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Abstract

Bypass transition has been studied by theoretical and numerical proce-
dures, with the asymptotic suction boundary layer (ASBL) in focus. As
reference cases the Blasius boundary layer (BBL) and a free shear flow
have been studied.

In order to reduce energy losses associated with flow systems, it is
a wish to avoid turbulence in these flows. It is thus necessary to have
a fundamental understanding of the mechanisms behind bypass transi-
tion, which typically starts with the formation and growth of structures
extended in the streamwise direction, so called streaks. One way of de-
laying the transition to turbulence is to apply wall suction, which is also
known to stabilize streaks.

In this work, it is shown that the stabilizing mechanism of wall suc-
tion is not unambiguous. A theoretical study on the linear evolution
of streaks triggered by a localized disturbance is performed. Releasing
the disturbance in the free-stream, it will migrate towards the wall and
quickly be subject to shear. Consequently, this disturbance is amplified
when applying wall suction, provided that for the suction-free case the
growth of the BBL may be considered small. When initiating the dis-
turbance inside the boundary layer, on the other hand, it is found that
suction stabilizes the growth of such a streak. Also, the non-linear prop-
erties of suction are studied using a model with prescribed wall-normal
disturbance velocity identical for the ASBL and the BBL. Despite the
similarity, suction is shown to dampen the non-linear forcing of the per-
turbation. Moreover, the non-linear response is shown to favor the forc-
ing of streamwise longitudinal (3D) structures and 2D waves. For the
ASBL, also energy thresholds for transition of periodical disturbances
have been determined by direct numerical simulations. The least en-
ergy required to reach transition is obtained when the initial flow field
consists of two oblique waves, for which the threshold is found to scale
as Re−2.6. For transition starting with streamwise vortices or random
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noise the threshold scales like Re−2.1, and the routes to transition are
similar to that of other flows.

A theoretical framework for evaluating the non-linear interaction
terms of the normal- velocity/vorticity equations is also developed. This
formulation allows for study of wave interaction throughout the whole
wavenumber plane, i.e. for any given wave number of a disturbance. The
framework has been applied to a free shear flow, which shows that pri-
marily streamwise elongated structures and Tollmien-Schlichting waves
are forced by the non-linear interactions. Besides that, the geometrical
interpretation shows that the non-linear interaction involving normal
vorticity is most potent for structures inter-angled by 90 degrees in the
wavenumber plane.
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Chapter 1

Introduction

1.1 The fascination and challenge of fluid me-

chanics

”Stop sneezing! You can start a hurricane in China!”

This saying was common among my friends when I was a child in the
beginning of the 1980’s. What I did not reflect over back then is that
this drastic effect for the Chinese people from a tiny sneeze in Årjäng,
Sweden, is fully possible, although unlikely.

A fluid, i.e. a liquid or a gas, in motion is usually said to be ei-
ther laminar or turbulent. The laminar flow of a fluid is well-ordered
and predictable, while a turbulent flow is characterized by its chaotic,
swirling motion. Most of the flows in nature and in technical systems
are turbulent, for instance the hot smoke coming from a chimney or
the winds carrying our weather around. One property of turbulent flow
is the complex dependence of time and space; the instantaneous flow
through one point in space is actually a function of all other points in
space, and their flow history. Thus the saying stated above might not,
despite our childish intentions, have been so wrong after all.

Turbulence has some effects on its surroundings, apart from bewil-
dering researchers due to the complexity of its description. A turbulent
flow, compared to a laminar, is able to stir a fluid and dissipates ki-
netic energy. While the former is at benefit for instance in the chemical
process industry, where compounds need to be mixed, the latter imply
that turbulent motion is associated by increased energy losses.

Energy losses in a moving fluid is related to its viscosity. The vis-
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4 1. Introduction

cosity is a measure of the fluids resistance to deform when subjected
to shear forces. Since it takes more force to stir, for instance, tar than
milk, tar has the larger viscosity. The concept of viscosity is in fact
an attempt to describe the inter-molecular interaction within the fluid,
resulting from the assumption that the fluid consists of a continuum
rather than a bunch of molecules. This approach works well for most of
the fluids that we encounter in everyday life.

Considering the resistance to flow again, it was postulated already
by Isaac Newton that for a straight parallel flow, the shear stress is given
by

τ = μ
∂U

∂y
. (1.1)

Here μ is the viscosity and ∂U
∂y is the velocity gradient of the flow. This

shear stress is responsible for skin friction, i.e. the friction on solid sur-
faces due to fluid flow such as the the airplane body when in motion.
Apart from skin friction, shear stress is also responsible for losses inter-
nally in the flow, denoted dissipation, which is proportional to μ(∂U

∂y )2.
For many situations involving energy losses, such as automotive motion
or tank boat propulsion, we are not able to affect the viscosity of the
fluid. However, the velocity gradient can be changed to our benefit by
avoiding turbulence in the thin layer close to the solid surface where ∂U

∂y
is large. This thin layer is called the boundary layer, and is of great
technological importance.

One setup used by researchers to study the boundary layer is the flat
plate, as sketched in figure 1.1. Here the oncoming flow U∞ meets a thin,
flat plate, where a boundary layer forms at the leading edge and grows
in the direction of the flow. Typically, if fluctuations are present in the
oncoming flow, the boundary layer may change its state from laminar
to turbulent somewhere downstream of the leading edge, i.e. transition
to turbulence occurs.

Describing how and when the onset of transition takes place, and
also the turbulence itself, is thus of great value and is also an outstand-
ing challenge. From a mathematical point of view, the dynamical laws
governing the motion of a fluid have long been known. The contin-
uum hypothesis, and the use of viscosity to describe the ”resistance” of
the fluid, is together with Newton’s second law of motion all we need to
make the mathematical formulation. The result, assuming a flow of con-
stant density, is the Navier-Stokes (N-S) equations, and together with
an equation for the conservation of mass we have totally four equations
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Figure 1.1: Schematic of the flat plate boundary layer. U∞ is the oncom-
ing flow and u some disturbance to it. The thickness of the boundary
layer is marked by δ.

for the three velocity components of the flow and the pressure. Thus,
even fully turbulent flows are simply solutions to the N-S equations, and
the task lies in finding these complex solutions describing the turbulent
motion.

The N-S equations can be solved directly in their original form by
numerical schemes, so called direct numerical simulations (DNS). The
computational effort required is however immense for most practical
problems. This is due to the large separation of spatial scales present
in turbulence, leading to a massive number of elements arising in the
discretization of the equations. Therefore, the approach throughout the
years have been to simplify these equations by using knowledge of physics
and mathematics, and study these simplified models instead. Despite the
fast development of computers, DNS is still only possible for problems
of moderate geometrical complexity and Reynolds number.

1.2 Brief history of transition research

1.2.1 The start of an era

The scientific field known as hydrodynamic stability may be considered
to originate back in the 1880’s with the pioneering experiment of Os-
borne Reynolds (1883). By injecting color into the flow through a glass
tube, Reynolds noticed that when increasing the velocity the fluid went
from well ordered to chaotic. By varying the diameter of the glass tube
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(d), the viscosity of the fluid (ν) and the velocity of the flow (U), he
found that the stability of the flow was governed by a non-dimensional
number nowadays known as the critical Reynolds number, Re = Ud/ν.
He also noted that the lower threshold for which turbulence was found
depended on the flow inlet conditions.

1.2.2 Classical transition

Contemporary with Reynolds, Lord Rayleigh (1880) started his inviscid
theoretical analysis by studying the conditions for growth of infinitesmal
deviations to the mean flow. He separated the flow into two parts, the
average (mean) velocities and pressure, and the deviation from it (the
disturbance). Thereafter, he applied a wavelike normal mode assump-
tion to the normal velocity deviation v, i.e.

v(t; x, y) = ṽ(y)eiα(x−ct). (1.2)

Here x and y are the directions parallel and normal to the mean flow,
respectively, t is the time and α is the wavenumber. The velocity of the
perturbation, c, was assumed to be complex and the following equation
was obtained,

(U − c)(
∂2

∂y2
− α2)ṽ =

dU

dy
ṽ, (1.3)

with U = U(y) being the mean flow. With homogeneous boundary con-
ditions, this is an eigenvalue problem with unstable solutions if eigenval-
ues Im(c) > 0 exist. From this equation Rayleigh proved his inflection
point theorem, stating that for instability there need (but is not a suf-
ficient condition) to be an inflection point in the mean velocity profile
U(y). This condition was later extended by Fjørtoft (1950).

One weakness with the theory was the inviscid approach; no critical
Reynolds number could be predicted. In fact, this theory even predicted
the pipe flow of Reynolds experiment to be stable since no inflectional
velocity profile is present. The effect of viscosity was however taken
care of in the Orr-Sommerfeld equation derived independently by Orr
(1907) and Sommerfeld (1908). The first solution to this equation for the
Blasius boundary layer was presented by Tollmien (1929) and Schlichting
(1933) using an approximation of the boundary layer profile by piecewise
polynomials. The result was that for high enough Reynolds numbers
unstable waves exist. These two dimensional, exponentially growing
waves are today denoted Tollmien-Schlichting (TS) waves.
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Experimental evidence of TS waves awaited until 1947, when Schu-
bauer and Skramstad validated their existence by wind tunnel mea-
surements. They used a vibrating ribbon in order to create the two-
dimensional disturbances, and the low turbulence level in the free stream
allowed for the TS waves to develop in the boundary layer. However,
the numerical solution to the Orr-Sommerfeld equation using the ac-
tual correct mean profile (see for instance Jordinson 1970), showed a
discrepancy to Schubauer & Skramstad’s measurements. The neutral
curve, describing for which frequencies of the wave-like solutions insta-
bilities arise, gave a critical Reynolds number (below which the flow
is stable) differing considerably from Schubauer & Skramstad’s experi-
ments. This discrepancy was for a long time attributed the non-parallel
effects, which are unaccounted for in the Orr-Sommerfeld equation, giv-
ing rise to a number of investigations accounting for the growth of the
boundary layer. These investigations were compared to direct numerical
simulations by Fasel & Konzelmann (1990), who showed that the effect
of non-parallelism on the neutral curve and critical Reynolds number is
small. An end to the discussion was put by Klingmann et al. (1993), who
by a carefully designed experiment obtained reasonable agreement with
the parallel theory of the Orr-Sommerfeld equations for the boundary
layer. Hence, the earlier discrepancy was attributed to pressure gra-
dients in Schubauer & Skramstad experiment, which thereby deviated
slightly from a perfect Blasius boundary layer flow.

The transition scenario starting with exponentially growing TS waves
is usually known as classical or natural transition. Today it is well known
that three-dimensional effects come into play when these exponentially
growing waves become large enough. Also, classical transition is only
observed when the level of free-stream turbulence is less than about
0.5 − 1% (Arnal & Juillen, 1978). With larger turbulence levels, three-
dimensional effects dominate and the classical linear stability theory is
inadequate. In fact, classical linear stability predicts the pipe flow used
in Reynolds experiment to be stable for all Reynolds numbers. For a
compilation for different flows see table 1.1.

1.2.3 Bypass transition

In 1969 Morkovin coined the expression ”bypass transition”, noting that
the relatively slow growth of TS waves seemed to be bypassed by some
other kind of instability. For the theory to fully incorporate three-
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Table 1.1: Critical Reynolds numbers for parallel shear flows compiled by
Henningson & Reddy (1994). ReL is the critical value given by classical
linear theory and ReE is the lowest Reynolds number observed to give
transition in experiments.

Flow ReL ReE

Hagen-Poiseuille ∞ ≈ 2000
Plane-Poiseuille 5772 ≈ 1000
Couette ∞ 360

dimensionality one more equation (in addition to the Orr-Sommerfeld
equation) is required. This was provided by Squire (1933), who ob-
tained an equation governing the wall-normal component of the vortic-
ity. He also proved that the eigenmodes of the obtained equation is
always damped. Also, in what is known as Squires theorem, he dis-
covered that for any unstable three-dimensional wave given by the Orr-
Sommerfeld equation, there exists a corresponding two-dimensional wave
with a lower critical Reynolds number. Although the tools for study-
ing three dimensional disturbances were now available, Squires theories
focused the research for a considerable time towards two-dimensionality.

It took until the work of Ellingsen & Palm (1975) to find a con-
vincing mechanism for bypass transition. They considered streamwise
elongated, inviscid disturbances and solved the linear equations as an
initial value problem, instead of studying eigenvalues. The result was
that the streamwise velocity component of the disturbance will grow
linearly in time. These results held for plane channel flow as well as
pipe flow despite the lack of inflection points in the mean velocity pro-
file. For viscous perturbations, Hultgren & Gustavsson (1981) found
that the initial growth is inviscid, but is thereafter followed by a viscous
decay. A physical explanation to the transient growth mechanism was
given by Landahl (1975, 1980). A fluid element with spanwise structure
in a shear layer will, when displaced in the wall-normal direction, initi-
ate a disturbance in the streamwise direction assuming that the initial
horizontal momentum of the element is retained. Thus a vortex motion
along the mean flow would ”lift-up” low-velocity fluid at one side, as
well as push down high-velocity fluid on its other side. This phenomena
is denoted the lift-up effect, giving rise to structures alternating between
high and low streamwise velocity in the spanwise direction, so called
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streaks. This reasoning does however not need 3D effects, which are a
necessity for transient growth, thus vortex stretching may be a better
term. It is today clear (Trefethen et al., 1993) that transient growth
arises due to the non-normality of the Orr-Sommerfeld/Squire operator.

The idea at this time was that the linear transient growth would,
in cases of transition to turbulence, be large enough for non-linear ef-
fects to come into play. Various theoretical frameworks for finding the
maximum transient growth of disturbances have been introduced. The
shape of the initial disturbance is optimized with respect to its kinetic
energy, which was first done by Butler & Farrell (1992) for channel flows
as well as the parallel boundary layer. The largest energy growth was
obtained for vortices aligned in the streamwise direction, which produce
streaks as time develop. A number of works utilizing different optimiza-
tion techniques have been published, for the boundary layer flow see for
instance Andersson et al. (1999), Luchini (2000) and Corbett & Bottaro
(2000). Experimentally, streaks are found to appear inside boundary
layers subject to free-stream turbulence. The first indication was seen
by Klebanoff (1971) who noticed low-frequency oscillations inside the
boundary layer. It is now known that a typical scenario for transition
to turbulence is the forming of streaks, which eventually become unsta-
ble and develop into turbulent spots (for a review see Matsubara et al.,
2000). The large energy amplification of streaks was discovered theoret-
ically by Gustavsson (1991). He forced the Squire equation by super-
posed (individual) eigenmodes of the Orr-Sommerfeld equation for plane
Poiseuille flow and obtained energy growth close to the optimal theory.
He also noted that the obtained streaks are, in absence of other distur-
bances, unable to non-linearly regenerate the wall-normal disturbance
component, a requirement for the flow to become turbulent. Therefore,
secondary effects operating on a streaky background have been of recent
interest (Reddy et al., 1998; Andersson et al., 2001).

Theoretical insight into how perturbations can enter the boundary
layer is provided by the oblique transition model introduced by Schmid
& Henningson (1992). Here, a pair of oblique waves with equal and op-
posite angle to the free-stream direction are superposed. These interact
non-linearly and form streamwise vortices, which again produce streaks.
Schmid & Henningson also noted that the energy growth of the streaks
is due to the (linear) transient growth of the longitudinal vortices rather
than nonlinear energy transfer from the oblique waves. For theoretical
and numerical studies see Elofsson & Alfredsson (1998) and Berlin et al.
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(1999). By DNS calculations, it has also been shown that starting with
two oblique waves less energy need to be put into the initial flow field in
order to reach transition than required by longitudinal vortices (Reddy
et al., 1998).

1.3 Flow control

Avoiding or delaying turbulent transition can reduce energy losses in
two ways: For external flow such as a boundary layer, laminar flow
gives reduced skin friction due to the advantageous mean profile of the
flow (see equation 1.1). For internal flow, such as pipe flow driven by
a pump, turbulence also increases the viscous dissipation due to the
increased molecular interaction caused by the vortical motion.

A hot topic in drag reduction is the art of reactive flow control, where
the aim is to react to and damp out disturbances. Numerically, various
schemes for control have shown to be beneficial using suction and blow-
ing at the solid surface. The tools required for practical implementation
are however in early development. A successful experiment was recently
performed (Li & Gaster, 2006), where the flow was stabilized using only
three actuators. The literature on this subject is numerous; for recent
reviews see Li and Gasters article and Kim & Bewley (2007).

When possible, introducing additives into the flow can give large re-
duction of the drag. Polymer additives are used in the oil industry, being
able to considerably reduce the required pumping power for pipelines.
Also, some fish are known to give off mucus when closing in on reluctant
meals (for references see Bechert et al., 2000), affecting the boundary
layer flow to their favor. In experiments, the polymers are observed to
change the turbulent structures inside the boundary layer (den Toon-
der et al., 1997), with drag reduction as a consequence. The theoretical
explanation is however not yet clear-cut.

Among the passive control methods for reducing drag is the use of
designed surface alteration. Using a surface with longitudinal ribs (’ri-
blets’), the crossflow and subsequent turbulent intensity near the wall
is impeded. By experiments in an oil channel, Bechert et al. (1997) re-
duced the drag by almost 10 percent by the use of riblets. Recently, it
was discovered that correctly designed protuberances may delay bound-
ary layer transition. Cossu & Brandt (2002) showed by direct numerical
simulations that the growth of Tollmien-Schlichting waves is decreased
in the presence of streaks in the flow field, and that the stabilization is
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due to the Reynolds stresses involved with the spanwise shear introduced
by the streaks. The team of Fransson et al. (see Fransson et al. 2004,
2005, 2006) have thereafter shown that one can create such a streaky
background flow, ’stable streaks’, by the use of cylindrical elements of
the correct dimensions placed in a spanwise row on the flat plate. They
have also shown, experimentally, that using such cylinders will stabi-
lize the growth of TS waves and that the point of transition is moved
downstream.

Above, several passive methods aimed at changing the mean velocity
profile have been discussed. There are also active methods, of which wall
suction is one. Using permeable materials, suction can be applied for in-
stance to the flat plate shown in figure 1.1. Early interest was shown by
aircraft industry since for an aircraft, typically 50 % of the drag comes
from skin friction (Thibert et al., 1990). Keeping a boundary layer lam-
inar will decrease this quantity to a fraction of its turbulent value, even
though wall suction gives larger drag than the laminar boundary layer.
Applying constant suction on a relatively large area, the growth of the
boundary layer will stop somewhat downstream of the leading edge and
a boundary layer of constant thickness denoted the asymptotic suction
boundary layer is obtained. Wall suction is known to stabilize growth of
exponential TS-waves; the critical Reynolds number is as high as 54370
(Hocking, 1975). Much of the research on the asymptotic suction bound-
ary layer however dates back to the era when transient growth was an
unknown concept.

1.4 Scope of the thesis

In this thesis, transient growth and transition in shear flows is studied
using theory and numerics. The objective is to search for a mechanism
stabilizing the suction boundary layer, and deepen the understanding of
the linear and nonlinear aspects of disturbance growth. The assumptions
which the work is based upon are:

• The continuum hypothesis. The discrete molecular structure of
the fluid is replaced by a continuous distribution.

• Incompressibility. The fluid is considered incompressible, i.e. the
density does not vary. This restricts the results to fluids at rela-
tively low speed.
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• Newtonian fluid. The relation between shear stress and deforma-
tion is linear, according to equation (1.1).

The investigations presented in the thesis are applied to different flows,
which are:

• The asymptotic suction boundary layer (ASBL). This is the bound-
ary layer over a flat plate subjected to steady, uniform wall suction,
which is known to stabilize the boundary layer. The velocity pro-
file has an analytical solution and the flow is parallel, making it
an ideal model flow to study instability mechanisms.

• The Blasius boundary layer (BBL). This is simply the flat plate
boundary layer, with no wall suction or pressure gradients. In this
thesis it is used as a reference case complementing the studies of
the suction boundary layer.

• The free shear flow, which consists of a linear velocity profile in the
absence of walls. This flow situation typically arises downstream
of a plate separating two parallel flows of different velocity.

The thesis is paper-based, starting with a summary in part I. Chap-
ter 2 introduces the equations governing fluid flow in general, and the
evolution of disturbances in particular, along with some basic tools. In
chapter 3 a non-linear theory is given, with general results and a study
of a free shear layer. All the so far described tools are then applied to
the asymptotic suction boundary layer in chapter 4, with some compar-
isons to the Blasius boundary layer. Furthermore, a study of streamwise
stretched disturbances in a non-parallel Blasius boundary layer is pre-
sented. The thesis work is summed up in chapter 5 and the papers follow
in part II of the thesis.



Chapter 2

Basic equations for

stability analysis

2.1 The Navier-Stokes equations

The motion of a fluid is governed by the conservation laws, such as con-
servation of mass and momentum. The momentum of the fluid changes
due to the forces acting upon it, and is governed by Newton’s second
law of motion. The conservation laws can be reduced greatly considering
some properties of the actual fluid.

Fluids at low velocity compared to the speed of sound can be con-
sidered incompressible, i.e. the density of the fluid is constant.

The stress acting on a fluid element may be linearly proportional
to the local pressure and velocity gradient, which in one dimension is
analogous to using Newtons law of friction (see equation 1.1). Fluids
fulfilling this assumption are therefore denoted newtonian.

For an incompressible, newtonian fluid the momentum equations
yield

∂ũ∗

i

∂t̃∗
+ ũ∗

j

∂ũ∗

i

∂x̃∗

j

= −1

ρ

∂p̃∗

∂x̃∗

i

+ ν
∂2ũ∗

i

∂x̃∗2
j

, (2.1)

when written by Einsteins summation convention. These are the Navier-
Stokes (N-S) equations, derived independently by Navier and Stokes in
the nineteenth centaury. Here x̃∗

i and ũ∗

i are the i:th component of
the space and velocity vectors, as commonly in the literature denoted
x̃∗, ỹ∗, z̃∗ and ũ∗, ṽ∗, w̃∗ in the streamwise, spanwise and wall-normal

13
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directions, respectively. Also, p̃∗ is the pressure, ρ is the density and ν
is the kinematical viscosity of the fluid.

Conservation of mass is governed by the continuity equation, which
for an incompressible fluid reduces to

∂ũ∗

i

∂x̃∗

i

= 0. (2.2)

Altogether, the Navier-Stokes and continuity equations constitute four
equations with four unknowns (the three velocity components and the
pressure), such that the system is solvable. To get a well-defined math-
ematical solution boundary conditions also must be applied.

It is often useful to express these equations in dimensionless form
and therefore (2.1) and (2.2) are here scaled according to

x̃i =
x̃∗

i

l∗
ũi =

ũ∗

i

U∗
t̃ =

l∗

U∗
t̃∗ and p̃ =

p̃∗

ρU∗2
, (2.3)

where the reference length l∗ and velocity U∗ are typical for the flow
in question but are left unspecified for now. The governing equations
describing the full velocity field may thus be written

∂ũi

∂t̃
+ ũj

∂ũi

∂x̃j
= − ∂p̃

∂x̃i
+

1

Re

∂2ũi

∂x̃2
j

, (2.4)

∂ũi

∂x̃i
= 0. (2.5)

where the non-dimensional parameter

Re =
U∗l∗

ν
(2.6)

is the Reynolds number. As seen in (2.4), the Reynolds number is
now the only parameter in the equations. So if two flows have the
same Reynolds number, their solutions will be identical. Hence the flow
through an oil pipeline may in some aspects be dynamically identical to
the flow through a vaccination needle. This concept is denoted dynamic
similarity.

2.1.1 Direct numerical simulations

For investigating stability and turbulence, one can use physical and
mathematical assumptions to reduce the Navier-Stokes to something
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which is simpler to handle. This approach is considered, for laminar
flows, in chapter 2.2. The other approach is to simply solve the equa-
tions directly using numerical schemes, i.e. performing a direct nu-
merical simulation. The spatial discretization must account for all the
scales present in the flow, hence for transitional and turbulent flows the
computational mesh only allows for problems of simple geometry to be
considered. Also, the required number of elements increase fast with
Reynolds number.

The numerical code used in this thesis for simulations of the ASBL,
is the in-house code from KTH Mechanics (Lundbladh et al., 1999). It
uses a pseudo-spectral algorithm with Fourier series expansions for the
discretization in the streamwise and spanwise directions and Chebyshev
polynomials for the wall-normal direction. The pseudo-spectral method
performs the multiplication of the non-linear terms in physical space to
avoid convolution sums.

The Fourier-discretization limits the solutions to be periodic in the
streamwise and spanwise directions. There are two work-arounds to such
a limitation when studying a spatially developing flow such as the Blasius
boundary layer. Either, a volume forcing is added, keeping the bound-
ary layer thickness constant (temporal simulation). This technique may
be considered for localized disturbances with a rapid development com-
pared to the growth of the boundary layer. Or, an extra region is added
in the downstream end of the computational domain, where the flow is
forced to the desired inflow conditions (spatial simulation). The added
region is denoted ’fringe’ and was first used on the Navier-Stokes equa-
tions by Bertolotti et al. (1992). For a parallel flow such as the ASBL
the temporal simulation technique can be used with no approximation
involved.

2.2 The linear disturbance equations

The first step of a stability analysis for a given flow is to determine the
mean flow, which throughout this thesis is steady, i.e. does not vary
with time. Therefore, the mean flow is a solution to (2.4)-(2.5) with
∂/∂t = 0. Secondly, the flow is decomposed into the mean flow and the
deviation from it (the disturbance) according to

ũi(r, t) = Ui(r) + ui(r, t) and p̃(r, t) = P (r) + p(r, t) (2.7)
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where r= (x, y, z) is the spatial coordinate vector. Inserting (2.7) into
the Navier-Stokes equations (2.4), and subtracting for the Navier-Stokes
equations for the mean flow, one obtains a set of non-linear equations
for the development of the disturbance. Linearizing these equations give

∂u

∂t
+ U

∂u

∂x
+ u

∂U

∂x
+ V

∂u

∂y
+ v

∂U

∂y
+ W

∂u

∂z
+ w

∂U

∂z
= −∂p

∂x
+

1

Re
∇2u

∂v

∂t
+ U

∂v

∂x
+ u

∂V

∂x
+ V

∂v

∂y
+ v

∂V

∂y
+ W

∂v

∂z
+ w

∂V

∂z
= −∂p

∂y
+

1

Re
∇2v

∂w

∂t
+U

∂w

∂x
+u

∂W

∂x
+V

∂w

∂y
+v

∂W

∂y
+W

∂w

∂z
+w

∂W

∂z
= −∂p

∂y
+

1

Re
∇2w.

(2.8)

Performing the same operations on the continuity equation, one obtains

∂u

∂x
+

∂v

∂y
+

∂w

∂z
= 0. (2.9)

By using continuity, the pressure terms can be eliminated from (2.8),
reducing the system to two equations for two unknown quantities. The
most common mean flow in stability analysis is a general parallel shear
flow U = (U(y), 0, 0). For such a mean profile, the divergence of (2.8)
and continuity gives

∇2p = −2
dU

dy

∂v

∂x
. (2.10)

Using this with equation (2.8) for the v component gives(
∂

∂t
+ U

∂

∂x

)
∇2v − d2U

dy2

∂v

∂x
=

1

Re
∇4v (2.11)

The other way of eliminating the pressure is to evaluate ∂(2.8a)/∂z-
∂(2.8c)/∂x (with a and c referring to the first and last equation of 2.8),
resulting in (

∂

∂t
+ U

∂

∂x

)
η + U ′

∂v

∂z
=

1

Re
∇2η . (2.12)

Equations (2.11)-(2.12) correspond to the well-known Orr-Sommerfeld/
Squire system, except here no normal mode assumption is made. Rather,
these equations together with boundary and initial conditions consti-
tute an initial value problem. The evolution of v is given by a homo-
geneous equation, which can be independently solved once initial data
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and boundary conditions are known. The evolution of η, on the other
hand, will be forced by the mean shear and the spanwise variation of v,
so the possibility of transient growth is immediately recognized.

2.2.1 Fourier representation

Many categories of flows, such as boundary layers, free shear and plane
Poiseuille flows, are homogeneous in the x and z direction. For these,
the quantities v and η may be Fourier transformed as

q̂(α, y, β, t) =
1

2π

∞∫ ∫
−∞

e−i(αx+βz)q(x, y, z, t) dα dβ . (2.13)

Here α is the streamwise and β the spanwise wavenumbers, respectively.
With k2 = α2 + β2 the stability equations become(

∂

∂t
+ iαU

)
(D2 − k2)v̂ − iαU ′′v̂ =

1

Re
(D2 − k2)2v̂ (2.14)(

∂

∂t
+ iαU

)
η̂ + iβU ′v̂ =

1

Re
(D2 − k2)η̂. (2.15)

with D as shorthand for d/dy. Once v̂ and η̂ are known, the full velocity
field can readily be obtained by

û =
iα

k2
Dv̂ − iβ

k2
η̂ (2.16)

ŵ =
iβ

k2
Dv̂ +

iα

k2
η̂. (2.17)

The periodic dependence on transform variables α and β may be
interpreted as the structure of the disturbance, as sketched in figure
2.1. Here structures aligned, orthogonal and oblique to the mean flow
are shown. To account for the direction of propagation for these struc-
tures, the eigenmodes to the Orr-Sommerfeld/Squire equations must be
considered. In the spanwise direction the Squire equation have solely
imaginary group velocity and therefore structures of η (such as streaks)
will propagate in the streamwise direction only. For v, the dispersive
properties of the Orr-Sommerfeld equation give (real) group velocity in
both directions. However, the streamwise group velocity is dominant,
so disturbances will be expected to travel mainly in the mean flow di-
rection. Since a general disturbance can be represented by a sum of
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z

z

z

x

x

x

α

β

Figure 2.1: Wavenumbers in Fourier space and their corresponding flow
structures. The top left figure shows the wave numbers of streaks (�),
structures that are oblique (◦) and two-dimensional (�). The corre-
sponding periodic disturbance field in the x − z plane is given in the
remaining sketches, where lines show constant phase. The mean flow
travels from left to right.

eigenmodes to the Orr-Sommerfeld and Squire equations, the discussed
propagation velocities will hold also for solutions to the initial value
problem (2.11)-(2.12).

2.2.2 The kinetic energy

One measure of the size of a perturbation is its kinetic energy, defined
as

E =
1

2

∫
V

(
u2 + v2 + w2

)
dV, (2.18)

which for the flat plate means integrating for the space above the plate.
For the v/η formulation, using Parcevals theorem to move into Fourier
space, one obtains

E =
1

2

∞∫ ∫
−∞

∞∫
0

(
|v̂|2 +

1

k2

∣∣∣∂v̂

∂y

∣∣∣2 +
1

k2
|η̂|2

)
dy dα dβ (2.19)
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Often it is useful to study the energy in the wavenumber (αβ) plane,
describing the energy of different Fourier modes E(α, β). For such a
description the two outer integrals of (2.19) is omitted.

2.3 The flat plate boundary layer

The flat plate boundary layer is considered to have the two-dimensional
mean flow U = (U(x, y), V (x, y), 0). The scenario for transition inside
the boundary layer follows, see also figure 1.1: The incoming flow U∞

hits the plate at the leading edge, where the laminar boundary layer be-
gins to form. The thickness of this layer develops as x1/2. The boundary
layer is typically perturbed either by surface roughness on the plate or
by fluctuations in the free-stream, which character will decide whether
the transition will follow the classical route with exponential instabili-
ties, or bypass it by the mechanism of transient growth. The turbulent
boundary layer develops more rapidly, as x4/5.

The thickness of the boundary layer can be characterized by different
measures, for instance the y-coordinate where the streamwise velocity
has reached 99 percent of the free-stream velocity (δ99). Two other
measures are

δ∗ =

∞∫
0

[1 − U(y)] dy (2.20)

θ =

∞∫
0

U(y) [1 − U(y)] dy, (2.21)

where U(y) is the velocity profile normalized with the free stream veloc-
ity according to the scalings introduced in (2.3). δ∗ is the displacement
thickness which can be related to the reduced mass flux close to the
wall due to the boundary layer. θ is the momentum thickness, which is
related to the momentum loss due to the boundary layer. In this thesis
the displacement thickness is often used for scaling the Navier-Stokes
equations.

