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SUMMARY

Due to environmental concerns the interest in use of renewable and recyclable materials has 

dramatically increased over the recent years. Wood, flax and other cellulosic fiber reinforced 

polymers have large potential as structural materials due to the high specific stiffness, high specific 

strength and high aspect ratio of the fibers. Composites made from wood fiber mats from paper 

production are also interesting from an economical point of view. In present time the limited use of 

cellulosic fiber composites in structural design is predominantly associated with disadvantages 

such as dimensional instability in humid environments, lack of well defined fiber properties and 

the fibers low ability to adhere to common matrix materials for efficient stress transfer. A better 

understanding of dimensional stability and both long term and short term mechanical performance 

of cellulose fiber composites is necessary if these materials are to reach their full potential. 

The objective of the work presented in this thesis is twofold: (i) to present material models and 

suitable data reduction methodology with the ambition to characterize these materials very 

complex time dependent behavior (Paper A and B) and (ii) to develop micromechanical models 

that can be used in parametric studies of fiber properties and their influence on composite 

properties (Paper C-E). In Paper A the nonlinear viscoelastic behavior of flax/polypropylene 

composites was characterized using different forms of the creep compliance. The viscoplastic 

behavior was described using a nonlinear function with respect to time and stress. In Paper B 

hemp/lignin composites were characterized in terms of nonlinear viscoelastic behavior using Prony 

series form of creep compliance. The viscoplastic behavior was described using the same 

nonlinear function as in Paper A. The presented material model also included a stiffness 

degradation function based on previous strain history. An incremental form of the constitutive 

model was used to simulate the material behavior in loading and unloading ramps and validated 

through experiments. 

In Paper C the effect of wood fiber anisotropy and their geometrical features on wood fiber 

composite stiffness was analyzed. An analytical model for an N-phased concentric cylinder 

assembly with orthotropic properties of constituents was developed and used. The model is a 

straightforward generalization of Hashin’s concentric cylinder assembly model and Christensen’s 

generalized self-consistent approach. In Paper D the same concentric cylinder model was used and 

extended to include also free hygroexpansion terms in the elastic stress-strain relationship. The 

hygroelastic properties on three levels were calculated. Using material data for the wood polymers 

available from literature the swelling characteristics on the (i) ultrastructural level, i.e. the 



microfibril unit cell was determined; (ii) the hygroexpansion coefficients of the fiber cell wall 

layers were determined and finally (iii) the hygroexpansion coefficients of an aligned wood fiber 

composite were calculated. In Paper E the influence of helical fiber structure on composite 

properties was evaluated. The fibers helical structure leads to an extension-twist coupling and thus 

a free fiber will deform axially and also rotate upon loading in longitudinal fiber axis direction. 

Within the composite the fiber rotation will be restricted however. Therefore, the decision was to 

compare the elastic properties in two extreme cases on both fiber- and composite level: (i) free 

rotation and (ii) no rotation of the layers in the cylinder assembly. 



PREFACE 

The work presented in this thesis has been carried out at Scandinavia’s northernmost technical 

university, Luleå University of Technology. I started working here in September 2003 and now, 

some four years later, I am about to finish my PhD studies. Financial support from VINNOVA in 

collaboration with STFI-Packforsk AB via the NFNM III program and EU projects ECOFINA 

(EC IP FP5 project) and BIOCOMP (EC IP FP6 project) is gratefully acknowledged. There are 

many I would like to thank for making this thesis possible, some people that have helped me in my 

research and some just for being there to make my day so much brighter. 

Firstly I would like to express my gratitude and sincere thanks to Professor Janis Varna, my 

supervisor and guide in the wonderful world of viscoelasticity and micromechanics. I would like to 

thank you for your expertise, huge commitment and contribution to this work. Special thanks also 

goes to my other supervisor Docent Roberts Joffe and all of my current and former colleagues here 

at Division of Polymer Engineering that have helped me out, and for making sure that the working 

environment always stay warm and friendly. The assistance and guidance by Dr. David Mattsson 

and Dr. Peter Lundmark during the first two years is not forgotten. 

Docent Kristofer Gamstedt at STFI-Packforsk AB, KTH Fibre and Polymer Technology, and     

Dr. Cristian Neagu are very much appreciated, not only for their profound knowledge in the field 

of wood fiber composites and for their insightful comments during many interesting discussions, 

but also for being really good friends. 

A big warm thank you to all my old friends, especially Erik S and Johnny, and to all my friends 

from the time at the university, Anders, Gustaf, Erik and Oggi, as well as all others I forgot to 

mention here.  

Finally I would like to thank my family for their love and support, my parents Kenneth and Karin, 

my sisters Nina and Frida with families. Thank you for always being there. 

November 2007, Luleå 

Erik Marklund 





LIST OF APPENDED PAPERS 

PAPER A 

E. Marklund, J. Varna, L. Wallström, “Nonlinear Viscoelasticity and Viscoplasticity of 

Flax/Polypropylene Composites”, Journal of Engineering Materials and Technology, 2006; 

128(4):527-536 

PAPER B 

E. Marklund, J. Eitzenberger, J. Varna, “Nonlinear Viscoelastic Viscoplastic Material Model 

Including Stiffness Degradation for Hemp/Lignin Composites”, Submitted to Composites Science 

and Technology 2007 

PAPER C 

E. Marklund, J. Varna, R.C. Neagu, E.K. Gamstedt, ”Stiffness of Aligned Wood Fiber 

Composites: Effect of Microstructure and Phase Properties”, Submitted to Journal of Composite 

Materials 2007 

PAPER D 

E. Marklund, J. Varna, ”Modeling the Hygroexpansion of Aligned Wood Fiber Composites”, To 

be submitted 

PAPER E 

E. Marklund, J. Varna, ”Modeling the Effect of Helical Fiber Structure on Wood Fiber Composite 

Elastic Properties”, To be submitted 





TABLE OF CONTENTS 

INTRODUCTION ...........................................................................................................................1 

POLYMER COMPOSITES IN GENERAL .......................................................................................1 

NATURAL FIBER COMPOSITES...................................................................................................2 

MECHANICAL PERFORMANCE OF NATURAL FIBER COMPOSITES .........................................5 

WOOD FIBER CHARACTERISTICS .........................................................................................7 

MICROSTRUCTURE .....................................................................................................................7 

ULTRASTRUCTURE .....................................................................................................................8 

THE WOOD POLYMERS.............................................................................................................10 

TIME DEPENDENT MATERIAL MODELING ......................................................................12 

NONLINEAR VISCOELASTIC MODELING.................................................................................14 

NONLINEAR VISCOPLASTIC MODELING .................................................................................15 

INCREMENTAL FORM OF SCHAPERY’S CONSTITUTIVE EQUATION .....................................16 

MICROMECHANICAL MODELING .......................................................................................17 

THE CONCENTRIC CYLINDER MODEL.....................................................................................18 

HYGROELASTIC PROPERTIES...................................................................................................20 

INFLUENCE OF HELICAL FIBER STRUCTURE..........................................................................21 

OBJECTIVE..................................................................................................................................22 

SUGGESTIONS FOR FUTURE WORK....................................................................................22 

SUMMARY OF PAPERS.............................................................................................................23 

REFERENCES ..............................................................................................................................26

APPENDED PAPERS  NUMBER OF PAGES 
 PAPER A 10 

 PAPER B 19 

 PAPER C 43 

 PAPER D 24 

 PAPER E 26 





1

INTRODUCTION

POLYMER COMPOSITES IN GENERAL 

The use of polymer composite materials has increased significantly during the recent decades, 

especially in automotive, aerospace and sport applications. The reason for their popularity is that 

they offer some interesting properties which may not be met by conventional metallic materials. 

By definition, composite materials consist of two or more constituents with physically separable 

phases [1, 2]. However, only when the composite phase materials have notably different physical 

properties it is recognized as being a composite material. In polymer composites the binder 

material is a polymer. The binder, or matrix, surrounds the reinforcing elements inside the 

composite and protects them and keeps them in place. The reinforcement may be platelets, 

particles or fibers and are usually added to improve mechanical properties such as stiffness, 

strength and toughness of the matrix material. Long fibers that are oriented in the direction of 

loading offer the most efficient load transfer. This is because the stress transfer zone extends only 

over a small part of the fiber-matrix interface and perturbation effects at fiber ends may be 

neglected. In other words, the ineffective fiber length is small. Popular fibers available as 

continuous filaments for use in high performance composites are glass-, carbon- and aramid fibers. 

Due to the low density of the constituents the polymer composites often show excellent specific 

properties.  

Polymer matrices for high performance composites are often thermosets. Common thermosetting 

resins are vinyl ester, unsaturated polyester, epoxy and phenolic. Once they have been made 

thermosets can not be melted because of the tightly bound covalent cross-links between the 

polymer chains, and that of course limits their recyclability. Furthermore, the thermoset resins are 

hazardous to health and require long and sometimes complicated processing which in turn often 

makes them more expensive. To overcome these economical and environmental issues one might 

use thermoplastic matrices instead, which in contrast to thermosets can be melted, remolded and 

reused after finished service. For example long fiber reinforced thermoplastic (LFRT) composites 

are seeing increased use in structural and semi-structural applications traditionally reserved for 

metals and thermoset composites in the automotive industry due to their excellent impact 

properties and low production cost [3]. Applications vary from underbody shielding, front-end 

structures, seat shells, bumper beams, gear shift housings and door inner panels. Polypropylene 
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(PP), one of the so called commodity plastics, is the number one choice in LFRT and also in the 

more traditionally used glass mat thermoplastic composite (GMT) for automotive applications [3]. 

Thermoplastics are generally cheaper, more environmental friendly and offer less processing time 

than thermosets. However, when it comes to the interaction between fiber and matrix the 

thermosets are often superior. Thermosets can also withstand higher temperatures than most 

thermoplastics. 

In contrast to isotropic materials, composites that have strong and stiff fibers embedded in a softer 

matrix with the fibers preferentially oriented in a particular direction show markedly anisotropic 

behavior, i.e. their properties vary significantly when measured in different directions. A 

unidirectional (UD) composite is normally at least orthotropic having two (or three) mutually 

perpendicular planes of symmetry. If the fibers in the UD composite are randomly distributed in 

the transverse plane the composite may be considered transversely isotropic, i.e. having infinite 

number of symmetry planes in transverse direction. The aligned composite is usually very stiff and 

strong in longitudinal (fiber) axis at the expense of the properties in transverse directions. By 

orienting some of the fibers in an angle off longitudinal axis better transverse properties are 

obtained. This is also the concept when building laminates, i.e. in relation to a global coordinate 

system UD plies at different fiber orientation angles are stacked and glued together. Thus, the 

inherent anisotropic behavior of the UD ply allows for tailoring the properties of the laminate so 

that optimal design for the intended purpose may be achieved. Obviously this is exactly what 

Mother Nature does when she produces structural biological materials. 

NATURAL FIBER COMPOSITES 

By natural fiber composites we mean a composite material that is reinforced with fibers, particles 

or platelets from natural or renewable resources, in contrast to for example carbon or aramide 

fibers that have to be synthesized. Natural fibers may come from plants, animals or minerals. 

However, in the following discussion, and also in the rest of this thesis, when natural fiber 

composites are referred to only cellulose based fibers from plants will be considered.   

Natural fiber composites are by no means new to mankind. Already the ancient Egyptians used 

clay that was reinforced by straw to build walls. In the beginning of the 20th century wood- or 

cotton fiber reinforced phenol- or melamine formaldehyde resins were fabricated and used in 

electrical applications for their non-conductive and heat-resistant properties. At present day natural 
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fiber composites are mainly found in automotive and building industry and then mostly in 

applications where load bearing capacity and dimensional stability under moist and high thermal 

conditions are of second order importance. For example, flax fiber reinforced polyolefins are 

extensively used today in the automotive industry, but the fiber acts mainly as filler material in 

non-structural interior panels [4]. Natural fiber composites used for structural purposes do exist, 

but then usually with synthetic thermoset matrices which of course limit the environmental 

benefits [5, 6]. 

Polymer composites for structural purposes are commonly based on crude oil as raw material. 

However, people’s environmental concern and growing awareness of crude oil as a finite resource 

together with new regulations aiming to promote environmental friendly materials has not only 

increased the interest about, but also given industry incentive to develop renewable and recyclable 

composite materials. Plant fibers, such as hemp, flax and wood, have large potential as 

reinforcement in structural materials due to the high aspect ratio and high specific strength- and 

stiffness of the fibers [7-10]. Apart from good specific mechanical properties and positive 

environmental impact, other benefits from using natural fibers worth mentioning are low cost, 

friendly processing, low tool wear, no skin irritation and good thermal and acoustic insulating 

properties [10].   

A complete biodegradable system may be obtained if the matrix material also comes from a 

renewable resource. Examples of such materials are lignophenolics, starch and polylactic acid 

(PLA). Some of these systems show encouraging results. For example Oksman et al. [11] have 

reported that flax fiber composites with PLA matrix can compete with and even outperform 

flax/polypropylene composites in terms of mechanical properties. In a recent study [12] it was 

found that composites of poly-L-lactide acid (PLLA) reinforced by flax fibers can show specific 

tensile modulus equivalent to that of glass/polyester short fiber composites. The specific strength 

of flax/PLLA composites was lower than that of glass/polyester, but higher than that of 

flax/polyester.

The main competitors to natural fiber composites in a future market will probably be glass fiber 

reinforced plastics. It is plausible to assume that natural fibers can replace glass fibers in 

applications where conventional materials like GMT and bulk- and sheet molding compounds 

(BMC and SMC) are used today. To motivate this, Table 1 shows the mechanical properties of 

glass fiber compared to some natural fibers with industrial importance in Northern Europe.  
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Table 1. Approximate mechanical properties of natural fibers as compared to glass fiber [4-15]. 

Fiber Density 
(g/cm3)

E-modulus 
(GPa) 

Tensile 
strength
(MPa) 

Elongation at 
break (%) 

Specific
modulus 

(E/density) 
Flax 1.4 70 1000 3 50 

Hemp 1.5 60 900 3.5 40 
spruce kraft  1.2 40 1000 - 33 
pine kraft  1.2 30 - - 25 
E-glass 2.5 73 3000 3 29 

It is emphasized that the values shown in Table 1 are highly variable. For example, longitudinal 

Young’s modulus of various wood fibers has been reported in literature within the range 3-80 GPa 

[13]. Andersons et al. [14] investigated stiffness and strength of flax fibers and found that 

longitudinal Young’s modulus varied between 25-120 GPa, with a mean value of 69 GPa for fibers 

with length 10 mm. The strength was in the range 350-1500 MPa. The reason for this big scatter in 

data is because the natural fiber properties so strongly depend on a vast number of different 

parameters. Geographic location, climate, soil condition etc. affect the growth of plants and 

consequently their properties. Even within the same plant fiber morphology and ultrastructural 

features will vary considerably and thus affect the fiber properties. This lack of well defined 

mechanical properties is actually one of the biggest obstacles to overcome before natural fiber 

composites can gain in acceptance and be used in load bearing structures with confidence.  

The limited use of natural fiber composites is also connected with some other major disadvantages 

still associated with these materials. The fibers generally show low ability to adhere to common 

non-polar matrix materials for efficient stress transfer. Furthermore, the fibers inherent hydrophilic 

nature makes them susceptible to water uptake in moist conditions. Natural fiber composites tend 

to swell considerably at water uptake and as a consequence mechanical properties, such as 

stiffness and strength, are negatively influenced. However, the natural fiber is not inert. The fiber-

matrix adhesion may be improved and the fiber swelling reduced by means of chemical, enzymatic 

or mechanical modifications [8]. At present day many researchers are working to understand and 

improve the dimensional stability and fiber-matrix adhesion properties with the future goal to 

develop environmental friendly high performance composites. Parallel to these efforts there is a 

need for a broader knowledge-based understanding of mechanical performance of natural fiber 

composites.  
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MECHANICAL PERFORMANCE OF NATURAL FIBER COMPOSITES 

A very important feature of natural fiber composites is that the mechanical properties of both 

fiber and polymer matrix are time dependent. Therefore, natural fiber composites experience 

complex time dependent stress-strain behavior with loading rate effects and hysteresis loops. This 

behavior is due to viscoelastic effects of both constituents and may also include micro damage 

evolution resulting in stiffness degradation and development of irreversible viscoplastic strains. 

Figure 1 shows tensile stress-strain curves for a hemp/lignin composite (Paper B). Due to the 

brittle nature of lignin the composite contained a large portion of plasticizer (30 %) which 

obviously had a negative impact on stiffness properties. Young’s modulus was in the range 2.3-

2.8 GPa and tensile strength was 14-16 MPa. The specimens also experienced stiffness 

degradation depending on previous strain history.  
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Figure 1. Tensile stress-strain curves for a hemp/lignin composite. 

The mechanical properties of natural fiber composites have been studied previously by many 

authors. For example, Oksman et al. [11] have reported values of Young’s modulus for flax/PLA 

and flax/PP composites containing 30 wt. % flax fibers to approximately 8 GPa and 5 GPa 

respectively. These results were confirmed in a recent study by Bodros et al. [12] where it was 

found that flax/PLLA composites containing 30 wt. % flax fibers had a Young’s modulus of 9 

GPa. Flax/PP composites with the same fiber content had a Young’s modulus of up to 6 GPa. The 

specimens were manufactured via a film stacking technique and showed very high strength values 

of 100- and 70 MPa for flax/PLLA and flax/PP respectively. These values were well above the 
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ones previously reported by Oksman et al. The mechanical performance of natural fiber reinforced 

thermosets has also been studied. Neagu et al. [13] tested numerous wood fiber mat reinforced 

epoxy vinyl ester composites with the intention to investigate the reinforcing effect of various 

wood fibers depending on pulp process parameters. They found that a wood fiber mat composite 

containing 30 wt. % wood fibers preferentially oriented in the direction of loading had a modulus 

of 11 GPa, tensile strength 162 MPa and strain to failure 2.6 %. Laminates made of Phenol-

formaldehyde impregnated kraftliner- and saturation paper composites with very high volume 

fraction of wood fibers were investigated by Nordin and Berglund [16]. The maximum volume 

fraction in the laminates was 70 %. The highest Young’s modulus and tensile strength were 19 

GPa and 198 MPa respectively. Later Nordin and Varna characterized these laminates in terms of 

nonlinear viscoelastic and nonlinear viscoplastic behavior in compression [17]. Large irreversible 

strains, but no stiffness reduction was detected. The time dependent behavior of natural fiber 

reinforced thermoplastics has also been evaluated. For example, in Paper A flax/PP composites 

were characterized in terms of tensile nonlinear viscoelastic and nonlinear viscoplastic creep 

behavior, and in [18, 19] the nonlinear viscoelastic creep behavior for natural fiber composites in 

4-point bending mode were determined.  

The macroscopic mechanical performance of a natural fiber composite is intimately linked with its 

microstructure. To illustrate the very complex microstructure of natural fiber composites Fig. 2 

shows a SEM micrograph of a wood fiber mat (saturation paper). 

Figure 2. SEM micrograph of a wood fiber mat [16]. 

Both long term and short term mechanical performance of a natural fiber composite depend on the 

properties of the constituents (phases), their relative volume fractions and on the 
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microarchitecture, i.e. the fiber orientation distribution, the fiber length distribution, fiber shape, 

the size of lumen and whether it is filled with resin or not. Other aspects of equally high 

importance are variable fiber parameters such as surface morphology and surface composition. 

The fiber properties on the other hand are mainly governed by the ultrastructural features, i.e. the 

spatial distribution of wood polymers in the cell wall, the cellulose microfibril angle, etc. Thus it is 

evident that phase material properties on several length scales determine the macroscopic 

mechanical performance of a natural fiber composite.  

Given the great importance of the ultrastructural features on the overall composite performance it 

seems reasonable to first elucidate some of the natural fiber characteristics on nanometer- and 

micrometer scale before any modeling attempts are made. Therefore, next chapter will briefly 

mention some of the most important aspects concerning the hierarchical structure of natural fibers. 

After that, time dependent material modeling and micromechanical modeling are discussed in 

following chapters. 

WOOD FIBER CHARACTERISTICS 

The following discussion will be restricted to softwood fibers. The microstructure, ultrastructure 

and chemical composition of other natural fibers will be different. For example, the three main 

polymers in woody tissues are cellulose, hemicelluloses and lignin. In annual crops such as flax 

and hemp most of the lignin is instead replaced by pectin [20]. The cellulose content in flax and 

hemp is also higher than in wood. This is one of the reasons why flax- and hemp fibers most often 

outperform wood fibers in terms of mechanical performance. All natural fibers exhibit a highly 

variable and intricate cellular structure. However, wood fibers generally show lower variability 

than fibers from annual plants. This is an advantage in terms of reliability in structural design. 

MICROSTRUCTURE 

The typical Norway spruce softwood fiber, or tracheid, is 1-4 mm in length and 20-40 μm in width 

[21]. The softwood fiber cell consists of several layers surrounding an empty cavity in the middle, 

called lumen. The lumen is an important feature in the wood cell since it goes from being large for 

the earlywood fibers when the tree requires an effective water transportation system to being 

relatively small for the latewood fibers, see Fig. 3.  
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Figure 3. Cross-section micrograph of an annual ring in typical softwood (Scots pine) showing 

earlywood and latewood fibers (micrograph: Lennart Wallström). 

The properties of wood fibers are highly variable. Morphological features such as cell wall 

thickness, kinks and bordered pits are important for the mechanical performance of the fiber. The 

morphology, the length and width of the fibers are variable parameters depending on position in 

the stem [21]. Fiber dimensions such as width and cell wall thickness are even varying along the 

length of a single fiber. Neither is the cross-sectional shape of the fibers constant. Most of the 

latewood fibers are thick-walled boxlike whereas the thin-walled earlywood fibers have a more 

slender rectangular form. Because of the stochastic nature of all these variables the mechanical 

properties of wood fibers will have wide distribution, but perhaps of even greater importance to 

overall fiber performance are the properties on ultrastructural level. 

ULTRASTRUCTURE 

The tracheids have a highly variable and intricate cell wall structure. It can be described as a 

multiphase system of concentric layers surrounding the lumen. The outermost layer is the primary 

wall (P) followed by the outer layer of the secondary wall (S1), the middle layer of the secondary 

wall (S2) and the inner layer of the secondary wall (S3) as shown in Fig. 4. The middle lamella 

(ML) which is located outside the primary wall is not considered a cell wall layer.  
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Figure 4. The layered structure of a softwood fiber. 

At an ultrastructural level the layered structure of the cell wall resembles that of a fiber reinforced 

composite with cellulose microfibrils acting as reinforcing elements embedded in a stress-

transferring lignin and hemicellulose matrix [21]. The mechanical properties of the wood polymers 

cellulose, lignin and hemicellulose and their relative volume fractions are highly important to the 

microfibril performance so therefore they will treated separately in next sub-chapter.  

It is believed that the cellulose microfibrils in a typical softwood fiber are approximately square in 

cross-section with lateral dimensions of 3-4 nm and aggregated into larger entities with 

dimensions ranging from 16 to 20 nm called cellulose microfibril aggregates [22]. The term 

microfibril may appear somewhat confusing due to the nanometer size of the “microfibrils”, but 

nevertheless, this is the terminology usually adopted in literature to describe these nano sized 

structures. The cellulose microfibrils are aligned fairly parallel in a helical pattern within each 

layer in the cell wall and oriented at different microfibril angles in the different layers, where the 

microfibril angle (MFA) is the angular deviation of the microfibrils from longitudinal fiber axis. 

The MFA has negative values for S1 and S3 and positive values for S2 in a right-handed system. 

The MFA in the S2 layer is the key ultrastructural parameter since this layer is by far the thickest 

one constituting about 70-90 % in thickness of the cell wall. The lower range values are mostly 

seen for earlywood fibers and the higher range values for latewood fibers. In normal wood the S2 

MFA is usually 10-30°. Lower values are often seen for latewood fibers and higher values for 

compression wood [23].  

S1

S2

S3

P

Lumen 
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The fiber properties in a piece of bulk wood will be different from those in a composite. 

Depending on the fiber extraction process (pulp process) various types of fiber damage and 

ultrastructural changes will occur [23-26]. These include for example reduction of the MFA, 

formation of pores within the hemicellulose-lignin matrix, loosening of the P and/or S1 layer and 

other cell wall damage. Furthermore, depending on composite manufacturing process the fibers 

will most likely be even further damaged and shortened [27]. Fiber length reduction is indeed an 

undesirable byproduct of the composite manufacturing process given the great importance of high 

fiber aspect ratio for efficient stress transfer over the fiber-matrix interface. It is important to keep 

these fiber property changes in mind when wood and other natural fibers are used as reinforcement 

in composites and when macroscopic composite testing is used to asses fiber properties. 

THE WOOD POLYMERS 

Multiscale modeling of the elastic properties of a cell wall layer requires input of elastic properties 

for the three main wood polymers, cellulose, hemicellulose and lignin. However, assigning “true” 

elastic properties to these materials is unfortunately not a straightforward matter.  

Cellulose [C6H10O5]n, also known in its natural form as cellulose I, is the primary component of 

the cell wall and is one of the few natural compounds that retain the same structure regardless of 

its source is wood, cotton, flax, hemp or other plants. Cellulose has the simplest structure of the 

cell wall components and is made up from glucose units built into a long unbranched linear 

polymer. Because of the simplicity of cellulose the molecules are easily packed into crystalline 

regions. Cellulose contributes to strength and stiffness of the fiber because of its highly oriented 

chains. The cellulose content in a softwood fiber is about 40-45% in volume [20]. The rest of the 

volume is shared approximately equal between hemicellulose and lignin. Most reported values of 

the longitudinal modulus for crystalline cellulose are in the range 130 - 170 GPa [23]. Although 

crystalline cellulose is believed to stay unaffected by moisture there are cellulose parts in the cell 

wall that are amorphous and will absorb water and thus making the cellulose less stiff. 

Hemicelluloses are hydrophilic compounds formed from monosugars and sugar acids and are 

attached to the cellulose surface via hydrogen bonds. Due to the highly hydrophilic nature of 

hemicellulose it will soften considerably in moist conditions. It is believed that hemicellulose may 

function as coupling agent between cellulose and lignin. For hemicellulose reliable stiffness data 
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are extremely scarce. A value on Young’s modulus for hemicellulose (Xylan) at the dry state has 

been reported by Cousins [28] to be 8 GPa. The values are for isolated extracted material and the 

question is how representative this is compared to the in-situ material. In his studies Cousins also 

mention problems with the extraction procedure. Furthermore, the isolated samples were isotropic 

whereas there is evidence of alignment of the hemicellulose units along the cellulose microfibrils 

in wood fibers. By assuming transverse isotropy Cousins suggested that the longitudinal modulus 

of hemicellulose should be higher than 8 GPa and the transverse modulus lower than 8 GPa at the 

dry state. On the other hand, Salmén [22] mentioned that these values are probably overestimated 

since it is known that hemicellulose will crystallize when isolated.  

