizontal cracks, due to 

surface traction caused by contact, have been analytically investigated by several researchers 

(cf. Sin and Suh, 1984; Kaneta et al, 1986; Jayaraman et al, 1997; or Komvopoulos and Cho, 

1997). A common conclusion is that subsurface horizontal crack growth occurs in the plane of 

the maximum shear stress. 

Thus, there is ample experimental evidence showing that macroscopic mode I I cracks can 

appear under compression. The study of crack initiation and/or propagation of this type of 

fracture mode is important in order to understand the behavior of cracks in compressed solids, 

which still is limited. 

Figure 5. Trace of mode II growth from a straight pre-existing crack in a brittle material. 

After Shen (1995). 
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3 Problem statement 

The objective of this thesis is to investigate the initiation and propagation path of a mode I I 

crack subjected to high compressive stresses. The classical predictive models, discussed in the 

introduction, when calculating the propagation path of a crack subjected to compressive 

stresses are not suitable when the mode I stress intensity factor is vanishing. In a 

predominantly compressive loading, the validity of such models may be questioned. 

The maximum tensile stress criterion is based on the concentration of tensile stress at the 

crack tip and is the conventional method to predict mode I failure. Erdogan and Sih (1963) 

postulated that crack growth occurs in the radial direction and perpendicular to the plane of 

maximal tension. This model fails when applied to the circumstances discussed here since the 

tensile stresses close to the crack tip are suppressed by the compressive stresses. 

The minimum strain energy criterion, proposed by Sih (1974), considers the strain energy 

density distribution around the crack tip. Crack growth is supposed to occur along the plane in 

which the strain energy density attains its minimum value. The minimum strain energy 

criterion predicts for a crack subjected to compression only two possibilities for the continued 

crack growth; one in the direction of maximum tensile stress, and the other in the direction of 

maximum compressive stress. Neither of the two is in the direction of maximum shear stress. 

This study is focused on the maximum energy release rate criterion, which considers the 

balance of energy at the crack tip. Crack growth is assumed to take place in the direction in 

which the energy release rate is at its maximum. This computation is far from trivial and has 

been the subject of several discussions. Cotterell and Rice (1980) suggested a solution that 

appears to be generally accepted for mixed-mode loading conditions in small scale yielding. 

Suppose that a straight crack forms a kink at an angle 6 from the crack plane, as Fig. 6 

illustrates. 

Figure 6. Infinitesimal kink at the tip of a macroscopic crack in a homogenous medium. 
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The local stress intensity factors at the tip of the kink differ from the nominal Kx and Kn 

values of the main crack. I f a local x-y coordinate system is defined at the tip of the kink, 

the local mode I and mode I I stress intensity factors ( ^ and k^ respectively) are obtained by 

summing the normal and shear stresses, respectively, at 0: 

^ 0 ) = q ,£ ,+q 2 . f r i I ,and 

(1) 

k2(6) = c21Kx + c22Ku, 

where 

3 0 1 30 3 . 0 3 . 30 

a, = —cos—+ —cos—, c„ = — s i n sin—, 
^ ' 4 2 4 2 1 2 4 2 4 2 

1 . 0 1 . 30 , 1 0 3 30 
c,, = — sin— + — sin—, and c„ = —cos—h—cos—. 
^ 4 2 4 2 2 2 4 2 4 2 

Cotterell and Rice (1980) have shown that the expressions in equation (1) are asymptotically 

correct for small 0 and are reasonably accurate for predicting k^ and k^ for 0 as large as 45 

degrees. Since the crack has been taken to open, the loading combinations which result in 

>0 (i.e., an opening of the kink) wi l l generally require Kx > 0 , cf. He and Hutchinson 

(1989). The energy release rate in a linear elastic material for the kinked crack in mixed mode 

loading in plane strain conditions, is given by 

j(6)=l^-[k,\e)+kl(e)-\, (2) 

where the material parameter E is Young's modulus and v is Poisson's ratio. For opening 

cracks, the peak in J corresponds to the point where ^ exhibits its maximum and = 0 (cf. 

Anderson, 1995). Based on a condition of the locally symmetric deformation ahead of the 

crack tip, i.e. an assumption of crack growth along a path giving 1% = 0, Cotterell and Rice 

(1980) reports that for small deviations from pure mode I (\KU \lKx « 1 ) the following 

relation can be used for prediction of the continued crack: 

A0 = - 2 ^ . (3) 

Here A0 is the angle between the previous crack plane and the new direction of crack 

growth. This approximation is normally good for | Ku \ I Kx < 0.5, according to Hutchinson 

and Suo (1991). However, when the ratio Kx I Kn vanishes, as in the circumstances discussed 

here, equations (1) and (3) fail to find a solution. Another fracture criterion has to be 

formulated. 

8 



On Crack Growth under Compressive Stresses 

At a sufficiently high confining pressure leading to a vanishing opening stress intensity factor 

kx = 0 at the tip of a kink in any direction, the crack is assumed to extend along a smooth 

curved path that maximizes the mode I I stress intensity factor k2 on the macroscale. One 

arrives at the same conclusion assuming crack growth along the plane of maximum shear 

stress as by assuming that the crack follows the direction of the largest k2. An assumption of 

crack growth along the plane of maximized k2 is consistent with the maximum energy release 

rate criterion, e.g. equation (2), when kx = 0. 

Generally, hypothesis for calculation of crack paths may be divided into those based on 

propagation and those based on projection. Those based on projection are found by evaluation 

of the stress field of a stationary crack tip, and those based on propagation are found by 

examining the conditions at the tip of the crack after some small extent of crack growth. For 

growth in small scale yielding, an assumption of a kink extension is frequently used. Shen and 

Stephansson (1994) proposed a modified energy release rate criterion for linear elastic 

materials under compression which considers both the mode I and mode I I fracture toughness, 

J u and JUc, respectively. A non-dimensional parameter F was introduced, 

F ( 0 ) = A + A ( 4 ) 

•Ac •Ai C 

as the factor that controls the propagation of the crack. The energy release rate J, is the one 

calculated assuming mode I deformation and Ja is the mode I I correspondence, as illustrated 

in Fig. 7. A straight infinitesimally small fictitious crack extension is introduced to simulate 

the possible crack growth. The value of F is then computed at numerous angles 8 of the 

virtual crack extension. When the crack grows it is assumed to grow in the direction 6 

maximizing F. Thus, this model is based on a propagation crack growth criterion. For certain 

loading conditions the crack tends to propagate in mode I I . An important aspect of this 

criterion is that it finds a direction for crack growth in shear mode when opening is 

suppressed (i.e. = fc, = 0). 

Original 

Figure 7. Definition of Jx and Jn for crack growth, a) J, the kink has both opening and 

shear displacement, b) Jv the kink has only opening displacement, c) Jlv the kink 

has only shear displacement. After Shen (1993). 
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Kink opening 

Figure 8. The crack is initially closed due to compressive forces but kinking opens it. 

Recently Leblond and Frelat (2000) theoretically analyzed crack deflection from an initially 

closed stationary crack in a linearly elastic material, Fig. 8. Although Leblond and Frelat 

assume the crack to be initially closed at the onset of crack growth due to compressive forces, 

the continued crack growth is supposed to occur under mode I conditions. Consequently, this 

crack path criterion is only valid when the crack is allowed to open and is not applicable for 

the circumstances discussed here. 

For the conditions considered in this thesis, the fracture criterion proposed by Shen and 

Stephansson (1994) is perhaps the most successful reported. However, as this criterion is 

based on propagation, the model does not reveal any characteristics of the crack path or the 

stress field at the crack tip. 

In the papers appended, criteria for crack growth directions are suggested that consider the 

stress field at the tip before crack extension. The shape of the beginning of the crack 

extension, i.e. kink direction and initial path curvature, is investigated. 

4 Summary of the appended papers 

A suggested candidate for a mode I I crack path criterion for brittle materials is analyzed on 

theoretical grounds in paper I and, in paper I I , compared with various experiments reported in 

the literature on mode I I crack growth. 

In paper I I I , a projection based crack path criterion is discussed for materials that can be 

considered as ductile. This criterion is based upon a stress analysis of the plastic zone 

surrounding the crack tip, obtained by a modification of the well-known slip-line field in pure 

mode I I , first identified by Hutchinson (1968). The opening displacement of an extended kink 

is examined in paper IV in order to evaluate the crack path model discussed in paper I I I . 
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4.1 Crack growth under compression in a brittle material 

In papers I and I I is the material idealized as a homogenous material with linear elastic 

isotropic behavior. It is assumed that the extent of a plastic zone is vanishingly small 

compared to all other characteristic lengths of the problem. 

A plane body is subjected to a remote biaxial compressive normal stress ax =G~ and 

o~y = o~°°y and, in addition to that, loaded so that shear stresses t are present in the crack 

plane, Fig. 9. 

Suppose that the compressive normal stresses are sufficiently high so that the opening mode 

stress intensity factor KY is vanishing. As a consequence of the shear load, a mode I I stress 

intensity factor Kn has been formed at the crack tip and remains as the single stress intensity 

factor for this problem. 

For simplicity, all frictional effects on the crack surfaces are disregarded wherefore the 

model is restricted to cases where the friction is negligible (e.g. lubricated crack surfaces). 

By distributing dislocations along a straight kink contour such that the stress boundary 

conditions across, and along, the kink are fulfilled, an equation describing the mode I I stress 

intensity factor k2 at a straight kink extension has been calculated in paper I . A solution 

scheme derived by He and Hutchinson (1989) was utilized. The confidence of the solution is 

strengthened by numerical verification with a boundary element method and by particular 

analytical solutions. 

Figure 9. Loading of the crack. 
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Based on the result, crack growth directions have been predicted. At a sufficiently high non-

isotropic biaxial compressive normal stress, so that an opening of the crack is suppressed, the 

crack is assumed to extend along a smooth curved path that maximizes the mode I I stress 

intensity factor k^. The angle ta0 an infinitesimal straight kink forms with the original crack 

plane, has for small angles been found to be described by the first order approximation 

8 j ä a £ - £ ^ for/->0. (5) 
0 13 V n Kn 

Here, / is the length of the kink and Kn is the mode I I stress intensity factor of the parent 

crack. The angle co0 gives the direction maximizing k^ for the straight kink. According to the 

expression in equation (5) is the direction of the deflection entirely determined by the ratio 

( c r " - c r y ) / K u . When the compressive normal stress is isotropic, meaning that the 

compressive stress parallel with the crack plane (cr") and the compressive stress 

perpendicular to the crack plane (o~y) are equal, predicts the model that crack growth 

proceeds straight ahead in the direction of the parent crack plane. At an isotropic compressive 

normal stress, this is the direction of largest shear stress. 

For small co0 the deflection y from the crack plane at the end of the straight kink may be 

approximated to v~<ö 0 / = A / 3 ' 2 , as illustrated in Fig. 10. For small angles (i.e., y « x ) 

I ~ x. Thus, it appears as the crack extends along a smooth curved path described by the 

function y = Åx3'2. 

As the continued mode I I crack growth is assumed to extend along a smooth curved path, one 

realizes that an extension of a straight kink can not fully describe the crack propagation path 

since the stress intensity factors of a straight and a curved crack extension are expected to 

differ. 
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Pre-existing crack — , 

\ 

Figure 11. Small extension of a closed fracture from a pre-existing crack. 

By assuming that the crack deflection from the x-axis can be described by a function y = cx1 

(see Fig. 11), calculations of the mode I I stress intensity factor at the tip of a straight 

extension (7 = 1) and at the tip of a curved extension (7 = 3/2) were performed analytically 

in paper I using a solution method introduced by Cotterell and Rice (1980). With an 

assumption of small y ( y « x ) for the crack extension along the x-axis, a second order 

approximation for kj at the tip of the extension was found as 

{n) j [2Kx{l-x)r U J J„ {l-xf 
dx. (6) 

Seeking the value of the curvature parameter c maximizing k2 in equation (6) yields 

' xY~l 

riv 
^ = 0 ->c = -
dc \3Kny 'r x2y-2 

(7) 

Ax 
4 Ä { W ' - ^ ) f 

As discussed, the values of 7 = 1 and 7 = 3/2 are of particular interest. Equation (7) yields 

7 = 1: 
8 f l f ä - o z y f i 

Kn 
==-0.491 

[o- ; -o - ; ]V/ 

K„ 
(8a) 

and 

7 = 3/2: ^ i å W ^ U M l ° : - a ; ] 

39 K„ K„ 
(8b) 
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Thus, it seems justified to conclude that the straight kink model can find an approximate 

angle that maximizes ^ for a curved extension on the macroscale. 

In order for the analytical model to predict a crack propagation path that is independent of the 

extension length / , the exponent 7 in the expression y = cxy, describing the propagation 

path, is required to be equal to 3/2, according to equation (7). In that case, when 7 = 3/2, 

predicts the model a propagation path that is a function only of the mode I I stress intensity 

factor Ku at the parent crack tip and the compressive normal stresses o~~ and o~™, e.g. 

equation (8b). 

Crack patterns experimentally observed in the literature indicate that the growth of mode I I 

cracks in some brittle materials under compression follow a crack propagation path described 

by function y = Åxb. The measured crack paths calculated in paper I I , obtained from 

experiments reported, support this result. In fact, the agreement between the experiments and 

the propagation path prescribed by the analytical model, in which b = 3/2, is astonishingly 

good considering the simplifying assumptions made for the analysis. In the studied 

experiments, b was found in the interval [1.43-1.58]. An experimental investigation of the 

curvature parameter X has been performed in paper I I and the conclusion is that X also agree 

very good with the simplified model, even though not as good as the exponent b. The 

measured X differs in general less than 15% as compared to the theoretical values predicted 

by the model (e.g. c in eqn. 8b), which is considered to be surprisingly good. 

An example of a mode I I crack growth path found in the literature is shown in Fig. 12 

together with an illustrative curve described by a function y = cx3'2. 

y [mm] 

a 

0 a x [mm] 

Figure 12. Experimentally observed trace from a macroscopic mode II crack growth under 

compression from a pre-existing straight inclined crack of length 2a. After Reyes 

and Einstein (1991). An illustrative curve described by a function y = cx3l2is also 

marked, where c is an arbitrary constant. 
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4.2 Crack growth under compression in a ductile material 

In paper I I I and IV, a crack in a homogenous isotropic elastic perfectly-plastic material is 

considered. A body, illustrated in Fig. 13 a, is loaded with a compressive hydrostatic stress ah 

that causes the crack surfaces to close and the opening mode crack tip driving force J, of the 

stationary crack to vanish. Apart from the compressive stresses, remote load is assumed to be 

in-plane shear. Coulomb friction develops at sliding contact of the crack surfaces. 

In the investigations presented in papers I I I and IV, as well as for the general mixed mode 

loading problems addressed by Shih (1974), plasticity is assumed to surround the crack tip at 

all angles. The presence of a plastic zone allows the crack tip field to be interpreted in the 

form of plain strain slip-line fields, e.g. Hi l l (1950), which offers an expedient way to 

construct perfectly-plastic fields. Hutchinson (1968) derived a solution for a pure mode I I 

stationary crack in an elastic perfectly-plastic solid. The slip-line solution was obtained by 

assembling near-tip plastic sectors of constant strain and so-called centered fans. In paper I I I , 

a modification of the mode I I field is made to consider a compressive hydrostatic stress and 

friction between the crack surfaces, Fig. 13b. When the frictional load on the crack surfaces 

vanishes, i.e. = -pah = 0, the slip-line solution is described by the well-known mode I I 

field, first identified by Hutchinson (1968). 

*2 

a) b) 

Figure 13. a) Geometry and load of the crack, b) Modified mode II slip-line field. Especially 

note that when the frictional load vanishes, i.e. xß = -p.Oh = 0, the slip-line field 

is described by the well-known mode II solution, cf. Hutchinson (1968). 
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Figure 14. Angular variation of the stresses determined by the slip-line solution compared 

with those computed in the finite element analysis. The stresses are normalized 

with the yield stress o"0. The friction between the crack surfaces is given by the 

coefficient p. 

Comparisons of the normalized angular stresses determined by the asymptotic slip-line field 

solutions with stresses numerically calculated by finite element analysis for two different load 

cases are shown in Fig. 14. 

The maximum tensile stress at the crack tip in an elastic perfectly-plastic material subjected to 

shear load can be non-compressive even at a relatively high amount of hydrostatic pressure 

oh. In fact, according to the slip-line solution, the maximum hoop stress ae in a non-

frictional situation becomes compressive at approximately ah =-1.32 <r0, cf. Hutchinson 

(1968). The presence of tensile stresses at the crack tip is important for the promotion of 

ductile fracture mechanisms involving the growth and coalescence of voids, cf. O'Dowd and 

Shih (1991). Growth and coalescence of voids are usually the critical steps in ductile crack 

growth. As the cracked structure is loaded, local tensile stresses at the crack tip may become 

sufficient to nucleate voids. As this process continues, the crack grows. 

Based on the criterion of maximum tensile stress (Erdogan and Sih, 1963) a macroscopically 

crack growth initiation angle is predicted in paper I I I assuming the fracture process to be 

predominantly controlled by the state of the local tensile stress at the crack tip. The slip-line 

analysis in paper I I I predicts that the maximum local hoop stress ae surrounding the crack tip 

in the plastic zone is given by: 

2V3 
2 + cos 1 (-4ip.oh I t r 0 ) + - Jl - \poh I CT0 f (9) 
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I f ae > 0, meaning that the local maximum hoop stress at the crack tip is non-compressive, a 

kink can be formed subjected to local opening mode. The continued crack growth is then 

supposed to occur under mode I conditions. Fracture is assumed to take place along the radial 

direction 60 perpendicular to the plane of maximum tension, 

cos _ 1(-V 3poh I o-0) + Jl - 3(pah loaf+n sgn(Kn) (10) 

for nil < cos \-43pahla0) < n. 

According to equation (10), obtained from the slip-line solution, the deflection 0O is found as 

a function of the frictional load pah lo~0 on the crack surfaces. The remote elastic shear load 

is given by as r -» °°. The angle 90 is with respect to the counterclockwise rotation from 

the crack plane for Kn > 0. 

Otherwise, i f ae < 0, meaning that the local hoop stress is compressive in all radial directions 

around the crack tip, an opening mode crack growth seems unrealistic. The only possibility 

appears to be shear mode crack growth. The initiated crack growth is assumed to follow the 

plane of maximum shear stress, which is directed ahead of the crack tip according to the stress 

analysis in paper I I I . This is also the direction in which the amplitudes of the shear (plastic) 

strains are largest. 

Figure 15 summarizes the predictions of the direction for the assumed continued crack growth 

under various loads of hydrostatic pressure ah and friction p.. 

e [ ° ] -40 

' ' ' ' 1 1 ' ' 1 ' ' ' 1 ' ' ' 1 ' 1 ' 1 
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- x plastic collapse, , /, Os oo so 
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Figure 15. Prediction of crack growth direction at different hydrostatic stresses and friction. 

Vertical lines indicate change-over from mode I to mode II growth. The mark (x) 

denotes where the body becomes fully plastic, i.e. —p.o~h —» O"0 
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Xj , 

Closed parent crack 

Opening displacement 

Kink 

Figure 16. Illustration of a kink opening. 