A useful assumption regarding the mean flow in the boundary layer
is that the variations in the wall-normal (compared to the streamwise)
direction are large. For a steady flow, this reduces the Navier-Stokes
equations to the boundary layer equations. Blasius, assuming a self-
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similar solution, reduced these equations further and obtained an ordi-
nary differential equation describing the evolution of the mean flow,

ff ′′ + 2f ′′′ = 0 , (Blasius equation) (2.22)

with f = f(y/δ) and f ′ = U . From these considerations the boundary
layer thickness was also found to evolve as δ ∝ (νx/U∞)1/2 so that it
grows as x1/2, as mentioned above. Thus the boundary layer flow can
now be solved for, although numerical tools are required. This similarity
solution is plotted in figure 2.2(b).

Now the development of perturbations can be studied through the
stability equations (2.11)-(2.12), with the mean flow given by Blasius
equation (2.22). The referred stability equations however consider the
mean profile (U(y), 0, 0). Using V = 0 instead of V (x, y) obtained from
Blasius equation we make what is known as the parallel flow assumption.
As boundary conditions, the no-slip condition at the plate is used, and
since no fluid can pass through the plate u = v = w = 0 at y = 0. As
second condition, the perturbations must vanish in the free-stream far
from the plate. Also incorporating continuity, the boundary conditions
become

v =
∂v

∂y
= η = 0 at y = 0 (2.23)

v = η = 0 at y → ∞. (2.24)

2.3.1 Wall suction

A flat plate boundary layer through which constant wall suction V0 is
applied is shown in figure 2.2(a). At the downstream position where the
thickness of the boundary layer has become constant, and the asymp-
totic suction boundary layer is obtained, the N-S equations allow for an
analytical solution for the mean flow according to

u
∗(y∗) =

[
U∞ (1 − e−y∗ V0/ν), −V0, 0

]
, (2.25)

here given in dimensional quantities. Note that this is an exact solution
to the Navier-Stokes equations where no approximations have been ap-
plied. This mean flow profile is plotted together with Blasius self-similar
solution in figure 2.2(b). The mean profile gives by (2.20)

δ∗ = ν/V0, (2.26)
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Figure 2.2: (a): Schematic of the flow field above a flat plate subjected to
uniform suction. (b): Velocity profiles (black lines) and their derivative
(grey lines) for the flow cases ASBL (solid lines) and BBL (dashed lines).

and the Reynolds number based on δ∗ thus becomes

Re =
U∞

V0
. (2.27)

Note that δ∗ and Re are independent of x.
Also, the development of the profile at the evolution region before the

asymptotic state is reached have been considered; see Schlichting (1979)
for references. The corresponding development of the drag coefficient
along the plate is considered in the thesis by Fransson (2003). For the
asymptotic state, the drag coefficient is constant and equals 2·Re−1.

Since the non-dimensional ASBL mean flow can now be expressed
as [(1 − e−y), Re−1, 0], (2.8)-(2.9) reduce to(

∂

∂t
+ U

∂

∂x
− 1

Re

∂

∂y

)
∇2v − d2U

dy2

∂v

∂x
=

1

Re
∇4v (2.28)(

∂

∂t
+ U

∂

∂x
− 1

Re

∂

∂y

)
η + U ′

∂v

∂z
=

1

Re
∇2η. (2.29)

Note the presence of extra advective terms ( 1
Re

∂
∂y ), separating these

equations from the ordinary v/η formulation for a parallel flow.

2.3.1.1 Modification of boundary conditions

The boundary condition for the v component of the disturbance is not
obvious for a permeable surface. Gustavsson (2000) showed by means
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of Darcy’s law that the relation[
d3

dy3
− d2

dy2
+ iαReU ′ +

k2Re

G

]
v = 0 (2.30)

needs to be fulfilled at the wall. Here G is a non-dimensional parameter
proportional to the permeability of the plate. For large values of Re/G
the last term is dominant and v = 0 is required. Using zero perturbations
on the wall is common in theoretical papers, experimental validation of
this assumption does however not exist to the authors knowledge.

2.3.2 Non-parallel treatment of the Blasius boundary layer

The Blasius boundary layer, without parallel flow approximation, has
the velocity profile U = (U(x, y), V (x, y), 0). Deriving the linear stabil-
ity equations again involves repeating the steps gone through in chapter
2.2, upon which the following system is obtained:{

∂

∂t
+ U

∂

∂x
+ V

∂

∂y

}
∇2v = ∇2U

∂v

∂x
−∇2V

∂v

∂y
− ∂

∂x
(∇2V )u

−∂V

∂x
(∇2u) − ∂

∂y
(∇2V )v − ∂V

∂y
∇2v − 2

∂U

∂x

∂2v

∂x2
+ 2

∂U

∂x

∂2u

∂x∂y

−2
∂V

∂x

∂2v

∂x∂y
+ 2

∂V

∂x

∂2u

∂y2
− 2∇2V

∂u

∂x
+

1

Reδ
∇4v (2.31)

{
∂

∂t
+U

∂

∂x
+V

∂

∂y

}
η=−∂U

∂x
η − ∂U

∂y

∂v

∂z
+

∂V

∂x

∂w

∂y
+

1

Reδ
∇2η. (2.32)

Since the boundary layer is growing in the streamwise direction, the
coordinates have now been scaled with the displacement thickness at
some point x0, δ∗(xo). For the case V = 0 and U = U(y) (2.31)-(2.32)
reduce to the stability equations for parallel flow. To study the non-
parallel effects on growth of streamwise elongated disturbances (small
α), these equations are analyzed with perturbation expansion methods
in chapter 4.5. The basis of this analysis is to incorporate the parallel
solution to the lowest order.



Chapter 3

Non-linear interactions

3.1 Theoretical framework

To study the non-linear forcing of the governing equations a suitable
theory was developed. Basically, the steps in chapter 2.2, except the
linearizing of the equations, give the non-linear v/η formulation(

∂

∂t
+ iαU

)
(D2 − k2)v̂ − iαU ′′v̂ + N̂v =

1

Re
(D2 − k2)2v̂ (3.1)(

∂

∂t
+ iαU

)
η̂ + iβU ′v̂ + N̂η =

1

Re
(D2 − k2)η̂. (3.2)

These equations account for a parallel shear flow (U(y), 0, 0) but the non-
linear terms, here collected into N̂v and N̂η, are the same independently
of mean flow. Differentiation with respect to y is marked by primes for
the mean flow and by D for the perturbations. Furthermore, N̂v and N̂η

are given by

Nv =

(
∂2

∂x2
+

∂2

∂z2

)
S2 − ∂

∂y

(
∂S1

∂x
− ∂S3

∂z

)
(3.3)

and

Nη =

(
∂S1

∂z
− ∂S3

∂x

)
, (3.4)

where

Si =
∂

∂xj
(uiuj). (3.5)

23
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To derive an explicit formulation for the non-linear terms N , they
were transformed into Fourier space for further manipulation. A short
summary of the derivation follows: Applying Fourier transform gives

N̂v = −k2Ŝ2 − D(iαŜ1 + iβŜ3) = (3.6)

− (D2 + k2)(iαûv+iβv̂w)+D(α2û2+β2ŵ2+2αβûw−k2v̂2)

N̂η = iβŜ1 − iαŜ3

= αβ(ŵ2 − û2) + (α2 − β2)ûw + D(iβûv − iαv̂w) (3.7)

Above, the transform of products is present, which may be written as
convolutions, hence integration of the type

ûv=
1

2π

∞∫∫
−∞

û(α′, β′) v̂(α−α′, β−β′) dα′dβ′ ≡ 1

2π

∞∫∫
−∞

û′ v̂′′ dα′dβ′ (3.8)

arises. Here primed wavenumbers (α′, β′) are the integration variables.
Present in the integrands are also the difference of the these variables
and the wavenumber of the actual flow, (α − α′, β − β′). Therefore
a notation was introduced for the two vectors where the convolution
integrals operate such that

û′ ≡ û (α′, β′) and v̂′′ ≡ v̂ (α − α′, β − β′),

and similar for all the perturbation velocities, giving the shorter form
in (3.8). Corresponding wave vectors are k = (α, β), k

′ = (α′, β′) and
k
′′ = (α − α′, β − β′), thus k = k

′ + k
′′ as illustrated in figure 3.1.

The angle χ between the vectors k
′ and k

′′ is also marked in the figure.
Inserting convolution integrals into (3.6)-(3.7), expressing the answer in
v̂ and η̂ gives the expression

N̂v(α, β) =
1

2π

∫∫
∞

−∞

·
{

(
1 +

k′′

k′
cos χ

)
(D2 + k2)(Dv̂′v̂′′)

−
(

1 +
k′′

k′
cos χ

)(
1 +

k′

k′′
cos χ

)
D(Dv̂′Dv̂′′) − k2D(v̂′v̂′′) (3.9)

−k′′

k′
sinχ · (D2 + k2)(v̂′′η̂′) − sin χ ·

(
k′

k′′
+ cos χ

)
D(Dv̂′η̂′′)
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k′′ ≡ k − k′α′′,β′′

Figure 3.1: The position in the wavenumber plane where values of the
flow quantities are required.

+ sinχ ·
(

k′′

k′
+ cos χ

)
D(Dv̂′′η̂′) (3.10)

+ sin2 χ · D(η̂′η̂′′)
}

dα′dβ′ (3.11)

and

N̂η(α, β) =
1

2π

∫∫
∞

−∞

·
{

− sinχ ·
(

k′′

k′
+ cos χ

)
Dv̂′Dv̂′′ +

k′′

k′
sinχ · D(Dv̂′v̂′′) (3.12)

− sin2 χ · Dv̂′η̂′′ −
(

1 +
k′′

k′
cos χ

)(
1 +

k′

k′′
cos χ

)
Dv̂′′η̂′

+

(
1 +

k′′

k′
cos χ

)
D(v̂′′η̂′) (3.13)

− sinχ ·
(

k′

k′′
+ cos χ

)
η̂′η̂′′

}
dα′dβ′ . (3.14)

These terms of the non-linear response were divided into three parts
after their dependence of v̂ and η̂:

• The ones proportional to v̂ and its derivatives only, (3.9) and (3.12)
• The ones proportional to v̂ · η̂ in some form, (3.10) and (3.13)
• The ones proportional to η̂ or its derivatives only, (3.11) and (3.14)

These are denoted the vv, vη and the ηη terms, respectively.
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ααα

βββ
k

k
′

k
′′
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��
η̂

��

v̂, η̂

Figure 3.2: Areas subject to linear growth (highlighted in grey) and the
susceptibility to non-linear response. Flow consisting of streaks only
(a) and transient growth concentrated at streaky structures and expo-
nentially growing TS-waves (b) and (c). In (b) also the linearly active
quantities are marked for each area.

3.2 Geometrical interpretation

By the look of (3.9)-(3.14) some conclusions about the properties of the
non-linear forcing have been drawn. The weight factor sinχ is present
in many of the terms. Hence if the vectors k

′ and k
′′ are aligned there

will be no contribution in these terms, whereas the largest contribution
is obtained when k

′ and k
′′ are orthogonal, c.f. figure 3.1. Recall also

that k
′ and k

′′ represent the point in the α − β plane where values are
picked up by the convolution integrals. For these two terms proportional
to sinχ, further information may be extracted by this knowledge. Some
general cases have been studied, which are presented in figures 3.2 and
3.3. These cases are discussed below.

Start with the case of a flow consisting of pure streaks only, as is
shown in figure 3.2(a). Here all the disturbance energy is present in the
mode (0, βstreak). The only possibility for non-linear response is that
both k

′ and k
′′ are aligned and point towards (0, βstreak). Recalling that

k is the vector sum of these vectors, no response can occur for structures
α 
= 0. Also, k

′ and k
′′ now points in the same direction rendering the

angle χ zero. This concludes that no regeneration of v is possible since
all terms of N̂v driven by η (see equations 3.10-3.11) involve the factor
sinχ and are thus zero.

Generally, the transient growth mechanism favors streamwise elon-
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Figure 3.3: Areas subject to linear growth (highlighted in grey) and the
susceptibility to non-linear response. The forcing of two-dimensional (a)
and streamwise elongated (b) structures.

gated structures (α = 0), which obtain large growth in η. Moreover,
a linear growth mechanism is also active at β = 0 - the growth of TS
waves, which pertains to both v and η. A situation where both these
instabilities operate is considered in figure 3.2(b-c). Figure 3.2(b) shows
how large non-linear response is obtained for oblique structures, since
the convolution integrand is able to pick up values in two areas with
χ = 90◦. As both v̂ and η̂ are active in the area at the β = 0 axis, large
response may be obtained for vη as well as ηη terms. For subcritical
Reynolds numbers, the TS waves are damped, but if the decay is not
too quick the non-linear interaction forcing oblique structures may still
be of importance.

Again considering the factor sinχ, it is also possible to construct
a large non-linear response starting with the energy concentrated into
oblique structures inter-angled by 90 degrees, as given in figure 3.3. The
scenario considered in 3.3(a), with energy in (α,±β), will thus yield a
response for two-dimensional structures (2α, 0). With energy in modes
(±α, β), on the other hand, streamwise structures (0, 2β) will be forced.
Due to the spanwise/streamwise symmetry of the linear stability equa-
tions, a disturbance with energy concentrated to (α, β) will also be rep-
resented in the other quadrants of the αβ-plane (α,−β and −α,±β),
allowing for ’streaks’ and TS-waves to be forced. This whole idea is in
fact what the oblique transition scenario (Schmid & Henningson, 1992)
is based upon.
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3.3 Non-linear response for an inviscid shear

flow

To illustrate the non-linear response a model flow has been studied. For
this purpose, an inviscid shear flow was chosen. The linear mean ve-
locity profile is given by U = (U, V, W ) = (y, 0, 0), using the standard
coordinate nomenclature. The approach taken here is to evaluate v̂ and
η̂ linearly, i.e. with N̂v and N̂η set to zero in the equations. This corre-
sponds to the initial phase of a transition scenario, starting with linear
growth and where non-linearities are activated as the growth proceeds.
In particular, the forcing of the v-equation, N̂v, was studied. Note that
while we in chapter 3.2 considered flows with energy localized in smaller
areas in the wave number plane, the perturbations chosen for the in-
viscid shear flow are subject to transient growth throughout the whole
wavenumber plane, allowing for a more intricate behavior as the convo-
lution integrals are evaluated.

First, a ’toroidal vortex’, having an initial vorticity field resembling
a torus as given in figure 3.4(a) was studied. This disturbance was
also used by Suponitsky et al. (2005), who showed that both streaky
structures as well as hairpin-vortices can develop as it evolves in a free
shear flow. The solution for the linear inviscid case is

v̂(k, y, t) =

√
2

32
A k δ5 eky−(δαt/2)2

{

ekiδαt/2

(
1 − erf

[2y + iαtδ2 + kδ2

2δ

])
(3.15)

+ e−k(4y+iδ2αt)/2

(
1 + erf

[2y + iαtδ2 − kδ2

2δ

]) }
,

and

η̂(k, y∗, T ) = − iβAk2δ5

8
√

πα
e−k2δ2/4 e−iy∗T

·
∞∫

−∞

e−iy∗x e−(kδx/2)2
[
tan−1(x−T )−tan−1(x)

]
dx, (3.16)

where y∗ = ky, T = αt/k, x = γ′/k and δ is a scale parameter. These
solutions have some interesting properties. For large times and nonzero
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Figure 3.4: Initial disturbance consisting of a toroidal vortex. (a) Iso-
surface at level ||ω||/ωmax = 0.75. (b) The kinetic energy of the distur-
bance, at t = 10 with contours at 0.1, 0.5, 1, 1.5, 2. (c)-(d) The evolution
of v̂, η̂ and their derivatives. (b)-(d) are calculated at y = 1 and (c)-(d)
for α = β = 1.

α, η̂ does not tend towards infinity as is a common belief in the literature,
but a constant value. Ellingsen & Palm (1975) obtained disturbance
growth, linear in time, for structures independent of x (i.e. α = 0),
and it was shown here that so is not the case for α 
= 0. Apart from
that, y-derivatives appear frequently in N̂v and N̂v. Such derivatives
are seen in (3.15) and (3.16) to generate algebraic T -terms, thus being
amplified for large T . Hence it may be concluded that the gradients in
the disturbance field is of importance, and that mathematically speaking
transient growth of these derivatives may be a viable path to transition.
The results discussed above are visible in 3.4(b-c), but seem to hold
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generally, independent of initial input.
For the v-equation, the non-linear response to the torus-like distur-

bance is shown in figure 3.5. N̂v is here separated into its vv, vη and
ηη parts; recall equations (3.9)-(3.11). The initial response is only due
to the vv terms, since the axi-symmetrical vortex gives η̂0 = 0. As time
proceeds the contours of N̂v will gradually adapt to the η-dependent
terms as η becomes dominant. The response has two local peaks. The
stronger peak (located at β = 0) forces TS waves, while the other peak
(located at α = 0) forces streamwise elongated structures.

Instead using a vortex pair for initial disturbance, the initial energy is
distributed differently with the largest growth obtained for oblique struc-
tures, see figure 3.6. The resulting non-linear forcing for the toroidal
vortex and the vortex pair looks very much alike, thus the reader is re-
ferred to figure 3.5. There are some differences initially, however. First,
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the vortex pair has an initial contribution to N̂v due to ηη. Secondly,
these oblique structures give immediate response at the structures rep-
resenting transient growth of streaks (α = 0) and TS waves (β = 0),
as discussed in section 3.2. The fact that the response N̂v is so simi-
lar for these two disturbances, despite the different energy distributions
(see figures 3.4b and 3.6b), suggests that the redistribution of energy
into streak and two-dimensional modes is a general feature among shear
flows. The location of the response seems to be more intricate than dis-
cussed in chapter 3.2. The energy is distributed to all wavenumbers so
the contribution to the convolution integrals are not easy to recognize
in advance.

The overall process of regenerating v, required to obtain transition,
is quite clear. Since v̂ decays, but η̂ becomes considerably amplified,
the ηη-terms dominate after the initial phase. This is confirmed by the
amplitudes of the largest response given in figure 3.7.



Chapter 4

Boundary layers with and

without wall suction

4.1 Previous work on steady wall suction

The exponential mean velocity profile (2.25) of the asymptotic suction
boundary layer was first derived by Meredith and Griffith (see Schlicht-
ing, 1979). Wall suction was early recognized to stabilize the boundary
layer and a critical Reynolds number for natural transition of 46130 was
obtained by Hughes and Reid (for reference see Drazin & Reid, 1981).
Hughes and Reid did however not take into account the advective term
introduced in the modified Orr-Sommerfeld equation (c.f. equation 2.28)
and consequently the critical Reynolds number was corrected to 54370
by Hocking (1975). The large difference compared to the Blasius bound-
ary layer (for which Rec ≈ 520), whether the Orr-Sommerfeld equation
is modified or not, implies that the stabilizing effect of wall suction is
mainly due to the change of mean velocity profile in this case.

Many experimental studies with holes, row of holes and permeable
materials have been published throughout the years, mainly motivated
by interest from the aircraft industry. In the review by Joslin (1998), it is
also noticed that uniform wall suction is not only a tool for laminar flow
control but can also be used to damp out already existing turbulence.
However, the energy cost for relaminarization is typically one order of
magnitude larger than required for laminar flow control. Here, the focus
is laminar flow control, and a short review of recent work involving wall
suction is provided below.

Rioual et al. (1996) investigated the power balance of a flat plate used

33
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as an airfoil. Uniform suction was found to reduce the wake drag and an
optimum for the suction velocity was obtained, leading to a reduction
of power consumption.

In order to obtain the stabilizing effects on the boundary layer, one
must assure that the chosen material is able to provide continuous suc-
tion. Using discrete holes, suction may also induce streamwise vorticity
in the boundary layer, causing instability. MacManus & Eaton (2000)
found a relation between the perforation diameter and the displacement
thickness of the boundary layer d/δ1 � 0.6 below which the non-uniform
effects will not provoke transition. Roberts & Floryan (2001) consid-
ered non-uniform suction by linear instability calculations and the non-
uniformities were shown to trigger streamwise vortices, whose growth
rate scales linearly with the Reynolds number of the flow in accordance
with the theory for optimal linear energy growth (see for instance Schmid
& Henningson, 2001).

Provided that the surface material fulfills the criterion above, one
can also consider non-uniform (in the direction of the mean flow) distri-
bution of continuous suction. Thibert et al. (1990) computed transition
locations on a wing versus different mean suction rates and found that
linearly decreasing suction rate is favorable. Optimization techniques
have also been incorporated in order to minimize disturbance growth in
various boundary layers (Balakumar & Hall, 1999; Pralits et al., 2002;
Zuccher et al., 2004). The results have in common that the suction distri-
bution peaks near the start of the control volume and decays thereafter.

In this thesis we consider wall suction that is continuous and constant
in time and space, and that the mean flow has reached its asymptotic
state (the ASBL). Recent experimental studies have been carried out in
the MTL wind tunnel at KTH (Mechanics) by Fransson & Alfredsson
(2003), studying Tollmien-Schlichting wave propagation as well as the
influence of free-stream turbulence (FST). For the FST measurements,
the disturbance growth inside the boundary layer stopped as suction
was applied. Also, for the given Reynolds number and turbulence grids,
transition was inhibited. Yoshioka et al. (2004) investigated the FST
scenario further in a parametric study based on the fact that for the
ASBL, the boundary layer thickness and its associated Reynolds num-
ber can be changed independently. The spanwise spacing of the obtained
streamwise elongated disturbances (streaks) was found to be maintained
in the suction area, indicating that due to the suppression of the distur-
bance growth, the streaks mainly become passive disturbances advected
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downstream with the flow.
Transient growth has also been studied theoretically. Fransson &

Corbett (2003) calculated optimal linear growth, reporting a modest
weakening of the disturbance energy due to suction. The streak spac-
ing resulting from the optimal disturbances match the FST-experiments
well. Roberts & Floryan (2001) observed through linear stability calcula-
tions on a Blasius flow with nonuniform suction present, that streamwise
vortices are induced, and that adding uniform mean suction has little
effect on them.

Some investigations have also been performed in parallel with this
work, published in the thesis by Levin (2005). Optimal growth of both
the ASBL as well as the semi suction boundary layer, where the suction
begins a distance downstream of the leading edge, shows that the growth
is larger for the latter case. Also, the development of turbulent spots in
the ASBL is studied.

4.2 Linear growth of streaks

To investigate the stability of wall suction on transient growth, first the
linear development of perturbation was calculated for the ASBL and
compared to the BBL. A similar study was, as mentioned in the pre-
vious section, performed by Fransson & Corbett (2003). In this work,
another approach was used. The linear response to a localized (δ) func-
tion was studied, assuming that the resulting disturbance consisted of
streamwise elongated and spanwise periodical structures only. Thus the
effect of spanwise spacing and wall-normal initial location on the distur-
bance evolution could be investigated. So, the linear stability equations
(2.28) and (2.29) for the v/η formulation were considered for infinitely
elongated structures (∂/∂x = 0, or α = 0), and with Fourier transform
applied in the z coordinates. The initial conditions were

v̂0 = δ(y − y0), (4.1)

where δ denotes Dirac´s function, and

η̂0 = 0 (4.2)

to highlight the specific response given by the forcing term. Physically,
this corresponds to an initially localized symmetric jet acting in the wall
normal direction from some point y0 above the plate.
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The equations are solved for the parallel BBL and ASBL by apply-
ing Laplace transformation in time and using variation of parameters.
Analytical solutions were obtained, except for η̂ for the BBL which is
integrated numerically. The ASBL solution for η̂ is given in figure 4.1,
and is found to scale linearly with the Reynolds number, whereas time
scales as T = t/Re. Also, for α = 0 û = iη̂/β.

The development of a free-stream disturbance is given in figure 4.2.
With the given initial condition, v̂ starts as a peak localized at y0. As
time evolves, the peak widens and decays. The decay is somewhat faster
in the ASBL, for which the peak also moves towards the wall, initially
with the suction velocity (V0). The response to such a disturbance in η̂
is rather striking. Since the disturbance migrates towards the wall for
the ASBL, it will soon be subjected to large shear, hence wall suction
in this case strengthens the forcing of the Squire equation. As a result,
the amplitude of this free-stream disturbance inside the ASBL is at its
largest ten-fold in magnitude compared to the BBL. This may seem to
be contrary to the FST-measurements by Fransson & Alfredsson (2003),
where the growth of u

RMS
inside the boundary layer was found to be

inhibited by suction. However, FST mainly enters the boundary layer
in the area close to the leading edge where the boundary layer grows
quickly. In this work, it was assumed that the suction boundary layer
had reached its asymptotic state and the Blasius boundary could be
considered parallel. For the flat plate that occurs at a position located
downstream of the leading edge where the streamlines of the mean flow
are parallel. Consequently a disturbance released in the free-stream will
mainly advect above the Blasius boundary layer.

Releasing the disturbance inside the boundary layer showed another
phenomenon. After the initial peak, v̂ quickly undershoots away from
the wall, initiating a corresponding overshoot in η̂ seen in figure 4.3. The
undershoot may be explained as follows: The response in v̂ to the initial
condition, the lifting of a fluid element in the wall-normal direction, is
when applied in the free-stream simply for the flow to ’fill in’ from below
to substitute for the displaced fluid element. Thus positive disturbance
velocities for the v̂-component are obtained both below and above y0. If
the initial displacement occurs inside the boundary layer, however, the
fill-in from below will be restricted by the wall and a vortex is initiated,
bringing down fluid from above. Therefore v̂ will be negative below, but
positive above y0.

The largest disturbances are generally found for 1 < y < 2, moving
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Figure 4.1: The evolution of streaks in the ASBL given by the solution
for η̂(y, T ), with the initial location y0 and spanwise wavenumber β as
parameters. Such a rarity as an analytical solution in fluid mechanics
anno 2007 should of course be published The Old-fashioned Way: in
hand-writing. Here T = t/Re.
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slightly closer to the wall when suction is applied. This result is fairly
independent of β, except for free-stream disturbances which for small
structures (large β) decay before subjected to shear.

4.3 Non-linear response to a model disturbance

The comparison between the flat plate boundary layers with, and with-
out, suction was continued by a study of their non-linear response in
the normal velocity equation. The framework described in chapter 2
was applied to the asymptotic suction boundary layer and the Blasius
boundary layer, here treated as parallel.

A model for the evolution of v, identical for both flows considered,
was used as input to a numerical routine solving for η linearly. Hence
the η equations (cf. 2.12 and 2.29) were identically forced for both flows,
resulting in that the non-linear interaction terms differ only due to the
modification of the Squire operator and the change of the mean flow
profile U(y).
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The wall-normal disturbance velocity was prescribed as v = A(t)
·F (y) ·G(x−Uct, z −Vct). Here the temporal behavior is given by A(t),
the wall-normal distribution by F (y) and distribution in the horizontal
directions by G with Uc and Vc as the propagation velocity in the stream-
and spanwise directions. Applying Fourier transform gives

v̂ = A(t)F (y) Ĝ(α, β) exp(−iαUc t − iβVc t) (4.3)

where Ĝ(α, β) now determines the shape of the disturbance. The dis-
turbance decays exponentially as A(t) = A0 exp(−λt). The wall-normal
profile is set to

F (y) = (y/l)3 exp(−y2/l2), (4.4)

with l = 0.5 giving a maximum well inside the boundary layer. More-
over, fulfilling the symmetry conditions of the normal velocity equation
requires Vc = 0 so the disturbance will propagate in the streamwise di-
rection only, with the velocity set to unity. The shape function, here in
spectral space, is set to Ĝ = πk2exp(−k2/4), which in physical space
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corresponds to a ”bump” symmetrical in the xz plane giving zero η
initially.

N̂v, according to (3.9)-(3.11), is shown in figure 4.4 for y = 1 and
Re = 500. The initial contribution comes from the vv-terms (for defini-
tion see chapter 3.1) only, but as the η-dependent terms grow the peak
at the α = 0 axis is subject to some growth for the BBL. For the ASBL,
the non-linear forcing decays for all studied parameters. Linearly, the
identical behavior of the v-perturbation forcing the η-equation results
in very small differences of η between the flows. Despite this, a clearly
visible effect of suction is spotted in figure 4.4. As this is an initial
study, further work would be aimed at using a disturbance fulfilling the
normal velocity equation and consider the y-dependence of the results
more carefully.

4.4 Energy thresholds in the asymptotic suc-

tion boundary layer

To gain further knowledge of the stability of a certain flow, one may
study idealized transition scenarios and consider the energy input re-
quired to reach transition. In such an investigation, three different pri-
mary disturbances were added to the ASBL and studied by means of
DNS. In the streamwise vortices scenario (SV) the initial flow field con-
sisted of two counter-rotating streamwise vortices, which produce streaks
by the lift-up effect as time proceeds. Transition may take place if the
streak grow large enough for secondary instabilities to become unstable.
In the oblique waves scenario (OW) the initial flow field consisted of
two superposed oblique waves of equal but opposite angles to the free-
stream direction. Such waves are able to create streamwise vorticity by
nonlinear interaction. In the last case, the noise scenario (N), the ASBL
was disturbed by random three-dimensional noise. The initial flow field
of the scenarios SV and OW are shown in figure 4.5.

The primary disturbances were added to the initial flow field as

u = û(y) exp(iαx + iβz) + c.c. (4.5)

The amplitude function û(y) was optimized for the given wavenumber,
using the optimization code developed by Corbett & Bottaro (2000) for
the Falkner-Scan boundary layer and adapted to the ASBL by Frans-
son & Corbett (2003). Each simulation was allowed to run until it was
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Figure 4.5: Initial optimal disturbances in the ASBL for Re = 800. (a)
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normal disturbance velocity of the oblique waves in a horizontal plane
at y = 1.6.

possible to determine whether transition to turbulence occurred or not,
varying the energy density put into the primary disturbance (4.5). Thus
an upper bound on the threshold energy required for transition was ob-
tained. The energy density in this case is simply the kinetic energy of the
disturbance (see equation 2.19) divided by the volume of the computa-
tional domain. As a measure of when transition occurred the Reynolds
number based on the friction velocity, Reτ , was used. Transition is
thus defined to take place when this value exceeds 26, 38 and 50 for the
Reynolds numbers (based on displacement thickness) 500, 800 and 1200,
respectively. In figure 4.6 the development of Reτ is shown for a distur-
bance in the SV scenario. For the undisturbed flow, Reτ =

√
Re, which

is the starting level in the figure. Reτ is then seen to increase slowly
with the growth of the streak, to later experience rapid growth as the
flow goes turbulent. For this particular disturbance energy, transition
occurs at t ≈ 820.

The streamwise vortices are optimized for (α, β) = (0, 0.53) which
is the global optimal wavenumber for the ASBL (Fransson & Corbett,
2003). The horizontal box lengths is set to 2π/β. The periodic bound-
ary conditions thus allow one streak to develop in this computational
domain, with the streamwise wavelength of the secondary instability
equal to the box length. Also, random noise is added to the initial flow
field in order to break the symmetry of the streak that will else decay
(Gustavsson, 1991). Figure 4.7(a-b) shows the flow field at y = 1.6 for
the streamwise disturbance at Re = 800. At t = 700 the streamwise
vortices have evolved into a streak, which is subject to secondary insta-
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bilities. At the transition time tT = 820 the streak is breaking down.
The oblique waves are optimized for (α, β) = (0.265,±0.265), and

the size of the computational domain is chosen to be 2π/0.265 in the
horizontal directions. Apart from these waves, the initial flow field con-
sists of the same noise as for the SV scenario, which is however not a
requirement to reach transition. The oblique waves redistribute energy
non-linearly into streaks of the same spanwise spacing (β = 0.53) as for
the SV scenario. The snapshot of the flow in figure 4.7(c) shows, at
t = 600, the secondary instability of the varicose type acting on these
streaks. The breakdown of the streaks is shown in figure 4.7(d).

