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ABSTRACT

This licentiate thesis deals with the Modeling, Control, and On-line optimization of Cone
Crushers. Cone crushers are used for size reduction of minerals and are considered as a central
element in many mineral processing plants. It consists of a cone rotating eccentrically inside
a larger bowl and the particles are crushed in the cavity between these. In spite of its simple
construction, the cone crusher represents a complex system from a modeling point of view, as
its operation comprises many physical actions that are combined together to give the overall
behavior.

The main purpose of the work is to have a dynamic model that can predict the flow and
the size distribution of the crusher as a function of the main manipulated variables so that
realistic simulation of closed loop control strategies can be achieved. The model is based on
first principles and includes many factors that are known to affect the operation of the crusher,
e.g operation of the crusher with two different materials.

For the control of the crusher, a number of different approaches were considered. First, a
simple PI controller of the percentage of large material in the output produced was simulated.

It is known and also predicted by the model that the cone crusher’s total throughput depends
on the Eccentric Speed, and exhibits a quasi-concave response with respect to this variable.
On-line optimization of the throughput is suggested to be based on the concept of Extremum
Seeking Control (ESC).

Two different methods of ESC were applied. The classic Band Pass Filters based approach,
and the Extended Kalman Filter Based approach. Both methods were modified in order to
achieve improved performance. These modifications can be applied on other plants as well.

Simulations of the closed loop for the two methods have demonstrated the applicability of
ESC for optimizing the crusher on-line. The optimum operating point was reached in all cases,
leading to improvement of the performance of the crusher.
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Part I





CHAPTER 1

Introduction

Optimization is the main motive of any reasonable human action. It is utilized in our daily
life without noticing. Usually by our actions, we are interested in achieving a certain state at
which a certain objective is optimal (maximized or minimized) [1].

Similarly On-line optimization is the overall objective of any control system. It is always
required to achieve maximum performance of the plant by driving it to operate at its optimum.

This is done by adjusting one manipulated variable (Single Parameter) or many (Multi
Parameter). In general, at this Optimal operating state a single index (called single Objective
Optimization) or several indices (called Multi Objective Optimization) are expected to be
optimal.

This optimal operational state can be known or unknown. If it is known, then most of the
system variables (formulated as Plant Output) have a predefined state (formulated as reference
input), and the job of the control system to drive these variables towards this state by adjusting
the manipulated variables, as shown in Fig 1.1.

e
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r
Ref. Input
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Controller

Figure 1.1: Control of Plant with Known Optimal operational state

On the other hand, if the Optimal state is unknown (i.e. the values of the Objectives and
system variable are unknown), then the job of the controller is to find this optimum state by
adjusting the manipulated variables in order to reach as near optimum as possible.
Extremum Seeking Control (ESC) is a control concept for on-line optimization. The ESC

controller is a single objective, in which the objective is assumed to be a strictly quasi-convex
(or concave) function with respect to the manipulated variables, which means that the system
will exhibit only one global maximum (minimum) and no other maximums (minimums)

Recently, the cone crusher has emerged as a subject for optimization. Cone crushers are
a vital stage in the comminution chain in many mineral processing plants, and are used as a
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Figure 1.2: principle of Extremum-Seeking Control

secondary, tertiary, and quaternary crushing stage to provide a reduction ratio of maximum
1:10 ([2, 3]). The cone crusher consists mainly of a cone shaped mantle rotating eccentrically
inside a concave bowl. The crushing takes place in a cavity called chamber which is formed
between the mantle and the bowl. The mantle is rotating in an eccentric path to deliver several
strokes to the material passing the chamber, which provides the required breakage until it
reaches the size that allows it to pass through the controlled small opening in the end (down)
of the chamber. Fig. 1.3 shows a standard cone crusher [4].

Figure 1.3: Standard Cone Crusher [4]

The crusher can be controlled on-line using two main manipulated variables, the Eccentric
Speed (ω) and the small opening in the end of the chamber called the Closed Side Setting
(CSS).

The apparently simple construction hides a lot of physical actions that are combined together
to produce the overall behavior of the crusher. In order to have a model that mimics the
behavior of a real crusher in terms of response to the manipulated variables, it is required to
include all these actions in the model.
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The cone crusher is difficult to model because of the number of physical actions included,
the highly non linear interactions between different actions, the number of parameter that char-
acterize the material under crushing, the indefinite influence of these parameters on the actions,
the difficulties to repeat the experiments with the same input material, and the indeterministic
(probabilistic) behavior of the actions. It is obviously impossible to develop a model that per-
fectly mimics the behavior of the real crusher, so it is useful keep in mind the following quote
from George Box:“Essentially, all models are wrong, but some are useful” [5].

Examples of objectives to be optimized in a cone crusher are Energy consumption, total
production, product yields, etc. and many of these we expect to be possible to optimize on-line
using extremum seeking.

1.1 Thesis Outline

This thesis is divided into two main parts. Part I is intended to give a background to Part II, and
consists of two chapters, an Introduction chapter and Contributions and Future Work chapter.
The Introduction chapter presents background and literature survey on ESC and modeling and
optimization of cone crushers. The Contributions and Future Work chapter presents the points
that are considered as the added value of our research to the related research topics. Part
II contains the two peer-reviewed research articles that this thesis is based on. Paper A is
submitted to the Mineral Engineering Journal and Paper B is accepted for presentation at The
2013 IEEE Multi-conference on Systems and Control, Hyderabad, India.

1.2 Extremum Seeking Control

Consider a non linear, time varying plant with a single objective (some times also called index)
that can be described by the following state space representation:

dx

dt
= f(x,u) (1.1a)

y = h(x) (1.1b)

where x is a vector representing the state variables and u is a vector representing the manip-
ulated (input) variables of the plant while y is a scalar representing the output Objective (or
performance index) of the plant. Also, f is a vector-valued function and h is a scalar function
of the state. Both f and h are assumed to be sufficiently smooth.

As explained above, the purpose of the ESC controller is to adjust u in order to achieve an
optimal value in y. If we look at the steady state relation between u and y it should be strictly
quasi-convex(or concave) as shown in Fig 1.2. A function f is said to be strictly quasi-convex
[6] if and only if domf is convex, and for any x, y ∈ domf and 0 < θ < 1,

f(θx+ (1− θ)y) < max{f(x), f(y)} (1.2)

i.e., the value of the function on a segment should be less than the maximum of its values at
the endpoints.

Fig. 1.4 shows examples of Convex, Quasi-Convex, and Strictly Quasi-Convex Functions.
It can be noticed that the strictly quasi convex function exhibits a point (the peak point) at
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which the function is divided into two segments. the segment below is strictly decreasing and
the segment above is strictly increasing .

f

x

Strictly Convex
function

Strictly Quasi-Convex 
function

Quasi-Convex
function

Figure 1.4: Convex, Quasi-Convex, and Strictly Quasi-Convex Functions

Many types of ESC methods were developed, and can be categorized in many different
manners, like Analog and Numerical Methods [7]. The analog methods can be categorized into
many types like the Sinusoidal Perturbation, Sliding Mode, Stochastic Perturbation etc. Some
methods are based on the reading of the output of the system (y) only, like most of the analog
methods, while the numerical methods require knowledge of the state of the system (x) which
is more difficult in most cases, unless using an observer, which adds more complexity to the
controller.

1.2.1 Sinusoidal Perturbation Based Extremum Seeking Control

In this section the sinusoidal perturbation based approach will be described since it is in focus
in this work. The reason for this is that the method of sinusoidal perturbation is the only
method that permits fast convergence to the extremum on a time-scale comparable to that of
the plant dynamics, which is a major advantage over the numerically based methods that need
the plant dynamics to settle down before optimization [8, 9].

The idea is to add a small signal (sometimes called dither signal) to the base input variable
(uo), and then measure the change in the output (y) with respect to this signal. Based on this
change, it will be decided to increase or decrease the base input variable (u0). Many methods
adopt this approach out of which, the Gradient based is the most famous one, and originates
from the steepest descent optimization method.

In the Gradient based approach the gradient of the output with respect to the input (i.e.
∂y
∂u
) is estimated and used in order to decide the direction of change in the base variable uo. As

illustrated in Fig 1.5 ∂y
∂u

is positive for values below optimum, and negative for values above
optimum, while it is zero at the optimum point, assuming that the objective is maximization
and accordingly the relation is concave.

The classic way to estimate the gradient is Band Pass filtering. As show in Fig. 1.6, a High
Pass Filter (HPF), a multiplier, and a Low Pass Filter (LPF) are used to estimate ∂y

∂u
. In order

to understand the operation of this approach, let us assume the dither signal amplitude (a) is
very small and the base input signal (u0) is almost constant with respect to the dither signal.
Accordingly, the map of the plant can be approximated using a first order Taylor series into
near the base variable u0 into y = f0+

∂y
∂u
(u−u0). If we now consider the input to the plant to
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Figure 1.5: Principle of Perturbation Based Method

be u = u0+a sin(ωt), then the output will equal f0+a ∂y
∂u

sin(ωt) and by selecting an appropriate

cut off frequency of the HPF, its output will be approximately a ∂y
∂u

sin(ωt). Multiplying this

signal with a sin(ωt) will result in ∂y
∂u
a2/2− ∂y

∂u
a2 cos(2ωt)/2 and thus, by selecting an appropriate

cut off frequency of the LPF, its output will be approximately ∂y
∂u
a2/2, i.e. proportional to the

gradient ∂y
∂u
.

Now, given an estimate of ∂y
∂u
, it is required to control u in such a way that drives ∂y

∂u
to

zero (regulation problem). An integrating (I) controller is frequently used to regulate the value
of ∂y

∂u
, due to the zero steady state error in this case. Thus, the estimate of ∂y

∂u
is fed to an

integrator (I controller) and the output is added again to the dither signal and fed to the plant.
Fig. 1.6 shows a single-parameter (one dimensional or single variable) case, while it is possible
to extend this into multiple parameters as well.

a sin( t)

y/ uu0

Figure 1.6: Gradient Based ESC, using Filters to find the gradient

The Design of such a controller, involves the selection of the frequency and the amplitude
of the perturbation signal, the corner frequencies of the HPF and LPF, and the gain of the
integrator (K). The crucial variable is the perturbation frequency which should be selected
smaller than the dynamics of the plant, i.e. so that the output of the plant will track the input.

