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Abstract

The aim of this thesis is to advance the control and estimation schemes for multiro-
tors, and more specifically the Aerial Robotic Worker, in order to progress towards the
necessary control and estimation performance for robust control, cooperation and collab-
oration.

Towards this envisioned aim, this Licentiate thesis will present the following main
research contributions: a) a singularity-free attitude controller for the attitude problem
has been established, that does not have the inherent drawbacks of Euler angle or Direc-
tion Cosine Matrix based approaches, b) a generalized estimation scheme for attitude,
position and parameter estimation will be presented that has the merit of low computa-
tional footprint, while it is robust towards magnetic disturbances and able to identify key
parameters in the model of an Aerial Robotic Worker, c) an method for estimating the
induced vibration frequencies on the multirotor’s frame, and the respective amplitudes,
that relies on notch filtering for attenuating the induced vibrations, and d) a theoretical
establishment, as well as an experimental development and evaluation of a variable pitch
propeller model to add additional degrees of freedom and increase the robustness of an
Aerial Robotic Worker.

In the first part of this thesis the main contributions of the previous research ap-
proaches will be highlighted, while in the second part of the thesis the corresponding and
in full detail articles will be presented.
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Chapter 1

Introduction

1.1 Vision

The overall purpose and aim of this thesis is to advance the overall performance of Un-
manned Aerial Vehicles (UAVs) capable of Vertical Take-Off and Landing (VTOL). This
is made possible by improving the current modeling, control and estimation schemes
to provide high accuracy control and robust information exchange among agents while
increasing the capabilities of the UAVs in terms of autonomy, adaptability, reconfigura-
bility, robustness and cooperation. With these advanced features, collaborative control
and estimation will be applied to complex cooperative tasks such as multi agent search,
cooperative manipulation of objects, cooperative inspection, cooperative mapping etc.

1.2 Background

In the area of UAVs and especially the one of having the capability for VTOL, have
been in focus for research and development for a long time already, mainly due to their
efficiency in completing complex missions and providing a good fundamental base for
research in areas such as forest fire inspection [1], infrastructure inspection, search and
rescue missions [2], manipulation of objects and cooperative missions, including coopera-
tive manipulation [3]. In these areas it has started to emerge what is known as the Aerial
Robotic Worker (ARW) [4], which is a cooperative multirotor platform, that may have a
manipulator attached, designed and developed for infrastructure maintenance, inspection
and interaction with the environment.

For achieving the necessary control performance in an ARW, three main problems
arise that need to be solved. First, the trajectory generation problem is frequently being
divided into two problems: a) the attitude problem [5] and b) the translation problem,
where it has been proven that these systems can be cascade interconnected [6, 7]. In these
presented control approaches, the mechanical aspect of the control problem currently
only utilizes fixed pitch propellers, where thrust and torque is generated by changing
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4 Introduction

the rotational speed of the motors. The position controller is generating reference set–
points for the attitude controller and thus the control problem has been confronted using
several different approaches from research–leading teams worldwide, with famous works
to include linear [8, 9, 10], and nonlinear controllers [11, 12, 13, 14, 15]. Although it
has been proved that the aforementioned control strategies manage to stably navigate a
multirotor, the problem of designing optimized controllers that will be able to: a) provide
fine–smoothed control actions for attitude stabilization and trajectory tracking, b) make
use of model–knowledge for more accurate navigation and c) preserve robustness against
sudden and unpredicted external disturbances, is still an open challenge. Furthermore,
one of the constrains that the control engineers are facing, when dealing with the attitude
problem is still a fundamental problem in dynamics due to the fact that finite rotation
of a rigid body does not obey the laws of vector addition, e.g. commutativity, while the
attitude characteristics of the rigid body cannot be extracted by integrating the body’s
angular velocity.

The second problem appears when working with rotations, whether it is estimators
or controllers, there has been one approach utilized more than any other, when creating
models: the Newton–Euler equations [16], which is able to describe the combined trans-
lational and rotational dynamics of the rigid body. Although this modeling approach
is considered a fundamental one, still it has three drawbacks. Firstly, it is solely based
on Euler angles, which have the merit of being intuitive, but per definition these angles
cannot define certain orientations as it suffers from singularities that result in an prob-
lem know as “gimbal lock” [17]. This problem is the loss of one degree of freedom in a
three-dimensional space that occurs, when two of the rotational axes align and locking
together. Secondly, it is very computationally expensive. Calculating sines and cosines
takes a lot of performance and can very fast become unmanageable especially if it’s being
implemented on low cost hardware. Thirdly, when creating estimators or controllers that
is necessary to utilize the Jacobian of the system states, the computational cost is even
greater, as during these calculations some times all the matrix elements will have one or
more sines or cosines to compute, which quickly can overwhelm the system.

For overcoming these problems, three solutions can be followed: a) guarantee that
the system will keep inside the bounds of Euler angels, b) the utilization of a Direction
Cosine Matrix (DCM) approach, and c) the quaternion approach. If the multirotor has
been only designed for simple stable flight, the first one will work, but in the case that
unknown external disturbances (e.g. wind gusts) are applied on the vehicle that could
result in flipping the aircraft (turning it upside-down), the Euler angle approach would
not be able to compensate this effect. For the second approach DCM is constructed
by translating the x, y and z body fixed coordinate system in a 3 × 3 matrix, while
no matter of how this coordinate frame has been rotated, the matrix will still represent
this transformation, as the most significant merit of this approach is the non-suffering
from the singularities that the Euler angles have. However, the DCM suffers from the
constraint that each axis must be orthogonal to the other axes and should also be of
a unit length. When rotating a DCM it must be multiplied with another DCM and
the derivative of the DCM results in a 3 × 3 matrix and into a system of nine coupled
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differential equations (states) to solve (six if the 3rd axis is calculated from the cross
product of the other two).

In the quaternion approach the previous mentioned limitations do not exist as one can
directly translate a quaternion into a DCM and vice versa, however the quaternion and its
corresponding derivative have four values and the only constraint is that it must be of unit
length. This translates into a system of only four coupled differential equations/states,
greatly decreasing the computational cost and keeping the overall complexity low [18].
Due to the fact that the quaternion is a complex number it’s sometimes hard to get
an intuitive feeling for what it represents, but the direct coupling to a DCM makes the
translation easy.

The final problem concerns the control system or autopilots designed for on board use
on the ARW, since attitude and position estimation is required to stabilize the aircraft
and since these systems are quite often very small, the weight of the control system can
have a profound impact on the performance of the ARW and hence it is desirable to use
small embedded systems to do the estimation and control [19] mainly due to their small
size, low weight, low cost and high reliability.

The novelty of this part of the work, which is presented in Paper A, stems from
proposing a quaternion based non-linear P 2 controller, for solving the attitude problem
of a multirotor. In the proposed methodology, both the multirotor modeling and the
controller design will be made in the quaternion space, without the utilization of Euler
angles or DCM. Until now in the relative scientific literature, only a few references are
available utilizing quaternions controllers for the attitude stabilization problem as it has
been described in [20], [21] and the references there in. These approaches, they do
however convert the quaternion error back to Euler angles and regulate on these angles
instead of regulating the quaternion directly. The drawback of these approaches is the
fact that suffer from the non–linearities and singularities of Euler angles, plus the extra
processing power needed to convert the Euler angles to quaternions and vice versa. As it
is going to be analyzed in the sequel, the suggested novel control scheme does not suffer
from these shortcomings, can be applied in the full three dimensional rotational domain,
while it can be generalized as it is independent of the rigid body.

For enabling the ARWs to have a profound impact on the community and in the pre-
vious application sectors, it must adhere to strict cost constraints, which implies the need
to run the estimation and control on small embedded systems, keep the mechanical com-
plexity low and use low cost hardware (motors, propellers, etc.). These characteristics
are necessary to be evident, especially in applications of ARWs in harsh environments,
where disposable units should be deployed. From another point of view, the equipment
of the ARW with a low cost hardware has the side effect that vibration problems become
much more apparent, mainly due to: a) the existence of cheap motors and the manufac-
turing fact that propellers are not well balanced, b) the frames do not include vibration
damping for the control and sensor modules, c) the frames are being built from cheap
and fast rapid prototyping methods such as 3D printing, and d) the embedded systems
need to counteract these mechanical shortcomings by efficient filtering of the sensor data.

The current approach in dealing with the induced frame vibrations is to assume their
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existence as Gaussian noise in all the appeared linear [8, 9, 10] and nonlinear control
schemes for UAVs [11, 12, 13, 14, 15], as well as in the field of estimation [22, 23], which
is an oversimplified approach since the induced vibrations have characteristics that are
not Gaussian, but sums of sinusoids. In these cases, the most used practical approach
is to perform a low-pass filtering of the measured signals, which additionally introduces
an unwanted phase shift into the measurements and in order to counteract the power
of the vibrations, excessively large noise gains are commonly used in the estimation
schemes. The presented approaches and the current handling of the induced vibrations
deteriorates the dynamical performance of the system and it can, in worst case scenarios,
lead to excessive noise and instability in the control loops, while introducing inaccurate
and biased estimations.

Based on these limitations, in Paper B a novel approach, inspired by the signal pro-
cessing community, is presented to adaptively identify and remove/attenuate the induced
frame vibrations from the measurements via notch filtering. This approach does not have
the inherent problem of excess phase shift observed with low-pass filtering, while to the
authors best knowledge, the proposed approach of utilizing frequency identification as a
tool for signal conditioning, without compromising dynamic performance, has not been
suggested and experimentally evaluated before in the area of UAVs, as this is usually a
tool for frequency based model identification.

The other challenge control engineers face is the limitations of the multirotor itself.
In the case of utilizing fixed pitch propellers, the system can only react as fast as the
engines can accelerate and decelerate their rotational speed. The efficiency of the overall
system is only as good as the motor-propeller combination, with no room for changes
except from applying more voltage for a greater rotational speed. However, if the motor
rotates too fast, an effect known as the blade stall comes into effect that dramatically
lowers the performance of the propeller, since it reduces the lift produced. Due to the
fact of bounded increase of the propeller’s rotational speed, another approach can be
considered by changing the pitch of the propeller, as in this case it is possible to have
complete control over the thrust generated and the power consumed by adding another
degree of freedom and transforming the multirotor into an over-actuated system.

The novelty presented in Paper C stems from: a) theoretically and experimentally
developing and evaluating novel models for variable pitch propellers, b) optimizing the
variable pitch-thrust configurations, and c) evaluating the performance of the overall
variable pitch multirotor. To the authors best knowledge, this is the first time that an
integrated full quaternion controller, based on theoretical and experimental variable pitch
propeller models, have been proposed, as in the relative scientific literature: a) only a
few references are available utilizing quaternions controllers for the attitude stabilization
problem as it has been described in [20], [21], and the references there in, and b) scientific
approaches for variable pitch multirotors include the works in [24, 25, 26], but no on
board controller and only partially complete models for thrust and power consumption
have been developed.

Furthermore, the attitude estimation problem has received an extended research focus
mainly for estimating the attitude of spacecrafts, where the usage of error representations
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[27] have gained significant importance lately, mainly due to its efficiency and reduced
state count. In this case quite popular approach has been the utilization of a nonlinear
filter, such as the Unscented Kalman Filter (UKF) [28, 29] or the Cubature Kalman
Filter (CKF) [30, 31], which was proven to have better convergence, especially when
the starting states have bad initialization. However, this approach indicated an equal
performance to the Extended Kalman Filter based algorithms [22, 23] after convergence.
Moreover, none of the aforementioned filters took into consideration how these algorithms
should be implemented, from a computational complexity approach, except from utilizing
the common algorithms, while there have been only a few approaches in the utilization
of the square-root formulation for an extended dynamical range [32, 30, 31].

In the field of position estimation there has not been as much research work as in
the case of attitude estimation, while the standard approach has been to have a two
stage estimation schemes, where the attitude is forwarded to a position estimator that
integrates acceleration and compensates with a Global Positioning System (GPS) to get
a position estimate [33]. This approach however, has the drawback of loosing attitude
convergence during accelerations, plus the system does not predict the accelerations. In
the novel approach presented in Paper D, the previous two stages approach, has been
extended with cross couplings between the attitude and position estimation in order to
provide additional information on the physics of the UAV.

With these flying constraints in mind, the need for small efficient systems based
on small Micro-Electro-Mechanical Systems (MEMS) sensors and single chip computers
(ARM / AVR / PIC) requires that the algorithms are computationally efficient and
fit inside a miniaturized autopilot, since this prevents the use of industrial PCs and
other normal size computers. This estimation system, known as an Inertial Navigation
System (INS), commonly uses GPS to provide an absolute reference and in the cases
where the GPS reception is lost, the system can utilize the inertial sensors to provide
updates until the reception is restored. To achieve this requires a good model of the
fundamental physics, otherwise the system will not be able to estimate the attitude and
position accurately. This however, is an insufficient approximation as this only work if
the attitude can be measured and inertial sensors cannot provide convergence to the true
attitude [34] as it is not observable, until the aircraft reaches terminal velocity.

The novelty in Paper D stems from: a) a combined attitude and position estimation
scheme designed for embedded systems, b) an adaptive physical model by estimating the
generated thrust, independent of the number of engines and mass of the UAV, c) a re-
duced implementation complexity to minimize computations, and d) a generic estimation
algorithm that works as a base for any UAV platform.

1.3 Overview

This thesis is split into 6 main Chapters. In Chapter 2, the general notation for the linear
and rotational quantities are described. Furthermore, in this Chapter corresponding
sensor models are assumed for completeness in presentation as well as derivation of
ARW modeling by simply expanding the basic formulas, and the Chapter ends with an



8 Introduction

overview of the hardware utilized and the challenges that ARWs face. In Chapter 3,
an overview of the estimation, both for inertial navigation and vibration noise reduction
is presented, while in Chapter 4 the quaternion based attitude controller is presented.
Finally, in Chapter 5, the future work and future research directions are presented and
in Chapter 6 the major contributions are presented.

Further more, the subsystems from this thesis and an overview of their respective
connections to each other in an ARW is presented in Figure 1.1.

Vibrations

Control
ARW Dynamics

& Sensors

∑

Estimation
Notch

Filters

Vibration

Estimation

r u y

x̂θ̂

Π̂

Figure 1.1: A complete overview of the entire ARW, from references and control to estimation
and filtering, where r is the collection of references, u is the vector of control signals, y is the
collection of measurements (some corrupted by vibrations), x̂ is the vector of estimated states,
θ̂ is the vector of estimated parameters, and Π̂ is the vector of estimated vibration frequencies
to tune the notch filters. A thin line represents a vector and a double line represents a collection
of vectors.

In all the presented blocks specific research contributions were made, as it will be
presented in the following chapters of this Licentiate.



Chapter 2

The Aerial Robotic Worker

The aim of this chapter is to provide a general overview of the models and hardware
that defines a single ARW. The ARW is an UAV, in this case a multirotor platform,
designed to be a fully autonomous asset in tasks such as infrastructure inspection, main-
tenance and interior mapping, which can be tasks such as inspecting power lines and
their supporting towers for damage or buildup of snow and ice, inspecting hydro dams
for cracks and other signs of fatigue, or inspecting wind power turbines for damages.
With this in mind, the ARW can generally be seen as a multirotor platform that has
some form of (simple) manipulator, designed to be used in a heterogeneous group of
ARWs to decompose a task, define subproblems, which can be solved, through inspec-
tion and (co-)manipulation, and then recombine these for execution of the task, without
the intervention of a human operator. A concept of the ARWs is presented in Figure 2.1.

In the following sections the following is presented: First the notation which the
sensor models and ARW modeling are based on is presented, follow by the sensor models
utilized. From this the ARW modeling is presented, continued by the hardware utilized,
both electronics and testbeds. Finally some of the challenges the ARW faces are presented
and discussed.

2.1 Rotational and Linear Notation

First the variable notation for rotational and linear quantities can be defined as follows.
Any variable that has a subscript and is connected with a rotation, such as ωx, τx,
denotes a rotation around the axis of the subscript. The ωx is the angular rate around
the x-axis and τx is the torque around the x-axis – all according to the right-hand rule.
While linear quantities, such as Fx, denotes along the axis of the subscript.

To distinguish between the body (inertial) and fixed (world) frame of reference the
usage of superscripts B and F are used respectively, where the rotation matrix R denotes a
rotation from the body to the fixed frame and RT is the inverse rotation, e.g. vF = RvB.
However if the frame is not stated, it is assumed to be in the body frame of reference.

9



10 The Aerial Robotic Worker

Figure 2.1: Concept visualization of multi-robot collaboration towards infrastructure inspection
and maintenance operations.

2.2 Sensor Models

The three main sensors, used in an ARW, are the MEMS accelerometer, gyroscope and
magnetometer, which generally are called an Inertial Measurement Unit (IMU), and are
chosen due to their small size, low cost and high availability. These sensors do however
suffer from a set of problems, such as gain and bias errors, which are a combination
of static and varying errors that are mainly influenced by the mounting of the sensors,
temperature and some environmental effects as it will be discussed in the sequel.

2.2.1 Accelerometer

The accelerometer can be modeled in the standard way [35, 36] as:

aB = diag(αa)
(
aB
true +RTgF

)
+ aB

b + va (2.1)

ȧB
b = wa, (2.2)

where va,wa ∈ R
3 denote the measurement and driving bias noise respectively, diag(αa) ∈

R
3 is the diagonal gain matrix, aB

b ∈ R
3 is the bias, and RTgF ∈ R

3 is the gravity vector
in the fixed world frame rotated into the sensor frame to account for the offset of grav-
ity in the sensor. The accelerometer bias can generally be seen as a constant in todays
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MEMS accelerometers, due to the fact that their dependence on temperature is very
small.

2.2.2 Gyroscope

For the gyroscope these errors are also modeled in the standard way [35, 36] as:

ωB = diag(αω)ω
B
true + ωB

b + vω (2.3)

ω̇B
b = wω, (2.4)

where vω,wω ∈ R
3 denote the measurement and driving bias noise respectively, diag(αω) ∈

R
3 is the diagonal gain matrix and ωB

b ∈ R
3 is the bias. The MEMS gyroscope is not as

ideal as the accelerometer and generally it has both a time-varying bias and gain, and a
tight dependence on temperature. Modeling the bias and gain as integrated white noise
is used to compensate for small variations in the parameters, as calibration can minimize
the effect using temperature.

2.2.3 Magnetometer

The MEMS magnetometer errors are modeled slightly different as these are usually [37,
38], and in the hardware of the ARW, already temperature compensated so the intrinsic
gain and bias are constants. However the magnetometer is very susceptible to stray
magnetic fields in the environment, which distorts the earth’s magnetic field used for
detecting true North. The addition of this the model of the magnetometer can be denoted
as:

bB = diag(αb)b
B
true + bBb + vb (2.5)

ḃ
B

b = f(position, time,wb), (2.6)

where vb,wb ∈ R
3 denote the measurement and bias noise respectively, diag(αb) ∈ R

3 is
the diagonal gain matrix and bBb ∈ R

3 is the bias. The effect of the varying bias is not
thoroughly covered in this thesis as it will be thoroughly presented in Paper D.

2.3 Aerial Robotic Worker Modeling

For modeling the rigid body of the multirotor, the standard Newton-Euler kinematics
equations are used as:[

F
τ

]
=

[
mI3×3 0

0 Icm

] [
acm

ω̇

]
+

[
0

ω × Icmω

]
, (2.7)

where ω =
[
ωx ωy ωz

]T ∈ R
3 are the angular rates around the x, y and z-axis respec-

tively, τ =
[
τx τy τz

]T ∈ R
3 are the torques around the x, y and z-axis respectively,
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acm =
[
ax ay az

]T ∈ R
3 is the translational acceleration along the x, y and z-axis

respectively, m is the mass of the rigid object, and Icm ∈ R
3 is the inertia matrix as:

Icm =

⎡
⎣IXX 0 0

0 IY Y 0
0 0 IZZ

⎤
⎦ . (2.8)

Furthermore, it is assumed that the inertia matrix is close to diagonal, with the off-
diagonal entries being much smaller than the diagonal, which follows the same approach
as in [16].

Before deriving the torque relationship, the motor models from control signal to thrust
force are needed. The models derived in Paper C are used and repeated for clarity as:

Fi(t) = AFΩ
2
i = AFΩ

2
maxui(t)

2, (2.9)

ui(t) ≈ 1

τs+ 1
ui,in(t), (2.10)

where AF ∈ R
+ is the thrust constant of the motor/propeller combination, Ωmax ∈ R

+

is the maximum rotational rate of the motor, ui(t) is the time constant compensated
control signal, τ ∈ R

+ is the time constant of the motor/speed controller combination
and ui,in(t) ∈ [0, 1] is the control signal. This is a simplified model that was presented in
Paper C to capture the majority of the effects in the true system.

