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”Chaos was the law of nature; Order was the dream of man.” Henry Adams

iii



iv



Abstract

In hydropower systems, it is essential to avoid catastrophic failures that leads to human
and economic losses. Unfortunately, the rotor can behave abnormally since several non-
linear effects occur during start-up, shut downs or when running at nominal speed. Weak
nonlinear interaction in the tilting pad bearings, electromagnetic interaction between the
generator and rotor or fluid-structure interaction in turbines are typical nonlinear effects
that appear. Moreover, strong nonlinearities can also occur due to blade contacts and
assembly errors. These types of nonlinearities can be strong in case of bad design of the
rotor, and it could even lead to catastrophes in the worst case. Due to the complexity
of the blade contact nonlinearity, it is first necessary to evaluate the general properties
of the system using a simple model such as the Jeffcott rotor. Studies of nonlinearities
are performed using common tools such as Poincare sections, bifurcation diagrams, Max-
imum Lyapunov Exponent, Lyapunov Spectrum and waterfall plots of the Fast Fourier
Transform. The results obtained are also compared with an experimental rig to validate
the models proposed. The second part of the thesis is dedicated to real hydropower sys-
tems with complex geometry. A focus is made on the numerical methods to employ as
well as reduction methods to gain computation time. The aim is to verify that the inher-
ent properties of simple bladed are also present in complex systems. Further numerical
simulations of the system at nominal speed will be studied as function of unbalance forces
and damping properties. In this case, the tools used in simple rotor systems can help us
evaluate under which conditions a catastrophic failure can be avoided in any hydropower
system.
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Chapter 1

Thesis Introduction

1.1 Objective of rotordynamics

Rotordynamics is an area that has been studied for more than a century. Industrial
applications are numerous (compressors, pumps, turbines, generators,...) and applied
in several fields such as wind power, nuclear power or aircraft industry. It covers a lot
of technical aspects -including electromechanics, fluid-structure interaction, tribology-
which makes rotordynamics a multidisciplinary science. From a technical point of view,
the first objective is to verify the properties of the machine to avoid resonance with the
first eigenfrequencies of the linear system. The tools commonly used are the Campbell
diagram (for damped natural frequency and damping ratios) or transfer functions. This
evaluation is usually performed at a design stage to verify the structral properties of
the system. Rotordynamics is also a science of troubleshooting. During operation, it is
common to have a sudden increase of displacements and vibrations. When this problem
occurs, the experimental records of displacements and/or accelerations can help find the
problem and develop new and more accurate models which can explain high vibrations.
These models can then be implemented at the design stage for new machines.

1.2 Overview of a hydropower system

As seen in Fig.1.1, hydropower rotors are set in vertical position, while the majority of
studies in rotordynamics concerns horizontal machines. This is one of the technical aspect
which can cause problems in numerical predictions. As a result, research in hydropower
has started in the beginning of the 21st century. First of all, the investigation of the
interaction of the generator and the stator was evaluated in terms of shape deviations
[1, 2, 3] and nonlinear magnetic pull [4, 5]. Then, CFD simulations at the turbine runner
were used to try to predict the rotor-dynamical excitation forces [6]. Finally, numerical
and experimental studies of a rigid rotor supported with tilting pad journal bearings have
been performed in [7]. Using all these models, faster and more accurate simulations can

3



4 Thesis Introduction

be performed on hydropower rotors to avoid vibration problems at design stage or when
changing components.

Figure 1.1: Example of a Kaplan turbine [8]

1.3 Research question

Hydropower rotors embrace a combination of several fields since the system is composed
of bladed rotors, supported on several bearings, with a generator and in contact with a
water flow. When calculating the dynamical properties of this type of system, equations
are often linearised under many assumptions. In reality, several nonlinear effects can
affect the behaviour of a rotor, leading to catastrophes if the machine is badly designed.
As a result, each nonlinear effect has to be studied independently to find out under
which conditions the system will be assumed linear, and safe to operate. As many types
of nonlinearities can be studied, the thesis will be restricted to nonlinearities that have
been applied or could be applied to hydropower rotors or vertical rotors in general. These
restrictions will allow to evaluate more accurately the following nonlinearities: rubbing
between cylinders, blade contact, unbalance magnetic pull, shape deviations, bearings
properties, and fluid-structure interaction. Moreover, geometrical imperfections in the
machine can enhance nonlinearities due to assembly errors or misalignments of rotating
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parts.
As non-linearities are the main topic, common methods, definitions and references will

be given through the thesis. The main results are described with common nonlinear tools
such as phase portraits, Poincare sections, bifurcation diagrams, Lyapunov exponents or
stability of the system. However, these tools are efficient when analysing systems with a
few degrees of freedom together with usually one type of nonlinearity. But how can all
these nonlinear effects be included in one model and extract properly the results from this
study? Indeed, when increasing the number of nonlinearities, we increase at the same
time the number of parameters in the design space significantly. As nonlinear systems
have a strong dependency to any parameter, it becomes harder to visualize the system
dynamics in a proper way in the whole design space. At least, the behaviour of the
system can be extracted in a subspace of dimension 3 of the design space but not entirely
with all parameters together. Hence it is of interest to reduce the dimension of parameter
space, and assuming a certain value for other parameters as the change of behaviour can
be known from previous studies. It becomes even more important to make assumptions
when analysing several nonlinear effects using a Finite Element model. To check if the
models are well derived, it will be of primary importance to verify experimentally the
behaviour obtained numerically. Because of the sensitivity of systems to the different
parameters, it is possible that the experimental results differs from what is expected.
In this case, the models derived will have to be updated to take in account the new
behaviour.
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Chapter 2

Nonlinear dynamics of simple
systems

2.1 Introduction

Studying nonlinearities in a real hydropower turbine - or any machine in general- can
be a tedious work. Since the understanding of one nonlinearity can unveil numerous
types of motion, it is primordial to study the nonlinearity alone before combining with
an other type of nonlinearity. Secondly, the study of a real system is laborious as the
CPU time extends due to matrix operations and the use of smaller time-steps. For
instance, the model seen in Fig. 2.1 is not of interest in our case to due the high number
of elements. Moreover, the design parameters and results in a commercial software are
harder to control than for an in-house code. As a result, development of simplified
nonlinear models is of interest to reduce time simulations and to try to understand in a
better way the nonlinearity itself. Hence this chapter will give an insight of methods to
use to study simple nonlinear systems.

2.2 Equations of motion

This section focuses on methods applicable to damped and non-autonomous systems (or
forced dissipative systems).

2.2.1 Non-dimensionalisation of the equations of motion

Even with a simplified model, the number of parameters that can influence the type
of motion can be still too high. To reduce the dimension of the parameter space, the
equations of motion are non-dimensionalised. For instance, if we take the equation of
motion of the forced duffing oscillator [9]

7



8 Nonlinear dynamics of simple systems

Figure 2.1: Example of a Finite Element discretization of a bladed rotor that is not used for
computational reasons

mẍ+ cẋ+ kx+ αx3 = f0 sin(ωt) (2.1)

and by introducing the parameters ωn =
√
k/m, ω̂ = ω/ωn, ζ = c/(2mωn), t̂ = ωt,

and since dt̂ = ωdt, the equation reduces to

x′′ + 2ζx′ + x+
α

k
x3 =

f0
k
sin(ω̂t̂) (2.2)

where the symbol ’ denotes differentiation with t̂. The new parameters h =
√
k/α,

x̂ = x/h and f̂ = f0/(kh) help to reduce the equation to its final form

x̂′′ + 2ζx̂′ + x̂+ x̂3 = f̂ sin(ω̂t̂) (2.3)

Using these transformations, the number of design parameters has been reduced from
(m,c,k,α,f0,ω) to (ζ,f̂ ,ω̂). The design space has been divided by 2 in this case. In contacts
problems like the impact oscillator, further non-dimensionalisation can be performed such
as normalising the displacement with the clearance (gap between the rotor and the casing)
[10]. The duffing oscillator is a typical example to demonstrate the presence of a jump
phenomena in nonlinear systems.



2.3. Tools for nonlinear dynamics analysis 9

2.2.2 Analytical and numerical solving

In nonlinear dynamics, the equation of motions are usually solved using a state-space
approach in the form

q̇ = f(q, t) (2.4)

where q is the displacement and velocity vector [x ẋ]T . Writing the equation in this
form allows to theoretically study the stability of equilibriums points after linearization.
Moreover, analytical methods such as the Harmonic Balance Method, the Ritz averaging
technique as well as perturbation and iteration techniques [11] can be used. If no closed-
form solution is available, a numerical procedure can be used to solve the equation. The
advantage of numerical studies is to unveil phenomena that can not be found analytically.
When written in the state-space form, the equations are mostly solved using the Runge-
Kutta methods. Depending on the type of problem, a constant or adaptive time step can
be used. In the case of contact problems, a rule of thumb is to have a sufficient number
of points to represent the contact force. If the contact stiffness is increased, the time-step
has to be reduced.

2.3 Tools for nonlinear dynamics analysis

Several types of tools can be used to identify the type of motion in nonlinear dynamical
systems. A short description of each numerical tool is available in this section.

2.3.1 Poincare sections and bifurcation diagrams

The first tool to visualize nonlinear dynamics is to plot the trajectory in the state space,
commonly called the phase portrait. When systems have a dimension superior to 3 in the
state space, the trajectory is projected on a subspace to be able to visualize the system
dynamics. Three main types of dynamic types can observed. The first one is a periodic
motion, where the trajectory closes on itself. The two other motions are called quasi-
periodic motions and chaotic motions. As the distinction between the quasiperiodic and
chaotic motion can be difficult, a better tool called the Poincare section has to be used.
The Poincare map is defined for a harmonically forced system as follows:

Σ = {q|tk = k
2π + φ

Ω
} (2.5)

where q is the state space vector. It means that the state space values are recorded
at fixed intervals, or as commonly said, a stroboscopic picture of the state space is taken
at a period equal to the one of the forcing frequency.

The Poincare map reduces the state space dimension by 1 by creating a discrete
map. For a N-periodic system, the Poincare map is represented with N dots in the state
space, while one gets a close ring for quasi-periodic motion. For chaotic motions, strange
shapes (called strange attractors) can be obtained for the Poincare maps. To obtain
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Figure 2.2: Phase plots of the bladed rotor at different speeds
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Figure 2.3: Phase plot and associated Poincare section (left side) and Fourier transform of the
x-displacement (right side)

the behaviour of a system as function of a specific parameter, the Poincare sections can
be retrieved for this parameter range and plot together to form a bifurcation diagram.
When performing this simulation, it is important to keep the final value of the state space
vector for one simulation and use it as an initial condition for the following simulation so
that the attractor is followed through the whole simulation. However, unlike the Poincare
maps, it is not obvious to see the difference between a quasi-periodic and chaotic motion
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Figure 2.4: Example of bifurcation diagram for the impact oscillator

in the bifurcation diagram. As a result, it is recommended to correlate the bifurcation
diagram with the Lyapunov exponents that characterize the motion of a system. Figure
(2.4) shows a typical bifurcation diagram as function of the forcing frequency for an
impact oscillator.

2.3.2 The Lyapunov exponents

The Lyapunov exponents calculation is a tool that helps measuring the exponential rates
of convergence or divergence or nearby trajectories. It allows to characterize the type of
motion of the system, i.e. periodicity, quasi-periodicity or chaotic motion. It is either
possible to calculate the whole spectrum of eigenvalues or only the Maximum Lyapunov
exponent.