The obtained energy thresholds along with the time of transition
tT are summarized in figure 4.8. The lines connecting the data are ex-
trapolated towards tT → ∞ for the lowest obtained energy that leads to
breakdown before t=2000 of each case. The figure shows that with larger
initial energy tT decreases. The most competitive scenario in terms of
transition at low energy/short time is OW. The threshold energy for
OW is found to scale as Re−2.6 while it for scenarios N and SV scales
like Re−2.1, thus OW has the highest potential to trigger transition also
for larger Reynolds numbers than considered in this investigation.

4.5 Elongated disturbances in a growing Bla-

sius boundary layer

In this work, the correction for streamwise elongated disturbances due
to the evolving Blasius boundary layer was studied by means of multi-
scale perturbation expansions. The motivation for this study was to
obtain further knowledge on the effects on streamwise elongated distur-
bances upon assuming the Blasius boundary layer to be parallel. The
mathematical basis of the work is formulated below.

Considering L as the characteristic length corresponding to the growth
of the boundary layer, a small parameter can be defined by α = δ/L. For
the equations (2.31)-(2.32), with the mean flow [U(y, x), V (y, x)] (where
U and V are solutions to the Blasius equation), the following scalings
were applied:

• For the time multiple scales as

∂

∂t
= −iω + α

∂

∂T
, (4.6)
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Figure 4.8: Transition time as a function of initial energy density. Solid
lines (SV), dashed lines (OW) and dotted lines (N) for Reynolds number
500 (), 800 (�) and 1200 (�).

were introduced, ω being the eigenvalues to the parallel problem
with solution

v̂λ(y) = cos(λy) − β

λ
sin(λy) − e−βy ωλ = −i

β2 + λ2

Reδ
,

η̂μ(y) = sin(μy) ωμ = −i
β2 + μ2

Reδ
.

(4.7)

Here λ ≥ 0 and μ ≥ 0 are continuous parameters. Therefore the
first term of (4.6) correspond to the quick time scale, while the
second, proportional to α, is a slower scale.

• For the streamwise coordinate

∂

∂x
= α

∂

∂X
(4.8)

was introduced to make the disturbance and the mean flow slowly-
varying in x.
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• It would still be hard to form an expansion procedure on (2.31)-
(2.32) since all terms are of the same order in Re. However, since
the parallel solution is incorporated through the quick time scale,
the eigen-value related parameters λ and μ appear. Hence it is pos-
sible to form a multi-scale expansion in these for the wall-normal
coordinate according to Nayfeh (1973), i.e.

Y = λ g0(T ; X, ȳ) + g1(T ; X, ȳ) + 1
λg2(T ; X, ȳ)

ȳ = y
(4.9)

(with λ replaced by μ when analyzing for η).

Now solutions on the form

v̄(T ;X, ȳ,Y ) = v̄0(T ;X, ȳ,Y ) + λ−1v̄1(T ; X, ȳ,Y ) + λ−2v̄2(T ;X, ȳ,Y )

η̄(T ;X, ȳ,Y ) = η̄0(T ; X, ȳ,Y ) + μ−1η̄1(T ; X, ȳ,Y ) + μ−2η̄2(T ;X, ȳ,Y ),

were sought for, bar denoting scaled variables. The analysis followed
the typical steps for perturbation expansion methods. The lowest order
problem was solved, and the investigation continued to the next order
until a satisfactory solution was obtained. In this case, assuming the
initial condition to be a ”bump”, the solution for v was obtained as

v̄0(T=0; X, y) = ε H(X) e−κ(X−X0)2 (4.10)

·
[
e

1

2
Re y

0
V (X,y)dy

(
cos(λy) − β

λ
sin(λy)

)
− exp(−βy)

]
and v̄1 = 0. Here, κ represents the streamwise extent of the bump (which
is of the order unity), ε is its amplitude and H is the Heaviside step
function keeping the disturbance localized downstream of the leading
edge.

For η the homogeneous solution (Squire modes) were solved for by
the same method as for v. Incorporating the particular solution, and
assuming zero initial normal vorticity, gives

η(t, T ; X, y) = εβ H(X−T ) ·
(

X − T

X

)0.187

· exp
(
− κ(X−X0−T )2

)
·
∫

∞

0

Fλ, μ(X)e−iωλt − Fλ, μ(X − T )e−iωμt

ωλ − ωμ
φμ dμ, (4.11)

where

Fλ, μ(X) =

∞∫
0

∂U

∂y
v̄φμ dy. (4.12)
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Hence, using the described perturbation expansion, it is possible
to obtain a solution for streamwise elongated disturbances. The re-
sult (4.11) resembles expressions describing the evolution of vorticity in
other shear flows, with an initial transient growth. One prominent dif-
ference between this solution and parallel shear flows in general (see for
instance Schmid & Henningson, 2001) is that Fλ,μ is here evaluated at
two streamwise positions, X and X − T . Expanding (4.11) for small t
gives

η ∼ t ·
{ 1√

X
+

1.722

2

1

λ2 − μ2

1

X3/2

}
. (4.13)

The second term is here due to the non-parallel modification of the
problem. This term can be neglected for sufficiently large X, i.e. at a
position somewhere downstream the leading edge, provided that λ2−μ2

is not approaching zero. Also, the short-time expansion shows that the
front side of the elongated disturbance will be less amplified than its
rear part.





Chapter 5

Summary and discussion

The investigation presented in this thesis is motivated by the need to un-
derstand and control bypass transition in boundary layers. The overall
picture is this: Disturbances introduced into the boundary layer forms
longitudinal structures of varying streamwise velocity (streaks). The
streaks grow in amplitude and induce secondary (non-linear) effects,
which deform the now unstable streaks and eventually forms a turbu-
lent spot. One way of delaying, or preventing, turbulent transition is to
apply wall suction.

In this thesis, bypass transition has been studied with focus on the
asymptotic suction boundary layer (ASBL). The ASBL is reached some-
where downstream the leading edge of a boundary layer flow above a flat
plate subject to steady, uniform wall suction. The characteristic prop-
erty of the ASBL is its thickness (and thereby also Reynolds number)
being constant in the flow direction. Other parallel shear flows are also
studied, such as the Blasius boundary layer (BBL) and a free shear flow.
The investigations are in part carried out by theoretical and numerical
methods applied to the stability equations governing the evolution of
disturbances and in part by directly solving the Navier-Stokes equations
numerically.

For Tollmien-Schlichting (TS) waves, suction stabilizes the bound-
ary layer and raises the critical Reynolds number from 520 (for parallel
BBL) to 54000. This dramatic change may be somewhat misleading,
however, since it does not apply to transient growth. Paper A-C in the
thesis deals with transient growth of disturbances in the ASBL and for
comparison also the BBL. In paper A it is shown that, in contrary to
the results for the TS-waves, suction may destabilize the boundary layer.
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This is due to the receptivity process where suction advects free-stream
disturbances so that they may more effectively penetrate the boundary
layer. Disturbances travelling along the BBL will however mainly dif-
fuse into the boundary layer when initiated in the free-stream a distance
downstream of the leading edge of a flat plate where the flow may be as-
sumed parallel (paper D). Releasing the disturbance inside the boundary
layer, on the other hand, suction somewhat dampens the linear growth,
supporting the theoretical (Fransson & Corbett, 2003) and experimen-
tal (Fransson & Alfredsson, 2003; Yoshioka et al., 2004) works on the
subject.

For transition to occur, the initial linear growth of the disturbances
must also be followed by a phase where non-linearities come into play,
redistributing energy into other flow structures. A method for studying
the non-linear effects is introduced (paper B) where the comparison
between the ASBL and BBL is continued. It is shown that even if the
difference in linear growth between these flows is small, it may still give
a noticeable difference in the forcing of streaks exercised by the non-
linear terms. For this result to be definite, a more rigorous specification
of the normal velocity is likely required. The non-linear evolution can
also be traced in direct numerical simulations, as performed in paper C.
Here non-linear interaction is used to create streaks from oblique waves,
eventually giving transition to turbulence if the energy of the initial
disturbance is large enough. It is shown here that the studied scenarios
lead to transition by routes that do not differ to other flows.

The method of evaluating non-linearities by convolutions (as was
tested in paper B) has also been further made use of. A study of two per-
turbations with different energy spectra developing inviscidly in a shear
layer (paper E) elucidates the role of the non-linear interaction terms
forcing the equation governing the normal velocity. Independently of
which perturbation is studied, streaks and two-dimensional structures
are primarily forced. This may explain, together with the fact that
streaks optimize the energy of transiently growing disturbances, the fact
that streaks appear consistently in experiments and simulations (see for
instance the simulations of random noise in paper B). A geometric inter-
pretation (paper F) explains further the basic conditions that the non-
linear interactions are subject to. The convolution integrals continuously
pick up values in two positions in wavenumber space, and it is shown
that these positions are to be inter-angled by 90 degrees for largest pos-
sible non-linear response of the normal vorticity-dependent terms. This
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may explain the oblique transition model (Schmid & Henningson, 1992)
and suggests that when streaks and two-dimensional structures are si-
multaneously present in a flow, there is large potential for non-linear
forcing of oblique structures.

The physical understanding of bypass transition and the effect of
mean suction is yet not satisfactory; the stabilizing properties of wall suc-
tion is in fact not clear-cut. Linear disturbance growth shows a slightly
dampening effect of suction, and to gain further knowledge the next step
would be to more carefully evaluate the non-linear properties according
to paper B, with a perturbation developing without the approximations
used here. Apart from this, further clues may be obtained by studying
turbulent quantities such as production of Reynolds stresses. Continu-
ing such an investigation into the turbulent regime, the self-sustaining
process, provided that it exists in the ASBL, could also be compared to
that of the Blasius boundary layer (Schoppa & Hussain, 2002). Obtain-
ing such a turbulent suction boundary layer may be tricky in practise;
therefore spatial direct numerical simulations is recommended initially.
A recent numerical study of turbulent spots (Levin, 2005) shows that
these bear many similarities to spots in other flows.

From the non-linear framework also more information can be ex-
tracted by studying other situations. For instance, the dampening of
TS waves in the presence of stationary streaks, which has recently been
demonstrated and is ascribed to the introduced spanwise shear dampen-
ing the turbulent production (see chapter 4.1 for references), may give
interesting information about stability mechanisms.





Chapter 6

Division of work

Paper A

Elementary solutions for streaky structures in boundary layers with and
without suction
E. Niklas Davidsson and L. H̊akan Gustavsson

The derivation of the theoretical results and the writing of the paper
were done by both authors, while Davidsson performed the numerical
implementation and the post-processing of the data.

Paper B

Non-linear growth of a model disturbance in boundary layers with and
without suction
E. Niklas Davidsson and L. H̊akan Gustavsson

The theoretical analysis was carried out by both authors. The numerics
were implemented and computed by Davidsson who also wrote the paper
under supervision of Gustavsson.

Paper C

Transition thresholds in the asymptotic suction boundary layer
O. Levin, E. N. Davidsson and D. S. Henningson

Levin implemented the asymptotic suction boundary layer into the DNS
code. Davidsson and Levin implemented the disturbances, performed
the simulations and wrote the paper with advice from Henningson.
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Paper D

Non-parallel effects on transient growth of streamwise elongated distur-
bances in a Blasius boundary layer
E. Niklas Davidsson and Hans O. Åkerstedt

Åkerstedt performed most of the theoretical analysis, with aid from
Davidsson. The paper was mainly written by Davidsson.

Paper E

Non-linear consequences of transient growth in a parallel shear flow - an
inviscid approach
E. Niklas Davidsson and L. H̊akan Gustavsson

The nonlinear framework used in this paper was developed in paper B.
The linear analysis was derived by both authors, and the non-linear com-
putations were implemented, performed and post-processed by Davids-
son. The paper was written by Davidsson and Gustavsson together.

Paper F

Note on non-linear wave interactions in parallel shear flows
L. H̊akan Gustavsson and E. Niklas Davidsson

The outline of this work originated from discussions between Gustavsson
and Davidsson. The geometrical interpretations were mainly derived by
Gustavsson who also wrote the first draft of the paper, which was revised
by Davidsson.
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Elementary solutions for streaky structures in

boundary layers with and without suction

By E. Niklas Davidsson and L. H̊akan Gustavsson

Division of Fluid Mechanics, Lule̊a University of Technology,

SE-971 87 Lule̊a, Sweden

Abstract

The temporal evolution of small, streamwise elongated disturbances
in the asymptotic suction boundary layer (ASBL) and the Blasius
boundary layer (BBL) are compared. In particular, initial perturba-
tions localized (δ-functions) in the wall-normal direction are studied,
corresponding to a axisymmetric jet coming out of a plane parallel to
the flat plate. Analytical solutions are presented for the wall-normal
and streamwise velocities in the ASBL case whereas both analytical
and numerical methods are used for the BBL case. The initial position
of the perturbation and its spanwise wave number are varied in a pa-
rameter study. We present results of maximum amplitudes obtained,
the time to reach them, their position and optimal spanwise scales.
Free-stream disturbances are shown to migrate towards the wall and
reach their (negative) optimum inside the boundary layer. The mi-
gration is faster for the ASBL case and a larger amplitude is reached
than for the BBL. For perturbations originating inside the boundary
layer the amplitudes are overall larger and show the phenomenon of
overshoot, i.e. positive amplitudes moving out of the boundary layer.
The overall largest amplitudes are obtained for the BBL case, but the
results for streak growth obtained do not give a clean-cut indication
that the ASBL’s observed stabilizing behaviour is related to transient
growth.
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1 Introduction

Streamwise elongated structures (streaks) is a prominent feature in bound-
ary layer flows close to turbulent transition and also well into the turbulent
regime (Johansson et al. , 1991). In linear stability analysis, the generation
of streaks is inherent to the mechanism of transient growth since structures
of optimal energy growth have in general zero (or small) streamwise wave
numbers (see for instance Butler & Farrell 1992 for temporal and Andersson
et al. 1999 for spatial calculations). Streaks may also be generated in the
oblique transition model (Schmid & Henningson, 1992) where they result
from non-linear interaction of oblique waves. Since streamwise elongated
structures (α = 0, or ∂

∂x = 0) do not exhibit non-linear self-interaction on
the wall-normal component (Gustavsson, 1991), secondary effects operating
on a streaky background have been of considerable recent interest, both to
explain the sudden growth of secondary perturbations observed at transi-
tion (see e.g. Reddy et al. 1998; Brandt & Henningson 2002; Wundrow &
Goldstein 2001, for theory, and Matsubara et al. 2000; Asai et al. 2002,
for experiments), and to model structures observed in the fully turbulent
regime (Schoppa & Hussain, 2002). In this perspective, the formation and
growth of streaks should be a first indicator of the tendency for a flow to
become unstable (in the bypass sense) and should therefore be of help in
designing strategies for flow control.

Wall suction early attracted the aircraft industry due to its stabilizing
effects on boundary layer flow; see Joslin (1998) and references therein.
Among more recent investigations are Rioual et al. (1996) who studied the
power balance of a flat plate used as an airfoil and found that there is an
optimum in suction velocity that reduce wake drag and power consumption.
The optimal distribution of steady suction have been calculated in different
ways (Thibert et al. , 1990; Balakumar & Hall, 1999; Pralits et al. , 2002;
Zuccher et al. , 2004), and the results have in common that the suction distri-
bution has a peak near the start of the control volume and decays thereafter.
Suction can also be used as a tool to provoke transition, instead of delaying
it, if for instance the chosen wall material is not able to provide continu-
ous suction (MacManus & Eaton, 2000) or if it is applied non-uniformly
(Roberts & Floryan, 2001). Recent experimental studies show that suction
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damps growth of disturbances induced by free stream turbulence and tran-
sition is delayed/prevented (Fransson & Alfredsson 2003). Also, Yoshioka
et al. (2004) noted that the spanwise spacing of the obtained streamwise
elongated disturbances (streaks) is maintained, indicating that the streaks
mainly become passive disturbances convected downstream with the flow.
In this work we focus on the stability of the asymptotic suction boundary
layer, which is obtained somewhat downstream of the leading edge of a flat
plate when suction is applied, where the mean properties of the flow becomes
constant in the streamwise direction. Theoretically, suction is known to de-
crease growth of (2D) Tollmien-Schlichting waves and a critical Reynolds
number of 54000 is reported for the asymptotic suction boundary layer
(Hocking, 1975). For this case, measured disturbance evolution agrees well
with theory (Fransson & Alfredsson, 2003). For bypass transition, how-
ever, the experimentally observed differences between boundary layers with
and without suction are not completely understood. Fransson & Corbett
(2003) report a weakening of optimal linear energy growth, compared to
the Blasius boundary layer, which nevertheless still is of the same order of
magnitude. Also, Roberts & Floryan (2001) observed that the application
of uniform suction significantly stabilizes TS-waves but has a negligible ef-
fect on streamwise vortices. A comparison of transient growth of streaks in
a boundary layer with and without suction could thus clarify the stabiliz-
ing mechanisms of wall suction upon transient growth, which are not well
established to this date.

Therefore, in the present paper, transient growth is studied for two
flows, the asymptotic suction boundary layer and the Blasius boundary
layer, which here serves as a reference case. Most recent work on transient
growth has been concerned with optimal energy growth, where the initial
perturbation giving maximum energy is determined, but limited informa-
tion is obtained of how particular perturbations behave. Earlier attempts
in this direction are found in the work on plane Poiseuille flow (Henningson
et al. , 1993) and on the Blasius boundary layer (Lasseigne et al. , 1999), but
no systematic evaluation seems to have been made. In this work, the ap-
proach taken is to study the linear development of a localized perturbation
(δ-function) applied at a certain location in the wall-normal direction. This
approach allows for studying both the receptivity process of a free stream
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disturbance as well the evolution of disturbances released inside the bound-
ary layer. Using such a simple and generic perturbation may also help to
isolate the differences between these flows, and give further insight into how
wall suction affects transient growth. A further benefit is that for infinitely
elongated structures, which are studied here, analytical techniques can be
used to a large extent. In this investigation, the Blasius boundary layer is
treated as parallel. This assumption is valid as long as the initiation of the
streaks is moved sufficiently far downstream of the leading edge of the flat
plate (Davidsson & Åkerstedt, 2007).

As the fundamental equations of the problem treated here are well-
known and the solution techniques of standard character we give only mar-
ginal attention to derivations; an outline of the methods and details of some
critical steps are given in the appendix. The paper is organized in the fol-
lowing way: The geometry, governing equations and boundary conditions
are presented in section 2, as well as the initial conditions representing a
localized perturbation normal to the wall. Also, the velocity profiles for the
two boundary layers are presented here, together with a brief discussion of
the parallel flow assumption used for the Blasius boundary layer. In section
3 we present the solution for the wall-normal and streamwise velocity com-
ponents resulting from such a perturbation. Details of the mathematical
procedures used are given in appendix A. In section 4 a parameter study
is made of the influence of position and spanwise scale of the initial per-
turbation on the temporal development. Here, some specific features such
as maximum amplitudes are studied in detail. The results are summarized
and discussed in section 5.

2 Basic equations

In this paper we investigate the evolution of perturbations in the 2D, zero
pressure gradient, steady boundary layer flow above a flat porous plate.
When a pressure gradient is applied through such a plate, a wall-normal
suction velocity V0(> 0) is induced, resulting in a boundary layer that
at after some streamwise distance reaches constant average properties in
the streamwise direction. This boundary layer is denoted the Asymptotic
Suction Boundary Layer (ASBL). With no suction (V0 = 0) the Blasius
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Figure 1: (a): Schematic of the flow field above a flat plate subjected to
uniform suction. (b): Velocity profiles (black lines) and their derivative
(grey lines) for the flow cases ASBL (solid lines) and BBL (dashed lines).

Boundary Layer (BBL) flow is obtained, which is the reference case in the
following investigation. The flow situation with coordinate system is de-
scribed in figure 1(a).

2.1 The mean velocity profile

In Drazin & Reid (1981) it is stated that for instability of Tollmien-Schlicht-
ing waves, the main reasons for the improved stability characteristics of the
ASBL versus the BBL flow is the change in shape of the mean velocity profile
that the suction provides, rather than the extra convection term arising in
the equations governing the disturbance evolution. The mean velocity is
given as

U
∗(y) =

[
U∞ (1 − e−y∗ V0/ν), −V0, 0

]
(1)

and is an exact solution to the Navier-Stokes equations. Here the dimen-
sional quantities U∞, V0 and ν are the free-stream velocity, suction velocity
and kinematic viscosity, respectively. The displacement thickness obtained
from the ASBL profile (1) is

δ∗ = ν/V0, (2)
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and the Reynolds number based on δ∗ becomes

Re =
U∞

V0
. (3)

For the BBL flow the parallel flow approximation has been used for
throughout this investigation. This approximation is justified in other work
by assuring that the growth of the boundary layer occurs on a slow time
scale compared to the studied disturbances, and is used for studying local
stability of streaky base flows (Andersson et al. 2001, Cossu & Brandt
2004) and Görtler vortices (Yu & Liu, 1991, 1994). The disturbances in this
investigation have a large streamwise scale, thus neglecting the growth of
the boundary layer might seem questionable. This problem have however
recently been addressed for the flat plate Blasius boundary layer (Davidsson
& Gustavsson, 2007). The result is that parallel flow can not be assumed
when considering streamwise longitudinal structures initiated close to the
leading edge of the flat plate, but as the initialization of the disturbances are
moved adequately far downstream, however, the parallel and non-parallel
solutions coincide. Since the comparison here is made to the ASBL flow,
which is reached somewhat downstream of the leading edge (for example at
x/δ∗ � 1000 for a displacement thickness based Reynolds number of 347,
see Fransson & Alfredsson 2003), the comparison with similar elongated
disturbances in the BBL will not suffer from pertaining the parallel flow as-
sumption. Thus the mean flow (U(y), 0, 0) is considered for the BBL, which
is obtained numerically by solving the Blasius equation f ′′′ + 1/2 ff ′′ = 0,
with the appropriate boundary conditions (here f = U ′).

The shape of the two velocity profiles are given in figure 1(b).

2.2 Evolution equations for small perturbations

The stability equations for the BBL and ASBL are derived in an identical
manner, following a standard procedure; see for instance Schmid & Hen-
ningson (2001). Lengths are made non-dimensional by scaling with δ∗, and
velocities by scaling with U∞. The (now) nondimensional flow is decom-
posed as

ui = Ui + u′

i, p = P + p ′, (4)
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where capital letters denote the steady mean flow and prime a perturba-
tion. Having inserted flow state (4) into the Navier-Stokes equations, the
evolution equations are obtained by linearising around the mean flow and
eliminating the pressure terms. The disturbances are then fully described
by two equations, below presented for the ASBL, with the primes denoting
fluctuating quantities dropped from now on:[

(
∂

∂t
+ U

∂

∂x
− 1

Re

∂

∂y
)∇2 − d2U

dy2

∂

∂x
− 1

Re
∇4

]
v = 0 (5)[

∂

∂t
+ U

∂

∂x
− 1

Re

∂

∂y
− 1

Re
∇2

]
η = −dU

dy

∂v

∂z
. (6)

Equation (5) governs the wall-normal velocity and (6) the normal vorticity,
η = ∂u/∂z − ∂w/∂x, from which the velocity components u and w are
obtained together with the continuity equation.

Corresponding evolution equations for the BBL are obtained by remov-
ing the terms marked with bold text in (5) and (6).

For the case of ∂/∂x = 0, the Reynolds number dependence of the flow
quantities is readily obtained by multiplying equations (5) and (6) by Re.
This shows that v = v(t/Re) and η ∝ Re ·F (t/Re), where F is an arbitrary
function. Therefore, we can expect the streamwise disturbance amplitude
to scale as Re1 and the time evolution as Re−1.

2.3 Boundary conditions

For the BBL flow, both perturbation and mean velocities are zero at the
wall. In the ASBL, however, the wall condition for the wall-normal per-
turbation velocity is not obvious. An analysis for this must also take into
account the flow through the porous wall. Gustavsson (2000) showed by
means of Darcy’s law that the relation[

d3

dy3
− d2

dy2
+ iαRU ′ +

(α2 + β2)Re

G

]
v = 0 (7)

needs to be fulfilled at the wall. Here α and β are transform variables in
streamwise and spanwise direction, respectively, and since G is a parame-
ter proportional to the permeability of the plate, statement (7) enforces
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v| y→ 0 = 0 for small values of the permeability. We also consider perturba-
tions initially localized in the wall-normal direction decaying far away from
the wall.

Thus, in the normal velocity -vorticity formulation, the boundary con-
ditions are

v =
∂v

∂y
= η = 0, y = 0

v, η → 0, y → ∞ .
(8)

2.4 Initial conditions

To solve (5), the initial value for v must be specified. By choosing this to be
localized in the y-direction, fundamental solutions are obtained which can
be superposed to represent an arbitrary perturbation. Thus,

v̂0 = A(β) δ(y − y0), (9)

where the Fourier-transform version has been used, and δ denotes Dirac´s
function. For η̂, we will assume

η̂0 = 0 (10)

to highlight the specific response given by the forcing term. Physically,
η̂0 = 0 means a perturbation axisymmetric in the x-z-plane as discussed
by Gustavsson (1991). From a general point of view, a general disturbance
must also consist of η0 
= 0. To summarize, the perturbation used in this
investigation is initially a localized symmetric jet acting in the wall normal
direction from some point y0 above the plate.

3 Analytical solution for streamwise elongated

structures

We consider (5) and (6) for longitudinal structures, ∂/∂x = 0. The solution
methods are to first apply Laplace transform in time and Fourier trans-
forms in spanwise coordinate, with transform variables s and β, respectively.
Then the (ordinary) differential equations are solved with variation of the
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parameters and the Laplace transform is inverted using residual calculus.
Procedures and critical solution steps are presented in appendices A for the
two flows.

3.1 ASBL

The solution for the wall-normal velocity is given by

v̂/A(β) =
1√
πT

e−(β2+1/4) T ·
[ 1

2
e−(y−y0)/2(e−(y−y0)2/4T +e−(y+y0)2/4T )

− ey0/2e−βy−y2
0
/4T

]
+ (β−1

2
) e−β(y+y0)ey0−βT (11)

·
[

erfc

(
(β− 1

2
)
√

T− y0

2
√

T

)
−erfc

(
(β−1

2
)
√

T−y + y0

2
√

T

)]
.

Here T = t/Re and the bold parts mark terms that are unique to ASBL
(cf. solution 13 for the BBL). One can note that these terms introduce
combinations like exp(y + T ), indicating that the disturbance will advect
towards the wall.

With v̂ known, the solution for the normal vorticity is obtained as

η̂ =
1

4
i β Re A(β)

{

−
[
1 +

β − 1

β
· (e−y+y0 − ey0)

]
e−β2T erfc

(
1

2

√
T +

y + y0

2
√

T

)
+ e−y e−β2T

[
erfc

(
1

2

√
T − y − y0

2
√

T

)
− erfc

(
1

2

√
T − y + y0

2
√

T

)]
+ 2eβT e−y e−β(y+y0)

[
erfc

(
(β +

1

2
)
√

T − y + y0

2
√

T

)

− erfc

(
(β +

1

2
)
√

T − y0

2
√

T

)]
+ e−y e−β2T erfc

(
1

2

√
T +

y − y0

2
√

T

)

+
1 − 2β

β
e−βT e−y+y0 e−β(y+y0)

[
erfc

(
(β − 1

2
)
√

T − y + y0

2
√

T

)
(12)
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− erfc

(
(β − 1

2
)
√

T − y0

2
√

T

)]

+
1

β
eβT+y0 eβ(y+y0)erfc

(
(β +

1

2
)
√

T +
y + y0

2
√

T

)
− 1

β
eβT+y0 e−y e−β(y−y0)erfc

(
(β +

1

2
)
√

T +
y0

2
√

T

) }
.

Here factors like e−β2T and eβT show up and thus β influence the temporal
behaviour in a quite complex manner. Also, the amplitude of η̂ scales
linearly with the Reynolds number.

3.2 The BBL

For the wall-normal velocity the procedures and initial conditions are iden-
tical to the ones used for the ASBL. The differences between the ASBL and
BBL in the stability equation (5) are few, and lead to differences in the
solutions that were marked with bold face terms in (11). The solution is
given by

v̂/A(β) =
1√
πT

e−β2T ·
[ 1

2
(e−(y−y0)2/4T + e−(y+y0)2/4T ) − e−βy e−y2

0
/4T

]
+ β e−β(y+y0) ·

[
erfc

(
β
√

T− y0

2
√

T

)
−erfc

(
β
√

T− y+y0

2
√

T

)]
. (13)

For the streamwise velocity, the solution is

η̂ =
β

π
e−β2T

∫
∞

0

{
sin(σy)

∫
∞

0

(
eiσy′ ˜̂v−(y′) − e−iσy′ ˜̂v+(y′)

) dU

dy′
dy′

+

∫ y

0
sin(σ(y′ − y))

(
˜̂v−(y′) − ˜̂v+(y′)

) dU

dy′
dy′

}
e−σ2T dσ , (14)

which requires numerical integration since the mean velocity profile is not
known analytically. By incorporating ˜̂v± = ˜̂v( r = ±iσ) (see appendix A),
one can note that also this solution scales the amplitude of the disturbance
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with the Reynolds number. The integration variable σ comes from integra-
tion along the branch-cut defined in appendix A.1. Since the y′-integrals
contain dU/dy′, û for the BBL flow must be evaluated numerically. The
numerical integration procedure for (14) has been verified. Applying trans-
forms to equation (6) give a one-dimensional parabolic partial differential
equation (see A.10b together with A.9b) which is solved using the Matlab
subroutine PDEPE, showing good agreement to the order 10−2 percent with
the integral solution of (14) for all tested parameters.

4 Results or Parameter investigation

The perturbation velocity for both flow cases is described by the solutions
for v̂ and η̂. In this section further analysis about the characteristics and
differences of the two flows will be done by means of graphical representation
of numerical data. There are two parameters in the solution; y0 and β
representing the position of the initial perturbation and the spanwise scale,
respectively.

We study perturbations initiated inside as well as outside the boundary
layer. For the wall-normal velocity we only illustrate the behaviour for two
cases, but for the streamwise velocity a more thorough study is conducted.

4.1 The wall-normal velocity

The behaviour of the wall-normal perturbation velocity is interesting since
it affects the streamwise perturbation as a factor in the forcing term for
the normal vorticity stability equations. The characteristics and differences
of solutions (11) and (13) for the ASBL and BBL flows are studied below,
although not as detailed as for the streamwise perturbation.

The appearance of v̂ as time increases is given in figure 2(a) for the free-
stream disturbance with y0 = 8 and β = 1. Observe that the scale on the
v̂-axis decreases as time increases. In accordance with initial condition (9)
v̂ starts with an amplitude peak localized at y0. As time increases the peaks
spread and damp out, with the ASBL peak decaying marginally faster. The
prominent effect seen in the figure is that the ASBL peak moves towards the
wall as time increases, whereas the BBL peak stays at y ≈ y0. This effect is
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Figure 2: v̂ for (a) y0 = 8, β = 1 and (b) y0 = 0.5, β = 0.25. Solid line:
ASBL, dashed line: BBL. Note change of vertical scales.
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Figure 3: The position of the maxima of v̂ for y0 = 8 and β = 1. Solid line:
ASBL, dashed line: BBL.

further shown in figure 3, where the position of the peak is plotted versus
time. The velocity of the ASBL peak is initially Δy/ΔT = −1. Rewriting
this in dimensional quantities gives Δy∗/Δt∗ = −V0, i.e. the ASBL peak
moves towards the wall with the suction velocity, a not too surprising result.
Due to the boundary conditions this process changes character and slows
down in the vicinity of the boundary layer.