1.2.2 Literature Survey

The first notable work was according to [10, 11, 8] done by LeBlanc in 1922. This work was the
first literature about adaptive controllers and the approach suggested was perturbation based.
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Extremum Seeking control received a lot of attention between the 1940’s and the 1960’s, even
with commercial controllers in the market [12].

In the 1990’s another approach for perturbation based ESC appeared. Most of the pertur-
bation based methods since the early start in 1922 were using a periodic excitation (sinusoidal)
to estimate the steady state map between the objective and the input to the plant. In this new
approach a stochastic random signal can be used as a perturbation instead [13, 14].

Also in the 1990’s a new approach for extremum seeking called Sliding Mode Extremum
Seeking was presented [15]. The basic concept is to make the Objective function follow an
increasing/decreasing time function via sliding mode control [7]. Later in 1990’s this approach
became popular and witnessed some more publications [16, 17] and later a stability analysis
has been presented [18].

The evolution of Extremum seeking control can be divided into 2 main periods: from 1922
till 2000 and from 2000 until now. Or in other word the periods before and after the article
of Wang and Krstic [19] which was the spark that restart the theory of the extremum seeking
[11]. In their article, Wang and Krstic presented which can be considered as the most valuable
stability analysis of extremum seeking control for the standard simple filters based approach
shown in Fig. 1.6. This stability analysis was not the first, an analysis based on Liapunov’s
second method was presented in [20], but this paper led to an increasing interest in research
in extremum seeking. It was pointed out by [11] that the number of publication between 2000
and 2009 in extremum seeking is significantly larger than the publication before year 2000.

Compared to the standard Filter Based method, an improved method was presented later
by Krstic [21]. The method suggests to use a dynamic compensator added to the Integrator
in the controller in order to improve stability and performance. In this work, The plant is
represented as a cascade combination of linear dynamics and a static nonlinearity.

The first method for multi-parameter extremum seeking was presented in [22, 23] and the
extremum seeking with dynamic compensator from [21] was extended to the multi-parameter
case in [24] where also a rigorous stability analysis was provided.

Another way for estimating the gradient was presented in [25, 26]. In this work the authors
applied an Extended Kalman Filter (EKF) to estimate the gradient of the objective function.
The main improvement over previous methods is the simplicity in selecting the controller pa-
rameters . In this work the algorithm was presented for optimization problems in both one and
two dimensions. The idea behind using the EKF as a gradient estimator, is by approximating
the output of the system (y) by a tangent line at the point of operation, so that the equation
of the line will be

y = y0 +
∂y

∂u
u (1.3)

The two state variables, x1 =
∂y
∂u

and x2 = y0 are defined and the EKF is employed to estimate
the values of these. Knowing that the EKF will be implemented in discrete time, it is required
to have two samples to achieve observability of the system [26]. Fig. 1.7, shows the building
blocks of this approach.

After 2009 a new extremum seeking approach based on the Newton optimization method
became popular. This approach is called Newton Like Extremum seeking control. In this
method the second derivative is required for one parameter optimization and the Hessian matrix
for multi parameter case. The Newton’s Like approach for one parameter case was presented
in [27, 28, 9]. The second derivative was calculated using A Gradient estimator, which provides
the first and the second derivative of the objective with respect to the manipulated variable.
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Figure 1.7: Gradient Based ESC, using Extended Kalman Filter to find the gradient

A stability analysis was also presented.

A multi-parameter Newton Like method was presented in [29, 30]. In this work the gradient
was estimated using the classical Band Filtering approach (HPF, Multiplier, and LPF). The
signal for multiplication is a weighted form of the original perturbation signal as in the classic
case while the Hessian matrix is calculated using band pass filtering but the Multiplication
signal was selected carefully to eliminate the other unwanted derivatives. The inverse of the
Hessian matrix was calculated using a Riccati equation. This work included a stability analysis
as well.

In the literature many applications can be found, for example braking system control,
autonomous vehicles and mobiles robots, yield optimization in Bio-processing, etc., please refer
to [11] for a detailed survey. One interesting control oriented application is automatic PID
Tuning [31, 32]. In this work the PID controller parameters were tuned using a standard
perturbation based method. The objective of the extremum seeking controller is to minimize
the integrated square error (ISE) cost function:

y =
1

T − to

∫ T

to

e2(u, t)dt (1.4)

where e represents the error between the reference input and the plant output and u repre-
sents the PID controller parameters ([K,Ti, Td]).

e
Error Signal
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r
Ref. Input

Feedback 
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Plant 
Output

Extremum Seeking 
Controller

PID Controller

uy

[K,Ti,Td]

y
ISE

y

Figure 1.8: PID Tuning using Extremum Seeking

The interesting fact in this work is that although it concerns the case of a known optimal
state, Extremum Seeking can still be used. Due to this, we can expect to see extremum seeking
as a basic block in any future process control system.
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1.3 Modeling of Comminution Processes

In General, mineral particles can be basically characterized by Size, Shape, Composition (chem-
ical and mineralogical), and by Structure [33, 3]and in order to mathematically describe mineral
processes, these characteristics are represented by distribution functions since they can vary
from one particle to another in any material and the number of particles involved in any process
at any stage is often very large [33, 3].

In the area of the comminution the main characteristic is size. This follows from the nature
of comminution which is defined by [33]: a process whereby particulate materials are reduced
by blasting, crushing, and grinding to the product sizes required for downstream processing or
end use.

The distribution function P (d) is defined as a function which for a specified size d gives the
mass of the part of population that consists of particles that are smaller than or equal to this
size [3]. From the definition, this function represents the cumulative density function of the
mass distribution vs. the size of the particles. The derivative of the size distribution function
is also useful and is called fractional density function p(d) [3].

The main methods for describing size distributions are [34] the Continuous Functions, Dis-
continuous Functions, and Statistical Functions, of which the most widely used is the discon-
tinuous function introduced by Broadbent and Callcott in 1956. This method represents the
material distributions as vectors and the operations as matrix multiplications, and is also known
as matrix analysis approach [35]. In general all the distributions are basically continuous, but
can be discretized into a number of segments according to a predefined set of boundaries.

Starting from the screening action, the materials may be classified into different classes
(groups) ∞ > D1 > D2 · · · > Dm > 0 , each class representing a size[4]. The ith class (group)
contains the material that was able to pass from Screen (i − 1) but not pass from Screen (i)
in a set of consecutive screens. The first group is the group that is not able to pass the first
Screen, and the last group is the material that is able to pass all screens. The fractional discrete
density (pi) can be found by [3]

pi =

∫ Di−1

Di

dP (d) = P (Di−1)− P (Di) = ΔPi (1.5)

which represents the mass fraction of the portion of particles that have size between Di and
Di−1.

Figure 1.9 shows an example of this classification of materials. In addition to the mass,
each vector can be used to represent a feature of the material such as surface area, number of
particles, mass flow rate, etc.

Models for comminution processes are often formulated in terms of the actions Breakage,
Selection, and Classification. These actions can be represented as functions, as in the continuous
approach, or as Matrices, as in the Discontinuous Functions approach. The Breakage function
describes the distribution of progeny particles resulting from the breaking of a larger particle.
In the Discontinuous Functions approach, the Breakage Matrix B is a lower triangular matrix,
since the progeny fragment size cannot be larger than the parent size. The entry bi,j represents
the proportion of particles that belong to group j (passing from screen (j − 1) but not able to
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Figure 1.9: Fractional representation of screen analysis data [4]

pass from screen (j) ) and ends up, after the breakage, in group i [35].

B =

⎡
⎢⎢⎢⎣
b1,1 0 · · · 0
b2,1 b2,2 · · · 0
...

. . .
...

bm,1 bm,2 · · · bm,m

⎤
⎥⎥⎥⎦ (1.6)

The selection action represents the probability of a particle to be broken. In the Discontin-
uous Functions approach, the Selection Matrix S is diagonal matrix, where each entry si,i (or
sometimes si) represents the probability of breakage of a particle in the ith group

S = diag
([

s1, s2, ...., sm
])

(1.7)

The classification action represents the probability of a particle to be moving down. In the
Discontinuous Functions approach the Classification Matrix C is a diagonal matrix , where
each entry ci,i (or sometimes ci) represents the fraction(proportion) of material in the ith group
to be retained to pass for being to large.

C = diag
([

c1, c2, ...., cm
])

(1.8)

There are some standard functions that are often used to model these actions [33, 3]. The
parameters of these functions vary with the type of material used, and are, in general, found
experimentally by conducting extensive tests [36]. Another action that should be considered in
the modeling is Material transportation [37].
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1.4 Cone Crusher Models

One of the earliest efforts on the modeling of cone crusher was conducted by Gauldie [38, 39].
Gauldie in this model presents a method to predict the throughput of jaw and cone crushers.
The crusher is divided into zones, and the material is considered to be sliding until it is crushed
between the mantle and the bowl. Also the effect of the eccentric speed on the behavior of the
crusher was presented in this work.

Whiten presented another pioneering work in modeling of cone crushers [40]. This model
connects the input flow vector (p) and the output flow rate vector (f) by looking at the crusher
as a one stage activity, as follows

p = [I − C][I − BC]−1f (1.9)

The material entering this stage can either pass (dropped) or be selected to be broken, and the
result of this breakage is again fed into the process, as shown in figure 1.10.

Figure 1.10: Model Developed by Whiten [40]

The main advantages of this model are simplicity, applicability, and that it is field proven
(i.e. tested and simulated), while the main disadvantages are that it is a static steady state
model, and that the flow is not modeled (only size distribution model) and the process is
simplified into a single stage.