Lyapunov spectrum: The Lyapunov spectrum λn allows to specify accurately the
type of motion. The table ( 2.3.2) resumes the general properties for dissipative systems
of N dimensions:

Type of motion Eigenvalues

fixed point ∀ i λi < 0
periodic motion λ1 = 0 λi < 0, i ∈ [2, N ]

torus λ1 = λ2 = 0 λi < 0, i ∈ [3, N ]
strange attractor λ1 > 0 or more

Table 2.1: Characterization of motion types
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Figure 2.5: Lyapunov spectrum for the bladed Jeffcott rotor

It is interesting to note that, because of t being a state-space variable in forced
systems, the Lyapunov exponent associated with this variable is λ1 = 0, which means
there is no fixed point for forced systems. For smooth dynamical systems, the calculation
of the spectrum is done by integrating the variational equation [12]

ẋ = f(x(t)) (2.6)

δẋ = F(t)δ(x(t)) (2.7)

where F(t) is the Jacobian matrix of f . When performing calculations, a numerical
problem occurs due to the divergence of the trajectory. As a result, Gram-Schmidt
Reorthonormalisation (GSR) is performed to keep the trajectory bounded. This method
can only be applied for smooth dynamical systems as the calculation of the Jacobian
matrix is explicit, which is not directly the case for impact systems. However, a standard
algorithm can be used to find the whole Lyapunov spectrum without using the Jacobian
matrix. It is based on the evolution of a N -dimensionnal sphere of radius into an ellipsoid
having N principal axes. The algorithm stands as follows [13]

1. Given an initial time t0, choose a perturbation ε and a threshold value ε0 and
calculate the initial value of the trajectory x(t0). Create a set of orthonormal
vectors ui(t0). Initialize the Lyapunov exponents to λi(t0) = 0

2. Go to time step t0 +Δt

3. Evolve the trajectory x(t) to obtain x(t0 +Δt)
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4. For i = 1, . . . , N , initialize the perturbed trajectory x̄i(t0) = x(t0) + εui(t0) and
calculate the perturbed trajectory x̄i(t0 +Δt)

5. Calculate the difference between each perturbed trajectory and the reference tra-
jectory wi(t0 +Δt) = x̄i(t0 +Δt)− x(t0 +Δt). Apply the Gram-Schmidt Orthog-
onalization to this new base of vectors and obtain a new base vi(t0 +Δt).

6. For i = 1, . . . , N , calculate the i-th Lyapunov exponent as λi(t0+Δt) = 1
Δt

ln(‖vi(t0+Δt)‖
ε

).
Normalise vi(t0 + Δt) and set the new orthonormal base ui(t0 + Δt) = vi(t0 +
Δt)/‖vi(t0 +Δt)‖

7. Return to step 2 with t0 ← t0 + Δt until convergence of the Lyapunov exponent
verified by |λi(t0 +Δt)− λi(t0)| < ε for all i

Figure 2.6: Representation of the Maximum Lyapunov Exponent as function of the rotational
speed and stiffness ratio. The black region shows chaotic motions, the white region represents
periodic motions

For non-smooth dynamical systems such as systems with impacts or dry friction, the
calculation of the Lyapunov becomes more tricky and involves transition conditions at
the instants of discontinuities t = tk given by an indicator function h(x(t−k )) = 0. The
transition condition is given by x(t+k ) = g(x(t−k )) where the g function has to be found.
Instead of calculating the spectrum from equations (1) and (2), the following equations
have to be used:

t0 � t < tk, δẋ = F1(t)δx (2.8)

F1(t) =
∂f1(x)

∂xT

∣∣∣
x=x(t)

(2.9)
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and

tk < t, δẋ = F2(t)δx, δx(tk) = δx+ (2.10)

F2(t) =
∂f2(x)

∂xT

∣∣∣
x=x(t)

(2.11)

More details for the transition functions are given in [12]. Although the method is well
detailed theoretically, it becomes harder to get the Jacobian of the functions described as
well as the time of discontinuities in highly nonlinear systems. As a result, the estimation
of the Lyapunov spectrum can become impossible for complex systems.

Maximum Lyapunov exponent: As the periodic or chaotic behaviour of a system
is determined by only one of the exponent, it can be more interesting to calculate only
the Maximum Lyapunov Exponent (MLE) to gain computer time in simulations without
losing information about the type of motion. Fig.2.6 shows the behaviour of the bladed
rotor used in Paper A by calculating the Maximum Lyapunov exponent. A typical
behaviour can be observed when increasing the stiffness ratio. As a result, this tool is
useful to obtain the global view of the system. However, the simulation time is very long
in the case of impact systems.



Chapter 3

Nonlinearities in hydropower rotors

3.1 Introduction

This chapter is dedicated to the study of nonlinearities that can specifically appear in
Kaplan turbines. An inventory of the various nonlinearities will be firstly introduced,
with a description of the main features from previous work. Contrary to Chapter 2, a
description of complex rotordynamics systems will be presented. The numerical simula-
tions are performed using the Finite Element Method. The tools developed in Chapter
2 will be employed.

3.2 Numerical description

3.2.1 Nonlinear finite element for rotordynamics

In rotordynamics, a rotor model is usually composed from 10 to 1000 nodes. The shaft
elements are described with beam elements due to the symmetry. At each node, the
degrees of freedom associated are x, y, θx and θx. The equation of motion for a rotor
system when running at constant speed ϕ̇ = Ω is given by

Mẍ+ (C+ ΩG)ẋ+Kx = funb + fnl (3.1)

where M is the mass matrix, C the damping matrix, K the stiffness matrix and G the
gyroscopic matrix. funb represents the unbalance forces, while fnl includes all the nonlinear
forces such as electromagnetic forces, contact forces and nonlinear bearing forces. If the
bearing coefficients are linearized, they will be included in the damping and stiffness
matrices. The equation of motion can be solved numerically after assembly.

15



16 Nonlinearities in hydropower rotors

Figure 3.1: Example of Finite Element Model of the Forsmo turbine

3.2.2 Reduction models

To perform faster simulations, the number of degrees of freedom is reduced by using a
reduction method. The most common methods are the Guyan reduction, the Dynamic
reduction, the Improved Reduced System (possible with iteration) and the System Equiv-
alent Reduction Expansion Process. In our case, one will use the Improved Reduction
System (IRS) method. We will usually keep the nodes corresponding to the bearing posi-
tions and the positions of external forces as master nodes, while the rest is considered as
slave nodes. The important feature -before performing nonlinear simulation- is to verify
that the properties of the system in terms of damped natural frequencies and damping
ratios of the lower modes are still realistic. Fig.3.2 shows the Campbell diagram for both
the full model and reduced model for Porjus U9. A good agreement in damped natural
frequencies and damping ratios can be seen.

3.2.3 Numerical schemes and specificities

To solve numerically the equations of motion, different types of numerical schemes can
be used depending on the type of problem, more specifically the number of degree of
freedom, the type of nonlinearity, the effective time and the computation time. In contact
problems within nonlinear-rotordynamics, a compromise has to be found. To ensure the
transient part to vanish and obtain only the steady state solution, the simulation time has
to be large enough (typically more than 100 to 1000 periods depending on the damping
properties). The numerical scheme has to be stable without having a too small time-
step. For simple systems with 2 to 10 degrees of freedom, the Cental Difference Method
(CDM) and 4th-order Runge Kutta method (RK4) can be an advantage as time step
does not need to be to small since the highest frequency is low. This type of algorithm
is suitable for long time simulation due to conservation properties. Even though Runge-
Kutta is computationally more expensive, it can be more effective as the time-step can
be adjusted during the impact and increased during ”free flight”. The Newmark method
is unconditionally stable, but only for linear dynamics. When the external force function
is nonlinear, the Newton-Raphson might be used to solve the equation of motion. If the
Newmark method is very suitable for FEM, it can start to show instability when used
for long simulations due to errors accumulation. The choice of the numerical scheme is
only done after some tests have been performed and a comparison is always checked to
verify the veracity of the results.
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Figure 3.2: Damped natural frequencies and damping ratios of the first 10 modes of the Porjus
turbine: Full model with 46 nodes (top), Reduced model with 6 nodes (bottom)

3.3 Type of nonlinearities

The first section is dedicated to smooth nonlinearities that can be included in hydropower
systems. An overview of the previous work and future work in this domain will be given.
On the contrary, the second section focuses on the studies of discontinuous systems that
have been performed in this thesis. The most general results will be highlighted and
discussed.
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3.3.1 Smooth nonlinearities

Unbalance Magnetic Pull

A particularity of hydropower units is the electromagnetic interaction between the gen-
erator and the rotor that can lead to unwanted vibrations. In general, all hydropower
rotors are associated with a certain degree of asymmetry in the air-gap. As a result, it
produces a force called Unbalance Magnetic Pull (UMP) that attracts the rotor to the
stator. Gustavsson and Aidanpää[4] have investigated the influence of the UMP for a
generator spider hub that deviates from the generator rim. Although the model is sim-
plified, they showed that unstability occurs for small stator eccentricities and unstability
regions increase as the eccentricity increases.
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Figure 3.3: Radial and tangential components of the UMP forces as function of the whirling
ratio

Moreover, the response of the system is underestimated if the distance between the
centres of the rim and spider hub is not taken into account. By using a similar model
including damper windings, Karlsson et al.[14] reported that the reactive load influ-
ences slightly the stability regions as the system’s stiffness is high, but the presence
of the damper windings tends to decrease the stability of the system. Calleecharan and
Aidanpää[5] studied a Jeffcott rotor submitted to both a radial and tangential UMP force.
These forces were found numerically and fitted as a rational function of the whirling fre-
quency as follows
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⎧⎪⎪⎪⎨
⎪⎪⎪⎩

FUMP
r (ωwh) = −A0r + A1rωwh + A2rω

2
wh

B0r +B1rωwh +B2rω2
wh

FUMP
t (ωwh) = − A0t + A1tωwh

B0t +B1tωwh +B2tω2
wh

(3.2)

The results of this study indicates that the change in sign of the tangential UMP force
plays a crucial role for the stability of the system. A comparison between a model with
and without the tangential force shows that false dynamics occur if tangential forces are
disregarded.

Tilting pad bearings

Bearing models have an important role in terms of affecting the dynamics of rotating
machines. In machines such as Kaplan turbine, there is two types of bearings that can
be included in models. The lowest and upper bearings are tilting pad journal bearings
(TPJB) -with 6 or 8 pads in Porjus U9- while the middle bearing under the generator is
a combined thrust-journal bearing (commonly called combi-bearing). The problem with
vertical machines is that there is no static load or operating point that allows to calculate
the bearing coefficients as commercial softwares usually do for horizontal machines. Hence
the bearing properties have to be calculated at each time-step by solving Navier-Stokes
equations. Proceeding in this way is not efficient since the calculation can be time-
consuming, even for models with few degrees of freedom. As a result, Nässelqvist et
al.[7] used a simplified model of the 4-pads bearings where the stiffness and damping
coefficients are nonlinear functions of the load angle ϕ and eccentricity ε as follows

⎧⎪⎪⎨
⎪⎪⎩

kij(ϕ, ε) =
kij,LOP (ε) + kij,LBP (ε)

2
+

kij,LOP (ε)− kij,LBP (ε)

2
cos(4ϕ)

cij(ϕ, ε) =
cij,LOP (ε) + cij,LBP (ε)

2
+

cij,LOP (ε)− cij,LBP (ε)

2
cos(4ϕ)

(3.3)

The functions kij and cij -both for the load on pad (LOP) and load between pad
cases (LBP)- are 4th order polynomial functions of ε. Experimental studies have been
performed to verify this model four 4 pads bearings. The results showed a good agreement
between the numerical and experimental simulations in terms of orbit plots and bearing
loads. Hence a future work concerning tilting pads bearings in vertical machines is to
investigate if general simplified models can be developed for a different number of pads.