Lignin is a complex non-crystalline aromatic macromolecule composed of phenyl groups, and its 

chemistry is still not fully understood. Lignin is less moisture sensitive than hemicellulose and it 

provides toughness and rigidity to the softwood fiber cell. Cousins [29] reported a longitudinal 

Young’s modulus for extracted periodate lignin of 6 GPa at the dry state. Lignin is often assumed 

to be isotropic, but according to Salmén [22] lignin also has a somewhat oriented structure along 

the cellulose microfibrils resulting in anisotropic behavior. The degree of anisotropy is not known 

however. Cousins [28, 29] also determined the stiffness variation in moist conditions for lignin and 

hemicellulose as well as their moisture content depending on relative humidity. How 

representative these data are to the in-situ material is still an issue for debate. However, due to lack 

of other information regarding stiffness of lignin and hemicellulose Cousins data was used in 

Paper D to model the hygroexpansion of aligned wood fiber composites. The stiffness properties 

of the wood polymers used in the study are summarized in Table 2. 

Table 2. Assumed engineering constants of the wood polymers at dry condition (Paper D). 

Phase Material 
behavior E1 (GPa) E2 (GPa) G12 (GPa) ν12 ν23

Cellulose Transversely 
isotropic 150 17.5 4.5 0.1 0.5 

Hemicellulose Transversely 
isotropic 8 3.4 1.2 0.33 0.43 

Lignin Isotropic 6   0.33  
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TIME DEPENDENT MATERIAL MODELING 

When a structure is loaded, its deformation may increase with time even if the load is constant. A 

classic example concerning natural fibers is a book shelf loaded by heavy books that increases its 

deflection as years goes by. In such case one speaks of time dependent material behavior (or creep 

behavior in this case since the load is constant). This behavior is prominent for polymeric 

materials because of their inherent viscoelastic nature. The term viscoelastic is used for materials 

that posses a capacity to both store and dissipate mechanical energy depending on time or 

frequency of loading. There are several test methods of how to characterize a materials viscoelastic 

behavior [30]. The simplest method is to perform a creep test using dead weight load application. 

The stress to the specimen will then be constant (provided that the specimen cross-section does not 

change appreciably) and strain can be monitored as a function of time. A typical strain response in 

a creep test is shown in Fig. 5. The stress is applied at time instant 0=t  and then held constant 

until some time instant 1tt = , whereby the stress is removed and the recovery period begins.  

Figure 5. a) Creep test followed by recovery period; b) Strain response to creep and recovery. 

At some instances after high creep loading it can be seen that the strain does not fully recover, but 

rather approaches some plateau value (measured after very long time as compared to the length of 

the creep test in question). The strain that is not fully recovered is called permanent or irreversible 

creep strain and is equivalent to the viscoplastic strain that develops during the creep test. The 

viscoelastic response may be either linear or nonlinear depending on load level. For low stresses 

the response is usually linear, which means that if the stress is doubled the strain is also doubled. 

For higher stresses the response is usually nonlinear, meaning that if the stress is doubled the strain 

is more than doubled. However, it is emphasized that when we distinguish between linear- and 

nonlinear viscoelasticity the time scale must also be considered. Materials that for short testing 
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times appear to have linear creep behavior may in fact show nonlinear behavior for longer testing 

times for the same stress level.  

The viscoelastic strain that develops in a creep test when loaded by a unit stress is denoted creep 

compliance. Using mechanistic interpretation the linear viscoelastic creep compliance may be 

described by various combinations of springs and dashpots. A differential model which consists of 

a series of springs and dashpots in parallel that describes the creep strain very well is the 

generalized Kelvin (or Kelvin-Voigt) model. The number of elements in the series is optional and 

thus gives the user large freedom to optimally tune the model giving a nice fit to experimental 

data. It can be shown that the linear viscoelastic creep compliance using the generalized Kelvin 

model in uniaxial loading case may be written 

( ) −−=Δ
m m

m
tCtS

τ
exp1  (1) 

This is the time dependent part which comes in addition to the elastic response for a viscoelastic 

material (this term is zero at 0=t ). The expression is also referred to as a Prony series in which 

mC  are constants and mτ  are called retardation times. The expression (1) is consistent with the 

form of viscoelastic creep compliance obtained in the thermodynamic analysis presented by 

Schapery [31]. The retardation times are chosen arbitrary, but the highest mτ  should at least cover 

the time for the conducted creep test. A good approximation to experimental data may be achieved 

if the retardation times are spread uniformly over the logarithmic time scale, typically with a factor 

of ten between them. Depending on the number of retardation times chosen in Eq. (1) the 

expression might soon get rather complicated. However, there are easier ways to model the 

viscoelastic creep compliance. In [32] Lou and Schapery used a power law expression with 

constant coefficients to model the creep compliance and by doing so the data reduction scheme 

was significantly simplified. The power law assumption provides a simple and convenient 

expression, but it is not always possible to fit test data by this expression [17]. Therefore, Prony 

series may be seen as the most flexible way to describe composites viscoelastic compliance. 
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NONLINEAR VISCOELASTIC MODELING 

Lou and Schapery [32] presented a general nonlinear constitutive equation of viscoelasticity in the 

case of uniaxial loading  

( ) ( )
τ

τ
σ

ψψεε d
d
gd

Sg
t

2

0
10 ′−Δ+=  (2) 

In Eq. (2) integration is over “reduced time” introduced according to, 

′
=

t

a
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0 σ
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′
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τ

σ
ψ

0 a
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The same constitutive equation was used also in Paper A and Paper B. In Eq. (2) 0ε  represents the 

initial strain which may be nonlinear with respect to stress. 1g  and 2g  are stress dependent 

material properties and σa  is the shift factor. These parameters are in fixed conditions functions of 

stress only. For sufficiently small stresses 121 === σagg  and thus Eq. (2) turns into the familiar 

Boltzmann superposition integral for linear viscoelastic material behavior. The stress in a creep 

test may be expressed using the Heaviside step function )(tH  so that [ ])()( 1ttHtH −−= σσ .

Equation (2) may therefore be divided into creep strain and recovery strain in a creep test. 

Together with the creep compliance from Eq. (1) we obtain the following form of creep strain and 

recovery strain respectively: 

−−+=
m m

mc a
tCgg
τ

σεε
σ

exp1210  (4) 

−−−−=
mm m

mr
tt

a
tCg

ττ
σε

σ

11
2 expexp1  (5) 

Simulation of viscoelastic material properties using Schapery’s constitutive equation has been 

performed by several authors [33-38]. A methodology to determine the viscoelastic stress 

dependent nonlinearity parameters using least squares formulation was described by Megnis and 
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Varna [38]. Both creep and strain recovery data at different load levels are required in the analysis. 

A parameter identification procedure using only a few specimens suitable for natural fiber 

composites (or other viscoelastic materials exhibiting broad distribution in mechanical properties) 

is described in more detail in Paper A and Paper B.  

NONLINEAR VISCOPLASTIC MODELING 

The development of viscoplastic strain is a function of both stress and time. If the specimen is 

loaded in creep many times (or for very long time) then the rate of viscoplastic strain development 

will eventually slow down and become negligible for that particular level of stress (and lower 

stresses). The specimen would now be “conditioned” and thus only pure viscoelastic creep strain 

would develop upon loading. For natural fiber composites the development of viscoplastic strains 

may be related to sub-microdamage development in the fiber cell wall, in the matrix and in the 

fiber-matrix interface as well as viscous flow of the matrix. In Paper A and Paper B the 

development of viscoplastic strain has been expressed via a nonlinear function presented by Zapas 

and Crissman [39] according to 

( )
mt

M
plpl dC=

0

ττσε  (6) 

plC , M  and m  are constants and must be determined experimentally. A recommended strategy is 

as follows: First the time dependence of viscoplastic strains is determined by performing creep 

tests at a fixed stress level. Integration of Eq. (6) will then be trivial. After strain recovery the 

remaining irreversible strain corresponding to the loading period is measured. Several creep tests 

with different lengths are performed and the developed viscoplastic strains are summed. The 

viscoplastic strain after k  steps of creep loading at the same stress level 0σ  will be, 

( )m
k

mM
pl

k
pl tttC ...210

...21 ++= ⋅+++ σε  (7) 

The development of viscoplastic strains at fixed stress should thus follow a power law in time with 

coefficient mM
plCB ⋅= 0σ  and constant m  which are determined as the best fit in logarithmic axes. 

Only one specimen is necessary to obtain the time dependence of viscoplastic strains at a certain 
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fixed stress level. The stress dependence of viscoplastic strains has to be obtained performing 

creep tests of the same length at several stress levels. In result B  is obtained as a function of stress 

and the best fit in logarithmic axes yields the required constants plC  and M . A more detailed 

overview of this procedure is given in [17] and in Paper A. In Paper B it was shown that the time 

dependence of viscoplastic strains at a fixed stress level can be approximated by a power law with 

good accuracy. In practice however, keeping m  constant for other stress levels was found 

difficult. 

INCREMENTAL FORM OF SCHAPERY’S CONSTITUTIVE EQUATION 

In Paper B the developed model was validated in a linear loading and unloading ramp using an 

incremental form of the constitutive equation. An incremental form of Eq. (2) can have a practical 

application in structural analysis where the material model has to be implemented in FE codes due 

to a non-uniform and complex stress state. Substitution of Eq. (1) in (2) and integration gives 

( ) ( ) ( ) ( ) ( ) ( )−+=
m

m

m
m gCggt ψεσσσσσεε 1210  (8) 
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( )[ ] ′
′

=
′−−ψ

τ
ψψ

ψ
ψ

σσε
0

2 d
d

gdeC m
m

m  (9) 

The integral in Eq. (9) may be calculated in time instant kt  using the previously determined value 

at time 1−kt  where ttt kk Δ+= −1 . Equation (3) gives the relation between the time increment and 

ψΔ  according to σψ at /Δ=Δ  and ψψψ Δ+=+ kk 1  which in turn gives the recursive expression 

for Eq. (9) in form of 
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In Eq. (10)  

( ) ( )[ ]
111

2
1 −−−

⋅⋅=− kkk tk dt
da
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gdtR σ

σ
σσ

σσσ  (11) 

The accuracy of the model was found to be remarkably good within the stress range for which it 

was designed and it captured most features of the compared experimental curves. Figure 6 shows 

the simulated model prediction and two experimental curves where also stiffness degradation and 

viscoplastic strain development were included in the analysis. The linear loading and unloading 

scheme was: constant load rate of 0.01 MPa/s up to 9 MPa, unloading with 0.01 MPa/s and finally 

loading with 0.02 MPa/s up to 13 MPa. 
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Figure 6. Strain response to the linear loading and unloading ramp, model prediction (solid line) and 
experimental values for two hemp/lignin composite specimens (dots). 

MICROMECHANICAL MODELING 

The elastic properties of a composite are governed by the relative volume fractions, microstructure 

and elastic properties of its constituents. By using micromechanics (based on knowledge of the 

constituents and their microarchitecture) the overall performance in terms of elastic, thermal and 

hygroscopic composite properties may be estimated. Micromechanics can also be used in 

conjunction with the laminate analogy approach for back-calculation of fiber properties from 

macroscopic tests on composites [13, 16]. The key feature in this approach is determination of the 
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UD layer properties. A short-fiber composite with dispersed fibers with a certain orientation 

distribution is replaced by a laminate with many thin UD layers. The laminate is a stack of layers 

of different orientation and with a fixed layer volume fraction obtained from the fiber orientation 

distribution of the composite. Back-calculation of natural fiber properties from composite data is 

indeed an appealing thought since tests on single fibers with minuscule dimensions are difficult, 

expensive and time consuming. A large amount of measurements on single fibers would also be 

necessary to ensure reliable statistics given their high variability of mechanical properties. 

However, it is emphasized that the back-calculation procedure only provides an indirect method of 

fiber properties determination. The fibers in the composite will have different properties than those 

in bulk wood (or for a free fiber for that matter). This is due to fiber damage during the extraction- 

and composite manufacturing process mentioned earlier as well as additional constraints imposed 

on the fiber by (i) embedding it in the matrix material and by (ii) other neighboring fibers. 

Nevertheless, back-calculation of natural fiber properties from composite data may very well serve 

as a valuable and complementary tool to direct fiber testing and FEM calculations. Not to mention 

the future possibility of linking the apparent or “in-situ” fiber properties in the composite to actual 

or “true” fiber properties. In such case the success of the laminate analogy approach would depend 

on a reliable and robust analytical micromechanical model. 

THE CONCENTRIC CYLINDER MODEL 

Micromechanical models for long fiber composites have been developed by Hashin and Rosen 

[40], Hashin [41] and Christensen and Lo [42] considering the constituents as concentric circular 

cylinders. In [40] the stiffness expressions for an isotropic hollow circular fiber composite were 

developed. The basic idea was that the cross-section of a composite material consists of many 

concentric pair cylinders (a hollow fiber surrounded by a concentric matrix layer) with different 

outer diameters, but all having the same fiber volume fraction. The voids between the largest 

cylinders are successively filled with smaller and smaller cylinders until, in limit, the entire cross-

section is filled with concentric cylinders. By assuming this random array of fibers explicit 

expressions were obtained for the plane-strain bulk modulus 23K , the shear modulus 12G ,

longitudinal modulus 1E  and Poisson’s ratio 12ν . The limitation with Hashin’s micromechanical 

model is that it renders only upper and lower bound for the transverse shear modulus. The 

limitation is related to the used homogenized boundary conditions in displacements or in tractions 

which do not exactly correspond to the conditions on the cylindrical boundary in a homogenized 

material. This problem was solved by Christensen and Lo [42] using a generalized self-consistent 
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scheme based on Eshelby’s elliptical inclusion technique [43]. They considered an infinite 

effective composite with unknown shear modulus and a cylindrical sub-domain in it replaced by 

an equivalent fiber matrix microstructure. Hervé and Zaoui [44] generalized Christensen and Lo’s 

estimate [42] and Hashin’s bounds [41] to the case of composites made of heterogeneous 

multilayered and transversely isotropic fibers. The approach by Hervé and Zaoui was further 

modified by Stagni [45] to determine the effective transverse elastic moduli of composites 

reinforced with multilayered hollow-cored fibers.  

Albeit proven useful in many practical applications, these models may not be suitable for modeling 

natural fiber composites since they are limited to isotropic and transversely isotropic phase 

materials whereas natural fibers are at least orthotropic in cylindrical axes with different properties 

in the radial and in the hoop direction. Therefore, in Paper C an analytical micromechanical model 

valid for orthotropic phase materials and for an arbitrary number of phases was developed to study 

the effect of various constituent stiffness properties on an aligned wood fiber composite. The 

model is a straightforward generalization of Hashin’s concentric cylinder assembly model and 

Christensen’s generalized self-consistent approach. It was shown that all engineering constants for 

the composite cylinder may be calculated (with required accuracy) from knowledge of the 

constituent (phase) properties by setting up and solving a system of linear equations using 

appropriate continuity and interfacial conditions. The model can be a valuable asset when it comes 

to perform analysis and parametric studies on transverse natural fiber properties which for obvious 

reasons are difficult to measure by a direct method.  

In a composite the lumen may be empty or filled with resin. Filled lumen often occurs when a low-

viscosity thermosetting resin and the resin transfer molding technique (RTM) are used and empty 

lumen often occurs for thermoplastic based composites where lumen filling might not be 

achievable. By using an artificial center phase with very low stiffness properties as compared to 

the other phase materials it was possible to simulate the empty lumen case using the same model. 

Figure 7 shows a calculation example for composite transverse shear modulus 23G using two 

different lumen sizes and material data from Table 3.  

Table 3. Material properties for fiber and matrix (Paper C). 

Material EL (GPa) ET (GPa) GLT (GPa) νLT νTT

Fiber 1 (F1) 18 2 2.5 0.3 0.4 
Fiber 2 (F2) 40 8.5 4.0 0.3 0.3 

Matrix 3.0 3.0 1.11 0.35 0.35 



20

0

0.2

0.4

0.6

0.8

1

1.2

0 0.2 0.4 0.6 0.8
Vf

G
23

 (G
Pa

)

Figure 7. Effect of fiber volume fractions on composite G23 properties using F1 with empty ( ) and 

filled ( ) lumen volume fraction of 0.04, and empty ( ) and filled ( ) lumen volume fraction of 0.36. 

HYGROELASTIC PROPERTIES 

One of the major drawbacks using natural fibers as reinforcement in composites is their 

susceptibility to water uptake in moist conditions resulting in considerable swelling and 

deterioration of mechanical properties. However, their hygroelastic properties can be modeled and 

studied using micromechanics [46-54]. There are several methods employed to model the fibers, 

for example using thick-walled cylinder theory, concentric cylinder assemblage theory, laminate 

theory and to perform FEM calculations etc. 

In Paper D the concentric cylinder assembly model valid for an arbitrary number of orthotropic 

phase materials previously developed was used and extended to include also free hygroexpansion 

terms in the constitutive equation. In orthotropic phase materials the shear stress components are 

uncoupled with normal stress components and as a result of phase swelling only normal stresses 

and strains will develop (thus leaving all shear components zero). This obviously simplifies the 

derivations giving only a minor modification to the expressions for axial, radial and hoop stress as 

compared to the expressions in Paper C. It was shown how the concentric cylinder assembly can 

be used in several length scales to model the hygroexpansion coefficients for a microfibril unit 

cell, cell wall and finally the aligned wood fiber composite using properties for the three main 

wood polymers shown in Table 2 as foundation. 
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INFLUENCE OF HELICAL FIBER STRUCTURE 

The helical orientation of the microfibrils in the cell wall layers implies that axial deformation is 

coupled with torsion. In Paper C and Paper D this twist-extension coupling was not accounted for 

since it was assumed that the fiber will be restricted from rotation within the composite. The 

question is how much this will affect the modeled elastic properties of a UD wood fiber composite. 

In Paper E an analytical micromechanical concentric cylinder model suitable for parametric 

analysis was therefore presented and used to calculate longitudinal modulus and major Poisson’s 

ratio for the averaged transverse isotropic material, i.e. fiber (including lumen) and composite. The 

model is valid for an arbitrary number of phases (layers) with monoclinic material properties in a 

global coordinate system.  

In order to assess the twist-extension coupling effect two extreme cases were examined: (i) free 

rotation and (ii) no rotation of the cylinder assembly for both fiber and composite. The results for 

the fiber were in agreement with simulated results by Neagu and Gamstedt [54] and 

experimentally determined results on wood by Cave [55] and on single wood fibers by Page et al. 

[56, 57]. Figure 8 shows the simulated effect of free rotation and no rotation of the cylinder 

assembly for composite longitudinal modulus as function of MFA in the S2 layer. Clearly the free 

rotation case is much more compliant. 
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Figure 8. The composite longitudinal modulus as a function of MFA in the S2 layer in free rotation and 

no rotation case for resin filled (solid line) and empty (dashed line) lumen. The lumen volume fraction 

of the fiber is 36% and the fiber volume fraction in the composite is 50 %. 
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OBJECTIVE

The breakthrough for natural fiber composites in terms of usefulness in structural load bearing 

applications is yet to come. Some of the problem areas have been identified as: fiber-matrix 

adhesion properties, dimensional instability, fiber property variability and ultrastructural- and 

microstructural changes during the fiber extraction process and composite manufacturing. 

Currently many researchers are involved in the efforts to understand and solve these very 

challenging tasks with the future goal to develop high performance “green” composites. Parallel to 

these efforts there is clear and distinct need for a broader knowledge-based understanding of the 

mechanical performance of natural fiber composites on several length scales. Better understanding 

of hygroexpansion and both long term (viscoelastic) and short term (elastic) properties of natural 

fiber composites is necessary. In light of this, the objective of the work presented in this thesis is 

twofold: (i) to present material models and suitable data reduction methodology with the ambition 

to characterize these materials very complex time dependent behavior and (ii) to develop 

micromechanical models suitable for parametric studies of fiber properties and their influence on 

composite properties.  

SUGGESTIONS FOR FUTURE WORK 

The nonlinear viscoelastic and nonlinear viscoplastic modeling procedure presented in Paper A 

and Paper B is restricted to the case of uniaxial tensile loading in fixed conditions. The behavior 

for a natural fiber composite in compression and in a varying environment will be different. 

Therefore, it would be desirable to model the effects of humidity and temperature on the 

viscoelastic and viscoplastic properties, not only in tensile, but also in compression loading. This 

goal requires significant experimental efforts, formulation of the constitutive model and 

development of data reduction methodology to identify parameters in the model. The 

micromechanics origin of the composite macro-behavior has to be revealed and described by 

models with recognition of fiber-matrix interface properties and composite microarchitecture.  

Expansion of the unidirectional constitutive model (under variable environmental conditions) to a 

3D-formulation and implementation in commercial FE codes with the aim to study the response in 

a more complex stress state and to analyze composite structures also offers a potentially fruitful 
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area to investigate. This approach would seem like the logical continuation of the work presented 

in this thesis. 

The presented work in Paper C-E on the micromechanical understanding of wood fiber composites 

has been of strict theoretical character. The goal has been to introduce suitable models for 

performing parametric studies and back-calculation of fiber properties from macroscopic tests on 

composites. So far no attempts have been made from our side to elaborate and perform the 

experimental procedures necessary for these models to be used in in-situ fiber characterization. 

Obviously, such procedure must be carried out on a broad scale gathering as much data as 

possible. However, before an extensive investigation using experimental data takes place the fibers 

extension-torsion coupling and how that influence composite properties must be further examined. 

SUMMARY OF PAPERS 

Paper A: Creep tests on flax/PP specimens performed at different load levels revealed that the 

response was nonlinear viscoelastic, and after recovery, viscoplastic strains were detected. No 

degradation in stiffness could be seen and thus nonlinear viscoelasticity and viscoplasticity were 

assumed to be the main cause for the observed behavior. The fracture surface of a specimen that 

experienced creep rupture at 24 MPa was investigated using SEM in order to assess fiber 

orientation and fiber dispersion. The nonlinear viscoelasticity was described using Schapery’s 

model for uniaxial loading case. The viscoplastic response was studied experimentally and 

described by Zapas and Crissman’s nonlinear function. The application of Prony series, a power 

law and a modified power law to approximate the viscoelastic compliance was investigated. A 

methodology that requires only a few specimens to identify the parameters describing the material 

behavior was suggested. It was found that application of Prony series may be seen as the most 

flexible way to approximate the viscoelastic creep compliance.  

Paper B: Creep tests on hemp/lignin composites performed at different stress levels revealed a 

nonlinear viscoelastic and nonlinear viscoplastic response. In repeating tensile tests with 

increasing maximum strain for every loading cycle the hemp/lignin composites also showed 

noticeable stiffness degradation. The constitutive equation used in Paper A was here modified by 

incorporating a maximum strain-state dependent function reflecting the elastic modulus reduction 

with increasing strain measured in tensile tests. Prony series was used to approximate the 
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viscoelastic creep compliance. The nonlinear function used to describe viscoplastic strain 

development contains three constants which must be determined from experiments. It was found 

that one of these “constants” was in fact not a constant, but rather a function of stress. Therefore, 

this term was approximated using an average value in the considered stress range. A generalized 

incremental form of the constitutive equation was used to validate the developed material model in 

a linear stress controlled loading and unloading ramp. The model successfully described the main 

features for the investigated material and showed good accuracy within the considered stress 

range. 

Paper C: An analytical micromechanical model for an N-phase composite with orthotropic 

properties of constituents was developed and used to study the effect of wood fiber anisotropy on 

wood fiber composite stiffness. The model is a straightforward generalization of Hashin’s 

concentric cylinder assembly model and Christensen’s generalized self-consistent approach. It was 

shown that several of the unknown anisotropic constants characterizing wood fibers are not 

affecting the stiffness significantly and rough assumptions regarding their value would suffice. It 

was also seen that most macro-properties are governed by only one property of the cell wall which 

is very important in attempts to back-calculate the fiber properties. The effect of geometrical 

deviations from circular cross-section was analyzed using FEM. It was found that for fibers with 

filled lumen a change of fiber cross-section geometry, from circular to elliptical or square, has 

insignificant effect on the composite properties. In case of square cross-section with empty lumen 

the only properties significantly affected are the transverse shear modulus 23G  and Poisson’s    

ratio 23ν .

Paper D: The analytical concentric cylinder model valid for orthotropic phase materials and for an 

arbitrary number of phases previously developed was here extended to include also free 

hygroexpansion terms in the elastic stress-strain relationship. The model was used to analyze the 

effect of wood fiber ultrastructure- and cell wall hygroelastic properties on wood fiber composite 

hygroexpansion. The fiber cell wall was modeled regarding each individual layer S1, S2 and S3 as 

a balanced and symmetric angle-ply laminate assuming that the fiber will be restricted from 

bending and rotation within the composite. Using properties available from literature on the main 

wood polymers it was found that the longitudinal hygroexpansion coefficient for the microfibril 

unit cell was decreasing with increasing relative humidity whereas the transverse hygroexpansion 

coefficient was quite stabile. A homogenization procedure using 3D-formulation of classical 
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laminate theory performed on the cell wall lumping the S1, S2 and S3 layers into one single layer 

in the concentric cylinder model was found not to influence the results significantly for microfibril 

angles lower than 30 degrees in this particular case with 36% lumen volume fraction. Finally using 

typical thermoset resin properties the hygroexpansion coefficients of an aligned softwood fiber 

composite with varying fiber content were calculated. If the lumen was empty or resin filled had 

profound effect on transverse hygroexpansion. In terms of longitudinal hygroexpansion the filled 

or empty lumen case showed no significant difference.  