Lynch extended Whiten’s simple model into a dynamic model for comminution processes,
that considers the derivative of the material size distribution [34]. This dynamic model still
describes the system as a single unit and connects the input and output material size distribu-
tions. Also a model for the motor current was presented in this work.

A more detailed model was presented by Herbst and Oblad in [41]. It was noticed that
in order to develop a more accurate model for the system, the transport behavior has to be
taken into consideration in addition to the breakage action. But because of the difficulties, this
approach was avoided and instead the crusher was divided into zones, and each zone considered
to be well-mixed. A dynamic model was developed to describe the material size distribution in
each zone, taking into consideration the flow between zones. Formulas describing the flow and
power consumption were also presented in this work. Due to the simplicity (linearity) of the
model, a Kalman filter to estimate the parameters of the model was also provided.
Machado presented a crusher model for flow in his work [42]. The main Idea was to have two
modes of breakage, so that the classified material that will not pass out, will be classified again
in order to decide which mode of breakage that will be applied. The model was suitable for
jaw and cone crushers.
Evertsson conducted detailed research on modeling of cone crushers reported in [43, 37, 44]. A
flow model and a Size distribution model were presented in his work including investigations
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on the breakage function and selection function. A detailed model describing the motion of
particles inside the crusher and the expected total flow was developed in his work. A selection-
breakage model was used to predict the size distribution of the output of the crushers as shown
in Fig. 1.11. The relation between the nominal compression ratio (denoted by s

b
) and the

Selection and Breakage function was investigated.

Figure 1.11: Model suggested by Evertsson to predict the Output Size Distribution[43]

The resulting size reduction model can be described by the following equation:

p =

[ N∏
i=1

(
BiSi + (I − Si)

)]
f (1.10)

Nikolov in his work presented a model based on the matrix analysis [45, 46]. Similar to the
Whiten model, but with multiple zones, he presented a general model for Impact Crushers.
Moreover, he presented a new classification function, based on the cumulative Weibull distri-
bution.

The idea mentioned but avoided (because of the difficulties) by Herbst and Oblad [41], was
later realized by Johansson [47]. The developed model was based on the continuous function
method to represent the size distribution of the materials. The transport behavior of the crusher
was taken into consideration and a logarithmic transformation of the size density function
proposed as D = D0e

−λ. Since the traditional size classes are related to each other by a
multiplicative factor[3], this leads to non equal spacing between the classes in the traditional
material size distribution while the logarithmic transformation results in new size classes(λ)
that are equally spaced.

The model was derived from the first principle, and the Breakage, Selection, Classification,
and transport behavior of the crusher was taken into consideration. The crusher model was
formulated as a Partial Integro-Differential Equation.

A model proposed by Itävuo ([48, 49, 50]), is separated into a dynamic linear part, which
is a second or first-order system with time delay, and a static nonlinear part, formulated as a
neuro-fuzzy network and a log-transformed linear regression model. The model was based on
known static behavior of the crusher. An advanced control algorithm was also presented in this
work, in addition to the simulation of other parts that affect the operation of the crusher, such
as the feeders.



14 Chapter 1. Introduction

1.5 On-Line Optimization of Cone Crushers

Optimization of mineral processes in different respects has been in focus for a long time. Com-
parably, crusher optimization has received less attention in the past, probably due to the lack of
accurate models for the crushers, the lack of accurate and fast sensing devices, and the unknown
relation between manipulated variables and the required objectives. Until the start of the last
decade, most of the crusher were controlled through CSS only, because the general belief at the
time was that the eccentric speed has a comparatively less influence on the capacity and the
particle size distribution [51]. After the work of Evertsson [43, 37, 44], a more clear idea about
the influence of the eccentric speed and the closed side setting on e.g. the total throughput and
the size distribution began to emerge.

The first work on on-line optimization was presented in [52], where a finite State Machine
for on-line throughput maximization by adjusting the CSS was suggested. Later, a similar
algorithm adjusting the Eccentric Speed was given in [53, 54, 51].

A list of possible objectives that may be relevant to optimize was presented in [55]. We
consider the operation of a Crusher-Sieve circuit, which recirculates the large output particles
(Circulating Load) back to the crusher, and the material pass the sieve (Capacity) is classified
according to size. The smallest size is the By-product, and the remaining classes is the Product.
A Balanced Product is defined as the result of multiplying each size class of the product by
relative value. These relative values reflects the economical impact of each class of the product.
Accordingly the objectives are:

• Maximize Product Yield:
[Capacity]× [Product]

[By–Product]

• Maximize Balanced Product Yield:
[Capacity]× [Balanced Product]

[By–Product]

• Minimize Energy Consumption:
[Capacity]× [Product]

[Energy]
.

• Maximize Product: [Product]

Also another way for optimization was presented in this work. An optimization oriented
crusher design was carried out in order to maximize the Balanced Product Yield.



CHAPTER 2

Contributions and Future Work

A summary of the main contributions of the articles and the way that they complement each
other, future research directions, and results from ongoing research are presented in the following
sections.

2.1 Contributions

Paper A: Control Oriented Modeling of Flow and Size Distribution in Cone Crush-
ers

In this work a dynamic model is presented adopting the multi zones and discrete functions
approach. In this model we present a general framework for modeling cone crushers. Fig. 2.1
shows the proposed model for a single Zone i for the case of mixed materials denoted a and b.
The influence of the crusher and material parameters on the blocks of the model are shown in
Table 2.1.

Model Block Input Parameters

Bi Material Strength, Size distribution, and Shape
Ci Chamber Profile and CSS
Si Chamber Profile, Stroke, and CSS
αi Volumetric Capacity, Material Density, and CSS
βi Li and Eccentric Speed

Table 2.1: Parameter influence on Model Blocks

To our knowledge, this is the first model that takes into consideration the classification
action, breakage action, selection action, the influence of the eccentric speed on the vertical
transport of material, the crusher physical geometry, volume Capacity limitation, and the effect
of mixed input materials into one dynamic model to predict both flow and size distribution.

A Number of simulations under different conditions,for both steady state and dynamics,
are presented. A controller for the ratio of a certain size classes was simulated to illustrate the
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Figure 2.1: Model for Zone i when two materials with different breakage properties are crushed
together

applicability of the model, see Fig. 2.2.
Simulations have showed that the steady-state model behavior is qualitatively consistent

with measured crusher behavior, as reported in e.g. [56], in terms of response to changing
the manipulated variables. For Example, a prominent feature of the model is that it predicts
that the product size decreases as the eccentric speed increases as shown in Fig. 2.3. This
is contradicting to current crusher models, but consistent with available measurement data in
[56].

Paper B: On-Line Optimization of Cone Crushers using Extremum-Seeking Con-
trol

To the best of our knowledge, this paper presents the first application of Extremum Seek-
ing Control for optimizing the cone crusher. The optimization was conducted by controlling
the eccentric speed using two techniques: the classic Band-Pass filters based gradient estimation
and EKF based gradient estimation. The total product was the main objective of the optimiza-
tion problem. The operation was disturbed by changing the operation conditions, such as the
type of material, the size of materials, and the Closed Side Setting. The simulations indicate
that this type of controller is able to find the maximum in the Total production, as shown in
Fig. 2.4. In the upper plot, the red colors represent the higher production, comparable to the
blue colors. An off-line calculation of the maximum production is illustrated by the dotted line
in the lower plot.

The work also presents an improvement for the EKF based gradient estimation approach.
It is suggested to monitor the operation of the EKF in estimating the gradient before deciding
to use the estimated value to adjust the manipulated variable, as shown in Fig. 2.5. This
addition resulted in a better controller response.



2.1. Contributions 17

Figure 2.2: Simulation of closed loop control of the percentage of large material

Figure 2.3: CPM for Total and Sub-Classes Throughput versus Eccentric Speed
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Figure 2.4: ESC with Band Filters, Operating conditions are changed at time t=500, 1000,
1500 seconds.

e-tds

K/s

a sin( t)

y/ u e-tds

| |<  
ŷ

On delay

u0

Figure 2.5: Modified EKF-based algorithm

2.2 Future Work

Directions for future work can be divided into three main categories:

• Crusher Modeling: the model can be improved in many different ways, such as deter-
mining the optimum number of zones, modeling the influence of more parameters(e.g.
moisture) on the model block, developing models for energy consumption, and including
the relation between the volume, the density and the size distribution of the material.

The validation of the model should be one of the important directions. The validation
can be done by comparing to measurement data from a real crusher, or by comparing
the behavior of this model to another model which should be tested and approved under
well-defined operating conditions.

The proposed model can be modified to be used for Jaw crushers, which share a lot of
common features with the cone crushers.

• Crusher Control and Optimization: Different objective functions can be considered,
such as maximizing product yield and minimize energy consumption. A comparison with
other optimization algorithms (such as the finite State Machine) should be conducted in
order to show the best possible technique. This comparison should consider many factors
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in addition to the optimization percentage, such as the energy consumed by the crusher,
the stability of the system, and the implementation effort.

• Extremum Seeking control: This area is a very active topic for research. Many possible
direction are available for research, such as the non-gradient sinusoidal perturbation based
ESC, stochastic newton like approach, adaptive estimation of the amplitude and frequency
of the perturbation signal, and investigation on the behavior of ESC with plants that do
not satisfy the required conditions (such as strictly quasi convex and sufficiently smooth).

2.2.1 Ongoing Research Results

Work currently conducted to optimize the crusher with respect to two manipulated variables:
eccentric speed and closed side setting. The crusher is assumed to be operated with Sieve
and the main objective is the Total production. A setup similar to the one in Paper B was
used. The operation was disturbed by changing the type of material and the size of the input
material. The simulations show convergence of the total production to the calculated maximum
in all cases, see Fig. 2.6, which shows the response of the manipulated variables and the total
production. Fig. 2.7 shows the contour plots of the total production for the three operating
conditions with the response of the system superimposed.

