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Abstract 

A finite element method for simulation of flow in granular material has been presented, 

and a computer program has been developed to test the model. The model is based on the 

Eulerian frame of reference, and therefore the geometry is fixed, whereas the velocity 

field is the primary unknown. The material model is a cohesionless Drucker-Prager-like 

model with plastic incompressible flow. 

Numerical simulations of plane standard silos have been performed, and the results 

have been compared with the well known work by Jenike. The agreement is quite good 

when it comes to the distinction between mass flow and funnel flow. Here it must also be 

mentioned that the work by Jenike, in the case of plane flow, indicates a less distinct tran-

sition from mass flow to funnel flow, than in the axisyrrurietric case. Tests on intermediate 

flow show numerical results in good agreement with theoretical and experimental results 

from the literature. 

The model has also been tested on silos with insert. In this complicated flow 

geometries, according to literature, analytical solutions are not available. Introductory 

numerical results indicate that an insert can improve the flow pattern of a silo, and give 

mass flow even for silos with large hopper angles. However, it also seems that an insert 

can result in an unfavourable flow patter, if the design is incorrect. Although the results 

look very interesting, comparison with experiments must be made in order to verify of 

the results. 

It is also concluded that the six-node element with piecewise quadratic approximation 

must be preferred, as compared to the simpler three-node element. 
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CHAPTER 1 Introduction 

The purpose of this work has been to develop a numerical simulation method for flow of 

granular materials, with application to flow in silos. The first step in such a method is to 

establish a model for description of granular materials. The next step is to solve the equa-

tions of motion with any numerical solution method. Here, the finite element method is 

chosen. For readers who are more interested in the numerical results than in modelling, it 

may be a good idea to start reading the chapters 7 and 8. However, the scope of this thesis 

is as follows: 

Chapter 2 gives a short introduction to the mechanics of granular materials and con-

tinuum models. The presented material is well known, and will be applied in chapter 5 

where the model and the numerical simulation method will be introduced. 

The third chapter gives a short review on classical silo flow theories. This chapter is 

focused on the actual results, and references to more comprehensive works will be made. 

This chapter is a background to the numerical results in chapter 7. 

Chapter 4 is a short review on previous results from the field. This chapter also 

presents the previous results from the current project. It must be pointed out that parts of 

this work were made before the author began to work in the project. 

In chapter 5, the proposed model is presented, while chapter 6 contains some impor-

tant numerical observations and other remarks. This chapter results in a number of 

restrictions for the use of the model, but it also points out when the model is applicable. 

In chapter 7, numerical simulations of flow in ordinary silos are compared to theoreti- 
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Introduction 

cal and experimental results well known from the literature. This comparison is made in 

order to conform that the proposed model works for standard problems, a necessary step 

before the model can be used for more complicated problems. If chapter 6 discusses 

details in the model, this chapter deals with applications. 

In chapter 8, complicated silo geometries are considered. It will be shown that the 

model can be used for simulation of flow around silo inserts. The numerical results here 

are used to show the potential of the developed model (and finite element program). 

Chapter 9 contains the summary, conclusions, and suggestions for future work. 

At this stage it may be of interest to discuss some limitations in this work. The results 

are focused on flow patterns, and the reason is that it is believed that a correct flow pat-

tern must be obtained in order to achieve good predictions of silo wall stresses. However, 

it must be emphasized that the calculation of the velocity field also gives the stress field 

as a result. Therefore, no modifications of the model are needed in order to compare 

numerically simulated silo wall stresses with know experimental and analytical solu-

tions. Such a comparison is very important since the wall stresses are input data in design 

of silos. Moreover, the results are focused on gravitational flow, and no feeder devices 

have been considered. 

Finally, it must be pointed out that the model presented here is one possibility to 

solve this type of problem. Only the future can tell if this type of models will result in 

efficient, reliable, and economical engineering design tools, and a better understanding 

for the flow of granular materials. 

10 



CHAPTER 2 Modelling of 
Granular Materials 

When formulating the equations of motion and equilibrium, a system with more 

unknowns than equations is obtained. To solve the equations, one must add a description 

of the materials involved in the process. The formulation of a material model must be 

based on experience, experiments, and theoretical assumptions. 

The first section discusses the mechanics of granular materials. The purpose is to 

describe general properties of such materials. The second section reviews continuum 

models for description of granular materials. This section is focused on yield surfaces and 

plastic flow rules. In general, the descriptions in this chapter are very brief. The reason is, 

of course, that each part may be treated as a subject of its own, while it is only one part in 

this work. 

Another important approach to flow in granular materials is based on discrete particle 

models. Examples of result from such models are found in chapter 4.3 on page 43. The 

reason for focusing on continuum models is that the simulation method proposed in 

chapter 5 is based on such a model. 

2.1 Mechanics of granular materials 

Bulk density 

The bulk density of a granular material is the average density of the granules and the 

intersecting fluid, in general air. Figure 2-1 shows shear deformation of an ideal two-

dimensional granular material consisting of circular rods. To the left, the granules are 
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Modelling of Granular Materials 

closely packed, and the density is relatively high. When the material is sheared, the gran-

ules must move vertically, and the bulk density will decrease. "I have called this unique 

property of granular masses Milatancy'", Reynolds wrote in 1885 [47] when he discov-

ered this phenomenon. Below, the phenomenon is referred to as 'dilation'. If the shearing 

of the material continues, the bulk density will increase again, and this phenomenon is 

called contraction. 

dilation 	contraction 

FIGURE 2-1. Dilation and contraction in an ideal two-dimensional granular 
material consisting of circular rods. The arrows show applied forces. 

The situation in a three-dimensional material with non-spherical granules is of course 

much more complicated. However, it is clear from figure 2-1 that the relative density 

changes are small as long as the granules are in contact, and this is true for three dimen-

sions as well. To achieve a significant density change, the granules must separate. 

Angle of internal friction 

The angle of internal friction is the most important parameter for the description of a 

granular material. Jenike's shear cell, shown in figure 2-2, is an important device to 

measure the angle of internal friction. Moreover, it gives a good view of the physical 

interpretation of this parameter. For a cohesionless material, the angle of internal friction 

is defined as 

= atan —s 
V 

(2-1) 

where S is the shear force, and V the vertical force, as shown in figure 2-2. 

The angle of internal friction is not constant for a given granular material. It may vary 

from one flow situation to another. Moreover, different tests may give different values of 

this parameter. It is clear that the stain rates in Jenike's shear cell must be quite small. To 
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Mechanics of granular materials 

measure the angle of internal friction at larger strain rates, rotating shear cells have been 

developed. See e.g [1] and [58]. According to [4], the angle of internal friction can be 

measured with an accuracy of ±2°. Benink [1] have used both Jenike's shear cell and a 

ring shear tester for measurements of the angle of internal friction, and there are some 

deviations in the results. 

FIGURE 2-2. Jenike's shear cell. The shear force is S while V is the vertical 
force. From [21,  p.  17]. 

Angle of repose 

The most characteristic property of a granular material is its possibility to form a pile on 

a flat surface. Compare this to the well known behaviours of a solid body on a flat sur-

face, and water in a bowl. The angle of repose is defined as the angle of the slope of the 

pile in figure 2-3, and to make good measurements, relatively large piles must be used. It 

is easy to argue that the angle of repose must be smaller than the angle of internal fric-

tion, see [65, chapter 14.10]. Measurements of the angle of repose are not very useful, 

since they describe the situation at the surface rather than inside the material volume. 

Jenike mentions [21,  p.  6] that 'its popularity among engineers and investigators is due 

not to its usefulness but to the ease with which it is measured.' A more detailed discus-

sion is found in [68]. 
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Modelling of Granular Materials 

FIGURE 2-3. A solid body on a flat surface (upper left), a bowl filled with water 
(right), and a pile of a granular material (lower left). 

Wall friction angle 

The wall friction angle is not a material parameter, but a parameter describing the inter-

action between a granular material and a rigid body. Figure 2-4 shows a simple way to 

measure the wall friction angle, and it also gives a good description of the nature of the 

wall friction angle. Today more sophisticated methods exist for measuring the wall fric-

tion angle. See e.g. [1,  p.  181. 

The strict definition of the wall friction angle is analogous to (2-1), and as for the 

angle of internal friction, the wall friction angle may vary from one flow situation to 

another. The accuracy in measurements is believed to be the same as for the angle of 

internal friction. 

FIGURE 2-4. One way to measure the wall friction angle. The figure is from 
Janssen's one hundred years old paper [19]. 
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Continuum models 

Cohesion 

Dry sand at high hydrostatic pressure can resist larger shear stresses then the same mate-

rial at a lower pressure, and if the pressure is zero, the shear stress must be zero as well. 

A fine granular material may consolidate, i.e. the material can resist shear stresses at zero 

hydrostatic mean stress. Wet sand can also resist shear stresses at zero pressure. These 

effects may be described by the cohesion parameter, which is defined as the failure shear 

stress at zero hydrostatic pressure. For a material with cohesion, the angle of internal 

friction is not defined directly from (2-1), but from the slope in the  GT—  plane, where a 

denotes normal stresses, and T shear stresses. This will be treated more in detail in 

chapter 2.2.1. 

Shear bands 

Shear deformation in a granular material may, as in figure 2-1, occur along a plane. A 

discontinuous velocity field develops, and the discontinuity is called a shear band. This 

phenomenon is similar to slip surfaces in perfect crystals. The development of shear 

bands is essential in the development of some funnel flow patterns, see chapter 3.2 on 

page 32. For details on the development of shear bands, see e.g. [41], [61], and [62]. 

Rupture zones 

If the flow in a granular material is photographed with an X-ray camera, it is possible to 

see zones with significantly lower density, and high shear strains. These zones are called 

rupture zones. Rupture zones seem to play an important rule in the development of pres-

sure peaks on silo walls. By a long time exposure, it is possible to show that rupture 

zones are moving when the material is flowing. See e.g. [2], [3], and [7] for more details. 

Recently, rupture zones have been found in numerical simulations using discrete particle 

models. See [38]. 

2.2 Continuum models 

In continuum mechanics, one disregards the fact that the material consists of small dis-

crete particles. If the particles are molecules or atoms, this is a reasonable assumption in 

many applications within the field of engineering mechanics. For granular materials, the 
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Modelling of Granular Materials 

use of a continuum model implies that one disregards the single granules. This means 

that the considered geometry must be of a size significantly larger than the granules, oth-

erwise continuum models cannot be applied. Moreover, continuum models cannot 

describe discontinuous phenomena such as shear bands and rupture zones. Discontinui-

ties will be smeared out and replaced by zones with high gradients. Although their 

restrictions, continuum modes can still be applicable in many situations where granular 

material are flowing. This is the case in most silo applications. 

The standard notation from solid mechanics will be used through this section, 

although the model presented in chapter 5 is a fluid model. In a fluid model, one must 

change strain rate to rate of deformation, and the elastic constants will be replaced by 

the viscosities. Finally, the incremental stress rate must be objective. 

2.2.1 	Yield criteria 
A material is assumed to be elastic as long as it returns to its initial shape when all exter-

nal loads are removed. When the stresses reach a certain level, the material will deform 

plastically. This plastic deformation will result in energy dissipation. To check if a mate-

rial is deformed plastically or not, a yield criterion is used. 

Granular materials are often assumed to yield according to the two-dimensional 

Mohr-Coulomb criterion. This means that the material will deform plastically when the 

maximum shear stress reaches a critical level. This maximum shear stress is a function of 

the normal stress. It is very common to use a linear relation between maximum shear 

stress and normal stress. The Mohr-Coulomb yield criterion may then be written 

ITI = c — Lane (2-2) 

where .1 is the shear stress, and a the normal stress. Material parameters are the angle of 

internal friction  (b,  and the cohesion parameter  c .  The interpretation of (2-2) is clear 

from figure 2-5. 
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Continuum models 

yield surface  

C  

(1) 6 

FIGURE 2-5. The ideal Mohr-Coulomb yield criterion in two dimensions. 

In three dimensions, there are six independent positions in the stress tensor aii  . From 

linear algebra, this general stress state may be expressed by three principal stresses and 

three principal stress directions. By the assumption of isotropic material, it is enough to 

describe the yield surface of the space of principal stresses. The numbering of the princi-

pal stresses is arbitrary, but it is common to use a l  2 62  (N3 . where a , a2  , and a3  

are the principal stresses (positive when tensile), and equal to the eigenvalues of the 

stress tensor. 

To simplify the physical interpretation of the space of principal stresses, it is conven-

ient to use the following set of stress invariants: 

(2-3) 

q 	= 	s • • s • • 
2 

and 

27./3 
0 = —1 acos 

3 	2q3 

where s17  is the deviatoric stress tensor defined as 

17 
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Modelling of Granular Materials 

(2-6) 

Moreover, J3  is the determinant of sii . Here  p  is given the interpretation of hydrostatic 

mean stress, while  q  is proportional to the mean shear stress. The third invariant (3 is 

called the load angle, and its interpretation is shown in figure 2-6. As a result of the arbi-

trary ordering of the principal stresses, one always has  Ou  [0°, 601 . This is also clear 

from the definition given in (2-5). For details on stress invariants and the principal stress 

space, it is strongly recommended to read [5, chapter 2]. The line  q  = 0 is called the 

hydrostatic axis, and any plane perpendicular to the hydrostatic axis is called a deviatoric 

plane. Finally, when  q  .= 0 the angle 0 is undefined. This is clear from (2-5), and from 

figure 2-6 where  q  is the distance from the hydrostatic axis to the actual stress state. 

The Mohr-Coulomb criterion from (2-2) is extended to three dimensions by search-

ing for critical physical  GT  -planes. With the invariants from (2-3) to (2-5), the yield sur-

face may be written 

where  

mp 

6cose 

+ g(8)q - C 

sin(0 + —1C ) 
3  

0 

tan 4:13 
0 

(2-7) 

g(13) (2-8) 
3 - sine ,r3 cos (13 

cos 	+ -
3 3 

6 sine. m = (2-9) 
3 - sine,  

and 

C = —c (2-10) 
tan 
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Continuum models 

FIGURE 2-6. The Mohr-Coulomb yield criterion in three dimensions. The 
figures show the yield surface in the space of principal stresses, the pq - 
plane, and any deviatoric plane. The ai' coordinates are the projections of 

the  a j  coordinates on the deviatoric plane. 

2.2.2 	Ideal plastic flow 
A general three-dimensional stress state may be treated as a vector in stress space 

spanned by 

Cr=[66 	T x y z xy xz y] 

A general strain state may be treated as a vector in strain space spanned by  

E 
 = [E E EY Y Yyj x y z xy xz 

where the engineering shearing strains are used. If a material is elastic, there is a unique 

relation between the stress and strain vectors. Moreover, if the material is linear elastic, 

the relation is given by the matrix De  of elastic constants. This matrix may be expressed 
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De  = 

4 	2 	2 K+
3
-G K-

3
-G K--

3
G 

2 	4 	2 K--
3

G K+
3
-G K-

3
- G 

2 	2 	4 
K-

3
-G K-

3
-G K+-

3
G 

0 	0 	0 
0 	0 	0 
0 	0 	0 

0 

0 

0 

G 
0 
0 

0 

0 

0 

0 
G 
0 

0 

0 

0 

0 
0 
G 

(2-13) 

where  K  is the bulk modulus, and  G  the shear modulus. In a fluid model, the elastic con-

stants must be changed to the bulk viscosity ic and the shear viscosity 

A yield criterion may be formulated in stress space, strain space, or in a mixed space. 

However, in displacement (and velocity) controlled finite element methods, it is conven-

ient to use a formulation in stress space. The standard way to express the yield surface is 

f(u) = 0. 	 (2-14) 

where f is called the yield function. When f 5. 0, the material is elastic, while f = 0 is 

required for plastic deformation. Stress states resulting in f> 0 are not allowed. 

When a body is deforming plastically, the strains can be large, and it is clear that con-

stitutive relations for plastic deformations must be based on the strain rate. In general, 

rates are denoted with a superimposed dot. The strain rate can be decomposed in one 

elastic and one plastic part according to  

.e 	.p 
e = E +€ 	 (2-15) 

The stress rate depends on the elastic strain rate as 

ü = Dee 
	

(2-16) 

The plastic strain rate is given by the flow rule 
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Continuum models  

(2-17) 

where  X  is a scalar multiplier, and m is a vector in strain space. The vector m gives the 

direction of the plastic flow, and it is a part of the constitutive relation. How to chose m 

will be discussed below. 

Now consider a stress state on the yield surface. This stress state can develop in three 

principally different directions: First it may return to an elastic state, i.e. the stress state 

will move from the yield surface. This is called elastic unloading, and it may be formu-

lated 

-= 0 and f <0 
	

(2-18) 

If plastic deformation takes place, the multiplier in (2-17) must be non-zero, and the 

stress state continues to be on the yield surface. This may be formulated  

X > 0 and f = 	 (2-19) 

The sign of  X  follows from the fact that the vector m is directed outwards from the yield 

surface. This state is called plastic loading. A third intermediate state is called neutral 

loading, and is expresses by 

= 0 and f = 0 

Let the vector  n  be the outward normal vector to the yield function f, i.e.  

af 
n = Vf = 

cr 

From figure 2-7, the fact that f = 0 on the yield surface, and that f > 0 is impossible, it 

follows that 

f = nT  d• <0 (2-22) 

21 
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Inserting (2-16) and (2-17) into this relation gives 

f n TDee _xn
TDem<0 	

(2-23) 

At plastic loading equality holds, and (2-23) is possible to solve with respect to  X.  The 

result is 

1 
n

TDee  
K* 

where  

K* = n
T

D
e
m  

Now consider (2-16), use the decomposition (2-15), the flow rule (2-17), and (2-23). The 

result is  

ä = D
e

—Del-n
T e

e Dm 
K*  

(2-26) 

This equation may be written 

dr =  De  (2-27) 

where  

D  = De _ 1 De 
n

T 
In D

e 
K * 

The matrix  D  is called the elasto-plastic stiffness matrix, and the manipulation of the last 

term in (2-26) is easy to show with index notation. For a more detailed treatment of 

incremental theory of plasticity, including formulation of yield criterion in arbitrary 

spaces and hardening materials, it is recommended to read [32]. 
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Continuum models  

n  

f=0 

FIGURE 2-7. A part of the yield surface, the outer normal vector  n,  and the 
stress rate vector  d  at plastic loading  (p)  and elastic unloading  (e).  

