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V

“A man remains knowing as long as he searches for knowledge and continues  
      to study. When he thinks he knows, he has become ignorant”   
            Ibn Qutaybah   
 ما طلَب الِعلَم، فـإذا ظنَّ أْن قْد َعلَِم فقْد َجهلَ" "ال َيزَالُ الَمْرُء عالِماً  

 إِْبُن قُتَْيبَة





Abstract

In many applications, there is a variable that indicates the overall performance and that must
be maximized, such as the output of a hydro power turbine or a mineral processing plant, or
that must be minimized, such as CO2 emissions or the consumption of resources. Extrem-
ization of this variable (maximization or minimization) through adjusting the influencing
manipulated variables is occasionally required without prior knowledge of the optimal val-
ues of the manipulated variables or of the optimized variable. Extremum seeking control
(ESC), which is an on-line concept for the optimization of dynamic systems, can achieve this
task.

Many types of ESC have been proposed in the literature, and the majority of these ap-
proaches are based on the gradient descent optimization method. The most common type
of ESC is the classic ESC, which is based on adding a sinusoidal perturbation to the manip-
ulated variables followed by the use of a band pass filter (BPF) to find an estimate of the
gradient of the output with respect to the input. The plant is then extremized by adjusting
the manipulated variables to make this estimate approach zero.

In this work, an alternative approach called phasor ESC is proposed, which is based on
estimating the phasor of the plant output at the perturbation frequency rather than the gra-
dient. Stability analysis of the phasor ESC is presented, including local and semi-global prac-
tical asymptotic stability for general non-linear dynamic plants. As an improvement of the
existing stability analysis of the classic ESC, a less constrained semi-global practical asymp-
totic stability condition is also presented.

In perturbation-based ESC, the output will continuously oscillate due to the input per-
turbation. As noted in the literature, the averaged system may not converge to the optimum
point, and an average offset from the optimal value will emerge. This offset is negligible in
the case of a small perturbation signal but will increase as the perturbation amplitude in-
creases. In this work, a modification for the classic ESC and phasor ESC is proposed that
improves the accuracy by reducing this offset.

Two applications of ESC are considered: cone crushers and hydro power plants. Cone
crushers are used for reducing the size of minerals and are considered to be a key compo-
nent of manymineral processing plants. On-line optimization of the throughput is proposed
based on the concept of ESC. A novel model of cone crushers is presented that can predict
the flow and the size distribution of the output as a function of the primary manipulated
variables, and simulations of ESC control on this model are presented.

For hydro power plants, which are considered to be the most important source of renew-
able energy, phasor ESC is proposed for constructing and correcting the combinator, which
ensures the optimal and efficient operation of the Kaplan turbine. Moreover, phasor ESC is
proposed as a tool formaximumpower point tracking inmicro hydro plants bymanipulating
the turbine speed, and a test rig is used to conduct an experiment to validate this approach.
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Chapter 1

Introduction

1.1 Background

Optimization is the primarymotivation for all reasonable human actions. It is utilized in our
daily lives without notice. In general, through our actions, we are interested in achieving a
particular state in which a specific objective is optimal (maximized or minimized) [1].

Similarly, on-line optimization is one of the objectives of any control system [2]. On-line
optimization is always required to achieve maximum performance of a plant by driving it to
operate at its optimum.

This is achieved by adjusting one manipulated variable (single parameter) or many vari-
ables (multi parameter). In general, at this optimal operating state, a single index (called
single-objective optimization) or several indices (called multi-objective optimization) are ex-
pected to be optimal.

This optimal operating state can be known or unknown. If it is known, then most of the
system variables (formulated as the plant output) have a predefined state (formulated as the
reference input), and the job of the control system is to drive these variables toward this state
by adjusting the manipulated variables.

By contrast, if the optimal state is unknown (i.e., the values of the objectives and system
variable are unknown), then the job of the controller is to find this optimum state by adjusting
the manipulated variables to reach a state that is as near the optimum as possible.

uss

yss

y*

u*

Manipulated 
Variables

Plant 
Output

Extremum Seeking 
Controller

Plant

Figure 1.1: Principle of extremum seeking control
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Extremum seeking control (ESC) is a control concept for the on-line optimization of dy-
namic systems. The ESC controller is a single objective in which the objective is assumed to
exhibit only one global maximum (minimum) and no other maximums (minimums). More-
over, below this maximum (minimum), the system is strictly increasing (decreasing), and
above this maximum (minimum), it is strictly deceasing (increasing), as shown in Fig. 1.1.
The ESC controller will seek to extremize an objective (plant output) through adjusting the
manipulated variables (the plant’s input), knowing that the optimal values for the manipu-
lated variable and the plant output are unknown. Thus, ESC provides an ideal solution for
many applications that require a certain objective to be maximized or minimized, such as
maximization of output power or production or minimization of energy consumed or emis-
sions produced.

For any control system, a stable and accurate response is required. Stability has many
different meanings according to the interest. From the qualitative theory of differential equa-
tions, which provides descriptive properties of the solution to the differential equationswith-
out providing the solution, it is possible to define the stability of a solution as its relation to
its neighbor [3]. Consider a solution (i.e., a trajectory or a curve) starting inside a certain set
A. If the solution ends in another set B and remains inside this set, then the system is stable;
otherwise, the solution is unstable. This explanation can describe the understanding of Lya-
punov, the Russian mathematician and engineer who established the basis for the theory of
stability that bears his name [4].

The accuracy of the solution, which is another important aspect, can be interpreted as how
close to the required and optimal set the solution (trajectory) will be. As a continuation of
the above example, let us introduce a point C that represents the required optimal solution;
in this case, the improvement in the accuracy could be explained as moving B such that the
optimum C comes close to the center of B.To distinguish these two concepts, it is possible to
have a system with a stable response but that is inaccurate at the same time.

Many variations of extremum seeking control can be found in the literature [5, 6]. The
most common approach is based on the gradient descent optimization approach, in which
the gradient of the objectivewith respect to the inputwill determine the direction of adjusting
the input variables, as shown in Fig. 1.2.

yss
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∂y
/∂

u >
 0 ∂y/∂u < 0
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y
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u
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Figure 1.2: The relation between the gradient and the optimal point

The classic method for finding the gradient is by inserting a perturbation signal and then
using a high pass filter (HPF), amultiplier, and a lowpass filter (LPF) to estimate the gradient,
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as shown in Fig. 1.3.

θ0θ y
HPFLPF

a sin(ωt)

ξ y-η
s
k

a sin(ωt)

Figure 1.3: Classic band pass ESC controller

This approach has received a considerable amount of attention in the literature from the
perspectives of stability and accuracy. Nevertheless, some constraints are still available that
may reduce the applicability of this approach to real world problems.

Many applications of ESC have been proposed and implemented in the literature [7], and
these applications provide decent results that improve the performance of the system under
examination. However, two sectors have not been investigated in such research: the mineral
industry and hydro power plants. Cone crushers are a key component of many mineral
processing plants and possess the required potential features that enable the use of ESC in
many scenarios, including maximizing throughput, minimizing energy, and reducing by-
products.

Hydro energy, as a renewable energy source, represents an ideal area for the application
of ESC, and there are many possible application scenarios. Kaplan turbine control adopts
an open-loop approach that can be optimized and diagnosed using ESC. Moreover, micro
hydro power plants, which have become increasingly popular at the small-scale individual
level, represent a typical application for ESC to maximize the harvested power.

1.2 Problem Statement and Research Approach

In this thesis, the sinusoidal perturbation ESC is considered as the main research subject, in
addition to the two applications that are considered for optimization. The main objective
of this study is to optimize systems with unknown dynamics (or partially known dynamics)
under few assumptions, inwhich the optimal values of the plant variables are unknown. The
main research questions can be summarized and formulated as follows:

1. Is it possible to apply the concept of ESC for optimization in cone crushers and hydro power
plants?

2. Can we find a stable ESC algorithm that is not based on the gradient and that can manage a
large (and potentially time varying) phase lag in the perturbation frequency?

3. In the context of the available classic ESC techniques, is it possible to relax the required assump-
tion? Additionally, is it feasible to improve the accuracy?

These questions were not formulated immediately. The initial research question began
with cone crushers, and it primarily consisted of maximizing the throughput, which raised
the problem of a control-orientedmodel for crushers. The applicability of ESC to cone crush-
ers led to some additional research questions. Meanwhile, and due to difficulties in conduct-
ing experiments with cone crushers, hydro power plants were proposed as a potential area
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for ESC, and two cases within hydro plants were investigated. Thus, the approach that was
adopted in this research can be classified as deductive reasoning. Fig. 1.4 shows the research
cycle that was followed.

Define the 
question
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se

rv
e 

a
n
d
 

E
v
a
lu

a
te

Propose 
a solution

A
n
a
ly

ze th
e 

p
ro

b
lem

Figure 1.4: Research cycle

The main study began with optimizing cone crushers, which was addressed in Paper E.
This study led to the need for sufficient models, which was addressed in Paper D. Through-
out the study of the optimization theory, the general research question 2 emerged, and the
proposed solutions led to Paper A and Paper B. The hydro power plant was found to be an
area for the application of ESC, and the results of that study are Paper F and Paper G. Dur-
ing research with the control of Paper F, the need for improved accuracy emerged, and the
research led to Paper C.

1.3 Thesis Outline

This thesis is divided into two main parts. Part I is intended to provide a background to
Part II, and it consists of five chapters, namely, a general Introduction chapter followed by a
chapter that introduces extremum seeking control, including the most important tools that
are used in this research. Chapter 3 presents a general description of the two application
areas that are addressed in this research. In Chapter 4, the points that are considered as
the added value of our research to the related research topics are presented. Subsequently,
Chapter 5 presents the main conclusions and future work. Part II presents the seven peer-
reviewed research articles that comprise this thesis. These articles are arranged such that the
ESC theoretical papers come first, followed by the application-oriented papers. Note that
this arrangement does not follow the timeline of the research.



Chapter 2

Extremum Seeking Control

Consider a non-linear, time-varying plant with a single objective (occasionally also called an
index) that can be described by the following state space representation:

dx

dt
= f(x,u) (2.1a)

y = h(x) (2.1b)

where x is a vector that represents the state variables, u is a vector that represents the
manipulated (input) variables of the plant, and y is a scalar that represents the output objec-
tive (or performance index) of the plant. Additionally, f is a vector-valued function, and h is
a scalar function of the state. Both f and h are assumed to be sufficiently smooth.

As explained earlier, the purpose of the ESC controller is to adjustu to achieve an optimal
value in y. If we examine the steady state relation betweenu and y, it should be strictly quasi-
convex (or concave), as shown in Fig. 1.1. A function f is said to be strictly quasi-convex [8]
if and only if domf is convex, and for any x, y ∈ domf and 0 < θ < 1,

f(θx+ (1− θ)y) < max{f(x), f(y)} (2.2)

i.e., the value of the function on a segment should be less than the maximum of its values at
the endpoints.

Fig. 2.1 presents examples of convex, quasi-convex, and strictly quasi-convex functions.
As shown in this figure, the strictly quasi-convex function exhibits a point (the peak point)
at which the function is divided into two segments. The segment below the peak point is
strictly decreasing, and the segment above the peak point is strictly increasing.

Many types of ESC methods have been developed and can be categorized in many
different manners, such as analog and numerical methods [6]. The analog methods can be
categorized into many types, such as sinusoidal perturbation, sliding mode, and stochastic
perturbation, among others. Some methods are based only on reading the output of the
system (y), such as the majority of the analog methods. In contrast, the numerical methods
may require knowledge of the state of the system (x), which is more difficult in most cases,
unless using an observer, which adds additional complexity to the controller.
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f

x

Strictly Convex
function

Strictly Quasi-Convex 
function

Quasi-Convex
function

Figure 2.1: Convex, quasi-convex, and strictly quasi-convex functions

2.1 Literature survey

In this section, a brief survey over the methods, analysis, and applications of ESC will be
presented.

2.1.1 Methods

According to [9, 7, 5], the first notable work was performed by LeBlanc in 1922 [10]. This
work was the first study reported in the literature regarding adaptive controllers, and the
proposed approach was perturbation based. Extremum seeking control received a consid-
erable amount of attention between the 1940s and 1960s, and commercial controllers were
even introduced to the market [11]. In [12], a couple of extremum seeking techniques were
proposed in which a self-driven approach is adopted to find the time derivative of the out-
put, and accordingly, the input of the plant is adjusted. The stability analysis of one of these
techniques was performed under many assumptions, e.g., that the system is a static map,
and by using Lyapunov’s direct method [13].

The classic BPF method, which is presented in Chapter 1, represents the common ESC
methods that are based on gradient estimation using a HPF, a multiplier and a LPF [14].
Compared to the standard filter-based ESC, an improved ESCmethodwas later presented by
Krstic [15]. This method proposes the use of a dynamic compensator added to the integrator
in the controller to improve stability and performance. In this work, the plant is represented
as a cascade combination of linear dynamics and a static non-linearity.

Another approach for estimating the gradient was presented in [19, 20]. In this work, the
authors applied an extended Kalman filter (EKF) to estimate the gradient of the objective
function.

The first method for multi-parameter extremum seeking was presented in [16, 17], and
the extremum seeking controller with a dynamic compensator from [15] was extended to the
multi-parameter case in [18], in which a rigorous stability analysis was also provided.

In the 1990s, another approach for perturbation-based ESC emerged. The majority of the
perturbation-based methods since the early start in 1922 consisted of using a periodic exci-
tation (sinusoidal) to estimate the steady state map between the objective and the input to
the plant. In contrast, in this new approach, a stochastic random signal was used as a pertur-
bation [21]. Later, in [22, 23], the stochastic approach was extended by adopting Gaussian-
distributed perturbation signals, and the convergence toward the extremum of a static map
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was demonstrated in addition to the case with dynamic actuators. As shown in Fig. 2.2, the
Gaussian-distributed perturbation signal νk is added to the input of the plant , which is con-
sidered to be a static map combined with actuator dynamics. The output of the static plant
is then filtered with a HPF H(z), and the result is multiplied by a time-shifted perturbation
signal prior to being fed to an integrator. The time delay for the perturbation signal should
be equal to the combined time delay of the actuator and the HPF dynamics.

Figure 2.2: Stochastic ESC with actuator dynamics G(z) and high pass filter (washout filter)
H(z) [23]

Moreover, in the 1990s, a new approach for extremum seeking called sliding mode ex-
tremum seeking was presented [24]. Later, this approach became popular and witnessed
some additional publications [25, 26], and subsequently, a stability analysis was presented
[27]. As shown in Fig. 2.3, the basic concept of this approach is to make the objective
function follow an increasing/decreasing time function via sliding mode control [6]. An
increasing function g with slope ρ is subtracted from the plant output y to generate the
switching function s that determines the direction of the adjustment of θ through the law
θ̇ = k sgn (sin (πs(t)/α)), where k, ρ, and α are the tuning parameters [27].

Figure 2.3: Sliding mode control method [27]

After 2009, a newextremumseeking approach based on theNewton optimizationmethod
became popular. This approach is called Newton-like extremum seeking control. In this
method, the second derivative is required for optimization of one parameter, and the Hes-
sian matrix is required for the multi-parameter case. The Newton-like approach for the one
parameter case was presented in [28, 29, 30]. The derivatives were calculated using an es-
timator, which provides the first and second derivatives of the objective with respect to the
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manipulated variable. A stability analysis was also presented. A multi-parameter Newton-
like method was presented in [31, 32]. In this work, the gradient was estimated using the
classical band filtering approach (HPF, multiplier, and LPF). The signal for multiplication is
a weighted form of the original perturbation signal as in the classic case, whereas the Hes-
sian matrix is calculated using band pass filtering and the multiplication signal is carefully
selected to eliminate other unwanted derivatives. The inverse of the Hessian matrix was
calculated using a Riccati equation. This work also included a stability analysis.

Numerical ESC methods are available as on-line optimization tools, in which a standard
numerical optimization algorithm is applied to the system in a discrete manner. An example
of this is the stepping ESC (also called perturb and observe P&O), in which a small step will
be made and after waiting for the objective to stabilize, a step (increment or decrement) will
be made depending on the change in the output of the plant. A similar multi-parameter
method called direct search was popular in the 1960s [33]. However, most of these methods
have no proof of convergence, and the rate of convergence can be very slow [34]. The last
two decades have witnessed increasing research on numerical ESC approaches, including
stability analyses of the proposed methods [35, 36, 37].

2.1.2 Analysis

The evolution of extremum seeking control can be divided into twomain periods: from 1922
until 2000 and from 2000 to present. In other words, the periods before and after the article
of Krstic and Wang [14], which was the spark that restarted investigations into the theory of
extremum seeking [7]. In their article, Krstic and Wang presented what can be considered
the most valuable stability analysis of extremum seeking control for the standard simple
filter-based approach shown in the previous chapter in Fig. 1.3. This paper led to increasing
interest in research of extremum seeking. [7] noted that the number of publications between
2000 and 2009 on extremum seeking is significantly greater than that before the year 2000.

Tan et al. [38] presented the next step in the stability analysis of ESC. They adopt the
practical stability concept presented by [6] and prove semi-global practical asymptotic stabil-
ity of ESC. In their work, stability analysis was provided for different schemes such as ESC
without filters, with only low-pass filter and with both low pass and high pass filters.

Based on the theory of Lie bracket approximation, considerable research was conducted
to provide methods for analyzing ESC. In [39], a procedure for proving semi-global practical
asymptotic stability of ESC with static non-linear plants was presented. Later, this work was
extended to general non-linear dynamics [40]. In [41], a method for vanishing perturbation
signal and for stability analysis of the system based on the Lie bracket approximation was
presented.

Over the past decade, the accuracy and the optimality of extremum seeking control has
received considerable attention. The performance was examined under different dither and
modulation signals [42, 43]. Additionally, the existence of local extrema in the static map and
the influence on the convergence of the system were studied in [44].

As a first step of ESC analysis is the time separation between the plant and the controller,
which implies the use of a very slow perturbation signal. In [45], the multiple equilibrium
points that may arise when increasing the perturbation frequency were analyzed for classic
ESC. Moreover, the analysis of the convergence rate of ESC and themultiple time scales were
thoroughly discussed in [46].
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2.1.3 Applications

In the literature, many applications can be found; please refer to [5, 7] for a detailed survey.
For example, one of the common applications is in anti-lock braking systems (ABS). ESC is
adopted as a control algorithm to achieve maximum friction between the tire and the road
during emergency braking without a priori knowledge of the optimal slip, knowing that the
dynamics of the overall system is highly non-linear and time varying [25]. In autonomous
vehicles, an example of ESC is the application in source seeking [47]. In this case, ESC is used
to steer the vehicle to locate a radiation source. Vehicle planar control is another area of ESC
application [39, 48].

ESCwas also used to suppress thermoacoustic instabilities in an atmospheric combustion
chamber in [20]. To stabilize pressure, a microphone is used to measure the pressure, and
loudspeakers are used for acoustic actuation. The measured pressure signal is passed to the
actuators after scaling and time delaying. ESC is used to find the optimal values of the gain
and the time delay.

Yield optimization in a bio-process was examined in [49], in which a continuous stirred
tank reactor that has an uncertainty in kinetics was optimized. The task was to optimize the
steady-state operation by maximizing the biomass production rate.

In photovoltaic systems, ESC is used as a maximum power point tracking (MPPT), which
is an optimization tool used to extract the maximum power from an energy source. ESC
adjusts the apparent load of the cells by manipulating the operating voltage of the panel
such that themaximumpower is harvested under different solar irradiation and temperature
conditions [50]. For wind energy, ESC is employed to adjust the angular velocity of wind
turbines to produce maximum power under various wind speed conditions [51].

Another interesting control-oriented application is automatic PID tuning [52, 53]. In this
work, the PID controller parameterswere tunedusing a standardperturbation-basedmethod
to minimize the integrated square error (ISE) cost function.

y =
1

T − to

∫ T

to

e2(u, t)dt (2.3)

where e represents the error between the reference input and the plant output and u repre-
sents the PID controller parameters ([K,Ti, Td]). The interesting fact regarding this work is

e
Error Signal

-1

Plant Manipulated 
Variable

r
Ref. Input

Feedback 
signal

Plant 
Output

Extremum Seeking 
Controller

PID Controller

uy

[K,Ti,Td]

y
ISE

y

Figure 2.4: PID tuning using extremum seeking

that although it concerns the case of a known optimal state, extremum seeking can still be
used. Consequently, we can expect to see extremum seeking as a basic block in any future
process control system.
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2.2 Preliminaries

In this section, some important mathematical and theoretical background will be presented.

Definition 2.1 A continuous function α : [0, a) → [0,∞) is said to belong to class K if it is strictly
increasing and α(0) = 0. It belongs to class K∞ if a = ∞ and α(r) → ∞ as r → ∞.

Definition 2.2 A continuous function σ : [0,∞) → [0,∞) is said to belong to class L if it is strictly
decreasing and σ(s) → 0 for s → ∞. The function σ is called the convergence function.

Definition 2.3 A continuous function β : [0, a) × [0,∞) → [0,∞) is said to belong to class KL
if for each fixed s, the function β(r, s) belongs to class K with respect to s, and for each fixed r, the
function β(r, s) is decreasing with respect to s and is s.t. β(r, s) → 0 for s → ∞ [4].

Definition 2.4 δ1(ε) = O(δ2(ε)) if there exist positive constants k and c such that ‖δ1(ε)‖ ≤
k ‖δ2(ε)‖ , ∀ ‖ε‖ < c

Definition 2.5 A function f(x) is said to be a Lipschitz function on a domain (open and connected
set) D ∈ R

n if it satisfies the condition

‖f(x)− f(y)‖ ≤ L‖x− y‖ (2.4)
for all x and y in D, where L is a constant that is independent of x and y.

For example, any function with a bounded first derivative must be a Lipschitz function.

Definition 2.6 A function f(x) is said to be locally Lipschitz on a domain (open and connected set)
D ∈ R

n if each point of D has a neighborhood Do such that f satisfies the above Lipschitz condition
for all points in D0 with some Lipschitz constant L0

Definition 2.7 We call f(x) : Rn →: Rn a vector field if for each x in the plane, we can assign a
vector f(x). Occasionally, it is called a time-dependent vector field if it can be written as f(t, x) :
R× R

n →: Rn.

Definition 2.8 The Lie bracket of two vector fields f, h : R× R
n is

[f, h](t, x) =
∂h(t, x)

∂x
f(t, x)− ∂f(t, x)

∂x
h(t, x) (2.5)

2.2.1 Stability of non-linear systems

In this part, we will present some definitions and theorems that will summarize the main
stability analysis of non-linear autonomous systems (do not depend explicitly on time, i.e.,
ẋ = f(x)) in the sense of Lyapunov [4].

Definition 2.9 The equilibrium point x = 0 of ẋ = f(x) is

• stable if, for each ε > 0, there is δ = δ(ε) > 0 such that

‖x(0)‖ < δ ⇒ x(t) < ε ∀t ≥ 0 (2.6)
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• unstable if it is not stable.
• asymptotically stable if it is stable and δ can be chosen such that

‖x(0)‖ < δ ⇒ lim
t→∞

x(t) = 0 (2.7)

To understand this definition, Fig. 2.5 presents an illustrative diagram that describes the
stability concept [3]. This figure can be explained as follows. If the system state startedwithin
distance δ from the origin, then it is stable if it remains within a distance of ε from the origin;
otherwise, it is unstable. Furthermore, if the system state ends at the origin as time goes to
infinity, then it is asymptotically stable. Note that if the initial condition can be anywhere in
the domain (i.e., ‖x(0)‖ < ∞), then the system is said to be globally asymptotically stable.

Figure 2.5: An illustrative figure that describes the stability concept [3].

Theorem 2.1 (Lyapunov’s stability theorem) Let x = 0 be an equilibrium point for ẋ = f(x)
and D ⊂ R

n be a domain containing x = 0. Let V : D → R be a continuously differentiable function
such that

V (0) = 0 and V (x) > 0 in D − 0 (2.8)
V̇ (x) ≤ 0 in D (2.9)

Then, x = 0 is stable. Moreover, if

V̇ (x) < 0 in D − {0} (2.10)

then x = 0 is asymptotically stable.

Note that V (x) is called a Lyapunov function or an energy Lyapunov function. The above
Theorem is based on the system’s energy concept, which can be summarized by considering
V (x) as a function that represents the energy of the system that is positive everywhere in
the domain except at the origin. If the rate of the change of the energy function (V̇ (x)) is
negative everywhere in the domain except at the origin, this will lead to the energy of the
plant vanishing and reaching zero. The next theorem is the globalization of the previous one
in which the domain of the system is Rn.
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Theorem 2.2 (Barbashin-Krasovskii theorem) Let x = 0 be an equilibrium point for ẋ = f(x).
Let V : Rn → R be a continuously differentiable function such that

V (0) = 0 and V (x) > 0, ∀x �= 0 (2.11)
‖x‖ → ∞ ⇒ V (x) → ∞ (2.12)

V (x) < 0, ∀x �= 0 (2.13)

Then, x = 0 is globally asymptotically stable.

Next, Lyapunov’s indirect method of local stability will be stated,

Theorem 2.3 (Lyapunov’s indirect method) Let x = 0 be an equilibrium point for the non-linear
system ẋ = f(x), where f : D → R

n is continuously differentiable and D is a neighborhood of the
origin. Let

A =
∂f

∂x
(x)

∣∣∣∣∣
x=0

(2.14)

Then,

• The origin is asymptotically stable if Reλi < 0 for all eigenvalues of A.
• The origin is unstable if Reλi > 0 for one or more of the eigenvalues of A.

Next, we will present some definitions for a non-autonomous system, which is a system that
depends explicitly on time, i.e., ẋ = f(x, t).

Definition 2.10 The equilibrium point x = 0 of the non-linear system ẋ = f(t, x) is

• stable if, for each ε > 0, there is δ = δ(ε, t0) > 0 such that

‖x(t0)‖ < δ ⇒ ‖x(t)‖ < ε, ∀t ≥ t0 ≥ 0 (2.15)

• uniformly stable if, for each ε > 0, there is δ = δ(ε) > 0, independent of t0, such that the
above condition is satisfied

• unstable if it is not stable.
• asymptotically stable if it is stable and there is a positive constant c = c(t0) such that
x(t) → 0 as t → ∞ ∀‖x(t0)‖ < c.

• uniformly asymptotically stable if it is uniformly stable and there is a positive constant c,
independent of t0, such that for all ‖x(t0)‖ < c, x(t) → 0 as t → ∞, uniformly in t0; that
is, for each η > 0, there is T = T (η) > 0 such that

‖x(t)‖ < η, ∀t ≥ t0 + T (η), ∀‖x(t0)‖ < c (2.16)

• globally uniformly asymptotically stable if it is uniformly stable, δ(ε) can be chosen to sat-
isfy lim

ε→∞
δ(ε) = ∞, and, for each pair of positive numbers η and c, there is T = T (η, c) > 0

such that
‖x(t)‖ < η, ∀t ≥ t0 + T (η, c), ∀‖x(t0)‖ < c (2.17)

• exponentially stable if there exist positive constants c, k, and λ such that

‖x(t)‖ ≤ k‖x(t0)‖e−λ(t−t0), ∀‖x(t0)‖ < c (2.18)

• globally exponentially stable if the above is satisfied for any initial state x(t0).
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2.2.2 Averaging

Solving non-autonomous differential equations may be possible for some special cases,
which means that for real-world problems, there are many cases without an analytic closed-
form solution for the system. Furthermore, the complicated forms of the differential equa-
tions that may arise in solving real-world complex systems will make the analysis of these
systems more difficult. Averaging is a technique that is used to simplify the complicated
problem by finding a simpler alternative of the problem that will have a behavior similar
to that of the original one. In this technique, the time variable will disappear from the
state space equation, which will convert the non-autonomous system into an averaged au-
tonomous system (does not depend explicitly on time, i.e., ẋ = f(x)).

The basic problem in the averaging method is to determine in what sense the behavior of
the autonomous system approximates the behavior of the non-autonomous system [4]. We
will state down some definition that regarding the general averaging technique.

Definition 2.11 ([4]) A continuous, bounded function g : [0,∞) × D → R
n is said to have an

average gav(x) if the limit

gav(x) = lim
T→∞

1

T

t+T∫
t

g(τ, x)dτ (2.19)

exists and ∥∥∥∥∥∥
1

T

t+T∫
t

g(τ, x)dτ − gav(x)

∥∥∥∥∥∥ ≤ kσ(T ), ∀(t, x) ∈ [0,∞)×D0 (2.20)

for every compact set D0 ∈ D, where k is a positive constant (possibly dependent on Do) and σ is a
class L function.

Definition 2.12 ([54]) The function g(t, x) : [0,∞) ×D → R
n is said to have an average gav(x) if

there exist a class KL function β, a class L function σ and a T ∗ > 0 such that from every T ≥ T ∗ and
from all t ≥ 0

∥∥∥∥∥∥
1

T

t+T∫
t

g(τ, x)dτ − gav(x)

∥∥∥∥∥∥ ≤ β(‖x‖ , T ) + σ(T ) (2.21)

Definition 2.12 differs from definition 2.11 by the extra term β(‖x‖ , T ), which allows for
more flexibility in the averaging error with respect to the distance from the equilibrium (i.e.,
‖x‖). The two definitions are equivalent when T → ∞.

Now, we will state a theorem that relates the perturbed system

ẋ = εf(t, x, ε) (2.22)

to the averaged system

ẋav = εfav(xav) (2.23)
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Theorem 2.4 ([4]) Let f(t, x, ε) and its partial derivatives with respect to (x, ε) up to the second order
be continuous and bounded for (t, x, ε) ∈ [0,∞)×D0 × [0, ε0) for every compact set D0 ∈ D, where
ε > 0 and D ⊂ R

n is a domain. Suppose f(t, x, 0) has the average function fav(x) on [0,∞)×D and
the Jacobian of h(t, x) = f(t, x, 0)− fav(x) has a zero average with the same convergence function as
f . Let x(t, ε) and xav(εt) denote the solutions of perturbed and average systems, respectively, and α
be the class K function.

• If xav(εt) ∈ D ∀t ∈ [0, b/ε] and x(0, ε) − xav(0) = O(α(ε)), then there exists ε∗ > 0
such that for all 0 < ε < ε∗, x(t, c) is defined and x(t, ε)− xav(t) = O(α(ε)) on [0, b/ε]

• If the origin x = 0 ∈ D is an exponentially stable equilibrium point of the average system,
Ω ∈ D is a compact subset of its region of attraction, xav(0) ∈ Ω, and x(0, ε)− xav(0) =
O(α(ε)), then there exists ε∗ > 0 such that for all 0 < ε < ε∗, x(t, ε) is defined and
x(t, ε)− xav(t) = O(α(ε)) for all t ∈ [0,∞)

• If the origin x = 0 ∈ D is an exponentially stable equilibrium point of the average system
and f(t, 0, ε) = 0 for all (t, ε) ∈ [0,∞)x[0, ε], then there exist positive constants ε∗ such
that for all 0 < ε < ε∗, the origin is an exponentially stable equilibrium point of the
original system.

The most interested finding of the above theorem is that if the averaged system is exponen-
tially stable in some region, then there is a value of ε∗ that for any ε < ε∗, the error between the
averaged system and the original system trajectories will beO(ε). Clearly, the original system
will not have an equilibrium point, but it will have a type of oscillatory behavior around this
equilibrium point.

Example 1 [4]: Let us assume that we have the following periodic system,

ẋ = εf(t, x) = ε(x sin2(t)− 0.5x2) (2.24)

Note that this system is periodic with period T = π; thus, the average is calculated as,

fav = 1
π

π∫
0

(x sin2(τ)− 0.5x2)dτ = 0.5(x− x2) (2.25)

Thus, the averaged system will be,

ẋ = 0.5ε(x− x2) (2.26)

This system has two equilibrium points: at x = 0, which is unstable, and at x = 1, which is
stable. (The stability can be found by the Jacobian). Thus, for sufficiently small ε, the system
has an exponentially stable π-periodic solution in an O(ε) neighborhood of x = 1. �

Example 2 [4]: Consider the non-periodic system,

ẋ = εA(t)x (2.27)

where ε > 0. Suppose that A(t) and its derivatives up to the second order are continuous
and bounded. Moreover, suppose that A(t) has an average

Aav = lim
T→∞

1

T

T∫
0

A(τ)dτ (2.28)
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Figure 2.6: The exact and average solutions of (2.24) with ε = 0.3

in the sense of Definition 2.11. The average system is given by

ẋ = εAavx (2.29)

Suppose that Aav is Hurwitz. By the above Theorem, we conclude that the origin of the
original time-varying system is exponentially stable for sufficiently small ε. �

Now, we will state a theorem from [55] regarding the the first-order approximation on
the time scale 1

ε2
,

Theorem 2.5 ([55]) Consider the initial value problems,

ẋ = εf1(t, x) + ε2f2(t, x) + ε3R(t, x, ε), x(0) = x0 (2.30)

and
u̇ = εf 1,0

1 (u) + ε2f 0
2 (u), u(0) = x0 (2.31)

with f1, f2 : R × R
n → R

n, R : R × R
n × (0, ε0] → R

n, x, u, x0 ∈ D ⊂ R
n, t ∈ [0,∞) and

ε ∈ (0, ε0] Additionally,
f 1
1 (t, x) = f1(t, x)u

1(t, x) (2.32)

and

u1(t, x) =

∫ t

0

f(τ, x)dτ − 1

T

∫ T

0

∫ t

0

f(τ, x)dτdt (2.33)

Knowing that f 1
1 has the average f 1,0

1 (x) = 1
T

∫ t

0
f 1
1 (τ, x)dτ and f2 has the average f 0

2 =
1
T

∫ t

0
f2(τ, x)dτ . Suppose that

• f1 has a Lipschitz-continuous first derivative in x; f2 and R are Lipschitz-continuous in
x on D; f1, f2, and R are continuous in t and x with t on the time-scale 1

ε2
;
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• f1 and f2 are T -periodic in t, averages of f1 and f2 ; and R is bounded by a constant
independent of ε for x ∈ D, t on the time scale 1

ε2
. Moreover, the f1 average f 0

1 (x) =

1
T

∫ t

0
f1(τ, x)dτ = 0;

• u(t) belongs to an interior subset of D on the time scale 1

ε2

then

x(t) = u(t) +O(ε) (2.34)

on the time scale 1

ε2
.

Note that this is an approximation for the original system, which allows ε3R(x, t, ε) to be
dropped from the averaging system 2.31, and the error between the original system and the
approximation will be O(ε). Note that it is required to have R be bounded (independent on
ε) and Lipschitz-continuous in x on D.

2.2.3 Singular Perturbations

From a dynamics perspective, in some applications, it is possible to separate the system dy-
namics into two parts, namely, fast dynamics and slow dynamics, e.g., the case of very fast
actuators acting on a slow process. Accordingly, if this fast dynamics is very fast, it will look
resemble a static system for the slow process and settle in relatively no time compared to the
slow dynamics.

To explain the time scale properties of singular perturbations, let us consider a standard
singular perturbation state space model,

ẋ = f(t, x, z, ε) (2.35)
εż = g(t, x, z, ε) (2.36)

We assume that the functions f and g are continuously differentiable in their arguments
(t, x, z, ε) ∈ [0, tl]×Dx ×Dz × [0, ε0], where Dx ∈ R

n and Dz ∈ R
m.

The system is decomposed into subsystem (2.35), which represents the reduced (or slow)
part, and the subsystem (2.36), which represents the boundary layer (or fast) part. When we
set ε = 0, the dimension of the state equation decreases from n+m to n. We obtain

0 = g(t, x, z, 0) ⇒ z = hi(t, x), i = 1, 2, . . . , k ∀(t, x) ∈ [0, tl]×Dx (2.37)

In otherwords, subsystem (2.36)will be a function or amultivalued function (one tomany
function) that has x as an input and z as an output. This means that there are k possibilities
of the above equation. To obtain the ith reducedmodel, we substitute the above into the slow
subsystem, at ε = 0, to obtain

ẋ = f(t, x, hi(t, x), 0) (2.38)

This model is occasionally called a quasi-steady state model because z, whose velocity ż =
g/ε can be large when ε is small and g �= 0, may rapidly converge to a root h, which is the
equilibrium of the fast system.
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Theorem 2.6 (Known as Tikhonov’s Theorem [4]) Consider the singular perturbation problem

ẋ = f(t, x, z, ε), x(t0) = ξ(ε) (2.39)
εẋ = g(t, x, z, ε), z(t0) = η(ε) (2.40)

where ξ(ε) and η(ε) smoothly depend on ε and t0 ∈ [0, tl), and let z = h(t, x) be an isolated root.
Assume that the following conditions are satisfied for all

[t, x, z − h(t, x), ε] ∈ [0, tl]×Dx ×Dy × [0,∞] (2.41)

for some domains Dx ⊂ R
n and Dy ⊂ R

m, in which Dx is convex and Dy contains the origin:

• The functions f , g, their first partial derivatives with respect to (x, z, ε), and the first
partial derivative of g with respect to t are continuous; the function h(t, x) and the Jacobian
[∂g(t, x, z, 0)/∂z] have continuous first partial derivatives with respect to their arguments;
the initial data ξ(ε) and η(ε) are smooth functions of ε.