By combining the motor models with the work of [16], with the generalization that
different distances from motor to the Center of Rotation (COR) are allowed, the following
model from motors to torque and thrust is produced by using equation (2.9) as:

[
τB
M

Fz

]
= Ω2

max

⎡
⎢⎢⎣

0 AF l2 0 −AF l4
−AF l1 0 AF l3 0
−d d −d d
AF AF AF AF

⎤
⎥⎥⎦
⎡
⎢⎢⎣
u2
1

u2
2

u2
3

u2
4

⎤
⎥⎥⎦ = Mu, (2.11)

where l1 is the motor offset in positive x direction, l2 in positive y, l3 in negative x and
l4 in negative y direction as shown in Figure 2.2 and d is the rotational torque generated
by the motor, all ∈ R

+ respectively.
As depicted in Figure 2.2 the formulation of equation (2.11) can be expanded to

incorporate any type of frame as for every new motor added a new column is also added
in the M matrix and a new row is added in the u vector, while depending on where the
motors are located, their corresponding impact on torques and thrust is included each
column of M .

2.4 Hardware Utilized

The hardware utilized in this thesis are themselves not novel, however they are of
paramount importance to the performed experiments while providing an insight into
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Figure 2.2: An example of different ARW configurations viewed from above. Blue colored pro-
pellers denote counter-clockwise rotation, red colored propellers denote clockwise rotation and
the green center denoted the center of the ARW. The numbers in each propeller denotes the
corresponding motor and arm number, as referenced in the text and equations.

what is needed for the operation of ARWs. It should also be noted that these are not
by any means the final specifications nor designs of the ARWs, as their development will
continue over the foreseeable future.

2.4.1 KFly

With the size and weight constraints in mind, the need for small efficient systems based on
small MEMS sensors and single chip computers requires that the algorithms are compu-
tationally efficient and fit inside the system, since this also prevents the use of industrial
PCs and other “normal” computers. Due to this fact a complete flight controller has been
developed to provide the computational power needed for high dimensional state esti-
mation and control whilst still having power to spare for future implementations, called
the KFly platform, presented in Figure 7 with a corresponding architectural overview
in Figure 8. A new platform was designed since none of the existing platforms could
conform to the size, weight and computational constraints, such as the Paparazzi and
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Figure 2.3: A photo of KFly v3.1, where the sensors (at the bottom left), MCU (center) and
input/output connectors are shown. The orange bottom part is half of the 3D printed case used
to protect from ESD discharges at the middle of the PCB, since only the inputs and outputs are
protected.

ArduPilot [39] platforms that are based on 8-bit computers or the TauLabs/OpenPilot
[40, 41] projects that has the computational power but is not designed with easiness in
adding new modules.

Micro Controller Unit

The Micro Controller Unit (MCU) driving the system is ST’s STM32F405RGT6, an
32-bit ARM Cortex-M4F Central Processing Unit (CPU) featuring a Digital Signal Pro-
cessing (DSP) core and an 32-bit single precision Floating Point Unit (FPU), all running
at 168 MHz where most math operations have single cycle execution. Furthermore, the
MCU has two built in 32-bit timers and twelve 16-bit timers each with four Pulse Width
Modulation (PWM) outputs. For offloading the MCU from data transfer tasks it fea-
tures a 16-channel Direct Memory Access (DMA) controller with Memory to Memory,
Peripheral to Memory and Memory to Peripheral transfer modes.

Sensors

The system uses three main sensors on board, as discussed in Section 2.2, which are
mainly used for estimation and control, these are:

• Invensense’s MPU-6050 MEMS Accelerometer and Gyroscope System on a Chip
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Figure 2.4: A detailed overview of the hardware architecture of the KFly system.

(SOC) for measuring acceleration and angular velocity, with a full scale range of
±16 g and ±2000 degrees/s, both with 16-bit accuracy. It is sampling at 666 Hz
and running each sample trough an internal low-pass filter with an 256 Hz cut-off
frequency. Both the accelerometer and the gyroscope has resonance frequencies
well outside (above 30 kHz) the vibrations created by an air frame. The sensor
communicates with the MCU via an Inter-Integrated Circuit (I2C) bus running at
400 kbit/s.

• Honeywell’s HMC5983 Magnetometer for detecting North/South/East/West with
5 milli-Gauss resolution. Sampling is done at 75 Hz and it uses the same I2C bus
as the previous sensor.

• MEAS Switzerland’s MS5611-01BA03 Barometric Pressure Sensor used as an al-
timeter utilizing a 24-bit Δ

∑
Analog to Digital Converter (ADC) for an altitude

resolution of 10 cm. Sampling is done at 10 Hz and it uses the same I2C bus as the
previous sensors. Hence all sensors share the same communication bus as depicted
in Figure 8. This sensor is currently not used but is available if the need arises.

Communication

The system has four expansion ports, each featuring a Universal Asynchronous Receiver
Transmitter (UART) running at a maximum of 7.2 Mbaud, a single Controller Area
Network (CAN) port and a Universal Serial Bus (USB) configured as a Virtual COM-Port
(VCP) for increased flexibility. All ports have protection from Electro-Static Discharge
(ESD) and over current protection. Wireless communication such as X-Bee, Zig-Bee
or Bluetooth or additional sensors such as GPS, optical flow cameras or sonar can be
connected to the UART ports to expand its capabilities.
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Inputs

For receiving inputs for manual flight the system has six standard Pulse Period Modula-
tion (PPM) inputs, which also can be configured as a serialized complementary PPM sig-
nal for twelve inputs on a single channel with Received Signal Strength Indicator (RSSI)
on another channel.

Outputs

The system has eight PWM outputs, all ESD safe and over current protected, emulating
PPM – a modulation used in the Electronic Speed Controller (ESC). They all support
the two standard update rates; normal PPM at 50 Hz and fast PPM at 400 Hz, both
with a resolution of 1 μs.

Operating System

The system features the ChibiOS/RT 3.x kernel [42]. ChibiOS handles the communica-
tion with the hardware, the mutual exclusions for the communication buses, Interrupt
Service Routine (ISR) handler synchronization and data processing synchronization. This
was chosen due to its ease of use and its highly efficient implementation, giving processing
algorithms more computational time.

2.4.2 Multirotor Testbed

The quadrotor frame used in the majority of the experiments, depicted in Figure 10,
was designed and manufactured at Lule̊a University of Technology as part of this thesis,
with the goal of being a low vibration frame in order to minimize the contamination
of sensor data from noise. Hence the frame is of a two part design, where the bottom
part, holding the motors and ESCs, is separated from the other part, which is holding
the battery and sensors, with silicone dampeners. The battery, in conjunction with the
silicone dampeners, creates a mechanical low-pass filter drastically reducing the measured
noise in the sensors.

The motors used on the frame are the Tiger Motor’s MN1804 of the navigator series,
the ESCs are Tiger Motor’s T12A ESC and the propellers used are Tiger Motor’s 6x2
inch Carbon Fiber propellers. For receiving manual control inputs and an emergency stop
signal, an FR-Sky receiver, the D4R-II, is used and to stream sensor data for logging or
sending control commands to the UAV an X-Bee Pro S1 is used at 115200 baud with the
“two stop bit”-fix for high data rate transfers [43].

This frame is however not the final design to use as an ARW. It was design to be
utilized for evaluating controllers and estimation algorithms, as well as how different
mechanical properties, such as vibrations and size, affect the algorithms.
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Figure 2.5: A photo of the vibration damped quadrotor frame used in the majority of experi-
ments. In the state depicted it is ready to fly with all necessary components attached.

2.4.3 Variable Pitch Propellers

To enhance the controllability of an ARW, the fundamental restrictions of the fixed pitch
propellers are changed to variable pitch propellers. This addition resulted in having more
control authority during unstable environmental effects, such as wind gusts, which can
have a significant impact on the ARW by injecting noise and disturbances. These are
the limitations of the quadrotor itself. In the case of utilizing fixed pitch propellers, the
system can only react as fast as the engines can accelerate and decelerate their rotational
speed. The efficiency of the overall system is only as good as the motor-propeller combi-
nation, with no room for changes except applying more voltage for a greater rotational
speed. However, if the motor rotates too fast, an effect known as the blade stall comes
into effect that dramatically lowers the performance of the propeller, since it reduces the
lift produced. Due to the fact of bounded increase of the propeller’s rotational speed,
another approach can be considered by changing the pitch of the propeller, as in this case
it is possible to have complete control over the thrust generated and the power consumed
by adding another degree of freedom.

In general a variable pitch propeller is a type of propeller system utilized on out-
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Figure 2.6: A variable pitch propeller mounted to the experimental base. (1) is the Variable
Pitch assembly, (2) is the servo actuator’s rotating push rod, (3) is the angle measurement
assembly and (4) is the printed plastic holding frame.

runner motors, which have a mechanical mechanism to change the pitch of the rotor
blades as opposed to their fixed pitch counterparts, as depicted in Figure 2. Having
this ability gives the system three new degrees of freedom: a) thrust can be directed
in both upward and downward directions utilizing positive and negative pitch, b) the
ability to control the power consumption by utilizing an optimal combination of pitch
and rotational speed, and c) changing pitch and rotational speed to maximize the thrust
response, far beyond what fixed pitch propellers themselves can achieve.

2.5 Challenges

There are many challenges for ARWs to overcome for achieving the desired autonomy
and robustness and some of the most prominent challenges are discussed in the sequel
with a related discussion on how to mitigate some them.

One of the most important properties, from the view control theory point of view,
are the parameters that affect the rigid body dynamics. For any form of model based
approach, the correctness of these parameters will determine the controllers’ achievable
performance and robustness. These parameters can be found through Computer Aided
Design (CAD) analysis, experiments or estimation, while the actions that the ARWs
perform, such as manipulation and the environments they operate in, will have a direct
impact on these parameters.
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2.5.1 Center of Gravity displacement & Inertia changes

Object pickup

One of the actions that has the most impact on the Center of Gravity (COG) and inertia
of the system is the act of a single ARW picking up an object that has a substantial
mass compared to the ARW. As the ARWs have to cope with these changes, ways for
measuring, estimating or predicting this change will be of paramount importance to the
operation of the ARWs.

Co-manipulation

Similar challenges as to when manipulating an object arises when performing co-manipulation,
and especially since the coupled dynamics that arises when two or more ARWs shall
jointly move a rigid (or possibly non-rigid) object.

These are two very important features of the ARW and it is the vision to, within a
very short time, to identify the new parameters for achieving the fastest rejection possible
of these disturbances.

2.5.2 Environmental effects

The environment is one of the largest uncertainties in the modeling of the ARWs. Effects
such as wind, heat or cold, rain, or humidity apply disturbances to the ARW in from
of direct, as wind or rain does, that directly apply forces or indirect, as temperature or
humidity does, which changes the properties of the system.

The vision, that is partially achieved in Paper D, is to estimate these changes in
parameters and direct effects for the controllers to compensate with minimal performance
impact.

2.5.3 Vibrations

Vibrations in the airframes are inevitable since each propeller is a rotating mass that is
practically impossible to have perfectly balanced. The small vibrations generated from
the motors does not have any profound impact on the frame itself, but they introduce
noise into the sensors that are not of Gaussian nature, but the resonant frequency of the
frame with harmonics. As these noise terms are deterministic they can be found in the
measured signals, and, if they are stable enough, be removed through simple filtering
techniques.

The accelerometer is the sensor that is most susceptible to the vibration noise, which
also makes it the sensor with the most information about the vibrations in its measure-
ments. Even so the design of the ARW should strive towards minimizing the coupling of
vibration of the motors to the sensor platforms.

As is discussed in Paper B, this challenge is already mitigated, however the challenge
lies in distinguishing from controller induced effects, movement and rotations, from the
vibrations introduced from the motors.
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Chapter 3

Generalized Estimation for Aerial
Robotic Workers

The estimation needed for an ARW can be split into three parts: 1) the inertial sub-
system, which includes attitude and rotational rate of the system, 2) the global subsys-
tem, which includes position, velocity and acceleration, and 3) the parameter subsystem,
which includes biases, parameters about the system, and parameters describing prop-
erties about the noise, to name a few. In the sequel these will be analyzed to give an
overview of how these systems are connected.

3.1 Inertial Navigation System

The area of attitude estimation has received a lot of research for estimating the attitude of
spaceships using error representations. However, none of the aforementioned filters took
into consideration how these algorithms should be implemented, from a computational
complexity approach, except from utilizing the common algorithms, while there have been
only a few approaches in the utilization of the square-root formulation for an extended
dynamical range [32, 30, 31]. These performance issues are of outstanding importance as
the ARWs’ main flight controller is an embedded system that has strict computational
constraints. Moreover, as the aforementioned approaches were all aimed at specific usage
cases and as an ARW can be of almost any shape and any amount of propellers, the need
for a frame independent, generalized estimation algorithm is evident.

Thus two problems arise when attempting to estimate the attitude to the gravity
vector and to true North, since it was recently noticed that the fundamental assumption
that an INS is based on the fact that an accelerometer can observe the gravitational
vector, while an ARW is at flight, was found to be directly erroneous [34]. This discovery
redirected the research towards how to use a generalized attitude vector, which could
possibly come from an stereo camera or other features of the world to achieve attitude
convergence.

The second problem was the magnetometer’s susceptibility to stray magnetic fields,

21
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originating from the environment and hence making them unpredictable, which obscured
true North and which in some cases could lead to the roll and pitch estimation contracting
a bias if the magnetometers measurements were too tightly coupled with the attitude
[18]. This effect is minimized by firstly rotating the magnetometer’s measurement into
the fixed frame of reference, projecting it on the horizontal plane and then rotating it
back to the body frame – nulling any effect that is not in the yaw plane, assuming the
roll and pitch has converged.

These problems combined, resulted in a generalized attitude and position estimation
scheme presented in Paper D, which is the global position estimation combined with the
attitude estimation plus adding knowledge about the motors on the frame through system
identification. This contribution will put the foundation for each ARWs’ estimation as it
provides a global attitude and position reference with the addition of knowing the thrust
available to the system, as presented in Figure 1 and 2. It should also be highlighted that
the proposed scheme works for any multirotor platform and with a minimal computational
footprint.
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Figure 3.1: A complete overview of the entire attitude, position and parameter estimation
scheme, from sensors and actuators inputs to estimated state outputs at time instance k. The
“Reference Vectors”-block represents attitude references consisting of a generic attitude refer-
ence and the magnetometer, the “IMU”-block represents the inertial sensors consisting of an
accelerometer and gyroscope, the “Absolute Sensors”-block represents sensors such as GPS,
Sonars, Barometers etc (application specific). A thin line represents a vector and a double line
represents a collection of vectors.

This will be the complete estimation system for each ARW where the inputs are
divided into four categories, 1) reference vectors where rB

m, b
B
m ∈ R

3 are a general reference
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Figure 3.2: A complete internal view of the Attitude Update block from Figure 1, including from
the estimated error states to attitude.

vector and the magnetic field vector respectively, which can be used as attitude references,
2) IMU which provide the relative information where aB

m,ω
B
m ∈ R

3 are acceleration and
angular rate respectively, 3) absolute senors which provide global position information
such as GPS and Sonars, and 4) actuators to be used as feed forward and parameter
estimation in the algorithm where uk ∈ R

n is the n number of motor control inputs.
The reference vectors are transformed into error quantities where θe,k ∈ R

3 are the error
angles and the IMU acceleration data is transformed into the fixed frame of reference,
aF
m ∈ R

3. These, plus the absolute sensors and the actuator signals, are fed to the SR-
EKF, in order to estimate the δpk|k, δωk|k ∈ R

3, which are the attitude and gyroscope’s
bias errors respectively to correct the attitude and gyroscope bias estimation, which
are q̂k|k, ω̂k|k ∈ R

3 respectively. Furthermore, the position, velocity and parameters

(p̂F
k|k, v̂

F
k|k ∈ R

3, θ̂k|k ∈ R
p) are directly estimated.

The complete details of this estimation scheme are presented in Paper D.

3.2 Vibration Noise Reduction

As the preceding estimation works under the assumption that states and measurements
are Gaussian, as with the case of any Kalman Filter, hence any noise which is not
Gaussian must be minimized. The sole largest contributor of noise are the vibrations of
the frame and motors combined. The vibrations from the motors excites the resonance
frequency, and its harmonics, of the frame introducing sums of sinusoids as noise in the
sensors which is clearly not Gaussian, as depicted in Figure 3.3.

There are two ways to counteract this noise, the first method is balance the motors
and propellers on the frame as well as possible and to include vibration dampening into
the design of the frame, as was depicted in Figure 10, or the second method, which is to
use the knowledge that the noise is a sum of sinusoids. This can be exploited to find the
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Figure 3.3: In the first sub-figure, a sample of how large the acceleration noise is and in the
second sub-figure is the corresponding FFT of the signal.

frequency and the amplitude of each sinusoid through Auto Regressive (AR) modeling
or Multiple Signal Classification (MUSIC) modeling, which are two good choices to find
sinusoids in noise. When these peaks and their corresponding frequencies have been found
it is a simple matter to apply sharp notch filters to remove the set of most destructive of
the sinusoids, while minimizing the phase impact on the signal.

For the full analysis and implementation of this estimation scheme, please refer to
Paper B.



Chapter 4

Control for Aerial Robotic Workers

In the sequel, a method for avoiding the inherit drawbacks of Euler angels, in attitude
control, is presented which also includes a small discussion on the importance of the
ARW’s angular rate controller.

4.1 Singularity-free Attitude Control

Angular Rate Control

The angular rate controller together with the acceleration controller forms the most im-
portant controllers in the ARW, as all disturbances enter the system through torque and
force. Hence, if the controllers have sufficient performance and adaptability to distur-
bances the system will achieve a more robust operation.

Attitude Control

Euler angle based attitude control is commonly used since it has the merit of being
intuitive, but per definition these angles cannot define certain orientations as it suffers
from singularities that result in an problem known as“gimbal lock” [17], which is the
loss of one degree of freedom in a three-dimensional space that occurs when two of
the rotational axes align and locking together. As an added disadvantage it is very
computationally expensive where calculating sines and cosines take a lot of performance
and can without much effort become unmanageable especially if it is being implemented
on low cost hardware. This is also tightly coupled with the estimation problem where is
necessary to utilize the Jacobian of the system states, which quickly can overwhelm the
system.

Facing theses problems, it is common to turn to the Direction Cosine Matrix (DCM)
for parameterizing the attitude. A DCM is constructed by translating the x, y and z body
fixed coordinate system into a 3×3 matrix and no matter of how this coordinate frame
has been rotated, the matrix will still represent this coordinate system transformation,
where the most significant merit of this approach is the relaxation from the singularities
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that the Euler angles suffer from. However, the DCM suffers from the constraint that
each axis must be orthogonal to the other axes and should also be of a unit length. When
rotating a DCM it must be multiplied with another DCM and the derivative of the DCM
results into a system of nine coupled differential equations, six if the 3rd axis is calculated
from the cross product of the other two, also reducing its efficiency.

However, in the quaternion approach the previous mentioned limitations do not exist
as it is possible to directly translate a quaternion into a DCM and vice versa, however the
quaternion and its corresponding derivative have only four values and the only constraint
is that it must be of unit length, which is only a problem for the estimation. For using
quaternions in control, as depicted in the block diagram of Figure 4.1, the method relies
on forming a quaternion error, qerr, as:

qerr = qref ⊗ q̂∗, (4.1)

where qref is the quaternion reference, q̂∗ is the conjugate of the current quaternion
estimate.

qref ⊗ q̂∗ qerr to Axiserr
Transformation

Pq Pω
ARW
Model

∫qref qerr ωref + u ω̂

−
q̂

Figure 4.1: Block diagram of the full nonlinear quaternion based control scheme.

This is completely analogous to imaginary numbers, where if a = eiθ1 and b = eiθ2

are the reference and the current state respectively in the complex plane, then

a⊗ b∗ = ei(θ1−θ2), (4.2)

which gives the sine and the cosine of the angular error in the imaginary and real part
respectively. This can be used to give a globally (on the unit circle) convergent control
direction by using the sign of the cosine to differentiate the two halves of the circle.
The same operation is performed using quaternions which operate on the unit sphere in
R

3, which is the function of the “qerr to Axiserr Transformation”-block in Figure 4.1.
The details of this operation and the corresponding controller based on this is given in
Paper A.

Until now in the recent scientific literature, only a few references are available utilizing
quaternions controllers for the attitude stabilization problem as it has been described
in [20], [21] and the references there in. These approaches, they do however convert the
quaternion error back to Euler angles and regulate on these angles instead of regulating
the quaternion directly. The drawback of these approaches is the fact that suffer from the
non–linearities and singularities of Euler angles, plus the extra processing power needed
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to convert the Euler angles to quaternions and vice versa. The suggested control scheme
does not suffer from these shortcomings, can be applied in the full three dimensional
rotational domain, while it can be generalized as it is independent of the rigid body.