3.3.2 Discontinuous nonlinearities

Every rotor system is submitted to unbalance forces of any kind, however how well is
the system balanced. Hence the system will reach high magnitudes which can cause the
rotor to enter in contact with the casing, all the more so as clearances are very small to
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improve efficiency. These types of systems can be called non-smooth impact systems as
it usually involves discontinuities in stiffness properties. A distinction can be made as
well between rubbing cylinders and blade impact systems.

Cylinder to cylinder rubbing

Gustavsson and Aidanpää[15] developed a model of hydropower unit composed of a
generator rotor and a turbine. The turbine is modelled using the Finite Element Method
and reduced to 8 Dof using the Improved Reduction System. For this model, the angle
of the Kaplan blades is close to 0◦, making the contact similar to cylinder rubbing.
The contact forces are described with the following equations, commonly derived from
Coulomb friction forces

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

f c
x = −kc(1− δ√

x2 + y2
)(x− μy sgn(vc))

f c
y = −kc(1− δ√

x2 + y2
)(y + μx sgn(vc))

(3.4)

where the contact velocity is

vc =
xẏ − yẋ√
x2 + y2

+RΩ (3.5)
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Figure 3.4: Bifurcation diagram of the rubbing model used in [15]

The contact forces have been evaluated as function of the magnitude of the non-
symmetrical flow around the turbine and damping in the unit. The order of magnitude
of the impact forces is always similar, and it can lead to a risk of damage. A bifurcation
diagram of this hydropower unit is presented in Fig.3.4 as function of the normalized
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speed. The numerical simulation has been performed using Newmark integration. The
similitude of the motions can be compared with [15].

Blade to casing contact

Two simplified models are used to study the dynamics of the bladed rotor as seen in
Fig.3.5. The first one is described with a rigid blade contacting a flexible ring while the
second model is described by the nonlinear deformation of flexible blades in a rigid casing.
In comparison with cylinder rubbing, contacts are likely to occur more often. Depending
on the type of study, model (1) or model (2) will be chosen through the papers. For
instance, model (1) will be used to conduct parametric studies since the simulation time
is shorter. The second model will be used to obtain more insight of contact forces and
to evaluate the differences of behaviour in the very flexible blades.

O

e w(e)

Iteration k
  

(0)

(k)

(k+1)

(2)

d
D

F

fk

a

x

y+y0

F+dF

F≈0

Ffinal

mFfinal

i

j

O

y+y0

F

mF

R0

x

fk

C

R

kc

kc

L

i

j

E

S

nt

(1)

Figure 3.5: Different models used for the blade impact rotor: (1) Rigid blade with flexible casing
(2) Flexible blade with rigid casing

A summary of the main results concerning these models is given in Chapter 4.
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Chapter 4

Blade impacts in rotating machines

4.1 Scope of Paper A

Dynamics of a Jeffcott Rotor with Rigid Blades Rubbing against an Outer
Ring: The aim of this paper is to evaluate the properties of a Jeffcott rotor with rigid
blades contacting a moveable ring. The analysis is only performed with numerical simu-
lations. Its scope is also similar to a previous article with flexible blades rubbing against
a fixed ring. It was found that both models have similar global dynamic properties with
differences in localized frequency ranges. The advantage of the current model is a rel-
atively fast evaluation of the global properties of a bladed rotor as function of other
parameters such as damping, friction or initial misalignment. On the contrary, the pre-
vious model is more realistic due to the full nonlinear description. Even if being slightly
less computationally effective, the evaluation of forces should be closer to reality.

4.2 Scope of Paper B

Experimental verification of blade impact dynamics on a Jeffcott rotor: Since
the two models developed in Paper A have similar dynamic properties, one can suppose
that bladed rotors have a similar global behaviour independently of the complexity of
the contact model. The initial idea is thus to verify if the dynamic specificities of a
misaligned bladed rotor can be found experimentally. A rig is designed to perform these
experiments over a large speed range. Due to the dangerousness of the procedure, the
speed range is lowered as much as possible and the blades have a small thickness. It
was found that typical properties at 1/3 and 2/3 of the eigenfrequency can be observed
as well as an alternance of periodic and chaotic motions. However, differences between
numerical and experiments occur in the second periodic range due to the inaccuracy
of parameters and/or by disregarding the unbalance forces. These differences are even
greater in the case of very thin blades.

23
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4.3 Scope of Paper C

Evaluation of blade contact dynamics on a misaligned Kaplan turbine: Even
though the Jeffcott rotor is a good model to evaluate the properties of simple systems,
general results can differ when applied to real machines. The goal of this article is to
check if the inherent system properties are still observable for a hydropower rotor with
complex geometry and more blades. Similarly to Paper A and B, the bifurcation diagram
will give an insight of dynamical properties by comparing it to the 3-bladed model. Since
a hydropower rotor is running at fixed speed, it is also of interest to verify the properties
at nominal speed to identify the risk of damage. A parametric study is performed as
function of the parameters. These parameters can be unbalance (which was not included
in the previous models), damping or friction since they cannot be quantified accurately
during operation.

4.4 Summary/Complementary results
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Figure 4.1: Bifurcation diagram of the experimental rotor for several unbalance configurations

This section highlights the key results and gives complementary results of the sub-
mitted papers. It can help understand the influence of parameters in the bladed rotor.

• For bladed Jeffcott rotors, it was found that the periodic and chaotic regions are
observable with trigger at 1/3 and 2/3 of the natural frequency. It is independent
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of the description of the model since it occurs for the rotor with rigid blades (Paper
A) and the rotor with flexible blades (Paper B). The parameters which play an
important role in the impacts dynamics are the damping coefficient, the friction
coefficient, the blade (or casing) stiffness, and the number of blades. From 3-
dimensional bifurcation diagrams, it was observed that damping has a stabilizing
effect. On the contrary, the friction coefficient only modify the behaviour of the
system locally.

• Since the numerical simulations have been performed on a simple rotor, it is of
interest to verify if the global properties are still present in complex rotors. A
model of the Porjus U9 turbine as been developed in Paper C. Compared with the
simple Jeffcott rotor, the properties of the system are more complex since the rotor
blades are disposed at the tip, the bearing coefficients take in account direct and
cross-coupling stiffness, the number of degrees of freedom is 184 and the number
of blades is 6 as for the real system. When plotting the bifurcation diagram and
scaling the Ω axis with the first natural frequency and the number of blades, it can
be observed that the same regions appear in the bifurcation diagram, even though
the periodic regions are shorter and the trigger properties do not occur exactly at
1/3 and 2/3. This result reflects that the behaviour of bladed rotors is general and
can be scaled with the number of blades as seen in Aidanpää [16]

• The two-dimensional Lyapunov exponent plot in Fig.2.6 has been performed for
the model described in Paper A. The Maximum Lyapunov Exponent has been
calculated as function of the rotating speed and stiffness ratio of the casing over
the shaft. It reveals that the behavior is generally independent of the stiffness ratio,
excepted for a low value where only periodic regions are visible. On the contrary,
when kratio −→ +∞, the chaotic regions are increasing. It becomes obvious that
the first chaotic region appears at 1/3 of the normalized frequency (the second
region at 2/3 is always visible for all kratio). Two additional chaotic regions tend
to appear at 1/9 and 1/6. This result might be proved analytically in further
studies.

• Another important parameter, which has not been considered numerically is the
unbalance. The unbalance forces are impossible to avoid in an experimental ma-
chine. As a result, further numerical investigations have been performed for a better
understanding of the experimental work. It was shown that the second periodic
region tends to disappear on Fig.4.1, leading to an entire chaotic region, so that
the trigger property at 2/3 of ωn vanishes as well. It can explain why this second
periodic region was harder to find in the experimental rig.
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Chapter 5

Conclusion and future work

5.1 Conclusion/Improvements

From the different studies performed in this thesis, it was seen that the behaviour of
bladed rotors is very general and independent of the model chosen . This general be-
haviour has been proved both numerically and experimentally for 3 blade systems. How-
ever, several improvements are needed to complete the study of simple bladed systems:

• An additional analytical study should be performed to evaluate the behaviour of
the system as function of different parameters in an explicit way. In this case, the
simplicity of the rigid blade model can be used to identify the period-1 motions
analytically. Analytical studies of similar rubbing contacts are available in [17].

• An experimental investigation with a rotor with more blades (for instance 5) can
be performed to verify if the scaling properties are observable.

• The evaluation of the casing stiffness or blade stiffness (see Fig.5.1 in the case of
complex blade geometry as in Paper C) can be done using a Finite Element software.
In general, the FEM software can help identify the properties of a complex model
to use them in a simplify model for computational purposes.

5.2 Future work

The subject of this thesis has been focused on blade impacts in hydropower rotors.
However, this event appears in the worst case scenario when high vibrations have already
occurred due to Unbalance Magnetic Pull or nonlinearity in the bearings.

As a result, the future work of this thesis is to evaluate the nonlinear model of tilting
pad bearings in vertical machines described in Chapter 3. Until now, the evaluation of the
bearing properties have been performed for 4-pads journal bearing at only one rotating

27
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Figure 5.1: Finite Element modelling of a Kaplan turbine blade

speed. The investigation of 6 and/or 8 pads bearings can be studied numerically and
experimentally to verify if the same method can be employed. Moreover, the numerical
study can be extended to a wider operating range and verify if some scaling with rotating
speed is possible.

To complete this thesis, a combination of tilting pad bearing model together with
Unbalance Magnetic Pull will be studied to evaluate if both nonlinearities can unveil
combination resonance. The tools in Chapter 2 will be used to evaluate the properties
of the system. Improvements of the in-house software coding should be done to perform
faster simulations and add these nonlinearities in a simple way.
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ear magnetic pull on hydropower generator rotors,” Journal of Sound
and Vibration, vol. 297, pp. 551 – 562, 2006. [Online]. Available:
http://www.sciencedirect.com/science/article/pii/S0022460X0600335X

[5] Y. Calleecharan and J.-O. Aidanpää, “Dynamics of a hydropower gener-
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Abstract. The non-linear behaviour of rub-impact systems have been studied recently by approximating rotor-stator

systems as rubbing cylinders. In reality, the rotor shape is more complex, resulting in richer dynamics over smaller

parameter ranges. In this paper, a bladed turbine is modelled using a Jeffcott rotor with three rigid beams attached to

the mass center. The contact forces are described by a radial restoring force induced by the massless outer ring, and

a tangential Coulomb frictional force. The results are presented in bifurcation diagrams and compared with a previous

model described by three flexible beams entering in contact with a fixed ring assuming large displacement beam theory.

This paper shows that the two models described give similarities in the overall bifurcation diagram, only showing greater

differences in localized frequency ranges.

Keywords: Nonlinear, Rotor-dynamics, Jeffcott, Blade, Impact.

1 Introduction

In rotor dynamics, several types of configuration can lead to non-linear dynamics. One of them is the rub-impact

systems having a high degree of non-linearity, which may lead to unwanted vibration. Many studies have been

performed on the Jeffcott rotor with rubbing cylinders. For instance, Karpenko et al.[1] presented the effect of

mass imbalance of a nonlinear rotor system with bearing clearances, as well as the case of a preloaded snubber

ring [2]. Popprath and Ecker[3] studied the effect of stator damping for a similar rotor-stator system. In these

types of models, complex dynamics always occur above the natural frequency of the system [4].