In order to evaluate the projection stress based crack growth criterion in paper I I I , a 

comparison with results computed for a crack with an extended kink is necessary. Finite 

element calculations are performed in paper V I with the purpose to examine the mechanical 

conditions at an incipient kink tip when the kink is extended in different directions 9 under 

various load combinations of hydrostatic stress and friction, sketched in Fig. 16. It is assumed 

that the opening displacement of the kink can be utilized. Figure 17 shows the computed 

directions of the kink extension maximizing the (kink) opening displacement for some load 

combinations of poh/o0. A line describing the predictions obtained by the projection stress 

based criterion in paper I I I , e.g. equation (10), is also drawn. In addition to that, comparable 

values reported by Melin (1986) from an analogous calculation of the direction maximizing 

the opening displacement of an extended kink in a linear-elastic material are also marked. 

ua /a 
^ h 0 

Figure 17. Variation of the directions maximizing the kink opening displacement at various 

load combinations of pah/c0, computed in paper IV. The line shows the 

predictions obtained from the stress based projection criterion in paper III. 
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By inspection of the results plotted in Fig. 17 it is realized that the crack growth directions 

predicted by the projection stress based criterion in paper I I I are comparable with the 

directions maximizing the kink opening displacement computed in the FE analysis in paper 

IV, at least for 0 < -p.ah < 0.25CT0. It seems justified to conclude that agreement most likely 

prevails even for larger amounts of hydrostatic pressure or friction. However, as the frictional 

load - p a h / ( T 0 further increases, the size of the plastic zone becomes uncomfortably large for 

the finite element analysis and, as pah —> -o01V3, the body becomes fully plastic. 

By assuming perfect plasticity in the crack tip neighborhood, the projection stress based 

criterion suggested in paper I I I predicts the equivalent initial crack growth direction as the 

propagation based crack growth criterion investigated in paper IV. Furthermore, the crack 

path models lead to a result that qualitatively is in analogy with the theories for opening mode 

in a linear elastic material. 
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5 Conclusions 

Projection stress based models are suggested for prediction of the direction of initiated crack 

growth for a crack subjected to compressive stresses. The criteria discussed in the appended 

papers are valid in brittle materials as well as in ductile materials. 

The main results obtained in this thesis may be summarized as follows: 

For brittle materials: 

• A linear elastic material is considered. An expression for the mode I I stress intensity 

factor at an extended straight kink has been calculated when opening of the crack is 

suppressed during crack growth. The expression has been found as a function of the 

mode I I stress intensity factor Ku of the parent crack, the direction and length of the 

kink, and the difference between the remote compressive normal stresses perpendicular 

to, and parallel with, the plane of the parent crack. 

• Based on this expression, crack growth directions have been suggested. At a sufficiently 

high non-isotropic compressive normal stress, so that the crack remains closed, the 

crack wil l extend along a curved path that maximizes the mode I I stress intensity factor. 

Only at an isotropic compressive normal stress the crack will continue straight ahead 

without change of the direction. 

• Calculations of the mode I I stress intensity factor k2 at the tip of a curved extension of 

the crack has been performed analytically to support the experimentally observed results 

of curved mode I I crack growth under compression. 

• An analysis of the shape of the crack path has revealed that the propagation path is 

required to be described by a function y = cxr, where the exponent y is equal to 3/2. In 

that case, when y = 3/2, predicts the analytical model a propagation path that is self-

similar (i.e. the curvature c is independent of any length of a crack extension), and 

which can be described by a function of only the mode I I stress intensity factor Kn at 

the parent crack tip and the difference between the remote compressive normal stress 

perpendicular to, and parallel with, the parent crack plane. 

• A number of comparisons between experiments showing the traces from mode I I cracks 

reported in the literature on brittle materials subjected to compression, and the path 

prescribed by the analytical model show good agreements. Crack patterns 

experimentally observed indicate that the path of mode I I cracks under compression in 

some brittle materials follow a crack propagation path described by y = Xxb. In fact, 

the agreement between the experiments and the propagation path prescribed by the 

model, in which b = 3/2, is astonishingly good considering the simplifying 

assumptions made for the analysis. In the studied experiments, b was found in the 

interval [1.43-1.58]. 

• An investigation of the curvature parameter X has also been performed. The conclusion 

is that X also agree very good with the simplified analytical model, even though not as 

good as the exponent b. Those from the referred experiments measured X differs in 

general less than 15% as compared to the theoretical values predicted by the model, 

which is considered to be surprisingly good. 
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For ductile materials: 

• An elastic perfectly-plastic material is considered. A slip-line solution is derived for 

evaluation of the stresses at the crack tip in the plastic zone, which considers hydrostatic 

pressure and friction between the crack surfaces. A projection stress based model is 

discussed for prediction of the direction of initiated crack growth. 

• The sliding of the crack tip surfaces at crack growth becomes larger at increasing 

pressure or increasing friction between the crack surfaces. 

• A compressive hydrostatic stress and friction between the crack surfaces suppress 

opening mode crack growth. An overcritical pressure in the plastic zone surrounding the 

stationary crack tip prohibits crack opening regardless the direction of crack growth. 

The only possibility seems to be shear mode crack growth. The result is that this occurs 

straight ahead in the crack plane i f the crack is assumed to follow the plane of 

maximum shear stress. 

• At a sub-critical hydrostatic pressure, or lower friction between the crack surfaces, the 

crack can extend via a kink subjected to local opening mode. The direction the kink 

forms, compared to the original crack plane, decreases with increasing pressure or 

increasing friction. 

• An expression for the critical value determining fracture mode has been found as a 

function of hydrostatic pressure and friction between the crack surfaces. The expression 

is given by the slip-line solution assuming the fracture process to be predominantly 

controlled by local tensile stresses at the crack tip. 

• The crack growth directions predicted by the projection stress based criterion in paper 

I I I are comparable with the directions maximizing the opening displacement of an 

extended kink computed in the FE analysis in paper IV. Thus, for the circumstances 

discussed here, the projection stress based criterion gives the same result as a 

propagation crack growth criterion. The calculated results support the usage of the 

projection crack path prediction for a numerically computed crack extension in a ductile 

material. The models lead to a result that qualitatively is in analogy with the theories for 

opening mode in a linear elastic material. 
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Prediction of Shear Crack Growth Direction under 
Compressive Loading and Plane Strain Conditions 

P. ISAKSSON and P. STÄHLE 
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e-mail: peri@te.mah.se 

Abstract. A directional crack growth prediction in a compressed homogenous elastic isotropic 
material under plane strain conditions is considered. The conditions at the parent crack tip are 
evaluated for a straight stationary crack. Remote load is a combined biaxial compressive normal stress 
and pure shear. Crack surfaces are assumed to be frictionless and to remain closed during the kink 
formation wherefore the mode I stress intensity factor Kt is vanishing. Hence the mode I I stress 
intensity factor Ku remains as the single stress intensity variable for the kinked crack. 

An expression for the local mode II stress intensity factor k2 at the tip of a straight kink has been 
calculated numerically with an integral equation using the solution scheme proposed by Lo (1978) and 
refined by He and Hutchinson (1989). The confidence of the solution is strengthened by verifications 
with a boundary element method and by particular analytical solutions. The expression has been found 
as a function of the mode II stress intensity factor Ku of the parent crack, the direction and length of 
the kink, and the difference between the remote compressive normal stresses perpendicular to, and 
parallel with, the plane of the parent crack. 

Based on the expression, initial crack growth directions have been suggested. At a sufficiently high 
non-isotropic compressive normal stress, so that the crack remains closed, the crack is predicted to 
extend along a curved path that maximizes the mode I I stress intensity factor kj. Only at an isotropic 
remote compressive normal stress the crack will continue straight ahead without change of the 
direction. Further, an analysis of the shape of the crack path has revealed that the propagation path is, 
according the model, required to be described by a function y = cxr, where the exponent y is equal to 
3/2. In that case, when/= 3/2, predicts the analytical model a propagation path that is self-similar 
(i.e. the curvature c is independent of any length of a crack extension), and which can be described by 
a function of only the mode I I stress intensity factor Ku at the parent crack tip and the difference 
between the remote compressive normal stress perpendicular to, and parallel with, the parent crack 
plane. Comparisons with curved shear cracks in brittle materials reported in literature provide limited 
support for the model discussed. 

Key words.- Mode TI crack growth, biaxial compressive normal stress, linear elastic material. 

1 Introduction 

The general plane mixed-mode I / I I stress field is governed by the opening mode (mode I) 

stress intensity factor Kx and the shear mode (mode II) stress intensity factor Ku. With few 

exceptions, most of the previous studies on mixed-mode crack growth are focused on the 

mechanisms of crack initiation and propagation of opening cracks since experimental 

observations indicate that pure mode I crack growth is usually preferred before mixed-mode 

or pure mode I I crack growth. Even under pure shear loading, the crack grows under mode I 

conditions as a result of local tensile stresses at the tip. Since this observation generally is 
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valid irrespective of load situation, it confirms the assumption that fracture occurs under mode 

I rather than under mode I I conditions for opening cracks. 

Detailed discussions of these fracture criteria are found in, among others, (Erdogan and 

Sih, 1963; Cotterell, 1965; Bilby and Cardew, 1975; Cotterell and Rice, 1980; Melin, 1987; 

Sumi et al, 1983; or Broberg, 1987). However, it was reported in Bergkvist and Guex (1979) 

that the predicted crack path to a large extent is independent of the choice among the most 

generally used criteria, except for an initial kink. For linear elastic crack growth, an 

assumption of a kink in a direction giving a pure opening mode is frequently used. This is 

equivalent to assuming a vanishing mode I I stress intensity factor Kn. I f the original crack 

orientation does not coincide with the preferred mode I plane, a smooth adjustment occurs 

after initial kinking, i.e. change of direction, which may be abrupt, Broberg (1999) 

In contrast to mode I growth, mode I I growth has not been investigated to any depth in the 

literature. The reason for that is a well spread opinion that mode I I growth is seldom seen. 

That may be the case. Nevertheless, mode I I cracks have been observed in various materials 

under combined mixed-mode loading. For example, experimental results reported by 

Hallbäck and Nilsson (1994) shows mode I I growth in aluminum and Vaughan (1998) 

investigated mode I I crack paths under mixed-mode loading in PMMA. Recently, Sutton et 

al. (2000) performed a combined modeling/experimental study on mode I I crack growth in 

thin sheets. 

A l l the above mentioned experiments have been focused on mixed-mode loading. 

However, Jung et al. (1992) conducted extended tests of pure shear loading on rock materials. 

It was reported that mode I I crack growth occurred under pure shear loading in some 

materials (e.g. sandstone and granite) while mode I crack growth occurred in other materials 

(e.g. hydrostone). A similar study is found in Melin (1989) where crack paths in concrete, 

mortar and PMMA were analyzed and compared. 

Furthermore, it has been observed that mode I I crack growth can appear in applications where 

compressive stresses are involved (e.g. contact problems such as railway applications, gear 

drives, or structures subjected to earth quakes). Extensive studies have been done on crack 

propagation in structures subjected to compressive loading conditions in order to figure out 

favorable conditions for mode I I crack growth. According to results reported by Melin (1986) 

and (1987) wil l mode I I crack growth in a brittle material be preferred only i f a high confining 

pressure is present or when ratio between the critical stress intensity factors Klul Ku is 

surprisingly low. Other researchers have reported that cracks in rock materials can propagate 

in mode I I when the compressive load is sufficiently high, following the occurrence of a mode 

I crack (cf. Lajtai, 1974; or Petit and Barquins, 1988). Broberg (1987) reported laboratory 

produced mode I I growth in PMMA plates in experiments conducted in a combination of a 

compressive normal stress and shear load. Similarly, mode I I crack growth was achieved 

under uniaxial or biaxial compressive load in experiments conducted on brittle materials (cf. 

Reyes and Einstein, 1991; Shen, 1995; Rao, 1999 or Bobet, 2000). It was observed that srack 

growth was only produced under mode I I conditions as confinement increased, according to 

Bobet (2000). Recently, Leblond and Frelat (2000) analyzed crack growth from an initially 
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closed crack. Although the crack is assumed closed at the onset of crack growth due to a 

compressive loading, the crack growth is in their analysis assumed to occur under mode I 

conditions under the continued crack propagation. 

As briefly mentioned above, high confining compressive normal stresses can prohibit crack 

opening of the growing crack regardless of the direction of continued crack growth. When the 

ratio Kj I Ku vanishes the crack growth may proceed straight ahead in the direction of a 

tangent to the crack plane at the crack tip. It is assumed that the mode I I crack growth follow 

a path maximizing KE i f the crack is assumed to follow a plane of maximum shear stress. 

This does not reveal any characteristics of the crack path apart from that it is always smooth 

or free of kinks on the macroscale. 

The aim of this paper is to investigate macroscopic mode I I paths in a brittle material under 

influence of a high biaxial compressive normal stress leading to crack growth when the crack 

remains closed (i.e. crack opening is suppressed). This assumption is motivated by the 

observations of the experiments conducted by several authors, (cf. Petit and Barquins, 1988; 

Reyes and Einstein, 1991; Shen, 1993; Bobet and Einstein, 1998; or Bobet, 2000). The 

propagation criterion that the crack wil l extend in the direction of the largest Kn is selected. 

As for opening mode, the effect of the second order stress term of Williams' expansion 

(Williams, 1957), the so-called T-stress, is examined. The T-stress represents a constant 

stress applied parallel with the original straight crack. 

2 Problem definition 

Consider a locally plane structure initially containing a sharp semi-infinite crack, Fig. 1. A 

Cartesian (xl,x2,x3) coordinate system and a cylindrical coordinate system (r = (x2 + x2)U2, 

0 = tan~'[jt2 / j t , ] , z = JC3) are attended to the crack tip. The crack occupies the region jt, < 0 

and x2 = 0. The extent of the body in the x}-direction is assumed large and plane strain 

conditions are assumed to prevail. Further, suppose the body is subjected to a high biaxial 

compressive normal stress, not necessary isotropic, and loaded so that shear stresses are 

present in the crack plane. A mode I I stress intensity factor Kn has formed at the tip. The 

compressive normal stresses are supposed to be sufficiently high so that the opening mode I 

stress intensity factor KT is vanishing (i.e., Kx = 0). 

Assuming homogenous material and linear elastic isotropic behavior, the first two terms 

dominating the stress state expansion for r —» 0 may be expressed as 

cr, = (2nr)-mKuf?(0) + a'98v for / = 1,2 and j = 1,2. (1) 

The dimensionless angular function / ° ( 0 ) can be found in any textbook of fracture 

mechanics. Introduce the non-isotropic normal stress difference term c," —<J22, where a~x is 

the compressive normal stress parallel with the crack plane and o22 is the compressive normal 
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stress perpendicular to the crack plane, illustrated in Fig. 1. 

Let the normal stress difference term <r~ - a22 be regarded as a superimposed uniaxial stress 

in the x,-direction on a compressive normal stress a22. Equation (1) can be rewritten as 

cr, = (2nrrl2Knfi;(G) + « -<T~)8 U S V + O^S,, (2) 

which is valid as long as the mode I component of the stress intensity factor is vanishing. 

When o\" - o~"2 = 0, the stress state of the remote biaxial compressive normal stress is pure 

isotropic. 

I f the normal stresses cr," and o21 are non-compressive, the stress difference term cr," - a22 

would correspond to the so-called T-stress, i.e. a stress term that represents a constant stress 

applied parallel with the crack tip and is regarded as the second order stress term of the 

Williams' expansion (Williams, 1957). However, in this investigation the normal stresses cr~ 

and are assumed to be compressive meaning that the second order stress terms in the 

Williams' expansion appear in both the x,- and x2-directions. 

Notice that all frictional effects on the crack surfaces are disregarded. As long as the 

coefficient of friction between the crack surfaces is low, the shear stress field arising due to 

frictional load on the crack surfaces is limited. The conclusion is that this model is restricted 

to cases where the friction is negligible (e.g. lubricated crack surfaces). Nevertheless, one 

may draw some conclusions even for other circumstances, as long as the crack propagates in 

mode I I . It was shown in an earlier paper (Isaksson and Stähle, 1998) that the effect of 

homogenous friction is a reduction of Ka. At higher load of friction between the crack 

surfaces, the opening of the crack is suppressed and mode I I crack growth is promoted. As 

long as the deflection of the crack propagation curve is small, the effect of friction arised on 

the smoothly curved crack extension is believed to be limited. 

2.1 Crack kinking 

At a sufficiently large compressive load, as compared to the remote shear load, the crack 

cannot extend via a kink under opening mode I conditions. The only possibility seems to be 

shear mode crack growth. Continued crack growth is then assumed to follow a smoothly 

curved path co-planar, or at a small angle, to the original crack plane i f the crack is assumed 

to follow the plane of maximum shear stress. 

In this analysis, the crack is assumed to kink as a single straight branched crack, as illustrated 
in Fig. 2. The kink length / is understood to be small in comparison to the length of the 

parent crack. The stress field close to the crack tip, both before and after kinking, at a large 

distance as compared to / from the crack tip, can be characterized by the complex stress 

intensity factor K = K:+ iKn and the surrounding compressive normal stresses formed by cr," 
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and a21. After the crack has kinked an angle CO from its original plane, the new complex 

stress intensity factor defining the stress field surrounding the kink tip is given by k = kx + ik^. 

Several authors (cf. Bilby and Eshelby, 1968; Hayashi and Nemat-Nasser, 1981; or Cotterell 

and Rice, 1980) have investigated the problem of crack kinking from an originally straight 

crack. However, a solution scheme derived by Lo (1978) and refined by He and Hutchinson 

(1989) is believed to be the most convenient here. Their solutions are based on an integral 

equation and solved by an approximation of a polynomial. Here the procedure and solution 

scheme wil l only be briefly described. Further, the influence of the T-stress on the crack 

kinking has also been the subject of many investigations (cf. He et al, 1991; Cotterell and 

Rice, 1980; or Leblond and Frelat, 2000). In all these investigations, at least to the authors' 

knowledge, the crack has been able to open after the formation of the kink. That is, a mode I 

stress intensity factor £, has formed at the kink tip after branching. However, when the 

surrounding pressure at the kink are sufficient high (as in the cases studied in this paper), the 

kink is forced to remain closed. Hence the mode I I stress intensity factor k± remains as the 

single stress intensity variable for the kinked crack tip. 

The angle of the branched kink is in this investigation supposed to be small (| a> \< 45°) since 

the continued crack growth is assumed to follow a path co-planar, or in a small angle, to the 

original crack plane. At larger angles a weak singularity of the dislocation densities at the 

corner between the crack and the kink may becomes significant, although this singularity is 

weaker than the singularity at the kink tip, according to Williams (1952). However, at small 

kink angles the effect of the singularity is limited, cf. Zang (1990), wherefore the effect has 

been ignored throughout in this investigation. 

3 Solution scheme 

Following the solution scheme outlined by He and Hutchinson (1989), the key result is the 

integral equation, valid for a homogenous isotropic material in plane strain, 

2e-ia [B(n)(t - TJ)"1 dr, + [ V i j ) ^ * ,7j)d7j + 
J0 JO ß) 

\[B(r])H2(t,r])år] = -alB(t)-icy')

re(t). 

The complex dislocation density B(r\) is defined by 

B(T1) = rfl,2(l-r1r
mP(T1), (4) 

where P(r\) is bounded on 0 < r\ < 1, He and Hutchinson (1989). The bar, as of B, denotes 

the complex conjugate. For an approximation with TY unknown complex coefficients CJt P 

is represented by a polynomial of degree N - 1 as 
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N 
(5) 

C is the complex dislocation density defined by C = br +ibg, where bT is the discontinuous 

dislocation displacement in the direction along the kink and be the discontinuous dislocation 

displacement orthogonal across the kink. 