In Paper A and Paper C the quaternion based attitude controller was evaluated, in
simulation, on a fixed pitch quadrotor and a variable pitch quadrotor. In both cases
the quaternion based attitude controller showed the advantages of the quaternion based
formulation based on movements Euler angle based approaches could not perform, the
most prominent example being a full flip using the attitude controller, where an Euler
based approach would have to disengage controller and only rely on the angular rate
controller while passing the non–linearities.
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Chapter 5

Future Work

In the future of ARWs there are still many challenges to overcome, some of which are
the future research directions of this work. For completeness these are discussed here.

5.1 Estimation

5.1.1 Full system identification with change detection

As it was discussed in Chapter 3, the parameter estimation is an intricate part of the
ARW as it is continuously affected by changes in the surrounding nature and mechani-
cally when grasping and moving objects. With this in mind it is the aim to develop an
online estimation scheme that finds the most important parameter values of the system.
To that end, it will possible a combination of online and semi-online batch estimation
schemes, where most of the parameters are viewed as constants, or with very low un-
certainty, until changes are predicted or detected. At the time of a change, which can
be anything from predicted object manipulation to unknown changes in mass, inertia or
COG, the estimation should increase the uncertainty of the affected parameters to allow
fast convergence of the new values of the parameters. Even more so, if a change is not
detected it shall be guaranteed that the system will still converge, though slower, to the
new values.

5.1.2 External references through Machine Vision

In Chapter 3 and Paper D it was discussed the need for a general reference vector to have
attitude convergence, however if such a vector is not available then the most prominent
method to use is machine vision. A stereo camera is planned to be used to detect
changes in rotation and velocity to indirectly give the information needed for attitude
convergence, as for each frame both rotation and velocity change are available. As the
machine vision sensor has practically no drift it can be used to estimate the parameters
of the gyroscopes and the changes in position can be back propagated by the estimation
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to infer what the attitude is, since the change of velocity is directly coupled (through one
integral) to the attitude.

5.2 Control

5.2.1 Auto-tuning

With the full system identification from the previous section it is now possible to have a
fully auto-tuned system that uses the estimated parameters in its models to achieve close
to perfect convergence. As the model is being estimated, a Model Predictive Controller
(MPC) will be used with these updates to provide the angular rate and acceleration
controllers, which will be the basis for more advanced control schemes.

This is possibly one of the most important features of an ARW (or its control system)
as it allows it to adapt to any frame and any controllable load, increasing the chances
of adoption by the community. Also, a framework for the estimation of the systems
parameters together with auto-tuning is something the community needs to have as the
same baseline for comparing and benchmarking work.

5.2.2 Optimal Quaternion Control

For continuing the quaternion controller and to keep the singularity free formulation the
proposed control scheme will be expanded to a nonlinear quaternion MPC for providing
the optimal reference for the angular rate controllers. With a stable and optimal attitude
controller that reaps the benefits from the auto-tuning angular rate and acceleration
controller, a firm foundation for future developments will be available with a simple
attitude and acceleration reference interface.

5.3 Co-localization and Communication

The ARWs are designed to be a heterogeneous group of agents and for this to become
a reality a strong communication backbone is needed that also could support the agents
with position information. The enabling technology for a cost effective and highly ac-
curate localization and communication infrastructure for the agents will be to perform
measurements of distances between agents and base station, and send data over Ultra
Wide-Band (UWB) based networks.

These developments include the implementation of the IPv6 over Low power Wire-
less Personal Area Networks (6LoWPAN) network standard to combine the localization
infrastructure with modern networking and communication primitives and the integra-
tion of Ad-hoc On-Demand Distance Vector (AODV) routing protocol to enable self-
configuration capabilities within the group of ARWs, and the automatic discovery of
network services. With this aim there will be work on extending the 6LoWPAN stan-
dard to include ranging measurements on top of the main protocol. This work will enable
the sensor network to be IPv6 compliant and specifically will allow each sensor to appear
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as a standard network adapter on top of which existing and readily available software
can be used to communicate with the ARWs.

5.4 Cooperation

To expand on the work where ARWs are a heterogeneous group of agents collaborating,
it will be evaluated and developed towards some collaborative tasks and demonstrations.
With the UWB network as a base, collaborative localization based on this technology
will be one of the most important subsystems of the ARW to have spatial information
about other agents without the need for co-localization in a map based on vision. The
second part to pursue, when the localization is working, is collaborative Simultaneous
Localization and Mapping (SLAM) that uses the combined information of stereo, or
monocular, cameras, and the bandwidth of the network to merge spatial and visual
information to improve the co-localization accuracy, and to minimize the effect of both
ranging and visual outliers.
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Chapter 6

Conclusions

The aim of this thesis, based on the papers presented therein, was to advance the
control and estimation schemes for multirotors, towards ARW, in order to progress to-
wards the necessary control and estimation performance for robust control, cooperation
and collaboration. This aim is partially achieved through these main contributions:

1) By proposing and evaluating a quaternion based non-linear controller, for solv-
ing the attitude problem of a multirotor. This novel controller that has the significant
merit to solve the problem of “gimbal lock” present in the current control strategies,
which is a singularity in the representation of the attitude, by utilizing a full quaternion
based controller and by not applying any conversion to Euler angles – establishing a
computationally efficient, singularity-free attitude controller.

2) An adaptive estimation scheme that is able to estimate the frequencies of vibra-
tions in sensor measurements and attenuates these vibrations via notch filtering. By
adapting this novel vibration estimation and attenuation scheme mitigates one of the
largest contributors to noise in the accelerometers and gyroscopes mounted in an ARW.
This noise, from the motors and resonance frequencies of the frame, introduces sum of
sinusoids that have a non-Gaussian nature which must be minimized for the subsequent
estimation and control schemes, hence the sinusoids constructing this noise is estimated
and later attenuated using Notch filters to have minimum phase impact.

3) From the theoretical and experimental development and evaluation of novel models
for variable pitch propellers, in order to either minimize the thrust response time or
minimize the power utilized by the motor, it is possible to break the constraints of the
normal multirotors by allowing thrust vectoring. This feature is adding an additional
degree of freedom in the control schemes, allowing for more robust control in harsh
environments and for a faster control response.

4) The proposal and evaluation of a generalized attitude, position and parameter es-
timation scheme, using projections of the magnetic field to minimize the effect of stray
magnetic fields, for UAVs, has been was specifically designed for use in small embedded
systems on the UAV. This estimation scheme has the advantage of being generalized
towards different attitude references to combat the accelerometer problem [34], where

33



34 Conclusions

accelerometers’ measurements does not contain information about the attitude. The
minimization of the effects of erroneous magnetic fields causes the pitch and roll estima-
tion to not diverge during these effects.
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Quadrotor

Emil Fresk and George Nikolakopoulos

Abstract

The aim of this article is to present a novel quaternion based control scheme for the at-
titude control problem of a quadrotor. A quaternion is a hyper complex number of rank
4 that can be utilized to avoid the inherent geometrical singularity when representing
rigid body dynamics with Euler angles or the complexity of having coupled differential
equations with the Direction Cosine Matrix (DCM). In the presented approach both
the quadrotor’s attitude model and the proposed non-linear Proportional squared (P 2)
control algorithm have been implemented in the quaternion space, without any transfor-
mations and calculations in the Euler’s angle space or DCM. Throughout the article, the
merits of the proposed novel approach are being analyzed and discussed, while the effi-
cacy of the suggested novel quaternion based controller are being evaluated by extended
simulation results.

1 Introduction

The area of Unmanned Aerial Vehicles (UAV) and especially the one of having the capa-
bility for Vertical Take-Off and Landing (VTOL) as the quadrotor, has been in the focus
of the research and development efforts, mainly due to their efficiency in accomplishing
complex missions [1].

For achieving the desired performance most frequently the trajectory generation prob-
lem is being divided into two subproblems: a) the attitude problem and b) the translation
problem, while as it has been proven [2, 3], these systems can be cascade interconnected.
For the examined case of a quadrotor UAV, the position controller (translation) is gener-
ating reference attitude set–points for the attitude controller and thus the control prob-
lem of quadrotors has been confronted using several different approaches from research–
leading teams worldwide, with famous works to include linear [4, 5, 6], and nonlinear
controllers [7, 8, 9, 10, 11]. Although it has been proved that the aforementioned control
strategies manage to stably navigate a quadrotor, the problem of designing optimized
controllers that will be able to: a) provide fine–smoothed control actions for attitude
stabilization and trajectory tracking, b) make use of model–knowledge for more accurate
navigation, c) preserve robustness against sudden and unpredicted external disturbances,
is still an open challenge. One of the constrains that the control engineers are facing,
when dealing with the attitude problem is still a fundamental problem in dynamics due to
the fact that finite rotation of a rigid body does not obey the laws of vector addition, e.g.
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commutativity, while the attitude characteristics of the rigid body cannot be extracted
by integrating the body’s angular velocity.

However, when working with rotations, whether it’s estimators or controllers, there
has been one approach utilized more than any other, when creating models: the Newton–
Euler equations [12], which is able to describe the combined translational and rotational
dynamics of the rigid body. Although this modeling approach is considered a fundamental
one, still it has three drawbacks. Firstly, it is solely based on Euler angles, which have the
merit of being intuitive, but per definition these angles cannot define certain orientations
as it suffers from singularities that result in an problem know as “gimbal lock” [13].
This problem is the loss of one degree of freedom in a three-dimensional space that
occurs, when two of the rotational axes align and locking together. Secondly, it is very
computationally expensive. Calculating sines and cosines takes a lot of performance
and can very fast become unmanageable especially if it’s being implemented on low cost
hardware. Thirdly, when creating estimators or controllers that is necessary to utilize
the Jacobian of the system states, the computational cost is even greater, as during these
calculations some times all the matrix elements will have one or more sines or cosines to
compute, which quickly can overwhelm the system.

For overcoming these problems, three solutions can be followed: a) guarantee that
the system will keep inside the bounds of Euler angels, b) the utilization of a Direction
Cosine Matrix (DCM) approach, and c) the quaternion approach. If the quadrotor has
been only designed for simple stable flight, the first one might work, but in the case
that unknown external disturbances (e.g. wind gusts) are being applied on the vehicle
and result in flipping the aircraft (turning it upside-down), the Euler angle approach
would not be able to compensate this. For the second approach DCM is constructed
by translating the x, y and z body fixed coordinate system in a 3 × 3 matrix, while no
matter of how this coordinate frame has been rotated, the matrix will still represent this
transformation as the most significant merit of this approach is the non-suffering from the
singularities that the Euler angles have. However, the DCM suffers from the constraint
that each axis must be orthogonal to the other axes and should also be of a unit length.
When rotating a DCM it must be multiplied with another DCM and the derivative of the
DCM results in a 3 × 3 matrix and into a system of nine coupled differential equations
(states) to solve (six if the 3rd axis is calculated from the cross product of the other two).

In the quaternion approach the previous mentioned limitations do not exist as one can
directly translate a quaternion into a DCM and vice versa, however the quaternion and its
corresponding derivative have four values and the only constraint is that it must be of unit
length. This translates into a system of only four coupled differential equations/states,
greatly decreasing the computational cost and keeping the overall complexity low [14].
Due to the fact that the quaternion is a complex number it’s sometimes hard to get
an intuitive feeling for what it represents, but the direct coupling to a DCM makes the
translation easy.

The novelty of this article stems from proposing a quaternion based non-linear P 2

controller, for solving the attitude problem of a quadrotor. In the proposed methodology,
both the quadrotor modeling and the controller design will be made in the quaternion
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space, without the utilization of Euler angles or DCM. Until now in the relative scientific
literature, only a few references are available utilizing quaternions controllers for the
attitude stabilization problem as it has been described in [15], [16] and the references there
in. These approaches, they do however convert the quaternion error back to Euler angles
and regulate on these angles instead of regulating the quaternion directly. The drawback
of these approaches is the fact that suffer from the non–linearities and singularities of
Euler angles, plus the extra processing power needed to convert the Euler angles to
quaternions and vice versa. As it is going to be analyzed in the sequel, the suggested
novel control scheme does not suffer from these shortcomings, can be applied in the full
three dimensional rotational domain, while it can be generalized as it is independent of
the rigid body.

The rest of the article is structured as it follows. In Section 2 the fundamental prop-
erties and the corresponding algebra of the quaternion mathematics are being presented,
while in Section 3 the quaternion based quadrotor modeling is analyzed. In Section 4
the novel full quaternion based control scheme is established and in Section 5 extended
simulation results that prove the efficiency of the proposed scheme are depicted. Finally,
in Section 6 conclusions are drawn.

2 Quaternion Math

For consistency reasons, and for building the mathematical background for following the
proposed modeling and control scheme, this section is going to present the basic algebraic
concepts behind the idea of quaternions. For a more comprehensive analysis and an
in depth description of this mathematical tool, the reader is refereed to the following
publications [17] [18].

A quaternion is a hyper complex number of rank 4, which can be represented in
many ways, while equations (1–2) represent two of the most popular approaches. The
quaternion units from q1 to q3 are called the vector part of the quaternion, while q0 is
the scalar part.

q = q0 + q1i+ q2j + q3k (1)

q =
[
q0 q1 q2 q3

]T
(2)

Multiplication of two quaternions p, q is being performed by the Kronecker product,
denoted as ⊗, and the outcome is presented in the following equations. If p represents
one rotation and q represents another rotation p⊗q represents the combined rotation. It’s
important to note that quaternion multiplication is non-commutative, just as rotations
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are non-commutative.

p⊗ q =

⎡
⎢⎢⎣
p0q0 − p1q1 − p2q2 − p3q3
p0q1 + p1q0 + p2q3 − p3q2
p0q2 − p1q3 + p2q0 + p3q1
p0q3 + p1q2 − p2q1 + p3q0

⎤
⎥⎥⎦

p⊗ q = Q(p)q =

⎡
⎢⎢⎣
p0 −p1 −p2 −p3
p1 p0 −p3 p2
p2 p3 p0 −p1
p3 −p2 p1 p0

⎤
⎥⎥⎦
⎡
⎢⎢⎣
q0
q1
q2
q3

⎤
⎥⎥⎦

= Q̄(q)p =

⎡
⎢⎢⎣
q0 −q1 −q2 −q3
q1 q0 q3 −q2
q2 −q3 q0 q1
q3 q2 −q1 q0

⎤
⎥⎥⎦
⎡
⎢⎢⎣
p0
p1
p2
p3

⎤
⎥⎥⎦

The norm/length of a quaternion is defined, just as for any complex number, as depicted
in equation (3). All quaternions in the presented approach are assumed to be of unitary
length and thus are called unit quaternions.

Norm(q) = ‖q‖ =
√

q20 + q21 + q22 + q23 (3)

The complex conjugate of a quaternion has the same definition as normal complex num-
bers. The sign of the complex part is switched as in equation (4).

Conj(q) = q∗ =
[
q0 −q1 −q2 −q3

]T
(4)

The inverse of a quaternion is defined as in equation (5), as the normal inverse of a
complex number. Moreover, if the length of the quaternion is unitary then the inverse is
the same as its conjugate.

Inv(q) = q−1 =
q∗

‖q‖2 (5)

The derivative of a quaternion requires some algebraic manipulation and can be repre-
sented as [18]: a) as in equation (6) in case that the angular velocity vector is in the fixed
frame of reference, and b) as in equation (7) if the angular velocity vector is in the body
frame of reference. It’s important to note that these notations have been provided with
respect to the left hand notation, and that for having them in the right hand notation
the ω quaternion must be conjugated.

q̇ω(q, ω) =
1

2
q ⊗

[
0
ω

]
=

1

2
Q(q)

[
0
ω

]
(6)

q̇ω′(q, ω′) =
1

2

[
0
ω′

]
⊗ q =

1

2
Q̄(q)

[
0
ω′

]
(7)
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where ω = [ωx, ωy, ωz]
T . If a quaternion is a unit quaternion it can be used as a

rotation operator. However the transformation is not built up by only one quaternion
multiplication but two, the normal and its conjugate, as shown in equation (8). This
rotates the vector v from the fixed frame to the body frame represented by q.

w = q ⊗
[
0
v

]
⊗ q∗ (8)

This rotation in equation (8) can be rewritten by replacing v with the x, y and z axis,
as it is being displayed in the following equations (9-10) and (11).

Rx(q) = q ⊗

⎡
⎢⎢⎣
0
1
0
0

⎤
⎥⎥⎦⊗ q∗ =

⎡
⎣q20 + q21 − q22 − q23

2(q1q2 + q0q3)
2(q1q3 − q0q2)

⎤
⎦ (9)

Ry(q) = q ⊗

⎡
⎢⎢⎣
0
0
1
0

⎤
⎥⎥⎦⊗ q∗ =

⎡
⎣ 2(q1q2 − q0q3)
q20 − q21 + q22 − q23
2(q2q3 + q0q1)

⎤
⎦ (10)

Rz(q) = q ⊗

⎡
⎢⎢⎣
0
0
0
1

⎤
⎥⎥⎦⊗ q∗ =

⎡
⎣ 2(q1q3 + q0q2)

2(q2q3 − q0q1)
q20 − q21 − q22 + q23

⎤
⎦ (11)

It should be noted that in the examined case, only the vector part of the quaternion has
been extracted, resulting in a rotation matrix, which rotates a point in a fixed coordinate
system, as depicted in equation (12). When rotating a coordinate system, the angle sign
changes and provides equation (13), while the same result arises when conjugating the
quaternion in equation (8).

R(q) =
[
Rx(q) Ry(q) Rz(q)

]
(12)

R(q) =

⎡
⎣Rx(q)

T

Ry(q)
T

Rz(q)
T

⎤
⎦ (13)

The rotation can also be represented using a rotation vector as denoted in equation (15),
where u is the rotation axis (unit vector) and α is the angle of rotation. Using this
notation can have many benefits when creating an error or specifying a reference as it
has a direct physical connection.

q = cos
(α
2

)
+ u sin

(α
2

)
(14)

Finally, for representing quaternion rotations in a more intuitive manner, the conversion
from Euler angles to quaternion and from quaternion to Euler angle can be performed
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by utilizing the following two equations respectively. This property is very useful in case
that the aim is to represent an orientation in angles, while retaining the overall dynamics
of the system in a quaternion form.

q =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

cos(φ/2) cos(θ/2) cos(ψ/2) + sin(φ/2) sin(θ/2) sin(ψ/2)

sin(φ/2) cos(θ/2) cos(ψ/2)− cos(φ/2) sin(θ/2) sin(ψ/2)

cos(φ/2) sin(θ/2) cos(ψ/2) + sin(φ/2) cos(θ/2) sin(ψ/2)

cos(φ/2) cos(θ/2) sin(ψ/2)− sin(φ/2) sin(θ/2) cos(ψ/2)

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(15)

⎡
⎢⎢⎣
φ
θ
ψ

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣
atan2(2(q0q1 + q2q3), q20 − q21 − q22 + q23

asin(2(q0q2 − q3q1))
atan2(2(q0q3 + q1q2), q20 + q21 − q22 − q23)

⎤
⎥⎥⎦ (16)

3 Quaternion Based Quadrotor Modeling

For modeling the attitude dynamics of the quadrotor, as the one depicted in Figure 1,
it has been assumed that the structure is rigid and symmetrical, the center of gravity
and the body fixed frame origin coincide, the propellers are rigid, the bias throttle to
counteract the effect of gravity can be neglected and only the differential forces created
by the propellers has an effect on rotation.

Figure 1: A sketch of the Lule̊a University of Technology Quadrotor without propellers attached.
Ω1−4 denotes the rotational speed of each motor, F1−4 is the force generated by each motor and
x, y and z is the body fixed coordinate system.

For modeling the physics of the quadrotor two alternative approaches could be fol-
lowed: a) the full physical model can be derived by the utilization of Newtons’ laws of
motion and producing a frame dependent model, or b) to use the Euler-Newton equa-
tions for translational and rotational dynamics of a rigid body, as in equation (17). The
utilization of the second approach greatly simplifies the derivation of the model as the
only unknown in the derived model is the connection among the control signal and the
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corresponding torque. [
F
τ

]
=

[
m 0
0 Icm

] [
acm
ω̇

]
+

[
0

ω × (Icm · ω)
]
, (17)

where ω is defined as:

ω =

⎡
⎣ωx

ωy

ωz

⎤
⎦

For deriving the full dynamics of the quadrotor’s rigid body rotations, the right hand
quaternion derivative from equation (7) should be combined with the rotation dynamics
from equation (17), which results in an equation system describing the entire rotation
dynamics of the Quadrotor on a quaternion form, as it has been also presented in equa-
tion (18): ⎧⎪⎨

⎪⎩
q̇ = −1

2

[
0

ω

]
⊗ q

ω̇ = I−1
cm · τ − I−1

cm [ω × (Icm · ω)]
(18)

When modeling the control signal to torque relation, various linear and non-linear
system approximations [12] have been proposed. In the presented approach this relation
has been simplified to identity matrix. A more detailed approach, taking under consid-
eration the physics behind rotors’ dynamics can be taken under consideration without
loosing the impact of the presented approach. The obtained results in this Section can
be directly generalized for modeling the attitude dynamics of other types of UAV frames
than the Quadrotor, as long as the control signal to torque relationship can be found.

