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SUMMARY

This thesis deals with the plastic behaviour of steel. The study comprises an investigation with 
focus on experimental tests and constitutive modelling. An extensive test programme 
including biaxial stress states have been carried out on three different materials. The, at Steel 
Structures, earlier developed constitutive model have been applied and compared to the test 
results.

Tests were performed on one stainless steel grade in two different strength classes, C700 and 
C850, as well as one extra high strength structural steel grade. An earlier developed concept 
for biaxial testing of cross-shaped specimens was utilised. However, there was a demand for 
new specimen designs to make the testing of the extra high strength steel possible. The concept 
enables testing in the full σ1 - σ2 principal stress plane, i.e. also in compression, through the 
use of support plates that prevent out-of plane buckling. A comprehensive test programme 
including an initial and one subsequent loading in a new direction in the principal stress plane 
for each specimen was carried out. This provides data for stress-strain curves in two steps as 
well as stress points describing initial and subsequent yield criteria. The Bauschinger effect, 
i.e. a significant reduction of strength in the direction opposite the initial loading direction, was 
evident for all grades. Furthermore, the behaviour in subsequent loadings was found to be 
direction dependent and the transition from elastic to plastic state was observed as gradual. The 
initial yield criterion for the lower strength stainless steel was found almost isotropic while the 
C850 stainless steel was clearly anisotropic due to cold working procedure. The extra high 
strength steel also had an initially anisotropic behaviour.

The choice of constitutive model is very important, especially if non-monotonic load cases are 
considered. Furthermore, the constitutive model should be able to catch the phenomenological 
observations of the mechanical response of the material, even though it is subjected to an 
initial loading producing plastic strains. As a consequence of this, the constitutive model has to 
be able to take into account; the initial anisotropy, the distortional hardening to describe the 
direction dependence with respect to subsequent loadings and enable a gradual and direction 
dependent reduction of the plastic modulus. A constitutive model with these features was 
earlier developed at Steel Structures, LTU, and proposed for annealed stainless steels. 
Moreover, the applied constitutive model is a two surface model utilising the concept of 
distortional hardening. The model was found to be applicable to the steels tested in this study 
as well. Comparisons between simulations and test results showed good agreement in general 
both considering the subsequent yield surface and the stress-strain response. However, some 
discrepancies were found when modelling the extra high strength steel. Though, compared to 
simpler models, the applied model clearly improves the agreement with experimental tests.
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NOTATIONS AND SYMBOLS

A, B, C constants

anisotropic tensor, distortion tensor

scalar function

gross cross sectional area

b0 initial distortion vector

c material constant

c parameter for uniaxial curve description

d exponent for modifying the plastic modulus

distortion tensor

E Young’s modulus

initial Young’s modulus

tangent modulus at 0.2% proof stress

active surface

elastic limit surface scalar potential function

memory surface scalar potential function

force

surface defined by intersection between = constant and F

g plastic potential

h new plastic modulus

generalized plastic modulus

uniaxial plastic modulus

Aijkl

A

Agr

dij

E0

E0.2

fi

fe

fm

Fi

Fi γ

hp

Hp
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H plastic modulus

modified plastic modulus

uniaxial plastic modulus at the onset of subsequent yielding

lower limit of the uniaxial plastic modulus

isotropic tensor

second deviatoric stress invariant

hardening parameter tensor

m strain hardening exponent in the second part of the uniaxial stress-strain 
curve

M parameter describing the relation between isotropic and kinematic hardening 
for a mixed hardening rule

n strain hardening exponent

normalised outward normal to memory and elastic limit surface

stress ratio

proof stress

ultimate stress

deviatoric stress tensor

reduced deviatoric stress tensor

back stress tensor

initial back stress tensor

deviatoric part of the back stress tensor

kronecker delta

plastic strain tensor

effective plastic strain

Hp
∗

Hp
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Iijkl

J2

Kα

n̂ij
m n̂ij
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Rm
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strain

total ultimate strain

plastic strain component j from row i in the data file

change of plastic strain component j from row i-1 to row i in the data file

elastic strain vector

plastic strain vector

membership degree

hardening parameter

scalar plastic multiplier

effective stress

reduced stress tensor

reduced effective stress, size of yield surface

stress

conjugate stress point

stress point on the memory surface

size of memory surface

0.2% proof stress

stress

stress tensor

size of initial yield surface

stress space

positive scalar multiplier

correction function for area

angle in the stress plane

ε

εu

εj
p( )i

∆εj
p( )i

εe

εp

γ

κ

dλ

σe

σij

σe

σi

σij
∗

σij
m

σm
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scalar coefficient for distortion

angle in deviatoric plane

ψ

θt
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1 INTRODUCTION

1.1 Background

In the area of civil engineering designers develop lots of new and more economical structural 
solutions during their work. For example more optimized structural elements and joints often 
developed by means of advanced computer programs, such as finite element (FE) programs. 
On the other hand the material suppliers, in this case the steel producers, are developing new 
steel grades. Within their line of business the general improvements, at least those interesting 
from a structural point of view, lies in the enhancement of the strength and the quality level. 
The strength enhancement can be achieved by different methods, e.g. strain hardening or 
quenching. However, the material property of new higher strength steels needs to be 
investigated before they can be used in structural applications.

Extra high strength steels are not widely used for civil engineering purposes. However, in other 
business like the car or the crane industry the use of high strength steels are more widely 
spread. The obvious advantage of this kind of material is the possible weight reduction of 
components, compared to for example ordinary strength structural steel, due to the increased 
strength. In 2002 a project called LIFTHIGH, “Efficient Lifting Equipment with Extra High 
Strength Steel”, started. The project runs for three years and is funded by the Research Fund 
for Coal and Steel (RFCS). The main objectives is to obtain a better utilization of extra high 
strength steels and thereby expand the limits for structural steels available for crane 
manufacturers as well as other applications.

Design of steel structures within the civil engineering area should be made in accordance with 
the european design code, Eurocode 3. However, Eurocode 3 are limited to steels with a yield 
strength up to 460 MPa but a working group headed by professor Johansson, Luleå University 
of Technology, are working for an increased limit to 690 MPa. In civil engineering one 
interesting area for utilization of high strength steels is in bridges where hybrid steel girders are 
quite common. A hybrid steel girder is a welded girder with different steel grades in flanges 
and web. It is normal to use S690 or S460 in the flanges and S355 in the web, which gives a 
more economic and high performing girder. Recently Veljkovic and Johansson (2004) 
published design guidance for hybrid steel girders. Examples of Swedish bridges built with 
hybrid steel girders can be found in Collin and Lundmark (2002).

An other example of work within this field is the study on plate buckling of high strength steels 
that have been carried out by Clarin (2004). The study included an extensive series of 48 
experimental tests on welded stub columns. Furthermore, Clarin found that the reduction curve 
regarding local buckling, the well-known Winter curve, did not fit to the results and hence a 
new curve needs to be established.
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The use of stainless steel in structural applications is increasing due to its desirable properties; 
durability, strength and attractive appearance. An annealed austenitic stainless steel is 
characterized by isotropic behaviour, high ductility and relatively low yield stress. By strain 
hardening, stretching or cold working, it is possible to increase the strength of the material 
meanwhile the ductility is decreasing. This is of course interesting from a structural 
engineering point of view, especially the strength enhancement implying a more economic 
design as less material can be used. However, an anisotropic behaviour can be introduced 
during the strain hardening process, which is important to be aware of. To be able to further 
utilize the strength enhancement from strain hardening, a research project funded by the RFCS 
was started to investigate the behaviour of both materials as well as members of cold worked 
stainless steel. The project is called “Structural Design of Cold Worked Austenitic Stainless 
Steel” and was finalized in 2004. The main objective with the project was to establish design 
rules, i.e. improvements of the ENV 1993-1-4 (1996) if necessary, for the cold worked 
stainless steel grades.

Gozzi et al. (2004a) presented a study concerning cold-formed profiles made of cold worked 
stainless steels subjected to bending and concentrated forces. It was concluded that with some 
minor improvements the prEN 1993-1-4 (2004) could be used for design of structural elements 
made of cold worked, or high strength, stainless steels.

Still, not only the structural phenomenon needs to be studied. Also the mechanical properties 
of the materials are of great importance. Ordinary uniaxial coupon tests is the most common 
way to investigate this but the information from those is somewhat limited. There is definitely 
a demand for investigations of the properties in compression as well.

In general, at least in the field of civil engineering, it is common to assume that steel is 
isotropic. Now, that is not true, at least not for all steel grades. Steel is a material that in some 
cases might be treated as isotropic but the user must be aware of the fact that many steel grades 
have an anisotropic behaviour. It gets even more complicated when non-monotonic loadings, 
i.e. loadings including stress reversals, are considered. For such cases there is a complete 
change of the material behaviour when reloaded. For example in the direction opposite to the 
initial loading a evident strength reduction is present, i.e. the Bauschinger effect. This kind of 
feature must be included in such situations to enable a reasonable estimation of the behaviour. 
A thorough investigation within this area for three different steel grades, two stainless steels 
and one extra high strength steel, is presented in this thesis. 

Today, numerical modelling or more specifically FE-modelling is a very common tool for 
structural design. The rapid development of powerful software and fast computers are factors 
that have made modelling more common and useful. The main advantage of modelling is the 
cost effectiveness compared to conventional testing. It is very common to perform a small 
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number of tests to verify the FE-results against and then to perform parameter studies of 
interesting parameters by means of FE-analyses. Furthermore, when using numerical methods 
it is important to use a constitutive model that can reflect the mechanical response of the 
material modelled. In the standard FE-programs only simple constitutive models are 
implemented and that could result in non-reliable results. However, for monotonic load cases a 
simple von Mises criterion together with isotropic hardening works well in general. For more 
general and complicated stress states, including stress reversals, an isotropic hardening model 
will most likely overestimate the capacity or resistance, which can cause severe problems.

Axhag (1998) investigated the plastic resistance of slender steel girders and found that a 
material model with kinematic hardening could not model the behaviour. The main reason for 
this is that Axhag found stress reversals that occurred in the compressed flange and due to this 
it can be concluded that for such cases when stress reversals occur ordinary simple material 
models cannot be used to predict the overall behaviour.

During the last ten years extensive work in the field of constitutive modelling have been 
carried out at Steel Structures, Luleå University of Technology. It started with an investigations 
of the plastic behaviour of structural steel by Möller (1992) and Granlund (1997) and 
continued with stainless steels by Olsson (2001). The corner stone when formulating a 
constitutive model capable of reflecting the actual material behaviour is a solid foundation of 
experimental test data. Granlund developed a test rig for this purpose with the feature of testing 
flat specimens, i.e. the material is tested in its delivery state, in the full principal stress plane, 
σ1 - σ2. Both Olsson and the author of this thesis have used the same concept. By means of the 
test data, Granlund formulated a constitutive model capable of reflecting the in tests observed 
phenomena. This constitutive model was later refined by Olsson.

Now the journey begins. The reader of this thesis will travel through a world of experimental 
tests and constitutive models focused upon the mechanical response of steel, both stainless and 
high strength. Where are we standing today and what can we do tomorrow? Such questions 
might hopefully be answered during the way.
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1.2 Scope and limitations

The scope of the work presented in this thesis was:

• To verify the applicability of the biaxial testing concept developed at Steel Structures, 
Luleå University of Technology, on cold worked stainless steel and extra high 
strength steel.

• To conduct biaxial tests on two stainless steel grades and one extra high strength steel 
grade to obtain test results describing the mechanical response of the materials in 
biaxial stress states including an initial and one subsequent loading in the principal 
stress plane.

• To investigate whether the constitutive model presented earlier by Olsson (2001) can 
be used to describe the observed phenomenological behaviour of the tested materials 
and to establish the necessary model parameters.

The following limitations was imposed on the work:

• Three different steel grades were considered; the stainless steels EN 1.4318 in two 
different strength classes, C700 and C850, and the extra high strength steel Weldox 
1100.

• Effects of strain rate variations and other time depending phenomena were not taken 
into account in the test evaluation.

To the best of the authors knowledge the features that are original in this thesis are:

• The experimental results from the biaxial tests on the steel grades considered.

• The new specimen designs considering the extra high strength steel.

• The establishment of functions determining the stress in the gauge area of the 
specimens.

• The verification of the biaxial testing concept as applicable to the steel grades 
considered.

• The model parameters for application of the constitutive model on the steel grades 
considered.



Outline and content

5

1.3 Outline and content

The introductory section has presented a background to the work, a material review and scope 
and limitations of the work presented in this study. Section 2 contains a review of earlier work 
in the same area as the content of this thesis. 

Section 3 and 4 are the central parts of the thesis. In section 3 the biaxial testing concept is 
thoroughly described. Furthermore, the development of new specimen designs, the evaluation 
procedure and typical test results can be found in section 3. Section 4 presents a brief 
description of the applied constitutive model and the model parameters. A comparison 
between test results and model predictions can also be found in section 4 together with a 
discussion on improvements and future work concerning the applied constitutive model. This 
is followed by section 5, in which a general discussion and the conclusions from the work are 
presented.

All test results considering the uniaxial tests can be found in APPENDIX A. Furthermore, the 
test results from the biaxial tests on the stainless steel grades are displayed in APPENDIX B 
meanwhile all biaxial test results for the extra high strength steel can be found in appended 
Paper I.

1.3.1 Appended papers

Paper I “Experimental investigation of the behaviour of extra high strength steel -
Development of new specimen designs and biaxial testing-” by Jonas Gozzi, Anders Olsson 
and Ove Lagerqvist was submitted for publication in Experimental Mechanics in November 
2004. Jonas Gozzi’s contribution to the paper was development of the new specimen designs, 
planning and performance the experimental work, evaluation of the test data and writing the 
manuscript for the paper together with the other authors. In this paper, the test results from 
biaxial tests including stress reversals are presented and the phenomenological observations 
are discussed.

Paper II “A constitutive model for steel subjected to non-monotonic loadings” by Anders 
Olsson, Jonas Gozzi and Ove Lagerqvist was submitted for publication in International 
Journal of Plasticity in November 2004. Jonas Gozzi’s contribution to the paper was the 
experimental tests on the high strength steel, performance of modelling and review of the 
manuscript. The paper addresses constitutive modelling of steel subjected to non-monotonic 
loadings including one initial and one subsequent loading. A constitutive model capable of 
reflecting the features found from biaxial tests on three stainless steel grades and one high 
strength steel grade is presented.
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2 REVIEW OF EARLIER WORK

2.1 General

This thesis deals with experimental methods and modelling of the plastic behaviour of steel. 
Today it is very common to perform numerical analyses, e.g. finite element simulations, as a 
complement to, or instead of, experimental tests, mainly because testing is expensive and time 
consuming. To get reliable results from such analyses it is of utmost importance that the 
material behaviour is modelled in a reasonable way. The method of modelling the linear elastic 
behaviour of metals is well established, but when it comes to the plastic behaviour it becomes 
more complicated and several different models exist. The models implemented in general 
finite element programs are in general very simple but works well as long as simple load cases 
are considered. However, for more complicated loadings, including stress reversals, the 
simpler models can not depict the mechanical response of the material.

In section 2.2 below, different experimental methods utilised in the research field of metal 
plasticity are discussed. Since this study focuses on load cases with one or two loading cycles, 
both causing plastic strains, the focus of this review is on the same area. Results from such 
tests are often used as a foundation for constitutive models, i.e. models that describe the 
relation between stresses and strains in a material. Section 2.3 describes the fundamentals in 
constitutive modelling and a brief discussion on different models found in the literature is 
presented.

2.2 Experimental work

Experimental work considering metal plasticity are mainly concerned with two types of tests; 
uniaxial and biaxial. Several researchers, for example Ikegami (1975a), (1975b), Michno and 
Findley (1976) and Phillips (1986) have published historical reviews of the experimental work 
within the area of metal plasticity. Considering tests including stress reversals, the simplest 
method for testing flat specimens in two cycles are to pre-strain large specimens from which 
smaller specimens are cut and subjected to subsequent loading, i.e. tension or compression. 
This method has been utilised by many researchers, see e.g. Ikegami (1975a) and Möller 
(1993). Besides this relatively simple method there are two main categories of specimens for 
biaxial testing, namely thin-walled tubular specimens and flat cross-shaped specimens. The 
following is a review of different techniques of biaxial testing.
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2.2.1 Tubular specimens

The most common method for biaxial testing is to subject thin-walled tubular specimens to a 
combination of shear and tension or compression. This is an often used method due to its 
simplicity and the well defined stress state in the specimen. The method has been used by 
several researchers in the area of cyclic plasticity, see e.g Shiratori et al. (1979), Niitsu and 
Ikegami (1985), Ellyin et al. (1993), Ishikawa (1997). There are however a drawback with this 
concept. The manufacturing process of the specimen introduces plastic deformations and 
residual stresses unless its annealed, i.e. it is in general not a test of the virgin material but a 
component test.

2.2.2 Flat specimens

The other method is to perform tests on flat specimens in the principal stress plane . 
The obvious advantage compared to tubular specimens is the possibility to test the material in 
its most common delivery state, i.e. flat sheets. The most frequently used flat specimen design 
is the cross-shaped specimen, but also circular specimens have been used. In this study flat 
cross-shaped specimens have been used and hence, this review will focus on this type. 

It is of great importance to obtain a strain distribution in the gauge area, generally in the middle 
of the specimen, as uniform as possible. Thus, the specimen design is very important to 
consider in great detail. The main problem with the use of a cross-shaped specimen is to 
determine the actual stress in the specimen from the applied force.

Shiratori and Ikegami (1967) introduced a biaxial testing concept with a flat cross-shaped 
specimen for testing in tension. The specimen was designed with emphasis on finding a centre 
region with as large area of homogeneous strains as possible. In Figure 2.1 the most suitable 
design is shown. The same concept was used also in a later study by Shiratori and Ikegami 
(1968) for investigation of the subsequent yield surface in the first quadrant in the principal 
stress plane, i.e. the tensile quadrant.

σ1 σ2–
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Figure 2.1 The flat cross-shaped specimen for biaxial tensile tests by Shiratori and Ikegami 
(1967).

Biaxial tests on cross-shaped flat specimens were also conducted by Kreißig and Schindler 
(1986). By means of a variable force along the specimen edges an almost homogenous strain 
distribution in the middle of the specimen was obtained. The specimen by Kreißig and 
Schindler is pictured in Figure 2.2. The results from an ordinary tensile test was compared to 
the corresponding loading of the cross-shaped specimen in order to find the equivalent cross-
section area that was used for calculating the stresses in the specimen. After pre-straining, to 
between 2 and 6% of plastic strain, in the first quadrant in the  plane, coupons were cut 
from the specimens. The new coupons were subsequently loaded in both tension and 
compression to find the subsequent yield criterion for different pre-loading paths. They found 
that the subsequent behaviour reflect a significantly reduced strength in loadings opposite the 
initial, i.e. the Bauschinger effect, and also an increased strength in directions perpendicular to 
the initial, i.e. a cross effect.

σ1 σ2–
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Figure 2.2 The flat cross-shaped specimen proposed by Kreißig and Schindler (1986).

Makinde et al. (1992) presented a four actuator testing machine, according to Figure 2.3, for 
testing of cross-shaped specimens. The stress and strain distribution in the specimen during the 
test was determined by means of an evaluation scheme formulated by calculations according to 
the finite element method. Green et al. (2004) used the concept developed by Makinde et al. to 
study the biaxial behaviour of an aluminium sheet alloy. Green et al. used the finite element 
method to determine the stresses in the specimen from the measured forces and strains. The 
measured forces and strains were compared to the forces and strains from the finite element 
analyses and as they coincide it was assumed that the stresses from FE are the same as the 
stresses in the specimen.
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Figure 2.3 Four actuator testing concept and specimen according to Makinde et al. (1992).

Boehler et al. (1994) presented a screw driven biaxial testing rig with four actuators, according 
to Figure 2.4. The cross-shaped specimen used, also Figure 2.4, was optimized for tensile 
loading by means of finite element calculations. The aim was to find a homogenous stress and 
strain distribution and that initial yielding occur in the centre part of the specimen, according to 
Demmerle and Boehler (1993).

Figure 2.4 Screw driven test rig and optimized cross-shaped specimen, Boehler et al. 
(1994).

Granlund (1995) and (1997) presented a concept with support plates enabling tests in the full 
 plane, i.e. also in compression, for testing of structural steel. The concept by Granlund 

was later utilized by Olsson (2001) for testing of stainless steel. The method by Granlund is 
σ1 σ2–
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thoroughly presented in section 3.3. The specimen used in those studies have a uniform 
thickness unlike most of the other proposed specimens. This is with one exception, Granlund 
had to either change the shape of his specimen or mill the centre part when testing the high 
strength steel Domex 690 and he did choose to reduce the thickness. The advantage of using a 
uniform thickness is; the simpler manufacturing process and that the thickness is easier to 
determine compared to a specimen with a milled centre part.

Albertini et al. (1996) presented a testing apparatus together with a cross-shaped specimen for 
biaxial testing of aluminium in tension, pictured in Figure 2.5. The testing apparatus is driven 
by an electric motor, moving a plate that push the four lever arms in two directions. Equal or 
two different strain rates are possible to achieve along two directions. The forces in the arms 
were measured through strain gauges attached to the arms of the specimen. In the centre area 
strains were measured by means of a strain gauge on one side and an optical grid on the other. 
The results showed that the biaxial stress state decreased the ductility compared to an ordinary 
uniaxial tension test. The same concept was also used by Lademo (1999) for biaxial tests of an 
aluminium grade.

Figure 2.5 Biaxial testing apparatus and cross-shaped specimen according to Albertini et 
al. (1996).
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2.3 Constitutive modelling

2.3.1 General

Constitutive modelling of steel mainly focuses on plastic constitutive relations since material 
models for linear-elastic materials have been well established, i.e. Hooke’s law. In the 
mathematical theory of plasticity it is assumed that the material, in this case steel, can be 
treated as a continuum. This means that discrete dislocations in the material are disregarded. 
To describe the behaviour of a continuum under deformation a set of balance equations are 
needed. There are equilibrium equations between forces and stresses and the equations of 
compatibility between displacements and strains. The problem is that the unknown number of 
variables exceeds the number of equations. In order to solve this problem a number of 
material-dependent equations are needed, called the constitutive equations. Once the 
constitutive equations for a material is established the solution of a continuum mechanics 
problem can be formulated, which is schematically shown in Figure 2.6. The formulation of 
these constitutive equations is called constitutive modelling.