• The reduced problem

ẋ = f(t, x, h(t, x), 0), x(t0) = ξ0
def
= ξ(0) (2.42)

has a unique solution x̄(t) ∈ S, for t ∈ [t0, tl], where S is a compact subset of Dx.

• The origin is an exponentially stable equilibrium point of the boundary-layer model

dy

dτ
= g(t, x, y + h(t, x), 0) (2.43)

(where (t, x) are treated as fixed parameters), uniformly in (t,x); let Ry ⊂ Dy be the region
of attraction of

dy

dτ
= g(t0, ξ0, y + h(t0, ξ0)), y(0) = η(0)− h(t0, ξ0)

def
= η0 − h(t0, ξ0)

and Ωy be a compact subset of Ry .

Then, there exists a positive constant ε∗ such that for all η0 − h(t0, ξ0) ∈ Ωy and 0 < ε < ε∗, the
singular perturbation problem has a unique solution x(t, ε), z(t, ε) on [t0, t1],

x(t, ε)− x̄(t) = O(ε) (2.44)
z(t, ε)− h(t, x̄(t))− ŷ(t/ε) = O(ε) (2.45)

hold uniformly for t ∈ [t0, t1], where ŷ(t) is the solution of the boundary-layer model. Moreover, given
any tb > t0, there is ε∗∗ ≤ ε∗ such that

z(t, ε)− h(t, x̄(t)) = O(ε) (2.46)

holds uniformly for t ∈ [tb, t1] whenever ε ≤ ε∗∗ .
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Example 3 [4]:
Consider the system

ẋ = z, x(0) = ξ0 (2.47)
εż = −x− z + u(t), z(0) = η0 (2.48)

Suppose that u(t) = t for t ≥ 0 and we want to solve the state equation over the interval [0, 1].
The unique root of the second equation is h(t, x) = −x+ t, and the boundary-layer model is

dy

dτ
= −y (2.49)

Clearly, the origin of the boundary-layer system is globally exponentially stable. The reduced
problem

ẋ = −x+ t, x(0) = ξ0 (2.50)

has the unique solution
x̄(t) = t− 1 + (1 + ξ0)e

(−t) (2.51)

The boundary-layer problem

dy

dτ
= −y, y(0) = η0 + ξ0 (2.52)

has the unique solution
ŷ(τ) = (η0 + ξ0)e

−τ (2.53)

From the above Theorem, we have

x− (t− 1 + (1 + ξ0)e
(−t)
)
= O(ε) (2.54)

z − ((η0 + ξ0)e
−tε + 1− (1 + ξ0)e

(−t)
)
= O(ε) (2.55)

for all t ∈ [0, 1]. �
The above theorem shows the behavior of the approximation using a singular perturba-

tion on the time scale [t0, tl]. Now, we will state the relations between the stability condition
of the reduced and the original system.

Theorem 2.7 ([4]) Consider the singular perturbation problem

ẋ = f(t, x, z, ε) x(t0) = ξ(ε) (2.56)
εẋ = g(t, x, z, ε) z(t0) = η(ε) (2.57)

Assume that the following assumptions are satisfied for all [t, x, ε] ∈ [0,∞)× Br × [0,∞]

• f(t, 0, 0, ε) = 0 and g(t, 0, ε) = 0

• the equation 0 = g(t, x, z, 0) has an isolated root z = h(t, x) and that h(0, x) = 0.
• The functions f , g, and h and their partial derivatives up to the second order are bounded

for z − h(t, x) ∈ Bρ.
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• The origin of the reduced system

ẋ = f(t, x, h(t, x), 0) (2.58)

is exponentially stable.
• The origin of the boundary-layer system

dy

dτ
= g(t, x, y + h(t, x), 0) (2.59)

is exponentially stable, uniformly in (t, x).

Then, there exists ε∗ > 0 such that for all ε < ε∗, the origin of the system is exponentially stable.

2.2.4 Practical Stability

Practical stability is a concept that was used for the first time in [3] to describe the cases when
Lyapunov stability fails to deliver an indication about the stability measures. Furthermore,
it is stated and shown that asymptotic stability is not sufficient for practical stability. For
example, an airplane that is fluctuating around an unstable path may be acceptable from a
practical perspective [56]. Below, we will state the main definitions of practical stability. In
the following, we will consider the system

ẋ = f(t,x, ε), (2.60)

which represents a general non-linear system that has a small perturbation parameter ε ∈ R
m.

Definition 2.13 ([57]) The system 2.60 is said to be uniformly semi-globally practically asymptoti-
cally stable (USPAS) on ε ∈ R

m if, for each pair of strictly positive real numbers (Δ, ν) , there exist
ε∗(Δ, ν) ∈ ε and a KL function βν,Δ such that, for all x(t0) = x0 with ‖x0‖ ≤ Δ and all t0,

‖x(t, t0,x0, ε
∗)‖ ≤ βν,Δ(‖x0‖ , t− t0) + ν (2.61)

Definition 2.14 The system 2.60 is said to be uniformly semi-globally practically asymptotically sta-
ble (UGPAS) on ε ∈ R

m if, for each strictly positive real number ν , there exist ε∗(ν) ∈ ε and a KL
function βν such that, for all x(t0) = x0 with ‖x0‖ ≤ R

n and all t0,

‖x(t, t0,x0, ε
∗)‖ ≤ βν(‖x0‖ , t− t0) + ν (2.62)

The above stability definitions consist of three main terms: uniformly, globally (or semi-
globally), and practically asymptotically stable. The term uniformly is to highlight that the
convergence of the system is independent of the starting time t0. The term semi-global is
commonly used in the stability of feedback control systems. In summary, if a non-linear
system is stabilized by feedback designed around a linearizedmodel, it will be locally stable.
If the closed-loop system is globally asymptotic stable, then the feedback will achieve global
stabilization. In the case that the feedback achieves asymptotic stability for the overall closed-
loop system for a certain region, then the feedback will achieve what is called semi-global
stabilization [4].
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(a) USPAS (b) UGPAS

Figure 2.7: The four stability definitions

An alternative approach for describing practical asymptotic stability is to think about the
stability in relation to a ball [58]. UGPAS can be interpreted as if the system’s states start
from any point in R

n, then the system will converge to reside in the ball ν, and USPAS can
be interpreted as if the system’s states start inside the ball Δ, then the system will converge
to inside the ball ν, as shown in Fig. 2.7.

Next, we will present an alternative definition for semi-global practical asymptotic stabil-
ity from [38].

Definition 2.15 The system 2.60, with parameter ε = (ε1, ε2, . . . , εl) ∈ R
m
>0, is said to be semi-

globally practically asymptotically stable, uniformly in (ε1, . . . , εj) , j ∈ {1, . . . , l}, if there exists
β ∈ KL such that the following holds. For each pair of strictly positive real numbers (Δ, ν) , there
exist real numbers ε∗k = ε∗k(Δ, ν) > 0, k = 1, 2, . . . , j and for each fixed εk ∈ (0, ε∗k), k = 1, 2, . . . , j,
there exist εi = εi(ε1, ε2, . . . , εi−1,Δ, ν), with i = j + 1, j + 2, . . . , l such that the solutions of the
system with the so constructed parameters ε satisfy:

‖x(t)‖ ≤ β(‖x0‖ , (ε1· ε2· . . . · εj)(t− t0)) + ν (2.63)

for all t ≥ t0, x(t0) = x0 with ‖x0‖ ≤ Δ. If we have that j = l, then we say that the system is SPA
stable, uniformly in ε.

The main addition in this definition is the dependence on the perturbation parameters
ε = (ε1, ε2, . . . , εl) on each other. The parameters are ordered and divided into two groups.
The first group has no dependence on other variables but only on Δ and ν, whereas each
parameter in the other group has dependence on the preceding parameters in addition to Δ
and ν. Another difference is that all the parameters in ε are convergence parameters, which
means increasing these parameters will increase the convergence rate of the system.

Finally, we will present the main lemma that shows the relation between averaging and
semi-global practical asymptotic stability,

Lemma 2.1 ([54]) Consider the system

ẋ = f

(
x,

t

ε

)
, ε > 0 (2.64)
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where f(x, t) is locally Lipschitz in x uniformly in t and f(0, t) is uniformly bounded (not necessarily
zero). Suppose that f(x, t) has average fav(x) and that the origin of ẋav = fav(xav) is globally asymp-
totically stable (GAS). fav(x) is locally Lipschitz in x. Then, the origin of the original system (2.64)
is semi-globally practically asymptotically stable in ε.

Fig. 2.8 shows the above lemma in a simplified way.

Figure 2.8: The sufficient condition for the original system to be stable according to [54]

A similar lemma was stated in [59] (Lemma 1). The only difference is that in [59], the
condition was that the averaged system should be semi-globally practically asymptotically
stable to make the original system semi-globally practically asymptotically stable. In other
words, the left-hand side of Fig. 2.8 related to the averaged system should be similar to the
right-hand side.

2.2.5 Lie bracket approximation

Consider the class of input-affine systems, which can be written in the following form:

ẋ = b0(t, x) +
m∑
i=1

bi(t, x)
√
ωui(t, ωt) (2.65)

with x(t0) = x0 ∈ R
n and ω ∈ (0,∞). Next, we define a differential equation, which we

call the Lie bracket system, corresponding to the above

ż = b0(t, z) +
m∑

i=1,j=i+1

[bi, bj](t, z)vji(t) (2.66)

vji(t) =
1

T

T∫
0

uj(t, θ)

θ∫
0

ui(t, τ)dτdθ (2.67)

[bi, bj](t, z) =
∂bj(t, z)

∂z
bi(t, z)− ∂bi(t, z)

∂z
bj(t, z) (2.68)

We impose the following assumptions on bi and ui:
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A1 bi ∈ C2 : R× R
n → R

n, i = 0, . . . ,m

A2 For every compact set C ⊆ R
n, there exist K1, . . . , K6 ∈ 0,∞) such that

‖bi(t, x)‖ ≤ K1, ‖∂bi(t,x)
∂t

‖ ≤ K2, ‖∂bi(t,x)
∂x

‖ ≤ K3, ‖∂2bj(t,x)
∂t∂x

‖ ≤ K4, ‖∂[bj,bk](t,x)
∂x

‖ ≤ K5,
‖∂[bj,bk](t,x)

∂t
‖ ≤ K6 for all x ∈ C, t ∈ R, i = 0, . . . ,m, j = 1, . . . ,m, k = j, . . . ,m

A3 ui : R × R → R, i = 1, . . . ,m are measurable functions. Moreover, for every
i = 1, . . . ,m there exist constants Li,Mi ∈ (0,∞) such that ‖ui(t1, θ)− ui(t2, θ)‖ ≤
Li‖t1 − t2‖ for all t1, t2 ∈ R and such that supt,θ∈R‖ui(t, θ)‖ ≤ Mi

A4 ui(t, ·) is T -periodic and has a zero average.

Theorem 2.8 (Trajectories) Let Assumptions A1 - A4 be satisfied. Then, for every bounded set
K ⊆ B with B as the set of initial conditions for (2.65), which have unique, uniformly bounded
solutions for every D ∈ (0,∞) and for every tf ∈ (0,∞), there exists an ω0 ∈ (0,∞) such that for
every ω ∈ (ω0,∞), for every t0 ∈ R and every x0 ∈ K there exist unique solutions x and z of the
original and the Lie bracket approximation system through x(t0) = z(t0) = x0, which satisfy

‖x(t)− z(t)‖ < D, t ∈ [t0, t0 + tf ] (2.69)

Theorem 2.9 (Local Practical Stability) Let Assumptions A1 - A4 be satisfied and suppose that a
compact set S is locally uniformly asymptotically stable for the Lie bracket approximated system (2.66).
Then, S is locally practically uniformly asymptotically stable for the original system (2.65).

Theorem 2.10 ( Semi-global practical stability) Let Assumptions A1 - A4 be satisfied and sup-
pose that a compact set S is globally uniformly asymptotically stable for the Lie bracket approximated
system (2.66). Then, S is semi-globally practically uniformly asymptotically stable for the original
system (2.65).

Example 4, Brockett integrator [60]:

ẋ1 = r1, (2.70)
ẋ2 = r2, (2.71)
ẋ3 = x1r2 − x2r1 (2.72)

It is required to stabilize the above system. The following feedback law will be examined,

r1(t, x, ω) = −3

2
x1 −

√
ω cos(ωt)x3; (2.73a)

r2(t, x, ω) = −x2 +
√
ω sin(ωt) (2.73b)

Accordingly, the closed-loop system can be written as:

ẋ =

⎡
⎢⎢⎢⎣
−3

2
x1

−x2

1

2
x1x2

⎤
⎥⎥⎥⎦+

⎡
⎣ −x3

0
+x2x3

⎤
⎦√ω cos(ωt) +

⎡
⎣ 0
1
x1

⎤
⎦√ω sin(ωt)

Now let us find the Lie bracket approximation of the original system. We have



2.3. Sinusoidal perturbation-based extremum seeking control 25

b0(z) =

⎡
⎢⎢⎢⎣
−3

2
z1

−z2
1

2
z1z2

⎤
⎥⎥⎥⎦ , b1(z) =

⎡
⎣ −z3

0
+z2z3

⎤
⎦ , b2(z) =

⎡
⎣ 0
1
z1

⎤
⎦ (2.74)

u1 =
√
ω cos(ωt), u2 =

√
ω sin(ωt)

v21(t) =
1

T/ω

T/ω∫
0

u2(t, θ)

θ∫
0

u1(t, τ)dτdθ =
1

2
(2.75)

[b1, b2](t, z) =
∂b2(t, z)

∂z
b1(t, z)− ∂b2(t, z)

∂z
b1(t, z)

=

⎡
⎣0 0 0
0 0 0
1 0 0

⎤
⎦
⎡
⎣ −z3

0
+z2z3

⎤
⎦−

⎡
⎣0 0 −1
0 0 0
0 z3 z2

⎤
⎦
⎡
⎣ 0
1
z1

⎤
⎦

=

⎡
⎣ +z1

0
−2z3 − z1z2

⎤
⎦ (2.76)

The Lie bracket approximation is thus

ż = b0(t, z) + [b1, b2](t, z)v21(t)

=

⎡
⎢⎢⎢⎣
−3

2
z1

−z2
1

2
z1z2

⎤
⎥⎥⎥⎦+

1

2

⎡
⎣ +z1

0
−2z3 − z1z2

⎤
⎦

=

⎡
⎣−z1
−z2
−z3

⎤
⎦ (2.77)

which is globally asymptotically stable, and accordingly, the Brockett integrator with feed-
back law (2.73) is semi-globally practically uniformly asymptotically stable. Fig. 2.9 shows
the state variables of the perturbed systems with ω = 1 and the approximated system. �

2.3 Sinusoidal perturbation-based extremum seeking con-

trol

In this section, the sinusoidal perturbation-based approach will be described because it is
within the focus of this work. The reason for this is that the method of sinusoidal pertur-
bation is the only method that permits fast convergence to the extremum on a time-scale
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Figure 2.9: The Brockett integrator example

comparable to that of the plant dynamics, which is a major advantage over the numerically
based methods that require the plant dynamics to settle down prior to optimization [5, 30].

The idea is to add a small signal (sometimes called a dither signal) to the base input
variable (uo) and thenmeasure the change in the output (y) with respect to this signal. Based
on this change, it will be decidedwhether to increase or decrease the base input variable (u0).
Manymethods adopt this approach, of which the gradient-basedmethod is themost famous
one and originates from the steepest descent optimization method.

In the gradient-based approach, the gradient of the output with respect to the input (i.e.,
∂y
∂u

) is estimated and used to determine the direction of change in the base variable uo. As
illustrated in Fig. 2.10, ∂y

∂u
is positive for values below the optimum, negative for values above

the optimum, and zero at the optimum point, assuming that the objective is maximization
and accordingly that the relation is strictly quasi-concave.

The classic approach for estimating the gradient is band pass filtering (BPF). As shown in
Fig. 2.11, a high pass filter (HPF), a multiplier, and a low pass filter (LPF) are used to estimate
∂y
∂u

. To understand the operation of this approach, let us assume that the dither signal am-
plitude (a) is very small and that the base input signal (u0) is almost constant with respect to
the dither signal. Accordingly, the map of the plant can be approximated using a first-order
Taylor series near the base variable u0 into y = f0 +

∂y
∂u
(u− u0). If we now consider the input

to the plant to be u = u0+a sin(ωt), then the output will equal f0+a ∂y
∂u

sin(ωt), and by select-
ing an appropriate cut-off frequency of the HPF, its output will be approximately a ∂y

∂u
sin(ωt).

Multiplying this signal by a sin(ωt) will result in ∂y
∂u
a2/2 − ∂y

∂u
a2 cos(2ωt)/2, and thus, by se-

lecting an appropriate cut-off frequency of the LPF, its output will be approximately ∂y
∂u
a2/2,
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Figure 2.10: Principle of perturbation-based method

a sin( t)

y/ uu0

Figure 2.11: Gradient-based ESC using Filters to find the gradient

i.e., proportional to the gradient ∂y
∂u

.
Now, given an estimate of ∂y

∂u
, it is required to control u in such a way that drives ∂y

∂u
to

zero (regulation problem). An integrator is used to regulate the value of ∂y
∂u

due to the zero
steady state error in this case. Thus, the estimate of ∂y

∂u
is fed to an integrator, and the output

is added to the dither signal and fed to the plant. Fig. 2.11 shows a single-parameter (one-
dimensional or single variable) case, although it is also possible to extend this to multiple
parameters [14].

The design of such a controller involves selecting the frequency and the amplitude of the
perturbation signal, the corner frequencies of the HPF and LPF, and the gain of the integra-
tor (K). The crucial variable is the perturbation frequency, which should be selected to be
smaller than the slowest dynamics of the plant, i.e., such that the output of the plant will
track the input.

Another approach for estimating the gradient is by employing the extended Kalman filter
[19, 20]. The main improvement over the previous method is the simplicity in selecting the
controller parameters. This method was suggested for static systems or very fast dynamic
systems, and the frequency of the added dither signal should be selected to be slower than
the slowest time constant of the process [19]. In this work, the algorithm was presented for
optimization problems in both one and two dimensions. The concept behind using the EKF
as a gradient estimator is by approximating the output of the system (y) by a tangent line at
the point of operation such that the equation of the line will be

y = y0 +
∂y

∂u
u (2.78)
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The two state variables, x1 =
∂y
∂u

and x2 = y0, are defined, and the EKF is employed to estimate
the values of these variables. Knowing that the EKF will be implemented in discrete time, it
is required to have two samples to achieve observability of the system [20]. Fig. 2.12 shows
the building blocks of this approach.

-tds

a sin( t)

y/ u
-tds

u0

Figure 2.12: Gradient-based ESC using an extended Kalman filter to find the gradient

2.4 Stability analysis of extremum seeking control

Extremum seeking control was subjected to some early stability analyses, for example, [61,
62, 63], which was oriented toward some special cases such as the Hammerstein/Wiener
model but not applicable to general non-linear dynamics.

The first notable work in stability analysis was presented in [14]. This work was the spark
that returned attention to extremum seeking control [7]. In this work, the stability analysis
of single parameter ESC was presented for general non-linear dynamics in the form

dx

dt
= f(x,u) (2.79a)

y = h(x) (2.79b)

and it was assumed that there is a smooth control law

u = α(x, θ) (2.80)

This control law is a function of θ, which is assumed to behave like a static state feedback law.
Accordingly, the system (2.79a) can be written as

dx

dt
= f(x, α(x, θ)) (2.81)

and is parametrized by θ. Then, some assumptions regarding the existence and stability of
an equilibrium point were stated:

Assumption 2.1 There exists a smooth function l : R → R
m such that f(x, α(x, θ)) = 0 if and only

if x = l(θ).

Assumption 2.2 For each θ ∈ R, the equilibrium x = l(θ) of the system ẋ = f(x, α(x, θ)) is locally
exponentially stable with decay and overshoot constants uniform in θ.

The function composition (h ◦ l)(θ) = h(l(θ)) represents the steady state static map of the
system and is the subject of the third assumption, which is required for the static map to
have a maximum
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Assumption 2.3 There exists θ∗ ∈ R such that:
∂

∂θ
(h ◦ l)(θ∗) = 0 (2.82)

∂2

∂θ2
(h ◦ l)(θ∗) < 0 (2.83)

Under these assumptions, with a small perturbation signal frequency, perturbation signal
amplitude, and integrator gain, the classic BPF filter algorithm was proven to be locally sta-
ble (i.e., exponentially converges to the neighborhood of the optimal point). The main steps
of the analysis were started by separating the time scales of the plant and the controller, ap-
plying singular perturbation and then applying averaging on the reduced (slow) dynamics.
The equilibrium point was calculated, and the Jacobian of the reduced system was found to
be Hurwitz at the equilibrium point under Assumption 2.3. This means that the reduced
system is locally stable (exponentially converges to the neighborhood of the optimal point).
Subsequently, a singular perturbation was applied on the boundary layer model, and ex-
ponential convergence was observed. Then, by using Tikhonov’s Theorem, overall system
stability was found by combining the stability of the reduced system with the stability of the
boundary layer system.

Note that this findingwas for local stability and only ensures that the systemwill converge
to near the optimum if started in a sufficiently small neighborhood of it and the region of
attraction is not identified. Additionally, as noted from Assumption 2.3, it does not indicate
the uniqueness of the maximum of the static map; it only ensures that there is θ∗, which
represents a maximum.

In [38], the next major step in the stability analysis of ESC was presented. This work
presented the first non-local stability analysis of extremum seeking control for the classic
BPF algorithm, in addition to other forms that are derived from the classic ESC, such as
without any pass filters (i.e., only a multiplier, integrator, and the addition of a perturbation
signal) or without a high pass filter (i.e., only a multiplier, LPF, integrator, and the addition
of a perturbation signal). Furthermore, the influence of the controller parameters on the
convergence rate and the region of attraction of the overall system was addressed in this
work.

Initially, an additional assumption was added to Assumption 2.3 to ensure the global
maximum of the static map at θ∗.
Assumption 2.4 There exists θ∗ ∈ R such that:

∂

∂θ
(h ◦ l)(θ∗) = 0,

∂2

∂θ2
(h ◦ l)(θ∗) < 0 (2.84)

∂

∂θ
(h ◦ l)(θ∗ + θΔ) < 0, ∀θΔ �= 0 (2.85)

Note that (2.85) is a necessary condition for the unique maximum and one critical point (i.e.,
∂
∂θ
(h ◦ l)(θ) = 0 only when θ = θ∗). Furthermore, an additional assumption was stated that is

necessary to analyze the convergence rate and the region of attraction for ESC without any
pass filters:

Assumption 2.5 We have that (2.84) holds and there exists αh ∈ K∞ such that:
∂

∂θ
(h ◦ l)(θ∗ + θΔ)θΔ ≤ −αh(θΔ), ∀θΔ ∈ R (2.86)
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The steps were started similar to the work by [14], followed by a singular perturbation to
separate the time scales, and then averaging was applied. Subsequently, the average system
was approximated using Theorem 2.5, and this approximated systemwas proven to be semi-
globally practically stable. Then, based on a lemma similar to 2.1 (see Lemma 1 in [59]), the
reduced system was shown to be uniformly semi-globally practically stable.

In this work, a lemma was provided for the sufficient conditions of a perturbed system
to become semi-globally practically stable (see Appendix B in [38]). This lemma states that if
the boundary layer has a unique root (i.e., k = 1 at Eq. (2.37)) and the partial derivatives of
this function are locally Lipschitz, and the reduced system is semi-globally practically stable
and assumption 2.2 should be hold, and then, the overall system is uniformly semi-globally
practically stable. Based on that lemma, the classic ESC in addition to the other forms were
proven to be uniformly semi-globally practically stable.

Another interesting finding of this work was the influence of the controller parameters
on the convergence of the system. The controller was parametrized by the perturbation fre-
quency ω, the perturbation amplitude a and δ, which is a variable introduced such that the
integrator gain k = ωδK, K > 0 is fixed.

Following Definition (2.15), the classic ESC was proven to be semi-globally practically
stable uniformly in a2. This finding suggests that there is limit for a that does not depend
on ω and δ but only on the region of attraction Δ and the convergence region ν. Moreover, it
shows that increasing these parameters will increase the convergence rate of the system.

Another approach for the stability analysis of ESC that has emerged in the last few years
is based on the Lie bracket approximation of the system. In [39], a theorem was proposed
that facilitates practical stability analyses of ESCwith static maps. In [41], a practical stability
analysis was presented for an algorithm inwhich the perturbation vanishes when the system
reaches its optimum.

The primary advantage of the Lie bracket approximation is the simplified stability anal-
ysis, but the drawbacks are that it does not provide information about the performance of
the original system and does not provide a systematic approach for selecting the controller
parameters (i.e., it ensures the existence of a limit that stabilizes the system but without pro-
viding specific values) [39].

In [64], the singular semi-global practical uniform asymptotic stability concept was pre-
sented, which is an extension of the Lie bracket approximation stability analysis. In thiswork,
the stability of interconnected systems with an input affine structure was demonstrated by
combining the Lie bracket approximation and the singular perturbation analysis. This work
can be used to prove the stability of ESC with general non-linear dynamics, but it has the
same drawbacks of the Lie bracket approximation technique.

2.5 Accuracy in extremum seeking control

Accuracy is a measure for the quality of a controller by providing a figure about how close to
the required state the controller can drive the system. In ESC analysis, the term was defined
and used in [43] as:

"Accuracy of the algorithm is quantified by the number ν > 0 since all trajectories
starting in the set D eventually end up in the ball Bν , where we have that |x(t)−
x∗| ≤ ν"
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Extending this definition on θ, the term can bemodified to |θ(t)−θ∗| ≤ ν ⇒ |θ0(t)+a sin(ωt)−
θ∗| ≤ ν. Therefore, to improve the accuracy ν, it is necessary to reduce |θ0(t)− θ∗|. It is clear
that θ0(t)− θ� will not be zero, but under the assumptions made earlier in Section 2.4, which
includes a small integrator gain, the fluctuations of θ0(t)will be very small, and wemay con-
clude that the difference between θ0(t) and its average can be neglected. Additionally, note
that the average of θ is equal to the average of θ0. Now referring to [65], we can state that the

convergence error of θ is equal to− (h ◦ l)′′′(θ∗)
8(h ◦ l)′′(θ∗)a

2+O(a4). Note that a similar termwas found

in [14], but the order of the approximationwasO(a3). It is clear that for a symmetric function,
the third derivative will be zero and the convergence error will be zero, as for all quadratic
functions, for example. In reality, many plants will lack that symmetry, for example, the re-
lation between the throughput and speed of a cone crusher [66, 67] or the relation between
the output power and the speed of the turbine [68], and accordingly, this convergence error
increases with the perturbation amplitude a. In some applications, it is necessary to use a
higher perturbation amplitude due tomeasurement noises, plant disturbances, or the plant’s
non-linearities, which will lead to a higher convergence error. Another advantage of increas-
ing the amplitude of the perturbation frequency is the capability of addressing systems that
have local extrema [38, 44, 42]. It was shown that increasing the perturbation may overcome
the bifurcation that appears in the equilibrium point due to the local extrema.

To improve the accuracy while simultaneously having the advantages of a large ampli-
tude, some solutions have been suggested. A solution was proposed that consisted of se-
lecting a time-varying amplitude of the dither signal [44], in which the amplitude is initially
selected large then exponentially decreases with time. Another suggestion was presented in
[28], in which an algorithm called "Dither signal amplitude schedule" was presented, which
allows an adaptive change for the amplitude of the dither signal relative to the time derivative
of θ0.

The above techniques to improve the accuracy did not reduce the convergence error of
θ0 − θ� but rather decreased the convergence error by eventually decreasing the amplitude
of the perturbation. Moreover, most of the benchmark tests for ESC algorithms were based
on quadratic forms, which will have third derivatives equal to zero, meaning that no conver-
gence error will appear in simulations.
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Two Applications of ESC

As previously mentioned, extremum seeking control received a substantial amount of atten-
tion between the 1940s and the 1960s [11], although this attention decreased in the last half
century from a commercial perspective. However, ESC was examined in different applica-
tion areas from a research perspective [7], particularly since the stability analysis milestone
that was published in [14] in the year 2000.

Due to increasing environmental attention, the difficult competition between different
companies from both qualitative and quantitative perspectives, the decrease of available nat-
ural resources, andmany other reasons, ESC has considerable potential that will make it a de
facto standard in future process control systems. In this section, we will discuss two sectors
in which ESC was used to obtain an improvement in the performance of the plants: cone
crushers and hydro power plants.

3.1 Cone Crushers

Cone crushers are a vital component in the comminution chain in many mineral processing
plants, and they are used in secondary, tertiary, and quaternary crushing stages to provide
a maximum reduction ratio of 1:10 ([69, 70]). A cone crusher primarily consists of a cone-
shaped mantle that eccentrically gyrates inside of a concave bowl. The crushing occurs in
a cavity called a chamber, which is formed between the mantle and the bowl. The mantle
gyrates in an eccentric path to deliver several strokes to the material passing through the
chamber, which provides the required breakage until the material reaches a size that allows
it to pass through the controlled small opening in the end (bottom) of the chamber. Fig. 3.1a
shows a standard cone crusher [71].

A typical operating configuration of a cone crusher is shown in Fig. 3.1b, which includes
a sieve (screen) to filter the output of the crusher. The rejected large material is returned to
the input of the crusher. This process will reduce the total throughput flow of the crushing
stage. A pre-bowl is used that will accept all the rejected material, plus some material from
the input, depending on the quantity of rejected material and the capacity of the bowl.

The crusher can be controlled on-line using twomainmanipulated variables, the eccentric
speed (ω) and the small opening in the end of the chamber called the closed side setting (CSS).
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Figure 3.1: a) Standard cone crusher [71] and b) cone crusher operated with a sieve

Recently, cone crushers have emerged as a subject for optimization. Examples of objec-
tives to be optimized in a cone crusher include energy consumption, total production, and
product yields, among others. We expect that many of these objectives are possible to be
optimized on-line using extremum seeking.

To conduct a simulation that demonstrates the applicability of ESC, it is necessary to first
have amodel thatmimics the real behavior of the cone crusher and that provides the required
details that capture the performance of the crusher from a control perspective.

The apparently simple construction obscures many physical actions that are combined to
produce the overall behavior of the crusher. To obtain a model that mimics the behavior of a
real crusher in terms of response to the manipulated variables, it is necessary to include all
of these actions in the model.

Cone crushers are difficult to model because of the number of physical actions included,
the highly non-linear interactions between different actions, the number of parameters that
characterize the material under crushing, the indefinite influence of these parameters on the
actions, the difficulties in repeating the experiments with the same input material, and the
indeterministic (probabilistic) behavior of the actions. It is clearly impossible to develop a
model that perfectly mimics the behavior of a real crusher; thus, it is useful keep in mind the
following quote from George Box:“Essentially, all models are wrong, but some are useful” [72].

3.1.1 Modeling of comminution processes

In general, mineral particles can be characterized based on their size, shape, composition
(chemical and mineralogical), and structure [73, 70]. To mathematically describe mineral
processes, these characteristics are represented by distribution functions because they can
vary from particle to particle in any material and because the number of particles involved
in any process at any stage is often very large [73, 70].

In the area of the comminution, the main characteristic is size. This follows from the



3.1. Cone Crushers 35

nature of comminution, which is defined by [73] as follows: a process whereby particulate
materials are reduced by blasting, crushing, and grinding to the product sizes required for
downstream processing or end use.

The distribution functionP (D) is defined as a function that for a specified sizeD provides
the mass of the part of the population that consists of particles that are smaller than or equal
to this size [70]. From the definition, this function represents the cumulative density function
of the mass distribution vs. the size of the particles. The derivative of the size distribution
function is also useful and is called the fractional density function p(D) [70].

Themainmethods for describing size distributions are [74] the continuous functions, dis-
continuous functions, and statistical functions, of which the most widely used is the discon-
tinuous function introduced by Broadbent and Callcott in 1956. This method represents the
material distributions as vectors and the operations as matrix multiplications, and it is also
known as the matrix analysis approach [75]. In general, all of the distributions are basically
continuous, but they can be discretized into a number of segments according to a predefined
set of boundaries.

Starting from the screening action, the materials may be classified into different classes
(groups) ∞ > D1 > D2 · · · > Dm > 0 , with each class representing a size [76]. The ith
class (group) contains the material that was able to pass from screen (i−1) but not pass from
screen (i) in a set of consecutive screens. The first group is the group that is not able to pass
the first screen, and the last group is thematerial that is able to pass all screens. The fractional
discrete density (pi) can be found by [70]

pi =

∫ Di−1

Di

dP (D) = P (Di−1)− P (Di) = ΔPi (3.1)

which represents the mass fraction of the portion of particles that have sizes betweenDi and
Di−1.

Figure 3.2 shows an example of this classification of materials. In addition to the mass,
each vector can be used to represent a feature of the material, such as surface area, number
of particles, or mass flow rate, among others.

Models for comminution processes are often formulated in terms of the following actions:
breakage, selection, and classification. These actions can be represented as functions, as in
the continuous approach, or as matrices, as in the discontinuous functions approach. The
breakage function describes the distribution of progeny particles resulting from the breaking
of a larger particle. In the discontinuous functions approach, the breakagematrixB is a lower
triangular matrix because the progeny fragment size cannot be larger than the parent size.
The entry bi,j represents the proportion of particles that belong to group j (passing from
screen (j − 1) but not able to pass from screen (j) ) and ends up, after the breakage, in group
i [75].

B =

⎡
⎢⎢⎢⎣
b1,1 0 · · · 0
b2,1 b2,2 · · · 0
... . . . ...

bm,1 bm,2 · · · bm,m

⎤
⎥⎥⎥⎦ (3.2)

The selection action represents the probability of a particle being broken. In the discon-
tinuous functions approach, the selection matrix S is a diagonal matrix, in which each entry
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Figure 3.2: Fractional representation of screen analysis data [76]

si,i (or sometimes si) represents the probability of breakage of a particle in the ith group

S = diag
([

s1, s2, ...., sm
])

(3.3)

The classification action represents the probability of a particle moving down. In the
discontinuous functions approach, the classification matrix C is a diagonal matrix, in which
each entry ci,i (or sometimes ci) represents the fraction (proportion) of material in the ith
group being retained from passing for being to large.

C = diag
([

c1, c2, ...., cm
])

(3.4)

There are some standard functions that are often used tomodel these actions [73, 70]. The
parameters of these functions vary with the type of material used and are, in general, found
experimentally by conducting extensive tests [77]. Another action that should be considered
in the modeling is material transportation [78].

3.1.2 Cone crusher models

One of the earliest efforts toward modeling of cone crushers was conducted by Gauldie [79,
80]. In this model, Gauldie presents a method for predicting the throughput of jaw and cone
crushers. The crusher is divided into zones, and the material is considered to be sliding until
it is crushed between the mantle and the bowl. Moreover, the effect of the eccentric speed on
the behavior of the crusher was presented in this work.

Whiten presented another pioneering work in the modeling of cone crushers [81]. This
model connects the input flow vector (p) and the output flow rate vector (f ) by considering
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the crusher to be a one stage activity, as follows

p = [I − C][I − BC]−1f (3.5)

The material entering this stage can either pass (dropped) or be selected to be broken, and
the result of this breakage is again fed into the process, as shown in Fig. 3.3.

Figure 3.3: Model developed by Whiten [81]

The primary advantages of this model are simplicity, applicability, and that it is field
proven (i.e. tested and simulated), whereas the main disadvantages are that it is a static
steady state model, the flow is not modeled (only a size distribution model) and the process
is simplified into a single stage.

Lynch extended Whiten’s simple model into a dynamic model for comminution pro-
cesses that considers the derivative of the material size distribution [74]. This dynamic
model still describes the system as a single unit and connects the input and output ma-
terial size distributions. Moreover, a model for themotor current was presented in this work.

A more detailed model was presented by Herbst and Oblad in [82]. It was observed that
to develop a more accurate model for the system, the transport behavior has to be taken
into consideration in addition to the breakage action. However, because of the difficulties,
this approach was avoided and instead the crusher was divided into zones, and each zone
was considered to be well mixed. A dynamic model was developed to describe the material
size distribution in each zone, taking into consideration the flow between zones. Formulas
describing the flow and power consumption were also presented in this work. Due to the
simplicity (linearity) of the model, a Kalman filter was also provided to estimate the param-
eters of the model.
Machado presented a crushermodel for flow in hiswork [83]. Themain concept of thismodel
was to have two modes of breakage such that the classified material that will not pass out
will be classified again to determine which mode of breakage will be applied. This model
was suitable for jaw and cone crushers.
Evertsson conducted detailed research on the modeling of cone crushers, as reported in
[84, 78, 66]. A flow model and a size distribution model were presented in his work, in-
cluding investigations on the breakage function and selection function. A detailed model
describing the motion of particles inside the crusher and the expected total flow was devel-
oped in his work. A selection-breakagemodel was used to predict the size distribution of the
output of the crushers, as shown in Fig. 3.4. The relation between the nominal compression
ratio (denoted by s

b
) and the selection and breakage function was investigated.
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Figure 3.4: Model proposed by Evertsson to predict the output size distribution[84]

The resulting size reduction model can be described by the following equation:

p =

[ N∏
i=1

(
BiSi + (I − Si)

)]
f (3.6)

In his work, Nikolov presented a model based on matrix analysis [85, 86]. Similar to the
Whiten model, but with multiple zones, he presented a general model for impact crushers.
Moreover, he presented a new classification function based on the cumulative Weibull dis-
tribution.