The distance along the straight kink to the tip of the parent crack is given by t (0 < f < 1) as 

illustrated in Fig. 3. The basic solution for an edge dislocation at z0 (z 0 = r\e~ia, where 

0 < X] < 1) interacting with a semi-infinite traction free crack was obtained by using complex 

variable methods, He and Hutchinson (1989). For cases where the traction on the radial line 

through z (z = te'"") is regarded, the expressions for Hx(t,r]) and H2(t,rj) as well as o~0

gg(t) 

and cr°g(t) are given in Appendix A. The stresses aa

gg(t) and a"re(t) are referred to as the 

stress components arising from the crack tip field from the parent crack, in the absence of a 

kink, with stress intensity factors Kt and Kn. These tractions can also be written as 

where K is the complex stress intensity factor for a traction free kink and / ( c o ) is a real 
angular function. 

The stress intensity factors for the kinked crack are then given by 

as showed by Lo (1978). 

The solution method outlined calculates the kinked crack stress intensity factors kj and kj 

asymptotically correct for 9->0 according to He and Hutchinson (1989). However, this 

method as well as other theories found in the literature, at least to the author's knowledge, are 

based on the assumption of an opening of the kink. A modification of the method is necessary 

in order to obtain a solution for the problem of crack growth by a closed kink extension. 

4 Closed crack kinking 

As discussed, the compressive normal stresses cr" and c2"2 are assumed to be sufficient high 

so that crack opening is suppressed even after kinking (i.e., k = 0). Hence, only shear 

displacement of the crack surfaces during kink formation is allowed. To solve this crack 

kinking problem with the solution scheme outlined, one has to properly apply changed 

boundary conditions by distributing dislocations along the straight kink contour so that the 

boundary conditions across and along the kink is fulfilled. 

alg(t) + iale(t) = K(27a)-xllf(co), (6) 

k1+ik2 = (2nf'2e-'aP(l), (7) 
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The line segment of the kink corresponding to 0 < t < 1 is represented by a distribution of the 

radial dislocations br chosen such that the net tractions are zero on the line segment. With the 

assumption of a closed kink extension, the individual circumferential Burgers vectors be 

along the kink have to be zero as opening of the kink is prohibited due to the compressive 

load. Thus, a necessary boundary condition in our case is be(t) = 0 along the line segment 

0 < t < l in order to maintain that the kink wi l l remain closed (i.e., the displacement 

discontinuity jump across the kink contour is vanishing). 

A pure mode I I loading wil l result in tractions on the line segment that in general produces 

non vanishing individual circumferential Burgers vectors be(t) as the normal stress <J°m(t), 

the hoop stress in a mode I I stress field in absence of a kink, is not equal to zero when ft) ^ 0. 

One realizes that a boundary condition of be(t) = 0 is incompatible with a pure mode I I crack 

tip field for co * 0 wherefore a modified crack tip field has to be considered. 

It is evident that under plane strain or plane stress, a distribution of Burgers vectors consisting 

only of radial edge dislocations br (as be = 0) along a straight dislocation line directed in 6, 

does not contribute to the normal hoop stress aee along the same radial direction 0 (cf. 

Broberg, 1999; or Landau and Lifshitz, 1986). One realizes that a boundary condition of 

bg(t,æ) = 0 for 0 < t < 1 in the integral equation, eqn. (3), will give the same result as the 

boundary condition a°ge(t,co) = 0 for 0 < / < 1. However, applying the boundary condition 

o°m(t,co) = 0 for 0 < r < l to eqn. (3) is a considerably more convenient method for the 

solution scheme considered. 

A modified crack tip field has to be found that produces normal stresses o~°m(t) = 0 along a 

line directed co. Consider the superposition scheme outlined in Fig. 4. We separate the normal 

stress CT°ge(t) arising from the crack tip stress field into two different contributions, as 

illustrated by Figs 4a-c. The problems described in Figs 4a-c are below denoted problem a-c 

respectively. For simplicity and clarity, the compressive normal stresses oyj and a22 are 

excluded in the superposition scheme. It is important to make clear that the total hoop stress 

a e e ( t ) surrounding the crack tip is still compressive and suppress crack opening as the 

compressive normal stresses are excluded in the superposition scheme. The superscript "0", as 

in o~gg, denotes the modified crack tip stress field that is a consequence due to the imposed 

boundary condition of vanished individual circumferential Burgers vectors be along a line 

directed in a. 

Problem a) illustrates the requested crack tip field with an in-plane shear load and a normal 

stress <J°ee(t) = 0 in a plane making the angle co with the parent crack plane. Problem b) is the 

situation of a pure mode I I loading. In this case the square-root singular normal stress o~g\(t) 

arising from the crack tip field is not equal to zero in the plane making the angle co. Problem 

c) illustrates the compressive normal stress o e g ( t ) necessary for suppressing the normal stress 

°e»(0 m order to maintain a total normal stress a^t) = 0 along the line segment. Problem 

a) is then recovered by superposing b) and c). It is realized that in order to fu l f i l l the 

prescribed boundary condition, a necessary condition is c^(0 = -o"^ ( f ) . The normal stress 
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o~eB(t) may be interpreted as a negative mode I stress field, or a closing mode I field, that is 

necessary for suppressing the square-root singular stress o~\\(t). 

A consequence of the suppressed normal stress o~\\(t) is a reduction of o%(t), the total in 

plane shear stress arising from the crack tip field in absence of a kink. We identify for an 

opening stress field in our notation, 

according to the ordinary angular functions for mode I . Derivation of eqn. (8) is found in 

Appendix B. 

The reduction of oa

r6(t) is, accordingly, 

where o~"e(t) is the in-plane shear stress from the pure mode I I field. As o\g(t) = -o~\\(t) a 

final expression for the modified in-plane square-root singular shear stress o~°rg(t), prior to 

kinking, yields 

To be able to solve the closed crack kinking problem (i.e., Kx = = 0) the integral equation 

in eqn. (3) can now be solved with the boundary conditions of the modified stress field from 

the crack tip prior to kinking as ole(t) = Q (i.e., be(t) = 0) and a shear stress <7°„(0 

according to the expression in eqn. (10). 

5 Stress intensity factor for the kinked crack 

According to Cotterell and Rice (1980), can the stress intensity factors at the tip of a kinked 

crack be calculated from the stresses that exist along a line segment directed in co, e.g. the 

line of the infinitesimally small kink, for r —> 0. In the limit as the length / of the kink tends 

to zero the stress intensity factor become to first order 

o-'8(0 = -c4(0tan(ö>/2), (8) 

<o(t) = <£(0 - CT'*(0 = <^(0 + o-; e(t)tan(rø/2), (9) 

ole(t) = CJl(t)-al(t)\zn(col2). (10) 

(11) 

Equation (10) leads to the asymptotic expression 

rg" 9(0-ojUQtan(cø/2) åt. (12) 
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For the case of simplicity, we first study a load case of an isotropic remote biaxial 

compressive normal stress (cr~ = cr~) combined with a shear load Kn By using the 

standard angular functions for the crack tip field in mode I I , found in Appendix B, 

er™ (0 - cC(/)tan(tt>/2) = -ß=cos—(3coso) - 2). (13) 
V2TT/ 2 

Equation (12) yields 

K = £ f ^ ^ ° ' * * ] ™ a ~ 2 ) d t = Kn c o s f (3cosft. - 2). (14) 

Lets now regard a load situation without shear load, i.e. Ku=0, but where a non-isotropic 

remote biaxial compressive normal stress is present (er,~ 5* cr^). Along a line segment 

directed in co one identify the stresses a\\ and cr''fl as 

aee = ( °n _ ^22) s in 2 co, and (15) 

g n = O - n - O - 2 2 g i n 2 f 0 ( 1 6 ) 

In analogy with eqns. (13) and (14), 

cr" e(t)-cr" 9(r)tan(£u/2) = (cr," -cr 2")(sin2<w-sino), (17) 

and 

_ [2 f (cr," - cr2")(sin2ft) - sin ft)) 

^"^1 ( ^ r 

2/ 
= 2J—(cr," - cr2°2)(sin2cö - sin ft)). 

(18) 

The kink length I is defined in Fig. 2. This asymptotic expression is similar to the expression 

reported by He et al. (1991) in an investigation of the dependence of the T-stress on a kinked 

crack with Kx > 0 and k1>0. 
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6 Numerical implementation 

To solve the integral equation in eqn. (3) with the scheme outlined the mathematical program 

MATLAB (1995) was used. The degree of the polynomial, N, was set to 100. The material 

was always treated as an elastic isotropic homogenous material and the crack surfaces were 

treated as frictionless. 

To have an alternative computational method to compare with, the problem was also solved 

numerically with the boundary element method (BEM). The program used, FROCK (Chan et 

al. 1990 and Bobet, 1997), provides an easy way to model discrete cracks of different kinds 

and with various loads. FROCK is based on the Displacement Discontinuity Method (DDM), 

but specifically can be defined as a Hybridized Indirect Boundary Element formulation 

because both the stresses and displacements are considered in solving the problem, as 

opposed to pure DDM where only the stresses are used to formulate a linear system of 

equations. D D M belongs to the Boundary Element Method family, first introduced by Crouch 

(1976) and later widely used in modeling problems containing discontinuities. The advantage 

of DDM in simulating crack propagation, compared with other boundary element techniques, 

is its direct presentation of the crack as special crack elements. The displacement 

discontinuities in shear direction and in normal direction across the crack are directly 

presented as unknowns. 

The crack was modeled with 105 equally spaced special crack elements, of which 5 were in 

the kink as illustrated in Fig. 5a. The crack tips were modeled with square-root displacement 

discontinuity elements while the body of the crack was modeled with linear displacement 

discontinuity elements. Al l the elements had the same length. The length of the main crack 

was 2a and the remote load o~,", o~2°°2, and o™2 were applied at a distance far away from the 

crack, r = 1000a, illustrated by Fig. 5b. 

7 Results 

Solving eqn. (3) with the boundary condition <T°ge(t) = 0 along the line segment 0 < r < l 

results in vanished individual circumferential Burgers vectors be(t) = 0 for 0 < t < 1, except 

at t -> 0 where a weak singularity of the dislocation densities at the sharp corner between the 

crack and the line segment becomes significant. The singularity arises due to the 

discontinuous displacement of the crack surfaces at the corner between the segment and the 

parent crack and wil l result in a square-root stress field that is not properly represented in the 

numerical calculation. However, this singularity is weaker than the singularity at the kink tip, 

according to Williams (1952). Figure 6 shows the dislocation densities of the circumferential 

and radial components of Burgers vectors, be and br, along the kink for the angle co = 10°. 

As can be seen be = 0 along the line segment, except at t —> 0 where the discussed singularity 

is present, and leaves confidence to the boundary conditions used. At small kink angles the 

effect of the singularity is limited, cf. Zang (1990), wherefore the effect has been ignored 
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throughout in this investigation. 

By solving the integral equation in eqn. (3) with the boundary conditions o~°æ(t) = 0 and 

<J°re(t) according to eqn. (10) along the line segment 0 < t < 1, the mode I I stress intensity 

factor at the kink tip was calculated at various angles co at different loads. The numerically 

investigation was made in two steps. One (i) solving for fc, at an isotropic remote biaxial 

compressive normal stress combined with a shear load, and one (if) solving for ^ at a non-

isotropic remote biaxial compressive normal stress without shear load. 

i cr," = o22 and Ku ^ 0 as r —> °°. 

Here the load is pure shear, Ku, under an isotropic remote biaxial compressive normal 

stress, -cr," = a22 » KBIV/. 

Figure 7 shows the numerically calculated ratio fcj / Kn as a function co of together with 

the asymptotic analytic expression of k2/Kn = C O S ( Ö J / 2 ) ( 3 C O S Ö > - 2 ) , obtained from 

eqn. (15). 

ii CT," £ cr^ and Ku = 0 as r —> °°. 

The load is a non-isotropic remote biaxial compressive normal stress, cr," * o21, 

-cr," » fcj / 41 and -o22 » k2/^l. The shear load on the parent crack is zero ( K n = 0) 

and fc2 depends only on the normal stress difference cr," - a22 and the kink angle m. 

Figure 8 shows the calculated ratio fc, / Kn as a function co together with the analytic 

expression ^/(er" -cr 2")V/ =2V2/jr(sin2a>-sinft>), eqn. (18). 

By comparing the analytical expressions of fc2 and the results numerically solved by the 

integral equation, Figs. 7 and 8, it is realized that the asymptotic analytical solutions give 

good agreement of to those numerically calculated. This leaves confidence to our 

approximate asymptotic expressions, wherefore the two cases above can be superimposed. A 

compounded expression for k2 may be written as: 

k2 =AT ncos—(3coscö-2) + 2A|—(CT,"-cr2" 2)(sin2ö)-sinct)), (19) 
2 \ Tt 

for co —> 0 and / -* 0. 

Equation (19) is valid as long as opening of the kink is suppressed (i.e., fc, =0) due to 

sufficient high compressive normal stresses. 

Analyzing a similar problem using a numerical boundary element method (FROCK) 

strengthens the confidence in the asymptotic analytical expression in eqn. (19). The load 

where set to (cr," -cr 2")V/ / Kn = 1 and the remote compressive normal stresses cr," and cr2°°2 

were so high that the crack remained closed at all kink angles. As can be seen in Fig. 9 the 

agreement is good, at least for co less than around | co\< 25 °. The small discrepancy at larger 

angles is believed to emerge from the weak singularity of the dislocation densities at the sharp 
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comer of the crack kink, Williams (1952). Due to the combination of a closed crack and a 

straight kink the displacements of the crack surfaces wi l l be discontinuous at the comer 

between the crack and the kink due to the shear displacements. This will result in a square-

root stress field that is not properly represented in the numerical calculation and may be the 

cause of the discrepancy between the numerically calculated k^ and the approximation of the 

asymptotic analytical k^. The singularity depends on the kink angle and becomes more 

dominant at larger angles, as discussed above. However, at least for small kink angles, eqn. 

(19) seems to be a good approximation. 

8 Crack growth prediction 

The crack is assumed to follow the path maximizing the mode I I stress intensity factor k^. 

This is consistent with a criterion for the maximum energy release rate since KT = = 0. 

Seeking the kink angle a>0 maximizing in eqn. (19) gives the first order approximation 

8 § / o £ z ö a . (20) 
0 13 V TT Ku

 v ' 

Since the deflection of the straight kink from the parent crack plane is assumed to be small, 

the expression in eqn. (20) gives an appropriate crack path prediction as a function of the 

mode I I stress mtensity factor Ku of the parent crack, the kink length and the difference 

between the remote compressive normal stress a21 perpendicular to the crack plane, and the 

remote compressive normal stress cr," parallel with the crack plane. Only at an isotropic 

compressive normal stress (o\~x = 0"2°°2) the crack wil l continue straight ahead without change 

of direction. 

For small ft)0 the deflection y at the end of a straight kink is y = a0l as shown in Fig. 10. 

From eqn. (20) one readily obtains 

y = CO0l = ÅJ"2, (21) 

where A = A M ^ ^ . 
13 V tf Kn 

By putting I ~ x (as y « x) in eqn. (21), 

y = ÅxV2. (22) 

Thus, in theory, it appears as the crack extends along a smooth curved path described by the 

function y = Ax 3 ' 2 . This expression is similar to the expression found for the curvature for 

opening cracks discussed by Leblond and Frelat (2000) in a study of crack extension of an 

initially closed crack. It would be possible to examine this hypothesis by integrating eqn (3) 
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with respect to a cut along the path described by eqn. (22). However, this is regarded to be 

cumbersome and suggested to be the subject of a future analysis. 

As the continued mode I I crack growth is assumed to extend along a smooth curved path, one 

realizes that an extension of a straight kink not fully can describe the crack propagation path 

since the stress intensity factors of a straight and a curved crack extension are expected to 

differ. An investigation that compares kj at a straight kink and for a curved extension is 

made. 

Let the deflection of the crack extension be described by a function y = £(x) (see Fig. 11). 

Near the tip of the original pre-existing crack located at the origin in Fig. (11), the stress field 

on the x-axis is given for the second order approximation of £ 

a = 0 
yy 

(23) 

13 

where the in-plane shear stress is obtained from eqn. (10) and is here valid for small £'(*) 

and small y/x. Here, £'(*) denotes d£(x)/äx. The isotropic normal stress a22 is excluded 

for simplicity in the expressions for aa and a in eqn. (23). 

The tractions Tx and T on a crack extension from the origin to the point (1,4(1)) can be 

derived from the stress field (cf. Cotterell and Rice, 1980) and to second order in £ they are 

T,=o- + - c(x)^=-£-f & ä -
dy 2nx \ 2x 

dr K„ 13, 

(24) 

where the equilibrium equations da^ ldx + dx^ ldy = dx^ ldx + daw /dy = 0 have been used. 

By using a solution method derived by Cotterell and Rice (1980), the second order expression 

of fcj can readily be obtained as 

Tx + 4V)Ty C(i)-qx)-4'(x)(i-x) 

( l - x f 2 y 2(1-xf2 
dx 
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2 V / 2 f * n ( l - a [£ ' (x) ] 2 ) - [er- - er" ]£'(*) 

I — — dx + 

Kn [ 

[2nx(l-x)f 

C(0-C(x) + g ( x ) - y ( x ) 

(25) 

[ x ( l - x ) f 

The second integral is, according to Cotterell and Rice (1980), identically zero for all 

functions £(x) . By assuming £(x) = cx r , a second order expression for k2 at the tip of the 

crack is 

2 j / 2 j / : „ ( i - f y 2 c 2 x ^ - 2 ) ^ ^ V " c 

V ' V o [2nx(l - x)f 
2 f ^ n - c r y - 1 ^ 

J ( / - x ) , / 2 
(26) 

Seeking the value of c maximizing kj in eqn. (26) yields 

' y-l 

[<y--o--]J dx 
— -̂ = 0->c = 
* 13A-ny x 2 y - 2 

(27) 

dx 

In this investigation, the values of y = 1 and y = 3/2 are of particular interest. Equation (27) 
gives for y = 1 

A f2"[o-"-o--]VF _ Q 4 9 1 [g--o--]-v7 

13 V TT tfn 

(28) 

and for y = 3/2 

c = — 8 ^ [ g i " - g ä l _ ^o.514 t < J>" ~ 
39 A„ 

(29) 

Equation (27) indicate that in order for the analytical model to predict a crack propagation 

path with a curvature that is independent of any extension length / , the exponent y in the 

expression f (x) = cxy is required to be equal to 3/2. In that case, when y = 3/2, is the crack 

propagation path independent of the length of the crack extension and is only a function of the 

mode I I stress intensity factor Kn and the compressive normal stresses g,~ and g^ . 
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9 Experimental illustrations 

During the last years a handful experiments obtaining curved mode I I cracks in brittle 

materials under combined compressive/shear load have been reported (cf. Reyes and Einstein, 

1991; Shen, 1995; Bobet and Einstein, 1998; or Bobet, 2000). In the experiments reported, the 

authors argued that there is clear evidence that mode I I cracks do initiate and propagate. After 

examination of the cracks it was found that some of the cracks developed were pure shear 

cracks, or a combination of a mode I crack followed by a mode I I crack. According to 

observations reported by Bobet (2000), crack growth was only produced under mode I I 

conditions as confinement increased. The mode I I cracks were reported to initiate from tips of 

straight pre-existing cracks and propagate in a stable manner. 