Figure 2.6: Response of Two dimensional Cone Crusher optimization with ESC
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Figure 2.7: Contours of Two dimensional Cone Crusher optimization with ESC
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Control Oriented Modeling of Flow and Size
Distribution in Cone Crushers

Khalid Tourkey Atta, Andreas Johansson, Thomas Gustafsson

Abstract: This work presents a dynamic model for prediction of flow and output size
distribution of cone crushers. The main purpose of the model is for simulation of closed-loop
control using the Closed Side Setting (CSS) and the Eccentric Speed (ω) as manipulated
variables. The idea of modeling crushers as cascaded zones is adopted throughout this work.
The capacity, the length, the Stroke, and the Compression ratio of each zone are taken into
consideration. Simulation results are presented in the form of the Crusher Performance Map
(CPM) and the dynamic response for production of different size classes to steps input in ω
and CSS. The simulations also include operation with recycling of oversize output, as well as
the input of mixed materials. As an example, closed-loop control of the ratio of the large-size
output to the total size output was simulated.

Keywords:Cone Crushers Model,Output Size Distribution and Flow Prediction, Crusher Per-
formance Map,Simulation, Closed Loop Control, Crushing Mixed Materials.

1 Introduction

Cone crushers are a vital stage in the comminution chain in many mineral processing plants,
and are used as a secondary, tertiary, and quaternary crushing stage to provide a reduction
ratio of maximum 1:10 ([1, 2]). Traditionally, crushing has received less attention than grinding,
but this started to shift recently, partly because of the power consumption of the crusher on
its own, but perhaps more importantly , since the crusher is often part of a comminution chain
and instrumental in optimizing the behavior of this chain.

The crushing takes place in a cavity called chamber which is formed between a cone shaped
mantle and a concave bowl. The mantle is rotating in an eccentric path to deliver several
strokes to the material passing the chamber, which provides the required breakage until it
reaches the size that allows it to pass through the controlled small opening in the end (down)
of the chamber, as shown in Fig. 4.

Changing CSS and ω on-line may give a significant improvement in crusher operation, and
suggestions of control algorithms utilizing this possibility have begun to emerge ([3, 4]). The
purpose of this paper is to formulate a process model for developing and simulating closed-loop
strategies by using CSS and ω as manipulated variables.

1.1 Modeling of Cone Crushers

The main methods for describing size distribution functions are ([6]) the Continuous Functions,
Discontinuous Functions, and Statistical Functions, of which the most widely used is the dis-
continuous function introduced by Broadbent and Callcott in 1956. This method represents
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Figure 1: Cross Section of a Cone Crusher ([5])

the material distributions as vectors and the operations as matrix multiplications, and is also
known as matrix analysis approach ([7]). Accordingly, the material are partitioned into size
classes ∞ > D1 > D2 · · · > Dm > 0, and the mass (or the mass flow) size distribution are a
vectors on the form M = [M1 M2 · · · Mm], where Mj represents a mass (or a mass flow) of
particles of sizes [Dj−1, Dj].

The three main activities that describe the behavior of crushers are: Breakage, Selection
for Breakage (or simply Selection), and Classification. The overall behavior of the crushers is a
combination and repetition of these actions, that can be represented as operators if the contin-
uous function approach is adopted, or as matrix multiplication in the case of the discontinuous
function approach. In the later case, the matrix is, in most of the cases, the discretized image
of the continuous function.

The Breakage Matrix B is a lower triangular matrix, in which the entry bi,j represent the
mass proportion of particles from size class i that ends up in size class j, after breakage ([7]).

The Selection Matrix S is a diagonal matrix, where each entry si,i (or si for convenience)
represents the probability of breakage of a particle in the ith size class.

Finally, the Classification Matrix C is a diagonal matrix , where each entry ci,i (or ci)
represents the fraction (proportion) of material from the ith size class in a particular zone that
is prevented from moving to the next zone.

Most of the modern studies divide the crusher into zones and are first-principle in the sense
that they are formulated in the classical selection/breakage/classification framework. Each zone
is considered as a single stage that has input and output, and the main actions are applied on
the material inside it. The material inside these zones is considered to be well-mixed .

One of the earliest works on the modeling of cone crusher was conducted by Gauldie ([8, 9])
who presented a model to predict the throughput of jaw and cone crushers. The crushers is
divided into zones, and the material is considered to be sliding until it is crushed between the
mantle and the bowl. Also the effect of the eccentric speed on the behavior of the crusher was
considered in this work.

Whiten presented one of the pioneer studies in modeling cone crushers ([10]). This basic
model connects the input flow rate and the output flow rate by looking at the crusher as a
one stage activity. The material entering this stage can either pass (dropped) or selected to be
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broken, and then the result of this breakage is again fed into the process.
Lynch extended Whiten’s simple model into a dynamic model for comminution processes, that
considers the derivative of the material size distribution ([6]). This model still describes the
system as a single unit and connects the input and output size distribution.

Herbst and Oblad ([11]) presented a model in which the crusher was divided into three
well-mixed zones. A dynamic model was developed to describe the material size distribution
in each zone, considering the flow between zones. Models for power consumption were also
derived in this work.

Machado presented a crusher model for continuous flow in his work ([12]). The main idea
was to have two modes of breakage, so the classified material that will not pass out, will be
classified again in order to decide which mode of breakage will be applied. The model was
suitable for both jaw and cone crushers.

Evertsson conducted a detailed study on cone crushers ([13, 14, 15]), resulting in models
for both flow and size distribution. An investigation on breakage and selection functions was
presented. As well as a detailed model describing the motion of material inside the crusher
and the total flow. A selection-breakage model was used to predict the size distribution of the
output of the crushers.

Nikolov presented a general model for Impact Crushers based on matrix analysis([16, 17]),
similar to Whiten’s model, but with multiple zones. He also presented a new classification
function, based on the cumulative Weibull distribution. The relations between different factors
that affect the operation were included.

Johansson ([5]) developed a model based on the continuous function method to represent
the size distribution of the material. The transport behaviour of the crusher was taken into
consideration. A logarithmic transformation of the material size density function was proposed
to deal with the non equal spacing of the classes in the classic materials size distribution. This
transformation defines a new size variable (λ) that represents the logarithm of the physical size
(D = D0e

−λ). The crusher model was formulated as a Partial Integro-Differential Equation.

A model proposed by Itävuo ([18, 19, 20]), is separated into a dynamic linear part, which
is a second or first-order system with time delay, and a static nonlinear part, formulated as a
neuro-fuzzy network and a log-transformed linear regression model. The model was based on
known static behaviour of the crusher. An advanced control algorithm was also presented in
this work.

In the proposed model, we have chosen to consider the classification, selection and Breakage
actions, the volume capacity limitation leading to the packing phenomena for low speeds, the
influence of the eccentric speed on the vertical transport of material, and the effect of mixed
materials in the input. To the best of our knowledge none of the above models considers all
these factors in one model.

2 The Proposed Crusher Model

Consider partitioning the crusher into N zones, as shown in Fig. 5. Please note that the
partitioning into zones is not related to the movement of the material but is constant over
time (i.e. fixed horizontal boundaries) . By using the matrix representation, the output size
distribution can be predicted using the inflow to the zone as an input to the model.

Starting from the model developed by Whiten ([10]), and by introducing the multi zone
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Figure 2: Cross Section showing the Zones, CSS,stroke(s), and bed height(b)

approach, and after adding the selection action to the model, we can combine all the actions
that are applied to the material inside each zone as shown in Fig. 3.

Zone iZone i

Si

Xi
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1-Ci
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ZiUi
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Figure 3: A basic Model of the actions in Zone i

In order to describe the actions on the material in each zone, we need to consider the rate of
these actions, which is governed by the eccentric speed (ω) of the crusher. In each cycle (stroke)
the set of actions showed in Fig. 3 are applied to the material. Ui is a vector, representing
the input to zone i and is, in our model, the mass size distribution per cycle (stroke) accepted
in the ith zone. Similarly Zi represents the output mass size distribution per cycle of Zone
i, and is at the same time input to Zone i + 1 (i.e. Ui+1 = Zi). Xi represents the mass size
distribution inside the ith zone while Fi represents the material that is retained in the zone
(i.e. did not pass down), after applying the actions of selection and breakage on it. The input
of the first zone (U1) is the material fed into the crusher, and the Output of the last zone (ZN)
is the output of the crusher.

After the classification, the material will move to the next zone as an input. The transport
of the particles is analyzed by Evertsson ([14]), where he showed that the material will be
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either falling, sliding, or squeezing. We will consider a simpler approach by assuming that the
material is held still during a part of the cycle, which is the nip time, and during the rest of the
time the material will fall down. So if the cycle time is T = 1

ω
seconds, it will have ηT seconds

to fall down. This η is a factor determining the effective nominal time for the material to fall
down, and is assumed to average all modes of transportation down.

Since the machine normally operates at high speed, the time ηT is not large enough to make
all the material that is classified to pass down move to the next zone. If the distance that the
material can travel during ηT , which is equal to 0.5g(ηT )2, is less than the length of the zone
(Li), some material qualified to pass down will be retained, allowing the actions (selection and

breakage) to be applied on it again. Thus, we introduce the speed-zone length factor βi =
gη2

2ω2Li

as the fraction of material that pass down out of the material that are classified to pass down,
and in general η is a function of both CSS and ω.

Note that we must require that βi ≤ 1, otherwise more than 100% of the qualified material
will pass down. This puts an upper limit on the number of zones since we must then choose
each zone length Li ≥ gη2

2ωmin
2 where ωmin is the lowest operating speed of the crusher, as shown

in Fig. 4.

Figure 4: Distance that material travel in one stroke, for η = 0.5, indicating the smallest zone
length that can be chosen given a minimum ω

For each zone, we assume a specific effective capacity (Mi), which is the maximum mass
that a zone can contain. In reality, this is rather a volume limitation which is a function of
the crusher geometry and the CSS , but we translate it, assuming a constant bulk material
density, into a mass capacity limitation. This means that 1mXi cannot exceed this limit (i.e
1m(Ui + Fi) ≤ Mi) where 1m = [1 1 · · · 1] is a row of m ones, so that 1mXi is the total mass
inside Zone i.