Paper E: The effect of the helical wood fiber structure on in-plane composite properties was 

analyzed. The used analytical concentric cylinder model is valid for an arbitrary number of phases 

with monoclinic material properties in a global coordinate system. Using the microfibril unit cell 

properties from previous study the wood fiber was modeled as a three concentric cylinder 

assembly with lumen in the middle followed by the S3, S2 and S1 layers. Two extreme cases, both 

modeling fiber and modeling composite, were examined: (i) free rotation and (ii) no rotation of the 

cylinder assembly. It was found that both longitudinal fiber modulus and in-plane Poisson’s ratio 

depending on the microfibril angle in S2 layer were highly sensitive with respect to restrictions for 

fiber rotation. The results were compared to a model representing the fiber by its cell wall and 

using classical laminate theory to model the fiber. It was found that longitudinal fiber modulus 

correlates quite well with results obtained with the concentric cylinder model, whereas Poisson’s 

ratio gave unsatisfactory matching. Finally using typical thermoset resin properties the 

longitudinal modulus and Poisson’s ratio of an aligned softwood fiber composite with varying 

fiber content were calculated for various microfibril angles in the S2 layer. It was found that both 

longitudinal modulus and Poisson’s ratio shows nonlinear behavior with respect to fiber volume 

fraction in the free unconstrained case and linear behavior in the constrained case. These findings 

may be important in later attempts to back-calculate fiber properties from macroscopic tests on 

wood fiber composites. 
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Nonlinear Viscoelasticity and
Viscoplasticity of Flax/
Polypropylene Composites
In tensile tests the flax/polypropylene composites clearly show nonlinear behavior in
loading and hysteresis loops in unloading. In creep tests performed at different load
levels the response was nonlinear viscoelastic, and after recovery, viscoplastic strains
were detected. No degradation in stiffness could be seen and thus nonlinear viscoelas-
ticity and viscoplasticity were assumed to be the main cause for the observed behavior.
The fracture surface of a specimen that experienced creep rupture at 24 MPa was inves-
tigated using a scanning electron microscope. The viscoplastic response was studied
experimentally and described by a power law with respect to time and stress level in the
creep test. The nonlinear viscoelasticity was described using Schapery’s model. The ap-
plication of Prony series and a power law to approximate the viscoelastic compliance
was investigated. Both descriptions have accuracy sufficient for practical applications.
However, at high stresses the attempts to describe the viscoelastic compliance by a power
law with a stress-independent exponent failed and therefore stress dependence of this
exponent was included in the data analysis. The accuracy within the considered stress
range is good, but the thermodynamic consistency of this procedure has to be
proven. �DOI: 10.1115/1.2345444�

Keywords: flax/PP, composite, nonlinear viscoelasticity, viscoplasticity, creep, recovery

1 Introduction
The use of natural fibers as reinforcement in composites has

gained an interest over the recent years �1–3�, especially in the
automotive industry. Natural fibers, such as flax, have relatively
good specific properties, similar to those of glass fibers. Natural
fibers are environmental friendly and together with a thermoplas-
tic matrix they are also recyclable. Drawbacks are sensitivity to
moisture, low compatibility to the usually nonpolar polymers used
as matrix and lack of well-defined mechanical properties. Poly-
propylene �PP� is often used as binder material because of low
cost, but it is well known that polypropylene has poor creep prop-
erties at room temperature even at low stresses. A specific feature
of natural fiber composites is that the mechanical properties of
both natural fibers and polymer matrix are time dependent. As a
result, natural fiber composites experience complex time depen-
dent stress-strain behavior with loading rate effects, hysteresis
loops, and development of permanent strain, see, for example, �4�
for performance of laminates made from phenol-formaldehyde
impregnated kraftliner paper. The most probable reasons for the
described behavior are �i� micro-damage evolution which would
result in stiffness degradation, �ii� viscoplastic macrobehavior
which may be related to submicrodamage, and �iii� nonlinear vis-
coelasticity of both constituents in the composite. Thus the time
dependent properties must be considered if it is to be used as a
structural load bearing component. Mechanical properties of natu-
ral fiber composites have been studied previously by several au-
thors. For example, composites made from wood fibers and ther-
moset matrices have been studied, in �5–8� polyester matrix and in
�9� vinyl ester matrix was used.

Experiments performed in the presented study to compare the
elastic modulus of the material after high creep loads with the
initial modulus show that the modulus is not changing which
means that damage accumulation is negligible. This is a conse-

quence of good fiber dispersion in the composite. Hence, the com-
posite has to be described as a nonlinear viscoelastic nonlinear
viscoplastic material. The most general thermodynamically con-
sistent theory of nonlinear viscoelastic and nonlinear viscoplastic
materials was developed by Schapery �10�. It has been used in
simulations by several authors �11,12�. This model contains sev-
eral stress dependent functions characterizing the nonlinearity.
The definition of the optimal set of experiments to determine the
stress-dependent functions in the material model and the develop-
ment of reliable methodology for data reduction is still an issue
for discussions. An experimental methodology for linear vis-
coelastic and nonlinear viscoplastic material characterization was
given by Megnis and Varna �13,14�. It was demonstrated that the
creep tests with following strain recovery tests render the neces-
sary information. The observation that for the used material the
viscoelastic response is linear significantly simplifies the data re-
duction. Schapery’s model for nonlinear viscoelasticity contains
three stress invariant dependent material functions. It is up to the
user to choose between a general approach and a material specific
simplified submodel which is efficient, but applicable only for a
particular type of material. A methodology to determine the vis-
coelastic nonlinearity parameters in Schapery’s constitutive law
for materials which obey the power law time dependence was
described by Lou and Schapery �15�. Both creep and strain recov-
ery data at different load levels are required in the analysis. If the
material creep does not obey a power law, expansion of the vis-
coelastic compliance in Prony series has to be used. Viscoplastic
strains in a different form than in Schapery’s model were consid-
ered by Tuttles et al. �16�. The viscoplastic term was described by
a nonlinear functional by Zapas and Crissman �17� and this rep-
resentation is used also in this paper.

The objectives of the presented paper are �i� to characterize the
flax/PP stress-strain behavior by decomposition of the total strain
in elastic, viscoelastic, and viscoplastic parts analyzed separately,
�ii� to analyze the viscoplastic strain development with time in this
material using creep tests at different stress levels with following
strain recovery, �iii� to analyze the viscoelastic properties of this
material, and �iv� to present a nonlinear viscoelastic viscoplastic
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material model. Due to the observed complex behavior three dif-
ferent approximations of the viscoelastic compliance are analyzed
and compared: �i� Prony series; �ii� power law; and �iii� modified
power law with stress dependent exponent. The flax fiber compos-
ites considered in the presented paper obey the power law only in
a limited time region. It will be shown that there are problems
with keeping the exponent constant in the power law which mo-
tivates the modification. Prony series is the most flexible way of
describing composites viscoelastic compliance. However, the
number of parameters in the power law is equal to two: Much less
than in Prony series. The complexity of the description is
weighted against the accuracy.

2 Theory

2.1 Constitutive Model. A general nonlinear constitutive
theory of viscoelasticity for multiaxial loading was developed by
Schapery �10�. The stress strain equation for uniaxial loading was
used in �15� where a methodology to determine the viscoelastic
nonlinearity parameters for materials which obey a power law in
time was described. The constitutive equation for uniaxial loading
is given by,

� = �0 + g1�
0

t

�S�� − ���
dg2�

d�
d� + �pl�t,�� �1�

In Eq. �1� the first term represents the initial �elastic� strain which
may be nonlinear with respect to stress. �S��� is the transient
component of the linear viscoelastic creep compliance. g1 and g2
are stress invariant dependent material properties. Integration in
the second term is over “reduced time” represented by

� =�
0

t
dt�

a�

and �� =�
0

�
dt�

a�

�2�

Here a� is the stress dependent time-scale factor �also known as
the shift factor�, which is a function of stress, temperature, and as
in the case of our composite, humidity. In the present study how-
ever, the tests were performed in fixed conditions so that a� is a
function of stress only. If the applied stress is sufficiently small,
g1=g2=a�=1, and Eq. �1� turns into a strain-stress relationship
for linear viscoelastic viscoplastic materials. As it follows from
the thermodynamic analysis �10� the viscoelastic creep compli-
ance does not depend on the applied stress level and, hence, it
may be determined using loads in the linear region. The following
form was obtained:

�S�t� = �
m

Cm�1 − exp�−
�

�m
		 �3�

This expression is also referred to as a Prony series in which Cm
are constants and �m are called retardation times. A good approxi-
mation to experimental data may be achieved if the retardation
times are spread uniformly over the logarithmic time scale, typi-
cally with a factor of ten between them. Using mechanistic inter-
pretation the viscoelastic creep compliance may be described by
various combinations of springs and dashpots. The model which
corresponds to Eq. �3� is the generalized Kelvin model which
consists of a series of springs and dashpots in parallel. The num-
ber of elements in the series is optional and the number of param-
eters to be determined is 2N, where N is the number of terms in
the series. Experiments show �15� that the creep strain when plot-
ted against the logarithm of time often is rather linear which im-
plies that the time dependence of the creep compliance may be
described by a power law

�S��� = C�n �4�

C and n are independent of stress level and time. In many cases
Eq. �4� is more convenient since it contains only two constants to
be defined from tests. So, if the fit of data using this function is

good it may be used instead of Prony series. The last term in Eq.
�1� represents the viscoplastic strain accumulated during the
whole loading history. The viscoplastic strain is a function of time
and stress level and there are no fading memory effects as in
viscoelasticity.

2.2 Creep and Strain Recovery. If stress is applied,
�=��H�t�−H�t− t1�� according to Fig. 1, where H�t� is the Heavi-
side step function, the creep strain from Eq. �1� becomes

�c = �0 + g1g2�S� t

a�
	� + �pl�t,�� 0 � t � t1 �5�

The recovery strain is

�r = g2���S��� − �S�� − �1�� + �pl�t1,�� t � t1 �6�
where

�1 =
t1

a�

and � =
t1

a�

+ t − t1 �7�

Using the Prony series �3� creep compliance in Eq. �5� leads to the
following function to describe the strain development in creep:

�c = �0 + g1g2��
m

Cm�1 − exp�−
t

a��m
		 + �pl�t,�� �8�

Using the power law �4� in Eq. �5� the expression for creep strain
is

�c = �0 +
Cg1g2�

a�
n tn + �pl�t,�� �9�

Substituting these two forms of compliance in Eq. �6� to obtain
recovery strain, we have Prony series

�r = g2��
m

Cm�1 − exp�−
t1

a��m
		exp�−

t − t1

�m
	 + �pl�t1,��

�10�
Power law

�r =
��1

g1
��1 + a�	�n − �a�	�n� + �pl�t1,�� �11�

where

	 =
t − t1

t1
and ��1 = g1g2C�1

n� �12�

2.3 Viscoplastic Strain. The viscoplastic strain is represented
by a functional employed by Zapas and Crissman �17�

�pl = Cpl
�
0

t

����Md��m

�13�

In contrast to Schapery’s formulation where the viscoplastic strain
is a linear function of an integral, we here have power law depen-
dence. The constants Cpl, M, and m must be determined experi-
mentally. Assuming that the law �13� for viscoplastic strain devel-
opment is valid we can design the test procedures needed for the
parameter determination. From Eq. �13� it follows that if the ap-

Fig. 1 „a… Creep test followed by recovery period, „b… strain
response to creep and recovery
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plied stress is constant with respect to time, integration is trivial
and the viscoplastic strain accumulated during the time interval t1
becomes

�pl
1 = �pl�t1� = Cpl�

M·mt1
m �14�

and if the creep test is performed for longer period of time
�t1+ t2�

�pl
1+2 = �pl�t1 + t2� = Cpl�

M·m�t1 + t2�m �15�
The viscoplastic strain development cannot be directly measured
during the test since viscoelastic strains are developing simulta-
neously. However, after strain recovery the remaining irreversible
strain corresponding to the loading period may be measured. We
now assume that the hypothesis of additivity for viscoplastic
strains is valid. Meaning, that if two creep tests with time t1 and t2
are conducted on the same specimen, the sum of the viscoplastic
strains obtained from the tests is equal to the viscoplastic strain
accumulated in one step experiment with length �t1+ t2�, and thus

�pl
1+2 = �pl

1 + �pl
2 �16�

Here �pl
2 is the viscoplastic strain developed in time interval

�t1� t� t1+ t2�. By this assumption we claim that the creep test
interruption during the strain recovery period do not affect the
viscoplastic strain development in the next step. The viscoplastic
strain after k steps of creep loading at the same stress level will be

�pl
1+2+¯k = �pl

1 + �pl
2 + ¯ + �pl

k = �pl�t1 + t2 + ¯ tk�

= Cpl�
M·m�t1 + t2 + ¯ tk�m �17�

This discussion leads to the conclusion that only one specimen is
necessary to obtain the time dependence of viscoplastic strains at
a certain fixed stress level �0. After a creep test with length ti the
specimen is unloaded and the irreversible strain accumulated dur-
ing this time is measured. Several such steps with different lengths
are performed and the developed viscoplastic strains are summed.
The time dependence of viscoplastic strains at fixed stress should
follow a power law in time

�pl�t� = Btm �18�

B=Cpl�0
M·m depends on the stress level in the creep test. Both B

and m are determined as the best fit in logarithmic axes. The stress
dependence of viscoplastic strains has to be obtained performing
creep tests of the same length at several stress levels. In result B,
see Eq. �18�, is obtained as a function of stress and the best fit in
logarithmic axes yields the required constants Cpl and M. If the
number of available specimens is limited �as it was in the pre-
sented case� the same specimen can be used in several creep tests.
For example, a specimen may first be loaded in creep at stress
level �1 for a time t1 developing plastic strain �pl

1 . According to
Eq. �13� �pl

1 is represented by Eq. �14�. After recovery this speci-
men may be subjected to stress �2 for a time t2, leading to addi-
tional plastic strain �pl

2 . The total developed strain after these two
steps is described by

�pl
1+2 = �pl

1 + �pl
2 = Cpl��1

Mt1 + �2
Mt2�m

= Cpl�1
M·mt1

m�1 + ��2

�1
	M t2

t1
	m

= �pl
1 �1 + ��2

�1
	M t2

t1
	m

�19�

From Eq. �19�

�pl
1+2 
 �pl

1 = �1 + ��2

�1
	M t2

t1
	m

�20�

and M may be calculated using experimentally obtained �pl
1 and

�pl
1+2. Then Cpl is calculated using the previously determined value

of B. This procedure can be applied for more specimens or more
loading steps leading to new �may be slightly different� values of

M. The final value is obtained as the average. As an alternative M
may be obtained as the best fit to all experimental data by expres-
sions like Eqs. �14� and �20�.

3 Experiment
Specimens made from flax/PP have been tested. Enzymatically

retted flax fibers were produced by FinFlax �Finland� and used as
reinforcement. Fibers with an average length of 1 mm and a di-
ameter of 10–20 �m were dispersed preferentially in the direc-
tion of loading in the specimen. Basell Adstif RA748T polypro-
pylene was used as a matrix. The fiber content of the composite is
30 wt %. The specimens are dog-bone shaped and have a working
zone of 80 mm in length, 20 mm in width, and a thickness of
2.3 mm. They were manufactured by extrusion followed by com-
pression molding and provided by SICOMP �Swedish Institute of
Composites� in Piteå, Sweden.

The creep tests were performed by hanging of weights which
results in tensile loading applied to the specimens. The strain was
measured with extensometers. The first specimen was subjected to
1, 4, 21, and 48 h of creep at 15 MPa in order to estimate the
viscoplastic time dependence at a fixed stress level. The same
specimen was later subjected to 8 h of creep at stress levels 8, 12,
16, and 20 MPa for determination of viscoelastic properties. The
second specimen was subjected to 8 h of creep at 6 MPa and

Fig. 2 „a… SEM micrograph showing the creep fracture surface
„cross section… of a flax/PP composite. The specimen ruptured
after 1 1/2 h of creep at 24 MPa, „b… SEM micrograph of an
artificially introduced fracture surface along the longitudinal
axis of the same specimen.
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12 MPa for estimation of the viscoplastic stress dependence. The
same specimen was also tested in creep at 24 MPa and experi-
enced creep rupture after 1 1/2 h of loading. The fracture surface
was investigated using a JEOL JSM-6460LV scanning electron
microscope �SEM�. For further SEM observations, a fracture sur-
face along the specimen axis was also created from an undamaged
piece of that specimen. An Instron 4411 tensile machine was used
to carry out Young’s modulus measurements. Load was measured
by a standard 5 kN load cell and strain was measured by an In-
stron 2630-100 series extensometer. All tests were performed in
stroke controlled mode with a rate of 2% strain/min. The modulus
was measured between 0.1% and 0.25% in strain. All tests were
performed at RT and with relative humidity of 25–35%.

4 Results and Discussion

4.1 Microstructure. Tensile tests performed on the two
specimens before the creep experiments gave a Young’s modulus
of 4.0 GPa and 3.9 GPa, respectively. No degradation in stiffness
could be seen after the creep experiments and thus nonlinear vis-
coelasticity and viscoplasticity were assumed to be the main cause
for the observed behavior.

A SEM micrograph on the creep fracture surface is shown in
Fig. 2�a�. There is distinct evidence of fibers dispersed preferen-
tially in the direction of loading in the specimen �numerous fiber
ends and holes from pullouts�. Further evidence is given by Fig.
2�b� which shows another fracture surface: along the specimen
axis. Here we do not see many fiber ends and pullouts, but we see
many fibers with horizontal orientation and “prints” of fibers “re-
moved” from the surface during fracture. Most fibers are also
in-plane oriented. Figure 3 show that the composite, when manu-
factured via extrusion and compression molding, has more or less
separated fiber bundles, single fibers with good dispersion.

4.2 Viscoplastic Strain. The viscoplastic strain developed
during the first step �1 h� is larger than the viscoplastic strains
measured after each of the successive steps �4, 21, and 48 h�
which means that the development of viscoplastic strain is slow-
ing down with time. In the first step the time for strain recovery
was 20 times larger than the creep period. Since this ratio was
decreasing in the following steps and realizing that the recovery
strain is still slightly changing, the final recorded strain value was
NOT used as a measure of the developed viscoplastic strain. In-
stead �pl was determined using the feature of recovery strain
which follows from Eq. �11�: All recovery curves in a normalized
form expressed by Eq. �25� should have the same shape. The
viscoplastic strains accumulated in all steps were summed and
plotted against time in log-log scale to see whether the power law

assumption in Eq. �18� is valid or not. The results are presented in
Fig. 4�a� and show a fairly linear relationship, which would indi-
cate that the power law assumption is reasonable. The slope of the
trendline shown in Fig. 4�a� defines the exponent m=0.219 for our
composite.

It was found that for this stress level that B=Cpl�0
M·m=2.639

�10−4. Tests performed at several stress levels showed that the
power law description of the stress dependence is rather rough. At
low stress the plastic strain is increasing with stress much slower
than at high stress. Therefore two values of M are suggested for
use

M = 
11 for � � 15 MPa

15 for � � 15 MPa
�21�

Consequently, two values of Cpl were calculated.

4.3 Nonlinear Viscoelastic Model with Prony Series. The
retardation times in Eq. �3� presented in Table 1 were chosen as a
result of optimization, and clearly they are not spread uniformly
over the logarithmic time scale. �m=5 was replaced by �m=2; 10
in order to give a better fit to experimental data. All unknown
parameters in Eqs. �8� and �10� may be determined by fitting of

Fig. 3 Single flax fibers in a flax/PP composite. Detail of the
fracture surface.

Fig. 4 „a… Dependence of viscoplastic strains at 15 MPa on
time in log scale, „b… development of plastic strain simulated
using Eq. „18… dots are experimental values

Table 1 Coefficients in Prony series

m � �h� Cm �%/MPa�

1 0.05 0.003634
2 0.5 0.002595
3 2 0.002292
4 10 0.003992
5 50 0.006927
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experimental creep and recovery data for all stress levels using the
method of least squares. This procedure was performed using
MATLAB code. First the coefficients Cm were determined using the
method of least squares from recovery data for the 8 MPa case
which was assumed to be in the region of linear response �all
stress dependent nonlinearity functions equal to 1�. The result is
shown in Table 1. �0 was then determined using least squares
from creep strain for the same stress level.

For all other stress levels the methodology to determine the
unknown parameters will now be the same: a� is altered in the
recovery strain expression �10� and for every value of a� the
method of least squares is used to obtain the corresponding value
of g2. This procedure is continued until we find a� which gives a
nice visual fit to experimental data. Obviously g2 is then obtained
directly through that procedure. The next step in the data analysis
is to use the creep data. The recorded creep strain during the
16 MPa and 20 MPa tests is a sum of viscoelastic and viscoplastic
strains. Negligible viscoplastic strains developed during the
8 MPa and 12 MPa tests since the specimen had already been
“conditioned” via tests on 15 MPa earlier. The developed visco-
plastic strains after creep test at higher stress levels are found as
final strain values from the recovery curves. They are used to
subtract the time-dependent viscoplastic strain from the measured
strain to obtain a pure nonlinear viscoelastic response. The devel-
opment of viscoplastic strain with time �which is to be subtracted�
during the creep test is given by �18�

�pl�t� = �A
t

tk
+ Bm

− �pl
1+2+¯+�k−1� �22�

where

B = ��pl
1+2+¯+�k−1��1/m and A = ��pl

1+2+¯+k�1/m − B �23�

tk is the length of the creep period in question. The advantage of
Eq. �22� is that the viscoplastic strain comes directly from experi-
mental results, and therefore the stress dependence of the visco-
plastic strains is not explicitly required �it is implicitly included in
the total viscoplastic strain at the end of this step�. �0 and g1 may
now be determined from fitting of Eq. �8� to experimental creep
strain data by the method of least squares. The result is shown in
Table 2.

These values of stress-dependent parameters were now approxi-
mated by third degree polynomials as shown in Table 3.

By inserting the functions from Table 3 into the expressions for
creep strain and recovery strain, Eqs. �8� and �10�, predictions
may be performed and compared to experimental results for vari-
ous stress histories. Figure 5 shows the nonlinear creep compli-
ance for the various stress levels and the model prediction is in
good agreement with the experimental data except for a small
deviation of the 20 MPa case. The heavy nonlinear effect shown

in Fig. 5 is partly explained by the nonlinear elastic term which is
also included. Results for the viscoelastic strain recovery are
shown in Fig. 6.

The accuracy of the model based on Prony series and polyno-
mial approximation of the stress-dependent functions is good for
all stress levels in the considered stress range.

4.4 Nonlinear Viscoelastic Model With Power Law. The
nonlinear viscoelastic material model �1� contains the stress
invariant-dependent functions g1, g2 the shift factor a�, and also
constants C and n if the power law for viscoelastic compliance is
used. The analysis below follows the steps described in an early
paper by Lou and Schapery �15� with the modifications introduced
using potential of nowadays computational software. For data re-

Table 2 Parameters obtained from creep tests and strain re-
covery using Prony series creep compliance

Stress �MPa� �0 �%� 1/a� g1 g2

8 0.171 1 1 1
12 0.2801 0.6 1.0258 1.3437
16 0.4151 0.5 1.0248 1.7074
20 0.4782 0.7 1.3410 2.1572

Table 3 Stress dependent functions in interval 8–20 MPa

�0=−0.0002547�3+0.009978�2−0.09486�+0.4217
a�=0.009375�2−0.2875�+2.7
g1=0.0008958�3−0.03309�2+0.3959�−0.508
g2=0.0001721�3−0.005572�2+0.145�+0.1082

Fig. 5 Nonlinear creep compliance „including the nonlinear
elastic part… using Prony series. Model prediction „dots… and
experimental data „solid line….

Fig. 6 Comparison of model prediction „dots… and experimen-
tal data „solid line… of strain recovery for „a… 8 MPa and „b…
20 MPa using Prony series creep compliance
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duction one and the same specimen was used at all considered
stress levels. This specimen was previously “conditioned” in high
stress creep tests with the aim to identify the viscoplastic strain
time dependency. Introducing new variables

X =
��1

g1
= g2C��1

n and y = a�	 �24�

Equation �11� may be rewritten as

log��r − �pl� − log X = log��1 + y�n − yn� �25�
Equation �25� says that strain recovery curves for all stress levels
have to coincide if y is used as the time variable and if these
curves are shifted in the vertical direction by log X. This feature
defines the data reduction methodology to determine the two un-
knowns X and a�. The function

Z = log��1 + y�n − yn� �26�
is defined as the master curve and all experimental data are recal-
culated using X and a� as fitting parameters to fit this curve.
However, first we have to determine n in Eq. �25� considering
strain recovery data for the material in the linear response region
assuming that 8 MPa belongs to this region. The recovery strain

�25� in this region is described by a simplified expression where

y =
t − t1

t1
�27�

and fitting the data by Eq. �25� we find both n and X in this region.
The data and the best fit to them are shown in Fig. 7�a�. From here
we define n=0.1645 as the constant in the power law valid for all
stress levels considered in following. The obtained value of X will
be used to determine C. Next the data for the strain recovery after
12 MPa creep test are considered and the best fit to the master
curve found using X and a�. Obviously at larger stress the X value
is larger and a��1 states that we are in the region of nonlinear
response. Similar fit and corresponding values of the stress-
dependent functions for stress level 20 MPa are shown in Fig.
7�b�. The obtained values are listed in Table 4. For the recovery
the fit to the master curve in the time region equal to the creep
time is rather good but the values are quite different at large val-
ues of time. One possible reason for that is the approximate nature
of the power law behavior. Since the strain recovery time was
always much larger than the creep time and our focus is on creep
description, we decided to use the best fit in the time region which
was used for the creep test �t− t1� / t1�1. The fitting was obtained
using “visual fit” changing parameters in EXCEL worksheet.

According to Eq. �9� the time-dependent part of the nonlinear
viscoelastic strain can be presented as

�c − �0 − �pl�t,�� =
Cg1g2�

a�
n tn �28�

It may be rewritten as

�c − �0 − �pl�t,�� = C�tn where C� =
Cg1g2�

a�
n �29�

This relationship predicts linear strain-time dependence in loga-
rithmic axes. The elastic response �0 which may be nonlinear is
unknown, and is used as an additional fitting parameter to ensure
linearity of data in logarithmic axes. The fitting was performed
using the value n=0.1645 obtained in strain recovery tests. From
the results of fitting procedure shown in Fig. 8 we conclude that
the experimental relationships are really linear with the given con-
stant n. A limited deviation from linearity is observable only at the
highest used stress level 20 MPa, see Fig. 8�b�. This gives a con-
fidence in the used power law. The values of C� and �0 for all
considered stress levels are given in Table 4. It is noteworthy that
in the linear region �8 MPa� the value of the elastic strain obtained
by the described procedure from creep curves �0=0.144% corre-
lates well with the value obtained from X=0.12% obtained previ-
ously for this stress level. The total strain at the end of the creep
test was 0.264% and the plastic strain was negligible. Since we
are in the linear region

X = Ct1
n� and Eq. �25� turns to �c�t1� − �0 = Ct1

n� �30�

This relationship is indeed satisfied with a high accuracy since
0.264%−0.144% =0.12%.