The concept mentioned but avoided (because of the difficulties) by Herbst and Oblad [82]
was later realized by Johansson [87]. The developed model was based on the continuous
function method to represent the size distribution of the materials. The transport behavior
of the crusher was taken into consideration, and a logarithmic transformation of the size
density function was proposed asD = D0e

−λ. Because the traditional size classes are related
to each other through amultiplicative factor[70], this leads to non-equal spacing between the
classes in the traditional material size distribution, whereas the logarithmic transformation
results in new size classes (λ) that are equally spaced.

The model was derived from first principles, and the breakage, selection, classification,
and transport behaviors of the crusher were taken into consideration. The crusher model
was formulated as a partial integro-differential equation.

Themodel proposed by Itävuo ([88, 89, 90]) is separated into a dynamic linear part, which
is a second- or first-order system with a time delay, and a static non-linear part, which is
formulated as a neuro-fuzzy network and a log-transformed linear regression model. The
modelwas based on the known static behavior of the crusher. An advanced control algorithm
was also presented in this work, in addition to the simulation of other parts that affect the
operation of the crusher, such as the feeders.

Due to the late increasing interest in the discrete element method (DEM), which is a nu-
merical method for computing the motion and collisions of particles, and its application in
comminution [91], many studies were reported that present models that are based on DEM
[92, 93, 93]. The DEM can provide a detailed description that captures the actions that the
particle will experience in the process of crushing, and it is useful in the design and opti-
mization of crushers.
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3.1.3 On-line optimization of cone crushers

The optimization of mineral processes in different respects has long been an area of interest.
Comparably, the optimization of crushers has received less attention, probably due to the
lack of accurate models for the crushers, the lack of accurate and fast sensing devices, and
the unknown relation between manipulated variables and the required objectives. Until
the beginning of the last decade, the majority of crushers were controlled through CSS
only because the general belief at the time was that the eccentric speed has comparatively
less influence on the capacity and the particle size distribution [94]. Following the work of
Evertsson [84, 78, 66], a more clear picture regarding the influence of the eccentric speed
and the closed side setting on, e.g., the total throughput and the size distribution, began to
emerge.

The first work on on-line optimization was presented in [95], in which a finite state ma-
chine for on-line throughput maximization through adjusting the CSS was proposed. Later,
a similar algorithm for adjusting the eccentric speed was presented in [96, 97, 94].

A list of possible objectives that may be relevant to optimize was presented in [98]. We
consider the operation of a crusher-sieve circuit, which recirculates the large output particles
(circulating load) back to the crusher, and the material that passes the sieve (capacity) is
classified according to size. The smallest size is the by-product, and the remaining classes
are the product. A balanced product is defined as the result of multiplying each size class of
the product by a relative value. These relative values reflect the economical impact of each
class of product. Accordingly, the objectives are as follows:

• Maximize Product Yield: [Capacity]× [Product]
[By-Product]

• Maximize Balanced Product Yield: [Capacity]× [Balanced− Product]
[By-Product]

• Minimize Energy Consumption: [Capacity]× [Product]
[Energy] .

• Maximize Product: [Product]

3.2 Hydro power plants

Hydro power is a long known power source and still represents one of the oldest and most
common sources of power in the world [99]. Currently, hydro power is the primary renew-
able energy source [100], and it is themain source of electrical power inmany countries, such
as Norway with 99% and Brazil with 84% of the national power generation in 2010 [101].

The nature of hydro power plants, which can simply be described as converting the en-
ergy of water flowing between two different levels intomechanical energy and then into elec-
trical energy, has many potential optimization objectives, such as minimizing the amount of
water for a certain amount of electrical energy produced, minimizing the water flow with
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maximum possible power, or maximizing the power output from a certain flow. These ob-
jectives differ according to the type of installation, which is originally governed by the re-
quirements of the plant. In the following sections, two cases will be discussed that represent
areas in which ESC can be applied.

3.2.1 Kaplan turbine

The Kaplan turbine is an axial flow adjustable blade turbine and provides efficient power
production in high-flow, low-head conditions (3 to 70 meters). The wicket gate of this type
of turbine consists of guide vanes that can be adjusted [102]. The two adjustable angles (the
angles of the blades (yr) and the vanes (yw)), as shown in Fig.3.5, allow efficient operation for
a range of flow conditions [103].

Figure 3.5: Kaplan Turbine [103]

Depending on the possibility of on-line adjusting (regulating) of these two angles, Ka-
plan turbines can be classified as double-regulated (adjustable blades and vanes) and single-
regulated (adjustable vanes only) turbines. The advantage of the double-regulated turbines
is that they can be used in a wider range of operating conditions. Double-regulated Kaplan
turbines canwork between 40% and 100%of themaximumdesign discharge, whereas single-
regulated turbines can only work between 60% and 100% of the maximum design discharge.

The modeling of hydro turbines has been investigated for a long time, and because of the
requirement to control these turbines, manymodelswere oriented toward control, in contrast
to the case of cone crushers. Linear hydro turbine models are available and provide a decent
approximation of the system around an operational point and enables the examination of the
control under some variations. However, these models do not capture all of the dynamics
that describe the system, particularly those that affect the optimization.

The main contributions to the modeling of hydro turbines, from a control perspective,
were provided by the IEEE Working Groups [104, 105], who presented models for hydro
power plants with different installation types, such as linear and non-linear models, with
or without elastic water column, with and without surge tanks, and with multiple or single
pen-stock configurations. A governor model was presented and discussed in the work and
stability analysiswas conducted for different configurations and operational conditions. This
work was extended in [106].
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The previous models were focused on the single-regulated types of turbine, in which
only the guide vanes (also called wicket gate) were controlled, e.g., as in the Francis turbine
or fixed runner blade Kaplan (propeller) turbine. An extension to the previous work was
presented in [107] in which the turbine, the governor and the generator were modeled. Vali-
dation for the proposed models was also conducted. In [108], a validated model of a Kaplan
turbine was presented. The model could capture the non-linearity of the flow and the effi-
ciency with variable guide vanes and runner blade angles. The only drawback of this model
is the assumption that the efficiency curves of the turbine do not vary with varying net head,
and it does not include the pen-stock head losses, which are proportional to the square of
the flow, as presented in the Francis turbine [105]. Fig. 3.6 shows the relation between the
opening of the guide vanes and runner blades with the efficiency, which was assumed to be
the same for any net head in [108].

Figure 3.6: Efficiency as a function of the opening of guide vanes and angle of runner blades
[108]

Fig. 3.7 shows the typical basic blocks of a double-regulated Kaplan hydro power plant
[108]. The control of the Kaplan turbine is divided into three parts: a main closed loop part
that is attempting to follow the different operating conditions of the plant through control-
ling the angle of the guide vanes. The controller inputs are the reference operating speed
(ωref ), the reference electrical power (Pref ), the water head (h), the current speed (ω), and the
generated electrical power (Pe). The controller output signal is the set point for the required
guide vanes angle (yw,ref ), which is fed to the guide vanes controller. The second control
block is called a combinator (abbreviated CAM). It is a look-up table that has the head and
the guide vanes angle as the input and the set point of the optimum runner blade angle as
the output (yr,ref ) [108, 107] (i.e., it shows the relation between maximum points of Fig. 3.6
under different net heads). This set point is fed to the runner blade controller.

The third control part is the closed-loop controller that controls the angles of the guide
vanes and the runner blade, which is a simple single point controller, and it is generally
combined with the dynamics of the actuators of the guide vanes and the runner blades, as
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Figure 3.7: Typical Kaplan turbine block structure

shown in Fig. 3.7.
The turbine model has ω, h, yw, and yr as inputs, and the output is the generated mechan-

ical power (Pm) and the mechanical torque (m) [108]. The final block is the rotor dynamics
and the generator dynamics, which are occasionally separated into two blocks. This block
combines the equation of motion that describes the behavior of the rotating mass attached
to the rotor (called the swing equation) and the equations that describe the synchronous
generator [108, 109]. Typically, the output of the block is Pe, ω, and the load angle (δ). The
generator excitation voltage (Ef ) is also controlled.

The efficiency (η) of the Kaplan turbine is a function of h, yw, and yr. The task of the CAM
is to provide the value of yr that maximizes η for any pair of values of yw and h [108]. The
CAM is generated at the commissioning of the plant. At a certain head, a number of steps
in yw are made. At each step in yw, a number of steps in yr are made, and η is calculated at
each individual step. From these steps of yr, the efficiency curve is found, and the value of yr
that provides the maximum η is determined. This operation is repeated with each yw step,
resulting in a function yr = f(yw) that provides the optimal yr for each yw. After combining
such functions for a set of different heads h, the general relation yr = fCAM (h, yw) is generated
[110].

In general, the governors of hydro power plants have been investigated over the past few
decades [111]. Many methods have been proposed, ranging from classic simple PID con-
trollers to advanced non-linear multi-variable controllers. However, the CAM has not re-
ceivedmuch attention, except for some works to make it more efficient, for example, in [112],
which proposes a method for extending the lifetime of the runner blades by minimizing
changes.

The CAM is calibrated at the commissioning of the plant by generating efficiency curves;
however, the efficiency changes over time as a result of wear. Accounting for this change in
efficiency requires generating a new CAM every few years. Currently, there are no tools that
provide an indication about the performance of the CAM. It is an open-loop tool that can
operate in an inefficient way without being noticed.

3.2.2 Micro hydro power plants

Hydro power plants can be divided, according to the output power, into large power and low
power hydro plants. The low power plants are common in small and developing countries
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where there is not considerable demand for power[113]. Low power hydro plants are also
categorized into additional scales [114], such as small hydro power plants, which correspond
to projectswithmore than 10MW;mini hydro power plants, which are plantswithmore than
300 kW up to 10MW; andmicro hydro power plants, which are plants with less than 300 kW.
Additionally, units below 10 kW can be categorized as pico-hydro power units [113].

Micro hydro power plants have received a considerable amount of attention over the past
decades. A micro hydro power plant is a small unit that can be installed in any water flow
and may require only a small storage or even can be installed in a run of river scheme, in
which the river flow is diverted through a channel and a pen-stock line to the hydro turbine
[114]. A micro hydro power plant has the advantages of low cost, does not require dams and
will not affect the surrounding area. Moreover, the units are commercially available such
that they can be installed by individuals or private parties.

Micro hydro power plants can be operated in a grid connected or islanding operation.
In a grid-oriented operation, it can be treated as a secondary power source to reduce the
dependence on the national grid power supply. Additionally, it can be arranged to be in-
stalled as a main source and can even supply the extra power back to the grid. Unlike large
hydro power plants, micro hydro power plants have the capability of operating at different
operating speeds. This comes from the possibility of using either a special generator, such
as the double-fed induction generator (DFIG) or permanent magnet synchronous generator
(PMSG), and a power electronic device [115] that provides the flexibility for the primemover
to operate over a wide range of speeds.

The output mechanical power, and consequently the electrical power, will vary with the
operating speed. Fig. 3.8 presents a typical example of the relation between the rotational
speed of the turbine and the output power. It is clear that increasing the turbine speed will
lead to an increase in the output power up to a certain optimal point, at which increasing the
speed will cause a reduction in the output power. To harvest the maximum power from the
unit, the turbine should be operating at this optimal point.
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Figure 3.8: Power-speed relationship in a hydro turbine under different water flow speeds
[116]

The typical block diagram of a micro hydro power plant is shown in Fig. 3.9. In this
case, a single-regulated Kaplan turbine (or propeller) is used as a prime mover and a PMSG
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generator. The AC/DC/AC converter control is divided into the generator side and grid
side. The generator part controls the AC/DC part through a pulse-width modulator (PWM)
that facilitates control over the generator speed (and accordingly the turbine) by controlling
the generator current [68], which leads to the possibility of extracting maximum power from
the plant. Furthermore, to keep the generator operating close to unity power factor and
reducing the harmonics that may affect the generator [116], the grid side part is responsible
for transferring the generated power to the grid in addition to reactive power control [68].

Figure 3.9: Typical micro hydro power plant block diagram showing the main control struc-
ture [68]

As shown in Fig. 3.9, the control strategy for each side contains multi-loops to achieve the
required operating objectives. On the top level of the generator side, there is the maximum
power point tracking (MPPT) controller, which is used to ensure operation of the system at a
point that maximizes the output power for different operating conditions [117]. The MPPT
receives the turbine speed (Ω) and power (P ) and accordingly adjusts the turbine speed by
providing a set point for the speed controller. The speed controller controls the turbine speed
through adjusting (manipulating) the generator current.

The commonMPPT approach for micro hydro plants is based on perturbation and obser-
vation (P&O), in which a small step is made and, after waiting for the plant to settle down, a
step (increment or decrement) is made depending on the change in the output power. This
method has the advantage of simplicity, but it suffers from a slow response due to the re-
quirement for the plant dynamics to settle down prior to making the next decision, oscilla-
tions around the optimum and the possibility of diverging under rapid changes in operating
conditions [118]. An additional disadvantage will appear in a noisy measurement because
it is required to introduce further signal conditioning, which will enlarge the overall settling
time and thus make the algorithm even slower.



Chapter 4

Contributions

A summary of the main contributions of the articles and the way that they complement each
other is presented in the following sections.

4.1 Extremum seeking control theory

Paper A: Extremum seeking control based on phasor estimation

Submitted as: Khalid T. Atta, Andreas Johansson, and Thomas Gustafsson, “Extremum
seeking control based on phasor estimation,” Systems & Control Letters, 2014.

Summary

Paper A proposes a phasor-based extremum seeking control algorithm using the sinusoidal
perturbation approach. The phasor estimator is based on a continuous time Kalman filter.
Solving the special case of the Riccati equation converts the problem into a variable gain
observer. Local stability of the proposed algorithm for general non-linear dynamic systems
using averaging and singular perturbations is presented for the single input case.

Contribution

This work presents an alternative approach for ESC. Rather than estimating the gradient,
as most of the techniques do, the phasor of the output is used. This concept is basically
motivated by the fact that the output is almost sinusoidal due to the inserted sinusoidal per-
turbation but with an unknown amplitude and phase due to the dynamics of the plant. The
advantage of the presented algorithm is that it can be used on plants with large and even
variable phase lags. Additionally, a comparison example with the classic and the extended
Kalman filter gradient estimation approaches is presented.
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Paper B: On the stability analysis of phasor and classic extremum seek-

ing control

Submitted as: Khalid T. Atta, Andreas Johansson, and Thomas Gustafsson, “On the stability
analysis of phasor and classic extremum seeking control,” Systems & Control
Letters, 2015.

Summary

This paper presents a semi-global practical asymptotic stability analysis for phasor extremum
seeking control for a general non-linear dynamic system. Additionally, as a continuation for
the novel work presented in [38], the same previous analysis is applied to the classic band
pass filter algorithm.

Contribution

The first part of this paper is a continuation of Paper A, in which a non-local stability anal-
ysis for the phasor ESC is conducted and the sufficient condition for semi-global practical
asymptotic stability is provided. Regarding the classic ESC part, we present a more relaxed
(less constrained) semi-global practical asymptotic stability condition compared to previous
work. The limitation and the dependability of the stability results on the perturbation signal
amplitudewere removed, and the assumptions in the plant static mapwere also relaxed. An-
other interesting result was that the analysis did not use an approximation for the averaged
system.

Paper C: Accuracy improvement of extremum seeking control

Submitted as: Khalid T. Atta, Andreas Johansson, and Thomas Gustafsson, “Accuracy im-
provement of extremum seeking control,” IEEE Transactions on Automatic con-
trol, 2015.

Summary

Paper C presents a modification for the classic and phasor extremum seeking control to im-
prove the accuracy. The modulation signals were replaced by a sum of sinusoids to remove
or reduce the equilibrium shift in the controlled variable of the averaged system, and the
shift is calculated as a function of the number of sinusoids.

Contribution

This paper presents a solution for a problem that emerged during the research with Paper
F. It was required to generate a look-up table using ESC, and the input without the added
perturbation was used. The problem was that the averaged value will not be the optimal
value for a general system. Thus, the accuracy problemwas addressed, and Paper C presents
the solution for that problem. With the use of the proposed modulation signal, it is possible
to eliminate this error, and the look-up table will be optimum.



4.2. Two applications of ESC 47

4.2 Two applications of ESC

Paper D: Control Oriented Modeling of Flow and Size Distribution in

Cone Crushers

Published as: Khalid T. Atta, Andreas Johansson, and Thomas Gustafsson, “Control Ori-
ented Modeling of Flow and Size Distribution in Cone Crushers,” Minerals
Engineering, vol. 56, pp. 81-90, 2014.

Summary

In this work, a dynamic model is presented that adopts the multi-zones and discrete func-
tions approach. In this model, we present a general framework for modeling cone crushers.

Contribution

To our knowledge, this is the firstmodel that takes into consideration the classification action,
breakage action, selection action, the influence of the eccentric speed on the vertical trans-
port of material, the crusher physical geometry, volume capacity limitation, and the effect of
mixed input materials into one dynamic model to predict both flow and size distribution.

A number of simulations under different conditions, for both steady state and dynamics,
are presented. A controller for the ratio of a certain size class was simulated to illustrate the
applicability of themodel. Simulations demonstrated that the steady-statemodel behavior is
qualitatively consistent with measured crusher behavior, as reported in, e.g., [119], in terms
of response to changing the manipulated variables. For example, a prominent feature of
the model is that it predicts that the product size decreases as the eccentric speed increases,
which is contradicting to current crusher models but consistent with available measurement
data in [119].

Paper E: On-Line Optimization of Cone Crushers using Extremum-

Seeking Control

Published as: Khalid T. Atta, Andreas Johansson, and Thomas Gustafsson, “On-Line Opti-
mization of Cone Crushers using Extremum-Seeking Control,” IEEE Interna-
tional Conference on Control Applications (CCA), 2013, pp. 1054-1060, 2013.

Summary

This paper presents the application of extremum seeking control for optimizing the cone
crusher. The optimization was conducted by controlling the eccentric speed using two tech-
niques: the classic band pass filter-based gradient estimation and EKF-based gradient esti-
mation. The total product was the main objective of the optimization problem.

Contribution

To the best of our knowledge, this paper presents the first application of extremum seek-
ing control for optimizing cone crushers. In simulations, the operation was disturbed by
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changing the operating conditions, such as the type of material, the size of materials, and
the closed-side setting. The simulations indicate that this type of controller is able to find
the maximum in the total production. The work also presents an improvement for the EKF-
based gradient estimation approach. It is suggested to monitor the operation of the EKF in
estimating the gradient before deciding to use the estimated value to adjust the manipulated
variable. This addition resulted in a better controller response.

Paper F: Phasor Extremum Seeking and its Application in Kaplan Turbine

Control

Published as: Khalid T. Atta, Andreas Johansson, Michel J. Cervantes, and Thomas Gustafs-
son, “ Phasor Extremum Seeking and its Application in Kaplan Turbine Con-
trol,” IEEE International Conference on Control Applications (CCA), 2014, pp. 298-
303, 2014.

Summary

We propose to use the phasor ESC algorithm for generating the required data to construct
and correct the combinator of the Kaplan turbine control system. Additionally, the phasor
ESC is suggested as an on-line diagnosis and correction tool for the combinator.

Contribution

The combinator is an important component in Kaplan turbine control. It ensures that the
turbine will operate in an optimum way, in terms of maximum efficiency of the plant. This
methodwill ensure that the turbinewill operate in an optimal way; additionally, it is possible
to diagnose and correct the combinator without shutting down the plants. Simulations are
presented that demonstrate the applicability of the proposed methods.

Paper G: Maximum power point tracking for micro hydro power plants

using extremum seeking control

Submitted as: Khalid T. Atta, Andreas Johansson, Michel J. Cervantes, and Thomas Gustafs-
son, “Maximumpower point tracking formicro hydro power plants using ex-
tremum seeking control,” IEEE International Conference on Control Applications
(CCA), 2015, 2015.

Summary

Paper G proposes using phasor extremum seeking control (ESC) as a tool for maximum
power point tracking in micro hydro power plants. The phasor ESC was modified by es-
timating the phasors of multiple harmonics of this frequency. A test rig was used to exper-
imentally verify the proposed approach and to demonstrate the usability of ESC in hydro
power plants.
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Contribution

In some applications, it is necessary to use a higher perturbation amplitude due to measure-
ment noise or plant non-linearity. This will lead to higher fluctuations. The estimation of the
higher harmonics improved the performance of ESC by reducing these fluctuations. Addi-
tionally, a comparison between the phasor estimation and the classic band pass filter-based
gradient estimation is presented. The phasor estimator exhibited a better response compared
to the classic gradient estimator.





Chapter 5

Conclusions and Future Work

Over the course of this research, conclusions and possibilities for future research were found
as the research progressed. A summary of the conclusions and future research directions
are presented in the following sections.

5.1 Conclusions

In the previous chapter, part of the conclusions were presented in the summaries of the pa-
pers. This section will primarily answer the research questions that were presented in Chap-
ter 1.

1. Is it possible to apply the concept of ESC for optimization in cone crushers and hydro power
plants?
This question is themain question fromwhich all of the research presented in this thesis
was derived from, and the answer to this question is shown in Paper E, Paper F, and
Paper G. It is possible to use ESC as an optimization tool for the two application areas.
In two cases, it was was not possible examine the proposed solution experimentally,
but for the case of micro hydro power plants, the experimental results were promising.

2. Can we find a stable ESC algorithm that is not based on the gradient and that can manage a
large (and potentially time varying) phase lag in the perturbation frequency?
PaperApresents the possibility of using the phasor rather than the gradient to drive the
system into optimal operation. Similar to the classic ESC, the stability analysis revealed
that the phasor ESC is locally stable (Paper A) and semi-globally practically asymptoti-
cally stable (Paper B). Moreover, the proposed phasor was experimentally investigated
in Paper G.

3. In the context of the available classic ESC techniques, is it possible to relax the required assump-
tion? Additionally, is it feasible to improve the accuracy?
The plant’s assumptions that were required to assure plant semi-global practical
asymptotic stability were relaxed, and the limits on the selection of the perturbation
signal amplitude was removed. These points were clarified in Paper B.
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From the perspective of accuracy, Paper C presents the possibility of improving the
accuracy of ESC through eliminating or reducing the average error of the control signal.

5.2 Future Work

The directions for future work can be divided into three main categories:

• Extremum seeking control: This area is a very active topic for research. Many possi-
ble directions are available for research, such as adaptively adjusting the frequency of
the perturbation signal, which can be used to avoid the suboptimal solutions that may
be caused by variable phase shifts of the plant. The investigation of the behavior of
ESC with plants that do not satisfy the required conditions (such as quasi-convex and
sufficiently smooth) can broaden the applications of ESC.
Another interesting research subject is optimizing plants with a fast response and a
slow actuator, such as hydro power plants. In most cases, the actuator will take long
time to settle down, whichwill affect the overall time constant of the plant; however, the
model for the actuators is known, unlike the plant models, and the actuators input and
output aremeasurable. Thus, it is possible tomodify ESC to use these knowndynamics
and measurements.
In some application, ESC is integrated inside large plants with many demands. At
present, the gradient estimation is based only on the variables that the controller can
manipulate, althoughmany othermanipulated variables (i.e., plant input variables that
are not controlled by ESC) affect the plant. Additionally, when these variables are vary-
ing, a wrong gradient estimation may appear. Accordingly, it is possible to improve
the gradient estimator by including these variables to avoid incorrect judgments when
these variables change.
Multi-objective seeking control is an interesting topic. A stable, multi-objective Pareto
seeking algorithmwould be a good extension to the current single-objective extremum
seeking concept.

• Cone crushers: The proposed model can be improved in many different ways, such as
determining the optimum number of zones, modeling the influence of more parame-
ters (e.g., moisture) on the model block, developing models for energy consumption,
and including the relation between the volume, the density and the size distribution of
the material. Validation of the model is one of the important research directions. The
validation can be achieved through comparison with measurement data from a real
crusher or by comparing the behavior of this model to another model, which should
be tested and approved under well-defined operating conditions. The proposedmodel
can be modified to be used for Jaw crushers, which share many common features with
cone crushers.
In the crusher control and optimization, different objective functions can be considered,
such as maximizing the product yield and minimizing energy consumption. A com-
parison with other optimization algorithms (such as the finite state machine) should be
conducted to determine the best possible technique. This comparison should consider
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many factors in addition to the optimization percentage, such as the energy consumed
by the crusher, the stability of the system, and the implementation effort.

• Hydro power plants: One possibility for future work is to experimentally investigate
the proposed generation, correction, and diagnosis method for the Kaplan turbine con-
trol system (Combinator). In micro hydro power plants, it is possible to integrate the
ESC inside the control system and avoid the internal loops that may slow the system
response. Another future possibility is to adopt ESC to optimize the air injection pro-
cedure to mitigate pressure pulsations in hydraulic turbines.
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Extremum seeking control based on phasor

estimation

Khalid Tourkey Atta, Andreas Johansson, and Thomas Gustafsson

Abstract: We present an extremum seeking control algorithm based on the estimation of
the phasor of the perturbation frequency in the output of the plant. The phasor estimator is
based on a continuous time Kalman filter, which is reduced into a variable gain observer by
explicitly solving the special case of the Riccati equation. Local stability of the proposed al-
gorithm for general non-linear dynamic systems using averaging and singular perturbations
is presented for the single input case. The advantage of the presented algorithm is that it can
be used on plants with large and even variable phase lag.

keywords: Extremum seeking control, Phasor estimation, Local stability analysis

1 Introduction

Driving the state of a plant to some desired optimum is one of the overall objectives of any
control system [1]. This optimal state can be known or unknown. If it is known, then most
of the system variables (formulated as plant outputs) have predefined values (formulated
as reference inputs), and the job of the control system is to drive the outputs towards these
values by adjusting the manipulated variables.

On the other hand, if the optimal state is unknown (i.e. the values of the objectives and
system variable are unknown), then the job of the controller is to find this optimum state
by adjusting the manipulated variables in order to reach as near optimum as possible. Ex-
tremum seeking control (ESC) is a control concept for single objective on-line optimization.

Gradient
estimatork/s

a sin(ωt)

u0

uss

yss
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Plant
output
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variables

�
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�
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Figure 1: principle of Extremum-Seeking Control

Consider a non linear, time varying plant with a single objective (sometimes also called
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index) that can be described by the following state space representation:

dx

dt
= f(x,u) (1a)

y = h(x) (1b)

where x ∈ R
n is a vector representing the state variables, with initial state x(0) = x0, u ∈ R

m

is a vector representing the manipulated (input) variables of the plant, and y ∈ R is a scalar
representing the output objective (or index) of the plant. Both f : Rn × R

m → R
n and h :

R
n → R are assumed to be sufficiently smooth. The steady state output as a function of a

constant input is assumed to have a minimum (or maximum). Without loss of generality, we
will assume the latter case and then the purpose of the ESC controller is to adjust u in order
to achieve a maximal value in y for any given x0.

In the literature many applications can be found, for example braking system control,
autonomous vehicles and mobiles robots, yield optimization in bio-processing, etc. [2] and
more recently cone crushers [3].

The first notable work was according to [2, 4] done by LeBlanc in 1922. This work was the
first literature about adaptive controllers and the suggested approach was based on estimat-
ing the gradient of the steady-state map by inserting a perturbation in the input. Extremum
seeking control received a lot of attention between the 1940’s and the 1960’s, even with com-
mercial controllers in themarket [5]. In the 1990’s stochastic ESC [6, 7] and slidingmode ESC
[8, 9] appeared.

In year 2000, Krstić and Wang [10] presented what can be considered the most valuable
stability analysis of extremum seeking control for the classic filters based approach. Later, a
non local, semi-global stability analysis was presented [11]. Compared to the standard filter
based method, an improved dynamic compensator method was presented later by Krstić
[12].

The first method formulti-parameter extremum seekingwas presented in [13, 14] and the
algorithm from [12] was extended to the multi-parameter case in [15] where also a rigorous
stability analysis was provided.

In year 2009, Newton like extremum seeking control [16] was presented. Later, a multi-
parameter Newton like method was presented in [17, 18].

The method of sinusoidal perturbation is the only method that permits fast convergence
to the extremum on a time-scale comparable to that of the plant dynamics, which is a major
advantage over the numerically based methods that need the plant dynamics to settle down
before optimization [4, 16].

The perturbation based approach is primarily based on the gradient descent optimiza-
tion method. The controller is divided into three parts, as shown in Fig. 1. The first is the
addition of a perturbation signal (normally a sinusoidal signal with amplitude a and angular
frequency ω which is the common method [10] or a random signal in the stochastic ESC [6]).
Next, a gradient estimator finds the rate of change of the output y with respect to the input
u (i.e. Km = ∂y

∂u
). The third part is an integrator with gain k. The output of the integrator is

the base control signal u0, which is added to the perturbation signal to generate the control
signal u.

The classic method to estimate the gradient is to use a high pass filter (HPF), a multiplier,
and a Low pass filter (LPF)[10]. Also it was shown in [11] that it is possible to estimate the
gradient with only a multiplier or a multiplier with LPF only.
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Another novel approach for gradient estimation is to use anExtendedKalmanFilter (EKF)
[19, 20]. The method was suggested for static systems or very fast dynamic systems and the
frequency of the added dither signal should be selected to be slower than the slowest time
constant of the process [19]. The idea behind using the EKF as a gradient estimator is to
approximate the output of the system (y) by a tangent at the point of operation. i.e.

y(t) = y0 + k u(t) (2)

where k is the slope of the tangent. The EKF is then employed to estimate two state variables,
x1 = k and x2 = y0. Assuming that the EKF will be implemented in discrete time, two
samples are required to have observability [20]. The discrete state space system is then

x(tk+1) =

[
1 0
0 1

]
x(tk) +wk,

[
y(tk)
y(tk−n)

]
=

[
u(tk) 1
u(tk−n) 1

]
x(tk) + vk (3)

where n is the time interval between the two samples which is usually selected to equal a
quarter or three quarters of the cycle time of the perturbation signal (i.e. π/(2ω) or 3π/(2ω)).
The noise signals wk and vk have covariance matrices Q and R respectively. Similar to the
classic filter based methods, the selection of ω remains crucial.

Most of the existing perturbation basedmethods require a very slow perturbation in such
away that the systemwill appear as a staticmap. Thiswill ensure convergence to the optimal
solution, butwill slowdown the system response. Increasing the perturbation frequencywill
allow increasing the integrator gain k which will lead to a faster response but may lead to a
sub-optimal solution [21] since it can no longer be considered as a static map. The problem
can be mitigated by adding a phase compensation, but this may instead lead to instability of
the overall system especially in the case of the time varying phase lag [21].

In this work we present an ESC algorithm that is based on estimating the phasor of the
output instead of the gradient. In this way, large phase shifts of the plant can be allowed thus
relaxing the assumption that the plant is a static map or that the perturbation frequency is
very low. The estimator will be based on a variable gain observer which is derived from the
continuous time Kalman filter. In simulations we will demonstrate how this algorithm can
be preferred in the case of systems with variable phase.

2 The Proposed Approach

If we add a slow sinusoidal perturbation to the input, the output will exhibit a periodic (al-
most a sinusoidal) component with different magnitude and phase shift, but with the same
frequency. This function may be approximated by a combination of three components: a
constant component, a sine component, and a cosine component, as shown in Fig 2. We can
notice that the amplitude of the sine and the cosine components are related to the current
point of operation. The sine components has a positive amplitude below maximum, nega-
tive amplitude above maximum, and almost zero at maximum. The cosine amplitude has a
reverse behaviour compared to the sine component. Accordingly, by making the amplitude
of the sine component equal zero, we can assure that the system is working at its optimum
operational point.

Now to show the relation with the gradient of the output, let us consider the input to the
plant to be u(t) = u0(t) + a sin(ω t) and assume u0(t), which is the output of the integrator,
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Figure 2: Input/Output steady state map

to be almost constant during the cycle. The non-linear plant is assumed to be approximated
into input and output dynamics and a non linear part in the middle [12, 16], as shown in Fig
3.

Plant Static Map

FoFi
u yi ym y

ym≈ fo+ Km(yi-u0)
ym(yi)

yiu0

fo
Km

Figure 3: The non-linear dynamic plant approximated into linear input dynamics, non linear
static, and linear output dynamics parts

We assume without loss of generality that the steady state gain of the input and output
dynamics (Fi(0) and Fo(0)) both equal one, and define the frequency response of Fi and Fo

at the frequency ω to be:

|Fi(i ω)| = Ki , ∠Fi(i ω) = φi

|Fo(i ω)| = Ko , ∠Fo(i ω) = φo

Accordingly the output yi will be

yi = u0 + aKi sin(ωt+ φi)

The non-linear map of the plant can be approximated using a first order Taylor series near
the base variable u0, ym ≈ f0 + Km(yi − u0) where Km = ∂ym

∂u

∣∣
u0

is the gradient of the static
map and f0 = f(u0). Accordingly the output of the static map ym will be

ym ≈ f0 +Km(u0 + aKi sin(ωt+ φi)− u0)

≈ f0 + aKmKi sin(ωt+ φi)

The output of the plant y will be

y ≈ f0 + aKoKmKi sin(ωt+ φi + φo)

≈ β0 + α1 sin(ω t) + β1 cos(ω t) (4)



A

2. The Proposed Approach 73

where β0 = f0, α1 = aKoKmKi cos(φi + φo), and β1 = aKoKmKi sin(φi + φo). Note that (4)
can be written as y ≈ β0 +�{ r eiφeiω t}where r eiφ is the polar representation of the complex
number αi+ iβi, i.e., r2 = α2

1 +β2
1 = a2K2

oK
2
mK

2
i , φ = arctan

(
β1

α1

)
= φi+φo, and �means the

imaginary part. The complex number reiφ where r and φ are the amplitude and phase of a
sinusoid is termed a phasor [22] and hence we introduce the term Phasor ESC.

For relatively small ω, the phase shift (φi + φo) can be neglected and we can notice that
α1 ∝ Km. Thus, regulating the system to its unknown optimal point of operation u∗, at which
Km = 0, is accomplished by achieving α1 = 0.

Now if we choose a larger ω in such a way that φi + φo cannot be neglected, a cosine
component will appear in the output term (i.e. β1 �= 0). It is clear that also β1 ∝ Km and the
system can be driven to its optimal point by achieving β1 = 0. For a large enough delay (when
φi + φo is near −π/2), the sine component in the output will vanish and thus we propose to
estimate both α1 and β1 simultaneously, and to use β1 when using a large ω. Keeping inmind
that the sign of the integrator gain (k) when using the sine component should be opposite to
the sign of the gain when using the cosine component.

Note that choosing ω such that φi + φ0 �= 0 means that the controller and the process
operate on similar time scales which is an improvement in terms of speed compared to clas-
sic ESC algorithms. However, for a formal stability proof for a general, non-linear system,
(Section 4) we still need the separate time scales.

The gradient estimation problem is thus converted into a problem of estimating harmon-
ics, which has been solved using e.g. the discrete time Kalman filter [23] or the periodogram
[24]. Here, we propose to use a continuous time Kalman filter to estimate the parameters.

2.1 Estimating the signal’s phasor

Eq. (4) is a Fourier series approximation of the output, and it is assumed that the coefficients
of this series can be represented by a random walk process [25] which is a common way to
represent time series signals [26]. We can thuswrite y(t) as the output of a linear time varying
state space system with state vector z = [β0, α1, β1]

T , as

ż(t) = A z(t) + w(t)

y(t) = C(t)z(t) + v(t)
(5)

where w(t) and v(t) are assumed to be white noise terms and

A =

⎡
⎣0 0 0
0 0 0
0 0 0

⎤
⎦ , (6)

C(t) =
[
1 sin(ω t) cos(ω t)

]
(7)

Since A(t) and
∫ t

t0
A(τ)dτ commute for all t, the state transition matrix Φ(t, t0) can be cal-

culated as [27]:

Φ(t, t0) = exp

(∫ t

t0

A(τ)dτ

)
= I (8)

and we find:

C(t) Φ(t, t0) =
[
1 sin(ω t) cos(ω t)

]
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Accordingly the system is observable because the columns of C(t) Φ(t, t0) are linearly inde-
pendent on [t0, t] [27, 28].