Thus, we introduce the zone capacity factor (αi ≤ 1) which is a linear action on all the
materials Zi that are qualified to pass to the next zone. This factor will determine the percentage
of material to flow after the classification action (i.e. Ui = αiZi−1).

After combining αi and βi with the basic model, the overall suggested model shown in Fig.
5 is obtained.
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Si
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Bi
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-1 Ui+1

Zi-1 Ui

1-Si
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Figure 5: Model of Zone i when considering limitations in transport speed and zone capacity

The equations governing the operation of Zone i can now be summarized as:

Zi = βi(1− Ci)Xi (1a)

Ui = αiZi−1 (1b)

Xi = Ui + Fi (1c)

Fi =
(
BiSi + (I − Si)

)(
Xi − Ui+1

)
(1d)

αi = min
(Mi − 1mFi

1mZi−1
, 1
)

(1e)

βi =
g

2

η2

ω2

1

Li

(1f)

2.1 Dynamic Modelling

The model in the previous section represents the steady-state behaviour of the system. It
consists of a system of 6N equations to be solved in order to obtain the steady-state flow rate
between the zones, and the mass size distribution of materials in each zone.

In order to develop a dynamic model for the crusher, we need to imagine each zone as
a storage of material, that has inputs and outputs. The rate of operations on this material
is governed by the rate of crushing, ω = 1/T . In Each Cycle a part of the material will be
classified to pass down (1−C). Not all this part will be passed to the next Zone, because of the
limitation of the Capacity of the Next Zone. The remaining material, including the material
that was not classified to pass down, will be partially selected for breakage and the total (Fi)
will return to the zone, plus some materials from the previous zone (Ui).

Assume ω (and thus T ) changes slowly in time, i.e. that is almost constant during a stroke.
Then the mass size distribution of Zone i after a stroke is:

Xi(t+ T ) = Ui(t) + Fi(t)

= Ui(t) + Fi(t) +Xi(t)−Xi(t)

where Xi(t) was the mass size distribution of the material inside the zone before the stroke.
The change in one stroke is thus:

Xi(t+ T )−Xi(t) = −Xi(t) + Ui(t) + Fi(t)

and the average change per second:

Xi(t+ T )−Xi(t)

T
= ω(t)

(
−Xi(t) + Ui(t) + Fi(t)

)
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Now, the left-hand side of the above denotes the average change over one stroke. We will
assume the same average change to be valid over an infinitesimal part of the stroke, i.e. replace
T by δT and let δT → 0. This yields the continuous time model:

dXi

dt
= ω

(
−Xi + Ui + Fi

)
(2)

to be replacing equation (1c).

Zone iZone i

Si

Xi

Bi

1-Ci

Fi

αi βi Zi

-1 Ui+1

Zi-1 Ui

1-Si

Ui
-1

ω∫.dt 

Yi c(t)ω Mi kiLi

Figure 6: Dynamic Model of Zone i

This approach amounts to treating each zone as a tank whose rate of inflow and outflow
are governed by the rate of repetition of the strokes determined by the Eccentric speed ω.

2.2 Mixed Materials Model

Most of the available models consider the crusher to be working on one type of material, which
is a consequence of using only one Breakage Function. In reality, the material that is fed into
a crusher may be coming from different sources with different characteristics. Finding the
different Breakage Functions may require extensive experiments for every single material type,
but approximations that only require knowledge of the hardness are also available ([21]).

In order to model this, we consider two materials a and b and treat them as separate streams
whose mass and mass flows are denoted Za

i ,U
a
i ,F

a
i ,X

a
i and Zb

i ,U
b
i ,F

b
i ,X

b
i respectively. The only

interaction between these two streams is assumed to be the zone capacity factor since they
share the same zone capacity. Thus,

αi = min

(
Mi −

(
1mF

a
i + 1mF

b
i

)
1mZa

i−1 + 1mZb
i−1

, 1

)
(3)

Fig. 7 shows the block diagram for the model. We will assume that each material has its
own breakage function (i.e. Ba

i and Bb
i ), but shares the same Si and Ci.

2.3 Influence of Crusher Parameters on Operation

Many parameters are affecting the crusher operation. Some of them belong to the crusher
itself, like the eccentric speed, CSS, and the stroke, while others are properties of the treated
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Figure 7: Model for Zone i when two materials with different breakage properties are crushed
together

materials, like the Feed material moisture, material’s strength, input size distribution, and the
shape of the particles ([15]). Table 2.3 shows the influence of these properties on the model
blocks.

Model
Block

Input Parameters

Bi Material Strength, Size dis-
tribution, and Shape

Ci Chamber Profile and CSS
Si Chamber Profile, Stroke,

and CSS
αi Volumetric Capacity, Mate-

rial Density, and CSS
βi Li and Eccentric Speed

Table 1: Parameter influence on Model Blocks

3 Simulation Parameters

The model presented in the previous section is a framework in which different assumptions
on breakage, selection, classification can be implemented. In this section we will present the
assumptions used for the simulations in the next section. The profile of the bowl, as shown in
Fig 5, was selected to be non linear and following the equation 0.8− 0.35y + 0.01(y)3, where y
denotes vertical position.

The mantle was selected to be linear with pivot point at y = 1.4m, and with base width
equal to 0.8m. The mantle is assumed to be movable vertically to achieve the required CSS.
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All the other parameters (i.e. Stroke, Volumetric capacity, as well as OSS ansCSS for each
zone) follow from CSS and the bowl profile by straightforward geometry.

The Breakage Function is from King ([2])

B(D1, D2) = K

(
D1

D2

)n1

+ (1−K)

(
D1

D1

)n2

(4)

where B(D1, D2) give the fraction of the progeny particles that is small than the size D1

originating from the breakage of a single particle of size D2. The constants n1, n2, and K are
material parameter and selected as n1 = 0.45 and n2 = 3.2 and K = 0.3 ([2]).

The classification function is also from ([2]) and is, as suggested in ([5]), applied at each
level in the crusher. Thus

C(t, y,Dj) =

⎧⎨
⎩

c0(t, y,Dj), d1 � Dj < d2
0, Dj < d1
1, Dj � d2

(5)

where

c0(t, y,Dj) = 1−
(

Dj − d2(t, y)

d1(t, y)− d2(t, y)

)n

d1(t, y) = CSSi(y, CSS)

d2(t, y) = OSSi(y, CSS)

and CSSi and OSSi represent the closed and open side setting of the lower end of each zone,
which is function of the vertical position (i.e. y) and the CSS.

The selection function is from ([22]), modified to take into account the effect of the com-
pression ratio as suggested by Evertsson ([13]). Thus

s(Dj, t, y) = s0(σ(t, y))Dj
a (6)

where ([23])
s0(σ) = sini ∗ (−3.086σ2 + 3.5508σ − 0.0082) (7)

The parameters were selected as sini = 1, and a = 1. Here, σ(t, y) is the compression ratio (
(effective stroke/bed height) or s

b
) which depends on the CSS,ω, and the chamber profile as

σ(t, y) =
k(y)

k(y) + l0(y) + c(t)
(8)

The effective stroke k(y) if a function of the actual stroke and ω ([15]). The actual stroke was
calculated from the chamber profile, which is a function of y and CSS.

The effective stroke where calculated by multiplying the actual stroke by a factor, which
assumed to be linearly appends on the eccentric speed (i.e. the factor equal 1 at ω = 210rpm,
and 0.7 at ω = 900rpm) .

The number of size distribution classes was selected to be 24 (m = 24) class, with the largest
size class equal to 161.27 mm and the ratio between consecutive classes taken to be (1/ 3

√
2).

A truncated Rosin-Rammler distribution of the feed material was used. The Size Distribution
function is then ([2])

P (D) =

{
1− e(η/η63)

ζ
, D ≤ D0

1, D > D0
(9)
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where η = D/(D0−D) and η63 = D63/(D0−D63). D63 and ζ are parameters that change with
time, and govern the size distribution of the fed materials. ζ was selected to be constant and
equal to 1.2.

The breakage function, the classification function, and the selection function were discretized
into matrices according to the size classes as

B =

⎡
⎢⎢⎢⎣
b1,1 0 · · · 0
b2,1 b2,2 · · · 0
...

. . .
...

bm,1 bm,2 · · · bm,m

⎤
⎥⎥⎥⎦ (10)

where

bi,j = B(Di−1, Dj)− B(Di, Dj) (11)

and

Si = diag
([

s(t, yi, D1), s(t, yi, D2), ...., s(t, yi, Dm)
])

(12)

Ci = diag
([

c(t, yi, D1), c(t, yi, D2), ...., c(t, yi, Dm)
])

(13)

Here yi is y at the lower end of Zone i. The Crusher was simulated using Matlab Simulink.
The number of zones was selected to N = 10, with equal length Li =

Y
N
.

According to [15] the materials adopt three modes or vertical transportation, and accord-
ingly, the time for falling (and consequently η) will increase with increasing ω. For simplicity
we have chosenη to be a linear function of ω with η = 0.5 at ω = 210, and η = 0.6 at ω = 900.

The actuator of CSS was simulated with simple linear first order dynamic model ([20]) with
time constant equals to 10 seconds. The eccentric speed was simulated using a rate limiter
([20]) with a maximum slope of 6 rpm per second.

4 Simulation Results

Simulations were carried out in order to show the realistic behavior of the model. The simu-
lations include the static and the dynamic behaviour of the crusher. For the static behaviour,
results are illustrated using the Crusher performance map (CPM) ([15]). The CPM is a graph
showing the total production capacity (called Throughput) of a crusher for different product
grading versus the eccentric speed (ω). Here, we will also demonstrate results using a CPM
for throughput vs. closed side setting (CSS) and a three-dimensional CPM considering the
throughput versus both the eccentric speed and the closed side setting.