The obtained values of X and C� were used to find the remain-
ing stress nonlinearity characteristics. The constant C is obtained
from the test at 8 MPa using either the X value or the C� value,

Fig. 7 Determination of the exponent n in the power law and
determination of the stress-dependent functions using data fit-
ting to the defined master curve „solid line…

Table 4 Parameters characterizing the nonlinear material behavior of the viscoelastic material
using the power law creep compliance

Stress
�MPa� �0 �%� C� �%/hn� X �%� a� g1 g2

8 0.144 0.0856 0.120 1 1 1
12 0.213 0.1714 0.235 1.9 1.0267 1.447
16 0.300 0.2834 0.390 2.1 1.0243 1.831
20 0.296 0.5688 0.730 2.2 1.0938 2.759
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C=0.10698�10−3 �1/ �MPa�hn��. For other stress levels g2��� is
obtained from X using Eq. �24�. Finally, the values of g1��� are
calculated from C� using the definition given by Eq. �29�.

It must be noted that “elastic strain” �0 is not the real elastic
response. It has to be considered as the constant term in the power
law expression which gives the best description of the strain in the
creep test by the simple form given by Eq. �9�. In this context the
obviously strange �0 at 20 MPa �lower than at 16 MPa� is not an
error, but rather an expression of the difficulties to describe the
creep at 20 MPa stress by the power law with n=0.1645. The fit
to creep data in the main part of the time region is rather good on
the expense of inaccurate description in the beginning of the test.
In other words, this is the cost to pay in order to keep the power
law with stress-independent n. The data presented in Table 4 were
approximated by simple analytical functions which are presented
below.

�0

�
= 
0.00018 �  17 MPa

0.00018�1.91944 − 0.05486�� � � 17 MPa
�31�

a� = 
1 �  8 MPa

2.4 − 1.4e−0.1776��−8� � � 8 MPa
�32�

g1 = 
1 �  8 MPa

1 + 0.006e0.2234��−8� � � 8 MPa
�33�

g2 = 
1 �  8 MPa

1.002e0.00824��−8� � � 8 MPa
�34�

In these empirical relationships stress is in MPa. Functions a�, g1,
and g2 are nondimensional. The ratio �0 /� may be considered as
the nonlinear elastic compliance and has units of 1 /MPa. The

Fig. 9 The predicted „solid line… and experimental „dots… strain
curves in creep tests at „a… 8 MPa, „b… 20 MPa using the power
law creep compliance

Fig. 10 The strain recovery after creep tests at „a… 8 MPa, „b…
20 MPa. Experimental data „dots… and model predictions „solid
line… using the power law creep compliance.

Fig. 8 The time-dependent nonlinear viscoelastic compliance
„�c−�0−�pl… /� of the composite in logarithmic axes. Time is in
hours. The value of n=0.164 is used. �0 is the fitting parameter.
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accuracy of the approximations �31� to �34� has been checked by
comparing it with test data for the same specimen that was used in
the data reduction. For the creep test the predictions are compared
with the test data in Fig. 9, and also for the strain recovery in Fig.
10. In these figures the time-dependent viscoplastic strain devel-
opment is included in the predictions. The presented results show
that the creep response at low stress is predicted rather accurately,
but at stress level 20 MPa the creep in the test is larger than
predicted. However, that is the best what can be achieved by the
power law for creep compliance which requires a constant expo-
nent n. The strain recovery in all cases is described with sufficient
accuracy in the time interval presented. Outside the presented in-
terval the relative difference is getting larger, reaching almost
50%, but it should be kept in mind that we are dealing with time
dependence of extremely small strains outside the investigated
time region.

It is important to emphasize that all the viscoplastic and vis-
coelastic time dependences were obtained on one single specimen
and the model so far was applied to the same specimen. It is not
recommended to work with averaged curves to determine the
stress-independent material functions. As much as possible data
have to be obtained from the same specimen and then data for
several specimens may be averaged. Therefore it is crucial for
minimization of the characterization that the specimen is repre-
sentative for the analyzed material. The accuracy of the developed
model is best understood comparing the simulated creep curves
with other specimens not used in the data reduction. It has been
checked that the variation of properties between different speci-
mens is larger than the deviation shown in Fig. 9�b�. Therefore,
the accuracy of the power law based model is generally accept-
able. However, applying this model to an even higher stress creep
test the deviation between experiment and the model is remark-
ably large.

A more detailed analysis of the viscoelastic strain is presented
in Fig. 11 and show that the time dependence still may be de-
scribed by a power law, but the exponent in this law is 0.4887
instead of the used n=0.1645. The latter results and the large
inaccuracy in description of the elastic response motivate the de-
velopment of a new model in which the exponent in the power
law is stress dependent, n=n���.

4.5 Nonlinear Viscoelastic Model With a Modified Power
Law. The exponent n is supposed to be independent of stress
level, but in order to describe our material data with a power law
which is accurate for time close to the load application instant as
well as far away, and for a large stress interval, we had to make n
stress dependent. The necessary experimental information for
evaluating these properties may be obtained via creep and strain
recovery tests performed for different levels of stress and already
presented above. The time dependence of viscoplastic strains is
found and subtracted as described in Sec. 4.3. Now when the
viscoelastic response for all stress levels is known, the stress-
dependent functions may be determined using Eqs. �11� and �29�
that can be fitted against experimental curves by use of the
method of least squares. Equation �11� was fitted to the recovery
strain in t1� t�2t1 for the lowest level of stress �which was as-
sumed to be within the linear viscoelastic range� and for this stress
level �8 MPa� n was determined to be 0.17.

From the previous discussion we know that whereas n=0.17 is
good for lower stresses it cannot be used for the highest level of
stress 20 MPa. Therefore, from the creep curve of 20 MPa, n
=0.29 was determined. The initial strain �0 and the parameter C�
are now possible to determine from Eq. �29� for every stress level
since the stress dependence of n is known. From the 8 MPa test
we obtain the constant C=0.101�10−3�1/ �MPa�hn��. a� is then
chosen as the best fit in Eq. �11� which gives the ratio �� /g1 for
every stress level. Equations �12� and �29� now provides us with
the value of g1 and g2. The results are presented in Table 5. The
stress-dependent functions in Table 5 may be described by third
degree polynomials within interval 8–20 MPa as shown in Table
6.

All parameters are now determined. Inserting the functions
from Table 6 into the expression for creep strain �9� �and exclud-
ing the plastic strain in the expression� yields the viscoelastic
response. The result is shown in Fig. 12, and the model predic-
tions seem to be in good agreement with experimental data from
which the viscoplastic response is subtracted using Eq. �22�.
Equation �11� �again, with the plastic part subtracted� may be used
to predict the viscoelastic strain recovery. The results for 8 MPa
and 20 MPa are shown in Figs. 13�a� and 13�b�, respectively.

The stress-dependent functions may be used to predict the non-
linear viscoelastic behavior for this type of composite �with simi-
lar properties� for any stress from 8 MPa to 20 MPa. For stresses
lower than 8 MPa we use the values from the 8 MPa case and
consider the material as linear viscoelastic. As can be seen in Fig.
14 the difference at 24 MPa stress is too large to be described by
any of the developed models. In fact this specimen experienced
creep rupture and most probably the creep mechanisms are differ-

Fig. 11 Creep compliance at 24 MPa. Time is in seconds.

Table 5 Parameters obtained from creep tests and strain recovery using the modified power
law creep compliance

Stress
�MPa� n �0 �%�

C�
�%/hn�

��1 /g1
�%� a� g1 g2

8 0.17 0.1487 0.0811 0.1153 1 1 1
12 0.17 0.2223 0.1629 0.2306 1.8 1.0048 1.4727
16 0.19 0.3445 0.2391 0.3442 2.2 1.0240 1.6723
20 0.29 0.5316 0.3215 0.4730 2.6 1.2420 1.6848

Table 6 Stress dependent functions in interval 8–20 MPa

�0=0.00004195�3+0.00001117�2+0.005414�+0.08323
n=0.0001563�3−0.005�2+0.0525�−0.01
a�=0.001042�3−0.05�2+0.8833�−3.4
g1=0.000478�3−0.01683�2+0.1919�+0.2963
g2=0.000224�3−0.0166�2+0.3821�−1.1088
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ent and include also damage development.
The analysis of the flax/PP composites time-dependent proper-

ties presented here is limited to a tension case. The behavior in
compression can be different, but not necessarily worse than in
tension. Earlier studies on wood fiber composites �11,18� showed
that larger stresses can be applied in compression than in tension
in creep tests before creep failure takes place. The viscoelastic
effects were smaller in the compressive case, but the viscoplastic-
ity was significantly larger than in tension. Due to this complex
behavior and lack of information regarding compressive failure
mechanisms in this type of composites detailed experimental stud-
ies are required before any modeling attempts.

5 Conclusions
It was demonstrated that the studied flax/PP composites which

have a complex microstructure, with mainly in-plane fibers ori-
ented preferentially in the direction of the specimen axis, and
nonlinear time-dependent behavior of both constituents, can be
successfully analyzed using the theory developed by Schapery.
Stiffness reduction due to microdamage development was not ob-
served in this type of composites, which we explain by good fiber
dispersion.

High stress creep tests on flax/PP specimens showed that after
8 h the total strain is about 100% larger than the instant strain
response. It was found that the largest part of the time-dependent
strain is nonlinear viscoelastic. However, viscoplastic strains are
also present. It was shown that the viscoplastic response can be
approximately described by Zapas model: �i� the time dependence
in the creep test with a high accuracy follows a power law; and
�ii� the stress dependence description by a power law is also pos-
sible but it is not very accurate. A methodology is suggested that
requires only one specimen to identify parameters describing the
time dependence.

The viscoelastic compliance in Schapery’s nonlinear model was
analyzed using three different representations; �i� Prony series; �ii�
power law; �iii� modified power law. All stress dependent param-
eters were deduced from creep and strain recovery test results
performed at various stress levels. The fit to creep data when the
compliance is described by a power law with a constant exponent
�only two constants in total� gave acceptable results in the main
part of the investigated time region. However, when the stress
increases the description gets inaccurate. The data reduction pro-
cedure in this case leads to unrealistically low elastic response
which is due to the attempt to fit the creep data by a too simple
function. When analyzing the high stress creep tests it is clear that
a different �higher� value of the exponent in the viscoelastic power
law is required. Therefore, a model with stress dependent expo-
nent in the power law was developed which gives an accurate
description of the composite behavior in creep and in strain recov-
ery tests within the considered stress range. The used stress de-
pendence for the exponent in the power law is not consistent with
the linear expansion used in Schapery’s thermodynamics’ treat-
ment. Approximation by Prony series gives accurate results, but
the number of constants to determine is large. However, this
should not be a problem using nowadays data reduction tools.

None of the models were able to describe the development of
strains in the extremely high stress creep test which ended with
specimen rupture. Obviously the deformation and damage mecha-
nisms are different there.
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Abstract
In repeating tensile tests with increasing maximum strain for every loading cycle the hemp/lignin 

composites clearly showed a nonlinear behavior and hysteresis loops in loading and unloading. 

The explanation for this behavior is the inherent viscoelastic nature for this type of material, but 

also noticeable stiffness degradation with increasing strain level. Creep tests performed at different 

stress levels revealed a nonlinear viscoelastic response and after recovery viscoplastic strain was 

detected for high stress levels. Schapery’s model has been used to model nonlinear viscoelasticity 

whereas viscoplastic strain is described by a nonlinear function presented by Zapas and Crissman. 

In a creep test this function leads to a power law with respect to time and stress.  

In order to include stiffness reduction due to damage Schapery’s model has been modified by 

incorporating a maximum strain-state dependent function reflecting the elastic modulus reduction 

with increasing strain measured in tensile tests. A generalized incremental model of the 

constitutive equation for viscoelastic case has been used to validate the developed material model 

in a linear stress controlled loading and unloading ramp. The model successfully describes the 

main features for the investigated material and shows good accuracy within the considered stress 

range. 

Keywords 
Polymer-matrix composites; Creep; Non-linear behavior; Modeling; Viscoelasticity 

1. Introduction 
Plant fibers as reinforcement in composites have received much attention over the recent years  

[1-4]. Natural fibers, such as hemp, flax, jute and sisal are renewable and biodegradable cellulosic 
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materials which offer relatively good specific mechanical properties. Drawbacks are high 

moisture absorption and poor adhesion with non-polar polymer matrices. Natural fiber composites 

with thermoplastic matrix are extensively used already today in the automotive industry where the 

fiber acts mainly as filler material in non-structural interior panels. Natural fiber composites used 

for structural purposes do exist, but then usually with oil-based synthetic thermoset matrices 

which of course limits the environmental benefits. The future goal will be to develop 

environmental friendly high performance composites which are recyclable and come from 

renewable resources. A complete biodegradable system may be obtained if the matrix material 

also comes from a renewable resource. Examples of such materials are lignophenolics, starch and 

polylactic acid (PLA). Oksman et al. [5] have reported that flax fiber composites with PLA matrix 

can compete with and even outperform flax/polypropylene composites in terms of mechanical 

properties.  

Lignin is a complex non-crystalline aromatic macromolecule readily extracted in vast 

quantities from the paper industry. Studies have suggested that it is possible to replace part of 

phenol by lignin in phenolic thermoset matrices without loss of mechanical properties [6]. 

However, there seem to be little work done on mechanical performance of the hemp/lignin 

composite system in particular.  

A very important feature of natural fiber composites is that the mechanical properties of both 

fibers and the polymer matrix are time dependent. Therefore, natural fiber composites experience 

complex time dependent stress-strain behavior with loading rate effects and hysteresis loops. This 

behavior is due to viscoelastic effects of both constituents and may also include micro damage 

evolution resulting in stiffness degradation and development of irreversible viscoplastic strains. 

Mechanical properties of natural fiber composites have been studied previously by several 

authors. For example, composites made from wood fibers and thermoset matrices have been 

studied [7,8]. In [9] flax/polypropylene composites were characterized in terms of viscoelastic 

behavior. 

In the present study repeating tensile tests with increasing maximum strain for every loading 

cycle of hemp/lignin composites showed that the elastic modulus was reduced which indicates 

damage accumulation. High stress creep tests gave a nonlinear viscoelastic response and 

irreversible strains could be measured after recovery. Hence, the composite has to be described as 

a nonlinear viscoelastic viscoplastic material that also experience stiffness degradation. A 

maximum strain-state dependent function reflecting the elastic modulus reduction with increasing 

strain measured in tensile tests will be incorporated in the material model. 
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A general thermodynamically consistent theory of nonlinear viscoelastic and nonlinear 

viscoplastic materials was developed by Schapery [10] and it has been used in simulations by 

several authors [11,12]. The model contains three stress dependent functions which characterize 

the nonlinearity (actually they also depend on temperature and humidity). In the case of linear 

viscoelasticity and in fixed conditions these stress dependent functions are equal to 1 and the data 

reduction scheme is significantly simplified. A methodology to determine the nonlinearity 

parameters for materials which obey power law time dependence was described by Lou and 

Schapery [13]. However, a better fit to experimental data is often achieved if the viscoelastic 

creep compliance in form of Prony series is used instead [9,14]. The optimal set of experiments 

needed to determine the stress dependent functions in the material model and development of 

reliable methodology for data reduction is still an issue for debate. The representation of the 

viscoplastic term which is used in the following work is described by a nonlinear function 

presented by Zapas and Crissman [15]. 

The objectives of the presented paper are (i) to determine the hemp/lignin composites 

stiffness degradation with strain in tensile tests, (ii) to analyze the viscoelastic and viscoplastic 

properties of this material, (iii) to present a nonlinear viscoelastic viscoplastic material model 

including stiffness degradation, (iv) to validate the developed model in a linear stress controlled 

loading and unloading ramp using an incremental form of the constitutive equation. It will be 

shown that the material can be characterized using only a few specimens and that the stress 

dependent nonlinearity functions may be expressed via simple polynomial functions.  

2. Theory 

2.1. Constitutive model 

Lou and Schapery [13] presented a general nonlinear constitutive equation of viscoelasticity in the 

case of uniaxial loading. The same constitutive equation with an additional term for viscoplastic 

strain accumulation ( )σε ,tpl  was used in [9] where flax/polypropylene composites were 

characterized using different forms of the viscoelastic creep compliance. No stiffness degradation 

was detected and thus nonlinear viscoelasticity and viscoplasticity were the mechanisms 

responsible for the observed behavior. 

In the present study however, tensile tests revealed that the hemp/lignin specimens do indeed 

experience stiffness degradation. The constitutive equation in this case has therefore been slightly 
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modified by incorporation of a maximum strain-state dependent function ( )maxεd  which reflects 

the elastic modulus reduction with increasing strain.  
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0
10max td

d
gd
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In Eq. (1) integration is over “reduced time” according to, 
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0ε  represents the initial strain which may be nonlinear with respect to stress. )(ψSΔ  is the 

transient component of the linear viscoelastic creep compliance. 1g  and 2g  are stress dependent 

material properties. σa  is the shift factor, which in fixed conditions is a function of stress only. 

For sufficiently small stresses 121 === σagg , and thus Eq. (1) turns into the strain-stress 

relationship for linear viscoelastic viscoplastic materials. In the thermodynamic analysis presented 

by Schapery [10] it was shown that the viscoelastic creep compliance does not depend on the 

applied stress level and it may therefore be determined using loads in the linear region. 

Viscoelastic creep compliance in the form of Prony series was obtained, 

( ) −−=Δ
m m

mCS
τ
ψψ exp1  (3) 

mC  are constants and mτ  are called retardation times. The retardation times are chosen arbitrary, 

but the highest mτ  should at least cover the time for the conducted creep test. A good 

approximation to experimental data may be achieved if the retardation times are spread uniformly 

over the logarithmic time scale, typically with a factor of ten between them.  

In a creep test the stress is constant until some time instant 1t  whereby the stress is removed 

and the recovery period begins according to [ ])()( 1ttHtH −−= σσ . )(tH  is the Heaviside step 

function. The expression (1) may therefore be divided into creep strain and recovery strain in a 
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creep test. Together with the creep compliance from Eq. (3) we obtain the following form of creep 

strain and recovery strain respectively: 
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2.2. Viscoplastic strain 

The viscoplastic strain is expressed via a nonlinear function presented by Zapas and Crissman [15] 

according to,  

( )
mt

M
plpl dC=

0

ττσε  (6) 

plC , M  and m  are constants and must be determined experimentally. The following discussion 

is a short summary of the procedure needed for the parameter identification which is described in 

detail in [9,14]. First the time dependence of viscoplastic strains is determined by performing creep 

tests at a fixed stress level so that integration of Eq. (6) is trivial. After strain recovery the 

remaining irreversible strain corresponding to the loading period is measured. Several creep tests 

with different lengths are performed and the developed viscoplastic strains are summed. The 

viscoplastic strain after k  steps of creep loading at the same stress level 0σ  will be, 

( )m
k

mM
pl

k
pl tttC ...210

...21 ++= ⋅+++ σε  (7) 

The development of viscoplastic strains at fixed stress should thus follow a power law in time with 

coefficient mM
plCB ⋅= 0σ  and constant m  which are determined as the best fit in logarithmic axes. 

Furthermore, only one specimen is necessary to obtain the time dependence of viscoplastic strains 

at a certain fixed stress level. 
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The stress dependence of viscoplastic strains has to be obtained performing creep tests of the 

same length at several stress levels. In result B  is obtained as a function of stress and the best fit 

in logarithmic axes yields the required constants plC  and M .

2.3. Incremental form of the constitutive equation 

In structural analysis with nonuniform and complex stress state the material model has to be 

implemented in FE codes which require an incremental form of Eq. (1). Substitution of Eq. (3) in 

(1) and integration gives, 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )+−+⋅=
m

pl
m

m
m tgCggdt ,1210max σεψεσσσσσεεε  (8) 
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The integral in Eq. (9) may be calculated in time instant kt  using the previously determined value 

at time 1−kt  where ttt kk Δ+= −1 . Equation (2) gives the relation between the time increment and 

ψΔ  according to,  

t
a
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The recursive expression for Eq. (9) becomes, 
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The routine for simulation of ( )tε  is as follows; (i) choose the time increment tΔ ; (ii) for the time 

instant 1−kt  find ψΔ  , ( )1−ktR  and calculate all ( )k
m tε  using ( )1−k

m tε  from the previous step 

(they are zero in the 0-step); (iii) now use Eq. (8) to find ( )tε  and then repeat the steps. 

3. Experimental 
Weight fractions were hemp fiber 30%, flame retardant 20%, plasticizer 30% and finally the 

matrix material lignin 20%. Further detail regarding constituent morphology is irrelevant for the 

subject and thus omitted in the following discussion. The particular material was chosen because it 

has the features that we wish to describe with our model regarding viscoelasticity, viscoplasticity 

and stiffness degradation. 

The reduction in elastic modulus was measured using an Instron 4411 tensile testing machine 

with a 5 kN load cell. Strain was measured by an Instron 2630-100 series extensometer with 50 

mm gauge length. Cross-head speed was set to 5mm/min. All tests were performed at RT and with 

relative humidity of 25 – 35%. The stiffness reduction was measured by repeatedly apply a load-

unload ramp with increasing maximum to introduce damage followed by low stress load-unload 

ramp (after each cycle) to measure the elastic modulus. Due to viscoelastic effects the specimens 

had to recover after introducing damage for some short period of time before the elastic modulus 

was measured. The specimens were not removed from the grips during the recovery. The 

maximum strain in the first cycle was 0.2% with increment of approximately 0.1% in each 

following cycle until failure. In the non-damaging stiffness determination ramps maximum strain 

was 0.2%. 

In the data reduction the elastic modulus was estimated in the stress region corresponding to 

0.05 and 0.15% in strain for the undamaged specimen. The sampling rate was 20 points per second 

which gave about 25 points for establishing the modulus. The modulus was calculated for the 

loading part as well as for the unloading part of the curve and then taken as the average. A few 

examples of stress-strain curves are shown in Figure 1. 
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Figure 1. Tensile stress-strain curves. 

The creep tests were performed by hanging of dead-weights and measuring strain with standard 

extensometers. One specimen was first subjected to 10, 20 and 30 min of creep loading at 9 MPa 

with following recovery in order to estimate the viscoplastic time dependence at a fixed stress 

level. The viscoelastic properties were later determined from the same specimen by subject it to    

1 hour of creep loading at stress levels 9, 6 and 3 MPa respectively. Another specimen was 

subjected to 10, 20 and 30 min of creep loading at 6 MPa for estimation of the viscoplastic stress 

dependence. A small degradation in stiffness was detected afterwards which indicates that 

viscoplastic strains due to damage might have developed. Unfortunately we were unable to 

measure these very small viscoplastic strains with sufficient accuracy. The limit for viscoplastic 

strain development was therefore set to 6 MPa. The same specimen was also tested in creep at     

10 MPa (10, 20 and 30 min). A third specimen was tested in creep at 11 MPa and experienced 

creep rupture after less than 8 min of loading. The fracture surface revealed a dry region and many 

voids. 

4. Results and discussion

4.1. Stiffness degradation 

The initial modulus 0E  was determined from the first loading cycle corresponding to 0.20% in 

strain. The initial Young’s modulus was in the range 2.3 – 2.8 GPa. Tensile strength was 14 – 16 

MPa. Figure 2 shows the reduced modulus normalized with respect to the initial modulus.  
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No stiffness degradation could be seen for strain values lower than 0.3% and consequently 

this strain level was therefore set as limit for stiffness reduction. At a strain level of 0.9% the 

stiffness reduction was roughly 7-8%. The regression line in Figure 2 determines the maximum 

strain-state dependent function, 

Ex/E0 = -0.116ε + 1.033

0.9

0.92

0.94
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Figure 2. Stiffness reduction with increasing strain for three specimens from tensile tests and regression line 

that determines the function ( )maxεd .
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The stiffness degradation is manifested through micro damage evolution. In Figure 3 in situ 

micrographs of poorly impregnated regions in one of the tested hemp/lignin specimens are shown. 

The load is in horizontal direction. The micrographs give an understanding of the condition of the 

surface. There are many small randomly oriented surface cracks (a) with an opening almost 

independent on the load. Their contribution to the stiffness reduction is most likely negligible. The 

large crack (b) opens more with increasing load which means that it is more a volume crack than a 

surface crack. This indicates that the large crack is one of the contributors to the stiffness 

reduction.  
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Figure 3. An in situ hemp/lignin specimen. 

4.2. Viscoplastic strain 

The viscoplastic strains in tension were measured as the remaining recovery strains after 6 times 

the loading period in creep. The viscoplastic strains accumulated in all steps were summed and 

plotted against time in log-log scale according to the description in section 2.2. The slope of the 

trendline was straight which means that the development of viscoplastic strains at fixed stress 

indeed follows a power law with high accuracy. However, the power law assumption in Eq. (7) 

states that the exponent m  is constant for all stress levels and certainly that was not true in the 

present case. At 10 MPa the exponent is higher than at 9 MPa. In light of this result the decision 

was to use an average value of m  in the forthcoming calculations. Experimental results and model 

predictions for viscoplastic time dependence at fixed stress using an averaged m  value is shown in 

Figure 4. The corresponding values of B  are also shown. 

a)

b)
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Figure 4. The development of viscoplastic strains at fixed stress levels: Experimental data at 9 MPa ( ), 10 

MPa ( ) creep tests and model predictions using the averaged m  value ( ) for both stress levels compared to 

“true” model predictions (solid lines). 

The stress dependence for development of viscoplastic strains was obtained by assuming a strain 

value of 0.001% at 6 MPa in order to have three values of B  (remember that we were unable to 

measure the very small viscoplastic strains at this stress level and at 11 MPa the specimen 

experienced creep rupture). Consequently, values 7.20=M  and 131065.1 −×=plC  (for time in s, 

stress in MPa and strain in %) were determined. 

4.3. Nonlinear viscoelastic model with Prony series 

Only one specimen has been used to analyze the viscoelasticity which is a preferable strategy since 

the data reduction procedure otherwise easily becomes both tedious and impractical and may 

contain some artificial trends when averages are used. 