Figure 2.6 Formulation of a continuum mechanics problem.

There are two main groups within the mathematical theory of plasticity; the deformation 
theory of plasticity and the incremental theory of plasticity. In the deformation theory of 
plasticity it is assumed that the strain state is uniquely determined by the stress state itself as 
long as the plastic deformation continues. An assumption that will result in problems for non-
proportional loadings. In Figure 2.7 an uniaxial loading to point B and unloading to point C is 
shown. The strain ε* corresponds to both the stress σA and σC and hence there is no unique 
stress state corresponding to the strain ε*, i.e. the deformation theory of plasticity is not valid 
for non-proportional loading path, see e.g. Chen and Han (1988). When considering the 
incremental theory of plasticity, the stress state for a given strain state is obtained by 
integration of the incremental constitutive relations and the result of this integration will 

External
forces

Stresses Strains

Displacements
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depend on the integration path, i.e. the loading history. Therefore, it is possible to describe the 
behaviour illustrated in Figure 2.7 using the incremental theory of plasticity.

Figure 2.7 Non-proportional uniaxial loading.

The incremental theory of plasticity rests on the assumption that hydrostatic stress does not 
affect yielding of a metal and that plastic deformation takes place under constant volume. The 
assumption that the yield criterion is independent of the hydrostatic stress means that the yield 
criterion, considering a von Mises criterion, represents a cylindrical surface in the principal 
stress space with the meridians being parallel with the hydrostatic axis. 

A simple model, e.g. an isotropic hardening von Mises criterion, consists of a yield criterion 
defining the elastic limit, a loading criterion to determine if plastic flow occur, a flow rule to 
determine the plastic flow and a hardening rule governing the evolution of the yield criterion.

2.3.1.1 The yield criterion

The yield surface defines the elastic region of a material under different states of stress. When 
the stress point is situated within this surface, only elastic strains are produced. When the stress 
point is situated on the yield surface Equation (2.1) is satisfied and plastic strains are produced. 
The elastic limit in a simple uniaxial tension test is the yield stress, σ0. In general, the elastic 
limit is a function of the stress state, σij and hence, a general yield criterion can be expressed as

(2.1)

where κ is a hardening parameter. Common initial yield criteria for metals are the von Mises 
(1913), or Huber-von Mises1, and the Tresca (1864)2 yield criteria. Both pictured in the σ1 - σ2 
stress plane in Figure 2.8. The use of the Tresca yield criterion do however cause problems due 
to singularities at the corners resulting in a non-unique solution of the direction of the plastic 

1. Proposed independently by Huber and von Mises.
2. Known to the author through e.g. Hill (1950).

ε* ε
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strain increment. This is not the case for the von Mises yield criterion which makes it 
advantageous to use.

Figure 2.8 The von Mises and Tresca yield criterion in the σ1 - σ2 plane.

The von Mises yield criterion can be written as

(2.2)

where σij is the stress tensor, σ0 is the initial yield stress and sij is the deviatoric stress tensor 
according to

(2.3)

Equation (2.2) implies that yielding is unaffected by the hydrostatic stress and that it occurs 
when the second deviatoric stress invariant, J2, reaches a limit, i.e.

(2.4)

The square root of the first term in Equation (2.2) is commonly referred to as the von Mises 
effective stress

(2.5)

2.3.1.2 Plastic flow

The incremental theory of plasticity for a strain hardening material rests on the existence of a 
plastic potential function  governing the direction of the plastic strain increment through 
a flow rule according to

Tresca yield surface
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(2.6)

where dλ is a scalar multiplier which is non-zero when the loading condition is fulfilled, i.e 
when plastic deformation occur. It was shown by Drucker (1951) that for a work hardening 
material the strain increment is normal to the loading surface and hence, g = f. This means that 
the plastic potential and the yield surface are the same and this is called the associated flow 
rule, which reads

(2.7)

As Equation (2.7) only gives the direction of the incremental plastic strain, the scalar 
multiplier, dλ, is needed to determine the magnitude. From Druckers stability postulate, the 
scalar multiplier that is proportional to the scalar product of the stress increment and the 
gradient of the yield surface, can be obtained as

(2.8)

where hp is the generalized plastic modulus. Considering an isotropic hardening von Mises 
material it can be obtained  and , which results in a plastic flow that can 
be expressed as

(2.9)

in which Hp is the uniaxial plastic modulus.

2.3.1.3 The hardening rule

If a strain hardening material is subjected to plastic loading the size of the yield surface will 
change. This change is called the hardening and the rule governing the change of the yield 
surface due to plastic loading is called the hardening rule. In general the yield surface can be 
expressed as

(2.10)

with the hardening parameters Kα, α = 1,2,..., that characterize the manner in which the current 
yield surface changes its size, shape and position with plastic loading. Initially and during 
elastic loading the hardening parameters, Kα = 0, i.e. it follows that

(2.11)
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Equation (2.10) describes how the size, shape and position of the yield surface changes 
through the hardening parameters and how this occurs is given by a hardening rule. Examples 
of hardening rules are isotropic hardening, kinematic hardening, mixed hardening and 
distortional hardening. This will be further described in section 2.3.2.

2.3.2 Single surface models

Single surface models are the simplest type of models and only considers the change of the 
yield surface. The loading surface is the subsequent yield surface, which defines the boundary 
of the current elastic region. As the stress point moves to the boundary of the elastic region and 
expands the yield surface plastic strains are produced together with a configuration change of 
the current loading surface. The rule for this configuration change, is called the hardening rule 
as mentioned before. In general the loading surface is a function of the current stress state and 
can be expressed as in Equation (2.10) where Kα are the hardening parameters that varies with 
plastic loading.

2.3.2.1 Isotropic hardening

The simplest hardening rule is the isotropic hardening rule, proposed by Hill (1950) among 
others, where the subsequent yield criteria is an expanded version of the initial one with the 
same shape and position, as shown in Figure 2.9. 

Figure 2.9 Initial and subsequent yield surface according to isotropic hardening.

The main advantage with the isotropic hardening rule is that it is very simple to use, there is 
only one scalar internal variable to keep track of. For isotropic hardening the loading surface 
can be written as

(2.12)

Initial yield surface

Subsequent yield surface
(loading surface)

σij

n

f σij Kα,( ) F σij( ) K– 0= =
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with the single hardening parameter, K. Assuming isotropic hardening combined with the von 
Mises yield criterion Equation (2.2) turns into

(2.13)

where the size of σe corresponds to the size of the yield surface. The isotropic hardening rule is 
usually combined with an assumption of the plastic modulus being a function of the 
accumulated effective plastic strain

(2.14)

with

(2.15)

2.3.2.2 Kinematic hardening

There is one major drawback when using the isotropic hardening rule. Non-monotonic 
loadings including stress reversals and phenomenon as the Bauschinger effect, i.e. reduced 
strength in subsequent loadings opposite the initial, Bauschinger (1881), can not be depicted 
with the isotropic hardening rule. The kinematic hardening rule proposed by Prager and 
Providence (1956) and later modified by Ziegler (1959) was developed to be able to catch the 
non-monotonic behaviour. In the kinematic hardening rule, the initial yield criterion is allowed 
to translate, i.e. change position but not size and shape, illustrated in Figure 2.10.

Figure 2.10 Initial and subsequent yield surface according to the kinematic hardening.

In general Equation (2.10) can be rewritten as
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to describe the kinematic hardening. αij is the tensor, often called the back-stress tensor, that 
describe the current position of the center of the yield surface. Considering the von Mises yield 
criterion in the deviatoric stress space it can be obtained

(2.17)

in which σ0 is the initial uniaxial yield stress and  is the deviatoric part of 
the back-stress tensor, αij. The difference between Prager and Ziegler is that Prager assumed 
that the translation of the yield surface depended linearly on the plastic strain increment 
according to

(2.18)

where c is a constant, characterizing the material. With an associated flow the translation 
becomes parallel to the normal to the yield surface in the stress point. 

Ziegler on the other hand proposed the translation to be parallel to the reduced stress tensor 
, which can be written as

(2.19)

where dµ is a positive scalar that depends on the material and strain history. The main 
disadvantage with the proposal by Prager is that if a stress space is considered, that is not in the 
full 9-dimensional stress space, it is not consistent. However, for a von Mises hardening 
material, and considering the full stress space, the two different proposals will predict the same 
response.

2.3.2.3 Mixed hardening rule

The mixed hardening rule is, as the name indicates, a mixture between the isotropic and the 
kinematic hardening rule. The concept was introduced by Hodge (1957) and the idea is to keep 
the shape of the yield surface fixed whereas the size and position change with plastic loading, 
see Figure 2.11.
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Figure 2.11 Initial and subsequent yield surface according to mixed hardening.

Equation (2.10) can be rewritten as

(2.20)

when considering mixed hardening. The hardening parameters, Kα, consists of both the back-
stress tensor, αij, and the hardening parameter, K. For the von Mises criterion, the combination 
of the isotropic hardening, Equation (2.13), and kinematic hardening, Equation (2.17), can be 
obtained as

(2.21)

where the reduced effective stress, , refers to the size of the yield surface. The proportions 
between isotropic and kinematic hardening is often described by the parameter M, . 
M = 1 means pure isotropic hardening and M = 0 means pure kinematic hardening.

2.3.2.4 Distortional hardening

From experimental results, see e.g. Phillips and Tang (1972), it can be concluded that the 
subsequent yield surface is not a translated and expanded version of the initial one. In order to 
describe these experimentally found features, more sophisticated forms of yield criteria are 
required. These hardening rules, referred to as distortional hardening rules, can according to 
Axelsson (1979) be divided into two main groups; simple and general distortional hardening 
rules. By distortion is here meant a change in shape of the yield surface. The simple distortion 
allows only for change of the ratio of the major and minor axes of the yield loci, while the 
general distortion accounts for a complete distortion. 
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An often cited distortional hardening rule was proposed by Baltow and Sawczuk (1965) and 
together with mixed hardening, Equation (2.21) can be rewritten as

(2.22)

where  is a fourth order tensor defined for an incompressible material as

(2.23)

in which the isotropic part is given by

(2.24)

and the anisotropic part is given by

(2.25)

where  is a parameter which in the general case is a function of the plastic strain, but as a first 
approximation set to a constant A0. It was shown in Baltow and Sawczuk (1965) that compared 
to experimental results, their theoretical model match well. There is however a drawback with 
this theory, namely the tensor , which is not formulated in incremental form.

Williams and Svensson (1971) proposed a more general distortional hardening theory 
including 17 hardening parameters, all to be experimentally determined. This of course opens 
the door for more complicated shapes of the surface but to the price of more parameters. 
Phillips and Weng (1975) proposed a concept with a subsequent yield criteria as a combination 
of two surfaces, one in the region of the stress point and one in the opposite part. Thus a more 
complicated yield surface could be depicted. Axelsson (1979) proposed a concept where the 
yield criterion would be a combination of two simply distorted yield criteria such that they 
shared a common principal axis, see Figure 2.12. This is expressed as

(2.26)
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Figure 2.12 Distortion of yield surfaces according to Axelsson (1979).

There is however in general one problem with the different proposals of distortional hardening 
rules. The theories that have the best agreement with experimental results often tend to depend 
on a large number of parameters that needs to be determined through experiments and hence, a 
compromise between accuracy and the experimental effort to determine the parameters has to 
be done.

2.3.3 Multiple surface models

One drawback with the simpler models is that the plastic modulus at the transition from elastic 
to plastic state at reloading are the same as it was at the end of the initial loading. In reality the 
plastic modulus is considerably higher at the onset of yielding in subsequent loading compared 
to the plastic modulus at the end of the initial loading, as can be seen in Figure 2.13. Models 
capable of describing general loading paths, including stress reversals, are generally of multi 
surface type.
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Figure 2.13 A comparison between actual behaviour at subsequent loadings and different 
simple models; isotropic hardening and kinematic hardening.

Mróz (1967) presented a multi surface concept in order to better describe the change of the 
plastic modulus upon reloading. The feature of the Mróz model, later used to describe cyclic 
plasticity, Mróz (1969), is that the response of the material is approximated by a multilinear 
response. For each linear part, a linear kinematic hardening model is adopted with a specific 
value of the plastic modulus. This was solved by introducing a set of surfaces in the stress 
space, equally shaped but with different sizes. This is illustrated in Figure 2.14.

Figure 2.14 Multi surface concept by Mróz (1967). To the left positions of the surfaces in the 
deviatoric plane before loading, in the middle positions of the surfaces at 
loading point C and to the right multilinear stress-strain curve.
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In the Mróz model each surface has a constant plastic modulus and that results in the multi 
linear response shown in Figure 2.14. It is necessary to use a large number of surfaces to 
describe the actual behaviour of a material. To decrease the number of surfaces and yet obtain 
the same possibilities, several models were developed using only two surfaces. These two 
surface models use a plastic modulus that varies in a continuous manner between the two 
surfaces instead of a constant modulus. Dafalias and Popov (1975) and (1976) introduced a 
two surface model with a bounding surface surrounding a yield surface. Both surfaces can 
translate and change size during plastic loading. When the stress point is inside the yield 
surface there is only a elastic response and plastic strains occur when the stress point is on the 
yield surface. The plastic modulus is a function of the distance, δ, between the current stress 
point  on the yield surface and the corresponding stress point  with the same normal on 
the bounding surface, as pictured in Figure 2.15.

Figure 2.15 The bounding surface concept with the distance, δ.

Theoretically the plastic modulus at the initiation of plastic strains, i.e. , is . 
This provides a smooth transition from elastic to plastic state and this is also what has been 
observed in experimental test results. A similar bounding surface concept was proposed 
independently by Krieg (1975). Takahashi & Ogata (1991) presented a two surface model 
utilizing the same basic concept as the before mentioned but with the aim of describing the 
behaviour under cyclic loading.

Möller (1993) proposed a two surface concept, in the same spirit as the above mentioned, with 
a fictitious yield surface and an initial yield surface according to Figure 2.16. The fictitious 
yield surface translates with the stress point and when the initial yield surface is reached it is 
replaced by the fictitious yield surface. Furthermore, the main tasks of the fictitious yield 
surface are to find a good description of the hardening after the yield plateau for a structural 
steel and to account for Bauschinger effects in a subsequent loading.

σij σij
∗

δ

σij

σi j∗

σ1

σ2

δ δin= Hp ∞=



Constitutive modelling

25

Figure 2.16 The concept of fictitious yield surface according to Möller (1993).

A somewhat different approach was introduced by Klisinski (1988) based on the theory of 
fuzzy sets. It produces the same results as those of a bounding surface model but instead of 
using two or more surfaces with separate evolution rules for these, the theory of fuzzy sets 
introduce only one surface and therefore only one evolution rule. The elastic region, limited by 
a yield surface, is a fuzzy set. Every point in this region is assigned a real number  on the 
interval [0,1]. If the stress point  is situated on the yield surface the membership function, 

, assigns the value zero. When the stress point is within the elastic region  and the 
material behaves purely elastic. A surface is generated by the ordered pairs , 
called the fuzzy yield surface. The intersections between the planes  = constant and the fuzzy 
surface projected on the plane, ∑, creates another set of surfaces, or lines in the plane, denoted 
active surfaces, Fi = 0. See Figure 2.17 where the general fuzzy yield surface and a simple case 
is shown. Each point in the stress space is associated, via its -value, to one of those active 
surfaces and also associated with a conjugate point on the yield surface, which determines the 
direction of plastic flow.

Figure 2.17 General fuzzy yield surface to the left and the simple case of a truncated cone to 
the right, Klisinski (1988).
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The value of the new plastic modulus, h, is a function of the plastic modulus, H, and the 
membership function, , according to

. (2.27)

When plastic strains are initiated, i.e. , the new plastic modulus, h, is theoretically 
infinity but in practice a large value is used. When the stress point is on the yield surface and 
the membership function is equal to zero, the new plastic modulus takes the value of the 
general plastic modulus, H, that corresponds to the size of the memory surface. This is 
expressed as

h(H,1) = +  and (2.28)

h(H,0) = H (2.29)

Also this concept allows for a smooth transition from elastic to plastic state at subsequent 
loading.

Granlund (1997) proposed a two surface concept, utilizing an elastic limit surface and a 
memory surface, to describe the behaviour of structural steel in non-monotonic loading 
situations. The transition from elastic to plastic state in subsequent loadings is described by the 
use of fuzzy sets, which gives a smooth gradual transition. The use of fuzzy sets means that 
some differences compared to the classical theory of plasticity can be distinguished. The 
elastic limit surface bounds the elastic region but is not equivalent to a yield surface in the 
classical theory, since the stress point is allowed to move outside it. The memory surface is 
used to keep track of the largest stress state and to determine the direction of plastic flow, i.e. 
more like a yield surface in classical theory of plasticity. The concept is pictured in Figure 
2.18.

Figure 2.18 The two surface concept proposed by Granlund (1997).
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The above described two surface concept by Granlund was further developed by Olsson (2001) 
for stainless steels. The foundation of the model was the same as the one proposed by 
Granlund with some additions. Firstly, Olsson included the feature of initial anisotropy into the 
model and secondly, a more general potential surface governing the distortion induced by 
plastic strains of the elastic limit surface. The model by Olsson is used in this work and is more 
thoroughly described in section 4 and in Paper II.
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3 EXPERIMENTAL WORK

3.1 General

To form a constitutive model with the possibility to describe the mechanical behaviour of a 
material it is important and a requirement to have a foundation of experimental results. The 
work presented herein is aimed at non-monotonic behaviour and therefore biaxial experimental 
tests including stress reversals was performed but also uniaxial tests that provides 
understanding and knowledge. The uniaxial tests were also used as a verification of the biaxial 
tests.

A total of 12 uniaxial and 36 biaxial tests on austenitic stainless steel as well as 6 uniaxial 
tension tests, 4 uniaxial compression tests and 15 biaxial tests on extra high strength steel have 
been performed. 3 mm thick austenitic stainless steel sheets of the grade EN 1.4318 in two 
different strength classes, the annealed C700 and the cold worked C850, was delivered by 
Outokumpu Stainless Oy. A grade in strength class C700 or C850 has a nominal ultimate 
strength of 700 - 850 MPa or 850 - 1000 MPa respectively. SSAB Oxelösund delivered the 4 
mm thick extra high strength steel sheets of Weldox 1100, with a nominal yield strength of 
1100 MPa and ultimate strength of around 1200 MPa. Besides some examples, all test results 
on stainless steel are displayed in Appendix A and B. Considering the results on Weldox 1100 
uniaxial test results are presented in Appendix A and biaxial test results are displayed in Paper 
I.

3.2 Uniaxial tests

The uniaxial tests were conducted in order to increase the knowledge of the different materials 
behaviour and the results were also used as a comparison with the corresponding biaxial tests 
to verify the biaxial test results. In addition, parameters for the constitutive model was also 
collected from the uniaxial test results. 

All uniaxial tensile tests were performed according to EN 10 002-1 (2001). In Figure 3.1 
typical stress-strain curves, along and transverse the rolling direction, for the stainless steel 
grade EN 1.4318 C700 is shown. In Table 3.1, mean values of the yield and the ultimate 
strength from the uniaxial tests are displayed. The material has an isotropic and highly ductile 
behaviour as well as a low yield strength and pronounced strain hardening, all features typical 
for an annealed austenitic stainless steel.
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Figure 3.1 Stress-strain relation from uniaxial tensile tests along and transverse the rolling 
direction for the stainless grade EN 1.4318 C700.

Stress-strain curves for the cold worked stainless steel grade EN 1.4318 C850 are shown in 
Figure 3.2. Mean values of the yield and the ultimate strength are displayed in Table 3.1. C850 
is the same material as the C700 but cold worked to a higher strength. During this process an 
anisotropic behaviour is developed as can be seen in Figure 3.2 were two typical curves are 
shown, one along and one transverse the rolling direction.

Figure 3.2 Stress-strain relation from uniaxial tensile tests along and transverse the rolling 
direction for the stainless grade EN 1.4318 C850.
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Table 3.1 Mean values from uniaxial tension tests on the stainless steel grades.

The extra high strength steel Weldox 1100 was tested in both uniaxial tension and 
compression. Figure 3.3 shows two typical stress-strain curves in tension and a significantly 
different behaviour compared to the stainless grades was found. First of all, the material 
exhibit almost no strain hardening and secondly the strain at failure is only approximately 10% 
compared to 35% and 50% for the stainless grades. Considering the curves in Figure 3.3 the 
behaviour of Weldox 1100 was found to be almost isotropic. 

Figure 3.3 Stress-strain relation from uniaxial tensile tests along and transverse the rolling 
direction for the extra high strength steel Weldox 1100.

Compression tests have been performed, both along and transverse the rolling direction, on the 
extra high strength steel according to a method used by Rasmussen et al. (2003). Each 
compression coupon was nominally 4 mm thick and 25 mm wide. The initial length was 62 
mm. To prevent buckling in the compression coupon tests, a purpose-built rig was used, as 
shown schematically in Figure 3.4.

The jig restrained the specimen from buckling out of plane. Strain gauges were attached on 
both sides of the specimen at mid-height, as shown in Figure 3.4. The wide faces of the 

Grade Direction Number of 
tests

Rp0.2 [MPa] Rm [MPa]

1.4318 C700 Rolling 3 361 775

1.4318 C700 Transverse 3 368 774

1.4318 C850 Rolling 3 500 911

1.4318 C850 Transverse 3 575 913
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coupons were lubricated before inserting the coupon in the jig to reduce friction. The bolts 
were sufficiently tightened to prevent buckling out of plane while ensuring that expansions 
could occur in the plane. A cross-head rate of 0.1 mm/min was used for each compression 
coupon.

Figure 3.4 Schematic picture of the compression jig, Rasmussen et al. (2003).

Two typical stress-strain curves from the compression tests are shown in Figure 3.5. As can be 
seen the behaviour is isotropic considering the compression curves below. 

Figure 3.5 Typical stress-strain curves for Weldox 1100 in compression.

When comparing both tension and compression tests for the Weldox 1100 it was found that the 
behaviour is anisotropic considering both stress-strain relation and yield strength, here defined 
as Rp0.2. This is shown in Table 3.2, where the mean values from uniaxial tests in tension and 
compression are displayed. 
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Table 3.2 Mean values from uniaxial tests in both tension and compression on Weldox 1100.