The dynamic behavior is shown using the step response of the crusher, in response to the
change of the manipulated variables, and to the input materials. Also a simulation of closed
loop feedback control of the crusher is shown.

4.1 Crusher free running operation(without Sieve Feedback)

A cone crusher fed by material with D63 = 135mm was simulated. Fig. 7 shows the CPM when
the CSS is selected to equal 40 mm. For low speeds, the throughput increases with increased



4. Simulation Results 39

speed. This regime is known as sub critical speed and the throughput is limited by the slow
rotation resulting in large size material prevented from passing down.

For high speed, the model predicts that the material classified to pass to the next zone
does not have enough time to pass. This will keep much of the material in the same zone, and
apply the selection and breakage action on it again. The result is increased percentage of large
materials at low speeds and increased percentage of small materials at higher speeds which is
in line with the experimental results reported in ([24]).

Fig. 11 shows the Product Cumulative Size distribution for the same conditions, illustrating
that the size of the material will be smaller with increased speed.

Figure 8: CPM for Total and Sub-Classes Throughput versus Eccentric Speed

Fig. 9 and Fig. 10 show the relation between the throughput of the crusher and the CSS
for a fixed speed. Two different speeds were selected, 450 rpm as shown in Fig. 9 and 300 rpm
as shown in Fig. 10.

At high speed the percentage of small material of the total throughput is predicted to be
larger than that at lower speeds. This is because the high speed does not give the material
enough time to pass to the next zone and is subject to more crushing. Furthermore the model
predicts an increased percentage of large materials with increasing CSS. This is because even
if the material is not passing to the next zone the compression ratio will be reduced with
increasing CSS, leading to less material being selected for breakage.

Fig. 12 shows the Three-dimensional CPMs showing the predicted throughput as a function
of speed and CSS are found in Fig. 12 (total throughput) and Fig. 13 (throughput of sub-sizes).

4.2 Crusher operation with Sieve Feedback

A 8 mm sieve (screen) was simulated to filter the output of the crusher. An ideal sieve was
assumed, although in reality the screen efficiency is a function of many parameters in addition
to the particle size, such as moisture and mass flow. As illustrated in Fig. 14 the rejected large
material was returned to the input of the crusher. This effect will reduce the total in/out flow
of the crushing stage, and will change the size distribution of outflow, since all the returned
materials are consisting of large-size classes. The mixing was done by considering a limited



40 Paper A

Figure 9: CPM for Total and Sub Classes Throughput versus CSS, ω = 450 rpm

Figure 10: CPM for Total and Sub Classes Throughput versus CSS, ω = 300 rpm

capacity bowl before the crusher. This bowl will accept all the rejected material, plus some
material from the Input, depending on the amount of the rejected materials and the capacity
of the bowl.

Fig. 15 shows the three-dimensional CPM. It is interesting to note that the production has
a unique maximum for a certain combination of ω and CSS ( in this case somewhere around
ω = 600 rpm and CSS= 40 mm). The reason for this is that increasing the CSS will lead to
more production of the crusher, but most of it will be large materials, which will be rejected
by the sieve and returned, thus reducing the total production of the unit.

4.3 Dynamic Model

In order to demonstrate the behavior of the dynamic model, the D63 input size distribution,
CSS, and ω were changed in order to examine the response of the crusher, as shown in Fig. 16.
Because of the operation of the crusher, some material is crushed into a very small size, and
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Figure 11: Output Cumulative Size Distribution for different Speeds

Figure 12: 3D CPM ,Total Production

thus resides in the smallest size class.

When reducing the speed, we notice there is an increase in the total output. This is because
at high speed, there is some material in the crusher that is classified to pass down, but because
the speed, it does not have enough time to do so. Thus, when the speed decreased, this material
will be allowed to pass.

When increasing the size of the input material, it is noticed that the model predicts that the
effect of this change does not immediately appear in the output. This time delay will depend
on the speed of the crusher. We can notice that the size distribution is around 50mm which
is the size of the CSS but that some of the output material is larger than this value. This is
because CSS is the Closed Side and some material falls out from the open side.
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Figure 13: 3D CPM, a) 0-2 mm Production, b) 2-4 mm Production, c) 4-8 mm Production, d)
8-16 mm Production

Figure 14: Cone crusher operated with sieve

4.4 Mixed Materials

To simulate the operation with mixed materials, it was assumed that material a, which is the soft
material, has the parameters n1 = 0.6932, n2 = 2.8414, andK = 0.4274, while material b, which
is the hard material, has the parameters n1 = 0.9474, n2 = 3.6006, and K = 0.3796. These
parameters where selected according the formula presented by [21], assuming that material a
has a hardness 4.2, while material b hardness 6.8.

Fig. 17 shows a 3D CPM chart drawn with a fixed eccentric speed ω = 240 rpm, by varying
the percentage of mixing the materials between 0% and 100%, and also changing the CSS
between 20mm and 40mm. The same selection function was used for both materials.

It is clear that with soft materials (100% percentage) the total throughput is higher because
the materials are easily to break. The change in the throughput with respect to the percentage
of mixing materials is independent of the CSS, cause it can be noticed are low and high CSS.
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Figure 15: 3D CPM with Sieve, Total Production

4.5 Controlling the Size production Ratio through Eccentric Speed

In order to illustrate the use of the proposed model, a closed-loop scenario to control the ratio of
the large material was simulated. The maximization of total output, by adjusting the CSS and
ω, is considered as the main control objective in e.g. ([3]). With the rise of new measurement
methods that allow on-line measurement of the size of the material ([25]), new objectives can
be pursued. These objectives can be, for example, the production of sub-sizes.

As shown in Fig. 15, the total production is a concave function of the CSS and the eccentric
speed. For that, an algorithm to maximize the output of the crusher can be used. But an
important point illustrated is that the sub-sizes change with the change of the total output. So
by maximizing the output, the size of the output material may not meet the quality requirement.

Thus, a new index introduced, which is the ratio of the large material (> 16 mm) to the
total production. Fig. 18 shows the relation between this ratio and the eccentric speed, and
CSS. This plot was extracted from the same models before without sieve and operated with
mixed materials. The proportion of soft material was 50%.

As shown in the figure, the ratio is decreasing with the increase of eccentric speed, while
increasing with the increase of CSS. Also the ratio is generally more sensitive to the speed than
to the CSS.

For the above reason, a Proportional Integral (PI) controller was simulated to control the
ratio factor of the crusher. The measurement of the ratio can be done either by using a sieve
and using belt scales that measure the total and the over size material, as illustrated in Fig.
19, or by using fully automated online measurement of the size distribution of the production
([26]).

The PI controller is chosen for its simplicity and availability. The parameters of the PI
controller were selected to be P = −0.4, and I = −0.2 and the D63 of both materials was
selected to be 80 mm. During the Simulation, the Set Point (SP) was changed from 50%
to 40% then 60% and finally 50%. To investigate the influence of disturbances the CSS was
changed from 40mm to 50mm, and then to 35mm, and the percentage of the mixed material
was changed from 50% to 70%, and then to 30%. The measurement of the production ratio
was assumed to have a time delay of 15 seconds due to the time consumed for Sieving and
transportation.
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Figure 16: Dynamic Step Response

The response of the crusher is shown in Fig. 20. It can be seen that the ratio follows
set-point, even with changing operation conditions.

5 Conclusion and Future Work

A dynamic Cone Crusher model that describes the output size distribution (size reduction),
and the flow was presented in this work. Simulations have showed that the steady-state model
behavior is qualitatively consistent with measured crusher behavior, as reported in e.g ([24]),
in terms of response to changing the manipulated variables. The model also allows to simulate
the effect of mixed materials with different characteristics.

The proposed model can be regarded as a framework in which detailed knowledge of the
geometry of the crusher can be included as well as different assumptions on e.g. breakage
and selection. Some possible extensions are to model energy consumption and Quality, (e.g.
Flakiness of the material), and also that the bulk density will vary with the size distribution
and the hardness.
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Figure 17: CPM of total Production versus CSS and variable mixing percentage

Figure 18: 3D CPM of the Total Production Ratio vs. Eccentric Speed and CSS

The main use of the model is expected to be simulation of closed loop control strategies,
but it can also be used for off-line optimization by selecting an optimal operation point with
the aid of the three-dimensional CPM, provided accurate values of the model parameters and
the properties of the inflow.

Both on-line and off-line control strategies would thus benefit from using accurate values
for the model parameters, produced by system identification on measurement data. An on-line
parameter identification method would also be very useful in order to optimize the operation
of the crusher, detect faults, and for production planning.
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On-Line Optimization of Cone Crushers using
Extremum-Seeking Control

Khalid Tourkey Atta, Andreas Johansson, Thomas Gustafsson

Abstract: This article demonstrates the ability of on-line optimization of cone crushers,
specifically maximization of the total throughput of the crusher by adjusting the eccentric speed
(ω). The on-line optimization was based on the Extremum-Seeking Control (ESC) approach,
which is advantageous when optimizing systems with unknown time varying characteristics.
Two types of the gradient based approaches are tested in simulation, the traditional Band-pass
filters method and a method utilizing the Extended Kalman Filter (EKF). Both methods
perform satisfactory, demonstrating the good potential of ESC for online-optimization of cone
crushers. To deal with unwanted behavior of the EKF based approach for situations when
the gradient is not correctly estimated, a modification is suggested based on detecting this
condition and accommodating for it.

Keywords:On-Line Optimization, Cone Crusher, Extremum-Seeking Control, Extended
Kalman Filter.

1 Introduction

Size reduction (comminution) is a vital part in any mineral processing plant and the cone
crusher is widely used for this purpose. And as any size-reduction process, most of the energy
consumed will appear as sound and heat, and a small amount will be used to produce smaller
particles [1].