After recovery in the 9 MPa creep test a small irreversible strain was detected. Thus 

viscoplastic strains are developing during the test and the creep strain is a sum of viscoelastic and 

viscoplastic strains. In order to obtain a pure nonlinear viscoelastic response the viscoplastic 

strains that develop must therefore be subtracted from experimental data. Following the work in 

[14] the development of viscoplastic strains in the current creep test is expressed by,  

( ) ( ) ( ) )1(...21/1)1(...21/1...21 1 −+++−++++++ −−+= k
pl

m

k

mk
pl

k

mk
plpl t

t
t
tt εεεε  (14) 
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kt  is the length of the creep period in question and k
pl

+++ ...21ε  is the total viscoplastic strain 

development in k creep test. 49.0=m  was determined in the previous section. The specimen had 

experienced creep loading three times at 9 MPa in the viscoplastic characterization procedure 

earlier with a total duration of one hour so %043.0321 =++
plε  was known from the previous creep 

tests. After the 9 MPa creep test in the viscoelastic characterization procedure %055.04321 =+++
plε

was measured and Eq. (14) could be used to calculate the pure nonlinear viscoelastic response for 

this stress level. No viscoplastic strains developed during the 6- and 3 MPa tests. Tensile tests 

before and after the viscoplastic characterization procedure showed that the stiffness of the 

specimen was reduced by approximately 8% and measurements after the 9-, 6- and 3 MPa creep 

tests showed no further stiffness degradation. Thus ( ) 08.1max =εd  was used in the following 

calculations.

The first step in the development of the nonlinear viscoelastic model is to determine the 

parameters in the linear viscoelastic range (i.e. determine mτ  and mC ). The retardation times mτ

were chosen to be uniformly spread over the logarithmic time scale and with the highest value 

covering the time for the creep tests in question. The coefficients mC  were determined from 

experimental recovery data for the 3 MPa creep test with the assumption that we are within the 

region of linear response (all stress dependent nonlinearity functions are thus equal to 1) and the 

result is shown in Table 1. This procedure, and also the forthcoming calculations of the stress 

dependent nonlinearity functions were performed using the method of least squares written in 

MATLAB code.  

Table 1. Coefficients in Prony series. 

m τm  (s) Cm (%/MPa) 
1 1 0.00061 
2 10 0.00198 
3 100 0.00368 
4 1000 0.00437 
5 10000 0.00940 

Next step will be to determine the stress dependent nonlinearity functions from recovery and creep 

data and the methodology will be the same for all stress levels: σa  is altered in the recovery strain 

expression (5) in time interval 11 2ttt <<  and for every value of σa  we obtain the corresponding 
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value of 2g  directly via method of least squares. This procedure is continued until we find the 

value of σa  which gives a nice visual fit to experimental data. Equation (4) is then used to find 0ε

and 21 gg ⋅  from experimental creep data for the same stress level. When all the nonlinearity 

parameters have been determined for all stress levels they may be approximated with simple 

analytical functions. Figure 5a) shows the initial strain 0ε  as a function of stress and b) the 

nonlinearity values for the creep tests of 3-, 6- and 9 MPa and their approximations as function of 

stress.

ε0 = 0.001238σ2 + 0.03132σ
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In order to check whether the approximations lead to acceptable results the model is compared to 

experimental creep and recovery data as shown in Figure 6. Clearly, the accuracy of the model 

based on Prony series and polynomial approximation of the stress dependent functions is good for 

all stress levels in the considered stress range. 
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Figure 6. a) Viscoelastic strain response from creep tests, model prediction (solid line) vs. experimental data 

(dots) b) strain recovery from creep tests. 

The developed model may be used to predict the nonlinear viscoelastic behavior for this type of 

composite (with similar properties) for any stress from 0-9 MPa. However, we must emphasize 

that all the viscoelastic time dependences have been obtained from creep tests on one single 

specimen and so far the model is applied to that particular specimen. It is therefore crucial for the 

characterization that the specimen is representative for the analyzed material. The specimen was 

singled out on the basis that its elastic properties were intermediate in this group of specimens. The 

accuracy of the developed model is best understood comparing the simulated creep curves with 

other specimens not used in the data reduction and it has been checked that the variation of 

properties between different specimens is larger than the small deviation shown in Figure 6a). 

4.4. Model validation in linear loading and unloading ramp  

The developed viscoelastic viscoplastic material model including stiffness degradation was used to 

simulate the composite behavior in a linear loading and unloading scheme: constant load rate of 

0.01 MPa/s up to 9 MPa, unloading with 0.01 MPa/s and finally loading with 0.02 MPa/s up to   

13 MPa according to the solid line in Figure 7. The dashed line in Figure 7 shows the shift in time 

which is necessary when the viscoplastic strains are calculated. According to Eq. (6) the 

integration is over a continuous function from time 0=t . However, in this case we have no 

a) b) 
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viscoplastic strains developing for stresses lower than 6 MPa (between 10 tt <<  and 43 ttt << ).

The stress as a function of time (with time coordinate t′ ) for the different parts of the loading 

ramp which needs to be integrated is also shown in Figure 7. 
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Figure 7. Linear loading and unloading ramps and the required time shift for viscoplastic strain calculation. 

The incremental form of the constitutive equation was programmed using MATLAB code 

following the routine described in section 2.3. A time step of 0.1 sec was used. Smaller steps were 

not considered since the difference in result from using a time step of 1 sec was less than 1%. The 

elastic (initial) strain, the viscoelastic- and viscoplastic strains are all calculated separately and 

then added. Finally the total strain due to stiffness degradation is calculated with the requirement 

that ( ) 1max =εd  before ( )tε  passes 0.3% the first time and then ( ) 1max >εd  following Eq. (13). 

Since ( )maxεd  is a function of the highest previously known strain state it will increase until 2t

and then have a constant value of ( ))( 2td ε  until next time it reaches a higher strain value (around  

2250=t  sec and 92.8=σ  MPa). Figure 8 shows the result of the simulation. The largest part of 

the time dependent strain is clearly nonlinear viscoelastic. The viscoplasticity and stiffness 

reduction do not contribute much to the total strain except in the end of the loading ramp where we 

have high stresses and actually are very close to rupture for these composites. 
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(viscoelastic strain, viscoplastic strain and stiffness reduction) in the linear loading and unloading ramp. 

The model and its strain response to the linear loading and unloading ramp was also validated 

by comparing it to experimental data for two specimens, see Figure 9. The accuracy of the model 

is remarkably good and it captures most features from the experimental curves except for a small 

discrepancy in the unloading part. The model also seems to predict the behavior of the composites 

rather well even for the very high stresses prior to rupture which is surprising since we are well 

outside the region for which it was designed. 
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Figure 10 on the other hand illustrates the problem that might occur if we apply the model to a 

specimen tested in creep at 11 MPa. The specimen experienced secondary creep and ruptured after 

only 8 minutes. Clearly the creep mechanisms are different at this high stress level. 
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Figure 10. Creep strain at 11 MPa and model prediction. 

5. Conclusions 
The analysis of time dependent properties for the hemp/lignin composites has been limited to 

tension case. The behavior in compression can certainly be different. Creep tests performed on the 

composites showed that they may be described as a nonlinear viscoelastic material for stresses 

higher than 3 MPa. For stresses higher than 6 MPa the material may be described as nonlinear 

viscoelastic and viscoplastic. The material also showed micro damage evolution which resulted in 

reduction of elastic modulus for strain levels higher than 0.3%.  

The largest part of the time dependent strain is viscoelastic and this material behavior has 

been modeled using the theory of nonlinear viscoelasticity developed by Schapery. The stress 

dependent nonlinearity functions in Schapery’s expression was successfully described by simple 

polynomial functions. Prony series was used to describe viscoelastic creep compliance. The 

viscoplastic strain was described by a nonlinear function originally presented by Zapas and 

Crissman. This function contains three constants which must be determined from experiments. It 

was found that one of these “constants” was in fact not a constant, but rather a function of stress. 

Therefore, this term was approximated using an average value in the considered stress range. A 

maximum strain-state dependent function reflecting the elastic modulus reduction with increasing 

strain has also been incorporated in the material model. 
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The developed model has been validated in a linear loading and unloading ramp using an 

incremental form of the constitutive equation. The accuracy of the model is remarkably good 

within the stress range for which it is designed and captures most features of the compared 

experimental curves. For very high stresses when we are well outside the model stress range (and 

actually close to rupture) the model description gets inaccurate.   

It was shown that the time dependent properties of the material may be characterized using 

only a few specimens. It was therefore crucial for the characterization procedure that the 

specimens were representative for the analyzed material.  
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ABSTRACT: The effect of wood fiber anisotropy and their geometrical features on wood fiber 

composite stiffness is analyzed. An analytical model for N-phase composite with orthotropic 

properties of constituents is developed and used. This model is a straightforward generalization of 

Hashin’s concentric cylinder assembly model and Christensen’s generalized self-consistent 

approach. It was found that most macro-properties are governed by only one property of the cell 

wall which is very important in attempts to back-calculate the fiber properties. The role of lumen 

(whether it filled by resin or not) has a very large effect on the composite shear properties. It is 

shown that several of the unknown anisotropic constants characterizing wood fiber are not 

affecting the stiffness significantly and rough assumptions regarding their value would suffice. The 

errors introduced by application of the Hashin’s model and neglecting the orthotropic nature of the 

material behavior in cylindrical axes are evaluated. The effect of geometrical deviations from 

circular cross-section, representing, for example, collapsed fibers, is analyzed using the finite 

element method (FEM) and the observed trends are discussed.

KEY WORDS: composite, wood fiber, anisotropic, self-consistent, transverse properties 

INTRODUCTION

Macroscopic stiffness properties 

Wood and other natural-fiber reinforced polymers have large potential as structural materials and 

there has been increased interest in the use of lignocellulosic fibers as load bearing constituents in 

composite materials [1-3]. Apart from positive environmental and economical aspects, wood fiber 

composites made from wood-fiber mats manufactured with conventional methods used in pulp and 

paper production are interesting from the point of view of high stiffness and strength due to high 
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aspect ratio of fibers, high volume fraction and good dispersion of the fibers. Drawbacks of natural 

fibers are sensitivity to moisture, low compatibility to non-polar polymers used as matrix and lack 

of well defined mechanical properties. Depending on the fiber separation process, the chemical 

composition, fiber dimensions, fiber shape, fiber strength, flexibility and ability to adhere to other 

fibers or matrix material differ widely between different types of wood fibers [4]. Wood fibers 

however, generally show lower variability than fibers from annual plants, which is an advantage in 

terms of structural design, although the latter may have better mechanical properties [5]. 

Due to uniform fiber orientation distribution or distribution with preferred orientation in the fiber 

mat the composite may be macroscopically isotropic or orthotropic. The material clearly has 

complex microstructure and a nonlinear mechanical behavior. For example, tensile tests of 

laminates made from phenol-formaldehyde impregnated kraftliner paper show nonlinear behavior 

in slow loading and hysteresis loops in unloading [6]. Mechanical properties of composites based 

on wood fibers have been studied previously by several authors. In an early study composites from 

phenol-formaldehyde impregnated paper were developed as an alternative material in aircraft 

applications [7,8]. In Refs. [9,10] laminates from wood fibers and polyolefin matrices with high 

fiber content were investigated. Composites made from wood fibers and thermoset matrices have 

also been studied, in polyester matrix [11-14] and in vinyl ester [15] and epoxy matrix [16].  

Microstructure 

The elastic properties of a composite depend on the properties of the constituents (phases), their 

relative volume fractions and on the microarchitecture, i.e. the fiber orientation distribution, the 

fiber shape, the size of the lumen and if is it filled with resin or not. Other important aspects are 

the ultrastructural features that govern the fiber properties, i.e. the spatial distribution of wood 

polymers in the cell wall, the cellulose microfibril angle, etc. The fiber network architecture in a 

composite is shown in Figure 1 which also illustrates the information flow when modeling the 

composite behavior.  
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Figure 1. Schematic showing of the role of modeling to link the phase properties to the composite behavior. 

It is important to study the relation between fiber structure on nano and micron scales, fiber 

properties and composite microstructure in order to assess their influence on and control of the 

engineering properties of the composite. There is therefore a need for developing adequate models, 

which link the properties on constituent level and the macro-level. Reliable models are essential to 

analyze the mechanisms on the microscale and to perform knowledge based optimization of the 

composite material.  

Fiber properties 

Wood fibers have an intricate structure and are constituted at ultrastructural level of several layers 

surrounding the lumen. The layered structure resembles that of a fiber reinforced composite, the 

reinforcing element being the cellulose microfibrils embedded in a stress-transferring matrix of the 

amorphous wood polymers, lignin and hemicelluloses [17]. The cellulose microfibrils are aligned 

fairly parallel and trace a steep spiral within the cell wall with the fiber stiffness parameters 

depending primarily on the fibril angle [18]. Wood fibers also exhibit variability in fiber cross-

sectional dimensions, not to mention variability along the fiber length, curl of the fibers, etc. The 

cross-sectional shape varies from being thick-walled boxlike for most of the latewood fibers to a 

relatively slender rectangular form for the thin-walled earlywood fibers. Typical wood pulp fibers 

are about 1-3 mm in length and 20-40 m in width [19]. Hence, the aspect ratio is about 100, 

which means that the stress transfer zone extends over a small part of the interface and 

perturbation effects related to fiber ends may be neglected. However, the surface composition and 

surface morphology of the fibers are variable and of great importance for stress transfer between 

fibers over the fiber-matrix interface. 

Values of the longitudinal Young’s modulus obtained from single fiber measurements for different 

softwoods reported in literature vary from 7-25 GPa for earlywood, and from 11-80 GPa for 

Softwood fiber

(L/d ≈ 100)

Softwood fiber

(L/d ≈ 100)

Unit cell (UC) 
model

Lumen: empty or filled? Fibers in a composite 
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latewood [18-23]. Experimental values of the transverse Young’s modulus are for obvious reasons 

more difficult to find. Bergander and Salmén [24] developed an experimental technique for 

measurement of the transverse modulus in tension of the double radial wall of native wood fibers. 

Values obtained for earlywood and transition wood fibers of Norway spruce were in the range of 

1.4 to 3 GPa. Although straightforward, direct testing of individual wood fibers, usually require 

development of specialized equipment to accurately measure load and deformation, since the 

fibers are of minuscule dimensions. Moreover, the large variation in wood fiber morphology, i.e. 

fibril angle, kinks, pits, cell wall thickness etc. [4,6] imply that a large amount of tests have to be 

done to acquire reliable statistics. The properties of the fibers will also be affected by the used 

processing technique, i.e fibers may be damaged, even collapsed in the transverse direction 

(earlywood fibers), and their effective elastic properties may be reduced. Hence, an experimental 

approach to determine elastic properties of wood fibers is very time consuming. Due to these 

difficulties, a common approach to determine microscopic or local properties from a 

macroscopically determined property is by back-calculation, i.e. to implicitly find the local 

property from the measured global property value through a mechanics model [11,25]. This serves 

as a kind of enticement and defines a very important role of a good model, i.e. to be used to back-

calculate fiber properties from the measured properties of the composite. 

Existing models 

Common models to describe the elastic behavior of wood fiber composites are usually based on 

laminate analogy, e.g. Ref. [26]. A short-fiber composite with dispersed fibers with a certain 

orientation distribution is replaced by a laminate with many thin unidirectional layers. The 

laminate is a stack of layers of different orientation and with a fixed layer volume fraction 

obtained from the fiber orientation distribution of the composite. The key feature in this approach 

is determination of the elastic properties of a unidirectional layer. 

Engineering models that only use the fiber volume fraction and no microstructural parameters to 

calculate the stiffness (isostrain, isostress models, etc.) do not have sufficient accuracy. 

Micromechanical models for long fiber composites have been developed by Hashin and Rosen 

[27], Hashin [28] and Christensen and Lo [29] considering the constituents as concentric circular 

cylinders. In Ref. [27] the stiffness expressions for isotropic hollow circular fiber composite were 

developed. In Ref. [28] a unit cell with transversely isotropic fiber (not hollow) was considered. 

The limitation with Hashin’s micromechanical model is that it renders only upper and lower bound 

for the transverse shear modulus. The limitation is related to the used homogenized boundary 
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conditions in displacements or in tractions. They do not exactly correspond to the conditions on 

cylindrical boundary in a homogenized material. This problem was solved by Christensen and Lo 

[29] using a generalized self-consistent scheme. They consider an infinite effective composite with 

unknown shear modulus and a cylindrical sub-domain in it which is replaced by an equivalent 

fiber matrix microstructure. The method is based on Eshelby’s elliptical inclusion technique [30]. 

These micromechanical models were developed for two-phase composites and cannot be used in 

the case of multilayered fibers such as wood fibers if the lumen and the properties of the different 

cell wall layers are included. However, Hervé and Zaoui [31] generalized Christensen and Lo’s 

estimate [29] and Hashin’s bounds [28] to the case of composites made of heterogeneous 

multilayered and transversely isotropic fibers. It was shown that four of five elastic moduli can be 

derived by using a recursive algorithm, which coincides with Hashin’s model for a two-phase 

composite [28]. However, in order to determine the transverse shear modulus a self-consistency 

condition has to be used. The approach was further modified by Stagni [32] to determine the 

effective transverse elastic moduli of composites reinforced with multilayered hollow-cored fibers. 

The drawbacks of these approaches in application to wood fiber composites are: (i) they are 

developed for transversely isotropic constituents whereas wood fiber is an orthotropic material in 

cylindrical axes with different properties in the radial and in the hoop direction; (ii) the developed 

models for multiple phases are not applicable for hollow-cored fibers, with the exception of the 

work of Stagni [32] on transverse elastic moduli; (iii) the models are limited by circular cross-

section of fibers and the unit cell, whereas fibers in composites have more like rectangular or 

elliptical form and are often collapsed. Hence, these specific problems suggest themselves as 

potentially fruitful to study when developing micromechanical models for wood an also other 

natural fiber composites. 

Our model and objectives 

The objective of this paper is to analyze the effect of constituent properties and geometrical 

parameters on effective properties of wood fiber composites. Therefore, an analytical model valid 

for orthotropic phase materials and for an arbitrary number of phases is first developed. The 

micromechanical model is a straightforward extension of Hashin’s and Christensen and Lo’s 

models. The novelty lies in its applicability to multilayered (N-phased) hollow fibers with 

orthotropic material properties. The model is used to identify the constituent parameters affecting a 

certain macroscopic property and to disclose the main relationships. Since the whole stiffness 

matrix of a wood fiber (cell wall) cannot be measured directly today, the model is used to evaluate 

the significance of the fiber anisotropy on the composite stiffness. This analysis is necessary to 
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give guidelines for evaluation of possible errors when the fiber is considered as transversely 

isotropic. This is very important since one fundamental postulation frequently made when 

modeling wood fibers composite is to assume transversely isotropic, homogenous and cylindrical 

fibers, which simplifies the orthotropic material symmetry and overlooks the presence of lumen. 

Finally, geometrical configurations representing non-circular fibers and collapsed fibers are 

analyzed using the finite element method (FEM) to understand the significance of geometrical 

parameters on stiffness and the range of application of analytical modeling. 

ELASTIC PROPERTIES OF N-PHASE COMPOSITE MATERIALS 

WITH CYLINDRICAL CONSTITUENTS 

In this section we describe the simulated loading cases and the modeling methods used to 

determine elastic properties of a N-phased composite. The composite is macroscopically 

transversely isotropic with elastic constants 1E , 2E , 12ν , 12G , and 23G  to be determined. The 

different elastic problems to solve include hydrostatic and shear loading in the plane transverse to 

the fiber, axial loading and in-plane shear. Each phase is homogenous, linear elastic and 

orthotropic with the exception of the core phase which needs to be transversely isotropic (see 

Appendix A). Perfect bonding is assumed at the interface between phases. The hole in the middle 

(if present) is treated as a subdomain with zero stiffness. The phase properties and the stress state 

determination in phase are given in details in Appendix A to C. Expressions for calculations are in 

the following presented in a complete form.  

Properties determined applying normal strains 

A homogenized composite with constituents in form of long cylinders is a transversely isotropic 

material. The composite and direction of the principal material axes are shown in Figure 2. The 

studied configuration is referred to a Cartesian (x,y,z) coordinate system whose z-axis points in the 

fiber direction while (x, y) defines the transverse plane. The generator of the circular cylindrical 

surface is in the z-direction. A cylindrical (r, , 1) coordinate system is used to define the 

orthotropic symmetry axes of the cylindrical inclusion. 
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Figure 2. Homogenized composite subjected to normal strains and the strains to cylindrical sub-domain. 

In this subsection we consider a loading case when the normal strain field in the homogenized 

composite ( x, y, z) is uniform and equal to the applied far field strains, i.e. 

10εε =z , 0εεε == yx  (1)  

The shear strain components are equal to zero. Obviously the stresses are also uniformly 

distributed. If we, in the homogenized composite, choose any cylinder with axis in the 

−z direction, see Figure 2, the strains on the surface of this cylinder in cylindrical coordinates 

related to the cylinder axis will be  

0εεε θ ==r , 101 εε =  (2)  

Equation (2) is obtained as result of strain transformation performed using expressions well known 

in laminate theory. The first condition in Equation (2) defines generalized plane strain case with 

respect to direction 1. The shear strains are 011 === θθ εεε rr . Thus, the strains in Equation (1) 

applied at the outer composite boundary will result in the same strain state at the cylinder 

boundary which is for this reason considered as the representative element (RVE). Certainly this is 

true only for strain field given by Equation (1), but not for a general case. The radial and hoop 

stress along the surface is also constant and all shear stresses are zero. 
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The cylinder shown in Figure 2 has a microstructure of N concentric cylinders as shown in Figure 

3, each cylinder being an orthotropic material. Let phase 1 constitute the central core and phase k

be limited by two cylindrical surfaces with the radii rk 1 and rk and let the matrix given in Equation 

(A2) define the compliance of the material in terms of the engineering elastic constants of each 

phase. It is shown in Appendix A that the material of the cylinder core cannot be orthotropic but 

must be reduced to transversely isotropic with isotropy plane (r, ). 

Figure 3. The microstructure of the cylindrical subdomain represented by N concentric cylinder assembly.

The values of each cylinder radius in Figure 3 correspond to the volume fraction Vk of phase k

given by 
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Transverse plane strain bulk modulus K23 of the N-phase composite  

We consider plane strain case, 010 =ε , but with nonzero 0ε . The strain energy of the 

homogenized composite cylinder can be written as 

VKU 2
0232 ε=  (4)  

r

1

L

1 2 3 N

rN

r1

r2 r3

....



9C

where V is the volume of the composite cylinder. Here 23K  is the composite transverse plane 

strain bulk modulus defined by Equation (A8). Denoting the field and material parameters of the k-

th phase with an upper index k , we can express the stored strain energy as 

( ) ( ) LrrurU NN
N
rN

N
r πσ 2

2
1=  (5)  

where ( )N
N
r rσ  and ( )N

N
r ru  are the radial stress and the applied radial displacement at the 

composite cylinder outer boundary, respectively. The latter has a constant value 

( ) NN
N
r rru 0ε=  (6)  

Since LrV N
2π= , we obtain from Equation (4) and Equations (5)-(6)  

( )N
N
r rK σ

ε 0
23 2

1=  (7)  

The radial stress at the outer boundary of the composite cylinder can be calculated solving the 

micromechanics stress problem under the given boundary conditions, Equation (6). The solutions 

obtained for each phase separately must satisfy the following conditions: 

(i) Radial displacement must be zero on the symmetry axis 

( ) 001 ==rur  (8)  

(ii) Displacement and radial stress continuity conditions at all interfaces 

( ) ( )k
k
rk

k
r ruru 1+=      1,...,2,1 −= Nk   (9)  

( ) ( )k
k
rk

k
r rr 1+= σσ      1,...,2,1 −= Nk   (10)  
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The solution of the field equation in an arbitrary cylinder of the assembly is given in Appendix B. 

The radial displacement expression Equation (B5) and radial stress expression Equation (B10) for 

the particular plane strain case ( 010 =ε ) give the displacement and stresses in each phase 

kk rArAu kkk
r

αα −+= 21  (11)  

1
2

1
1

−−− += kk rArA k
k

k
kk

r
αα γβσ  (12)  

where kA1  and kA2  are unknown constants and kα , kβ  and kγ  are functions of the k-th phase’s 

elastic constants given by Equation (B4) and Equation (B9). Substituting Equations (11)-(12) into 

the boundary and interfacial continuity conditions, Equation (6) and Equations (8)-(10), we obtain 

a system of linear algebraic equations 

[ ]{ } { }baB =  (13)  

to determine 2N unknowns, i.e. kA1  and kA2  for Nk ,...,1= . Here the vector {a} contains the 

unknown constants in displacement and stress field, i.e. 

{ } { }NNT AAAAAAa 21
2
2

2
1

1
2

1
1 ..=  (14)  

These constants as always in a linear problem are proportional to the applied strain. The 

displacement and radial stress continuity conditions, Equations (9)-(10), give 2N-2 equations to 

which two additional equations are given by the boundary conditions, Equation (6) and Equation 

(8), to form the matrix [B] and vector {b} in Equation (13). Having determined { }a  the plane 

strain bulk modulus can be readily obtained from Equation (7) using Equation (12) 

( )1
2

1
1

0
23 2

1 −−− += NN
NN

N
NN

N rArAK αα γβ
ε

 (15)  

Elastic constants are independent on the applied load (strain) level and for practical calculation 

purpose it may be convenient to use 10 =ε  in Equation (13) and Equation (15). 
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Longitudinal modulus E1 and Poisson’s ratio 12 = 1r = 1  of the homogenized composite

Consider applied strain case, 101 εε = . The strain in radial direction of the cylinder assembly, 0,

corresponds to free contraction in the r-direction, i.e. ( ) 0=N
N
r rσ . The average stress in 1-

direction, av
1σ , is used to determine the longitudinal modulus 1E  of the homogenized composite 

cylinder using definition 

10

1
1 ε

σ av

E =  (16)  

where the average stress may be calculated as  

( )
= −

=
N

k

r

r

k

N

av k

k
rrr

r 1
121

1
d2 σσ  (17)  

The Poisson’s ratio is calculated according to definition as 

10
12 ε

εν
av
r−=  (18)  

where the average radial strain is 

( )
N

N
N
rav

r r
ru

=ε  (19)  

The stresses in each phase of the composite cylinder can be calculated solving the micromechanics 

stress problem analyzed in Appendix B under appropriate boundary conditions: (i) radial 

displacement must be zero on the symmetry axis, Equation (8), (ii) radial displacement and radial 

stress continuity at all interfaces, Equations (9)-(10) and (iii) radial stress is zero at the outer 

boundary of the composite cylinder 

( ) 0=N
N
r rσ  (20)  



12C

The radial displacement expression, Equation (B5), and radial and axial stress expressions given in 

Equation (B10) for the k-th phase are 

rrArAu k
kkk

r
kk

1021 εψαα ++= −  (21)  

10
1

2
1

1 εϕγβσ αα
kk

k
k

kk
r

kk rArA ++= −−−  (22)  

1
2

1
1101

−−− ++= kk rhArfAg k
k

k
k

k
k ααεσ  (23)  

where kA1  and kA2  are unknown constants and kα , kψ , kβ , kγ , kϕ , kg , kf  and kh  are 

functions of the k-th phase’s elastic constants given by Equation (B4), Equation (B6), Equation 

(B9) and Equation (B11). The unknown constants can be determined by setting up and solving a 

system of linear algebraic equations, i.e. of type Equation (13), using the displacement and stresses 

in Equations (21)-(23) into the boundary conditions, Equation (8) and Equation (20), and the 

interfacial continuity conditions, Equations (9)-(10). With the axial stress in Equation (17) 

expression (16) for longitudinal Young’s modulus can be written in form 

( ) ( )−
+−

+−
+

+
−

=
= =

+−
−

+−+
−

+

=

−
N

k

N

k
kk

k
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kk
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k
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kk
k

N

kkkk rr
hA

rr
fArr
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121
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102
10

1 112
2 αααα
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ε

ε
 (24)  

The Poisson’s ratio is obtained from Equation (18) using Equation (6) and Equation (21) 

10

10
1

2
1

1
12 ε

εψ
ν

αα
NN

N
N

N NN rArA ++
−=

−−−

 (25)  
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In-plane shear modulus G12

In order to determine the in-plane shear modulus 12G  of the composite we consider the 

homogenized composite in a pure shear loading with 0
121 γγ =x  being the only non-zero strain 

component and 

011 ===== xyyyx γγεεε  (26)  

The only non-zero stress component of the transversely isotropic composite is  

0
1212

0
1 γσ Gx =  (27)  

This stress-strain state can be obtained applying a linear distribution of displacement in the 1-

direction as shown in Figure 4.  