3.3 Biaxial tests

There are two principally different methods for biaxial tests, both described earlier. The first 
and most common is to subject circular thin walled sections to combinations of shear and 
tension or compression. The second is the one which uses flat specimens cut directly from the 
delivered steel sheet and this is the method that have been used in this work. The general 
problem when using cross-shaped flat specimens is to estimate the stress in the specimen from 
the applied force. It is common to utilize the finite element method for this purpose, which also 
is the case within this work. Furthermore, it is important to have a uniform strain distribution 
in the centre area, or the gauge area, of the specimen and therefore the specimen design is of 
great importance.

In this work three different specimen designs have been used. For the stainless steel grades 
tested, the specimen design first introduced by Granlund (1992) has been used and it has been 
proven to work well before by Olsson (2001) for work hardening materials. However, the 
Weldox 1100 steel has a totally different material behaviour and a new specimen design had to 
be developed for those tests. This is further discussed in section 3.3.2.

Concerning the testing rig, the same rig has been used in this work as by Granlund and Olsson. 
Also the same approach with one initial and one subsequent loading was used to generate data 
for stress-strain curves in two steps and stress points describing initial and subsequent yield 
criteria in the σ1 - σ2 principal stress plane.

The general test procedure can be divided into the following parts:

• The specimens are laser-cut from the steel sheets.

• The grips of the specimens are grit-blasted to increase the friction. This concerns only 
the high strength steel specimens.

• Burrs caused by the laser-cutting are removed by grinding.

• The gauge area are grinded, grit-blasted and chemically cleaned.

Type of test Direction Number of 
tests

Rp0.2 [MPa] Rm [MPa]

Tension Rolling 3 1287 1446

Tension Transverse 3 1262 1450

Compression Rolling 2 1384 -

Compression Transverse 2 1371 -
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• Strain gauges, XY-gauges manufactured by HBM, art no. 1-XY91-6/120, with a 

resistance of  and a strain range of minimum %, are attached using 
a rapid adhesive, Z 70. Wires are soldered to the strain gauge.

• The specimen is placed in the test rig and the grips are aligned before the bolts 
holding the specimen are tightened. 

• Support plates that enable tests in compression are clamped around the specimen 
using bolts equipped with strain gauges to ensure the same clamping force for each 
test.

• The strain gauge was balanced and calibrated.

• The specimen is pre-loaded in the elastic range, approximately 15% of Rp0.2, to 

overcome the influence of initial friction on the test results.

• The test is performed using load control with a constant stress rate of 2.7 MPa/s 
throughout the test. The servo hydraulic actuators are run by an independent Instron 
control unit.

• The data recorded are: actuator loads, actuator strokes, strains in the specimen and 
strains in the bolts holding the support plates. 

3.3.1 The biaxial testing rig

The biaxial testing rig, depicted in Figure 3.6, used here is a concept with two actuators 
perpendicular to each other and four arms hinged at the bottom. Makinde et al. (1992) used a 
test set-up with four actuators but the two actuator concept makes the rig self aligning and the 
need of synchronizing the actuators is avoided. The drawback of using hinged arms is that the 
grips holding the specimen will move along an arc. However, the distance from the hinge to 
the specimen is 1000 mm and the total movement in one arm is around 3 mm. Granlund (1995) 
studied the effects of this bending force and found that the bending force introduced into the 
specimen is very small and could be considered as negligible. This biaxial testing rig has been 
shown to work well before by Granlund (1997) and Olsson (2001).

To enable compression tests, the out of plane buckling of the specimens had to be prevented. 
This was solved by the use of support plates clamped around the specimen by four 6 mm bolts, 
according to Figure 3.7. The support plates were designed to guide the grips of the rig and 
thereby enhance the global stability in both the vertical and the horizontal direction. The bolts 
holding the support plates were equipped with strain gauges to ensure similar conditions, i.e. 
the same clamping force, in all tests. This obviously causes friction between specimen and 
support plates but to reduce the friction as much as possible a thin teflon film was attached to 
the plates. Also, fresh oil was applied on the teflon film in order to further decrease the friction. 

120 0.5Ω± 3 4–±
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This friction as well as that in the hinges of the rig were measured and included in the 
evaluation procedure described in section 3.3.3.

Figure 3.6 Test rig for biaxial tests.

Figure 3.7 Principle of grips and lateral support plates used to prevent out of plane 
buckling. Figure from Granlund (1997).
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The actuators were controlled by an Instron control unit that has the capability to control the 
two actuators independently. All tests were performed in load control with a constant nominal 
stress rate of 2.7 MPa/s throughout the test.

3.3.2 The cross-shaped specimen

The biaxial tests performed in this work on the stainless steel grades used the same specimen, 
shown in Figure 3.8, as used earlier by Granlund (1997) on structural steel and Olsson (2001) 
on annealed stainless steel. The specimen was designed with emphasis on a homogenous strain 
distribution in the gauge area of the specimen and electronic speckle photography was used to 
study the strain distribution in the specimen. The electronic speckle photography analysis is 
described in Granlund (1993). Also a comparison between a uniaxial test and a uniaxial 
loading of the specimen parallel to the arms was conducted, by Granlund, to find the most 
favourable design. 

Figure 3.8 Original specimen design, used for the stainless steel tests in this work.

Testing of a high strength steel like Weldox 1100, with a high yield strength and a low ultimate 
over yield strength ratio, cause problems and the original design of the specimen could not be 
used. Firstly, the total stress needed is approximately 1400 MPa which could not be achieved 
with the actuators and the original specimen design. Secondly, the original design works well 
for work hardening materials but for a material like Weldox 1100, stress concentrations that 
will cause failure between the arms in the specimen before the desired level of stresses and 
strains are reached in the gauge area. Hence, the specimen needed to be redesigned to meet the 
conditions of this material.

In the development of a new specimen design three different design aspects were considered;

• the nominal cross section area,
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• the radii between the arms,

• the number and position of the slots.

These different points were investigated by means of finite element analyses to find the 
optimal design. The general pre-processing program FEMGEN/FEMVIEW, version 6.1, was 
used to generate the models and for the analyses the FE-package ABAQUS, version 5.8, was 
used. 

The cross section area in the centre of the specimen needed to be reduced compared to the 
original specimen in order to reach stresses high enough. Furthermore a smaller area implies 
more stress/strain variations close to the strain gauge. Hence, the aim was to find the area that 
provides the needed stress and still is large enough to achieve no influence from stress/strain 
concentrations, from the slots and radii, on the results. It was decided not to machine the 
specimens, to reduce the thickness in the centre area, due to easier manufacturing when only 
laser-cutting the specimens from the steel sheets were needed. The sheets had a thickness of 4 
mm and a cross section area of 160 mm2, i.e 40 mm between the slots, was found to fulfil the 
mentioned conditions.

The radii between the arms and the slots prevents the forces from escaping into the 
perpendicular arms. To avoid stress concentrations at the radii, an improved design was used. 
The smoother transition and bigger radius of 10 mm, compared to the earlier design with a 
radius of 5 mm, keeps the stress concentrations at a lower level and a failure at the critical 
position between the radii was avoided. The arms have 0.3 mm wide slots that also limits the 
nominal cross section area in the middle of the specimen. The position of the laser-cut slots 
was varied and is connected both to the first and second bullet points concerning the cross 
section area and the radii. As the area was decided the middle slot was fixed and from that 
different positions of the additional slots were tested to find the best stress and strain 
distribution in the gauge area of the specimen. Figure 3.9 show the two final specimen designs, 
Specimen A where all slots have the same length and Specimen B where the outer slots were 3 
mm shorter and moved towards the grips.
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Figure 3.9 New specimen design. Specimen A to the left and Specimen B to the right.

The different specimens were modelled and analysed considering the different load cases that 
were to be tested, i.e uniaxial tension or compression, biaxial tension and compression and 
biaxial tension or compression. Biaxial tension and compression means tension in one arm and 
compression in the other, i.e. σ1 = −σ2, and biaxial tension or compression means tension or 
compression in both arms, i.e. σ1 = σ2. In Figure 3.10 the FE-model of the cross shaped 
specimen is shown. Due to the symmetry only a fourth of the specimen was modelled using the 
general shell element S4R that accounts for finite membrane strains. Displacements out of the 
plane were prevented with boundary conditions and also symmetry boundary conditions were 
attached along the symmetry lines. A study of the mesh density was carried out and the mesh 
displayed in Figure 3.10 was found suitable both considering results and time consumption.

Figure 3.10 The finite element model of Specimen B.

Strain gauge



Biaxial tests

39

A comparison considering effective plastic strain in the centre area of the specimen, the part 
inside the rectangle in Figure 3.10, between Specimen A and Specimen B for each load case 
can be found in Figure 3.11 - Figure 3.16. The figures where taken from the increment where 
the first loading is stopped and unloading is about to start, i.e. when the desired stress and 
strain level in the gauge area were reached.

The finite element analyses of Specimen A and Specimen B considering uniaxial tension in the 
1-direction are shown in Figure 3.11 and Figure 3.12. It can be seen that a failure between the 
outer slot and the radii will appear early for Specimen B and it was found that Specimen A is 
more suitable for this load case. As also can be seen, the design of Specimen A directs the 
strains into the middle of the specimen, which is desirable.

Figure 3.11 Specimen A subjected to uniaxial tension.

Figure 3.12 Specimen B subjected to uniaxial tension.
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In Figure 3.13 and Figure 3.14 the load case biaxial tension and compression is shown. The 
results indicate that a failure will occur between the inner slots in Specimen B, while Specimen 
A show a satisfactory strain distribution. Hence, also for this load case Specimen A was used.

Figure 3.13 Specimen A subjected to biaxial tension and compression, .

Figure 3.14 Specimen B subjected to biaxial tension and compression, .
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Figure 3.15 and Figure 3.16 show the load case biaxial tension. Here it is obvious that 
problems will arise for Specimen A, where a failure will occur between the outer slots while 
Specimen B seems to work well, i.e. for this load case Specimen B was used.

Figure 3.15 Specimen A subjected to biaxial tension, .

Figure 3.16 Specimen B subjected to biaxial tension, .

The investigation considering the new specimen designs is summarised in Table 3.3. The 
directions are directions in the principal stress plane, where 0o means tension in the rolling 
direction, 180o is compression in the rolling direction and so on. This is further described in 
section 3.3.4.
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Table 3.3 Used specimen for different load cases.

3.3.3 Test evaluation

During the tests, the actuator load, actuator stroke and strains in the direction of the arms of the 
specimen were measured and recorded. The aim was to derive stress-strain curves and stress 
points from the tests. It is however not as easy to determine the stress in a cross-shaped 
specimen as in an ordinary uniaxial test. The main problem is to determine the load carrying 
area, or effective area, in the cross-shaped specimen. The effective area depends on both the 
material behaviour and the design of the specimen. This problem was solved by analysing the 
stress distribution by means of FE-analyses and comparing the obtained stress with the 
analytical stress according to Equation (3.1) and Equation (3.2), with = 1.

(3.1)

(3.2)

The function  in Equation (3.1) and Equation (3.2) is the ratio of the analytical stress over the 
stress from the FE-analyses. It was found that  varied somewhat depending on the considered 
load case and specimen type. For the stainless grades the variation was very small and the 
same -function was used for each strength class independent of load case, pictured in Figure 
3.17 and Figure 3.18.

Load case Directions Specimen type

Uniaxial 
tension or compression 0o, 90o, 180o, 270o Specimen A

Biaxial 
tension and compression 135o, 315o Specimen A

Biaxial 
tension or compression 45o, 225o Specimen B
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Figure 3.17 Variation of the -function for the stainless steel grade EN 1.4318 C700.

Figure 3.18 Variation of the -function for stainless steel grade EN 1.4318 C850.

As can be seen in Figure 3.17 and Figure 3.18 the difference is located after Rp0.2 is reached or 
actually after 1.15 times Rp0.2. In reality the biaxial tests of the EN 1.4318 C850 never exceeds 
1.15 times Rp0.2 and hence, it is more or less the same -function that is used. However, the 
variation was somewhat more pronounced for the new specimen designs and based on that, 
different -functions were used for the different load cases of this material. The principal 
appearance of the -function is shown in Figure 3.19 and the values of all functions can be 
found in Table 3.4.
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Figure 3.19 The principle appearance of the -function for Weldox 1100 using the new 
specimen.

Table 3.4 Values of the -function at different stress levels for the loadings considered on the 
new specimen.

A slightly different approach, compared to the original specimen, was used considering the -
function. In earlier studies by Granlund and Olsson the -function was based on the von Mises 
effective stress, σe. However, in the evaluation procedure the -function is applied on the 
stress component and should thereby be a function of the stress component instead of the 
effective stress. It should though be noted that the difference was very small considering this 

Level 1 - 
Start value of the -function

Level 2 - 
Minimum value of the

 -function

X1 X2

Uniaxial tension 0.5 1.3 1.06 1.1

Uniaxial 
compression 0.4 1.3 1.15 1.1

Biaxial tension 0.7 1.26 1.25 1.07

Biaxial compression 0.6 1.26 1.08 1.15

Biaxial 
tension-compression

0.7 1.21 1.12 1.05

 Level 1
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ηi
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η

η

η η
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specimen type and those materials. Thus, the approach for the new specimen design was to 
calculate the -function using the stress component but with one exception. For the uniaxial 
case, it can be seen from the FE-analyses that stresses will arise perpendicular to the loading 
direction. Since the force, e.g. F2 in Equation (3.2), will be zero when loading in the 1-
direction there will not be any stresses in the 2-direction and hence, a stress component is lost 
in the evaluation. If the effective stress is used instead, this stress component will be implicitly 
accounted for. Therefore, for the uniaxial load case the -function will be based on the 
effective stress and the stress component in the perpendicular direction will not be lost in the 
evaluation procedure. In the other cases when there are loadings in both actuators the -
function based on stress components will be used. The stresses are calculated as

 (3.3)

and

(3.4)

from which the von Mises effective stress can be obtained as

. (3.5)

As described in section 3.3.1, the biaxial testing concept used in this work uses support plates 
to enable tests in compression. This will result in friction losses between the specimen and the 
support plates. Friction losses will also origin from the hinges of the testing rig. To reduce the 
friction as much as possible a teflon film was attached to the support plates which were also 
lubricated with fresh oil before each test. The friction losses were estimated for both specimen 
types using the same method as Granlund (1997) and Olsson (2001) did, meaning that the 
specimens were cut according to Figure 3.20. The smaller part of the specimen corresponds 
approximately to the part moving in each direction in an actual test. The two-piece specimen 
were mounted in the rig and the arm of the rig that corresponded to the smaller part of the 
specimen was moved while the rest of the arms were held at a constant position. The same 
procedure was repeated for each arm of the rig. In this way the friction losses from each arm 
could be estimated and included in the evaluation procedure, i.e. F1 and F2 in Equation (3.3) 
and Equation (3.4) were adjusted with respect to friction losses before the stress was calculated 
for each row in the data file.
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Figure 3.20 Cut cross shaped specimen used for friction evaluation, Olsson (2001).

There is also a geometrical issue connected to the actuator force due to the fact that the 
actuators does not transfer the force directly into the specimen. As can be seen in Figure 3.6 
the specimen is placed below the actuators and hence, the actual force in the specimen has to 
be determined. A load cell were placed at the position of the specimen, i.e. between the grips 
of the rig, and the actuator force and the load were recorded and compared for both directions. 
This investigation gives two constants, one in each direction, that were multiplied with the 
actuator force, F1 and F2, to obtain the actual force acting on the specimen.

All these features, i.e. the -function, the friction and the geometrical aspect, were 
implemented into a Fortran script used for the evaluation of the tests. The evaluation script 
print files with stress-strain data and stress points used as test results. Comparisons were 
performed between uniaxial tests and the corresponding biaxial tests to verify that the 
evaluation procedure gives reasonable results. In Figure 3.21 - Figure 3.24 such comparisons 
are shown for each grade and strength class. 

u
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Figure 3.21 Comparison between a uniaxial test and the corresponding initial loading of a 
biaxial test of the grade EN 1.4318 C700.

Figure 3.22 Comparison between a uniaxial test and the corresponding initial loading of a 
biaxial test of the grade EN 1.4318 C850.
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Figure 3.23 Comparison between a uniaxial tension test and the corresponding initial 
loading of a biaxial test of the grade Weldox 1100.

Figure 3.24 Comparison between a uniaxial compression test and the corresponding initial 
loading of a biaxial test of the grade Weldox 1100.

Based on these comparisons it is concluded that the stress in the biaxial specimen during initial 
loading can be determined with an accuracy corresponding to a uniaxial test. It should though 
be noted that for the subsequent loadings the results contains uncertainties. The function for 
the effective area, i.e. the -function, can not be determined for this case using finite element 
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the -function, i.e. a constant value of , is used in the subsequent step. The error from this 
simplification will remain within a few percent and the important feature of showing the 
difference in behaviour, for different loading directions, in the subsequent step is still relevant.

3.3.4 Test programme

The general approach was to divide the tests into sets of three. In one set, each specimen were 
initially loaded in the same direction in the principal stress plane, unloaded and subsequently 
loaded in three different directions; the initial loading direction plus 90o, 180o and 270o 
respectively, according to Figure 3.25. This approach enables the evaluation of an initial yield 
criterion, based on all tests of each grade, and subsequent yield criteria based on three tests for 
each initial loading direction. In Figure 3.25 it is understood that when ϕ is 0o, tension in the 
rolling direction is meant and 180o is compression in the rolling direction and so on.

Figure 3.25 Principle of initial and subsequent loadings within a test set.

Starting with the stainless grades. A total of 11 tests were performed on the annealed and 
isotropic EN 1.4318 C700 grade. All tests were performed in the directions of the arms 
according to Table 3.5 and due to the isotropic behaviour the number of tests were limited.

η η
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σ2

Initial loading of all three specimens in the 
same direction to the stress level required.

ϕ

Subsequent loading, 
Subsequent loading,
second specimen.
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first specimen.
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Table 3.5 Test programme for the grade EN 1.4318 C700.

The cold worked stainless steel grade EN 1.4318 C850 has an anisotropic behaviour and hence 
a larger number of tests was performed on this grade. A total of 24 tests were conducted on this 
material and the test number, initial loading direction and subsequent loading direction are 
presented in Table 3.6.

Test Initial loading 
direction

Subsequent 
loading direction

18B002 0o 180o

18B003 0o 270o

18B0901 90o 180o

18B0902 90o 270o

18B0903 90o 0o

18B1801 180o 270o

18B1802 180o 0o

18B1803 180o 90o

18B2701 270o 0o

18B2702 270o 90o

18B2703 270o 180o
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Table 3.6 Test programme for the grade EN 1.4318 C850

Test Initial loading 
direction

Subsequent 
loading direction

18H0001 0o 90o

18H0002 0o 180o

18H0003 0o 270o

18H0451 45o 135o

18H0452 45o 225o

18H0453 45o 315o

18H0901 90o 180o

18H0902 90o 270o

18H0903 90o 0o

18H1351 135o 225o

18H1352 135o 315o

18H1353 135o 45o

18H1801 180o 270o

18H1802 180o 0o

18H1803 180o 90o

18H2251 225o 315o

18H2252 225o 45o

18H2253 225o 135o

18H2701 270o 0o

18H2702 270o 90o

18H2703 270o 180o

18H3151 315o 45o

18H3152 315o 135o

18H3153 315o 225o
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For the extra high strength steel Weldox 1100 15 biaxial tests were carried out according to the 
test programme presented in Table 3.7. 

Table 3.7 Test programme for Weldox 1100.

3.3.5 Test results

The test results are presented as stress points corresponding to equal effective plastic strain in 
the stress plane and effective stress-effective plastic strain curves, both with respect to the von 
Mises criterion. The yield criteria, i.e. the initial and the subsequent, are displayed as stress 
points corresponding to the effective plastic strains, 0.1, 0.2 and 0.3%. This corresponds to the 
concept of defining yielding in terms of plastic proof strain. For the initial yield criteria a von 
Mises criterion corresponding to the mean proof stress is shown as a reference.

The effective stress is for this case calculated as

(3.6)

Test Initial loading 
direction

Subsequent 
loading direction

W11_0002 0o 180o

W11_0003 0o 270o

W11_0452 45o 225o

W11_0901 90o 180o

W11_0902 90o 270o

W11_0903 90o 0o

W11_1352 135o 315o

W11_1801 180o 270o

W11_1802 180o 0o

W11_1803 180o 90o

W11_2252 225o 45o

W11_2701 270o 0o

W11_2702 270o 90o

W11_2703 270o 180o

W11_3152 315o 135o

σe σ1
2 σ2

2 σ1σ2–+=
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using vector notation with the stress components σ1 and σ2 as true or Cauchy stresses, taking 
into account the cross section area reduction due to plastic strains. Subscript 1 and 2 refers to 
direction parallel and perpendicular to the rolling direction of the sheet. The effective plastic 
strain was calculated as

(3.7)

in which i denotes the row in the data file and

; j = 1, 2, 3. (3.8)

The plastic strains,  and , were calculated using an elastic modulus of 200 GPa for the 
stainless steel grades and 210 GPa for the high strength steel grade. The plastic strain, , in 
the third direction, the out of plane direction, was calculated with the assumption of constant 
volume, i.e. a Poisson’s ratio of 0.5.

In this section only typical examples of test results are shown. For a full presentation the reader 
is referred to Appendix B where all test results on the stainless steel grades are displayed and 
Paper I where all test results on Weldox 1100 are displayed.

3.3.5.1 EN 1.4318 C700

The initial yield criteria, based on 11 tests, for the grade EN 1.4318 C700 are shown in Figure 
3.26. It is the commonly used 0.2% proof stress, Rp0.2, that is displayed together with an 
isotropic von Mises criterion based on the mean proof stress. The behaviour is almost 
isotropic, though a slight anisotropy due to the rolling is present. It can be seen that the stress 
points in the 1-direction tend to lie inside the isotropic surface. It is worth mentioning that the 
variation between the specimens loaded in the same direction is very small.
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Figure 3.26 Stress points in the principal stress plane, , corresponding to 0.2% 
plastic offset strain at initial loading for the grade EN 1.4318 C700.