An observer can be suggested in the following form:

˙̂z = L(t) (y(t)− C(t)ẑ) (9)

where L(t) ia a time varying gain selected to ensure a convergent estimator. We propose to
use the continuous time Kalman filter (i.e. Kalman-Bucy filter) [29]

L(t) = P (t)CT (t)R−1(t) (10)

where P (t) is the solution of the Riccati Equation:

Ṗ = Q(t)− L(t)R(t)LT (t) (11)

where Q(t) and R(t) represent the covariances of the two white noise terms w(t) and v(t),
respectively [30]. Knowing thatR is a scalar value denoted r andQ is assumed to be a scaled
identity matrix, i.e. Q = qI .

The value of theQ(t) decides howmuch the state variable will varywith time, with larger
values ofQ(t) implying faster changes in the state variables while the value of R(t) indicates
the amount of the additive measurement noise.

It can be noted that (10) and (11) represent a positive semi-definite periodic Riccati differ-
ential equation with a periodic steady state response [see section 5.4 in [31]], implying that
L(t) = 1

r
P (t)CT (t)will be periodic. The Riccati equation (11) consists of 6 ODEs to be solved

on-line. Thus, In order to reduce the computational effort of the Kalman filter and to enable
a comparatively simple stability proof of the phasor ESC algorithm, we provide an analytic
solution to (10) and (11), for which the proof is given in A:

Proposition 1 For the system (5) with the matrices defined as (6) and (7) and the Kalman gain and
the Riccati equation as in (10) and (11) respectively, the periodic steady state Kalman filter gain is

L(t) =

√
q

r

⎡
⎣ 1√

2 sin(ωt+ ζ)√
2 cos(ωt+ ζ)

⎤
⎦ (12)

where ζ is a function of η = ω
√

r
q

in the form

ζ = 2 tan−1
(
ϕ
)

(13)

and ϕ is the positive real root of

(
√
8− 1)ϕ4 + 4

√
2 ηϕ3 + 6ϕ2 + 4

√
2 ηϕ−

√
8− 1 = 0 (14)

Proposition 1 is useful in stability analysis as will be shown in the next section and in re-
ducing the order and complexity of the controller, which is reduced into fourth order system
by eliminating the 3 periodic Riccati ODE. For multi parameter ESC (see next section), it is
increasingly beneficial with a closed form solution of the Riccati equation, since the number
of ODEs will grow with the square of the number of parameter (i.e. (2r+1)(2r+2)

2
in case of r
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parameters ESC). Other ways of avoiding the computational complexity of the phasor ESC
is recording the Kalman gain and repeat it as suggested by [23] or using a single parameter
phase estimator to find the amplitude and phase shift of each entry of the multi parameter
Kalman gain.

Aswe stated earlier, the randomwalk processmodeling the harmonic amplitudes in (4) is
determined by the covariance of the measurement and process noise. From Proposition 1 we
can see that the ratio q

r
will determine the behavior of the estimation process and eventually

the ESC behavior. As stated earlier we assume that during a single perturbation cycle u0 can
be assumed to be almost constant implying a very small change in the operational point and
hence a small variation in the harmonics amplitude during the cycle. This means that it is
appropriate to choose a small value of q. Eq. (4) represents an approximation of the output
that includes only a single harmonic. In reality y will have higher order harmonic due to
the plant non-linearity depending on the amplitude of the perturbation. It is assumed that
noise v(t) will represent these higher harmonics (which have zero mean) in addition to the
measurement noise.
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Figure 4: The relation of ζ as a function of η

Fig. 4 shows the relation between η and ζ . We can notice that smaller values of q and
larger values of r imply higher values of η which in turn will mean smaller values of ζ .

3 Multivariable extremum seeking

The concept of Phasor ESC can be extended to the multi-variable case. Similar to the above
analysis, small sinusoidal perturbation signals with frequencies (ω1, ω2, . . . , ωn) are added
to the control signals u0 (u0,1, u0,1, . . . , u0,n), where ωi/ωj are rational, with the frequencies
chosen such that ωi �= ωj and ωi + ωj �= ωk for distinct i, j, and k [13, 14, 15].

Accordingly, it can be shown that the output of the plant y can be approximated to:

y ≈ β0 +
n∑

j=1

αj,1 sin(ωjt) +
n∑

j=1

βj,1 cos(ωjt)
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where

β0 = f(u0)

αj,1 ∝ Kj cos(φj)

βj,1 ∝ Kj sin(φj)

where Kj =
∂ym
∂uj

|u0,j
and φj represent the phase lag for the perturbation at the jth input.

With a careful selection the perturbation frequencies, the amplitude of the sinusoids is
proportional to the gradient. A Kalman filter similar to the above can be used to estimate the
phasors and can be reduced also to an observer with time varying gain.

4 Stability Analysis

Considering the single input case of system (1), we assume we know a control law [10]

u = α(x, θ) (15)

This control law is a function of θ, which is assumed to behave like a static steady state feed-
back law [10]. Accordingly the system (1a) can be written

dx

dt
= f(x, α(x, θ)) (16)

and is parameterized by θ. We will make some assumptions about the existence and stability
of an equilibrium point similar to those made in [10, 17]. For more details, please refer to [10]

Assumption 1 There exists a smooth function l : R → R
m such that f(x, α(x, θ)) = 0 if and only if

x = l(θ).

Assumption 2 For each θ ∈ R the equilibrium x = l(θ) of the system ẋ = f(x, α(x, θ)) is locally
exponentially stable uniformly in θ.

The function composition (h ◦ l)(θ) = h(l(θ)) represents the steady state static map of the
system which leads to the third assumption,

Assumption 3 There exists θ∗ ∈ R such that:

∂

∂θ
(h ◦ l)(θ∗) = 0 (17)

∂2

∂θ2
(h ◦ l)(θ∗) < 0 (18)
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The above assumption is the condition required for the static map y = (h ◦ l)(θ) to have
a maximum at θ∗. We can now rewrite and combine the equations of the system with the
equations of the proposed ESC controller for the single variable case:

ẋ(t) =f
(

x, α
(

x, θ̂ (t) + a sin (ω t)
))

(19a)
˙̂z(t) =L(t) (h (x)− C (t) ẑ) (19b)
˙̂
θ(t) =Kg ẑ(t) (19c)

where Kg = [0, k, 0] since we aim to regulate the sine component α1 of (4). The parameters
of the controller will be selected as:

k = ωK = ωδK ′ (20)√
q

r
= Kq,r = ωδK ′′ (21)

where δ is a small positive number, and K ′ and K ′′ are O(1) positive constants.
Now, let’s introduce new error variables θ̃ = θ̂ − θ∗ and z̃1 = z1 − (h ◦ l)(θ∗) and rewrite

(19):

ẋ = f(x, α(x, θ̃ + θ∗ + a sin(ωt)))

˙̃z1 = ωδK ′′
(
h(x)− (h ◦ l)(θ∗)− z̃1 − z2 sin(ωt)− z3 cos(ωt)

)

ż2 = ωδK ′′√2 sin(ωt+ ζ)

(
h(x)− (h ◦ l)(θ∗)− z̃1 − z2 sin(ωt)− z3 cos(ωt)

)

ż3 = ωδK ′′√2 cos(ωt+ ζ)

(
h(x)− (h ◦ l)(θ∗)− z̃1 − z2 sin(ωt)− z3 cos(ωt)

)
˙̃θ = ωδK ′z2

Introducing the time scale τ = ωt gives

ω
d x
dτ

=f(x, α(x, θ̃ + θ∗ + a sin(τ))) (22a)

d z̃1
dτ

= δK ′′
(
h(x) − (h ◦ l)(θ∗)− z̃1 − z2 sin(τ)− z3 cos(τ)

)
(22b)

d z2
dτ

= δK ′′√2 sin(τ + ζ)

(
h(x)− (h ◦ l)(θ∗)− z̃1 − z2 sin(τ)− z3 cos(τ)

)
(22c)

d z3
dτ

= δK ′′√2 cos(τ + ζ)

(
h(x)− (h ◦ l)(θ∗)− z̃1 − z2 sin(τ)− z3 cos(τ)

)
(22d)

d θ̃

dτ
= δK ′z2 (22e)

To show stability of (22a)-(22e) we follow the steps of [10]. First, the overall system is
divided into 2 time scales, the fast dynamics (22a) and the slow dynamics (22b-22e). Then
the fast dynamics will be frozen around the equilibrium point and its state variables treated
as constants in the fast dynamics [32]. Since the slow dynamics have a periodic behavior,
averaging technique will be used to find the equilibrium point. Then the Jacobian will be
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found to examine local stability. After showing local stability of the averaged equilibrium
point, singular perturbation analysis can be performed on the fast dynamics and the overall
system stability can be proved [32, 10].

Following these steps, we freeze x at its equilibrium value i.e. x = l(θ∗+ θ̃+ a sin(τ)). Let
ν(θ) = (h ◦ l)(θ + θ∗)− (h ◦ l)(θ∗), knowing that ν(0) = 0, ν ′(0) = 0, and ν ′′(0) < 0 [10]. Thus
the term h(x)−(h◦l)(θ∗)will be replaced by (h◦l)(θ∗+θ̃+a sin(τ))−(h◦l)(θ∗) = ν(θ̃+a sin(τ)).
This will lead to the reduced system

d z̃r1
dτ

=δK ′′
(
ν(θ̃r + a sin(τ))− z̃r1 − zr2 sin(τ)− zr3 cos(τ)

)
(23a)

d zr2
dτ

=δK ′′√2 sin(τ + ζ)

(
ν(θ̃r + a sin(τ))− z̃r1 − zr2 sin(τ)− zr3 cos(τ)

)
(23b)

d zr3
dτ

=δK ′′√2 cos(τ + ζ)

(
v(θ̃r + a sin(τ))− z̃r1 − zr2 sin(τ)− zr3 cos(τ)

)
(23c)

d θ̃r
dτ

=δK ′zr2 (23d)

where z̃r1, zr2, zr3, and θ̃r are the state variables of the reduced fast system. An averaged
system can be calculated [32]:

d z̃ar1
dτ

=δK ′′
(

1

2π

∫ 2π

0

ν(θ̃ar + a sin(σ))dσ − z̃ar1

)
(24)

d zar2
dτ

=δK ′′√2

(
1

2π

∫ 2π

0

ν(θ̃ar + a sin(σ)) sin(σ + ζ)dσ − cos(ζ)

2
zar2 −

sin(ζ)

2
zar3

)
(25)

d zar3
dτ

=δK ′′√2

(
1

2π

∫ 2π

0

ν(θ̃ar + a sin(σ)) cos(σ + ζ)dσ +
sin(ζ)

2
zar2 −

cos(ζ)

2
zar3

)
(26)

d θ̃ar
dτ

=δK ′zar2 (27)

where z̃ar1, zar2, zar3, and θ̃ar are the state variables of the averaged reduced fast system.
By setting the left hand side equal to zero, the equilibrium point can be found. Accord-

ingly, from (27) we can find that za,er2 = 0, and from (24) we have

z̃a,er1 =
1

2π

∫ 2π

0

ν(θ̃a,er + a sin(σ))dσ (28)

From (25) we can find:

za,er3 =
1

π sin(ζ)

∫ 2π

0

ν(θ̃a,er + a sin(σ)) sin(σ + ζ)dσ

=
cot(ζ)

π

∫ 2π

0

ν(θ̃a,er + a sin(σ)) sin(σ)dσ +
1

π

∫ 2π

0

ν(θ̃a,er + a sin(σ)) cos(σ)dσ (29)
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and from (26):

za,er3 =
1

π cos(ζ)

∫ 2π

0

ν(θ̃a,er + a sin(σ)) cos(σ + ζ)dσ

=
− tan(ζ)

π

∫ 2π

0

ν(θ̃a,er + a sin(σ)) sin(σ)dσ +
1

π

∫ 2π

0

ν(θ̃a,er + a sin(σ)) cos(σ)dσ (30)

Since cot(ζ) = − tan(ζ) leads to tan(ζ)2 = −1 which does not have a real solution, we can
state that cot(ζ) �= − tan(ζ) and thus equating (29) and (30) gives∫ 2π

0

ν(θ̃a,er + a sin(σ)) sin(σ)dσ = 0 (31)

and

zar3 =
1

π

∫ 2π

0

ν(θ̃a,er + a sin(σ)) cos(σ)dσ (32)

Combining that ν(0) = 0, ν ′(0) = 0, and ν ′′(0) < 0, and with the fact that∫ 2π

0
sin(σ)j cos(σ)dσ = 0; ∀j ∈ Z+, and after applying Taylor expansion:

za,er3 = O(a3) (33)

From (31) we can find the value of θ̃a,er , which is found by [10]:

θ̃a,er = − ν ′′′(0)
8ν ′′(0)

a2 +O(a3) (34)

Using the same idea on (28) we find [10]

z̃a,er1 =
ν ′′(0)
4

a2 +O(a3) (35)

Accordingly the equilibrium point of the average system is:

z̃a,er1 =
ν ′′(0)
4

a2 +O(a3)

za,er2 = 0

za,er3 = O(a3)

θ̃a,er = − ν ′′′(0)
8ν ′′(0)

a2 +O(a3)

(36)

Now finding the Jacobian of (24-27) and evaluating it at equilibrium gives

Ja,e
r = δ

⎡
⎢⎢⎢⎢⎢⎢⎣

−K ′′ 0 0 Γ1

0
−K ′′ cos(ζ)√

2

−K ′′ sin(ζ)√
2

Γ2

0
K ′′ sin(ζ)√

2

−K ′′ cos(ζ)√
2

Γ3

0 K ′ 0 0

⎤
⎥⎥⎥⎥⎥⎥⎦
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where

Γ1 =
K ′′

2π

∫ 2π

0

ν ′(θ̃a,er + a sin(σ))dσ

Γ2 =
K ′′
√
2π

∫ 2π

0

ν ′(θ̃a,er + a sin(σ)) sin(σ + ζ)dσ

Γ3 =
K ′′
√
2π

∫ 2π

0

ν ′(θ̃a,er + a sin(σ)) cos(σ + ζ)dσ

Now, we show stability of the averaged system, i.e. that all roots of the characteristic
polynomial of Ja,e

r

det(λI − Ja,e
r ) =

1

2
(K ′′ + λ)(2λ3 + (

√
8K ′′ cos(ζ))λ2 + (K ′′2 − 2K ′Γ2)λ−

√
2K ′K ′′Γ2 cos(ζ)

+
√
2K ′K ′′Γ3 sin(ζ)) (37)

have negative real part. The second factor of the characteristic polynomial can be analysed
using the Routh-Hurwitz algorithm which for a third order polynomial a3λ3 + a2λ

2 + a1λ
1 +

a0 = 0 states is that all coefficients must be positive and a2a1 > a3a0
Accordingly the conditions for Ja,e

r to be Hurwitz are
√
8K ′′ cos(ζ) > 0

K ′′2 − 2K ′ Γ2 > 0

−Γ2 cos(ζ) + Γ3 sin(ζ) > 0

cos(ζ)K ′′2 − Γ2K
′ cos(ζ)− Γ3K

′ sin(ζ) > 0

Knowing that K ′ and K ′′ are positive constants and 0 ≤ ζ < 90 as shown in Fig. 4 implies
that cos(ζ) > 0. By using the identities − cos(ζ) sin(σ + ζ) + sin(ζ) cos(σ + ζ) = − sin(σ) and
− cos(ζ) sin(σ + ζ) − sin(ζ) cos(σ + ζ) = − sin(σ + 2ζ), we can simplify the expressions for
Γ2 cos ζ − Γ3 sin ζ and Γ2 cos ζ + Γ3 sin ζ so that the stability conditions become

K ′ K ′′

π

∫ 2π

0

ν ′(θ̃a,er + a sin(σ)) sin(σ + ζ)dσ < K ′′2

∫ 2π

0

ν ′(θ̃a,er + a sin(σ)) sin(σ)dσ < 0

K ′ K ′′

π

∫ 2π

0

ν ′(θ̃a,er + a sin(σ)) sin(σ + 2ζ)dσ < cos(ζ)K ′′2

Since sin(σ+ζ) = cos(ζ) sin(σ)+sin(ζ) cos(σ), and
2π∫
0

sin(σ) sin(σ+ζ) = π cos(ζ), the left hand

side of the conditions can be approximated using a Taylor series expansion around zero to
[10]:

∫ 2π

0

ν ′(θ̃a,er + a sin(σ)) sin(σ)dσ = πν ′′(0)a+O(a2)
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∫ 2π

0

ν ′(θ̃a,er + a sin(σ)) sin(σ + ζ)dσ = cos(ζ)
(
πν ′′(0)a+O(a2)

)

∫ 2π

0

ν ′(θ̃a,er + a sin(σ)) sin(σ + 2ζ)dσ = cos(2ζ)
(
πν ′′(0)a+O(a2)

)
Now, since ν ′′(0) < 0, Ja,e

r is Hurwitz for sufficiently small a and ζ > π
4
, and accordingly the

average system is exponentially stable [32, 10]. The above will lead to the following theorem:

Theorem 1 Consider the system (24-27) with ζ < π
4

and under assumptions (1-3), and for suffi-
ciently small a. There exists δ̄ and ā such that for all δ ∈ (0, δ̄) and a ∈ (0, ā) system (24-27) has
a unique exponentially stable periodic solution (z̃12πr , z̃2

2π
r , z̃3

2π
r , θ̃2πr ) of period 2π and this solution

satisfies

⎡
⎢⎢⎢⎢⎢⎣
z̃1

2π
r − ν ′′(0)

4
a2

z̃2
2π
r

z̃3
2π
r

θ̃2πr +
ν ′′′(0)
8ν ′′(0)

a2

⎤
⎥⎥⎥⎥⎥⎦ ≤ O(δ) +O(a3), ∀τ ≥ 0. (38)

The remaining steps towards proving stability of (19) involves combining stability of the
reduced model (23) and the stability of the boundary layer model (22a) using Tikhonov’s
theorem [32]. The details of the procedure will be identical to the work in [10], since θr has
the same behaviour as in the later work and the plant dynamics for the singular perturbation
are also the same. This will lead to the following theorem for our proposed algorithm:

Theorem 2 Consider the system (19) with ζ < π
4

and under assumptions (1-3), there exists a unique
exponentially stable periodic solution of the system (19) in an O(ω+δ+a)-neighbourhood of the point
(x, θ̂, [z1, z2, z3]) = (l(θ∗), θ∗, h ◦ l(θ∗), 0, 0).

5 Simulation

Let us consider a system with the following state space representation :

ẋ1 = 10 (−x1 + θ)

ẋ2 =
−x2 − (x1 − 5− aθ sin(ωθt))

2

0.05θ2 + 0.2

ẋ3 = 8 (−x3 + x2)

y = x3

(39)

In this system, θ∗ = 5 + aθ sin(ωθt) which is varying with time in a manner governed by the
values of aθ and ωθ. By setting aθ = 0, a linearisation of the system exhibits a phase shift that
varies with θ, i.e. if we insert an input in the form of θ + a sin(ω t) the output of the system
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Figure 5: Phase variation with θ for different frequencies

will have a sinusoidal component with relative phase shift that varies with θ as shown in Fig
5. The discontinuity at θ∗ is due to the optimum at this point which will make the response
to the sinusoid change sign and thus cause a 180◦ shift.

In order to show a comparison with the existing ESCmethods, we choose ωθ = 0.01 rad/s
for the first 2000 s of the simulation and ωθ = 0.025 rad/s for the last 1000 s while aθ = 2
during the whole period. Also a band limited white noise with power 10−3 was added to the
input of the plant as a plant disturbance. It is noted that since the additive plant disturbance
was added to θ, this means that the plant phase shift will be affected.

This system is used to examine the behaviour of the Classic BPF ESC [10], EKF ESC [20],
and two versions of phasor ESC; one based on regulating the sine component(i.e. α1 is fed
to the integrator), and one based on regulating the cosine component(i.e. β1 is fed to the
integrator). Note that the sine based phasor ESC is the type assumed in the stability analysis
in the previous section while the cosine based ESC has similar dynamics except the gain of
Eq. (19c) will be Kg = [0, 0,−k].

The parameters of the four controllers were manually selected in an effort to obtain mini-
mum tracking error with the best convergence speed. Note that it is possible to decrease the
error for the case of small ωθ but this will cause a worse tracking for large ωθ.

The classic BPF ESCwas usedwithω = 1 rad/s, k = 2 and the cut-off frequency of the LPF
= 0.25 rad/s and for the HPF was ω = 0.5 rad/s. The EKF ESC was used with ω = 1 rad/s,

k = 0.025, Q = Δt

[
10 0
0 1

]
, and R = Kekf

[
1 0
0 1

]
, where Δt = 10−3 and Kekf = 500Δt. Note

that the Q ad R matrices were selected in a manner similar to [20] and the value of Kekf was
chosen to make the EKF able to follow the changes in the optimal θ. Also note that reducing
the value of Kekf to values similar to [20] will lead to a worse response. The phasor ESC
based on the sine component was used with ω = 1 rad/s, k = 0.12, q = 0.25 and r = 1 and
the phasor ESC based on the cosine component with ω = 4 rad/s, k = 3, q = 0.25 and r = 1.
Note that we chose the higher frequency for the cosine phasor ESC because it is expected to
work with larger phase shift in the plant which occur at higher frequencies. It is not possible
to choose this perturbation frequency for the other types of ESC due to the large phase shift
as shown in Fig. 5 which causes instability of the closed loop for these algorithms.
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Fig. 6 shows the comparison between the four controllers.
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Figure 6: Comparison between Classic BPF ESC, EKF ESC, Phasor sine ESC, and phasor
cosine ESC

The four controllers exhibit good tracking capabilities for low ωθ where the cosine phasor
ESC and the EKF ESC have the better performance. But for larger ωθ, the cosine phasor ESC
shows better tracking performance and the EKF ESC can not keep tracking the changes in θ∗.

6 Conclusion and future work

The suggested phasor based ESC algorithm was shown to be locally stable similar to other
gradient based algorithms. Moreover, using the cosine component of the phasor for feedback
lead to an enhanced performance of the overall system in terms of ability to deal with phase
lag. A stability proof for the case of sine component feedback was enabled by an explicit
solution of the Riccati equation in the continuous Kalman filter which also simplifies the
implementation of the controller. The stability proof of the cosine component feedback will
be presented in future work.

In a simulation example, this method proved to be able to successfully track fast changes
in optimum using a high perturbation frequency that will cause instability for other algo-
rithms.
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Appendix

A Proof of Proposition 1

The Kalman filter equations for the system (5) with the matrices defined as (6) and (7), can
be reduced to:

L(t) =
1

r
P (t)CT (t) (40)

Ṗ = q I − r L(t)LT (t) (41)

Let us assume that

P =

⎡
⎣P11 P12 P13

P12 P22 P23

P13 P23 P33

⎤
⎦ (42)

where:
P11 = −

√
2 q cos

(
π
2 + ζ

)−√
q r ω

ω

P12 =

√
2 q cos(ζ + t ω)

ω

P13 = −
√
2 q sin(ζ + t ω)

ω

P22 =
q sin(2 ζ) + q sin(2 ζ + 2 t ω) + 2

√
2 q sin(ζ)

2ω
+

√
2 cos(ζ)

√
q r

P23 =
q cos(2 ζ + 2 t ω)

2ω

P33 =
q sin(2 ζ)− q sin(2 ζ + 2 t ω) + 2

√
2 q sin(ζ)

2ω
+ 2

√
2 cos(ζ)

√
q r

and that L is given in (12). We can prove that these P and L are the periodic steady state
solution of (40) and (41) by showing that both sides of the equations are equal. By calculating

dP

dt
= q

⎡
⎣ 0 −√

2 sin(ζ + t ω) −√
2 cos(ζ + t ω)

−√
2 sin(ζ + t ω) cos(2 ζ + 2 t ω) − sin(2 ζ + 2 t ω)

−√
2 cos(ζ + t ω) − sin(2 ζ + 2 t ω) − cos(2 ζ + 2 t ω)

⎤
⎦

and

(q · I − r L(t)LT (t)) = q

⎡
⎣ 0 −√

2 sin(ζ + t ω) −√
2 cos(ζ + t ω)

−√
2 sin(ζ + t ω) 1− 2 sin(ζ + t ω)2 − sin(2 ζ + 2 t ω)

−√
2 cos(ζ + t ω) − sin(2 ζ + 2 t ω) 1− 2 cos(ζ + t ω)2

⎤
⎦

it is clear that (40) is satisfied.
To show that (41) is satisfied, we calculate

L(t)− 1

r
P (t)C(t)T =

⎡
⎢⎣

0
q cos(t ω)

2 r ω

− q sin(t ω)
2 r ω

⎤
⎥⎦(2 cos(ζ)2 − 1 +

√
8 cos(ζ)−

√
8

√
r

q
ω sin(ζ)

)
(43)
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Thus P and L satisfy (40) and (41) if and only if

2 cos(ζ)2 − 1 +
√
8 cos(ζ)−

√
8 η sin(ζ) = 0 (44)

Since cos (ζ) = − tan( ζ
2)

2−1

tan( ζ
2)

2
+1

, sin (ζ) = 2 tan( ζ
2)

tan( ζ
2)

2
+1

, and ϕ = tan
(
ζ
2

)
we can rewrite (44) as

2
(
ϕ2 − 1

)2
(ϕ2 + 1)2

− 1−
√
8
(
ϕ2 − 1

)
(ϕ2 + 1)

−
√
32 η ϕ

(ϕ2 + 1)
= 0

and bymultiplying by−(ϕ2 + 1)2, the equation can bewritten as the fourth order polynomial
(14).

This equation has four roots and in order to find the useful one we will analyse these four
roots. The above equation can be treated as a characteristic equation of a closed loop system,
with η as the gain of the loop, and accordingly the root locus can be drawn as shown in Fig.
7. Now, to find which of the two real roots that gives a positive semi-definite P , we calculate
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Figure 7: Root Locus of (14) when varying the parameter η

the trace of P and get

Tr(P )√
q r

=
P11 + P22 + P33√

q r

=−
√
2 cos

(
π
2 + ζ

)
η

+ 1 +
sin(2 ζ) + sin(2 ζ + 2 t ω) + 2

√
2 sin(ζ)

2 η
+

√
2 cos(ζ)

+
sin(2 ζ)− sin(2 ζ + 2 t ω) + 2

√
2 sin(ζ)

2 η
+

√
2 cos(ζ)

=1 + 2
√
2 cos(ζ) +

sin(2 ζ) + 3
√
2 sin(ζ)

η

From (44) we can find that

η =
2 cos(ζ)2 +

√
8 cos(ζ)− 1

2
√
2 sin(ζ)

(45)
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By substituting (45) in the trace equation we get

Tr(P )√
q r

=1 + 2
√
2 cos(ζ) +

2
√
2 sin(ζ)

(
sin(2 ζ) + 3

√
2 sin(ζ)

)(
2 cos(ζ)2 + 2

√
2 cos(ζ)− 1

)
=
−2 cos(ζ)2 +

√
32 cos(ζ) + 11

2 cos(ζ)2 +
√
8 cos(ζ)− 1

By substituting cos (ζ) = −(ϕ2−1)
(ϕ2+1)

Tr(P )√
q r

=

2 (ϕ2−1)
2

(ϕ2+1)2
+

√
32 (ϕ2−1)
(ϕ2+1)

− 11

−2 (ϕ2−1)2

(ϕ2+1)2
+

√
8 (ϕ2−1)
(ϕ2+1)

+ 1

=

(
4
√
2− 9

)
ϕ4 − 26ϕ2 − 4

√
2− 9(

2
√
2− 1

)
ϕ4 + 6ϕ2 − 2

√
2− 1

=

(−2
√
2 + 1

) (
ϕ4 +

(
104

√
2

49 + 234
49

)
ϕ2 + 72

√
2

49 + 113
49

)
(
ϕ2+,

√
8 + 1

) (
ϕ2 −

√
8+1
7

)

For a positive semi-definite matrix, the trace should be positive, and accordingly wemust
have ϕ2 −

√
8+1
7

< 0 i.e. |ϕ| < 0.7395.
Combining this result with the root locus in Fig. 7, it can be stated that the positive real

root of (14) is the root that should be used to make P a positive semi definite matrix, and
consequently the solution of the Riccati equation. �
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On the stability analysis of phasor and classic

extremum seeking control

Khalid Tourkey Atta, Andreas Johansson, and Thomas Gustafsson

Abstract:
In this work we present a semi-global practical asymptotic stability analysis for phasor ex-
tremum seeking control for a general non-linear dynamic system. With the same technique
applied to the classic band pass filter algorithm, we present a more relaxed (less constrained)
semi-global practical asymptotic stability condition compared to earlier work. The results are
based on a non approximated averaging for both control techniques.

keywords: Extremum seeking control, Phasor Extremum seeking control, Semi-global
practical asymptotic stability, singular perturbation, averaging.

1 Introduction

Extremum seeking control (ESC) is a concept for on-line single objective optimization for
dynamic plants. It is a model-less control technique. The purpose of the ESC controller is to
adjust the plant input in order to achieve a maximal (minimal) value in the output for any
given initial conditions of the plant, given that neither the optimal value of the input nor the
optimal value of the output are known. Fig. 1 shows a typical maximization problem where
the process is represented by its steady-state relation from input θ to output y. The task of
the ESC is to adjust the input in order to reach the maximum output y∗.

θ

y
y*

θ*

y

Extremum Seeking 
Controller

θ 

Figure 1: Basic block of ESC controller

Many applications of extremum seeking control can be found in the literature, for exam-
ple braking system control, autonomous vehicles and mobile robots, yield optimization in
bio-processing, etc. [1].

Many types of extremum seeking control were presented in the literature but the method
of sinusoidal perturbation is the preferred method because it permits a faster convergence to
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the extremum on a time-scale comparable to that of the plant dynamics, which is an advan-
tage over the numerically based methods that need the plant dynamics to settle down before
optimization [2, 3].

The classic ESC method (Fig. 2)adopts band pass filtering in which a periodic perturba-
tion signal (usually a sinusoidal) with amplitude a and radian frequency ω is added to the
input of the plant. Then a high pass filter (HPF), a multiplier, and a low pass filter (LPF) are
used to produce an estimate ξ of the rate of change of output with respect to input (i.e. the
gradient). Finally, An integrator with gain k is used to regulate ξ.

θ y
HPFLPF

a sin(ωt)

ξ y-η

s
kθ0

Figure 2: Classic Band Pass based ESC controller

Stability analysis of ESC has received a lot of attention in the last two decades. Krstić
and Wang [4] presented what can be considered as the most valuable stability analysis of
extremum seeking control for the standard filters based approach for a general type of plants.
Averaging and singular perturbation analysis were used to prove the local stability of the
classic ESC controller.

The concept of practical asymptotic stability is used in certain non-linear perturbed sys-
tems that do not have an equilibrium point, instead the system will converge to a small ball
around the origin. The size of the region of attraction and the convergence ball depends
mainly on the parameters of the perturbation in the system [5, 6]. Tan et al. [7] presented the
next step in the stability analysis of ESC. They adopt the practical stability concept presented
by [6] and prove semi-global practical asymptotic stability of ESC. In their work, stability
analysis was provided for different schemes such as ESC without filters, with only low pass
filter and with both low pass and high pass filters.

Another perturbation based method called Phasor ESC was presented in [8, 9] which is
based on the estimation of the phasor of the plant output (or equivalently, the phase and
amplitude of the first harmonic in the output of the plant). Then the optimal operation can
be achieved through regulating the phasor.

The basic idea of phasor ESC is to interpret the output of plant into three components: a
constant component, a sine component, and a cosine component.

y ≈ β0 + α1 sin(ω t) + β1 cos(ω t) (1)

A continuous time Kalman filter is employed to estimate the state vector z = [β0, α1, β1]
T .

Under the assumption that the Kalman filter has a state covariancematrixQ = q I and output
covariance r, the Kalman filter is simplified into a variable gain state estimator by finding a
closed from solution of the special case periodic Riccati equation (see Proposition 1 in [8]).
The Kalman gain

L(t) =

√
q

r

⎡
⎣ 1√

2 sin(ωt+ ζ)√
2 cos(ωt+ ζ)

⎤
⎦ (2)
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where ζ is a function of η = ω
√

r
q
in the form ζ = 2 tan−1

(
ϕ
)
where ϕ is the positive real

root of

(
√
8− 1)ϕ4 + 4

√
2 η ϕ3 + 6ϕ2 + 4

√
2 η ϕ−

√
8− 1 = 0 (3)

Fig. 3 shows the simplified block diagram of the phasor ESC. The Local stability analysis
was presented in [8].

a sin(ωt)

θ0 y

sin(ωt)

cos(ωt)

L1(t)

L2(t)

L3(t)

θ -
s
k

s
1

β0

β1

α1

s
1

s
1

Figure 3: The simplified phasor ESC

The main advantages of phasor ESC are the possibility of using higher perturbation fre-
quency compared to the classic approach which enables faster convergence and also the pos-
sibility of use in a high noise environment. [9].

In this work we will provide a proof of semi-global practical stability for the phasor ex-
tremum seeking feedback for a general type of systems. Also this work provides more re-
laxed semi-global practical stability proof for the classical band pass filter extremum seeking
control. Compared to [7] the conditions are relaxed in the sense that stability is achieved
without limiting the amplitude of the perturbation signal and that the second derivative
(and higher derivatives) of the static map are allowed to be zero at the global maximum
(minimum).

In section 2 we introduce preliminaries. A formulation of the general problem will be
presented in section 3. In Section 4 the main findings of the article will be shown. Finally a
conclusion and future work are presented in section 5.

2 Preliminaries

A continuous function α : [0, a) → [0,∞) is said to belong to class K if it is strictly increasing
and α(0) = 0. It belongs to class K∞ if a = ∞ and α(r) → ∞ as r → ∞ [10]. A continuous
function σ : [0,∞) → [0,∞) is said to be a class L function if it is strictly decreasing and
σ(s) → 0 for s → ∞. The function σ is called the convergence function [6].

A continuous function β : [0, a) × [0,∞) → [0,∞) is said to belong to class KL if for
each fixed s, the function β(r, s) belongs to class K with respect to r, and for each fixed r, the
function β(r, s) belongs to class L with respect to s and β(r, s) → 0 as s → ∞ [10].

A function f(x) is called quasi concave or unimodal [11, 12] if there a value x = x∗, where
the function is increasing for x < x∗ and decreasing for x > x∗ and it is called strictly quasi
concave if the function is strictly increasing for x < x∗ and strictly decreasing for x > x∗.
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In general, periodic and perturbed dynamic systems will not have an equilibrium point
and accordingly it is difficult to study their stability. Therefore averaging may be applied to
the system in order to remove the oscillation or perturbation then the stability techniques
can be applied on the averaged system [10].

Definition 1 [6] The function f(x, t) is said to have an average fav(x) if there exists a KL function
β, a class L function σ and a T ∗ > 0 such that from every T ≥ T ∗ and from all t ≥ 0∥∥∥∥∥∥

1

T

t+T∫
t

f(x, τ)dτ − fav(x)

∥∥∥∥∥∥ ≤ β(|x| , T ) + σ(T ) (4)

Remark 1 Definition 1, which is for general system and not necessarily periodic, differs from
the Khalil definition [10] by the extra term β(|x| , T ) which allows more flexibility in the av-
eraging error with respect to the distance from the equilibrium (i.e.|x|). The two definitions
are equivalent when T → ∞.

Semi global practical stability is a concept for describing systems that depend on small pa-
rameters and\or have some oscillatory behavior [6]. The following definition is essentially
from [7].

Definition 2 The system
ẋ = f(t,x, ε), (5)

where x ∈ R
n, t ∈ R ≥ 0 and parameter ε = (ε1, ε2, . . . , εl) ∈ R

n
>0 is said to be semi-globally

practically asymptotically (SPA) stable, uniformly in (ε1, . . . , εj) , j ∈ {1, . . . , l}, if there exists β ∈
KL such that the following holds. For each pair of strictly positive real numbers (Δ, ρ) , there exist
real numbers ε∗k = ε∗k(Δ, ρ) > 0, k = 1, 2, . . . , j and for each fixed εk ∈ (0, ε∗k), k = 1, 2, . . . , j, there
exist εi = εi(ε1, ε2, . . . , εi−1,Δ, ρ), with i = j + 1, j + 2, . . . , l, such that the solutions of the system
with the so constructed parameters ε satisfy:

|x(t)| ≤ β(|x0| , (t− t0)) + ρ (6)

for all t ≥ t0, x(t0) = x0 with |x0| ≤ Δ. If we have that j = l, then we say that the system is SPA
stable, uniformly in ε.

Remark 2 The difference compared to [7] is Eq. (6), which in [7] is

|x(t)| ≤ β(|x0| , (ε1· ε2· . . . · εj)(t− t0)) + ρ

. In the above we are neglecting the convergence parameters (i.e. the parameters that are
multiplied by (t− t0) inside the function β). This is because there are some parameters that
affect the practical stability, for example ζ as will be shown later, but do not affect the con-
vergence rate in the form of a scaling of the time variable. It is worth noting that all the
Lemmas that are presented in [13, 7] are still valid and comply with our definition, because
the convergence parameters can be included inside the function β.