2.2.3 	A note on stability 
Plastic deformation is connected with dissipation of energy, and this energy is 

AW = (2-29) 

Inserting (2-27) gives 

LW = eTDeo 	 (2-30) 

Since only the symmetric part Ds  of the elasto-plastic stiffness matrix  D  contributes to 

this quadratic form, the criterion for positive energy dissipation must be that Ds  is posi-

tive definite. 

For an associated flow rule, where m =  n,  the inequality in (2-30) will always be 

true, according to Drucker's well known stability postulate. For non-associated flow 

rules stability is not, in general, proved. Finally, it is worth to note that the existence of 

unstable materials is possible, and that the associated flow rule is not given by nature. It 

is only a postulate, which can be replaced by other postulates. See [9]. 

2.2.4 Plastic flow rules for granular materials 

Consider a yield surface forming an open pyramid in the direction of the compressive 

hydrostatic axis, e.g. the Mohr-Coulomb yield surface from figure 2-6. An associated 

flow rule (m =  n)  will, for such yield surfaces, imply plastic flow at increasing volume. 
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This is obviously not true for a granular material, see figure 2-1 on page 12, and there-

fore associated plastic flow is inappropriate. This was pointed out by Drucker in [9] and 

[10]. One solution is to postulate plastic flow at constant volume. This is a reasonable 

simplification since the volume changes due to dilation are, as long as the granules do 

not separate, small.  Pariseau  [4-4] concludes from experiments and inverse calculations 

that this flow rule is more reasonable than associated flow. 

If the yield surface has corners, the normal vector is not uniquely defined at corner 

points. This gives a possibility to chose the flow direction, without contradicting 

Drucker's postulate of normality, i.e. m =  n.  This technique was used by Jenike and 

Shield [23]. The proposed yield surface changes with the stresses so that the actual stress 

state is always at a corner, and plastic flow does not imply increasing volume. A more 

detailed discussion on this subject is found in [40]. 

2.3 List of symbols 

symbol meaning  

Cohesion. 

Cohesion parameter in yield function. 

Elasto-plastic stiffness matrix. 

Elasic stiffness matrix. 

Symmetric part of  D.  

Yield function. 

Shape of yield surface in deviatoric plane. 

Shear modulus. 

Third stress invariant. 

Bulk modulus. 

Scalar in elasto-plastic stiffness matrix. 

Friction angle parameter. 

Plastic flow vector. 

Normal to yield surface. 
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List of symbols 

symbol meaning  

P 

V 

W  

First stress invariant. 

Second stress invariant. 

Deviatoric stress tensor. 

Shear force in Jenilce's shear cell. 

Normal force in Jenike's shear cell. 

Incremental plastic work. 

  

Greek letters 

symbol meaning  

E 

E E Ex, 	y' E  z 

cl) 

Yxy' 'Yxz'Yyz  

11 

a 

cr 

61,  62, 63 

(71',  152' (73' 

Gx> cY y' az 

"C 

xy' txz' tyz  

Strain vector. 

Normal strains. 

Angle of internal friction. 

Engineering strains. 

Bulk viscosity. 

Plastic flow rate. 

Shear viscosity. 

Hydrostatic mean stress. 

Vector of stress components. 

Stress tensor. 

Principal stresses. 

Projections of principal stresses on the deviatoric plane. 

Normal stresses. 

Shear stress. 

Shear stresses. 
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CHAPTER 3 
	 Review on Silo Flow 

The most important application of flowing granular materials is flow in silos. Several the-

oretical and experimental works have been made in this field. The first section of this 

chapter gives a short introduction to differential slice analysis, beginning with the famous 

equation by Janssen. The second section deals with the concepts of mass flow and funnel 

flow. Pioneer works here where made by Jenike and co-workers from about 1950. Most 

quoted are the two bulletins [20] and [21] from Utah Engineering Experiment Station, 

University of Utah. Johanson has written a more personal paper [26] about his work with 

Jenike. The last section is a summary of the results by Benink [1], where the concept of 

intermediate flow was introduced. The thesis by Benink is also recommended as a com-

prehensive review on silo flow. A very interesting historical review is found in the paper 

[49] by Roberts. 

3.1 Janssen's theory 

The analysis of silo problems began with the work [19] by Janssen from 1895. Janssen's 

theoretical approach was static equilibrium for a differential slice element, and this tech-

nique has provided a large number of solutions since then. The results presented here are 

examples, given to show the basic ideas of the differential slice method. 

Consider the plane silo in figure 3-1, and the differential slice element. The coordinate  

y'  is from the upper material surface. To solve the static equilibrium for this element, a 

number of assumptions must be made. First, the vertical stress a , is assumed to be con- 
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stant over horizontal cross sections. The wall friction is assumed to be fully developed, 

and the wall shear stress is assumed to be directed downwards. (The possibility of oppo-

site direction of the wall shear stress is possible but rare, and is not treated here. See e.g. 

[68) for details.) Moreover, the ratio between the horizontal and the vertical stress is 

assumed to be constant, i.e.  

k = 
a , 

Y 

(3-1) 

By establishing static equilibrium, and using the above assumptions, it is possible to 

derive the differential equation  

y' 	k tan  y 
a 	

(S
Y
, + p g = 0 	 (3-2) 

dy'  

Here a is half the silo width,  y  the wall friction angle,  p  the density, and  g  the gravita-

tional acceleration. The ratio  k  is constant. By assuming a stress free upper surface, i.e. 

,(/-=.0) = 0, the solution is  
Y  

x 

ax  

N) 7 

at  
2a  

mg 

FIGURE 3-1. Plane silo geometry, and infinitesimal slice element. Wall friction 
on the left hand side of the element is not shown in the figure. 
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ktany,  , 
Y 

G • = 
pga 
	 1— e 

a 

Y 	ktany 

The constant  k  in this equation is still unknown. By assuming plasticity at the symmetry 

line where the shear stress is zero, and employing the Mohr-Coulomb yield criterion, one 

has  

k= 
1 — sin«)  
1+ sin«) 

(3-4) 

Other possible equations follow if other assumptions are made, but from experiments 

Benink [1] recommends the use of (3-4). 

A similar equation is possible to derive for a wedge shaped silo as in figure 3-2. The 

result is 

da 	a, 
= 0 

dy 	y 

where  

N=  1— k(1+  tarY ) 
tana  

and in this case  

a 
k= 

aY  

With zero stress at the upper free surface  y  =  Y,  the solution to (3-5) is 
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PO  (nN  Pg 	#—1 ,N i + Ay) 1+N 
6 = (3-8) 

Y 

pgYin(17) ,N = —1 

Equations similar to (3-2) and (3-5) are possible to derive for axisynunetric silos, and the 

results can be found in textbooks, e.g. [8]. 

FIGURE 3-2. Wedge shaped plane silo. The wall friction on the left hand side of 
the infinitesimal slice element is not shown in the figure. 

It is also possible to use the differential slice theory for steady state flow through a silo. 

The simplest theories require an assumption of the velocity field, and are therefore of 

restricted use. However, one such solution for a wedge shaped plane flow silo is pre-

sented here. An assumption of radial velocity field is made, and the differential slice ele-

ment is radial. See figure 3-3 on page 32. The assumed velocity field may be formulated 

v0  = 0 and 

A 	
(3-9) 
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where A is a constant. By the assumption of constant density, mass continuity holds. 

Moreover, let 

(3-10) 

The radial equation of motion then is (see [8])  

da 	

A2 
 a 

—
dr

r + ArG
r
r p

3 
 + 

sina
pg = 0 

r  
(3-11) 

where  N  is defined from (3-6). The solution to this equation is  

Cr-----a  pgrinr —  PA  
sina 	 2 ,N=-1 

3r 
 

_, 	C 	a. 	pgr + pA
2
lnr  

r2 	3 sin a 	
,N=2 	 (3-12) 

r
2 

Cr
—N 	a 	 pA

2 

(N + 1)sinaPgr  + (N —2)r
2  ,other  N 

The most natural boundary conditions are zero radial stresses at r =  ro  and r = R0 . 

Such conditions describe free flowing material. It is also possible to prescribe non-zero 

pressure at the boundaries, or the flow through the silo. In the latter case, the constant A 

in (3-9) will be determined directly. Independently of the type of boundary conditions, 

the integration constants from (3-12) are possible to solve. 
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ar+dar  

FIGURE 3-3. The radial flow in a wedge shaped silo (left), and the stresses on 
the infinitesimal radial slice element (right). The wall friction on the left 
hand side of the element is not shown in the figure. 

Several other similar theories exist. One important is the arch theory by  Enstad  [13]. A 

modified arch theory was used by Benink to indicate the existence of intermediate flow, 

see chapter 3.3. More advanced methods, coupling the velocity field and the stress field 

with a constitutive relation has been developed by Brennen and Pearce [4]. 

3.2 Mass flow and funnel flow 

In the fifties, Jenike made the distinction between mass flow and funnel flow. In a mass 

flow silo all material is flowing, while a funnel flow silo contains regions of non-moving 

material. See figure 3-6 on page 35. Such regions are unfavourable since they will give 
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rise to a last-in-first-out storage situation. If the bulk material degenerates with time, this 

situation is indeed bad. On the other hand, in funnel flow, the bulk material is protecting 

the silo walls, an effect that can be desired in some cases. 

It is clear that a silo with steep and smooth walls will give mass flow, and as a matter 

of fact, the hopper angle and the wall friction angle are the two most important parame-

ters when predicting the flow pattern. In [21] Jenike presents charts for prediction of the 

flow pattern. The abscissa and ordinate are the hopper angle and the wall friction angle, 

respectively. The mass slow and funnel flow regions are then separated by a limit line. 

The position of the limit line depends slightly on the angle of internal friction. The the-

ory by Jenike may be summarized in two charts: one for axisymmetric silos, and one for 

plane flow silos. The charts are given in figure 3-4 and figure 3-5, respectively. 
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FIGURE 3-4. Jenike's chart for axisymmetric silos. The limit lines for different 
values of the internal friction angle  q]  I are shown. Constructed from [21]. 
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FIGURE 3-5. Jenike's chart for plane flow silos. The limit lines for different 
values of the internal friction angle cLo are shown. Constructed from [21]. 

The theory by Jenike is based on the assumption of mass flow, and solution of the stress 

field in the hopper. For large hopper angles, and high wall friction angles, no solution 

exists, and the conclusion is the there must be funnel flow. Moreover, Jenike recom-

mends one to stay some 30  to 50  left of the limit line to be on the safe side when design-

ing axisyrrunetric silos [21,  p.  72]. In plane flow, the chart seems to be more of a 

recommendation for design than a representation of the solution to some equations (see 

also [1,  p.  88]). Jenike mentions that it is not needed to stay left of the limit line when 

designing plane silos [21,  p.  72]. 

In 1987 Jenike [22] presented a new theory for the limit between mass flow and fun-

nel flow. This theory is similar to the first theory, but the mass flow region is increased, 

especially for high wall friction angles. The main difference between the two theories is 

that different yield functions are used. The first theory was based on the Mohr-Coulomb 

yield criterion while the second theory used the Drucker-Prager yield surface. 
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In [22], Jenike also shows two different funnel flow patterns by studying the velocity 

gradient when the velocity approaches zero. If the gradient is infinite, the funnel is dis-

tinct, while zero gradient gives a less distinct funnel. See figure 3-6. (A similar theory 

was developed already in [20,  p.  125].) A complete review of the theories by Jenike, 

including some critical references, are found in chapter 5 of the thesis by Benink [1]. 

Another interesting comment is the one by Kruyt [27]. 

FIGURE 3-6. Flow patterns in wedge shaped silos: Mass flow (left), funnel flow 
with infinite velocity gradient (centre), and funnel flow with zero velocity 
gradient (right). 

3.3 Intermediate flow 

In 1989, Benink [1] presented a new concept for description of the flow pattern in silos. 

He observed that mass flow and funnel flow are separated by a third flow regime, named 

intermediate flow. The flow pattern depends not only on the hopper angle and the wall 

friction angle, but also on the filling height  H.  See figure 7-1 on page 93. If  H  is larger 

than a critical height  lic„.  , the material in the bin is moving as a rigid body. If  H  <Hcr , 

stagnant zones develop and the flow pattern looks like funnel flow. Figure 3-7 shows one 

experimental result by Benink. Layers of differently coloured particles are used to visu-

alize the flow pattern, and from this figure the meaning of intermediate flow is clear. 
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H — 0.8 [m] 	 H — 0.6 [m] 	 H = 0.4 [m]  

FIGURE 3-7. Illustration of intermediate flow. Photographs of experiment from [1]. 
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List of symbols 

3.4 List of symbols 

symbol meaning 

Half the silo width. 

Integration constant. 

Integration constant. 

Gravity constant. 

Filling height in silo. 

Critical filling height. 

Stress ratio. 

Mass (of differential slice element). 

Dimensionless number. 

Radial coordinate. 

Radial velocity. 

Angular velocity. 

Upward vertical coordinate. 

Downward vertical coordinate. 

Greek letters 

symbol meaning 

a 
	Hopper angle. 

Angle of internal friction. 

Wall friction angle. 

Bulk density. 

Normal wall stress. 

Radial normal stress. 

Horizontal normal stress. 

Vertical normal stress. 

Vertical normal stress in  Y  -direction. 
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CHAPTER 4 Review on Numerical 
Methods in Silo Flow 

This chapter gives a short review of numerical simulation of silo flow. The review is 

restricted to work based on continuum models and discrete particle models. In the former 

case, the basic hypothesis is a material model and solution of the equations of motion. In 

discrete particle models, one is working with a large number of particles and models for 

the interaction between the particles, and for the interaction between the particles and the 

silo walls. 

It must be mentioned that the distinction between numerical and analytical solution 

methods is not clear. If a differential slice method results in an ordinary differential equa-

tion, possible to solve only numerically, is this a numerical method or not? 

One possible definition of a numerical method is whether the method is applicable to 

an arbitrary silo geometry or not. If a method can be applied to a completely new silo 

geometry, without any theoretical changes or modifications of programs, there is no 

doubt that it is a numerical method. This criterion is used for the selection in this chapter. 

Finally, the review is focused on flow in silos. This will exclude work on silo wall stresses 

after filling, as well as work concerning granular material flows in other applications (e.g. 

flow along inclined planes and in vertical tubes). 
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4.1 Eulerian frame of reference 

4.1.1 The pioneer work in Karlsruhe 

There is no doubt that the pioneer work within this field was made by the group headed 

by Professor Eibl at the University of Karlsruhe. The theses by Häußler [17] and Gladen 

[15] are very important, and much of the ideas behind the current project have been 

inspired by these works. Both works use the Eulerian frame of reference together with 

the finite element method. Therefore, there is no idea to repeat the basic ideas from the 

early work in Karlsruhe. Instead, this summary is focused on the major scope of these 

theses, and the suggestions for future work. 

Häußler's work from 1984 is dealing with mass flow silos. The main scope is to com-

pare silo wall stresses from numerical simulations with known analytical solutions and 

codes. For later comparison with this work, it may be of interest to summarize the sug-

gestions for future work. This summary is made in table 4-1. (The numbering of this 

table is added for later references.) 

TABLE 4-1. Summary of the suggestions for future work in the thesis by Häußler [17]. 

• Test other (and simpler) material models. 

• Develop an automatic  timestep  algorithm in order to simulate longer processes. 

• Simulate the flow in silos with eccentric outlets, and the flow in silos with 
inserts. 

• Measure material parameters. 

• See how the bulk material is affected by storage. 

• Include shear bands in the finite element simulation. 

• Make experimental investigations of different materials. 

The thesis by Gladen [15], written in 1985, is mainly focused on silos with eccentric out-

lets. Again, the comparison between simulated silo wall stresses and wall stresses calcu-

lated with other methods, is of great importance. The suggestions for future work made 

by Gladen are summarized in table 4-2. 
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TABLE 4-2. Summary of the suggestions for future work in the thesis by Gladen [15]. 

• Development of simpler material models. 

• Implementation of higher order elements. 

• Study how bulk materials are affected by storage. 

• Studies of parameter sensitivity in the model. 

Since this pioneer work was made in the early eighties, the work in Karlsruhe has contin-

ued. The thesis by  Rombach  [50] was presented in 1991, and it covers implementation of 

higher order elements, interaction with silo walls, and three-dimensional flow in simple 

silo geometries. This work also allow density changes of the bulk material. The refer-

ences [51] and [12] show recent results from this group. 

4.1.2 Finite difference methods 

Few works using finite difference (or finite volume) methods are known to the author. 

Two such works will be mentioned here, and they show numerical results for special 

flow situations. 

The paper by Wang, Gardner, and Schaeffer [67] show steady state flow through an 

axisymmetric mass flow hopper. The numerical solution has been compared qualitatively 

with Jenike's radial solution. No results on funnel flow have been presented. 

In the work by  Gustafsson  [16, paper F], slow flow of a granular material has been 

simulated using the commercial code Phoenix. Simulation of pipe flow (see [41]) has 

been made, and the numerical results are in good agreement with experimental and theo-

retical results. 

4.1.3 The current project 

The current project started in 1987 at Chalmers University of Technology, and some 

early work forming the theoretical basis for this work are [54] and [55]. One very impor-

tant step at this early stage was the implementation of frictional boundary conditions 

[56]. The latest work from Chalmers was the report by Lahti [36]. The programs used in 
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this work are, except for the post processing, based on the same programs as earlier 

works within the project. Therefore, it may be of interest to point out some differences as 

compared to [36]. To the authors opinion, the most important differences are: 

• 	Two more material models have been implemented and tested. 

• The numerical integration of the stress term in the equations of motion has been 
changed for the six-node finite element. 

• Stability has been assured in the implementation of the fading memory concept. 

• A new convergence criterion has been applied. 

The three last changes have resulted in a significant improvement of the performance in 

simulations, and more reliable programs. Moreover, the study of instabilities in the mate-

rial model, see chapter 6.4 on page 75, gives another explanation of instabilities in simu-

lations. Finally, the collection of numerical results given here is far more comprehensive. 