Figure 12a and 12b illustrates curved mode I I crack growth from tips of pre-existing cracks of 

length 2a = 12.7 mm. The traces from the crack growth are taken from Shen (1995) and 

Reyes and Einstein (1991). The crack growth where reported to occur in a compressive field 

and opening of the crack was suppressed. To evaluate the experimental results it is necessary 

to have in mind the strong approximations that have been made. The path prediction in our 

model is not a microscopic propagation model since it is not based on small-scale effects (i.e. 

grains or pores observations). Nor does the model take friction or de-cohesion effects into 

account. However, by looking at Figs. 12a and 12b, it seems justified to conclude that the 

model may, on the macroscale, reproduce the mode I I crack curvature obtained in the 

experiments. Indeed it is obvious that the closed crack propagation path is described by 

function y = cx312. The calculated curves in Figs. 12a and 12b are only curves described by 

the function y = cx312 (where c is an arbitrary constant) helping us to illustrate the behavior of 

the curved crack growth reported and are not based on geometry- or load configurations in the 

experiments. 

A limited number of comparisons between experiments showing the paths of closed mode I I 

crack growth and the curvature prescribed by the analytical propagation path discussed in this 

investigation, show promising results. A more comprehensive analysis of shear crack paths 

achieved in experiments under compressive loads is the subject of a forthcoming analysis. 
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10 Conclusions 

Crack growth is assumed to be in shear mode when the crack opening is suppressed due to a 

high compressive normal stress. A model is suggested for prediction of the direction of crack 

growth initiation and path for a mode I I crack constrained to remain closed during crack 

propagation. The following conclusions is made: 

• An asymptotic expression for the mode I I stress intensity factor at a straight kink, k^, 

has been calculated, numerically with an integral equation using a solution scheme 

found by Lo (1978) and later refined by He and Hutchinson (1989), and by particular 

analytic solutions. The expression has been found as a function of the mode I I stress 

intensity factor Kn of the parent crack, the direction and length of the kink, and the 

difference between the compressive normal stresses perpendicular to, and parallel with, 

the parent crack plane. 

• Based on this expression, a crack growth directions have been suggested. At a 

sufficiently high non-isotropic compressive normal stress, so that crack opening is 

suppressed, the crack wil l extend along a curved path that maximizes the mode I I stress 

mtensity factor. Only at an isotropic compressive normal stress the crack will continue 

straight ahead in its original plane without change of the direction. 

• Calculations of the mode I I stress intensity factor at the tip of a curved extension of 

the crack have been performed analytically to support the experimentally observed 

results of curved mode I I crack growth under compression. 

• An analysis of the shape of the crack path has revealed that the propagation path is 

required to be described by a function v = cxr, where the exponent y is equal to 3/2. In 

that case, when y = 3/2, predicts the analytical model a propagation path that is self-

similar (i.e. the curvature c is independent of any length of a crack extension), and 

which can be described by a function of only the mode I I stress intensity factor Kn at 

the parent crack tip and the difference between the remote compressive normal stress 

perpendicular to, and parallel with, the parent crack plane. 

• The calculations are justified by illustrated observations of curved mode I I cracks 

obtained in experiments conducted under compressive load reported in the literature. 
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Appendix A 

Regarding to He and Hutchinson (1989), the basic solution for an edge dislocation at z0 

(z0 = r7e_"°) interacting with a semi-infinite, traction-free crack, was obtained by using 

complex variable methods. I f the traction on the radial line through z (z = te'"°) is written as 

eqn. (3), the functions Hx and H2 are given by 

The functions i f , and H2 satisfy a traction-free condition on the semi-infinite crack. In the 

above 

fl'1=-I[F(z,2b) + F ( z > ^ ) ] ( A l ) 

(A2) 

L(0(z)) = 0(z) + <Kz) + e'2ia[(z - z)<j>'(z) + 0(z) - 0(z)] (A3) 

and 

F(z,z0) = [ l - ( z 0 / z ) 1 / 2 ] / 2 ( z - z 0 ) . (A4) 

The formula for cr^(t) + io°rB(t) in eqns. (3) and (4) is 

(A5) 

where 

1 
Kz~] (A6) 

2V27T 

and 

1 
(A7) 
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Appendix B 

The circumferential and radial stress components of the crack tip field from a semi-infinite 
crack is in our notation 

Mode I 

i K. \ CO 
. m - i -(l-t-cosco)cos—hO(r ) 

Ilm 2 2 
(BI) 

K, 1 . CO 

2TV 2 
sin co cos—h 0(r ) (B2) 

Mode II 

Pn _ -"-n Kn 3 co 

2nr 2 
-sintücos— + 0(r ) (B3) 

1 co 3 3<Ö 
—cos—I-—cos— 
4 2 4 2 

+ 0(V / 2 ) (B4) 

Equations (BI) and (B2) gives the ratio ar6 Iaee along a radial line directed in co 

i / i sino)cos((ö/2) sinö) , , „ 
°"re / C T98= — = = -tan(fl)/2). (B5) 

r B " ( l + C0S£ö)C0S(£0/2) (1 + GOSCB) V ' 

Similarly, eqns (B3) and (B4) gives 

n / C T n _ l/4cos(ft)/2) + 3/4cos(3ta/2) _ 3 c o s o - l  
CTre 3/2sin<acos(<ü/2) 3sino> ' ( 

1-20 



Figure 1. Geometry and load of the crack. 
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Figure 2. Quantities of the kinked crack. 
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Figure 3. An edge dislocation at z0. z is the coordinate of the kinked tip. 
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KYl>0 

a) 

< CO 

+ 
>0 

c j > 0 

Jee <0 

c) 

Figure 4. Superposition scheme of the normal stress ale(t) along a radial line directed in 

CO. Note that the compressive remote normal stresses C7," and a\\ are excluded in 

the superposition scheme. 

a) Our case with mode II load, Kn, and a normal stress Oa

eg(t~) = 0. 

b) Load case of a pure mode II loading with stress intensity factor Kn. The 

normal stress 0~\\(t) > 0 as a) > 0 and > 0. 

c) The compressive normal stress ol

m(t) necessary for suppressing a^e(t). 
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Figure 5. a) The tip of the discretized crack modeled in the boundary element program. 
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Figure 5. b) The remote stress field is applied at r = 1000a. The scale of the crack, with 

length 2a, is exaggerated in the figure. 
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Figure 6. The dislocation densities of the circumferential and radial components of Burgers 

vectors, bg and br, along the kink when the angle co = 10 °. 
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Figure 7. at different kink angles. An isotropic remote compressive normal stress, 
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Figure 8. k2 at different kink angles. A non-isotropic remote compressive normal stress, 
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Figure 9. Comparison between the analytical expression and BEM. 
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Figure 10. Deflection of the kink. 
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Figure 11. Small extension of a closed fracture from a pre-existing crack. 
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Figure 12. Experimentally observed traces of shear crack growth under compression. 

Illustrative curves described by a function y = cxillare also marked. 

a) After Shen (1995). 

b) After Reyes and Einstein (1991). 
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Mode II Crack Paths under Compression in Brittle Solids 
- A Theory and Experimental Comparison 

P. ISAKSSON and P. STÄHLE 
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e-mail: peri@te.mah.se 

Abstract. A study of crack propagation paths in the situation where the crack is suppressed to open 
during growth due to high compressive forces has been performed. This problem was analyzed 
theoretically very recently by the authors and is here extended to involve a limited number of 
illustrative experimental results reported elsewhere in the literature. By analyzing the experimental 
crack growth patterns, the conclusion is that the model can not describe the more realistic microscopic 
failure in detail. Since shear crack growth on the microscale strongly depend on inhomogenities in the 
material, like cavities, grains or inclusions; the closed crack growth patterns observed are not smooth 
or free of kinks. Nevertheless, the model show good agreement with the reported experimental 
observations of the paths of closed macroscopic mode I I cracks on samples in brittle materials, 
induced under overall compression. 

Failure patterns experimentally observed supports the theory that the growth of mode I I cracks 
under compression in brittle materials follow a propagation path described by a function y = /be4, 
where 2>=3/2. This is strongly supported by the measured values obtained from various experiments. In 
all the studied experiments, the exponent b was found in the interval [1.43-1.58]. An investigation of 
the curvature parameter X has also been performed and the conclusion is that X does also agree with 
the simplified model, even though not as good as the exponent b. However, A differs in general less 
than 15% from the theoretical value predicted by the model. The process of crack growth is in the 
simplified model assumed to be controlled by the mode II stress intensity factor Ku of the main crack 
and the difference between the compressive remote normal stress parallel with the crack plane (a,") 
and the compressive remote normal stress perpendicular to the crack plane (o -^)-

1 Introduction 

Cracks in brittle materials are often governed by linear elastic fracture mechanics. To this end 

crack initiation and propagation have been the subjects of intensive investigation in rock- and 

fracture mechanics, both experimentally and theoretically. However, most of the previous 

studies are focused on the mechanisms of crack initiation and propagation of opening (mode 

I) cracks (cf. Erdogan and Sih, 1963; Bilby and Eshelby, 1968; Cotterell and Rice, 1980; or 

Hayashi and Nemat-Nasser, 1981). Experimental observations indicate that pure mode I crack 

growth is usually preferred before crack growth under mixed-mode or pure shear mode (mode 

II) conditions. Even under pure shear loading, the crack generally grows under mode I 

conditions as a result of local tensile stresses at the tip. However, according to results reported 

by Melin (1986) and (1987), can mode I I crack growth in a brittle material be preferred i f a 

high confining pressure is present or the when ratio between the critical stress intensity 

factors, KUc/Ku, is surprisingly low. 
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There are several interpretations of mode I I failure, and the most common view is that shear 

mode crack growth is caused by a linkage of many small tensile cracks (i.e. so-called 

microcracks) (cf. Broberg, 1987; Shen, 1993; or L i , 1999). Broberg (1987) argued that on a 

microscale, mode I I growth could consist of repeated micro-separations at an angle to the 

crack direction due to tensile forces of short reach near the crack tip. The zigzag crack paths 

often seen in mode I I growth indicate this shear mode micro-separation. In other cases the 

micro-separation mechanism could consist of pure shear flow resulting in pure sliding of the 

crack surfaces. However, these mixed micro-separation mechanisms occur as a result of the 

local conditions near the crack tip. It is believed that at a mixed mode I + I I fracture, the crack 

grows in a direction that maximizes one of the stress intensity factors Kz or Kn, rather than in 

a direction that maximizes some functional of K, and Ku. Furthermore, Broberg (1987) and 

(1999) argues that i f the compressive stress field at the crack tip is so high that an opening 

crack cannot propagate more than a very short distance from the tip because compressive 

stresses force the separation to close at its end, the continued crack growth possibly occur in 

the direction of the main crack, independent of the processes taking place in the microscale. A 

high confining pressure wil l then prohibit crack opening of the growing crack regardless the 

direction of crack growth. A more detailed discussion of the nucleation mechanism of 

microcracks in brittle materials can be found in, among others, (Suresh, 1991; Broberg, 1987; 

or Bobet and Einstein, 1998). 

At a sufficiently high confining pressure leading to a vanishing opening stress intensity factor 

Kj = 0 at the tip of a kink in any direction, the crack is assumed to extend along a smooth 

curved path that maximizes the mode I I stress intensity factor Ku on the macroscale. One 

arrives at the same conclusion assuming crack growth along the plane of maximum shear 

stress as by assuming that the crack follows the direction of the largest Kn. 

Heterogeneous brittle materials, such as rock, concrete and ceramic, contain a large number of 

different inhomogenities (e.g. soft and hard inclusions such as voids, pores and microcracks). 

These defects provide the crack tip with a rather large process region, which may be 

responsible for the macroscopic mode I I failure under compressive loads in such materials. In 

order to figure out conditions favoring mode I I fracture Jung et al. (1992) conducted extended 

tests of pure shear loading on various brittle materials. It was reported that mode I I crack 

growth occurred under pure shear loading in some materials, such as rock, while mode I crack 

growth occurred in other materials like glass or PMMA. A similar study is found in Melin 

(1989) where fracture paths in concrete, mortar and PMMA were analyzed and compared. 

Some researchers have reported that experiments conducted in brittle materials can result in 

propagation of a mode I I crack when the compressive load is substantially high, following the 

occurrence of a mode I crack (cf. Lajtai, 1974; or Petit and Barquins, 1988). More recently 

(e.g. Reyes, 1991; Reyes and Einstein, 1991; Shen, 1993; Shen et al, 1995; Bobet and 

Einstein, 1998; Rao, 1999; or Bobet, 2000) pure mode I I cracks were obtained in experiments 

conducted in brittle materials under uniaxial or biaxial compressive load. As confinement 

increased cracking was only produced by mode I I cracks as observed by Bobet (2000), who in 

experiments and in a stress analysis concluded that shear cracks always initiated in 
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compressive stress fields and propagated as mode I I cracks on the macroscale. Thus, the result 

reported by Bobet (2000) verifies the theoretical results discussed by Melin (1986) in an 

analysis of crack kinking under confining stresses. Hence, there is a large body of evidence 

showing that mode I I cracks indeed may appear under compression, at least on a macroscale. 

Recently the authors analyzed (Isaksson and Ståhle, 2000), theoretically, the macroscale mode 

I I crack propagation path in a brittle material under influence of high compressive normal 

stresses. An expression for the mode I I stress intensity factor at a crack extension was found 

under the condition that the crack opening is suppressed during crack growth. The expression 

was found as a function of the mode I I stress intensity factor Kn at the parent crack and the 

difference between the compressive remote normal stress perpendicular to, and the 

normal stress a~ parallel with, the parent crack plane. Based on this expression, a crack 

growth direction model was suggested. At a sufficiently high non-isotropic compressive 

normal stress, so that the crack remains closed, the crack will extend along a curved path that 

maximizes the mode I I stress intensity factor. Only at isotropic remote compressive normal 

stress the crack wil l continue straight ahead without change of the direction. The mode I I 

crack growth most likely follows a curved path and the deflection from the original crack 

plane increases with increasing non-isotropic biaxial compressive normal stress cr™ -a". 

To verify the applicability of the model to real problems in rock mechanics, a comparison 

with experimental data is necessary. The objective of this paper is to investigate the curvature 

of growing mode I I cracks where the initiation and propagation of the crack is controlled by a 

shear stress. The crack contours are obtained from various experiments reported in the 

literature. 

2 The problem 

Cracks subjected to shear load under high remote compressive normal stresses in brittle 

isotropic materials are considered. Numerous experimental and theoretical efforts have been 

devoted to the understanding of the crack initiation and propagation of pre-existing cracks in 

brittle materials, even though the attention mainly has been focused on mode I crack growth. 

Increasing attention has been paid to mode I I crack growth in rock, but there is still a lack of 

systematic research such have been done for mode I failure. Not only are the classical mixed 

mode fracture criteria incapable of predicting the mode I I crack growth under compressive 

load, but also it seem as the process of shear crack growth is not well understood. 

Samples in various brittle materials (like marble or gypsum) have demonstrably cracked in 

shear mode in experiments conducted under compressive loads (cf. Reyes, 1991; Reyes and 

Einstein, 1991; Shen, 1993; Shen et al., 1995; Bobet and Einstein, 1998; Rao, 1999; or Bobet, 

2000). A review of the experiment setups is found in the Appendix. In the reported 

experiments the authors argued that there is clear evidence that mode I I cracks do initiate and 

propagate. After examination of the cracks it was found that some of the developed cracks 

were mode I I cracks or a combination of a mode I crack followed by a mode I I crack growth. 
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The mode I I cracks initiated from tips of pre-existing cracks and were reported to propagate 

in a stable manner. It is not sure i f the initiated cracks were mode I I cracks on a microscale 

(i.e. grain scale) but, as Bobet and Einstein (1998) concluded, on a macroscale the cracks 

were indeed mode I I cracks. Later, in a stress analysis by Bobet (2000), it was concluded that 

the direction of the mode I I cracks were determined by the direction of the maximum shear 

stress and the cracks were initiated (and propagated) in a compressive stress field. 

3 Analysis of the mode II crack propagation path 

In all experimental configurations the mode I I crack surfaces, during crack propagation, were 

subjected to a remote biaxial compressive stress field consisting of three main components; a 

compressive normal stress perpendicular to the crack plane (o£ ) , a compressive normal stress 

parallel with the crack plane (cr,") and a shear stress parallel to the crack plane ( T , " ) . The first 

two stress components lead to the closing of the crack surfaces while the shear stress acts as 

the driving force for the continued crack growth, which is predominantly mode I I in character. 

The resulting crack growth patterns emerging from pre-existing cracks are analyzed. Since the 

pre-existing cracks in the experiments considered are straight and subjected to compression, 

the shear crack propagation path model recently discussed by the authors elsewhere (Isaksson 

and Stähle, 2000) is believed to be appropriate when analyzing the subsequent crack growth 

of a mode I I crack under compressive load. In reality, most of the pre-existing cracks in brittle 

materials wi l l close when subjected to a compressive stress, and most of the cracking wil l 

therefore effectively occur from closed cracks. The fracture process is assumed to occur under 

mode I I conditions since a high confining pressure suppresses the crack opening. Therefore 

the crack is believed to extend along a curved path that maximizes the mode I I stress intensity 

factor Ku, as discussed above. As crack opening is suppressed, this is equivalent with a 

criterion for maximum energy release rate. One arrives at the same conclusion assuming crack 

growth along the plane of maximum shear stress as by assuming that the crack follows the 

direction of the largest KE, cf. Isaksson and Stähle (2000). 

In Isaksson and Stähle (2000), an expression for the mode I I stress intensity factor at the tip of 

a kink was calculated, both numerically with an integral equation using the solution scheme 

found by Lo (1978) and later refined by He and Hutchinson (1989), and by particular analytic 

solutions. By distributing dislocations along a straight kink contour such that the stress 

boundary conditions across and along the kink is fulfilled (i.e., kink opening is prohibited), an 

expression describing the curved closed mode I I crack extension in front of a pre-existing 

straight stationary crack could be found. The confidence in the solution was strenghtened by 

analyzing the same problem using a boundary element method. Here follows a brief summary 

of the crack path prediction and the interested reader is advised to the original article for a 

more comprehended discussion. 
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Consider a locally plane structure initially containing a sharp semi-infinite crack, Fig. 1. A 

Cartesian coordinate system (x1,x2,x3), and a polar coordinate system (r = (x2 + x 2 ) 1 1 2 , 

0 = tan"'[x2 / x , ] , z = x 3 ) are attached to the crack tip. The crack occupies the region x, < 0 

and x 2 = 0. The extent of the body in the x3-direction is assumed large wherefore plane strain 

conditions are assumed to prevail. Moreover, the body is subjected to a high remote biaxial 

compressive stress, not necessarily isotropic, and loaded so that shear stresses are present in 

the crack plane. A mode I I stress intensity factor Kn has arised at the crack tip. Suppose the 

compressive load is sufficiently high leading to a vamshmg opening mode I stress intensity 

factor (Kj = 0 ) . Assuming homogenous material and linearly elastic isotropic behavior, the 

first two terms of the stress tensor at the crack tip may be expressed as 

cr, = (27TryV2KuftJ

n(0) + o~5tJ as r -> 0 for i = 1,2 and j = 1,2. (1) 

The dimensionless angular function f f ( 0 ) can be found in any textbook of fracture 

mechanics. Equation (1) yields as long as the mode I component of the stress intensity factor 

is vanishing. 