The subsequent yield criteria are displayed in a similar form as the initial, also with an 
isotropic von Mises surface corresponding to the size of the maximum stress level during 
initial loading. The solid line from the origin indicates the stress path for the initial loading and 
the stress points in the other directions show stresses corresponding to 0.1, 0.2 and 0.3% plastic 
offset strain during subsequent loading. Figure 3.27 show the subsequent yield criteria for tests 
with initial loading direction of 90o. The initial loading clearly reduce the strength in the 
subsequent loading opposite to the initial loading direction, i.e. the Bauschinger effect. In 
directions perpendicular to the initial loading direction strain hardening is observed, called the 
cross effect, see e.g. Axelsson (1979).
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Figure 3.27 Subsequent yield criteria for tests 18B090i, i=1, 2, 3.

The effect of the hardening is more clearly shown by the effective stress-effective plastic strain 
curves. To the right of each figure a symbol indicating initial and subsequent loading directions 
is displayed. The diamonds on the subsequent part of the stress-strain curves correspond to the 
stress points in the principal stress plane shown in Figure 3.27 and the diamond on the initial 
part correspond to the largest effective stress during the initial loading. In Figure 3.28, the 
same tests as in Figure 3.27 are shown but as effective stress-effective plastic strain curves. 
The curves clearly show the Bauschinger effect and the smooth transition from elastic to 
plastic state in subsequent loadings. The behaviour in the subsequent loadings are very 
direction dependent as also can be seen in Figure 3.28. In the subsequent loading for the test 
18B0901 the curve goes quickly above the curve from the initial loading, which in theory 
should not happen. However, after the initial loading is stopped, strains continues to grow and 
the material exhibits a viscous behaviour. This is even more significant for the C850 material 
initially loaded in tension, see e.g. Figure B.13 in Appendix B.
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Figure 3.28 Effective stress-effective plastic strain for tests 18B090i, i = 1, 2, 3.

3.3.5.2 EN 1.4318 C850

The initial yield criteria, based on 24 tests, for the grade EN 1.4318 C850 are shown in Figure 
3.29. It is the commonly used 0.2% proof stress, Rp0.2, that is displayed together with an 
isotropic von Mises criterion based on the mean proof stress. During the cold working process 
an initial anisotropic behaviour have developed, which can be seen in Figure 3.29. The fit with 
the isotropic yield criteria is not satisfactory and to model such behaviour a model that can 
include initial anisotropy is needed.
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Figure 3.29 Stress points in the principal stress plane, , corresponding to 0.2% 
plastic offset strain at initial loading for the grade EN 1.4318 C850.

In Figure 3.30 the subsequent yield criteria for tests with initial loading direction of 135o are 
shown. It is obvious that the initial loading has resulted in a pronounced Bauschinger effect.

Figure 3.30 Subsequent yield criteria for tests 18H135i, i=1, 2, 3.
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Also for this grade the direction dependency is very clear in the subsequent loadings. A 
gradual transition from elastic to plastic state is observed, similar as for the lower strength 
grade. 

Figure 3.31 Effective stress-effective plastic strain for tests 18B135i, i = 1, 2, 3.

3.3.5.3 Weldox 1100

In Figure 3.32 the initial yield criteria corresponding to the 0.2% proof stress are shown for all 
15 tests together with an isotropic von Mises surface, based on the mean proof stress. The 
stress points in compression fall outside while the points in tension are situated inside the 
isotropic yield surface and this was also found by Granlund (1997) for the high strength steel 
Domex 690. This was also supported by the uniaxial tests shown in Table 3.2. To be able to 
describe this in a proper way a constitutive model with the possibility to translate the yield 
surface towards the third, the compression, quadrant in the stress plane is needed.
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Figure 3.32 Stress points in the principal stress plane, , corresponding to 0.2% 
plastic offset strain at initial loading for the grade Weldox 1100.

The subsequent yield criteria, displayed for initial loading in direction 90o in Figure 3.33, show 
of a small but evident Bauschinger effect. However, it is not as pronounced as for the stainless 
steel grades probably due to the significantly lower pre-straining from the initial loading, only 
approximately 0.5% effective plastic strains.
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Figure 3.33 Subsequent yield criteria for tests W11_090i, i=1, 2, 3.

Figure 3.34 clearly show the Bauschinger effect and how the transition from elastic to plastic 
state at reloading depend on the direction of reloading.

Figure 3.34 Effective stress-effective plastic strain for tests W11_090i, i = 1, 2, 3.
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3.4 Concluding remarks from the experimental work

The biaxial testing concept developed and used earlier was found to work well also in this 
study. Testing in the full principal stress plane is possible in the strain range up to % for the 
stainless steels and up to approximately % for the extra high strength steel. The limitations 
in strain range comes from the performance of the strain gauges for the stainless steels and 
concerning the Weldox 1100 the material itself and the specimen design. The limitation for the 
Weldox 1100 comes from the fact that when approximately 1% strain is reached in the gauge 
area, significant plastic deformation has developed where stress concentrations arise and since 
the stress-strain curve starts to descend for very small strains failure in the specimen might 
occur which is not convenient.

The new specimen designs developed for Weldox 1100 worked well for the purpose of this 
study and the verification with uniaxial tests showed reliable results.

The test results showed that the initial yield criteria for the stainless grade EN1.4318 C700 was 
almost isotropic while the cold worked grade EN 1.4318 C850 show of a clear anisotropy due 
to the cold rolling hardening process. For the Weldox 1100 the stress points in compression 
falls outside the isotropic yield surface and hence a translated yield surface towards the 
compression quadrant would be suitable when describing this.

The Bauschinger effect is the most pronounced phenomena in the subsequent loadings, 
especially for the stainless grades even though it is evident also for the high strength steel. It 
was found that the behaviour in reloading was very direction dependent and that the transition 
from elastic to plastic state was gradual.

3±
1±
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4 CONSTITUTIVE MODEL

4.1 General

In this section the constitutive model, first proposed by Granlund (1997) and later refined by 
Olsson (2001), will be briefly described. The latter constitutive model is the one that have been 
used in this thesis and a more thorough and mathematical description can be found in Paper II. 
Besides the brief description, this section will focus on the parameters that control the model, 
i.e. the model parameters. A thorough description of the model parameters and their influence 
on the model can be found in section 4.3. Some of these parameters can be determined by 
means of simple uniaxial tests while others need more complicated tests, e.g. non-monotonic 
biaxial tests. During the last decade a large number of biaxial tests on different steel grades 
have been performed at Steel Structures, Luleå University of Technology. For the tested grades 
these model parameters have been determined and this will also be presented in section 4.3.

In section 4.4 a comparison between theoretical results obtained with the model and test results 
from this study will be presented shortly. It was found that the constitutive model could not 
perfectly describe the behaviour of the Weldox 1100 grade and therefore there is a scope for 
improvements or developments of the constitutive model that will be discussed in section 4.5. 
Also other possible future work concerning the model will be proposed in this section 4.5.

The work described in section 4.2 and section 4.3 is assigned to Granlund and Olsson, while 
the work in section 4.4 and section 4.5 was carried out by the author of this thesis.

4.2 A general description of the applied constitutive model

In the experimental results presented in section 3.3.5 there are some features of the mechanical 
response appearing that a good constitutive model must be able to depict in order to be used for 
loadings resulting in plastic strains and including stress reversals. For initial loadings it is 
mainly the feature of anisotropy that is important to catch. Considering the subsequent 
loadings the most pronounced phenomenas are; the evident Bauschinger effect, i.e. a reduced 
strength in the direction opposite to the initial, the increased strength perpendicular to the 
initial loading direction, i.e. the cross effect, and the gradual transition from elastic to plastic 
state. These features are important to describe in a way reflecting the phenomenological 
observations made in the experimental study. The relatively simple model developed by 
Granlund (1997) and later further developed by Olsson (2001) has been shown capable of 
reflecting these characteristics.
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The foundation of the model is a two surface concept, see e.g. Dafalias and Popov (1975), with 
one memory surface and one elastic limit surface. Furthermore, the transition from elastic to 
plastic state in subsequent loadings is described by the use of fuzzy sets and this is one 
discrepancy compared to for example the model by Dafalias and Popov. Also the elastic limit 
surface differs from classical theory of plasticity. In subsequent loadings the stress point are 
allowed to move outside the elastic limit surface, which usually is not the case for a classic 
yield surface where the stress point never is allowed to move outside the surface.

The memory surface in the model has two main objectives; to keep track of the largest 
effective stress and the evolution of the plastic modulus associated with this stress and 
secondly to determine the direction of plastic flow. The memory surface is an isotropically 
expanding distorted von Mises surface and the plastic flow is assumed to be associated, i.e. 
plastic flow is directed in the same direction as the gradient of the memory surface.

The elastic limit surface is bounding the region where the material is assumed to be completely 
elastic. The phenomenas discovered in the experimental study can not be described using a 
elastic limit surface of von Mises type. Instead it is a combination of two surfaces, in the 
region of the stress point, the I-region, it is a distorted von Mises surface with mixed 
hardening. In the region opposite the stress point, called the II-region, a distorted surface 
similar to the one proposed by Baltow and Sawczuk (1965) is used. Moreover, the elastic limit 
surface is not allowed to intersect the memory surface. When a loading is initiated the memory 
surface and the elastic limit surface coincide and have the size of the elastic limit. As the stress 
point reaches the elastic limit surface and the memory surface, the memory surface expands 
and the elastic limit surface starts to expand and translate according to Figure 4.1.

If reloading occurs in the II-region, i.e. opposite the initial loading direction, the elastic limit 
surface starts to loose its distortion as the stress point moves towards the memory surface, 
pictured in Figure 4.2. When the memory surface is reached by the stress point, the elastic limit 
surface will be undistorted and start to move while distortion is introduced towards the stress 
point in the same manner as in the I-region.
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Figure 4.1 Translation of the elastic limit surface when the memory surface expands, from 
Olsson (2001).

Figure 4.2 Elastic limit surface at subsequent loading in the II-region, from Olsson (2001).
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In the region between the memory surface and the elastic limit surface in reloading the plastic 
deformation will be determined by a formulation based on the theory of fuzzy sets. This means 
that for each stress point in this region, a real number γ on the interval [0,1] is assigned. If γ = 
1, the stress point is on the elastic limit surface and the material is elastic with a theoretical 
plastic modulus of positive infinity. On the other hand when γ is equal to 0 the stress point is on 
the memory surface and the material is plastic with a plastic modulus corresponding to the size 
of the memory surface. By means of the fuzzy surface, the plastic modulus, which starts at a 
very large value (γ = 1) and decreases according to the function f (Hp,γ) to the plastic modulus 
corresponding to the size of the memory surface (γ = 0) is determined throughout the loading, 
which yields a smooth transition from elastic to plastic state also for subsequent loadings.

4.3 Model parameters

The constitutive model used here is relatively simple, if by simple is meant the number of 
model parameters. Generally, very accurate models can be formulated using a large number of 
model parameters but as those parameters in most cases needs to be experimentally 
determined, they are not to suitable for the users. Still the model applied in this work is capable 
of describing the phenomenological observations and that only to the price of seven parameters 
if initial anisotropy is included. The first set of model parameters are the three parameters that 
can be evaluated from ordinary uniaxial coupon tests:

• A description of the uniaxial stress-strain curve in a reference direction.

• The initial elastic limit .

• Stress ratios  defining initial anisotropy.

The uniaxial stress-strain curve is described by the well known Ramberg-Osgood equation, 
Ramberg and Osgood (1943), which reads

(4.1)

where σ is the true stress, E is Young’s modulus and Rp is a proof stress. c is the plastic strain 
corresponding to the upper proof stress used. n is a model parameter describing the strain 
hardening or non-linearity of the stress-strain curve and can be determined as

(4.2)

The strain hardening exponent n has in this study been calculated using Rp0.2 and Rp1.0, i.e. 
higher proof stresses than usually used. This is justified by a better fit to the uniaxial stress-
strain curve for larger strains, i.e. above Rp0.2, and it is also advantageous due to the fact that 
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these proof stresses usually can be found on the material specification by the material 
producer. However, the fit to the uniaxial stress-strain curves shown in Figure 4.10 - Figure 
4.12 are not very good and hence there is a scope for improvements of how to describe the 
uniaxial stress-strain curve in the model. This matter is further discussed in section 4.5. Based 
on Equation (4.1) using only effective stress and plastic strains, the uniaxial plastic modulus 
can be calculated as

(4.3)

According to Equation (4.3) the uniaxial plastic modulus continuously decreases and finally it 
might decreases below the value from the uniaxial test. To prevent this, a minimum value of 
the plastic modulus can be specified in the model. This means that when the plastic modulus 
according to Equation (4.3) reaches the specified minimum plastic modulus the inclination will 
be constant and follow the specified value. This is schematically pictured in Figure 4.3.

Figure 4.3 Schematic illustration of the means of a minimum plastic modulus.

The initial elastic limit, σ0, determines the initial size of the memory surface and the elastic 
limit surface. It does not have the value of the proof stress, instead it has a value which 
corresponds to an assumed elastic response, i.e. for materials with non-linear stress-strain 
curves the value can be significantly below the proof stress. The stress ratios, defining initial 
anisotropy, are introduced according to the proposal by Hill (1950) as 

(4.4)

in which σ0 is chosen as the reference stress, for this case the proof stress, Rp0.2, in one 
direction, e.g. transverse the rolling direction. σij is the proof stress in the direction considered.

For plane stress the initial yield criteria can be expressed as
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(4.5)

from which the initial anisotropy vector b0 can be obtained as

b0 (4.6)

with

; ; (4.7)

Figure 4.4 shows an example of the appearance of the initial anisotropy in the principal stress 
plane. 

Figure 4.4 Initially anisotropic (solid) and isotropic (dashed) surfaces.

Considering the second set of model parameters, the parameters that need more complicated 
tests to establish, i.e. non-monotonic biaxial tests. These model parameters are:

• The parameter M governing the relation between isotropic hardening and kinematic 
hardening of the elastic limit surface.

• The distortion parameter Ψ.

• The angle θt governing the shape of the distortion surface.

• The function modifying the generalized plastic modulus in subsequent loadings with 
respect to γ.

σ( x
2 σy

2 σxσy–+ 3τxy
2

1
6
--- bx

0 2σx σy–( ) by
0 2σy σx–( )+ 6axy

0 τxy+[ ]2 )
1 2⁄

σm– 0=

+ +

bx
0

by
0

axy
0

=
2A B–( ) 3⁄
A 2B–( ) 3⁄

C
=

A 6
R11

2
-------- 6–= B 6

R22
2

-------- 6–= C 3
2R12

2
----------- 1

2
---–=

σ1

σ2



Model parameters

69

Starting with the parameter M. The part of the elastic limit surface where the stress point is 
located, i.e. the I-region as stated before, hardens according to a mixed hardening rule, 
meaning that the shape of this part of the surface is fixed. The size of M gives the relation 
between isotropic and kinematic hardening. When M = 1 the elastic limit surface will harden 
according to the isotropic hardening rule, i.e. only expand, and when M = 0 according to the 
kinematic hardening rule, i.e. only translate. The relation between the increment  and  
is constituted by

(4.8)

This means that  of the stress increment governs the expansion of the elastic limit 
surface and the remaining part, , governs the translation.

In Figure 4.5 two examples of elastic limit surfaces with different values on the parameter M is 
shown together with the memory surface. All other model parameters are kept constant. It is 
clear that when M = 0.8 (solid) the elastic limit surface behaves almost according to isotropic 
hardening, i.e. the size is almost kept the same as the memory surface and the translation is 
small. The dashed elastic limit surface with M = 0.3 behaves more like kinematic hardening 
and the centre has moved significantly compared to the first case. The straight dashed and solid 
lines, through the centre points, separates the elastic limit surface into the I- and II-regions.

Figure 4.5 Evolution of the elastic limit surface based on different values of the model 
parameter M.
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Moving on to the distortion parameter ψ, describing the rate at which distortion is introduced 
into the distorted part of the elastic limit surface, i.e. the II-region. In Figure 4.6 the elastic 
limit surface is shown with two different values on the distortion parameter. The dashed elastic 
limit surface, with ψ = 2.0, gives a more pronounced distortion while the solid surface, with ψ 
= 0.5, is less distorted.

Figure 4.6 Evolution of the elastic limit surface with different values of the distortion 
parameter ψ.

The parameter θt influence the distortion potential that determines the direction of distortion of 
the elastic limit surface. A more thorough description of the distortion potential can be found 
in Paper II. The influence of the parameter θt is shown for two different directions in Figure 
4.7. For the dashed elastic limit surface, θt = π/6 and the solid elastic limit surface has a θt of π/
12. Both Olsson (2001) and the author of this thesis found that a θt = π/12 gives a suitable 
direction of the distortion of the elastic limit surface.
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Figure 4.7 Evolution of the elastic limit surface with different values on the model 
parameter θt.

The next and last model parameter is the function that modifies the generalized plastic 
modulus in subsequent loadings. When the stress point is in the yielding region, i.e. situated in 
between the elastic limit surface and the memory surface, the generalized plastic modulus is 
modified according to

; (4.9)

originally proposed for structural steel by Granlund (1997). Hp in Equation (4.9) is the plastic 
modulus corresponding to the size of the memory surface,  is the model parameter that 
sets the value of the uniaxial plastic modulus at the onset of plastic loading in the subsequent 
step, γ is the membership degree and d is the model parameter that affects the evolution of the 
plastic modulus throughout the subsequent loading. The effect of the model parameters  
and d can only be displayed when the stress-strain curve is considered. In Figure 4.8 and 
Figure 4.9 four different curves with different values on  and d respectively are shown. At 
the onset of plastic strains a smoother behaviour can be observed if a high value is chosen on 
the parameter . In Figure 4.9 it can be seen that a large value on the parameter d implies 
that the plastic modulus decrease faster with respect to plastic strain, compared to a lower d-
value.
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Figure 4.8 The influence of the model parameter  in the subsequent loading. All other 
model parameters are kept constant.

Figure 4.9 The influence of the model parameter d in the subsequent loading. All other 
model parameters are kept constant.

It is understood that the last four model parameters needs complicated tests, i.e. non-
monotonic biaxial tests, to be determined but if it is possible to determine these parameters the 
constitutive model proposed by Granlund (1997) and Olsson (2001) is very powerful. 
However, there are a large number of tests that have been performed, during the last decade, on 
different materials by Granlund, Olsson and now by the author of this thesis. By means of 
these tests, model parameters exists for several materials and in section 4.3.1 all tests 
performed so far with their corresponding model parameters are summarized.
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4.3.1 Summary of model parameters for different materials

In this section, steel grades together with the corresponding model parameters are presented. 
This means materials tested at Steel Structures, Luleå University of Technology, for which 
model parameters have been determined according to the constitutive model proposed by 
Olsson (2001). However, Granlund (1997) performed biaxial tests on two structural steel 
grades; the high strength steel Domex 690 and the mild steel S275. Unfortunately the model 
parameters determined by Granlund for those grades were based on the constitutive model by 
Granlund. Even though the models are almost similar the model parameters differs 
significantly. Due to this fact it was concluded that there was no point in showing the model 
parameters determined by Granlund and hence, this section will contain model parameters 
determined by Olsson and the author of this thesis including five stainless steel grades and one 
extra high strength steel grade.

Olsson (2001) presented tests on three different stainless steel grades; the austenitic grades EN 
1.4301 and EN 1.4436 as well as the austenitic-ferritic, i.e. duplex, grade EN 1.4462. The two 
austenitic grades are characterized by a non-linear stress-strain curve and initial isotropy with a 
yield strength, defined as Rp0.2, of around 300 MPa. The strain hardening is very evident with 
an ultimate strength of approximately twice the yield strength and a total strain at failure of 
about 50%. The duplex grade has a higher yield strength of approximately 700 MPa and the 
strain hardening is not as evident as for the austenitic grades but still 20%. The total strain at 
failure for this grade is around 30%. The values of the determined model parameters according 
to Paper II are presented in Table 4.1.

Table 4.1 Model parameters corresponding to the materials tested by Olsson, from Paper II.

In addition to the tests performed by Olsson, three other materials have been studied in this 
study. The stainless steel grade EN 1.4318 in two different strength classes, C700 and C850, 
and one extra high strength steel grade, i.e. the Weldox 1100. The characteristics of these 
grades have already been presented in section 3 in this thesis. The model parameters, according 
to the model by Olsson, found to give the best agreement with experimental results are 
presented in Table 4.2.

Grade M ψ θt
 

[GPa]
d

1.4301 0.75 1.6 π/12 200 1.8

1.4436 0.7 1.7 π/12 250 1.8

1.4462 0.6 1.2 π/12 250 1.7

Hp
lim
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Table 4.2 Model parameters corresponding to the materials tested in this thesis using the 
constitutive model by Olsson (2001).

As can be seen in Table 4.2 the two stainless materials exhibit almost the same material 
parameters and they also confines within a small range compared to the ones in Table 4.1. 
Hence, it can be assumed that most stainless steels can be modelled using these material 
parameters.

Grade M ψ θt
 

[GPa]
d

1.4318 
C700 0.65 2.0 π/12 200 1.6

1.4318 
C850 0.65 2.2 π/12 250 1.6

Weldox 
1100 0.75 0.1 π/12 400 1.8

Hp
lim
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4.4 Comparison theory - tests

4.4.1 General

In this section predictions using the constitutive model proposed by Olsson (2001) will be 
compared with the test results on the grades tested by the author of this thesis. An, in the 
commercial FE-package ABAQUS, implemented version of the constitutive model have been 
utilized for the model predictions. The uniaxial stress-strain relation was described using the 
well known Ramberg-Osgood equation, i.e. Equation (4.1), until a lower limit of the plastic 
modulus was reached where after a constant plastic modulus, Hpmin, was applied. This only 
consider the EN 1.4318 C700 grade. For the Weldox 1100 and the EN 1.4318 C850 the Hpmin 
is so small that the Ramberg-Osgood curve never approaches this limit within the strain range 
that are of interest in this study. In Table 4.3 the values of the parameters used to describe the 
uniaxial stress-strain curve are displayed and also the elastic limit, σ0, defining the initial size 
of the memory surface and the elastic limit surface.

Table 4.3 Parameters used to describe the uniaxial stress-strain curve and the elastic limit.

1Not applicable for these steel grades.

In Figure 4.10 - Figure 4.12 simulations of the uniaxial tests using the model and the 
parameters in Table 4.3 are shown. 