4 Controller Synthesis

In this section a feedback control scheme for the attitude stabilization of the quadrotor
aircraft will be presented. Initially and in order to be able to propose a proper control
scheme, the inputs and outputs of the system must be a priori known. The system
presented in equation (18) suggests that measurements of the quaternion and angular
rates are needed in order to measure the system’s state and calculate the necessary
driving torque to rotate it.

As it has been stated before, the novelty of this article stems from proposing a control
scheme for the attitude problem of a quadrotor completely in the quaternion space.
In the proposed approach, all the measurements and the calculations have been made
by utilizing quaternions, while no transformation to Euler angles and rotations have
been executed. The resulting controller has no issues with singularities and can be
straightforward implemented, while retaining simplicity.

For utilizing quaternions in the error calculation between the desired qref and the
measured quaternion based response of the quadrotor qm, an error quaternion, denoted
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as qerr, should be calculated. This is done by multiplying the reference, qref , with the
conjugate of the estimated quaternion, qm, as it has been presented in equation (19).
This Kronecker product will calculate the difference quaternion, which can be utilized to
produce the error around each axis of rotation or:

qerr = qref ⊗ q∗
m (19)

The vector part directly connects the quaternion to the sine of the error from equa-
tion (15), which results in an axis error as depicted in equation (20). In case that the
reference is demanding a rotation more than π radians, the closest rotation is the inverted
direction and this is found by examining q0. If q0 < 0 then the desired orientation is more
than π radians away and the closest rotation is the conjugate of qerr, negating the axis
error in equation (20).

Axiserr =

⎡
⎣qerr1

qerr2

qerr3

⎤
⎦ (20)

When designing the controller the simplest form available has been chosen, which is a
non-linear P 2-controller formulation, as it has been depicted in Figure 2. In the proposed
approach, an inner loop proportional controller Pω for the angular velocity and an outer
loop proportional controller Pq for the angular velocity reference tracking, have been
effectively combined for creating a non-linear P 2-controller for the attitude regulation
problem. The overall mathematical formulation of the proposed P 2 control scheme is
being denoted as it follows:

τ = −Pq ·
⎡
⎣qerr1

qerr2

qerr3

⎤
⎦− Pω ·

⎡
⎣ωx

ωy

ωz

⎤
⎦ (21)

It should be noted that equation (21) is derivative free and straight forward to be imple-
mented (low computational cost). Moreover, the noise immunity of this design is only
as good as the measured/estimated quaternion and angular velocity, as the suggested
scheme will directly amplify noise just as much as the corresponding errors. Something

Figure 2: Block diagram of the full nonlinear P 2 quaternion based control scheme

that is worth noting is the fact that the P 2 design will always drive the error to zero
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thanks to the double integrator in the non-linear dynamics. This reduces controller
complexity and without an integrator there is no negative phase shift added from the
controller.

5 Simulation Results

All simulations have been carried out on the nonlinear quadrotor model presented in [10],
which takes into account a wide set of the aerodynamic forces and moments acting on
the system, including the hub and friction forces, the rolling moments and –up to some
extent– the variations in the aerodynamic coefficients, due to the motion of the quadrotor
inside the atmosphere.

The parameters of the quadrotor model have been set as Ixx = Iyy = 6.5 · 10−4kg ·m2

and Izz = 1.2 · 10−3kg · m2. The aforementioned values correspond to the CAD model
analysis presented in Figure 1, with respect to the analysis provided in [19]. The proposed
quaternion based controller have been evaluated under three fundamental tracking test
cases which are: a) constant rotation - step input, b) periodical reference - sinusoidal
input, and c) complex maneuver - flip. In all the simulated cases additive corrupting zero
mean noise of 0.1 amplitude affecting the measurements have been considered. Bounds
on the control action have been applied, for performing a more realistic evaluation. These
bounds have been set as +/ − 4Nm for all the motors, while the gains of the nonlinear
P 2 controller have been set as: Pq = 20 and Pω = 4 after small fine tuning in simulations.

In the first case a step response has been considered where an one rad reference step
around each axis has been requested, at different time instances. The results obtained
from each axis can are depicted in Figure 3, while the corresponding control action is
provided in Figure 4.

From the obtained responses, it can be observed that the proposed control scheme
performs very well with a very small overshoot and a very good reference tracking. All
errors go quickly to zero and no strange effects can be witnessed from the effect of noise
or the non-linearities. To provide a realistic simulated evaluation, bounds on the control
action have been considered. The control signal saturates when the step is introduced
but quickly goes back to its linear region. Although the existence of the corrupting noise,
the quadrotor’s performance has not been significantly been effected mainly to the effect
of the double integrator dynamics of the system.

The second evaluation test-case has considered the problem of tracking a 0.5 radian
amplitude sine wave with a frequency of 1 radian/s. The applied referenced waves were
phase shifted on the y and z axis for driving the torques not be in the same phase.
The tracking results obtained are depicted in Figure 5, while the corresponding control
actions are being displayed in Figure 6.

From the obtained results it is obvious that, as in the previous testing case, the
proposed control scheme is able to provide a very good and fast tracking with a small
phase shift of about 0.5 seconds. Also it should be stated that the proposed controller
has the merit of performing quite big and dynamic changes in the quadrotor’s attitude,
without the problem of saturating the control signals for tracking these fast changes. The
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Figure 3: Quadrotor step responses. The reference signal and the system’s responses have been
denoted by the dashed and solid lines respectively. All the graphs have been indicated in radians
for more intuitive display.
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Figure 4: Controller effort during step responses
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Figure 5: Controller tracking an 1 rad/s sine wave. Input/output shown in radians for more
intuitive display. The dashed line is reference and the continous line is output.
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Figure 6: Controller control action during tracking.
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effects of the corrupting noise are more identifiable when the amplitude of the control
effort is small, due to the fact that the gains of the quaternion controller have been fixed,
while this noise has no direct and sever effect on the overall controlled quadrotor.

For the final evaluation test-case, a most popular maneuver has been considered as
well, which is the 360 degree flip. The control signal was generated by ramping from
0 to 2π radians so the controller wouldn’t take the shortest route, while the simulation
result are depicted in Figure 7. From observing the response of the quadrotor during
flip it is obvious that the maneuver has been executed without any problem. In the case
of the Euler angles, this flip would have been subjected to massive non-linearities but,
as seen in Figure 8, the quaternion has no non-linearities nor singularities and thus can
therefore perform the flip without any problem. The control signal does only saturate a
little and this is because the controller has been tuned for smooth transitions (small gain
values). For a faster flip a more aggressive tuning could be used or a direct control on
the angular velocity reference could be applied until the attitude has made half the flip
and then reconnect the attitude controller.
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Figure 7: Controller doing a flip. Input/output shown in radians for more intuitive display.
The dashed line is reference and the continous line is output.
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Figure 8: Controller doing a flip (displayed in quaternion data q0 and q1). The dashed line is
reference and the continues line is output.

6 Conclusions

In this article a full quaternion based attitude controller for a quadrotor has been pre-
sented. The overall aim and the novelty of the article is to present a modeling and control
scheme development approach, fully implemented in the quaternion space for avoiding
the the non-linearities and the computational cost usually connected with the Euler and
rotation angles. The presented approach, has been applied directly to the quaternion
error, without any conversions for solving the attitude problem. Extended simulation
results have been presented that proved the efficiency of the suggested scheme.
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Frame Induced Vibration Estimation and

Attenuation Scheme on a Multirotor helicopter

Emil Fresk and George Nikolakopoulos

Abstract

The aim of this article is to establish an induced frame vibration and attenuation scheme,
specifically targeting the area of multi-rotor Unmanned Aerial Vehicles (UAVs), such as
quadrotors. These types of unmanned small scale helicopters are characterized by small
and light frames, which are vulnerable to vibrations induced by the operation of the
motors or external environmental factors. The existence of such vibrations effecting
the frame can significantly deteriorate the performance of the overall closed system and
even drive it to instabilities. In this article spectral estimation schemes based on: a)
Autoregressive (AR) modeling and b) Multiple Signal Classification (MUSIC) are being
established and evaluated towards their ability to detect the induced vibration frequencies
on the UAV, while an extended discussion is being presented on selecting the correct
number of the identified induced vibrating frequencies. In a sequential stage, a vibration
attenuation approach based on notch filtering is being presented, being able to correctly
attenuate the induced vibrating frequencies in the measurements. The efficiency of the
overall suggested scheme is being evaluated by experimental results that indicate the
significant improvement in the measurements achieved by the direct application of the
proposed scheme.

1 Introduction

In the last years, the area of Unmanned Aerial Vehicles (UAV) have matured and es-
pecially the one of having the capability of Vertical Take–Off and Landing (VTOL) like
the multirotos, have been in the focus of numerous research and development efforts,
mainly due to their efficiency in accomplishing complex missions in a large range of
applications [1]. Nowadays, UAVs are used in several types of missions including both
outdoors and indoors search and rescue [2], wild fire surveillance [3], buildings inspec-
tion [4], agricultural services [5], marine operations [6], battle damage assessment [7],
border interdiction [8], and law enforcement [9].

For enabling the multirotors to have a profound impact on the community and in
the previous application sectors, it must adhere to strict cost constraints, which implies
the need to run the estimation and control on small embedded systems, keep the me-
chanical complexity low and use low cost hardware (motors, propellers, etc.). These
characteristics are necessary to be evident, especially in applications of multirotors in
harsh environments, where disposable units should be deployed. From another point of
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view, the equipment of the multirotors with a low cost hardware has the side effect that
vibration problems become much more apparent, mainly due to: a) the existence of cheap
motors and the manufacturing fact that propellers are not well balanced, b) the frames
do not include vibration damping for the control and sensor modules, c) the frames are
being built from cheap and fast rapid prototyping methods such as 3D printing, and
d) the embedded systems need to counteract these mechanical shortcomings by efficient
filtering of the sensor data.

The current approach in dealing with the induced frame vibrations is to assume their
existence as Gaussian noise in all the appeared linear [10, 11, 12], and nonlinear control
schemes for UAVs [13, 14, 15, 16, 17], as well as in the field of estimation [18, 19],
which is an oversimplified approach since the induced vibrations have characteristics
that are anything but Gaussian. The most used practical approach is to perform a
low-pass filtering of the measured signals, which additionally introduces an unwanted
phase shift into the measurements and in order to counteract the power of the vibrations,
excessively large noise gains are commonly used in the estimation schemes. The presented
approaches and the current handling of the induced vibrations deteriorates the dynamical
performance of the system and can, in worst case scenarios, lead to excessive noise and
instability in the control loops, while introducing inaccurate and biased estimations.

In this article a novel approach, inspired by the signal processing community, will
be presented to adaptively identify and remove/attenuate the induced frame vibrations
from the measurements via notch filtering. This approach does not have the inherit
problem of excess phase shift observed with low-pass filtering, while to the authors best
knowledge, the proposed approach of utilizing frequency identification as a tool for signal
conditioning, without compromising dynamic performance, has not been suggested and
experimentally evaluated before in the area of UAVs, as this is usually a tool for frequency
based model identification.

With these constraints in mind, the need for small efficient systems based on small Mi-
cro Electro Mechanical System (MEMS) sensors and single chip computers requires that
the algorithms are computationally efficient and fit inside the system’s computational
constraints, since this also prevents the use of industrial PCs and other normal comput-
ers and thus the presented filtering approach will specifically designed for implementation
in embedded systems.

The three main novelties of the article stems from: a) an adaptive estimation scheme
of the resonant frequencies in the frame, b) a set of filters specifically designed to remove
these frequencies, while having the ability to alter their tuning with the frequency esti-
mation, and c) a generalized estimation algorithm that can be applied on any multirotor
platform, since the problem of frequency estimation is not coupled to the number of
motors on the frame.

The rest of the article is structured as follows: in Section 2 an overview of frequency
and spectrum estimation is presented, while in Section 3 the overall filter design is estab-
lished. In Section 4 considerations for real implementation are discussed and in Section 5
the experimental platform is presented. In Section 6 the evaluation of the proposed
scheme is being depicted through experimental results, with the future work objectives
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listed in Section 7. Finally in Section 8 the conclusions are drawn.

2 Frequency and Spectrum Estimation

In this section the underlying mathematical background utilized for spectrum/frequency
estimation is presented. Two methods, the Multiple Signal Classification (MUSIC) [20]
based of Pisarenko Harmonic Decomposition (PHD) [21] and a simpler, model based
approach of autoregressive (AR) modeling, will be discussed and compared. For a more
in depth description of spectrum/frequency estimation, the reader is directed to [22, 23].

2.1 Frequency/Spectrum estimation

Both of the aforementioned methods (AR and MUSIC) are based on the autocorrelation
matrix:

Rx =

⎡
⎢⎢⎢⎢⎢⎣

rx(0) r∗x(1) r∗x(2) · · · r∗x(p)
rx(1) rx(0) r∗x(1) · · · r∗x(p− 1)
rx(2) rx(1) rx(0) · · · r∗x(p− 2)
...

...
...

...
rx(p) rx(p− 1) rx(p− 2) · · · rx(0)

⎤
⎥⎥⎥⎥⎥⎦ ,

where rx is the autocorrelation of a signal, which is expressed as

rx(k) =
1

N

N−1−k∑
n=0

x(n+ k)x∗(n),

where x is the signal and N ∈ Z+ is the number of samples. Since this way of calculating
the autocorrelation function can produce biased estimate, this can be also calculated in
an alternative form as:

rx(k) =
1

N − k

N−1−k∑
n=0

x(n+ k)x∗(n),

for producing an unbiased estimate. However, special care should be taken because this
approach can make the autocorrelation matrix Rx singular or close to singular and thus
due to this potential, it is usually preferred to use the bias autocorrelation function.

The Auto Regressive (AR) modeling approach for finding the spectrum of sinusoids
in noise can be seen as finding an estimate for an all-pole model driven by white noise
as:

P̂AR

(
ejω
)
=

∣∣∣b̂(0)∣∣∣2∣∣∣∣∣1 +
p∑

k=1

âp(k)e
jkω

∣∣∣∣∣
,
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where p is the model order, b̂ is the estimate of the feedforward coefficient and âp is
the estimates of the feedback coefficients. To estimate the coefficients in the AR model
by the utilization of the autocorrelation, the following autocorrelation normal equation
should be solved:

Rx

⎡
⎢⎢⎢⎣
1
â1
...
âp

⎤
⎥⎥⎥⎦ = ε

⎡
⎢⎢⎢⎣
1
0
...
0

⎤
⎥⎥⎥⎦ ,

with ε = |b̂(0)|2. If the signal is real, then the sinusoids to be estimated can be expressed
as the sum of two complex exponential as per Euler’s Formula:

sin(ωk) =
ejωk − e−jωk

2j
,

which shows that for every new sinusoid, that needs to be estimated, the model order p
should be increased by 2. The extraction of the sinusoids from the estimated spectrum
is equivalent to the extraction of the roots of the pole polynomial and, if the power of
the sinusoid is of interest, it should be examined how close the pole is to the unit circle.

The alternative method for spectrum estimation is to see the problem as estimating
complex sinusoids in noise, rather than estimating the spectrum. Since the autocorrela-
tion matrix can be seen as the sum of the signal autocorrelation matrix and the noise
autocorrelation matrix as:

Rx = Rs +Rn.

By examining the eigenvalue decomposition of the autocorrelation matrix as:

Rxv = λv,

Pisarenko showed that the spectrum’s poles are the same as the eigenfilter corresponding
to the smallest eigenvalue and the frequency of the complex sinusoids correspond to the
angle of the roots of the eigenfilter [21],

Vmin(z) =

p∑
k=0

vmin(k)z
−k =

p∏
k=1

(1− ejωkz−1),

where p is the order of the autocorrelation matrix. Since, for real signals, the roots
comes in complex conjugate pairs, the same requirement for the model order as for the
AR modeling is being applied.

To find the power of the sinusoids it’s as simple as examining the projection of the
eigenvectors on the signal vectors as,

p∑
k=1

Pk

∣∣eH
k vi

∣∣2 = λi − σ2
w, (1)
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where Pk is the power of the current frequency, vi is the ith eigenvector, λi is the ith

eigenvalue, σw is the standard deviation of the noise and

ek =
[
1 ejωk ej2ωk · · · ej(M−1)ωk

]T
is the signal vector. By rewriting the above equation as,∣∣eH

k vi

∣∣2 = ∣∣Vi(e
jωk)

∣∣2 ,
the problem can be seen as a linear system of p equations with p unknowns as it follows:

⎡
⎢⎢⎢⎣
∣∣V1(e

jω1)
∣∣2 · · · ∣∣V1(e

jωp)
∣∣2∣∣V2(e

jω1)
∣∣2 · · · ∣∣V2(e

jωp)
∣∣2

...
...∣∣Vp(e

jω1)
∣∣2 · · · ∣∣Vp(e

jωp)
∣∣2

⎤
⎥⎥⎥⎦
⎡
⎢⎢⎢⎣
P1

P2
...
Pp

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎣
λ1 − σ2

w

λ2 − σ2
w

...
λp − σ2

w

⎤
⎥⎥⎥⎦ ,

where σ2
w is the smallest eigenvalue λ0. However the noise can give rise to spurious peaks

in the eigenspectrum when using only one noise eigenvector as PHD does,

P̂PHD

(
ejω
)
=

1

|eHvmin|2
,

and a popular expansion of the PHD is the MUSIC algorithm. This algorithm over
estimates the problem with a M × M autocorrelation matrix, where M > p + 1, and
creates the eigenspectrum from the sum of the noise eigenvectors as:

P̂MUSIC

(
ejω
)
=

1
M∑

k=p+1

∣∣eHvi

∣∣2 ,

and by doing this the spurious peaks are reduced by averaging. To calculate the power
in the MUSIC algorithm the σ̂2

w cannot be seen as just the smallest eigenvalue since the
noise subspace contains several eigenvalues, instead it is estimated to be the average of
the noise eigenvalues as:

σ̂2
w =

1

M − p

M∑
k=p+1

λk,

and then the power can be calculated using equation (1).

2.2 Finding the correct model order

In the presented approaches, the biggest problem is to find the correct model order p for
the AR and MUSIC model. In the case of the AR model, the problem is mitigated by
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the fact that over modeling an all-pole process, when driven by white noise, does not
create spurious peaks closer than the signal peaks to the unit circle.

The MUSIC algorithm needs a sufficiently large order of the autocorrelation matrix
so that the knee point in the eigenvalues can be found. This is the point that separates
the noise eigenvectors from the signal eigenvectors, which also is the correct model order
p as presented in Figure 1.
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Figure 1: The solid blue line is the eigenvalues and the dashed red line denotes the knee point
between the signal subspace and noise subspace.

2.3 Finding the correct frequencies

To get the desired (most powerful) sinusoids in the AR modeling case is just as simple
as to choose the NAR poles closest to the unit circle, where NAR is a user defined tuning
constant and a threshold which sets how small the sinusoid can be to still be seen as a
true peak. The distance from the unit circle can be calculated as

Δrk = |1− aka
∗
k| , (2)

where ak is the pole under examination. Using this formula a limit can be constructed
as Δrk < rth, where rth is a user defined threshold.

Whilst in the MUSIC algorithm, the powers of the sinusoids have already been cal-
culated using equation (1), and a simple threshold value can be applied here as well.
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3 Frequency Attenuation and Removal

3.1 Filter choice

Since the aim is to remove the resonant frequencies of the frame without introducing
significant phase shift, it is assumed that the frequencies are stationary in the spectrum
and have a narrow bandwidth. This allows the use of a filter which has minimal phase
impact and guarantees complete removal of the desired frequency: the Notch filter [24].
The Notch filter consists of two poles and two zeros, where the zero is placed on the unit
circle at the desired frequency and the pole is placed just inside the unit circle at the
same frequency - this produces a filter that completely removes a frequency which has
an amplitude response that looks like a notch (hence the name Notch filter) as presented
in Figure 2.
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Figure 2: A comparison of notch filters where r = 0.99, 0.95, 0.9 for the red, green and blue
case respectively.
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3.2 Filter design

The filter design is quite trivial with two zeros on the unit circle as

Z(z,Πn) =
(
1− ejΠnz−1

) (
1− e−jΠnz−1

)
,

where

Πn = 2π
fnotch,n

fs

is the angle of the zero, fnotch,n is the notch frequency and fs is the sampling frequency.
The two poles are created in the same manner with a small addition as

P (z,Πn, r) =
(
1− rejΠnz−1

) (
1− re−jΠnz−1

)
,

where 0 < r < 1 is the radius of the poles. These two combined become the discrete time
notch filter on a biquad form with settable notch frequency and a corresponding width
of the notch filter as:

Hnotch,n(z) =
P (1,Πn, r)

Z(1,Πn)
· Z(z,Πn)

P (z,Πn, r)
=

= Gn
z−2 − 2 cos(Πn)z

−1 + 1

r2z−2 − 2 cos(Πn)rz−1 + 1
,

where

Gn =
P (1,Πn, r)

Z(1,Πn)
=

r2 − 2 cos(Πn)r + 1

2− 2 cos(Πn)

is the inverse of the zero-frequency gain. The effect of different r was presented in
Figure 2, while multiple notch filters can be connected in a cascade form as it follows:

Hnotch(z) = Hnotch,1(z) · · ·Hnotch,N(z)

for producing a multiple notch filter response. This in order to remove multiple fre-
quencies when needed and this is a principle that is going to be utilized in the final
implementation of the proposed vibration attenuation scheme.