On the contrary, fewer studies have been performed in the case of bladed turbines which can be of interest in

different industrial applications. Complex FEM blade models have been studied by Legrand et al., but not over

complete parameter ranges due to the model sophistication. Nonetheless, a rubbing Jeffcott rotor with three

blades has been developed by Aidanpää and Lindkvist[5], showing that complex dynamics can occur below the

natural frequency, especially at integer fractions of ωn/3. An accurate description of this model will be made

and compared with the simplified model assumed in this paper. As the model described in [5] is rather complex

due to solving equations for non-linear beam deformations, it is of interest to evaluate if a simpler model could

be used and find its limitation.

2 Rotor Model

The model of the bladed Jeffcott rotor is given in Figure 1. The mass of the rotor is m with external damping

c and stiffness k for the massless shaft. The three blades are assumed to be massless and rigid, equally spaced

and of length L. The blades are rotating in a rigid ring of radius R attached to two springs of value k1. The



rotor is rotating with an angular velocity ω. When the blades enter in contact with the outer ring, the contact

forces are described by a force P normal to the circle delimited by the ring, and a tangential force μP at the

contact point where μ is a friction coefficient (Coulomb friction). The mass of the ring is neglected, as well as

damping so that the outer ring returns to its initial position instantaneously. The nonlinear behaviour of the

system is caused by the sudden change in stiffness when a blade gets in contact with the outer ring.

Fig. 1. (a) Side view of the bladed Jeffcott rotor (b) Overview of the Jeffcott rotor.

For the first blade, the position of the tip is expressed by the following vector

r = (x+ L cos(ωt))i+ (y + y0 + L sin(ωt))j (1)

where (i, j) is a fixed base of the system in the x and y direction. For any blade, the position vector can

be written in a same way by replacing the phase ωt by ωt+ 2π(k − 1)/3 for k = {1, 2, 3}. The displacement y0

is the initial eccentricity in the y direction. The condition for one of the k-th blade to be in contact is given

by ‖rk‖ = R. It is assumed that only one blade enter in contact with the ring at the same time. The force

generated by the contact can be decomposed in a normal force acting towards the origin of the coordinates

system O and a force tangent to the ring with a direction depending on the tangential contact velocity vkc of

the corresponding blade. For the first blade, the normal contact force Fn is given by

Fn = −k1Δr
r

‖r‖ (2)

, while Ft is obtained by a rotation of π/2 of Fn and having a norm μ‖Fn‖, with the direction depending

on the sign of the velocity. As a result, the equations of motion are



⎧⎪⎨
⎪⎩

mẍ+ cẋ+ kx = (Fk
n + Fk

t ).i

mÿ + cẏ + ky = (Fk
n + Fk

t ).j

(3)

when the k-th blade is in contact with the rotor (‖rk‖ = R). For the no contact case (∀k ‖rk‖ < R), the

right side term of equation (3) is null. By writing them in a matrix form, using the Heaviside function H(.)

and sign function sgn(.) gives

⎡
⎢⎣
m 0

0 m

⎤
⎥⎦

⎡
⎢⎣
ẍ

ÿ

⎤
⎥⎦+

⎡
⎢⎣
c 0

0 c

⎤
⎥⎦

⎡
⎢⎣
ẋ

ẏ

⎤
⎥⎦+

⎡
⎢⎣
k 0

0 k

⎤
⎥⎦

⎡
⎢⎣
ẋ

ẏ

⎤
⎥⎦ = −H(‖rk‖ −R)× k1×

(1− R

‖rk‖ )

⎡
⎢⎣

1 −μ sgn(vkc )

μ sgn(vkc ) 1

⎤
⎥⎦

⎡
⎢⎣

x+ L cos(ωt+ 2π(k − 1)/3)

y + y0 + L sin(ωt+ 2π(k − 1)/3)

⎤
⎥⎦ (4)

The equations of motion are now ready to be solved numerically after normalization.

3 Simulation Method

In this paper, the equations of motion have been solved using a 4-th order Runge-Kutta integration with constant

time step. An in-house code was implemented in C++. For bifurcation diagrams, 100 Poincare sections were

collected after simulating 100 periods for a given normalized frequency Ω = ω/ωn. In this model, the state space

dimension is 5 (R4 × S) with displacements x and y, velocities ẋ and ẏ, and the phase ϕ = ωt. The Poincare

sections are retrieved at a constant phase θp = 2π in the state space. To plot the bifurcation diagrams, 5000

steps are used for the normalized frequency range. The final state vector of a simulation at a given frequency

is used as the initial condition for the following one to find stable solutions over the whole studied range.

Concerning the maximum Lyapunov exponents, 100 periods were simulated at first to be on the attractor.

The initial perturbation between the two trajectories was taken smaller than ε = 1.10−9 because of the strong

non-linearities of the system and to avoid following other attractors for the perturbed trajectory, which could

lead to erroneous exponents values. A rescaling has been done for both positive and negative exponents.

Threshold values were chosen to optimize the accuracy of the results and the computer speed. A number of

10000 periods were simulated to get a good convergence of the Lyapunov exponent for any frequency.

4 Numerical Results

The parameters of the system are R = 0.11, L = 0.1, δ = R − L = 0.01 m = 1, k = 100, k1 = 15000, ωn = 10,

μ = 0.1 [SI units]. These parameters are kept constant and will constitute the reference case if values are not

specified explicitly. Figure 2 (c) shows that higher vibrations start to appear at Ω = 0.33, with an apparent

periodic motion below this frequency. Figure 2 (c)-(d) correlates the bifurcation diagram together with the



Fig. 2. (a) Bifurcation diagram - zoom 1 (b) Bifurcation diagram - zoom 2 (c) Overall bifurcation diagram (d) Maximum
Lyapunov exponent

Lyapunov exponents, which allows to identify chaotic motions not visible in region 1 (see Figure 3 for areas

numeration). An interesting change in the diagram also appears at Ω = 0.666 showing the route to chaotic

motion by period doubling bifurcations from 3 to 4 .

Fig. 3. Bifurcation diagram for the axially elastic blade model

The model described by [5] differs in some details and complexity. In opposition to our model, the outer ring

is rigid and fixed while the blade is elastic and can be deformed axially and transversally when contacts occur

by assuming large beam displacement theory. The relation between displacement and stiffness was done by

polynomial curve fitting. Though the models are sensitively different, global bifurcations, periodic and chaotic



Fig. 4. Axial stiffness modelling for different simulations

motions appear in the same regions on Figure 3, with small differences becoming visible in localized frequency

ranges in regions 2 and 4 .

Fig. 5. Bifurcation diagram for different k1: (a) 1.5× 103 (b) 1.5× 104 (c) 1.5× 106 (d) exponential function



A model has been performed by changing the constant stiffness with an exponential fit of the axial stiffness

calculated in [5]. The force-displacement fitting function is given by F (x) = a exp(bx)+c exp(dx), with a = 32.53,

b = 10.36, c = −26.25 and d = −2012. A representation of this function together with constant stiffness curves

is displayed on Figure 4. It shows that the contact stiffness is extremely high for small displacements. As a

result, bifurcation simulations are also performed for different constant stiffness values k1 = [1.5 × 103; 1.5 ×
104; 1.5×106]. On Figure 5, bifurcation diagrams show similar behaviour regardless of the stiffness, excepted for

the lowest stiffness (a) only showing a periodic motion over the whole frequency range. A simulation performed

for a variable stiffness ratio k1/k shows that chaotic motion appears for a stiffness ratio of 39 (at a frequency

Ω = 0.74). Therefore the general dynamic behaviour of the system is similar for every k1 ≥ 3900, but it confirms

that weaker outer rings do not represent correctly the dynamics of the system under a certain threshold value.

Moreover, the contact forces shown on Figure 6 vary greatly for each different stiffness k1 by a ratio 1/100 from

the smallest to the biggest value, making it difficult to know the validity of the model to get realistic contact

forces as in the elastic beam model.

Fig. 6. Maximum force-frequency curves for different stiffness values

Regarding the influence of other parameters, tests have been performed for damping at Ω = 0.74, showing

that increasing damping has a stabilizing effect. Morever, complex dynamics only occur for a minimum value

of the initial eccentricity y0,min = 0.010000019, so that a reasonable value must be chosen for contacts to

happen and get the system’s main dynamic properties. For instance, a initial eccentricity within the range

[0.0100000048-0.010000019] will only show the first chaotic range 2 , while the chaotic range 4 disappears

suddenly. Below this range, no significant dynamics occur at all (similar to a non-contact case).



Fig. 7. Bifurcation diagram at Ω = 0.74 for varying stiffness ratio

5 Discussion and Conclusion

Though few studies have been performed concerning blade impacts in rotordynamics, it was shown that complex

dynamics occur below the natural frequency at integer fractions of ωn/3. The present study confirms the sub-

cited results by adopting a simpler model with different assumptions, only giving small differences in localized

frequency ranges. Though the general dynamic behaviour is similar, the drawback of the new model is that

no insight is given concerning forces amplitude so that validity of the model cannot be totally identified.

Nonetheless, the main advantage is to evaluate the influence of the design parameters (ξ, μ, y0, δ, k1/k) in a

faster way due to the model simplicity. From a numerical point of view, the Lyapunov exponents calculation

showed sensitivity to the initial perturbation and threshold values, because of different solutions that may coexist

for a fixed parameter set. Hence, jumping from one attractor to another may lead to erroneous exponents values.

As a result, extraction of multiple solutions in bifurcation diagrams would allow to have better confidence in

maximum Lyapunov exponents.
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Experimental verification of blade impact dynamics on a Jeffcott rotor

F.Thiery∗, J.-O.Aidanpää
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Abstract

This paper describes the experimental verification of a Jeffcott rotor with blade impacts. The nonlinearity in the system

is due to the nonlinear deformation of the blades as well as discontinuities induced by multiple contacts with an outer

ring. Contacts can occur since the rotor shaft is initially misaligned by displacing the outer ring in one direction. The

aim of the paper is to verify the mathematical model suggested in a recent study by experiments. The experimental rig

and data acquisition are presented in details together with experimental procedures. The results between the numerical

simulation and experiments are compared in terms of bifurcation diagrams and maximum displacements curves. An

acceptable overall correlation is observed between the numerical and experimental study in the case of stiff blades,

with mainly differences in localized frequency ranges.

Keywords: Rotordynamics, Jeffcott, Blade, Impact, Discontinuities, Chaos

1. Introduction

Rotor-to-stator rubbing is a malfunction that can appear in rotordynamics due to small clearances of the system.

The main property of this interaction is an intermittent stiffness change since multiple contacts occur during operation.

It is known that very complex dynamic behaviour appear in the case of non-smooth nonlinearities. It can even lead

to high level of vibrations or failure of the machine in the worst case. As a result, it is necessary to model and verify

experimentally the different types of contacts that can appear in rotating machinery.

In rotating systems, most of the rotor-to-stator rubbing has been studied by assuming cylinder-to-cylinder rubbing.

The experimental validation of numerical simulations has usually been observed on simple mathematical models.