Grade σ0 [MPa] c n
 Hpmin
[MPa]

1.4318 C700 250 0.01 11.2 3000

1.4318 C850 400 0.01 18.5 NA1

Weldox 1100 600 0.01 12.3 NA1



Constitutive Model

76

Figure 4.10 Comparison between the modelled stress-strain relation and a uniaxial test of 
the stainless steel 1.4318 C700.

Figure 4.11 Comparison between the modelled stress-strain relation and a uniaxial test of 
the stainless steel 1.4318 C850.

In general the agreement between the test results and the model for the three materials is 
acceptable. The fit could though be better and there is a scope for using another function to 
describe the uniaxial stress-strain curve in the model. This will be further discussed in section 
4.5.
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Figure 4.12 Comparison between the modelled stress-strain relation and a uniaxial test of 
the structural steel Weldox 1100.

The used model parameters regarding the elastic limit surface and the transition from elastic to 
plastic state in subsequent loadings is presented in Table 4.2. By means of these parameters 
comparisons for each grade was divided into two parts; one displaying a comparison between 
predictions and test results considering the subsequent yield criteria and one considering the 
stress-strain response. The predicted subsequent yield criteria are aimed at describing the 
stresses corresponding to 0.1% effective plastic strain. Experimental test results are given as 
the stress path from the initial loading, the maximum stress point during initial loading and 
stress points corresponding to 0.1, 0.2 and 0.3% effective plastic strain in the subsequent 
loading.

The following symbols and lines in the comparison with respect to subsequent yield criteria are 
used:
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4.4.2 Comparison - grade EN 1.4318 C700

Subsequent yield criteria for the C700 grade are compared in Figure 4.13. As can be seen the 
overall agreement between stress points and the solid surface, i.e. the elastic limit surface, is 
very good, especially compared to the dashed line which would correspond to the prediction if 
an isotropic hardening model would have been used. 

Figure 4.13 Predicted subsequent yield criteria together with test results for the grade 
1.4318 C700.

Effective stress-effective plastic strain curves from tests 18B090i are presented together with 
the corresponding model prediction in Figure 4.14 - Figure 4.16. As can be seen the model can 
depict the response from the tests in a good manner. However, it is not possible to predict a 
response where the stress-strain curve at subsequent loading is higher than in the initial 
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loading, see test 18B0901 in Figure 4.14. This behaviour is due to strain hardening even 
though the load has stopped, see also section 3.3.5.1.

Figure 4.14 Comparison between test 18B0901 and the model prediction.

Figure 4.15 Comparison between test 18B0902 and the model prediction.
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Figure 4.16 Comparison between test 18B0903 and the model prediction.

4.4.3 Comparison - grade EN 1.4318 C850

The stainless steel EN 1.4318 C850 has an initial anisotropic behaviour, as can be seen in 
Figure 3.29, and therefore a better agreement between test results and model prediction can be 
obtained if initial anisotropy is included in the model. For the initial yield criterion both an 
isotropic and an anisotropic yield surface are shown in Figure 4.17 together with the stress 
points from the tests. It is evident that the agreement is improved when the initial anisotropy is 
included in the model by means of the anisotropy vector b0

b0 (4.10)

calculated as shown in section 4.3, with the reference proof stress of the size corresponding to 
the mean Rp0.2 from the tests with initial loading direction of 90o, i.e. perpendicular to the 
rolling direction. However, there are still some discrepancies in the third quadrant.
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Figure 4.17 Initial anisotropy, Rp0.2, for grade 1.4318 C850. Initial yield criteria, isotropic 
(dashed) and anisotropic (solid).

Subsequent yield criteria for the C850 grade are compared in Figure 4.18 and Figure 4.19. The 
overall agreement between the stress points and the solid surface, i.e. the elastic limit surface, 
is good despite some discrepancies that can be found. Nevertheless, the fit is clearly better with 
the elastic limit surface compared to the dashed isotropic hardening surface. 
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Figure 4.18 Predicted subsequent yield criteria together with test results for the grade 
1.4318 C850.
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Figure 4.19 Predicted subsequent yield criteria together with test results for the grade 
1.4318 C850.

In Figure 4.20 - Figure 4.22 effective stress-effective plastic strain curves from the test set 
18H135i are compared with predictions to corresponding loadings obtained with the model. 
Effective stress and effective plastic strain are calculated with the anisotropy taken into 
account. Also for this material the agreement between tests and model are satisfactory for the 
subsequent loading meanwhile the predictions in the initial loading are not that good. It is still 
so that even if the anisotropy is included there is a difference in the stress-strain curve as well, 
see Figure B.15 compared to Figure B.19, i.e. not only in the specific yield point or Rp0.2. 
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Figure 4.20 Comparison between test 18H1351 and the model prediction.

Figure 4.21 Comparison between test 18H1352 and the model prediction.
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Figure 4.22 Comparison between test 18H1353 and the model prediction.

4.4.4 Comparison - Weldox 1100

Subsequent yield criteria for the structural steel Weldox 1100 are shown in Figure 4.23. As can 
be seen the elastic limit surface is not as distorted as for the stainless grades. It should though 
be noted that the pre-straining is not as significant as for the stainless steel grades, only around 
1% total strains. An increased amount of pre-straining would enhance the Bauschinger effect, 
showed by Granlund (1997) who used different degrees of pre-straining. Nevertheless, the 
agreement considering this comparison is better than compared to an ordinary isotropic single 
surface model, which would predict a response corresponding to the memory surface.
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Figure 4.23 Predicted subsequent yield criteria together with test results for the grade 
Weldox 1100.

If the subsequent yield criteria in Figure 4.23 are considered, it can be seen that these can be 
depicted in a good way. However, when considering the effective stress-effective plastic strain 
the agreement is not as good. If the tests W11_0902 and W11_0903, i.e. initial loading 
direction in tension transverse the rolling direction, are studied the model predictions are in 
good agreement with the test results. This is shown in Figure 4.24 and Figure 4.25. But if the 
test W11_1802, initially loaded in compression in the rolling direction, is studied, the 
prediction with the model is not that good, see Figure 4.26. It is mostly a problem in the initial 
loading, which is explained by the fact that the stress-strain curve used in the model is based on 
the uniaxial tests in tension, but also the subsequent part could be better. A part of the problem 
is possible to overcome if the compression stress-strain curve is used in the tests initially 
loaded in compression but it is not suitable and it would not improve the prediction in the 
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subsequent part. However, it would be preferred to use the same material response independent 
of loading direction. This matter will be discussed in section 4.5.

Figure 4.24 Comparison between test W11_0902 and the model prediction.

Figure 4.25 Comparison between test W11_0903 and the model prediction.
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Figure 4.26 Comparison between test W11_1802 and the model prediction.

4.5 Improvements - Future work

As shown in the last section the applied constitutive model can be utilized to predict the 
behaviour of the materials considered in a good manner. However, the predictions considering 
Weldox 1100 initially loaded in compression are not too good and for this case, there are room 
for improvements. The simple solution is of course to use the compression stress-strain curve, 
if it is known that the load case will be compression, a solution not sufficient if more general 
stress states are to be investigated. Furthermore, the stress-strain data in compression are 
normally not available and are not easily obtained. Therefore, it would be preferred to be able 
to predict this behaviour from the ground point of an uniaxial tension stress-strain curve. 

This matter is briefly discussed below and a simple proposal on how the model could be 
modified is presented. Starting with the initial yield criteria, there is a need for a translation of 
the yield surface. This can be obtained by using a initial back stress tensor, , similar to an 
ordinary back stress tensor except that it is constant. The reduced deviatoric stress tensor can 
then be calculated as

(4.11)
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and the memory surface reads

(4.13)

where

(4.14)

and  defines initial anisotropy. This translation tensor will result in a translated yield surface 
according to Figure 4.27. In the figure the dashed surface is the surface with no translation and 
the solid surface is the same surface but with a translation of (-50,-50) in the principal stress 
plane. Stress points are proof stresses, Rp0.2, from the tests on Weldox 1100.

Figure 4.27 The effect of an initially translated yield surface, not translated (dashed) and 
translated (solid) surface. The + indicates the centre of the surfaces.

A change like this would improve the agreement with tests in both the initial and the 
subsequent step as also the elastic limit surface will be translated. In Figure 4.25 and Figure 
4.26 it can be seen that the Bauschinger effect is more pronounced for the test initially loaded 
in compression and such effect could be depicted with such translation. However, this is a 
discussion and those changes are a proposal for future work, i.e. a complete change of the 
model has not been conducted in this work. Further, a change according to the proposal will 
increase the possibility to describe the observed response but to the price of one additional 
parameter.
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It was also found in this study that using the Ramberg-Osgood equation for describing the 
uniaxial stress-strain curve was not optimal and the description could be improved. As can be 
seen in Figure 4.10 - Figure 4.12 the fit between model and tests are not perfect for small 
strains due to the use of 0.2 and 1.0% proof stresses. It is of course possible to use 0.01 and 
0.2% proof stresses but then the fit after 0.2% proof stress will be consequently not good. 
Rasmussen (2003b) proposed an expression for non-linear stress-strain curves where the curve 
is divided into two parts. The first part consists of the curve up to the 0.2% proof stress, i.e. 
σ0.2, and the second part contains the rest of the curve. This is expressed as

(4.15)

where E0 is the initial modulus, E0.2 is the tangential modulus at 0.2% plastic strain, εu is the 
total ultimate strain, ε0.2 is the total strain corresponding to σ0.2, n and m are the strain 
hardening parameters and σu is the ultimate strength. This concept was recently implemented 
in the latest version of Eurocode 3 for stainless steels, i.e. prEN 1993-1-4 (2004).

Other issues that could be further studied regarding the model itself is cyclic loadings, i.e. 
more than one subsequent loading. The model has the potential to be extended to include such 
feature, though to a price of additional parameters.
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4.6 Concluding remarks

The applied constitutive model could in general be used to depict the from tests observed 
phenomena. For the isotropic stainless steel grade EN 1.4318 C700 the agreement between test 
results and model prediction is very good in general. 

The feature of initial anisotropy in the constitutive model improved the predictions for the 
anisotropic stainless steel grade EN 1.4318 C850 but still there are some discrepancies. The in 
the model implemented uniaxial stress-strain curve is based on tension properties and as the 
stress-strain curve is somewhat different in compression an optimal fit with the test results 
including compression could not be found. Besides this the overall agreement is good also for 
this material. 

Considering the extra high strength steel Weldox 1100 the model predictions of tests initially 
loaded in tension are good. However, when compression is considered some discrepancies was 
found due to the different stress-strain curve in compression.

For all tested steel grades the constitutive model could describe the qualitative behaviour in the 
subsequent loadings, including phenomena as the Bauschinger effect, the direction 
dependency and the gradual transition from elastic to plastic state.

Finally, some improvements of the applied constitutive model were proposed; the possibility to 
translate the yield surface in the σ1-σ2 stress plane and an implementation of the uniaxial 
stress-strain curve using a two part Ramberg-Osgood equation.
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5 DISCUSSION AND CONCLUSIONS

5.1 Discussion

The earlier developed concept for biaxial testing of cross-shaped flat specimens was used in 
this study. It was found to work well for the materials tested herein. The developed specimen 
designs for testing of the extra high strength steel Weldox 1100 have also been shown 
applicable in this study.

Considering the results from the biaxial testing of the stainless steel grades considered, it is 
clear that the Bauschinger effect, introduced rapidly with plastic strains, and the cross effect 
are the most pronounced phenomena affecting the subsequent yield criteria. The transition 
from elastic to plastic state in the subsequent part was observed as both gradual and strongly 
direction dependent. From the results it is obvious that these features resulting from the initial 
loading is important to consider in situations were stress reversals can occur. The annealed 
grade, i.e. C700, was as expected found almost initially isotropic and the results show good 
agreement with the isotropic von Mises yield criterion. This is however not the case for the 
cold worked grade, C850, that has a clear anisotropic behaviour in the initial loading. The 
anisotropic behaviour of the cold worked grade comes from the production process where the 
material is stretched in the rolling direction which results in the strength enhancement. If the 
subsequent yield criteria are considered for the C700 material initially loaded in the rolling 
direction, i.e. 0o, which can be found in Figure B.3 in APPENDIX B, one can understand how 
the anisotropic behaviour for the C850 develops. From the figure it can be understood that the 
compression strength is reduced and that the strength perpendicular the rolling direction 
increases, which is the behaviour found initially for the C850 grade, see Figure 3.29. The 
initial anisotropy of the cold worked grade is very important to be aware of and consider when 
designing a structural element.

In the last version of the Eurocode regarding stainless steels, prEN 1993-1-4, values of the 
characteristic yield and ultimate strength is stated in Annex B for cold worked grades. It is also 
stated that these values can be “used as characteristic strength provided that it is guaranteed by 
the producer”. In Gozzi (2004b) it was reported that the materials tested only exhibit the 
characteristic strength from the Eurocode when tested transverse the rolling direction, which 
also is the direction tested by the material producers. The general conclusions from the report 
by Gozzi were that for a cold worked grade, like C850, it is important to actually test the 
material in the direction that it later will be loaded in and that the compression strength in the 
rolling direction should be taken as 85% of the tension strength in the rolling direction.
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The test results on the extra high strength steel Weldox 1100 show that the initial yield criteria 
are anisotropic in a different way compared to the cold worked stainless grade. In this case the 
yield surface needs to be translated towards the compression quadrant of the principal stress 
plane. A proposal of how this can be done is described in section 4.5, where the initial 
translation was solved by means of a constant initial back stress tensor. However, it can be 
realized that if the tension properties for this material are used the predictions of the material 
behaviour will be on the safe side when monotonic load cases are considered. In the 
subsequent part the most pronounced phenomenon is that the transition from elastic to plastic 
state is very direction dependent. The Bauschinger effect is evident but not as pronounced as 
for the stainless grades. One reason for the less pronounced Bauschinger effect is probably that 
the specimens are not as pre-strained in the initial loading as the stainless grades. Though, the 
Bauschinger effect is more clear and pronounced for the tests with initial loading in 
compression, which is explained by the fact that the material properties are different in tension 
compared with compression.

The constitutive model described and applied in this thesis has shown to be capable of 
depicting the experimentally observed phenomena. In general, the predictions by the model of 
the tests on the stainless grades are very good. Also the predictions of the Weldox 1100 is good 
as long as the load cases with initial tension are considered but when it comes to the tests 
initially loaded in compression the agreement between model predictions and tests are not that 
good. This results in an underestimation of the behaviour in the initial part and an 
overestimation in the subsequent part, shown in Figure 4.26. This problem in the model can be 
solved by introducing an initial translation tensor which was discussed in section 4.5. 
However, this initial translation tensor would also introduce one more model parameter into 
the model, a parameter that has to be determined by complicated tests. 

Since a lot of biaxial tests have been conducted on several different materials during the last 
decade at Steel Structures, Luleå University of Technology, a summary of these tests and the 
corresponding model parameters are presented in section 4.3.1. This summary can be used as a 
ground point if other materials are to be modelled. As can be seen in the summary that for 
example the model parameters for the stainless steel grades, tested both by Olsson (2001) and 
the author of this thesis, are confined within a fine range. Hence, it can be assumed that the 
same parameters can be used if another stainless steel grade should be modelled. It has though 
to be emphasized that all model parameters were determined visually to get the best possible 
overall fit, i.e. no statistical evaluation of the parameters has been done. 

For many cases a general isotropic hardening single surface model is accurate enough to 
predict the response of a structural component. If initial anisotropy is included, e.g. as 
proposed by Hill (1950), in the single surface model all materials tested herein could be 
modelled as long as only monotonic load cases are of interest. When more general stress states, 
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including stress reversals, are considered more sophisticated models are needed, for example 
of the type proposed by Olsson (2001). 

There are several areas where the presented model can be advantageous to use. In a study by 
Lagerqvist and Olsson (2001), a slender simply supported plate with tensile residual stresses, 
along the edges, of the size of Rp0.2 was analysed with different material models. It was found 
that the isotropic hardening model predicts a 27% higher compression strength compared to 
the prediction from a kinematic hardening model, for the stainless grade EN 1.4462. This 
shows that the choice of material model affects the results on plates with residual stresses taken 
into account.

Another example is cold-formed profiles where the forming process of the profile itself 
introduce plastic strains especially in the corners, which will render in other material properties 
compared to the initial material. However, in general for such case a model with isotropic 
hardening and material properties obtained on the base material will predict results on the safe 
side.

If load cases as patch loading or inelastic flange buckling are considered the choice of material 
model can also influence the results. For such load cases stress redistributions can take place, 
even though usually after the ultimate load has been reached, i.e. for the descending part of the 
load-displacement curve. If modelling of the entire load-displacement curve are of interest a 
simple material model is not accurate enough.

Also when cyclic plasticity is considered, e.g. seismic loads, the choice of material model is 
important and can definitely affect the results. However, for many cases simple models like 
von Mises plasticity with isotropic hardening give satisfactory results, especially when 
considering the usage simplicity.
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5.2 Conclusions

The following conclusions can be drawn from the study presented herein:

• The biaxial testing concept for testing in the full principal stress plane has shown 
applicable also to the materials tested herein.

• The new specimen designs made tests on the extra high strength steel Weldox 1100 
possible.

• Initial yield criteria was found almost isotropic for the annealed stainless steel grade 
while the cold worked stainless steel grade and the extra high strength steel grade 
have anisotropic initial yield criteria.

• The stainless steels show a pronounced Bauschinger effect and a very direction 
dependent transition from elastic to plastic state in subsequent loadings. The extra 
high strength steel had the same behaviour but not as pronounced as for the stainless 
steels.

• The constitutive model applied can depict the experimentally observed phenomena 
even though some discrepancies were found for the extra high strength steel.

• The, compared to simpler models, additional parameters do show similarities between 
steel grades and therefore it is believed that the determined parameters can be used for 
other grades, verified with a small number of tests.
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5.3 Future work

As mentioned earlier considering the constitutive model, there are some areas that can be 
developed to further improve the predictions for some of the materials tested herein. Firstly, 
another possibility to describe the uniaxial stress-strain curve is needed. The suggestion is to 
use the compound Ramberg-Osgood equation described earlier. This is advantageous from a 
designer's point of view as the different parameters can be calculated from data usually 
available. It would though be possible to use a piece-wise description of the stress-strain curve 
but then the entire stress-strain curve needs to be known. 

Secondly, the possibility to translate the initial yield surface would also be an improvement 
that would increase the agreement between predictions and the mechanical response of the 
material. Discrepancies were found in this work when modelling the response of the extra high 
strength steel that could be overcome by a translation possibility.

Cyclic plasticity is an area that the model can be applied to. However, some work is needed to 
extend the model to include cyclic plasticity, i.e. if more than two loading steps are of interest. 
It is generally the formulation of the elastic limit surface that needs to be changed in order to 
include cyclic loadings in the model. At this stage the elastic limit surface is divided into two 
parts depending on the initial loading. If the material is subjected to a subsequent loading 
perpendicular to the initial, the two parts of the elastic limit surface will still have the same 
transition points and hence, the distortion from the second loading cannot take place in a 
proper way. In other words, the elastic limit surface needs to be updated during the second 
loading in order to include a correct description of the cyclic behaviour for general loading 
paths.
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APPENDIX A UNIAXIAL TESTS

A.1 Stainless steel grades

A.1.1 Mill tests

Chemical composition and results from mill tests performed by the manufacturer are presented 
in Table A.1 and Table A.2 respectively.

Table A.1 Chemical composition [%].

Table A.2 Results - Uniaxial tensile tests performed by the manufacturer.

A.1.2 Uniaxial test results

Specimens were taken in both the rolling and the transverse direction. All uniaxial tests were 
performed according to EN 10002-1 (2001) under deformation control. The notch in the curves 
come from a speed change during testing. Stresses are engineering stresses. The results from 
the uniaxial tests are presented in Table A.3 and Figure A.1 - Figure A.4.

Grade C Si Mn P S Cr Ni N

EN 1.4318 C700 0.013 0.58 1.62 0.028 0.001 17.3 6.5 0.12

EN 1.4318 C850 0.016 0.56 1.27 0.026 0.001 17.5 6.5 0.122

Grade Rp0.2 [MPa] Rp1.0 [MPa] Rm [MPa] A5 [%]

EN 1.4318 C700 352 389 753 50

EN 1.4318 C700 369 405 757 49

EN 1.4318 C850 616 677 929 35

EN 1.4318 C850 642 700 926 35
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Table A.3 Results from uniaxial tests on the stainless steel grades. L - rolling direction and T 
- transverse direction.

Figure A.1 Uniaxial tensile tests for the stainless steel grade EN 1.4318 C700 along the 
rolling direction.

Grade Rp0.2 [MPa] Rp1.0 [MPa] Rm [MPa] A5 [%]

4318 C700 L1 360 399 775 52

4318 C700 L2 361 401 775 52

4318 C700 L3 361 399 774 52

4318 C700 T1 368 403 772 52

4318 C700 T2 369 405 776 53

4318 C700 T3 366 401 773 53

4318 C850 L1 501 584 918 37

4318 C850 L2 498 574 906 37

4318 C850 L3 500 576 908 37

4318 C850 T1 572 623 906 35

4318 C850 T2 576 627 917 35

4318 C850 T3 577 627 917 36

0 10 20 30 40 50 60
ε [%]

0

100

200

300

400

500

600

700

800

900

1000

σ
 [M

Pa
]

4318 C700 L1
4318 C700 L2
4318 C700 L3



Uniaxial Tests

105

Figure A.2 Uniaxial tensile tests for the stainless steel grade EN 1.4318 C700 transverse 
the rolling direction.

Figure A.3 Uniaxial tensile tests for the stainless steel grade EN 1.4318 C850 along the 
rolling direction.
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Figure A.4 Uniaxial tensile tests for the stainless steel grade EN 1.4318 C850 transverse 
the rolling direction.

A.2 Weldox 1100

A.2.1 Mill tests

Chemical composition and results from mill tests performed by the manufacturer are presented 
in Table A.4 and Table A.5 respectively.

Table A.4 Chemical composition [%].

Table A.5 Results - Uniaxial tensile tests performed by the manufacturer.

Grade C Si Mn P S Cr Ni Mo

Weldox 1100 0.17 0.23 1.26 0.01 0.001 0.20 0.05 0.644

Grade V Cu Al Nb N Ti B -

Weldox 1100 0.033 0.01 0.059 0.015 0.004 0.003 0.001 -

Grade Rp0.2 [MPa] Rm [MPa] A5 [%]

Weldox 1100 1345 1439 10

Weldox 1100 1345 1439 10
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A.2.2 Uniaxial test results

Specimens were taken in both the rolling and the transverse direction. Three in each direction 
considering tension and two in each direction considering compression. All tension tests were 
performed according to EN 10002-1 (2001) under deformation control and stresses are 
engineering stresses. The results from the uniaxial tests are shown in Figure A.5 - Figure A.8 
and in Table A.6.