Remark 3 The uniformity in the definition can be interpreted as that the limits of any "uni-
form" parameter (ε1, . . . , εj) depend onΔ and ρ only and not the other parameters while the
"non-uniform" parameters εi, i = j + 1, . . . , l are allowed to depend on the other parameters
(ε1, . . . , εi−1)as well.
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Next we will state a lemma that is originally based on Theorem 1 in [6].

Lemma 1 Consider the system

ẋ = f

(
x,

t

ε

)
, ε > 0, (7)

where f(x, t) is locally Lipschitz in x uniformly in t and f(0, t) is uniformly bounded (not necessarily
zero). Suppose f(x, t) has average fav(x) and that the origin of ẋ = fav(x) is globally asymptotically
stable (GAS). fav(x) is locally Lipschitz in x. Then; the origin of the original system (7) is SPA stable
in ε.

Note that the only difference from the original theorem is the in ε part. A similar Lemma
was stated in [13] (Lemma 1). The only difference is that in [13] the condition was that the
averaged system should be SPA in order to make the original system SPA.

3 General problem statement

Consider a non linear plant with a single output that can be described by the following state
space representation:

dx

dt
= f(x,u) (8a)

y = h(x) (8b)

where x ∈ R
n is a vector representing the state variables, with initial state x(t0) = x0, u ∈ R

m

is a vector representing the manipulated (input) variables of the plant, and y ∈ R is a scalar
representing the output objective (or index) of the plant. Both f : Rn×R

m → R
n and h : Rn →

R are assumed to be sufficiently smooth. The steady state output as a function of a constant
input is assumed to have a unique minimum or maximum. Without loss of generality, we
will assume the latter case and then the purpose of the ESC controller is to adjust u in order
to achieve a maximal value in y for any x0.

Considering the single input case of system (8), we assume we know a control law [4]

u = α(x, θ) (9)

This control law is a function of θ, which is assumed to behave like a static steady state feed-
back law [4]. Accordingly the system (8a) can be written

dx

dt
= f(x, α(x, θ)) (10)

And the system will be parametrized by θ.
We will make some assumptions similar to the assumptions made in [7].

Assumption 1 There exists a smooth function l : R → R
m such that f(x, α(x, θ)) = 0 if and only if

x = l(θ).

Assumption 2 For each θ ∈ R the equilibrium x = l(θ) of system (10) is globally asymptotically
stable uniformly in θ.
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Our next assumption is related to the static map h◦ l(θ)which is sufficiently smooth because
it is a composition of sufficiently smooth functions.

Assumption 3 The static map function h ◦ l(θ) is quasi concave, and has no constant interval of
length larger than some φ. Moreover, there exists a point θ∗ such that the static map is non-decreasing
below θ∗ and non-increasing above θ∗.

Remark 4 Under this assumption, the derivative of the static map can be zero on bounded
intervals and h ◦ l(θ) has a global maximum which is attained in a point θ∗ or a bounded
interval. In case the optimum is an interval, θ∗ can be any point within this interval.

This Assumption is more relaxed than Assumption 3 in [7], where it was also required
that the static map has a single critical point and the second derivative should be negative at
the optimum.

An example of a function that complies with the current assumption and does not comply
with Assumption 3 in [7] is (h◦ l)(θ) = −(60 θ4+48 θ5+10 θ6)which has a unique maximum
at θ = 0, but ∂

∂θ
(h ◦ l)(θ) = −60θ3(θ + 2)2 equals zero at the maximum and at θ = −2. Also it

can be noted that ∂2

∂θ2
(h ◦ l)(θ) = −60θ2(12 + 16θ + 5θ2) equals zero at the global maximum.

Now, considering closing the loop with a phasor or classic ESC for any given plant satis-
fying the above assumption, our aim is to show the condition for SPA stability for the closed
loop system. In other words we will find the limits in the parameters of each controller that
can be used to optimize any plant satisfying the above assumptions.

4 Stability Analysis

The SPA stability analysis of the closed loop system for both controllers will follow steps
similar to [7]. First, the overall combined system ( i.e. the ESC controller dynamics and the
plant dynamics) is divided into 2 time scales, the fast dynamics and the slow dynamics. Then
the fast dynamics will be frozen at equilibrium and the corresponding state variables treated
as constants in the slow dynamics [10]. Since the slow dynamics have a periodic behaviour,
averaging will be used to find the equilibrium point. Then conditions for global asymptotic
stability of the averaged system will be found. Based on Lemma 1, the averaged dynamics
is globally asymptotically stable in the controller parameters uniformly in a. Then by using
Lemma 1 from [7], SPA stability of the original system uniformly in a will be achieved.

At first, let us state a Lemma that is used in the stability proofs of both ESC algorithms.
We will introduce the function v(θ) = (h ◦ l)(θ + θ∗) − (h ◦ l)(θ∗), knowing that v(0) = 0,
v′(0) = 0, and v(θ) < 0 ∀θ �= 0 [4].

Lemma 2 Under Assumption 3 with a > φ
2
, there exists a unique value θ = θeq that will make the

integration

Γ(θ) =
1

2π

2π∫
0

v(θ + a sin(σ)) sin(σ)dσ (11)

equal zero. Also Γ(θ) > 0 for γ < θeq and Γ(θ) < 0 for γ > θeq.

The proof is found in the Appendix.
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4.1 Stability analysis of phasor ESC

Let us rewrite and combine the equations of the general non linear systemwith the equations
of the phasor ESC controller for the single variable case with z = [β0, α1, β1]

T = [z1, z2, z3]
T :

dx
dt

= f (x, α (x, θ (t) + a sin (ω t))) (12a)
dz
dt

= L(t) (h (x)− C (t) z) (12b)
dθ

dt
= k z2 (12c)

where C(t) = [1, sin(ωt), cos(ωt)]T .
The parameters of the Controller will be selected as:

k = ωK = ωδK ′ (13)√
q

r
= Kq,r = ωδK ′′ (14)

where δ is a small positive number, and K ′ and K ′′ are O(1) positive constants.
Now, let’s introduce new error variables θ̃ = θ − θ∗ and z̃1 = z1 − (h ◦ l)(θ∗) and rewrite

(12):

dx
dt

= f(x, α(x, θ̃ + θ∗ + a sin(ωt))) (15a)

dz̃1
dt

= ωδK ′′
(
h(x)− (h ◦ l)(θ∗)− z̃1 − z2 sin(ωt)− z3 cos(ωt)

)
(15b)

dz2
dt

= ωδK ′′√2 sin(ωt+ ζ)

(
h(x)− (h ◦ l)(θ∗)− z̃1 − z2 sin(ωt)− z3 cos(ωt)

)
(15c)

dz3
dt

= ωδK ′′√2 cos(ωt+ ζ)

(
h(x)− (h ◦ l)(θ∗)− z̃1 − z2 sin(ωt)− z3 cos(ωt)

)
(15d)

dθ̃

dt
= ωδK ′z2 (15e)

Introducing the time scale τ = ωt gives

ω
dx
dτ

= f(x, α(x, θ̃ + θ∗ + a sin(τ))) (16a)

dz̃1
dτ

= δK ′′
(
h(x)− (h ◦ l)(θ∗)− z̃1 − z2 sin(τ)− z3 cos(τ)

)
(16b)

dz2
dτ

= δK ′′√2 sin(τ + ζ)

(
h(x)− (h ◦ l)(θ∗)− z̃1 − z2 sin(τ)− z3 cos(τ)

)
(16c)

dz2
dτ

= δK ′′√2 cos(τ + ζ)

(
h(x)− (h ◦ l)(θ∗)− z̃1 − z2 sin(τ)− z3 cos(τ)

)
(16d)

dθ̃

dτ
= δK ′z2 (16e)
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Now, we freeze x at its equilibrium value i.e. x = l(θ∗ + θ̃ + a sin(τ)) and by substituting
v(θ) = (h ◦ l)(θ + θ∗)− (h ◦ l)(θ∗). This leads to the reduced system

dz̃r1
dτ

=δK ′′
(
v(θ̃r + a sin(τ))− z̃r1 − zr2 sin(τ)− zr3 cos(τ)

)
(17a)

dzr2
dτ

=δK ′′√2 sin(τ + ζ)

(
v(θ̃r + a sin(τ))− z̃r1 − zr2 sin(τ)− zr3 cos(τ)

)
(17b)

dzr3
dτ

=δK ′′√2 cos(τ + ζ)

(
v(θ̃r + a sin(τ))− z̃r1 − zr2 sin(τ)− zr3 cos(τ)

)
(17c)

dθ̃r
dτ

=δK ′zr2 (17d)

where z̃r1, zr2, zr3, and θ̃r are the state variables of the reduced fast system. An averaged
system can be calculated [10]:

dz̃ar1
dτ

=δK ′′
(

1

2π

∫ 2π

0

v(θ̃ar + a sin(σ))dσ − z̃ar1

)
(18a)

dzar2
dτ

=δK ′′√2

(
cos(ζ)

2π

∫ 2π

0

v(θ̃ar + a sin(σ)) sin(σ)dσ +
sin(ζ)

2π

∫ 2π

0

v(θ̃ar + a sin(σ)) cos(σ)dσ

− cos(ζ)

2
zar2 −

sin(ζ)

2
zar3

)
(18b)

d zar3
dτ

=δK ′′√2

(
cos(ζ)

2π

∫ 2π

0

v(θ̃ar + a sin(σ)) cos(σ)dσ − sin(ζ)

2π

∫ 2π

0

v(θ̃ar + a sin(σ)) sin(σ)dσ

+
sin(ζ)

2
zar2 −

cos(ζ)

2
zar3

)
(18c)

dθ̃ar
dτ

=δK ′zar2 (18d)

where z̃ar1, zar2, zar3, and θ̃ar are the state variables of the averaged reduced fast system.
Since

∫ 2π

0
sin(σ)n cos(σ)dσ = 0 ∀n ∈ Z

+ and with the aid of a Taylor series expansion, it
can be shown that ∫ 2π

0

v(θ̃ar + a sin(σ)) cos(σ)dσ = 0 (19)

so that (18) reduces to

d z̃ar1
dτ

=δK ′′
(

1

2π

∫ 2π

0

v(θ̃ar + a sin(σ))dσ − z̃ar1

)
(20a)

d zar2
dτ

=δK ′′√2

(
cos(ζ)

2π

∫ 2π

0

v(θ̃ar + a sin(σ)) sin(σ)dσ − cos(ζ)

2
zar2 −

sin(ζ)

2
zar3

)
(20b)

dzar3
dτ

=δK ′′√2

(
− sin(ζ)

2π

∫ 2π

0

v(θ̃ar + a sin(σ)) sin(σ)dσ +
sin(ζ)

2
zar2 −

cos(ζ)

2
zar3

)
(20c)

dθ̃ar
dτ

=δK ′zar2 (20d)
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Now, wewill find the equilibrium of (20), denoted by the added superscript e. From (20d)
we can find that z̃aer2 = 0. After combining (20b) (20c) and knowing that tan(ζ) �= − cot(ζ), we
can find z̃aer3 = 0 and

∫ 2π

0
v(θ̃ar + a sin(σ)) sin(σ)dσ = 0 at equilibrium. Thus, the equilibrium

point of (20) is [z̃aer1 , 0, 0, θeq]T , where z̃aer1 = 1
2π

∫ 2π

0
v(θeq + a sin(σ))dσ and θeq is the solution of∫ 2π

0
v(θeq + a sin(σ)) sin(σ)dσ = 0.
Let us make another change of variables θ̄ar = θ̃ar − θeq, z̄ar1 = z̃ar1− z̃aer1 , and defineΨθ(θ̄

a
r ) =

Γ(θ̄ar + θeq), so that Ψθ(0) = 0. Thus, we can rewrite (20) as

d z̄ar1
dτ

= δK ′′
(

1

2π

∫ 2π

0

v(θ̄ar + θeq + a sin(σ))dσ − z̄ar1 − z̃aer1

)
(21)

d zar2
dτ

= δK ′′√2

(
cos(ζ)Ψθ(θ̄

a
r )−

cos(ζ)

2
zar2 −

sin(ζ)

2
zar3

)
(22a)

d zar3
dτ

= δK ′′√2

(
− sin(ζ)Ψθ(θ̄

a
r ) +

sin(ζ)

2
zar2 −

cos(ζ)

2
zar3

)
(22b)

d θ̄ar
dτ

= δK ′zar2 (22c)

Based on Lemma 2with a > φ
2
, the origin is the unique equilibrium point for the averaged

system (22). In order to prove stability of the averaged system (20), it will be treated as a
cascaded system.

System (22) does not depend on z̄ar1 while system (21) has z̄ar1 as state variable and θ̄ar as
an input. Since δ, and K ′′ are positive non zero constants, it is clear that (21) is Input to State
Stable (ISS) [10].

For the stability of system (22), let us define a Lyapunov function candidate:

V

(⎡⎣zar2zar3
θ̃ar

⎤
⎦) =0.5

[
zar2, z

a
r3, θ̄

a
r

]
P (ζ, μ)

⎡
⎣zar2zar3
θ̄ar

⎤
⎦−

√
2K ′′ cos(2ζ)

K ′
(
Ψ(θ̄ar )−Ψ(0)

)
(23)

where

Ψ(θ) =
a

2π

2π∫
0

v(θ + θeq + a sin(σ)) cos(σ)2dσ (24)

and

P (ζ, μ) =

⎡
⎢⎢⎣
cos (ζ) sin (ζ)

√
2K′′ μ
K′

sin (ζ) cos (ζ) −
√
2K′′ μ sin(ζ)
K′ cos(ζ)√

2K′′ μ
K′ −

√
2K′′ μ sin(ζ)
K′ cos(ζ)

K′′2 μ
K′2 cos(ζ)

⎤
⎥⎥⎦ (25)

μ is a small non zero positive constant. For the first term of the Lyapunov function
candidate, since P (ζ, μ) is a symmetrical matrix, the condition for being positive defi-
nite (PD) is that the leading principal minors are all positive. i.e. that cos(ζ) > 0,
cos(ζ)2 − sin(ζ)2 = cos(2ζ) > 0 and − (2K′′2 μ2 cos(ζ)2+6K′′2 μ2 sin(ζ)2−K′′2 μ cos(ζ)2+K′′2 μ sin(ζ)2)

K′2 cos(ζ)
=

K′′2 μ (2 cos(ζ)2−1+4μ cos(ζ)2−6μ)

K′2 cos(ζ)
> 0.
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Regarding the second term in the Lyapunov function candidate, we can use integration
by parts to show that ∂

∂ θ̄ar
Ψ(θ̄ar ) = Ψθ(θ̄

a
r ). According to Lemma 2 with a > φ

2
, the derivative

of Ψ(θ̄ar ) will change sign from positive to negative at a single point θ̄ar = 0. Thus it will have
unique global maximum at zero.

This means that the second term in the Lyapunov function candidate is positive every-
where except at the origin where it equals zero. Thus, if P is a PDmatrix, then V is a radially
unbounded positive definite function. Note that μ must not be zero since P will then not be
PD. Find the derivative with respect to τ :

dV

dτ
=
[
zar2, z

a
r3, θ̄

a
r

]
P (ζ, μ)

⎡
⎢⎣ż

a
r2

żar3
˙̄θar

⎤
⎥⎦−

√
2K ′′ cos(2ζ)

K ′

(
d

dτ
Ψ(θ̄ar )

)

=− δ

(
√
2K ′′

(
zar2 cos (ζ)

2
−Ψθ(θ̄

a
r ) cos (ζ) +

zar3 sin (ζ)

2

)(
zar2 cos (ζ) + zar3 sin (ζ) +

√
2θ̄arK

′′μ
K ′

)

+
√
2K ′′

(
Ψθ(θ̄

a
r ) sin (ζ) +

zar3 cos (ζ)

2
− zar2 sin (ζ)

2

)(
zar3 cos (ζ) + zar2 sin (ζ)−

√
2θ̄arK

′′μ sin (ζ)

K ′ cos (ζ)

)

−K ′zar2

(
θ̄arK

′′2μ
K ′2 cos (ζ)

+

√
2K ′′μzar2
K ′ −

√
2K ′′μzar3 sin (ζ)
K ′ cos (ζ)

))
−

√
2K ′′ cos(2ζ) δ zar2Ψθ(θ̄

a
r )

=
√
2 δ K ′′ μzar2

2 −
√
2 δ K ′′ zar2

2 cos (2 ζ)

2
−

√
2 δ K ′′ zar3

2

2
−

√
2 δ K ′′ zar2 z

a
r3 sin (2 ζ)

2

−
√
2 δ K ′′ μzar2 z

a
r3 tan (ζ) +

2 θ̄ar Ψθ(θ̄
a
r ) δ K

′′2 μ
K ′ cos (ζ)

+
√
2Ψθ(θ̄

a
r ) δ K

′′ zar2 cos (2 ζ)

−
√
2K ′′ cos(2ζ) δ zar2Ψθ(θ̄

a
r )

=−
√
2δK ′′ [zar2, zar3]Q(ζ, μ)

[
zar2
zar3

]
+

2δK ′′2μ
K ′ cos (ζ)

θ̄arΨθ(θ̄
a
r )

where Q(ζ, μ) =

[
cos(2 ζ)

2
− μ sin(2 ζ)

4
+ μ tan(ζ)

2
sin(2 ζ)

4
+ μ tan(ζ)

2
1
2

]
.

Based on Lemma 2, it can be shown that θ̄arΨθ(θ̄
a
r ) is negative except at θ̄ar = 0. Regarding

the first term of dV
dτ

,Q(ζ, μ) is PD for cos(2ζ)
2

−μ > 0 and−μ2 tan(ζ)2

4
− μ sin(2 ζ) tan(ζ)

4
− μ

2
− sin(2 ζ)2

16
+

cos(2 ζ)
4

> 0. Knowing that μ is a small positive constant and ζ is a positive also [9], we can
combine and rearrange the condition for P (ζ, μ) to be PD as 2 cos(ζ)2−1

6−4cos(ζ)2
= cos(2ζ)

2(2−cos(2ζ))
> μwhich

is satisfied by cos (2ζ). > 4μ. We can conclude that for any value of ζ < π
4
= 45◦, there exists

a small μ that makes P (ζ, μ) a PD matrix.
For Q(ζ, μ) the first condition is μ < cos(2ζ)/2. The second condition, cos(2 ζ)

4
−

sin(2 ζ)2

16
>

(
μ2 tan(ζ)2

4
+ μ sin(2 ζ) tan(ζ)

4
+ μ

2

)
can be rearranged into, cos(2 ζ)

4
− sin(2 ζ)2

16
>

μ

4

(
μ tan (ζ)2 + 2(1 + sin(ζ)2)

)
. We can see that the right hand side is positive for any μ > 0

so we can conclude that if the left hand side is positive, i.e. cos(2 ζ)
4

− sin(2 ζ)2

16
> 0, we can find a

value of μ that will validate the inequality.
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The condition for cos(2 ζ)
4

− sin(2 ζ)2

16
= cos(2 ζ)2

16
+ cos(2 ζ)

4
− 1

16
=

(cos(2 ζ)−
√
5+2) (cos(2 ζ)+

√
5+2)

16
> 0

is ζ < ζ0 = 0.5 cos−1
(√

5− 2
) ≈ 38.17◦. Thus, after combining all the conditions, we can

state that for any ζ < ζ0 we can find a small positive μ that will make P (ζ, μ) and Q(ζ, μ) PD
matrices.

Combining this with the result that (21) is ISS and with the definition ā = a− φ

2
, we can

state that the averaged system (20) is globally asymptotically stable for ζ < ζ0 and ā > 0 (see
corollary 4.7 in [10]).

Now if we define τn = δτ , the system (17) can be written as

dxf

dτ
= δF (τ, xf ) =⇒ dxf

dτn
= F (

τn
δ
, xf ) (26)

According to Lemma 1, (17) is SPA stable in [δ, ā, ζ] uniformly in [ā, ζ]T . Referring to Def-
inition 2, the uniformity is added to show that the boundaries of [ā, ζ] depend on ρ and Δ
and do not depend on any other parameter. This will lead to the following theorem based
on Lemma 1 [7]:

Theorem 1 Suppose that Assumptions 1, 2, and 3 hold. Then, the closed-loop system (15) with
parameter [ζ, δ, ω]T is SPA stable, uniformly in [ā, ζ]T with the time scale t.

Note that, if a <
φ

2
, the system will have multiple equilibrium points and the closed loop

system may not converge to near the optimal.

4.2 Stability analysis of classic ESC

At first wewill consider the casewhen the ESC controller consists of only a lowpass filter and
the high pass filter is unity. We can write the dynamics of the overall system by combining
the dynamics of the the classic ESC controller with the plant dynamics (10)

dx
dt

= f(x, α(x, θ + a sin(ωt))) (27a)
dθ

dt
= kξ (27b)

dξ

dt
= −ωlξ + ωlh(x)a sin(ωt) (27c)

Similar to [4, 7] we define
ωl = ω δ ωL , k = ω δ K (28)

where δ and ω are small positive numbers, andK and ωL are O(1) positive constants. Defin-
ing τ = ωt

ω
dx
dτ

= f(x, α(x, θ + a sin(τ))) (29a)
dθ

dτ
= δKξ (29b)

dξ

dτ
= −δωL

(
ξ − h(x)a sin(τ)

)
(29c)
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Since ω is very small,we freeze x at its equilibrium value i.e. x = l(θ∗ + θ̃ + a sin(τ)). Let
v(θ) = (h ◦ l)(θ + θ∗)− (h ◦ l)(θ∗), knowing that v(0) = 0, v′(0) = 0, and v′(θ) �= 0 ∀θ �= 0 [4].
This will lead to the reduced system

dθr
dτ

= δKξr

dξr
dτ

= −δωL (ξr − ( v(θr + a sin(τ)) + (h ◦ l)(θ∗)) a sin(τ))

Applying averaging:

dθar
dτ

= δKξar (31a)

dξar
dτ

= −δωLξ
a
r +

δωL

2π

2π∫
0

v(θar + a sin(σ))a sin(σ)dσ (31b)

The equilibrium point of (31) is [0, θa,er ] where θa,er is the solution to 0 =
2π∫
0

v(θar +

a sin(σ)) sin(σ)dσ. Accordingly we will make a change of variables θ̄ar = θar − θa,er and us-
ing Ψθ(θ̄

a
r ) = Γ(θ̄ar + θeq):

dθ̄ar
dτ

= δKξar (32a)
dξar
dτ

= −δωL

(
ξar − aΨθ(θ̄

a
r )
)

(32b)

Remark 5 The system (32) represents an exact averaging of (31) unlike the one presented

in [7] which is an approximated averaging on the time scale 1
a2

by using 1

2π

2π∫
0

v(θar +

a sin(σ))a sin(σ)dσ ≈ av′(θ̃ar )
2

. For a general v(θ̃ar ) this will not satisfy Definition 1 which
can be shown using a Taylor series expansion when higher derivative of v(θ) is not zero.

Now, we define a Lyapunov function candidate as

V (z) =
1

2
zTHz− 2a

(
Ψ(θ̄ar )−Ψ(0)

)
(33)

where z =

[
θ̄ar
ξar

]
and H =

⎡
⎣
ωL

K
1

1
2K

ωL

⎤
⎦ which is PD matrix. Similar to the phasor ESC

case, the second term is zero at origin and negative elsewhere. Accordingly V (z) is radially
unbounded.
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The time derivative of V (z) is

dV (z)

dτ
= ZTH

[
δKξar

−δωL

(
ξar − aΨθ(θ̄

a
r )
)]− (2aΨθ(θ̄

a
r )
)
(δKξar )

= −θ̄ar
(
δ ωL

(
ξar − aΨθ(θ̄

a
r )
)− δ ωL ξ

a
r

)− ξar
(
2 δ K

(
ξar − aΨθ(θ̄

a
r )
)− δ K ξar

)
− (2aδKξarΨθ(θ̄

a
r )
)

= a δ ωLθ̄
a
r Ψθ(θ̄

a
r )− δ K ξar

2 + 2aδK ξar Ψθ(θ̄
a
r )− 2aδKξarΨθ(θ̄

a
r )

= a δ ωLθ̄
a
r Ψθ(θ̄

a
r )− δ K ξar

2 (34)

Similar to the above phasor ESC case, θ̄ar Ψθ(θ̄
a
r ) < 0 ∀ θ̄ar �= 0, and accordingly dV (z)

dτ
<

0 everywhere except at the origin. This means that (32) is globally asymptotically stable.
Similar to the Phasor extremum seeking, we can state the following theorem:

Theorem 2 Suppose that Assumptions 1-3 hold. Then, the closed-loop system (29) with parameters
[δ, ω, ā]T is SPA stable, uniformly in ā with time scale t.

For the case with a high pass filter, the same stability results can be found by writing the
system as a cascaded system and the high pass filter dynamics is ISS. This will lead to a result
similar to the above stability theorem.

Theorem 2 is an improvement compared to Theorem 3 in [7] from a stability perspective
because in the latter, the stability for a special case of Assumption 3 was provided. Also, the
stability for the special case is shown for a ∈ (0, 1) while in the current work no condition
is placed on a for the same special case. The advantage of the proof for any value of a can
be noticed in some plants (e.g. noisy plants or with backlash) in which it is required to use
large values of a. The averaged system in [7] was proved to be SPA in a2. This implies thatΔ
(we are referring to Definition 2) will influence the selection of a, while in the presented case
it is proved to be GAS for any value of a. This means that a will be a function of ρ only and
not Δ.

5 Conclusion and future work

Anecessary condition for semi-global practical asymptotic stability of Phasor ESCwas found
and formulated in terms of a limit for the observer parameter ζ . Also, stability was shown
for any value of perturbation signal amplitude assuming a strictly quasi concave static map,
and with an amplitude larger than half the largest constant interval of a quasi concave map.

An improved and more relaxed condition for semi-global practical asymptotic stability
of the classic ESC was presented and based on an averaged system without approximation.
The conditions on the value of the perturbation signal amplitude was relaxed into similar
conditions as for the Phasor ESC case.

Sufficient conditions for using ESC on plants that have a static map with local extrema
will be the subject of future work.
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Appendix

A Proof of Lemma 2

First let us rewrite the integral by changing the boundaries of the integration and applying
integration by parts,

Γ(θ) =
1

π

π/2∫
−π/2

v(θ + a sin(σ)) sin(σ)dσ

=
a

π

π/2∫
−π/2

v′(θ + a sin(σ)) cos(σ)2dσ

Let γ = θ − a sin(σ) so that σ = arcsin
(
θ−γ
a

)
. Thus dσ = −1√

a2−(θ−γ)2
dγ, and cos(σ)2 =

a2−(θ−γ)2

a2
. Then

Γ(θ) = 1
aπ

θ+a∫
θ−a

v′(γ)
√
a2 − (θ − γ)2dγ

= 1
aπ

∞∫
−∞

v′(γ) g(θ − γ)dγ (35)

where

g(γ) =

⎧⎨
⎩
√
a2 − γ2

aπ
|γ| < a

0 elsewhere
(36)

which is thus positive on the interval (−a, a). Now, due to Assumption 3, v′(θ) ≥ 0 for
θ < 0 and non-zero for at least a part of any interval of length 2a which means that Γ(θ) > 0
for all θ < −a. Similarly, Γ(θ) < 0 for all θ > a. Moreover, Γ(θ) is continuous because booth
v(γ) and g(θ − γ) are continuous. Thus, there must exist a point θeq ∈ (−a, a) such that
Γ(θeq) = 0. Then, it only remains to show that θeq is unique.

Let us assume that there is another θ = θeq + θΔ at which Γ(θeq + θΔ) = 0, and without
loss of generality, we assume that θΔ > 0. Let us define

gk(γ) = g(θeq − γ)−Kθ g(θeq + θΔ − γ) (37)

where Kθ > 0 is selected such that

gk(0) = g(θeq)−Kθ g(θeq + θΔ) = 0 (38)

Note that both θeq and θeq + θΔ must be inside (−a, a). Thus, both g(θeq) and g(θeq + θΔ)
will be non zero so that we can chooseKθ as in (38) and thus g(θeq − γ) andKθg(θeq + θΔ− γ)
will intersect at γ = 0. This will make gk(γ) ≤ 0 when γ > 0 and gk(γ) ≥ 0 when γ < 0
since θΔ > 0, which means that Kθg(θeq + θΔ − γ) ≥ g(θeq − γ) after the intersection and
Kθg(θeq + θΔ − γ) ≤ g(θeq − γ) before the intersection as shown in Fig. 4.
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Now since Γ(θeq) = 0 and Γ(θeq + θΔ) = 0, we can write

0 = Γ(θeq)−Kθ Γ(θeq + θΔ)

=
1

aπ

∞∫
−∞

v′(γ) g(θeq − γ)dγ − 1

aπ

∞∫
−∞

Kθv
′(γ) g(θeq + θΔ − γ)dγ

=
1

aπ

∞∫
−∞

v′(γ) gk(γ)dγ (39)

Now we can see that
∞∫

−∞
v′(γ) gk(γ)dγ > 0 because v′(γ) and gk(γ) have the same sign

always, as shown above. Note that it is possible for v′(θ) to equal zero but not on the entire
support of gk which has length 2a+θΔ. We can conclude that (39) is positivewhich contradicts
the assumption thatΓ(θeq+θΔ) = 0. The same procedure can be repeated for θΔ < 0 by taking
gk(γ) = −g(θeq − γ) + Kθ g(θeq + θΔ − γ)and thus we can conclude that it is not possible to
have another point at which Γ(θ) equals zero.

−1.5 −1 −0.5 0 0.5 1
−1

−0.5

0

0.5

1

γ

g(θeq − γ)
g(θeq + θΔ +−γ)
Kθg(θeq + θΔ − γ)
gk(γ)
ν ′(γ)

Figure 4: An illustration example showing g(θeq−γ), g(θeq+ θΔ−γ),Kθg(θeq+ θΔ−γ), gk(γ),
and v′(γ), where v(γ) is quasi concave.
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Accuracy improvement of extremum seeking

control

Khalid Tourkey Atta, Andreas Johansson, and Thomas Gustafsson

Abstract: In this work, we present a modification for the classic and phasor extremum seek-
ing control algorithms in order to improve the accuracy by removing or reducing the conver-
gence error. The modulation signals were replaced by a sum of sinusoids in order to remove
the equilibrium shift in the controlled variable of the averaged system. The convergence er-
ror is calculated as a function of the number of sinusoids used in the modulation signal. A
simulation example is presented to illustrate the improvement.

keywords: Extremum seeking control, convergence improvement, sinusoidal pertur-
bation, averaging.

1 Introduction

Extremum seeking control (ESC), in general, is an adaptive concept used for on-line single
objective optimization of dynamic systems. The purpose of the ESC controller is to adjust
the plant input in order to achieve a maximal (minimal) value in the output. Fig. 1 shows
a typical maximization problem in which the controller objective is to adjust θ in order to
achieve maximum output y∗.

θ

Q(θ)
y*

θ*

y

Extremum Seeking 
Controller

θ 

Figure 1: Basic block diagram of ESC

Many types of ESCwere presented in the literature [1] andmany applications, please refer
to [2] for more details. The sinusoidal perturbation based ESC is considered the most com-
mon and stable concept for on-line optimization and has an advantage over the numerical
methods that need the plant dynamics to settle down before optimization [1, 3].

The classic ESC consists of a perturbation (dither) signal (usually sinusoidal) with radian
frequency ω and amplitude a, high-pass filter (HPF), multiplier, low-pass filter (LPF) and
an integrator. Fig. 2 shows the classic ESC where the modulation signal is g(ωt) = sin(ωt).
Based on the steepest descent, the purpose of the HPF, Multiplier and LPF is to estimate the
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gradient of the output with respect to the input ξ ∝ ∂y
∂θ
. Then the integrator will move the

system to the point that ξ = 0. The classic BPF ESC approach is proved to be locally [4] and
semi-globally practically [5] stable.

θ0θ y
HPFLPF

a sin(ωt)

ξ y-η
s
k

a g(ωt)

Figure 2: Classic Band Pass ESC controller

Phasor ESC [6, 7] is based on the estimation of the phasor of the plant output (or equiv-
alently, the phase and amplitude of the first harmonic in the output of the plant). Then
the optimal operation can be achieved through regulating the phasor. The basic idea is
to interpret the output of plant into three components: a constant, a sine, and a cosine
(y ≈ β0 + α1 sin(ω t) + β1 cos(ω t)). Then a continuous time Kalman filter is employed to
estimate the state z = [β0, α1, β1]

T assuming a process noise covariance matrix Q = q I and
measurement noise covariance r. The Kalman filter is simplified into a variable gain state
estimator by finding a closed-form solution of the special case periodic Riccati equation (see
Proposition 1 in [6]). The Kalman gain is

L(t) =

√
q

r
Ln(ωt) =

√
q

r

⎡
⎣ 1√

2 sin(ωt+ ζ)√
2 cos(ωt+ ζ)

⎤
⎦ (1)

where ζ is a function of η = ω
√

r
q
in the form ζ = 2 tan−1 (ϕ) and ϕ is the positive real root of

(
√
8− 1)ϕ4 + 4

√
2 ηϕ3 + 6ϕ2 + 4

√
2 ηϕ−

√
8− 1 = 0 (2)

Fig. 3 shows a simplified block diagram of the phasor ESC. The advantages of phasor ESC
are the possibility of using higher perturbation frequency compared to the classic approach
[6], which enables a faster convergence and the possibility to work in noisy and disturbed
plants [7]. Local stability analysis was presented in [6].

a sin(ωt)

θ0 y

sin(ωt)

cos(ωt)

L1(t)

L2(t)

L3(t)

θ -
s
k

s
1

β0

β1

α1

s
1

s
1

Figure 3: The phasor ESC block diagram

When closing the loopwith an ESC controller, the systemwill not converge to a fixed equi-
librium point, because of the added perturbation. Instead the system will oscillate around
the optimal solution.
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In the field of ESC, accuracy was defined in [8]. All stable trajectories x(t) will end up
inside a ball defined by |x(t) − x∗| ≤ ν, and thus ν gives an indication of the accuracy. Re-
flecting this definition on θ, yields |θ(t)− θ∗| = |θ0(t) + a sin(ωt)− θ∗| ≤ ν. Thus, in order to
reduce ν, it is required to reduce |θ0(t)− θ∗|. Under the assumptions made in many stability
proofs [4, 5], the fluctuation of θ0(t) will be very small, and we may conclude that the differ-
ence between of θ0(t) and its average may be neglected. Accordingly, to improve the system
accuracy, we need to reduce |θ0(t)− θ∗|.

Furthermore, in some applications it is required to generate a lookup table for the opti-
mum input under different working conditions to be used later for open loop control, e.g.
[7]. The input signal before adding the perturbation (θ0), can provide this optimal input,
provided that it converges to the optimal value θ∗.

The main convergence error analysis results for the classic ESC were presented in [4, 9]
and for the phasor ESC in [6]. In both of them, after separation of fast and slow dynamics

and averaging, the integral
2π∫
0

Q(θ + a sin(σ))a sin(σ)dσ was found to decide the convergence

error (note that σ = ωt), where Q(θ), as shown in Fig. 1, represents the steady-state relation
between input and output. At equilibrium of the averaged slow dynamics, this term equals
zero and accordingly the averaged equilibrium θeq can be determined. The convergence error
was found to be θeq − θ∗ = − Q′′′(θ∗)

8Q′′(θ∗)a
2 + O(a3) [4]. This presents a drawback when using a

large perturbation signal due to some plant’s properties (e.g. noisy environment or backlash
non linearity) potentially leading to a large convergence error when Q′′′(θ∗) �= 0.

In this work, we will suggest a modulation signal g(ωt) other than the traditional sin(ωt)
to eliminate the convergence error or reduce it. Note that the suggested g(ωt) will replace
the modulation signal while the dither signal still equals sin(ωt).

In the next section the problem will be stated. In Section 3 the main result is presented
and its application on the classic and phasor ESC is explained in Section 4. A simulation
example will be presented in Section 5 and finally conclusions and future work in Section 6.

2 problem statement

Consider a non-linear plant with a single output that can be described by the following state
space representation:

dx

dt
= f(x,u) (3a)

y = h(x) (3b)

where x ∈ R
n is a vector representing the state variables, with initial state x(0) = x0, u ∈ R

m

is a vector representing the manipulated (input) variables of the plant, and y ∈ R is a scalar
representing the output objective (or index) of the plant. Both f : Rn×R

m → R
n and h : Rn →

R are assumed to be sufficiently smooth. Without loss of generality, wewill consider the case
of a maximization problem. Considering the single input case of system (3), we assume we
know a control law [4]

u = α(x, θ) (4)
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This control law is a function of θ, which is assumed to behave like a static steady state feed-
back law [4]. Accordingly the system (3a) can be written

dx

dt
= f(x, α(x, θ)) (5)

and the system is parametrized by θ. We will now make some assumptions similar to the
assumptions made in [4, 10]

Assumption 1 There exists a smooth function l : R → R
m such that f(x, α(x, θ)) = 0 if and only if

x = l(θ).