As an example, the comparison with the results from Jenike's (first) chart has been made. 

4.2 Lagrangian frame of reference 

A very interesting work is that by Wieckowski, see [69] and [70]. It is unique since it 

uses the Lagrangian frame of reference for simulation of the silo discharging problem. 

The material is not treated as a fluid, but as a solid undergoing large deformations. 

With this approach, it is possible to simulate the entire discharging process including 

the motion of the upper free surface. Since the frame of reference is pure Lagrangian, the 

boundary at the outlet is moving. However, when all material in one element has left the 

silo, that element is removed from the simulation process. With this method, one is close 

to the ideal description of the silo discharging problem discussed in chapter 5.1 on 

page 46, and it is possible to calculate the time for discharging of the entire silo. 

Although this method is very elegant, there are some problems in the simulations, 

and the major source of problems seems to be element distortion. Due to the Lagrangian 

frame of reference, the same finite element will always contain the same material. If 

some material in the silo will be subjected to very large deformations, the finite element 

mesh will be deformed as well. If the elements are to distorted, the solution procedure 

cannot continue. One possible solution is to map the solution from the current mesh to 

another mesh without distorted elements. However, the errors in the mapping procedure 
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may give rise to convergence problems in the following  timestep,  and the simulation 

cannot continue. 

4.3 Discrete particle models 

In discrete particle models, one is working with the interaction between discrete parti-

cles. When making computer simulations of the interaction between a large number of 

particles, the flow in a granular material can be modelled. Examples of works within this 

field are [34], [35], [37], [38], and [39]. (The references here are restricted to papers 

where simulations are made, while theoretical works on particle interaction are omitted.) 

Of special interest is [38], where Langston et. al. show the existence of rupture zones in 

a computer simulation. In [52] and [53] shear bands and flow around inserts have been 

modelled with discrete particle models. 

Discrete particle models have some advantages as compared to continuum models. 

The framework is similar to the Lagran.gian frame of reference in continuum mechanics, 

but one will not run into the problem with distorted finite elements. Particles leaving the 

silo at the outlet can easily be removed from the simulation without any problems. 

In feeder devices, the size of the feeder may be of the same order as the single gran-

ules. One example is the feeder for granular fertilizer from [64]. The continuum hypoth-

esis is not valid, and discrete particle models are required in order to make numerical 

simulations. Moving parts of the feeder can be simulated without any theoretical prob-

lems. 

In two dimensions, the meaning of a discrete particle model is the flow of rods. 

Although this is not a realistic flow situation, the results from such simulations are of 

interest. In a large plane silo, the number of particles may be more than ten thousand, and 

the computation time will, in such cases, be very large. Compare this to continuum mod-

els where the actual size of the silo is of minor importance. In a large silo one can use 

larger finite elements. In three dimensions, discrete particle models may result in very 

large number of particles. (Here one may argue that finite elements in three dimensions 

also will result in large equation systems.) Finally, if the shape of the particles are non-

smooth, it may be difficult to model the actual particle shape, and to control when parti-

cles come into collision. 
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CHAPTER 5 Proposed Model and 
Numerical Solution 
Method 

The basic problem formulation is very important for silo flow problems. The first section 

of this chapter deals with this subject. The second section gives the formulation of the 

employed material model, while the theoretical background is found in chapter 2.2 on 

page 15. The third section gives a short description of the finite element method used, 

while details in the equations are given in appendices A and  B.  Solution procedures for 

the non-linear finite element equation system is described in the fourth section. The fifth 

section deals with integration of the incremental plasticity. Up to this stage, all employed 

methods must be considered as well known standard methods and therefore the descrip-

tions are brief. 

The sixth section gives a short description of the treatment of the non-linear frictional 

boundary condition. The used method is by Runesson, Klisinski, and  Larsson  [56], and 

has been developed within the current project. See also chapter 6.9 on page 89. 

The seventh section deals with static and dynamic stresses in a granular material, and 

presents a concept called fading memory for the development of the static stress state. 

This concept is not entirely new (see [36]). However, a novel implementation has been 

developed in order to secure stability in simulations. 

The eighth section presents an adaptive algorithm for integration of the equations of 

motion. This algorithm is important for reduction of computational time, and it also sim-

plifies of input data considerable. The algorithm is of heuristic nature. 

Finally, some notes are made on post processing in the ninth section. The most impor-

tant part here is the particle tracing method, developed to show the motion of a granular 
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material in a silo. This post processing technique plays an important role in the interpre-

tation of some numerical results. 

5.1 Governing equations 

The first question when formulating a problem in continuum mechanics is whether to use 

the Eulerian (spatial) or the Lagrangian (material) frame of reference. In general, the 

Eulerian description is connected with fluid mechanics, while the Lagrangian formula-

tion is used in solid mechanics. When one is dealing with fluid flow without moving 

boundaries, or with small deformations in solid mechanics, there is no reason to bother 

about the basic description. However, when it comes to problems including large defor-

mations, the choice of frame of reference is indeed important. In the Eulerian description 

one always deals with a fixed geometry, while the Lagrangian description deals with a 

fixed amount of material. In figure 5-1, the Eulerian observer measures the temperature 

at the same spot all the time, while the Lagrangian observer follows the stream and 

measures the temperature of the same amount of material. 

In an Arbitrary Lagrangian-Eulerian (ALE) description, the observer moves, but not 

necessarily with the same velocity as the material. Both the Eulerian and the Lagrangian 

description may be treated as special cases of ALE. In the language of figure 5-1, a 

description of the arbitrary formulation would show a man in a boat, sailing on the river, 

but not following the stream. 

FIGURE S-1. The Eulerian frame of reference (left), as compared to the 
Lagrangian frame of reference (right). 

When it comes to the basic problem formulation, silo discharging is a complicated prob-

lem. At the outlet, the material is falling freely and is stress free, since the particles have 

separated. If any feeder is used, the velocity of the material at the outlet is given. Both 
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cases result in a fixed boundary with a given condition, and the Eulerian approach is 

favourable. The upper free surface in the silo is completely different. Here the boundary 

is moving with the material, and the Lagrangian frame of reference is superior. It is quite 

clear that some arbitrary formulation (ALE) is needed to give a complete description of 

silo discharging problems. 

This work is based on the Eulerian frame o reference, and the major reason is that it 

gives a possibility to handle silo inserts without problems. The basis for the Eulerian for-

mulation is the equations of motion, and with index notation they may be written 

+ p u jui,  = 	f 	 (5-1)  

where  ui  is the unknown velocity field,  p  is the constant density,  c  is the Cauchy 

stress tensor, and f  i  is the volume acceleration. The superimposed dot denotes differen-

tiation with respect to time, while the commas denote differentiation with respect to spa-

tial coordinates. Equation (5-1) is valid for constant density only, and this assumption 

will be mentioned more in detail in the next section. The equations of motion (5-1) gov-

ern the motion of a fluid in a fixed spatial region 1-2 . The boundary of 12 is denoted F, 

and may be subdivided into three parts F. , rt , and  Fm  such that F = F u Ft  u 

and F.  n  Ft  = Ft  n rm  =  Fm  F u  = 0. The boundary conditions are 

gu(u1 )=0 	,on  

g  t(t i=a  j  in j)=0 ,on Ft 	 (5-2) 

gm(ui, t1)=0 	,on  Fm  

where ti  is the surface traction vector and  n  the outer normal vector. In silo applica-

tions, the first row in (5-2) means prescribed velocity, the second row prescribed bound-

ary traction vector, while the third row describes frictional boundary conditions. As 

already mentioned, all free material surfaces are described by zero traction vector. To 

solve (5-1), a description of the material behaviour is needed. 

The use of the Eulerian frame of reference gives rise to an important note: Since the 

geometry is fixed in the employed formulation, the upper material surface cannot move, 
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and will instead be an inflow boundary. This means in practice that the material dis-

charged at the outlet should be refilled at the top. Therefore, the use of the Eulerian for-

mulation will, after some time, give steady state flow through a silo instead of simulating 

the discharging process in a proper way. On the other hand, the Eulerian approach is the 

best way to handle flow around inserts. Moreover, the stress transients at the beginning 

of the discharging process can be simulated with god accuracy since the upper surface 

does not move very much during this important part of the discharging. 

5.2 Material model 

An ideal-plastic continuum model is used in this work. The yield surface is of the form 

f( Y,,) 	mp + g(0)q —  C  = 0 	 (5-3) 

See chapter 2.2 on page 15. In the space of principal stresses, this surface is an open cone 

centred around the compressive side of the hydrostatic axis. (In geo-mechanics, one 

often uses a yield surface that closes for very high pressures. However, granular materi-

als in silo applications are not subjected to such high stresses, and therefore the open 

cone is used. See [28] for a comprehensive comparison between material modelling in 

soil mechanics and flow of granular materials.) Moreover, the linear relation between  p  

and  q  is chosen in order to simplify the model, and to keep the number of material 

parameters at a minimum level. The introduction for a non-linear relation between  p  and  

q  in (5-3) causes no theoretical problem, but will add at least one more material parame-

ter, and considerable complexity in programming. 

Different functions g(0) have been implemented. Since the ideal Mohr-Coulomb 

criterion from (2-8) seem to be the most accepted for yield behaviour of granular mate-

rial, all implemented yield functions have been fitted to this criterion. 

Before dealing with the yield functions, it may be a good idea to introduce the eccen-

tricity. It is defined as the ratio between the  q  -invariant at the tensile meridian at 0 = 00 

and the  q  -invariant at the compressive meridian at 0 = 600 .  See figure 5-2. The eccen-

tricity is possible to express in the angle of internal friction, and the result is 
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FIGURE 5-2. The ideal Mohr-Coulomb yield surface. 
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Material model 

Since the corners in the ideal Mohr-Coulomb criterion will cause numerical problems in 

the integration of the plastic relations, a smoothed Mohr-Coulomb criterion is used. The 

employed equation for the function g(8) is 

A1 + B 1 cos 30 

,s/j  cos  te 

sin(0 + ./jr) 
tano 

 
	cos(0  + 71  ,E) E  (5°, 55°) 

,5 cos 4:13 	3 	3 
A2  + B2cos341) 

,,Acose  

,0 e (0., 50)  

,0 e (55°,60°) 

(5-5) 

	

A1  = 1.43052 — 0.406962 sine 	 (5-6) 

	

A2  = 1.43052 + 0.406962 sine 	 (5-7) 

B1  = — 0.544291 + 0.673903 sine 	 (5-8) 
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and 

B2= 0'544291 + 0.673903 sin elce 	 (5-9) 

The smoothing is shown in figure 5-3, and it is from [60]. 

The simplest possible yield surface for a granular material is the Drucker-Prager 

cone. The function g(0) is constant, and to fit the Mohr-Coulomb surface one may chose 

1  +e m= 	 
2 

Another well know yield surface is the elliptic one by Willam and  Warnke  [71]. It is 

expressed by the function 

where  e  is the eccentricity defined in (5-4). All these yield surfaces are shown in 

figure 5-3. 

smoothed Mohr-Coulomb  

Willam-Warnke 

Drucker-Prager 

FIGURE 5-3. The shape in the deviatoric plane of the employed yield surfaces. 
The figure shows the situation when cla = 250  (implying  e  = 0.7530). 
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The bulk density is assumed to be constant, and to preserve mass this assumption implies 

plastic deformation at constant volume. The flow vector m must be a vector in the devi-

atoric plane. To obtain a significant simplification in program writing, and to obtain 

faster programs, the flow vector is assumed to be radial in the deviatoric plane. Alto-

gether, this results in a non-associated flow rule. A modification of this flow rule is dis-

cussed in chapter 6.4 on page 75. The flow vector as well as the outer normal vector are 

shown in figure 5-4 for the ideal Mohr-Coulomb yield criterion. The situation is similar 

for the other yield surfaces. 

fl  

<Y2  P  

FIGURE 5-4. The outer normal vector  n  and the direction m of the plastic flow. 
The situation for the ideal Mohr-Coulomb yield criterion is shown. The right 
figure shows the projection of the normal vector onto the deviatoric plane. 

5.3 Finite element formulation 

A system of non-linear partial differential equations (e.g. the equations of motion) can 

always be written 

g(u) = 0 
	

(5-12) 

where  g  is a non-linear differential operator, and u is the unknown function. If an  

approximative  solution  uh  is inserted into (5-12), the equality does not hold. To get a 

measure the error is multiplied with a certain weighting function w, and integrated. The 

result is 

= f (g(uh  ) — g(u))wdx = fg(uh )welx- 	 (5-13) 
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where the last equality follows from (5-12). The function It is called the residual, and 

the task is to minimize the residual with respect to the weighting function w. If the 

weighting function is approximated in the same space as the solution, the method is 

called the standard Galerkin method. For general treatment of weighted residual meth-

ods, see e.g. [14]. 

By multiplying the equations of motion (5-1) by a general weighting function wi  

(with one component for each spatial dimension), and integrating over the spatial 

domain 12, the weak formulation of the problem is: Find  ui  e  V such that  

p  (ui  + u jui,  1)wic/12 	p  J fwdf  -F.  Safi  1wid0 	 (5-14) 

n 

for all wi  e  V. where V is the space of all velocity fields in 1-2 fulfilling the boundary 

conditions. Introduce the finite element approximation 

U i  = aN, 	 (5-15) 

and the approximation  

w 	= b inW 	 (5-16) 

for the weighting function. Insert the approximations in (5-14), and let the equality hold. 

It is concluded that the values of  biin  are arbitrary as long as  b  im #  0, and since zero 

weighting functions make no sense, this case causes no problems. After integrating the 

stress term by parts, the result is 

a;m p Nni Wnc111+ aka iqp iNp/s/ii,iWndi2 + G1i Wn,./A2 
	

(5-17) 

p f iW ndS2 + 5c »nWdF 
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Again, the commas denote differentiation with respect to spatial coordinates. The equa-

tions is (5-17) is a nonlinear equation system where the index  n  is for rows, and m is for 

columns. The number of unknowns is m =  n.  Introduce one vector of unknown coeffi-

cients for each space dimension, i.e.  

a j  = [ail  ai2  ..] 	 (5-18) 

where T denotes the matrix transpose, and 

(Mdmn = P JNmWndn 
	

(5-19) 

S2 

(f cdn  = aipaiq p N pNg, j WndS2 	 (5-20) 

(f si),  = crijWn, ic/52 
S2 

( fvdn  = P fiWria2  

(fbi)„ = fG finiwndr  

Here M is called the mass matrix, f c  the convective force term, f s  the stress force 

term, f v  the volumetric force term, and f b  the boundary force term. The notation (f)i  

denotes the i-th position of the vector f, and for the mass matrix, the first index is for the 

row number while the second index is for the column number. With this notation, the 

equations from (5-17) may be written 

Mi 45.r i +  f ci +  f si = f vi +  f bi (5-24) 
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By collecting all unknowns on one vector, the general non-linear equation system may 

be written 

Met + f (a) = 0 
	

(5-25) 

where 

f(a) = fc + fs — fv — fb  (5-26) 

This notation is useful when the general solution algorithm is described. The degrees of 

freedom in the vector a are ordered so that all degrees of freedom from one node are col-

lected in subsequent positions. The vectors in (5-19) to (5-23) are all integrals over the 

entire spatial domain or the boundary. When programming, the integrals are calculated 

for each finite element and added into the matrix and vector positions corresponding to 

the current degrees of freedom. The element formulations are treated in detail in 

appendix A on page 119 for plane flow, and in appendix  B  on page 131 for axisymmetric 

flow. 

5.4 Solution algorithm 

The equation system from (5-25) must be integrated in time, and therefore the following 

finite difference approximation is introduced: 

ä(t + 03,t) — 
a(t + At) —a(t) 

At 
	 (5-27) 

Here 0  e  [0, 1] , and (5-27) holds for at least one 0 -value according to the mean value 

theorem. The following linear approximation is used for the force vector: 

f (t + 0At) = (1 — 0)1(t) + Of (t + At) 
	

(5-28) 

where 1(t) is a shorter notation for f (a(t)) . By inserting (5-27) and (5-28) into (5-25) 

one obtains, for the time t + 0At 
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Ma(t + At) + 0 Atf (t + At) = Ma(t) + (1 — 0)Atf (t) 	 (5-29) 

From this equation it is possible to find the solution at time t + At , provided the solution 

at time t is known. 

For simplicity, use the notation  a r  = ar(t + At), and  f r  =  f r  (ar  (t + At)) . Here a 

denotes a sequence of  approximative  solutions, and a = a(t) . The change in solution 

from one iteration to the next is denoted 

r  +  1 
a 

 = a  + Aa  

With this notation, the residual vector 'If r  for the iterative solutions may be written 

r  = Mar  + At  f r  — Ma(t) + (1 — 0)Atf (t) 	 (5-31) 

Since one is looking for a solution with zero residual, one requires all 
r + 1

= 0. More-

over, use the linear Taylor expansion 

r 	 r  = 	Aa 
äar  

The derivative of one vector with respect to another vector is used as a symbol for the 

Jacobian matrix. By differentiation of (5-31), and by inserting (5-32) in (5-30), the result 

is  

r- 
a

r + 1 
=a 
 r 

+ M + 0At—af 

aar_ 
(5-33) 

The iteration process in (5-33) is continued until some convergence criterion is fulfilled. 

The criterion used in this work is 
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0.511a r  + 1  -I- a(t)112 
II 	 „ 	<  E  

Aar  lc 	
(5-34) 

With the maximum norm in the numerator this criterion does not allow bad solution in 

one single degree of freedom. Such a bad solution may be undetected if the L
2 

-norm is 

used. By using the L
2 -norm in the denominator, the situation that large velocities in a 

few nodes destroy the convergence criterion is avoided. In general  E  = 10
-6 

 is used, 

and this criterion must be considered as extremely strict. If a simulation is performed in  

N timesteps,  and the accuracy in each iteration is  e,  a simple estimation of the error 

from time integration is 

etota/ = (1  + E)N 

	
(5-35) 

5.5 Integration of plasticity 

The incremental equation for plastic flow (2-27) must be integrated to obtain numerical 

results. Several methods exist, and as a matter of fact, integration in plasticity is a subject 

of its own. Here the integration method used is presented together with some references. 