Figure 4. Deformation of the composite in a pure shear mode. 

The deformation (displacements) on the surface of the cylindrical sub-domain in Figure 4 is in 

cylindrical coordinates as follows 

( ) ( ) 0== NNr ruru θ , ( ) θγ cos0
121 NN rru =  (28)  

Here θ  is the angle between x  and r  directions. The stress state 0
1xσ  transformed to a cylindrical 

coordinate system leads to shear stresses at the cylindrical boundary 
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θγσ cos0
12121 Gr = , θγσ θ sin0

12121 G−=  (29)  

From the first equation in Equation (29) we can find G12 of the composite if the shear stress at the 

boundary ( ) ( )N
N
rNr rr 11 σσ =  is known 

( )
θγ

σ
cos0

12

1
12

N
N
r r

G =   (30)  

The solution for the field equations is given in Appendix C. From Equation (C10) and Equation 

(C11) we obtain for the k-th phase 

( ) θαα cos211
kk rArAu kkk −+=   (31)  

( ) θαασ αα cos1
2

1
111

−−− −= kk rArAG k
k

k
kk

r
k
r   (32)  

where k
rG1  and kα  are defined in Equation (A2) and Equation (C9), respectively. Boundary 

conditions and continuity conditions are: (i) zero axial displacement on the symmetry axis 

( ) 001
1 ==ru   (33)  

(ii) axial displacement and shear stress continuity at all interfaces 

( ) ( )k
k

k
k ruru 1

11
+=      1,...,2,1 −= Nk   (34)  

( ) ( )k
k
rk

k
r rr 1

11
+= σσ      1,...,2,1 −= Nk   (35)  

and (iii) axial displacement at the outer boundary of the composite cylinder is given by Equation 

(28). Undetermined constants in displacement and stress field for each phase are solved with the 

help of conditions given in Equations (28),(33)-(35). The longitudinal shear modulus can then be 

determined using Equation (32) into Equation (30). 
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Determination of G23

We consider a composite in the (x,y) plane loaded at infinity with shear stress τσ =xy , as shown 

in Figure 5. 

Figure 5. Infinite composite loaded in shear at infinity. 

The stress may be transformed to the cylindrical coordinate system related to the concentric 

cylinder assembly which gives the stresses 

θτσ 2sin=r , θτσ θ 2sin−= ,   θτσ θ 2cos=r   (36)  

In the model shown in Figure 5 the assembly of cylinders is embedded in an infinite domain of an 

effective composite material which is transversely isotropic. The solution of the corresponding 

plane strain problem in cylindrical axes is given in Appendix D. For an orthotropic k-th phase the 

displacement and stress components relevant for the following derivation are  
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( )[ ]
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1

1
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[ ]
=
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4

1

1 2cos2
i

k
i

k
i

k
i

k
i

k
r

k
r

k
irAG θββλσ λ

θθ   (39)  

where k
ru and kuθ  are displacements in r- and -direction, respectively. There are four 

undetermined constants in the displacement and stress expressions, i.e. k
iA  for 4,..,1=i . The 

elastic constants kC22 , kC23  and k
rG θ  are given by Equation (A2) and the constants k

iλ  and k
iβ  are 

defined in Equations (D10)-(D12).  

The solution for the effective composite material is given by Equations (D19)-(D23). We denote 

the constants corresponding to this material with index “ c ” and for shorter notation assume that 

the applied shear stress 1=τ  leading to 11 −=cA . The solution must be limited when ∞→r ,

therefore 03 =cA . The “energy condition” (it was formulated by Eshelby [30], used by Christensen 

et al. [29] and shown by Herve and Zaoui to be equivalent to the requirement that the average 

stress and strain in the inclusion is equal to the far field values [31]) which must be satisfied to 

replace a cylindrical region in the effective composite with a concentric cylinder assembly 

inclusion is 
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 (40)  

where stress and displacement components with upper index 0  denote the solution for a 

composite without any inclusion 

θσ 2sin0 =r , θσ θ 2cos0 =r ,   θ2sin
2 23

0

G
rur = , θθ 2cos

2 23

0

G
ru =   (41)  

Using Equation (41) and Equations (D19)-(D23) in Equation (40) leads to the condition 02 =cA .

Hence, the only unknown constant in the solution for the effective composite is cA4 . It has to be 

emphasized that the shear modulus 23G  is another unknown. The solution for displacement is 
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and for stresses 

θσ 2sin31 44−=
r

Acc
r , θσ θ 2cos31 44+=

r
Acc

r   (43)  

Summarizing we see that we have four unknowns k
iA  for each phase of the assembly, one 

unknown cA4  for the effective composite and the unknown 23G . To find these constants we need 

4N+2 conditions which are: (i) the axial displacement is zero at 0=r  leading to 01
4

1
2 == AA ,   

(ii) displacement continuity at internal interfaces  

( ) ( )k
k
rk

k
r ruru 1+= , ( ) ( )k

k
k

k ruru 1+= θθ      1,...,2,1 −= Nk   (44)  

(iii) stress continuity at internal interfaces 

( ) ( )k
k
rk

k
r rr 1+= σσ , ( ) ( )k

k
rk

k
r rr 1+= θθ σσ      1,...,2,1 −= Nk   (45)  

(iv) displacement continuity at the interface between the assembly and the effective composite 

( ) ( )N
c
rN

N
r ruru = , ( ) ( )N

c
N

N ruru θθ =   (46)  

(v) stress continuity at the assembly/effective composite interface 

( ) ( )N
c
rN

N
r rr σσ =   (47) 

( ) ( ) 0=− N
c
rN

N
r rr θθ σσ   (48)  
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The conditions render 4N+2 equations necessary to determine the 4N+2 unknowns. Since 23G  is 

included in relationships in a nonlinear way, the system is nonlinear and its solution requires a 

numerical procedure. 

A recommended efficient method of solution is as follows. We assume an “initial” value for 23G

(for example equal to matrix shear modulus) and find the remaining 4N+1 constant using the 

above conditions except the last one, i.e. Equations (44)-(47). A system of linear equations can be 

built using the displacement and stress field, Equations (37)-(39), into the aforementioned 

conditions. Hence, a set of linear algebraic equations is solved and the obtained solution is 

substituted in the last condition in Equation (48). Since the assumed composite shear modulus 

does not correspond to the assembly’s shear modulus, the result is not equal to zero. The left side 

of Equation (48) may be considered as a ”misfit function” which is nonzero if the assumed 

composite modulus is not correct. The calculations must be repeated with stepwise increasing 23G

until a good “fit” in the last equation is reached (the misfit function change sign at the correct 

value of 23G ). Certainly, the described procedure to find the best fit, which requires solution of a 

set of 4N+1 linear equations in each step, can be realized in many numerical algorithms. 

Determination of E2 and 23

These two material constants of the composite may be determined when 23K  and 23G  are 

determined as described above. The expressions are [28] 
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2
23 −=

G
Eν   (49)  

RESULTS AND DISCUSSION 

With the developed micromechanical model it is possible to calculate the macroscopic properties 

for any orthotropic cylinder assembly. In the present case the model is used to evaluate the 

influence of wood fiber cell wall properties in a composite with an isotropic matrix. The lumen, 

i.e. the hollow part in the centre of the wood fiber, may be either empty or filled with matrix. The 

idea is to cover two extreme cases in wood fiber composites, i.e. (i) filled lumen which occurs 
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often when a low-viscosity thermosetting resin and the resin transfer moulding technique (RTM) 

are used [33] and (ii) thermoplastic based wood fiber composite where lumen filling might not be 

attainable [34]. 

The outer part of the wood fiber is the cell wall. In the present study the cell wall only consists of 

one single layer with effective properties of the layered wall. It should be mentioned that although 

the structure of the cell wall is layered, i.e. consisting of primary and secondary walls, the middle 

layer of the latter (S2) is the most dominant as it is the thickest and comprises about 80% of the 

total cell wall volume [17]. However, there is no restriction in number of layers that the model can 

handle. Therefore is can also be used to study the effect of fiber ultrastructure by modeling the 

different cell wall layers as separate phases. A parametric study is carried out to identify the 

constituent parameters that affect a certain macroscopic property. The effect of microstructure and 

phase properties on the composite stiffness is shown. Also the effect of orthotropic anisotropy and 

geometrical effects are discussed. 

Effect of microstructure and phase properties on the composite stiffness 

Consider the cylindrical unit cell of the composite shown in Figure 6 consisting of three layers as

discussed above. The outer layer consists of matrix material. Inside we have the wood fiber which 

consists of lumen (empty or filled with matrix) and the cell wall. 

             
Figure 6. The three layered geometry considered in the study. 
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From Figure 6 we define the following volume fractions 

2

2

1
lum =

r
r

V ,    
2

3

2
f =

r
r

V , ( )lumfcw 1 VVV −=   (50)  

where Vlum is the volume fraction of lumen in the wood fiber, Vf is the wood fiber volume fraction 

in the composite, and Vcw is the cell wall volume fraction in the composite. Two different volume 

fractions of lumen are considered, Vlum = 0.04 and Vlum = 0.36 which roughly correspond to typical 

latewood and earlywood softwood fibers. 

We consider the cell wall as a homogeneous orthotropic material with cylindrical material 

symmetry. To minimize the number of variables the numerical parametric analysis in this 

subsection is performed for a transversely isotropic cell wall, leaving the analysis of the tangential-

radial anisotropy to the next subsection. The “effective” properties of the cell wall can be obtained 

from experiments, or theoretically, by averaging over the layered ultrastructure of the cell wall 

using properties of the main wood polymers. To perform the parametric analysis, the cell wall 

properties are varied in an interval determined by experimental values reported in literature. Two 

different hypothetical fibers, fiber 1 (F1) and fiber 2 (F2), are considered and their material 

parameters are given in Table 1 together with the matrix properties. The choice of the fiber 

longitudinal Young’s modulus, LE , is based on values for Norway spruce softwood kraft fibers 

[33,35]. The fiber longitudinal shear modulus, LTG , and the fiber transverse Young’s modulus, 

TE , are estimated from different stiffness anisotropy ratios suggested in studies Refs. [36-40]. The 

Poisson’s ratios are plausible to assume based on values found in literature [18,39]. In these 

studies the cell wall is considered as transversely isotropic. The matrix properties are simply taken 

as typical values for isotropic thermosets. 

Table 1. Material properties used in the parametric study. 

Material EL (GPa) ET (GPa) GLT (GPa) LT TT

Fiber 1 (F1) 18 2 2.5 0.3 0.4 
Fiber 2 (F2) 40 8.5 4.0 0.3 0.3 

Matrix 3.0 3.0 1.11 0.35 0.35 
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Figure 7a-e shows the effect of different fiber volume fractions on the properties of a composite 

with fibers F1. The composite with fibers having large empty lumen show the lowest stiffness 

values as expected. 
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Figure 7. The effect of different fiber volume fractions on composite properties using F1 with empty ( ) and 

filled ( ) lumen fraction of 0.04, and empty ( ) and filled ( ) lumen fraction of 0.36. 

To assess the influence of phase properties on composite macroscopic properties, the longitudinal 

and transverse Poisson’s ratios, LTν  and TTν , of the cell wall were varied between 0.30 and 0.45 

for both fiber types. It was concluded that a change in LTν  and TTν  only influence 12ν  and 23ν ,

respectively. LTG  and TE  were varied from 2-6 GPa for F1 and from 8.5-12 GPa for F2. It was 

clear that LTG  has strong effect on 12G  only. TE  has strong effect on both 2E  and 23G ,

especially in the case of Vlum = 0.04 at high fiber volume fractions. The effect on shear modulus 

and transverse modulus is shown in Figure 8a-b. Note the change of trend in Figure 8b caused by 

the fact that matrix modulus is in between the two transverse fiber modulus values.  

d)

e)
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Figure 8. The effects of change in F1 for a) Shear modulus 12G  b) Transverse modulus. Filled lumen with 

volume fraction of 0.36 has been used in both cases. 

The parametric study showed that each macroscopic stiffness component depend only on one or 

two cell wall stiffness components, e.g. transverse modulus and shear modulus are affected by 

transverse modulus and shear modulus of the cell wall only. This feature is very important in 

attempts to back-calculate the fiber properties from experimentally determined macroscopic 

properties of the composite, e.g. Ref. [33]. Moreover, the parametric study showed that 1E  and 

12ν  may be determined via rule of mixtures with enough accuracy for practical purposes. 

The developed model was also compared to Hashin’s micromechanical model [28] in the case of 

filled lumen. This since, Hashin’s model for transversely isotropic constituents cannot be used to 

analyze composites with hollow unfilled fibers. The 3-phase model was reduced to 2-cylinder case 

as required in Hashins model, assuming that the whole matrix (the part in the lumen and the part 

around the cell wall) is surrounding an “effective” fiber which does not have any hole. This 

“effective“ fiber contains the whole cell wall material and its volume fraction in the unit cell is 

Vcw. The results correlate very well to Hashin’s expressions in this particular case and the values 

for 23G  and 2E  were always in between the upper and lower bounds, but closer to the upper 

bounds. When F1 is used, Hashin’s model yield very close bounds even for high fiber volume 

fractions. This is explained by the fact that the fibers transverse modulus is rather similar to the 

matrix modulus. When F2 is used the bounds are not that close, but still our model prediction is 

close to the upper bound. For example, Vf = 0.7 gave upper and lower bound values of 23G  to 2.25 

and 1.77 GPa respectively. 23G  was 2.19 GPa using our model, see Figure 9 for more details.  

a) b)
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Figure 9. Model prediction compared to Hashin bounds for F2 case. 

These results may be used to evaluate the possible error when Hashin’s model is used to calculate 

stiffness of natural fiber composites. 

Effect of anisotropy 

The cell wall material is not transversely isotropic: elastic properties in the radial direction and in 

the hoop direction are different. To evaluate the significance of this anisotropy we perform a 

simple numerical experiment. In this simulation we assume that the effect of the cell wall 

anisotropy may be evaluated considering the cell wall as a [±θ]s laminate. The properties of each 

unidirectional lamina are taken as for F1 fiber and an angle θ of 15°, 30° and 45° is considered for 

filled and empty lumen case when Vlum = 0.36. The matrix data is the same as before. Certainly 

this is a quite rough approximation to represent a cell wall, considering the actual structure of a 

wood fiber where the crystalline cellulose microfibrils determine the stiffness of the cell wall. The 

fiber stiffness parameters depend primarily on the fibril angle, which is the angular deviation of 

the microfibrils in the S2 layer relative to the longitudinal cell wall axis. Typical fibril angles for 

earlywood and latewood fibers of Norway spruce are about 2-10˚ and 30˚ respectively [41]. Higher 

fibrils angles are found generally in fibers from abnormal wood tissue, i.e. compression wood. The 

helical structure implies that axial deformation is coupled with torsion, and single fiber will tend to 

rotate in such a way as to unwind the helix when stretched by an axial force. A similar approach to 

ours was used by Cave [38] to model the behavior of wood tissue in which adjacent fibers restrict 

each other from twisting. It was argued that mathematically the restriction of rotation can be 

represented by a crossed fibrilar structure in the cell wall in which there are two helices equally 

disposed about the cell-axis. Nevertheless, the assumption that a fiber constrained in a polymer 
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matrix can be modeled as a [±θ]s laminate, although rather coarse, it can be used to cover a large 

range of orthotropic anisotropy by varying the angle θ.

Assuming that the cell wall layer properties are known the cell wall stiffness may be calculated 

using laminate theory for thick plates [42]. Table 2 shows the laminate theory results which are 

used as cell wall data in the developed concentric cylinder model.  

Table 2. Properties of the [± θ]s laminate used as cell wall. Stiffness in GPa. 

θ E1 Eϕ Er ν1ϕ ν1r νrϕ G1ϕ G1r Grϕ

0° 18 2 2 0.3 0.3 0.4 2.5 2.5 0.714 
15° 16 2.459 2.078 0.460 0.233 0.325 3.062 2.141 0.750 
30° 11.26 3.953 2.205 0.524 0.204 0.189 4.186 1.539 0.870 

30avg 11.26 3.079 3.079 0.364 0.364 0.189 2.863 2.863 0.870 
45° 6.817 6.817 2.258 0.363 0.267 0.088 4.748 1.111 1.111 

Changing the angle θ obviously will have a great influence on the longitudinal modulus of the 

composite 1E , which decreases due to reduction of the cell wall modulus in the axial direction 

with increasing angle. For obvious reasons the transverse modulus 2E  always increases with 

increasing angle, see Figure 10. However, the value for the composite with filled lumen is not as 

affected (less than 20%). In the case of empty lumen and high volume fraction Vf, the modulus 

change is about 70%. The same trends apply to the in-plane shear modulus. The transverse shear 

modulus of the composite 23G  is increasing with θ  by about 25% even in the case of filled lumen 

and high Vf. In the empty lumen case the increase can be even close to 100%. 



26C

0 15 30 45
0

5

10

θ, (o)

E
1, (

G
P

a)

0 15 30 45
0

1

2

3

θ, (o)

E
2, (

G
P

a)

0 15 30 45
0

0.5

1

1.5

2

θ, (o)

G
12

, (
G

P
a)

0 15 30 45
0

0.5

1

θ, (o)

G
23

, (
G

P
a)

0 15 30 45
0

0.2

0.4

0.6

θ, (o)

ν 12
, (

G
P

a)

0 15 30 45
0

0.2

0.4

θ, (o)

ν 23
, (

G
P

a)

Figure 10. The effect of orthotropic anisotropy of the fiber, simulated as [±θ]s laminate, on the elastic 

parameters of a composite with Vf = 0.2 (continuous line) and Vf = 0.7 (dash-dot line) and fibers with filled 

( ) and empty ( ) lumen. The lumen volume fraction in the fiber is Vlum = 0.36. 

It might be interesting to have an idea of the errors introduced when we for simplicity consider the 

cell wall as transversely isotropic. This is of importance when (i) Hashin’s model is used and (ii)

the whole stiffness matrix is not known. Therefore, an averaging of properties in r  and θ

directions in the case of the [±30°]s laminate was performed to make it transversely isotropic. The 

result of the analysis is presented in Table 3 . 
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Table 3. Results for fiber orientation angle 30° (orthotropic) of the [±θ]s laminate and the averaged 

(transversely isotropic) laminate on composite properties. Stiffness in GPa.  

Fiber
material

Filled
/Empty Vcell E1 E2 G12 G23 ν12 ν23

0.2 3.96 2.96 1.27 1.10 0.378 0.350 
F 0.7 6.35 2.80 1.77 1.07 0.452 0.316 

0.2 3.71 2.45 1.21 0.92 0.420 0.334 
Orthotropic 

E 0.7 5.43 1.42 1.52 0.53 0.648 0.337 

0.2 4.06 3.03 1.25 1.10 0.352 0.372 F 0.7 6.70 2.96 1.71 1.09 0.356 0.363 
0.2 3.84 2.45 1.15 0.89 0.352 0.373 

Transversely 
isotropic E 0.7 5.95 1.34 1.27 0.48 0.358 0.412 

The averaging procedure used to replace the orthotropic cell wall by a transversely isotropic was 

found to lead to 2%-10% difference (overestimation) in composite longitudinal modulus and 

transverse modulus (higher difference for higher volume fraction Vf). The in-plane and out-of-

plane shear moduli are the same for all cases except the high Vf with empty lumen when the 

assumption of transverse isotropy leads to 20% difference (underestimation) in 12G  and 10% in 

23G . The value of Poisson’s ratio 12ν  is underestimated by the procedure by 10% in average and 

by 50% in case of high Vf and empty lumen. The Poisson’s ratio 23ν  is overestimated by 10-20%. 

These numbers can be used as guidelines for accuracy when Hashin’s model or our model should 

be used, assuming transversely isotropic fibers. 

Effect of non-circular cross-section of phases 

The wood fibers rarely have circular cross-sections. Their shape in a composite is more like a 

rectangle, square-like or has the form of superellipses (superellipses with high exponent values are 

like squares with rounded corners). The fibers may also be collapsed and thus become flat or strip-

like. To illustrate this irregularity Figure 11 shows a confocal microscopy image of an oriented 

fiber mat cross-section. 
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Figure 11. Confocal microscopy image of an oriented softwood kraft fiber mat. 

The effect of non-circular cross-section on the composite properties has been investigated using 

finite element method (FEM). Three different geometries have been considered: (i) circular and 

(ii) square shaped fiber in a unit cell (UC) with square cross section and (iii) elliptic fiber in 

rectangular UC. In the latter case the sides of the unit cell had the same proportion as the semi-

axes of the ellipse (a/b = 2). Vlum = 0.36 and Vf = 0.5 were kept constant for all three cases and the 

lumen was either empty or filled with matrix. The fiber cell wall was for all three cases 

transversely isotropic with properties F1. 

The commercial finite element (FE) program Ansys 7.1 with Solid45 elements was used for the 

numerical analysis. Solid45 is a three dimensional structural solid element having eight nodes with 

three degrees of freedom at each node, and has the possibility to define orthotropic material 

properties. The analysis was performed by applying appropriate boundary conditions so that all 

elastic constants in the stiffness matrix could be determined. For example, 11C  may be determined 

by applying boundary strain %1=xε  and 0== zy εε  (in a Cartesian coordinate system) and 

then measure the resultant forces on the surface to obtain xσ  (see Equations (A2)-(A5) in 

Appendix A). When all constants are determined the stiffness matrix is inverted to the compliance 

matrix so that engineering constants may be calculated. The shear moduli were obtained by 

applying tangential displacements on boundary surfaces and measuring the resultant forces. Nodes 

on opposite surfaces had coupling between their displacements to ensure that the deformed shape 

would be the same. The shear moduli were determined by modeling of the whole UC whereas only 
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one quadrant of the model and use of symmetry conditions were required for determination of the 

other elastic constants. The number of elements varied from 1400-2000 depending on geometry 

and load case. The result of the analysis can be seen in Table 4. Figure 12 shows the FE model for 

determination of elastic constants for the elliptic fiber. 

Table 4. Engineering constants of the composite for various cross-section geometries. Stiffness in GPa. 

Fiber
geometry 

Filled
/Empty E1  E2  E3  G12  G23 12 13 23

F 7.80 2.75 2.75 1.44 0.96 0.336 0.336 0.430 
Circular 

E 7.26 1.74 1.74 1.11 0.46 0.334 0.334 0.322 

F 7.80 2.79 2.73 1.38 0.95 0.338 0.335 0.434 
Ellipse 

E 7.26 2.03 1.28 0.79 0.35 0.334 0.338 0.361 

F 7.80 2.77 2.77 1.44 0.95 0.336 0.336 0.427 
Square

E 7.26 1.71 1.71 1.09 0.37 0.335 0.335 0.292 

Figure 12. yσ  (in Pa) for ellipse shaped fiber with empty lumen subjected to %1=yε  on top surface only. 

The results show that the geometry of the fibers is not important when the lumen is filled with 

resin. Certain differences may be observed when the lumen is empty. The composite longitudinal 

modulus is not affected by the geometrical parameters even in the case of an empty lumen, which 

is in good agreement with the conclusion regarding the applicability of rule of mixtures for its 

determination. 
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Comparing fibers with circular and square cross-section in a square UC we see that longitudinal 

Young’s modulus, transverse modulus, Poisson’s ratio 12ν  and the in-plane shear modulus are 

very much the same in both cases. The transverse shear modulus 23G  and Poisson’s ratio 23ν  for 

the composite are lower for fiber with square cross-section by 20% and 10%, respectively. These 

are the only elastic properties changing with change from circular to square cross-section of the 

fiber. However, due to the used square UC the modeled composite is not transversely isotropic, 

and hence the conclusions regarding the numerical values are not reliable. 

Comparing composites with circular and elliptical hollow fibers we see that the longitudinal 

modulus, Poisson’s ratios 12ν , 13ν  are the same but the transverse modulus in the case of elliptical 

fibers is different in the two directions defined by ellipse axes. It is noteworthy that the average of 

these two values 1.66 GPa is rather close to the value for circular fiber composite. The in-plane 

shear moduli 12G  and 13G  (not presented) are different in the elliptical case. They differ also from 

12G  of the circular fiber composite, but the average value is again similar. The transverse shear 

modulus 23G  and the Poisson’s ratio 23ν  are correspondingly 20% lower and 10% larger. 

From this discussion we can conclude that the properties which are significantly affected by the 

geometry of the fiber cross-section are the transverse shear modulus and Poisson’s ratio. The 

numerical results for circular fibers in a square UC also correlate very well with values obtained 

using the analytical model. 