Introduce the non-isotropic stress term tT," - a21, i. e. the difference between the remote 

compressive normal stress parallel with, and the remote compressive normal stress 

perpendicular to, the crack plane. Let the stress difference term o~~x - a22 be regarded as a 

superimposed uniaxial stress in the x,-direction on a homogenous stress cr22. Equation (1) can 

be rewritten as 

ff, = (2nrymKnfl\e) + (a" - o~)8&, + <%fir (2) 

The stress state of the remote biaxial normal compressive stress is pure isotropic when 

° n - 0 2 2 = 0 -

The crack is assumed to form a single incipient straight kink in a small angle co0 to the crack 

plane as illustrated in Fig. 2. The angle tu0 is with respect to a clockwise rotation from the 

crack plane. The kink length / is understood to be small, compared to the length of the parent 

crack, wherefore the asymptotic problem for a semi-infinite stationary parent crack is 

analyzed. The key result presented is the expression 

0 13 VTT Kn

 v 

where co0 is the angle from the previous crack plane to the new assumed direction of crack 

growth. It was shown that the (small) angle w0 gives a good approximation of the deflection 

angle for the straight kink that maximizes the mode I I stress intensity factor at the kink tip 

for small values of load ratio (cr," — 0^)41/Kn, The sign of K„ is with reference to a local 

Cartesian coordinate system at the crack tip with an axis (x,) in the direction of the extension 

of the crack plane before deflection and the other axis perpendicular to this in the counter 
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clock-wise direction (x 2 ) . The continued crack growth is assumed to follow a smoothly 

curved path for which the shear stress mtensity factor k2 at the branched tip is maximized at 

all times. 

From eqn. (3) it follows that when the remote biaxial compressive normal stress is isotropic 

(i.e. CTj" = CJ22) the crack wi l l continue straight ahead without change of direction. The 

superimposed isotropic compressive stress cr," = a22 is believed to have no significant 

importance for the kinking problem, except to close the crack surfaces, and can therefore be 

neglected i f friction between the crack surfaces is disregarded. The effect of friction is 

discussed later. One may notice that, according to the model, co0 is independent of the 

magnitude of the normal stress field at the crack tip (as long as Kx = fc, = 0) since the ratio 

(cr," - a22)l Ku in eqn. (3) is self-similar and only depends on geometrical quantities. 

For small 0)0, i.e. y « x , the deflection at the end of the kink is y = coj as shown in Fig. 3a, 

y = co0l = A / 3 ' 2 , where (4) 

PL=%_ 2 o---o-2°°2  

13 \K Kn 

The radius of curvature, R, is for small dy/dx given by 

1 ^ = ^ . 
R dx2 4 

By putting / ~ x in eqn. (4) 

v = A r 3 ' 2 , 

(5) 

(6) 

which is similar to the expression found for the curvature of opening cracks discussed by 

Leblond and Frelat (2000) in a study of crack extension of an initially closed crack. 

Thus, in theory, the crack is hypothesized to extend along a smooth curved path described by 

eqn. (6). Since the deflection of the kink from the parent crack plane is assumed to be small, 

eqn. (3) is believed to give an appropriate crack path prediction on the macroscale for a 

straight kink extension as a function of Kn, the remote normal stress difference term 

° n — ° 2 2 a n d the kink length / . 
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Equation (6) may also be justified by simply considering the stress field at a stationary pure 

mode I I crack tip. For small angles 0 the angular functions f f (6) in eqn. (1) may be 

approximated by linear functions of 0 since s in0~0 and cos0 = l in a first order 

approximation. Consequently, as y « x , 9 = tan - 1 ylx = ylx, and r = (x2 + y 2 ) 1 ' 2 ~ x, the 

stress field in front of the mode I I crack tip can be approximated to: 

where a and b are arbitrary constants. In order to fu l f i l l the boundary conditions that the 

normal stresses tr„ - cr," and a21 -o~2"2 have to remain constant (independent of small 0) in 

front of the crack tip, one realizes that y = cx312 is the only possible non-trivial solution to 

eqns. (7) and (8). An arbitrary constant c describes the curvature of the path. The conclusion 

is that an equation describing the curved closed mode I I crack propagation path in front of a 

pre-existing straight stationary crack is required to be described by a function y = cx3'2 in 

order to maintain the stress boundary conditions. 

As the continued mode I I crack growth is assumed to extend along a smooth curved path, one 

realizes that an extension of a straight kink not fully can describe the crack propagation path 

since the stress intensity factors of a straight and a curved crack extension are expected to 

differ. By assuming that the crack deflection from the x-axis can be described by a function 

y = cx7 (see Fig. 3b) calculations of the mode I I stress intensity factor at the tip of a straight 

extension (y = 1) and at the tip of a curved extension (y = 3/2) were performed analytically 

in Isaksson and Stähle (2000) using a solution method introduced by Cotterell and Rice 

(1980). An assumption of small deflection y (i.e., y « x) was made for the crack extension 

along the x-axis with the parent crack tip located at the origin, Fig. 3b. The deflection angle of 

the curved extension along the x-axis was given by 0 = v ' (x) , where y'(x) = dy(x)ldx. It 

was shown that the asymptotic value of the curvature parameter c maximizing the mode I I 

stress intensity factor at the tip of a crack extension described by the function y = cxy is 

K, II ^ - 1 / 2 y 
(7) 

(8) 

(9) 

(10) 

and 

(11) 
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Thus, it seems justified to conclude that the straight kink model can, on the macroscale, find 

an approximate angle that maximizes the stress intensity factor k2 for a curved extension. 

In order for the analytical model to predict a crack propagation path with a curvature that is 

independent of the extension length / , the exponent y in the expression y = cxr describing 

the crack propagation path is required to be equal to 3/2, Isaksson and Stähle (2000). In that 

case, when y = 3/2, is the expression predicting the crack propagation path a function only of 

the mode I I stress intensity factor Kn at the parent crack and the difference between the 

compressive normal stress parallel with (c^), and perpendicular to (a22), the parent crack 

plane. 

3.2 General assumptions and limitations 

As this simplified model does not consider friction effects, nor de-cohesion effects, the 

influence of the shielding effect due to arised friction on the curved crack extension is not 

considered. One realizes that friction along the crack surfaces may have an influence on the 

crack growth under our circumstances since the crack surfaces are pressed together. Shen 

(1993) reported that friction has a great influence on the fracture toughness ratio Klc/KUc. 

Since a possible mode I I growth will occur straight ahead, or in small angle to, the previous 

crack plane it is believed that the friction has a larger affect on the mode of the growth rather 

than the direction of the continued mode I I crack growth, as discussed theoretically by Melin 

(1986) in an analysis of crack kinking in a linear-elastic material under high confining 

stresses. A thorough analysis that takes full attention to the effect of friction on the curvature 

is regarded to be cumbersome and comprehends many difficulties. Nevertheless, one may 

draw some conclusions since the trend in the initially mode I I crack propagation path should 

be the same. The argument that justifies this is as follows: At a sufficiently large compressive 

load, as compared to remote load, the crack cannot extend via a kink under opening mode I 

conditions. The only possibility seems to be mode I I crack growth that occurs in a direction 

straight ahead the crack plane i f the crack is supposed to follow the plane of maximum shear 

stress. The continued crack growth is assumed to follow a (on a macroscale) smoothly curved 

path co-planar, or in a small angle, to the original crack plane. The in-plane shear stress field 

is affected when friction is present between the crack surfaces. As Ku is controlled by the in-

plane shear stress, eqns. (3) and (11) are to some extent affected by friction, and in turn, the 

supposed deflection of the crack extension, according to the model. 

The conclusion is that the proposed model is restricted to cases where the friction is negligible 

(e.g. lubricated surfaces). It was shown in an earlier paper (Isaksson and Stähle, 1998) that the 

effect of homogenous friction between the crack surfaces is a reduction of Kn. At higher load 

of friction on the crack surfaces, opening of the crack is suppressed and mode I I crack growth 

is promoted at crack growth. Thus, as long as the deflection of the crack propagation curve is 

small, the effect of friction on the crack extension is believed to be limited. 
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4 Experimental analysis and results 

In the experiments reported, there is clear evidence that mode I I cracks do initiate and 

propagate (cf. Reyes, 1991; Reyes and Einstein, 1991; Shen, 1993; Shen et al, 1995; Bobet 

and Einstein, 1998; Rao, 1999; or Bobet, 2000). The crack growth where reported to occur in 

a stable manner. The mode I I crack growth initiates in all the experiments referred at the tip of 

straight pre-existing cracks and continues in the direction straight-ahead in a, on the macro 

level, slightly curved path. The researchers reported that observations on the surface of the 

specimens revealed that the cracks initiated at the tips of the pre-existing cracks as crushing of 

the material, or some material spalling from the surface, occurred. Phenomena that are 

characteristic of a compressive stress field regarding to the experimentalists referred. 

Furthermore, Bobet and Einstein (1998) reported that inspection of the mode I I crack surfaces 

showed the presence of many small kink steps and crushed material. As our model is based on 

crack extension by small straight kinks, we conclude that the crack path model briefly 

described in section 3 may be suitable for circumstances as in the reported experiments. 

For the experiments discussed, pictures on cracked samples are shown. In this investigation, 

these pictures were photocopied and enlarged and then, by simply measuring by hand, data 

points (coordinates) describing the mode I I crack patterns could be obtained. 

The crack patterns studied are not smooth. Sometimes the material in the samples was 

crushed, making it very hard to figure out the exact crack path, and sometimes it was even 

more difficult to realize where the pre-existing cracks ended and where the initiated mode I I 

crack growth started. Thus care must be taken when evaluating the experiments, especially as 

crack contours on the microscale is considered. In some cases, when so-called material 

spalling has occurred, the measured data points were collected after the point where the crack 

growth continued after the spalling. 

A Cartesian (x-y) coordinate system is introduced with its origin coinciding with the pre

existing crack tip, as discussed in section 3, and the resulting crack growth pattern emerged 

from the pre-existing cracks was analyzed. In Figs. 4a-f, traces of mode I I crack propagation 

paths from the various experiments are marked. The length of the internal pre-existing cracks 

is 2a and the x- and v-axis in the plots are normalized with respect to a. The specimens were 

made of gypsum, except in the experiment reported by Rao (1999) where the pre-existing 

cracks were surface cracks in a specimen made of marble. 

The collected coordinates were transferred to log-log diagrams, Figs. 5a-f, for each crack 

pattern measured. In that way, the exponent b and the curvature parameter A in the assumed 

expression 

y = Xxb, (12) 

could be determined by fitting a polynomial log v = log A + ft log x that fits the measured data 

II-9 



in a least-square sense. 

Sometimes, due to the above discussed spalling or pulverization of the material, the 

coordinates describing the crack growth is somewhat scattered. For this reason a few 

coordinates are neglected when fitting the polynomial. By inspection of Figs. 5a-f one may 

realize that this can be justified. Indeed it seems as the few coordinates removed do not follow 

the same trend as the others. Nevertheless they have great influence when finding the 

polynom in a least-square sense. A l l coordinates are marked in the diagrams and those, which 

are removed, are marked differently. 

The results are summarized in Table 1. The load angle 8 and the theoretical value of A have 
been calculated according to the expression found in the Appendix. 

Experiment referred Load angle 8 Theor. A A b 

Figure 11 in Bobet and Einstein (1998) 60° 0.133 0.120 1.48 

Figure 6.8 in Rao (1999) 50° 0.049 0.052 1.49 

Figure 2.7 in Reyes and Einstein (1991) 30° 0.133 0.116 1.54 

Figure 3.23 in Reyes (1991) 30° 0.133 0.118 1.58 

Figure 3.20 in Reyes (1991) 30° 0.133 0.116 1.53 

Figure 6 in Shen et al. (1995) 30° 0.133 0.147 1.43 

Table 1. Results obtained for 8 defined in Fig. Alb, and A and b given in eqn. (12). 

By examination of the results summarized in Table 1, it seems justified to conclude that the 

model can, on the macroscale, reproduce the mode I I crack curvature obtained in the 

experiments. In all curves measured, the exponent b was found to be in the interval [1.43-

1.58]. This support the mode I I crack path model analyzed as the analytical expression 

prescribes b = 3/2 (i.e., y in eqn. 11). 

The results of the measured curvature parameter A also agree with the simplified model, but 

maybe not as good as the exponent b. This may be explained by the fact that the samples were 

crushed and pulverized during crack growth or that friction effects influenced. In most of the 

experiments spalling occurred in front of the pre-existing cracks wherefore the continued 

crack initiation and growth may also been affected by a disturbed stress field, as compared to 

the theoretical stress field far away used in the analytical model. Nevertheless, with all these 

assumptions in mind, A differs in general less than 15% as compared to the theoretical value 

predicted by the model (i.e., c in eqn. 11). 

The experimental results lend confidence to the assumption of a macroscopic closed mode I I 

crack propagation path described by eqn. (11). In fact, the agreement between the studied 
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experiments and the propagation path prescribed by the model is astonishingly good 

considering the simplifying assumptions made for the analysis. 

4.2 A note on crack interaction 

In the experiments referred, as described in the Appendix, two inclined pre-existing cracks 

were separated the distance c and arranged parallel to each other with their respective crack 

plane separated the distance s. Bobet and Einstein (1998) report an interesting observation of 

the influence of ligament length c, i.e. the distance between the two pre-existing cracks. Up to 

a distance of 1 1/2 times the crack length, i.e. 3a, the cracks are reported to affect each other 

during crack growth. 

In this study we focus on the path of mode I I crack growth. As the two pre-existing cracks 

may influence each other stress fields at the crack tips, an investigation of the stress 

conditions under different load situations have been conducted. The numerical analysis was 

performed with the boundary element program FROCK (Chan et al, 1990; and Bobet, 1997). 

FROCK is based on the Displacement Discontinuity Method (DDM) and provides an easy 

way to model crack growth under various loads. The two inclined straight pre-existing cracks 

were modeled with 10 equally spaced special crack elements. The crack tips were modeled 

with square-root displacement discontinuity elements, while the body of the crack was 

modeled with linear displacement discontinuity elements. A l l the elements had the same 

length and the uniaxial load P was applied at a distance far away from the cracks. The stresses 

in front of the inner tips of the cracks were calculated at varied inclination angles 0 and ratio 

s/c, (the definitions of 0, s and c as in the Appendix). Note that the remote normal stresses 

<r,~ and a22 are compressive in front of the crack tips only for crack inclination angles 0 

ranging from 30° to 60°, cf. Bobet and Einstein (1998). Calculations is performed for two 

cases of inclination angles 0, (i.e., 6 = 45° and 0 = 30°) and for each case, ligament lengths 

of c=2a and c=4a are compared. In all the computed cases s= \/2a. 

Figures 6a-d show the calculated stresses an, a22 and o"12 along the crack plane at distance 

x/a in front of the inner tips. The stresses are normalized with the load P. As can be seen the 

calculated compressive normal stresses o~,, and a22 are somewhat different due to the 

interaction between the crack tips for c=2a than for c=4a. At c=4a the stress field in front of 

the inner crack tip is approximate at the same magnitude as compared to the stress field from 

an isolated crack tip, Figs. 6e and 6f, whereas the stresses au and a22 are more influenced by 

the interacting tip when c=2a. Thus, the ligament length c has an influence on the normal 

stress difference term on-a22 in the plane of the pre-existing cracks. The shear stress C T 1 2 , 
however, remains approximately at the same stress magnitude, independent of c in the 

computations. 

Figure 7 indicates that the normal stress difference o~u - o"22 in front of the inner tip is much 

more sensitive to the ligament length c at 0 = 45 ° then at 0 = 30°. When 0 = 45 ° and c=2a, 

11-11 



the normal stress difference cr,, -o~ 2 2 in front of the crack may become around 9.5 times as 

high as compared to when c=4a. The corresponding highest ratio becomes 1.4 for 6 = 30°. 

As discussed, the normal stress difference cr,, - cr22 may have a strong effect on the deflection 

of the crack extension, according to the expressions in eqns. (3) and (10)-(11). The conclusion 

is that, according to the simplified model, the influence from an interacting crack tip, on the 

crack deflection, is more pronounced when the cracks are inclined 6 = 45° than when 

8 = 30°. This may explain why the mode I I cracks obtained in the experiments, cf. Bobet and 

Einstein (1998), were reported to affect each other during crack growth for ligament length 

c<3a. 

However, the interacting effect from the other crack tip may be limited in the load cases 

investigated here since the calculated ratio (<7n - o"22)| /(o~u - cr 2 2)| in front of the crack 

tip appears to be low for 6 = 30° (and 6 = 60°), Fig. 7. Nevertheless, even though it may be 

small, the interaction effect can be one of the possible reasons for the mismatch between the 

calculated and measured X in Table 1. 

5 Conclusions 

A number of comparisons between experiments showing the traces of macroscopic mode I I 

crack growth under compressive loading reported in literature and the curvature prescribed by 

the analytical model discussed by the authors elsewhere (Isaksson and Stähle, 2000) show 

good agreements. The simplified model is based on an assumption of crack growth when the 

crack is constrained to remain closed due to high compressive stresses. The experiments 

referred have been conducted under uniaxial and biaxial compressive load and demonstrably 

cracked in mode I I in samples made of brittle materials. By analyzing and evaluate the 

experimental mode I I crack growth patterns emerged from pre-existing cracks, the conclusion 

is that the model can not describe the more realistic microscopic failure in detail. Since mode 

I I cracks on the microscale strongly depend on inhomogenities in the material (like cavities, 

grains or inclusions) the closed crack patterns observed are not smooth. Nevertheless, the 

analyzed model shows qualitatively a very good agreement with the reported experimental 

observations of the curvature of closed macroscopic mode I I cracks subjected to overall 

compression. 

The main conclusions obtained are: 

• Crack patterns experimentally observed seems to indicate that the path of mode I I 

cracks under compression in some brittle materials follow a crack propagation path 

described by y = Xxb. This is strongly supported by the measured values obtained. In 

fact, the agreement between the experiments and the propagation path prescribed by the 

model, in which b = 3/2, is astonishingly good considering the simplifying 

assumptions made for the analysis. In the studied experiments, b was found in the 

interval [1.43-1.58]. 

11-12 



• An investigation of the curvature parameter A has also been performed. The analytical 

model prescribes for a curved crack growth A = -8V2* /39 [a," - o ^ ] / K u , where Kn is 

the mode I I stress mtensity factor of the parent crack, cr," is the remote compressive 

normal stress parallel with the crack plane and o\\ is the remote compressive normal 

stress perpendicular to the crack plane. The conclusion is that A also agree very good 

with the simplified model, even though not as good as the exponent b. The measured A 

differs in general less than 15% as compared to the theoretical values predicted by the 

model, which is considered to be surprisingly good. 

• The influence of the ligament length between two parallel cracks, on the crack 

deflection, has been investigated in a boundary element program. The conclusion is that 

the influence from the stress field of an interacting crack tip, on the crack deflection, is 

more pronounced when the cracks are inclined 6 = 45 ° than when 0 = 30° according 

to the simplified model. Even though it may be small, the interaction effect can be a 

reason for the mismatch between the measured A and the curvature prescribed by the 

model. 
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Appendix 

Descnption of the referred experiments 

In (Reyes, 1991; Reyes and Einstein, 1991; Shen et al, 1995; and Bobet and Einstein, 1998) 

samples in a brittle rock-like material, gypsum, were designed in the following way: 

Two pre-existing cracks of length 2a were arranged in the central part of specimens as 

described by Fig. A l . The length of the ligament between the inner tips was c. Different 

inclinations 0 of the fractures and the ligament (i.e. the ratio s/c) were then used to 

investigate the influence of the fracture geometry on failure modes. The samples were loaded 

uniaxially or biaxially while the fracture initiation and propagation process was monitored 

with a video camera. 

The length of the pre-existing cracks were 2a=12.7 mm while the samples were manufactured 

in the dimension 24a x 12a (height X width). Since the length of the fractures was much 

smaller than the thickness of the specimen (30 mm), the fractures can be considered to be in 

plane strain conditions. 