Karpenko et al.[1, 2, 3] found a good correlation between analytical, numerical and experimental bifurcation diagrams

of a Jeffcott rotor with preloaded snubber ring. Gonsalves et al.[4] developed a model of discontinuous Jeffcott rotor

subjected to mass-unbalance forces. As a preliminary study, they found a good agreement between the experimental

rig and numerical simulations in terms of orbit plots and waterfall diagrams. Chu and Lu[5] observed experimentally

different types of motion for a rotor-to-stator full rub in single and multi-disks rotors. In general, the experimental

∗Corresponding author
Email address: florian.thiery@ltu.se (F.Thiery)
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Nomenclature

Roman Symbols

b width of the blade

c viscous damping of the rotor

E Young’s modulus

F contact force amplitude

F∗ follower force

Fxk force projection in the x-direction

Fyk force projection in the y-direction

h height of the blade

I area moment of inertia

k stiffness of the rotor

L blade length

Ls shaft length

m mass of the rotor

nblade number of blades

R stator radius

Rc radius of bladed cylinder

Rm radius of measurement cylinder

Rs shaft radius

tc thickness of bladed cylinder

tm thickness of measurement cylinder

vck contact velocity of the blade

w transversal displacement of the blade

x displacement in x-direction

y displacement in y-direction

y0 rotor misalignment

z axial displacement

Bold symbols

Fn Normal contact force

Ft Tangential contact force

i unit vector in x-direction

j unit vector in y-direction

r position of the blade tip

Greek Symbols

α phase difference

Δ transversal deformation of the blade

δ axial deformation of the blade

μ friction coefficient

Ω normalized speed

ω angular velocity

ωn natural frequency of the rotor

Φ contact position angle

θp Poincaré phase

ε coordinate of the blade

ϕk phase angle of k-th blade

ζ damping ratio

study confirms the numerical simulation, but a comparison of bifurcation diagrams to obtain the whole system’s

behaviour is rarely performed.

Contrary to cylinder-to-cylinder rubbing, fewer studies have been performed in the case of the blade tip rub

interaction. When the blade tip exceeds the clearance, Sinha[6] modelled a radial force by applying a summation of

compressive buckling loads for a simple beam column. In his case, the transient response of a decelerating rotor is

calculated and rubbing occurs momentarily when going through resonance. The study gives an upper bound of the

order of magnitude of impact loads. A complete finite element model has also been provided by Legrand et al.[7]

2



that describes contacts occurring between the blades and casing due to modal interaction of each structure combined

with small clearances. Legrand et al.[8] developed an other model with three dimensionnal kinetics of the contact

phenomenon by using the Lagrange multiplier and B-splines of the contact surface. Jacquet-Richardet et al.[9] gives

a review of these models and results that synthesize blade tip-rub interaction and rotor-to-stator contacts. These

models can usually be used to analyse a rotor system with a fixed set of parameters due to the complex modelling, but

it lacks the information of global dynamics that can occur in general bladed rotors. It also misses the experimental

verification of these numerical models.

Nonetheless, a rubbing Jeffcott rotor with three blades has been developed by Aidanpää and Lindkvist[10]. In this

model, the elastic blades enter in contact with an outer ring due to an initial misalignment of the rotor. It was shown

that complex dynamics can occur below the natural frequency at integer fractions of ωn/3. Thiery and Aidanpää[11]

developed a simpler model with rigid blades contacting a massless ring. They showed that the same characteristics

occur with only differences in localized frequency ranges. This paper complements these two numerical investigations

by experimentally verifying the global properties of a simple bladed rotor. A description of the numerical model and

results of [10] will be briefly introduced. The experimental data has been collected using Labview which allows to

create FFT spectra, time series, orbit plots, Poincaré sections, waterfall plots and most importantly bifurcation diagram

that are compared with the numerical simulations.

2. Model description

2.1. Simplified Jeffcott rotor

The model of the bladed Jeffcott rotor is given in Fig. 1. The mass of the rotor is m with external damping c and

stiffness k for the massless shaft. The three blades are equally spaced and of length L, Young’s modulus E and area

moment of inertia I. The blades are rotating in a fixed rigid ring of radius R. The rotor is rotating with an angular

velocity ω. When the blades enter in contact with the outer ring, the contact forces are described by a force F normal

to the circle delimited by the ring, and a tangential force μF at the contact point where μ is a friction coefficient

(Coulomb friction). The blades are supposed to remain elastic during the whole contact and do not enter plasticity.

2.2. Contact forces model

The contact forces during blade impacts will be derived in the fixed coordinate system (O,i,j). A contact occurs

for the k-th blade when ‖r‖ = R due to geometrical limitation from the stator. The position of the tip of the blade is

given by

r = (x + (L − δ) cos(ωt) + Δ sin(ωt))i + (y + y0 + (L − δ) sin(ωt) − Δ cos(ωt))j (1)

where Δ and δ are the transversal and axial deformation necessary to keep the blades within the stator, and y0 is the

initial misalignment of the rotor. In the general case, the contact condition for the k-th blade can be found replacing
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Figure 1: (a) Jeffcott rotor (b) Top view of the bladed model (c) Blade impact geometry

ωt by ϕk = ωt + 2π(k − 1)/nblade in Eq.1, where nblade is the number of blades of the system. The deformation of the

cantilever blade is given by the nonlinear beam theory as follows

w′′(ε) =
F
EI

(1 + w′(ε)2)3/2((Δ − w(ε)) + μ(L − ε − δ)) (2)

where the symbol ′ denotes derivation with respect to ε, with the beam clamped at one side (ε = 0), and subjected

to F and μF at the free end (ε = L − δ). A detailed description of the impact formulation is given in Fig. 1(c). The
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process to find the contact forces can be described as follows:

• Step 0: For a fixed set of parameters of the blade, the nonlinear beam equation Eq.2 is integrated numerically.

The displacements δ and Δ can be described as a function of F, i.e δ = g1(F) and Δ = g2(F). An numerical

example of these relations can be observed in Fig. 6.

• Step 1: For the rotating bladed system, the contact condition is found when ‖r‖ = R. This creates a force F

initialised to a small but strictly positive value.

• Step 2: From the initial value of F, the displacements δ and Δ can be found by means of the function g1 and g2.

• Step 3 : The norm of the position of the blade tip ‖r(δ,Δ)‖ is calculated using Eq.1 to verify if the beam length

geometrically fits the outside ring. If ‖r(δ,Δ)‖ > R, the force is updated with F ← F + dF where dF is a small

increment and we return to Step 2.

• Final step: The process is iterated until ‖r(δ,Δ)‖ = R. When this condition is achieved, the latest increment of

the force F will be used in the calculation of the normal and tangential force.

In our model, we assume that the angle α = ϕk − Φ is small so the normal force points towards O (see Appendix

A). As a result, one can write the normal force Fn = F n with n a normal unit vector pointing outwards the center

of the ring. n can be written [cos(ϕk) sin(ϕk)]T in the fixed coordinate system. The tangential force is a Coulomb

frictional force which can be written Ft = −μ sgn(vck )F t where t is the tangential unit vector at the contact point,

obtained from a rotation of angle +π/2 of n. The tangential contact velocity is obtained from vck = ṙ · t. The resulting

forces for the k-th blade in the x and y direction are derived by projecting the normal and tangential forces on i and

j respectively, i.e. Fxk = (Fk
n + Fk

t ) · i and Fyk = (Fk
n + Fk

t ) · j. For a total number of blades nblade, and assuming that

several blades can enter in contact at the same time, the equation of motion can be written in a non-dimensional form

as

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẍ + 2ζωn ẋ + ω2
nx = − 1

m

nblade∑
k=1

Fxk

ÿ + 2ζωnẏ + ω2
ny = − 1

m

nblade∑
k=1

Fyk

(3)

where ωn =
√

k/m is the natural frequency of the rotor and ζ = c/(2
√

km) the damping ratio.

2.3. Simulation methods and general results

The equation of motion 3 is written using the state-space formulation and solved using a 4-th order Runge-Kutta

integration with adaptive time step. An in-house code was implemented in Fortran. For bifurcation diagrams, 100

Poincare sections were collected after simulating 300 periods for a given normalized frequency Ω = ω/ωn. In this

5



model, the state space dimension is 5 (R4 × S) with displacements x and y, velocities ẋ and ẏ, and the phase ϕ = ωt.

The Poincare sections are retrieved at a constant phase θp = 2π in the state space. To plot the bifurcation diagrams,

1000 steps are used for the normalized frequency range. The final state vector of a simulation at a given frequency

is used as the initial condition for the following one to find stable solutions over the whole studied range. When the

parameters are not specified, the following values have been used by default: R = 0.11, L = 0.1, δ = 0.01, m = 1

ωn = 10, ζ = 0.1, μ = 0.1, E = 206 × 109 I = 0.01 × 0.0013/12 and y0 = 0.01001.
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Figure 2: Bifurcation diagram of the bladed Jeffcott rotor with nonlinear beam deformation

The bifurcation diagram in Fig. 2 shows four dominant regions. A periodic region 1 appears until 1/3 of the

natural frequency. From this value, the periodic region continues with an increase in forces and displacements until

it reaches a chaotic region 2 with intermittent periodic motions inside. An other periodic region 3 appears leading

to chaotic region 4 by period doubling bifurcation at 2/3 of the natural frequency. A small parameter variation can

locally change the behaviour in any of the region 1 to 4 , but the global dynamics are still similar. A numerical

simulation performed for the model developed by [11] with rigid blades impacting a massless ring shows that the

system behaves similarly for a damping value ζ ≤ 0.15% (see Fig. 3). However, a low damping can increase region

2 and shorten region 3 . It can also reveal small chaotic areas in region 1 . On the contrary, a high damping value

tends to attenuate chaotic regions 2 and 4 until they disappear for ζ = 0.3.
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Figure 3: Three dimensional bifurcation diagram: (a) Poincaré displacement as function of rotating speed and damping (b) Poincaré displacement

as function of rotating speed and friction

From this second model, it was found that the friction coefficient only influences locally the dynamics of the

system for 0.01 ≤ μ ≤ 0.3. Since the two models developed give dynamic similarities in the subcritical range, it is of

interest to verify if these inherent properties can be found experimentally.

3. Experimental setup

3.1. Set-up overview

The experimental rig setup shown in Fig. 4 is composed of a vertical Jeffcott rotor on which is attached a cylinder

with 3 blades. The rotor is supported at both ends on 7-ball bearings manufactured by SKF with reference 619/8-2RS1.

The electric rotor is part of the Bently Nevada Rotor Kit Model RK 4 equipment, as well as the proximity probes 3300

XL NsV and assets condition monitoring. The output voltages are read in a NI 9205 Analog Input Module designed

by National Instruments connected to a Labview Data Acquisition System. Four proximity probes are installed on

the set-up: the first one used as a speed controller, the second as a key phaser, and the last two for recording the x

and y displacements of the rotor. These displacements measurements are performed at the base of the rotor where an

additional cylinder has been placed to avoid the probes to interact with each other. The influence of this cylinder is

negligible in terms of dynamical modifications of the system. This cylinder is placed 13 cm above the lower bearing to

capture the whole range of displacement at once for the bifurcation diagram. An imposed displacement of 1 mm at the

middle of the rotor produces a displacement of 0.45 mm at the measurement cylinder. As a result, the displacement

can be scaled by a factor of 2.2 between the bladed cylinder and the measurement cylinder.