The integration method used is an elastic predictor-plastic corrector method with 

backward Euler structure. Figure 5-5 shows the structure of the method. First the Newto-

nian stresses are added to the static stress state. This results in predictor stress. If this 

stress is within the yield surface, it is the actual stress in the material. If the elastic pre-

dictor stress is outside the yield surface, the stress is projected onto the yield surface. The 

projection is made at constant hydrostatic mean stress, and is radial in the deviatoric 

plane. The plastic flow rule is embedded in the projection operator. This means that the 

elasto-plastic stiffness matrix does not enter into the finite element equations. However, 

it will appear in the Jacobian (5-33) from the Newton iteration method. See equations 

(A-25) to (A-31), and the corresponding equations for axisyrnmetric flow in appendix  B  

for details. The rate of convergence in the Newton iteration method strongly depends on 

the elasto-plastic stiffness, and therefore it is very important to have analytical expres-

sions for the matrix in (2-28). Moreover, the elasto-plastic stiffness matrix must be con- 

56 



Implementation of frictional boundary conditions 

sistent with the Newton iteration method. See chapter 6.8.5 on page 89 for a comment, 

and references [57] and [59]. 

0 

plastic 
correcor 	elastic 

predictor 

FIGURE 5-5. The principals for the used method for integration of plasticity. 

5.6 Implementation of frictional boundary conditions 

In the equation system from the finite element formulation, the boundary conditions 

must be considered. At each degree of freedom either the velocity or the reaction force 

must be known. The equation system can then be solved with a standard partitioning. At 

some nodes, a transformation to local wall coordinates is needed. This is the case if, as 

an example, the normal velocity is zero and the tangential velocity is free, and the normal 

direction not coincides with any of the global coordinate axis. This is standard in finite 

element calculations. 

The wall friction is a mixed boundary condition, and partitioning of the equation sys-

tem will be more complicated. The method used in this work is from [56], and it will be 

described very briefly here. Assume that the material is moving along the silo wall in the 

direction of the local coordinate t+  , see figure 5-6. Since the friction must be fully devel-

oped at flow, the direction of the reaction force is known from the wall friction angle 7. 

This direction is denoted  n+  , and it is used, together with t+  , as local coordinates. Now 

the velocity is in the t+  -direction, while the reaction force is in the  n+  -direction. With 

this local coordinate system, the partitioning of the finite element equation system is 

straight forward. 
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If the material is moving in the other direction, and similar  n-t-- coordinate system 

must be used, and if the material is sticking to the wall, zero velocity holds for the actual 

node. The status of the boundary condition is checked at the beginning of every  timestep.  

See also chapter 6.9 on page 89.  

n+  

FIGURE 5-6. The local non-orthogonal coordinate system used in the 
implementation of the wall friction boundary condition. 

5.7 Development of the static stress field 

The stress state in a bulk material has been split into one static part, and one dynamic 

part according to 

total = static 	dynamic 
1
.
/ 

(5-36) 

and the martial is assumed to return to the static stress state if the motion is stopped. The 

dynamic stress state is a function of the static stress state, the yield surface, material 

parameters, and the rate of deformation tensor. The static stress state changes with time 

when the flow is developing, and a heuristic law for this development has been formu-

lated. 

58 



Development of the static stress field 

5.7.1 The fading memory law 

When the material in a silo starts to flow, there is a considerable change in the stress 

state. When the flow is stopped, the stress in the material will not return to the initial fill-

ing stresses. Experimental observations indicate that the stress state at flow will be pre-

served to a certain extent, as static equilibrium must be fulfilled. 

From this observation, a law called fading memory has been formulated. The idea 

with this law is that the static stress state in the bulk material approaches the total stress 

state. This may be formulated 

• static 	1 	dynamic 

T(t)
(5  

where the superimposed dot denotes any objective time derivative including convective 

and co-rotational terms. The function T(t) controls how fast the static stresses 

approaches the total stresses. Integration of the fading memory law is made with the dis-

crete analogous to (5-37). However, in order to simplify implementation and speed up 

programs, the partial time derivative is used instead of an objective derivative. The equa-

tion used is 

static 	
cys

iitatic
(t) + — 

7,
3it

t)
CY J:Y

namic 
(t + At) 

	(t .4_ At)  
(5-38) 

where t is the time at the beginning of the current  timestep,  and At is the length of the  

timestep.  

At steady state flow all partial time derivatives are zero, and thus it is clear from (5- 
dynamic 

37) that  G 	= 0 must hold. Two different situations may occur: Firstly, the mate- 

rial can be elastic, the total stress state is equal to the static stress state, and the dynamic 

stresses are zero. This situation is indicated with (1) in figure 5-7. If the material is 

deforming, the only possibility to get a constant total stress state is again that the 

dynamic stress contribution is zero. Then the stress state in the material must be at the 

yield surface, and the corrector stress must be equal to the predictor stress. This situation 

is indicated with (2) in figure 5-7. 
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corrector stress (predictor stress 

FIGURE 5-7. Two possible stress solutions at steady state flow. (1) The material 
is elastic, the deformation is zero, and the total stress state is equal to static 
stress state. (2) The material is undergoing deformation, and the stress state 

total 	static 
must be on the yield surface. The only way to obtain 	= 	is that 

the corrector stress is equal to the predictor stress. 

The time function T(t) must also be determined. Due to the heuristic nature of the fad-

ing memory law, and the fact that determination of T(t) by experiments would be 

extremely difficult. However, the proposal is 

1 

	

	C2t—
= C1  e 

T(t)  
(5-39) 

where C1  and C2  are constants. By using (5-39), the fading memory effect follows the 

general behaviour of the first order system of equations from (5-1). In the beginning 

when the transient effects are strong, the fading memory effect is strong. After a long 

time, when the solution of (5-1) has reached steady state, the fading memory effect 

according to (5-39) is small. It is not believed that any theory for the values of C1  and 

C2  is possible to establish, and proper values must be found from experience. 
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5.7.2 Remarks on implementation 

An explicit implementation of the discrete fading memory law from (5-38) can be 

demanding. First the method may be unstable, and second there may be a considerable 

drift of the solution. 

The simplest implementation is to update the static stress state according to (5-38) 

after every converged  timestep.  However, this method has been found unstable, even for 

very simple problems. Therefore, this implementation must be rejected. 

An alternative to updating the static stress after every  timestep,  is to update after 

every iteration. This method will give stability problems as well. The reason seems to be 

that the change of the static stress state in the first iteration will give a new static stress 

state for the second iteration. This iteration will again move the static stress state. The 

static stress state is pushed forward in stress space, and the solution never converges. 

This method must be rejected as well. 

In the proposed method, the static stress state is updated according to (5-38) in the 

incremental  timestep  only, and the subsequent equilibrium iterations are performed with 

constant static stress state. The error in this method is small as long as the change of the 

solution in the incremental iteration is considerably larger than in the subsequent itera-

tions. This is in general true for the Newton iteration method. Now consider the case 

At 
T(t) > 1  

The resulting static stress state, when updating according to (5-38), will be outside the 

yield surface or will change sign on the dynamic stresses. Both situations are shown in 

figure 5-8, and they are completely unrealistic. Numerical experience show that even 

stronger restrictions must be put on the length of the  timestep  to secure convergence in 

the Newton iteration method. The proposal is 

At 
T(t)-5- 

0.2 (5-41) 
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FIGURE FIGURE 5-8. Updating of the static stress state in stress space. If (5-40) holds, 
the updated static stress state will be outside the yield surface, or the 
dynamic stresses will change sign. The dashed arrow shows the motion of 
the static stress state. 

5.8 An automatic  timestep  algorithm 

An automatic and adaptive algorithm for time integration of the equations of motion has 

been designed. The idea is to increase the length of the  timestep  when the convergence in 

the Newton iteration method is good, and decrease the  timestep  length when the iteration 

process converges slowly or does not converge at all. Moreover, the algorithm gives a 

significant simplification for the user of the program. The only input needed is the next 

time (real time in simulation) when results should be saved. When this time is given, the 

rest is controlled by the program. The algorithm is possible to control by a set of param-

eters, and the description of all such parameters is given in table 5-1 together with 

default values used. In table 5-2, other variables used in the algorithm are described. The 

algorithm may be written in a fortran-like code as follows: 

DT=TINIT 

KSTEP=0 

10 Write TIME on screen. 

User input of SAVETIME. 

IF (SAVETIME=0) THEN 
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STOP (only way to exit) 

END IF  

C  Code for one  timestep.  

20 ITER=0 

30 Assemble element vector and Jacobian matrix. 

Solve the equation system for the iteration. 

ITER=ITER+1 

Calculate ERROR. 

IF (ERROR>ACCURACY) THEN 

IF (ITER<MITER) THEN 

GOTO 30 (and do next iteration) 

ELSE  

C 	 Unconverged solution. 

DT=DT*DELTA (decrease  timestep)  

KSTEP=0 (no good convergence) 

GOTO 20 (and repeat with shorter  timestep)  

ENDIF 

END IF  

C  Code for converged solution below. 

TIME=TIME+DT 

IF ((ITER-1)<GOOD) THEN  

C 	Fast convergence. 

KSTEP=KSTEP+1 

IF (KSTEP=GSTEP) THEN 

DT=DT*GAMMA 

KSTEP=0 

END IF 

ELSE  

C 	Too slow convergence. 

KSTEP=0 

END IF 
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IF (TIME<SAVETIME) THEN 

GOTO 20 (and do next  timestep)  

ELSE 

Save current result in a file. 

GOTO 10 (for new user input) 

END IF 

The algorithm also contains control of fading memory stability according to (541). 

Moreover, the code must be designed so it exactly hits times when results should be 

saved. In the developed program for silo flow, particle tracing (see chapter 5.9.2) must be 

taken care of in the algorithm. Finally, the algorithm can easily be modified for use of 

modified Newton iteration methods. 

TABLE 5-1. Parameters in the automatic  timestep  algorithm. The default valued are used 
in the developed silo flow program. 

variable name 	 meaning default 

ACCURACY 

DELTA 

GAMMA 

GOOD 

GSTEP 

MITER 

THETA 

TINIT  

Tolerance in convergence criterion (5-34).  

Timestep  decrease factor at unconverged solution.  

Timestep  increase factor at good convergence. 

Maximum number of iterations in one  timestep  for 

'good convergence'. (Incremental iteration not 

counted.) 

The  timestep  is increased when this number of subse- 

quent  timesteps  have had 'good convergence'. 

Maximum number of iterations. 

Time integration parameter introduced in (5-27). 

Length of first  timestep.  

10
-6 

0.5 

2 

3 

5 

10 

1 
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TABLE 5-2. Local variables used in the automatic  timestep  algorithm. 

variable name meaning 

DT 

ERROR 

ITER 

KSTEP 

SAVETIME 

TIME 

Current  timestep  length. 

Error after one iteration. 

Counter for iterations. 

Counter for 'good converged'  timesteps.  

Next (real) time when the results should be saved. 

Current (real) time. 

5.9 Post processing 

5.9.1 Post processing of stresses 

When using a displacement (and velocity) controlled finite element method, the stresses 

are known only at certain Gauss integration points. Moreover, the quality of the calcu-

lated stress field is lower than the quality of the displacement (or velocity) field. To 

obtain a continuous stress field, post processing is needed. Here a simple algorithm is 

used for calculation of the nodal stresses, and then the shape functions are used for calcu-

lation of the stresses at arbitrary points. The used method may be written 

(5-42) 

where  (NN  is the stress at a certain node, oG  is the stress at a Gauss point, A is the area 

of the current element, and  d  is the distance from the node to the Gauss point. The sum-

mation is performed over all Gauss points in the elements surrounding the current node. 

Each component of the stress tensor is treated separately. 

At boundary nodes, this method will imply extrapolation of stresses. This effect will 

be especially pronounced at corner nodes. The problems with extrapolation may be 

avoided if the silo wall stresses are calculated form the nodal reaction forces. However, 

such a method will not assure uniqueness at corner nodes. 
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5.9.2 	Particle tracing 

In experiments on silo flow it is common to use markers to visualize flow patterns. The 

markers may be differently coloured particles or, if the experiment is photographed with 

X-rays, lead shots. To simulate such experiments, a particle tracing post processing sys-

tem has been developed. The positions of a number of particles are given as data, and the 

particles are traced through the solution. It is then possible to plot the positions of these 

particles after a certain time, see e.g. figure 7-4 on page 97. It is also possible to create 

images showing particle positions at different instances, and display a sequence of 

images on the screen. This will give a very good view of the flow in a silo. Unfortu-

nately, such movies cannot be shown in a report. 

With the particle tracing technique, it is possible to follow the motion of an inflow 

boundary. This may, in the future, be used to update the upper free surface in a silo, 

allowing simulation of the entire discharging process without refilling. 

5.9.3 A note on axisymmetric flow 

If the bin in an axisymmetric silo has a diameter ten times the diameter of the outlet, the 

area ratio will be one hundred. At steady state flow, the mass flow rate must be the same 

at all heights. Therefore, the velocity at the outlet will be about one hundred times the 

mean velocity in the bin, and standard vector plots of the velocity field are difficult to 

interpret. Experience from several simulations show that particle tracing is the best post 

processing method for visualization of flow in axisymmetric silos. 

5.10 List of symbols 

symbol meaning 

a 

A 

A 1, A2  

Bl,  B2  

Nodal velocity. Indices for dimension and nodal number, respec- 

tively. 

Unknown vector in finite element equation. 

Area of finite element. 

Parameters in smoothed Mohr-Coulomb criterion. 

Parameters in smoothed Mohr-Coulomb criterion. 
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n 

Ni  

P 

At  

T(t) 

U i  

List of symbols 

symbol meaning  

C 

c1, C2 

d 

U h  

Cohesion parameter in yield function. 

Constants in fading memory function. 

Distance from node to Gauss integration point. 

Eccentricity. 

Yield function. 

Volumetric acceleration vector. 

Finite element equation load vector. 

Boundary load vector. 

Convective force vector. 

Stress force vector. 

Volume force vector. 

Shape of yield surface in deviatoric plane. 

General non-linear differential operator. 

Friction angle parameter. 

Plastic flow vector. 

Mass matrix. 

Normal to yield surface. 

Shape functions. 

First stress invariant. 

Second stress invariant. 

Counter for Newton iterations. 

Real time. 

Length of  timestep.  

Time function in fading memory law. 

Velocity vector (index notation). 

Velocity vector. 

Finite element approximation of velocity vector. 
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Wi  

Greek letters 

symbol 

Etotal 

q) 

0 

0 

P 

aii  

static  
G  I 

dynamic 
6ij• 

total 
ij 

aG 

ht  
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symbol meaning 

Weighting function with index for space dimension. 

Weighting functions. 

meaning 

Error after iteration. 

Total error in simulation. 

Angle of internal friction. 

Stress invariant. 

Parameter in time integration. 

Bulk density. 

Stress tensor. 

Static stress tensor. 

Dynamic stress tensor. 

Total stress tensor. 

Stress at Gauss integration point. 

Nodal stress. 

Principal stresses. 

Projections of principal stresses on the deviatoric plane. 

Residual. 

Residual vector. 
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CHAPTER 6 Introductory 
Numerical Results 

6.1 Fading memory 

Figure 6-1 shows the flow in an unsynunetric silo. The post processing technique is parti-

cle tracing, but with layers of particles instead of single particles. The dotted lines show 

the initial positions of the material layers, while the dashed lines show the layers after 

some time. One would expect a funnel flow solution in the right part of the silo, while the 

FIGURE 6-1. Two simulations of the flow in an unsymmetric silo made without 
fading memory (left), and with fading memory (right). 
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left side should show mass flow. Simulations are made without fading memory (left), and 

with fading memory (right). From the results in figure 6-1, it is clear that the use of the 

fading memory concept plays an important role in the development of funnel flow. 

6.2 Initial stress state 

When simulating the development of the flow in a silo, the initial stress state must be 

known as an initial condition. First of all, the initial stress state must fulfil static equilib-

rium. Moreover, the stresses most be inside or on the yield surface. To satisfy both 

requirements, simulations are made in two steps. In the first step, the bulk material is 

assumed to be elastic. The resulting stresses are initial data in the second step. The sec-

ond step means solution of the equations of motion, and the same program as for flow 

simulations is used. In this step, the silo outlet is closed, and the expected solution is zero 

velocities. This second step will be referred to as creep flow. 

6.2.1 Theoretical background 

The given proposal for the elasticity constants is based on the stress state in a plane silo 

with vertical walls. See figure 3-1 on page 28. By assuming Mohr-Coulomb plasticity at 

the centre line [1,  p.  38] one has  

k
1 — sine 

— 
1 + sine 

(6-1) 

It is convenient to assume  uniaxial  and isotropic compression in this simple silo. Then 

one has, from theory of linear elasticity, that 

v k = 
1—v 

From (6-1) and (6-2) it is possible to establish the relation 

1 — sin (I) v — 
2 
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If the silo walls are rigid, the elastic stress state is a function of the ration between the 

bulk modulus  K  and the shear modulus  G.  This ration may be expressed in Poisson's 

ration by the relation 

K _ 2(1 +v)  
G — 3(1 — 2v) 

From (6-3) and (6-4) one has  

K = 3 — sin«) 
G 	3 sin 47,  

It is recommended to use this relation for calculation of the elastic stresses. 

6.2.2 Numerical results 
When simulating creep flow without fading memory, the resulting steady state solution is 

very slow flow of the material. The velocities are very small, and can be neglected. 

When using fading memory, the static stress state can change, and the velocities will 

approach zero. Here convergence problems may occur since the denominator in the con-

vergence criterion (5-34) tends to zero. 

Calculation of silo wall stresses after filling is not a major part of this work. However, 

some tests have been made in order to confirm that the initial data for the actual flow 

simulations are of good quality. Two materials have been used in the tests. They are 

referred to as 'sand' and 'ore', and material properties are listed in table 6-1. A wall fric-

tion angle of  y  -= 150  is used in all simulations. Moreover, all three material models 

shown in figure 5-3 on page 50 have been tested. 