With the perturbation placed inside the boundary layer, an undershoot
can be observed as the initial peaks decay. As an example, the appearance
of v̂ is plotted in figure 2(b). Note that the first frame has a different vertical
scale. Here the parameters y0 = 0.5 and β = 0.25 are chosen since they give
a clear picture of the course of events. The trace of the initial condition
can still be observed at T = 0.01 and T = 0.05, but as time increases the
outer part of the maxima overdamp and develop minima, which compared
to the initial peak decay rather slowly for both flow cases. The undershoot
is mainly observed for perturbations starting inside the boundary layer,
but with small enough wavenumbers it can also be found for perturbations
originating at the edge of the boundary layer. This feature has consequences
also for the streamwise disturbances, as will be seen in section 4.2. The
behaviour of perturbations placed even further inside the boundary layer is
similar to figure 2(b).
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4.2 The streamwise velocity

Comparisons are here done by evaluating the obtained solutions for the
ASBL and the BBL. For disturbances of zero streamwise wavenumber, the
definition of the normal vorticity gives the streamwise velocity as û =
û(t; y, β) = η̂/(βi). For the streamwise velocity component we have fo-
cused on the following positions of the initial perturbation: y0 = 8 (in the
free-stream), y0 = 2.5 (at the edge of the boundary layer) and y0 = 0.5 (in-
side the boundary layer). For each position (y0) the spanwise wavenumber
is varied, and the evolution of û is calculated and its largest (positive and
negative) amplitudes are recorded together with their positions and times.
These amplitudes are denoted the absolute minima, ûmin = ûmin(y, T ), i.e.
the largest value of negative velocity and the absolute maxima, ûmax =
ûmax(y, T ), the largest value of positive velocity.

y0 = 8: The typical behaviour of û for the free-stream disturbances
with β = 1 is seen in figure 4(a). An initial minimum develops at y0

and its subsequent development is seen to be different for the two cases.
Whereas the BBL perturbation is mainly governed by diffusion, the ASBL
perturbation is also advected against the wall. Thus, the action of the term
U ′ ∂v/∂z in (6) will appear earlier and lead to much larger amplitudes for
the ASBL-case. The temporal evolution of the amplitude peaks is shown in
figure 5. The ASBL minimum follows a slightly curved line with an initial
slope corresponding to a velocity (cf. section 4.1) of about 2V0. Thus,
the minimum in u moves faster than the suction velocity V0. This may
seem surprising but since the initial development of u is essentially given
by u ∼ ∫ t

0 U ′v dt′ (Hultgren & Gustavsson, 1981) the connection between u
and v is not transparent. However, the relation indicates that those parts
of v that are subject to large shear will contribute more to the development
of u than the peak region, cf. figure 1(b).

The absolute minima are plotted in figure 6 together with the position
and time of appearance. As shown in figure 6(a) there is an optimum
obtained for β � 0.13 and β � 0.08 in the ASBL and BBL, respectively.
Also, the ASBL amplitudes are larger. Figure 6(b) shows that the absolute
minima in the ASBL are reached faster, as discussed above. In figure 6(c)
one can note that the positions where the absolute minima are reached are
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Figure 4: Streamwise velocity for (a) y0 = 8, β = 1 and (b) y0 = 0.5,
β = 0.25. Solid line: ASBL, dashed line: BBL.
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Figure 5: Position of the minima for y0 = 8 and β = 1. Solid line: ASBL,
dashed line: BBL.
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Figure 6: Amplitude (a), time (b) and position (c) of the absolute minima
for y0 = 8. Solid line: ASBL, (x): BBL.

fairly independent of β, except at β � 1.35 in the ASBL case, where the
disturbance decays too quickly to experience shear.

y0 = 2.5: Data for the absolute minima for perturbations initiated at
the edge of the boundary layers are found in figure 7. As seen in figure
7(a) a weak maximum is located at β � 0.21 in the ASBL and β � 0.15 in
the BBL. The results here are different to what was found for free-stream
disturbances in several aspects: Much larger amplitudes are attained, and
at much earlier time 7(b). Also, ASBL gives smaller amplitudes than BBL.

The position of the absolute minima, however, are still found inside the
boundary layer and varies weakly with β; cf. figure 7(c). It seems that
external disturbances have a certain penetration depth which they reach
independent of spanwise scale. However, the time at which this occurs
varies with β so the spanwise coherence is distorted during the process.

y0 = 0.5: For perturbations initiated within the boundary layer, the
temporal behaviour of the streamwise velocity is quite different from the
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Figure 7: Amplitude (a), time (b) and position (c) of the absolute minima
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previous cases. The development is characterized by an overshoot following
the initial minimum, as shown in figure 4(b), where β = 0.25 is chosen to
elucidate this phenomenon. The overshoot is associated with momentum
transport away from the wall, and its timescale is large compared to the
minima. It is basically due to the undershoot in v̂, acting through equation
(6). The undershoot in v̂ is a response to the initial condition (9), the lifting
of a fluid element in the wall-normal direction. If the initial condition acts
in the free-stream, the flow will simply ’fill in’ from below to substitute
for the displaced fluid element, giving positive v as time proceeds not only
above but also below the position y0, as in figure 2(a). However, if the initial
lift-up takes place close to the wall, fill-in from below will be restricted by
the wall and an asymmetry arises around y0 which brings down fluid from
above. Therefore negative disturbance velocity will be obtained at positions
larger than y0, as in figure 2(b).

Data of both the absolute minima and maxima are given in figure 8.
The absolute minima are reached very quickly and close to the original
perturbation position, and vary only marginally in amplitude, time and
position with β. Also, here a small effect of suction is noticed on ymin.

These minima are however of secondary interest since the amplitude for
the overshoot, reached at larger times, is larger and dominates the course
of events. For relatively large values of β (and very small disturbance am-
plitudes), the maximum contains a double structure. It shows up as two
peaks in the temporal development. Since the largest obtained amplitude
is shifted from the second to the first peak as β ∼ 1.2 − 1.4, our procedure
for recording the absolute maximum leads to a discontinuity in time and
consequently position as shown in figure 8(b)-(c). This phenomena is not
further presented here since the actual amplitudes at these wavenumbers
are small.

The absolute maxima is reached as β approaches zero. That corresponds
to a disturbance with no periodical spanwise structure. An examination of
the y0-dependence of the optimal β in the ASBL are plotted in figure 9. For
y0 < 0.9 the maxima is largest - and it always has optimum for β → 0. For
larger y0, the minima is largest, and it has a varying optimal β. Note also
that for the minima β tends to reach infinity as y0 → 0.

The disturbance evolution of the different parameter choices have in
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common that nearly all of them tend to obtain their maximum growth at
position 1 < y < 2, with the suction peak moved somewhat closer to the
wall. Since this position is rather insensitive to the spanwise wavenumber,
while the time is not, the spanwise coherence for a given perturbation will
be distorted.

5 Conclusions and discussion

The linear evolution of streamwise elongated structures triggered by a local-
ized disturbance has been investigated. Two flows are compared throughout
the investigation, namely the asymptotic suction boundary layer (ASBL)
and the Blasius boundary layer (BBL).

Some interesting observations can be made of the results presented. For
the wall-normal velocity the two cases differ little in the formal solutions
but the difference is sufficient to move the peak of the perturbation for the
ASBL-case towards the wall with a velocity which, not surprisingly, initially
equals the suction velocity. For the streamwise velocity the solutions show
that the perturbation amplitude scale with the Reynolds number in both
flows.

The dramatic development occurs when the perturbation experiences
shear which shows up in the streamwise component. The migration of v
towards the wall for ASBL starts the shear-induced process at an earlier
time than for BBL and it also results in a larger response. The slow rate
for BBL is due to the fact that v in that case is diffusing towards the
wall and thus the transient growth starts later. This process gives a simple
explanation for how free-stream perturbations penetrate the boundary layer.

For a perturbation originating at the edge of the boundary layer (y∗/δ∗ =
2.5) the shear induced process starts earlier, giving much larger amplitudes
but now with the BBL having the largest response.

Placing the disturbance well inside the boundary layer changes the char-
acter of the response drastically. Here, the process of overshoot dominates
the amplitude development and gives amplitudes outside the original posi-
tion well above those obtained in the previous cases. This fact opens possi-
bilities for control of external perturbations, since the maxima are reached
for times similar and below that of the minima of free-stream disturbances.
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It is also of interest to note that ûmin for perturbations inside the boundary
layer is insensitive to the spanwise scale, whereas the overshoot is not.

One may also note that for all disturbances in general the y-position
where the response is largest seems to be fairly independent of the spanwise
scale, and is reached at 1 < y∗/δ∗ < 2. This position agrees reasonably well
with the position of the global optima as obtained by Fransson & Corbett
(2003) and Andersson et al. (1999) for the ASBL and the BBL, respectively.
Also, this position is somewhat closer to the plate as suction is applied.

It may be of significance that the time scale for the perturbation devel-
opment shortens drastically for a disturbance initiated within the boundary
layer. The time scale is locally given by 1/U ′ as identified from (6). Thus,
an analysis accounting for both inner and outer phenomena needs (at least)
a two-timing formulation.

For all parameters the chosen initial perturbation shows the effect of
transient growth before the viscous decay sets in. The calculations of op-
timal growth show optimal values of β = 0.53 for the ASBL (Fransson &
Corbett, 2003), and for the BBL Butler & Farrell (1992) found a value
of β = 0.65 (temporal calculations), while Andersson et al. (1999) re-
ports β = 0.77 (spatial calculations, in the large-Reynolds-number limit).
The maximum response of the generic, localized (in the wall-normal coor-
dinate) perturbation used throughout this investigation diverge from the
streamwise-oriented vortices given by the optimal linear growth theory. Its
optimal is obtained for β → 0, which may be interpreted as an infinitely
wide (in the spanwise direction) jet.

Overall, the obtained differences between the two studied cases are sur-
prisingly small. The globally largest amplitudes are of the same order of
magnitude, although smaller in the ASBL. A similar relationship is also
found for optimal disturbances by Fransson & Corbett (2003). Experimen-
tally, Fransson & Alfredsson (2003) showed that suction gives an elimina-
tion of downstream energy growth (for a boundary layer subjected to free
stream turbulence). This investigation has rather shown that a free-stream
disturbance may grow larger in the ASBL, thus an explanation for these
experimental results must include aspects of the transient growth process
outside the scope studied here. This could involve e.g. non-linear inter-
actions of oblique waves. It may also show the weakness of studying only
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α = 0 perturbations. In fact, the transient growth operates also for α 
= 0
and the extent of the growth areas (in the αβ-plane) may be as important
for the non-linear interactions as the peak value at α = 0. For optimal
disturbances, Fransson & Corbett (2003) show that the ASBL has a much
narrower growth area than the BBL, a fact that should definitely motivate
further studies.
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Appendix A: Solutions steps

Here the solution steps in finding the perturbation velocities are shown for
both flow cases. Resulting equations are divided into two parts, marked (A)
and (B) for the ASBL and the BBL respectively, and are given in parallel
throughout the appendix.

A.1 The wall-normal velocity

Fourier transformed in the spanwise direction and Laplace transform in
time, according to

v̂(y, β, t) =

∫
∞

−∞

e−iβzv(y, z, t) dz (A.1)

˜̂v(y, β, s) =

∫
∞

0
e−stv̂(y, β, t) dt (A.2)

is applied to (5) resulting in[
s Re − D − (D2 − β2)

]
(D2 − β2)˜̂v = Re (D2 − β2)v̂0 (A.3a)[

s Re − (D2 − β2)
]
(D2 − β2)˜̂v = Re (D2 − β2)v̂0. (A.3b)
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Here D = ∂/∂y and v̂| t=0 = v̂0 denotes the initial disturbance. The roots
of the characteristic (homogeneous) equation are

{ r1,2 = ±β

r3,4 = −1

2
±
√

1

4
+ sRe + β2 ≡ −1

2
± a

(A.4a)

{
r1,2 = ±β

r3,4 = ±
√

s Re + β2,
(A.4b)

which are used in order to solve (A.3) by the method of variation of para-
meters. Using the boundary conditions (8) the obtained solution is

˜̂v =
Re

2a

[
2a

β + r4
e−βy + er3y − β + r3

β + r4
er4y

] ∫
∞

0
v̂0e

−r3y′

dy′

− Re

2a
er3y

∫ y

0
v̂0e

−r3y′

dy′ +
Re

2a
er4y

∫ y

0
v̂0e

−r4y′

dy′.
(A.5a)

2 s ˜̂v =

[
r2
3−β2

r3
er3y− 2(r3+ β) e−βy +

(r3+ β)2

r3
e−r3y

] ∫
∞

0
v̂0e

−r3y′

dy′

− r2
3 − β2

r3
er3y

∫ y

0
v̂0e

−r3y′

dy′ +
r2
3 − β2

r3
e−r3y

∫ y

0
v̂0e

r3y′

dy′,

(A.5b)

where s = −(σ2 + β2)/Re. The last step to retrieve a solution is to apply
the inverse Laplace transformation, which needs to be done with some care.
It is defined as

v̂(y, β, t) = lim
b→∞

1

2πi

∫ c+ib

c−ib
est ˜̂v(y, β, s) ds , (A.6)

i.e. integration is done along the vertical infinite line in the complex s-
plane shown in figure A.1. This inversion integral is closed by residual
calculus, and contributions to the inverse comes from poles and branch cuts.
However, the terms containing regular poles (for instance r4 =−β) cancel,
and left is the branch cut centered around the negative real axis. Thus the
inversion turns into integration along this branch cut (where s = iσ and
0 < σ < ∞), as
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Re{s}

Im{s}

(c−b i)

(c+b i)

Figure A.1: The integration contour in the complex s-plane.

i π v̂ =

∫
∞

0
e−(1/4+β2+σ2)T ˜̂v

σ

Re
dσ

∣∣∣∣
a=−iσ

−
∫

∞

0
e−(1/4+β2+σ2)T ˜̂v

σ

Re
dσ

∣∣∣∣
a=iσ

(A.7a)

i π v̂ =

∫
∞

0
e−(β2+σ2)T ˜̂v

σ

Re
dσ

∣∣∣∣
r3=iσ

−
∫

∞

0
e−(β2+σ2)T ˜̂v

σ

Re
dσ

∣∣∣∣
r3=−iσ

. (A.7b)

Above, T = t/Re. By specifying the initial perturbation as

v̂0 = A(β) δ(y − y0), (A.8)

the integrals in (A.5) can be evaluated and different terms contribute de-
pending on the relative values of y and y0. However, independent of the
values of y vs. y0, the same solution is obtained after inversion. The result
is

v̂/A(β) =
1√
πT

e−(β2+1/4) T ·
[ 1

2
e−(y−y0)/2(e−(y−y0)2/4T +e−(y+y0)2/4T )

− ey0/2e−βy−y2
0
/4T

]
+ (β−1

2) e−β(y+y0)ey0−βT

·
[

erfc

(
(β− 1

2
)
√

T− y0

2
√

T

)
−erfc

(
(β−1

2
)
√

T−y + y0

2
√

T

)] (A.9a)

v̂/A(β) =
1√
πT

e−β2T ·
[ 1

2
(e−(y−y0)2/4T+e−(y+y0)2/4T )−e−βy−y2

0
/4T

]
+ β e−β(y+y0) ·

[
erfc

(
β
√

T− y0

2
√

T

)
−erfc

(
β
√

T − y+y0

2
√

T

)]
.
(A.9b)
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A.2 The streamwise perturbation velocity

Transformations according to (A.1) and (A.2) are applied to the stability
equation (6) for the normal vorticity η, giving[

D2 + D − (β2 + sRe)
]
ˆ̃η = −Re η̂0 + iβ Re

∂U

∂y
ˆ̃v (A.10a)[

D2 − (β2 + s Re)
]
ˆ̃η = −Re η̂0 + iβ Re

∂U

∂y
ˆ̃v. (A.10b)

These equations have the characteristic roots

r1, 2 = −1

2
±
√

1

4
+ s Re + β2 = −1

2
± a (A.11a)

r1, 2 = ±
√

β2 + s Re. (A.11b)

Solving by using variation of parameters together with the boundary con-
ditions give

˜̂η =
1

a
e−

1

2
y sinh (ay)

∫
∞

0
e−r1 y′

I dy′

+
1

a
e−

1

2
y

∫ y

0
e

1

2
y′

sinh (a(y′ − y)) I dy′ (A.12a)

˜̂η =
1

r1
sinh(r1y)

∫
∞

0
e−r1 y′

I dy′

+
1

r1

∫ y

0
sinh (r1(y

′ − y)) I dy′, (A.12b)

where I = Re (η̂0 − ∂˜̂v/∂z · dU/dy) = Re (η̂0 − iβ˜̂v dU/dy) originates from
the inhomogeneous part of the stability equation (A.10). The initial value
η̂0 is set to zero. For the ASBL the known wall-normal velocity (A.9) is now
inserted, giving

˜̂η =
iβ Re2

2a
e−y/2

{
− 1

r2
sinh ay

∫
∞

0
v̂0e

r2y′

dy′ +

(
1

2r2

r1 + β

r2 + β
e−(a+1)y

− 1

2r1
e(−1+a)y +

2a

(r2
2 − β2)(r1 − β)

e−(β+1/2)y
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− a(β2 − r2β + r1)

r1r2(r1 − β)(r2 − β)
e−ay

)∫
∞

0
v̂0e

−r1y′

dy′

+
1

2r1
e(−1+a)y

∫ y

0
v̂0e

−r1y′

dy′ − 1

2r2
e−(1+a)y

∫ y

0
v̂0e

−r2y′

dy′

− 1

2r1
e−ay

∫ y

0
v̂0e

r1y′

dy′ +
1

2r2
eay

∫ y

0
v̂0e

r2y′

dy′

}
. (A.13a)

For the BBL the wall-normal velocity is not inserted now. The Laplace
inversion formula (A.6) is here turned into the same kind of branch-cut as
for the wall-normal perturbation velocity, i.e. integration according to fig.
5 applies again and gives

i π η̂ =

∫
∞

0
e−(1/4+β2+σ2)T ˜̂η

σ

Re
dσ

∣∣∣∣
a=−iσ

−
∫

∞

0
e−(1/4+β2+σ2)T ˜̂η

σ

Re
dσ

∣∣∣∣
a=iσ

(A.14a)

i π η̂ =

∫
∞

0
e−(β2+σ2)T ˜̂η

σ

Re
dσ

∣∣∣∣
r1=−iσ

−
∫

∞

0
e−(β2+σ2)T ˜̂η

σ

Re
dσ

∣∣∣∣
r1=iσ

.(A.14b)

Finally, an explicit expression for η̂ is obtained in the ASBL by inserting
the retrieved solution (A.13) into (A.14). For the BBL an integral solution
is obtained by inserting (A.12) into (A.14). The result is

η̂ =
1

4
i β Re A(β)

{

−
[
1 +

β − 1

β
· (e−y+y0 − ey0)

]
e−β2T erfc

(
1

2

√
T +

y + y0

2
√

T

)
+ e−y e−β2T

[
erfc

(
1

2

√
T − y − y0

2
√

T

)
− erfc

(
1

2

√
T − y + y0

2
√

T

)]
+ 2eβT e−y e−β(y+y0)

[
erfc

(
(β +

1

2
)
√

T − y + y0

2
√

T

)

− erfc

(
(β +

1

2
)
√

T − y0

2
√

T

)]
+ e−y e−β2T erfc

(
1

2

√
T +

y − y0

2
√

T

)

+
1 − 2β

β
e−βT e−y+y0 e−β(y+y0)

[
erfc

(
(β − 1

2
)
√

T − y + y0

2
√

T

)
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− erfc

(
(β − 1

2
)
√

T − y0

2
√

T

)]

+
1

β
eβT+y0 eβ(y+y0)erfc

(
(β +

1

2
)
√

T +
y + y0

2
√

T

)
− 1

β
eβT+y0 e−y e−β(y−y0)erfc

(
(β +

1

2
)
√

T +
y0

2
√

T

) }
(A.15a)

η̂ =
β

π
e−β2T

∫
∞

0

{
sin(σy)

∫
∞

0

(
eiσy′ ˜̂v−(y′) − e−iσy′ ˜̂v+(y′)

) dU

dy′
dy′

+

∫ y

0
sin(σ(y′ − y))

(
˜̂v−(y′) − ˜̂v+(y′)

) dU

dy′
dy′

}
e−σ2T dσ .(A.15b)

For the BBL solution (A.15b), ˜̂v± = ˜̂v| r3=±iσ which is given by (A.5). In
these solutions the amplitude of the initial disturbance is set to A(β) = 1.
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Abstract

In this work, the non-linearity induced by the transient growth
mechanism is investigated for two boundary layer flows: the asymp-
totic suction boundary layer and the Blasius boundary layer. A sim-
plified model is used where the wall-normal velocity perturbation is
prescribed and the linear response on the normal vorticity is obtained
by solving the Squire equation. The result is then used to determine
the non-linear terms omitted when deriving the Orr-Sommerfeld equa-
tion. The non-linearity is displayed in the Fourier-plane (α,β), primar-
ily forcing streamwise elongated structures and Tollmien-Schlichting
waves. The forcing of streamwise elongated structures exhibit growth.
However, the growth is small and only present in the Blasius boundary
layer. It is concluded that the used Reynolds number (Reδ∗) may be
too low for substantial growth to appear, and that the y-dependence
may be of importance.

1 Introduction

1.1 Non-modal disturbance growth

Stability of parallel shear flows has traditionally been determined mainly
by modal analysis based on the Orr-Sommerfeld equation, derived from
the Navier-Stokes equations linearised around the mean flow. The critical
Reynolds number is then defined by the existence of exponentially grow-
ing eigenvalues. However, there are flows for which growing eigenvalues



98 E. N. Davidsson and L. H. Gustavsson

do not exist, and experiments have also revealed that many flows undergo
transition to turbulence for Reynolds numbers well below the critical ones
predicted by linear stability theory. Morkovin (1969) coined the expression
”bypass” transition, noting that there has to be some mechanism which
bypasses the classical transition scenario. The first demonstration of such
a mechanism was made by Ellingsen & Palm (1975), who showed that for
an inviscid flow, structures infinitely extended in the mean flow direction
will grow linearly in time. The mechanism applies only to three-dimensional
disturbances and was denoted the lift-up effect by Landahl (1975). For (vis-
cous) boundary layer flow, Hultgren & Gustavsson (1981) showed that this
growth is associated with the continuous spectrum of the Orr-Sommerfeld
equation but is initially governed by an inviscid process giving linear growth
for short times. Since a perturbation (in linear theory) will eventually decay,
the mechanism has become known as transient growth. Physically, it is re-
lated to vortex tilting and is mathematically ascribed to the non-normality
of the Orr-Sommerfeld/Squire system of equations (see for instance Schmid
& Henningson, 2001). The intriguing property of this system is that per-
turbations may grow even if the eigenvalues are damped (Trefethen et al. ,
1993). Optimization techniques have been used extensively to calculate the
largest possible linear energy growth of disturbances; for flat plate bound-
ary layers see Butler & Farrell (1992); Andersson et al. (1999); Luchini
(2000). The general result is that the optimal initial perturbation consists
of streamwise aligned vortices. These, in turn, produce streamwise elon-
gated structures (streaks) by the lift-up effect.

1.2 Non-linear effects

The transient growth and subsequent streaks are observed experimentally
in boundary layers subjected to free stream turbulence of sufficiently large
intensity (usually more than 0.5− 1%, Arnal & Juillen 1978). For a shorter
review of the experimental work, see Matsubara & Alfredsson (2001) where
also flow visualizations are presented and the process of transition is illus-
trated. The observation is that the streaks become unstable and rapidly
break down into turbulent spots. It is here, in the description of the mech-
anism behind the streak instability, that non-linear effects come into play.

Insights into non-linear effects in the transition process has been further
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elucidated in the oblique transition concept introduced by Schmid & Hen-
ningson (1992). Here, a pair of oblique waves are introduced to the flow,
that are opposite-angled relative to the streamwise axis. By the non-linear
interaction of these waves energy is transfered into streamwise vortices, and
thereby streaks are created with half the spanwise wavelength of the orig-
inal waves. As the streaks grow in amplitude, the non-linear interaction
continues to feed energy into other structures. The picture becomes more
clear-cut considering the energy of different Fourier modes (α and β de-
noting stream- and spanwise wavenumbers, respectively). The evolution
equation of the spectral energy, as shown by Schmid & Henningson, con-
sists of one production term associated with a linear mechanism, and one
term representing distribution of energy between different modes by non-
linear wave triad interaction. The oblique wave-pair (α,±β) place energy
into the streamwise vortices and subsequent streaks (0, 2β). Moreover, en-
ergy will redistribute into other components. It is these components that
are considered to decide whether the flow becomes unstable or not; if the
streak amplitude is large enough, one or more components will start to grow
exponentially and lead to breakdown of the streaks.

In the turbulent case, Kim & Lim (2000) made an attempt to map out
some linear and non-linear processes by numerical experiments on channel
flow. A fully turbulent flow field was used as input to simulations where
modifications were applied to the Navier-Stokes operator (here discussed in
the normal velocity -vorticity formulation). Removing the linear coupling
term forcing the normal vorticity, the streamwise vortices responsible for
maintaining the near-wall turbulence were still generated but not sustained;
thus the wall shear stress was reduced drastically. To conclude, the forma-
tion of turbulent structures were shown to be due to the non-linearities,
while their maintenance rely upon a linear process. If either were removed,
the turbulence decayed.

1.3 Steady uniform wall suction

The simplest form of continuous wall suction, that is steady and uniformly
distributed, has turned out to improve the stability of the flat plate bound-
ary layer. Tollmien-Schlichting wave growth is substantially decreased and
a critical Reynolds number of 54000 is reported (Drazin & Reid, 1981). The
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early research on uniform, constant suction was mainly devoted to deter-
mining the mean flow (see e.g. Schlichting, 1979 and references therein).
Thereafter relatively little work on this flow is published. Recently, however,
this flow case has been examined experimentally by wind-tunnel testing as
well as numerically in the context of optimal linear energy growth. Mea-
surements on free stream turbulence, also with the wall suction turned off,
show that mean suction has the ability to inhibit disturbance growth inside
the boundary layer and prevent transition where it would else have occurred
(Fransson & Alfredsson, 2003). Further investigations also show that the
spanwise scale of the obtained streaks tend not to change much for this flow,
thus implying that the disturbances here act mainly as passively advected
quantities (Yoshioka et al. , 2004). Comparison with the ordinary flat plate
boundary layer is conducted by Fransson & Corbett (2003), where they
consider optimal energy growth of linear disturbances. In accordance with
other flows, the initial flow field of the most amplified disturbance consists
of streamwise aligned vortices, here with the optimal spanwise wavenumber
β = 0.53, to be compared with 0.45 for the spatially growing boundary layer
(Andersson et al. , 1999).

1.4 Present work

The studies of optimally growing perturbations have generally identified
streamwise independent structures (α = 0) as dominant. However, it
was recognized already in Gustavsson (1991) that such structures are non-
linearly inactive since there is no feedback mechanism to regenerate the
wall-normal velocity component. Whereas the oblique transition scenario
assumes an immediate non-linear interaction between oblique waves, fol-
lowed by transient growth, no study has so far been done into the non-
linear consequences of the fact that transient growth is not confined only to
α = 0 but is present also for wave numbers in a (Reynolds number depen-
dent) domain in the (αβ)-plane; cf. Gustavsson (1991). It is the purpose
of the present paper to investigate this matter, allowing the initial pertur-
bation to grow according to linear theory and then calculate the non-linear
interactions among all wave numbers.

In order to limit the volume of this undertaking, we will assume that
the wall-normal velocity is known (actually prescribed) and we focus on its
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forcing of the normal vorticity and the development of the non-linear terms
omitted when deriving the Orr-Sommerfeld equation.

As the asymptotic suction boundary layer and the Blasius boundary
layer flows behave differently in experiments, the study is made of these
cases in parallel.

2 Non-linear terms of the normal velocity equa-

tion

2.1 Geometry and setup of the considered flows

Consider the flow over a flat plate with steady wall suction applied as in
figure 1. A Blasius Boundary Layer (BBL) develops at the leading edge
of the plate. The growth of this boundary layer will decrease as it moves
into the region of wall suction and stop (even) further downstream; the
parallel Asymptotic Suction Boundary Layer (ASBL) is obtained. This
investigation deals with two base flows, the ASBL and the BBL, which
is retrieved throughout the plate as the wall suction is turned off. Both
flows are zero-pressure gradient boundary layers with coordinates x, y and
z denoting streamwise, wall-normal and spanwise axis, respectively. Corre-
sponding velocities are u, v and w. Coordinates are made non-dimensional
by the displacement thickness δ∗ and velocities by the free-stream veloc-
ity U∗

∞
. Dimensional coordinates and velocities are labelled with asterisks

throughout this investigation.
For the ASBL the velocity profile is analytically defined (see Schlichting,

1979, for references) as [U∗

∞
(1 − exp(−y∗V ∗

0 /ν)),−V ∗

0 , 0]. Here, U∗

∞
is the

freestream velocity, V ∗

0 the suction velocity at the plate and ν the kinematic
viscosity. For this mean flow the constant displacement thickness becomes
δ∗ = V0/ν and the associated Reynolds number is R = U∗

∞
/V ∗

0 . The govern-
ing equations are made non-dimensional by scaling with the displacement
thickness and the free stream velocity.

For the BBL we proceed with the mean flow (U(y), 0, 0), where the Bla-
sius equation, f ′′′+1/2ff ′′ is used to numerically obtain U(y) (= f ′(y/δ∗)).
The neglect of the growth of the boundary layer (i.e. V = 0), i.e. the parallel
flow approximation, is valid as long as the disturbances are localized com-
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Figure 1: The flow field above a flat plate subject to wall suction.

pared to the growth of the boundary layer (Drazin & Reid, 1981). Similar
approximations have also been used for other flows such as the instability of
Görtler vortices (Yu & Liu, 1991), and is generally justified by the relatively
short spatial extent of the disturbances.

2.2 The disturbance-evolution equation

The flow is decomposed into mean (upper-case) and fluctuating (primed)
quantities according to ui = Ui +u′

i and p = Pi +p′i. The stability equations
are derived by eliminating the pressure terms from the Navier-Stokes equa-
tions; see for instance Schmid & Henningson (2001). If the primes denoting
disturbances are dropped, we obtain the governing disturbance equations,
with the nonlinear terms retained:(

∂

∂t
+ U

∂

∂x
− 1

R

∂

∂y

)
∇2v − d2U

dy2

∂v

∂x
− 1

R
∇4v + Nv = 0 (1a)(

∂

∂t
+ U

∂

∂x
− 1

R

∂

∂y

)
η +

dU

dy

∂v

∂z
− 1

R
∇2η + Nη = 0. (1b)

Equation (1) is given for the ASBL, while its corresponding BBL coun-
terpart is obtained by simply removing the bold faced terms. Nv and Nη

denote the nonlinear terms and are given by (Benney & Gustavsson, 1981)

Nv =

(
∂2

∂x2
+

∂2

∂z2

)
S2 − ∂2S1

∂x∂y
− ∂2S3

∂y∂z
(2a)
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Nη =

(
∂S1

∂z
− ∂S3

∂x

)
, (2b)

where

Si =
∂

∂xj
(ujui). (3)

The nonlinear terms descend from the advective term in the Navier-Stokes
equations and are identical for both flows.

As our interest is in the behaviour of Nv we continue to manipulate
(2a). Fourier transforms (marked in equations by hats) are applied in the
homogeneous coordinates x and z, with corresponding transform variables
α and β. Using the notation D = ∂/∂y, k2 = α2 +β2 and inserting (3) gives

N̂v = −k2Ŝ2 − iαDŜ1 − iβDŜ3 (4)

= −(k2 + D2)
(
iαûv + iβv̂w

)
+ D

(
α2û2 + β2ŵ2 − k2v̂2 + 2αβûv

)
.

Now the transform of the velocity products have to be applied, which gives
convolution integrals of the type

ûv =
1

2π

∫∫
∞

−∞

û(α − α′, β − β′) v̂(α′, β′) dα′dβ′. (5)

Then unwanted velocities, i.e. û and ŵ, are removed by continuity and the
definition of normal vorticity:

k2û = iαDv̂ − iβη̂ (6)

k2ŵ = iβDv̂ + iαη̂. (7)

Before presenting the obtained expression for Nv, some simplifying nomen-
clature is introduced. The convolution integrals demand values of the flow
quantities in two points of the wavenumber plane. Therefore, we introduce
wavenumbers and corresponding wavevectors as

k′2 = α′ 2 + β′ 2 (8)

k′′2 = (α − α′)2 + (β − β′)2 ≡ α′′ 2 + β′′ 2. (9)
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In the same manner, we denote the flow quantities in these points

v̂′ ≡ v̂ (α′, β′) η̂′ ≡ η̂ (α′, β′)

v̂′′ ≡ v̂ (α′′, β′′) η̂′′ ≡ η̂ (α′′, β′′) .