The inclination of the two pre-existing cracks in the experiments, 0, varied from 30° to 60° in 

steps of 15°. However, only when the ligament inclination ratio s/c< 1/3, the specimens where 

reported to fracture in pure mode I I . At larger bridge inclinations the specimens fractured in 

mode I or a combination of mode I and mode I I . Only the crack paths achieved under shear 

mode are discussed in this investigation. 

By the definitions in the Fig. A l may the uniaxial load P of the specimens be transfened to a 

local Cartesian (x{,x2) coordinate system. The far field stresses maybe expressed as: 

C T N = -Ps in 2 0, ( A l ) 

O" 2 2 =-Pcos 2 0,and (A2) 

0"12 =-Psin0cos0. (A3) 

I f the geometry of the specimens is regarded as infinite sized cracked plates, the mode I I 

stress intensity factor Ku at the crack tips may be expressed as: 

Kn=au-4m, (A4) 

where tr 1 2 is the uniform in-plane shear stress at infinity. I f friction is neglected on the crack 

surfaces and crack interaction is disregarded, cr12 is obtained from eqn. (A3). 

An approximate theoretical expression of the curvature parameter A in eqn. (12) can be 

obtained by use of eqns. (A1)-(A4): 
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, Si27T 1 sin '0-cos 2 0 
A = —j= . (A5) 

39 ^jta sinØcosØ 

As can be seen in eqn. (A5), | A | is symmetric around the inclination angle 0 = 45°, 

wherefore | A | at 0 = 30° is equal to | A | at 0 = 60°. 

In the experiments reported by Rao (1999) the laboratory setup is different. Here, mode I I 

cracks were examined in square double-notched specimens in a so-called shear-box. Two 

inclined straight surface cracks are considered, each of length a. The ligament length is W-2a, 

where W is the width of the specimen. A simplified model for calculating the ratio 

(o"„ - o"22)/o",2 may under these circumstances be written as 

. . s in 2 0-cos 2 0 1 
( o - n - a 2 2 ) / o - 1 2 = — — — - (A6) 

sinØcosØ \-2alW 

where the term 1 / ( l - 2a I w) come from an equilibrium condition of the nominal stress in the 

ligament computed from the ratio load/area, an elementary formula which does not take 

account of the stress concentration "peak" at the crack tip. As the crack considered is a 

surface crack, the curvature parameter A is in this case approximated by the simplified 

expression 

, s42n 1 s in 2 0-cos 2 0 1 
A = f= . (A7) 

39 1.12Vrø sinØcosØ \-2alW 
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Figure 1. Geometry and load of the crack. 
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Figure 2. Quantities of the kinked crack. The kink, of length I, is extended in an angle C30. 
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Pre-existing crack 
-*2 

y(x)=cxy^^y'(x)=ycxr-i 

\ 

b) 

Figure 3. a) Deflection of the kink. 

b) Small extension of a closed fracture from a pre-existing crack. 
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From Fig. 11 in Bobet and Einstein (1998) 

y/a 
Spalling 

Pre-existing crack 
~ i r 

0 
x/a 

a) 

From Fig. 6.8 in Rao (1999) 

y/a 

Pre-existing crack 

x/a 

b) 

Figure 4. Mode II crack patterns emerged from pre-existing cracks. The propagation paths 

are measured from various experiments reported in the literature. The x- andy-

axis are normalized with a, where 2a is the length of the pre-existing cracks. 
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Figure 5. Log-log diagram of the corresponding plots in Figs. 4a-f. The solid lines are least 

square fitted straight lines to the measured propagation paths. 
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Log-log diagram of Fig . 4c 

Figure 5. Continued 
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Log-log diagram of Fig. 4e 

Figure 5. Continued 
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Figure 6. Normalized in-plane stresses in front of the inner tips of the pre-existing cracks of 

length 2a. 

a) Inclination angle 6 = 30° and c=2a. 

b) Inclination angle 0 = 30° and c=4a. 

c) Inclination angle 6 = 45° and c=2a. 

d) Inclination angle 6 = 45° and c=4a. 
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Figure 6. e) An isolated crack with inclination angle 6 

j) An isolated crack with inclination angle 6 
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Figure 7. The ratio between the in-plane normal stress difference term OU - <J22 at c=2a 

and at c=4a for crack inclinations 6 = 30° and 8 = 45°. 
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Figure AI. Experimental setup and definitions of quantities. 
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Crack Kinking under High Pressure in an Elastic-Plastic Material 

P. ISAKSSON and P. STÅHLE 
Division of Solid Mechanics, Luleå University ofTechnology, SE-971 87 Luleå, Sweden 
e-mail: peri@mt. luth.se 

Abstract. Directional crack growth criteria in compressed elastic-plastic materials are considered. The 
conditions at the crack tip are evaluated for a straight stationary crack. Remote load is a combined 
hydrostatic pressure and pure shear, applied via a boundary layer assuming small scale yielding. 
Strains and deformations are assumed to be small. Different candidates for crack path criteria are 
examined. Maximum non compressive hoop stress to judge the risk of mode I and maximum shear 
stress for mode II extension of the crack are examined in some detail. Crack surfaces in contact are 
assumed to develop Coulomb friction from the very beginning. Hence, a condition of slip occurs 
throughout the crack surfaces. The plane in which the crack is predicted to extend is calculated using a 
finite element method. Slip-line solutions are derived for comparison with the numerically computed 
asymptotic field. An excellent agreement between numerical and analytical solutions is found. The 
agreement is good in the region from the crack tip to around halfway to the elastic-plastic boundary. 
The relation between friction stress and yield stress is varied. The crack is found to extend in a 
direction straight ahead in shear mode for sufficiently high compressive pressure. At a subcritical 
hydrostatic pressure, or lower friction, the crack can extend via a kink subjected to local opening 
mode. The angle the incipient kink forms with the original crack plane at opening mode crack growth 
decreases with increasing compressive hydrostatic pressure or increasing friction between the crack 
surfaces. 

Key words: Mode II crack, hydrostatic pressure, friction, slip-line, elastic-plastic material. 

1 Introduction 

Hypothesis for calculation of crack paths may be divided into those based on propagation and 

those based on projection. Propagation criteria study the mechanical state of a hypothetical 

extension of the crack tip whereas projection based criteria study the stress state ahead of the 

crack tip. For linear-elastic crack growth, an assumption of a kink in a direction giving a pure 

opening mode is frequently used. This is equivalent to assuming a vanishing mode I I stress 

intensity factor, Kn. An example of a projective criterion is to assume that the crack grows in 

the plane with the largest hoop stress. The variety of hypothesis have been extensively 

discussed, (cf. Kalthoff, 1973; Erdogan and Sih, 1963; or Cotterell and Rice, 1980). However, 

Bergquist and Guex (1979) report that the direction of crack growth for small deviations from 

the path straight ahead to a large extent is independent of the choice among the most generally 

used criteria. In this study we wil l restrict ourselves to projective criteria but extend the study 

to elastic-plastic material behavior. The criteria for the direction of an extending kink is 

sought within the plastic zone. 

Melin (1987) and Broberg (1987) analyzed some experimental results for mixed mode 

loading and found that the kink angle closely, and certainly within the experimental accuracy, 
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coincides with the angle that maximizes the mode I stress intensity factor Kj under 

assumptions of extremely small scale yielding and infinitesimally small kink length. A shear 

mode crack growth in an elastic material would be preferred only i f the ratio between the 

critical stress intensity factors Ku and Kllc is fairly low, according to Melin (1987). At mode 

I I the preferred direction of growth depends on the friction between the crack faces and were 

found to be the one that maximizes Kn, (Broberg, 1987; Suresh, 1994; or Melin, 1986 and 

1987). This behavior has also been verified for ductile materials, i.e. aluminum, by 

experimental results reported by Hallbäck and Nilsson (1994) and Hallbäck and Jönsson 

(1996) who have used a maximum shear stress criteria, combined with an effective plastic 

strain criteria, to predict the direction for mode I I crack growth under mixed mode loading. 

I f a confining pressure is high enough so that the tensile stresses at the crack tip vanishes 

or become compressive, i.e. the mode I component wi l l vanish, pure mode I I crack growth 

may occur and the crack will extend in the direction of the maximum shear stress, (cf. Melin, 

1986; or Hallbäck and Nilsson, 1994). 

At moderate hydrostatic pressure, local tensile stresses can appear i f the friction between 

the crack faces is sufficiently high and thus prevent motion of the surfaces. Due to this, mode 

I crack growth can be initiated via a kink, as discussed by, among others, Wang and Shrive 

(1995). During mode I crack growth, the direction of propagation is supposed to be in the 

direction of maximum hoop stress for ductile materials (cf. Suresh, 1994; or Hallbäck and 

Nilsson, 1994). 

With few exceptions, cf. Otsuka and Aoyama (1984), no experimental work had been 

carried out in which stable mode I I crack growth under high compressive stresses is observed. 

Although some results have been reported on aluminum alloys (Otsuka et al, 1984), attempts 

to experimentally realize mode I I crack growth propagation under pressure have usually failed 

due to the difficulty to apply a sufficiently high hydrostatic pressure. 

Failure due to a mode I I crack growth occurs in a variety of situations. It is a prevalent fact 

that mode I I cracks, developed under high hydrostatic pressure, is nucleated at, or after, earth

quake slipping (Broberg, 1987; Melin, 1986). Other applications of large interest were mode 

I I cracks typically arises is in contact mechanics problems of different kinds. See, e.g. Boresi 

et al. (1978) for a detailed discussion of stresses and crack growth in solids subjected to 

contact loads. 

At rolling contact fatigue, opening of cracks is suppressed by compressive stresses and 

hence mode I growth is suppressed. This type of macroscopically mode I I crack growth is 

usually induced by cyclic subsurface shear stress caused by the contact loading. This problem 

has been treated and verified experimentally for ductile materials by several researchers, cf. 

Otsuka and Aoyama (1994). Rolling contact fatigue mode I I crack growth has, for instance, 

been observed in railway applications due to the contact between wheel and rail, cf. Bogacz et 

al. (1987). 

In this paper a rigorous investigation of stresses and strains under these circumstances is 

performed. 
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2 The Model 

Consider a homogenous isotropic elastic-plastic body containing a stationary sharp crack. A 

Cartesian (xux2,x3) and a polar (r = (xf + x2)112,8 = arctan[x 2/x,],z = x}) coordinate system 

are introduced with their origins coinciding with the crack tip. The crack occupies the 

negative part of the x-axis, i.e. x, < 0 and x2 = 0. The extent of the body in the x3-direction 

is assumed to be large wherefore plane strain conditions are assumed to prevail. The body is 

loaded so that both shear stresses and compressive stresses are present. The compressive 

stresses may cause the crack surfaces to close. Coulomb friction develops at sliding contact of 

the crack surfaces, Fig. 1. 

The material in the model is treated as an elastic perfectly-plastic. Plastic flow occur when the 

effective stress ae equals the yield stress cr0. Under the assumption that the Cauchy strain 

tensor £{ j are linear and infinitesimal, the relation between strains and displacements are 

The constitutive relations is written in terms of the incremental strain tensor decomposed 

as follows: 

given by: 

(1) 

dev = de; + de%, (2) 

where de* is the linear elastic strain increment and de£ is the plastic strain increment. The 

elastic strains are given by Hooke's generalized law: 

where cr. is the stress tensor, E is Young's modulus and v Poisson's ratio. The effective 

stress according to von Mises is defined by 

(4) 

where s« is the deviation stress tensor, 

s.. = a ..— . (5) 

The flow rule and the yield condition is formulated as follows: 

(6) 

where 
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J dA>0 i f ae=a0  

[ cU = 0 i f ae < a0 

(7) 

The Coulomb friction arising between the surfaces during sliding contact will create a shear 
stress, T , on the crack surfaces given by 

l ^ - W , , (8) 

where fi is the coefficient of friction and -o~„ is the contact pressure. 

The numerical treatment requires a finite body. Thus the body is limited to a cylinder with the 

radius r — R centered at the crack tip whereupon a boundary layer problem in this manner is 

formulated. Known elastic solutions are used as boundary conditions. The radius if is 
selected large compared to the linear extent of the non-linear region developed at the crack 

tip. Apart from the hydrostatic stress, remote load is assumed to be in-plane shear. Thus, the 
opening mode stress intensity, Ku is assumed to vanish. 

At a large distance from the crack tip the stress ai} is decomposed into three contributions; 

a f j , cr* and tr£, where a f } originates from the mode I I shear stress field, cr* is the 

compressive stress tensor and cr? is the contribution to the stress arising from the friction on 

the crack faces. The analytical expressions for these tensors are given by: 

cr = a* + a j f + o j for r ( a 0 / K n c f , (9) 

where 

< y f j = ^ f v \ e ) + o { r f , (io) 

ff$=-A£ffB(tøy+W, (11) 

ol = lauSv = akSv, (12) 

and / " ( 0 ) are known functions. 

For convenience, the following scaling is introduced 

_ cr,. _ K„ _ al _ <yh 

cr.. = — L , K = ——, r=r—2

L, c r , = — . 

_ Mcr^ a2

0 Ea0 

f ~ _ ' Xi * Xi ^2 a t i a Ui - V2 

(13) 
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which leads to the formulation of the load applied to the model written as, 

ä„. = K 4 ^ + ?„($A, + W + °A as r ^ oo. 
\2wr 

(14) 

The boundary conditions are given as prescribed displacements, u,., given by eqn. (14) at the 

radius R. The boundary conditions acting on the edges r = R and 101< n of the cylinder are as 

follows: 

M ; = (1 + v)| Kj-^—-gf(6) + 2x2töa +(l — 2v)xiö~ii 

ÖTT 
for i = 1 and 2, (15) 

where g,"(0) are known functions. At the crack surfaces r < R, | 01= n 

|AM,j = 0 i f \on\<iia21 

|AM , |>0 i f \al2\= na22 

(16) 

where 

AM , = lim [ M , ( x , x 2 ) - (;<:,,-x2)l for x, <0 . (17) 

Elastic superposition is used to determine the stress intensity factor £ n . In order to obtain a 

solution for the model, we separate the remote stress field into two different contributions as 

illustrated in Figs 2a-c. The problems described in Figs 2a-c are below denoted problem a-c 

respectively. 

Problem b) is the geometry with friction /j, on the crack surfaces due to the loading of 

hydrostatic stress ah. Problem c) is the same geometry without friction and without 

hydrostatic stress loading. Problem c) describe a pure mode I I stress field. 

Problem a) is then recovered by superposing b) and c). It is then realized that the stress 

intensity factor KB in problem a) is exactly K[x + K{{, and the singular part of the stress field 

solution in eqn. (14) is entirely solved by problem c). 
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3 Limitations and General and Additional Assumptions 

The present analysis is restricted to proportionally applied loads, i.e., the hydrostatic stress ah 

and the square-root singular term in eqn. (14) are kept proportional, also during the 

application of load. Thus, the problem is self similar {i.e. the solution is of the same form 

irrespective of the stress intensity factor K) and all length variables in the problem scale with 

the characteristic length (Kn /o~ 0)
2. 

The Coulomb friction on the crack surfaces is assumed to be fully developed from the very 

beginning. Hence, a condition of slip occurs throughout the crack faces. The hydrostatic load 

is applied as a homogeneous stress field, ah = of, = tr*2- As a consequence of the assumed 

plane strain this wi l l produce a stress a33 which generally not is equal to ah, i.e. hydrostatic 

stress and plane strain conditions are incompatible. Compatibility requires v=l/2 meaning 

that oy, = o~22 = CT33 will maintain plane strain. 

However, in the plastic zone v=l /2 independent of its value in the elastic region. Thus a 

hydrostatic stress would not affect the plastic strains, and could therefore be superimposed on 

elastic, as well as plastic, states. The selection of v does not affect the near tip state where 

plastic strains dominate. There is an effect on the plastic zone shape, which w i l l be 

asymmetric with respect to the x,-axis, but this is here considered to be irrelevant for the 

present analysis. This argument yields i f the size of the plastic zone is relatively large 

compared to the radius where the stresses are examined, i.e. the agreement is good in the 

region from the crack tip to around halfway to the elastic-plastic boundary. Therefore, without 

loss of generality, v is put to 0.3. 

4 Numerical Method 

The finite element calculations have been carried out with the aid of the ADINA computer 

program version 6.1.5 (ADINA R&D Inc., 1995). A two-dimensional solid material element, 

i.e. 4-node isoparametric element with two degrees of freedom, translation in x\- and x2-

direction, has been used. A Newton-Raphson iteration scheme for the solution of nonlinear 

finite element equations is employed. The governing equations are 

where K is the stiffness matrix, U is the vector of nodal displacement variables, and R is the 

load vector representing the driving forces including the body and surface forces. The 

gradient of (18) can be expressed by 

K U = R, (18) 

(KU) 

iu=' 

.0-1) (19) 

and 
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(+ld(jj(i)_(+)«ftjjO'±l) + ^T j ( '> (20) 

where 1/2 < y < 1. The index i denotes the iteration number and the vector AU(i') represents 

the increment in the solution variable at iteration i . Hence one obtains a linear system of 

algebraic equations which must be solved at each equilibrium iteration. 

The near crack tip elastic fields are reproduced by imposing displacements w, consistent 

with equation (15), with an appropriate value of K„c along the outer radial boundary r = R 

|0| < TC of the finite element model and stress boundary conditions along the crack surface 

r<R \0\ = TC. 

The entire mesh consisting of 4860 elements is shown in Fig. 3 a. Figure 3 b shows the mesh 

of the tip region. As can be seen, the region near the tip (r < 0.00257?) consists of squares 

with the purpose to prevent the elements at the crack tip to collapse and be distorted and 

thereby cause convergence problems. 

5 Analysis of the Plastic Zone 

The slip-line field near the tip can be determined analytically with use of a theory for plastic 

fields in perfectly plastic materials (cf. Prager and Hodge, 1968; or Hutchinson, 1968) for 

further details). 

For the slip-line theory, (cf. Hil l , 1950; or Mendelson, 1968), the in-plane yield shear stress 

is it = o~0/V3. With this theory, a near tip stress state satisfying the yield conditions can be 

constructed. Note that the stress state is independent of r in the plastic zone. 

The slip-line field can be described by use of four regions with constant stress {A, A', C 

and C") and three so-called centered fans (B, B' and D) as indicated in Fig. 4, (Hutchinson, 

1968; Prandtl, 1920). 

The hydrostatic pressure, p, at any point along a characteristic emanating from a centered fan 

plastic sector is due to the well-known Hencky equation 

where p0 is the normal stress at the boundary of the centered fan and ø is the angle of the 

characteristic of interest, that is, the direction of maximum shear stress, as indicated in Fig. 5. 

Due to contact and resulting friction between the crack surfaces, it is necessary to know the 

pressure on the crack face to construct the asymptotic stress field. The boundary conditions, 

(8) and (14), require that the accompanying hydrostatic stress p in the constant stress regions 

A and A' beside the crack has to satisfy: 

p = p0 + 2k(j), (21) 

(22) 
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and 

in region ̂ 4'. (23) 

Hence the hydrostatic pressure p is larger in the upper half plane in the plastic zone, than in 
the lower due to the shear stress loading. 