TABLE 6-1. Material properties for the materials 'sand' and 'ore' used in the numerical 
tests in this section.  

material  
ED P k 

from (6-1) 
KIG  

from (6-5) 

sand 

ore 

300 

450  

1300 kg/m
3 

4500 kglm
3 

0.33 

0.17 

1.67 

1.08 
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A 40 m high and 4 m wide silo is used to test the effect of different material models. 

The silo wall pressure has been compared to Janssen's equation, and the mean value 

stress ratio  k  along the centre line has been compared to theoretical values. Figure 6-2 

shows the wall pressure from six different simulations, while the results on stress ratios 

are found in table 6-2. It is clear that the Willam-Warnke yield surface gives the best 

results, the results form Mohr-Coulomb are good, while the use of the Drucker-Prager 

yield surface will give an overestimation of the wall pressure. Also note the stress peak 

close to the silo bottom. This peak has also been reported in [50] and [69]. 

20 40 60 80 kPa 

FIGURE 6-2. The wall pressure in a large silo filled with ore (left) and sand 
(right). The thick broken line is the solution from Janssen's equation, while 
the three thin line are results from numerical solutions calculated with three 
different material models. Note the different scaling of the stresses in the two 
figures. 

TABLE 6-2. Data for simulations of initial stress state in the large silo. 

stress ratio  k  

model 4:1) from (6-1) from 
simulation 

Mohr-Coulomb  30° 0.3333 0.3596 

Mohr-Coulomb  450 0.1716 0.1955 

Willam-Warnke 30° 0.3333 0.3481 

Willam-Warnke 45° 0.1716 0.1778 

Drucker-Prager 30° 0.3333 0.3972 

Drucker-Prager  45° 0.1716 0.2546 
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Initial stress state 

A silo with height 3 m and width I m is used to test if fading memory will change the 

initial stress state significantly. The material is sand and the Mohr-Coulomb and Wiliam-

Warnke  yield criteria have been tested. The results are shown in figure 6-3, and it is clear 

that fading memory does not change the solution very much. The only difference is in 

the local stress maximum close to the silo bottom. 

If the static stress state is used as initial data for a subsequent flow simulation, the 

small difference due to the use of fading memory is negligible from the practical point of 

view. Therefore, it is recommended to perform the creep flow step without fading mem-

ory in order to avoid the convergence problems discussed above. However, if the stresses 

after filling are of major importance, further investigations are needed in order to find the 

best simulation method. 

10 kPa 

t 

10 kPa 

FIGURE 6-3. Silo wall pressure. The thin lines show numerical results 
calculated with the Mohr-Coulomb yield surface(left) and the Wiliam-
Warnke  yield surface (right). The arrows indicate the results when fading 
memory is used, while the other thin lines are from a simulation without 
fading memory. The dashed thick lines show the result from Janssen's 
equation. 
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6.3 Element types 

Two element types have been implemented in the developed finite element program: The 

three-node triangular element with piecewise linear approximation, and the six-node tri-

angular element with piecewise quadratic approximation. The example given here is an 

axisymmetric silo with vertical walls. The outlet diameter is equal to half the silo diame-

ter. The same mesh with 280 elements is used in both simulations. 

Figure 6-4 shows the velocity profiles from the two simulations, and the flow rate 

through cross sections at different heights. The flow rate is the integral of the velocity 

profiles (or in the axisymmetric case, the integral of the vertical velocity times the 

radius), and since the assumption of constant density is made, it should be constant. If 

not, mass is created or consumed within the silo, and this situation is unrealistic. From 

the figure, it is clear that the six-node element gives a constant flow rate in the entire silo, 

while the three node element does not. When using three-node elements, the outflow rate 

from the silo is about 1.7 times the inflow rate. This is of course beyond the acceptable 

range, and therefore the use of three-node elements must be rejected. As a consequence, 

there is no idea to further analyse the slight difference in flow patterns. 

FIGURE 6-4. The flow in an axisymmetric silo simulated with three-node 
elements (left) and six-node elements. The figures show the velocity profiles 
at steady state flow, and the mass flow rate through horizontal cross sections 
as a function of the vertical position. 
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One can also mention that three-node elements tends to lock in complicated geometries, 

while it is still possible to obtain reasonable results by using a single six-node element in 

a silo outlet. 

At this stage, it is worth making a comment on a paper by Häußler and Eibl [18]. The 

model presented in that paper also uses the assumption of constant bulk density, and cre-

ation of mass was observed. The interpretation was that the assumption of constant den-

sity was incorrect, and after the actual finite element simulation, the density was 

corrected in order to fulfil mass continuity. However, from the results presented in this 

section, one may question if the creation of mass is not a property of the used element 

rather than an indication of density fluctuations. 

6.4 Stability 

When studying performance in simulations, two completely different behaviours have 

been noted. For low values of the angle of internal friction, the solution reaches steady 

state. The length of the  timesteps  can increase without any problem, and the time integra-

tion will only be restricted by the inertia in the timestepping algorithm. Such simulations 

will result in moderate computation times. If the angle of internal friction is larger, the 

solution never reaches steady state. Instead the velocity field is oscillating. Since the 

solution is oscillating, the  timesteps  must be small through the entire simulation, and the 

computation time can be very long. Figure 6-5 shows the simulation time (arbitrary unit) 

as a function of simulated real time for (1) = 300, and (I) = 35 ° . The different behav-

iours are clear. The computation time for simulation of one second of material flow is 

shown, for different values of the angle of internal friction, in table 6-3. All other param-

eters are kept constant. It is clear that the simulation time increases significantly for large 

values of  e.  Moreover, from figure 6-5 (right) it is clear that the instability arises after 

some time. All simulations in this section are made for a simple mass flow silo, with six-

node elements, and with the same mesh. 
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FIGURE 6-5. The computation time (arbitrary unit) as a function of simulated 
time for three different simulations: Plastic flow at constant volume with 
(1) = 350  (1), e:1:0 = 300  (2), and 0:13 = 350  with plastic flow at (13, = 5° 

(3). The right figure is a magnification of the lower left corner of the left 
figure. 

TABLE 6-3. Computation time (arbitrary unit) for different values of the angle of 
internal friction. 

angle of internal 
friction 

computation time angle of internal 
friction 

computation time 

25° 279 40° 46961 

30° 359 450  208957 

350  8950 50c, 553028 

It is believed that the instabilities arise from the material model (see chapter 2.2.3 on 

page 23), and to proof this statement, the dilation angle 421), is introduced. A parameter  n  

is defined in the same way as m in the yield criterion, but with 	instead of (1) . Con- 

sider the Drucker-Prager yield function 

f = mp+q—C = 	 (6-6) 

The outer normal vector to this surface is 
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For an associated flow rule m =  n,  while flow at constant volume occurs if m is equal 

to the second term in (6-7). By replacing m in the first term in (6-7) by  n,  it is possible 

to change continuously from flow at constant volume to associated flow. By multiplying 

this flow vector with the matrix of elastic constants one gets the flow vector in stress 

space. The result is  
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Now consider the projection of the elastic predictor stress in the pq -plane. See figure 6-

6. The relaxation stress may be written 2t.De  m , but it can also be expressed it from the 

geometry given in the figure as 
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where  Ap  # pe  — pc, and Aq = qe — q0 . See figure 6-6. Identification of coefficients, 

and elimination of  X,  gives 

nIC 41)a = atani--
µ 

(6-10) 

From this equation it is clear that the angle of the projection in the pq -plane is not the 

same as the dilation angle, unless lc = 3  p. 

PO 	Pe 

FIGURE 6-6. The projection of the elastic predictor stress state in the pq -plane. 
Note that ci) #41) unless lc = 3µ . 

6 	V 

To stabilize the simulation with (13 = 350, and plastic flow at constant volume, another 

simulation with cto = 350  and (13 = 50  has been made. The result is show as a thin line 

in figure 6-5, and it is clear that the solution is more stable. However, the use of 4:1), # 0° 

implies plastic flow with volume change, and this contradicts the assumption of constant 

density. In the solution for  cl)  = 350  and (13, = 50, a considerable volume will be cre-

ated when the material is flowing through the silo, and since the density is assumed to be 

constant, mass is created as well. This is not acceptable, and as a result, stabilizing the 

material model by introduction of the dilation angle (1), must be rejected, as long as the 

assumption of constant density is made. 

Finally, the creep flow simulations from chapter 6.2 do not show unstable behaviour. 

From figure 6-5, it is clear that the instability develops after some time when the defor-

mations become large. In creep flow, that large deformations will never be. 
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6.5 Analysis of stress fields 

In the presented finite element method, the stresses are know only at the Gauss integra-

tion points. To obtain a continuous stress field, post processing is needed. The post 

processing used is treated in chapter 5.9.1. However, in this section it will be shown that 

the computed stresses at the Gauss points show an interesting property. The example 

here is from steady state flow through a funnel flow silo, but only a part of the silo where 

material flows is considered. The three-node elements are used since it is easier to 

explain what happens for this element. Similar solutions hold when six-node elements 

are used. The stresses at the Gauss points are shown in figure 6-7. The figure shows the 

magnitudes and directions of the principal (compressive) stresses. Moreover, the stresses 

are constant within the elements. 

From the figure it is clear that some elements are stress free, while other elements 

have stresses in good agreements with the expected passive stress field. This can be 

explained as follows: In the material model, the change of hydrostatic mean stress is con-

trolled by the first strain invariant and the bulk viscosity. However, a non-zero first strain 

invariant means volume change, and this contradicts the assumption of constant density. 

However, one can argue that the density is close to constant. This constant value is used 

in the mass matrix, the convective term, and the volume force term. The small changes in 

volume needed to control the hydrostatic mean stress do not affect the other terms in the 

finite element equation very much, but are essential for the stress term. Moreover, in a 

part of the silo where all material is flowing, the spatial derivatives are small as com-

pared to the actual velocities. Since the first strain invariant is a function of velocity 

derivatives, it is possible to change the magnitude of the first strain invariant signifi-

cantly, without a significant change of the actual velocity field. Finally, consider the 

stress term from (5-26), and it's value at the node in the middle of figure 6-7 (the node 

marked with a ring). Only three of the surrounding elements will contribute to the stress 

term at this node. However, the finite element equations are in equilibrium, and therefore 

this value must be correct. Assume equal stresses in all the surrounding elements, and the 

same value of the stress term in the finite element equation. Equilibrium will still hold, 

and therefore it is clear that the post processes stress filed, averaging the stresses, is of 

good quality. 
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The phenomenon described here seems to have similarities with hourglassing, well 

known from e.g. metal forming processes. It is well known that the hourglassing will 

result in an overestimation of the structural stiffens. However, for Drucker-Prager (and 

similar) material models, no overestimation of the stiffness is assumed since elements 

with expanding material will imply zero stresses. 

FIGURE 6-7. Stresses at Gauss integration points at steady state flow in a silo. 
The figure shows magnitude and direction of the principal stresses in a part 
of the mesh. Three-node elements are used in the simulation. 

FIGURE 6-8. Stresses at Gauss integration points at steady state flow in a silo. 
The figure shows magnitude and direction of the principal stresses in a part 
of the mesh. Six-node elements are used in the simulation. 
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Viscosity parameters 

Finally, for six-node elements, the situation is similar but more complex. Figure 6-8 

shows the stresses at the Gauss points for a six-node element solution. With the same 

arguments as for the three-node element, one can conclude that the post processed stress 

field is a good description of the actual stress field. 

6.6 Viscosity parameters 

By using high values of the viscosity parameters, the presented model is close to rigid-

plastic. Now one may ask how high such values should be to come close enough to a 

rigid-plastic behaviour, without running into numerical problems associated with 

extremely high values. The question will not be answered exactly here, but it will be 

argued that the presented model is insensitive to changes of the viscosity parameters. 

First, consider different values of the shear viscosity. The predictor stresses and sub-

sequent projections on the yield surface are shown in figure 6-9. From the figure, it is 

clear that the resulting stress state is independent of the shear viscosity, as long as it is 

high enough to give a predictor stress outside the yield surface. (The latter is relevant 

only when the static stress state is inside the yield surface.)  

FIGURE 6-9. The viscous predictor stress and subsequent projections on the 
yield surface for different values of the shear viscosity  tt  . The resulting 
stress state is independent of  i.  
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From figure 6-9 it is also clear why one must use the consistent elasto-plastic stiffness 

matrix mentioned in chapter 5.5. Again consider the three different values of 11 in 

figure 6-9: The Newton iteration method will 'see' the same change of stresses inde-

pendent on t, while the elasto-plastic stiffness matrix from (2-28) is a function of t.j. 

Without going into details, it is quite clear that some modification of the stiffness matrix 

is needed in order to get the correct expression from the Newton iteration point of view. 

Different values of the bulk viscosity  x  will not result in the same projected stress 

state, unless the projection is made to the edge of the cone forming the yield surface. See 

figure 6-10. This observation is only relevant at transient flow, and therefore one may 

expect that the bulk viscosity will affect stress transients at the beginning of the discharg-

ing process. However, no such investigation is made within this work. 

FIGURE 6-10. The calculation of plastic stresses for different values of the bulk 
viscosity for negative first strain invariant (left), and positive first strain 
invariant (right). 

At steady state flow, the only solution to the stress state is that the predictor stress is 

equal to the relaxation stress, i.e. after projection, the stress state must return to the start-

ing point. If the stress state is at the edge of the cone of the yield surface, the first strain 

invariant must be positive (or zero), and the value of the bulk viscosity does not affect 

the solution at all. See figure 6-11, right stress point. 

If the stress state is on another point of the yield surface, the first strain invariant must 

be exactly zero, and again the value of the bulk viscosity does not affect the solution. 

Therefore, the bulk viscosity is assumed not to affect the solution at steady state, as long 

as it is high enough to be a good approximation of the rigid-ideal-plastic behaviour. 
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FIGURE 6-11. At steady state flow, the stress state is stationary and the sum of 
the predictor stress and the corrector stress must be zero. The two possible 
situations are indicated in the figure. 

Advanced flow control 

Proposed values of the viscosity parameters are  x  = 9 • 105  Pas and = 10
5 

Pas, 

see [31], and simple numerical tests show that the stresses and velocities at steady state 

flow do not change considerably if either viscosity is divided by a factor 10. To make 

more detailed studies on the effects of the viscosity parameters, experimental results are 

needed. 

6.7 Advanced flow control 

In order to simulate different types of feeder devices, it is needed to prescribe the veloc-

ity at certain boundaries. The application of surface pressure loads will also be show in 

some examples. 

6.7.1 Surface pressure loads 

If one is interested in the flow in the hopper of a very high silo, the martial in the bin will 

add a large number of nodes to the finite element simulation, and the computation time 

may be extremely long. It is possible to replace the material in the bin by a surface pres-

sure, and remove the elements from the bin. This technique was used by Gladen [15]. 

Pressure loads on the upper free surface was also used by Benink [1,  p.  102] to move 

the transition height in intermediate flow. This was used to further verify the theoretical 

prediction of intermediate flow. Figure 6-12 shows the results, and it is clear that a pres-

sure load at the upper free surface changes the flow pattern. 
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FIGURE 6-12. Velocity profiles at steady state flow through a plane silo with 
different pressure loads at the upper free surface. 

FIGURE 6-13. The velocity profiles at steady state flow for free flowing material 
(left), and flow restricted by a pressure of 1 kPa at the outlet (right). 
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The third application is to add a pressure load at the silo outlet in order to decrease the 

flow through the silo, i.e. simulate flow where the material is not free falling. Once the 

possibility to use pressure loads is implemented in the finite element program, this test is 

easy to make. The results from an introductory test are shown in figure 6-13. It is clear 

that a pressure at the outlet will reduce the flow rate through the silo. In this case, a pres-

sure of 1 kPa will reduce the outflow from 140 kgls to 90 kgls (per 1 m of the plane 

flow silo), while the flow pattern in the silo remains almost unchanged. This result is 

important, since it shows the existence of a method for control of the outflow from a silo. 

6.7.2 Surface shear loads 

The possibility of using surface shear loads has been implemented. However, no applica- 

tions of this facility have been found. 

6.73 Prescribed velocities 
In many applications, the flow from silos is controlled by a feeder device. To simulate 

the flow in such silos, it is necessary to control the vertical velocity at the outflow bound-

ary. 

Experience from other similar flow situations, e.g. pipe flow according to [41], show 

that the presented model cannot be used together with prescribed velocity at some parts 

of the boundary. Both velocities and stresses will be very strange, and the rate of conver-

gence in the Newton iteration method is extremely bad. The reason for this is not fully 

understood, but it is believed that the source of the problem is the contradiction between 

the assumption of constant density and slightly compressible material. Anyway, the pre-

scribed velocity boundary condition cannot directly be applied. The only exception is the 

prescription of zero normal velocity at symmetry lines. 

Since direct velocity control must be rejected, it must be recommended to use surface 

pressure loads in order to simulate the effects of different types of feeder devices. It may 

also be possible to control the velocity at certain boundaries by applying variable and 

adaptive loads at the boundary nodes. This type of indirect velocity control has success-

fully been used by Mattiasson, Bernspång, and  Samuelsson  [42] in metal forming proc-

esses. 
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6.8 Numerical observations 

Finite element methods are common use today in fluid and solid dynamics, and proper-

ties of the Newton iteration method for solution of non-linear problems are also treated 

in many textbooks, see e.g. [6]. Time integration of first order systems by finite differ-

ence methods is also a well developed field. Although implementation of the finite ele-

ment solution method is not the major scoop of this thesis, most of the time has been 

spent on programming. Moreover, the presented method includes non-linearities from 

geometry, (the convective derivative in the equations of motion), material behaviour, and 

boundary conditions. Therefore, it may be of interest to document experience from the 

program development, and compare with theoretical results from the literature. 

All results in this section are from 'a typical silo simulation', which means a standard 

mass flow silo. All results are examples of general observations, and similar behaviour is 

observed in other simulations. 

6.8.1 Modified Newton iteration method 
The most time consuming part of the simulation process is the solution of the linear 

equation systems from the Newton iteration method. Since a converged sequence in the 

Newton iteration method always will converge to the correct solution (within the given 

accuracy), a modified Newton iteration method has been tested. By using the same Jaco-

bian in a number of iterations, the equation system can be triangulated once, and next 

used a number of times. The price is that one loses the rate of convergence for the full 

Newton iteration method. 