4 Implementation Considerations

Since both of the aforementioned methods work on the principle of finding the roots of a
polynomial that has its roots in complex conjugated pairs, the given method to use for
finding these is Bairstow’s Method [25]. Bairstow’s Method tries to find factors on the
form x2+Ax+B and factor them out of the original polynomial, while since these peaks
are sinusoids the coefficients are: {

A = −2 cos(Πn)r

B = r2
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which means that in order to find: a) the −2 cos(Πn) and b) how close the peak is to
the unit circle, from equation (2), they can directly be calculated from the A and B
coefficients without any extra effort.

When looking at the computational complexity, the AR model is preferred since it
only needs the inverse of a symmetric, real matrix to be calculated, while the MUSIC
algorithm needs eigenvalue decomposition to be performed. When creating the eigenvalue
decomposition of a real, symmetric matrix two steps are required: first the matrix needs
to be reduced to tridiagonal form and after that the matrix is diagonalized using QR/QL
rotations [26]. This is an iterative procedure, which can overwhelm small embedded
systems, hence special care should be taken if it needed to be implemented online in an
embedded system.

5 Experimental Platform

The experimental Quadrotor platform, presented in Figure 3, was deigned and 3D printed
at Lule̊a University of Technology. The main objective during its design was to keep the
price low, which also has the side effect of vibrations, since cheap motors and propellers
are not well balanced - this will be apparent from the experimental results in Section 6.
The measurement unit consists of an 3-axis accelerometer and an 3-axis gyro (Invensense
MPU-6050), both were set to an sampling frequency of 1000 Hz and streamed the data
via USB for logging.

The Quadrotor was suspended in mid air, as presented in Figure 4, to minimize the
effect of the surroundings on the experiment. During the experimentations the proposed
scheme has been evaluated at different tensions in order to examine if the suspension
would have an impact of the resonant frequencies, while it has been experimentally
proven, the varying tensions did not have any profound impact on the frame induced
vibrations.

6 Experimental Results

During the experiment, the frequency estimation takes place in every fs/2 samples, while
the proposed scheme estimates the frequencies contained in the signal and in the sequel
the algorithm applies the notch filters at the desired frequencies. After this step, the
notch frequencies are updated every fs/2 samples. This is to counter small variations
in the peaks and it can also provide a base for more advanced estimation of statistical
properties of the peaks.

For the presented experimental results, the threshold rth, in the AR model, was set
to 0.1 and both estimations were set to return the five largest peaks and create notch
filters with r = 0.95.

In Figure 5 a batch of fs/2 is presented with its corresponding FFT showing the
frequency content in the signal. It is quite evident that there is extreme amounts of noise
in the measurement and the noise has a standard deviation in the area of 4 to 5 m/s2. In



70 Paper B

Figure 3: The 3D printed Quadrotor with all parts mounted.

Figure 4: The Quadrotor in its experimental frame ready for measurements.
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the signal there are four main resonant peaks at 99.3 Hz, 199.1 Hz, 298.6 Hz and 391.3
Hz plus one peak which is the motors rotational speed at 272.4 Hz. When utilizing a
larger measurement set, the motor peak is been divided into 4 peaks, one for each motor,
however this is not evident at this size of the sample set.
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Figure 5: In the first sub figure, a sample of how large the acceleration noise is and in the
second sub figure is the corresponding FFT of the signal.

To this measurement set, the frequency estimation schemes discussed in Section 2
were applied with an autocorrelation matrix size of 23 × 23 where the noise subspace
was identified to 12 noise vectors and the signal subspace was identified to 10 signal
vectors for the MUSIC algorithm. The result of both estimation schemes is presented in
Figure 6, and as can be depicted in this Figure, both the AR modeling approach and the
MUSIC algorithm provide very good estimation of the true spectrum - however it should
be noted that both algorithms produce some spurious peaks, but as it has been analysed
and discussed in Section 2, the peaks are of much lower amplitude than the signal peaks
allowing for threshold removal.

From the peaks if Figure 6, the estimation was set to provide the frequencies of the
five largest peaks and the AR algorithm returned the correct peaks, which would be used
to design the five notch filters as presented in Figure 7, while the MUSIC algorithm did
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Figure 6: The result of the AR and MUSIC frequency estimation schemes, where the red line
is the AR model, the green line is the MUSIC algorithm and the blue-dashed line is the FFT of
the true signal.

have one error peak - this most likely comes from the fact that the AR is model based
and the MUSIC is not. Moreover, the notch filters perfectly coincide with the five largest
peaks from Figure 6, which results in the filtered output presented in Figure 8 - lowering
the standard deviation of the signal from 4.276 to 0.9137, clearly showing the efficiency
of the suggested approach. It should also be noted that the training set from Figure 6
and the filtered output in Figure 8 is not the same data, but is separated in time by fs/2
samples.
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Figure 7: The frequency response of the applied notch filters.
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Figure 8: The end result of the filtering, where the red-dashed line is before filtering and the
blue line is after filtering.

7 Future Work

Even though the algorithm showed great efficiency, improvements can still be made. Part
of this future works includes estimating the standard deviation of each peak to optimize
the width of the notch filters. This is desirable since the smaller the width of the notch,
the smaller phase impact it has. This estimation should also try to correlate the moving
peaks to the control signal, providing a feed forward term for removing the impact of the
engines rotational speed when it changes.

8 Conclusions

In this article a novel approach to vibration detection and attenuation on multirotors
has been presented. The modeling, based on both autoregressive all-pole modeling and
eigenvalue decomposition of the autocorrelation matrix by the MUSIC method was ex-
amined to provide the most accurate estimation of the vibration frequencies. Based on
these frequency estimations, notch filters were applied to counteract the effect of the vi-
brations in the measured signal. The efficiency of the suggested estimation and filtering
scheme has been proven in extended experimental results.
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Experimental Model Derivation and Control of a

Variable Pitch Propeller Equipped Quadrotor

Emil Fresk and George Nikolakopoulos

Abstract

The aim of this article is to present a novel quaternion based control scheme for the
attitude control problem of a quadrotor equipped with variable pitch propellers. A vari-
able pitch propeller is a type of propeller system utilizes a mechanical mechanism to
change the pitch of the rotor blades, while when applied to quadrotors it results in an
over-actuated control system. The novelty of the article stems from: a) the proposal of
an experimental model for variable pitch propellers and b) the novel proposed thrust and
power consumption optimizations for the over-actuated quadrotor. Throughout the ar-
ticle, the merits of the proposed novel approach are being analyzed and discussed, while
the efficiency of the variable pitch propellers are being evaluated by extended simulation
and experimental results.

1 Introduction

The area of Unmanned Aerial Vehicles (UAV) and especially the one of having the ca-
pability for Vertical Take-Off and Landing (VTOL) such as the quadrotor, has been in
focus of research and development efforts, mainly due to their efficiency in accomplishing
complex missions [1].

For achieving the desired performance, the trajectory generation problem is frequently
being divided into two subproblems: a) the attitude problem and b) the translation
problem, while as it has been proven [2, 3], these systems can be cascade interconnected.
In these presented control approaches, the mechanical aspect of the control problem
currently only utilizes fixed pitch propellers, where thrust and torque is generated by
changing the rotational speed of the motors. For the examined case of a quadrotor-UAV,
the position controller (translation) is generating reference attitude set–points for the
attitude controller and thus the control problem of quadrotors has been confronted using
several different approaches from research–leading teams worldwide, with famous works
to include linear [4, 5, 6], and nonlinear controllers [7, 8, 9, 10, 11], however none of
these have examined the case of redefining the fundamental mechanical constraints of a
quadrotor by changing the fixed pitch propellers into variable pitch propellers.

Although, it has been proved that the aforementioned control strategies manage to
stably navigate a quadrotor, the problem of designing optimized controllers that will be
able to: a) provide fine–smoothed control actions for attitude stabilization and trajec-
tory tracking, b) make use of model–knowledge for more accurate navigation, c) preserve
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robustness against sudden and unpredictable external disturbances, is still an open chal-
lenge. Moreover, one of the constrains that the control engineers are facing, when dealing
with the attitude problem is still a fundamental problem in dynamics, mainly due to the
fact that finite rotation of a rigid body does not obey the laws of vector addition, e.g.
commutativity, while the attitude characteristics of the rigid body cannot be extracted
by integrating the body’s angular velocity.

However, when working with rotations, whether it’s estimators or controllers, there
has been one approach utilized more than any other: the Newton–Euler equations [12],
which is able to describe the combined translational and rotational dynamics of the rigid
body. Although, this modeling approach is considered a fundamental one, it still has
three drawbacks: a) it is solely based on Euler angles, which have the merit of being
intuitive, but per definition these angles cannot define certain orientations as it suffers
from singularities that result in “gimbal lock” [13], which is the problem of loosing of one
degree of freedom in a three-dimensional space that occurs when two of the rotational
axes align and locking together, b) it is very computationally expensive, since calculating
sines and cosines takes a lot of performance and can very fast become unmanageable
especially if it is implemented on low cost hardware, and c) when designing estimators
or controllers it is often necessary to utilize the Jacobian of the system states and during
these calculations some times all the matrix elements will have one or more sines or
cosines to compute, which quickly can overwhelm the system.

The other challenge control engineers face is the limitations of the quadrotor itself. In
the case of utilizing fixed pitch propellers, the system can only react as fast as the engines
can accelerate and decelerate their rotational speed. The efficiency of the overall system
is only as good as the motor-propeller combination, with no room for changes except
applying more voltage for a greater rotational speed. However, if the motor rotates
too fast, an effect known as the blade stall comes into effect that dramatically lowers
the performance of the propeller, since it reduces the lift produced. Due to the fact of
bounded increase of the propeller’s rotational speed, another approach can be considered
by changing the pitch of the propeller, as in this case it is possible to have complete
control over the thrust generated and the power consumed by adding another degree of
freedom and transforming the quadrotor into an over-actuated system.

The novelty of this article stems from: a) theoretically and experimentally developing
and evaluating novel models for variable pitch propellers, b) optimizing the variable
pitch-thrust configurations, and c) evaluating the performance of the overall variable
pitch quadrotor. To the authors best knowledge, this is the first time that an integrated
full quaternion controller, based on theoretical and experimental variable pitch propeller
models, have been proposed, as in the relative scientific literature: a) only a few references
are available utilizing quaternions controllers for the attitude stabilization problem as it
has been described in [14], [15], and the references there in, and b) scientific approaches for
variable pitch quadrotors include the works in [16, 17, 18], but no on board controller and
only partially complete models for thrust and power consumption have been developed.

The rest of the article is structured as it follows. In Section 2 the theoretical and
experimental variable pitch propeller model derivations are being presented, while in
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Section 3 the optimization scheme for the pitch and thrust selections is being established.
In Section 4 the novel full quaternion based control scheme for variable pitch propellers is
depicted, while in Section 5 extended simulation results for proving the efficiency of the
proposed scheme are being presented. Finally, in Section 6 the conclusions are drawn.

2 Variable Pitch Propeller Experimental Model Deriva-

tion

A variable pitch propeller is a type of propeller system utilized on out-runner motors,
which have a mechanical mechanism to change the pitch of the rotor blades as opposed
to their fixed pitch counterparts. Having this ability gives the system three new degrees
of freedom: a) thrust can be directed in both upward and downward directions utilizing
positive and negative pitch, b) the ability to control the power consumption by utiliz-
ing the optimal combination of pitch and rotational speed, and c) changing pitch and
rotational speed to maximize the thrust response.

2.1 Theoretical Model

For consistency and simplicity of finding the variable pitch propeller’s experimental
model, a simplified theoretical model will be derived. A representation of a rotating
propeller is presented in Figure 1, where the airflow is assumed to be laminar and the
air in front of the propeller is stationary.

P1 P2
v1 v2

A

Ω
l

h

θp

Fprop

V

Ω

Figure 1: Pressures and wind velocities generated by a propeller is presented in the left sub
figure, where P1−2 are pressures, v1−2 are velocities, A is the area and V is the volume of one
propeller revolution, Ω is the rotational speed and Fprop is the generated thrust, while in the right
figure a cross section of a propeller is presented, where l is the width, h is the height relative
the rotational direction and θp is the pitch angle of the blade.

From these assumptions and the Bernoulli’s Principle, presented in (1):

v2

2
+ gz +

P

ρ
= const., (1)
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the change of airspeed and pressure from before to after the propeller is derived in (2, 3):

v21
2

+
P1

ρ
=

v22
2

+
P2

ρ
(2)

v1 ≈ 0 ⇒ v22
2

=
P1 − P2

ρ
, (3)

while the force generated by the differential pressure can be denoted as (4):

ΔP =
F

A
⇒ Fprop =

Aρ

2
v22 (4)

To derive the airspeed after the propeller, it is assumed that one revolution of the blades
moves an air-mass with cylindrical volume V in every revolution and it has a rotational
speed Ω, resulting in the airflow Q and airspeed u2 presented in equations (5, 6) as:

Q = V · 2πΩ = 2Ah · 2πΩ = 4πAl sin(θp)Ω (5)

v2 =
Q

A
= 4πl sin(θp)Ω (6)

The resulting force generated Fprop is presented as it follows:

Fprop = 8π2Al2ρ sin2(θp)Ω
2 = Athr

F sin2 (θp)Ω
2 (7)

with Athr
F = 1.8 · 10−3, however it should be noted that this value will not be used in

the final result. This model was designed to provide the general characteristics of the
propellers for experimental validation.

This model derivation is simpler than the model derived by [18], however this model
will prove more accurate as will be discussed in the experimental validation.

2.2 Experimental Setup

The experimental setup for constructing the model of the variable pitch propeller system,
is being depicted In Figure 2. As it can be observed, there is a rod going though the
center of the electric motor, connecting the variable pitch mechanism to a servo-actuator
controlling the pitch. Moreover, there is an angle sensor, which measures the angle of the
servo-actuator, and a sensor that measures the rotational speed of the motor attached
to the side of the assembly.

The electric motor utilized is the AXI 2212/20 EVP and is of a brushless design,
which implies that it is a 3-phase Alternating Current (AC) Synchronous Motor and
driving it directly from a Direct Current (DC) voltage, as with a normal brushed motor,
will not work because it needs three voltages with 120° phase shift from each other.
Converting DC to the three signals is handled by the Electronic Speed Controller (ESC)
that effectively works as an 3-phase inverter that controls the frequency of the signals in
order to control the rotational speed, since this frequency is directly proportional to the
rotational speed of the motor.
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Figure 2: A variable pitch propeller mounted to the experimental base. (1) is the Variable Pitch
assembly, (2) is the servo actuator’s rotating push rod, (3) is the angle measurement assembly
and (4) is the printed plastic holding frame.

The complete experimental set–up to measure thrust, rotational speed, pitch angle
and power consumption is presented in Figure 3. This system has been designed to ensure
simplicity of parts and simple calculations. It consists of the motor and sensor assembly
on one of the square tubes, with the other tube pressing against a scale to measure thrust
and a weight to counteract the weight of the motor and the sensor assembly. The distance
from the rotational point to the motor assembly and to the scale is the same, hence the
mass measured directly corresponds to the thrust being generated. In order to guarantee
that the tilting system would not introduce errors, it was suspended in low friction ball-
bearings, while it has been assumed that negligible counter torque is produced in the
rotation point.

2.3 Experimental Results and Model Derivation

For the following model derivations, the corresponding data sets have been gathered by
utilizing grid based measurements with a pitch step of 0.077rad and 10% increments in
throttle.

Static Models

For deriving the theoretical constant Athr
F from (7), denoted as Aexp

F , the experimental
data–points depicted in Figure 4 have been utilized. More specifically, a Least-Squares
plane fit has been applied, which produced the corresponding mesh–grid, depicted at the
same Figure 4, with Aexp

F = 1.788 · 10−5. As it can be observed, the data-points and
corresponding model matches very well with very small errors with an RMSE of 0.17
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Figure 3: The variable pitch propeller and sensor assembly mounted to the complete experimen-
tal setup.

N. This also shows, in contradiction with [18], that the propellers can produce great
force at higher pitch angles. This, most likely, comes from the fact that the Newtonian
component of the generated thrust overtakes the lift generated laminar flow of air when
the blades go into blade stall. However, for quick maneuvers is it possible to use these
high pitch angles.

The derivation of the the power consumption model has been executed by examining
the power consumption data–points versus the pitch angle and the rotational speed as
it can be depicted in Figure 5. Under a constant rotational speed, a general trend was
found that can be mathematically formulated as it follows:

P (θp,Ω) =
(
AP +BP sin5 θp

)
Ω2 (8)

with AP and BP being general constants. This P (θp,Ω) relation was proved close to
a perfect match with very small error deviations with an RMSE of 3.8 W as it can be
observed in Figure 5, by overlaying the generated plane over the measurements, with
AP = 3.233 · 10−5 and BP = 2.127 · 10−3.

Transient Models

To derive the transient models, step responses of pitch and rotational speed, with respect
to constant step reference changes, were examined. In both cases a first order response
fit was successfully derived with very small error deviations, as depicted in Figures 6
and 7, with the resulting transfer function presented in equations (9) and (10), where the
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Figure 4: Model fit of 90 static thrust measurements. The crosses denote measurements and
the mesh is the plane fit.
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Figure 5: Model fit of 90 static power consumption measurements. The crosses denote mea-
surements and the mesh is the plane fit.

control signal has been bounded by −1 ≤ uθ ≤ 1 and with a time constant of τθ = 0.0206:

θp(s) =
θs

1 + τθs
(9)

θs = θp,max uθ

Ω(s) =
Ωs(θp, u)

1 + τΩ(θp)s
(10)

with τΩ(θp) and Ωs(θp, u) the time constant and the peak value of the rotational speed
respectively. However, at different pitches, the τΩ(θp), Ωs(θp, u) constants change, as it
can be observed from the experimental data presented in Figure 7, and thus two second
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Figure 6: Transient model fit of pitch step response. Crosses denotes measurements and dashed
line is model fit.
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Figure 7: Transient model fits of rotational speed step responses. Crosses denotes measurements
and dashed line is model fit.

order models for the time constant and the peak value of the rotational speed have been
further elaborated as it follows:

τΩ(θp) = AΩ +BΩθ
2
p (11)

Ωs(θp, u) =
(
Au +Buθ

2
p

)
uΩ (12)

with the following parameters’ values:

AΩ = 0.1649, BΩ = −0.1029

Au = 1.636 · 103, Bu = −1.974 · 103
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and with the corresponding control signal bounded in 0 ≤ uΩ ≤ 1. These models, have
been experimentally proven to be sufficient to capture the general response of the variable
pitch propellers as it can be depicted in Figure 8. The two control signals, uθ and uΩ,
were chosen to always be relative to the maximum.
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Figure 8: Top figure depicts the time constant of rotational speed as a function of pitch angle and
the bottom figure depict the maximum rotational speed as a function of pitch angle respectively.

To conclude this subsection, novel theoretical models have been combined with ex-
perimental data to produce thrust and power consumption models for variable pitch
propellers as a function of the rotational speed and the propeller pitch. In the sequel
these models will be utilized in Section 3 in order to optimize the operation of quadrotor:
a) from a power consumption and b) a force derivative (fast response) point of view.
Finally, in Section 4 a novel full quaternion based attitude control scheme, for a variable
pitch quadrotor, will be presented.

3 Optimizations

Since variable pitch propellers are over actuated systems, where many combinations of
pitch and rotational speed can produce the same thrust, it is desirable to find optimal
operating areas depending on different requirements and conditions. In such a con-
sideration, there are mainly two optimizations that can be made: a) minimize power
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consumption or b) change the thrust vector as fast as possible. In this section these
two conditions will be examined, resulting in general guidelines for throttle and pitch
configurations depending on which optimization constraint is required.