3.2. Parameters insight

As seen in the description, the experimental rotor differs slightly from the numerical model due to assembly and

manufacturing reasons, such as the insertion of blades and measurements improvements. The notation is the same as

7



Ls tc

Rs

b

x displacement

y displacement

rotation ω

key phasor

Speed controller

Probes terminal

NI 9205 
Analog input module

Data acquisition system Labview
Rc

tm

Rm

Electric motor

ball bearing

measurement 
cylinder

displacement probe

stator

bladed cylinder

h

blade cross section

Figure 4: Drawing of the experimental setup

for the numerical model, with extra parameters given in Fig. 4. The following parameters have been used in this study:

R = 70 mm, L = 40 mm, b = 12.7 mm, h = 0.3 or 0.5 mm, Rc = 20 mm, tc = 30 mm, Rm = 10 mm, tm = 20 mm,

Ls = 650 mm, Rs = 8 mm. The misalignment y0 is introduced by offsetting the stator with side screws until a slight

contact with the blade occurs. The blades are inserted in their respective notch in the cylinder that allows to change

the blade length and clearance. The three blades are adjusted by hand until all of them have the same contact on the

left side of the outer ring in Fig. 5. The rotor has to be well balanced as an unbalance force generated by the midspan

rotor will induce differences with the mathematical model. The bending frequency and damping ratio associated with

the first mode are found by processing the free vibration response. The first natural is equal to f1 � 30.23 Hz= 1814

RPM with a damping ratio ζ � 0.052. The friction coefficient is assumed to be μ ≤ 0.3. Only approximate ranges of

these parameters is necessary to ensure the dynamic properties of the numerical model.

An initial thickness of 1 mm was chosen to conduct the experiments, but due to hazardous operation it was decided

to decrease the blade thickness to 0.3 mm and 0.5 mm. Under this value, the contact between the blades and the casing
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Measurement positions

Figure 5: Top view of the experimental bladed rotor

would be too smooth and resulting in no interesting dynamic properties. On the contrary, a large thickness of the blade

would induced high contact forces that could result in the failure of the rotor or the blade according to the numerical

model. The axial and transversal force-displacement curves for these particular blades are shown in Fig.6. From a

practical point of view, the sharp corners of the blades have been rounded to avoid them being stuck in the outer

casing.

3.3. Numerical analysis of the current setup

The numerical results shown in Fig. 2 can be observed as long as the blades are a lot stiffer than the stiffness of

the rotor. In this configuration, neither the clearance nor the initial eccentricity play a role in the general behaviour

of the system. From an experimental point of view, the choice of thick blades would result in high impact forces

resulting in unsafe conditions when running the experiments. The advantage of thin blades is to have a relatively low

force amplitude. However, no interesting dynamics would occur in the case of highly flexible blades. Moreover, in the

9



0 0.01 0.02 0.03 0.04 0.05
0

2

4

6

8

10

12

14

16

18

displacement [m]

Fo
rc

e 
[N

]

 

 
    axial 
    tangential  

0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04
0

10

20

30

40

50

60

70

80

90

100

displacement [m]

 

 
       axial 
      tangential 

(a) (b)
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mm

flexible blade configuration, the overall dynamical properties are more influenced by parameters such as the clearance,

damping and initial contact condition. As a result, two additional numerical simulations are performed corresponding

to the experimental conditions. The following parameters have been used: δ = 0.35 mm, ζ = 5.0%, and an initial

contact of 0.01 mm. The experimental value of the initial contact is approximate and cannot be accessed accurately.
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Figure 7: Numerical bifurcation diagrams under experimental conditions for two blade thickness’s: (a) 0.3 mm (b) 0.5 mm. (dashed lines - -

represents maximum displacement)

Major differences between the two types of blade can be observed. The bifurcation diagram of the 0.3 mm blade

in Fig.7a shows indeed that the chaotic region 2 becomes entirely periodic, and the second region chaotic region 4

is shorter. However, the increase of displacements at 1/3 and 2/3 can still be observed. The bifurcation diagram of
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the 0.5 mm blade on Fig.7b displays more interesting dynamics similarly to Fig.2. The properties at 1/3 and 2/3 are

visible as well as the 4 dominant regions.

4. Experimental results

To keep the experimental study close to the numerical simulation, the bifurcation diagram was recorded by in-

creasing the rotor speed step by step. The recording process of the displacements has been performed for several

rotational speeds within the range [250-1500] RPM by small increments when possible. At each speed, after the

transient response dies out, 20 seconds of recording has been processed corresponding to a minimum of 82 Poincaré

sections for the lower speed and 465 for the higher speed. As the rotating speed was not perfectly constant through

the simulation due to the blade contacts, the speed was averaged with help of the keyphasor record.The rotating speed

can vary between ±3.09 RPM for the lower case and until ±166.7 RPM for the upper case, which is not ideal when

assuming a constant speed for numerical simulations. Moreover, in some regions, the impacts are more severe. This

might cause wear of both the blades and the inner section of the outer ring. These effects might have a significant

influence of the friction coefficient which may cause the system to behave differently.

The bifurcation diagrams and waterfall plots of the experimental rotor for each blade thickness is given in Fig. 8.

The rotating speed is normalized with the first experimental bending frequency ω1 = 1814 RPM. As the Poincaré sec-

tions look fuzzy, the maximum displacement is shown to get a better indication of the type of motion, dangerousness

of the system and for comparison with numerical diagrams.

4.1. Case 1: blades of thickness h = 0.3 mm

Fig. 8-a1 shows that an increase of displacement occur at around 1/3 and 2/3 of the natural frequency. The region

2 exhibits a small chaotic region in the range [0.33 − 0.36], whereas the numerical simulation only shows a periodic

motion in this region. The chaotic region 4 is visible in the range [0.66 − 0.74] but slightly shorter than expected.

A possible chaotic region appears at [0.5 − 0.54] that was not found numerically. Fig. 8-a2 helps to visualize the

periodic motion and chaotic motions with the FFT of the signals. The periodic motion is visible with the synchronous

peak alone (due to unbalance), while the chaotic motion is observed with the broadband excitation around the natural

frequency of rotor.

4.2. Case 2: blades of thickness h = 0.5 mm

The first region of periodic motion appears for Ω ∈ [0.137 − 0.333] Fig.9(b) and (c), with an appearance of

chaotic motion for a low speed at Ω = 0.181. The transition from 1 to 2 at 1/3 of the natural frequency can be

observed as suggested in the numerical simulation, even if it enters the chaotic region for a lower speed than expected.

The transition between Fig.9(c) at Ω = 0.34 and Ω = 0.35 (d) also occurs instantaneously and not with a gradual

increase of amplitude. After the periodic motion, a region of chaotic motion is observed for Ω ∈ [0.35 − 0.55]. The

maximum displacement is greater at the beginning of the region and tends to decrease. The region 3 starts with
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Figure 8: Experimental bifurcation diagram and waterfall plots of the bladed rotor: (a1-a2) 0.3 mm (b1-b2) 0.5 mm

a periodic motion, but suddenly jumps to an unexpected region of chaotic motion in the range [0.55-0.58] as seen

in Fig.10(a) until a periodic region takes over for Ω = 0.72 in (b). A last region of chaotic motion is observed for

Ω ∈ [0.65 − 0.80] corresponding to the region 4 starting around 2/3 of the natural frequency as predicted. The

increase of displacement is also very abrupt at this second transition from 10(c) to (d) and continues to grow with the

rotation speed. It can be observed that for Ω = 0.72, the displacement becomes too high and cannot be measured as

the measurement cylinder is too close to the probes. Since the contacts forces in the region 4 are high, the tip of the

blades can lose a lot of material. Hence the experimental study has been stopped for a speedΩ = 0.80 as the blades did

not enter in contact any more with the casing. After performing the bifurcation diagram, we observed that the initial

contact was −0.1 mm which confirms the material loss. Since the clearance has increased during the experimental

procedure, the displacement in Fig.8 has not been normalized with the clearance as in Fig.7. The types of transition

found numerically - such as the period doubling at 2/3 of the natural frequency - are impossible to identify since they

occur on short range. The comparison of the system dynamics in terms of orbit plots and Poincaré sections is not

relevant as a slight difference in any of the parameter can give a different behaviour in a localized range. Moreover,

12



the unbalances forces where not taken into account in the numerical analysis even though it should modify orbit plots.

It is also interesting to note that at some speed in region 3 the motion did not stabilize and was jumping between a

periodic and chaotic motion. Fig.11 shows the jump between the two types of motion for Ω = 0.60. This behaviour

has not been found numerically around this region, but it could imply that several attractors coexist. The investigation

of multi-bifurcation diagrams could be relevant to identify this experimental property.
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Figure 9: Plot of the x-displacement, orbit, Poincaré section (red-dotted), and FFT for: (a) Ω = 0.187, (b) Ω = 0.304, (c) Ω = 0.335, (d) Ω = 0.347
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Figure 10: Plot of the x-displacement, orbit, Poincaré section (red-dotted), and FFT for: (a)Ω = 0.567, (b)Ω = 0.605, (c)Ω = 0.653, (d)Ω = 0.669
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5. Conclusion

The aim of this paper was to correlate the global dynamics of a simple bladed rotor both numerically and experi-

mentally. The nonlinearity of the systems is due to the multiple contacts of the blades with the outer ring as well as

the nonlinear deformation of the blade itself. The bifurcation diagrams were obtained as function of the rotating speed

with the other parameters kept constant. Several simplifications can modify the results between the mathematical and

experimental model:

1. The unbalance forces, gyroscopic effects and influence of the measurement cylinder are discarded in the math-

ematical model. The unbalance phase could play an important role together with the contact position.

2. The blades were assumed to deform elastically through the entire process. Moreover, the vibration of the beam

after contacting the casing was not included in the model though it would be relevant in the thin blade contact

case.

3. Wear of the blades and inner part of the outer ring were disregarded. It can have an influence on the friction

coefficient and the initial contact especially when going through chaotic regions.

4. The material loss at the blade tip increases slightly and continuously the clearance during the entire experimental

procedure.
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Despite the differences in modelling of the previous bladed rotors, it was shown that interesting dynamics occur

at 1/3 and 2/3 of the natural frequency with four dominant regions. Due to the complexity of the model, it is evident

that local dynamics are hard to obtain for the transitions between the different regions. The difficulty to trace routes

to chaos becomes tedious since the control speed varies in a great range close to these regions. The numerical and

experimental results show that the global dynamics of a rotor system with stiff blades is robust since the overall

behaviour is independent of the constitutive modelling excepted in local regions. Weak blades -in comparison with

the rotor stiffness- tend to change the global inherent properties with the disappearance of the first chaotic region and

shrinking the second chaotic region. Initial parameters such as clearance, initial contact also have a great influence of

the system dynamics for this type of thin blades. Despite these differences, the increase of maximum displacement

at 1/3 and 2/3 are always present regardless of the blade size. Since we are interested in the global dynamics of the

system over a wide speed range, no specific comparison was performed between orbit plots and Poincarésections

between the numerical and experimental study. This could be done by improving blade contact modelling and verify

experimentally the model for a few speeds only since parameters can change while performing the bifurcation diagram.

Additional tests can be performed since the same behaviour can be found numerically for 5, 10 or 50 blades by scaling

the rotational speed with the number of blades [12]. An experimental study on a rotor with more blades could be of

interest to verify if the properties found for a 3-blade rotor can be applied to any type of bladed rotor system.