In introductory tests, a few iterations (two or three) were performed with recalcula-

tion of the Jacobian in each iteration, while the subsequent iterations were made with the 

same Jacobian. The results from these test were depressing: In most cases, the modified 

Newton iterations did not converge at all. Therefore, the use of the modified Newton iter-

ation method must be rejected. 

6.8.2 Time integration method 
It is well known that the general time integration method presented in chapter 5.4 is 

unconditionally stable when 	1 /2 . For 0 < 1 /2 , the method is conditionally stable. 

Moreover, the rate of convergence is fastest when 8 = 1/2. See e.g. [66]. 
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An unstable simulation (see chapter 6.4) is repeated with different values of 9, and 

the results are found in table 6-4. From the table, it is clear that not much computational 

time is saved by using a method closer to the central difference (0 = 1/2). It is also 

noted that the computational time increases when 0 comes close to 1/2. Finally, the use 

of 0 < 1/2 leads to totally incorrect and unstable solutions. Therefore, the backward 

Euler integration with 9= 1 must be recommended. 

TABLE 6-4. The number of iteration needed to simulate one second of flow. All 
parameters and the finite element mesh are the same for all simulations. 

0 Iterations 0 Iterations 

1.00 8950 0.75 8294 

0.95 8302 0.70 8077 

0.90 8343 0.65 7452 

0.85 8560 0.60 16192 

0.80 8024 0.55 27064 

6.83 A note on axisymmetric geometries 
In the case of axisymmetric geometries the Jacobian will, through the equations (B-27) 

and (B-21), contain the term  

N-N„, 
274(D)33 	 (6-11) 

where (D)33  is a term from the elasto-plastic stiffness matrix, and it is expected to be 

finite. The  N:s  are shape functions, and r is the radius from (B-1). If a finite element is 

situated at the symmetry line, the radius is zero in the limit. If the product of shape func-

tions in the numerator of (6-11) is non-zero, the integral in (6-11) will be infinite. This 

happens if the nodes corresponding to both  i  and m are on the symmetry line, and if  

i  = m and the considered node is on the symmetry line. This means that the positions in 

the total Jacobian corresponding to the radial velocity degrees of freedom, connecting 

two nodes on the symmetry line, will have infinite stiffness. This seems to be a source of 

numerical trouble. However, the explanation is quite simple: The radial velocity at the 
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symmetry line must be zero, otherwise material continuity does not hold. If a variable 

always is zero, the stiffness must be infinite, and this is in good agreement with the inte-

gral from (6-11). As a consequence, it must be recommended to prescribe zero radial 

velocity at the symmetry line in axisynunetric flow. 

6.8.4 Accuracy 

In general, the convergence criterion (5-34) with  e  = 10-6  is used. This is indeed strict, 

and therefore one test is made with relaxed accuracy. The test is made for an unstable 

(see chapter 6.4) simulation. The computation times for different values of the accuracy 

are found in table 6-4, together with an estimation of the total error. Note that the error 

estimation is the largest possible error. The actual error is, of course, smaller. Figure 6-14 

shows velocity profiles at one certain time, and it is clear that the difference in results is 

small. However, since the difference in computation time is small and from the estima-

tions of the total errors, one must recommend strict convergence, i.e.  e  = 10
-6 

or  

e  = 10
-5

. 

TABLE 6-5. The number of iterations to reach one second in real time, and an estimation 
of the total error for different values of the accuracy  e. 

E from (5-34) Iterations Error estimation from (5-35) 

10
-6 8950 0.9% 

10
-5 7477 7.8 % 

10
--4  5331 70% 

10
-3 7589 very large 

FIGURE 6-14. The velocity profiles at t = 0.5 s for the same silo flow 
problem, but with different values of the accuracy. Note that the difference in 
solution is quite small. 
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6.8.5 Jacobian in the Newton iteration method 

In the Newton iteration method, the converged solution is, within the accuracy, inde- 

pendent of the tangential stiffness matrix used. However, the rate of convergence and the 

possibility to reach a converged solution depends strongly on the stiffness matrix. There-

fore some simple numerical tests are made to check this sensitivity. 

Random disturbance 

In this part, a disturbance of 1 % means that all positions in the Jacobian are multiplied 

by a random number between 0.99 and 1.01. A new random number is generated for 

every position of the matrix. From table 6-6 it is clear that the computation time will 

increase significantly even when the disturbance of the Jacobian is quite small. This 

shows how important the quality of the Jacobian is for the rate of convergence in the 

Newton iteration method. 

TABLE 6-6. The number of iterations needed for solution of a typical silo flow problem 
for different disturbance of the total Jacobian in the Newton iteration method. 

disturbance number of 
iterations 

disturbance number of 
iterations 

0 322 0.1 % 537 

0.01 % 323 0.5 % 1982 

0.05% 355 1% 4511 

Consistent elasto-plastic stiffness 

From introductory tests, it is clear that the use of the consistent elasto-plastic stiffness 

matrix is important for the rate of convergence. Without giving an example here, it must 

be mentioned that if one is using the inconsistent stiffness matrix from (2-28) directly, 

severe convergence problems will occur. 

6.9 Boundary conditions 

The used implementation of frictional boundary conditions seems to work well. When 

the boundary condition at one node changes, it may be needed to decrease the length of 

the  timestep  to maintain convergence in the a converging Newton iteration process. The 

adaptive  timestep  control described in chapter 5.8 on page 62 can handle such situations 

without problems. 

89 



Introductory Numerical Results 

6.10 Conclusions 

To use the fading memory concept is of vital importance for the development of funnel 

flow, and therefore should always be used when simulating flow in silos. 

The stresses in the filled silo are needed as initial data for simulation of the flow. The 

filling process is simulated in two steps: First the elastic stresses are calculated, and then 

a creep flow step is performed. The second step includes solution of the equations of 

motion, but with closed silo outlet. It is concluded that use of yield criteria dependent of 

the third stress invariant make sense. The Mohr-Coulomb and Willam-Warnke yield sur-

faces give better results, as compared to Janssen's equation, than the Drucker-Prager 

yield surface. Finally, it has been found that the use of the fading memory concept does 

not affect the results significantly, and to avoid convergence problems, it is recom-

mended to perform the creep flow simulation step without using fading memory. 

A simple example shows that the six-node (LST) element is superior, as compared to 

the three-node (CST) element. Therefore, the six-node element should always be applied 

together with the proposed model. 

The proposed material model, with a non-associative flow rule, is found to be unsta-

ble for high values of the angle of internal friction. The results from such unstable simu-

lations still look reasonable, but the computational times are extremely long. Moreover, 

the idea to stabilize the material behaviour by introducing the dilation angle must be 

rejected since it will result in an unreasonable creation of mass. No method for stabiliz-

ing of this type of simulation has been proposed. (It is also possible that the flow is unsta-

ble for high values of the angle of internal friction. This possibility has not been checked 

within this work.) 

A somewhat strange pattern is found for the stresses in the Gauss integration points. 

However, it has been argued that the post processes stress field gives a correct descrip-

tion of the actual stress field. 

It has been discussed that the value of the shear viscosity does not affect the results, 

as long as it is high enough to give a good approximation of rigid-plastic behaviour. It 

has also been shown that the value of the bulk viscosity should not affect the steady state 

solution, while it may possibly affect the time scale in the initial transients. (The latter 

has not been tested.) 
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Surface pressure loads have been implemented, and applied in two cases. First it has 

been shown that a surface pressure at the upper material surface in an intermediate flow 

silo will change the flow pattern. It is also concluded that surface pressure at the silo out-

let will decrease the outflow from a silo. 

The possibility to use prescribed velocity at boundaries has been implemented. Intro-

ductory tests show that this control cannot be used for simulation of feeder devices. The 

only application of this program facility is the prescription of zero radial velocity at sym-

metry lines. Instead it has been recommended to use indirect velocity control by apply-

ing adaptive boundary loads. 

It has been shown how nodes at the symmetry line in axisymmetric geometries will 

give rise to infinite stiffness in the Newton iteration method. From this, one must con-

clude that the radial velocity must be prescribed to zero at the symmetry line. 

6.11 List of symbols 

symbol meaning  
Cohesion coefficient. 

Elasto-plastic stiffness matrix. 

Elastic stiffness matrix. 

Yield function. 

Elastic shear modulus. 

Stress ratio. 

Elastic bulk modulus. 

Friction angle coefficient. 

Plastic flow direction. 

Dilation angle coefficient. 

Outer normal of the yield surface. 

Finite element shape functions. 

First stress invariant. 

First stress invariant for predictor stress. 
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symbol meaning 

Po  

Ap 

q 

qe  

g0 

Ag 

r 

sx' sy' sz 

t 

Greek letters 

symbol  

First stress invariant for projected stress. 

Equal to 

Second stress invariant. 

Second stress invariant for predictor stress. 

Second stress invariant for projected stress. 

Equal to 

Radius in axisyrrunetric geometries. 

Normal deviatoric stresses. 

Time. 

meaning  

Accuracy. 

Angle of internal friction. 

Dilation angle. 

Dilation angle in stress space. 

Wall friction angle. 

Bulk viscosity. 

Plastic flow rate. 

Shear viscosity. 

Poisson's ratio. 

Bulk density. 

Vector form of the stress tensor. 

Shear stresses. 

Parameter in time integration. 
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CHAPTER 7 Numerical Results of 
Silo Flow 

In this chapter, numerical simulations of standard silos are compared with analytical solu-

tions, and experimental observations form literature. The purpose is to verify the pre-

sented model. Figure 7-1 describes the geometrical parameters used. For axisymmetric 

silos,  D  and  d  are diameters. Moreover, results for axisymmetric silos are shown with a 

symmetry line, while plane flow silos are simulated in full geometry without use of the 

symmetry properties. The reason for this is that the solution of a symmetric problem may 

be unsymmetric. 

d  
FIGURE 7-1. The parameters for description of the silo geometry. The same 
parameters are used for plane as well as for axisymmetric silos. 
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Numerical Results of Silo Flow 

7.1 Intermediate flow in plane silos 

Since the Eulerian formulation implies fixed geometry, it is not possible to demonstrate 

intermediate flow in one single simulation. To evade this problem, a number of simula-

tions, with different filling height  H,  have been made. Figure 7-2 shows the results of 

such simulations, and it is clear that the flow pattern changes considerably from  

(H  +  h)  = 150 cm to  (H  +  h)  = 160 cm . For 150 cm <  (H h)<  160 cm, different 

solutions occur, and one unsymmetric is shown in the figure. See also figure 6-12 in 

chapter 6.7.1 on page 83 for another interesting result on intermediate flow.  

H + h = 150 cm 
	

H + h = 154 cm 	H + h = 160 cm  

    

    

I 1 ( I I I 1 	_1_1/  

 

    

FIGURE 7-2. Velocity profiles at steady state flow through silos with different 
filling heights. Other parameters are kept constant. 

In the thesis by Benink [1], theoretical predictions of the critical filling height are com-

pared to experimental results. In table 7-1, some of these results are repeated, and the 

results from numerical simulations have been added. The material in the silo is rape seed 

with  p  = 680 kg/m
3 . Benink measured the angle of internal friction to  <D  = 32° with 

Jenike's shear cell, and to  <D  = 310  with a ring shear tester. In the numerical simulations 

the value 4:1:0 = 31.5° is used. The silo width is  D  = 14 cm, and the depth in the exper-

iments was 28 cm. In the numerical simulations, plane flow is assumed. The width of 

the outlet is chosen to be  d  = 2 cm since no value is given by Benink. The hopper 

angles, and the wall friction angles are given in the table. Different yield criteria (see 
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table) are used together with plastic flow at constant volume. The viscosity parameters 

used are 1.t = 105  Pas and lc = 9 • 105  Pas. Finally, fading memory with C1  = 100 

and C2  = 1 is used. 

From the results in table 7-1, it is clear that the results from numerical simulations are 

in good agreement with the results by Benink. Moreover, it seems that the Drucker-

Prager yield criterion gives a lower value of Hcr  than the two criteria with third stress 

invariant dependence. However, this statement is not very clear from the numerical 

results. 

TABLE 7-1. The critical filling height for four different silos. The results by Benink [1] 
are given together with results from numerical simulation for different yield criteria. 
The shape of the yield surfaces are shown in figure 5-3 on page 50. 

HID 

	

a 	'Y 	Benink's results 	Numerical simulation  

theory 	test 	Mohr- 	Willam- 	Drucker- 
Coulomb 	Warnke 	Prager  

	

300 	27° 	0.7 	0.6 	0.8 	0.8 	0.7 

	

40° 	27° 	1.2 	0.7 	1.1 	1.0 	0.9 

	

40° 	17° 	0.6 	0.6 	0.5 	0.6 	0.5 

	

50° 	17° 	0.8 	0.8 	0.7 	0.6 	0.6 

7.2 Mass flow or funnel flow in axisymmetric silos? 

Axisymmetric silos are very common, and therefore a number of silos with different 

hopper angle and wall friction angles are simulated. The material parameters are  

p  = 1200 kg1m3 , 1 = 30°,  K  = 9 • 105  Pas, 1.t = 105  Pas, and fading memory 

with C1  = 200 and C2  = 0.5 is used. Plastic flow at constant volume is assumed, and 

the Mohr-Coulomb yield criterion has been employed. The silo diameters are  

D  = 1.0 m and  d  = 10 cm, and the filling height above the corner is  H  = 20 cm. 
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Numerical Results of Silo Flow 

This means that one can expect the flow pattern from the left silo in figure 7-2, in inter-

mediate flow silos. The simulated points and the limit line from Jenike's first theory are 

shown in figure 7-3. 

0
0 	 10 	20 	30 	 40 

hopper angle, a 

FIGURE 7-3. Jenike's chart, see figure 3-4, for axisymmetric silos and 
(1) = 30°. The flow patterns from point marked with 0 are shown in 
figure 7-4, while the results from the points marked with  x  are found in 
figure 7-5. 

No strict definition for the difference between mass flow and funnel flow has been found 

in the literature, and therefore the classification is due to the observer. From considerable 

experience it is found that particle tracing is the best post processing for classification, 

and the results from numerical simulations with  y  = 20° are found in figure 7-4. The 

transition from mass flow to funnel flow occurs in a region, and simulated results are in 

good agreement with the prediction by Jenike's chart. If the wall friction angle is 

decreased to  y  = 100, the transition is more distinct. See figure 7-5. 
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Mass flow or funnel flow in axisymmetric silos? 

FIGURE 7-4. Particle tracing in silos with wall friction angle  y  = 20° and 
different hopper angles. The dots indicate the initial particle positions, while 
the rings show the particle positions after 10 s. 
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a = 40° = 45° 	 cic = 50° 
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FIGURE 7-5. Particle tracing in silos with wall friction angle  y  = 10° and 
different hopper angles. The dots indicate the initial particle positions, while 
the rings show the particle positions after 10 s.  

 7-6. Particle tracing in an axisymmetric silo with hopper angle 
= 300  and different filling heights  H.  
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Development of the stress field 

Finally, it may be of interest to see if the flow pattern in the hopper depends on the filling 

height. The example with a = 300  from figure 7-4 is repeated with different values of  

H,  and from figure 7-6 it is clear that the flow pattern depends strongly on the filling 

height. 

7.3 Development of the stress field 

In the proposed finite element model, velocities and the stress field are coupled. There-

fore, there is no problem to present dynamic stress fields. It is found that the best way to 

visualize such transients is to plot the magnitude and direction of the principal (compres-

sive) stresses. 

Before dealing with the results, it may be of interest to mention the concepts of active 

and passive stress states. At an active stress state, the major principal (compressive) 

stress is close to vertical, while the passive stress state is characterized by dominating 

horizontal (compressive) stresses. In a filled silo, the stress state is active, while the 

stress state at steady state flow through a hopper is passive. For readers not familiar with 

these different stress states, it is recommended to read e.g. [8] or [68].  However, this is 

treated in any text book in soil mechanics. 

Figure 7-7 shows the development of the bulk material stresses in a mass flow silo. 

The transition from active to passive stress state is clear. Note that the stress state at 

steady state flow is passive in the entire hopper. 
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Numerical Results of Silo Flow 

FIGURE 7-7. The development of the stress field at the beginning of the 
discharging process in a mass flow silo. The figures show the directions and 
magnitudes of the (compressive) principal stresses at different times. The last 
figure shows the velocity profiles at steady state flow. 

Figure 7-8, on the other hand, shows the situation in a funnel flow silo. In parts of the 

silo where the material is flowing, there is still a transition from active to passive stress 

state. In parts of the silo where the material is not-moving, the active stress state seems to 

remain. This result is very interesting since it gives a possibility to predict the stresses in 

a funnel flow silo. Most differential slice methods are valid for mass flow silos only. 

Similar results were presented, for mass flow silos, in the thesis by Häußler [17,  p.  95]. 

The figures given in that work indicated a considerably slower transition from active to 

passive stress field. The reason seems to be that Häußler simulates a slow opening of the 

outlet. In all simulations in this work, the outlet is opened instantaneously at t = 0. 
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FIGURE 7-8. The development of the stress field at the beginning of the 
discharging process in a funnel flow silo. The figures show the directions and 
magnitudes of the (compressive) principal stresses at different times. The last 
figure shows the velocity profiles at steady state flow. 

7.4 Conclusions 

A silo with steep and smooth walls will give rise to mass flow, while larger hopper angles 

and rough walls will give funnel flow. The limit between mass flow and funnel flow is 

described by Jenike's well know chart. Numerical simulations have been made for 

axisymmetric silos with parameters close to the limit line, and it is concluded that the 

presented model can predict the flow pattern with good accuracy. Moreover, it is noted 

that the transition is more distinct for silos with low wall friction angle. 
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Numerical Results of Silo Flow 

The critical height in intermediate flow has been studied for plane flow silos. The 

agreement with the theoretical predictions and experiments by Beninlc is very good. As 

far as the author knows, this is the first time intermediate flow has been predicted in 

numerical simulations. 

Finally, the development of the stress in the bulk material at the beginning of the dis-

charging process has been studied. The transition from active to passive stresses in a 

mass flow silo is distinct. In a funnel flow silo, there is a transition of the stress field in 

parts of the silo where the material is flowing, while the active stress state seems to 

remain in parts with stagnant material. 