Other objectives of crusher optimization depend on whether the crusher produces the end
product or is part of a comminution chain. One example of optimization criteria, to be con-
sidered here, is throughput maximization, in case the crushing is the bottle neck in the total
plant production.

As pointed out in [2], until the late 90’s the dependence of the capacity and the product size
distribution on the operating speed was not fully appreciated, possibly because of the practical
difficulties associated with the required experiments.
Due to this lack of quantitative models for the effect of the main manipulated variables(Eccentric
Speed (ω) and Closed side Setting (CSS)), on-line optimization of crushers by Closed-Loop
control has only recently begun to attract interest. Recent modeling efforts by Evertsson and
co-workers [3, 4, 5] shows that these variables have a significant influence on the throughput
which is also confirmed in experimental studies (e.g.[?]).

The Pioneering work of on-line optimization of cone crushers is [2], where a finite state
machine is presented to maximize the output by producing small positive and negative steps
in speed. The difficulties that arise when attempting to use ω to maximize the output are
related to limitations in the range and the rate of change of ω. The slow step response makes
it difficult to speed up the process of tracking the optimal values, which may change quickly
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with the properties of the input material, apart from changes due to wear.

many different applications for Extremum-Seeking Control (ESC) can be found in the lit-
erature e.g. internal combustion engines, grinding processes, and solar cells [6]. In this article,
we will apply two algorithms for ESC on a dynamic model of a cone crusher. To the best of
our knowledge, ESC has not previously been considered for crusher control.

1.1 Extremum Seeking Control Concept

Plant Optimization is the main objective of any control system. Most controllers have a certain
input called Set-Point, which defines the required value of a variable in the plant. On the other
hand, in any plant, there are some variables that measure the performance of the plant, e.g. the
total production, the production of waste, the emission of gases (ex. CO2) and has no predefined
value, but is always required to be maximized or minimized. In this case the controller has no
predefined reference, but instead required to maximize(or minimize) some variables [7]. This is
called Extremum-Seeking Control (ESC).

Extremum Seeking Control (ESC) requires some prior knowledge of the dynamics, but not
the exact conditions of optimality, neither location nor values, and these are also allowed to be
varying in time, with unknown dynamics. Consider a plant with a non-linear and time-varying
behavior defined as

dx

dt
= f(x,u(t)) (1a)

y = h(x) (1b)

where x is a vector representing the state of the plant, u is a vector of manipulated (input)
variables, and y is a scalar representing the output variable (performance) of the plant. It is
assumed that the steady-state values of y, denoted yss, has a unique maximum with respect
to a constant input u, denoted as uss, for any fixed t.In the following, we will consider u as a
scalar and limit our scope to single input systems.
The extremum-seeking controller, as illustrated in Fig 1, will try to drive the system into its
optimal value (y∗) by finding the optimal value for u (u∗), even though the values of y∗ and u∗

are unknown and varying with time.

uss

yss

y*

u*

u y

Figure 1: Principle of Extremum-Seeking Control
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Many ESC methods have been suggested, and can be categorized in many different manners,
e.g. Static, Analog, and Numerical Methods [8], or perturbation and non-perturbation methods.
Some methods only require the knowledge of the output of the system (y), like most of the
perturbation methods, while some other methods require the state of the system (x). In most
cases, this requires using an observer, which adds more complexity to the controller. In this
work we will adopt the perturbation based approach.

The idea behind the perturbation based approach is to add a small signal (sometimes called
dither signal) to a base input (uo), and then measure the change in the output (y) with respect
to this signal. Based on this change, it will be decided to increase or decrease the input signal
(u0). The Gradient based methods, Inspired by the steepest descent optimization method, are
based on of this approach, and rely on using the gradient of the output with respect to the input
in order to decide how to change the base variable uo. The ESC controller will consequently be
divided into two parts, the Gradient estimator, to find the rate of change of y with respect to u
(i.e. ∂y/∂u), and an integrator to accumulate the values of the gradient to give the base variable
u0. A basic gradient estimator is implemented by using a sinusoidal wave as a perturbation
signal, and a High-Pass filters (HPF) and a Low-Pass filters (LPF), as shown in the Fig. 2.
After the pioneer work of Krstić and the proof of closed-loop stability of this approach [9], this
kind of controllers have became popular.

a sin( t)

y/ uu0

Figure 2: Gradient Based ESC, using Filters to find the gradient

The Design of such a controller, involves the selection of the frequency and the amplitude
of the perturbation signal, the corner frequencies of the HPF and LPF, and the gain of the
integrator (K). The crucial variable is the perturbation frequency which should be selected
smaller than the dynamics of the plant, i.e. so that the output of the plant will track in the
input.

Another approach for gradient estimation is to use an Extended Kalman Filter (EKF) [10].
The Method was suggested originally for static systems, but can also be applied to dynamic

-tds

a sin( t)

y/ u
-tds

u0

Figure 3: Gradient Based ESC, using Extended Kalman Filter to find the gradient

systems. The idea behind using the EKF as a gradient estimator is to approximate the output
of the system (y) by a tangent at the point of operation. i.e.

y = y0 + ku (2)
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where k is the slope of the tangent. The EKF is then employed to estimate two state variables,
x1 = k and x2 = y0, Knowing that the EKF will be implemented in discrete time, two samples
are required to have observability [10]. The discrete state space system will be described by

x(tk+1) =

[
1 0
0 1

]
x(tk) +wk (3)

[
y(tk)
y(tk−n)

]
=

[
u(tk) 1
u(tk−n) 1

]
x(tk) + vk (4)

where n is the time interval between the two samples which is usually selected to equal a quarter
or three quarters of the cycle time of the perturbation signal (i.e. π/(2ω) or 3π/(2ω)). The
difficulties in designing this type of controllers may be less than for the previous type, but the
selection of ω remains crucial.

2 Cone Crushers Modeling

The cone crusher, as shown in Fig. 4, consist of a concave bowl, providing a space called the
Chamber, for the material to be crushed by a large concave metal piece, called Mantle. The
mantle is rotating in an eccentric path to deliver several strokes to the material passing the
chamber, which provides the required breakage until it reaches the size that allows it to pass
through the controlled small opening in the end (down) of the chamber.
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Figure 4: Cross Section of Cone Crusher [11]

Cone crusher modeling has been subject of much research effort [5, 12]. First principles
models may assume one stage of operations or several stages (multi-zone)or even be continuous
involving a partial integro-differential equation [11]. Others use a Black-Box approach based
on mixing Linear and Non-Linear blocks. In this work we use a model from [13], where the
Crusher is divided into zones as shown in Fig. 5.
In this model, the material size distributions are represented as vectors and the operations

as matrix multiplications, which is also known as matrix analysis approach [14]. Accordingly,
the material are partitioned into size classes ∞ > D1 > D2 · · · > Dm > 0, and the mass (or
the mass flow) size distribution are vectors on the form M = [M1 M2 · · · Mm], where Mj

represents a mass (or a mass flow) of particles in the size interval [Dj−1, Dj].



2. Cone Crushers Modeling 55

Figure 5: Cross Section showing the Zones, CSS,stroke(s), and bed height(b)

Si

Xi

Bi

1-Ci

Fi

i i Zi

-1 Ui+1

Zi-1 Ui

1-Si

Ui
-1

.dt

Yi c(t)Mi kiLi

Figure 6: Dynamic Model of Zone i [13]

The Block diagram of the operation in Zone i is shown in Fig. 6. Here Ui is a vector
representing the input to zone i, i.e. the mass size distribution per cycle (stroke) accepted in
the ith zone. Similarly Zi represents the output mass size distribution per cycle of Zone i, and
is at the same time input to Zone i+1 (i.e. Ui+1 = Zi). Xi represents the mass size distribution
inside the ith zone while Fi represents the material that is retained in the zone (i.e. did not
pass down), after applying the actions of selection and breakage on it. The input of the first
zone (U1) is the material fed into the crusher, and the Output of the last zone (ZN) is the
output of the crusher.

The Breakage Matrix Bi of Zone i is a lower triangular matrix,

Bi =

⎡
⎢⎢⎢⎣
b1,1i 0 · · · 0

b2,1i b2,2i · · · 0
...

. . .
...

bm,1
i bm,2

i · · · bm,m
i

⎤
⎥⎥⎥⎦ (5)

where the entry bk,ji represents the mass proportion of particles from size class k that ends up
in size class j, after breakage in Zone i [14]. The Selection Matrix S is a diagonal matrix,

Si = diag
([

s1i , s
2
i , ...., s

m
i

])
(6)
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where each entry sji represents the probability of breakage of a particle in the jth size class in
Zone i.
Finally, the Classification Matrix C is a diagonal matrix ,

Ci = diag
([

c1i , c
2
i , ...., c

m
i

])
(7)

where each entry cji represents the fraction (proportion) of material from the jth size class in
Zone i that is prevented from moving to the next zone.

The zone capacity factor (αi ≤ 1) is a linear action on all the materials Zi that are qualified
to pass to the next zone and determines the percentage of material to flow into the zone in
order not to exceed its maximum capacity (Mi).

The Speed-Zone Length factor βi =
gη2

2ω2Li
represents the fraction of material that passes

down out of the material that is classified to pass down because the length of the zone (Li) is
too large for all material to have time to pass. The material has ηT seconds to fall down, where
T = 1

ω
is the cycle time in seconds, and η is a factor determining the effective nominal time for

the material to fall down which is assumed to average all three modes of transportation down
(falling, sliding, or squeezing) [4].

In conclusion the adopted model is governed by the following set of equations:

Zi = βi(1− Ci)Xi (8a)

Ui = αiZi−1 (8b)

dXi

dt
= ω

(
−Xi + Ui + Fi

)
(8c)

Fi =
(
BiSi + (I − Si)

)(
Xi − Ui+1

)
(8d)

αi = min
(Mi − 1mFi

1mZi−1
, 1
)

(8e)

βi =
g

2

η2

ω2

1

Li

(8f)

For the last zone, there is no successive zone, so UN+1 will be replaced by ZN , and for the first
zone, there is no previous zone, so Zi−1 will be replaced by the vector of the input Materials to
the crusher.