Appendix A. Proof of assumption of loads in constant direction

A beam is deformed axially by δ and laterally by Δ due to a force F∗. The beam is subjected to the follower force

F∗ during the whole deformation. However, the analyses of the deformations δ and Δ are performed by assuming

a non-rotating force. Therefore is it essential to show that we can assume F to be a non-rotating force. The beam

in Fig.12 is displaced axially by z and compressed axially by δ due to a force F∗. The force F∗will also cause a

transversal displacement.

z

a

L d

D

F*

F

Figure 12: Geometry of a blade submitted to a follower Force F∗
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Using geometrical relations, the angle of rotation α between F∗ and F is given by:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

cos(α) =
1√

1 +
( Δ

z + L − δ
)2

sin(α) =
Δ√

1 +
( Δ

z + L − δ
)2

(4)

With the assumption Δ << (z + L − δ), we get cos(α) ≈ 1 and sin(α) ≈ 0. Hence, as long as Δ is much smaller

than the length of the beam L, one can assume that the rotation of the contact force can be neglected. As an example,

in the experimental section, we used a blade of length L = 40 mm, height h = 0.5 mm and thickness b = 12.7 mm.

The lateral displacement is about 0.001 mm at a maximum amplitude of 0.008 m. The numerical application gives

sin(α) = 7.8 ∗ 10−3 and cos(α) = 0.98 for the largest displacements.
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Evaluation of blade contact dynamics on a misaligned Kaplan turbine

F.Thiery∗, R.Gustavsson, J.-O.Aidanpää

Luleå University of Technology, SE-971 87 Luleå, Sweden

Abstract

Rotor-to-stator contacts can occur in hydropower systems due to mechanical misalignment and/or high unbalance forces. It can

result in high impact forces and damages in case of bad design of the machine. As a result, a real hydropower rotor is studied

to evaluate the different types of dynamic motion of the system under the whole operating range when it is initially misaligned.

A comparison with simple systems is done to verify if general properties can be observed. Since the rotor runs at its operating

point, the contact forces are also evaluated at nominal speed. A parametric study - as function of contact stiffness and damping - is

performed and results are given in terms of Poincare sections, bifurcation diagrams, maximum displacements and maximum forces

at steady state. These simulation are used to determine if the system is safe to operate. It can be used to analyse if the machine can

be stopped before a catastrophe occurs.

Keywords: Rotordynamics, Discontinuities, Hydropower, Impact, Blade

1. Introduction

Rubbing in rotating machines is known to produce high im-

pact forces and can lead to catastrophic failures in the worst

case scenario. In recent years, studies have been more focused

on blade-to-stator contacts. The severity of these kind of sys-

tem is due to the intermittent contacts between the blades and

the casing. Due to the modelling complexity of contact systems,

it becomes tedious to find analytical solutions for blade rubbing

problems, and the first expectations of the system’s behaviour

can be discredited by numerical simulations.

Rotor to stator contacts have usually been studied assum-

ing cylinder to cylinder contact. Simple models have been de-

veloped and analysed extensively. For instance, Karpenko et

al. developed a model of Jeffcott rotor with preloaded snubber

ring. The experimental model validates the results found nu-

merically [1, 2]. Popprath and Ecker[3] studied the behaviour

of a suspended rotor contacting a dynamic stator as function

∗Corresponding author
Email address: florian.thiery@ltu.se (F.Thiery)

of the normalized speed and mass ratio. Gonsalves et al.[4]

developed a model of discontinuous Jeffcott rotor subjected to

mass-unbalance forces and found a good agreement between

numerical simulations and experimental tests. Qin et al.[5] in-

vestigated the contact of an overhung rotor as function of rotat-

ing speed, unbalance and external damping using the transfer

matrix method. Most of these models are simplified but they

can be evaluated as function of several parameters.

On the contrary, the blade-tip rub interaction concerns more

detailed models studied for a fixed set of parameters. Sinha[6]

studied the transient response of a decelerating rotor where blade

rubbing occurs close to resonance. Roques et al.[7] also inves-

tigated blade rubbing caused by accidental imbalance using a

Lagrange multiplier approach and prediction-correction march-

ing procedure. Using a complex model, Legrand et al.[8] eval-

uated contacts due to modal interaction and small clearances.

They also developed a three-dimensional model of the contact

phenomena using the Lagrange multiplier and B-splines of the

contact surface. More details of rotor-stator interaction can be

found in Jacquet-Richardet et al.[9].

Preprint submitted to Elsevier February 11, 2014



Nomenclature

Roman Symbols

Ndr Nominal speed

ci j damping coefficients

cr runner damping

E Young’s modulus

e unbalance eccentricity

fmax maximum force

Jd, Jp moment of inertia

kUMP stiffness coefficient

kc stiffness coefficient

ki j stiffness coefficients

L blade length

m added mass

R casing radius

R0 cylinder radius

rmax maximum amplitude

vck contact velocity

x displacement in x-direction

y displacement in y-direction

y0 misalignment

Bold symbols

C damping matrix

Fn,Ft contact forces

fnl unbalance forces

funb unbalance forces

G gyroscopic matrix

i, j unit vectors in fixed coordinate system

K stiffness matrix

M mass matrix

n, t unit vectors in rotating coordinate system

r blade tip position vector

T,S transformation matrix

Greek Symbols

β blade angle

δ clearance

μ friction coefficient

ν Poisson’s ratio

ω,Ω rotating speed

ρ density

θp Poincare phase

ϕk blade phase

ζ damping ratio

In this paper, the blade contact interaction is investigated in

a 10 MW Kaplan turbine. Since the clearance is small in this

type of machine – around 0.1 % of the hub diameter – contact

might occur between the runner blades and the turbine cham-

ber due to high unbalance forces and fluid forces. A previous

study on a general hydropower machine has been performed

by Gustavsson and Aidanpää[10]. It was assumed that the an-

gle of the blades was set to 0◦, making the contact similar to

cylinder-to-cylinder rubbing. In our model, it is assumed that

contact of all blades can occur during operation. A preliminary

study will be performed to verify the global dynamic properties

when the rotor is initially misaligned and compare the results

with simplified models [11, 12]. Then a complementary study

of the contact model will be performed at operating speed as

function of the contact stiffness and the damping induced by

fluid-structure interaction.

2. Model Description

2.1. Overview of the system

The model is composed of 46 nodes and described by Timo-

shenko beam elements with shear, rotary inertia and gyroscopic

effects. The three bearings are shown on Fig.1, one for the up-

per guide bearing at node 6, the second for the lower guide

bearing at node 16, and the third one at node 41 for the turbine

guide bearing (from left to right). The stiffness and damping of

2
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(b) (c)

b

Figure 1: (a) Finite Element Model of the Porjus U9 turbine (b) view of the runner node - side view (c) view of the runner node - upper view

the bearings are constant (no rotationnal speed dependency) in

x and y direction. Additional masses and inertia are set at node

1 for the exciter, 11 for the generator and 46 for the runner. The

unbalance magnetic pull between the rotor and the generator is

modelled as a constant negative stiffness kUMP.

2.2. Contact model

In this model, the Kaplan blades are considered to be rigid

due their thickness and material properties. On the runner, piv-

ots allow to change the angle β of the blades while running.

When β = 0◦, the contact model can be assimilated to cylinder

rubbing. In our case, it corresponds to the extreme case where

the blades are open as much as possible. The contact forces

during blade impacts are derived in the fixed coordinate system

(O,i,j). The rotor is initially misaligned in the y direction with

an eccentricity y0. When a contact occur for the k-th blade, a

restoring force Fn is applied to the rotor where Fn = −kcΔrn

with n = r/‖r‖, Δr = ‖r‖ − R and where the position of the tip

of the blade is given by

rk = (x + L cos(ϕk))i + (y + y0 + L sin(ϕk))j (1)

where ϕk = ωt+ 2(k− 1)π/nblade represents the phase of the

blade. The normal force can be re-written Fn = −kc(1−R/‖r‖)r
with r given in Eq(2). The tangential force is a Coulomb fric-

tional force which can be written Ft = −μ sgn(vck )‖Fn‖t where

t is the tangential unit vector at the contact point, obtained from

a rotation of angle π/2 of vector n. Thus t can be written

t = (y+y0+L sin(ωt))i−(x+L cos(ωt))j. The tangential contact

velocity is obtained by using vck = ṙ • t. The resulting forces in

the x and y direction are derived by projecting the normal and

tangential forces on i and j respectively, i.e. Fxk = (Fk
n + Fk

t ) • i

and Fyk = (Fk
n + Fk

t ) • j. As a result, the contact forces for the

k-th blade given in the fixed reference system are given by:

Fxk = −kc(1 − R√
(x + (R0 + L) cos(ϕk)2 + (y + y0 + (R0 + L) sin(ϕk))2

×

[(x + (R0 + L) cos(ϕk)) − μ(y + y0 + (R0 + L) sin(ϕk)) sgn(vck )]

3



Fyk = −kc(1 − R√
(x + (R0 + L) cos(ϕk))2 + (y + y0 + (R0 + L) sin(ϕk))2

×

[(y + y0 + (R0 + L) sin(ϕk)) + μ(x + (R0 + L) cos(ϕk)) sgn(vck )]

where the contact velocity vck is given by

vck = −
(y + y0 + (R0 + L) sin(ϕk))(ẋ − (R0 + L)ω sin(ϕk))√

(x + (R0 + L) cos(ϕk))2 + (y + y0 + (R0 + L) sin(ϕk))2

− (x + (R0 + L) cos(ϕk))(ẏ + (R0 + L)ω cos(ϕk))√
(x + (R0 + L) cos(ωt))2 + (y + y0 + (R0 + L) sin(ϕk))2

O

y+y0

F

mF

R0

x

fk

C

R

kc

kc

L

i

j

E

S

nt

Figure 2: Description of the contact model

2.3. Model reduction

To perform faster analyses without changing the properties

of the system, the standard Improved Reduction System method

has been applied to our rotor. The system has been reduced

from 46 to 6 nodes, corresponding to 24 degrees of freedom. It

can be seen on Figure.1a that these nodes correspond to the ex-

citer, generator, runner and the three bearing positions. These

nodes have been kept since the occurrence of nonlinearities in

hydropower systems would appear at these positions due to the

Unbalance Magnetic Pull at generator and exciter, nonlineari-

ties in the tilting-pads and combi-bearings, fluid-structure in-

teraction at the runner, and impacts at the runner as well. The

transformation matrix is given by

TIRS = Ts + SMTsM−1
r Kr

More details about this method are available in [13]. It can

be noted noted that this reduction can be improved by extending

it to an iterative scheme. However, the first iteration gives ac-

ceptable results for the damped natural frequencies and damp-

ing ratios of interest in our case. The Campbell diagram of the

system is shown in Fig.2.3

3. Analysis overview

3.1. Rotor and contact properties

Case of misaligned rotor

The rotor is only subjected to an initial misalignment as de-

scribed in section 2.2. The objective of this case is to determine

the global properties of the contact over a large speed range. It

is also of interest to verify if the behaviour is reasonable when

compared with previous studies since the model geometry is

more complex. Concerning the tilting pads bearings, the stiff-

ness and damping properties are calculated at the nominal speed

Ndr = 600 RPM for a bearing load of 20 kN and a peg stiffness

of 1.5 × 109 N/m. These coefficients have been extrapolated at

all speeds. The magnetic stiffness of the generator and exciter

are set to 0. The initial misalignment is set to 1.001∗δ to obtain

a slight contact with the casing.

Case of contact with unbalance

The rotor is rotating at its nominal speed Ndr = 600 RPM.