Table A.6 Results from uniaxial tests performed on Weldox 1100. L - rolling direction, T - 
transverse direction, t - tension and c - compression.

Figure A.5 Uniaxial tension tests for Weldox 1100 along the rolling direction.

Test Rp0.2 [MPa] Rm [MPa] A5 [%]

W11uL1t 1281 1433 11.3

W11uL2t 1292 1444 11.1

W11uL3t 1287 1445 11.6

W11uT1t 1271 1439 9.8

W11uT2t 1266 1443 9.9

W11uT3t 1249 1452 9.9

W11uL1c 1389 - -

W11uL2c 1379 - -

W11uT1c 1373 - -

W11uT2c 1369 - -
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Figure A.6 Uniaxial tension tests for Weldox 1100 transverse the rolling direction.

Figure A.7 Uniaxial compression tests for Weldox 1100 along the rolling direction.
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Figure A.8 Uniaxial compression tests for Weldox 1100 transverse the rolling direction.
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APPENDIX B BIAXIAL TEST RESULTS

B.1 General

The results from the biaxial tests are displayed as initial yield criteria for all tests on one 
material grade and in two different figures for each test set; one displaying the effective stress-
effective plastic strain curves and one that shows the largest stress during the initial loading 
together with stress points corresponding to 0.1, 0.2 and 0.3% effective plastic strain during 
subsequent loading.

Each test set has a label according to a system. The label starts with the material, 18B is EN 
1.4318 C700 and 18H is EN 1.4318 C850. This is followed by three numbers defining the 
initial loading direction, such that 090 means 90o. The last number in the test label defines 
which test in the test set it is, i.e. a 2 means the initial direction plus 180o. 18B0902 means 
material EN 1.4318 C700 initially loaded in 90o and subsequently loaded in 270o.
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B.2 Biaxial tests on the grade EN 1.4318 C700

B.2.1 Initial yield criteria

Initial yielding is displayed as stress points in the principal stress plane, , 
corresponding to effective plastic strains of 0.2%. A von Mises loci corresponding to the mean 
proof stress is given as a reference.

Figure B.1 Stress points in the principal stress plane corresponding to 0.2% effective 
plastic strain.

σ1 σ2–

−600 −500 −400 −300 −200 −100 0 100 200 300 400 500 600
−600

−500

−400

−300

−200

−100

0

100

200

300

400

500

600

Sigma 1  [MPa]

S
ig

m
a 

2 
 [M

P
a]



Biaxial Tests

113

B.2.2 Effective stress-effective plastic strain curves and subsequent yield criteria

Effective stress-effective plastic strain curves and subsequent yield criteria are shown for each 
test set respectively.

Figure B.2 Effective stress-effective plastic strain for tests 18B0002 and 18B0003.

Figure B.3 Maximum preloading stress and stresses corresponding to 0.1, 0.2 and 0.3% 
effective plastic strain during subsequent loading for tests 18B0002 and 
18B0003.
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Figure B.4 Effective stress-effective plastic strain for tests 18B090i, i = 1, 2, 3.

Figure B.5 Maximum preloading stress and stresses corresponding to 0.1, 0.2 and 0.3% 
effective plastic strain during subsequent loading for tests 18B090i, i = 1, 2, 3.
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Figure B.6 Effective stress-effective plastic strain for tests 18B180i, i = 1, 2, 3.

Figure B.7 Maximum preloading stress and stresses corresponding to 0.1, 0.2 and 0.3% 
effective plastic strain during subsequent loading for tests 18B180i, i = 1, 2, 3.
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Figure B.8 Effective stress-effective plastic strain for tests 18B270i, i = 1, 2, 3.

Figure B.9 Maximum preloading stress and stresses corresponding to 0.1, 0.2 and 0.3% 
effective plastic strain during subsequent loading for tests 18B270i, i = 1, 2, 3.
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B.3 Biaxial tests on the grade EN 1.4318 C850

B.3.1 Initial yield criteria

Initial yielding is displayed as stress points in the principal stress plane, , 
corresponding to effective plastic strains of 0.2%. A von Mises loci corresponding to the mean 
proof stress is given as a reference.

Figure B.10 Stress points in the principal stress plane corresponding to 0.2% effective 
plastic strain.
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B.3.2 Effective stress-effective plastic strain curves and subsequent yield criteria

Effective stress-effective plastic strain curves and subsequent yield criteria are shown for each 
test set respectively.

Figure B.11 Effective stress-effective plastic strain for tests 18H000i, i = 1, 2, 3.

Figure B.12 Maximum preloading stress and stresses corresponding to 0.1, 0.2 and 0.3% 
effective plastic strain during subsequent loading for tests 18H000i, i = 1, 2, 3.
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Figure B.13 Effective stress-effective plastic strain for tests 18H045i, i = 1, 2, 3.

Figure B.14 Maximum preloading stress and stresses corresponding to 0.1, 0.2 and 0.3% 
effective plastic strain during subsequent loading for tests 18H045i, i = 1, 2, 3.
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Figure B.15 Effective stress-effective plastic strain for tests 18H090i, i = 1, 2, 3.

Figure B.16 Maximum preloading stress and stresses corresponding to 0.1, 0.2 and 0.3% 
effective plastic strain during subsequent loading for tests 18H090i, i = 1, 2, 3.
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Figure B.17 Effective stress-effective plastic strain for tests 18H135i, i = 1, 2, 3.

Figure B.18 Maximum preloading stress and stresses corresponding to 0.1, 0.2 and 0.3% 
effective plastic strain during subsequent loading for tests 18H135i, i = 1, 2, 3.
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Figure B.19 Effective stress-effective plastic strain for tests 18H180i, i = 1, 2, 3.

Figure B.20 Maximum preloading stress and stresses corresponding to 0.1, 0.2 and 0.3% 
effective plastic strain during subsequent loading for tests 18H180i, i = 1, 2, 3.
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Figure B.21 Effective stress-effective plastic strain for tests 18H225i, i = 1, 2, 3.

Figure B.22 Maximum preloading stress and stresses corresponding to 0.1, 0.2 and 0.3% 
effective plastic strain during subsequent loading for tests 18H225i, i = 1, 2, 3.
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Figure B.23 Effective stress-effective plastic strain for tests 18H270i, i = 1, 2, 3.

Figure B.24 Maximum preloading stress and stresses corresponding to 0.1, 0.2 and 0.3% 
effective plastic strain during subsequent loading for tests 18H270i, i = 1, 2, 3.
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Figure B.25 Effective stress-effective plastic strain for tests 18H315i, i = 1, 2, 3.

Figure B.26 Maximum preloading stress and stresses corresponding to 0.1, 0.2 and 0.3% 
effective plastic strain during subsequent loading for tests 18H315i, i = 1, 2, 3.
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ABSTRACT

This paper comprises a study concerning the mechanical behaviour of extra high strength 
steel. This is investigated by means of biaxial testing of flat cross-shaped specimens in the full 
σ1-σ2 plane, a concept developed earlier at Steel Structures, Luleå University of Technology. 
Furthermore, new specimen designs had to be developed to enable testing of a material with 
high yield strength and low ultimate over yield strength ratio, like the extra high strength steel 
Weldox 1100. The tests are performed in two steps, one initial loading followed by unloading 
and a subsequent loading in a new direction.

The test results, containing data from 15 biaxial tests, are characterized by a slightly 
anisotropic initial yield criterion where the proof stress in compression are consequently 
somewhat higher compared to the results in tension. In the subsequent loading the observed 
phenomena are; a Bauschinger effect in the direction opposite the initial loading direction and 
that the transition from elastic to plastic state is gradual and direction dependent.

INTRODUCTION

The possibility to predict and simulate, by for example numerical methods, the actual 
behaviour of a material is a very important and cost effective method to find an optimum 
design of for example a structural element. However, to make this possible the need of a 
material model that actually can depict the behaviour is of great importance. If the material is 
subjected to loadings that cause stress reversals it is even more difficult to predict the 
behaviour and the simple material models implemented in the finite element programs today 
can not depict the response in such load cases. To be able to develop a model that can account 
for both initial and subsequent behaviour, a basis of experimental data is required.

Biaxial testing is an experimental method that provides the necessary data for such a model. In 
this paper a biaxial testing concept developed at Luleå University of Technology in the last 
decade is described with focus on new developed specimen designs suitable for extra high 
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strength steel. It is a concept for testing of flat cross-shaped specimens in the full principal 
stress plane, i.e also in compression. The tests are performed in two steps, one initial loading 
followed by unloading and reloading in a new direction. This provides data for stress-strain 
curves in two steps and stress points describing initial and subsequent yield criteria in the 
principal stress plane.

REVIEW OF EARLIER WORK

Besides the relatively simple method of testing flat specimens by pre-straining large specimen 
from which smaller specimens are cut and subjected to subsequent loading, utilized by e.g. 
Ikegami (1975) and Möller (1993), there are two principally different ways to carry out biaxial 
testing of steel. The most commonly used concept utilize circular thin wall hollow sections 
subjected to combinations of shear and tension or compression in the  plane. See e.g 
Ellyin et al. (1993) and Ishikawa (1997). There is, however, a problem using circular hollow 
sections since the material undergoes plastic deformation and develops residual stresses during 
manufacturing of the specimen. The other possibility is to perform biaxial tests on material in 
its most commonly delivered state, i.e flat sheets, meaning biaxial tests on flat cross-shaped 
specimens. A short review on previous work in this area will follow.

Shiratori and Ikegami. (1967) developed a biaxial testing machine with a cross-shaped flat 
specimen for testing in tension. The specimen was designed with emphasis on finding a centre 
region with an area of homogeneous strains as large possible. In a study by Shiratori and 
Ikegami (1968) the same concept was utilized to study the subsequent yield surface 
experimentally in the first quadrant of the principal stress plane.

Biaxial tests on cross-shaped flat specimens were also conducted by Kreißig and Schindler 
(1986). A variable force along the specimen edges obtained an almost homogenous strain 
distribution in the middle are of the specimen. After pre-straining, in the first quadrant of the 
principal stress plane, coupons were cut from the specimens. These coupons were then 
subjected to subsequent loading in both tension and compression.

Another biaxial testing concept was presented by Makinde et al. (1992). It is a four actuator 
concept for testing of cross-shaped specimens. The stresses in the specimens were evaluated 
by means of finite element calculations. Green et al. (2004) used the same concept to study the 
biaxial behaviour of an aluminium sheet alloy.

Boehler et al. (1994) presented a screw driven biaxial testing rig with four actuators. The cross-
shaped specimen was developed by means of a mathematically well defined criterion to use for 
optimization in finite element simulations, see e.g. Demmerle and Boehler (1993).

Granlund (1995) and (1997) presented a concept with support plates enabling tests in the full 
 plane, in tension as well as in compression. The concept by Granlund has been 

utilized later by Olsson (2001) and Gozzi (2003) for testing of stainless steel. This set-up was 

σ τ–

σ1 σ2–
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modified to accommodate extra high strength steel for use in the study presented herein. The 
method by Granlund will be further described later in this paper.

In 1996 Albertini et al. (1996) presented a testing apparatus together with a cross-shaped 
specimen for biaxial testing of an aluminium alloy. The testing machine is driven by an electric 
motor moving a plate that push the four lever arms in two directions. Equal or two different 
strain rates are possible along the two directions. The same method was also used by Lademo 
(1999) for biaxial tests on aluminium.

The general conclusion that can be drawn from this review is that, with the exception of the 
concept presented by Granlund and described later in this paper, all concepts are limited to 
tests in the tension quadrant of the principal stress plane. Though, Kreißig and Schindler 
(1986) performed tests also in compression in the subsequent loading.

EXPERIMENTAL WORK

General

A total of 6 uniaxial tension tests, 4 uniaxial compression tests and 15 biaxial tests have been 
performed in this study. The tested material is the extra high strength structural steel Weldox 
1100 delivered by SSAB Oxelösund with a yield and ultimate strength of approximately 1200 
MPa and 1400 MPa respectively.

The uniaxial tension tests were performed according to EN 10 002-1 (2001). Uniaxial 
compression tests were conducted by the author at the University of Sydney, Australia, 
according to a procedure previously used by Rasmussen (2003). The biaxial tests were carried 
out according to the concept developed by Granlund but with a new specimen design presented 
herein.

Test rig

The biaxial testing rig, depicted in Figure 1, used for this experimental investigation is a 
concept with two actuators perpendicular to each other and four arms hinged at the bottom. 
Makinde et al. (1992) used a test set-up with four actuators but the two actuator concept makes 
the rig self aligning and the need of synchronizing the actuators is avoided. The drawback 
using hinged arms is that the grips holding the specimen will move along an arc. The distance 
from the hinge to the specimen is 1000 mm and the total movement in one arm is around 3 
mm. Granlund (1995) studied the effects of this bending force and found that the bending force 
introduced into the specimen is very small and could be considered as negligible. This biaxial 
testing concept has earlier been shown to work well by Granlund (1997), Olsson (2001) and 
Gozzi (2003).



4

Figure 1 Test rig for biaxial tests.

To enable compression tests the out of plane buckling of the specimens had to be prevented. 
This was solved by the use of support plates that was clamped around the specimen by four 6 
mm bolts. The support plates were designed to guide the grips of the rig and thereby enhance 
the global stability in both the vertical and the horizontal direction. The bolts holding the 
support plates were equipped with strain gauges to ensure similar conditions, i.e same 
clamping force, in all tests. This obviously causes friction between specimen and support 
plates but to reduce the friction as much as possible a thin teflon film was attached to the 
plates. Also, fresh oil was applied on the teflon film in order to further decrease the friction. 
This friction as well as that in the hinges of the rig were measured and included in the 
evaluation procedure.

The actuators were controlled by an Instron control unit that has the capability to control the 
two actuators independently. All tests were performed in load control with a constant stress 
rate of 2.7 MPa/s throughout the test.

Specimen design

In earlier biaxial studies performed at the Division of Steel Structures, LTU, a specimen 
according to Figure 2 was used. There are however two problems that occur while testing a 
high strength steel with a high yield strength and a low ratio between yield and ultimate 
strengths. Firstly, the total stress needed is approximately 1400 MPa which could not be 
reached with the actuators and the old specimen design. Secondly, the design of the specimen 
works well for work hardening materials but for a material like Weldox 1100, stress 
concentrations developed during the tests cause failure before the desired level of stresses and 



5

strains are reached in the centre of the specimen. Hence, the specimen needed to be redesigned 
to meet the conditions of this material.

Figure 2 Old specimen design.

In the development of a new specimen design three different design aspects were considered;

• the nominal cross section area,

• the radii between the arms,

• the number and position of the slots.

These different points were investigated by means of finite element analyses to find the 
optimal design. The general pre-processing program FEMGEN/FEMVIEW, version 6.1, was 
used to generate the models and for the analyses the FE-package ABAQUS, version 5.8, was 
used. 

The cross section area in the centre of the specimen needed to be reduced compared to the old 
specimen in order to reach enough stress from the actuator capacity. Furthermore, a smaller 
area implies more stress/strain variations in the centre area. The aim was to find the area that 
provides the needed stress and still is large enough to achieve as small influence from stress/
strain concentrations, from the slots, as possible on the results. It was decided not to machine 
the specimens to reduce the thickness in the centre area due to easier manufacturing when only 
laser-cutting the specimens from the steel sheets. The sheets had a thickness of 4 mm and a 
cross section area of 160 mm2, i.e 40 mm between the slots, was found to fulfil the mentioned 
conditions.

The radii between the arms and the slots prevents forces from escaping into the perpendicular 
arms. To avoid stress concentrations at the radii, an improved design was used. The smoother 
transition and bigger radius of 10 mm, compared to the earlier design with a radius of 5 mm, 
keeps the stress concentrations at a lower level and a failure in the critical position at the radii 
was avoided. The arms had 0.3 mm wide slots that also limits the nominal cross section area in 
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the middle of the specimen. The position of the laser-cut slots was varied and is connected both 
to the first and second bullet points concerning the cross section area and the radii. As the area 
was decided, the middle slot was fixed and from that different positions for the outer slots were 
tried to find the best stress/strain distribution in the gauge area of the specimen. Figure 3 shows 
the two final specimen designs; Specimen A where all slots have the same length and 
Specimen B where the outer slots were 3 mm shorter and moved towards the grips.

The different specimens were modelled and analysed considering the different load cases that 
were to be tested, i.e uniaxial tension or compression, biaxial tension and compression and 
biaxial tension or compression. Biaxial tension and compression means tension in one arm and 
compression in the other, i.e σ1 = −σ2, and biaxial tension or compression means tension or 
compression in both arms, i.e σ1 = σ2.

From these FE-results it was concluded that two different specimens were needed for this 
study. Specimen A was used when subjected to uniaxial tension or compression and biaxial 
tension and compression. Specimen B was used for the load case of biaxial tension or 
compression. A xy-strain gauge, manufactured by HBM, art no. 1-XY91-6/120, with 10 mm 
gauge length was mounted in the middle of the specimen, according to Figure 3.

Figure 3 New specimen design. Specimen A to the left and Specimen B to the right.

Biaxial test programme

A total of 15 biaxial tests were performed. Each test contained an initial loading, an unloading 
and a subsequent loading in a new direction in the principal stress plane. With the exception of 
0o, three tests with initial loading in directions 90o, 180o and 270o respectively were performed 
according to the principle shown in Figure 4. In the case of initial loading in 0o, two tests were 
performed. 0o means tension in the rolling direction, 90o means tension transverse the rolling 
direction, 180o means compression in the rolling direction and 270o means compression 

Strain gauge
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transverse the rolling direction. For the intial directions 45o, 135o, 225o and 315o only one test 
in each direction was performed, each with a subsequent loading opposite to the initial. 
Loading directions for all tests are shown in Table 1.

Figure 4 Principle of initial and subsequent loadings within a test set.

Table 1 Test programme for the biaxial tests.

Test Initial loading 
direction

Subsequent loading 
direction

W11_0002 0o 180o

W11_0003 0o 270o

W11_0452 45o 225o

W11_0901 90o 180o

W11_0902 90o 270o

W11_0903 90o 0o

W11_1352 135o 315o

W11_1801 180o 270o

W11_1802 180o 0o

W11_1803 180o 90o

W11_2252 225o 45o

W11_2701 270o 0o

W11_2702 270o 90o

W11_2703 270o 180o

W11_3152 315o 135o

σ1

σ2

Initial loading of all three specimens in the 
same direction to the stress level required.

ϕ

Direction of reloading, third specimen.Direction of reloading,
second specimen.

Direction of reloading,
first specimen.
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Test evaluation

During the tests the actuator load, actuator stroke and strains in directions of the arms were 
measured and recorded. The objective was to derive stress-strain curves and stress points from 
the tests. In an uniaxial test the stress is easily obtained from the measured force divided by the 
cross-section area. It is, however, not as easy for a biaxial test of flat cross-shaped specimens. 
The load carrying area is very difficult to determine and depends on both the material 
behaviour and the specimen design. This problem was solved by analysing the stress 
distribution by means of FE-analyses and comparing the stress from FE with a stress 
determined analytically according to equations (1) and (2), with .

(1)

(2)

The function η in equations (1) and (2) is the relation between the analytical stress and the 
stress from the FE-analyses. In Figure 5, a comparison between analytical solution and FE 
solution is shown. The function η starts at a constant level and decreases to a minimum and 
final value. Different η-functions were used for the different specimen designs and also varied 
somewhat for different load cases. Figure 5 also shows the η-function for the uniaxial load 
case. The difference between the functions is not very large, as can be seen in Table 2, but still 
they were separated to obtain as good evaluations as possible.

Figure 5 Comparison between finite element solution and analytical solution for the load 
case uniaxial tension. The η-function for the uniaxial load case to the left is shown 
to the right, which has the same appearance for all loadings but with different 
values on the different levels.
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Table 2 Values of the function η at different stress levels for the loadings considered.

The measured actuator loads were adjusted, taking into account both the geometrical aspect, i.e 
the distance from the actuator to the specimen, and friction in the same manner as done by 
Granlund (1997) and Olsson (2001).

All biaxial tests were evaluated using a Fortran script where the test rig geometry, the friction 
and the influence of the variation in effective area were taken into account. Still, comparisons 
between ordinary uniaxial tests in both tension and compression and the biaxial tests along the 
corresponding axes of the cross-shaped specimens were performed to verify the validity of the 
evaluated results.

In Figure 6, comparisons between uniaxial test and the corresponding biaxial test are 
presented. The direction of loading is tension and compression perpendicular to the rolling 
direction and, as can be seen, the agreement is very good. Based on these comparisons it is 
concluded that the stress in the biaxial specimen during initial loading can be determined with 
an accuracy corresponding to a uniaxial test.

Figure 6 Comparison between a uniaxial tension test and the corresponding initial loading 
in a biaxial test.

Level 1 - Start value of the function η Level 2 - Min. value of the function η
σii / Rp0.2 η σii / Rp0.2 η

Uniaxial tension 0.5 1.3 1.06 1.1

Uniaxial 
compression 0.4 1.3 1.15 1.1

Biaxial tension 0.7 1.26 1.25 1.07

Biaxial 
compression 0.6 1.26 1.08 1.15

Biaxial tension-
compression 0.7 1.21 1.12 1.05
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ε [%]

0

200

400

600

800

1000

1200

1400

1600

σ
 [M

Pa
]

Uniaxial test
Biaxial test



10

Figure 7 Comparison between a uniaxial compression test and the corresponding initial 
loading in a biaxial test.

TEST RESULTS

The results are presented as stress points corresponding to equal effective plastic strains in the 
principal stress plane and effective stress-effective plastic strain curves. The yield criteria, i.e 
the initial and the subsequent, is displayed as points corresponding to equal effective plastic 
strain in the stress plane. This corresponds to the concept of defining yielding in terms of 
plastic proof strain. For the initial yield criteria a von Mises criterion corresponding to the 
mean proof stress is shown as a reference.