CONCLUSIONS 

The stiffness of natural fiber composites containing hollow fibers of orthotropic cell wall material 

is studied using analytical and numerical tools. An analytical model for N-phase composites with 

orthotropic phases is developed and used to analyze the effect of constituent properties and the 

significance of the micro-geometry (cell wall thickness, empty or filled lumen) on composite 

stiffness. It was found that longitudinal modulus and major Poisson’s ratio may be determined via 

rule of mixtures with enough accuracy for practical purposes. The out-of-plane macroscopic 

stiffness components of the composite depend only on one or two out-of-plane cell wall stiffness 
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components, e.g. transverse modulus and shear modulus are affected by transverse modulus and 

shear modulus of the cell wall only. 

The effect of cell wall anisotropy on composite stiffness was investigated using [±θ]s laminate 

with varying angle to represent the orthotropic cell wall and applying laminate theory for thick 

plates to obtain the cell wall stiffness. Since all cell wall properties change with changing the angle 

the composite properties are sensitive to this parameter. The error introduced by neglecting the 

orthotropic nature of the cell wall and replacing it by a transverse isotropic material was evaluated 

and found that its value can reach 10-20%. The error is larger for higher fiber volume fraction and 

if the lumen is not filled by resin. The accuracy problem should be kept in mind when models 

developed for transverse isotropic fibers are used. 

For fibers with filled lumen a change of fiber cross-section geometry, from circular to elliptical or 

square, has insignificant effect on the composite properties. In case of square cross-section with 

empty lumen the only properties significantly affected are the transverse shear modulus 23G  and 

Poisson’s ratio 23ν . This may be explained by the used square UC which does not render a 

transversely isotropic material. In case of elliptical cross-section with empty lumen all out-of-plane 

properties are affected including shear moduli 12G and 13G .
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APPENDIX A

Constitutive properties of orthotropic phase materials  

The concentric cylinder assembly model consists of N concentric cylinders (phases) of length L .

The material of any phase, except for the phase 1 is assumed to be orthotropic with orthotropic 

symmetry axes oriented in directions 1, r and  respectively. This implies that r  and , are 

direction 2 and 3, respectively. The material of the phase 1 cannot be orthotropic. It is because at 

0=r  the two different moduli in r  and  directions can not be defined. The material in phase 1 

must be transversally isotropic with isotropy plane r , . The strain-stress relationship in material 

symmetry axes, using Voigt notation is 

jiji S σε = i,j = 1,2…,6  (A1)  

where the compliance matrix [S] is defined as 
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 (A2)  

Introducing stiffness matrix [C] as  

[ ] [ ] 1−= SC  (A3)  

we can write 
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jiji C εσ = i,j = 1,2…,6  (A4)  

The [C] matrix has the same structure as the [S] matrix. In Section 2.1 only the normal strain-stress 

relationships are of significance which are 
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++=
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2322112
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 (A5)  

For transversely isotropic material (Er = E  =ET, 1r = 1  = LT and G1r = G1  =G1T) the components 

of the compliance matrix, Equation (A2), are simplified to 

1
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−=23 , 6655 SS =  (A6)  

The stiffness matrix has similar structure, i.e. 

1312 CC = , 3322 CC = ,   6655 CC = , ( )232244 2
1 CCGC r −== θ  (A7)  

The last relationship in Equation (A7) is identical to ( )θ
θ ν r

T
r

EG
+

=
12

 well known for isotropic 

materials. Introducing plane strain bulk modulus kT as 

( )23222
1 CCkT +=  (A8)  

the stress-strain relationships (A5) can be rewritten in form 
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APPENDIX B 

Field equation for normal loading and its solution in the generalized plane strain case using 

displacement formulation 

Considering an axi-symmetric problem in particular case of loading when all shear stress 

components are equal to zero, the only non-trivial equilibrium equation is 

0=
−

+
∂

∂
rr

rr θσσσ
 (B1)  

The constant strain in the direction 1 is denoted by 1. We express in Equation (B1) the stresses 

through strains using Equation (A5). In the obtained expression we use the strain relationships to 

radial displacement, u,

r
u

r ∂
∂=ε ,

r
u=θε  (B2)  

and obtain the following field equation 
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In Equation (B3) a new constant is introduced 

22

332

C
C

=α  (B4)  

The general solution of Equation (B3) can be written as 

rrArAu 1021 ψεαα ++= −  (B5)  
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where 

( ) 22
2

1213

1 C
CC

α
ψ

−
−

=  (B6)  

For isotropic material  = 0 and  = 1. For phases with “in-plane” orientation of reinforcement (in 

the 1, -plane) usually  > 1. Expressions for strains calculated according to Equation (B2) are 
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Introducing new constants 

2322 CC += αβ , αγ 2223 CC −=  (B9)  

the stresses according to Equation (A5) are 
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APPENDIX C

Field equation and solution for in-plane shear loading

In the cylindrical system of coordinates the displacement field 

0== θuur , ( )θ,11 ruu =  (C1)  

corresponds to strain state 

01 ==== θθ γεεε rr  (C2)  

r
u
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θ
γ θ ∂

∂
=

r
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1  (C3)  

The stress state is 

01 ==== θθ σσσσ rr  (C4)  

rrr G 111 γσ = , θθθ γσ 111 G=  (C5)  

The only non-trivial equilibrium equation is 

0111 =
∂

∂
++

∂
∂

θ
σσσ θ

rrr
rr  (C6)  

After substitution of Equation (C3), Equation (C5) in Equation (C6) we search for solution in form 

θcos11 uu =  (C7)  

which leads to the following equation 
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where 

rG
G

1

12 θα =  (C9)  

For an isotropic material  = 1. The solution of Equation (C8) is substituted in Equation (C7) to 

give 

( ) θαα cos211
−+= rArAu  (C10)  

Expressions for stresses are obtained using Equation (C3), Equation (C5) and Equation (C10) 
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APPENDIX D 

Stress-strain field due to shear loading in the transverse plane

We assume that plane strain conditions are satisfied in an orthotropic material  

0111 === θγγε r  (D1)  

Then 1r = 1  = 0 and from equilibrium equations 1 = 1(r, ). Hooke’s law for normal stresses 

and strains has the form of Equation (A5). Additionally 

θθθ γσ rrr G=  (D2)  

From equilibrium equations follows 
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Using stress-strain relationships and expressing strains through displacements we obtain governing 

equations in displacements. Due to the particular loading case given by Equation (41) we can 

search for a solution in form 

θ2cosuu = , θ2cosvv =  (D5)  

Here u  and v  are displacements in r  and θ  directions. After variable substitution the following 

equations are obtained 
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The solution of Equations (D6)-(D7) can be searched in form 

λAru = , λBrv =  (D8)  

and the displacements may be expressed as 

=

=
4

1

2sin
i

i
irAu θλ ,

=

=
4

1

2sin
i

ii
irAv θβ λ  (D9)  

where 

( )[ ]θθ

θ

λ
λβ

rir

ri
i GCCG

CGC
+−+

−−
=

2333

33
2

22

2
4

 (D10)  

Constants i are defined by following expressions 

qpp −−−= 22
2,1λ , qpp −+−= 22

4,3λ  (D11)  

where 

( ) ( )
22

3322233322
2
23

2
84

CG
CCCGCCC

p
r

r

θ

θ −−+−
= ,

22

339
C
C

q =  (D12)  

For an isotropic phase Equations (D10)-(D12) turn to  
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Expressions for stress components are 
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For an isotropic phase (or for the effective composite which is transversely isotropic) these 

expressions can be written in a more explicit form 
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MODELING THE HYGROEXPANSION OF ALIGNED

WOOD FIBER COMPOSITES 

Erik Marklund1, Janis Varna*1

1 Lulea University of Technology, Dept. Appl. Physics and Mech. Eng., SE-97187 Lulea, Sweden 

ABSTRACT: The effect of wood fiber ultrastructure and cell wall hygroelastic properties on 

wood fiber composite hygroexpansion has been analyzed. An analytical concentric cylinder model 

valid for orthotropic phase materials and for an arbitrary number of phases previously developed 

by the authors has been used and extended to include also free hygroexpansion in the following 

paper. Using properties available from literature on the three main wood polymers, cellulose, 

hemicellulose and lignin it was found that the longitudinal hygroexpansion coefficient for the 

microfibril unit cell was decreasing with increasing relative humidity whereas the transverse 

hygroexpansion coefficient was quite stabile. The volume fraction change of the wood polymers in 

the microfibril unit cell depending on relative humidity was also calculated. The fiber cell wall 

was modeled regarding each individual layer S1, S2 and S3 as a balanced and symmetric angle-ply 

laminate assuming that the fiber will be restricted from bending and rotation within the composite. 

The cell wall longitudinal hygroexpansion coefficient was determined depending on microfibril 

angle in the S2 layer at 80% relative humidity and was found to correlate rather well with 

experimental values on wood. A homogenization procedure using 3D-formulation of classical 

laminate theory performed on the cell wall lumping the S1, S2 and S3 layers into one single layer 

in the concentric cylinder model was found not to influence the results significantly for microfibril 

angles lower than 30 degrees in this particular case with 36% lumen volume fraction. Finally using 

typical thermoset resin properties the hygroexpansion coefficients of an aligned softwood fiber 

composite with varying fiber content were calculated.  

KEYWORDS: composite, wood fiber, ultrastructure, cell wall, hygroexpansion, stress state 

INTRODUCTION
The concern for nature and our environment has dramatically increased the interest in use of 

renewable and recyclable materials. Wood and other lignocellulosic fiber reinforced polymers 

have large potential as structural materials due to the high specific stiffness, high specific strength 
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and high aspect ratio of the fibers [1]. Wood fiber composites made from wood-fiber mats 

manufactured with conventional methods used in pulp and paper production are also interesting 

from an economical point of view. Although cellulosic fiber composites are certainly not new to 

mankind they are still considered relatively novel materials in terms of usefulness in structural 

design. Their limitations in usefulness are connected with some major disadvantages still 

associated with these materials. The fibers generally show highly variable mechanical properties, 

dimensions, shapes and low ability to adhere to common matrix materials for efficient stress 

transfer. Another drawback is the fibers susceptibility to moisture uptake. Cellulosic fiber 

composites tend to swell considerably at water uptake and as a consequence mechanical 

properties, such as stiffness and strength, are negatively influenced [2]. The fiber-matrix adhesion 

may be improved and the fiber swelling reduced by means of chemical, enzymatic or mechanical 

modifications [3], but nevertheless, the mechanical properties and dimensional stability of 

cellulose fiber composites must be better understood if they are to reach their full potential. 

At micron scale level the wood fiber cell consists of several layers surrounding the lumen with the 

outermost layer being the primary wall (P) followed by the outer layer of the secondary wall (S1), 

the middle layer of the secondary wall (S2) and the inner layer of the secondary wall (S3). At an 

ultrastructural level the layer structure resembles that of a fiber reinforced composite, the 

reinforcing element being the cellulose microfibrils embedded in a stress-transferring matrix of the 

wood polymers lignin and hemicelluloses [4]. The cellulose microfibrils are aligned fairly parallel 

in a helical pattern within each layer in the cell wall and oriented at different microfibril angles in 

the different layers, where the microfibril angle (MFA) is the angular deviation of the microfibrils 

from longitudinal fiber axis. The fiber properties are governed by fiber morphology, i.e. kinks, 

pits, cell wall thickness and on ultrastructural features such as the spatial distribution of the wood 

polymers in the cell wall, the MFA etc. The macro-properties of a wood fiber composite on the 

other hand depend on the properties of its constituents fiber and matrix, their relative volume 

fractions and on the microarchitecture, i.e. the fiber orientation distribution, fiber shape, lumen 

size (latewood or earlywood) and whether the lumen is filled with resin or not.  

The link between ultrastructure to mechanical behavior and hygroelastic properties of wood fibers 

have been studied by several authors [5-14]. Barber and Meylan [5] proposed a theoretical model 

for anisotropic shrinkage of wood in connection with variation of the MFA. The tracheid was 

regarded as a rectangular shell with a single S2 layer. Later Barber modified the model to represent 

the wood cell by a thick-walled cylinder [6]. The idea was to investigate the effect of layers such as 
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S1 and the middle lamella and validate the simplifying assumption that the somewhat curved cell 

wall may be treated as a flat surface. Koponen et al. [8] modeled the longitudinal elastic- and 

shrinkage properties of softwood. The cell wall was assumed to be a balanced and symmetric 

laminate and layer properties were modeled from an ultrastructural level with moisture dependent 

elastic properties based on values by Cousins and Cave [15-17]. A similar approach was used also 

by Thuvander et al. [9] to model the cell wall drying stresses in wood. A rather comprehensive 

work on micromechanical modeling of wood was made by Persson [10]. Based on geometrical 

models of the ultrastructure the elastic properties and hygroexpansion coefficients of the cell wall 

were calculated by means of the finite element method. Neagu and Gamstedt [14] modeled the 

hygroexpansion of a typical softwood fiber based on a state space approach. The wood fiber was 

modeled as an assembly of coaxial hollow cylinders made of orthotropic material of chiral 

structure. The model was employed to investigate the effect of the fibers helical structure on its 

hygroelastic properties and it was found that the model could capture experimentally determined 

hygroelastic behavior of wood fibers.  

The objective of this paper is to analyze the effect of constituent hygroelastic properties on all 

length scales from ultrastructural fiber properties to unidirectional (UD) composite properties. A 

micromechanical model suitable for parametric analysis will be presented and used to calculate 

hygroexpansion coefficients of a softwood fiber UD composite. An analytical concentric cylinder 

(CC) model valid for orthotropic phase materials and for an arbitrary number of phases was 

developed previously by the authors [18]. The same CC-model will be used also in this work, but 

with the extension that free hygroexpansion terms are added in the elastic stress-strain relationship. 

First the micromechanical material model will be outlined and then the hygroelastic properties on 

three levels will be calculated: (i) Swelling characteristics on the ultrastructural level, i.e. the 

microfibril unit cell (UC) using material data for the wood polymers available from literature as 

input, (ii) The hygroexpansion coefficients of the fiber wall layers S1, S2 and S3 and finally (iii) 

The hygroexpansion coefficients of the aligned wood fiber composite. Although aligned wood 

fiber composites for obvious reasons are not seen in reality, common models to describe the 

behavior of wood fiber composites are usually based on laminate analogy [19] in which the key 

feature is determination of the UD layer properties. A short-fiber composite with dispersed fibers 

with a certain orientation distribution is replaced by a laminate with many thin UD layers. The 

laminate is a stack of layers of different orientation and with a fixed layer volume fraction 

obtained from the fiber orientation distribution of the composite.  
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In this paper the 3D-formulation of the classical laminate theory (CLT) will be used to calculate 

the cell wall layer hygroelastic properties in the coordinate system related to fiber orientation 

depending on its MFA. An angle-ply laminate represent the layer properties in cases when the 

fiber rotation is restricted. CLT will also be used in a homogenization procedure to lump the three 

layers S1, S2 and S3 into one single layer used in the CC-model to calculate fiber properties. 

Possible discrepancies induced by the homogenization procedure are then compared with a more 

accurate model containing all cell wall layers individually in the CC-model. Since the objective 

with the following paper is modeling the hygroexpansion of aligned wood fiber composites a few 

assumptions regarding the fiber and its interaction with the matrix have been made: (i) The fiber 

may be seen as an assembly of long coaxial hollow cylinders with high aspect ratio meaning that 

the stress transfer zone extends only over a small part of the interface and perturbation effects 

related to fiber ends may be neglected. In reality the cross-sectional shape varies from being thick-

walled boxlike for most of the latewood fibers to a relatively slender rectangular form for the thin-

walled earlywood fibers. (ii) The bonding between fiber and matrix is perfect and the fiber is free 

from defects, i.e. kinks, pits etc. (iii) Since the fiber is embedded in the matrix the fiber rotation 

due to its helical structure is restricted. Furthermore, no bending of the fiber due to axial load is 

expected and thus the fiber cell wall performs as a balanced and symmetric laminate. These 

assumptions are rather crude and specific for composites, so the values presented herein must 

therefore be thought of as “in-situ” fiber properties in an extremely constrained case. Nevertheless, 

we firmly believe that the results of the multiscale analysis presented here will bring further insight 

to the field of performance of wood fiber composites. 

THEORY
The free hygroexpansion of wood fibers is a well known phenomenon. Moisture absorption leads 

to an increase in moisture weight content and dimensional changes of the fiber as a consequence. 

In the linear elasticity of orthotropic materials these changes are assumed to be proportional to the 

moisture content change and three different constant coefficients of proportionality called 

hygroexpansion coefficients characterize the relative dimensional changes in three directions of 

the material symmetry  

3,2,1=
Δ

= j
M

H
jH

j

ε
β  (1) 
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Here H
jε  is the free swelling strain in −j direction due to a moisture weight content change by 

MΔ . Composite materials contain multiple connected phases with different swelling coefficients 

and different moisture contents. The free (unconstrained) average swelling of the composite is the 

result of internal force balance and depends on the composite microstructure and the hygroelastic 

properties of its constituents. In the following section the moisture expansion analysis based on the 

concentric cylinder (CC) assembly model is presented. The model is valid for an arbitrary number 

of orthotropic phases or layers in the cylinder assembly. As the result of phase swelling only 

normal stresses and strains develop, all shear components being zero. The difference with the 

model here compared to the CC-model previously presented by the authors in [18] is that free 

moisture expansion terms are added in the elastic stress-strain relationship 

( )H
jjiji C εεσ −=  (2) 

ijC  is the stiffness tensor with usual notation. Performing the same derivations as in [18] it is 

evident that the expressions for radial displacement, radial- and axial stress must be slightly 

modified, for more detail see the derivations in Appendix. Instead these expressions for the k-th 

phase are now given by 
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r  is the radius and 10ε  the strain in direction 1 (axial or longitudinal direction). kMΔ  is the 

moisture weight content in the k-th phase which is not known and has to be determined either 

experimentally or from moisture diffusion models. Here it will serve as an input data for the 

presented analysis. kA1  and kA2  are unknown constants yet to be solved and kα , kψ , kβ , kγ , kϕ ,

kg , kf  and kh  are functions of the k-th phase elastic constants given by Equations (A5, A8, A12) 

in Appendix. In Eq. (3-5) we also have 
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( ) ( ) ( )[ ]HH
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H CCCCCC
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( ) *
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For isotropic or transversely isotropic materials 0* =H . The displacement and stress expressions 

(3-5) have to satisfy continuity conditions on all interfaces, i.e. the solutions obtained for each 

phase separately must satisfy the following conditions: 

(i) Radial displacement must be zero on the symmetry axis 

( ) 001 ==rur  (9)  

(ii) Displacement and radial stress continuity conditions at all interfaces 

( ) ( )k
k
rk

k
r ruru 1+=      1,...,2,1 −= Nk   (10)  

( ) ( )k
k
rk

k
r rr 1+= σσ      1,...,2,1 −= Nk   (11)  

(iii) Zero radial stress at the outer boundary Nrr =  of the cylinder assembly 

( ) 0=N
N
r rσ  (12)  

The strain 10ε  in direction 1 is constant and its value must result in zero average stress in direction 

1 according to  

( ) 0d2

1
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Insertion of Equation (5) in (13) and integration yields 
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Some sub-cylinders in the assembly may be transverse isotropic or isotropic. For such sub-

cylinders (phases) 1=kα  and the second term in Equation (14) is zero. It is realized that the 

unknown constants kA1  and kA2  for Nk ,...,1=  can be determined by setting up and solving a 

system of linear algebraic equations using the displacement and stresses in Equations (3-5) in 

conjunction with the appropriate boundary conditions and interfacial continuity conditions in 

Equations (9-12). The problem is conveniently solved by using 10ε  as a numerical parameter. For 

every value of 10ε  the system of linear equations is solved and Equation (14) used to check 

whether zero average stress (with required accuracy) is obtained. When 10ε  is determined the 

hygroexpansion coefficients of the cylinder assembly may be calculated from 

( )
avgN

Nr

avg

avg
rH

T
avg

H
L Mr
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MM Δ

=
Δ

=
Δ

=
εβεβ 10  (15) 

The expression for radial displacement ru  is given by Equation (3). The average moisture content 

of the analyzed assembly avgMΔ  obeys the rule of mixtures 

k
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k

k
kavg VMM

ρ
ρ

Δ=Δ  (16) 

=
k

kkavg Vρρ  (17) 

where kρ  is the density and kV  the volume fraction of phase k.



8D

MODELING PROCEDURE AND RESULTS 

SELECTION OF MATERIAL PROPERTIES 

Modeling the elastic properties of a cell wall layer requires input of elastic properties for the three 

main wood polymers, cellulose, hemicellulose and lignin. However, assigning “true” elastic 

properties to these materials is unfortunately not a straightforward matter. Values on Young’s 

modulus for periodate lignin and hemicellulose (Xylan) at the dry state has been reported by 

Cousins [15,16] to be 6 GPa and 8 GPa respectively. The values are for isolated extracted material 

and the question is how representative this is compared to the in-situ material. In his studies 

Cousins also mention that there are three main problems with the extraction procedure: (i) 

possibility of changes in chemical structure, (ii) changes in physical structure and finally (iii) 

isolation of non-representative samples. Furthermore, the isolated samples were isotropic whereas 

there is evidence of alignment of the hemicellulose units along the cellulose microfibrils in wood 

fibers. By assuming transverse isotropy Cousins suggested that the longitudinal modulus of 

hemicellulose should be higher than 8 GPa and the transverse modulus lower than 8 GPa at the dry 

state. On the other hand, Salmén [12] pointed out that these values are probably overestimated 

since it is known that hemicellulose will crystallize when isolated. Based on measurements of 

amorphous hemicellulose (glucomannan) films he instead suggested a longitudinal modulus of 2 

GPa and a transverse modulus of 0.8 GPa. Clearly, the range of possible values assigned to 

hemicellulose is very broad. In the coming analysis hemicellulose was assumed to be transversely 

isotropic with longitudinal modulus 8 GPa and then following the work presented by Cave [17] the 

transverse modulus and Poisson’s ratio were calculated (estimated). According to Salmén [12] 

lignin also has a somewhat oriented structure along the cellulose microfibrils resulting in 

anisotropic behavior. The degree of anisotropy is not known however so in the following analysis 

lignin is assumed to be isotropic with modulus 6 GPa in dry state. The stiffness properties of both 

hemicellulose and lignin are moisture dependent. Perhaps the best way to present the stiffness 

moisture dependency is by plotting it against relative humidity (RH). This is because when 

hemicellulose and lignin are intimately mixed, as they are in the cell wall, they will experience the 

same RH [16]. Each component will then absorb water according to its sorptive capacity, Fig. 1. 

The stiffness variation for hemicellulose and lignin depending on RH is shown in Fig. 2. The 

assumption here is that the same relationship holds for longitudinal, transverse and shear modulus 

whilst Poisson’s ratio will stay unaffected by moisture.   
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Figure 1. Moisture content in hemicellulose and lignin depending on relative humidity based on values from 

Cousins [16]. 
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Figure 2. Stiffness variation for hemicellulose and lignin depending on relative humidity based on values 

from Cousins [16]. 

Most reported values of the longitudinal modulus for crystalline cellulose are in the range 130 - 

170 GPa. In the following analysis what is referred to as “medium” values in Perssons doctoral 

thesis [10] will be used. Although crystalline cellulose is believed to stay unaffected by moisture 

there are cellulose parts in the cell wall that are amorphous and will absorb water. Since no 

stiffness data on amorphous cellulose including its moisture dependence, and nor its swelling 

characteristics has been found in the literature the decision was made not to consider amorphous 

cellulose in the modeling procedure. Another approach could perhaps be to model amorphous 

cellulose as a part of hemicellulose assuming the same properties and swelling characteristics. The 
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elastic properties for all constituents are shown in Table 1. Obviously, the values presented in 

Table 1 may not be the “true” ones, but it is beyond the scope of this paper to elucidate the wood 

polymers intrinsic values. The values will therefore merely serve as input for a fictive fiber to 

illustrate the usefulness and possibilities of the developed model. The shear moduli presented in 

Table 1 are not needed in modeling of the microfibril UC hygroexpansion coefficients, but will be 

used in modeling of cell wall layer elastic properties. 

Table 1. Engineering constants of the wood polymers at dry condition used in this study. 

Phase Material 
behavior E1 (GPa) E2 (GPa) G12 (GPa) ν12 ν23

Cellulose Transversely 
isotropic 150 17.5 4.5 0.1 0.5 

Hemicellulose Transversely 
isotropic 8 3.4 1.2 0.33 0.43 

Lignin Isotropic 6   0.33  

MICROFIBRIL UNIT CELL 

The microfibril is the basic element in the cell wall and is being assumed to be of equal shape and 

size throughout each cell wall layer. A general agreement is that the structural arrangement of the 

wood polymers within the microfibril is a cellulose fibril embedded in a stress-transferring matrix 

of lignin and hemicelluloses. It is believed that the cellulose microfibrils in a typical softwood 

fiber are approximately square with lateral dimensions of 3-4 nm in cross section and aggregated 

into larger entities with dimensions ranging from 16 to 20 nm called cellulose microfibril 

aggregates [12]. Here the microfibril UC is modeled as a three layered CC-assembly with structure 

according to Fig. 3. Cellulose which is the center phase is surrounded by layers of hemicellulose 

and lignin. A consequence of using the CC-model is that the modeled UC will be transversely 

isotropic. It is emphasized that using a square UC would not generate a transversely isotropic 

material. The transverse shear modulus 23G of this material does not follow the well known 

)1(2/ 23223 ν+= EG  rule for isotropic materials. 
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Figure 3. The microfibril unit cell 

During the fiber extraction process there will be ultrastructural changes in the cell wall. These 

include for example reduction of the MFA, formation of pores within the hemicellulose-lignin 

matrix, loosening of the P and/or S1 layer and other cell wall damage like delamination of the S2 

layer [3]. In this example the assumption is that after fiber extraction the only remaining layers are 

the S1, S2 and S3 layers and no physical damage or chemical alteration has occurred. In 

accordance with the work by Persson [10] the microfibril UC will have the same properties in the 

S2 and S3 layer with 49% volume fraction of cellulose, 27% hemicellulose and 24% lignin in the 

dry condition. The S1 layer has 20% volume fraction of cellulose, 15% hemicellulose and 65% 

lignin. Using these values the cellulose content in the S1 layer is perhaps somewhat 

underestimated since Persson modeled the S1, P layer and middle lamella in the wood fiber as one 

unit with the above mentioned volume fractions as assumed average, and it is known that the 

cellulose content in the P layer and middle lamella is lower. The elastic properties of the wood 

polymers in dry condition are given in Table 1. The hygroexpansion coefficients of the 

constituents are 

===
333.0
333.0
333.0

5.0
5.0

0

0
0
0

LHCC βββ  (18) 

Index C, HC and L are for cellulose, hemicellulose and lignin respectively. The values in (18) are 

based on assumptions made by Cave [17]. Cellulose was believed to stay unaffected by moisture 

and the swelling in longitudinal direction for hemicellulose was considered to be insignificant 

whereby this value was set to zero. Lignin was considered isotropic and thus has equal swelling 

Cellulose
Hemicellulose 

Lignin
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characteristics in all directions. The moisture content (MC) in hemicellulose and lignin depending 

on RH was determined from Fig. 1 by fitting of Cousins values to polynomial functions. The 

average moisture content in the UC was then calculated using Equation (16) in which the densities 

were taken from [7] as cellulose 1.55, hemicellulose 1.49 and lignin 1.40 g/cm3. The stiffness 

dependence of hemicellulose and lignin on RH shown in Fig. 2 was also determined by fitting of 

polynomial functions. Following the procedure which was outlined in the theory part the 

longitudinal and transverse hygroexpansion coefficients were calculated according to Equation 

(15). The result is shown in Table 2 for the microfibril UC in the S1 layer and in Table 3 for the S2 

and S3 layers. New volume fractions due to swelling may also be determined when the 

displacements of interfaces are calculated via Equation (3). It is emphasized that the presented 

results for different RH shown in Table 2 and 3 are always calculated in relation to the zero RH 

state. In other words, the result for 40 % RH reflects a change from zero to 40% RH and so on. 