The rotor is not misaligned (y0 = 0), while a constant force

applied in the x-direction creates a static displacement which

corresponds to 70% of the clearance. Unbalance forces are set

at the generator and runner positions, both in phase. The mag-

nitude of the force is controlled with the eccentricity. The ro-

tor will enter in contact with the casing due to the increase of

unbalance forces. The magnetic stiffness’s are included since

the rotor simulation corresponds to its operational speed. The

numerical simulations are performed for different set of param-

eters (default values are given in Table1). Three major parame-

ters cannot be assessed perfectly. The first one is the damping
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Figure 3: Campbell diagram (default parameters) (a) Damped natural frequency (b) Damping ratio

value. In rotordynamics, damping is usually underestimated.

In our case, the damping ratio associated with the first mode is

ζ1 � 5%. This first mode is related to a greater displacement

of the turbine. As a result, a damping coefficient is included

at the turbine node due to fluid-structure interaction. It will in-

crease the damping ratio of the first mode to approximately 10,

15 and 20%. The second parameter which can fluctuate is the

kinetic friction coefficient during contact. Due to water interac-

tion, this coefficient can vary within a large range. In our case,

we will choose the following values μ = [0.5, 0.1, 0.2]. The

last unknown is the contact stiffness of the casing. The casing

stiffness is considered to be stiffer than the shaft stiffness. A

detailed finite element formulation of the casing could help cal-

culating this stiffness using a commercial software, but the lack

of information does not allow this evaluation. As a result, kc

will be equal to [109, 1011, 1012] N/m.

3.2. Simulation method

The equations of motion can be written in the following way

Mẍ + (C + ΩG)ẋ +Kx = funb + fnl (2)

where M is the mass matrix, C the damping matrix, G the

gyroscopic matrix, K the stiffness matrix. The formulation of

these matrices follows the description of [14]. The term funb

represent the unbalance forces, while fnl correspond to the non-

linear impact forces when contacts occur. The equation of mo-

tion 2 is written using the state-space formulation and solved

using the Central Difference method. For each simulation, the

maximum radial displacement rmax and contact force fmax at

steady state for the runner. These quantities are calculated as

follows:

rmax = max(
√

x2 + y2) and fmax = max(
√

f 2
x + f 2

y )

The results are visualized using orbit and phase plots to-

gether with Poincaré sections composed of 10000 sections (when

performed at a single speed). For bifurcation diagrams, only

100 Poincare sections were collected after simulating 200 peri-

ods for a given speed Ω. The Poincare sections are retrieved at

a constant phase θp = 2π in the state space. To plot the bifurca-

tion diagrams, 500 steps are used for the frequency range. The

final state vector of a simulation at a given frequency is used

as the initial condition for the following one to find stable solu-

tions over the whole studied range. A Fast Fourier Transform

(FFT) of the steady state response is performed at each speed

to obtain three-dimensional waterfall plots. It will give com-

plementary information about the dynamical properties of the

system.
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Table 1: Default properties of the Kaplan turbine and contact parameters

Symbol Item Runner Rotor Exciter

m mass [kg] 2600 11900 600

Jd diametrical moment of inertia [kg.m2] 230 6641 37

Jp polar moment of inertia [kg.m2] 310 9121 74

Turbine guide bearing Lower guide bearing Upper guide bearing

kxx, kyy Bearing stiffness [N/m] 5.53 × 108, 3.85 × 108 6.19 × 108, 4.86 × 108 7.96 × 108, 7.11 × 108

kxy, kyx Bearing stiffness [N/m] 8.89 × 105, −7.13 × 105 −1.17 × 105, 1.77 × 106 −2.88 × 106 , 2.80 × 106

cxx, cyy Bearing damping[N.s/m] 6.62 × 106, 4.97 × 106 7.36 × 106, 6.11 × 106 8.90 × 106, 8.15 × 106

cxy, cyx Bearing damping[N.s/m] 9.84 × 103, −1.79 × 104 2.07 × 104, −1.22 × 104 1.50 × 104, −1.89 × 104

kUMP Magnetic stiffness [N/m] X −64 × 106 −12.8 × 106

E Young’s modulus [N/m2] 2.1 × 1011

ν Poisson’s ratio 0.3

ρ Density [kg/m3] 7810

kc Contact stiffness [N/m] 1 × 1010

δ clearance [m] 1.55 × 10−3

μ friction coefficient 0.1

y0 misalignment [m] 1.001 ∗ δ

4. Results

4.1. General properties of the misaligned rotor
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Figure 5: Bifurcation diagram of the Porjus rotor as function of the frequency.

Full line represents the maximum amplitude at steady state

The bifurcation diagram of the system as function of the fre-

quency in the range 4 to 12 Hz is shown Fig.5 together with the

maximum radial displacement at the runner node. Two appar-

ent chaotic regions 2 and 4 are visible in the range 4.62-6.68

Hz and 6.98-12 Hz. At 6.5 Hz in region 2 , a chaotic motion

with a succession of burst is displayed in Fig.4a. The chaotic

attractor is well defined in this case. On the contrary, the attrac-

tor shown in Fig.4d -corresponding to a frequency of 10 Hz in

region 4 - looks fuzzy and less defined. Two period-1 regions

1 and 3 are visible between these chaotic regions. A typi-

cal example of this period-1 is shown in Fig.4b. More periodic

motion can be found in the bifurcation diagram, but they only

appear at single speeds and not over extended ranges. Fig.4c

show another example of periodic motion at 9.579 Hz where

the blades enter in contact on both sides of the casing. It can be

observed that the maximum displacement (and force) is high in

the chaotic region and even greater at the end of these regions,

while periodic regions are associated with a low displacement.

The displacement curve can even help visualizing the periodic
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Figure 4: Displacement plot, phase plot and poincare section for different frequencies (a) f=6.5 Hz (b) f=6.757 Hz (c) f=9.5792 Hz (d) f=10 Hz
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motions within the fuzzy regions of the bifurcation diagram.

Previous work about 3 blades Jeffcott rotor [15, 11] showed that

chaotic regions start to appear at 1/3 and 2/3 of the normalized

frequency. As a result, our frequency scale can be normalized

with the first damped natural frequency f1 = 25.6 Hz (mode as-

sociated with the turbine) and rescale with a factor 6/3 (ratio of

the number of blades in this study and the number of blades of

[15]). The new scale is within the range 0.312-0.938 in normal-

ized frequency. Even though the rise of maximum displacement

and forces do not exactly appear at 1/3 and 2/3 of the normal-

ized frequency, the overall behaviour is similar with turns of

shorter periodic regions and broader chaotic regions.

The Fast Fourier Transform of the x-displacement of the

runner node for 50 different speeds within the same range are

gathered and displayed in a 3-dimensional diagram. The peri-

odic regions 1 and 3 can be seen with the appearance of a

small synchronous peak alone that confirms the period-1 mo-

tion. On the contrary, chaotic regions 2 and 4 are recog-

nizable with their large broadband excitation. However, the

broadband excitation of the first chaotic motion follows the syn-

chronous speed. For the second chaotic region, the excitation

stop following the synchronous excitation and get centered around

the first natural frequency of the rotor.

4.2. Parametric study at nominal speed

In this section, the major differences is the inclusion of un-

balance force and constant force in the x-direction. The rotor

is not in ”free flight” motion after contacts due to these forces.

Hence the contacts are likely to occur on the right position of

the stator. From the previous section and Fig.4d, we can see

that the contact properties at nominal speed are not the safest.

A bifurcation diagram is built as function of the unbalance ec-

centricity for a frequency f=10 Hz. The simulation shown in

Fig.7 and Fig.8 correspond to the default parameters. This set

of parameters is used as a comparison tool in the rest of the

study. The bifurcation diagram shows a first periodic region I

since there is no contact and the rotor responds linearly to the

unbalance excitation. After the occurrence of the contact for a

displacement in the x direction equal to the clearance, the peri-

odic region continues shortly until the appearance of a chaotic

region II in the range [1.46− 1.9]× 10−3m. This region leads to

a long periodic region III that starts with a period 2 as seen in

Fig.8b and continues with a period-1 (in Fig.8c) until the value

of 6.4 × 10−3m is reached. The periodic region leads to an-

other chaotic region IV that goes until 10 × 10−3m. Even if not

shown here, this chaotic region is broader and continues until

50 × 10−3m. From this diagram, we can observe that the max-

imum displacement (or force) associated with chaotic regions

are greater than periodic regions. This general result was also

observable in Fig.5.
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Figure 7: Bifurcation diagram as function of eccentricity for the default param-

eters

The bifurcation diagrams for different contact stiffness are

shown from Fig.9a to Fig9c. The bifurcation diagram for kc =

109 N/m shows a global behaviour that is different from the de-

fault case. The first chaotic region II totally disappears and the

second chaotic region occurs for a larger eccentricity. The ap-

pearance of a period-2 quasi-periodic motion is visible around

4 × 10−3m. Periodic motions predominates mostly in this dia-

gram and comparison are hard to perform in this case. On the

contrary, the bifurcation diagrams for the stiffer cases kc = 1011

N/m and kc = 1011 N/m shows a similar behaviour on the global

scale. All the regions are clearly visible. The main difference
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Figure 6: Waterfall plot of the bladed rotor with initial misalignment

is the presence of a new chaotic region in II at the bifurcation

point, which extends with an increasing contact stiffness. Simi-

larly, the second chaotic region increases with a higher stiffness.

As a result, the behaviour of the system becomes independent

as long as the contact stiffness is high enough.

The bifurcation diagrams for different damping values cr

are shown in Fig.9d to f. The default case corresponds to a zero

damping value at the runner. At first view, the damping value

has a stabilizing effect on the system. For a damping ratio of

10%, the chaotic region II is reduced and the amplitude of the

displacements is smaller in the chaotic region IV. The presence

of intermittent periodic region is also accentuated. For a damp-

ing ratio of 15%, region II has changed into periodic motion,

while region IV has diminished significantly. It even disap-

pears for ζ1 = 20%, leading to a periodic region for the whole

eccentricity range. However, the magnitude of the maximum

displacement in all cases is very similar in all the regions. Fur-

ther simulations have been performed for a friction coefficient

μ = 0.05 and μ = 0.2. The results are not shown in this study

since in only influences locally the system at the beginning of

region IV, but the global properties are conserved and no major

difference occurs.

5. Conclusion

The global dynamics of a 10 MW turbine has been eval-

uated in this article. The rotor was modelled using the Finite

Element Method and reduction methods for faster simulations,

while the contact between the rotor and casing was modelled

with rigid blades. The following key results can be summarized

• By scaling the rotating speed with the first natural fre-

quency (turbine mode) and the number of blades in an

appropriate manner, the global dynamics of the system is

similar to the simple model described in [15, 12].

• Periodic regions are always associated with smaller dis-

placements and forces than chaotic regions.

• The global behaviour at nominal speed shows the same

characteristic regions for a high contact stiffness. For a

low contact stiffness (of the order of the shaft stiffness),

the behaviour cannot be compared.

9



• Increasing damping has a stabilizing effect on the system

behaviour. However, it does not change the magnitude of

the maximum force.

As a result, this study shows that dynamics of real bladed

systems can be analysed using a simplified contact model. The

global behaviour of this complex system is similar to the results

obtained with simple systems. This contact model can be used

as a general tool to evaluate the dynamic of the rotor as function

of unknown parameters. To obtain more accurate results, these

unknown parameters can be updated. For instance, the eval-

uation of the contact stiffness can be performed using a finite

element program. Moreoever, some flexibility can be induced

by the attachment of the blades to the runner and is not taken in

account here. The casing dynamics can be also included follow-

ing the description of [3] for a more realistic casing. However,

the drawback of using more sophisticated models results in a

longer computational time.
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