The resulting expression for N̂v is then given by

N̂v(α, β) =

∫∫
∞

−∞

{
A1D

3v̂′v̂′′ + A1(2 − C)D2v̂′Dv̂′′ + A1(1 − C)Dv̂′D2v̂′′

+ k2(A1 − 1)Dv̂′v̂′′ − k2v̂′Dv̂′′
(10a)

− B1D
2η̂′v̂′′ + B1(C − 2)Dη̂′Dv̂′′ + B1(C − 1)η̂′D2v̂′′

− k2B1η̂
′v̂′′ − A1B2D

2v̂′η̂′′ − A1B2Dv̂′Dη̂′′
(10b)

+ B1B2D(η̂′η̂′′)
}

dα′ dβ ′, (10c)

where the coefficients are

A1 =
αα′ + ββ′

k′ 2
B1 =

αβ′ − α′β

k′ 2

A2 =
αα′ + ββ′

k′′ 2
B2 =

αβ′ − α′β

k′′ 2

and C = k2/k′′ 2 − A2. Note that the terms of the integrand are divided
into three major types. The ones proportional to the normal velocity or
vorticity squared, and those consisting of products of these quantities.

3 Evaluation of a model disturbance

In order to evaluate the integrand of (10) we need to know the quantities v̂
and η̂. In this investigation, a model for the evolution of v̂ is used as input
to solving η̂ linearly. Since η̂ is known to grow due to the forcing in (1a) we
will be able to determine the non-linear consequences of this process.

Using linear quantities in the integrand will be a valid approach as long
as the disturbance is weak. However, the number of free parameters in the
problem is large so a reduction is motivated. The major restriction is the
choice of the wall-normal velocity. If an arbitrary initial perturbation was
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free to develop the solution of (1a) would be required in parallel to solving
(1b). Since the effect of the forcing in (1a) is the main object of the study,
we choose a v which satisfies basic physical properties but not necessarily
develops according to (1a). The results obtained should be viewed with this
in mind.

3.1 The disturbance model for v̂

The disturbance model describes the evolution of the wall-normal velocity
component according to v = A(t)F (y)G(x − Uc t, z − Vc t). Here, the
temporal behavior is given by A(t), the wall-normal distribution by F (y)
and the spatial distribution in the homogeneous directions by G. Uc and
Vc are the propagation velocity in the stream- and spanwise directions.
Applying Fourier transformation gives

v̂ = A(t)F (y) Ĝ(α, β) exp(−iαUc t − iβVc t) (11)

where Ĝ(α, β) now determines the shape of the disturbance.
The disturbance decays exponentially as A(t) = A0 exp(−λt). Here

λ = 0.088 is used, which corresponds to the least damped mode of the ASBL
Orr-Sommerfeld equation for R = 500 and α = 1 (Gustavsson, 2000). The
amplitude A0 is left undefined at this stage.

The wall-normal profile F (y) must fulfill the boundary conditions, i.e.
zero velocity and derivative at the plate and in the free stream. We set
F (y) = (y/l)3 exp(−y2/l2) as done by Henningson et al. (1993), and l = 0.5
which gives a maximum well inside the boundary layer.

Now the shape function G and propagation velocities in the stream-
and spanwise directions are left to be determined. We set Uc = 1 and
Vc = 0, which states that the only movement of the disturbance is in the
streamwise direction, and with the velocity of the free stream. The zero
spanwise velocity is actually a necessity enforced by symmetry properties of
the governing equation, as will be described later in this section. The shape
function, here in spectral space, is set to Ĝ = πk2exp(−k2/4). In physical
space this corresponds to a ”bump” that is symmetrical in the xz plane.

Finally, the initial energy of the disturbance is normalized by choosing
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the amplitude A0. The energy is defined as

E(t) =
1

2

∫
V

(u2 + v2 + w2) dV (12)

which in spectral space becomes

E(t) =
1

2

∞∫∫
−∞

∞∫
0

(
|v̂|2 +

1

k2
|∂v̂

∂y
|2 +

1

k2
|η̂|2

)
dy dα dβ. (13)

Since our disturbance has zero initial vorticity, inserting our model for v̂
and solving for the amplitude gives

A0 =E0

⎡⎣ ∞∫∫
−∞

Ĝ2 dα dβ ·
∞∫
0

F 2dy+

∞∫∫
−∞

1

k2
Ĝ2 dα dβ ·

∞∫
0

(
∂F

∂y

)2

dy

⎤⎦−1

, (14)

where E0 is the initial energy. Normalizing E0, (14) evaluates to A0 =
0.0926.

3.2 Linear evaluation of η̂

With the vertical disturbance velocity known by the previously described
model it remains to compute the linear normal-vorticity in order to gain full
knowledge of the perturbation evolution. The target equation is obtained
by Fourier-transforming (1b) and setting N̂η to zero, which yields(

∂

∂t
+ iαU − 1

R
D − 1

R
(D2 − k2)

)
η̂ = −iβv̂

dU

dy
. (15)

As for (1b) this equation governs the BBL when bold faced terms are re-
moved. Left now is a parabolic second order partial differential equation
with two degrees of freedom to solve for: the position y and the time t. This
is handled by a standard built in Matlab PDE-solver.

For verification of the numerical algorithm it has been tested on the
disturbance used in Davidsson (2005), for which an analytical solution was
found; see figure 2. The agreement is good for all tested parameters and
the solver is considered adequate.
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Figure 2: Streamwise disturbance velocity in the ASBL for α = 0, β =
2, initial position of the disturbance y0 = 0.5 and Re = 100. Solid line
represents the solution by Davidsson (2005), circles the present numerical
algorithm.

3.3 Symmetry properties

For a given wave vector k, the convolution integral of (10) demands values
of the integrand in the whole wavenumber plane. Thus we need to know v̂
and η̂ in all quadrants of the αβ plane as motivated by the example shown
in figure (3), where the combination of k and k′ in the first quadrant gives
a k′′ in the second quadrant. In order to define these quantities we turn
to the linear stability equations (see equation 1 with Nv = 0 and Nη =
0). Symmetry properties for these equations are established by analysing
complex conjugates and negative wavenumbers, and we obtain

v̂ (−α, β) = v̂∗(α, β)
v̂ (α,−β) = v̂ (α, β)
v̂ (−α,−β) = v̂∗(α, β)

(16)

and
η̂ (−α, β) = −η̂∗(α, β)
η̂ (α,−β) = −η̂ (α, β)
η̂ (−α,−β) = η̂∗(α, β).

(17)
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k′′ = k − k′

Figure 3: Definition of vectors k, k′ and k′′ in the wavenumber plane.

Here, the asterisks denote complex conjugate. Equation (16) can also be
summarized to v̂(−α) = v̂∗(α), which implies that Im{v̂} = 0 as α = 0.
This relation is fulfilled for our wall-normal disturbance model by setting
the spanwise propagation velocity Vc = 0 as reported in section 3.1.

All the necessary tools to calculate the nonlinear evolution (10) are now
considered. Convergence test of the necessary numerical integration step
size has been performed, showing that the used step size δα = δβ = 0.05
gives an error of about two percent. Decreasing the step size (and increasing
the numerical accuracy) further means a larger computational cost, mainly
in calculating the linear disturbance.

4 Results

4.1 Linear growth

The evolution of η̂ is calculated for 0 � α, β � 15, the large wave number
domain required by the nonlinear integrand of N̂v. Figure 4 shows that the
differences of the two flows, that originate only from the Squire equation, is
quite small. The largest amplitudes are obtained for the infinitely elongated
streamwise structures (α, β) = (0, 2.4) where η̂ reach 1.29 as t = 18.1. These
values are given for the ASBL; for the BBL the growth is a few percent
larger. Moreover, the figure shows that the area of growth is significant also
for structures of nonzero α.
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Figure 4: Contours of the maximum reached amplitude of η̂, for Re = 500.
Black lines: ASBL, grey lines: BBL.

4.2 Nonlinear evolution

The evolution of the non-linear response, N̂v, has been calculated for three
Reynolds numbers (100, 500 and 800) and at a few different positions above
the wall. It is given in figure 5 for y = 1 and Re = 500. The perturbation
creates a two-peak response in the wavenumber plane, forcing streaks at
(α, β) = (0, 4.3) and T-S waves at (α, β) = (4.3, 0). The largest peak is
the one corresponding to streaks. Even though the differences are small
between the flows, they are sufficient to give a slight initial growth in the
BBL despite the identical behavior of v. The second peak appears to occur
on a quicker time scale, and decays monotonically for all tested parameters.

The cause of the damped evolution of N̂v needs to be clarified and
therefore a detailed study of its parts is the next step. For simplicity we
separate the terms of (10) by their dependence of v̂ and η̂, into the groups
vv, vη and ηη. The largest response, and its subgroups, is given in figure
6 for respective boundary layer. Here N̂v is seen to decay for the ASBL,
while subject to some initial growth for the BBL. The difference is due to
the larger growth of the vη and ηη terms for the BBL, as seen in the figure.
At small times the vv terms dominate since η = 0 initially. For larger times,
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Figure 5: Growth of N̂v in the wavenumber plane. The rows correspond to,
from top to bottom, t = 0.1, t = 1.5, t = 3 and t = 10. Left column: ASBL,
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Figure 6: The maximum amplitudes of the non-linear response N̂v and its
subgroups vv, vη and ηη, calculated at y = 1. (a): ASBL, (b): BBL.

however, the ηη terms become dominant, although they eventually decay.
The smaller peak located at the β = 0 axis in figure 5 is found to decay
monotonically for all tested parameters. This is due to the η-dependent
non-linearities which are only a fraction of their value at the larger peak (at
the α = 0 axis).

Initially, the calculations were performed for Re = 100. For such small
Reynolds number the decaying normal velocity terms dominate completely
in amplitude and consequently N̂v decays for all times. This indicates that,
to obtain a substantial growth of these nonlinearities for a disturbance with
η(t = 0) = 0, the Reynolds number must be increased well above 500. Thus
the non-linear response for Re = 800 was also calculated. The results are
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similar, however with an only marginally larger initial amplification of N̂v

for the BBL.

5 Summary and conclusions

The nonlinear part of the normal velocity equation has been investigated
for a given localized model disturbance. As these non-linearities represent
the forcing of the normal velocity equation, they are essential for the nor-
mal velocity to re-excite itself, a necessity for transition to turbulence to
occur. Two flows are considered: a Blasius boundary layer, here treated as
parallel, and an asymptotic suction boundary layer. The wall normal dis-
turbance velocity is modelled by a streamwise propagating ’bump’, whose
amplitude decays in time, while the resulting normal vorticity is solved for
numerically. With zero initial normal vorticity, the non-linear forcing of the
normal velocity equation resulting from such a disturbance is evaluated.

The maximum linear growth of the normal vorticity is obtained for
streamwise elongated structures with the spanwise wavenumber β = 2.4.
The nonlinear terms of the normal velocity equation are then evaluated in
the stream- and spanwise Fourier transformed wave number plane. In that
topography, two peaks are identified. The first one, located at (α, β) ≈
(4.3, 0), actually experience slight initial growth due to growing quantities
relating to the normal vorticity. The second peak, located at approximately
(0,4.3), is similar to the first one in its normal velocity related dependence
whereas terms related to the normal vorticity hardly contribute to any
growth. Given the mentioned wavenumbers, the studied disturbance will
mainly force streamwise elongated structures (streaks) and two-dimensional
TS-waves. The forcing of TS waves decays for all parameter combinations
invoked in this investigation, thus the potential for nonlinear growth at
these wavenumbers is low.

It is shown that very small differences in linear behavior are enough
to make a change to the non-linear forcing. This could be due to several
reasons. Except for the (small) difference in amplitudes, the y-dependence
may be of importance since differentiation in y up to the third order is
present in the forcing, and thus a refined study of the y-dependence of these
results would be a natural next step of this investigation.
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Transient growth is able to provide energy growth proportional to the
Reynolds number; thus one way of triggering larger nonlinear response,
and ultimately transition to turbulence, would simply be to increase the
Reynolds number. The present study should therefore be considered a pre-
liminary first step to clarify the ability of transient growth to evoke non-
linear effects. Further work would involve other propagation velocities of
the forcing v-perturbation, other y-distributions and larger Reynolds num-
ber. Ultimately, a v-perturbation developing according to (1a) would be
desirable, for which the Orr-Sommerfeld/Squire system of equations must
be solved. In such a work it would be natural to consider a perturbation
that optimizes linear energy growth and thus has large potential of forcing
the non-linear response. This work is but the first attempt to calculate of
the non-linear forcing of the normal velocity equation. The theoretical for-
mulation has been derived, and some practical aspects such as symmetry
conditions have been outlined and implemented numerically. The nonlin-
ear response at a certain wavenumber is shown to originate from complex
relations of the linear flow quantities distributed throughout the whole αβ-
plane. Thus, it is complicated to explain the obtained non-linear behavior
and further work must focus on elucidating these relations.
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Fluids, A 3(8).





Paper C

C





Transition thresholds in the asymptotic suction

boundary layer

By Ori Levin1, E. Niklas Davidsson2 and Dan S. Henningson1

1 KTH Mechanics, SE-100 44 Stockholm, Sweden
2 Division of Fluid Mechanics, Lule̊a University of Technology,

SE-971 87 Lule̊a, Sweden

Abstract

Energy thresholds for transition to turbulence in an asymptotic
suction boundary layer is calculated by means of temporal direct nu-
merical simulations. The temporal assumption limits the analysis to
periodic disturbances with horizontal wavenumbers determined by the
computational box size. Three well known transition scenarios are in-
vestigated: oblique transition, the growth and breakdown of streaks
triggered by streamwise vortices, and the development of random
noise. Linear disturbance simulations and stability diagnostics are
also performed for a base flow consisting of the suction boundary layer
and a streak. The scenarios are found to trigger transition by similar
mechanisms as obtained for other flows. Transition at the lowest ini-
tial energy is provided by the oblique wave scenario for the considered
Reynolds numbers 500, 800 and 1200. The Reynolds number depen-
dence on the energy thresholds are determined for each scenario. The
threshold scales like Re−2.6 for oblique transition and like Re−2.1 for
transition initiated by streamwise vortices and random noise, indicat-
ing that oblique transition has the lowest energy threshold also for
larger Reynolds numbers.
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1 Introduction

1.1 Earlier work on suction and bypass transition

One of the principal interests in fluid mechanics is the reduction of energy
losses in various flow systems, where the boundary layer plays an important
part. This can be achieved by laminar flow control (LFC), i.e. methods
of delaying/prohibiting transition to turbulence. One such method is wall
suction, which utilizes porous surfaces to remove flow from the boundary
layer. Early interest by the aircraft industry was mostly aimed at steady
uniform suction, which stabilizes the boundary layer mainly by altering the
mean flow. For an aircraft, typically 50 % of the drag comes from skin
friction (Thibert et al. , 1990). Keeping a boundary layer laminar will
decrease this quantity to a fraction of its turbulent value. Beyond the LFC-
application, uniform suction can be used to damp out existing turbulence.
The large amount of suction required will however introduce a sharp velocity
gradient near the wall and as a result increased skin friction. The energy cost
for relaminarization is typically one order of magnitude larger than required
for LFC (Joslin, 1998). Rioual et al. (1996) investigated the power balance
of a flat plate used as an airfoil. Uniform suction was found to reduce the
wake drag and an optimum for the suction velocity was obtained, leading
to a reduction of power consumption.

In order to obtain the stabilizing effects on the boundary layer, one must
assure that the chosen material is able to provide continuous suction. Mac-
Manus & Eaton (2000) investigated the flow instabilities caused by suction
through discrete holes and found a relation between the perforation diame-
ter and the displacement thickness of the boundary layer d/δ1 � 0.6 below
which the non-uniform effects will not provoke transition. Roberts & Flo-
ryan (2001) considered non-uniform suction by linear instability calculations
and the non-uniformities were shown to trigger streamwise vortices, whose
growth rate scales linearly with the Reynolds number of the flow.

Optimal distribution of steady suction (with respect to minimizing the
disturbance energy) along various geometries have been investigated in dif-
ferent ways. Thibert et al. (1990) computed transition locations on a
wing versus different mean suction rates and found that linearly decreasing
suction rate gives the best result. Optimization techniques has also been
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incorporated to control different types of disturbances in various boundary
layers (Balakumar & Hall, 1999; Pralits et al. , 2002; Zuccher et al. , 2004).
The results have in common that the suction distribution has a peak near
the start of the control volume and decays thereafter, however in somewhat
different ways.

The present work focuses on the application of steady uniform suction for
which recent experimental studies have been carried out in the MTL wind
tunnel at KTH Mechanics (Stockholm) by Fransson & Alfredsson (2003).
In that work, measurements on Tollmien–Schlichting (TS) wave propaga-
tion as well as the influence of free-stream turbulence (FST) were carried
out. An interesting result is that the FST-induced disturbances reach a
constant level inside the boundary layer as suction is applied. For the given
Reynolds number and turbulence grids, it was also shown that transition is
prevented as the suction is turned on. Yoshioka et al. (2004) investigated
the FST scenario further in a parametric study based on the fact that for the
asymptotic suction boundary layer (ASBL), the boundary layer thickness
and its associated Reynolds number can be changed independently. They
found that the spanwise spacing of the obtained streamwise elongated dis-
turbances (streaks) is maintained in the suction area, indicating that due
to the suppression of the disturbance growth, the streaks mainly become
passive disturbances convected downstream with the flow.

As far as the classical scenario with exponential growth of two-dimension-
al TS-waves is concerned, experiments and theory match well. For bypass
transition, however, the experimentally observed differences between bound-
ary layers with and without suction are not completely understood. Frans-
son & Corbett (2003) report a weakening of optimal linear energy growth,
compared to the Blasius boundary layer (BBL), which nevertheless still is
of the same order of magnitude. Roberts & Floryan (2001) observed that
the application of uniform suction significantly stabilizes TS-waves but has
a negligible effect on streamwise vortices.

Considering bypass transition in general, it is well known that transient
growth is the dominating mechanism for flat-plate boundary-layer experi-
ments with high levels of FST present. Flow visualizations by Matsubara
& Alfredsson (2001) clearly indicate the route to transition: streaks form
inside the boundary layer, become unstable and develop turbulent spots.
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Numerical flow visualizations showing the same qualitative results have also
been done (Brandt et al. , 2004), where the inflow FST was obtained by
superposition of modes of the continuous spectrum of the Orr–Sommerfeld
and Squire operators. Westin et al. (1994) among others observed that the
obtained disturbance level inside the boundary layer grows as x1/2. Frans-
son & Alfredsson (2003) reproduced this result and showed that, as earlier
mentioned, uniform suction is able to stop the growth. Andersson et al.
(1999) calculated the optimal scales for streamwise streaks in the BBL and
predicted that the spanwise spacing of these optimal streaks also grows as
x1/2. They confirmed the disturbance growth found by Westin et al. (1994)
when the growth of the optimal spanwise streak spacing was incorporated.

Theoretical insight of how perturbations can enter a boundary layer is
further provided by the so called oblique-transition model. This concept
was originally introduced by Schmid & Henningson (1992) for incompress-
ible flows and by Fasel et al. (1993) for compressible flows. Schmid and
Henningson showed, by numerical simulations on plane Poiseuille flow, how
the interaction of disturbances consisting of a pair of oblique waves can
lead to transition. For the flat-plate boundary layer, this scenario was first
tested numerically by Berlin et al. (1994), and extended in the context of
FST by Berlin et al. (1999). The numerical results are also confirmed by
experimental studies of the various flows; see Elofsson & Alfredsson (1998)
and Berlin et al. (1999) for plane Poiseuille flow and the flat-plate boundary
layer, respectively. For the ASBL, or any boundary layer involving suction,
this scenario is however not investigated to the authors knowledge.

Disturbances as streamwise vortices and oblique waves in shear flows
may lead to transition to turbulence. However, for transition to occur at
subcritical Reynolds numbers, a finite initial energy of the disturbance is
required. The threshold energy is defined to be the minimum initial dis-
turbance energy that leads to transition. Comparing the threshold energies
gives a measure of the probability that a particular transition scenario occurs
in a disturbed shear flow. Such investigations have been done in previous
numerical works for plane Couette and Poiseuille flows (Kreiss et al. , 1994;
Lundbladh et al. , 1994; Reddy et al. , 1998) and a temporal growing BBL
(Schmid et al. , 1996).
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1.2 Present work

In the present paper, we study bypass transition in the asymptotic limit of
the suction boundary layer (i.e. where the flow over a flat plate with suc-
tion has obtained a constant boundary layer thickness) by temporal direct
numerical simulations (DNS). The investigation is limited to periodic distur-
bances with specified horizontal wavenumbers. Three transition scenarios
are investigated:

• The Streamwise Vortices scenario (SV), where the initial flow field
consists of two counter-rotating streamwise vortices. These vortices
produce streaks by the lift-up effect as time proceeds. Transition can
take place if the streak amplitude becomes large enough for secondary
instabilities to operate on it.

• The Oblique Waves scenario (OW), where the initial flow field consists
of two superposed oblique waves traveling with opposite angles to
the free-stream direction. These waves interact nonlinearly to create
streamwise vortices. This is essentially a different and quicker way of
triggering growth of streaks, which in turn are subjected to secondary
instabilities.

• The Noise scenario (N), where the initial flow field consists of three-
dimensional random noise added to the base flow.

Natural transition, or growth of TS-waves, is not considered in this
investigation. The asymptotic suction boundary layer is very stable to such
disturbances and a critical Reynolds number of 54370 is reported by Hocking
(Hocking, 1975). The likelihood of a certain scenario to appear in practice
depends on the actual disturbance environment, the receptivity of the flow
and the required disturbance energy and time for transition to occur. We
aim at determining upper bounds on the required energy, and also look at
the time when the transition takes place.

The paper is outlined as follows: In Sec. 2, the numerical methods
are considered. Here we describe the numerical code, base flow, how to
create the primary disturbances and which parameters are used for the
simulations. In Sec. 3, a linear disturbance simulation is performed for the
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streaky base flow. Then the results from the DNS are presented in terms
of flow visualizations and spectral energy evolution. Finally, the transition
times and the energy thresholds of the three scenarios is presented. The
obtained results are summarized in Sec. 4.

2 Numerical details

2.1 Base flow and scaling

Consider a boundary layer over a wall where x, y and z denote the stream-
wise, wall-normal and spanwise coordinates, respectively. The correspond-
ing velocity components are U = (U, V, W ). Lengths are made nondimen-
sional by the displacement thickness δ1 and velocities are made nondimen-
sional by the free-stream velocity, U

∞
. The time t is scaled with δ1/U

∞
.

The Reynolds number is defined as Re = U
∞

δ1/ν, where ν is the kinematic
viscosity of the fluid. When uniform wall-normal suction, with velocity −V0,
is applied at the wall, the flow will evolve to the asymptotic suction profile
after some evolution region Fransson & Alfredsson (2003). The ASBL is an
analytical solution to the Navier–Stokes equations and can be written as

U0 = (1 − exp(−y),−V0, 0). (1)

The analytical solution allows the displacement thickness to be calculated
exactly, δ1 = ν/V ∗

0 and the Reynolds number to be expressed as the velocity
ratio, Re = U

∞
/V ∗

0 , where −V ∗

0 is the dimensional suction velocity.

2.2 DNS techniques

The numerical code Lundbladh et al. (1999) uses spectral methods to solve
the three-dimensional time-dependent incompressible Navier–Stokes equa-
tions. The discretization in the streamwise and spanwise directions make
use of Fourier series expansions, which enforces periodic solutions. The dis-
cretization in the normal direction is represented with Chebyshev series. A
pseudospectral treatment of the nonlinear terms is used. The time advance-
ment used is a second-order Crank–Nicolson method for the linear terms and
a four-step low-storage third-order Runge–Kutta method for the nonlinear
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terms. Aliasing errors arising from the evaluation of the pseudospectrally
convective terms are removed by dealiasing by padding and truncation us-
ing the 3/2-rule when the FFTs are calculated in the wall-parallel planes.
In the normal direction, it has been found that increasing the resolution is
more efficient than the use of dealiasing. The code can be run in both a
temporal and a spatial mode. In the latter case, a fringe region Nordström
et al. (1999) is added to the downstream end of the physical domain, in
which the outgoing flow is forced to its initial state. When studying paral-
lel flows, such as the ASBL with periodic disturbances, the advantage of a
temporal simulation can be used.

The numerical code does not allow for non-zero mean mass flow through
the lower and upper boundaries. However, the normal suction in the ASBL
can be moved from the boundary condition to the governing equations.
Hence, instead of solving the Navier–Stokes equations for V with the bound-
ary condition V = −V0, the same solution can be obtained by solving for
V − V0 with the boundary condition V = 0. In the code, the velocity-
vorticity formulation of the Navier–Stokes equations is solved. The equa-
tions for the normal velocity can be written

∂φ

∂t
= hV +

1

Re
∇2φ, (2)

∇2V = φ, (3)

where

hV =

(
∂2

∂x2
+

∂2

∂z2

)
H2 −

∂

∂y

(
∂H1

∂x
+

∂H3

∂z

)
, (4)

H1 = V ϑ − Wη, H2 = Wχ − Uϑ, H3 = Uη − V χ. (5)

Here ω = (χ, η, ϑ) denote the vorticity components. The equation for the
normal vorticity can be written

∂η

∂t
= hη +

1

Re
∇2η, (6)

where

hη =
∂H1

∂z
− ∂H3

∂x
. (7)
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Once V and η have been obtained, U and W can be calculated from the
incompressibility constraint and the definition of the normal vorticity. In
order to solve the equations with the ASBL as a base flow, the normal
velocity component in Eq. (5) is modified as follows

H1 = (V − V0)ϑ − Wη, H3 = Uη − (V − V0)χ, (8)

where the suction velocity is specified as

V0 =
1

Re
. (9)

The above system of equations is closed by specifying boundary condi-
tions at the edges of the computational box. At the wall, no-slip boundary
condition is used, i.e.

U = 0, (10)

and at the upper boundary at the free-stream position y = yL, generalized
boundary condition is applied in Fourier space with different coefficients for
each wavenumber. It is non-local in physical space and takes the following
form

∂Û

∂y
+ kÛ =

∂Û0

∂y
+ kÛ0, (11)

where hats denote Fourier transform and k is the modulus of the horizontal
wavenumbers (k2 = α2 + β2). The condition (11) represents a potential
flow solution decaying away from the upper edge of the computational box.
This condition decreases the required box height by damping the higher
frequencies rather than forcing the disturbance velocities to a rapid decay.
In the horizontal directions, periodic boundary conditions are used.

2.3 Disturbance generation and numerical parameters

The present numerical implementation provides several possibilities for dis-
turbance generation. Disturbances can be included in the flow by a body
force, by blowing and suction at the wall through non-homogeneous bound-
ary conditions and by adding them in the initial velocity field. Stream-
wise vortices and oblique waves are representative disturbances that lead to
transient growth and bypass transition to turbulence (Reddy et al. , 1998;
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Schmid & Henningson, 1992; Berlin et al. , 1999; Elofsson & Alfredsson,
1998; Elofsson et al. , 1999). They are added in the form û(y) exp(iαx +
iβz) + cc to the ASBL in the initial velocity field. The amplitude function
û(y) of the initial disturbance, with given horizontal wavenumbers (α, β),
is optimized to obtain the highest energy gain over a specified time pe-
riod. The optimization code uses a direct-adjoint technique applied to the
linear disturbance equations in the temporal frame and was originally im-
plemented by Corbett & Bottaro (2000) that studied the algebraic growth
in boundary layers subject to different streamwise pressure gradients. The
optimization code was later extended to include the ASBL by Fransson &
Corbett (2003). For the simulations in the present work, the streamwise
vortices are optimized for (α, β) = (0, 0.53), which is the global optimal
wavenumbers for Re = 800 found by Fransson and Corbett. The time pe-
riod, which the growth is optimized for, is chosen to be 300. The oblique
wave is optimized for (α, β) = (0.265, 0.265) over a time period of 75 and is
introduced in the initial velocity field both for (α, β) and (α,−β). From this
initial condition, the nonlinear interaction between the waves will produce
streaks with wavenumbers (α, β) = (0, 0.53). Figure 1 shows the initial op-
timal streamwise vortices and oblique waves for Re = 800. The thresholds
are expressed in terms of the energy density of the initial disturbance. The
energy density of a disturbance (u, v, w) is given by

E =
1

2V

∫
(u2 + v2 + w2) dV , (12)

where V is the volume of one periodic box. Apart from the optimal dis-
turbance, random noise is added to the initial velocity field. The noise is
in the form of Stokes modes, i.e. eigenmodes of the flow operator without
the convective term. These modes fulfill the equation of continuity and
the boundary condition of vanishing velocity at the wall. The total energy
density of the noise is set to 0.01 % of the energy density of the primary
disturbance.

The horizontal lengths of the box for scenario (SV) are 2π/β, which cor-
responds to one spanwise wavelength of the optimal disturbance. In scenario
(OW) the horizontal lengths of the box are doubled to fit one streamwise
and spanwise period of the oblique waves. The height of the box is 10 for
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Figure 1: Initial optimal disturbances in the ASBL for Re = 800. (a)
Cross-flow plane of the optimal streamwise vortices. (b) Contours of normal
disturbance velocity of the oblique waves in a horizontal plane at y = 1.6.

all simulations. Both the box height and the resolutions are carefully tested
by convergence tests of the transition time and flow structures with varied
box height and resolution. Dealiasing is activated in the streamwise and
spanwise directions. That increases the computational resolution in the
simulations with a factor of 2.25 (1.5 in each direction). The size of the
computational box and the resolution used for the simulations are listed in
Table 1.

3 Results

3.1 Streamwise wavelength of secondary instability

The streak, seen as a primary disturbance, grows out of the optimal stream-
wise vortices introduced in the initial field as time proceeds. When the
streak amplitude increases beyond a certain critical value, secondary distur-
bances become unstable and start to grow. The most amplified wavelength
of the secondary instability is dependent of the shape and amplitude of the
primary streak disturbance. To be able to quantify the size of the primary
disturbance, Andersson et al.Andersson et al. (2001) introduced a defini-
tion of the streak amplitude. It is defined as half the difference between the
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Table 1: Grid resolution and box size used for the three transition scenarios given
in the order streamwise, wall-normal and spanwise direction, respectively.

Scenario Re Resolution Box size

(SV) 500 40 × 61 × 64 11.86 × 10 × 11.86
800 40 × 81 × 80 11.86 × 10 × 11.86
1200 48 × 109 × 96 11.86 × 10 × 11.86

(OW) 500 80 × 91 × 128 23.71 × 10 × 23.71
800 96 × 109 × 144 23.71 × 10 × 23.71
1200 108 × 129 × 180 23.71 × 10 × 23.71

(N) 500 40 × 81 × 80 11.86 × 10 × 11.86
800 40 × 81 × 80 11.86 × 10 × 11.86
1200 48 × 109 × 96 11.86 × 10 × 11.86

maximum and minimum of the streamwise velocity deviation, hence

A =
1

2

[
max
y,z

(U − U0) − min
y,z

(U − U0)

]
. (13)

Figure 2 shows a cross-flow plane of an undisturbed streak obtained from a
simulation for scenario (SV) with Re = 800 and E0 = 3 ·10−5, without noise
in the initial field. The figure shows contours of streamwise disturbance
velocity at t = 400. In absence of noise, no secondary disturbances exist to
set off secondary instability and the flow stays laminar.