The demand of continuity of traction in the centered fan ahead of the tip requires that 

p = -ohat 0 = 0. (24) 

The initial angle of <p is due to the shear traction T = -poh on the crack surfaces 

0o = i c o s - I [ - ^ ] , f o r O < 0 o < ^ . (25) 

The angle 0C where the constant stress region A beside the crack change-over to a centered 
fan, is 

0, 
3TC 1 

• + — sin 
n 

4 2 k 2 

and by symmetry, the corresponding angle in the lower half plane is - 0 C 

The centered fans B and B' beside the crack spans an angle y/x: 

(26) 

ec K i w 
V * J 

(27) 

respectively, and due to symmetry the centered fan C ahead of the tip spans the angle y/2 

i — ; — 
i ^ 2 = 2 ( 0 c - y O - r c = <4 o +- 1-

W 2 

(28) 

At pah = -k the body becomes fully plastic and global equilibrium is lost. The angles yx 

and i f f 2 are displayed in Fig. 6. Note that when pah = 0 the angels 0C, y/j and y/2 capture the 

well known values calculated by Hutchinson (1968). 

The analytic angular distributions of the stresses o~r, ae and arB at the crack tip are 

examined by using the following equations based on the slip-line theory: 

III-8 



cr =~p-ksm[2(<t>-e)\, (29) 

oe = - p + ksin[2(<p-Q)\, (30) 

a r 9 =A:cos[2(0-0)j , (31) 

where p and <* are defined as earlier. 

The stresses in each region in the plastic zone can now be calculated and plotted. Fig. 7 shows 

the angular stress distribution ensuing from the remote load ov with the boundary conditions 

given by eqns. (22) and (23) transcribed. The stresses are normalized by the yield stress o"0. 

6 Results and Discussion 

6.1 Stresses 

A comparison of the normalized angular stresses determined by the slip-line field solutions 

with stresses calculated by finite element analysis for some different cases are shown in Fig. 

8. An excellent agreement can be seen and this lends confidence to the analysis of the slip-

line field used. 

From the analytical solution of the stresses it can easily be derived that the angle 0„ to the 

maximum hoop stress, aB, in the plastic zone is in the constant stress region C and assumes 

the value: 

1 n 1 . l r 

: W1 = C O S [ 

2T1
 4 4 1 k 

w2 

1 -
v K J 

Tt 

4 
(32) 

and 

(j;=ah + k(l + y/2) (33) 

Especially note that when pjjh =0 , the angle 6e =-[2 + 8 = -81.824°, cf. Hutchinson 

(1968). Consequently, (28) and (33) show that ag becomes compressive when 

k 

* 2 
2 + cos- 1 [ -^*-] + J l -

V * J 
(34) 

which is a transcendental equation (see Fig. 9) that has to be solved numerically for ah for 
different values of p. 
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Figure 9 implies that eqn. (34) can be approximated with a straight line for 0</j.<\. A 

simple linear function can be obtained by using an ansatz with a polynomial of the form 

ah{jx) = a0 + axji. Solving the transcendental equation at fi = 0 and seeking numerically a 

root that minimizes the relative error, lends us an optimized simplified equation that has a 

relative error less than 2.1% compared to (34) and which is exact for /J. = 0: 

ah < £(1.3064/1-(6+ jr) /4) . (35) 

Thus (35) gives which normalized hydrostatic stress oh that is necessary for the hoop stress 

ae to become compressive in all directions in the plastic zone, at different yield stresses and 

coefficients of friction. 

The shear stress, are, has its maximum in the centered fan ahead of the crack. In this fan, 

-2-y/2<6<2-yr2, arB is constant and equal to the shear yield stress k. 

6.2 Strains 

In theory, singular shear strains ep

rB occur at the origin of the fan regions and becomes 

proportional to r~\ 

Figure 10 shows the numerically obtained (with finite element analysis) asymptotic shear 

strain distributions for the same cases as for the stresses (section 6.1). The strains are 

normalized with the radius r and the asymptotic value of the shear strain e0, e0 = lime^. 

The amplitudes are largest, and positive, in the fan ahead of the crack at (9 = 0. In the constant 

stress regions the shear strains are bounded. In the other two fans beside the crack, the shear 

strains are non-zero and negative. Nevertheless, they are negligible in comparison with the 

shear strains ahead of crack because of the narrow angle (I/A,) of the fans and thus becomes 

zero already at small values of ]iah, as indicated by (27). 

6.3 Plastic zone shapes 

A typical plastic zone shape, corresponding to the final static load (KU/CJ0)
2 =0.0017?, and 

non-dimensionalized with the characteristic length ( K n / a 0 f , is presented in Fig. 11 for 

oh = - C T 0 and ji = 0.4. The plastic zone achieved from the finite element analysis, is plotted 

together with the constant effective stress contour ae = o0 for the fully elastic case. Note that 

the plastic zone is asyrnmetric due to the plane strain condition, as discussed in section 3. 

Also in Fig. 11, radial lines are plotted to indicate the boundaries between the centered fans 

and constant stress regions of the slip-line field in the vicinity of the crack tip. 
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6.4 Prediction of crack growth direction based on slip-line solutions 

The general mixed mode stress field is given by the opening mode stress intensity factor Kx 

and the shearing mode stress mtensity factor Kn. As discussed in the introduction, several 

hypothesis may be adopted for calculation of the prediction of the initiation angles of 

macroscopically mode I and mode II crack growth. 

With the assumption of the discussed criteria, a crack growth initiation angle can be predicted 

assuming the state of the hoop stress aB to be predominant. I f the hoop stress is compressive 

at any point around the tip in the plastic zone, the crack growth is assumed to be of type mode 

I I , whereas i f it is dilatational the crack growth expects to be of type mode I . The stress ae is 

given by the slip-line solutions wherefore the approximate linear equation (35) gives a crack 

path prediction: 

i When ah<k(l.3064fi-(6 + 7t)/4) 

ae is compressive, ae < 0, around the tip and therefore the crack is predicted to follow 

the direction that maximizes the shear stress. The angle to the largest shear stress arB 

has been found to be -^y/2<6<2y/2 in the slip-line solutions. Hence the initiation 

angle, given by the shear stress criterion, is undetermined. With the effective plastic 

strain criterion cf. Hallbäck and Nilsson (1994), the initiation angle has been predicted 

to be 0 = 0, independent of ß and ah as long as the hoop stress a9 is compressive. 

ii When oh > k{l.3Q64ß — (6 + K)I4) 

oe is dilatational, ae > 0, at some direction around the tip. Thus the crack is predicted 

to follow the angle where the hoop stress has its maximum, 6e in the slip-line solutions 

(32). In this direction the crack faces can be opened due to a arised X, component 

caused by the tensile stress o~8. 

The prediction of the initiation angle for crack growth based on the above formulated criteria 

is plotted for different values of friction fx and confining hydrostatic pressure ah, Fig. 12. 

The vertical lines indicates at which hydrostatic stress the crack growth change over from 

mode I to mode I I growth and the marks (x) show where the body becomes fully plastic, i.e. 

pah ->- fc . 
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7 Conclusions 

An elastic perfectly plastic model is proposed to be used for prediction of the direction of 

initiated crack growth. The assumption of opening mode growth in the plane of maximum 

hoop stress, and growth in a shear mode in the plane of maximum shear stress, was made. 

Fracture is assumed to be opening mode when the maximum hoop stress is non-compressive. 

An asymptotic slip-line solution was derived for evaluation of stresses. A numerical FE 

analysis investigation of the near tip stress and strain fields was performed to include remote 

boundary conditions. The following conclusions were made: 

• Analytical and numerical results coincided very well which support the usage of the 

slip-line solutions. 

• Hydrostatic pressure and low friction between the crack surfaces suppress opening 

mode crack growth. At a sufficiently high pressure the crack wil l extend straight ahead 

in its original angle. At lower hydrostatic load or lower friction the crack will extend vi 

a kink subjected to local opening mode. The angle the kink form with the original crack 

plane decreases with increasing hydrostatic pressure or increasing friction. Figure 12 

summarize this result. 

• Continued crack growth, required for an analysis of the global character of the crack 

growth mode is not studied in the paper. 
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Figure 1. Geometry and stresses in the body. 

Ill-14 



ftttfttttttA, 

^ i i - + 

/ \ t t t t t t 

Figure 2. Superposition of stress fields to obtain the stress intensity factor Kn. 
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a) 

Figure 3. a) Outer region mesh, 

b) Near tip region. 
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Figure 4. Definitions of the quantities and characteristics at the tip in the plastic zone. 
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Figure 5. Definition of quantities in Hencky's equation. 
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Figure 6. Centered fan angles y/x and y/2 as functions of \iah. 
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Figure 7. Angular distributions of stresses at the tip normalized by the yield stress a0. 
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Figure 8. Comparison of the stresses determined by the slip-line field with those calculated 

by finite element analysis. The stresses are normalized with the yield stress (70. 
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Figure 9. Numerical solution of the transcendental eqn. (34). 
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Figure 10. Angular distribution of the normalized shear stresses Ep

rB at the crack tip. Angular 

extents of the centered fans are also indicated. 
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Figure 11. Constant effective stress contour for the fully elastic case compared with the 

plastic zone obtained from FE analysis. The radial lines indicate the boundaries 

between centered fans and constant stress regions of the slip-line field. Here, 

ah =-cr 0 and p. = 0.4. 
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Figure 12. Prediction of crack growth direction at different hydrostatic stresses and friction. 

Vertical lines indicate change-over from mode I to mode II growth. 
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Crack Growth under High Pressure Governed 
by a Fully Plastic Crack Path Criterion 

P. ISAKSSON and P. STÅHLE 
Division of Solid Mechanics, Malmö University, S-205 06 Malmö, Sweden 
e-mail: peri@te.mah.se 

Abstract. A directional crack growth criterion in a compressed elastic perfectly-plastic material is 
considered. The conditions at the crack tip are evaluated for a straight stationary crack with a small 
incipient kink. Remote load is a combined hydrostatic pressure and pure shear applied via a boundary 
layer. Crack surfaces in contact are assumed to develop Coulomb friction. The crack opening 
displacement of an extended kink is examined to judge the risk of opening mode failure. 

In a finite element analysis it has been verified that hydrostatic pressure and friction between the 
crack surfaces suppress opening mode crack growth. An overcritical hydrostatic pressure may prohibit 
crack opening regardless the direction of continued crack growth. The sliding of the crack tip surfaces 
at crack growth becomes larger at increasing pressure or increasing friction between the crack 

surfaces. 
At a sufficiently large compressive load, as compared to remote shear load, the crack cannot extend 

via a kink under opening mode conditions. The only possibility seems to be shear mode crack growth 
that occurs straight ahead in the crack plane if the crack is assumed to follow the plane of maximum 
shear stress. 

At a subcritical hydrostatic pressure, or lower friction, the crack can extend via a kink subjected to 
local opening mode. An expression for the critical value determining fracture mode has been found as 
a function of hydrostatic pressure and friction between the crack surfaces. The expression is given by a 
slip-line solution assuming the fracture process to be predominantly controlled by local tensile stresses 
at the crack tip. 

The angle the incipient kink forms with the original crack plane at opening mode crack growth 
decreases with increasing compressive hydrostatic pressure or increasing friction between the crack 
surfaces. The direction that maximizes the crack opening displacement of an extended kink tip is 
coinciding with the prediction of the crack growth direction achieved by using a projection stress 
based crack path criterion obtained from a slip-line field analysis in Isaksson and Ståhle (1998). 

The calculated results support the usage of the projection stress based crack path prediction for a 
numerically computed crack extension in a ductile material. 

Key words: mode II crack growth, compressive hydrostatic stress, elastic-plastic material. 

1 Introduction 

Since experimental observations indicate that pure opening mode crack growth is usually 

preferred before crack growth under mixed-mode or pure shear mode conditions, the research 

reported in the literature on the subject of crack growth have mainly focused on mode I crack 

growth, (cf. Erdogan and Sih, 1963; Sih, 1974; Bilby and Cardew, 1975; Cotterell and Rice, 

1980; Hayashi and Nemat-Nasser, 1981; or Broberg, 1987). Nevertheless, it is recognized that 

mode I I cracks may take place i f a sufficient high confining pressure is present. Melin (1986) 
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reported that the confining pressure required to obtain mode I I cracks is very high, perhaps 

several times the largest shear stress present. At moderate hydrostatic pressure, local tensile 

stresses can appear at the crack tip i f the friction between the crack faces is sufficiently high 

and thus prevent motion of the surfaces. Due to this, mode I crack growth can be initiated via 

an incipient kink. Melin (1987) concluded that mode I I crack growth in a brittle material 

would also be preferred only i f the ratio between the critical stress intensity factors KUc and 

Ku is fairly low. Thus, practical applications where mode I I crack propagation generally is 

predicted to prevail are in various applications subjected to a load combination of shear stress 

and high compressive stresses {e.g. gear drives, rolling bearings, railway applications or 

structures exposed to earth quakes). 

Although attempts to experimentally realize shear crack growth in ductile materials under 

compression usually have failed due to the difficulty to apply a sufficiently high pressure, 

some results have been reported on aluminum alloys, notably by Otsuka et al. (1984). 

Ghonem et al. (1988) obtained shear cracks in rail steel in a combined compression/shear 

loading experiment. Hallbäck (1996) observed mode I I cracks in aluminum without 

hydrostatic pressure present. Recently, Ravi-Chandar et al. (2000) conducted experiments in 

polymers under high strain rate loading and observed mode I I cracks in polymers using a 

configuration of asymmetric load on edge cracked specimens. They report that a failure mode 

transition from brittle to ductile at high strain rate occurs under a combined pressure and shear 

loading. The transition also represents a change in the failure mode from a normal stress 

dominated crack (mode I) at low loading rates to a shear stress mode dominated crack (mode 

II) at high strain rates in PMMA. They concluded that the competition between shear yielding 

and normal stress dominated mechanisms is the key to failure mode transitions in polymers 

such as PMMA and PC. 

In many practical situations, a combination of normal and shear stresses may exist in the 

plane ahead of the crack tip resulting in mixed-mode loading of the crack. In order to reveal 

crack initiation and propagation under mixed-mode loading it is therefore necessary to 

analyze the nature of the near-tip stresses. Although the HRR-solutions (Hutchinson, 1968; 

Rice and Rosengren, 1968) describe the nature of the dominant singularity, higher order terms 

are recognized to have an important effect on the constraint of plane strain crack tip fields (cf. 

O'Dowd and Shih, 1991; Arun Roy and Narashimhan, 1997; or L i and Hancock, 1999). 

Interest is by them focused on contained yielding when the local crack tip plasticity is 

completely contained within an outer elastic field. 

O'Dowd and Shih (1991) suggested that the crack driving force J and a hydrostatic stress 

parameter Q could be employed to describe the crack tip fields. Arun Roy and Narashimhan 

(1997) used a boundary layer formulation to investigate the influence of the T-stress on J-

dominance in mixed-mode elastic-plastic fracture mechanics. The T-stress is referred to as the 

second order stress term in Williams' (1957) asymptotic solution. They found that for a given 

remote elastic mixed-mode load Ä j / K u , the imposition of a non-zero T-stress changes the 

near-tip plastic mode mixity, which essentially represents the ratio between the normal stress 

and the shear stress in the plane ahead of the tip and may affect the ductile fracture process 

near the tip. The stresses ahead of the tip are reduced more and more the lower the /-stress is, 

as well as the stress composition. Broberg (1999) summarizes that i f the /-stress is positive 
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(i.e. non-compressive), it contributes a tendency towards increasing the mean stress and 

decreasing the effective stress in the plastic region, thereby constraining plastic flow. On the 

other hand, i f the /-stress is negative, larger plastic strains result. Thus, the stress-strain state 

in the plastic region may vary considerably between different body and loading geometry's 

for small scale yielding in one and the same material. 

Li and Hancock (1999) investigated the influence of the /-stress on mixed-mode I / I I 

cracks under contained yielding. Analytical solutions were assembled using slip-line theory 

for plastic sectors and semi-infinite wedge solutions for the elastic sectors. It was found that 

the mixed-mode field near pure mode I consist of distortions of the mode I plasticity field by 

elastic wedges. However, they report that close to pure mode I I , plasticity surrounds the crack 

tip at all angles independent of the level of the /-stress. 

Al l the above discussions are focussed on mode I analysis. However, when the /-stress is 

compressive, Dhirendra and Narashimhan (1998) observed, in finite element calculations, that 

the normal stress might become compressive in the plastic zone, and, thus, preventing mode I 

failure. A similar investigation was performed by the authors elsewhere (Isaksson and Ståhle, 

1998) in a study of the crack tip stress field at a combined load of mode I I and hydrostatic 

compressive pressure on a stationary crack. Based on a slip-line theory, expressions for the 

stresses at the tip of a straight crack were derived for evaluation of the directional continued 

crack growth. They showed that the magnitude of tensile stresses at the crack tip in the plastic 

zone depends on the nature of the non-singular hydrostatic stress term in the outer remote 

elastic field and on the friction between the crack surfaces. The presence of tensile stresses at 

the crack tip is important for the promotion of ductile fracture mechanisms involving the 

growth and coalescence of voids, O'Dowd and Shih (1991). Based on that observation, and 

by assuming perfect-plasticity in the crack tip neighborhood, a slip-line solution was utilized 

to suggest a projection stress based crack path prediction model that considers plastic flow 

and may be used for ductile materials exposed to compressive loads, Isaksson and Ståhle 

(1998). The criterion is formulated for an infinitesimal kink within the plastic zone. Initially 

the crack is closed since the crack surfaces are pressed together due to a compressive load and 

the opening crack tip driving force at the stationary crack is vanishing (i.e., . / T =0) . 

Depending on the pressure and friction between the crack surfaces, the maximum local hoop 

stress <Je at the crack tip might be non-compressive along a plane in the radial direction out 

from the stationary crack tip. In this case an incipient kink can be opened subjected to local 

opening mode. Under other circumstances, when the maximum local hoop stress is 

compressive, opening mode seems unrealistic. For those cases a shear mode crack growth is 

assumed to occur straight ahead in the direction of maximum shear stress. 

The main objective of the present study is to investigate the effect of the compressive 

hydrostatic stress at different coefficients of friction between the crack surfaces on a criterion 

for prediction of the direction for continued crack growth via a kink extension. The stress 

based crack growth criterion discussed in an earlier publication (Isaksson and Ståhle, 1998) is 

here extended to include an extension of the crack. Despite the fact that a crack generally 

grows along a curved path under mode I I loading, a straight-line crack growth assumption is 

invoked. The crack opening displacement at an extended incipient kink tip is studied. 
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2 The Model 

A homogenous isotropic elastic plastic body containing a stationary sharp semi-infinite crack 

is considered, Fig. 1. A Cartesian (x , ,x 2 , x 3 ) coordinate system and a cylindrical coordinate 

system (r = (xf + x j 2 ) 1 7 2 , 6 = tan"'[x2 / x , ] , z = x 3 ) are introduced with their origins coinciding 

with the crack tip. The crack occupies the negative part of the x,-axis, i.e. x, < 0 and x 2 = 0. 

The extent of the body in the x3-direction is assumed large wherefore plane strain conditions 

prevails. Furthermore, the body is loaded so that both shear stresses and compressive stresses 

are present at the crack tip. The compressive stresses may cause the crack surfaces to close 

and the opening crack tip driving force at the stationary crack is vanishing (i.e., J, =0) . 

Coulomb friction develops at sliding contact of the crack surfaces. 

The material in the model is treated as elastic perfectly-plastic. Plastic flow occurs when the 

effective stress ae equals the yield stress cr0. 