3.1 Power Consumption

The need of optimization of power consumption is evident when a low power flight is
required. This situation can be observed during hovering, slow movements or when the
time for attitude convergence is not critical. Hence, it is desired to minimize power
consumption depending on the rotational speed and the pitch of the propeller as the first
part of (13) describes. The minimization of the power consumption, is equivalent to the
maximization of the thrust to power ratio. By utilizing equations (7, 8) the thrust to
power ratio is described in the second part of equation (13) as:

min
θp, Ω

P (F, θp,Ω) = max
θp

F

P
= (13)

= max
θp

Aexp
F sin2 θp

AP +BP sin5 θp

At this point, it should be noted that in the resulting equation (13) there has been no
dependence on the rotational speed. This observation shows that the optimal thrust
to power ratio is independent of the rotational speed and one or more pitch angles will
be able to produce optimal results. The resulting thrust to power ratio dependence is
presented in Figure 9, where at θp = 0.414 rad is the optimal pitch for the best thrust to
power ratio. This figure also indicates that the best achievable thrust to power ratio is
52.9 mN/W or approximately 5.39 grams/W. This is also in contradiction with [18] since
they showed that there should be a dependence on the rotational speed as well, however
the experiments showed this to be false or have such a small impact that it is lost in the
other major components of the power consumption.
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Figure 9: Thrust to Power ratio as a function of pitch.



3. Optimizations 89

3.2 Force Derivative

In the case that quick and agile moves are required, the quicker the response of the thrust
is, the faster the torque and the acceleration can be changed. For achieving an optimal
configuration, it is necessary to maximize the derivative of the equation (7) as depicted
in equation (14), while the peak value should come with the smallest time delay with
respect to the reference change, in order to guarantee a fast thrust response:

max
θp, Ω

Ḟ (θp(t), Ω(t)) (14)

The force equation from equation (7) can be rewritten as two functions independent of
each other, as it is presented in equation (15):

F (θp(t),Ω(t)) = Aexp
F sin2(θp)Ω

2 =

= Aexp
F · Fθ(θp) · FΩ(Ω) (15)

The derivation with respect to time gives a result with better properties for analyzing,
as presented in equation (16).

Ḟ (θp(t),Ω(t)) = Aexp
F

(
Fθ(θp) · ḞΩ(Ω) +

+ Ḟθ(θp) · FΩ(Ω)
)

(16)

With respect to the equation (16) two cases can be considered: a) where the pitch is
assumed to be constant and b) where the rotational speed is assumed constant. This will
effectively reduce the complexity from a maximization problem in two dimensions to a
problem in one dimension because of the corresponding derivative being zero, while the
utilization of this approach will also allow to calculate how much effect each of the cases
have on the derivative. However, special attention should be taken if the derivatives’
peaks are close to each other, as in this case the assumption of two one dimensional
problems will not hold and a combined equation must be examined.

a) Constant pitch

The assumption of a constant pitch cancels the pitch derivative because Ḟθ(θp) = 0 and
only the rotational speed derivative, ḞΩ(Ω(t)) = 2ΩΩ̇, has to be examined, with the
maximum value of:

max
{
Ḟ (θs,Ω(t))

}
= Aexp

F sin2(θs)
Ω2

s

2τΩ

is found at tΩ = ln(2)τΩ.
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b) Constant rotational speed

Using the previous technique and constant rotational speed, instead of a constant pitch,
only the pitch derivative, Ḟθ(θp(t)) = sin(2θp)θ̇p, has to be examined and the maximum
value of:

max
{
Ḟ (θp(t),Ωs)

}
= Aexp

F sin(θs)θs
Ω2

s

2τθ

is found at tθ =
2
3
τθ.

Conclusions

To compare the results from the previous equations, simplifying approximations are made
as:

sin(θs)θs ≈ sin2(θs), ln(2) ≈ 2

3

and by using these approximations and removing the common parts, two very clear results
emerges. a) as presented in equation (17), the greatest peak in derivative is provided by
the transfer function, from equations (10, 9) with the smallest time constant and b)
the time during the peak value is being reached, as presented in equation (18), is also
provided by the transfer function with the smallest time constant.

1

τθ
>>

1

τΩ
(17)

tθ << tΩ (18)

In both cases changing pitch and keeping rotational speed constant provides the fastest
thrust response because of the servo actuators’ time constant being approximately one
order of magnitude smaller than the time constant of rotational speed. This shows that
for the fastest thrust response, changing pitch provides the best result and due to the fact
that the peaks resides far apart in time, the assumption with two distinct cases holds.

4 Variable Pitch Propeller Quaternion based Con-

trol

Due to size constraints the original fixed pitch controller will not be presented. The
original controller with an in depth analysis of quaternions and the initial formulations
can be located in [19, 18].

To compare the differences between fixed pitch propellers and variable pitch pro-
pellers, the simulation model and controller is the same as used in [19], but instead of
using the assumption that control signal to torque is an identity matrix the real models,
deduced in Section 2, are utilized, resulting in a different control action, where u has the
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same limits as uθ and uΩ in equations (9) and (12) depending on if the pitch or rotational
speed is controlled. Based on this formulation, the generated torque can be expressed as
in the following two cases of differential pitch and differential trust.

τp(θd) = laAF

(
sin2(θt + θd)− sin2(θt − θd)

)
Ω2

t

In the differential pitch formulation θt is the bias pitch for thrust, θd is the controlled
differential pitch as θd = θmaxu and la is the length from the motor to the rotational
center.

τΩ(Ωd) = laAF sin2(θt)
(
(Ωt + Ωd)

2 − (Ωt − Ωd)
2
)

In the differential thrust formulation Ωt is the bias throttle and Ωd is the differential
throttle as Ωd = Ωmaxu.

Based on these formulations and analysis, the resulting novel proposed quaternion
based attitude control scheme can be presented in a block diagram formulation as in
Figure 10. Depending on the optimization cost and the needs of the mission, proper
optimal running for the pitch angle or the thrust can be directly achieved to obtained a
significantly improved performance, as it will be also indicated by the simulation results
presented in Section 5.
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Figure 10: Block diagram of the full non-linear P 2 quaternion based control scheme with variable
pitch propellers.

5 Simulations

All simulations have been carried out on the nonlinear quadrotor model presented in [10],
which takes into account a wide set of the aerodynamic forces and moments acting
on the system, including the hub and friction forces, the rolling moments and –up to
some extent– the variations in the aerodynamic coefficients, due to the motion of the
quadrotor inside the atmosphere. The parameters of the quadrotor model have been
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set as Ixx = Iyy = 6.5 · 10−4kg · m2, Izz = 1.2 · 10−3kg · m2 and la = 0.25m where the
aforementioned values correspond to the CAD model analysis presented in [19]. The
gains of the nonlinear P 2 controller have been set as: Pq = 4 and Pω = 1.2 for the case
of fixed pitch and to Pq = 3 and Pω = 0.6 for the case of variable pitch, the change from
[19] comes from the control signal now being bounded to relative signals and not absolute
torque.

Utilizing this system, all the non-linear effects from control signal to torque are in-
cluded and the real response of the system can be simulated, analyzed and characterized.
In the sequel, the response to a step reference was examined in two cases: a) by utilizing
fixed optimal pitch and varying the rotational speed and b) by utilizing fixed rotational
speed at about 80% throttle and varying the pitch of the propellers. The effect of fixed
pitch versus variable pitch on rise time is evident in Figure 11, where the variable pitch
case is approximately twice as fast as the fixed pitch, without any increase in overshoot.
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Figure 11: The roll angle response during a step reference change at t = 1 second. Dashed line
is the fixed pitch case, solid line is variable pitch and dash-doted line is reference. Graph have
been indicated in radians for intuitive display.

It was predicted in Section 3 that the force derivative for the variable pitch case
should be approximately one order of magnitude larger than the fixed pitch case and
from Figure 12 it is evident that the force derivative is much larger for the variable pitch
case over the fixed pitch case, as predicted. This makes the fast change of roll in Figure 11
possible, as a very large amount of torque is initially produced, as it can be observed in
Figure 12, for enabling the quadrotor to start rotating.

Moreover, from Figure 12 it is quite evident that the thrust being generated is way
outside the maximum from what was measured in the experiments and this comes from
the fact that the propellers have built up inertia and rotational speed while being at low
pitch. When the pitch change is executed the system responds with enormous thrust
until the rotational speed decreases, as presented in Figures 13 and 14. This process
takes approximately 200 ms, but during these 200 ms the system can produce thrust
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much greater than the static measured thrust.
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Figure 12: The force generated by two opposite motors during a step reference change at t = 1
second. Dashed line is the fixed pitch and solid line is variable pitch.
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Figure 13: The propeller pitch of two opposite motors during a step reference change at t = 1
second. Dashed line is the fixed pitch and solid line is variable pitch.
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Figure 14: The rotational speed of two opposite motors during a step reference change at t = 1
second. Dashed line is the fixed case and solid line is variable pitch.

6 Conclusions

In this article a novel full quaternion based attitude controller for a quadrotor equipped
with variable pitch propellers, using models from theoretical derivations and confirmed
with experimental data has been presented. Extended simulations and experimental
results have been presented that proves the efficiency of the proposed propeller assembly
and suggested control scheme.

Future work will include experiments on a full variable pitch quadrotor, confirming
the simulated responses and designing a controller which can take into consideration the
effects of inverted flight, while adjusting pitch and navigation to compensate accordingly.
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A Generalized Reduced complexity Inertial

Navigation System for Unmanned Aerial Vehicles

Emil Fresk, George Nikolakopoulos and Thomas Gustafsson

Abstract

In this article, a generic approach to attitude and position estimation for Unmanned
Aerial Vehicles will be considered. The creation of a generic framework, which can be
extended using adaptive methods to determine the thrust properties of the engines and
the mass of the aircraft, while keeping the overall computational complexity of the system
low, will enable the novel system to be utilized on any type of Unmanned Aerial Vehicle.
Furthermore, the problem of magnetic disturbances will be approached in a novel way by
confining the magnetic errors to only affect heading, without compromising the pitch and
roll estimation of the system with error based estimation. The efficacy of the proposed
framework will be evaluated through extended simulations and experimental validations
on a multirotor. Finally, guidelines will be provided towards: a) an implementation with a
reduced computational complexity, and b) the utilization of the square-root formulations
of the Extended Kalman Filter for extending the dynamical range of the filter.

1 Introduction

The area of Unmanned Aerial Vehicles (UAVs) and especially the one of having the
capability of Vertical Take-Off and Landing (VTOL), such as the multirotors, have been
in focus for research and development for a long time mainly due to their efficiency in
completing complex missions and providing a good fundamental base for research in areas
such as forest fire inspection [1], infrastructure inspection, search and rescue missions [2],
manipulation of objects and cooperative missions, including cooperative manipulation
[3]. In all these applications, accurate attitude and position estimation is essential to
complete the mission with any kind of accuracy and repeatability.

To achieve the desired control performance in an UAV, three main problems arise that
need to be solved. The first two are the attitude problem [4] and the translation problem,
which as it has been proven, it can be interconnected in a cascade form [5, 6] to achieve
a desired performance, whilst keeping the complexity low. The final problem is the fact
that the control system should be designed for on board utilization, where attitude and
position estimation is required to stabilize the system and since these systems are quite
often very small, the weight of the control system can have a profound impact on the
performance of the UAV. Thus, it is desirable to use small embedded systems to do the
estimation and control tasks [7], mainly due to their small size, low weight, low cost and
high reliability.
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The attitude estimation problem has received an extended research focus mainly for
estimating the attitude of spacecrafts, where the usage of error representations [8] have
gained significant importance the last years, mainly due to its efficiency and reduced
state count. One of the quite popular approaches has been the utilization of a nonlinear
filter, such as the Unscented Kalman Filter (UKF) [9, 10] or the Cubature Kalman Filter
(CKF) [11, 12], which was proven to have better convergence, especially when the starting
states have bad initialization. However, this approach indicated an equal performance
to the Extended Kalman Filter based algorithms [13, 14] after convergence. Moreover,
none of the aforementioned filters took into consideration how these algorithms should
be implemented, from a computational complexity approach, except from utilizing the
common algorithms, while there have been only a few approaches in the utilization of
the square-root formulation for an extended dynamical range [15, 11, 12]. In this article
these performance issues will be also addressed, by developing a computational efficient
algorithm mainly targeting its implementation in embedded systems and specifically
tailored for UAV systems.

In the field of position estimation there has not been as much research work as done
with the case of attitude estimation, while the standard approach has been to have a two
stage estimation schemes, where the attitude is forwarded to a position estimator that
integrates acceleration and compensates with a Global Positioning System (GPS) to get
a position estimate [16]. This approach however, has the drawback of loosing attitude
convergence during accelerations, plus that the system does not predict the accelerations.
In the novel approach to be presented in this article, the previous two stages approach,
has been extended with cross couplings between the attitude and position estimation in
order to provide additional information on the physics of the UAV.

With these flying constraints in mind, the need for small efficient systems based
on small Micro Electro Mechanical System (MEMS) sensors and single chip computers
(ARM / AVR / PIC) requires that the algorithms are computationally efficient and fit
inside the system, since this prevents the use of industrial PCs and other normal size
computers. This estimation system, known as an Inertial Navigation System (INS),
commonly uses GPS to provide an absolute reference and in the cases where the GPS
reception is lost, the system can utilize the inertial sensors to provide updates until the
reception is restored. This however requires a good model of the fundamental physics,
otherwise the system will not be able to estimate the attitude and position accurately.

The novelty of this article stems from: a) a combined attitude and position estimation
scheme designed for embedded systems, b) an adaptive physical model by estimating the
generated thrust, independent of the number of engines and mass of the UAV, c) a re-
duced implementation complexity to minimize computations, and d) a generic estimation
algorithm that works as a base for any UAV platform.

The rest of the article is structured as follows. In Section 2, an overview of the quater-
nion algebra and the Generalized Rodriguez Parameters for usage in attitude estimation
is presented, while in Section 3 the overall generic filter formulation is presented. In
Section 4 the performance of the proposed estimation scheme is being initially evaluated
in both extended simulation and experimental verification. In Section 5 the results, sim-



1. Introduction 101

plifications and approximations are discussed and finally in Section 6 the conclusions are
drawn.

Abbreviations

êx, êy, êz : Cartesian unit vectors
q : Quaternion

δq : Error quaternion
p : Generalized Rodriguez Parameter

δp : Error Generalized Rodriguez Parameter
ω : Rotational rate of the multirotor

δω : Gyroscope bias error
xF : x is in the fixed frame of reference
xB : x is in the body frame of reference
cx : cos(x)
sx : sin(x)

θRe , θPe , θYe : Error angles around roll, pitch and
yaw respectively

lat : Latitude Coordinate
lon : Longitude Coordinate

UAV : Unmanned Aerial Vehicle
VTOL : Vertical Take-Off and Landing
MEMS : Micro Electro Mechanical System

INS : Inertial Navigation System
GPS : Global Positioning System
EKF : Extended Kalman Filter

SR-EKF : Square-root Extended Kalman Filter
UKF : Unscented Kalman Filter
CKF : Cubature Kalman Filter

RMSE : Root-Mean-Square Error
GRP : Generalized Rodriguez Parameter
MCU : Micro Controller Unit
DSP : Digital Signal Processor
FPU : Floating Point Unit
ADC : Analog to Digital Converter
PWM : Pulse Width Modulation
PPM : Pulse Period Modulation
DMA : Direct Memory Access
SOC : System On a Chip

UART : Universal Asynchronous
Receiver/Transmitter
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CAN : Controller Area Network
USB : Universal Serial Bus
I2C : Inter-Integrated Circuit

VCP : Virtual Com Port
ESD : Electro Static Discharge
RSSI : Received Signal Strength Indication
ESC : Electronic Speed Controllers
ISR : Interrupt Service Routine
RF : Radio Frequency

2 Quaternions & Generalized Rodriguez Parameters

For consistency reasons, and for establishing the necessary supporting mathematical
background for the proposed modeling and control scheme, this Section is going to present
the basic algebraic concepts behind the idea of quaternions and Generalized Rodriguez
Parameters (GRPs). For a more comprehensive analysis and an in depth description of
these mathematical tools, the reader is refereed to the following publications [17, 18] for
quaternions and [19] for GRPs.

A quaternion is a hyper complex number of rank 4, which can be represented in many
ways, while:

q = q0 + q1i+ q2j + q3k, (1)

q =
[
q0 q1 q2 q3

]T
(2)

represent two of the most popular approaches where q ∈ H and {q0, q1, q2, q3} ∈ R. The
quaternion units from q1 to q3 are called the vector part of the quaternion, while q0 is the
scalar part (sometimes denoted q4 or w). The multiplication of two quaternions p, q is
being performed by the Kronecker product, denoted as ⊗, while the outcome is presented
in the following equations:

p⊗ q =

⎡
⎢⎢⎣
p0q0 − p1q1 − p2q2 − p3q3
p0q1 + p1q0 + p2q3 − p3q2
p0q2 − p1q3 + p2q0 + p3q1
p0q3 + p1q2 − p2q1 + p3q0

⎤
⎥⎥⎦ ,

p⊗ q = Q(p)q =

⎡
⎢⎢⎣
p0 −p1 −p2 −p3
p1 p0 −p3 p2
p2 p3 p0 −p1
p3 −p2 p1 p0

⎤
⎥⎥⎦
⎡
⎢⎢⎣
q0
q1
q2
q3

⎤
⎥⎥⎦

= Q̄(q)p =

⎡
⎢⎢⎣
q0 −q1 −q2 −q3
q1 q0 q3 −q2
q2 −q3 q0 q1
q3 q2 −q1 q0

⎤
⎥⎥⎦
⎡
⎢⎢⎣
p0
p1
p2
p3

⎤
⎥⎥⎦ .
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If p represents one rotation and q represents another rotation p⊗ q represents the com-
bined rotation. It’s important to note that quaternion multiplication is non-commutative,
just as rotations are non-commutative. The norm/length of a quaternion is defined, just
as for any complex number, as

Norm(q) = ‖q‖ =
√
q20 + q21 + q22 + q23. (3)

All quaternions in the presented approach are assumed to be of unitary length and
thus are called unit quaternions. The complex conjugate of a quaternion has the same
definition as normal complex numbers. The sign of the complex part is switched as

Conj(q) = q∗ =
[
q0 −q1 −q2 −q3

]T
. (4)

The inverse of a quaternion is defined as

Inv(q) = q−1 =
q∗

‖q‖2 , (5)

just as the normal inverse of a complex number. Moreover, if the length of the quaternion
is unitary then the inverse is the same as its conjugate. The derivative of a quaternion
requires some algebraic manipulation and can be represented as [18]:

q̇ω(q,ω) =
1

2
q ⊗

[
0
ω

]
=

1

2
Q(q)

[
0
ω

]
(6)

in case that the angular velocity vector is in the fixed frame of reference, and as

q̇ω(q,ω) =
1

2

[
0
ω

]
⊗ q =

1

2
Q̄(q)

[
0
ω

]
(7)

if the angular velocity vector is in the body frame of reference, where ω = [ωx, ωy, ωz]
T .

If a quaternion is a unit quaternion it can be used as a rotation operator. However the
transformation is not built up by only one quaternion multiplication but two, the normal
and its conjugate, as

w = q ⊗
[
0
v

]
⊗ q∗. (8)

This rotates the vector v from the fixed frame to the body frame represented by q. This
rotation, in equation (8), can be rewritten by replacing v with the x, y and z axis, as it
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is being displayed in the following equations:

Rx(q) = q ⊗

⎡
⎢⎢⎣
0
1
0
0

⎤
⎥⎥⎦⊗ q∗ =

⎡
⎣q20 + q21 − q22 − q23

2(q1q2 + q0q3)
2(q1q3 − q0q2)

⎤
⎦ , (9)

Ry(q) = q ⊗

⎡
⎢⎢⎣
0
0
1
0

⎤
⎥⎥⎦⊗ q∗ =

⎡
⎣ 2(q1q2 − q0q3)
q20 − q21 + q22 − q23
2(q2q3 + q0q1)

⎤
⎦ , (10)

Rz(q) = q ⊗

⎡
⎢⎢⎣
0
0
0
1

⎤
⎥⎥⎦⊗ q∗ =

⎡
⎣ 2(q1q3 + q0q2)

2(q2q3 − q0q1)
q20 − q21 − q22 + q23

⎤
⎦ . (11)

It should be noted that in the examined case only the vector part of the quaternion has
been extracted, resulting in a rotation matrix, which rotates a point in a fixed coordinate
system, as

R(q) =
[
Rx(q) Ry(q) Rz(q)

]
. (12)

When rotating a coordinate system, the angle sign changes and provides

R(q)T =

⎡
⎣Rx(q)

T

Ry(q)
T

Rz(q)
T

⎤
⎦ , (13)

while the same result arises when conjugating the quaternion in equation (8). This is
also directly connected to the general rotation matrix from Euler angles as

R =

⎡
⎣ cθcψ cφsψ + sφsθcψ sφsψ − cφsθcψ
−cθsψ cφcψ − sφsθsψ sφcψ + cφsθsψ
sθ −sφcθ cφcθ

⎤
⎦ . (14)

The rotation can also be represented using a rotation vector as

q = cos
(α
2

)
+ u sin

(α
2

)
, (15)

where u is the rotation axis (unit vector) and α is the angle of rotation. Using this
notation can have many benefits when creating an error or specifying a reference as it
has a direct physical connection. Finally, for representing quaternion rotations in a more
intuitive manner, the conversion from Euler angles to quaternion and from quaternion
to Euler angle can be performed by utilizing the following two equations respectively,

q =

⎡
⎢⎢⎣
cφ/2cθ/2cψ/2 + sφ/2sθ/2sψ/2
sφ/2cθ/2cψ/2 − cφ/2sθ/2sψ/2
cφ/2sθ/2cψ/2 + sφ/2cθ/2sψ/2
cφ/2cθ/2sψ/2 − sφ/2sθ/2cψ/2

⎤
⎥⎥⎦ , (16)
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and the inverse transform as⎡
⎣φθ
ψ

⎤
⎦ =

⎡
⎣atan2(2(q0q1 + q2q3), 1− 2(q21 + q22))

asin(2(q0q2 − q1q3))
atan2(2(q0q3 + q1q2), 1− 2(q22 + q23))

⎤
⎦ . (17)

This property is very useful in case that the aim is to represent the orientation in angles,
while retaining the overall dynamics of the system in quaternion form.