The effective stress is calculated as

(3)

using vector notation with the stress components σ1 and σ2 calculated as true or Cauchy 
stresses, taking into account the cross section area reduction due to plastic strains. The 
effective plastic strain is calculated as

(4)

where i denotes the row in the data file and

; j = 1, 2, 3 (5)

The plastic strains,  and , were calculated using an elastic modulus of 210 000 MPa and a 
Poisson’s ratio of 0.3. In the third direction, the out of plane direction, the plastic strain was 
calculated with the assumption of constant volume, i.e Poisson’s ratio of 0.5.
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In Figure 8 the initial yield criteria corresponding to the 0.2% and 0.3% proof stress are shown 
for all 15 tests. The variation between specimens loaded in the same direction is within 3% 
which has to be considered as good. As can be seen the points in compression fall outside the 
isotropic yield surface. This was also found by Granlund (1997) for the high strength steel 
Domex 690. Findings also supported by the results from uniaxial tests shown in Table 3.

Figure 8 Stress points in the principal stress plane, σ1 − σ2, corresponding to 0.2 and 0.3% 
effective plastic strain at initial loading.

Table 3 Mean values from uniaxial tests in both tension and compression.

Subsequent yield criteria are presented as stress points in the principal stress plane. The solid 
line from the origin indicates the stress path from the initial loading and the stress points in 
other directions show stresses corresponding to 0.1, 0.2 and 0.3% effective plastic strain during 
subsequent loading. A von Mises surface corresponding to the size of the maximum stress 
level during initial loading is given as reference. In Figure 9 the subsequent yield criteria for 
tests with initial loading direction of 90o and 270o, respectively, are shown.

Type of test Direction Number of tests Rp0.2 [MPa] Rm [MPa]

Tension Rolling 3 1271 1446

Tension Transverse 3 1245 1450

Compression Rolling 2 1384 -

Compression Transverse 2 1371 -
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Figure 9 Subsequent yield criteria for tests W11_090i and W11_270i, i = 1, 2, 3.

It can be seen that the strength is reduced in the direction opposite to the initial loading 
direction, i.e the Bauschinger effect. However, the Bauschinger effect is not very large which 
is related to the fact that the initial loading only produce effective plastic strains of 
approximately 0.5%. A higher level of plastic strains in the initial loading would give a more 
pronounced Bauschinger effect but this was not possible to achieve within this study.

The effect of the hardening is more clearly shown by the effective stress-effective plastic strain 
curves. To the right of each figure a symbol indicating initial and subsequent loading directions 
is displayed. The diamonds on the subsequent part of the stress-strain curves correspond to the 
stress points in the principal stress plane shown in Figure 9. The curves in Figure 10 and Figure 
11 clearly show both the Bauschinger effect and how the transition from elastic to plastic state 
at reloading depend on the direction of reloading.

Figure 10 Effective stress-effective plastic strain for tests W11_090i, i = 1, 2, 3.
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Figure 11 Effective stress-effective plastic strain for tests W11_270i, i = 1, 2, 3.

The Bauschinger effect is clearly more pronounced for the test initially loaded in compression, 
i.e. test W11_02702. This behaviour can be explained by the fact that initially the compression 
strength is higher than the tension strength and this also influences the behaviour in the 
subsequent step.

In the Appendix all test results are displayed in the same manner as the ones above.

DISCUSSION AND CONCLUSIONS

The specimen design presented herein has been proven to work well for the purpose of this 
study. It enables biaxial testing of steel grades with low ultimate over yield strength ratios.The 
manufacturing process of the specimens is easier compared to a design with thickness 
reduction in the centre area. Tests are possible within a total strain range of approximately 1% 
in the full principal stress plane, i.e also in compression. It has been shown that the results 
using the new specimen designs, together with the earlier developed testing rig show a very 
good agreement with the results from uniaxial tests in both tension and compression.

As expected, the η-function, which corrects the effective area, differed somewhat compared to 
earlier studies. This difference is dependent on the specimen design and material properties.

The results, regarding initial yield criteria, from the study show that considering tension the 
material is fairly isotropic and the same behaviour was discovered for compression. If all tests 
are considered, i.e both tension and compression it was found that an isotropic yield surface 
could not fit perfect to stress points in both tension and compression. A dislocated yield 
surface, somewhat moved towards the compression quadrant in the principal stress plane 
would improve the description of the mechanical behaviour of this material.
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The subsequent yield criteria was characterized by a pronounced Bauschinger effect and the 
transition from elastic to plastic state was observed as both gradual and direction dependent. 
For loadings on structures or structural elements including stress reversals, this behaviour is 
very important to be aware of. If the Bauschinger effect cannot be modelled, but it appears in a 
structural element the calculations will overestimate the response of the material and this could 
cause serious problems. This behaviour cannot be modelled by an ordinary isotropic hardening 
model.

At Steel Structures, Luleå University of Technology, a constitutive model has been developed, 
see Granlund (1997) and Olsson (2001), on the basis of such biaxial tests on other steel grades. 
The model rests on the foundation of a two surface concept, utilizing one surface as a memory 
surface and one surface as a elastic limit surface. Furthermore, the transition from elastic to 
plastic state in subsequent loadings are formulated by means of the concept of fuzzy sets. This 
has led to a powerful and relatively simple method, where the number of model parameters are 
limited. In general it is possible to formulate very accurate models but at the price of a large 
number of parameters determined through experimental tests. Such a model would not be so 
user friendly. However, the model proposed by Olsson will be calibrated against the results 
from this study to find a model that can predict the behaviour of the Weldox 1100 in general 
stress states, i.e. different directions and including stress reversals.

The following conclusions are drawn from the work presented:

• The specimen design presented herein has been proven to work well.

• A slight anisotropy was found for the initial yield criteria and the stress-strain curves 
from tension tests differed somewhat from those in compression.

• The subsequent behaviour was characterized by a gradual and direction-dependent 
transition from elastic to plastic state.
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NOTATIONS

Agr gross cross sectional area

F force

Rp0.2 proof stress

Rm Ultimate strength

strain

plastic strain tensor

effective plastic strain

plastic strain component j from row i in the data file

change of plastic strain component j from row i-1 to row i in the data file

stress

stress tensor

effective stress

correction function for area

ε

εij
p

εp

εj
p( )i

∆εj
p( )i

σi

σij

σe

η
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APPENDIX A Biaxial test results
Initial yield criteria
Initial yielding is presented as stress points in the principal stress plane, σ1 − σ2, corresponding 
to plastic offset strains of 0.1, 0.2 and 0.3%. A von Mises loci corresponding to the mean proof 
stress is given as a reference.

Figure A.1 Stress points in the principal stress plane at 0.1% plastic offset and a von Mises 
loci as reference.

Figure A.2 Stress points in the principal stress plane at 0.2% plastic offset and a von Mises 
loci as reference.
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Figure A.3 Stress points in the principal stress plane at 0.3% plastic offset and a von Mises 
loci as reference.

Effective stress-effective plastic strain curves and subsequent yield criteria

The results from the biaxial tests are displayed in two different figures for each test set 
respectively. One that shows the effective stress-effective plastic strain relation and one that 
shows the largest stress during initial loading together with stress points corresponding to 0.1, 
0.2 and 0.3% effective plastic strain during subsequent loading.

Each test set has a label where W11 stands for Weldox 1100. The next three figures indicates 
the direction of the initial loading, i.e. 090 means 90o. The last number defines which test in 
the test set it is. 1 means initial direction plus 90o, 2 means initial direction plus 180o and 3 
means plus 270o.
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Figure A.4 Effective stress-effective plastic strain curves for tests W11_0002-W11_0003.

Figure A.5 Maximum preloading stress and stress points corresponding to 0.1, 0.2 and 
0.3% effective plastic strain during subsequent loading for tests W11_0002-
W11_0003.
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Figure A.6 Effective stress-effective plastic strain curve for test W11_0452.

Figure A.7 Maximum preloading stress and stress points corresponding to 0.1, 0.2 and 
0.3% effective plastic strain during subsequent loading for test W11_0452.
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Figure A.8 Effective stress-effective plastic strain curves for tests W11_090i, i = 1, 2, 3.

Figure A.9 Maximum preloading stress and stress points corresponding to 0.1, 0.2 and 
0.3% effective plastic strain during subsequent loading for tests W11_090i, i = 
1, 2, 3.
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Figure A.10 Effective stress-effective plastic strain curve for test W11_1352.

Figure A.11 Maximum preloading stress and stress points corresponding to 0.1, 0.2 and 
0.3% effective plastic strain during subsequent loading for test W11_1352.
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Figure A.12 Effective stress-effective plastic strain curves for tests W11_180i, i = 1, 2, 3.

Figure A.13 Maximum preloading stress and stress points corresponding to 0.1, 0.2 and 
0.3% effective plastic strain during subsequent loading for tests W11_180i, i = 
1, 2, 3.
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Figure A.14 Effective stress-effective plastic strain curve for test W11_2252.

Figure A.15 Maximum preloading stress and stress points corresponding to 0.1, 0.2 and 
0.3% effective plastic strain during subsequent loading for test W11_2252.
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Figure A.16 Effective stress-effective plastic strain curves for tests W11_270i, i = 1, 2, 3.

Figure A.17 Maximum preloading stress and stress points corresponding to 0.1, 0.2 and 
0.3% effective plastic strain during subsequent loading for tests W11_270i, i = 
1, 2, 3.
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Figure A.18 Effective stress-effective plastic strain curve for test W11_3152.

Figure A.19 Maximum preloading stress and stress points corresponding to 0.1, 0.2 and 
0.3% effective plastic strain during subsequent loading for test W11_3152.
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ABSTRACT

This paper addresses constitutive modelling of steel subjected to non-monotonic loadings 
including one initial and one subsequent loading. Strain hardening with features such as the 
Bauschinger effect and the cross effect do affect the plastic response to subsequent loadings. 
Based on biaxial tests performed in the full principal stress plane on high strength as well as 
stainless steels where these features were observed, a constitutive model has been developed. 
The presented model is a two surface model where the concept of fuzzy sets has been utilized to 
depict the gradual and direction dependent transition from elastic to plastic states in loadings 
following the initial. Original features are; the introduction of initial anisotropy and a general 
potential governing the distortion of the elastic limit surface introduced by plastic strains. Still 
relatively simple in terms of the number of parameters needed to apply the model. It has been 
shown that compared with constitutive models normally used, large qualitative and 
quantitative improvements were obtained considering the possibility to depict the plastic 
response of the steel grades considered. The constitutive model also has the potential to be 
developed to comprise cyclic plasticity.

INTRODUCTION

Experimental work reflecting the plastic behaviour of metals has been performed since the end 
of the 19th century. Over the years different phenomena have been of interest, starting with 
studies of initial yielding by means of uniaxial tests, while today better test equipment and 
increased knowledge allow studies of more complicated subjects such as cyclic plasticity, 
visco-plasticity, temperature and rate effects. Historical reviews of experimental methods and 
results have been presented by several researchers, see e.g. Ikegami (1975a), (1975b), Michno 
and Findley (1976), Phillips (1986).

General test results necessary for the formulation of a constitutive model can be obtained by 
means of different approaches. Besides the relatively simple method of testing flat specimens 
by pre-straining large specimens from which smaller specimens are cut and subjected to 
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subsequent loading utilised by several researchers, e.g. Chajes et al. (1963), Ikegami (1975a) 
and Möller (1993), two principally different approaches can be distinguished. One is the use of 
tubular specimens subjected to combinations of tension or compression and torsion, sometimes 
complemented with inner or outer pressure. Due to its simplicity and the well defined stress 
state in the specimen this is the most common approach to achieve general stress states. The 
method is widely used in the area of cyclic plasticity, see e.g. Shiratori et al. (1979), Niitsu and 
Ikegami (1985), Ishikawa (1997), Ellyin et al. (1993), Xia and Ellyin (1993), Ellyin et al. 
(1991) and Xia and Ellyin (1991). The method does however have one serious drawback, at 
least if the results are intended for a model describing the general plastic behaviour of steel; 
Flat material can not be tested in its delivery condition, a remark made also by Makinde et al. 
(1992). The other main approach is to perform tests in the principal stress plane  using 
specimens cut or machined from sheets. Work using the latter method has been presented by 
e.g. Shiratori and Ikegami (1968), Kreißig and Schindler (1986), Makinde et al. (1992), 
Boehler et al. (1994), Granlund (1997), Olsson (2001) and Gozzi et al. (2004)1. 

Independently of the method used, findings obtained do show features that are necessary to 
depict in order to describe the mechanical response of a metal in a phenomenologically sound 
way. These are; Initial anisotropy, the very evident Bauschinger effect, the increased strength 
in a direction transverse to the initial loading direction, i.e. the cross effect, and the gradual 
transition from elastic to plastic state at loadings following the initial. Features shown in; 
Figure 1 where initial yield criteria are shown as stress points corresponding to Rp0.2 for the 
high strength steel Weldox 1100 and the duplex stainless steel 1.4462 (2205), Figure 2 where 
subsequent yield criteria and effective stress-effective plastic strain curves are shown for the 
high strength steel and Figure 3 where corresponding data for the stainless steel are presented.

Subsequent yield criteria in Figure 2 and 3 are presented as stress points in the principal stress 
plane. The solid line from the origin origo indicates the stress path during initial loading and 
the stress points in other directions indicate stresses corresponding to effective plastic strains 
of 0.1, 0.2 and 0.3% during subsequent loading. A von Mises surface corresponding to the 
maximum stress level during initial loading is given as reference. The maximum initial stress 
and proof stresses corresponding to effective plastic strains of 0.1, 0.2 and 0.3% during 
reloading are indicated with diamonds in the stress-strain curves. These stresses correspond to 
the stress points given as subsequent yield criteria in the principal stress plane. To the right of 
each figure a symbol indicating initial and subsequent loading directions in the stress plane is 
given.

1. Submitted for publication.

σ1 σ2–
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The initial yield criteria show that initial anisotropy is a feature that needs to be considered 
when developing a constitutive model. Subsequent yield criteria and effective stress-effective 
plastic strain curves do clearly show both the Bauschinger effect and how the transition from 
elastic to plastic state at reloading is gradual and depending on the direction of reloading. Also 
these are features that need to be taken into account.

Figure 1 Stress points corresponding to Rp0.2 for the high strength steel Weldox 1100, left, 
and the duplex stainless steel 1.4462 (2205), right.

Figure 2 Maximum preloading stress and stresses corresponding to 0.1, 0.2 and 0.3% 
effective plastic strain during reloading for tests on Weldox 1100 initially 
loaded in 90o, left, and effective stress-effective plastic strain curves for the 
same tests, right.
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Figure 3 Maximum preloading stress and stresses corresponding to 0.1, 0.2 and 0.3% 
effective plastic strain during reloading for tests on 1.4462 (2205) initially 
loaded in 175o, left, and effective stress-effective plastic strain curves for the 
same tests, right.

The principal features presented above have over the years resulted in a number of constitutive 
models for metals proposed to depict the plastic response to non-monotonic loadings. The 
multi-surface model by Mroz (1967), two surface models by Dafalias and Popov (1975), Krieg 
(1975), Ellyin and Xia (1993) and the model proposed by Klisinski (1988) where fuzzy sets 
were utilised are some examples. Historical reviews of constitutive models for the plastic 
behaviour of steel can be found in e.g. Chaboche (1986) and Takahashi and Ogata (1991).

However challenging and interesting the actual formulation of a constitutive model may be, it 
is during the developing process important to keep in mind the purpose of the constitutive 
model; To describe the mechanical response of a material in a way that is appropriate for the 
application of interest. The scope of the work presented herein covered loadings including one 
initial followed by one subsequent loading, both such that plastic strains in the range of 0.5 to 
2.5% were produced and the constitutive model presented below has been developed to reflect 
this.

CONSTITUTIVE MODEL

General

Based on the features of the test results briefly presented above, the constitutive model 
presented by Granlund (1997) has been developed considering initial anisotropy and a more 
general potential surface governing the distortion induced by plastic strains.
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A general description of the model

The concept of two surfaces, see e.g. Dafalias and Popov (1975) or Krieg (1975), is utilised as 
a foundation for the proposed model, one elastic limit surface bounding the region in the stress 
space assumed completely elastic and one used as a memory surface. In many ways the 
concepts of the proposed model are similar to earlier proposed two-surface models. There are 
however some features that are specific. The transition from elastic to plastic state in loadings 
following the first is described using the concept of fuzzy sets, see Klisinski (1988). Also the 
meaning of the elastic limit surface differs from classical theory of plasticity. The elastic limit 
surface bounds the region assumed to be elastic but does not correspond to a yield surface in a 
classical concept. In a non-monotonic loading the stress point is allowed to move outside the 
elastic limit surface. 

The memory surface is an isotropically expanding distorted von Mises, or von Mises-Hill, 
surface that is used to keep track of the largest effective stress the material has been subjected 
to and the plastic modulus associated with that stress. It also governs the direction of plastic 
flow for loadings where plastic strains occur. 

The elastic limit surface is a combination of two surfaces. In the region of the stress point a von 
Mises-Hill surface that hardens according to a mixed hardening rule is used, and in the region 
opposite the stress point a distorted surface is used. The elastic limit surface is not allowed to 
intersect the memory surface. 

At reloading, two separate cases can be distinguished. Reloading in the region of initial 
loading, I-region, or reloading in the region opposite the initial loading, II-region. When 
reloading in the I-region, the elastic limit surface remains in the same position while the stress 
point moves towards the memory surface. As the memory surface is reached the elastic limit 
surface translates towards the stress point such that the surfaces are tangential at contact. When 
reloading in the II-region the stress point moves outside the elastic limit surface, which 
remains but gradually loses its distortion. When the memory surface is reached by the stress 
point the elastic limit surface will be undistorted and start to translate towards the stress point 
in the same way as in the I-region. As it translates towards the memory surface plastic strains 
are generated and the elastic limit surface is distorted in the region opposite the stress point. 
When the memory surface is reached the mixed hardening rule is applied again.

When the stress point is located in between the elastic limit surface and the memory surface, 
i.e. in the yielding region, the fuzzy surface according to Klisinski (1988), here renamed 
transition surface, is utilised for the gradual transition from elastic to plastic state; For each 
stress point  in this yielding region there exists a real value  on the interval [0,1] such that 
if , the stress point is on the elastic limit surface and the plastic modulus has a large 
value, theoretically equal to infinity. If , the stress point is on the memory surface and 

σij γ
γ 1=

γ 0=
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the plastic modulus corresponds to the size of the memory surface. This means that as the 
stress point moves through the yielding region the value of  varies from 1 towards 0 and the 
plastic modulus varies according to some function  from an initial large value towards 
the plastic modulus corresponding to the size of the memory surface.

Memory and elastic limit surfaces

The memory surface is assumed to be a distorted von Mises surface with its centre at origo

(1)

where

(2)

and  defines initial anisotropy.  is assumed to be independent of hardening and its effect 
is a contraction of the von Mises surface in the direction of . For an isotropic material, 

 and Eq (1) is reduced to the well known von Mises yield function. The memory 
surface could be allowed to both translate and distort, but is assumed to obey an isotropical 
hardening rule. Its expansion is for stress states on the memory surface determined by a 
consistency condition

(3)

The elastic limit surface is bounding the region in the stress space where an elastic response is 
assumed. As stress states outside the elastic limit surface are allowed, the term elastic limit 
surface is used to stress the different interpretation compared with a yield surface in classical 
theory of plasticity. Its two parts are described as

(4)

and

(5)
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where the bar denotes reduced components, . To separate the two parts of the 
surface, the superscript I is used in the region of initial loading and II is used in the opposite 
region. For part II a distortional hardening rule similar to the proposal of Baltow and Sawczuk 
(1965) is utilised.

 is a scalar function and aij is the distortion tensor. As in Eq (1), the tensor  in Eq (4) and 
Eq (5) defines initial anisotropy and is assumed independent of hardening. 

The distortion tensor aij was in the original concept of Baltow and Sawczuk (1965) proposed to 
be equal to the plastic strain tensor  over some interval. Test results presented by Granlund 
(1997) as well as Olsson (2001) do however indicate that such a distortion tensor aij does not 
enable a qualitatively correct description of the observed features regarding the strain induced 
distortion. These features can be depicted with a general distortion surface given by

(6)

where , with

(7)

i.e. a Tresca surface with rounded corners according to the method presented by Sloan & 
Booker (1986), here allowing also for a contraction along the third axis in the deviatoric stress 
plane.  in Eq (6) denotes the smallest angle between a point on  and one of the principal 
axes in the π-plane, while  denotes the transition angle, the angle at which the transition 
between the two expressions in Eq (6) takes place. In Figure 4 the distortion surface  is 
shown together with definitions of the angles  and for the case . The constants A 
and B can be solved from the continuity conditions;  must be smooth and continuous at .

(8)

The maximum value of the scalar  is obtained as
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(9)

Setting  results in a distortion surface identical to a von Mises surface whereas a 
very small value of  gives a Tresca surface. Now,  is of course an additional parameter. It 
is however justified by the fact that the model becomes more general.

The angle  needed in Eq (6) is, see e.g Chen and Han (1988), obtained as

(10)

Figure 4 Distortion surface and definition of angles in the π-plane.

The effect of the translation on the potential surface is shown in Figure 5 where the potential 
surface is shown for the cases  and  (dashed) and  (solid) 
respectively. The qualitative effect on the elastic limit surface is shown in Figure 6 where it can 
be seen that its axes are rotated anti clockwise for the considered stress point. 
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Figure 5 Potential surface governing the direction of distortion of the elastic limit sur-
face.  (dashed) and  (solid).

Figure 6 Qualitative effect of anisotropic distortion potential on elastic limit surface, 
 (left) and  (right).

The function  is proposed to be kept as

(11)

with the non dimensional scalar constants  and . Introducing the distortion according to 
Eq (11) will reflect experimental observations as the distortion will be introduced rapidly as 
soon as plastic strains are produced, see Figure 7.
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Figure 7 Normalised distortion function, .

An increment of effective plastic strain adds an equal increment to the distortion tensor 
according to

 with  determined by (12)

The two surfaces  and  share the same centre  and size . In order to 
avoid singularities when combining the two parts of the elastic limit surface, the condition that 
the combined surface must be smooth and continuous is put on the transition. 

The distorted surface is contracted in the direction of the distortional tensor and the magnitude 
of the distortion is governed by the projection of the distortion tensor onto the deviatoric stress 
component.