Assumption 2 For each θ ∈ R the equilibrium x = l(θ) of the system ẋ = f(x, α(x, θ)) is locally
exponentially stable uniformly in θ.

Let us define (h ◦ l)(θ) = Q(θ), then we state the third assumption

Assumption 3 There exists θ∗ ∈ R such that:

∂

∂θ
Q(θ∗) = 0 (6)

∂2

∂θ2
Q(θ∗) < 0 (7)

The steady state map Q(θ) was defined in a different way in [5] in which θ∗ is assumed to be
global maximum while here it is only assumed to be local. The analysis presented later is
suitable for both cases.

3 Main results

First we will present a proposition that will be used to improve the convergence results in
both types of ESC.

Proposition 1 Under Assumption 3, the integration

Π(θeq) =

2π∫
0

Q(θeq + a sin(σ))g(σ)dσ (8)

will equal zero at θeq = θ∗ if we choose

g(σ) =
π

2

d

dσ

( ∞∑
m=−∞

δ (σ −mπ)− 2
∞∑

m = −∞
δ (σ − 2mπ)

)
(9)
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Proof 1 The integration limits include only three delta functions, so we can write

Π(θeq) =
π

2

2π∫
0

Q(θeq + a sin(σ)) (−δ′(0))) dσ +
π

2

2π∫
0

Q(θeq + a sin(σ)) (+δ′(π)) dσ

+
π

2

2π∫
0

Q(θeq + a sin(σ)) (−δ′(2π)) dσ

For the Dirac delta function we have

b∫
a

f(σ)δ′(σ − y)dσ = −f ′(y)

b∫
a

δ(σ − y)dσ = −f ′(y) (10)

when a < y < b [11, 12] and

b∫
a

f(t)δ(t− a)dσ = −f ′(a)(1− c) (11)

b∫
a

f(t)δ(t− b)dσ = −f ′(b) c (12)

where c is the value of the Heaviside step function at 0, which can be any number between 0 and 1
(refer to page 44 and 66-67 of [11]). Accordingly we can find

Π(θeq) =
π

2
(Q′(θeq + a sin(0))a cos(0)(1− c)− π

2
Q′(θeq + a sin(π))a cos(π)

+
π

2
Q′(θeq + a sin(2π))a cos(2π)(c)

= aπQ′(θeq) (13)

Thus Π(θeq) = 0 is satisfied by θeq = θ∗ according to Assumption 3.

Next we will find the Fourier series expansion of g(σ). From section 13.1 in [12] we have

∞∑
−∞

δ (σ − 2mπ) =
1

2π
+

1

π

∞∑
m=1

cos (mσ) (14)

∞∑
−∞

δ (σ −mπ) =
1

π
+

2

π

∞∑
m=1

cos (2mσ) (15)

and thus we can rewrite g(σ) as a sum of sinusoids:
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g(σ) = π
d

dσ

(
− 1

π

∞∑
m=1

cos ((2m− 1)ωt)

)

= π
d

dσ

(
− 1

π

∞∑
m=0

cos ((2m+ 1)ωt)

)

=
∞∑

m=0

(2m+ 1) sin ((2m+ 1)σ) (16)

Remark 1 It can be noted that there are other possible choices of g(σ) such as:

g(σ) = −π
d

dσ

∞∑
m=−∞

δ (σ − 2mπ) =
∞∑

m=1

m sin (mσ) (17)

for which Proposition 1 will still be valid. The reason we chose the form in (9) is that its
Fourier series does not have any even harmonics.

The modulation signal defined by (9) or (16) is clearly not feasible in practice, instead we
will consider using ḡ(σ) which is the first m̄ terms of (16). This will lead to the following
Lemma:

Lemma 1 Under Assumption 3, the integration

Π̄(θeq) =

2π∫
0

Q(θeq + a sin(σ))ḡ(σ)dσ (18)

where

ḡ(σ) =
m̄∑

m=0

(2m+ 1) sin ((2m+ 1)σ) (19)

will equal zero at

θeq = θ∗ − (−1)m̄a2m̄+2Q(2m̄+3)(θ∗)
22m̄+2(2m̄+ 2)!Q′′(θ∗)

+
(m̄+ 1)O(a2m̄+4)

(2m̄+ 4)! 2(2m̄+3)
(20)

Proof 2 We will expand equation (18) using Taylor series expansion around θeq

Π̄(θeq) =

2π∫
0

∞∑
n=0

Γ(n) sin(σ)nḡ(σ)dσ (21)
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where Γ(n) = anQ(n)(θeq)

n!
. Let us define

Φ(n, l) =

2π∫
0

l∑
m=0

(2m+ 1)sin(σ)n sin ((2m+ 1)σ) dσ (22)

so that we can rewrite

Π̄(θeq) =
∞∑
n=0

Γ(n)Φ(n, m̄)

=
∞∑
n=0

Γ(2n)Φ(2n, m̄)dσ + Γ(1)Φ(1, m̄) +
∞∑
n=1

Γ(2n+ 1)Φ(2n+ 1, m̄) (23)

Since
2π∫
0

sin(σ) sin(mσ)dσ = 0 for m �= 1, this leads to Γ(1)Φ(1, m̄) = aQ′(θeq)
2π∫
0

sin(σ)2dσ =

aπQ′(θeq). Moreover since
2π∫
0

sin(σ)2n sin ((2m+ 1)σ) dσ = 0 (see [13], 3.631.7), we have

Φ(2n, m̄)dσ = 0 and we can write

Π̄(θeq) = aπQ′(θeq) +
∞∑
n=1

Γ(2n+ 1)Φ(2n+ 1, m̄) (24)

As shown in Appendix A, Φ(2n+ 1, m̄) = 0 for n ≤ m̄. This leads to that the the first term that will
appear in Π̄(θeq) after aπQ′(θeq) is at n = m̄+ 1 ,

Π̄(θeq) = aπQ′(θeq) +
∞∑

n=m̄+1

Γ(2n+ 1)Φ(2n+ 1, m̄) (25)

Now we will find the first term in the sum with n = m̄+ 1 (i.e. Γ(2m̄+ 3)Φ(2m̄+ 3, m̄)). We know
that Φ(2m̄+ 3, m̄+ 1) = 0, so we can write

0 = Φ(2m̄+ 3, m̄+ 1) = Φ(2m̄+ 3, m̄) + (2m̄+ 3)

2π∫
0

sin(σ)2m̄+3 sin ((2m̄+ 3)σ) dσ

Using identity (40), this will lead to,

Φ(2m̄+ 3, m̄) = (2m̄+ 3)
(−1)(m̄)π

22m̄+2
(26)

We can find

Γ(2m̄+ 3)Φ(2m̄+ 3, m̄) = π(−1)(m̄)a(2m̄+3)Q(2m̄+3)(θeq)

22m̄+2(2m̄+2)!

The above procedure can be repeated to calculate the second term that will appear as

Φ(2m̄+ 5, m̄+ 2) = Φ(2m̄+ 5, m̄) + (2m̄+ 3)

2π∫
0

sin(σ)2m̄+5 sin ((2m̄+ 3)σ) dσ

+(2m̄+ 5)

2π∫
0

sin(σ)2m̄+5 sin ((2m̄+ 5)σ) dσ
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And we can find,

Φ(2m̄+ 5, m̄) = 2(2m̄+ 2)
(−1)m̄π

2(2m̄+5)
(2m̄+ 5)

and accordingly

Γ(2m̄+ 5)Φ(2m̄+ 5, m̄) =
(−1)m̄π(m̄+ 1)a2m̄+5Q(2m̄+5)(θeq)

(2m̄+ 4)! 2(2m̄+3)

Now we can write

Π̄(θeq) = aπQ′(θeq) +
π(−1)(m̄)a(2m̄+3)Q(2m̄+3)(θeq)

22m̄+2(2m̄+ 2)!
+

(m̄+ 1)

(2m̄+ 4)! 2(2m̄+3)
O(a2m̄+5) = 0 (27)

In order to find the value of Δθ = θeq − θ∗, we follow the steps in [4, 9]. Assuming that

Δθ =
2m̄+4∑
l=0

bla
l +O(a2m̄+5) (28)

we substitute (28) in (27) and apply Taylor series expansion around θ∗ to obtain

Π̄(θeq) = Π̄(θ∗ +Δθ) =
∞∑
l=0

(
aπQ(l+1)(θ∗) +

π(−1)(m̄)a(2m̄+3)Q(2m̄+3+l)(θ∗)
22m̄+2(2m̄+ 2)!

)(Δθ)l

l!

+
(m̄+ 1)

(2m̄+ 4)! 2(2m̄+3)
O(a2m̄+5) (29)

Now, equating all powers of a to 0, up to a2m̄+4, knowing that Q′(θ∗) = 0, we find that bk =

0 ∀ k ∈ [0, 2m̄ + 1], b2m̄+3 = 0, b2m̄+2Q
′′(θ∗) +

(−1)(m̄)Q(2m̄+3)(θ∗)
22m̄+(2m̄+ 2)!

= 0 and b2m̄+4Q
′′(θ∗) +

b2
(−1)(m̄+2)Q(2m̄+5)(θ∗)

22m̄+4(2m̄+ 4)!
+

(−1)m̄π(m̄+ 1)Q(2m̄+5)(θ∗)
(2m̄+ 4)! 2(2m̄+3)

= 0. Since b2 = 0, we obtain b2m̄+2 =

− (−1)(m̄)Q(2m̄+3)(θ∗)
22m̄+(2m̄+ 2)!Q′′(θ∗)

and b2m̄+4 = −(−1)m̄π(m̄+ 1)Q(2m̄+5)(θ∗)
(2m̄+ 4)! 2(2m̄+3)Q′′(θ∗)

and the result follows.

Note that when m̄ = 0 the system will be the traditional ESC because ḡ(σ) = sin(σ).
During singular perturbation and averaging, the fast system is treated as a static map.

This is following the assumption that ω should be sufficiently small and accordingly the plant
is settled in a fast way and accordingly the phase shift for the plant may be neglected. In
reality selecting ω very small will lead to a very slow controller convergence [5]. So for not
so small ω, the Taylor series expansion will not be accurate depending on the phase shift of
the plant at different frequencies. Thus, equilibrium defined by (8) is valid only under the
assumption that the dynamics of the plant are fast compared to the controller and this is not
possible if we choose m̄ → ∞. So, m̄ should be chosen small enough so that the phase shift
of the plant at (2m̄+ 1)ω can be neglected. Fig. 4 shows the signal ḡ(σ) for a different values
of m̄.
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Figure 4: The modulation signal ḡ(σ) for different values of m̄.

4 Application to two ESC algorithms

When closing the loop with an ESC controller, singular perturbation and averaging are used
in the analysis [4, 6]. The singular perturbation is used to separate the fast dynamics of
the plant from the slow dynamics of the ESC controller. Then due to the periodic behavior,
averaging is applied on the ESC controller dynamics and after that the equilibrium point
will be found. We will explain briefly how the proposed modulation signal will affect the
convergence of the averaged classic ESC and phasor ESC.

4.1 Improving the classic ESC

Consider a classic ESC with general modulation signal ḡ(ωt) and with first order low and
high pass filters with cut off frequencies ωl and ωh respectively. The state space equations of
the closed loop system are:

dx
dt

= f(x, α(x, θ + a sin(ωt))) (30a)
dθ

dt
= kξ (30b)

dξ

dt
= −ωlξ + ωl (h(x)− η) a ḡ(ωt) (30c)

dη

dt
= −ωhη + ωhh(x) (30d)

Similar to [4, 5] we define ωl = ω δ ωL, ωh = ω δ ωH and k = ω δ K where δ and ω are small
positive numbers, and K, ωH and ωL are O(1) positive constants. Define τ = ωt. Since ω is
very small, we freeze x at its equilibrium value i.e. x = l(θ + a sin(τ)). This will lead to the
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reduced system (for detailed steps, please refer to [4], section 4)

dθr
dτ

= δKξr

dξr
dτ

= −δωL (ξr − Q(θr + a sin(τ) + ηr)a ḡ(τ))

dηr
dτ

= −δωH (ηr − Q(θr + a sin(τ)))

Applying averaging, with
2π∫
0

ḡ(σ)dσ = 0:

dθar
dτ

= δKξar

dξar
dτ

= −δωL

⎛
⎝ξar −

a

2π

2π∫
0

Q(θar + a sin(σ))ḡ(σ)dσ

⎞
⎠

dηar
dτ

= −δωH

⎛
⎝ηar −

1

2π

2π∫
0

Q(θar + a sin(σ))dσ

⎞
⎠

Following Lemma 1, the equilibrium is found to be [θeq, 0, ηeq] where ηeq =
1

2π

2π∫
0

Q(θeq +

a sin(σ))dσ and θeq is given by (20). It is clear that using the proposed ḡ(ωt) instead of sin(ωt)
will reduce the shift in the equilibrium compared to [4].

4.2 Improving the phasor ESC

Let us define the phasor ESC algorithm for a modulation signal ḡ(ωt) by partially replacing
the Kalman gain

√
q
r
Ln(ωt) by

√
q
r
Lg(ωt) where,

Lg(ωt) =

⎡
⎣ 1√

2 (cos(ζ) ḡ(ωt) + sin(ζ) ḡc(ωt))√
2 (cos(ζ) ḡc(ωt)− sin(ζ) ḡ(ωt))

⎤
⎦

where ḡc(σ) = ḡ(σ+π/2), It can be noted that choosing ḡ(ωt) = sin(ωt) givesLg(ωt) = Ln(ωt)
as in the traditional phasor ESC algorithm.

We rewrite and combine the equations of the general non-linear system with the
equations of the improved phasor ESC controller for the single variable case, with z =
[β0, α1, β1]

T = [z1, z2.z3]
T :

dx
dt

= f (x, α (x, θ (t) + a sin (ω t))) (32a)

dz
dt

=

√
q

r
Lg(ωt)h (x)−

√
q

r
Ln(ωt)C(ωt)z (32b)

dθ

dt
= kz2 (32c)
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where C(ωt) = [1, sin(ωt), cos(ωt)]T . Note that it is only the Kalman gain of the measure-
ment feedback of (32b) that is replaced by Lg(ωt). The parameters of the controller will be
selected as:

k = ωK = ωδK ′,

√
q

r
= Kq,r = ωδK ′′,

where δ is a small positive number, and K ′ and K ′′ are O(1) positive constants. Introducing
the time scale τ = ωt, results in

ω
dx
dτ

= f(x, α(x, θ + θ∗ + a sin(τ))) (33a)
dz
dτ

= δK ′′ (Lg(τ)h (x)− Ln(τ)C(τ)z) (33b)
dθ

dτ
= δK ′z2 (33c)

Similar to the analysis of classic ESC, we freeze x at its equilibrium value i.e. x = l(θr +
a sin(τ)). The averaged system can be calculated as

dza
r

dτ
=

δK ′′

2π

2π∫
0

(Lg(σ)Q(θar + a sin(σ))− Ln(σ)C(σ)za
r) dσ

dθar
dτ

= δK ′ zar2

where za
r = [zar1, z

a
r2, z

a
r3] and θar are the state variables of the reduced averaged fast system.

Expanding and simplifying the averaged system gives

dzar1
dτ

= δK ′′
(

1

2π

2π∫
0

Q(θar + a sin(σ))dσ − zar1

)
(34a)

dzar2
dτ

= δK ′′√2

(
cos(ζ)

2π

2π∫
0

Q(θar + a sin(σ))ḡ(σ)dσ

+
sin(ζ)

2π

2π∫
0

Q(θar + a sin(σ)) ḡc(σ)dσ − cos(ζ)

2
zar2 −

sin(ζ)

2
zar3

)
(34b)

dzar3
dτ

= δK ′′√2

(
cos(ζ)

2π

2π∫
0

Q(θar + a sin(σ)) ḡc(σ)dσ

−sin(ζ)

2π

2π∫
0

Q(θar + a sin(σ)) ḡ(σ)dσ +
sin(ζ)

2
zar2 −

cos(ζ)

2
zar3

)
(34c)

dθar
dτ

= δK ′zar2 (34d)

Since the
2π∫
0

sin(σ)n cos(σ)dσ = 0 ∀n ∈ Z
+ and with the aid of Taylor series expansion, it
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can be shown that
2π∫
0

Q(θ̃ar + a sin(σ))ḡc(σ)dσ = 0 (35)

Accordingly the system (34) can be written as:

dzar1
dτ

= δK ′′
(

1

2π

2π∫
0

Q(θar + a sin(σ))dσ − zar1

)
(36a)

dzar2
dτ

= δK ′′√2

(
cos(ζ)

2π

2π∫
0

Q(θar + a sin(σ))ḡ(σ)dσ − cos(ζ)

2
zar2 −

sin(ζ)

2
zar3

)
(36b)

dzar3
dτ

= δK ′′√2

(
− sin(ζ)

2π

2π∫
0

Q(θar + a sin(σ)) ḡ(σ)dσ +
sin(ζ)

2
zar2 −

cos(ζ)

2
zar3

)
(36c)

dθar
dτ

= δK ′zar2 (36d)

The equilibrium of (36) is denoted [z1,eq, z2,eq, z3,eq, θeq]. From (36d) we can find that z2,eq =
0. After combining (36b) (36c) and knowing that tan(ζ) �= − cot(ζ), we can find za3,eq = 0 and∫ 2π

0
Q(θeq + a sin(σ)) g(σ)dσ = 0 at equilibrium, and thus θeq, is given by Lemma 1.

5 Simulation

A system with the following state space equation is considered

ẋ1 = −100 x1 + 100 θ (37)
ẋ2 = −100 x2 + 100 x1 e

−x1 (38)
y = x2 (39)

The steady state map of the system is y(θ) = Q(θ) = θe−θ which has a maximum y∗ = e−1

at θ∗ = 1 and third derivative Q′′′(θ∗) = 3 e−θ∗ − θ∗ e−θ∗ = 0.7357. Accordingly using classic
ESC θ0 will not converge to 1. There will always be a convergence error that is proportional
to a2.

A simplified classic ESC controller with integrator gain k = 0.01, LPF cut-off frequency
ωl = 0.02 rad/s and no HPF (i.e. ωh = 0) was used with perturbation frequency ω = 0.4 rad/s
and a large perturbation amplitude a = 2. The modulation signal was ḡ with m̄ = 0..3 added
harmonics. Fig. 5 shows the response of the ESC controller after starting from θ0 = 2 at time
t = 100 s. It is clear that the convergence error decreases fast with increasing m̄ and there is
little to gain from using more than m̄ = 2 additional harmonics.

Fig. 6 shows the same simulation as above but with a higher frequency ω = 5 rad/s. In
this case it is also clear that increasing m̄ will reduce the convergence error, but it will not
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Figure 5: Simulation Results for different m̄ for ω = 0.4 rad/s.

reach zero as the plant has a significant phase shift in the perturbation frequency that will
affect the integration. Similar to the first case, increasing m̄ from 2 to 3 does not significantly
affect the convergence error.
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Figure 6: Simulation Results for different m̄ for ω = 5 rad/s.

6 Conclusion and future work

Using a modulation signal with multiple frequencies, convergence error reduction was
achieved for the classic and phasor ESC which will improve the accuracy of the controller.
A simulation example illustrates that only a few harmonics are required to make the conver-
gence error effectively vanish. The simulation showed also that with increased perturbation
frequency so that the plant no longer can be considered a staticmap, adding harmonics to the
modulation signal will also decrease the convergence error although not make it arbitrarily
small.

Further improvement of the convergence can be studied in a futurework by estimating the
phase shift at higher perturbation frequencies and adaptively correct the modulation signal.
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Appendix

A Proof of Φ(2n + 1,m) = 0, for m ≥ n

Using the identity [see [13], 3.631.6]

π∫
0

sin(σ)2n+1 sin ((2m+ 1)σ) dσ =

⎧⎨
⎩

(−1)mπ

22n+1

(
2n+ 1

n−m

)
if n ≥ m

0 if n < m
(40)

we can find that Φ(2n + 1,m) = Φ(2n + 1, n) for any m ≥ n because the integration of the
extra terms will equal zero. Also Φ(2n+ 1,m) = Φ(2n+ 1, n) for any m ≥ n. Thus

Φ(2n + 1, n) = 2
n∑

m=0

π∫
0

(2m + 1)sin(σ)2n+1 sin ((2m + 1)σ) dσ

=
π

22n
∑n

m=0 (−1)m(2m + 1)

(
2n + 1

n − m

)

With the variable change r = n−m , m = n− r, 2m+ 1 = 2n− 2r + 1 we obtain

Φ(2n+ 1, n) =
π

22n

0∑
m=r

(−1)(n−r)(2n− 2r + 1)

(
2n+ 1

r

)

=
π

22n

(
− 2(−1)(n)

n∑
r=0

(−1)rr

(
2n+ 1

r

)

+(−1)(n)(2n+ 1)
π

22n

n∑
r=0

(−1)r
(
2n+ 1

r

))

=
π

22n
(Ψ1(n) + Ψ2(n)) (41)

Now, using ([13], Section 0.15)

m∑
k=0

(−1)(k)
(
n

k

)
= (−1)(m)

(
n− 1

m

)
, ∀n ≥ 1 (42)

we have
Ψ2(n) = (2n+ 1)

(
2n

n

)
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Finally, using
(
r

k

)
=

r

k

(
r − 1

k − 1

)
and (42), we get

Ψ1(n) = −2(−1)(n)
n∑

r=1

(−1)(r)(2n+ 1)

(
2n

r − 1

)

= 2(2n+ 1)(−1)(n)
n−1∑
r′=0

(−1)(r
′)
(
2n

r′

)

= 2(2n+ 1)(−1)(n)(−1)(n−1)

(
2n− 1

n− 1

)

= −2(2n+ 1)
n

2n

(
2n

n

)
= −Ψ2(n)

and accordingly Φ(2n+ 1, n) = 0.
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Control Oriented Modeling of Flow and Size

Distribution in Cone Crushers

Khalid Tourkey Atta, Andreas Johansson, Thomas Gustafsson

Abstract: This work presents a dynamic model for prediction of flow and output size dis-
tribution of cone crushers. The main purpose of the model is for simulation of closed-loop
control using the Closed Side Setting (CSS) and the Eccentric Speed (ω) as manipulated vari-
ables. The idea of modeling crushers as cascaded zones is adopted throughout this work.
The capacity, the length, the Stroke, and the Compression ratio of each zone are taken into
consideration. Simulation results are presented in the form of the Crusher PerformanceMap
(CPM) and the dynamic response for production of different size classes to steps input in ω
and CSS. The simulations also include operation with recycling of oversize output, as well as
the input of mixedmaterials. As an example, closed-loop control of the ratio of the large-size
output to the total size output was simulated.

Cone Crushers Model, Output Size Distribution and Flow Prediction, Crusher Perfor-
mance Map , Simulation, Closed Loop Control , Crushing Mixed Materials.

1 Introduction

Cone crushers are a vital stage in the comminution chain in manymineral processing plants,
and are used as a secondary, tertiary, and quaternary crushing stage to provide a reduction
ratio of maximum 1:10 ([1, 2]). Traditionally, crushing has received less attention than grind-
ing, but this started to shift recently, partly because of the power consumption of the crusher
on its own, but perhaps more importantly , since the crusher is often part of a comminution
chain and instrumental in optimizing the behavior of this chain.

The crushing takes place in a cavity called chamber which is formed between a cone
shaped mantle and a concave bowl. The mantle is gyrating in an eccentric path to deliver
several strokes to the material passing the chamber, which provides the required breakage
until it reaches the size that allows it to pass through the controlled small opening in the end
(down) of the chamber, as shown in Fig. 1.

Changing CSS and ω on-line may give a significant improvement in crusher operation,
and suggestions of control algorithms utilizing this possibility have begun to emerge ([3, 4]).
The purpose of this paper is to formulate a process model for developing and simulating
closed-loop strategies by using CSS and ω as manipulated variables.

1.1 Modeling of Cone Crushers

The main methods for describing size distribution functions are ([6]) the Continuous Func-
tions, Discontinuous Functions, and Statistical Functions, of which the most widely used is
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Figure 1: Cross Section of a Cone Crusher ([5])

the discontinuous function introduced by Broadbent and Callcott in 1956. This method rep-
resents thematerial distributions as vectors and the operations asmatrixmultiplications, and
is also known asmatrix analysis approach ([7]). Accordingly, thematerial are partitioned into
size classes ∞ > D1 > D2 · · · > Dm > 0, and the mass (or the mass flow) size distribution
are a vectors on the formM = [M1 M2 · · · Mm], whereMj represents a mass (or a mass flow)
of particles of sizes [Dj−1, Dj].

The three main activities that describe the behavior of crushers are: Breakage, Selection
for breakage (or simply Selection), and Classification. The overall behavior of the crush-
ers is a combination and repetition of these actions, that can be represented as operators if
the continuous function approach is adopted, or as matrix multiplication in the case of the
discontinuous function approach. In the later case, the matrix is, in most of the cases, the
discretized image of the continuous function.

The Breakage Matrix B is a lower triangular matrix, in which the entry bi,j represent the
mass proportion of particles from size class i that ends up in size class j, after breakage ([7]).

The Selection Matrix S is a diagonal matrix, where each entry si,i (or si for convenience)
represents the probability of breakage of a particle in the ith size class.

Finally, the Classification Matrix C is a diagonal matrix , where each entry ci,i (or ci) rep-
resents the fraction (proportion) of material from the ith size class in a particular zone that
is prevented from moving to the next zone.

Most of the modern studies divide the crusher into zones and are first-principle in the
sense that they are formulated in the classical selection/breakage/classification framework.
Each zone is considered as a single stage that has input and output, and the main actions
are applied on the material inside it. The material inside these zones is considered to be
well-mixed.

One of the earliest works on the modeling of cone crusher was conducted by Gauldie
([8, 9]) who presented a model to predict the throughput of jaw and cone crushers. The
crusher is divided into zones, and the material is considered to be sliding until it is crushed
between the mantle and the bowl. Also the effect of the eccentric speed on the behavior of
the crusher was considered in this work.

Whiten presented one of the pioneer studies in modeling cone crushers ([10]). This basic
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model connects the input flow rate and the output flow rate by looking at the crusher as a
one stage activity. The material entering this stage can either pass (dropped) or selected to
be broken, and then the result of this breakage is again fed into the process.
Lynch extended Whiten’s simple model into a dynamic model for comminution processes,
that considers the derivative of the material size distribution ([6]). This model still describes
the system as a single unit and connects the input and output size distribution.

Herbst and Oblad ([11]) presented a model in which the crusher was divided into three
well-mixed zones. A dynamicmodelwas developed to describe thematerial size distribution
in each zone, considering the flow between zones. Models for power consumption were also
derived in this work.

Machado presented a crusher model for continuous flow in his work ([12]). The main
idea was to have twomodes of breakage, so the classified material that will not pass out, will
be classified again in order to decide which mode of breakage will be applied. The model
was suitable for both jaw and cone crushers.

Evertsson conducted a detailed study on cone crushers ([13, 14, 15]), resulting in models
for both flow and size distribution. An investigation on breakage and selection functions was
presented. As well as a detailed model describing the motion of material inside the crusher
and the total flow. A selection-breakage model was used to predict the size distribution of
the output of the crushers.

Nikolov presented a general model for Impact Crushers based on matrix analysis([16,
17]), similar to Whiten’s model, but with multiple zones. He also presented a new classifica-
tion function, based on the cumulative Weibull distribution. The relations between different
factors that affect the operation were included.

Johansson ([5]) developed a model based on the continuous function method to repre-
sent the size distribution of the material. The transport behaviour of the crusher was taken
into consideration. A logarithmic transformation of the material size density function was
proposed to deal with the non equal spacing of the classes in the classic materials size dis-
tribution. This transformation defines a new size variable (λ) that represents the logarithm
of the physical size (D = D0e

−λ). The crusher model was formulated as a Partial Integro-
Differential Equation.

A model proposed by Itävuo ([18, 19, 20]), is separated into a dynamic linear part, which
is a second or first-order system with time delay, and a static nonlinear part, formulated as a
neuro-fuzzy network and a log-transformed linear regression model. The model was based
on known static behaviour of the crusher. An advanced control algorithmwas also presented
in this work.

In the proposedmodel, we have chosen to consider the classification, selection and break-
age actions, the volume capacity limitation, the influence of the eccentric speed on the ver-
tical transport of material, and the effect of mixed materials in the input. To the best of our
knowledge none of the above models considers all these factors in one model.

2 The Proposed Crusher Model

Consider partitioning the crusher intoN zones, as shown in Fig. 2. Please note that the parti-
tioning into zones is not related to themovement of thematerial but is constant over time (i.e.
the horizontal boundaries are fixed relative to the bowl). By using the matrix representation,
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the output size distribution can be predicted using the inflow to the zone as an input to the
model.
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Figure 2: Cross Section showing the Zones, CSS,stroke(s), and bed height(b)

Starting from the model developed by Whiten ([10]), and by introducing the multi zone
approach, and after adding the selection action to the model, we can combine all the actions
that are applied to the material inside each zone as shown in Fig. 3.

Zone iZone i

Si

Xi

Bi

1-Ci

Fi

ZiUi

1-Si

-1

Figure 3: A basic Model of the actions in Zone i

In order to describe the actions on the material in each zone, we need to consider the
rate of these actions, which is governed by the eccentric speed (ω) of the crusher. In each
cycle (stroke) the set of actions showed in Fig. 3 are applied to the material. Ui is a vector,
representing the input to zone i and is, in our model, the mass size distribution per cycle
(stroke) accepted in the ith zone. Similarly Zi represents the output mass size distribution
per cycle of Zone i, and is at the same time input to Zone i+ 1 (i.e. Ui+1 = Zi). Xi represents
the mass size distribution inside the ith zone while Fi represents the material that is retained
in the zone (i.e. did not pass down), after applying the actions of selection and breakage on
it. The input of the first zone (U1) is the material fed into the crusher, and the Output of the
last zone (ZN ) is the output of the crusher.
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After the classification, the material will move to the next zone as an input. The transport
of the particles is analyzed by Evertsson ([14]), where he showed that the material will be
either falling, sliding, or squeezing. We will consider a simpler approach by assuming that
the material is held still during a part of the cycle, which is the nip time, and during the rest
of the time the material will fall down. So if the cycle time is T = 1

ω
seconds, it will have ηT

seconds to fall down. The η factor determines the effective nominal time for the material to
fall down, and is assumed to average all modes of transportation down.

Since the machine normally operates at high speed, the time ηT is not large enough to
make all the material that is classified to pass down move to the next zone. If the distance
that the material can travel during ηT , which is equal to 0.5g(ηT )2, is less than the length
of the zone (Li), some material qualified to pass down will be retained, allowing the actions
(selection and breakage) to be applied on it again. Thus, we introduce the speed-zone length
factor βi =

gη2

2ω2Li
as the fraction of material that pass down out of the material that are classi-

fied to pass down, and in general η is a function of both CSS and ω.
Note that wemust require that βi ≤ 1, otherwisemore than 100% of the qualifiedmaterial

will pass down. This puts an upper limit on the number of zones since we must then choose
each zone length Li ≥ gη2

2ωmin
2 where ωmin is the lowest operating speed of the crusher, as

shown in Fig. 4.
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Figure 4: Distance that material travel in one stroke, for η = 0.5, indicating the smallest zone
length that can be chosen given a minimum ω

For each zone, we assume a specific effective capacity (Mi), which is the maximum mass
that a zone can contain. In reality, this is rather a volume limitation which is a function of
the crusher geometry and the CSS , but we translate it, assuming a constant bulk material
density, into a mass capacity limitation. This means that 1mXi cannot exceed this limit (i.e
1m(Ui + Fi) ≤ Mi) where 1m = [1 1 · · · 1] is a row of m ones, so that 1mXi is the total mass
inside Zone i.

Thus, we introduce the zone capacity factor (αi ≤ 1) which is a linear action on all thema-
terials Zi that are qualified to pass to the next zone. This factor will determine the percentage
of material to flow after the classification action (i.e. Ui = αiZi−1).
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After combining αi and βi with the basic model, the overall suggested model shown in
Fig. 5 is obtained.

Zone iZone i

Si

Xi

Bi

1-Ci

Fi

αi βi Zi

-1 Ui+1

Zi-1 Ui

1-Si

Ui

Figure 5: Model of Zone i when considering limitations in transport speed and zone capacity

The equations governing the operation of Zone i can now be summarized as:

Zi = βi(1− Ci)Xi (1a)
Ui = αiZi−1 (1b)
Xi = Ui + Fi (1c)
Fi =

(
BiSi + (I − Si)

)(
Xi − Ui+1

)
(1d)

αi = min
(Mi − 1mFi

1mZi−1

, 1
)

(1e)

βi =
g

2

η2

ω2

1

Li

(1f)

2.1 Dynamic Modelling

The model in the previous section represents the steady-state behaviour of the system. It
consists of a system of 6N equations to be solved in order to obtain the steady-state flow rate
between the zones, and the mass size distribution of materials in each zone.

In order to develop a dynamic model for the crusher, we need to imagine each zone as
a storage of material, that has inputs and outputs. The rate of operations on this material
is governed by the rate of crushing, ω = 1/T . In Each Cycle a part of the material will be
classified to pass down (1 − C). Not all this classified material will pass to the next zone,
because of the limitation of the capacity of the next zone. The remaining material, including
the material that was not classified to pass down, will be partially selected for breakage and
the total (Fi) will return to the zone, plus some materials from the previous zone (Ui).

Assume ω (and thus T ) changes slowly in time, i.e. that is almost constant during a stroke.
Then the mass size distribution of Zone i after a stroke is:

Xi(t+ T ) = Ui(t) + Fi(t)

= Ui(t) + Fi(t) +Xi(t)−Xi(t)

where Xi(t) was the mass size distribution of the material inside the zone before the stroke.
The change in one stroke is thus:

Xi(t+ T )−Xi(t) = −Xi(t) + Ui(t) + Fi(t)
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and the average change per second:

Xi(t+ T )−Xi(t)

T
= ω(t)

(
−Xi(t) + Ui(t) + Fi(t)

)
Now, the left-hand side of the above denotes the average change over one stroke. We

will assume the same average change to be valid over an infinitesimal part of the stroke, i.e.
replace T by δT and let δT → 0. This yields the continuous time model:

dXi

dt
= ω
(
−Xi + Ui + Fi

)
(2)

to be replacing equation (1c).

Zone iZone i

Si

Xi

Bi

1-Ci

Fi

αi βi Zi

-1 Ui+1

Zi-1 Ui

1-Si

Ui
-1

ω∫.dt 

Yi c(t)ω Mi kiLi

Figure 6: Dynamic Model of Zone i

This approach amounts to treating each zone as a tank whose rate of inflow and outflow
are governed by the rate of repetition of the strokes determined by the Eccentric speed ω.

2.2 Mixed Materials Model

Most of the available models consider the crusher to be working on one type of material,
which is a consequence of using only one breakage function. In reality, the material that
is fed into a crusher may be coming from different sources with different characteristics.
Finding the different breakage functions may require extensive experiments for every sin-
gle material type, but approximations that only require knowledge of the hardness are also
available ([21]).

In order to model this, we consider two materials a and b and treat them as separate
streams whose mass and mass flows are denoted Za

i ,Ua
i ,F a

i ,Xa
i and Zb

i ,U b
i ,F b

i ,Xb
i respectively.

The only interaction between these two streams is assumed to be the zone capacity factor
since they share the same zone capacity. Thus,

αi = min

(
Mi −

(
1mF

a
i + 1mF

b
i

)
1mZa

i−1 + 1mZb
i−1

, 1

)
(3)

Fig. 7 shows the block diagram for the model. We will assume that each material has its
own breakage function (i.e. Ba

i and Bb
i ), but shares the same Si and Ci.
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Figure 7: Model for Zone iwhen twomaterialswith different breakage properties are crushed
together

2.3 Influence of Crusher Parameters on Operation

Many parameters are affecting the crusher operation. Some of them belong to the crusher
itself, like the eccentric speed, CSS, and the stroke, while others are properties of the treated
materials, like the feed material moisture, material’s strength, input size distribution, and
the shape of the particles ([15]). Table 1 shows the influence of these properties on the model
blocks.

Model Block Input Parameters
Bi Material Strength, Size distribution, and Shape
Ci Chamber Profile and CSS
Si Chamber Profile, Stroke, and CSS
αi Volumetric Capacity, Material Density, and CSS
βi Li and Eccentric Speed

Table 1: Parameter influence on Model Blocks

3 Simulation Parameters

The model presented in the previous section is a framework in which different assumptions
on breakage, selection, classification can be implemented. In this section we will present the
assumptions used for the simulations in the next section. The profile of the bowl, as shown
in Fig 2, was selected to be non linear and following the equation 0.8−0.35y+0.01(y)3, where
y denotes vertical position.