When a secondary disturbance grows on a streak, the length of the
periodic box will affect its wavelength. Thus, one can either perform the
simulations with a very long box to let the simulation decide the wave-
length of the secondary instability, or select the box length to match one
streamwise wavelength of the secondary disturbance. The latter alterna-
tive is used in this paper, where many simulations are required to find the
energy thresholds. That constrains the investigation to disturbances with
wavenumbers that fit the periodic box. The first alternative is however
tested in one simulation for scenario (SV) to determine the naturally pre-
ferred instability wavelength. In that simulation, which is performed for
Re = 800 and E0 = 3 · 10−5, the length of the box is 40π/β and the reso-
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Figure 2: Primary streak disturbance (without noise) at t = 400 for scenario
(SV) with Re = 800 and E0 = 3 · 10−5. Contours of streamwise disturbance
velocity are shown in a cross-flow plane. Black and grey lines show positive
(high-speed streak) and negative (low-speed streak) values, respectively.
The line spacing is 0.025 but the zero contour is not displayed.

lution is 480 × 51 × 40. The obtained flow at t = 400 in a part of the box
is shown in Fig. 3, where contours of the streamwise disturbance velocity is
drawn. At the given time, the streak is clearly unstable to secondary distur-
bances and eleven streamwise waves with varying length are present in the
box. The shorter waves grow more than the longer waves and can thus be
considered to be more unstable. The corresponding streamwise wavenum-
ber is approximately α = 0.4. However, that value is likely to vary slightly
with Reynolds number, initial energy density of the primary disturbance
and the noise.

An additional method of finding the most amplified streamwise wave-
length is used. By determining the linear impulse response Brandt et al.
(2003) for the base flow with a pure streak extracted from scenario (SV)
without noise, as the streak shown in Fig. 2, the growth rate versus the
streamwise wavenumber can be calculated. The method solves the distur-
bance equations in time and space, linearized around the streaky base flow
at a fixed time instant. The assumption of constant streak amplitude is jus-
tified since the secondary instability is inviscid in nature and therefore leads
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Figure 3: Natural secondary instability of a streak at t = 400 for scenario
(SV) with Re = 800 and E0 = 3 · 10−5. Contours of streamwise disturbance
velocity are shown in a horizontal plane at y = 1.6. Black and grey lines
show positive and negative values, respectively. The line spacing is 0.05 but
the zero contour is not displayed.

to a fast growth in comparison to the growth of the streak itself. The base
flow is spanwise periodic and symmetric with respect to the (x, y)-plane. As
a consequence, it admits two classes of normal modes: a sinuous mode and
a varicose mode. The initial condition representing the impulse response for
the secondary disturbance triggers two counter-rotating streamwise vortex
pairs. It has been used previously by Henningson, Lundbladh and Johans-
son Henningson et al. (1993) and Bech, Henningson and Henkes Bech et al.
(1998) and potentially excites both the sinuous and varicose modes. As
time proceeds, the disturbance rides on the streaky base flow and evolves
into a dispersive wave packet.

The linear impulse response is calculated for the streak in the time inter-
val 200-600 with steps of 100. Spatio-temporal diagnostic tools are used in
order to evaluate the simulation results for growth rates in the asymptotic
limit where the disturbances are considered to grow exponentially. The
growth rates are denoted ωi and σ, where the former is strictly temporal
and the latter is the spatio-temporal counterpart as observed while travel-
ing with the group velocity vg. For further details on how these quantities
are evaluated, the reader is referred to Delbende & Chomaz (1998) and
Delbende et al. (1998). Figures 4(a) and 4(b) show the obtained sinuous
type growth rates for the different streak time instants versus the stream-
wise wavenumber and the group velocity, respectively. The varicose mode
attains about half the growth rate and is not displayed here. According
to Delbende et al. (1998), the overall maximum of both type of growth
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Table 2: Comparison of linear impulse response for the streak at different time
instants. The data complements Fig. 4.

t A αmax σmax v−g vmax
g v+

g

200 0.33 0.35 0.021 0.58 0.73 0.88
300 0.36 0.42 0.031 0.52 0.70 0.91
400 0.35 0.47 0.033 0.52 0.69 0.93
500 0.33 0.46 0.030 0.55 0.71 0.95
600 0.32 0.43 0.027 0.59 0.73 0.94

rates will coincide. This quantity, denoted σmax, is summarized in Table 2
for the different time instants, together with its corresponding streamwise
wavenumber αmax and group velocity vmax

g . Further information in Table
2 is the amplitude of the streak defined as in Eq. (13) and the trailing-edge
and leading-edge velocities of the wave packet, where σ = 0, denoted v−g and
v+
g , respectively. The instability of the wave packet riding on the streak is

clearly convective. The group velocities of the trailing and leading edge are
around 52 % and 95 % of the free-stream velocity, respectively. Brandt et al.
(2003) found a trailing-edge velocity of about 67 % for the wave packet rid-
ing on a streak with A = 0.36 in the BBL, while the leading-edge velocity
was found to be about the same as for the ASBL. The overall largest growth
rate is obtained for αmax = 0.47 for the streak at t = 400. Andersson et al.
(2001) studied the secondary instability and breakdown of streamwise steaks
in the BBL. They found that the growth rate and streamwise wavenumber
increase with the streak amplitude. The critical amplitude of the streak,
beyond which streamwise traveling waves are excited, was found to be about
26 % of the free-stream velocity. The results for the ASBL show the same
general behavior. That explains why the waves in the long-box simulation is
longer, with a corresponding smaller value of the streamwise wavenumber.
The longest waves start to grow at a smaller streak amplitude and thus have
longer time to develop. As waves with different lengths start to grow at dif-
ferent streak amplitudes and hence at different time instants, it is difficult
to judge which streamwise wavenumber that dominates the secondary in-
stability. With that in consideration and the fact that the maximum growth
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Figure 4: Linear impulse response for a streak with Re = 800 and E0 =
3 · 10−5. Streaks extracted for t = 200 (dotted line), 300 (dashed line), 400
(solid line), 500 (grey line) and 600 (dash-dotted line). (a) Temporal growth
rate ωi versus streamwise wavenumber α. (b) Spatio-temporal growth rate
σ versus group velocity vg.

rates are rather insensitive to the streamwise wavenumber, the box length
is set equal to the box width throughout this investigation.

3.2 Simulations of transition

3.2.1 Transition thresholds

As mentioned in the introduction, the ASBL is stable to infinitesimal distur-
bances below a critical Reynolds number of 54370 (Hocking, 1975). How-
ever, a transient disturbance growth may occur for much lower Reynolds
numbers. If the initial energy of the disturbance exceeds a certain thresh-
old value transition occurs. The energy threshold of the primary distur-
bance typically decreases with Reynolds number. Previous investigations
have mainly been concerned with determining the negative exponent γ, re-
lating to the initial amplitude of the primary disturbance as A0 ∝ Reγ . In
this representation, the scenario with the smallest exponent will most easily
become turbulent when sufficiently large Reynolds numbers are considered.
Trefethen et al. (1993) used simple models to feed transient growth by
nonlinearities and conjectured that for the Navier–Stokes equations, γ must
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be ≤ −1. Later Baggett & Trefethen (1997) reviewed several mathematical
models of transition in parallel shear flows collected from different research
groups, and found the exponents −3 ≤ γ ≤ −1 depending on model and
base flow. However, they conclude that for actual flows in pipes and chan-
nels, the range is more likely −2 ≤ γ < −1. Most investigations dealing with
this relationship focus on plane channel flows. Kreiss et al. (1994) obtained
through DNS the threshold exponent γ = −1, for transition in plane Cou-
ette flow initiated by streamwise vortices. Numerical studies by Lundbladh
et al. (1994) indicate that for scenario (SV), the exponent is −7/4 for plane
Poiseuille flow, while for scenario (OW), the exponents are γ = −5/4 and
−7/4 for plane Couette and plane Poiseuille flow, respectively. Reddy et al.
(1998) approximately confirm these values. The quoted numerical simula-
tions are limited to Reynolds numbers less than 5000. Chapman (2002) used
an asymptotic (Re → ∞) analysis of the Navier–Stokes equations to study
the threshold exponents for transition in plane Couette and plane Poiseuille
flow initiated by streamwise vortices and oblique waves. He finds the expo-
nents to be different than in the above mentioned works (Lundbladh et al.
, 1994; Reddy et al. , 1998). Chapman explains this difference by the fact
that the asymptotic values are only reached for very large Reynolds num-
bers, of order 106, where the scaling laws of the transient growth is different
than for the Reynolds numbers used in the numerical simulations. Recent
experiments on pipe flow by Hof et al. (2003) indicate that the required
disturbance amplitude to cause transition scales as Re−1.

For boundary layer flows, little work aimed in this direction is found,
mainly because of difficulties to define such a relationship as the local
Reynolds number changes with the boundary layer thickness. However,
tools for transition prediction in boundary layers has been developed for
half a century. Andersson et al. (1999) proposed a relation for bypass
transition prediction in the BBL. The relation states that the Reynolds
number (based on the boundary layer thickness) at transition scales as -1
with the level of FST. It is based on transient growth theory together with
the assumption that the initial disturbance energy is proportional to the
FST energy. Levin & Henningson (2003) later generalized the relation to
the Falkner–Skan boundary layer. Fransson et al. (2005) experimentally
showed a very good correlation to the relation in the BBL.
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In a parallel boundary layer such as the ASBL, the Reynolds number
based on the boundary layer thickness is constant and therefore the proce-
dure to find the threshold energy is straightforward. When a simulation is
found to reach transition, another one is simply carried out with smaller ini-
tial energy until the accuracy is considered sufficient. It is also of interest to
determine the time (tT ) when transition occurs. There are several methods
of determining if transition has taken place. For example, it can be defined
by the appearance of sharp peaks of some flow quantity like the velocity
components, energy density or wall shear stress. In the present work, the
Reynolds number based on the mean friction velocity, Reτ , provides a well-
defined measure. Transition is defined to appear when the friction velocity
Reynolds number exceeds a certain critical value that is chosen, based on
the results, to be 26, 38 and 50 for Reynolds number 500, 800 and 1200,
respectively. However, at low Reynolds numbers and large initial energies
of the primary disturbance, this definition breaks down for scenario (SV)
and (OW). This is because the initial disturbance produces a larger mean
friction velocity than the turbulence itself. Examples of the evolution of
the friction velocity Reynolds number are shown in Fig. 5, where transition
takes place at the rapid growth of the friction velocity Reynolds number
around t = 800.

Before presenting the results, two things need to be mentioned about
these simulations. Firstly, we register transition as the process when the
fluid goes into the turbulent state. However, the simulations are not con-
tinued to ensure that turbulence is sustained over time. Secondly, random
noise is added to the primary disturbance in the (SV) and (OW) simulations.
This is especially important in scenario (SV) where we need to break the
symmetry of the streak, which otherwise would decay (Gustavsson, 1991).
Increasing the energy level of the noise makes the flow more unstable and
transition appears earlier as shown in Fig. 5(a). Figure 5(b) shows that
distributing the energy of the noise differently affects the course of events
somewhat as well, despite the low initial energy compared to that of the
primary disturbance. In this investigation, one noise setup is used, thus
our obtained energy threshold must be considered as an upper bound, since
more optimal disturbance configurations that would lead to transition for
lower initial energies may exist.
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Figure 5: Effect of noise on the friction velocity Reynolds number Reτ

for scenario (SV) with Re = 800 and E0 = 3 · 10−5. (a) Constant seed
number and various initial energy density quota between noise and primary
disturbance. Black lines: Solid 0.01 %, dashed 0.02 %, dotted 0.05 %. Grey
lines: dashed 0.005 %, dotted 0.002 %. (b) Various seed numbers, keeping
initial energy quotient set to 0.01 %.

3.2.2 Transition initiated by streamwise vortices

In the simulations of scenario (SV), the initial condition consists of optimal
streamwise vortices (see Fig. 1a) and a small amount of random noise to set
off secondary instability. The size and resolution of the box for the three
simulated Reynolds numbers 500, 800 and 1200 are specified in Table 1. The
flow pattern of the simulation for Re = 800 and E0 = 3 · 10−5 is shown in
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Fig. 6, where lines of constant streamwise disturbance velocity are plotted in
a horizontal plane at y = 1.6. At the start of this simulation, the initiated
streamwise vortices evolve into streaks by the lift-up effect. Figure 6(a)
shows the resulting streak at t = 600. Grey lines demonstrate negative
disturbance velocity, i.e. the low speed streak positioned around z = 0. At
t = 700, shown in Fig. 6(b), a secondary instability has developed that
deforms the streak in a sinuous manner with a streamwise wavelength equal
to the box length. Figure 6(c) shows the state at t = 800, which is close
to the breakdown to turbulence. According to our definition, the transition
time in this case is 820. The solid line in Fig. 5(a) shows the evolution of
Reτ for this simulation. For the undisturbed base flow Reτ =

√
Re, which

is also very close to the initial value in the figure. This quantity shows a
rather slow increase as the streaks form and grow in amplitude, followed by
a rapid growth as the streaks break down and transition occurs. The early
turbulent state succeeding breakdown is shown in Fig. 6(d), which shows
the flow pattern at t = 900.

Further insight into the transition process is provided by the energy
evolution of the Fourier components, shown in Fig. 7. The velocity field
is Fourier transformed in the horizontal directions and (α1, β1) denotes the
streamwise and spanwise wavenumbers, respectively, each normalized with
the corresponding fundamental wavenumbers. The initial energy is fed into
streamwise vortices (0, 1) shown as the grey line in Fig. 7. This mode
grows algebraically as transient growth place energy into the streamwise
velocity component (the streak). The superharmonic streak mode (0, 2) also
experience an algebraic growth although the energy content in this mode
is at least one decade smaller. At about t = 400, the streak reaches its
largest amplitude. At the same time, the secondary instability is triggered
and the modes (1, 0-2) show an exponential growth. At later instants higher
harmonics start to grow exponentially; the modes (2, 0-2) are shown in the
figure. Transition is obtained as the energy content of these modes are of
the same order as that for the streak.

3.2.3 Transition initiated by oblique waves

In the simulations of scenario (OW), the initial condition consists of two
optimal oblique waves (see Fig. 1b) oriented 45 degrees angle to the free-
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Figure 6: Flow pattern close to transition for scenario (SV) with Re = 800
and E0 = 3 · 10−5. Contours of streamwise disturbance velocity are shown
in a horizontal plane at y = 1.6 at time instants 600 (a), 700 (b), 800
(c) and 900 (d). Black and grey lines show positive and negative values,
respectively. The line spacing is 0.05 but the zero contour is not displayed.

stream direction, one in the positive spanwise direction and the other in
the negative. The same random noise as for scenario (SV) is added to
the initial field. The size and resolution of the box for the simulations are
given in Table 1. Contours of constant streamwise disturbance velocity in
a horizontal plane at y = 1.6 are shown in Fig. 8 from the simulation for
Re = 800 and E0 = 1 · 10−5. At the start of this scenario, the initiated pair
of oblique waves interact with each other and streamwise vortices with half
the spanwise wavelength are created. The streamwise vortices again evolve
into streaks due to the lift-up effect. Figure 8(a) shows two spanwise periods
of streaks at t = 500. In the presence of the oblique modes, the secondary
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Figure 7: Energy content in Fourier modes (α1, β1) for scenario (SV) with
Re = 800 and E0 = 3 · 10−5. The initially excited mode (0, 1) is shown
by the grey solid line, while the nonlinearly generated modes are shown by
black lines. The modes are indicated in the figure and × denotes 0, 1 or 2.

instability is of the varicose type with horizontal wavelengths equal to these
of the oblique waves, and thus also of the horizontal box dimension. At
t = 600, shown in Fig. 8(b), the secondary instability has developed and
deforms the streaks. Figure 8(c) shows the flow pattern at t = 700 close
to the transition time, which with our definition becomes 731. The early
turbulent state succeeding breakdown is shown in Fig. 8(d), which shows
the flow pattern at t = 800.

Figure 9 shows the energy evolution of the Fourier components. The
initial energy is fed into the oblique wave modes (1,±1) shown as the grey
line in the figure. These modes grow initially due to linear transient effects,
but start decaying rather quickly as the energy is nonlinearly redistrib-
uted into the streamwise vortices (0, 2). These vortices produce streamwise
streaks with spanwise wavenumber 0.53 as for scenario (SV). From this
point, scenarios (OW) and (SV) are similar in behavior since both contain
the instability and breakdown of streaks. However, when the streak ampli-
tude is large enough for the secondary instability to set in, at t ≈ 400, the
oblique wave modes (1,±1) still contain a considerable amount of energy.
Since the oblique modes are associated with a varicose or symmetric streak
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Figure 8: Flow pattern close to transition for scenario (OW) with Re = 800
and E0 = 1 · 10−5. Contours of streamwise disturbance velocity are shown
in a horizontal plane at y = 1.6 at time instants 500 (a), 600 (b), 700
(c) and 800 (d). Black and grey lines show positive and negative values,
respectively. The line spacing is 0.05 but the zero contour is not displayed.

instability this will have the opposite spanwise symmetry compared to the
sinuous or antisymmetric secondary instability found in scenario (SV). As
a consequence, these wavelengths become twice as large compared to the
streak breakdown in scenario (SV).

3.2.4 Threshold energy

In addition to scenarios (SV) and (OW), a corresponding investigation for
scenario (N) is performed. In these simulations, the initial disturbance
consists of noise only. This noise is the same as for the other simulations, but
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Figure 9: Energy content in Fourier modes (α1, β1) for scenario (OW) with
Re = 800 and E0 = 1 · 10−5. The initially excited modes (1,±1) are shown
by the grey solid line, while the nonlinearly generated modes are shown by
black lines. The modes are indicated in the figure and × denotes 0, 2 or 4.

with a considerably higher level of initial energy density, which is required
for breakdown to turbulence to occur. The size and resolution for scenario
(N) are reported in Table 1. Figure 10 shows the energy evolution of the
Fourier components in the simulation with Re = 800 and E0 = 3.2 · 10−4.
The initial energy is distributed in the modes with |α1| ≤ 2 and |β1| ≤
2. The streak modes (0, 1) and (0, 2) grow algebraically while the other
modes shown in the figure decay until about t = 500, when secondary
instabilities are triggered. Transition occurs as the energy content of these
modes are of the same order as for the streak modes. For our definition of
the transition time, this appears at t = 729. The transition mechanism for
scenario (N) seems to be the same as for scenario (SV). Streaks are produced
of the random noise and breakdown occurs as a result of a secondary streak
instability.

In order to compare the threshold energies for the three scenarios, the
time of transition tT for each initial energy density E0 of the simulations
are summarized in Fig. 11. The lines connecting the data are extrapolated
towards tT → ∞ for the lowest obtained energy that leads to breakdown
before t = 2000 of each case. The figure shows how the time of transition
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Figure 10: Energy content in Fourier modes (α1, β1) for scenario (N) with
Re = 800 and E0 = 3.2 · 10−4. The modes are indicated in the figure and ×
denotes 0, 1 or 2.

decreases as the initial energy of the primary disturbance increases. This
trend is less significant for scenario (N) where rather high energies are re-
quired to obtain transition. The most competitive initial disturbance, of
the ones considered herein, in terms of transition at low energy/short time
is the pair of oblique waves. Scenario (N), on the other hand, requires 1-2
orders of magnitude larger energy.

The energy thresholds for transition, extracted from Fig. 11 (where the
lines approach the time 2000), are plotted for their respective Reynolds
number in Fig. 12. The solid lines represent least square fits of the formula
E0 ∝ Re2γ , and the determined proportionality constants and exponents
are given inside the plot. The exponents for scenarios (SV) and (N) are
with the present accuracy, equal. However, with increased accuracy, the
exponent for scenario (SV) becomes slightly lower than for scenario (N). As
mentioned above, scenario (N) essentially seem to be another way to trigger
streaks. Thus it is not surprising that the exponents are adjacent. Since
random noise is not the optimal disturbance distribution to create streaks,
a higher initial energy is required for transition to occur. The steepest slope
is obtained for scenario (OW), which thereby will have the highest potential
to trigger transition also for larger Reynolds numbers than considered here.
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Figure 11: Transition time as a function of initial energy density. Black
lines (SV), grey lines (OW) and dotted lines (N) for Reynolds number 500
(), 800 (�) and 1200 (�).

This is in agreement with previous investigations of plane Couette flow
(Lundbladh et al. , 1994).

4 Conclusions

In the present study, several scenarios of bypass transition are investigated
for the asymptotic suction boundary layer (ASBL). This flow is strictly par-
allel in the sense of constant thickness of the boundary layer, which allows
for direct numerical simulations in the temporal regime. However, the tem-
poral assumption limits the analysis to periodic disturbances with horizontal
wavenumbers determined by the computational box size. The work aims at
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Figure 12: Threshold energy density for the three scenarios, streamwise
vortices (SV), oblique waves (OW) and random three-dimensional noise
(N). The circles correspond to data from the DNS. The lines are fits to the
data with their corresponding functions indicated beside.

finding energy thresholds for generic disturbances that are known to lead to
transition with low initial energies and not for the most likely disturbances
that may be present in the flow. Furthermore, the receptivity of the flow
is not considered. Three scenarios are considered: growth and breakdown
of streaks initiated by streamwise vortices (SV), oblique transition where
an oblique wave pair (OW) is used to trigger the streamwise vortices, and
three-dimensional random noise (N). These scenarios are well established
and thoroughly investigated for other flows (Kreiss et al. , 1994; Lundbladh
et al. , 1994; Reddy et al. , 1998; Chapman, 2002). The different stages of
transition are identified and found to be in accordance with previous work
on channel flows and boundary layers.

For scenario (SV), simulations of secondary disturbances are performed
in order to study the influence of the box length. The result is a wave
packet with a trailing-edge velocity of 0.52, to be compared with 0.67 for
the Blasius boundary layer (BBL) (Brandt et al. , 2003). The leading-edge
velocity is 0.95, which is similar to what is found for the BBL. Growth rates
are also calculated, which become largest for the sinuous instability mode
with a streamwise wavenumber comparable to the spanwise wavenumber of
the streak.
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The obtained threshold energies for the three transition scenarios scale
with Reynolds number as Re−2.6 (OW), Re−2.1 (SV) and Re−2.1 (N). These
values correspond to slightly below −1 when considering disturbance ampli-
tudes, which agree reasonably well with numerical investigations for other
flows. For the present accuracy, the exponents for scenarios (SV) and (N)
are equal. The reason may be that the underlying transition mechanisms
are identical, since noise also gives rise to transient growth of streaks. How-
ever, the required initial energy of the noise for transition to occur is higher
since the noise is far from the optimal configuration to trigger streaks. It is
important, when considering the likelihood of these scenarios to appear in
practice, to consider the initial energy of the disturbance required to achieve
transition. For the investigated domain of Reynolds numbers, oblique tran-
sition clearly posses the largest potential to transform this flow into the
turbulent state. It also has the steepest threshold curve, indicating that
this scenario will dominate even more as the Reynolds number is increased.

A similar study was made by Schmid et al. (1996) by simulations of
a temporally growing BBL for the initial Reynolds number 500. Their
lowest threshold is obtained for scenario (OW) and the value is � 8 · 10−7,
to be compared to 2.7 · 10−5 obtained from our curve fits. For scenario
(SV) the roles are opposite but the energies are larger. Keeping in mind
that a temporal simulation of the BBL does not represent the fully physical
situation, these results indicate that perhaps the physics of the ASBL makes
this boundary layer more resistant to the initial nonlinear redistribution
necessary to obtain the growing streaks out of the oblique waves. Such
investigations are left for future studies, however.
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Abstract

The evolution of a disturbance varying slowly in the direction of the
mean flow in a Blasius boundary layer is studied. Multi-scale pertur-
bation expansions are used where the parallel problem, i.e. neglecting
the wall-normal component of the mean flow, enters to the leading
order. It is shown how the non-parallel correction affects the distur-
bance, and that this effect diminishes if the disturbance is initiated
sufficiently far downstream of the leading edge.

1 Introduction

Davidsson (2005) used analytical methods to study the transient growth
of streamwise elongated fluctuations in the streamwise velocity component
(streaks) for a flat plate boundary layer subjected to uniform steady suction.
A comparison with the no suction case, i.e. the Blasius boundary layer, was
also performed, where the mean flow was assumed parallel. The results
show that the disturbance growth differ somewhat in magnitude with the
suction boundary layer as the more stable flow case. The question arises,
however, to how and when a mean flow consisting of the Blasius boundary
layer may be assumed parallel in connection to disturbances acting on a
long streamwise scale.
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Simplifying the boundary layer to be parallel with U = U(y) and V = 0
is an assumption made in many works throughout the history of fluid me-
chanics, starting with the study of growing exponential disturbances in the
Orr-Sommerfeld equation (for references see for instance Schlichting, 1979).
The curves of neutral stability and the corresponding critical Reynolds num-
ber obtained by the theory did, however, not show an acceptable agreement
with the experimental work of Schubauer & Skramstad (1947). This dis-
crepancy was attributed the non-parallel effects.

Attempts to account for the non-parallel evolution of the boundary layer
was formulated by means of multiple scale perturbation expansions (Saric
& Nayfeh, 1975) as well as triple deck theory (Smith, 1979) and asymp-
totic methods (for references see Fasel & Konzelmann, 1990). However,
Fasel & Konzelmann (1990) used direct numerical simulations to review
the results of the parallel, and non-parallel, approaches. They noted that
agreement, when achieved, is more or less fortuitous, but that using the
parallel theory as a first approximation for an extension of the theory to
include non-parallel effects is well justified since the amplitude distributions
agree closely with the (linear) parallel stability theory. An end to the dis-
cussion was put by Klingmann et al. (1993), who by a carefully designed
experiment obtained reasonable agreement with the parallel theory of the
Orr-Sommerfeld equations for the boundary layer.

Numerically, the boundary layer flow has successfully been assumed par-
allel for simulations of secondary disturbances (Brandt et al. , 2003). Here
the mean flow U = U(y, z), V = 0 is simply a streak extracted from a direct
numerical simulation, which is ”frozen” in order to provide a steady and
constant (in the streamwise direction) background flow for the secondary
instability to act upon. This approach is motivated by the inviscid nature
of the secondary instability leading to fast streamwise growth. Another
numerical approach is the concept of parabolized stability equations (PSE)
introduced for the boundary layer by Bertolotti et al. (1992) for nonlinear
treatment of two-dimensional disturbances. The base of this formulation
is that the mean flow and the amplitude of the disturbance vary slowly in
the streamwise direction, whilst the disturbance is still allowed to have a
quick oscillatory part. Discarding the lowest order terms now gives a set
of parabolic equations that may be solved numerically to a fraction of the
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computational cost of the full Navier-Stokes equations, and that take ac-
count for non-parallel effects. This concept has also been extended to three-
dimensional disturbances in the Blasius boundary layer (see Bertolotti et al.
1992 for references).

All the methods discussed above for studying the flat plate boundary
layer have in common that they either do not allow for disturbances chang-
ing relatively slowly (i.e. close to the same length scale as the boundary
layer) in streamwise direction to be studied, or do so in a fully numeri-
cal environment. The approach taken here is to use multi-scale perturba-
tion expansions in order to find approximate (non-parallel) solutions to the
Navier-Stones equations valid for structures evolving slowly in the stream-
wise direction. A WKB-like approach is used to seek a criteria of validity
of the parallel mean flow approximation such as it was used by Davidsson
(2005).

The theoretical framework with the equations governing the evolution
of linear disturbances, their scalings and boundary conditions is given in
section 2. The perturbation expansion method applied and analyzed in
section 3, with the parallel problem entering the problem to the leading
order. The results are concluded in section 4.

2 Basic equations

In this work the incompressible flat-plate boundary layer is considered. The
cartesian coordinate system consists of x, y, z denoting the streamwise, wall
normal and spanwise coordinates, respectively. Corresponding flow veloci-
ties are divided into the mean flow [U(x, y), V (x, y)], given by the solution
to the Blasius equation, and the disturbance [u(x, y, z), v(x, y, z), w(x, y, z)].
In order to make the equations dimensionless the coordinates are scaled by
the displacement thickness at some streamwise position x0 along the plate,
δ(x0). All velocities are scaled by the free stream velocity U∞, while the
time is made non-dimensional by δ(x0)/U∞. A schematic of the flat plate
boundary layer is given in figure 1. In the following analysis all coordinates
and velocities are given in their non-dimensional form. Into these equations
the Reynolds number based on the displacement thickness appears, which
is given by Reδ = U∞δ(x0)/ν, where ν represents the viscosity of the fluid.
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Figure 1: Schematic of the flat plate boundary layer with coordinate system
and flow velocities.

The dimensionless Navier-Stokes equations are linearised around the
mean flow, and the pressure is eliminated (see for instance Schmid & Hen-
ningson, 2001) to give two equations governing the wall normal velocity v
and the normal vorticity, here denoted η = ∂u/∂z − ∂w/∂x:{

∂

∂t
+ U

∂

∂x
+ V

∂

∂y

}
∇2v = ∇2U

∂v

∂x
−∇2V

∂v

∂y
− ∂

∂x
(∇2V )u

−∂V

∂x
(∇2u) − ∂

∂y
(∇2V )v − ∂V

∂y
∇2v − 2

∂U

∂x

∂2v

∂x2
+ 2

∂U

∂x

∂2u

∂x∂y

−2
∂V

∂x

∂2v

∂x∂y
+ 2

∂V

∂x

∂2u

∂y2
− 2∇2V

∂u

∂x
+

1

Reδ
∇4v (1a)

{
∂

∂t
+ U

∂

∂x
+ V

∂

∂y

}
η = −∂U

∂x
η − ∂U

∂y

∂v

∂z
+

∂V

∂x

∂w

∂y
+

1

Reδ
∇2η. (1b)

The boundary conditions consist of no-slip at the wall, giving v = ∂v
∂y = 0

and η = 0 at y = 0. Far from the wall typically zero perturbations are
assumed when considering initial value problems. For the continuous spec-
trum, associated with transient growth, this condition is released to allow
for bounded eigenfunctions. In this case, with an evolving boundary layer,
the restriction is further released to allow for even slightly increasing eigen-
functions. The corresponding adjoint eigenfunctions are however slightly
decreasing so that an inner product and normalization with a finite value
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can be defined.

3 Perturbation analysis

In this section we derive the evolution of a streamwise slowly-varying dis-
turbance by means of multi-scale perturbation expansions. In the analysis
we will to the lowest order make use of the eigenvalue problems with con-
tinuous spectrum arising in the limit of the parallel problem (V = 0) with
zero stream-wise variation of the perturbations.

3.1 The parallel problem

Considering harmonic variation in time and in the spanwise coordinate

q(y, z, t) = q̂(y)e−iωte−iβz (2)

(where q represent v and η) we have ∂/∂t = −iω and ∂/∂z = −iβ. For the
parallel approach also V = 0 and the streamwise variation of the perturba-
tions is zero, i.e. ∂/∂x = 0, thus (1) becomes

(D2 + λ2)(D2 − β2) v̂λ(y) = 0 (3a)

(D2 + μ2) η̂μ(y) = 0 (3b)

where D = d/dy and

λ2 = iωλReδ − β2 (4a)

μ2 = iωμReδ − β2. (4b)

Incorporating boundary conditions the following eigenfunctions and -values
are obtained:

v̂λ(y) = cos(λy) − β
λ sin(λy) − e−βy ωλ = −i

β2 + λ2

Reδ
, (5a)

η̂μ(y) = sin(μy) ωμ = −i
β2 + μ2

Reδ
, (5b)

where λ ≥ 0 and μ ≥ 0 are continuous parameters.
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3.2 Scaling of the governing equations

The characteristic length corresponding to the growth of the boundary layer,
L, is also used as an indication of the wavelength of the streamwise per-
turbations. Thus L is considered large compared to the boundary layer
thickness δ∗ and the ratio α = δ∗/L is used as a small parameter. Incorpo-
rating the Reynolds-number we have α = δ∗/L ∝ Re−1

δ , and a slow length
scale X for the stream-wise perturbations is introduced so that

∂

∂x
= α

∂

∂X
. (6)

L may be chosen as x0 so that α = δ∗(x0)/x0 = 1.722Re−1
δ . For the evo-

lution of non-parallel perturbations with finite α we introduce harmonic
variation in z, together with multiple time scales by separating the quick
time scale like

q(t; X, y, z) = q̄(T, X, y) e−iωte−iβz (7)

introducing a slower scale T = αt for q̄. Now the equations (1) become

1

Reδ
(D2 + λ2)(D2 − β2)v̄ =

(
α

∂

∂T
+ αU

∂

∂X
+ V

∂

∂y

)
∇2v̄

−α∇2U
∂v̄

∂X
+ ∇2 ∂V

∂X
u +

∂V

∂X
∇2u + ∇2(

∂V

∂y
)v̄ +

∂V

∂y
∇2v̄ (8a)

−2α
∂U

∂X

∂2u

∂y∂X
− 2

∂V

∂X

∂2u

∂y2
+ 2α∇2V

∂u

∂X

1

Reδ

(
D2 + μ2

)
η̄ = α

(
∂η̄

∂T
+ U

∂η̄

∂X

)
+ V

∂η̄

∂y
(8b)

+
∂U

∂X
η̄ + iβ

∂U

∂y
v̄ − α

∂V

∂X

∂w

∂y
.

where D denotes differentiation with respect to y and ω according to the
parallel solutions (5) is incorporated into the left hand sides.