A Generalized Rodrigues Parameter (GRP) is different from a quaternion, in the sense
that it only has three components, whilst a quaternion has four and a GRP, contrary to
quaternions, has a singularity, which can be placed almost arbitrarily [14]. This error
representation can be calculated from an error quaternion as

δp = f
δq

a+ δq0
, (18)

where f ∈ R
+ and a ∈ R

+ are scale factors to choose the small angle approximation
and with typical values of f = 4 and a = 1, equaling four times the Modified Rodrigues
Parameter [9], making the small angle approximation equal the angle. The inverse trans-
formation, back to an error quaternion [19], is presented bellow:

δq0 =
−a ‖δp‖2 + f

√
f 2 + (1− a2) ‖δp‖2

f 2 + ‖δp‖2 (19)

δq =
a+ δq0

f
δp (20)

The dynamics of attitude errors have been thoroughly examined [8, 14], where the second
order approximation

δṗ = δp×
(
ω +

1

2
δω

)
+ δω, (21)

is the most popular to use with an EKF [8], where δp ∈ R
3 is the attitude error, ω ∈ R

3 is
the bias compensated angular rate and δω ∈ R

3 is the current estimate of the bias error.
This comes from the fact that the EKF’s Fk matrix is not gaining any more information
when adding more degrees since the states are so close – or equal – to zero.

3 Filter formulation

3.1 Estimation overview

In Figure 1 a complete overview of the generic estimation algorithm is presented. The
inputs are divided into four categories, 1) reference vectors where rB

m, b
B
m ∈ R

3 are a
general reference vector and the magnetic field vector respectively, which can be used as
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attitude references, 2) IMU which provide the relative information where aB
m,ω

B
m ∈ R

3

are acceleration and angular rate respectively, 3) absolute senors which provide global
position information such as GPS and Sonars, and 4) actuators to be used as feed forward
and parameter estimation in the algorithm where uk ∈ R

n is the n number of inputs.

The reference vectors are transformed into error quantities where θe,k ∈ R
3 are the er-

ror angles and the IMU acceleration data is transformed into the fixed frame of reference,
aF
m ∈ R

3, as will be presented in Section 3.3. These, plus the absolute sensors and the ac-
tuator signals, are fed to the SR-EKF, which will be presented in Section 3.2, in order to
estimate the δpk|k, δωk|k ∈ R

3, which are the attitude and gyroscope’s bias errors respec-
tively to correct the attitude and gyroscope bias estimation, which are q̂k|k, ω̂k|k ∈ R

3 re-

spectively. Furthermore, the position, velocity and parameters (p̂F
k|k, v̂

F
k|k ∈ R

3, θ̂k|k ∈ R
p)

are directly estimated.

In the presented approach it should be noted that the entire system works in the fixed
North (x), West (y) and Up (z) frame (NWU), if it is desired to work in the North (x),
East (y) and Down (z) frame (NED) some conversions will have to be made. Moreover,
all the notations and the sub–block analysis, depicted in Figure 1 will be presented in
the sequel.

ωB
m

Reference

Vectors

Error

Transform

IMU
Frame

Transform

Absolute

Sensors

Actuators

S
R
-
E
K
F

Attitude

Update

rBm, bBm

aB
m,ωB

m

ωB
m

tan(θe,k)

aF
m

uk

δpk|k

q̂k|k, ω̂k|k

δωk|k

p̂F
k|k, v̂

F
k|k

θ̂k|k

q̂k|k−1, b̂k|k−1q̂k|k−1

Figure 1: A complete overview of the entire attitude, position and parameter estimation, from
sensors and actuators inputs to estimated state outputs at time instance k. The “Reference
Vectors”-block represents attitude references consisting of a generic attitude reference and the
magnetometer, the “IMU”-block represents the inertial sensors consisting of an accelerometer
and gyroscope, the “Absolute Sensors”-block represents sensors such as GPS, Sonars, Barom-
eters etc (application specific). A thin line represents a vector and a double line represents a
collection of vectors.
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3.2 Square-Root Extended Kalman Filter

In this section the underlying equations of the SR-EKF [20, 21] are presented. This
implementation was chosen to counteract the problem of dynamical range in floating-
point arithmetic, where the sum of a small and a large number will equal the large
number (rounding away the small number), while the square-root formulation has the
merit to effectively double the usable dynamical range.

In the following algorithm, chol(X) denotes a Cholesky decomposition returning
the lower triangular matrix L, choldowndate(L,X) denotes a down date of a Cholesky
decomposition (L), utilizing the columns of X as down dating vectors and returning the
down dated lower triangular matrix, whileQR(X) denotes a QR decomposition returning
the upper triangular part from R in the decomposition.

Filter Initialization

1) Calculate the square-root factor of the starting error covariance matrix:

SP,−1|−1 = chol(P0).

2) Introduce the starting state estimate:

x̂−1|−1 = x0.

Update covariance matrices

1) Calculate the square-root factor of the process noise covariance:

SQ,k = chol(Qk).

2) Calculate the square-root factor of the observation noise covariance:

SR,k = chol(Rk).

Prediction Estimate

1) Predict the state:

x̂k|k−1 = f(x̂k−1|k−1,uk).

2) Estimate the square-root factor of the predicted error covariance matrix:

SP,k|k−1 = QR
([

FkSP,k−1|k−1, SQ,k

]T)T
,

where

Fk =
∂f

∂x

∣∣∣∣
x̂k−1|k−1,uk

.
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Measurement Update

1) Subtract the predicted measurement from the true measurement:

yk = zk − h(x̂k|k−1,uk).

2) Estimate the square-root factor of the innovation covariance matrix:

SS,k = QR
([

HkSP,k|k−1, SR,k

]T)T
,

where

Hk =
∂h

∂x

∣∣∣∣
x̂k|k−1,uk

.

3) Calculate the Kalman gain:

Kk = (SP,k|k−1S
T
P,k|k−1)H

T
k (SS,kS

T
S,k)

−1.

During this step, it should be highlighted that no explicit inverse is needed, since SS,k is
a triangular matrix and the Forward/backward substitutions replace all inverses.

4) Calculate the updated state estimate:

x̂k|k = x̂k|k−1 +Kkyk.

5) Calculate the square-root factor of the corresponding error covariance matrix:

SP,k|k = SP,k|k−1Wk,

where

Wk = choldowndate

(
I,
(
S−1
S,kHkSP,k|k−1

)T)
and

dim(I) = dim(SP,k|k−1).

If the problem is ill conditioned, another down date algorithm called the QR down
date [22], which uses Givens rotations, can be used that has better numerical properties
but needs more computations than the Cholesky down date. In this implementation,
computational speed has been chosen as the main goal, since the problem of attitude and
position estimation is well conditioned.

3.3 Attitude model

The attitude estimation part of the filter is designed to be a Multiplicative EKF, implying
that the attitude is propagated as error quantities. This has the advantages of reducing
the state vector by one, since it only represents the error and not the entire state [8], and
that the states are guaranteed to be close to zero which will simplify a lot of the system
equations in the following analysis.
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z−1
1

2

∫
ω ⊗ q dt

δp → δq q̂k|k

ω̂k|k

z−1 ωB
m

S
R
-
E
K
F

Attitude Update

δpk|k

δωk|k

−

q̂k+1|k

b̂k|k

− +

δq̂k|k

q̂k|k−1

b̂k|k−1

Initial value b̂0|−1

+

Initial value q̂0|−1

Figure 2: A complete internal view of the Attitude Update block from Figure 1, including from
the estimated error states to attitude.

Error representation and states

The attitude error representation chosen is the Generalized Rodrigues Parameter as pre-
sented in Section 2 and from equation (21) also requires the angular rate bias error
δω. Using this representation for the dynamics, the following state vector x̂A

k arises to
represent the attitude error and the bias error:

x̂A
k =

[
δpk

δωk

]
. (22)

Assuming that the dynamics are slow during each time step gives the following 0th order
integrator to predict the state:

f(x̂k, ue,k) =

[
δpk−1|k−1 +Δt δṗk−1|k−1

δωk−1|k−1

]
. (23)

Measurement transformation

The main transformation to keep the system computationally simple is to transform the
measurements from a general reference vector and magnetism, directly to error angles.

Assumption 1. Assume there is a vector rB
m that can be measured in the body frame of

the UAV and which is known in the fixed frame to be used as a reference vector.

By using this reference vector, the error can be calculated using vector algebra to
produce the tangent of the error angles as:

tan(α) =
Ŵ · V ref⊥
Ŵ · V ref

, (24)
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Ŵ

V ref⊥

V refα

Figure 3: An illustration of the vector projections in equation (24).

where Ŵ is the measurement and V ref is the reference direction as depicted in Figure 3.
At small errors this expression is the error states directly in the fixed frame of reference
and using this property of vectors the reference and magnetic vector can directly be
transformed to error angles as:

zk =

⎡
⎣tan(θRe,k)tan(θPe,k)
tan(θYe,k)

⎤
⎦ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

−rF
m · êF

y

rF
m · êF

z

rF
m · êF

x

rF
m · êF

z

bFk · êF
y

bFk · êF
x

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
, (25)

where θRe , θ
P
e and θYe ∈ R are the error angles around roll, pitch and yaw respectively.

Due to practicality, a small change must be made as:

zk =

⎡
⎣atan2

(−rF
m · êF

y , rF
m · êF

z

)
atan2

(
rF
m · êF

x , rF
m · êF

z

)
atan2

(
bFk · êF

y , bFk · êF
x

)
⎤
⎦ = θe,k, (26)

to counteract the problem of division by zero [23] which could happen in equation (25).
Since the magnetic measurement is very susceptible to errors and interference it is

desirable that it only corrects the yaw estimation. This guarantees that errors in the
magnetic measurement will not translate to errors in roll and pitch, plus it has the added
advantage of that the local magnetic field can be unknown. This is done by one simple
property of the magnetic field – the horizontal part of the vector always points North
and by using this property is it as simple as using the x and y components of the vector
to calculate the yaw error. However the measurements are made in the body frame of
reference and first must be transformed to the fixed frame. This is done using the current
knowledge of the attitude, since we want to know the error, as

rF
m = R(q̂)TR(δp)TrB

m, (27)

bFm = R(q̂)TR(δp)TbBm, (28)
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where R(· · · )T is the attitude matrix transformation from equation (13). Using these
transformations the attitude input vector is reduced from 6 to 3 entries, greatly reducing
the computational complexity of the algorithm. Plus, since the measurement now is the
attitude error states in the fixed frame of reference the transformation is defined as

h(x̂k) = R(q̂k)
TR(δpk)

Tδpk. (29)

The last step of the attitude update procedure is to update the true attitude and
gyroscope bias with the estimates – this effectively moves the current true estimations
with the error, as presented in Figure 2, and the mean can be subtracted from the
estimates without loosing any information. This is known as the “reset” of the filter,
where all the states are zeroed [14].

The attitude update procedure follows the following procedure: 1) The attitude
quaternion and gyroscope bias are set to their initial guesses where q̂0|−1 ∈ H, b̂0|−1 ∈ R

3.
2) The error estimates, δpk|k, δωk|k ∈ R

3 of attitude and gyroscope bias respectively, are
propagated in two different loops. 3) The gyroscope bias error is summed with the previ-
ous estimate of the gyroscope bias (b̂k|k−1) to produce the new estimate of the gyroscope

bias (b̂k|k). 4) The attitude error is transformed back to an error quaternion using equa-
tion (20). 5) The integrated quaternion from the last iteration (q̂k|k−1) is rotated with
the error by quaternion multiplication to produce the current estimate of the attitude.

This concludes the attitude part of the filter.

3.4 Position model

States

The states for the translational estimation are chosen as

x̂P
k =

[
pF
k

vF
k

]
, (30)

where

pF =
[
pFx pFy pFz

]T ∈ R
3,

vF =
[
vFx vFy vFz

]T ∈ R
3,

are the position and velocity, both in the fixed frame respectively. Since the dynamics of
the system is a double integrator from acceleration to the position the following system
dynamics arise when using two 0th order integrators:

f(x̂P
k ,uk) =

⎡
⎣pF

k +Δt vF
k +

Δt2

2
aF
k

vF
k +Δt aF

k

⎤
⎦ (31)

where

aF
k = g(x̂k,uk) (32)

is the application dependent acceleration model of the system.
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Absolute measurements

The sensors that provide absolute measurements to the translational estimation is ap-
plication dependent, but sensors such as GPS, optical flow, height sensing sonar and
barometer are a few popular ones. These however have a slow sampling rate compared
to the rest of the filter which can be used to make the filter more computationally effi-
cient by excluding the corresponding measurements from the prediction and measurement
function when no new measurements are available.

This concludes the translational part of the filter.

3.5 Parameter models

Depending on the goals of the estimation parameter models could be added to estimate
thrust or drag parameters for example, however these are all application specific. If
parameter estimation is used the x̂θ

k state vector is used to represent the estimated
parameters.

3.6 Complete system

The complete system is the concatenation of the previous three subsystems as

x̂k =

⎡
⎣x̂A

k

x̂P
k

x̂θ
k

⎤
⎦ . (33)

4 Experimental Application

For the experimental application and evaluation of the proposed scheme, a quadrotor
helicopter was chosen as the test platform, mainly due to their wide availability and
possible range of applications. For the simulations static, dynamic and convergence
simulations were performed and two experiments, one in attitude only mode and one in
full estimation mode, were made to show the real world accuracy of the system.

4.1 Application specific models

Since the translational model is very dependent on the physics behind the aircraft, it is
desirable to know how the control signal will affect position, velocity and acceleration.
Any thrust generated by the engines in a multirotor platform will always point straight
up from the body frame viewed, while the sum of the forces can be calculated from
[24, 25] as:

Ftot =
n∑

i=1

Fi = AFω
2
max

n∑
i=1

u2
i = AFω

2
maxue, (34)

where Ftot is the total thrust force generated, AF ∈ R
+ is the thrust constant for the

engines, ωmax ∈ R
+ is the maximum rotational rate of the engines, i ∈ Z

+ is the current
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engine, ui ∈ [0, 1] is the control signal to each engine and ue ∈ R
+ is the sum of squared

control signals. This can however be expanded further by using the known attitude and
the mass of the aircraft to provide the application dependent acceleration model as:

g(x̂k,uk) =
Ftot

m
R(q̂)T êz − gF

= βueR(q̂)T êz − gF (35)

where

β =
AFω

2
max

m

is the mass compensated thrust coefficient. However, it takes a lot of measurements to
find this parameter, plus β varies with temperature, humidity, declining battery voltage
and so on and thus in order to properly measure it and utilize it as a constant is an
insufficient approximation. In contrast to this approach, we propose the more efficient
approach to estimate it, a contribution that makes the overall filter to adapt to the system
currently utilized. The advantage of using such a mass compensation scheme is the fact
that the thrust coefficient becomes directly observable from the accelerometer readings
and since the estimation filter only needs the acceleration and the sum of squared control
signals as input, the estimation becomes independent of the frame, both the number
and geometrical location of engines, and mass. However, it is important to note that
this acceleration model only works as long as drag has a minimal impact on the total
acceleration.

However, this model still lacks the time dependent part and in our previous work [25]
it has been depicted that a first order transfer function is a good approximation for the
rotational speed of the motors. The problem here is that every motor/ESC combination
will have its own unique time constant, so in order for it to work on the majority of
motor/ESC combinations, it needs to be estimated as well.

By assuming that the roll, pitch and yaw control signals are close to zero, the throttle
input to thrust ũk can be described as:

[
ũk

τk

]
=

⎡
⎣ τk−1

Δt+ τk−1

ũk−1 +
Δt

Δt+ τk−1

uthr
k

τk−1

⎤
⎦ , (36)

where τk ∈ R
+ is the time constant of the motors and uthr

k ∈ R
+ is the throttle control

signal.
By combining this with the thrust model we get the following model for the acceler-

ation, which includes the time constant of the motors, as:

⎡
⎢⎢⎣
aBz
ũk

βk

τk

⎤
⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎣

βkũ
2
k

τk−1

Δt+ τk−1

ũk−1 +
Δt

Δt+ τk−1

uthr
k

βk−1

τk−1

⎤
⎥⎥⎥⎥⎦ . (37)
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The GPS is used to provide a position fix in the horizontal plane and outputs longitude
and latitude coordinates [26], which are transformed from the global Earth coordinate
system to a local coordinate system using:[

pFx,m
pFy,m

]
=

[
(latm − latref )rearth

−(lonm − lonref ) cos(latm)rearth

]
, (38)

where lonref ∈ R and latref ∈ R are the starting, or “Home”, position of the aircraft,
lonm ∈ R and latm ∈ R are the GPS measurements and rearth ∈ R

+ is the radius of the
Earth in meters. This is because 32 bit floating point arithmetic cannot represent the
GPS coordinates without a loss of precision, hence a local coordinate system is used to
compensate for this drawback plus the starting position is always at zero in both x and
y directions.

The height sensing Sonar measures ultrasound reflections from the ground, calculates
the distance using time-of-flight and it is assumed that it has very narrow beam width.
However, since in most of the cases the sonar is mounted to the bottom of the frame, the
facing down and the rotation with the frame creates the need to have the measurements
be compensated for allowing proper knowledge of the true height. This compensation
is made by the knowledge of the attitude matrix where the 3, 3 element of the attitude
matrix, in equation (12), contains the roll and pitch compensating cosines as:

R(q̂)3,3hsonar = htrue, (39)

where hsonar ∈ R
+ is the measured height and htrue ∈ R is the true height. In practice

the beam width of the sonar creates a dead zone, where the height measurement is the
true height, with the same size as the beam width angle – this is however omitted in this
implementation.

The Accelerometer measurements are made in the body frame of reference, with a
bias from gravity and must be transformed into the fixed frame to be utilized in the
estimation, while this is performed by using the attitude matrix as:

aB
m,k = R(q̂)

(
g(x̂k,uk) + gF

)
= βkũ

2
kêz, (40)

where aB
m ∈ R

3 is the acceleration in the body frame and gF ∈ R
3 is the gravitational

offset in the sensor in the fixed frame of reference. Using these sensors the following state
vector:

x̂k =

⎡
⎢⎢⎢⎢⎢⎢⎣

δpk

δωk

pF
k

vF
k

βk

τk

⎤
⎥⎥⎥⎥⎥⎥⎦

(41)
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and the following measurement vector arises:

zk =

⎡
⎢⎢⎢⎢⎢⎢⎣

θe,k

pFx,m,k

pFy,m,k

hB
m,k

P F
m,k

aB
m,k

⎤
⎥⎥⎥⎥⎥⎥⎦
, (42)

which makes the measurement prediction function as

h(x̂k|k−1) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

R(q̂k|k−1)
TR(δpk|k−1)

Tδpk|k−1

pFx,k|k−1

pFy,k|k−1

pFz,k|k−1

R(q̂k|k−1)3,3
βkũ

2
kêz

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
. (43)

However, these measurements are being sampled at different rates: normal GPS rates
are 1 - 10 Hz, Sonar rates are 10 - 20 Hz and the Accelerometer rates are 1 Hz - 8
kHz. In this system the Accelerometer rate has been set to 200 Hz and during all the
samples, where no new information has enter the system from any of the other sensors,
the corresponding acceleration measurements are removed from the measurement vector
and measurement prediction function. In this approach the covariances will propagate
correctly when there are no measurements and in the majority of iterations the mea-
surement vector will be of size 6 with a worst case size of 10, which greatly reduces the
computational complexity of the filter.