7.5 List of symbols 

symbol meaning  

Cl, C2  

Greek letters 

symbol 

Constants in fading memory equations. 

Silo outlet width (plane silo), or outlet diameter (axisymmetric 

silo). 

Silo width or silo diameter. 

Silo hopper height. 

Filling height in bin. 

Critical filling height in intermediate flow. 

Time. 

meaning 

D 

h 

H  

Hopper angle. 

Angle of internal friction. 

Wall friction angle. 

Bulk viscosity. 

Shear viscosity. 

Bulk density. 
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CHAPTER 8 Advanced Numerical 
Results 

The main purpose with a numerical solution method is the possibility to simulate prob-

lems where no analytical solution exists. Moreover, a lot of money can be saved by mak-

ing initial tests with a finite element program instead of doing experiments. In this 

chapter, some numerical results of flow in complicated silo geometries are shown. The 

numerical results are, in a qualitative sense, compared with results from the literature. 

8.1 Flow around inserts 

This work employs the mesh generator by Klisinski, see [29] and [30]. With this mesh 

generator, there are no problems to model irregular inserts. However, when the inserts are 

very thin, they must be given a finite thickness. The reason is that the mesh generator 

does not accept nodes, one for each side of the insert, at exactly the same spot. By using a 

triangular shape of the inserts, small elements at the edges are avoided. See figure 8-2. 

The flow around a blunt insert will give separation of the flow, and subsequently a 

wake. See [45] for a detailed study of separation in flow around circular cylinders. In the 

wake, one may expect a complicated flow pattern and lower bulk density. Figure 8-1 

shows the flow around a triangular insert, and the flow around a similar insert with the 

same geometry at the upper side. From the size of the arrows showing the velocity field, it 

is clear that the triangular insert will result in creation of volume. The reason is that the 

presented model with assumed constant density cannot describe the wake beneath the tri-

angular insert in a correct way. Therefore, it must be concluded that the presented model 
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Advanced Numerical Results 

can be used only when there is pressure on all sides of the inserts. As will be shown 

below, the model is still applicable in many interesting flow situations including flow 

around inserts. 

When employing discrete particle models, the wake will not give rise to this type of 

problems. The reason is that the particles can separate and predict the density changes. 

Results on flow around inserts, based on a discrete particle model, has been presented in 

[53]. 
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FIGURE 8-1. Flow around two inserts. In the left figure, there is a wake behind 
the insert, and the model used will create mass. In the right figure, there is 
pressure on all sides of the insert, and mass will not be produced. 

In figure 8- 1 it is also observed that the velocities in the upper part of the silo with trian-

gular insert are smaller than the corresponding velocities in the other silo. The outflow of 

material is the same in both silos. This gives an indication of the fact that the outflow rate 

from a silo is controlled by the size of the outlet rather than the filling height. Compare 

this to Newtonian fluid flow where the outflow rate is proportional to the square root of 

the height. 
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Cone-in-cone inserts 

8.2 Cone-in-cone inserts 

The use of cone-in-cone inserts, named BINSERTTm, was originally proposed by Johan-

son, see [24]1  and [25]. The major purpose at that time was to make blending more effi-

cient (see [26]), but it is also clear that inserts can be used to change the flow pattern. 

With an insert, it is possible to convert a funnel flow hopper to a mass flow hopper, and it 

is possible to 'design' a silo in order to obtain a desired flow pattern. In figure 8-2 it is 

shown how a plane funnel flow silo can be converted to a mass flow silo by use of a 

properly designed insert. On the other hand, the numerical simulations also show that an 

improper design of the insert will result in a more distinct funnel. In the figures, the par-

ticle tracing post processing technique is used. The dots show the initial positions of a 

number of granules, while the rings show the particle positions one second later. 

° 

\ 	/ 
° 

FIGURE 8-2. The flow in a funnel flow silo (left), an silo with narrow insert 
(centre), and a silo with wide insert (right). The geometry of the outer silo is 
the same in all three figures. 

In a recent report [11], experimental results on flow patterns in silos with inserts has been 

presented. The results in that report give a good qualitative verification of the numerical 

results from figure 8-2. The agreement between experimental results and numerical sim-

ulations is very good also for the flow pattern close to the inserts. It is obvious that the 

experimental results form [11] can be used for further verification of the presented finite 

element simulation model. However, the report dates from December 15 1995, and was 

known to the author a little too late to allow a more detailed study within this work. 

1. This U.S. patent was not read by the author, but is known through [11] and [25]. 
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8.3 Redistribution of silo wall pressure 

Strusch and Schwedes [63] have studied the possibility to redistribute silo wall stresses 

by use of a triangular insert. A preliminary numerical test is made to show qualitative 

results. The shape of the insert is changed in order to avoid the wake. The original trian-

gular insert is shown in figure 8-1. The resulting steady state flow field, and the corre-

sponding silo wall stresses are shown in figure 8-3. It is clear that the insert will move 

the position, and decrease the magnitude of the wall pressure peak. 

FIGURE 8-3. Steady state flow velocity field and silo wall pressure in two silos, 
one without insert, and one with an insert. The scaling of the velocity field 
and the wall pressure is the same in both figures. 
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CHAPTER 9 Epilogue 

9.1 Summary 

A finite element method for simulation of flow in granular materials has been proposed. 

The method is based on the Eulerian frame of reference, and therefore the equations of 

motion must be solved. The material model used is a viscous-perfect-plastic model with a 

non-associated flow rule implying plastic deformation at constant volume. The three 

yield surfaces according to Drucker-Prager, Mohr-Coulomb, and Willam-Warnke have 

been implemented. By using high values of the viscosity parameters, the material model 

is a good approximation of rigid-plastic behaviour. The wall friction, which is very 

important in silo flow applications, has been considered. 

The equations of motion have been solved with a finite element method using triangu-

lar elements and the standard Galerlcin weighting. Both the CST element with piecewise 

linear velocity approximation, and the LST element with piecewise quadratic approxima-

tion have been implemented. The integration in time has been made with the backward 

Euler method. 

A concept called fading memory has been developed in order to consider the change 

of static stresses in the moving bulk material. A stability criterion for implementation of 

the concept has been established, and numerical examples showing the effect of fading 

memory have been presented. 

The proposed finite element model has been analysed. As a result, some restrictions in 

the use of the model must be made, and some applications must be rejected. However, 
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recommendations for successful use of the model have also been given. 

The model has been verified in conventional silo flow situations where results are 

known from the literature. The test cases are silo wall stresses according to Janssen's 

equation, prediction of the transition height at intermediate flow in plane silos, and stud-

ies of flow patterns in axisyrrunetric silos. In the latter case, a comparison with Jenike's 

(first) chart has been made. 

Finally, the model has been applied to flow in silos with complicated geometry. The 

main part here is a silo equipped with a BINSER'TTm. Results on the redistribution of silo 

wall stresses are also presented. 

9.2 Conclusions 

The proposed finite element method has been tested in many silo flow problems, and sig-

nificant experience has been gained by the author. When it comes to the actual model one 

can conclude that 

• flow in plane and axisymmetric silos can be simulated with the developed pro-
grams. 

• six-node elements are required to obtain reasonable results. 

• fading memory should always be used when simulating flow in silos. 

• one should not use fading memory when simulating creep flow. 

• high values of the angel of internal friction will give rise to material instability 
in the finite element calculations. The computational time may be extremely 
long in such cases. 

• the material model cannot be stabilized by introducing the dilation angle. 

• the silo flow problem is diffusion dominated, and hence no streamline upwind 
finite element methods are needed. 

• non-zero velocities cannot be prescribed as a boundary condition. 

• one should prescribe zero radial velocity at the symmetry line when simulating 
flow in axisynunetric silos. 

• the used implementation of frictional boundary conditions works well. 

• pressure loads on free boundaries work well. 

108 



Conclusions 

• the backward Euler time integration should be used together with the full New-
ton iteration method. 

• yield surfaces depending on the third stress invariant, i.e. Mohr-Coulomb and 
Willam-Warnke, give better results, as compared with Janssen's equation for 
filling stresses and for prediction of the critical height in intermediate flow, than 
the use of the Drucker-Prager yield criterion. 

• the model is quite insensitive for changes of the viscosity parameters. 

• the particle tracing post processing method is superior, as compared to velocity 
field plots, for presentation of numerical results. 

The final goal with a work like this is to apply the proposed model to study flow in silos. 

Tests have been made in conventional silos, and it has been concluded that 

• the transition from mass flow to funnel flow, as predicted by numerical simula-
tions, is in quite good agreement with Jenike's (first) chart. 

• the transition is not very distinct, but it seems to be possible to determine the 
transition value of the hopper angle within ±50 .  

• the transition seems to be more distinct for lower values of the wall friction 
angle. 

• 	the transition of flow pattern in intermediate flow is very distinct. 

• the transition height at intermediate flow is possible to determine with an accu-
racy of about ±10 % . 

• in the prediction of the critical height at intermediate flow, the agreement 
between theoretical and experimental results known from the literature, and pre-
sented numerical results is very good. 

The model has also been tested on some complicated geometries, and form introductory 

numerical results one can conclude that 

• the developed finite element method can be used for simulation of flow in silo 
with inserts without any further modifications. 

• the flow patterns from numerical simulations equipped with a B1NSERTTm are 
in good qualitative agreement with experimental results from the literature. 

• the redistribution of wall stresses caused by an insert seems to be, at least quali-
tatively, well described in numerical simulations. 
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Finally, it may be of interest to return to the 'suggestions for future research' by Häußler 

and Gladen form table 4-1 and table 4-2, respectively. It is clear that another material 

model has been tested in this work. An automatic  timestep  algorithm, as proposed by 

Häußler, has been developed. Higher order element, as proposed by Gladen, has been 

implemented'. Simulations of flow in silos with inserts have been performed as one of 

the most important parts of this work. 

The proposed measurements of material parameters, and subsequent parameter test-

ing in finite element simulations has not been made. Finally, the development of a finite 

element model including velocity discontinuities, i.e. shear bands, was proposed by 

Häußler, and is still a challenging subject for future research. 

9.3 Future research within current framework 

9.3.1 	Further verification of the model 

It is always possible to further verify a numerical simulation method. For the model pre-

sented here, it is believed that further verification is needed before the model can be used 

in engineering applications. The following steps are possible within the developed pro-

grams: 

• Make more detailed parameter studies. 

• Check how the flow in a silo depends on the silo size. 

• Study how the transition from mass flow to funnel flow depends on the yield 
surface, and compare the results with both theories by Jenike. 

• Study the flow rate from different silos, and compare the results with results 
known from the literature. 

• Make a detailed study of silo wall stresses at flow, and relate the results to 
results known from the literature and codes. 

• Make numerical simulations of the experimental results on inserts by  Dürr  [11]. 

• Make detailed studies of silo wall stress transients at the very beginning of the 
discharging process. 

1.  This  was also  made by  Rombach  [50] in 1991. 
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Future research 

The second and third points are quite straight forward since several works have been 

made within the fields. When it comes to the last point, the existence of such stress tran-

sients is mentioned in a few works, but no complete work seems to exist. See [46] and 

[48]. Therefore, it is believed that such work must be supported by experiments. 

9.3.2 Development of programs 

When it comes to development of the used finite element programs, the following pro-

posals are made: 

• Develop an indirect velocity control in order to simulate the effect of different 
types of feeder devices. 

• Make the programs more user friendly. This is especially relevant for the post 
processing. 

• Implement more material models, especially different plastic flow rules. 

9.4 Future research 

The preceding section was dealing with development within the current framework, pos-

sible to make without changing the basic concepts of the proposed model. The following 

list of suggestions for future research contains ideas, possible to realize only by a restart, 

using a different approach from the beginning. 

• Use arbitrary Lagrangian Eulerian (ALE) formulations in order to simulate the 
entire silo discharging process in a proper way. Such methods have already been 
applied in computational fluid dynamics, but no results on flow in silos are 
known to the author. However, it is believed that such results will appear soon. 

• Develop a finite element method for treatment of discontinues in velocity fields. 
With such a method, it would be possible to simulate shear bands in a proper 
way. It is believed that such a method also requires research concerning the 
physical nature of shear bands. 

• Measurements of the silo wall pressure will show large statistic variations. An 
interesting field is development of finite element methods for a proper predic-
tion of such variations. 
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Epilogue 

In the author's opinion, application of discrete particle models will increase with the 

clock frequency of cpu:s. Such methods have many advantages as compared to contin-

uum models. However, the use of continuum models may play an important role in the 

future, when it comes to simulations for engineering applications. 

Finally, this work must be treated as one way to solve the silo flow problem, not the 

solution. In the future, more complete models will be formulated, and hopefully, some of 

the experience from this work will be found useful in the formulation of such models. 
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APPENDIX A 	 Element Formulation 
for Plane Flow 

A.1 Notation 

In chapter 5, the finite element equations are given in symbolic notation. In this appendix, 

the equations are given in detail for the three-node and the six-node plane flow element. 

The finite element equations given in (5-19) to (5-23) are integrals over the whole spatial 

domain. However, in a finite element program such integrals are calculated over the ele-

ments, and added to the right position in the global vector. On element level, the vector of 

unknown nodal velocities is written 

-I T 
ue  -= [u 1  v1  U2  v2  ..1 (A-1)  

where  ui  and  vi  denote the horizontal and vertical velocity, respectively, in the node with 

the local node number  i .  The force vector corresponding to this velocity vector is  

fe = [(fx)i  1y)1 (f.)2 (fy>2 -] 

where  f e  is a sum of the different force vectors just as in (5-26). The Newton iteration 

process from (5-33) contains the derivative of the force vector with respect to the node 

velocities. On element level, this Jacobian may be written of the form 
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Element Formulation for Plane Flow  

a(f x)i  a(f)i  a(f)1  

aui 	avi 	au,  

au-Y)1 	a(f)1 a(f)1  
J= (A-3) 

"1 avi  au2  

a(f)2  a(f)2  1x)2  
au, avi  au,  

• • 1. 

Note that this is a standard Jacobian, and that it must correspond to the velocity vector 

from (A-1) and to the element force vector from (A-2). Finally, the area of the element is 

denoted by A. The equations in this appendix are valid for standard Galerkin weighting 

only, i.e. Wi  =  Ni .  

A.2 Three-node element 

In this section, the equations for the plane three-node element are given. The reference 

element is shown in figure A-1. The shape functions are 

N 1 = (A-4)  

N2 = (A-5)  

N3 = rl (A-6)  
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Three-node element 

1 

FIGURE A-1. The local node numbering for the three-node reference element. 

Mass matrix 

pA 
= My = 12 (A-7) 

Convective force 

          

          

fcx = 
pd 
12 

 

äu 
äi  

UI 

U2 

U3  

 

au 
+ - 

ay 

vl  
V2 

V3 

 

(A-8)  

        

          

          

pA 
fcy -= 12 

 

av  
ax  

UI 
 

U
2 

U
3 

 

t 

vl 

V
2 

V
3 

 

(A-9)  

        

          

where 

au 	äNi 
= Zuirx  (A-10) 

Similar expressions hold for the other spatial derivatives of the velocities. 

121 



Element Formulation for Plane Flow 

Stress force 

f  sx  = ABT  
xy 

f sy  = ABT  

where  

aN, aN2  aN3  
ax ax ax 

aN, aN2  aN3 
	 (A-13) 

_ay -ä37  ay 

Boundary traction vector 

Boundary segments only have two nodes, and therefore the boundary traction vector is 

non-zero for boundary segment only. If the length of the boundary segment is L, and the 

outer normal vector is ti , the equations may be written 

L(a xnx + xyny) 
f bx = 	2 

 

Ltx = 
2  

il (A-14) 

     

Letxynx + ayny) = Lty  

1 	T [1  f by = 	2 

Volume force term 

p fxA 1  
f vx 3 1 

1 
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Three-node element 

pf yA 
f 	3  

where [f f] is the gravity force vector.  x y  

The Jacobian 

The Jacobian from the convective term is  

	

aNi _aNi au 	,au aN2  _aN2  
1,7x- +v1— + 	 ay 	—a  x  + v —a  y  + 

	

iav 	aNi aNi  av 	av  -..— 

	

ax 	
ü,

, 
 + -i-,1- ;  + 2 ,  ax 

	

aNi  _aNi au 	au 	aN2 aN2 au 

	

U 2  -a--,- 4- v2-F, +7,- 	ay 	ii-2-F, +  i'-2 -ä-y; ± 2J;  

	

av 	 i-‘  aNi _ aNi  av 	a 

	

ax 	-2Tx- 	 2—(v) + v2. , +  j;   ax 

	

aN, _aNi  au 	au 	aN2  aN2 au  
+v3ay

4-  _ 	_ 	 -ü — ,-- 	4-_ 3ax 	ax 	ay 	3ax + , 3ay ax 

	

av 	T; aNi aNi  av 	av  
4-v 	4-_ 

	

ax 	3ax 3ay ay 	ax 

au 
ay  

_ aN2  _ aN2  av  
+viFy ay 

aN3  aN3 au  
_ +— l ax  lay  ax  

av  
ax  

au 
ay 

_aN3 _ aNav 
+viä7y  -j;  

   

	

,,au 	aN3 _aN3 au 	au 

	

.,..— 	-ü — 4-v2ay — +_ 

	

ay 	2ax  	ax 	ay 

	

aN2 _ aN2  av 	av 	_ aN3 _ aN3  av  

	

ü2ä-x  +vra-3-7  +2a; 	ax 	
u2Fx.  + v2-j-

y
-  +
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au 	aN3  _aN, au  ,au 
U— 4- 

2—

v
3ay 
— -F 2— 	,c,—  

	

ay 	3ax 	 ax 	ay 

	

, aN2 , aN2  av 	av 	aN3  _ aN3  av  
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-3-a.i- 
+ V3 
	

+,- 
	ax 	ii 

3
—  +v
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+ 2 -  
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where  

ü i  =  2u1  + u2  +  u3  

112  = u i  +  2u2  +  u3  

U3  =  u  + u2 +2u3  

= 2vi  +  v2  +  v3  

=  v  +  2v2  +  v3  

and 

= vi  + v2 + 2v3  

This matrix looks terrible, but anyway the implementation is quite straight forward. The 

contribution from the stress term is 

(A-19)  

(A-20)  

(A-21)  

(A-22)  

(A-23)  

(A-24)  

Di's/ aGx  aNl atxy  
ax 	+ ay äui  

äNi atxy  aN,aay  
ax au, + ay au, 

aN2acix  aN2atxy  
ax aul + ay au,  

aNi acy x  aNl atxy  
ax aV i  + ay  av  

DN  atxy  aNi aGy  
ax  av,  +ay  av,  

aN2aGi  aN2at, 
ax ay, +ay  av,  

aN,aax  aNiaT, 
ax au2 + ay au2  

a/silkxy aN laay 
ax au2  + ay au2  

aN2acsx  aN,at, 
ax au2 + ay au2  

Js = (A-25)  

(A-26)  

where  the  derivatives of  the stresses  with respect  to the  nodal velocities are 

pax N. 	N. 
—au, 	(D)irai -i- (D)14j; 
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Six-node element 

acy, 	N. 	N. 
= (D) — + (D) 21ax 	24ay  

aN, 	aN 
atxY  = (D)41-a.  4-  (D)44F

i
y  äui  

ac5x 	aN. 	aN  
(D)12, 	(1))14-ai.  avi  

aa 	aN. 	N. 
Y  = (D)22ay + 24ax  

and 

at N. 	N. xY — (D)42ay 	, —` + (D) --1  44a,  

where  D  is the plastic stiffness matrix from (2-28). 