3.3 Multi-scale perturbation expansion for v

A general feature of transient growth in shear flows is that the streamwise
velocity u is initially amplified by a factor of O(Reδ). Considering V =
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O(α) = O(Re−1
δ ) all the terms in equation (8a) are O(1). It is therefore

difficult to form a general perturbation expansion for small α and large
Reδ. However for perturbations with a typical length scale λ−1 in the wall-
normal coordinate y, smaller than the boundary layer thickness, the terms
on the left hand side dominate and a WKB -approach is appropriate.

We therefore adopt a multiple length scale analysis of the wall-normal
coordinate, defining Y as a quickly varying coordinate of O(λ) and a coor-
dinate ȳ denoting a slower length scale corresponding to the development
of the growing boundary layer. This assumption also separates the two
time scales in (7) where the quick time scale is of order O(λ2/Reδ) and the
slower time scale of order O(1/Reδ). We consider the generalized multiple
scale method introduced by Nayfeh (1973) for ordinary differential equa-
tions which here is generalized to partial differential equations. Following
this method we define the new variables as

Y = λ g0(T ; X, ȳ) + g1(T ; X, ȳ) + 1
λg2(T ; X, ȳ)

ȳ = y
(9)

and seek solutions on the form

v̄(T ; X, ȳ, Y ) = v̄0(T ; X, ȳ, Y )+λ−1v̄1(T ; X, ȳ, Y )+λ−2v̄2(T ; X, ȳ, Y ) . (10)

Now we scale β = β1λ and insert expansions (9-10) into (8a) and solve for
each order.

O(λ4):

To the leading order O(λ4) we get the homogenous equation

Lv(v̄0) ≡ g′40,y

∂4v̄0

∂Y 4
+ (1 − β2

1)g′20,y

∂2v̄0

∂Y 2
− β2

1 v̄0 = 0

with solution

v̄0(T ; X, ȳ, Y ) = A(T ; X, ȳ)eiY/g′
0,y + A∗(T ; X, ȳ)e−iY/g′

0,y

+ Λ1(T ; X, ȳ)eβ1Y/g′
0,y + Λ2(T ; X, ȳ)e−β1Y/g′

0,y .
(11)

Here A∗ denotes the complex conjugate of A.
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O(λ3):

Inserting the lowest order solution (11) into the next order of equation (8a),
O(λ3), leads to the equation

Lv(v̄1) = −2(1 + β2)A
g′′0,ȳ,ȳ

g′20,ȳ

Y eiY/g′
0,ȳ +

[
2i(5 − β2

1)
g′′0,ȳ,ȳ

g′0,ȳ

A

+i(1 + β2
1)ReδV (ȳ, X)A − 2i(1 + β2

1)
∂A

∂ȳ
+ 2(1 + β2

1)
g′1,ȳ

g′0,ȳ

A
]
eiY/g′

0,ȳ + c.c.

−2β2
1(1 + β2

1)Λ2

g′′0,ȳ,ȳ

g′20,ȳ

Y e−β1Y/g′
0,ȳ +

[
(5β3

1 + β1)
g′′0,ȳ,ȳ

g′0,ȳ

Λ2 − 2(β1 + β3
1)

∂Λ2

∂ȳ

+2β2
1(1 + β2

1)
g′1,ȳ

g′0,ȳ

Λ2

]
e−β1Y/g′

0,ȳ + 2β2
1(1 + β2

1)Λ1

g′′0,ȳ,ȳ

g′20,ȳ

Y eβ1Y/g′
0,ȳ

+
[
(5β3

1 + β1)
g′′0,ȳ,ȳ

g′0,ȳ

Λ1 + 2(β1 + β3
1)

∂Λ1

∂ȳ
+ 2β2

1(1 + β2
1)

g′1,ȳ

g′0,ȳ

Λ1

]
e+β1Y/g′

0,ȳ

The meaning of c.c. here is the complex conjugate of every term on the right
hand side preceding c.c. From this equation terms of the type exp (±iY/g′0,ȳ),
Y exp (±iY/g′0,ȳ), exp (±β1Y/g′0,ȳ) and Y exp (±β1Y/g′0,ȳ) generate secular
solutions so the coefficients are selected so that these are eliminated.

The terms Y exp (±iY/g′0,ȳ) and Y exp (±β1Y/g′0,ȳ) are eliminated by
simply setting g′′0,y = 0 and therefore

g0(ȳ, T, X) = ȳ G(T, X). (12)

This condition together with the elimination of type exp (±iY/g′0,ȳ) terms
give

2
∂A(ȳ, T, X)

∂ȳ
+ 2i

∂g1

∂ȳ
A(ȳ, T, X) − ReδG(T, X)V (ȳ, X)A(ȳ, T, X) = 0,

with solution

A = Ã(T ; X) exp
(1

2
Reδ

∫ ȳ

0
V (X, ȳ′) dȳ′ − ig1/G(T, X)

)
. (13)
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Eliminating terms of the type exp (±β1Y/g′0,ȳ) leads to the equations

∂Λ1

∂ȳ
+

g′1,ȳ

G(T, X)
= 0

∂Λ2

∂ȳ
− g′1,ȳ

G(T, X)
= 0

with the solutions

Λ1(T ; X, ȳ) = Λ̃1(T ; X) exp (−β1g1/G(X, T ))

Λ2(T ; X, ȳ) = Λ̃2(T ; X) exp (β1g1/G(X, T )).
(14)

Now all terms on the right hand side of (12) are eliminated so v̄1 = 0. The
functions G(T, X), g1(T ; X, ȳ) and Ã(T, X), Λ̃1(T, X), Λ̃2(T, X) are left to
be determined. Therefore it is necessary to proceed to the next order.

O(λ2):

The equation at order O(λ2) is lengthy and is not presented here. Here
also u enters the equation, but is assumed to be of lower order. Later
it is also shown that this is the case since it scales as u O(Reδ/λ) (see
equation 31). The homogeneous part of the equation is identical as for
the preceding orders, and therefore secular solutions will again be gener-
ated by terms of the same type as was found for O(λ3). Terms of the
type Y exp (±iY/g′0,ȳ) and Y exp (±β1Y/g′0,ȳ) are always followed by either
∂G(T, X)/∂X or ∂G(T, X)/∂T , so we eliminate them by choosing

G(X, T ) = 1. (15)

Incorporating (15) into the O(λ2)-equation gives two conditions for elim-
inating terms of the type exp (±β1Y/g′0,ȳ), namely

−2 β2
1 (β2

1 + 1) Λ̃1(T, X) e−β1g1(ȳ,T,X) ∂g2(ȳ, T, X)

∂ȳ
= 0

−2 β2
1 (β2

1 + 1) Λ̃2(T, X) eβ1g1(ȳ,T,X) ∂g2(ȳ, T, X)

∂ȳ
= 0 .
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Therefore we choose
g′2,ȳ(T ; X, ȳ) = 0, (16)

which simplifies the condition for eliminating the exp (±iY/g′0,ȳ) type solu-
tions to(

∂Ã

∂T
+U(ȳ, X)

∂Ã

∂X

)
+

Reδ

4α
V (ȳ, X)2Ã+

1

2
ReδU(ȳ, X)Ã

∫ ȳ

0

∂V (y′,X)

∂X
dy′

−i(
∂g1

∂T
+ U(ȳ, X)

∂g1

∂X
) − 1

2

(
3 − β2

1

1 + β2
1

)
∂V (ȳ, X)

∂ȳ
Ã = 0 (17)

This equation can be separated into one ȳ-dependent part (the terms con-
taining g1(y, T, X) belongs here) and one part independent of ȳ. Also, we
rewrite the mean flow as V (ȳ, X) = (V − V0)(ȳ, X) + V0(X) and U(ȳ, X) =
(U−U0)(y, X)+U0(X), where U0(X) and V0(X) are the asymptotical values
for y → ∞. Using this, equation (17) can be written[(

∂Ã

∂T
+ U0(X)

∂Ã

∂X

)
+

Reδ

4α
V0(X)2Ã

]
+ (U(ȳ, X) − U0(X))

∂Ã

∂X

+
Reδ

4α

((
V (ȳ, X) − V0(X)

)2
+ 2

(
V (ȳ, X) − V0(X)

)
V0(X)

)
Ã

+
1

2
ReδU0(X)Ã

∫ ȳ

0

∂V (y′, X)

∂X
dy′ − i

(∂g1

∂T
+ U(ȳ, X)

∂g1

∂X

)
−1

2

(
3 − β2

1

1 + β2
1

)
∂V (ȳ, X)

∂ȳ
Ã = 0, (18)

where the ȳ-independent parts are collected in the squared brackets since
Ã = Ã(T, X). Now we can choose g1 so that the terms depending on ȳ
together vanish. Assuming that this is possible, it is later shown that it is
not necessary to explicitly find the solution for g1. Remaining now is the
bracketed part of (18), which have the solution

Ã(T, X) = F (X − U0T ) exp

⎛⎝−Reδ

4α

X∫
0

V 2
0 (X ′)dX ′

⎞⎠. (19)

Since the velocities are scaled with the free-stream velocity, U0 = 1.
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Gathering v̄0:

Gathering all the conditions obtained from the perturbation expansion gives
Y = λy + g1(y, T, X) + O(λ−1), and the solution for v̄0 in the original
coordinate y is

v̄0(T ; X, y) = F (X−T )e−
Reδ
4α

X

0
V 2
0

(X′)dX′

e
1

2
Reδ

y

0
V (X,y′) dy′+iλy−ig1+ig1 +c.c.

+ Λ̃1(T, X)e−β1g1eβ1λy+β1g1 + Λ̃2(T, X)eβ1g1e−β1λy−β1g1

= F (X−T )e−
Reδ
4α

X

0
V 2
0

(X′)dX′

e
1

2
Reδ

y

0
V (X,y) dy+iλy + c.c.

+ Λ̃1(T, X)eβy + Λ̃2(T, X)e−βy

The free-stream boundary condition at y → ∞ limiting the rapidly growing
term gives Λ1 = 0, and applying the remaining boundary conditions we get

v̄0(T ; X, y) = F (X − T ) exp
(
−
∫ X

0

ReδV
2
0 (X ′)

4α
dX ′

)
(20)

·
[
e

1

2
Reδ

y

0
V (X,y)dy

(
cos(λy) − β

λ
sin(λy)

)
− exp(−βy)

]
.

Here V0(X) = limy→∞ V (X, y). The only remaining unknown F is deter-
mined by the initial conditions, here chosen to be the bump form

v̄(T=0;X, y) =
[
e

1

2
Reδ

y

0
V (X,y)dy

(
cos(λy) − β

λ
sin(λy)

)
− exp(−βy)

]
· ε H(X) e−κ(X−X0)2 . (21)

Here ε measures the magnitude of the perturbation, X0 is the localization
and H(X) is the Heaviside function which is chosen in order for the function
to be localized downstream of the leading edge. κ determines the streamwise
shape of the perturbation and therefore κ ∼ O(1) in order for the bump to
be elongated. Inserting (20) into (21) gives the final solution

v̄0(T ; X, y) = εH(X− T )e−κ(X−X0−T )2 exp
(Reδ

4α

∫ X−T

X
V 2

0 (X ′)dX ′

)
·
[
e

1

2
Reδ

y

0
V (X,y)dy

(
cos(λy)−β

λ
sin(λy)

)
−exp(−βy)

]
. (22)
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3.4 Solving for η

With the normal-velocity considered as known, we focus on the normal
vorticity, governed by (8b). The last term of this equation is excluded since
it is Re−2

δ orders smaller than the driving term −∂U/∂y · ∂v/∂z. Lets first
consider the free eigenmodes (Squire modes) which means that this driving
term is left out. The solution of this equation is obtained using similar
expansions as for the wall-normal velocity equation, i.e. (9) and (10), but
now with the eigenvalue μ considered as the large parameter. Observe that
the same symbols, such as g, are used in this problem although they are
now unknown.

The leading order O(μ2) gives

η̄0(T ; X, ȳ, Y ) = A(T ; X, ȳ)eiY/g′
0,ȳ + A∗(T ; X, ȳ)e−iY/g′

0,ȳ , (23)

again with A∗ being the complex conjugate of A. To the next order it is
determined that g0(T ; X, ȳ) = ȳG(T, X) and for A(T ; X, ȳ) the solution
(13) is obtained also here. Finally, order O(μ0) gives G(T, X) = 1 and the
condition (19) is retrieved. Hence, the solution becomes

η̄0(T ; X, ȳ, Y ) = exp

⎛⎝Reδ

2

ȳ∫
0

V (X, y′) dy′−Reδ

4α

∫ X

0
V 2

0 (X ′)dX ′

⎞⎠
·
(
F (X−T )e−ig1eiμȳ+ig1 + F ∗(X−T )eig1e−iμȳ−ig1

)
. (24)

As for v, g1 is not entering the leading order solution η̄0. Applying boundary
conditions and using the original coordinate y give the solution

η̄0(T ; X, y)=F (X−T ) sin(μy) exp

(
Reδ

2

y∫
0

V(X, y′)dy′−Reδ

4α

X∫
0

V 2
0 dX ′

)
. (25)

For the particular solution of the vorticity, the leading order to the
governing equation (1) is

−Reδ
∂ηp

∂t
+ (D2 − β2)ηp = iβReδ

∂U

∂y
v̄e−iωλt.
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Since ηp is driven by the wall-normal velocity, given by (22), the forced
solution has time dependency according to ηp = ηλe−iωλt, and the equation
can be written

iωλReδηλ + (D2 − β2)ηλ = iβReδ
∂U

∂y
v̄.

Invoking the parallel problem then gives

(D2 + λ2)ηλ = iβReδ
∂U

∂y
v̄. (26)

The solution is expressed as a superposition of the eigenfunctions of (25),
i.e.

ηλ =

∫
∞

0
η̂λ,μφμ(y) dy (27)

Here the eigenfunctions and their corresponding adjoints are

φμ =
√

2
π sin(μy) e

1

2
Reδ

y

0
V (X,y)dy

φ†

μ =
√

2
π sin(μy) e−

1

2
Reδ

y

0
V (X,y)dy.

(28)

Using the orthogonality condition
∫
∞

−∞
φμφ†

μ′ dy = δ(μ − μ′), the solution
can be written as

ηλ =
εβ

ωλ − ωμ

∞∫
0

∂U

∂y
v̄φ̄μdy (29)

and adding the homogeneous solution gives

η(t, T ; X, y) = εβ

∫
∞

0

∫
∞

0
∂U
∂y v̄φ̄μdy

ωλ − ωμ
φμ dμ e−iωλt

+ exp
(
−
∫ X

0

ReδV
2
0

4α
dX

)
·
∫

∞

0
Fμ(X − T )φμe−iωμt dμ .

(30)

Here Fμ is determined by the initial condition. Note that the superposition
over μ is not completely consistent to the present approach since μ is con-
sidered large in the analysis. Nevertheless it will be a good approximation
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if the contribution from small μ is small. For η(T = 0;X, y) = 0 the total
vorticity becomes

η(t, T ; X, y) = εβ H(X−T ) · exp

(
−
∫ X

X−T

ReδV
2
0 (X)

4α
dX − κ(X−X0−T )2

)

·
∫

∞

0

Fλ, μ(X)e−iωλt − Fλ, μ(X − T )e−iωμt

ωλ − ωμ
φμ dμ, (31)

where

Fλ, μ(X) =

∞∫
0

∂U

∂y
v̄φμ dy. (32)

Further simplification of this formula can be made since for Blasius flow the
asymptotic wall normal velocity V0(X) = 1.486 Re−1

δ X−1/2. The exponen-

tial factor exp{−Reδ

4α

∫ X
X−T V 2

0 (X)dX} can then be simplified to
(

X−T
X

)0.187
,

so the expression (31) becomes

η(t, T ; X, y) = εβ H(X−T ) ·
(

X − T

X

)0.187

· exp
(
− κ(X−X0−T )2

)
·
∫

∞

0

Fλ, μ(X)e−iωλt − Fλ, μ(X − T )e−iωμt

ωλ − ωμ
φμ dμ. (33)

4 Conclusions

The factor in front of the integral of expression (33) describes the propa-
gation of an elongated bell shaped wave moving with the velocity of the

free-stream. Following the wave, X−T is constant so the factor
(

X−T
X

)0.187

corresponds to a decrease in the amplitude as the wave propagates down-
stream.

The expression (33) resembles expressions describing the evolution of
vorticity in other shear flows, with an initial transient growth. The most
important difference between (33) and parallel shear flows (see e.g. Schmid
& Henningson, 2001, page 104) is the fact that Fλ,μ is evaluated at two
streamwise positions, X and X−T , i.e. the second evaluated at the position
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of the initial disturbance. We can estimate the initial transient by expanding
(33) for small t which gives

η ∼ t ·
{ 1√

X
+

1.722

2

1

λ2 − μ2

1

X3/2

}
. (34)

Here λ is the wavenumber of the driving v-mode and μ one single mode
from the Squire spectrum. For the case λ = μ an integration over μ is
needed to get a finite result. If μ is close but not equal to λ, for instance
λ2 − μ2 = O(1), we note that the second term is of order O(X−3/2).

The first term corresponds to the velocity shear ∂U
∂y which is the inverse

of the boundary layer thickness. The second term separates the result from
parallel theory. For large X this term may be neglected, giving similar
results as for the Blasius boundary layer assumed parallel.

The main effect of the developing boundary layer on the initial distur-
bance growth of an elongated wave is therefore that the front side of wave is
amplified less than the rear part, therefore modifying the shape of the dis-
turbance. For a more detailed analysis of the evolution of the disturbance
the integrals in (33) need to be calculated, which will be considered in a
forthcoming paper.
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Abstract

The non-linear self-modulation of transient growth in parallel shear
flows is studied in the normal velocity/vorticity (v-η) formulation. The
solution to the linear inviscid initial value problem for perturbations
on a uniform shear mean flow is used to evaluate the non-linear in-
teraction terms with convolution integrals, thus taking account of all
wave-number interactions. Two different initial values are studied. In
particular, the non-linear terms for the normal velocity are studied
and the results show that the normal vorticity/normal vorticity in-
teraction dominates the later stages of the interaction. Due to the
advected character of the perturbation development large amplitudes
can be obtained for cross shear derivatives. Part of this effect is seen
in the non-linear response. The amplitude of this response have two
peaks, at α = 0 or β = 0, i.e. streamwise elongated structures and
even stronger two-dimensional structures are primarily forced by the
non-linear interactions.

1 Introduction

Many recent studies of the stability of parallel shear flows have been con-
cerned with the mechanism of transient growth. This mechanism, which
in essence is vortex tilting and stretching, produces largest energy response
from initial disturbances consisting of streamwise vortices (see e.g. Butler
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& Farrell (1992) for an early reference), the response being streaks elon-
gated in the streamwise direction. The energy growth is in fact so large
that it outruns exponential growth and interestingly the mechanism oper-
ates at sub-critical Reynolds numbers. Therefore, it has become a popular
candidate mechanism to use in transition studies. However, Gustavsson
(1991) observed that structures highly elongated in the streamwise direc-
tion (α = 0) cannot non-linearly regenerate their normal velocity compo-
nent, a key prerequisite for transition to turbulent flow. Therefore, the
search for a transition process has been based on streaks as background
flow subject to secondary perturbations the stability of which are calcu-
lated from inviscid theory (Andersson et al. , 2001; Reddy et al. , 1998).
This approach yields large amplifications of 2D waves but requires rather
large amplitudes in the background flow field to yield instability. The model
suffers from a conceptual dilemma, however, since it first allows viscosity
to operate to form streaks and then considers inviscid perturbations. Thus,
it does not specifically test properties of transient growth which is initially
inviscid and is subsequently moderated by viscosity (the stability analysis
of secondary perturbations have also been done for viscous perturbations
by Brandt et al. (2003) which yield lower amplifications but approach the
inviscid results with increasing Reynolds number).

To study the specific non-linear properties of transient growth, an al-
ternative approach therefore seems motivated. This would start with the
growth of inviscid perturbations and investigate the non-linear response that
these would create. Then, viscosity would enter at a larger time scale. In
fact, it was early recognized by Hultgren & Gustavsson (1981) that the ini-
tial phase of transient growth is well described by an inviscid model. Also,
the nonlinear properties of the mechanism have not been fully investigated
for perturbations oblique to the flow, a notable exception being the oblique
transition mechanism of Schmid & Henningson (1992). In this model, a
pair of oblique waves grow due to transient growth and interact to produce
longitudinal vortices which result in streaks on which secondary instability
appears. This is the most potent of transition scenarios studied by Reddy
et al. (1998) and Levin et al. (2005). The mechanism is concerned with dis-
crete wave numbers but if one wants the nonlinear responce for any given
wave number, knowing that transient growth operates in a fairly broad
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wave number range, it is necessary to establish the non-linear consequences
of transient growth with a continuous wave interaction approach.

In this work, this will be done by studying a generic flow case where we
use (exact) linear solutions of the inviscid initial value problem to calcu-
late non-linear interaction terms. By this approach, insights will be gained
that will help to develop the analytical treatment of non-linear effects in
this type of flows. As a start, we consider inviscid perturbations on an
infinite uniform shear flow using the normal velocity/normal vorticity for-
mulation. The development of (viscous) vortical structures on this flow has
recently been studied numerically by Suponitsky et al. (2005). They find
that viscosity dampens the transient growth so we can expect that the re-
sults here will overestimate the actual behaviour but should still be able
to sort out which non-linear terms need to be considered in an analytical
treatment. Moreover, Suponitsky et al. show that a uniform shear flow
together with localized vortex ring-shaped perturbations are sufficient to
recover the coherent structures seen in transitional and turbulent flows, i.e.
counter-rotating streamwise vortices and hairpin vortices. One of the dis-
turbances used by Suponitsky et al. , resembling a torus, is also used here.
To test the generality of the results, the analysis is also carried out for a
vortex pair.

The paper is outlined as follows: In section 2 the problem is stated. The
geometry and the basic equations of the uniform, inviscid shear flow is given.
The derivation of the nonlinear response, evaluated from the linear solutions,
is also given. A general solution to the linear problem is given in section
3, together with a brief discussion of its properties. The two disturbances,
together with the numerical details of the calculations, are presented in
section 4. In section 5 results of the evolution (linear and nonlinear) of
these two perturbations are shown. Here we present the largest response
for different flow structures and analyze which underlying parts that are
responsible for growth/decay. These results are summarized and discussed
in section 6.
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z

U(y)

Figure 1: Schematic of the flow field with coordinate system.

2 Flow setup and nonlinear formulation

The velocity profile and the coordinate system of the free shear layer flow
is displayed in figure 1. Velocities U = (U, V, W ) = (y, 0, 0) correspond to
the streamwise, shear-normal and spanwise directions, respectively, and the
corresponding disturbance velocities are denoted (u, v, w). The linear ve-
locity profile has zero second derivative of the mean flow. Applying Fourier
transforms in x and z (transform variables α and β) in the normal veloc-
ity/normal vorticity formulation of the stability problem (c.f. Benney &
Gustavsson (1981)) result in the two equations(

∂

∂t
+ iαU

)
(

∂2

∂y2
− k2)v̂ + N̂v = 0 (1a)(

∂

∂t
+ iαU

)
η̂ + N̂η = −iβv̂

dU

dy
. (1b)

Here, the caret (̂) indicates a Fourier transform, k2 = α2 + β2, and η =
∂u/∂z−∂z/∂x is the normal vorticity. The nonlinear terms Nv and Nη are
given as

Nv =

(
∂2

∂x2
+

∂2

∂z2

)
S2 − ∂2S1

∂x∂y
− ∂2S3

∂y∂z

Nη =

(
∂S1

∂z
− ∂S3

∂x

)
,
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where

Si =
∂

∂xj
(uiuj),

using tensor notation for simplicity. The basic hypothesis in this work is
that the transient growth in (1b) will generate non-linear terms in N̂v which
will regenerate v̂. This requires perturbations with ∂/∂x 
= 0 as it is readily
shown that ∂/∂x = 0 gives only decaying Nv (Gustavsson, 1991). The
nonlinear forcing term Nv is evaluated using the perturbation velocities
from the linear problem, following the methodology of Davidsson (2005).
With D = ∂/∂y, the Fourier transform of Nv becomes

N̂v = −k2Ŝ2 − iαDŜ1 − iβDŜ3 (3)

= −(k2 + D2)
(
iαûv + iβv̂w

)
+ D

(
α2û2 + β2ŵ2 − k2v̂2 + 2αβûv

)
.

The Fourier transform of products leads to convolution integrals of the type

ûv =

∫∫
∞

−∞

û(α − α′, β − β′) v̂(α′, β′) dα′dβ′,

In the convolution integrals, we substitute the velocity components û and ŵ
in favor of v̂ and η̂ using continuity (iαû+Dv̂+iβŵ = 0) and the definition of
η̂ (= iβû− iαŵ). The convolution integrals require values of the variables in
two points of the wavenumber plane, (α′, β′) and (α−α′, β−β′). Therefore,
we introduce wavenumbers and corresponding wave vectors as

k′2 = α′ 2 + β′ 2

k′′2 = (α − α′)2 + (β − β′)2 ≡ α′′ 2 + β′′ 2,

which is illustrated in figure 2. Similarily, we denote the flow quantities in
these positions

q̂′ ≡ q̂ (α′, β′)

q̂′′ ≡ q̂ (α′′, β′′),
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α

β

k

α, β

k′

α′, β′

k′′

k′′ ≡ k − k′

α′′, β′′

Figure 2: The position in the wavenumber plane where values of the flow
quantities are required.

where q̂ can be either of v̂ or η̂. Inserting convolution integrals into (3) and
using the nomenclature introduced above gives the resulting expression

N̂v(α, β) =

∫∫
∞

−∞

{
A1D

3v̂′v̂′′ + A1(2 − C)D2v̂′Dv̂′′ + A1(1 − C)Dv̂′D2v̂′′

+ k2(A1 − 1)Dv̂′v̂′′ − k2v̂′Dv̂′′
(4a)

− B1D
2η̂′v̂′′ + B1(C − 2)Dη̂′Dv̂′′ + B1(C − 1)η̂′D2v̂′′

− k2B1η̂
′v̂′′ − A1B2D

2v̂′η̂′′ − A1B2Dv̂′Dη̂′′
(4b)

+ B1B2D(η̂′η̂′′)
}

dα′ dβ ′, (4c)

where the coefficients are

A1 =
αα′ + ββ′

k′ 2
B1 =

αβ′ − α′β

k′ 2

A2 =
αα′ + ββ′

k′′ 2
B2 =

αβ′ − α′β

k′′ 2

and C = k2/k′′2 − A2.
The terms in (4) are divided into three groups: (4a) contains only normal

velocity, (4b) contains products of normal velocity and normal vorticity and
(4c) involves only normal vorticity. These groups are denoted vv, vη and
ηη.
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3 The linear problem

The nonlinear driving terms in N̂v are integrated numerically using expres-
sion (4), given that the flow quantities v̂ and η̂ are known. Here, they are
given by linear inviscid theory, an approach valid as long as the disturbances
are weak and the influence of viscosity can be neglected.

3.1 General solution

To find the linear disturbance evolution we study equations (1) with the
nonlinear terms N̂v and N̂η set to zero. For v̂ and η̂ the solution method is

similar. Solving (1) is straightforward and with φ̂ = (D2 − k2)v̂ we have

φ̂(k, y, t) = e−iαyt φ̂0(k, y),

where index 0 indicates the initial value. The solution for v̂ can be obtained
by variation of parameters or, for this particular profile, more conveniently
by applying Fourier transformation (γ) also in the y-direction. This gives

˜̂v(k, γ, t) = − 1

k2 + γ2

˜̂
φ0(k, γ + αt), (5)

and inverting the transform to the y coordinate gives the solution

v̂(k, y, t) = − 1√
2π

e−iαty

∫
∞

−∞

exp (iγ′y)

k2 + (γ′ − αt)2
˜̂
φ0(k, γ′) dγ′.

Solving for η̂ via (1b) in time gives

η̂(k, y, t) = −iβU ′ e−iαyt

∫ t

0
eiαyt′ v̂(k, y, t′) dt′ + e−iαyt η̂0(k, y),

with η̂0 as the initial value. Applying the Fourier transform in y and per-
forming the integration gives

˜̂η(k, γ, t) =
iβ

αk
˜̂
φ0(k, γ+αt) ·

[
tan−1(

γ+αt

k
) − tan−1(

γ

k
)

]
+ ˜̂η0(k, γ + αt), (6)



178 E. N. Davidsson and L. H. Gustavsson

and the final formula is obtained by inverting in γ. To summarize, the
solution to the linear problem thus becomes

v̂(k, y, t) = − 1√
2π

e−iαty

∫
∞

−∞

exp (iγ′y)

k2 + (γ′ − αt)2
˜̂
φ0(k, γ′) dγ′ (7)

η̂(k, y, t) =
iβ√

2π αk
e−iαty

∫
∞

−∞

eiγ′y ˜̂φ0(k, γ′) ·
[
tan−1(

γ′

k
)−tan−1(

γ′−αt

k
)

]
dγ′

+ e−iαty η̂0(k, y). (8)

With the evolution of the disturbance described by (7) and (8) it only
remains to define the initial value φ̂0 = (D2−k2)v̂0 and the normal vorticity
η̂0.

3.2 Some properties of the general solution

Before studying specific initial values, some general conclusions may be
drawn from (7) and (8). First, the factor e−iαty indicates advection with
the local mean velocity corresponding to a mathematical form f(x − yt) in
real variables. Such a term differentiated with respect to y, as appear in
some of the non-linear terms, produce algebraic t-terms, a possible source
for significant non-linear interactions. We will discuss this feature for the
special perturbations studied. From the general solution for η̂ we can also
draw some conclusions about its short and long-time behavior. For short
times, we can expand the tan−1 term to obtain

tan−1 γ′

k
− tan−1 γ′ − αt

k
≈ 1

1 + γ′2

k2

αt

k
+

γ/k

1 + (γ′2

k2 )2

α2t2

k2
+ O(α3t3) (9)

Inserted in (8), the leading order term as α → 0 becomes

η̂ ∼ iβv̂0t + η̂0 (10)

Thus, for α = 0, the algebraic growth is valid for all times. For α 
= 0 the
algebraic growth is moderated by the higher order t-terms in (9). In fact,
by noting that tan−1 (γ′ − αt)/k → −π/2 as t → ∞, (8) shows that the
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expression

iβ√
2π αk

[π
2
φ̂0(k, y) +

∫
∞

−∞

eiγ′y ˜̂φ0(k, γ′) tan−1(
γ′

k
)dγ

]
+ η̂0(k, y) (11)

is advected with the local mean velocity for large times. This expression is
related to the ’permanent scar’ derived by Landahl (1975), and its first part
is entirely due to three-dimensional effects. It shows also that finite values
are obtained for all wavenumbers except for α = 0 for which (10) applies.