Under the assumption that the Cauchy strain tensor ei} is linear and infinitesimal, the relation 

between strains and displacements are given by 

(1) 

The constitutive relation is written in terms of the incremental strain tensor åetj decomposed 

as follows: 

de9 = d £ ; + de|, (2) 

where de* is a linear elastic strain increment and de? is the remaining plastic strain 

increment. The elastic strain e j is given by Hooke's generalized law 

where atj is the stress tensor, E is Young's modulus and v Poisson's ratio. 

The effective stress according to von Mises is defined by 

(4) 

where stJ is the deviatoric stress tensor, 

S. = OV — 7CT..5... 
•j V 3 «* if 

(5) 

The flow rule and the yield condition is formulated as follows: 
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(6) 

where 

f dÅ>0 i f o" = <7n 

i (7) 
[ <U = 0 i f o- e<o-0 ' 

Thus, an assumption that the response of the plastically deforming material is described by a 

J2 deformation theory of plasticity is made. 

The Coulomb friction arising between the crack surfaces during sliding contact wi l l create a 
shear stress rß on the crack surfaces, given by 

|S | ^-A"?, , (8) 

where p. is the coefficient of friction and - an is the contact pressure. The sign of T is such 

that actual or attempted sliding between the crack surfaces is reduced. 

Apart from the compressive hydrostatic pressure, remote load is assumed to be in-plane shear. 

Thus, the opening mode crack tip driving force J, at the original crack tip is assumed to be 

vanishing. At a large distance from the crack tip the stress tensor o~aß is decomposed into 

three contributions; o ^ , a*ß and a%ß, where <7*ß originates from an applied shear mode 

crack tip stress field, 07̂  is the applied compressive stress and o*ß is the contribution to the 

stress tensor arising from the friction on the crack surfaces. The analytical expressions for 

these tensors are given by: 

0-aß = Gaß + < ß + 0-k«p , for r(cJa IKllcf 00 and a,ß = 1,2. (9) 

<%,=-ß=f5,(ß), (10) 
yzTcr 

°aß = - ß ^ 2 2 ( K S 2 ß + Ö2asiß) and (11) 

a ^ = W ^ ) a " 5 ^ ( 1 2 ) 

where and f^(8) are known functions. For convenience, the following scaling is introduced: 

° a ß - > - A - „ , r - r—, ah - —, 

_ ßOj2_ - _ g o . - _ EaQ 

"~ ~ > X a - X a „2
 a n f l

 U a ~ Ua ' 
°0 &Tlc Kllc 
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This leads to the formulation of the load applied to the model written as 

K ^ ^ + zß(8la82ß+ö2aSlß) + cJaßSaß as F —»<*>. 
\2itr 

(14) 

The numerical treatment requires a finite body. The body is limited to a cylinder with the 

radius r = R centered at the tip of the original crack whereupon a boundary layer problem in 

this manner is formulated. Known elastic solutions are used as boundary conditions. The 

radius R is selected large compared to the linear extent of the non-linear region developed at 

the crack tip. The boundary conditions are given as prescribed displacements, ua, given by 

equation (14) at the perimeter at R. The displacements prescribed on the edges r = R and 

101< 7C are as follows: 

u a = ( l + v) 
K\~k' g " ( ö ) + 2 ^ f " 5 ß i + ( 1 " 2 v ) * ß a 

for a = 1 and 2, (15) 

where g„(0) are known functions. 

When the crack grows, it is assumed to deviate from its straight path at x, = x2 = 0 and be 

extended via an incipient straight kink of length / = 0.0025i? in the direction 0 from the 

original crack plane as illustrated by Fig. 2. 

3 Limitations and General and Additional Assumptions 

The present analysis is restricted to proportionally applied loads, i.e. the compressive 

hydrostatic stress oh and the square-root singular stress in equation (14) are kept proportional 

during the application of load. 

A condition of slip prevails throughout the crack faces wherefore an assumption of fully 

developed Coulomb friction between the crack surfaces from the very beginning is made. 

This means that the shear stress that arises on the crack surfaces is also proportional to all 

other boundary loads. 

As a consequence of the assumed plane strain, a stress cr*3 is generally not equal to cr* and 

cr*2 because hydrostatic stress and plane strain conditions are incompatible. A pure 

hydrostatic stress can only lead to plane strain when v = 1/2. Therefore there is an effect on 

the plastic zone shape, which wil l be asymmetric with respect to the xi-axis due to the mode I I 

load. However, close to the crack tip when the state is dominated by plastic strains, the effect 

on the stresses is limited. Therefore, without loss of generality, v is put to 0.3. 
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4 Numerical Method 

The finite element calculations have been carried out with the aid of the ADINA computer 

program version 6.1.5 (ADINA R&D Inc., 1995). A two-dimensional solid material element, 

i.e. 4-node isoparametric element with two degrees of freedom, translation in x\- and x%-

direction, has been used. A Newton-Raphson iteration scheme for the solution of nonlinear 

finite element equations is employed. The governing equations are 

K U = R, (16) 

where K is the stiffness matrix, U is the vector of nodal displacement variables, and R is the 

load vector representing the driving forces including the body and surface forces. The 

gradient of equation (16) can be expressed by 

AU-A(KU) | = R(t + ydt)±(KU)'-1 (t + ydt), and (17) 
U = U i u (t+ydt) 

\3'(t + Ydt) = \]i:t\t + Ydt) + A\]', where l / 2 < y < l . (18) 

The index i denote the iteration number and the vector AU' represents the increment in the 

nodal displacement at iteration i. Hence a linear system of algebraic equations is obtained 

which must be solved at each equilibrium iteration. 

The remote elastic fields are reproduced by imposing displacements ua consistent with 

equation (15), with an appropriate value of KIlc along the outer radial boundary edges r = R 

and I9 \< n of the finite element model. The crack surfaces were modeled with surface sliding 

contact elements in order to simulate the Coulomb type friction whenever the crack surfaces 

are in contact. 

The entire focused mesh consisting of 4860 elements is shown in Fig. 3a. Figure 3b shows the 

mesh of the crack tip region. The region near the tip (r < 0.0025Ä) consists of squares with 

the purpose to prevent the elements at the crack tip to collapse and be distorted as a result of 

the large shear load, and thereby cause numerically convergence problems. Figure 3c shows 

the region at the tip when a straight kink is extended in a direction 9 out from the original 

crack plane. 

5 Procedure and results 

For this analysis, as well as for the general mixed-mode loading problems addressed by Shih 

(1974), plasticity is assumed to surround the crack tip at all angles. A typical plastic zone 

shape computed in the FE analysis in absence of a crack extension corresponding to the final 

static load (Kn I a0 f = 0.00 IR is presented in Fig. 4 for \iah = -0.4cr0. 
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The presence of a plastic zone allows the crack tip field to be interpreted in the form of 

plain strain slip-line fields, e.g. Hil l (1950), which offers an expedient way to construct 

perfectly-plastic fields. Hutchinson (1968) derived a slip-line solution for a pure mode I I 

stationary crack. The slip-line field was obtained by assembling near-tip plastic sectors of 

constant strain and so-called centered fans. Isaksson and Ståhle (1998) modified the mode I I 

field to consider hydrostatic pressure and friction between the crack surfaces, Fig. 5. When 

the frictional load is vanishing (i.e., rß = -fJ.ah = 0) the slip-line solution is the well-known 

mode I I field identified by Hutchinson (1968). 

5.1 The stationary crack tip surface displacement 

The crack tip surface displacement and the fields within the zone of finite strains have been 

studied. As the crack surfaces are pressed together due to the hydrostatic pressure, the crack 

tip displacement is purely sliding parallel to the interface. Rice (1968) showed that a slip-line 

field with focussed centered fans leads to a non-zero crack tip displacement in the centered 

fans. 

Define the crack surface displacement Su i.e. the distance by which two originally adjacent 

points, one on each crack surface, are separated, as 

Ö, = u1(0 = n)-ul(G = -x) for r -H>0. (19) 

The displacement 5, is taken as the asymptotic value for r/R->0 in the numerical 

computations, illustrated in Fig. 6. Variations of <5,, normalized with the characteristic length 

(Kn/croy, and calculated for arbitrary load combinations of hydrostatic pressure ah and 

friction f l , are shown in Fig. 7. 

A relationship of the form 5, = A/ n /o" 0 is studied in analogy with the similar expression for 

opening mode derived by Shih (1981). In the limiting case of non-frictional sliding (i.e., 

iiah = 0 ) 5, =1.83 ( K n / a 0 f . Since Jn =(\-v1)KllE in plane strain one readily obtains 

the expression 5, =2 .01J n / a 0 for the circumstances discussed here ( ( l - u 2 ) / 2 i =0.91 in 

this investigation). This result is in reasonable agreement with Zywicz and Parks (1990) who 

calculated <5, =1.917 n/cr 0 for a non-frictional pure shear mode crack in plane strain, and 

lends confidence to the analysis presented here. 

As the frictional load -\io~h I O"0 increases, the crack tip sliding <5, increases exponentially 

towards infinity, and, as \iah -> -a014 3, the body becomes fully plastic whereupon global 

equilibrium is lost. 

The calculated results indicate that increasing hydrostatic pressure, or frictional load, 

produces large amounts of crack tip sliding in the plastic zone when the crack grows. This is 

an important observation since high sliding displacement of the crack tip at crack growth 

increases the likelihood of shear controlled fracture. 
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5.2 Crack extension via a straight kink 

The presence of tensile stresses at a crack tip is important for the promotion of ductile fracture 

mechanisms involving the growth and coalescence of voids, according to O'Dowd and Shih 

(1991). Thus, growth and coalescence of voids are usually the critical steps in ductile crack 

growth. As the cracked body is loaded, local tensile stresses at the crack tip may become 

sufficient to nucleate voids. As this process continues, the crack grows. 

The hoop stress ae at the crack tip in an elastic perfectly-plastic material can be non-

compressive even at relatively high amount hydrostatic pressure ah. In fact, according to the 

slip-line solution, the maximum hoop stress de in a non-frictional situation becomes 

compressive at approximately ah = -1.32 C J 0 , cf. Hutchinson (1968). In Isaksson and Ståhle 

(1998), expressions for the stresses at the crack tip in the plastic zone were derived for 

evaluation of the direction for continued crack growth. The stresses were calculated using a 

slip-line formulation. Assuming the state of the local hoop stress at the crack tip 

predominantly determine the fracture mode, a macroscopically crack growth direction was 

predicted. Following the key result in Isaksson and Ståhle (1998), the maximum local hoop 

stress dg surrounding the crack tip in the plastic zone is given by 

I f ae > 0, meaning that the local maximum tensile stress in any direction around the crack tip 

is non-compressive, an incipient kink can be formed subjected to local opening mode. The 

continued crack growth is then assumed to occur under local mode I conditions. Fracture is 

assumed to occur along the radial direction 0O perpendicular to the plane of maximum 

tension, 

As long as ae > 0 , is the kink deflection 0O determined by the frictional load p.ah/a0, 
according to the slip-line analysis. The angle 0O is with respect to the counterclockwise 

rotation from the crack plane for Ku > 0. 

Otherwise, i f ae < 0, is the local hoop stress compressive in all directions around the crack tip 

and an opening mode crack growth seems unrealistic. The only possibility seems to be shear 

mode crack growth. In this case the crack extension is assumed to occur straight ahead in the 

original crack plane i f the crack growth is assumed to follow the plane of maximum shear 

stress. This is also the direction in which the amplitudes of the shear (plastic) strains are 

largest, Isaksson and Ståhle (1998). 

(20) 

cos\SpoH / C T 0 ) + 7l-3(/xo- A/o- 0)
2 + 7r|sgn(£" n), (21) 
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Figure 8 show the theoretical local maximum hoop stress <Je as a function of the hydrostatic 

pressure ohla0 and friction p. In the darker (upper) area ae >0 and the assumed crack 

growth is supposed to occur under mode I conditions. When ae < 0, in the lower part, mode 

I I crack growth is presumed. 

Many hypothesizes have been proposed for the macroscopically crack growth direction. 

These criteria are in some cases based on propagation and in other cases based on projection. 

Those based on propagation are found by examining the conditions at the tip of the crack after 

some small extent of growth, and those based on propagation are found by evaluation of the 

stress field of a stationary crack tip. In order to evaluate the projection stress based crack 

growth criterion in Isaksson and Ståhle (1998), a comparison with results computed for a 

crack with an extended kink is necessary. Finite element calculations were performed with the 

purpose to examine the mechanical conditions at the kink tip when a kink was extended in 

different directions under various load combinations of hydrostatic compressive pressure and 

friction between the crack surfaces. It is assumed that the crack (kink) opening displacement, 

COD, can be utilized. A typical deformed mesh with an opened kink, calculated in the finite 

element analysis, is shown in Fig. 9a. The kink is totally embedded in the plastic zone and, as 

a result of the kink opening, the continued crack growth is assumed to occur under local mode 

I conditions. Throughout in the analysis the opening displacement was extracted at the same 

radial distance from the kink tip, e.g. from the same pair of nodes, illustrated in Fig. 9b. 

Figure 10 shows the normalized opening displacement of the kink calculated at various load 

combinations of friction ß between the crack surfaces and hydrostatic pressure ohla0. The 

result is not surprising and appears to be realistic i f we assume that the kink opening is 

governed by local tensile stresses. According to the slip-line analysis, i.e., equation (20), do 

the tensile stress a9 depend on the combination of hydrostatic pressure and friction. 

The opening of the kink decreases nearly linearly with increasing pressure and increasing 

friction to finally vanish at a critical value of friction ß or hydrostatic pressure C7h/a0. The 

amount pressure necessary to suppress kink opening at various coefficients of friction on the 

crack surfaces is comparable with the theoretical value predicting ae = 0 obtained by the slip-

line solution for the corresponding load combination. 

Melin (1986) reported similar results for an analogous calculation of the opening 

displacement of an extended kink in a linear-elastic material. Indeed it seems as the trends in 

a elastic material and in a ductile material are the same, even though such a proclamation is 

merely speculative because a full comparison of the results is infeasible due to the absence of 

a yield stress cr0 in the elastic case. 

Calculations have also been carried out when a kink was extended in different directions 

while the load of hydrostatic pressure and friction were kept at constant magnitudes. In that 

manner, directions maximizing the kink opening displacement at various load combinations 

of friction and hydrostatic pressure could be computed, Fig. 11. A line describing the 

predictions obtained by the projection stress based criterion in Isaksson and Ståhle (1998), 

i.e., equation (21), is also drawn. In addition to that, comparable values reported by Melin 
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(1986) from an analogous calculation of the direction maximizing the opening displacement 

of an extended kink in a linear-elastic material are also marked. In the non-frictional case 

(lXOh = 0 ) the maximum kink opening displacement was calculated at 0 ~ -81.8° in good 

agreement with the predicted value 0O = 81.824° from the slip-line analysis. In contrast, the 

result disagrees with values calculated for linear elastic materials at fxah = 0 as Bilby and 

Cardew (1975) found the value 0 = -75.8° and Melin (1986) reported 0 = -76.6°. 

As the compressive hydrostatic pressure increases, or the friction between the crack 

surfaces increases, the computed direction maximizing the kink opening decreases somewhat 

and for ficrh = -0.23cr0 the angle approaches 0 » -75° . The predicted kink growth direction 

obtained from the slip-line solution is for the corresponding load situation 0O = 74.8°. 

By inspection of the results plotted in Fig. 11 it is realized that the crack growth directions 

predicted by the projection stress based criterion in Isaksson and Ståhle (1998) are 

comparable with the directions maximizing the kink opening displacement computed in the 

FE analysis, at least for 0 < ~iiah < 0.25CJ0. It seems justified to conclude that agreement 

most likely prevails even for larger amounts of hydrostatic pressure or friction. However, as 

the value of the frictional load -/j.o~h/cJ0 further increases the size of the plastic zone 

becomes uncomfortably large for the finite element computations, and, as \iah —> -a0/^3, 

the body becomes fully plastic. 

By assuming perfect plasticity in the crack tip neighborhood, the projection stress based 

criterion suggested in Isaksson and Ståhle (1998) predicts the same initial crack growth 

direction as the propagation based crack growth criterion discussed here. Furthermore, the 

crack path models lead to a result that qualitatively is in analogy with the theories for opening 

mode in a linear elastic material. 
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6 Conclusions 

Different candidates for a directional crack growth criterion in a compressed elastic-plastic 

material are examined. The conditions at the crack tip have been analyzed using a finite 

element procedure. Remote applied load is a combined hydrostatic pressure and pure shear, 

applied via a boundary layer. 

The following conclusions is made: 

• It has been verified that a hydrostatic compressive pressure and friction between the 

crack surfaces suppress opening mode crack growth. An overcritical pressure in the 

plastic zone surrounding the crack tip prohibits opening of an incipient kink. The only 

possibility seems to be shear mode crack growth that occurs straight ahead along the 

crack plane i f the crack is assumed to follow the plane of maximum shear stress. 

• The sliding of the crack tip surfaces at crack growth becomes larger at increasing 

pressure or increasing friction between the crack surfaces. 

• At a sub-critical hydrostatic pressure, or lower friction between the crack surfaces, the 

crack can extend via a kink subjected to local opening mode. The direction the kink 

forms compared to the original crack plane decreases with increasing pressure or 

increasing friction. 

• An expression for the critical value determining fracture mode has been found as a 

function of hydrostatic pressure and friction between the crack surfaces. The expression 

is obtained by a slip-line solution assuming the fracture process to be predominantly 

controlled by local tensile stresses at the crack tip. 

• The theoretical crack growth directions predicted by the projection stress based criterion 

suggested in Isaksson and Ståhle (1998) are comparable with the directions maximizing 

the opening displacement of an extended kink calculated in the finite element analysis 

performed here. Thus, in this investigation the projection stress based criterion gives the 

same result as a propagation crack growth criterion. 
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Figure 1. Geometry and load of the crack. 
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Figure 2. Quantities at the kink. 
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Figure 4. A typical plastic zone obtained in the FE analysis. Here, ah = -a0 and p-OA. 
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Figure 5. Modified mode II slip-line field for a stationary crack. Especially note that when 

the frictional load vanishes, i.e. poh = 0, the slip-line field is described by the 

well-known mode II solution first identified by Hutchinson (1968). 
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Figure 6. The crack sliding displacement 5, calculated at various radial distances r/R. 
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Figure 7. Variations of the crack sliding displacement ö1 calculated for arbitrary states of 

pah/a0. 
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Figure 8. The maximum theoretical hoop stress <je depends on the hydrostatic stress Ohlal 

and friction p between the crack surfaces, according to the slip-line solution. 
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kink opening 

a) 

blunted crack tip 

Figure 9. a) Part of a typical deformed mesh with a straight kink directed in a radial 

direction out from the crack plane and fully embedded in the plastic zone. Note 

that only the near-tip region is displayed. 

b) Smoothed figure of the separation of kink surfaces showing blunting of the tip. 

Exaggeration of the scale gives the illusion that shear displacements of the nodes 

are very large. 
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COD 

Predicted a =0 for respective case, e.g. Eqn. (20). 

Obtained from Isaksson and Ståhle (1998) 

Figure 10. The normalized opening displacement of the kink computed at different values of 

the hydrostatic pressure Gh I CT 0 and friction p.. The amount hydrostatic pressure 

necessary to suppress kink opening at various coefficients of friction is 

comparable with the values predicting aB = 0 by the slip-line analysis in Isaksson 

and Ståhle (1998). 
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Figure 11. Variations of the directions maximizing the kink opening displacement at various 

load combinations of pah/o~0. The line shows the predictions obtained with the 

stress based projection criterion in Isaksson and Ståhle (1998). The mark (x) 

denotes directions obtained from a similar analysis in an elastic material 

performed by Melin (1986). 
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