For points in the stress space such that the projection of the distortion tensor onto the 
deviatoric stress tensor is equal to zero the effect of the distortion is zero and the original radius 

of the elastic limit surface is retained. This results in the condition  on 

the stress point where the two surfaces are combined which gives

(13)

The continuity requirements for the combination of the two surfaces are fulfilled for all real 
values of , and Eq (13) can be used to determine which part of the elastic limit surface that 
should be used as reference
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(14)

(15)

The consistency of the concept of combining the two surfaces has now been illustrated with the 
use of the distortion tensor . If the distortion for some material would need to be changed, 
any distortion tensor  could be used, but as it is the deviatoric part that qualitatively governs 
the distortion, tensors in the deviatoric plane are to prefer.

Transition from elastic to plastic state

General

Despite the change of the term fuzzy surface to transition surface its definition, as given in 
Klisinski (1988), does remain as the ordered pairs  where 

 in the cartesian product , where  denotes the stress space 
considered. The intersections between the planes defined by  and the transition 
surface forms another set of surfaces denoted  whose projections onto  create a set of 
active surfaces . See Figure 8 where the concept of the transition surface and the active 
surfaces is visualized. Next, a function is introduced that for every point  in the yielding 
region assigns a uniquely defined conjugate point  on the memory surface, i.e a continuous 
surjection, see Klisinski (1988). Plastic flow is then assumed associated with respect to the 
conjugate point.
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Figure 8 The principle of the construction of the transition surface and the active 
surfaces.
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The elastic limit surface at initial loading

The translation of the elastic limit surface will be such that the two surfaces coincide at the 
stress point where their gradients must also coincide in order to avoid intersection. In the 
region opposite the stress point, the elastic limit surface will distort. This is illustrated in 
Figure 9.

The translation of the elastic limit surface is only calculated if , i.e. if plastic 

strains are generated.

When the elastic limit surface is expanding the memory surface it evolves according to the 

following rules. Setting the outward normals equal yields , from which the stress 

point can be obtained as

(16)

Introducing  and using  the stress point can be expressed as
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Figure 9 Translation of the elastic limit surface when the memory surface is expanded.
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(17)

The increment of translation  caused by the stress increment  can now be expressed 
as

(18)

With the increment  needed in Eq (18).

(19)

From Eq (1) it follows that the increment  can be obtained as

(20)

In the concept of mixed hardening, Hodge (1957), the relation between the increments  
and  is constituted by

(21)

where . This means that  of the stress increment governs the expansion of the 
elastic limit surface and the remaining part, , governs the translation.

Now, Eq (21), Eq (20) and Eq (19) are combined to get

(22)

The translation of the elastic limit surface is now consistently defined by inserting Eq (22) into 
Eq (18).

The translation and expansion of the elastic limit surface is, as can be seen, similar to many 
other two surface models, see e.g. Dafalias and Popov (1975), Krieg (1975) and Möller (1993).
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The transition surface

The transition surface is constructed using a volume in , see Figure 8. As the elastic 
limit surface and the memory surface do not have the same shape, the procedure is more 
complicated but principally similar. All active surfaces  will be combinations of two 
surfaces in the same way as the elastic limit surface. Consider a stress point in the yielding 
region. There exists an active surface  associated with that stress point such that

(23)

All stress points in the yielding region satisfying Eq (23), i.e. all stress points on the active 
surface , are assigned the real value  found by solving Eq (23) for the considered 
stress point . If the considered stress point is in the I-region, i.e , the 
solution of Eq (23) will generally be quadratic in . If on the other hand the stress point is in 
the II-region, , the solution will be a cubic equation in . For both cases, one 
real and non-trivial solution on the interval [0,1] must exist. The principle of the construction 
of a transition surface by the active surfaces associated with stress points in the yielding region 
is graphically displayed in Figure 8.

As stated, a stress point in the yielding region must have a uniquely defined conjugate point on 
the memory surface which is used to determine the direction of plastic flow. The point on the 
memory surface with the same outward normal as the current active surface in the stress point 
is thus defined as the conjugate point. But as Granlund (1997) correctly stated: Since the two 
surfaces are both smooth and convex, the uniqueness and the existence of the conjugate point 
is determined. Hence there is no need to determine the conjugate point, but the outward normal 
of the active surface at the stress point can be used in the flow rule.

The elastic limit surface at reloading

Assume reloading to be proportional. The stress point can in the reloading reach the elastic 
limit surface either in the I-region or in the II-region. For the first case the elastic limit surface 
will remain in the same position as long as the stress point is in the yielding region. When the 
memory surface is reached, the elastic limit surface will translate in a direction such that it will 
become tangential to the memory surface in the stress point, see Figure 10. While the stress 
point moves through the yielding region plastic strains are generated and thus the distortion 
tensor  must be updated.
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Eq (17) can be rewritten to obtain  or  in which  is the point on the 

elastic limit surface with the same outward normal as the memory surface at the stress point, 
see Figure 10. The translation of the elastic limit surface can then be written as

(24)

where the size of the translation is determined by the scalar . A condition for the evolution 
of the elastic limit surface resulting in an unchanged distance to the memory surface is

(25)

Combining Eq (25) with Eq (24) the scalar multiplier  can be determined as

(26)

As the aim is to reduce the distance between the surfaces, Eq (26) is multiplied by a factor 2 
and inserted into Eq (24) and the translation is obtained as

(27)
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Figure 10 Translation of the elastic limit surface at subsequent loading in the I-region.

The factor in Eq (26) is used to obtain continuity and its effect on the model is small. A smaller 
factor would decrease the translation rate and a higher factor would increase the rate. 
Inconsistencies that could arise when the distance between the surfaces is small are avoided by 
the condition . As the memory surface and elastic limit surface regain contact at the 
stress point, the evolution of the elastic limit surface is governed by the rule given for initial 
loading. Similar to the evolution rules for initial loadings, the elastic limit surface remains 
unchanged for neutral loadings.

For the second case, the elastic limit surface is reached in the II-region, i.e. , Eq (5) is 
modified to

(28)

where  will be kept unchanged.  is the minimum value of  for any stress point after 
the stress state left the memory surface. The updating of  must however be checked for 
consistency by verifying that upon loading, i.e ,  must decrease. When 

fm 0=

fe 0=

αij

σij σij
m=

n̂ij
m n̂ij

e=

dσij

σij
e

n̂ij
e

 
Current stress point

- Point on elastic limit
surface with the same
normal as the stress point

σij
e

σij
e

dµ 1≤

sijaij 0<

fII 3
2
---sij Iijkl aij

0 akl
0 γminΨaijakl+ +( )skl σe

2– 0= =

aij γmin γ
γmin

fi σij∂⁄∂( )dσij 0> γ



17

the stress point reaches the memory surface and  the elastic limit surface becomes 
undistorted. At this point,  will be reset to zero and correspond to the plastic strains 
generated from this point onwards, see Figure 11.

With the present formulation this could for some load paths lead to an overestimation of the 
elastic range. Consider a load path including an initial loading in some direction of the stress 
plane followed by a loading in the opposite direction. When the stress point reaches the 
memory surface in the second loading the elastic limit surface is undistorted for an instant. The 
model is consequently incomplete in that respect and an introduction of distortion opposite the 
stress point at loadings following the initial might be necessary for loadings including more 
than one stress reversal.

When the stress point reaches the memory surface the elastic limit surface will start to translate 
according to Eq (27). As the elastic limit surface regains contact with the memory surface the 
evolution rule for initial loading will be applied again.

Figure 11 Elastic limit surface at subsequent loading in the II-region.
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aij
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Non-proportional load paths were briefly discussed by Granlund (1997). Herein only 
proportional loadings have been considered. It is thus not possible to further judge whether the 
qualitative continuity aspects considered results in sound predictions if the stress point moves 
between the two different subregions of the yielding region.

Plastic flow

Plastic flow is based on the assumption of a plastic potential  with the direction of the plastic 
flow given by the gradient  while the magnitude is determined by the scalar multiplier 

. Drucker (1951) showed that for a strain hardening material the plastic strain increment 
must be normal to the yield surface. Hence  and an associated flow rule is obtained. For 
a stress point on the memory surface the plastic strain increment is written

(29)

in which the scalar multiplier  is related to the stress increment and the plastic modulus. 
Assuming the plastic strain increment to be proportional both to the inverse of the plastic 
modulus and to the projection of the stress increment onto the surface gradient, allows the 
plastic strain increment to be derived as

(30)

which for the case  is reduced to the well known expression valid for an isotropically 
hardening von Mises material, i.e.

 (31)

The effective plastic strain increment is obtained as

(32)
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(33)

where  is the normalised gradient of the current active surface and  the modified 
generalised plastic modulus. The modified generalised plastic modulus is defined as 

 where .

The relation between the generalised plastic modulus  and the uniaxial reference plastic 
modulus  relate as

(34)

which for an isotropic material can be further reduced to obtain .

Two load criterions are needed. One for the case when the stress point is on the memory 
surface

(35)

and one for the case when the stress point is in the yielding region

(36)

The plastic modulus

The modification of the plastic modulus is divided into two parts, one being the relation 
between the size of the memory surface and the corresponding plastic modulus. The second is 
when the stress point moves through the yielding region, the plastic modulus undergoes a 
gradual reduction from a large value to a value corresponding to the size of the memory 
surface. This is achieved by adding a term  to the plastic modulus  to obtain the 
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modified generalised plastic modulus as . The modified generalised plastic 
modulus is consequently a function depending on the generalised plastic modulus and the 
scalar . The transition is governed by the following conditions:

(37)

and

(38)

where  is a large number that theoretically should be equal to positive infinity, but in a 
practical application must correspond to the material response to subsequent loadings. 
Considering an infinitesimal subsequent elastic limit surface, the theoretical value of  
could be used. But, as the elastic limit surface corresponds to some level of plastic strain, a 
starting value smaller than infinity must be adopted.

Model parameters

As mentioned previously the number of parameters needed to apply a specific constitutive 
model is important to keep as low as possible. For the model presented above the following 
parameters are needed:

• A description of the uniaxial stress - strain curve in a reference direction. 

• The initial elastic limit .

• Stress ratios  defining initial anisotropy.

These three parameters can be evaluated from standard uniaxial tensile coupon tests whereas 
the following parameters, at least initially, need to be evaluated from biaxial tests.

• The parameter M governing the relationship between isotropic and kinematic hardening for 
the elastic limit surface.

• The distortion parameter .

• The angle  governing the shape of the distortion surface.

• The function modifying the generalized plastic modulus with respect to  in subsequent 
loadings.
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COMPARISON BETWEEN THEORY AND TEST RESULTS

General

For the comparison between theory and test results, a plane stress version of the constitutive 
model presented herein, implemented as a user defined implicit material model in the 
commercial FE-package ABAQUS, has been utilised. A comprehensive description of the 
implementation is given in Olsson (2001). The steel grades considered in the comparison are: 
The high strength steel Weldox 1100 and the stainless steel grades 1.4301 (304), 1.4436 (316) 
and 1.4462 (2205). Test results used in the comparison are taken from Gozzi et al. (2004) and 
Olsson (2001).

Model parameters

The uniaxial stress-strain relation can be depicted using any differentiable mathematical 
expression. For the steel grades and strain ranges considered herein a combination of the 
Ramberg-Osgood equation, Ramberg-Osgood (1943), and a linear equation corresponding to a 
minimum plastic modulus, Hpmin, was found suitable. The strain hardening exponent n was 
calculated using Rp0.2 and Rp1.0, i.e. higher proof stresses than usually used, in order to get a 
better overall description of the stress-strain response. Parameters for the uniaxial stress-strain 
relation of the steel grades as obtained from uniaxial tests are presented in Table 1. A 
comparison between uniaxial tests and mathematical descriptions of the stress-strain relations 
for the steel grades Weldox 1100 and 1.4462 (2205) are presented in Figure 12.

1Not Applicable for this steel grade.

Table 1 Parameters used for the uniaxial stress - strain relation.

Steel grade c n Hpmin [MPa]

 Weldox 1100 0.01 12.3 NA1

 1.4301 (304) 0.01 11.55 1760

 1.4436 (316) 0.01 8.10 1980

 1.4462 (2205) 0.01 12.97 2000
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Figure 12 Uniaxial stress-strain descriptions of the high strength steel Weldox 1100, left, 
and the stainless steel 1.4462 (2205), right.

The shape of the elastic limit surface depends on the definition of yielding, see e.g Williams 
and Svensson (1970). A more strict definition in general results in a more complicated shape of 
the elastic limit surface. For the initial elastic limit values corresponding to plastic strains in 
the order of 1*10-5 have been used. For the subsequent yield criteria, parameters were chosen 
such that elastic response corresponds to experimentally observed effective plastic strains in 
the order of 0.1%.   Parameters governing the initial size of the elastic limit and the memory 
surface, , the evolution of the elastic limit surface, M,  and , and the transition from 
elastic to plastic state at subsequent loadings,  and d are given in Table 2. For practical use 
an appropriate strain level has to be determined based on simulations where the ability of the 
model to describe the behaviour of structural elements for which it is intended is tested.

Table 2 Model parameters

Grade  [MPa] M  
[GPa]

d

Weldox 
1100 600 0.75 0.1 400 1.8

1.4301 
(304) 200 0.75 1.6 200 1.8

1.4436 
(316) 200 0.7 1.7 250 1.8

1.4462 
(2205) 450 0.6 1.2 250 1.7
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The stainless steel grades 1.4301 and 1.4436 as well as the high strength steel Weldox 1100 
were modelled as isotropic whereas initial anisotropy was considered for the stainless steel 
1.4462 (2205).

Figure 13 Left figure: Initial anisotropy at Rp0.2, grade 1.4462 (2205). Initial yield crite-
ria, anisotropic (solid) and isotropic (dashed). Right figure: Predicted subse-
quent yield criterion (solid) and test results for grade 1.4436 (316). All six 
specimens were initially loaded in tension transverse to the rolling direction. 
Following the initial loading, each specimen was loaded in a separate direction 
according to the symbols representing 0.1, 0.2 and 0.3% effective plastic strain 
respectively.

In Figure 14 test results are compared with model predictions for the high strength steel 
Weldox 1100. Considered load paths were an initial loading in tension transverse to the rolling 
direction followed by subsequent ones in directions according to the symbols in the 
comparison with respect to subsequent yield criteria, left. The qualitative agreement is good 
even though, as can be seen in the stress-strain graphs for two of the tests, plastic strains do 
continue when the maximum load is reached during the initial loading in the tests. The viscous 
behaviour is more pronounced for the stainless steel grades, especially the austenitic ones. But 
it is a feature seldom considered when modelling steel structures. In this context it is 
worthwhile to note that the comparison presented herein is based on tests performed using a 
constant nominal stress rate whereas uniaxial tests normally are performed using a set 
deformation rate. The subject is briefly discussed by Olsson (2001) and more extensively by 
Krempl (1979). It is however clear that the features observed in tests are possible to depict with 
the model presented.
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Figure 14 Comparison between test results and model predictions for the high strength 
steel Weldox 1100. Subsequent yield criteria following an initial loading in ten-
sion transverse to the rolling direction, left. Effective stress-effective plastic 
strain curves for the tests 90-270 and 90-0.

It is when considering the stress-strain response that the inclusion of the initial anisotropy 
really becomes justified. In Figure 15, stress is plotted against the corresponding strain for two 
tests performed on the stainless steel grade 1.4462 (2205). The load paths considered were; 
tension along the rolling direction followed by a subsequent compressive load in the same 
direction, and tension transverse to the rolling direction followed by a reversed subsequent 
loading. When comparing the response to these two loadings it can be seen that without initial 
anisotropy it would not have been possible to reflect them theoretically.
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Figure 15 Comparison between two tests performed on the stainless steel grade 1.4462 
and the corresponding model predictions. The symbols in the figures indicate 
initial and subsequent loading directions. Loading cycles considered were ten-
sion followed by compression in the rolling direction, 0-180, and tension fol-
lowed by compression transverse to the rolling direction, 90-270.

Comparison with other constitutive models

In Figure 16 the results from tests on the stainless steel grade 1.4301 (304) initially loaded in 
225o with respect to the rolling direction, i.e. equal parts of compression, unloaded and 
subsequently loaded in 315o and 45o respectively, are compared with; the presented model, 
two single surface models and a two surface model without distortion. Single surface models 
considered are isotropically and kinematically hardening von Mises models whereas the two 
surface model has an isotropically hardening memory surface and an elastic limit surface 
obeying a mixed hardening rule. The latter was achieved by removing the distortion from the 
implemented model. 

When subsequently loading orthogonally to the initial loading direction, it can be seen that the 
only model that severely fails to describe the response is the kinematically hardening one as it 
underestimates the response of the material. In subsequent loading opposite to the initial 
loading, both the isotropically and kinematically hardening models fail to describe the 
response. The first overestimating and the latter underestimating the response. Furthermore the 
two surface model overestimates the response. It must be emphasised though, that the 
hardening of the elastic limit surface could be matched to give the same predicted response as 
the presented model. The response to a subsequent loading orthogonally would then however 
be underestimated.
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Figure 16 Comparison between two tests on the stainless steel grade 1.4301 (304) initially 
loaded in 225o with respect to the rolling direction, unloaded and subsequently 
loaded in 315o and 45o respectively. Both graphs share the same legend.

DISCUSSION AND CONCLUSIONS

Discussion

The constitutive model presented has been shown to have the possibility to qualitatively depict 
the experimentally observed phenomena. Phenomena that traditional models fail to describe, 
e.g. the Bauschinger effect and its consequences on the mechanical response to subsequent 
loadings. Comparisons between simulations and test results in general show good agreement 
with respect to initial and subsequent yield criteria as well as stress-strain response, and the 
qualitative improvement compared to simulations obtained using traditional constitutive 
models is large.

The formulation of the constitutive model presented is such that it still is relatively simple, 
especially when reloading occurs. It would of course be quite possible to obtain good results 
for pure reversed loadings that often are of interest in cyclic plasticity using a traditional two 
surface model without distortion. But, if model parameters are optimised for such a loading, 
simulations of other, more general, loadings will most likely fail to describe the response even 
qualitatively. As has been shown model parameters are confined within relatively limited 
ranges. It has though to be emphasized that model parameters in this study have been chosen 
without any statistical considerations, i.e. parameters have been set to obtain the best possible 
overall fit judged by visual inspection. Nevertheless a limited test programme aimed at 
describing the distortion and the response to subsequent loadings could be used to establish 
model parameters necessary for additional steel grades.

The proposed potential surface governing the direction of the distortion induced by plastic 
strains results in subsequent yield criteria that predict test results that the previous potential 
surface proposed by Granlund (1997) failed to predict. Whilst it is true that Granlund’s 
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proposal for some initial loading directions resulted in better predictions, the presented 
proposal is more general and hence better suited for general usage. Considering general usage 
it is also worthwhile to note that the constitutive model presented does have the possibility to 
be developed with respect to cyclic loadings. A feature that clearly would increase the number 
of applications which would benefit from numerical modelling utilising the presented 
constitutive model.

Conclusions

The following conclusions are drawn from the work presented:

• Features in the mechanical response that should be able to depict with a constitutive model 
are; Initial anisotropy, the pronounced Bauschinger effect introduced by even small plastic 
strains and the resulting gradual and direction dependent transition from elastic to plastic 
state in subsequent loadings.

• The constitutive model presented can depict the experimentally observed phenomena. Com-
pared to commonly used constitutive models large, both qualitative and quantitative, 
improvements in predicting the response to loadings following the initial have been shown. 

• The, compared to simpler models, additional parameters do show similarities between steel 
grades, even between structural and stainless steels. Therefore statistically determined 
standard values should be possible to establish both for steel grades already considered as 
well as for additional grades with the use of limited test programmes.
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APPENDIX NOTATIONS
A, B constants

distortion constant

initial deviatoric distortion vector

distortion vector

initial distortion tensor

distortion tensor

c parameter for uniaxial curve description

d exponent for modifying the plastic modulus

E Young’s modulus

memory surface scalar potential function

elastic limit surface scalar potential function, the undistorted part

elastic limit surface scalar potential function, the distorted part

elastic limit surface scalar potential function

potential function for distortion

transition surface function

surface defined by intersection between  and 

active surface

g plastic potential

generalized plastic modulus

modified generalized plastic modulus

uniaxial plastic modulus

uniaxial plastic modulus at the onset of subsequent yielding

isotropic tensor

second deviatoric stress invariant

second deviatoric reduced stress invariant

third deviatoric stress invariant

a0

a0

a

aij
0

aij

fm

fI

fII

fe

fd

F

Fi γ constant= F

fi

hp

hp
*

Hp

Hp
lim

Iijkl

J2

J2

J3
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third deviatoric reduced stress invariant

M parameter for mixed hardening

n strain hardening exponent

normalised outward normal

normalised outward normal to the distortion surface

normalised outward normal to the active surface

normalised outward normal to memory and elastic limit surface

stress ratio

proof stress

deviatoric stress tensor

reduced deviatoric stress tensor

translation of the yield surface (back stress tensor)

deviatoric part of the back stress tensor

deviatoric translation tensor for distortion potential

membership degree

Kronecker delta

strain

strain vector

strain tensor

plastic strain tensor

effective plastic strain

elastic strain tensor

angle in deviatoric plane

angle in reduced deviatoric plane

angle in deviatoric plane

scalar multiplier

scalar plastic multiplier

scalar multiplier for distortion potential

maximum scalar multiplier for distortion potential

J3

n̂

n̂ij
d

n̂ij
i

n̂ij
m n̂ij

e,

Rij

Rp

sij

sij

αij

βij

βij
d

γ

δij

ε

εi

εij

εij
p

εp

εij
e

θ

θ

θt

λ

dλ

µ

µmax
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scalar multiplier for distortion

stress tensor

stress

reduced stress tensor

conjugate point on the memory surface

size of memory surface

size of elastic limit surface

stress point on the elastic limit surface

point on elastic limit surface with the same outward normal as the stress 
point

stress point on the memory surface

size of initial yield surface

effective stress

size of distortion potential

stress space

ratio between sizes of surfaces

positive scalar multiplier

euclidian norm in stress space

angle in the stress plane

scalar multiplier for distortion

scalar coefficient for distortion

normalised scalar coefficient for distortion

dς

σij

σi

σij

σ*
ij

σm

σe

σe
ij

σ
e
ij

σm
ij

σ0

σe

σd

Σ

ρ

dµ

δ

ϕ
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ψ

ψ̂