4.2 Simulations

The simulations were performed in three cases: a) when the system is stationary and
converged to show the stationary accuracy, b) when offsets and biases are applied to
evaluate the overall convergence of the suggested scheme, and c) in a dynamical scenario,
when the system is accelerating from standstill and then decelerating to a complete
stop, with both small and large accelerations, to show the dynamical performance and
accuracy.

The simulations were carried out with a magnetometer sampling of 75 Hz and with
a standard deviation σm = 10−3 Gauss, gyroscope sampling of 200 Hz with a standard
deviation σω = 0.1 rad/s, accelerometer sampling of 200 Hz with a standard deviation
σa = 0.3 m/s2, sonar sampling of 10 Hz with a standard deviation σs = 10−2 m and a
GPS sampling of 5 Hz with a standard deviation σGPS = 1 m.

Stationary simulations

In the first case of stationary simulations, as presented in Figure 4, it is assumed that
the estimated parameters have converged and the system is at rest, implying hovering
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Figure 4: The first two plots show estimation results of roll and yaw when stationary. The
results are showed in radians for a more intuitive presentation. The result of pitch has the
same characteristics as that of the roll and has been omitted. The third shows the measured
angular rate around roll with bias compensation. The result of angular rate around pitch and
yaw has the same characteristics as that of the roll and has been omitted. The fourth and fifth
shows the estimated x and z velocities in the fixed frame of reference. The result of y velocity
has the same characteristics as that of the x velocity and has been omitted. While the sixth and
the seventh shows the estimated x and z position in the fixed frame of reference. The result of
y position has the same characteristics as that of the x position and has been omitted.
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without disturbances. The system is very accurate with an RMSE of 6.4 millirad in pitch
and roll and 25.3 millirad in yaw. The decrease of accuracy in yaw comes from the fact
that the magnetometer only measures a small part of the desired vector – reducing the
useful information in the measurement.

The estimation of angular rate is only using bias compensation from the measurement,
where the noise has the same amplitude as in the measurement but with a zero mean.
Post processing of the angular rate can be made to reduce the noise, however this was
not included in this implementation.

The velocity estimation showed very good results at hover with an RMSE error of 0.11
m/s in x and y and 0.086 m/s in z. The result is showing some signs of drift, however the
drift is bounded by the GPS measurements and if greater accuracy is needed in velocity,
a sensor measuring the velocity is needed.

When it comes to the estimation of position the result is very good compared to the
GPS measurements. The position has an RMSE error of 0.24 m in x and y and 0.055 m
in z. As with velocity it is showing signs of drift however the position is bounded within
0.5 m. This comes from the drift of the velocity since the position is integrated from
the velocity with only small corrections from the GPS, however this is enough to keep
the drift bounded and close to zero. The position estimation of height has much higher
accuracy since the sonar measures the height with much lower noise.

Convergence simulations

The second case examined is how well the system finds errors in the sensors, such as
biases and constants, and system parameters, such as the thrust constant, as depicted in
Figure 5. The gyroscope bias was set to 0.1, 0.05 and -0.1 rad/s for the roll pitch and
yaw respectively and with a starting guess of 0 rad/s and the starting guess for β was
set to 15 m/s2 with the true at 9.8 m/s2. As it can be seen in Figure 5’s subplots, all the
estimated parameters converge quickly with sings of exponential convergence, without
offset and with very low noise, except the yaw bias, which first diverges. This is however
expected since the pitch and roll must first converge before the yaw has a correct reference
frame. These are essential for the stability of the system, since these parameters define
the physical properties of the sensors and the system – hence in a real implementation,
a lot of care should be taken to present the estimation with a good initial guess.

Due to the complexity of getting a good convergence of the motors’ time constant
during simulation, when there are almost no excitation, these has been left out to the
real experiment where ample excitation exists.

Dynamical simulations

The last case examined was the tracking performance of the estimator, which was evalu-
ated on a simple roll maneuver, depicted in Figure 6, designed to accelerate and decelerate
the aircraft. During the roll of the aircraft the attitude estimation tracks very well with
small errors and no signs of a constant offset, since the integration of the quaternion
provide attitude updates.
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Figure 5: A complete overview of the convergence of estimated parameters where the first plot
denotes the gyroscope bias and the second is the mass compensated thrust parameter.

The velocity tracking is the one with the most error, since it isn’t directly observed
via measurements. However, the proposed scheme is still able to track well and does not
show signs of divergence nor offset. It should be noted that since the model to predict
accelerations, from Section 4.1, gives very accurate results during fast changes until the
system stops tilting, which is the case when noise will have a major part of the resulting
velocity.

Finally the tracking of position is very good, with small errors and no offsets. This
shows that the cross coupling from the attitude part works as intended, since it can
utilize the acceleration to predict the velocity and position accurately, plus the pressure
constant and thrust parameter does not diverge during the maneuver.

Complexity

The effect of adding more measurements compared to the naive case of using infinite
covariance for the measurements which have no new information is presented in Table 1.
The RMSE of position calculated as

Position RMSE =
√
RMSE2

x + RMSE2
y + RMSE2

z.



4. Experimental Application 119

-0.05

0

0.05

0.1

0.15

0.2

0.25
A
n
gl
e
(r
a
d
)

True
Estimated

-0.5

0

0.5

1

1.5

2

2.5

V
el
o
ci
ty

(m
/s
)

0 5 10 15 20 25
0

5

10

15

20

25

30

Time (s)

P
os
it
io
n
(m

)
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The comparisons were made in the dynamical test and during this comparison the GPS
rate was set to 5 Hz and the Sonar rate was set to 20 Hz.

When adding more sensors, with low sampling rates, the overall computational com-
plexity does not increase as much as when using the naive approach, however the RMSE
decreases rapidly. This clearly shows the effect of removing measurements that does not
contain any new information, as discussed at the end of Section 3.4.

It should also be noted that since the measurements have different sampling intervals,
the chance that two or more measurements come in at the same time is very low, making
the case with all sensors almost the same as adding the contributions from each sensor.

Table 1: Comparison of computational complexity when using different configurations of sensors
during the dynamical test.

Sensors Normalized calculation time Position RMSE

Base∗ 1.00 5.431 m

Base + GPS 1.09 0.8989 m

Base + Sonar 1.14 4.133 m

All 1.26 0.4149 m

Naive (All) 4.68 0.4149 m
∗ Reference Vector, Accelerometer, Gyroscope and Magnetometer

4.3 Experimental verification

For the experimental verification of the proposed estimation scheme a motion capture
system, consisting of 20 Vicon T40s cameras were utilized to capture the true data for
comparison with the estimated data. This was chosen due to the fact that the motion
capture system has very high accuracy and does not drift in accuracy nor time making it
perfect to use as a global reference. The camera system captures the true pose (attitude:
roll, pitch, yaw and position: x, y, z) at 200 Hz.

4.4 Experimental setup

Electronic hardware

The data acquisition and control is handled from a system called the KFly designed and
developed at Lule̊a University of Technology, presented in Figure 7, with an overview of
the system architecture presented in Figure 8.
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Figure 7: An artistic photo of KFly v3.1, where the sensors (at the bottom left), MCU (center)
and input/output connectors are shown. The orange bottom part is half of the 3D printed case
used to protect from ESD discharges at the middle of the PCB, since only the inputs and outputs
are protected.

Accelerometer &
Gyroscope

Invensense MPU-6050
ESC Motor

Magnetometer
Honeywell HMC5983

Barometer
Meas. Spec. MS5611

Wireless
Communication
XBee Pro S1

RC Receiver
FrSky

ESC Motor

Micro Controller Unit
ST STM32F405RGT6
ARM Cortex-M4F

ChibiOS/RT Kernel

I2C Bus PWM

UART CPPM

Figure 8: A detailed overview of the hardware architecture of the KFly system.

Micro Controller Unit

The MCU driving the system is ST’s STM32F405RGT6, an 32-bit ARM Cortex-M4F
CPU featuring a DSP core and an 32-bit single precision FPU, all running at 168 MHz.
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It has two built in 32-bit timers and twelve 16-bit timers each with four PWM outputs.
For offloading the MCU from data transfer tasks it features a 16-channel DMA controller
with Memory to Memory, Peripheral to Memory and Memory to Peripheral transfer
modes.

Sensors

The system uses three main sensor chips on board mainly used for estimation and control:

• Invensense’s MPU-6050 Accelerometer and Gyroscope SOC for measuring acceler-
ation and angular velocity, with a full scale range of ±16 g and ±2000 degrees/s,
both with 16-bit accuracy. It is sampling at 200 Hz and running each sample trough
an internal low-pass filter with an 44 Hz cut-off frequency. Both the accelerometer
and the gyroscope has resonance frequencies well outside (above 30 kHz) the vi-
brations created by an air frame. The sensor communicates with the MCU via an
I2C bus running at 400 kbit/s.

• Honeywell’s HMC5983 Magnetometer for detecting North/South/East/West with
5 milli-Gauss resolution. Sampling is done at 75 Hz and it uses the same I2C bus
as the previous sensor.

• MEAS Switzerland’s MS5611-01BA03 Barometric Pressure Sensor used as an al-
timeter utilizing a 24-bit Δ

∑
ADC for an altitude resolution of 10 cm. Sampling

is done at 10 Hz and it uses the same I2C bus as the previous sensors. Hence all
sensors share the same communication bus as depicted in Figure 8.

Communication

The system has four expansion ports, each featuring a UART running at a maximum of
7.2 Mbaud, a single CAN port and a USB configured as a VCP for increased flexibility.
All ports have protection from ESD and over current protection. Wireless communication
such as X-Bee, Zig-Bee or Bluetooth or additional sensors such as GPS, optical flow or
sonar can be connected to the UART ports to expand its capabilities.

Inputs

For receiving RC-inputs for manual flight the system has six standard PPM inputs, which
also can be configured as a serialized complementary PPM signal for twelve inputs on a
single channel with RSSI on another channel.

Outputs

The system has eight PWM outputs, all ESD safe and over current protected, emulating
PPM – a modulation used in the ESC. They all support the two standard update rates;
normal PPM at 50 Hz and fast PPM at 400 Hz, both with a resolution of 1 μs.
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Operating System

The system features the ChibiOS/RT kernel [27]. ChibiOS handles the communication
with the hardware, the mutual exclusions for the communication buses, ISR handler
synchronization and data processing synchronization.

Attitude cross

To evaluate the attitude tracking of the system presented in Figure 2, a special hand
held cross, inspired from [28], was built to be able to placing tracking markers at the end
of each beam. This cross, depicted in Figure 9, can then be manually tilted for evaluate
the attitude convergence of the system under controlled circumstances.

Figure 9: An artistic photo depicting the KFly system attached to the hand-held attitude cross.
In this photo the tracking markers for the cameras and the RF communication have been omitted.

Quadrotor frame

The quadrotor frame used in the experiments, depicted in Figure 10, was designed and
manufactured at Lule̊a University of Technology, with the goal of being a low vibration
frame in order to minimize the contamination of sensor data from noise. Hence the frame
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is of a two part design, where the bottom part, holding the motors and ESCs, is separated
from the other part, which is holding the battery and sensors, with silicone dampeners.
The battery, in conjunction with the silicone dampeners, creates a mechanical low-pass
filter drastically reducing the measured noise in the sensors.

The motors used on the frame are the Tiger Motor’s MN1804 of the navigator series,
the ESCs are Tiger Motor’s T12A ESC and the propellers used are Tiger Motor’s 6x2
inch Carbon Fiber propellers. For receiving RC-inputs an FR-Sky receiver, the D4R-II,
was used and to stream the sensor data for logging an X-Bee Pro S1 was used at 115200
baud with the “two stop bit”-fix for high data rate transfers [29].

However, even at the maximum transfer speed, all data could not be transmitted due
to the massive amounts of data generated by the sensors and hence the choice was made
to drop the barometer measurements.

Figure 10: An artistic photo of the vibration damped quadrotor frame used in the experiments.
In the state depicted it is ready to fly with all necessary components attached. In this photo the
tracking markers for the cameras have been omitted.

4.5 Experiment: Attitude only

To test the performance of the error-based attitude estimation, the attitude cross in
Figure 9 was used. The experiment was designed to do three simple movements in each
roll, pitch and yaw axis captured by both the internal sensors and the external motion
capture system. The reference vector used in the experiment is the gravitational vector
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measured by the accelerometer.
The result of the experiment, depicted in Figure 11, shows that the system converges

quickly and tracks dynamic changes very well. As the system is based on integration
of the gyroscope and the error estimation only corrects the integration this is what is
expected. However, in both pitch and roll, there are moments of divergence which comes
from the positioning of the inertial sensors to the rotational center. The accelerometer
picks up the centripetal accelerations which comes in as offsets in the estimation. This
is most evident during the yaw motion, when the distance to the rotational center is at
its maximum.

In the motion capture room there were a lot of disturbing magnetic fields which made
the magnetometers measurements less useful as can be seen in the yaw estimation as it
diverges slightly. The movement during the yaw motion does sample the magnetic field
enough to get a good estimation of the gyroscope’s bias and get complete convergence
which is quite evident in the yaw bias estimation.

4.6 Experiment: Full estimation

To evaluate the full proposed estimation scheme, the quadrotor depicted in Figure 10 was
flown manually inside the motion capture arena to capture the full 6-DOF (roll, pitch,
yaw and x, y, z position), while simultaneously streaming the inertial data generated
from the internal sensors over an XBee RF-link, as depicted in Figure 8. The problem
with flying inside is that there is no GPS reception and to counter this problem GPS drift
was measured with a uBlox NEO-M8 GPS, as depicted in Figure 12, and added to the
camera measurements to simulate a GPS. The conversion from longitude and latitude to
local error coordinates was made using equation (38).

Finally the data from the flight was logged to do two different estimations on the
same data, a) use the cameras to provide the general attitude reference vector and b)
to use the accelerometer as an non-ideal reference. This difference is depicted in Fig-
ure 13 and 14 by the solid and dashed lines, where the solid line, named “Estimation”,
is using the accelerometer as reference and the dashed line, named “Ideal”, is using the
camera generated reference vector. All position measurements are made at 10 Hz.

The other difference between the two cases is that during the “Ideal” case the system
is not given a valid guess for the gyroscopes’ biases to show convergence during flight,
while in the in the “Estimation” case the biases were measured before take-off and used
as the initial guess for the estimation to have a more realistic usage case.

Position estimation

The position estimation is analyzed as two cases, a) the horizontal estimation and b) the
vertical estimation, as the horizontal estimation receives most effect from the estimated
angles, while the vertical estimation receives most effect from the estimated acceleration,
including the trust parameters.

The horizontal estimation, when compared between the ideal and fully estimated case,
receives most of its error from the error in the GPS, which is expected as it is the only
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Figure 11: Estimation results from the “attitude only”-estimation on the hand held cross. The
first three sub-figures shows the attitude convergence in roll, pitch and yaw respectively whilst the
last three sub-figures shows the gyroscopes’ bias convergence in roll, pitch and yaw respectively.
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Figure 12: Measured GPS drift using an uBlox NEO-M8 GPS, converted to local coordinates
using equation (38), to be added to the camera measurements for simulating a GPS indoors.

reference in the system. However as the acceleration, estimated from the tilting of the
aircraft, is integrated twice, small errors will make the position estimation diverge. It can
be clearly seen when the GPS measurements corrects the position estimation as jagged
noise on the peaks of the position estimation.

The vertical estimation relies heavily on the parameter estimation to be correct and
estimate the acceleration properly, and the z-axis acceleration, depicted in the last sub-
figure in Figure 14, converges with very small errors helping the vertical estimation
converge. Even though there are only 10 measurements per second the double integrated
acceleration provides the dynamic response needed to get highly accurate estimation.

Attitude & bias estimation

The pitch and roll estimation in the ideal case starts with relatively high errors until
the bias estimation converges at about 6-8 seconds. After this convergence, the attitude
estimation tracks the response of the aircraft with very small errors. However the gyro-
scopes’ biases are moving quite a lot, while this effect is produced mainly by the gains
of the gyroscopes not being exactly as specified, so the biases compensate this error in
the gyroscopes as well. Overall, the estimation based of the accelerometer shows, as
expected, less accuracy than when using an ideal attitude reference.

The yaw estimation is, in the ideal case, tracking very well, however in the case where
the magnetometer is used, there is a constant offset from the erroneous magnetic fields
inside the flying area. Great caution was taken so that the motors and ESCs did not
affect the magnetometer, but changes in the magnetic field due to the building could
not be removed more than general and frequent calibrations inside the motion capturing
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an ideal attitude vector and the solid line is the true full estimation based of inertial sensors.
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room. With this said, the yaw estimation is working as expected as its errors have no
significant effect such as adding a constant offset to the roll and pitch estimations.

Parameter estimation

As there is no ground truth for the thrust parameter and the time constant of the motors,
the only thing that tells how well the estimation is working is to compare the estimated
acceleration from the parameter estimation and throttle to the measured acceleration as
done in the last sub-figure in Figure 14. From the obtained results, it is straight forward
that the proposed scheme works very well and has almost no error when negating the
noise from the frame. What makes the acceleration look like it is taking a multitude
of steps comes from the fact that the streamed throttle signal is quantized due to the
restrictions of the available RF bandwidth and hence it takes steps of 1%.

Also to be noted is that both the ideal and full estimation estimates the same pa-
rameters. This comes from the parameter estimation being observable through the ac-
celerometer measurements and being decoupled from the attitude and position of the
UAV.

5 Discussion

One of the main points of this article has been how to reduce the computational complex-
ity of the algorithms for implementation in small embedded systems and this can further
be expanded by analyzing the prediction models and measurement equations. One main
point is since the error states are zeroed, after each iteration, the rotation matrices based
on the error states, in equations (27-29), become identity matrices and the derivative of
the GRP from equation (21) becomes zero – both simplifying the implementation.

Since the choice was made to use the square-root version of the EKF, numerical pre-
cision and dynamical range are effectively doubled, a fact that allows for implementation
in small embedded systems without the risk of problems with the parameters. As an
added bonus the covariance matrix of the SR-EKF is guaranteed to be a positive-definite
matrix and if any update is about to break that constraint the Cholesky down date will
get a

√−1 in its calculations and report an error which can be handled.
One of the contributions of the proposed integrated estimation scheme for the multi-

rotors field is the estimation of the mass compensated thrust coefficient β and the time
constant τ of the motors. This allows the system to be used in any configuration of
multirotors, whilst providing valuable information about the thrust, and its response,
available to the controller. This information can be utilized further as a feed forward
term to provide the throttle needed for hovering and to predict accelerations caused by
tilting, plus the time constant can be used to tune the controller for online auto-tuning.

In the aforementioned simulations and experiments the performance of the system is
proven, however if there is greater need of velocity accuracy, a sensor such as an optical
flow sensor could be used to provide velocity measurements. This is especially useful
when very precise velocity control is needed or if greater positional accuracy is needed.
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Figure 14: Estimated system parameters. The first three sub-figures show roll, pitch and yaw
bias respectively, the next two sub-figures show the motor time constant and thrust parameter
respectively and the last sub-figure show the comparison of measured acceleration versus esti-
mated acceleration. The thick gray line is measured acceleration, dashed line is the estimation
based of an ideal attitude vector and the solid line is the true full estimation based of inertial
sensors.
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Furthermore, it should be noted that it has been assumed that the starting guess of the
attitude filter is good as it uses approximations that rely on the errors to be close to
zero. Such an approach is generic and connected to the reality, since the attitude can be
measured during the start up phase, which will provide small starting errors. Acceptable
start up errors are: a) the sign of the vector projections in equation (26) to be correct,
thus allowing an error less than ±π/2 radians, and b) the values should not be plus nor
minus infinity.

In this work we only looked at the usage of a true attitude vector as a reference,
but there are no limits in using an indirect measurement of the attitude. By using,
for example, an optical flow sensor to measure the velocity. In such an approach, the
GRP error would be observable through one integral if the second order moments of
the GRP are included. This property is especially very useful when there are no direct
measurements available or if there is a need to remove some inertial sensors.

6 Conclusions

In this article a generalized approach to position, attitude and parameter estimation
based on error parameters has been presented. The suggested scheme utilizes a square-
root formulation of the Extended Kalman Filter to guarantee the semi-positive defi-
niteness of the covariance matrices and to counter the problem of dynamical range in
small embedded systems by effectively doubling the dynamical range of the calculations.
To counter the problem of computational complexity error based states and different
sampling rates on different sensors help bring down the total computational complexity,
while avoiding the utilization of infinite covariances when there are new information in
measurements.
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