2.1 Modeling Assumptions

In this section we will present the assumptions used for the simulations in the next section.
The Breakage Function is from King [15]

B(x, y) = K

(
x

y

)n1

+ (1−K)

(
x

y

)n2

(9)

and the parameters were selected as n1 = 10, n2 = 8, and K = 0.1, knowing that the larger
values for n1 and n2 corresponds to harder materials. From this the elements of the B matrix
are given as bi,j = B(Di−1, Dj)− B(Di, Dj).
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The classification function is also from [15] and is, as suggested in [11], applied at each level
in the crusher. Thus

C(t, y,Dj) =

⎧⎨
⎩

c0(t, y,Dj), d1 � Dj < d2
0, Dj < d1
1, Dj � d2

(10)

where

c0(t, y,Dj) = 1−
(

Dj − d2(t, y)

d1(t, y)− d2(t, y)

)n

(11)

d1(t, y) = α1l(c(t), y) (12)

d2(t, y) = α2l(c(t), y) + d∗ (13)

l(c(t), y) = l0(y) + c(t) (14)

and where l0(y) is the crusher chamber profile when CSS equals zero. We select a simple
linear profile l0(y) = (1− y/Y ) ∗ 0.1m . Here Y is the Length of the crusher chamber, and was
selected to equal 1.2m, and c(t) is the CSS. The other parameters where chosen to be α1 = 0.6,
α2 = 2, n = 2, and d∗ = 0.
The selection function is from [16], modified to take into account the effect of the compression
ratio as suggested by Evertsson [5]. Thus

s(Dj, t, y) = s0(σ(t, y))Dj
a (15)

where [17]
s0(σ) = sini ∗ (−3.086σ2 + 3.5508σ − 0.0082) (16)

The parameter sini was selected to equal 0.1 and σ(t, y) is the compression ratio
(

stroke
bedheight

or

s
b

)
which depends on the CSS and the chamber profile as

σ(t, y) =
k(y)

k(y) + l0(y) + c(t)
(17)

The stroke k(y) was assumed to be independent of y, and chosen to equal 10 mm.
The number of size classes was selected to be 24 (m = 24), with the largest size class equal
to 161.27 mm and the ratio between consecutive classes taken to be (1/ 3

√
2). A truncated

Rosin-Rammler distribution of the feed material was assumed. The Size Distribution function
is then [15]

P (D) =

{
1− e(η/η63)

ψ
, D ≤ D0

1, D > D0
(18)

where η = D/(D0 − D) and η63 = D63/(D0 − D63). The parameters D63 and ψ determine
the shape of the size distribution of the fed materials and in are general time varying . ψ was
selected to be constant and equal to 1.2.
The Crusher was simulated using Matlab Simulink. The number of zones was selected to
N = 10, with equal length Li = Y

N
and the mass capacity of each zone was selected to be

linearly spaced from 20 kg in the first zone, and 10 kg in the last zone. η was selected to equal
0.5. CSS was assumed to vary between 10 and 40 mm, while the eccentric speed ω was varied
between 3.5 and 20 rps. A 32 mm sieve (screen) was simulated to filter the output of the
crusher,the rejected large material was returned to the input of the crusher.
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3 Application of ESC On Cone Crushers

The main point in ESC, as explained earlier, is that the steady-state relation between the
input(s) and the objective index (output) should have a unique maximum (or minimum).
Simulations of the steady-state behavior of the model in section 2 is demonstrated in the form
of a Crusher Performance Map (CPM) [3], which presents the steady state relation between
the control variables (CSS and ω) and the Total and sub-sizes of the total production of the
crusher as shown in Fig 7. The figure shows that the model satisfies this condition, both for
the total throughput and for individual size classes.

Figure 7: CPM for Total and Sub-Classes Throughput versus Eccentric Speed [13]

The set of equations (8) can be rewritten in order to eliminate non-state variables (i.e Fi,
Ui, and Zi)

dXi

dt
= ω

(
−Xi + αiβi−1(1− Ci−1)Xi−1

+
(
BiSi + (I − Si)

)(
Xi − αi+1βi(1− Ci)Xi

))

αi = min
( Mi

1mβi−1(1− Ci−1)Xi−1

−1m

(
BiSi + (I − Si)

)(
Xi − αi+1βi(1− Ci)Xi

)
1mβi−1(1− Ci−1)Xi−1

, 1
)

βi =
g

2

η2

ω2

1

Li

y = 1mXN

In General, the classification matrix (C), and the selection matrix (S) will depend on CSS,
which require the following more general equations to describe the behavior of the crusher:

dX

dt
= f(X, ω, CSS) (19a)

y = h(X) (19b)
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In our case, CSS is considered to be controlled manually, and is regarded as a disturbance like
other parameters that govern the operation of the crusher, input material size distribution,
Type of input material (ex. hardness), Moisture, Crusher chamber profile, etc.

4 Simulation of ESC of Total Production using Eccentric Speed

In the simulations the crusher was operated in four modes, each with s duration of a 500 seconds
per mode, the parameters of each mode are shown Table 1:

Table 1: Modes of operation

Mode CSS[mm] D63[mm] Soft/Hard Materials
1 30 80 Soft
2 15 80 Soft
3 15 100 Hard
4 15 60 Hard

Each mode has his own CPM as shown in Fig. 8 and a corresponding optimal ω and maximal
output. The size distribution of the input material was additively disturbed with Gaussian
distributed noise with zero mean and variance equal to 15% of the value of each size class. The
controller was disabled during the first 125 seconds, in order to let the crusher reach a steady
state.

Figure 8: CPM’s for the cases

4.1 Standard ESC: Band-Pass filters

The sinusoidal perturbation was selected to have frequency 0.2 rad/s, and amplitude 0.4 rps.
The gain of the integrator (K) is equal to 30. This high gain was controlled with a limiter on
the LPF. The LPF was limited with a saturation level, in order to prevent the a fast change in



60 Paper B

the eccentric speed which will have no influence on the stability of the system). The saturation
level was set to ±5∗10−3. The filters were selected to be of second order with transfer functions:

GHPF =
s2

(0.08s+ 1)2
(20)

GLPF =
0.04 ∗ 0.08

(s+ 0.04)(s+ 0.08)
(21)

Fig. 9 shows the behavior of the controller in the form of a contour plot for the CPM chart
normalized to give the same level for the maximum in the four modes. Over this chart the
eccentric speed was plotted to show how the controller brings the production of the crusher to
its maximum. In the lower part, the dotted line presents the maximum throughput, and the
thick line shows the actual throughput achieved by the ESC controller.

Figure 9: Step Response of ESC with Band Filters

It is evident that the ESC controller works as expect and drives the crusher into its maximum
production within less than 60 seconds after an abrupt change of some operating variable.

4.2 EKF Based ESC

For the EKF a constant step time (Δt) of 0.05 second was chosen. Similar to the work conducted
by [10], the EKF parameters were selected as:

Q = Δt̄

[
1 0
0 1

]
(22)

where Δt̄ = Δt/s, and

R = 0.05

[
1 0
0 1

]
(23)

where Q and R are the covariance matrix of the noise signals wk and vk respectively.
The sinusoidal perturbation was selected to have a frequency of 0.1 rad/s, and amplitude

of 0.5 rps. The gain of the integrator (K) was chosen equal 0.1. The input to the integrator
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was limited to ±1 (see above). The time delay was selected to equal one quarter of the cycle
time of the perturbation frequency.

Note that the perturbation frequency was selected to be low, because the algorithm was
designed to work on a static map, and the slow dynamics of the process, will affect the gradient
estimation.

Most of the time the EKF gives a good estimate of the gradient, but in some cases, partic-
ularly when a disturbance changes abruptly, the EKF will not be able to estimate the value of
the gradient, which will have a negative influence on the controller performance. To mitigate
this problem, we suggest to neglect these values of the estimated gradient, thus keeping the
value of u0 i.e. setting the input to the integrator to zero when there are no trusted estimates
of the gradient.

If the absolute difference between the value of the estimated output (ŷ) and the actual
value of the output (y) is large this means that the EKF is not able to keep tracking, and the
estimated gradient will be neglected. In addition to this comparison, a small on-delay will be
added in order to give the EKF enough time to return to track, before reusing the estimated
gradient.

Fig 10 shows the ESC controller after adding this feature. The maximum permissible error
between the estimated and the actual value was selected to be 0.1 kg/second, and the on-delay
was 5 seconds.

Similar to the previous section, the upper part in Fig. 11 shows the response of the controller,
and the lower part shows the corresponding output of the crusher. The black curves shows the

e-tds

K/s

a sin( t)

y/ u e-tds

| |<  
ŷ

On delay

u0

Figure 10: Modified EKF-based algorithm

response of the EKF based ESC with the modification described above, while the light curves
shows the corresponding signals without the suggested modification. It is clear that without
the modification there are large deviations from optimum caused by erroneous estimates of the
gradient, and the proposed modification to the EKF algorithm mitigates the problem.

The EKF method has been tuned to approximately the same convergence rate as the BPF
method, but achieves this with a lower perturbation frequency. This mean that the rate of the
change in the actuated signal will be lower, which may prolong the life of the actuators.

5 Conclusion and Future Work

Two ESC algorithm have been tested on a dynamic model of a cone crusher and the results
suggest that both of them are viable for on-line optimization of throughput.

The EKF based algorithm has advantages in a slightly simpler design and appear to require
a lower perturbation frequency, but suffers from problems due deteriorated gradient estimates
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Figure 11: Step Response of ESC with EKF, the black curves showing the response of the
modified controller, while the light curves shows the response of the original controller

in some situations. However, it is shown that thus problem can be mitigated by a modification
of the EKF algorithm.

The work will be extended into multi-variable optimization by using the CSS in addition to
ω as a control variable. Also it can be applied to the maximization of individual size classes.
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