The mantle was selected to be linear with pivot point at y = 1.4m, and with base width
equal to 0.8m. The mantle is assumed to be movable vertically to achieve the required CSS.
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All the other parameters (i.e. Stroke, Volumetric capacity, as well as OSS ansCSS for each
zone) follow from CSS and the bowl profile by straightforward geometry.

The breakage function is from King ([2])

B(D1, D2) = K

(
D1

D2

)n1

+ (1−K)

(
D1

D1

)n2

(4)

where B(D1, D2) give the fraction of the progeny particles that is small than the size D1

originating from the breakage of a single particle of size D2. The constants n1, n2, and K are
material parameter and selected as n1 = 0.45 and n2 = 3.2 and K = 0.3 ([2]).

The classification function is also from ([2]) and is, as suggested in ([5]), applied at each
level in the crusher. Thus

C(t, y,Dj) =

⎧⎨
⎩

c0(t, y,Dj), d1 ≤ Dj < d2
0, Dj < d1
1, Dj ≥ d2

(5)

where

c0(t, y,Dj) = 1−
(

Dj − d2(t, y)

d1(t, y)− d2(t, y)

)n

d1(t, y) = CSSi(y, CSS)

d2(t, y) = OSSi(y, CSS)

andCSSi andOSSi represent the closed and open side setting of the lower end of each zone,
which is function of the vertical position (i.e. y) and the CSS.

The selection function is from ([22]), modified to take into account the effect of the com-
pression ratio as suggested by Evertsson ([13]). Thus

s(Dj, t, y) = s0(σ(t, y))Dj
a (6)

where ([23])
s0(σ) = sini ∗ (−3.086σ2 + 3.5508σ − 0.0082) (7)

The parameters were selected as sini = 1, and a = 1. Here, σ(t, y) is the compression ratio (
(effective stroke/bed height) or s

b
) which depends on the CSS,ω, and the chamber profile as

σ(t, y) =
k(y)

k(y) + l0(y) + c(t)
(8)

The effective stroke k(y) if a function of the actual stroke and ω ([15]). The actual stroke was
calculated from the chamber profile, which is a function of y and CSS.

The effective stroke was calculated by multiplying the actual stroke by a factor, which is
assumed to depend linearly on the eccentric speed and equal 1 at ω = 210rpm, and 0.7 at
ω = 900rpm.

The number of size distribution classes was selected to be 24 (m = 24) class, with the
largest size class equal to 161.27 mm and the ratio between consecutive classes taken to be
(1/ 3

√
2). A truncated Rosin-Rammler distribution of the feed material was used. The Size

Distribution function is then ([2])

P (D) =

{
1− e(η/η63)

ζ
, D ≤ D0

1, D > D0
(9)
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where η = D/(D0−D) and η63 = D63/(D0−D63). D63 and ζ are parameters that change with
time, and govern the size distribution of the fed materials. ζ was selected to be constant and
equal to 1.2.

The breakage function, the classification function, and the selection function were dis-
cretized into matrices according to the size classes as

B =

⎡
⎢⎢⎢⎣
b1,1 0 · · · 0
b2,1 b2,2 · · · 0
... . . . ...

bm,1 bm,2 · · · bm,m

⎤
⎥⎥⎥⎦ (10)

where
bi,j = B(Di−1, Dj)− B(Di, Dj) (11)

and
Si = diag

([
s(t, yi, D1), s(t, yi, D2), ...., s(t, yi, Dm)

])
(12)

Ci = diag
([

c(t, yi, D1), c(t, yi, D2), ...., c(t, yi, Dm)
])

(13)

Here yi is y at the lower end of Zone i. The Crusher was simulated using Matlab Simulink.
The number of zones was selected to N = 10, with equal length Li =

Y
N
.

According to [15] the materials adopt three modes or vertical transportation, and accord-
ingly, the relative falling period of the cycle (and consequently η)will increasewith increasing
ω. For simplicity we have chosen η to be a linear function of ω with η = 0.5 at ω = 210, and
η = 0.6 at ω = 900.

The actuator of CSS was simulated with simple linear first order dynamic model ([20])
with time constant equals to 10 seconds. The eccentric speed was simulated using a rate
limiter ([20]) with a maximum slope of 6 rpm per second.

4 Simulation Results

Simulations were carried out in order to show the realistic behavior of the model. The simu-
lations include the static and the dynamic behaviour of the crusher. For the static behaviour,
results are illustrated using the Crusher performance map (CPM) ([15]). The CPM is a graph
showing the total production capacity (called Throughput) of a crusher for different product
grading versus the eccentric speed (ω). Here, we will also demonstrate results using a CPM
for throughput vs. closed side setting (CSS) and a three-dimensional CPM considering the
throughput versus both the eccentric speed and the closed side setting.

The dynamic behavior is shown using the step response of the crusher, in response to the
change of the manipulated variables, and to the input materials. Also a simulation of closed
loop feedback control of the crusher is shown.

4.1 Crusher free running operation (Open Circuit operation)

A cone crusher fed by material with D63 = 135 mm was simulated. Fig. 8 shows the CPM
when the CSS is selected to equal 40 mm. For low speeds, the throughput increases with
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increased speed. This regime is known as sub critical speed and the throughput is limited
by the slow gyration resulting in large size material prevented from passing down.

For high speed, the model predicts that the material classified to pass to the next zone
does not have enough time to pass. This will keep much of the material in the same zone,
and apply the selection and breakage action on it again. The result is increased percentage of
large materials at low speeds and increased percentage of small materials at higher speeds
which is in line with the experimental results reported in ([24]).

Fig. 11 shows the Product Cumulative Size distribution for the same conditions, illustrat-
ing that the size of the material will be smaller with increased speed.
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Figure 8: CPM for Total and Sub-Classes Throughput versus Eccentric Speed

Fig. 9 and Fig. 10 show the relation between the throughput of the crusher and the CSS
for a fixed speed. Two different speeds were selected, 450 rpm as shown in Fig. 9 and 300
rpm as shown in Fig. 10.

At high speed the percentage of small material of the total throughput is predicted to be
larger than that at lower speeds. This is because the high speed does not give the material
enough time to pass to the next zone and is subject tomore crushing. Furthermore themodel
predicts an increased percentage of large materials with increasing CSS. This is because even
if the material is not passing to the next zone the compression ratio will be reduced with
increasing CSS, leading to less material being selected for breakage.

Fig. 12 shows the Three-dimensional CPMs showing the predicted throughput as a func-
tion of speed and CSS are found in Fig. 12 (total throughput) and Fig. 13 (throughput of
sub-sizes).

4.2 Crusher operation with oversize recirculation (Closed Circuit Oper-

ation)

A 8mm sieve (screen) was simulated to filter the output of the crusher. An ideal sievewas as-
sumed, although in reality the screen efficiency is a function of many parameters in addition
to the particle size, such asmoisture andmass flow. As illustrated in Fig. 14 the rejected large
material was returned to the input of the crusher. This effect will reduce the total through-
put flow of the crushing stage, and will change the size distribution of the outflow, since
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Figure 9: CPM for Total and Sub Classes Throughput versus CSS, ω = 450 rpm
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Figure 10: CPM for Total and Sub Classes Throughput versus CSS, ω = 300 rpm

all returned material consists of large-size particles. The mixing was done by considering a
limited capacity bowl before the crusher. This bowl will accept all the rejected material, plus
some material from the input, depending on the amount of the rejected materials and the
capacity of the bowl.

Fig. 15 shows the three-dimensional CPM. It is interesting to note that the production has
a unique maximum for a certain combination of ω and CSS (in this case somewhere around
ω = 600 rpm and CSS= 40 mm). The reason for this is that increasing the CSS will lead to
more production of the crusher, but most of it will be large materials, which will be rejected
by the sieve and returned, thus reducing the total production of the unit.

4.3 Dynamic Model

In order to demonstrate the behavior of the dynamic model, the D63 input size distribution,
CSS, and ω were changed in order to examine the response of the crusher, as shown in Fig.
16. Because of the operation of the crusher, some material is crushed into a very small size,
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Figure 11: Output Cumulative Size Distribution for different Speeds
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Figure 12: 3D CPM ,Total Production

and thus resides in the smallest size class.
When reducing the speed, we notice there is an increase in the total output. This is be-

cause at high speed, there is some material in the crusher that is classified to pass down, but
because the speed, it does not have enough time to do so. Thus, when the speed is decreased,
this material will be allowed to pass.

When increasing the size of the input material, it is noticed that the model predicts that
the effect of this change does not immediately appear in the output. This time delay will
depend on the speed of the crusher. We can notice that the size distribution is around 50mm
which is the size of the CSS but that some of the output material is larger than this value.
This is because CSS is the Closed Side and some material falls out from the open side.

4.4 Mixed Materials

To simulate the operation with mixed materials, it was assumed that material a, which is the
soft material, has the parameters n1 = 0.6932, n2 = 2.8414, and K = 0.4274, while material
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Figure 13: 3D CPM, a) 0-2 mm Production, b) 2-4 mm Production, c) 4-8 mm Production, d)
8-16 mm Production

b, which is the hard material, has the parameters n1 = 0.9474, n2 = 3.6006, and K = 0.3796.
These parameters where selected according the formula presented by [21], assuming that
material a has a hardness 4.2 on Moh’s scale, while material b hardness 6.8 on Moh’s scale.

Fig. 17 shows a 3D CPM chart drawn with a fixed eccentric speed ω = 240 rpm, by
varying the percentage of mixing the materials between 0% and 100%, and also changing the
CSS between 20mm and 40mm. The same selection function was used for both materials.

It is clear that with only soft material (100%) the total throughput is higher because the
material is easier to break. Note that this does not contradict with the experimental results of
Ruuskanen ([25]), since the latter deals with materials of different bulk densities. In Ruuska-
nen’s work, the throughput is found to decrease with decreased hardness, but this is based
on data from different materials with different densities. In our simulations the soft and the
hard materials are assumed to have the same bulk density.

4.5 Crusher Control using Eccentric Speed

In order to illustrate the use of the proposed model, a closed-loop scenario to control the
ratio of the large material was simulated. The maximization of total output, by adjusting
the CSS and ω, is considered as the main control objective in e.g. ([3]). With the rise of new
measurement methods that allow on-line measurement of the size of the material ([26]), new
objectives can be pursued. These objectives can be, for example, the production of sub-sizes.

As shown in Fig. 15, the total production is a concave function of the CSS and the eccen-
tric speed, which is in-line with the hypothesis of Hulthén ([4]). For that, an algorithm to
maximize the output of the crusher can be used. But an important point illustrated is that
the sub-sizes change with the change of the total output. So by maximizing the output, the
size of the output material may not meet the quality requirement.

Thus, a new index introduced, which is the ratio of the large material (> 16 mm) to the
total production. Fig. 18 shows the relation between this ratio and the eccentric speed, and
CSS. This plot was extracted from the same models before without sieve and operated with
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Figure 14: Cone crusher operated with sieve
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Figure 15: 3D CPM with Sieve, Total Production

mixed materials. The proportion of soft material was 50%.
As shown in the figure, the ratio is decreasing with the increase of eccentric speed, while

increasing with the increase of CSS. Also the ratio is generally more sensitive to the speed
than to the CSS.

For the above reason, a Proportional Integral (PI) controller was simulated to control the
ratio factor of the crusher. The measurement of the ratio can be done either by using a sieve
and using belt scales thatmeasure the total and the over sizematerial, as illustrated in Fig. 19,
or by using fully automated online measurement of the size distribution of the production
([27]).

The PI controller is chosen for its simplicity and availability. The parameters of the PI
controller were selected to be P = −0.4, and I = −0.2 and the D63 of both materials was
selected to be 80 mm. During the Simulation, the Set Point (SP) was changed from 50% to
40% then 60% and finally 50%. To investigate the influence of disturbances the CSS was
changed from 40mm to 50mm, and then to 35mm, and the percentage of the mixed material
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Figure 16: Dynamic Step Response

was changed from 50% to 70%, and then to 30%. The measurement of the production ratio
was assumed to have a time delay of 15 seconds due to the time consumed for sieving and
transportation.

The response of the crusher is shown in Fig. 20. It can be seen that the ratio follows
set-point, even with changing operation conditions.

5 Conclusion and Future Work

A dynamic Cone Crusher model that describes the output size distribution (size reduction),
and the flow was presented in this work. Simulations have showed that the steady-state
model behavior is qualitatively consistent with measured crusher behavior, as reported in
e.g ([24]), in terms of response to changing themanipulated variables. Themodel also allows
to simulate the effect of mixed materials with different characteristics.

The proposed model can be regarded as a framework in which detailed knowledge of the
geometry of the crusher can be included as well as different assumptions on e.g. breakage
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Figure 17: CPM of total Production versus CSS and variable mixing percentage
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Figure 18: 3D CPM of the Total Production Ratio vs. Eccentric Speed and CSS

and selection. Some possible extensions are to model energy consumption and quality, (e.g.
product shape of the material, i.e. flakiness), and also that the bulk density will vary with
the specific gravity, size distribution, degree of packing, and moisture content.

The main use of the model is expected to be simulation of closed loop control strategies,
but it can also be used for off-line optimization by selecting an optimal operation point with
the aid of the three-dimensional CPM, provided accurate values of the model parameters
and the properties of the inflow.

Both on-line and off-line control strategies would thus benefit from using accurate val-
ues for the model parameters, produced by system identification on measurement data. An
on-line parameter identification method would also be very useful in order to optimize the
operation of the crusher, detect faults, and for production planning.
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On-Line Optimization of Cone Crushers using

Extremum-Seeking Control

Khalid Tourkey Atta, Andreas Johansson, Thomas Gustafsson

Abstract: This article demonstrates the ability of on-line optimization of cone crushers,
specifically maximization of the total throughput of the crusher by adjusting the eccentric
speed (ω). The on-line optimization was based on the Extremum-Seeking Control (ESC)
approach, which is advantageous when optimizing systems with unknown time varying
characteristics. Two types of gradient based approaches are tested in simulation, the tradi-
tional Band-pass filters method and a method utilizing the Extended Kalman Filter (EKF).
Both methods perform satisfactory, demonstrating the good potential of ESC for online-
optimization of cone crushers. To deal with unwanted behavior of the EKF based approach
for situations when the gradient is not correctly estimated, a modification is suggested based
on detecting this condition and accommodating for it.

1 Introduction

Size reduction (comminution) is a vital part in any mineral processing plant and the cone
crusher is widely used for this purpose. And as any size-reduction process, most of the
energy consumedwill appear as sound and heat, and a small amountwill be used to produce
smaller particles [1].

The objectives of crusher optimization depend on whether the crusher produces the end
product or is part of a comminution chain. One example of optimization criteria, to be con-
sidered here, is throughput maximization, in case the crushing is the bottle neck in the total
plant production.

As pointed out in [2], until the late 90’s the dependence of the capacity and the product
size distribution on the operating speed was not fully appreciated, possibly because of the
practical difficulties associated with the required experiments.

Due to this lack of quantitative models for the effect of the main manipulated variables
(Eccentric Speed (ω) and Closed side Setting (CSS)), on-line optimization of crushers by
Closed-Loop control has only recently begun to attract interest. Recent modeling efforts by
Evertsson and co-workers [3, 4, 5] shows that these variables have a significant influence on
the throughput which is also confirmed in experimental studies (e.g.[6]).

The Pioneering work of on-line optimization of cone crushers is [2], where a finite state
machine is presented tomaximize the output by producing small positive and negative steps
in speed. The difficulties that arise when attempting to use ω to maximize the output are
related to limitations in the range and the rate of change of ω. The slow step response makes
it difficult to speed up the process of tracking the optimal values, which may change quickly
with the properties of the input material, apart from changes due to wear.
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Extremum Seeking Control (ESC) is a control concept for single objective on-line opti-
mization. Many different applications for ESC can be found in the literature e.g. internal
combustion engines, grinding processes, and solar cells [7]. In this article, we will apply two
algorithms for ESC on a dynamic model of a cone crusher. To the best of our knowledge,
ESC has not previously been considered for crusher control.

1.1 Extremum Seeking Control Concept

Plant Optimization is the main objective of any control system. Most controllers have a cer-
tain input called Set-Point, which defines the required value of a variable in the plant. On
the other hand, in any plant, there are some variables that measure the performance of the
plant, e.g. the total production, the production of waste, the emission of gases (ex. CO2) and
has no predefined set point, but is always required to be maximized or minimized.

Extremum Seeking Control (ESC) requires some prior knowledge of the dynamics, but
not the exact conditions of optimality, neither location nor values, and these are also allowed
to be varying in time, with unknown dynamics. Consider a plant with a non-linear and
time-varying behavior defined as

dx

dt
= f(x,u(t)) (1a)

y = h(x) (1b)

where x is a vector representing the state of the plant, u is a vector of manipulated (input)
variables, and y is a scalar representing the output variable (performance) of the plant. It is
assumed that the steady-state values of y, denoted yss, has a unique maximum with respect
to a constant input u, denoted as uss, for any fixed t. In the following, we will consider u as
a scalar and limit our scope to single input systems.

The extremum-seeking controller, as illustrated in Fig 1, will try to drive the system into
its optimal value (y∗) by finding the optimal value for u (u∗), even though the values of y∗
and u∗ are unknown and varying with time.

uss

yss

y*

u*

u y

Figure 1: Principle of Extremum-Seeking Control

Many ESC methods have been suggested, and can be categorized in many different man-
ners, e.g. Static, Analog, and Numerical Methods [8], or perturbation and non-perturbation
methods. Some methods only require the knowledge of the output of the system (y), like
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most of the perturbation methods, while some other methods require the state of the sys-
tem (x). In most cases, this requires using an observer, which adds more complexity to the
controller. In this work we will adopt the perturbation based approach.

The idea behind the perturbation based approach is to add a small signal (sometimes
called dither signal) to a base input (uo), and then measure the change in the output (y) with
respect to this signal. Based on this change, it will be decided to increase or decrease the
input signal (u0). The Gradient basedmethods, inspired by the steepest descent optimization
method, are based on of this approach, and rely on using the gradient of the output with
respect to the input in order to decide how to change the base variable uo. The ESC controller
will consequently be divided into two parts, the Gradient estimator, to find the rate of change
of y with respect to u (i.e. ∂y/∂u), and an integrator to accumulate the values of the gradient
to give the base variable u0. A basic gradient estimator is implemented by using a sinusoidal
wave as a perturbation signal, and a High-Pass filters (HPF) and a Low-Pass filters (LPF), as
shown in the Fig. 2. After the pioneer work of Krstić and the proof of closed-loop stability
of this approach [9], this kind of controllers have became popular.

a sin( t)

y/ uu0

Figure 2: Gradient Based ESC, using Filters to find the gradient

The design of such a controller, involves the selection of the frequency and the amplitude
of the perturbation signal, the corner frequencies of the HPF and LPF, and the gain of the
integrator (K). The crucial variable is the perturbation frequency which should be selected
slower than the dynamics of the plant, i.e. so that the output of the plant will track in the
input.

Another approach for gradient estimation is to use an Extended Kalman Filter (EKF) [10].
The Method was suggested originally for static systems, but can also be applied to dynamic

-tds

a sin( t)

y/ u
-tds

u0

Figure 3: Gradient Based ESC, using Extended Kalman Filter to find the gradient

systems. The idea behind using the EKF as a gradient estimator is to approximate the output
of the system (y) by a tangent at the point of operation. i.e.

y = y0 + ku (2)

where k is the slope of the tangent. The EKF is then employed to estimate two state variables,
x1 = k and x2 = y0, Knowing that the EKFwill be implemented in discrete time, two samples
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are required to have observability [10]. The discrete state space system will be described by

x(tk+1) =

[
1 0
0 1

]
x(tk) +wk (3)[

y(tk)
y(tk−n)

]
=

[
u(tk) 1
u(tk−n) 1

]
x(tk) + vk (4)

where n is the time interval between the two samples which is usually selected to equal a
quarter or three quarters of the cycle time of the perturbation signal (i.e. π/(2ω) or 3π/(2ω)).
The difficulties in designing this type of controllers may be less than for the previous type,
but the selection of ω remains crucial.

2 Cone Crushers Modeling

The cone crusher, as shown in Fig. 4, consist of a concave bowl, providing a space called the
Chamber, for the material to be crushed by a large concave metal piece, called Mantle. The
mantle is rotating in an eccentric path to deliver several strokes to the material passing the
chamber, which provides the required breakage until it reaches the size that allows it to pass
through the controlled small opening in the end (down) of the chamber.
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Figure 4: Cross Section of Cone Crusher [11]

Cone crusher modeling has been subject of much research effort [5, 12]. First principles
models may assume one stage of operations or several stages (multi-zone )or even be contin-
uous involving a partial integro-differential equation [11]. Others use a empirical approach
based on mixing Linear and Non-Linear blocks. In this work we use a simplified version of
a model from [13], where the Crusher is divided into zones as shown in Fig. 5.

In thismodel, thematerial size distributions are represented as vectors and the operations
asmatrixmultiplications, which is also known asmatrix analysis approach [14]. Accordingly,
the material are partitioned into size classes ∞ > D1 > D2 · · · > Dm > 0, and the mass (or
the mass flow) size distribution are vectors on the form M = [M1 M2 · · · Mm], where Mj

represents a mass (or a mass flow) of particles in the size interval [Dj−1, Dj].
The Block diagram of the operation in Zone i is shown in Fig. 6. Here Ui is a vector

representing the input to the zone, i.e. the mass size distribution per cycle (stroke) accepted
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Figure 5: Cross section showing the zones, CSS, stroke (s), and bed height (b)

Zone iZone i

Si

Xi

Bi

1-Ci

Fi

αi βi Zi

-1 Ui+1

Zi-1 Ui

1-Si

Ui
-1

ω∫.dt 

Yi c(t)ω Mi kiLi

Figure 6: Dynamic Model of Zone i [13]

in the ith zone. Similarly Zi represents the output mass size distribution per cycle of Zone
i, and is at the same time input to Zone i + 1 (i.e. Ui+1 = Zi). Xi represents the mass size
distribution inside the ith zone while Fi represents the material that is retained in the zone
(i.e. did not pass down), after applying the actions of selection and breakage on it. The input
of the first zone (U1) is the material fed into the crusher, and the Output of the last zone (ZN )
is the output of the crusher.

The Breakage Matrix Bi of Zone i is a lower triangular matrix,

Bi =

⎡
⎢⎢⎢⎣
b1,1i 0 · · · 0

b2,1i b2,2i · · · 0
... . . . ...

bm,1
i bm,2

i · · · bm,m
i

⎤
⎥⎥⎥⎦ (5)

where the entry bk,ji represents the mass proportion of particles from size class k that ends
up in size class j, after breakage in Zone i [14]. The Selection Matrix S is a diagonal matrix,

Si = diag
([

s1i , s
2
i , ...., s

m
i

])
(6)

where each entry sji represents the probability of breakage of a particle in the jth size class
in Zone i.
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Finally, the Classification Matrix C is a diagonal matrix ,

Ci = diag
([

c1i , c
2
i , ...., c

m
i

])
(7)

where each entry cji represents the fraction (proportion) of material from the jth size class in
Zone i that is prevented from moving to the next zone.

The zone capacity factor (αi ≤ 1) is a linear action on all the material Zi that is qualified
to pass to the next zone and determines the percentage of material to flow into the zone in
order not to exceed its maximum capacity (Mi).

The Speed-Zone Length factor βi =
gη2

2ω2Li
represents the fraction of material that passes

down out of the material that is classified to pass down because the length of the zone (Li) is
too large for allmaterial to have time to pass. Thematerial has ηT seconds to fall down, where
T = 1

ω
is the cycle time in seconds, and η is a factor determining the effective nominal time

for the material to fall down which is assumed to average all three modes of transportation
down (falling, sliding, or squeezing) [4].

In conclusion the adopted model is governed by the following set of equations:

Zi = βi(1− Ci)Xi (8a)
Ui = αiZi−1 (8b)

dXi

dt
= ω

(
−Xi + Ui + Fi

)
(8c)

Fi =
(
BiSi + (I − Si)

)(
Xi − Ui+1

)
(8d)

αi = min
(Mi − 1mFi

1mZi−1

, 1
)

(8e)

βi =
g

2

η2

ω2

1

Li

(8f)

For the last zone, there is no successive zone, so UN+1 will be replaced by ZN , and for the
first zone, there is no previous zone, so Zi−1 will be replaced by the size distribution vector
of the inflow to the crusher.

2.1 Modeling Assumptions

In this section we will present the assumptions used for the simulations in the next section.
The Breakage Function is from King [15]

B(x, y) = K

(
x

y

)n1

+ (1−K)

(
x

y

)n2

(9)

and the parameters were selected as n1 = 10, n2 = 8, andK = 0.1, knowing that larger values
for n1 and n2 corresponds to harder materials. From this the elements of the B matrix are
given as bi,j = B(Di−1, Dj)− B(Di, Dj).

The classification function is also from [15] and is, as suggested in [11], applied at each
level in the crusher. Thus

C(t, y,Dj) =

⎧⎨
⎩

c0(t, y,Dj), d1 ≤ Dj < d2
0, Dj < d1
1, Dj ≥ d2

(10)
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where

c0(t, y,Dj) = 1−
(

Dj − d2(t, y)

d1(t, y)− d2(t, y)

)n

(11)

d1(t, y) = α1l(c(t), y) (12)
d2(t, y) = α2l(c(t), y) + d∗ (13)

l(c(t), y) = l0(y) + c(t) (14)

and where l0(y) is the crusher chamber profile when CSS equals zero. We select a simple
linear profile l0(y) = (1− y/Y ) ∗ 0.1m . Here Y is the length of the crusher chamber, and was
selected to equal 1.2m, and c(t) is the CSS. The other parameters where chosen to be α1 = 0.6,
α2 = 2, n = 2, and d∗ = 0.
The selection function is from [16], modified to take into account the effect of the compression
ratio as suggested by Evertsson [5]. Thus

s(Dj, t, y) = s0(σ(t, y))Dj
a (15)

where [17]
s0(σ) = sini ∗ (−3.086σ2 + 3.5508σ − 0.0082) (16)

The parameter sini was selected to equal 0.1 and σ(t, y) is the compression ratio
(

stroke
bedheight

or
s
b

)
which depends on the CSS and the chamber profile as

σ(t, y) =
k(y)

k(y) + l0(y) + c(t)
(17)

The stroke k(y) was assumed to be independent of y, and chosen to equal 10 mm.
The number of size classes was selected to be 24 (m = 24), with the largest size class equal to
161.27mm and the ratio between consecutive classes taken to be (1/ 3

√
2). A truncated Rosin-

Rammler distribution of the feed material was assumed. The Size Distribution function is
then [15]

P (D) =

{
1− e(η/η63)

ψ
, D ≤ D0

1, D > D0
(18)

where η = D/(D0 −D) and η63 = D63/(D0 −D63). The parameters D63 and ψ determine the
shape of the size distribution of the fed materials and are in general time varying . ψ was
selected to be constant and equal to 1.2.
The Crusher was simulated using Matlab Simulink. The number of zones was selected to
N = 10, with equal length Li =

Y
N

and the mass capacity of each zone was selected to be
linearly spaced from 20 kg in the first zone, and 10 kg in the last zone. η was selected to
equal 0.5. CSS was assumed to vary between 10 and 40mm, while the eccentric speed ω was
varied between 3.5 and 20 rps. A 32 mm sieve (screen) was simulated to filter the output of
the crusher, the rejected large material was returned to the input of the crusher.

3 Application of ESC On Cone Crushers

The main point in ESC, as explained earlier, is that the steady-state relation between the
input(s) and the objective index (output) should have a unique maximum (or minimum).
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Simulations of the steady-state behavior of themodel in section 2 is demonstrated in the form
of a Crusher Performance Map (CPM) [3], which presents the steady state relation between
the control variables (CSS and ω) and the Total and sub-sizes of the total production of the
crusher as shown in Fig 7. The figure shows that the model satisfies this condition, both for
the total throughput and for individual size classes.
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Figure 7: CPM for Total and Sub-Classes Throughput versus Eccentric Speed [13]

The set of equations (8) can be rewritten in order to eliminate non-state variables (i.e Fi,
Ui, and Zi)

dXi

dt
= ω

(
−Xi + αiβi−1(1− Ci−1)Xi−1

+
(
BiSi + (I − Si)

)(
Xi − αi+1βi(1− Ci)Xi

))
αi = min

( Mi

1mβi−1(1− Ci−1)Xi−1

−1m

(
BiSi + (I − Si)

)(
Xi − αi+1βi(1− Ci)Xi

)
1mβi−1(1− Ci−1)Xi−1

, 1
)

βi =
g

2

η2

ω2

1

Li

y = 1mXN

In general, the classification matrix (C), and the selection matrix (S) will depend on CSS,
which require the following more general equations to describe the behavior of the crusher:

dX

dt
= f(X, ω, CSS) (19a)

y = h(X) (19b)

In our case, CSS is considered to be controlledmanually, and is regarded as a disturbance like
other parameters that govern the operation of the crusher, input material size distribution,
Type of input material (ex. hardness), Moisture, Crusher chamber profile, etc.
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4 Simulation of ESC of Total Production using Eccentric

Speed

In the simulations the crusher was operated in four modes, each with duration of 500 sec-
onds. The parameters of each mode are shown Table 1:

Table 1: Modes of operation

Mode CSS[mm] D63[mm] Soft/Hard Materials
1 30 80 Soft
2 15 80 Soft
3 15 100 Hard
4 15 60 Hard

Eachmode has his ownCPM as shown in Fig. 8 and a corresponding optimal ω andmaximal
output. The size distribution of the input material was additively disturbed with Gaussian
distributed noise with zero mean and variance equal to 15% of the value of each size class.
The controller was disabled during the first 125 seconds, in order to let the crusher reach a
steady state.
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Figure 8: CPM’s for the four modes in Table 1

4.1 Standard ESC: Band-Pass filters

The sinusoidal perturbation was selected to have frequency 0.2 rad/s, and amplitude 0.4 rps.
The gain of the integrator (K) is equal to 30. The LPF was limited with a saturation level,
in order to prevent a fast change in the eccentric speed which will have no influence on the



E

158 Paper E

stability of the system. The saturation level was set to ±5 ∗ 10−3. The filters were selected to
be of second order with transfer functions:

GHPF =
s2

(0.08s+ 1)2
(20)

GLPF =
0.04 ∗ 0.08

(s+ 0.04)(s+ 0.08)
(21)

Fig. 9 shows the behavior of the controller in the form of a contour plot of the capacity as a
function of ω and time as the four modes in Table 1 are traversed. The capacity is normalized
so that the same red color represents the highest production in eachmode, and the light blue
represents the lowest. Over this chart the eccentric speed was plotted to show how the con-
troller brings the production of the crusher to its maximum. In the lower part, the dotted line
presents themaximum throughput, and the thick line shows the actual throughput achieved
by the ESC controller.
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Figure 9: Step Response of ESC with Band Filters

It is evident that the ESC controller works as expect and drives the crusher into its maximum
productionwithin approximately 100 seconds after an abrupt change of some operating vari-
able.

4.2 EKF Based ESC

For the EKF a constant step time (Δt) of 0.05 second was chosen. Similar to [10], the EKF
parameters were selected as:

Q = Δt̄

[
1 0
0 1

]
(22)

where Δt̄ = Δt/s, and

R = 0.05

[
1 0
0 1

]
(23)
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where Q and R are the covariance matrix of the noise signals wk and vk respectively.
The sinusoidal perturbation was selected to have a frequency of 0.1 rad/s, and amplitude

of 0.5 rps. The gain of the integrator (K) was chosen to 0.1. The input to the integrator was
limited to ±1 (see above). The time delay was selected to equal one quarter of the cycle time
of the perturbation frequency.

Note that the perturbation frequency was selected to be low, because the algorithm was
designed to work on a static map, and the slow dynamics of the process will affect the gra-
dient estimation.

Most of the time the EKF gives a good estimate of the gradient, but in some cases, partic-
ularly when a disturbance changes abruptly, the EKF will not be able to estimate the value of
the gradient, whichwill have a negative influence on the controller performance. Tomitigate
this problem, we suggest to neglect these values of the estimated gradient, thus keeping the
value of u0 i.e. setting the input to the integrator to zero when there are no trusted estimates
of the gradient.

If the absolute difference between the value of the estimated output (ŷ) and the actual
value of the output (y) is large this means that the EKF is not able to keep tracking, and the
estimated gradient will be neglected. In addition to this comparison, a small on-delaywill be
added in order to give the EKF enough time to return to track, before reusing the estimated
gradient.

Fig 10 shows the ESC controller after adding this feature. The maximum permissible
error between the estimated and the actual value was selected to be 0.1 kg/second, and the
on-delay was 5 seconds.

Similar to Fig. 9, the upper part in Fig. 11 shows the response of the controller, and
the lower part shows the corresponding output of the crusher. The black curves shows the

e-tds

K/s

a sin( t)

y/ u e-tds

| |<  
ŷ

On delay

u0

Figure 10: Modified EKF-based algorithm

response of the EKF based ESCwith themodification described above, while the light curves
shows the corresponding signals without the suggestedmodification. It is clear that without
the modification there are large deviations from optimum caused by erroneous estimates of
the gradient, and the proposed modification to the EKF algorithm mitigates the problem.
The EKF method has been tuned to approximately the same convergence rate as the BPF
method, but achieves this with a lower perturbation frequency. This mean that the rate of
change in the actuated signal will be lower, which may prolong the life of the actuators.

5 Conclusion and Future Work

Two ESC algorithm have been tested on a dynamic model of a cone crusher and the results
suggest that both of them are viable for on-line optimization of throughput.
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Figure 11: Step Response of ESC with EKF, the black curves showing the response of the
modified controller, while the light curves shows the response of the original controller

The EKF based algorithm has advantages in a slightly simpler design and appear to re-
quire a lower perturbation frequency, but suffers from problems due deteriorated gradient
estimates in some situations. However, it is shown that this problem can be mitigated by a
modification of the EKF algorithm.

The work will be extended into multi-variable optimization by using the CSS in addition
toω as a control variable. Also it can be applied to themaximization of individual size classes.
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Phasor Extremum Seeking and its Application in

Kaplan Turbine Control

Khalid Tourkey Atta, Andreas Johansson, Michel J. Cervantes, Thomas Gustafsson

Abstract: The Combinator is an important part in Kaplan turbine control. It ensures that the
turbine will operate in an optimum way, in terms of maximum efficiency of the plant. This
work suggests a new sinusoidal perturbation based extremum seeking algorithm based on
the phasor of the output. We propose to use this algorithm for generating the required data
to build and correct the combinator. Simulations are presented showing the applicability of
the proposed methods.

Keywords: Extremum Seeking Control, Kaplan Turbine, CAM Generation, CAM
Diagnosis, CAM Correction

1 Introduction

Hydro-power generation represents the largest share of renewable energy in the world. It is
considered to be the most reliable and cost effective renewable energy source and the main
source of electricity generation in many countries [1]. The Kaplan turbine is an axial flow
turbine with adjustable runner blades, providing an efficient power production in high-flow,
low-head power production (3 to 70 meters). The wicket gate, also known as guide vanes,
are adjusted to regulate the flow rate [2]. In double adjusted turbines, two adjustable angles
(the runner blades (yr) and the guide vanes angles (yw)), as shown in Fig.1, allow efficient
operation for a range of flow conditions [3].

Figure 1: Kaplan turbine [3]

The advantage of the double regulated turbine is that it can be used in a wider area of
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flow rate with a large efficiency, above 90%.
Fig. 2 shows typical basic blocks for modeling a double regulated Kaplan Hydro Power

plant [4]. The controller inputs are the reference operating speed (ωref ), the reference elec-
trical power (Pref ), the water head (h), the current speed (ω), and the generated Electrical
power (Pe). The control signal is the set point for the required guide vanes angle (yw,ref ),
which is fed to the Controller of the Guide vanes. The second control block is called com-
binator (shortly CAM). It is a look up table that has the head and the guide vanes angle as
input and the set point of optimum runner blade angle as output (yr,ref ) [4, 5]. This set point
is fed to the runner blade controller. The turbine model has ω, h, yw, and yr as inputs and the
output is the generated mechanical power (Pm) and the mechanical torque (m) [4]. The final
block is the Rotor dynamics and theGenerator dynamicswhich are sometimes separated into
two blocks. This block combines the equation of motion that describes the behavior of the
rotating mass attached to the rotor (called swing equation) and the equations that describe
the Synchronous generator [4, 6]. Normally, the output of the block is Pe, ω, and the load
angle (δ). The generator excitation voltage (Ef ) is also controlled.

yw

Rotor
Dynamics

&
Generator
Dynamics

Pm

Turbine

m

Controller, Valve
& Servo for Wicket

Gate

Controller,Valve &
Servo for Runner

Blade

yr
Controller yr ,SP

Pref

ωref

ω
ω

h

Pe

Pe

ω

Ef

CAMh

yW, SP

h

δ 

Figure 2: Typical block structure of a Kaplan turbine model

Control of hydro-power plants has been investigated over the last few decades [7], but the
CAM did not get that much attention.