4 Methods

4.1 Studied disturbances

In section 5 the linear and nonlinear evolution of two perturbations are
studied. The first is one of three initial disturbances used by Suponitsky
et al. (2005). It is described by the initial vorticity

ω =

⎧⎨⎩
z
0
-x

⎫⎬⎭A exp(−y2/δ2) exp(−(r − r0)
2/δ2) ≡

⎧⎨⎩
z
0
-x

⎫⎬⎭F, (12)

where A defines the strength of the vortex, r =
√

x2 + z2 and r0 and δ are
parameters associated with the radius and thickness of the torus. Note that
the second vorticity component is zero - i.e. η = 0.

The second perturbation used is described by the stream function

ψ(x, y, z) = xze−x2
−y2

−z2

(13)

where

u = 0; v =
∂ψ

∂z
; w = −∂ψ

∂y
, (14)

which gives a non-zero initial η. This initial disturbance, with a modified
y-dependence, has previously been used in several works (see Bech et al.
(1998) and references therein). The initial disturbances are shown in figure
3. The iso-surface of (12) resembles a horizontal torus, while (13) consists
of two counter-rotating vortex pairs. The two cases are denoted the toroidal
vortex and the vortex pair.
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(a)

x

z

(b)

y

x z

Figure 3: (a) Iso-surface at level ||ω||/ωmax = 0.75 of disturbance (12),
with parameters A = δ = 1 and r0 = 0. (b) Contours of v in the plane
y = 0, for disturbance (13). Black and grey lines correspond to positive and
negative values and the level increment is 0.05.

4.2 Data presentation

Most of the results presented are computed for y = 1, which is an arbitrary
choice. However, the major parts of the solutions are scaled as y∗ = ky.
Therefore varying y will basically reflect the wavenumber-dependence of the
results.

The disturbance energy for a given flow structure, E(α, β), is calculated
for the two disturbance cases. In this case, with Fourier transformation in
all the spatial coordinates, it is given by

E(k, t) =

∞∫
−∞

(
|˜̂u|2 + |˜̂v|2| + | ˜̂w|2

)
dγ =

∞∫
−∞

(
1

k2
|˜̂η|2 +

γ2 + k2

k2
|˜̂v|2) dγ

=
1

k2

∞∫
−∞

∣∣∣∣ β

αk

(
tan−1 γ

k
− tan−1 γ+αt

k

)˜̂
φ0(γ+αt) + ˜̂η0(γ + αt)

∣∣∣∣2 dγ

+
1

k2

∞∫
−∞

1

k2 + γ2
|˜̂φ0(γ+αt)|2dγ.
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In the last step the general solution (5) and (6) is incorporated.

4.3 Numerical details

All results presented in this work are calculated using the mathematical
software Matlab.

Calculation of η̂ requires one step of numerical integration, which is
performed by Simpson quadrature using a built-in software routine with
adaptive step length.

The convolution integrals (4) require values of v̂ and η̂ in the whole
wavenumber plane (−∞ < α′, β′ < ∞). However, the solutions to the
normal velocity/vorticity equations (1) fulfill certain symmetry conditions
(Ehrenstein & Koch, 1991):

v̂ (−α, β) = v̂∗(α, β) η̂ (−α, β) = −η̂∗(α, β)
v̂ (α,−β) = v̂ (α, β) η̂ (α,−β) = −η̂ (α, β)
v̂ (−α,−β) = v̂∗(α, β) η̂ (−α,−β) = η̂∗(α, β)

These conditions are used to save computer effort, as information of η̂ is then
only required in the first quadrant of the wavenumber plane. The integrand
of (4) is computed on a Cartesian grid and the integration is performed
by the trapezoidal method. The necessary step size and integration limits
are determined manually. The integrand is computed in 60 points in each
direction on −5 < α′, β′ < 5 (toroidal vortex) and −10 < α′, β′ < 10 (vortex
pair).

The obtained nonlinear data are tested and verified with the mathemat-
ical software Maple, containing automated numerical routines for integra-
tion. Good agreement is obtained also when polar integration (0 < r′ < ∞
and 0 < θ′ < 2π) is used.

5 Results

5.1 The toroidal vortex

This disturbance used by Suponitsky et al. (2005) is defined by (12). In this
investigation the vortex radius r0 is set to zero. Also, the data presented are
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computed with the parameters governing the vortex strength and thickness
set to unity, i.e. A = 1 and δ = 1.

By using the definition of continuity and vorticity together with (12) it
can be shown that

∇2v0 = − ∂

∂x
(xF ) − ∂

∂z
(zF ),

and Fourier transform in x and z directions give

φ̂0 =
(
D2 − k2

)
v̂0 = −iα x̂F − iβ ẑF . (15)

Applying the Fourier transform on the first term of (15) gives

x̂F = A
e−y2/δ2

2π

∞∫∫
−∞

xe−(r−r0)2/δ2

e−i(αx+βz) dx dz

= A
i e−y2/δ2

2π

∂

∂α

∞∫∫
−∞

e−(r−r0)2/δ2

e−i(αx+βz) dx dz.

Changing to polar coordinates x = r cos θ, z = r sin θ and α = k cos φ,
β = k sinφ changes the integral to

x̂F = A
i e−y2/δ2

2π

∂

∂α

∞∫
0

2π∫
0

e−(r−r0)2/δ2

e−ikr cos(θ−φ) r dθ dr

= A
i e−y2/δ2

2π

∂

∂α

∞∫
0

e−(r−r0)2/δ2

2πJ0(kr) r dr

= [r0= 0] = −1

4
i αA δ4 e−k2δ2/4 e−y2/δ2

. (16)

In the last step r0 is set to zero, which gives an analytically treatable inte-
gral. The second term of (15) is treated similarly, giving

ẑF = −1

4
i βA δ4 e−k2δ2/4 e−y2/δ2

. (17)
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Thus, the initial value of the shear-normal Laplacian is

φ̂0(k, y) = −1

4
A k2 δ4 e−k2δ2/4 e−y2/δ2

(18)

giving a y-coordinate transformed expression as

˜̂
φ0(k, γ) = −

√
2

8
A k2 δ5 e−(k2+γ2)δ2/4. (19)

Upon inserting
˜̂
φ0 into (7) and (8) the expression for v̂ integrates to

v̂(k, y, t) =

√
2

32
A k δ5 eky−(δαt/2)2

{

ekiδαt/2

(
1 − erf

[2y + iαtδ2 + kδ2

2δ

])
(20)

+ e−k(4y+iδ2αt)/2

(
1 + erf

[2y + iαtδ2 − kδ2

2δ

]) }
,

and the integral for η̂ is simplified to

η̂(k, y∗, T ) = − iβAk2δ5

8
√

πα
e−k2δ2/4 e−iy∗T

·
∞∫

−∞

e−iy∗x e−(kδx/2)2
[
tan−1(x−T ) − tan−1(x)

]
dx. (21)

The substitutions made here are y∗ = ky, T = αt/k and x = γ′/k.
The solution has some interesting properties which are displayed in figure

4. The asymptotic large time behavior of (20) gives decaying v̂. However,
each y-derivative will produce algebraic t-terms, as conjectured in section
3.2, which in this case gives positive growth rates in the large time limit for
|D3v̂|, |Dη̂| and |D2η̂|. The energy amplification of this disturbance has the
main feature of periodical optimal perturbations (c.f. for instance Butler &
Farrell (1992)) with its largest value at (α, β) ≈ (0, 0.9), where the value of
β is somewhat dependent of the target time.
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Figure 4: Linear evolution of the toroidal vortex. Amplitude of (a) v̂ and
(b) η̂ and their derivatives, for y = 1 and α = β = 1. (c) Disturbance
energy at t = 10 with contours at 0.1, 0.5, 1, 1.5, 2.

The nonlinear response of the toroidal vortex initial condition is shown
in figure 5. The initial response in N̂v is only due to the vv terms, since
η̂0 = 0. As time proceeds the contours of N̂v will adapt to vη and ηη, due
to the growth of η. The position of the largest response is initially angle-
independent, as given by the initial value, and move to a maximum on the
β = 0 axis with time.

The evolution of the largest nonlinear response is plotted in figure 6,
where (a) confirms that the vv terms dominate for small t and that ηη is
dominant from t ≈ 1. Figure 6(b-c) shows that all vv terms decay eventually,
with D3v̂′v̂′′ being the least damped. vη contain increasing terms, mainly
D2η′v′′, which are however quickly surpassed by the large growth of ηη.

5.2 The vortex pair

This perturbation is defined by the choice (13-14), which gives the Fourier
transformed initial conditions˜̂

φ(k, γ) =
i

4
π3/2αβ2e−1/4(k2+γ2)(k2 + γ2)

and

η̂0(k, y) =
i

2
πyα2βe(−k2/4−y2)
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to be inserted into (7) and (8). Performing the integration gives

v̂(k, y, t) = − i

16k
π3/2αβ2e−α2t2/4

{
4kπ−1/2 eα2t2/4−iαty−y2

−k2/4

+ 2ikαt eiαtk/2+ky
(
erf [iαt/2+y+k/2] − 1

)
+ 2ikαt e−iαtk/2−ky

(
erf [iαt/2+y−k/2] + 1

)
(22)

− α2t2 eiαtk/2+ky
(
erf [iαt/2+y+k/2] − 1

)
+ α2t2 e−iαtk/2−ky

(
erf [iαt/2+y−k/2] + 1

) }
and

η̂(k, y, T ) = e−iTky−k2/4
{ π

2
iyα2βe−y2

(23)

+

√
π

8
β3k2

∞∫
∞

eixkye−x2k2/4 (x2 + 1) [tan−1(x−T )−tan−1(x)] dx
}

The linear solution (22-24) is displayed in figure 7. Again, differentiation
in y gives amplified quantities for large times. The energy growth is largest
for oblique structures, as seen in figure 7(c). For t = 10 the maximum is
located at (α, β) ≈ (0.6, 2.1). This peak moves towards the β-axis as time
proceeds.

Contours of the nonlinear response of the vortex pair initial condition is
shown in figure 8. Initially, the ηη terms are rather small and the response
in N̂v is mainly due to the vv and vη terms. Similarly to the toroidal vortex,
N̂v will instead adapt to vη and ηη as time proceeds. Again, two areas of
considerable response appear in the contour plot, with peaks at the β = 0
and α = 0 axis. The temporal evolution of the largest magnitudes in figure
9 confirm the course of events. Initially, ηη contribute little to |N̂v| but
become dominant from t ≈ 1.25. Also for this disturbance all vv terms
decay in the infinite time limit, with D3v̂′v̂′′ being the least damped one.
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Figure 7: Linear evolution of the vortex pair. Amplitude of (a) v̂ and (b) η̂
and their derivatives, at y = 1 and α = β = 1. (c) Disturbance energy at
t = 10 with contours starting at 10 with spacing 10.

6 Discussion and conclusions

A model for calculating the nonlinear forcing to disturbances in an arbitrary
flow is developed. The model use the governing equations in the form of
the normal velocity/vorticity formulation (v/η), and the nonlinear forcing of
the v-equation for a disturbance developing linearly is estimated. A uniform
shear flow was shown sufficient by Suponitsky et al. (2005) to yield streaks
and hairpin vortices, i.e. common coherent structures observed at transition
and turbulence in many shear flows, when subject to vortical disturbances.
This gives credence to the present approach which tries to pin-point the
mathematical routes that introduces non-linearity.

The linear v/η equations is solved analytically. The general solution
shows that y derivatives will be subject to algebraic terms of increasing
power. As these derivatives are part of the nonlinear forcing of the normal
velocity equation, transient growth of derivatives is a possible path to a self-
sustained normal velocity cycle, and thereby a turbulent state. Particular
solutions for a toroidal vortex and a vortex pair (see Suponitsky et al. (2005)
and Bech et al. (1998) respectively) confirm the growth of derivatives and
thereby also amplification of the nonlinear response for asymptotically large
times.

The nonlinear response to the v-equation is shown to contain products
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of v, η (and their derivatives) and a mix between them, denoted vv, vη
and ηη, respectively. For the two perturbations studied here all vv terms
decay for large times despite the algebraic growth of v’s derivatives. vη,
on the other hand, contain increasing elements but their growth rate is
far surpassed by ηη. The toroidal vortex is axisymmetric in the xz-plane,
giving η = 0 initially, while the vortex pair on the other hand has an initial
contribution (although small) to the nonlinear response from η. If instead
a disturbance with large initial η were prescribed, the dominant role of the
ηη term would appear even earlier. This is seen also in (Suponitsky et al. ,
2005) where tilted Gaussian vortices obtain a significantly larger growth of
the enstrophy than a vortex with no inclination angle as investigated here.
An analytic consideration of the nonlinear transition scenario could thus be
greatly simplified by accounting for only the nonlinear interactions due to
ηη.

Since the inviscid approach taken here is only valid for some initial time,
the results will therefore be overpredicted (Suponitsky et al. , 2005). For
transient growth in a viscous flow, such as streamwise vortices evolving
to streaks in a boundary layer, an initial energy of O(1) in the cross-flow
velocities v and w grow to O(Re) in the streamwise velocity component u -
which with (4) in mind suggests that also here the ηη terms may dominate
in amplitude except initially.

The two disturbances investigated have different energy distributions (in
the wavenumber plane). The toroidal vortex has the largest energy growth
at α = 0, while the vortex pair peak for oblique structures. Despite these
differences the character of the nonlinear response is similar, due to the
similarity of ηη which rather quickly becomes the most magnified term.
The response of ηη is mainly concentrated to two peaks: one at α=0 and
one (stronger) at β=0, which is equivalent with distributing energy into
streamwise elongated, as well as two dimensional, flow structures. Note
that a considerable response is also obtained for oblique structures.

Since Suponitsky et al. (2005) showed that the simple combination of
vortical disturbances and shear flow is sufficient to obtain the most com-
mon features of transient growth, the results shown here may be valid for
shear flows generally, although with overpredicted magnitudes due to the
inviscid theory. To show that this is really the case, a continued study
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could for instance test the method on boundary layers and Poiseuille flow.
Furthermore, as suggested above, the dominance of the normal vorticity in
the response may serve to reduce the complexity in a nonlinear transition
model. Before this can be ascertained a more thorough study involving a
wider variety of perturbations could be motivated. Also, direct numerical
simulations could be useful in this process.
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Note on non-linear wave interactions in parallel

shear flows
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SE-971 87 Lule̊a, Sweden

Abstract

Based on the v/η formulation for the development of 3D distur-
bances in parallel shear flows, we derive the non-linear terms as convo-
lution integrals of the Fourier-transformed variables and express them
in a simple geometric form. Of particular concern are the non-linear
terms in the normal velocity equation since this velocity component
must be re-excited for a sustained driving of three-dimensional distur-
bances by the mechanism of transient growth.

The non-linear terms are grouped in three categories: i) v−v terms
ii) v−η terms and iii) η−η terms. Of these, we show that all terms con-
taining η are weighted by a factor sinχ, where χ is the angle between
the wave vectors k′ and k′′ ( = k − k′ ) appearing in the convolution
integrals. This shows that self-interaction of transiently growing lon-
gitudinal structures does not produce non-linear effects. It also shows
that a potent non-linear interaction is possible between longitudinal
structures (3D) and 2D waves even if the waves are slightly damped.

1 Background

Recent studies of the stability of parallel (and some other) shear flows have
to a large extent been focused on the mechanism of transient growth. Es-
sentially vortex stretching and tilting, this mechanism produces largest en-
ergy response from initial disturbances consisting of longitudinal vortices
(see e.g. Butler & Farrell 1992, for an early reference) the response being
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streaks elongated in the stream-wise direction. Thus, a motion in the cross-
stream plane is transformed to a motion in the horizontal plane with the
normal velocity perturbation decaying. The mechanism operates at sub-
critical Reynolds numbers but the energy growth is considerable and in fact
so large that it is only exponential growth on inflexion profiles that can com-
pete (see e.g. Corbett & Bottaro, 2000). Therefore, it is a prime candidate
mechanism to use in transition studies at sub-critical Reynolds numbers.
However, it was noticed already in one of the earlier studies of the energy
growth of the transient mechanism (Gustavsson, 1991), that structures in-
finitely elongated ( α = 0) in the stream-wise direction cannot non-linearly
regenerate their normal velocity component. Such a re-generation is nec-
essary if transient growth is to play a role in a transition process. Streaks
have therefore been used as background flow subject to (inviscid or viscous)
secondary instabilities. This model requires rather large amplitudes in the
background flow field to yield instability, however (Andersson et al. , 2001;
Reddy et al. , 1998) and is not really a test of the non-linear properties of
transient growth at the primary instability level. Rather, it is a parameter
study of the linear stability of spanwise-modulated mean profiles.

A model that does account for non-linear effects at a primary level is
the oblique transition mechanism of Schmid & Henningson (1992). In this
model, a pair of oblique waves (optimally chosen) grow due to transient
growth and interact to produce longitudinal vortices which result in streaks
on which secondary instability appears. This is by far the most potent
of transition scenarios studied (cf. Schmid & Henningson 2001, p. 410)
but requires a streak instability to yield transition. It also treats the wave
number interaction in a discretized manner. Since the transient growth
operates in a fairly broad wave number range, and non-linear interactions
in general involve not only discrete wave-numbers, it is worthwhile to study
the consequences of transient growth with a continuous-wave interaction
approach. It is the purpose of the present note to show how non-linear
effects are derived from such interactions.
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2 Analysis

The governing equations for the development of perturbations in parallel
shear flows are conveniently written in the normal velocity/normal vorticity
(v − η) formulation (see e.g. Schmid & Henningson 2001, p. 156)(

∂

∂t
+ U

∂

∂x

)
∇2v − U ′′

∂v

∂x
+ Nv =

1

Re
∇4v (1)

and (
∂

∂t
+ U

∂

∂x

)
η + U ′

∂v

∂z
+ Nη =

1

Re
∇2v, (2)

where we follow the standard coordinate notation for this type of flows with
x in the mean flow direction, y in the shear direction and z in the cross flow
direction. Re is the Reynolds number and U = U(y) is the mean flow, with
primes denoting y-derivatives. The non-linear terms are given by

Nv =

(
∂2

∂x2
+

∂2

∂z2

)
S2 − ∂

∂y

(
∂S1

∂x
− ∂S3

∂z

)
(3)

and

Nη =

(
∂S1

∂z
− ∂S3

∂x

)
, (4)

where

Si =
∂

∂xj
(uiuj), (5)

using index notation for simplicity. Finally, to obtain the other velocity
components, we use continuity,

∂u

∂x
+

∂w

∂z
= −∂v

∂y
(6)

and the definition of normal vorticity

∂u

∂z
− ∂w

∂x
= η. (7)
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Since the coordinates x and z are homogeneous in the flows of interest,
we apply Fourier transformations in these coordinates, with transformation
variables α and β, respectively. Equations (1) and (2) then become(

∂

∂t
+ iαU

)
(D2 − k2)v̂ − iαU ′′v̂ + N̂v =

1

Re
(D2 − k2)2v̂ (8)

and (
∂

∂t
+ iαU

)
η̂ + iβU ′v̂ + N̂η =

1

Re
(D2 − k2)η̂. (9)

where, D = d/dy and k2 = α2 +β2. Continuity and the definition of normal
vorticity also give

iαû + iβŵ = −Dv̂ (10)

iβû − iαŵ = η̂. (11)

From (10) and (11) we obtain û and ŵ in terms of v̂ and η̂ as

û =
iα

k2
Dv̂ − iβ

k2
η̂ (12)

ŵ =
iβ

k2
Dv̂ +

iα

k2
η̂ (13)

Fourier transforming Nv and Nη gives

N̂v = −k2Ŝ2 − D(iαŜ1 + iβŜ3) = (14)

− (D2 + k2)(iαûv + iβv̂w) + D(α2û2 + β2ŵ2 + 2αβûw − k2v̂2)

and

N̂η = iβŜ1 − iαŜ3 = αβ(ŵ2 − û2) + (α2 − β2)ûw + D(iβûv − iαv̂w) (15)

But the Fourier transform of a product can be written as the convolution
of the product of the transforms so e.g.

ûv =
1

2π

∞∫∫
−∞

û(α′, β′) v̂(α − α′, β − β′) dα′dβ′ ≡ 1

2π

∞∫∫
−∞

û′ v̂′′ dα′dβ′,
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k′′ = k − k′

k(α, β)

k′′(α′′, β′′)

Figure 1: Geometry for wave vectors in the convolution integrals.

where we have introduced the simplified notation

û′ ≡ û (α′, β′) and v̂′′ ≡ v̂ (α − α′, β − β′) etc. (16)

By introducing the wave vectors k = (α, β), k
′ = (α′, β′) and k

′′ = (α −
α′, β − β′) the relation k = k

′ + k
′′ holds, illustrated in figure 1. Thus,

when performing the convolution integrals we have to identify the regions
with large amplitude in the integrands and sum the vectors to get the k-
value where these two points contribute. In the convolution integrals we
now substitute û and ŵ in favour of v̂ and η̂ according to (12) and (13), the
details of which are described in the appendix. There, we also introduce
the angle between k

′ and k
′′ as χ (counted positive going from k

′′ to k
′).

Sorting the different terms in N̂v and N̂η then yields (see also Davidsson &
Gustavsson, 2007):

a) N̂v:

v̂ − v̂ :

(
1 +

k′′

k′
cos χ

)
(D2 + k2)(Dv̂′v̂′′) (17)

−
(

1 +
k′′

k′
cos χ

)(
1 +

k′

k′′
cos χ

)
D(Dv̂′Dv̂′′) − k2D(v̂′v̂′′)
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v̂ − η̂ : −k′′

k′
sin χ · (D2 + k2)(v̂′′η̂′) − sin χ ·

(
k′

k′′
+ cos χ

)
D(Dv̂′η̂′′)

+ sinχ ·
(

k′′

k′
+ cos χ

)
D(Dv̂′′η̂′) (18)

η̂ − η̂ : sin2 χ · D(η̂′η̂′′) (19)

b) N̂η:

v̂ − v̂ : − sinχ ·
(

k′′

k′
+ cos χ

)
Dv̂′Dv̂′′ +

k′′

k′
sinχ · D(Dv̂′v̂′′) (20)

v̂ − η̂ : − sin2 χ · Dv̂′η̂′′ −
(

1 +
k′′

k′
cos χ

)(
1 +

k′

k′′
cos χ

)
Dv̂′′η̂′

+

(
1 +

k′′

k′
cos χ

)
D(v̂′′η̂′) (21)

η̂ − η̂ : − sinχ ·
(

k′

k′′
+ cos χ

)
η̂′η̂′′ (22)

We refer to the appendix for the nomenclature and the derivation of these
expressions. It is seen that some of the terms can be reduced if y-derivatives
are expanded but we prefer to keep them in the above form to make it easier
to track their origin.

3 Discussion

The terms in (17)-(22) may seem complicated and must certainly be evalu-
ated numerically for each individual case. However, the motivating interest
for this study is the transient growth mechanism which favours the growth
of streamwise elongated structures resulting in a large growth of the normal
vorticity. In particular, the mechanism’s intrinsic ability for non-linear re-
generation of v̂ is of interest. Therefore, terms involving η̂ in N̂v should be
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considered first. These terms, appearing in (18) and (19) have all the inter-
esting feature of being weighted by the factor sinχ (or sin2χ) which means
that if k

′ and k
′′ are aligned there is no contribution to the convolution

integrals. This result confirms the early observation that transient growth
for infinitely elongated structures (α = 0) are not able to non-linearly mod-
ify themselves (Gustavsson, 1991). Rather, non-linear contributions come
from cases where k

′ and k
′′ are orthogonal. Similarly, it is observed from

(20)-(22) that a non-linear modification of η̂ via N̂η is possible for k′ and
k′′ aligned only through some of the v̂ − η̂ terms.

With the vectors k′, k′′ and their intervening angle χ, it is now possible
to probe the (α, β)-plane for regions of large amplitudes of either v̂ or η̂
and by vector addition determine the point (k) that benefits from these
amplitudes via the convolution integrals of (17)-(22). When changing k′ in
these integrations it is just to vary k′′ such that k = k′ + k′′ is fixed.

We can illustrate the procedure by considering cases where we know
that linear growth mechanisms operate. One such mechanism is transient
growth with main growth around the β-axis (region A in figure 2). The
growth in this area pertains to η, whereas v is decaying. The other possible
linear growth is exponential which operates at higher Reynolds numbers
than transient growth but pertains to both v and η. Its area of growth is
centered around the α-axis (region B in figure 2; in reality more kidney-
shaped) and it widens towards the origin as the Reynolds number increases.
Unless the velocity profile is inflexional, this growth is much weaker than
transient growth. On the other hand, its decay may not be too large at
sub-critical Reynolds numbers. With either k

′ or k
′′ in A (and the other

in B), there is a response at the point P given by the vector sum of k
′ and

k
′′. If P is within, or close to the B-region, there will be a sustained v − η

interaction at P. It is noticed that the fact that transient growth is part of
the interaction, the resulting wave number corresponds by necessity to an
oblique wave. The η−η interaction, with both wave vectors in the A-region,
will suffer from the sin2 χ term and is expected to give little contribution
to the convolution integral. Rather, the combination of η:s from both the
A and the B regions may be as important. However, the detailed results
of these interactions must await some numerical studies and the arguments
given here serve only to illustrate the potential for non-linear interactions
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A

B
k'

k"

P

Figure 2: Areas with possible linear growth. A: from transient growth, B:
from exponential growth. Non-linear interaction due to growth in η largest
in P.

due to transient growth.
When performing an actual calculation of the convolution integrals, it

may be helpful to use the symmetry properties of v̂ and η̂ readily derived
from (8) and (9). Then, only data from the first quadrant in the (α, β)
plane are required. These conditions become

v̂ (−α, β) = v̂∗(α, β)
v̂ (−α,−β) = v̂∗(α, β)
v̂ (α,−β) = v̂ (α, β)

and
η̂ (−α, β) = − η̂∗(α, β)
η̂ (−α,−β) = η̂∗(α, β)
η̂ (α,−β) = − η̂ (α, β)

(23)

where ∗ denotes complex conjugate.
There are some obvious questions to be asked about the suggested in-

teractions such as the Reynolds number effects on both amplitudes and
area extension, and the temporal development. Also, the prevalence of
y-derivatives in the convolution integrands needs further scrutiny since per-
turbations advected with the local mean velocity, as appears in inviscid
analysis, will produce algebraic t-terms when differentiated with respect to
y.
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Appendix A

The non-linear terms expressed in terms of v̂ and η̂

For the different terms in N̂v, according to (14), substitution for v̂ and η̂
gives

iαûv + iβv̂w =

∞∫∫
−∞

{
iα

(
iα′

k′2
· Dv̂′ − iβ′

k′2
· η̂′
)

+ iβ

(
iβ′

k′2
· Dv̂′ +

iα′

k′2
· η̂′
)}

· v̂′′dα′dβ′

=

∞∫∫
−∞

(−A1Dv̂′ + B1η̂
′
)
v̂′′dα′dβ′ (A.1)

α2û2+β2ŵ2+2αβûw=−
∞∫∫

−∞

(
A1Dv̂′ − B1η̂

′
)·(CDv̂′′ + B2η̂

′′
)
dα′dβ′ (A.2)

Thus, the expression for N̂v becomes

N̂v = −(D2 + k2)

∞∫∫
−∞

(−A1Dv̂′ + B1η̂
′
) · v̂′′α′dβ′

−D

∞∫∫
−∞

(
A1Dv̂′ − B1η̂

′
) · (CDv̂′′ + B2η̂

′′
)
dα′dβ′

−k2D

∞∫∫
−∞

v̂′v̂′′dα′dβ′ (A.3)

Sorting the terms in the integrands so that terms with v̂ (and derivatives)
multiplying v̂, v̂ multiplying η̂ and η̂ multiplying η̂, denoting them v̂ − v̂,
v̂ − η̂ and η̂ − η̂ terms, respectively, gives the following terms:

v̂ − v̂ : A1 · (D2 + k2)(Dv̂′v̂′′) − A1C · D(Dv̂′Dv̂′′) − k2D(v̂′v̂′′) (A.4)
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v̂ − η̂ : −B1 ·(D2+k2)(v̂′′η̂′) −A1B2 ·D(Dv̂′η̂′′) +B1CD(Dv̂′′η̂′) (A.5)

η̂ − η̂ : B1B2 · D(η̂′η̂′′) (A.6)

Similarly, for N̂η according to (15) we obtain

N̂η = −β

∞∫∫
−∞

(
B1Dv̂′ + A1η̂

′
) · ( β′′

k′′2
Dv̂′′ +

α′′

k′′2
η̂′′
)

dα′dβ′

− α

∞∫∫
−∞

(
B1Dv̂′ + A1η̂

′
) · ( α′′

k′′2
Dv̂′′ +

β′′

k′′2
η̂′′
)

dα′dβ′

+ D

∞∫∫
−∞

(
B1Dv̂′ + A1η̂

′
) · v̂′′dα′dβ′ (A.7)

Sorting, as above, we obtain

v̂ − v̂ : −B1C · Dv̂′Dv̂′′ + B1 · D(Dv̂′v̂′′) (A.8)

v̂ − η̂ : −B1B2 · Dv̂′η̂′′ − A1C · Dv̂′′η̂′ + A1 · D(v̂′′η̂′) (A.9)

η̂ − η̂ : −A1B2 · η̂′η̂′′ (A.10)

In these expressions we have introduced the weight factors

A1 =
αα′ + ββ′

k′ 2
B1 =

αβ′ − α′β

k′ 2

A2 =
αα′ + ββ′

k′′ 2
B2 =

αβ′ − α′β

k′′ 2

(A.11)

and C = k2/k′′2 − A2. (A.12)

In addition,

k′′2 = (α − α′)2 + (β − β′)2. (A.13)

Geometric interpretation of the weight factors

Here we show how the coefficients in (A.4)-(A.6) and (A.8)-(A.10) can be
given simple geometric expressions which helps to evaluate their role in the
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k'

k"

k

h

k"

k'

k"

k

Figure A.1: Geometry for determining interaction factors.

convolution integration procedure. The strategy is to express them only in
k′, k′′ and χ, the angle between the vectors k′ and k′′. First we consider
the elementary factors (A.11)-(A.12) and use figure A.1 for definitions. The
following relations hold for the wave numbers:{

α = k cos θ
β = k sin θ

,

{
α′ = k′ cos θ′

β′ = k′ sin θ′
⇒
{

αα′ + ββ′ = kk′ cos(θ′ − θ)
αβ′ − α′β = kk′ sin(θ′ − θ)

(A.14)

Figure A.1 gives

k′′ ·cos χ+k′ = k cos(θ′− θ) ⇒ kk′ ·cos(θ′− θ) = k′k′′ · cos χ + k′2 (A.15)

The cosine theorem:

k2 = k′2 + k′′2 + 2k′k′′ · cos χ (A.16)

where χ is the angle between k′ and k′′, counted positive from k′′ to k′.
For some of the terms (e.g. B1) it is helpful to use the height h as an

intermediary in the analysis since h/k′′ = sinχ. Using these expressions we
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get the following results:

A1 =
αα′ + ββ′

k′ 2
=

kk′ cos(θ′ − θ)

k′ 2
= 1 +

k′′

k′
cos χ (A.17)

A2 =
αα′ + ββ′

k′′ 2
=

kk′ cos(θ′ − θ)

k′′ 2
=

k′2

k′′2

(
1+

k′′

k′
cosχ

)
(A.18)

B1 =
αβ′−α′β

k′ 2
=

kk′ sin(θ′−θ)

k′ 2
=

h

k′
=

h

k′′

k′′

k′
=

k′′

k′
sin χ (A.19)

B2 =
αβ′ − α′β

k′′ 2
=

kk′ sin(θ′− θ)

k′′ 2
=

hk′

k′′2
=

k′

k′′
sin χ (A.20)

C = k2

k′′2 − A2 = ... = 1 +
k′

k′′
cos χ (A.21)

and

A1C = ... =

(
1 +

k′′

k′
cos χ

)(
1 +

k′

k′′
cos χ

)
(A.22)

A1B2 = ... = sinχ

(
k′

k′′
+ cos χ

)
(A.23)

B1C = ... = sinχ

(
k′′

k′
+ cos χ

)
(A.24)

B1B2 = ... = sin2 χ (A.25)
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