A.3 Six-node element 

The local node numbering for the six-node element with piecewise quadratic approxima-

tion is shown in figure A-2. The shape functions are 

= 1 — 	— 3ri + 4T1 + 	+ 2T12 
	

(A-32) 

	

N2 = __ 22 	 (A-33) 

	

N3 = —1+27)
2 	

(A-34) 

N4 = 411 
	

(A-35) 
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N5  = 444 2 
(A-36) 

N6  = 4442 (A-37) 

1 

FIGURE A-2. The local node numbering for the six-node reference element. 

Mass matrix 

_ 
6 —1 —1 —4 0 0 

—1 6 —1 0 —4 0 

Mx = MY --.- 1P8A0 
—1 
—4 

—1 
0 

6 
0 

0 
32 

0 
16 

—4 
16 

(A-38) 

0 —4 0 16 32 16 
_0 0 —4 16 16 32 

Convective force term 

r au au` (1 cx)m  =-- pi (u--a-i  + v
ay 
-
,

ArrndT 
T 

av 	Dv\ (f cy)m  =  p  i  (u
7x 

 + v-
)
NnzdT 

T 
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linear mapping  

Six-node element 

where the integral is over the element T. These integrals would be possible to integrate 

exact, but this will require the integration of 5:th order polynomials over a triangular 

element. Such integrals are heavy to derive, at least without any symbolic algebra pro-

gram, and therefore a numerical integration in seven points is used. The position of the 

integration points is shown in figure A-3, and the coordinates are given in table A-1. 

11 

x  

FIGURE A-3. Integration for the seven point numerical integration used. 

TABLE A-1. Coordinated and weight for integration points in the seven point integration 
used. 

integration 
point 

weight 

1 0.3333333 0.33333333 0.11250000 

2 0.10128651 0.10128651 0.06296959 

3 0.79742699 0.10128651 0.06296959 

4 0.10128651 0.79742699 0.06296959 

5 0.47014206 0.47014206 0.066197075 

6 0.05971587 0.47014206 0.066197075 

7 0.47014206 0.05971587 0.066197075  

Stress force vector 

J 
7  aN 	aNtr,' 

(f sx)m 	x 	 xy-ä7 dT 	 (A-41) 
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y  

Element Formulation for Plane Flow 

äN. 	äN \  
(f sy) S J[txy7x  + a y ay

m 

j

dT (A-42) 

This integral is integrated with a six-point integration. The position of the integration 

points, and the exact coordinates are given in figure A-4 and table A-2.  

0 5 

o 
I 

0 

6 2  
0 

RGURE A-4. Integration for the six point numerical integration. 

TABLE A-2. Coordinated and weight for integration points in the seven point integration 
used. 

integration 
point 

TI weight 

0.09157621 0.09157621 0.05497587 

2 0.81684757 0.09157621 0.05497587 

3 0.09157621 0.81684757 0.05497587 

0.44594849 0.44594849 0.111690795 

5 0.10810302 0.44594849 0.111690795 

6 0.44594849 0.10810302 0.111690795 

Boundary traction vector 

L(Gxnx  + T xyny) 
fbx 	6 

1 
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1 
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4 
Lty  

= 

Six-node element 

L(Txynx +ayny) 
f by = 	6 

Volume force term 

pfxA 
fvx = 	3 [000111]

T 

pf A 
f v y= 	3'2  [oocnii]

T 

This means that the gravity force is concentrated to the nodes on the element sides, while 

there is no load at corner nodes. 

The Jacobian 

The structure of the Jacobian is the same as in (A-3), and the contribution from the con-

vective term is 

a 	 aN. 
—((f ) ) = p f 	+u— 1  + v-- 1  NdT 	 (A-47) a

ui 
	cx m 	j  tax 	ax 	

-Y 	

m 

 I 

	

a 	 au - ((f cx)m) = p fNi.—
ay

NmdT 

a 
= PIN

i
—
av

N
rn 

 dT 
au. - eY m 	ax  

z 

a 	 av  aN. aN. 
fcy)m) = pf  N.—+  u-1  + v 	Nm  lay ax 	ay 	

(A-50) 

T 
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Element Formulation for Plane Flow 

When assembling the Jacobian, the index m is for row in matrix while  i  is for column in 

matrix. Again the seven point numerical integration is used. The contributions from the 

stress term are 

r  'aGxaNm 
+ 

aixyaN„,\  
(A-51) 

a  
Ju-.  ay 

dT  
au• 	m 	 ,  T\ 

= , — -a— + -a— - ay. sx 	T avi  x 	vi 	I 
((f ) ) 	 52) 

a 	(atxyaN. &Y aNnz  

	

7-
ui

cusy)„,) =  j 	+ 	)dT 

	

T 	I  

(al aN 	acs aNrit \  
(A-54) 

a 	 r 	xy m +  Y 	dT 
,g3;  av 	Y  m  T 

The derivatives of the stresses with respect to the node velocities are found in (A-26) to 

(A-31), and the six point numerical integration us used for the stress term contribution to 

the Jacobian. 

a 	 7acy.x aNn, atxyaN; 
dT 	 (A- 

(A-53) 
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APPENDIX  B 	Element Formulation 
for Axisymmetric Flow 

B.1 Notation 

The notation in this appendix is, in most parts, the same as in appendix A. However, the 

axisymmetric geometry will give rise to some differences. First, the coordinate directions 

are denoted by r and z. The radius is a linear function over the element, and in the natu-

ral element coordinate system one has 

r= ri + (r2 — ri )E+ (r3 — r i )Ti 	 (B-1)  

where r1 , r2 , and r3  are the radii at the corner node. The radial and vertical velocity are 

denoted by u and v respectively. The standard notation vr  -= u and vz  = v is avoided 

since it would result in double subscripts for the node velocities. The stress vector is 

43r  = [r  5   '3  z (TO Grj 
T 	

(B-2) 

and the corresponding strain vector is 

T 
E  ,- aV 

[

aU U aU 	a121 (B-3) 

-" Ti -7:  + Ti 	jt:  

The strain vector contains the physical components, and is therefore possible to use in the 

standard subroutines for material behaviour. 
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Element Formulation for Axisymmetric Flow  

Bl  Governing equations 

The equations of motions in cylindrical coordinates are found in any textbook in fluid 

dynamics, e.g. [43] and [72]. In axisymmetric geometry, the equation in the 0- direction 

is trivial, and all derivatives with respect to the angular coordinate is zero. The two non-

trivial equations are 

(  pit  + p( u  u—a  + v92- = 1  '2(ra ) +—krz  G9  - \ + 
ar 

	

	dz)
pf r 

rar r aZ r  

ply 
 + 

p
(

u
av + vat') = f_l a (rt  + asz \  
a r 	az) 	rar  rz' a, + Pfz 

The difference as compared to the plane flow equations is the third term on the right hand 

side in (B-4). This term will give rise to a singularity, and a comment on this is made in 

chapter 6.8.3 on page 87. Finally, the integral in the weak formulation of the equations of 

motion must be over a volume element. In plane flow this volume element has unit 

depth, but in axisymmetric case one has 

...dV 	27( ...dT 	 (3-6) 

V 

This is shown in figure B-1. 

       

        

        

        

        

FIGURE B-1. The circular volume element in axisymmetric geometry. 
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Three-node element 

B.3 Three-node element 

Mass matrix 

6r1  + 2r2  + 2r3  2r1  + 2r2  + r3  
_ 

2r1 + r2  + 2r3  
2npA 

2r1  + 2r2  + r3  2r1  + 6r2  + 2r3  r1  + 2r2  + 2r3  (B-7) 
Mr 	Mz = = 	60 

2r1 + r2 + 2r3 r1 + 2r2 + 2r3 2r1  + 2r2  + 6r3  

Convective force term 

f cr  = 2,itp(Lre + Lzej  

av 	a f cz  -.= 2np(LT,gi.  + L*li  

where 

, 	A 
r  .r... = --)- 

6r1 u1  + 2r2u1  + 2r3u1  + 2r1 u2  + 2r2u2  + r3u2  + 2r1 u3  + r2u3  + 2r3 u3  

2r1 u1  + 2r2u1  + r3u1  + 2r1 u2  + 6r2u2  + 2r3u2  + r1 u3  + 2r2u3  + 2r3u3  

2r1u1  + r2 u1  + 2r3u1  + r1u2  + 2r2u2  + 2r3u2  + 2r1u3  + 6r2u3  + 2r3 u3  
_ 

(B-10)  

  

and 

_ 
6r1 v1  + 2r2v1  + 2r3v1  + 2r1 v2  + 2r2v2  + r3v2  + 2r /  v3  + r2v3  + 2r3v3  

2r1 v1  + 2r2v1  + r3v1  + 2r / v2  + 6r2v2  + 2r3v2  + r1v3  + 2r2v3  + 2r3v3  

2r1 v1  + r2v1 + 2r3 v1  + ri  v2  + 2r2v2  + 2r3v2  + 2r /  v3  + 6r2y3  + 2r3v3  

 

(B-11)  

   

Stress force term 

The stress terms may be written 

133 

(B-8)  

(B-9)  



27cL(arnr  + r rznz) 
fbr = 	6 

2- r1 + r2 
r1 +2r2 

_ 
2nLtr 

— 6 
I

2r1  + r2  

r1 + 2r2 
(B-15) 

Element Formulation for Axisymmetric Flow 

Ii 
aN 	arc, 

(fs,-).= 	rtrzi)i — T  
N dT 	 (B-12) 

and  

( aN aN\ 
(f sz)m  = 	

, rtrz-a7  . 	
,, 

. + 	dT 	 (B-13) 

The stress tensor is calculated in one integration point, and integration in one point is 

used. 

Volume force term 

fvz = 2"fzA  12 

2r1 + r2 + r
3 

r1  + 2r2 + r
3 

r1 + r2 + 2r3 

(B-14) 

   

Since a constant radial gravity is a physically unrealistic situation, the term fvr  is zero. 

Boundary traction term 

fbz = 
27tLernnr  + ciznz)  2r1 + r2 

r +2r2 1 

 

_ 
21tLtz  

— 6 

2r1 + r2 
r1 + 2r2 

(8-16) 
6 

  

        

Again, the boundary traction term is connected to only two nodes. 

Jacobian matrix 

The contributions from the convective force term are 
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Three-node element 

 

7 	aNi  a(vniau 	aN 
+ (L) -ar   

 

27cP a
ui 
 cr m  (B-17) 

  

a(Lz )mau  
--cr) ) = a
a
vi(( f 

m az  

a 
((i ) ) = 2TcP 	 — au1  cz maui 	ar 

aNi  a(Lz)mav 	aN-\ a ) 	= 	—+ (Lz) cz m ) 	2p[(L) r 	, 	az 	m z 

Again the index 

structure similar 

—
a

((f 

m is for rows and  

to that in (A-3). 

) ) = 274 
sr  rn 

i  for columns. The element Jacobian will have a 

The contribution from the stress terms are 

r—
acsraNm + r

at rzaNnz +136
13 

au.ar 	au.  ar 	au.
N 

m 
dT 	(B-21) 

ti • 
T\ 

a 
sr),„) = 2.7r.

itr_agrem  + rat rzäN m 	aGON  
av.ar 	ay.  ar 	ay. 	

\dT 	(B-22) 

T 

a „ 
sz

, 
m
, 

27c5 
at 7aN„ 	acy7aNm\ 

+ 	— 
au-ä7 	auiji; 

dT (8-23) = 
T\ 

a 	
= 21r5 

7  a trzaNm 	a  azaNm 
a

— +r-- 
\

V 	ar 	aV j ar 
dT ( B-24) ay. 	sz m 
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Element Formulation for Axisymmetric Flow 

The stresses and the plastic  stiffness are calculated  in the element centre, and the integra-

tion is made in one integration point. The  derivatives of  the stresses  with respect  to the 

node  velocities are,  as for the plane flow element,  possible  to  express  in the plastic  stiff-

ness  matrix and the  derivatives of  the rate  of  deformation  tensor.  The  result  is  

aG, N. 	N. 	N.  
(D) 11. 	(D)13T!  (D)14-57  u j  

aG_ 	aN 	N 	aN 
Hpui  = (D)21—ar  (D)237-_ 4-  (D)24z 

acyo 	aN, 	N. aN .  
= (D)31x.:  + (D)337  + (D)34.31  

au  i  

at 	a N 	N 	a N 
rz 

a
ui 
 = (D)41.7 	(D)4371+ (D)4-4j 

where the expression for r is given in (B-1). The derivatives with respect to the vertical 

velocity are 

acT  r 
= 	

aN 	aN, 

daz 	äN 	aN, 
— (D)22— '+ (D)24 — 

acye 	aN, 	aN 
— (D)32-

Fz 
 -f-  (D)34-ä7  

avi  

aN, 	aN. 
(D)42az — + (D) 44ar  
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Six-node element 

B.4 Six-node element 

Mass matrix 

30r1 + 6r2 + 6r3 --4r1 — 4r2 + r3 —4r1  + r2  — 4r3  

—4r1 — 4r2  + r3  6r1  + 30r2 + 6r3  r1 — 4r2 — 4r3 

npA —4r1 +r2 -4r3  r1 — 4r2 — 4r3 6/-1  + 6r2  + 30r3  

Mr —4r1 — 12r2 — 12r3 —4r + 12r2  — 8r3  1 
(B-33) 

8r2  + 12r3  MZ z=  630 

12r1 -4r2 — 8r3 —12r1 -4r2- 12r3 — 8r1 -4r2  + 12r3  

12r1 — 8r2 — 4r3 — 8r1  + 12r2 — 4r3 —12r1  — 12r2  — 4r3  

-4r1  - 12 r2  - 12r3  12r1 — 4r2  — 8r3  12r1 — 8r2 — 4r3 
-4r1 + 12r2 - 8r3 —12r1 -4r2 — 12r3 —8r1  + 12r2 — 4r3 

-4r1 - 8r2 + 12r3 — 8r1 — 4r2 + 12r3 —12r1  — 12r2  — 4r3  

32r1  + 96r2  + 96r3  32r1  + 32r2  + 48r3  32r1  + 48r2  + 32r3  

32r1 + 32r2 + 48r3 96r1  + 32r2  + 96r3  48r1  + 32r2  + 32r3  

32r1 + 48r2 + 32r3 48/-1  + 32r2  + 32r3  96r1  + 96r2  + 32r3  

Convective force term 

The general expressions for the convective force terms are 

r au au 
(f cdm  = 27Ep j(U— v--)rN

m 
 dT 

ar az  

r av av 
(f cz )

rfl 
 = 2npi (u— + v--)rNmdT 

ar aZ 

The integration is made in seven integration points, see figure A-3 and table A-1. It may 

be noted that the integrals in (B-34) and (B-35) are 6:th degree polynomials and possi-

ble to calculate exactly. 
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Element Formulation for Axisymmetric Flow 

Stress force term 

The integrals from (B-12) and (B-13) are integrated in six points according to figure A-4 

and table A-2. 

Volume force term 

TcpAfz  

f vz — 60 

_ 
6r1 — 3(r2 + r3) 

6r2  — 3(1-1  + r3) 

6r3  — 3(r1 + r2) 

12r1  + 24(r2  + r3) 

12r2  + 24(r1  + r3) 

12r3  + 24(r1  + r2) 

(B-36) 

   

Again a constant radial gravity force is not in agreement with any physical phenomenon. 

Boundary traction term 

27CM5rnr + t rznz ) 
r1 

2(r1 + r2) 
27EL I r 

_ 	-  
r1  

2(r1  + r2) (B-37) f br = 	6 
= 

6 
r2 - 	

r2 	_ 

2nL(t rzn r  + aznz )  

- 
r1 27cL tz  

_ 	.... 

rl  
2(r1  + r) 

r2 

2(r1  + r) 

r2 	_. - 

(B-38) f  bz = 	6 6 

Here  ri  and r2  denotes the radial coordinates of the two corner nodes on the current 

boundary segment, and again L is the length of the segment. 

Jacobian matrix 

The contributions from the convective force terms are 
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Six-node element 

((f ) 	7tp  N  + 	+ 	jrNmdT a
ui 
	CT pz 	

2 	
au  am am 

a —((f ) ) = 2npiN•
au

N rdT  av 	CT  ni 	laZ 

—((f ) ) = 2irp  j.  AT •—
av

N rdT 
cz rn 	 m 

I 
a 	 av  aN, aN .' 
—((f ) — + u— + v—` rN dT 	 (B-42) a y. 	cz rn) = 27tp  j.   Niaz 	a, 	az 	

m 
 t 	 T 	 I 

Again, the seven point integration is used. The contributions from the stress force term 

are given in (B-21) to (B-24), and the integration is made in six points according to 

figure A-4 and table A-2. 

r 	r 	z  
(B-39)  

(B-40)  

(B-41)  
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