The efficiency (η) of the Kapalan turbine is a function of h, yw, and yr. The task of the
CAM is to provide the value of yr that maximizes η for any pair of values of yw and h [4]. The
CAM is generated at the commissioning of the plant. At a certain head, a number of steps in
yw are made. At each step in yw, a number of steps in yr are made and η is calculated at each
individual step. From these steps of yr the efficiency curve is found and the value of yr that
gives maximum η is determined. This operation is repeated with each yw step resulting in a
function yr = f(yw) giving the optimal yr for each yw. After combining such functions for a
set of different headsh the general relation yr = fCAM (h, yw) is generated [8].

However, efficiency changes in time due to wear. Accommodating for this requires gen-
erating a new CAM every few years.

In this work we suggest an extremum seeking control (ESC) based on the phasor of the
output signal. This method is then proposed to be used for both generating the CAM and
for updating the CAM on-line in normal operation using weighted lest squares fitting. Also
we suggest the use of ESC as a tool to diagnose the optimality of the CAM operation.
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2 Extremum Seeking Control

Extremum seeking control is a concept for single objective on-line optimization of dynamic
system. It is used in order to drive a dynamic plant to an optimum point of operation (max-
imization or minimization an output or an index) without knowing the value of the control
signals that achieve this operation or the value of the optimal output. The perturbation based
approach is the most commonly used [9] and is primarily based on the gradient descent op-
timization method. The controller is divided into three parts. The first is the addition of a
perturbation signal (normally a sinusoidal signal with amplitude a and angular frequency
ωp which is the common method [10] or a random signal in the stochastic ESC [11]). Next,
a gradient estimator finds the rate of change of the output y with respect to the input u (i.e.
Km = ∂y

∂u
), this can be done by different methods such as band pass filters [10] or a discrete

Extended Kalman filter which is designed for a static system and assuming the plant output
is y = f0 +Km a sin(ωp t) [12]. The third part is an integrator with gain k. The output of the
integrator is the base control signal u0, which is added to the perturbation signal to generate
the control signal u. The basic requirement for ESC is that the steady state response map
between the input and output is quasi-convex (concave) as shown in Fig. 3.

α1> 0

β1

β0

t

yss(u)

α1>0

β1

β0

t

α1≈ 0 β1 ≈0

β0

t

yu

uu*

y*

Figure 3: Input/Output steady state map

We will now briefly describe the phasor ESC algorithm. Let us consider the input to the
plant u = u0 + a sin(ωp t) and assume u0 to be almost constant during the cycle. Just to show
the relation between the phasor and the gradient, the non-linear plant is approximated into
input and output dynamics and a non linear part in the middle [13, 14], as shown in Fig
4. We assume without loss of generality that the steady state gain of the input and output
dynamics (Fi(0) and Fo(0)) both equal one, and define the frequency response of Fi and Fo

at the frequency ωp to be:

|Fi(i ωp)| = Ki , ∠Fi(i ωp) = φi

|Fo(i ωp)| = Ko , ∠Fo(i ωp) = φo

The non-linear map of the plant can be approximated using a first order Taylor series into
near the base variable u0 into ym = f0 +Km(yi − u0) where Km = ∂y

∂u

∣∣
θ0

is the gradient of the
static map. The output y will then be

y ≈ f0 + aKoKmKi sin(ωpt+ φi + φo) (1)
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oi
u yi ym y

ym=fo+ Km(yi- 0)
f( )

0

f0
Km

Figure 4: The non-linear dynamic plant approximated into linear input dynamics, non linear
static, and linear output dynamics parts

This equation can be written as

y ≈ β0 + α1 sin(ωp t) + β1 cos(ωp t) (2)

where β0 = f0, α1 = aKoKmKi cos(φi + φo), and β1 = aKoKmKi sin(φi + φo). Note that (2)
can bewritten as y ≈ β0+�{ r eiφeiωp t}where r eiφ is termed phasor, r2 = α2

1+β2
1 , tan(φ) = β1

α1
,

and � means the imaginary part. Hence we introduce the term Phasor ESC.
We can notice that α1 ∝ Km. Thus, regulating the system to its unknown optimal point

of operation u∗, at which Km = 0, is accomplished by achieving α1 = 0.
Now if we choose a larger ωp in such a way that φi + φo can not be neglected , a cosine

component will appear in the output term (i.e. β1 �= 0). It is clear that also β1 ∝ Km and the
system can be driven to its optimal point by achieving β1 = 0. For large enough delay (when
φi + φo near −π/2), the sine component in the output will vanish and thus we propose to
estimate both α1 and β1 simultaneously, and to use β1 when using a large ωp.

Fig 5 shows the idea of using the phasor (Fourier) analyzer in extremum seeking control,
keeping in mind that the sign of the integrator gain (k) when using the sine component is
opposite to the sign of the gain when using the cosine component.

Phasor
estimator

Plant Steday state Map

k/s Sinus or Cosinus 
Coeff.

asin(ωpt)

u0

u

yss(u)

u y

Figure 5: Proposed model: using the phasor instead of the gradients in extremum seeking
control

The gradient estimation problem is thus converted into a phasor estimation problem,
which has been solved using e.g. the discrete time Kalman filter [15] or the periodogram
[16]. Here, we propose to use a continuous time Kalman filter to estimate the parameters.

To derive a linear state space representation of (2), we use the state vector z = [α0, β1, α1]
T ,

and write

ż(t) = A z(t) + w(t) (3a)
y = C(t)z(t) + v(t) (3b)
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where w(t) and v(t)are white noise terms and

A =

⎡
⎣0 0 0
0 0 0
0 0 0

⎤
⎦ , C(t) =

[
1 sin(ωp t) cos(ωp t)

]

It is straightforward to show that the system is observable in the sense of [17, 18] due to
the time-varying C(t). An observer can thus be suggested in the following form:

˙̂z(t) = Aẑ(t) + L(t) (y(t)− C (t) ẑ (t)) (4)

Where L(t) is a time varying term that ensures a convergent estimator. A continuous time
Kalman filter (i.e. Kalman-Bucy filter) can be used [19], i.e.

L(t) = P (t)CT (t)R−1(t) (5)

where P (t) is the positive definite solution of the Riccati Equation:

Ṗ (t) = AP (t) + P (t)AT +Q(t)− L(t)R(t)LT (t) (6)

and Q(t) and R(t) represent the covariance of the two white noise terms w(t) and v(t), re-
spectively [20]. Here, we select Q(t) = q I and R(t) = r.

As this article is focused on the hydro power application of ESC, a detailed explanation
of the idea of phasor extremum seeking control and a lengthy proof of the stability were
omitted here and will be presented in a following publication.

3 Application of ESC

A difficulty when considering on-line CAM estimation is that the efficiency is required to be
known in real time. The efficiency of any hydro Plant is [21]:

η =
P

q ρ g h
(7)

where P is either mechanical power (Pm) or electrical power (Pe), q is the flow, ρ is the water
density, g is the acceleration due to gravity, and h is the water head. See [22] for some recent
research on on-line measurement of the efficiency of Hydro power plants.

The flow measurement [23, 24] is the major challenge when calculating the efficiency. It
is required to install special equipment to have an accurate measurement of the flow.

The slow overall dynamics of the plant is another challenge. In fact the turbine, the rotor,
and the generator dynamics are quite fast compared to the actuators dynamics.

The final challenge is the noise influence on the signal quality. This may be mitigated by
filtering, which however will add more lag to the overall system dynamics.

When considering ESC for finding the maximum efficiency, the overall lag necessitate the
use of a slow perturbation signal leading to slow convergence.

Thus, the proposed algorithm has a major advantage since we believe it can deal with
larger, unknown, and even variable phase shift for a given perturbation frequency compared
to other ESC algorithms. Moreover, to avoid excessive wear of the turbine, due to the in-
duced perturbation signal, the proposed method will not be in continuous operation and
only enabled when required to generate, correct, or diagnose the CAM.
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3.1 CAM Generation

ESC can be used to generate the data required to generate the CAM at commissioning stage.
Instead of making steps in yr which is the traditional approach, an ESC controller can find
the optimum value for yr.

A simplified block diagram of the suggested scenario is shown in Fig. 6. The controller
will start with a certain value of yw, usually the minimum operational value, an ESC con-
troller will then maximize the efficiency η. A threshold comparison will be made to find if
the ESC has converged to the optimum value of yr that will maximize η. When the gradient
estimate has stayed close to zero for a certain time period (Tdz), a trigger will be initiated to
store the readings of the current values of yw, h and the optimal yr. Then, an increment for the
value of the yw is made and the process is repeated until optimal values for a set of different
guided vane angles are found. Similar to classic CAM generation, this process is repeated at
different head values when possible.

Controller, Valve
& Servo for Wicket

Gate

Controller,Valve &
Servo for Runner

Blade

Calculate
Efficiency

η Gradient
Estimator k/s

asin(ωpt)

u0

t

Tdz

Store Readings

TurbineZero detection On Delay Count Up

Trig.h

yw

yr

Figure 6: A simplified block diagram of the proposed system

The generated data is fed to a CAMgenerator. The task of this CAMgenerator is to divide
the space of h and yw into small zones and generate smooth surfaces that fit the data of yr
within each zone using e.g. least squares estimation. Thiswill generate a number of functions
in the form yr = f i,j

CAM (h, yw) , for i = 1, 2, . . . , N, j = 1, 2, . . . ,M that can be used to calculate
the optimum value of yr for every yw.

It is worth noting that the head will not be constant during the whole run, e.g. when the
reservoir is small. This will cause a variable discharge flow, especially at low heads when
the height of the water is more sensitive to the change of the volume. Accordingly, it will not
be possible to generate the curves yr = f (yw) at different heights but only scattered points
will be generated. This will motivate the use of the CAM generator because the fitting will
eliminate the scattering problem.

3.2 CAM Correction and Diagnosis

The efficiency characteristic of a Kaplan turbine can change for many reasons, for example
aging and wear and inaccurate calibration of a replaced sensor. To maintain high efficiency,
it is required to rebuild the CAM, which is costly, since it may require stopping the plant for
several days. This may lead to a significant production loss. We suggest to correct the map
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instead of rebuilding it in order to save resources. Using the ESC, it is possible to correct the
CAM in a way to keep the plant in operation, and to use small data sets to regenerate parts
of the CAM.

Byfinding newoptimumvalues of yr during normal operation, it is possible to reconstruct
the CAM partially. This partial correction will be in the region that the data were generated,
which is then the most frequently used part of the CAM. In other words, the CAM will be
corrected in the region of interest.

The proposed procedure is that while the plant is in operation, to disconnect the cam
from operation, freeze yw, and employ the ESC to find the optimum point of operation with
the last yr as initial value. Fast convergence can be expected since the optimal yr is likely to
be near this initial value.

A weighted fitting tool is then used to modify the CAM with more weight given to the
new optimal points over older ones. An exponential function, based on a wear model of the
plant, can be used to generate the weights of the samples. The weighted least squares is a
good choice for the generation of the new corrected CAM.

Finally, ESC can be used as a CAM diagnosis tool by generating an alarm when finding a
large difference between the current CAM output and the ESC optimal point. Alternatively
the gradient estimator can be used to detect the deviation of operation from the optimal
point, since the gradient should be zero at the optimal point.

4 Simulations

Simulation is used to investigate the feasibility of the proposed ideas. The simulation setup
consists of models of a Kaplan Turbine, Generator, and a control system as shown in Fig. 2,
as well as a reservoir in the upside to simulate the effect of head variation as a result of the
turbine discharge. The Kaplan turbine and the actuator models were based on the validated
model presented in [4], with modification to achieve more realistic behavior. Firstly, the
efficiency is considered as a function yw, yr, and h, compared to [4] where h is excluded.
Secondly, Penstock head losses which are proportional to flow squared are introduced [25].

The parameters for the turbine were taken to be: water starting time Tw =1.7 seconds,
turbine characteristics head hchar=1 per unit (p.u.), and penstock per unit head losses
Constant fp=0.001. The actuators parameters were chosen as follows: distributing valve and
servomotor for wicket gate control time constants were for open T o

yW=12 seconds and for
close T c

yW=6.5 seconds, distributing valve time constant Tdv =0.05 seconds, a small backlash
and dead zone were used = 0.1%, hydraulic amplifier time constant Tha=0.1 seconds,
hydraulic amplifier gain kha=10, governor droop σ=0.04, and accelerometer gain Ka=1,
Distributing valve and servomotor for runner blades control time constants were for open
T o
yR=7.5 seconds and for close T c

yR=20 seconds, CAM mechanism time constant Tha=1/2
seconds, and CAM amplifier gain kha=10.

The rotor and generator dynamics were based on the model presented in [6], which
presents a third order non-linear model. The states of the models are δ, ω, and Pe. The per
unit damping constant D=18, the per unit inertia constant H=3, synchronous speed ws=125
rpm, per unit generator direct axis reactance Xd=1.14, per unit transmission line reactance
XL=0.1, per unit reactance of the transformer (XT )=0.1, per unit generator direct axis tran-
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sient reactance X
′
d=0.37, per unit direct axis open-circuit transient time constant Tdo=7 sec-

onds, and per unit voltage at the infinite bus Vs=1.
The maximum capacity of the reservoir was 100,000 per unit volume. The relation be-

tween the volume and the head shown in Fig. 7. A random river inflow to the reservoir was
simulated. A noise with zero mean and standard deviation of 10−4 was added to most of the

0 20 40 60 80 100
0

10

20

30

40

50

60

70

80

90

100

Volume [%]

H
ea

d 
[%

]

Figure 7: Relation between the head and the volume of the reservoir

measured signals, except the flow where the standard deviation was 2.23 · 10−3.
The ESC controller parameters were ωp =0.7 rad/s, a =0.5, k =0.5, q =0.01, and r=1. The

calculated efficiency filtered with a low pass filter to remove the high frequency noise. A
simple first order low pass filter was used to remove the frequencies above 3ωp.

In order tomake a step changes in the yw, the gradient estimate, which is β1 (of the phasor
estimator), was filtered with a first order low pass filter to attenuate the noise and to find
the mean of the signal (note that the ESC integrator is fed with the original signal without
filtering). The ESC was considered to have converged to its optimal value if the absolute
value of the filtered estimated gradient stays below 4 · 10−5 for 60 seconds. This value was
calibrated manually, and is influenced mainly by the noise and chattering in the signals. The
minimum Value for yw was 40% and 32 steps were taken until reaching the maximum (i.e.
100%). For Simplicity, The CAM is generated using weighted least square method with a
linear relation (i.e f i,j

CAM (h, yw) = p1 + p2 h+ p3 yw) for all zones.
Fig. 8 shows a complete run of the ESC based CAM generation algorithm at a certain

head, while Fig. 9 shows a part from the overall run.
Note that the convergence time of each step depends on the value of the additive noise.

This is illustrated in Fig. 9 which shows that the system reaches near the optimum value very
quickly, but because of the noise in themeasurement the systemwill take time to decide. This
can be avoided by filtering the measurements and reducing the amount of the noise, but this
has the disadvantage that the perturbation frequency needs to be reduced.

To simulate the effect of wear, the efficiency characteristic of the main system was mod-
ified by shifting up the efficiency mesh in yr by 4%. 20 correction samples were simulated
with random yw, h, and reservoir inflow. These random values were selected to be near an
operational point of the turbine, mainly between 70% and 80%.

Fig. 10 shows an example of a correction run of the ESC algorithm. The sinusoidal per-
turbation is started at time 50 seconds, while the algorithm is enabled at time =100 s. The
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Figure 8: A complete run of the ESC based CAM generation algorithm

initial condition for u0 (i.e. integrator initial condition) was chosen to be the output of the
CAM at current yw and h. Note the black color line in the efficiency drawing showing the
actual turbine efficiency, while the noisy blue is the filtered calculated efficiency, which is fed
to the extremum seeking controller.

The CAM was corrected using weighted least square with a weight 0.25 for the old sam-
ples and 1 for the new samples. Fig 11 show the corrected map. It is clear that a part of
the CAM is shifted up because of the new acquired data, while the remain parts remain
unchanged because of the absence of new optimal values.

5 Conclusion and Future Work

The simulations show a convergent behavior of the proposed phasor ESC algorithm, even
with the existence of noise. The proposed algorithm will enable the CAM to be generated
in an automated way and provide the possibility to adaptively correct it on-line which is
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Figure 9: A section from the complete run of the ESC based CAM generation algorithm

expected to enable an increase in the overall efficiency of the plant. The problems that arise
from the difficulty of calculating the efficiency can be overcome with filtering and signal
enhancement methods.

Further investigation into the application of ESC in hydro power applications can be done,
especially in micro hydro power plants where maximum power/efficiency point tracking is
possible by varying the speed of the turbine.
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Maximum power point tracking for micro hydro

power plants using extremum seeking control

Khalid Tourkey Atta, Andreas Johansson, Michel J. Cervantes, Thomas Gustafsson

Abstract: In this work, we propose using extremum seeking control (ESC) as a tool for max-
imum power point tracking in micro hydro power plants. The phasor ESC, which is based
on estimating the phasor of the plant output at the perturbation frequency, was modified
by estimating the phasors of multiple harmonics of this frequency. This modification will
improve the performance of ESC by reducing the fluctuations in control variables that may
appear in noisy environments as a result of high-amplitude perturbation signals. A test rig
was used to experimentally verify the proposed approach and to demonstrate the usability
of ESC in hydro power plants.
Keywords: Extremum Seeking Control, Maximum Power Point Tracking, Small Hydro
Power Plant, Fluctuation Reductions

1 Introduction

The generation of hydropower, a renewable energy source, represents one of the most im-
portant potential energy sources because of its reliability and effectiveness [1]. Currently,
hydropower is considered to be the main source for electrical power generation in many
countries, such as Norway and Brazil.

In hydro power plants, one objective is to achievemaximumefficiency, which can be inter-
preted as the generation of a certain amount of demanded power using the smallest possible
amount of water [2], and for this reason, many types of turbines are available for different
operating conditions (net head range and water flow rates). In micro hydro plants (less than
300 kW [3]), the plant is installed in a run-of-river manner or in a natural water fall with a
small reservoir or no reservoir, and the operating conditions are time varying.

Maximum power point tracking (MPPT) is an optimization tool used to extract the maxi-
mumpower from an energy source. For example, in photovoltaic systems, a power electronic
circuit is employed to adjust the apparent load of the cells bymanipulating the operating volt-
age of the panel such that the maximum power is harvested under different solar irradiation
and temperature conditions [3]. For wind energy, it is necessary to adjust the angular veloc-
ity of wind turbines to produce maximum power under various wind speed conditions [4].
The MPPT technique is also used in micro hydro plants to maximize the output power for
different operating conditions [5].

Extremum seeking control (ESC) is an on-line optimization tool and can be used to ef-
ficiently perform maximum power tracking because of its proven stability (locally [6] and
semi globally [7]), its capability to track rapid and different changes in plants’ conditions,
and its capability to operate in noisy environments. Many ESC approaches are based on in-
serting a sinusoidal perturbation signal to excite the plant and find the optimum. Difficulties
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will arise alongside the existence of high measurement noise, plant disturbances and plant
non-linearity, which can generally be overcome by increasing the amplitude of the perturba-
tion signal; however, this has the disadvantage of increasing the fluctuations in the control
signals.

In this work, we explore the applicability of ESC as an MPPT tool for micro hydro plants.
Furthermore, we suggest a modified phasor ESC method (which is a phasor, not a gradient-
based estimation approach) by estimating the phasors of multiple harmonics of the pertur-
bation frequency to work in a noisy and high perturbation environment. An experiment
was conducted to verify the applicability of the proposed application of the ESC in micro
hydro plants, to compare the performance of the phasor estimator with the classic gradient
estimator and to test the modified phasor ESC algorithm.

In Section 2, we introduce ESC and the proposed modification to the existing phasor
method. A general description of the control strategy in micro hydro plants and the appli-
cability of ESC are introduced in Section 3. In Section 4, the main experimental results are
presented. Finally, conclusions and future work are presented in Section 5.

2 Extremum Seeking Control

Extremum seeking control (ESC) is a single objective optimization concept for dynamic sys-
tems. It is amodel-free approach inwhich a controller is used to drive a plant to an unknown
optimal operating state (maximization or minimization of an output or an index). Many ESC
applications can be found throughout the literature; please refer to [8] for further details.

The perturbation-based approach is commonly used [9] and employs the gradient descent
optimizationmethod. The basic concept is to add a perturbation signal (typically a sinusoidal
signalwith amplitude a and angular frequencyωp [6] or a random signal in the stochastic ESC
[10]) to the plant input. Then, a gradient estimator is applied to determine the rate of change
of the output with respect to the input (i.e.,Km = ∂y

∂u
). It is possible to find the gradient using

band pass filters (BPF) [6], which is the classic method. In this approach, the plant output
is filtered with a high-pass filter (HPF); then, it is multiplied by a sin(ωp), and the result is
filtered using a low-pass filter (LPF) to obtain ξ ∝ ∂y

∂u
. A discrete extended Kalman filter was

proposed in [11] to estimate the gradient, which is designed for static systems or very fast
systems. The third part is an integrator with gain k. The output of the integrator is the base
control signal θ0, which is added to the perturbation signal to generate the control signal
θ. The fundamental requirement for ESC is that the steady-state response map between the
input and output be strictly quasi-concave (convex) (i.e., has only one maximum (minimum)
and is strictly increasing (decreasing) below and strictly decreasing (increasing) above this
maximum), as shown in Fig. 1.

Based on the the periodic behaviour of the plant output resulting from the perturbation
signal, another approach for ESC was presented in [12, 13] called the phasor ESC, in which
the gradient estimation problem is converted into a phasor estimation problem. Thus, the
phasor ESC algorithm is based on estimating the phasor of the plant output (or equivalently,
the phase and amplitude of the first harmonic in the plant output). We can classify the plant
output into three components: a constant (offset) component, a sine component, and a cosine
component.

y ≈ β0 + α1 sin(ωp t) + β1 cos(ωp t) (1)
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Figure 1: Block diagram showing input/output steady-statemap and the three basic building
blocks of the ESC controller.

Subsequently, optimal operation can be achieved through regulating the phasor (i.e., regu-
lating α1 or β1). The coefficients α1 and β1 are approximated as random walk processes [14].
We can write y(t) as the output of a linear time-varying state space system with state vector
z = [β0, α1, β1]

T , as follows
ż(t) = w(t) (2a)
y(t) = C(t)z(t) + v(t) (2b)

where w(t) and v(t) are white-noise terms and C(t) = [1, sin(ωp t), cos(ωp t)]. The system is
observable in the sense of [15]. An observer can thus be suggested in the following form:

˙̂z(t) = L(t) (y(t)− C (t) ẑ (t)) (3)
where L(t) is a time-varying term that ensures a convergent estimator. A Kalman-Bucy filter
can be used [16], i.e.,

L(t) = P (t)CT (t)R−1(t) (4)
where P (t) is the solution of the Riccati equation:

Ṗ (t) = Q(t)− L(t)R(t)LT (t) (5)
and Q(t) and R(t) represent the covariance of the two white-noise terms w(t) and v(t), re-
spectively [17]. Here, we select Q(t) = q I and R(t) = r. The Kalman gain is simplified into
a variable gain state estimator by finding a closed-form solution of the special case of the
periodic Riccati equation [12].

Eq. (1) is an approximation of the plant output, and the approximation error will depend
on the amplitude of the perturbation signal and the non-linearity of the plant. Knowing
that increasing the perturbation signal amplitude is required in some applications due to
plant non-linearity (e.g., backlash) or plant and measurement noise, the output can thus be
approximated as follows:

y ≈ β0 +
n∑

k=1

αi sin(k ωp t) + βi cos(k ωp t) (6)

where n represents the number of harmonics that will be included in the approxima-
tion. The set of equations (3)-(5) can be used to estimate the coefficients of (6) with z =
[β0, α1, β1, . . . , αn, βn]

T and C(t) = [1, sin(ωp t), cos(ωp t), . . . , sin(nωp t), cos(nωp t)]

To show the advantage in estimating the higher harmonics, a simulation example for a
Wiener model plant (i.e., LTI system followed by non-linearity) was used. The LTI part had
a transfer function 1

0.1s+1
, and the non-linearity was y(θ) = θ e(1−θ). With a = 1, ωp = 1 rad/s,

k = 0.33, q = 0.5 and r = 1, three simulations were conducted for n = 1, 2 and 3, as shown
in Fig. 2. Clearly, estimating higher harmonic phasors led to lower fluctuations in α1, which
reduced the fluctuations in θ0. Thus, increasing the number of estimated harmonics will re-
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duce the fluctuations in θ = θ0 + a sin(ωpt), which will lead to a reduction in the frequencies
that are inserted into the plant. Note that the fluctuations of θ0 can be reduced by decreas-
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Figure 2: A simulation example showing the difference between adopting the coefficient
estimation of 1, 2 and 3 harmonics.

ing the integration gain k. However, this will reduce the convergence rate and the tracking
capability when θ∗ varies with time. Furthermore, the variations in α1 can be reduced by
decreasing the value of q. This will result in a slower change in the estimated variables in
general, but it will reduce the tracking capability of the controller for fast changes in the
optimum operating states.

3 Controlling micro hydro plants and MPPT

The typical structure of a micro hydro power plant consists of a turbine as a prime mover, a
generator (permanent magnet synchronous generator (PMSG) or doubly fed induction gen-
erator (DFIG)) and an AC/DC/AC converter. The AC/DC/AC converter is adopted to iso-
late the generator from the grid, which enables the generator to operate over a wide range of
rotational speeds.

The control of the converter is divided into the generator side and grid side. The gener-
ator part controls the AC/DC part through a pulse-width modulator (PWM) that facilitates
control over the generator speed (and accordingly the turbine) by controlling the generator
current [18], which leads to the possibility of extracting maximum power from the plant.
Furthermore, to keep the generator operating close to the unity power factor point and to
reduce the harmonics that may affect the generator [19], the grid side part is responsible for
transferring the generated power to the grid in addition to reactive power control [18].

In general, the control strategy for each side contains multi-loops to achieve the required
operating objectives. On the top level of the generator side, there is the MPPT controller, and
it is possible to use ESC similar to the cases for wind turbine [20] and photovoltaic systems
[21].
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The current trends in MPPT for micro hydro plants are based on perturbation and obser-
vation (P&O), in which a small step will be made and, after waiting for the plant to settle
down, a step (increment or decrement) will be made depending on the change in the out-
put power. This method has the advantage of simplicity, but it suffers from a slow response
due to the requirement for the plant dynamics to settle down before making the next deci-
sion, oscillations around the optimum and the possibility to diverge under rapid changes in
operating conditions [22]. An additional disadvantage will appear in a noisy measurement
because it is required to introduce further signal conditioning, which will enlarge the overall
settling time and thus make the algorithm even slower.

The sinusoidal perturbation extremum seeking control has the advantage that it permits
fast convergence to the extremum on a time-scale comparable to that of the plant dynam-
ics, which is a major advantage over the numerically based methods that require the plant
dynamics to settle down before optimization [9].

To reduce the oscillation in the system, it is possible to use ESC to generate a lookup table
for the optimum turbine speed under different operating conditions, similar to the Kaplan
turbine CAM generation in [13], and it can be also used in correction and diagnosis.

4 Experimental results

The experiment was conducted at the Water Power Laboratory, Norwegian University of
Science and Technology (NTNU), Norway, in which a Francis turbine test rig was used. The
test rig model, as shown in Fig 3, is a scaled down (1:5.1) model of a prototype with a net
head of Hp = 377 m, turbine power of Pp= 110 MW, runner diameter of Dp=1.779 m, flow
rate of Qp=31 m3s−1, and specific speed of ns=0.27. The corresponding prototype turbine is
in operation at the Tokke power plant, Norway. The prototype and the model have 14 stay
vanes, 28 guide vanes, a runner with 30 blades, and an elbow-type draft tube. For further
details, see [23]. It is possible to operate the test rig in a closed-loop, where the pumps and
the pressure tank can simulate a maximum head of 100 m, or in an open-loop, where an
over-head tank and channel storage with capacity of 75 m3 can have a head of 12 m, in which
a constant water level is maintained at atmospheric pressure. The test rig has a maximum
flow rate of 1 m3/s.

The DC generator mounted in the test rig is manufactured by Siemens with a rated speed
= 1560 rpm, rated armature voltage = 420 V, rated output = 352 kW, rated torque 2150 Nm,

Figure 3: Model Francis turbine test rig installed at the Water Power Laboratory, NTNU [23]
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and rated current 890 A. The generator is connected to the grid through a Siemens SIMOREG
DC-MASTER 6RA70 DC converter.

The ESC controller was constructed using a National Instruments (NI) Compact RIO
(cRIO)-9074 chassis and using NI-9205, NI-9239 and NI-9203 data-acquisition cards and NI-
9265 for analog output. The programs were prepared in the LabVIEW environment. The
controller interacted with the DC drive over hard-wired signals. The current and the voltage
were transmitted from the DC drive into the controller over 4 − 20 mA, and the speed set
points were also transmitted from the controller to the drive over 4− 20 mA.

The speed control of the turbine was utilized through the DC drive, which included other
control, safety andprotection loops, which slow the system response. It is possible to increase
the system response by integrating the ESC controller within the drive.

The system was utilized to simulate an uncontrolled flow process in a small hydro appli-
cation in which the guide vanes were uncontrolled by the controller. The angles of the guide
vanes (GV) were adjusted manually, while the water level in the overhead tank was main-
tained constant by amechanically adjusted floater. Three different operating conditionswere
selected using GV angles equal to 4.7◦, 6.67◦ and 8.964◦. A sweep over the range of operation
was made to generate the static maps that reflect the relation between the turbine speed and
the output electrical power for each guide vane’s position, as shown in Fig. 4. These maps
were generated by slowly changing the set point of the speed by applying a ramp function.

As noted by [23], the test rig has an unstable behaviour in some regions, which cause up
to ±9.5% oscillation in the turbine output torque. Fig. 4 shows the oscillations that appear
when GV= 6.67◦ and the turbine speed is approximately 255 rpm andwhen GV= 8.964◦ and
the turbine speed is approximately 290 rpm.

4.1 Comparison between the phasor estimator and the classic BPF-

based gradient estimator

To compare the phasor estimator with the classic BPF-based gradient estimator, the GV angle
was set to = 6.67◦. Under these operating conditions, the maximum power will be obtained
at 288.2 rpm.. This angle position has an oscillatory region, as can be observed in Fig. 4. A
classic BPF gradient estimator with a first-order HPF of ωh = 0.25 rad/s and a first-order LPF
of ωl = 0.25 rad/swas used. Different sets of cut-off frequencies were tested, and the chosen
set provided the best result. Note that reducing ωl will reduce the variations in ξ but will
yield a slower tracking of the gradient, while reducing ωh will increase the amount of the
fluctuations. The phasor estimator was based on three harmonics with r = 1 and q = 0.1.

The test was conducted by increasing the turbine speed in a slow ramp manner with
the addition of a perturbation signal of 0.75 sin(t). Fig 5 shows the ξ, which represents the
gradient value estimated using the BPF approach, and α1, which represents the estimated
value of the sine component of the phasor estimator.

We can observe a better estimation behaviour of the phasor over the classic BPF gradient
estimator. Clearly, α1 provides a better indication of the current operational point relative
to the maximum, and thus, it is better to feed to the integrator. Furthermore, for the phasor
estimate, we can observe a sharper transition from positive to negative and vice versa when
crossing the maximum power speed.
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Figure 4: Steady-state maps between the speed of the turbine and the output electrical power
at three different guide vane angles. The top corresponds to 4.7◦, the middle to 6.67◦ and the
bottom to 8.964◦. The blue lines show the noisy measured values, and the black lines show
the filtered values.
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Figure 5: A comparison between the phasor estimator and the classic BPF gradient estimator.
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4.2 Phasor ESC as MPPT tool

Various experiments with different parameter sets were conducted to demonstrate the us-
ability of ESC as an MPPT tool. Under different operating conditions, the phasor ESC could
converge to the optimum turbine speedwith different convergence rates, which are primarily
related to the parameters used.

With three harmonics and at GV=4.7◦, it was possible to use a low amplitude of the per-
turbation frequency a = 0.5357 rpm, and different perturbation frequencies were also tested.
Fig. 6 presents an experimental run with ωp = 0.5 rad/s, k = 4, r = 1 and q = 0.1. Note
that in the top two sub figures of Fig. 6, we plot the speed over the contour plot for the static
map, where red represents a higher power and blue represents a lower power. Clearly, the
convergence time is large; this is primarily due to the large overall time constant of the plant
due to the loops inside the DC drive and due to the small amplitude and frequency used in
this experiment.
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Figure 6: A run with three harmonics and GV=4.7◦ but with a low perturbation frequency
and low amplitude in a non-oscillatory area

Other tests were conducted at GV=6.67◦, which has an oscillatory behaviour when the
turbine speed is approximately 250 rpm. Fig. 7 shows the run with three harmonics and
a = 0.75 rpm, ωp = 1 rad/s, k = 6 r = 1 and q = 0.1. The convergence was faster compared to
the run at GV= 4.7◦ due to the larger values used for the perturbation frequency, perturbation
amplitude and the gain of the integrator. Note that it is likely possible to achieve quicker
convergence by using a higher frequency, but due to the limitations in the controller and the
DC drive, this could not be tested.

The third group of tests were performed at GV=8.964◦. This operational point represents
an interesting area due to the oscillatory behaviour of the turbine near the maximum power
point, as shown in Fig. 4. The parameters of the ESC controller were selected to be a = 0.75
rpm, ωp = 1 rad/s, k = 6 r = 1 and q = 0.1, and two experiments were conducted with three
harmonics and one harmonic, as shown in Fig. 8 and Fig. 9, respectively.

Note that the transient performance in both cases was similar but at steady state the case
with three harmonics showed less variations than the case with one harmonic. Knowing that



G

4. Experimental results 189

Tu
rb

in
e 

S
pe

ed
 [r

pm
]

time [s]
0 50 100 150

260

280

300

320

340

360

0 50 100 150
11.5

12

12.5

13

13.5

14

14.5

E
le

ct
ric

al
 P

ow
er

 [k
W

]

time [s]

Tu
rb

in
e 

S
pe

ed
 [r

pm
]

time [s]
0 50 100 150

260

280

300

320

340

360

0 50 100 150
11.5

12

12.5

13

13.5

14

14.5

E
le

ct
ric

al
 P

ow
er

 [k
W

]

time [s]

Figure 7: Run with three harmonics at GV=6.67◦. Note that the lower starting point is in an
oscillatory region.
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Figure 8: Run with three harmonics at GV=8.964◦. The maximum power point is inside an
oscillatory region

the optimum turbine speed is 304 rpm, the mean square error (MSE) and variances σ2 of θ0
was calculated for the two cases, as shown in 1. The MSE and the variances were calculated
for the last 100 seconds of each run. It is clear that MSE and σ2 were reduced when using the
three harmonics.

4.3 Influence of the q/r ratio on the controller.

One of the factors that control the behaviour of any random walk process is the selection of
the covariance matrices of the process noise and measurement noise. Through the use of
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Figure 9: Run with one harmonic at GV=8.964◦.

Table 1: Comparison of θ0 variance and MSE for different number of harmonics

Run type Start below optimum Start above optimum

σ2 MSE σ2 MSE
Three harmonics 2.6165 3.4857 3.0098 3.1163
One harmonic 5.0205 6.8299 4.3655 6.2340

three harmonics and by setting GV=8.964◦, a = 0.75 rpm, ωp = 1 rad/s, k = 5 and r = 1,
two experiments were performed with q = 0.1 and q = 1, as shown in Fig. 10 and Fig. 11,
respectively. The selected operating region has an oscillation around the maximum power
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Figure 10: Run with three harmonics at GV=8.964◦ with q
r
= 0.1

point, which leads to some disturbances when reaching the optimum. As noted in [12], the
main factor that affects the operation is the ratio q

r
, in which a large value will increase the
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Figure 11: Run with three harmonics at GV=8.964◦ and q
r
= 1

rate of changes in the estimated values of the phasor, leading to more variations to be fed to
the integrator. Consequently, more variations in θ0 will appear. Table 2 shows the θ0 MSE
and σ2, which indicates a large reduction with a smaller q

r
ratio.

Table 2: θ0 variances and MSE for q
r
ratio comparison test

Run type Start below optimum Start above optimum

σ2 MSE σ2 MSE
q
r
= 0.1 3.6290 4.2924 1.8631 4.6204

q
r
= 1 9.8134 10.8112 3.5801 7.1229

5 Conclusion and Future Work

The results from the experiments demonstrate the possibility of using ESC as an MPPT opti-
mizer in micro hydro power plants. Furthermore, the experimental results demonstrate the
capability of using ESC in noisy and even oscillatory operating conditions. Additionally, the
comparison with the classic BPF ESC shows an improved response and more resistance to
noise under the same perturbation signal.

The applicability of the proposedwork to a real plant in addition to controlling the turbine
blades of a Kaplan turbine can be investigated in future work. Reducing the system response
time will be a considerable achievement.
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