Table 2. Change in volume fractions and hygroexpansion coefficients for the microfibril UC in the S1 layer. 

Volume fraction (%) Hygroexpansion 
coefficientsRH

(%)
Cellulose Hemicellulose Lignin β1 β2

0 20 15 65 - - 
20 19.29 15.42 65.29 0.05043 0.4347 
40 18.92 15.61 65.47 0.03913 0.4357 
60 18.63 15.98 65.39 0.02933 0.4366 
80 18.16 16.56 65.28 0.02287 0.4377 
90 17.63 17.23 65.14 0.02024 0.4382 

It is recognized that the longitudinal hygroexpansion coefficient for the microfibril UC in the S1 

layer is 40% lower in the case of 90% RH compared to the 20% RH case. The transverse 

hygroexpansion coefficient is rather stabile around 0.43-0.44 for all RH. 

Table 3. Change in volume fractions and hygroexpansion coefficients for the microfibril UC in S2 and S3. 

Volume fraction (%) Hygroexpansion 
coefficientsRH

(%)
Cellulose Hemicellulose Lignin β1 β2

0 49 27 24 - - 
20 47.73 27.95 24.32 0.01445 0.4435 
40 47.07 28.43 24.50 0.01104 0.4399 
60 46.42 29.11 24.47 0.007550 0.4368 
80 45.33 30.21 24.46 0.005260 0.4364 
90 44.04 31.55 24.41 0.004182 0.4417 
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The longitudinal hygroexpansion coefficient for the S2 and S3 layers microfibril UC is decreased 

71% when the RH is 90% compared to the 20% RH case while the transverse hygroexpansion 

coefficient is once again rather stabile around 0.44. The drastic change in longitudinal 

hygroexpansion coefficient is caused by loss of mechanical properties for hemicellulose and lignin 

at high RH.  

The longitudinal hygroexpansion coefficients in Table 2 and 3 may also be compared to the 

simpler rule of mixtures (ROM) for longitudinal hygroexpansion given by 

( )LLHCHCCCav

LLL
L

HCHCHC
HC

CCC
C

VEVEVEM
VEMVEMVEM

++Δ
Δ+Δ+Δ

= 111
1

ββββ  (19) 

In this case only one term will remain in the numerator since 011 == HCC ββ . Although ROM may 

have many practical applications it has been checked that it cannot be used for the S2 and S3 

layers with satisfying result. The contribution to the longitudinal hygroexpansion coefficient via 

the transverse hygroexpansion is too large to neglect. This is mainly related to the properties of 

hemicellulose due to its higher MC and higher transverse hygroexpansion than lignin. For the S2 

and S3 layers the CC-model renders a value on 1β  which is roughly 30% higher than what is 

obtained with ROM with exception at 90% RH where this difference is reduced to about 11%. The 

reason for this behavior is the very low stiffness of hemicellulose at this high RH. For the S1 layer 

this difference is acceptable 6-7% due to less amount of hemicellulose. At 90% RH the difference 

is reduced even further to only 2%. 

The stiffness properties of the microfibril UC in the various layers for 80% RH have been 

calculated using the CC-model previously presented in [18] and are shown in Table 4. Noteworthy 

is that transverse properties are rather similar for the microfibril UC in all layers.  

Table 4. Stiffness properties of the microfibril UC in the cell wall layers for 80% RH 

Layers E1 (GPa) E2 (GPa) G12 (GPa) G23 (GPa) ν12 ν23

S2 and S3 69.35 2.883 0.988 1.008 0.218 0.430 
S1 29.58 2.948 1.012 1.015 0.288 0.452 
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CELL WALL PROPERTIES

The MFA in S1 is assumed -80° and constituting 10% of the cell wall thickness, S2 MFA is +20°

with cell wall thickness fraction 85% and S3 MFA is -45° with cell wall thickness fraction 5%. 

The hygroelastic properties of each layer in a global z-r-ϕ coordinate system are obtained by 

transformation of the microfibril UC properties using the corresponding MFA. The fiber helical 

structure leads to an extension-twist coupling and thus a free fiber will rotate upon loading in 

longitudinal fiber axis direction. Within the composite the fiber rotation will be restricted however. 

Therefore, to calculate the in-situ properties in the composite the decision was to allow no rotation 

of the fiber. Furthermore, due to cylindrical symmetry no bending of the fiber is expected. Because 

of these two restrictions the unidirectional layer properties are equivalent to the properties of a 

balanced and symmetric angle-ply laminate. Obviously, eliminating the restrictions and allowing 

fiber rotation would make the composite assembly more compliant, thus the hygroelastic 

properties presented in this study must be regarded as in-situ hygroelastic properties. Keeping this 

in mind, the hygroelastic properties for all layers were calculated using the 3D-formulation of CLT 

and are given in Table 5. In the used notation the z-coordinate is in the fiber axis direction. The 

values are at 80% RH which would correspond to a moisture content of 9.3% in the S2 and S3 

layers and 11.5% in the S1 layer under the assumption that cellulose is completely unaffected by 

moisture. 

Table 5. Hygroelastic layer properties in a global z-r-ϕ coordinate system at 80% RH. Stiffness in GPa. 

Ez Er Eϕ Gzr Gzϕ Grϕ νzr νzϕ νrϕ βz βr βϕ

S1 2.896 2.971 27.32 1.015 1.803 1.012 0.438 0.0583 0.0183 0.432 0.445 0.0125 

S2 39.46 2.985 2.696 0.990 7.931 1.006 -0.520 2.023 0.413 -0.043 0.471 0.405 

S3 3.750 3.461 3.750 0.998 17.79 0.998 0.0379 0.898 0.0350 0.0259 0.607 0.0259 

The result reveals some interesting information about the S2 layer in this case. The in-plane 

Poisson’s ratio ϕν z  is very high. This is a consequence of the particular lay-up chosen as a 

balanced and symmetric laminate and the very high anisotropy ratio between longitudinal and 

transverse direction in the microfibril UC. The S2 layer modeled as a single ply with MFA +20°

would give 58.0=ϕν z  instead. The Poisson’s ratio relating axial and radial deformation zrν  is 

negative. This implies that the S2 layer would actually expand in radial direction upon tensile 

loading in axial direction. Even though the values in Table 5 are in-situ properties it is clear that 

there is a mismatch in Poisson’s ratios mainly between the S1 and S2 layers. 
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The hygroexpansion coefficients in a wood fiber are strongly dependent on the MFA in the S2 

layer. Therefore, hygroexpansion coefficients for a wood fiber at 80% RH as function of 

microfibril angle in the S2 layer were calculated using the CC-model. The lumen volume fraction 

was 36% and each layer was explicitly included in the analysis. Since the cylinder assembly is 

transversely isotropic two hygroexpansion coefficients, longitudinal and transverse, are defined. 

Fig. 4 show the results of the simulation. The results may be compared with an alternative 

calculation routine also shown in Fig. 4, where first the homogenization over all cell wall layers is 

performed (the cell wall layers were lumped together using 3-D laminate theory) and then the cell 

wall is modeled as a single layer in the CC-model. This routine should be considered as less 

accurate.
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Figure 4. Hygroexpansion coefficients for a wood fiber at 80% RH depending on microfibril angle in the S2 

layer calculated using the CC-model. The results are for layered cell wall (solid line) and homogenized  

cell wall (dashed line). 

The longitudinal hygroexpansion coefficient Lβ  is slightly positive for zero MFA and then 

decreases to a minimum around 30° in which its value is slightly negative. Lβ  then increases 

abruptly for MFA higher than 40°. Experimental results on wood also support this phenomenon 

[8]. Fig. 4 shows that the transverse hygroexpansion coefficient Tβ  decreases with increasing 

MFA which is reasonable since Lβ  and Tβ  must be inversely related. The use of homogenized 

cell wall in the CC-model instead of layered structure gives  close results for both Lβ  and Tβ   for 

MFA lower than 30° . A greater difference is observed for higher MFA. The homogenized cell 
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wall solution then gives lower values of Lβ  in the whole range of MFA, but the curve basically 

follows the same shape as Lβ  for the layered structure. Tβ  shows the opposite behavior to Lβ  in 

the range 30-60 degrees. The practical implication of this finding is that homogenization of the cell 

wall using laminate theory may indeed serve as a valuable tool to model normal wood. For higher 

MFA wood, i.e. compression wood, the homogenization procedure becomes questionable.  

Since in this particular case with 36% lumen volume fraction it was shown that the 

homogenization over cell wall gives a good representation of the cell wall properties the decision 

was made to use 3D-laminate theory in a small parametric study of the cell wall hygroexpansion 

coefficients dependence on (i) cellulose stiffness properties, (ii) hemicellulose hygroexpansion 

coefficients. As mentioned earlier, the anisotropy ratio between longitudinal and transverse 

direction in the microfibril UC is very high. It may therefore be interesting to investigate a new set 

of elastic cellulose properties with less anisotropy ratio and see how that would influence the cell 

wall hygroexpansion coefficients depending on MFA in S2 layer. Salmén [12] suggested 

134=LE  GPa and 2.27=TE  GPa as probable values for crystalline cellulose. With these new 

engineering constants for cellulose the hygroexpansion coefficients of the cell wall were calculated 

and compared to the old ones as shown in Fig. 5. The result was that the change in cellulose elastic 

properties had very little effect on the hygroexpansion of the cell wall. The tangential 

hygroexpansion coefficient TAβ  became slightly higher for MFA lower than 45° and the inverse 

relationship holds for Lβ . The radial hygroexpansion coefficient Rβ  was slightly lower for the 

whole range of MFA. The reason is that the transverse microfibril UC properties are mainly 

governed by hemicellulose and lignin properties. It can be mentioned that although the transverse 

modulus of cellulose was increased by more than 55% using the new set of elastic properties the 

microfibril UC transverse modulus only increased about 1% for the S1 layer and 4% for the S2 and 

S3 layers.  
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Figure 5. Hygroexpansion coefficients depending on microfibril angle in the S2 layer at 80% RH using 3D-

laminate theory. Arrows indicate the change in coefficients when new cellulose elastic properties are used 

(dashed lines). 

In next example the hemicellulose hygroexpansion coefficients were increased to perhaps an 

extreme scenario by 0.5 in all directions, i.e. [ ]115.0=HCβ . The result is shown in Fig. 6. Rβ

was heavily affected by this change in hygroexpansion and showed about the same increase for all 

MFA. This was also expected since Rβ  should be almost independent on MFA. TAβ  and Lβ

behaved similar to the previous case, but the change was more pronounced. 
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Figure 6. Hygroexpansion coefficients depending on microfibril angle in the S2 layer at 80% RH using 3D-

laminate theory. Arrows indicate the change in coefficients when new hygroexpansion coefficients for 

hemicellulose are used (dashed lines). 
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COMPOSITE PROPERTIES 

As a last example the hygroexpansion coefficients of an aligned softwood fiber composite with 

varying fiber content were calculated using the CC-model. Lumen occupies 36% of the fiber 

volume and it may be empty or filled with resin. No homogenization over the layers of the cell 

wall was performed, i.e. each layer was individually included in the analysis as a cylinder. The 

layer properties are shown in Table 5. The resin was taken as a typical isotropic thermoset with 

assumed elastic properties 0.3=E  GPa and 35.0=ν , density 3.1=ρ  g/cm3, hygroexpansion 

coefficient 7.0=β  and moisture content 02.0=ΔM  at 80% RH. Fig. 7 shows the result of the 

simulation, the composite hygroexpansion coefficients at 80% RH as a function of fiber volume 

fraction. There is a clear difference in transverse hygroexpansion in the case of filled or empty 

lumen. If the lumen is empty the fiber wall which swells more will tend to expand more in 

direction towards the center of the fiber and the radial pressure to the resin will be smaller. In the 

case of longitudinal hygroexpansion the results for empty lumen was just slightly higher than for 

filled lumen. Therefore, the lines shown in Fig. 7 are almost coinciding. 
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Figure 7. Hygroexpansion coefficients at 80% RH depending on fiber volume fraction in the composite for 

filled lumen (solid line) and empty lumen (dashed line). 

An Aligned fiber composite as a transversally isotropic material has only two expansion 

coefficients, longitudinal and transverse. In contrast, a free fiber and also a cell wall with a helical 

structure has three hygroexpansion coefficients [5,14]. The in-situ behavior of fibers in a 

composite can be considered as that of a transversally isotropic material. The calculation of UD 

composite hygroexpansion coefficients is a final step in the chain of models used in parametric 
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analysis. These models contribute to the understanding of the significance of different material- 

and geometrical parameters in composite macro-properties. 

Our wish is to use multiscale modeling in back-calculation of fiber properties from macroscopic 

tests on wood fiber composites as follows. From the fiber orientation distribution of the composite 

and laminate analogy the UD properties of a ply can be calculated. This ply will be transversely 

isotropic and thus described by only two hygroexpansion coefficients and corresponding number 

of elastic constants. They and the information regarding the moisture contents and geometrical 

parameters will be used to calculate the cell wall properties. If necessary, the back-calculation can 

be continued even to smaller scale determining microfibril angles, chemical constituent properties 

etc.

CONCLUSIONS 
An analytical concentric cylinder model valid for orthotropic phase materials and for an arbitrary 

number of phases was developed previously by the authors. In this paper the same model has been 

used and extended to include free hygroexpansion. The hygroelastic properties on three length 

scales have been modeled for a wood fiber composite: microfibril properties, fiber cell wall 

properties and finally the properties of an aligned wood fiber composite. Using properties 

available from literature on the three main wood polymers, cellulose, hemicellulose and lignin it 

was found that the longitudinal hygroexpansion coefficient for the microfibril unit cell was 

decreasing with increasing relative humidity. The transverse hygroexpansion coefficient was quite 

stabile at 0.43-0.44 in the whole range of investigated relative humidity. The cell wall was 

modeled regarding each individual layer as a symmetric angle-ply laminate to reflect the fact that 

the fiber will be restricted from bending and rotation within the composite. The hygroelastic cell 

wall properties presented herein must therefore be regarded as in situ properties and not be 

compared to the properties of a free unrestricted fiber. The cell wall longitudinal hygroexpansion 

coefficient was determined depending on microfibril angle in the S2 layer at 80% relative 

humidity and was found to correlate rather well with experimental values on wood. The transverse 

hygroexpansion coefficient cannot be directly compared to experimental values on wood pieces 

because of the different structural arrangement in wood. However, it could be seen that the 

transverse hygroexpansion coefficient depending on microfibril angle in the S2 layer had the 

correct functional form and was indeed inversely related to the longitudinal hygroexpansion 

coefficient as expected. The homogenization procedure performed on the cell wall lumping the S1, 

S2 and S3 layers into one single layer in the concentric cylinder assembly was found not to 
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influence the results significantly for microfibril angles lower than 30 degrees in the particular 

case with 36% lumen volume fraction. The practical implication of this finding is that laminate 

theory may indeed serve as a valuable tool in homogenization of the cell wall in a multiscale 

analysis of normal wood. The 3D-formulation of laminate analysis and the concentric cylinder 

model were used to investigate the influence of different cellulose and hemicellulose properties on 

the hygroexpansion of the cell wall. Slightly lower (1-4%) radial hygroexpansion coefficient was 

seen upon a 55% increase in cellulose transverse modulus. When hemicellulose hygroexpansion 

coefficients were increased by 0.5 in all directions the most profound effect was seen in the radial 

direction. The longitudinal hygroexpansion coefficient was mainly affected for microfibril angles 

higher than 45 degrees and the tangential hygroexpansion coefficient for microfibril angles lower 

than 45 degrees. Finally the hygroexpansion coefficients of an aligned softwood fiber composite 

with varying fiber content were calculated. If the lumen was empty or resin filled had profound 

effect on transverse hygroexpansion. In terms of longitudinal hygroexpansion the filled or empty 

lumen case showed no significant difference. 
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APPENDIX 

Considering an axi-symmetric problem in a particular case of loading when all shear stress 

components are equal to zero, the only non-trivial equilibrium equation is 

0=
−

+
∂

∂
rr

rr θσσσ
 (A1)  

The strain relationship to radial displacement ru  is given by (A2).  
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r
u

r
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The constant strain in direction 1 is denoted by 10.  We may express stresses through strains in 

Equation (A1) using Equation (A3)  
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and then by use of (A2) obtain the following field equation 
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In Equation (A4) 
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The general solution of Equation (A4) can be written as 
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For isotropic or transversely isotropic materials 0=α ,  = 0 and 0=H . For phases with “in-

plane” orientation of reinforcement (in the 1, -plane) usually  > 1. Expressions for strains 

calculated according to Equation (A2) are 
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For isotropic or transversely isotropic materials 0* =H . Introducing new constants 
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the stresses according to Equation (A3) are 
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MODELING THE EFFECT OF HELICAL FIBER STRUCTURE ON 

WOOD FIBER COMPOSITE ELASTIC PROPERTIES 

Erik Marklund1, Janis Varna*1

1 Lulea University of Technology, Dept. Appl. Physics and Mech. Eng., SE-97187 Lulea, Sweden 

ABSTRACT: The effect of the helical wood fiber structure on in-plane composite properties has 

been analyzed. The used analytical concentric cylinder model is valid for an arbitrary number of 

phases with monoclinic material properties in a global coordinate system. Using cell wall layer 

properties from an earlier study the wood fiber was modeled as a three concentric cylinder 

assembly with lumen in the middle followed by the S3, S2 and S1 layers. Due to its helical 

structure the fiber tends to rotate upon loading in axial direction. In most studies on the mechanical 

behavior of wood fiber composites this extension-twist coupling is overlooked since it is assumed 

that the fiber will be restricted from rotation within the composite. Therefore, two extreme cases 

both modeling fiber and modeling composite were examined: (i) free rotation and (ii) no rotation 

of the cylinder assembly. It was found that longitudinal fiber modulus depending on the 

microfibril angle in S2 layer is very sensitive with respect to restrictions for fiber rotation. In-plane 

Poisson’s ratio was also shown to be greatly influenced. The results were compared to a model 

representing the fiber by its cell wall and using classical laminate theory to model the fiber. It was 

found that longitudinal fiber modulus correlates quite well with results obtained with the 

concentric cylinder model, whereas Poisson’s ratio gave unsatisfactory matching. Finally using 

typical thermoset resin properties the longitudinal modulus and Poisson’s ratio of an aligned 

softwood fiber composite with varying fiber content were calculated for various microfibril angles 

in the S2 layer. It was found that both longitudinal modulus and Poisson’s ratio shows nonlinear 

behavior with respect to fiber volume fraction in the free unconstrained case and linear behavior in 

the constrained case. 

KEYWORDS: composite, wood fiber, ultrastructure, microfibril angle, helical, cell wall, stiffness 
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INTRODUCTION
The growing concern for our environment and the newly found insight that crude oil is in fact a 

finite resource has led to an increased interest in developing renewable and recyclable materials. 

Cellulosic fiber reinforced polymers, such as flax and wood, have large potential as structural 

materials due to the high aspect ratio and high specific stiffness- and strength of the fibers [1, 2]. 

Apart from the positive environmental impact, wood fiber composites made from wood fiber mats 

manufactured from paper production are also interesting from an economical point of view.

Cellulosic fiber composites are extensively used already today in the automotive industry where 

the fiber acts mainly as filler material in non-structural interior panels. Cellulosic fiber composites 

for structural purposes do exist, but are limited in use due to some major drawbacks still associated 

with these materials. The fibers generally show lack of well defined mechanical properties and 

highly variable dimensions, shapes and low ability to adhere to non-polar matrix materials that has 

negative effect on efficient stress transfer. Another problem is the fibers dimensional stability 

under moist conditions. At present day many researchers are working to understand and improve 

the dimensional stability and fiber-matrix adhesion properties with the future goal to develop 

environmental friendly high performance composites [3, 4]. Parallel to these efforts there is a need 

for a broader knowledge-based understanding of mechanical performance of cellulosic fiber 

composites. Only then inverse modeling (back-calculation) will be able to supply reliable in-situ 

properties of the fiber reflecting the possibly negative effects of fiber extraction and 

manufacturing. The aim of this paper is therefore to further contribute to the understanding of the 

role of the helical structure of wood fibers on the elastic properties of wood fiber composites. 

The typical softwood fiber (Norway spruce) is 1-4 mm in length and 20-40 μm in width [5]. The 

softwood fiber cell, or in this case the tracheid, consists of several layers surrounding an empty 

cavity in the middle, called lumen. The lumen is an important feature in the wood cell since it goes 

from being large for the earlywood fibers, when the tree requires an effective water transportation 

system, to being relatively small for the latewood fibers. From the center and out the first cell wall 

layer is the inner layer of the secondary wall (S3) followed by the middle layer of the secondary 

wall (S2) and then the outer layer of the secondary wall (S1). The outermost layer in the cell wall 

is the primary wall (P) which we will pay no further attention since it is assumed that this layer is 

removed during the fiber extraction process. At an ultrastructural level the layered structure 

resembles that of a fiber reinforced composite with cellulose microfibrils acting as reinforcing 

elements embedded in a stress-transferring lignin and hemicellulose matrix [5]. The most 
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important ultrastructural feature that governs the fiber properties is the microfibril angle (MFA) 

which according to definition is the angular deviation of the microfibrils from longitudinal fiber 

axis. The MFA in the S2 layer is the key parameter since this layer constitutes about 70-90 % in 

thickness of the cell wall with the lower range values mostly seen for earlywood fibers and the 

higher range values for latewood fibers.  

Depending on the fiber extraction process various types of fiber damage and ultrastructural 

changes may occur [6, 7]. Furthermore, depending on composite manufacturing process the fibers 

will most likely be even further damaged and shortened [8]. Fiber length reduction is indeed an 

undesirable byproduct of the composite manufacturing process given the great importance of high 

fiber aspect ratio for efficient stress transfer over the fiber-matrix interface. Other variable fiber 

parameters of equal importance for efficient stress transfer are surface morphology (i.e. kinks, pits, 

cell wall thickness) and surface composition. The fibers cross-sectional shape is another variable 

parameter. Most of the latewood fibers are thick-walled boxlike whereas the thin-walled 

earlywood fibers have a more slender rectangular form. Using FEM it was shown that the 

composite macro-properties are rather insensitive with respect to the exact geometry of the cross 

section [9]. Keeping these very complex and variable wood fiber features in mind, the wood fiber 

in the following analysis will be modeled as an assembly of long coaxial cylinders with high 

aspect ratio. This means that the stress transfer zone extends only over a small part of the interface 

and perturbation effects at fiber ends may be neglected. It is furthermore assumed that the bonding 

between fiber and matrix is perfect and the fiber is free from irregularities and defects. In a 

composite the lumen may be empty or filled with resin. In case of empty lumen the center phase 

will be modeled as a material with negligible stiffness compared to the stiffness of the other phases 

in the cylinder assembly. In this way the same analytical expressions presented in this paper are 

valid for both empty lumen and filled lumen case. 

The helical orientation of the microfibrils in the cell wall layers implies that axial deformation is 

coupled with torsion. In previous studies made by the authors this twist-extension coupling was not 

accounted for [9, 10] and the question is how much it affects the modeled elastic properties of a 

unidirectional (UD) wood fiber composite. In [9] an analytical concentric cylinder (CC) model 

valid for orthotropic phase materials and for an arbitrary number of phases was developed and used 

to evaluate not only in-plane, but also transverse UD composite properties depending on fiber 

properties. In [10] the same CC-model was used and extended to include free hygroexpansion 

terms in the elastic stress-strain relationship. The cell wall layer properties were obtained modeling 
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them as balanced and symmetric angle-ply laminates using classical laminate theory (CLT) to 

exclude any twisting and bending of the fiber within the composite and then including them 

individually in the CC-model. The elasticity problem concerning multilayered cylindrical tubes 

with anisotropic material properties has been studied by several authors [11-16]. Lekhnitskii [11] 

developed the elasticity theory of materials with cylindrical anisotropy and presented the method of 

solution based on two stress functions. Analytical solutions for infinite tubes subjected to uniform 

radial pressure, axial force and torque were presented. Jolicoeur and Cardou [12] used this solution 

to describe the stress state in a concentric cylinder assembly model with monoclinic constituents. 

Realizing the difficulties in displacement determination from the stress functions, Tarn and Wang 

[15] presented for the same problem with z-independent stresses a different form of solution based 

on state space formalism. The advantage of this formalism is that the coefficient matrices in the 

differential equations are coordinate independent and all interface conditions in stresses and 

displacements are satisfied in a natural way. These solutions were used for each cylinder in the N-

concentric cylinder assembly. The procedure is very complex and not transparent, however it 

becomes efficient if the number of cylinders in the assembly is large. Neagu and Gamstedt [16] 

used the state space solution with moisture expansion terms to model the hygroexpansion of a 

typical softwood fiber. The wood fiber was modeled as an assembly of orthotropic coaxial hollow 

cylinders with helical structure. It was found that the model could capture experimentally 

determined hygroelastic behavior of wood fibers. Unfortunately the same moisture content for all 

constituents was assumed which is not exactly the case in a wood fiber where the constituents 

rather share the same relative humidity (RH).  

In this paper a straightforward and transparent exact solution for the above elasticity problem is 

presented. The objective of this paper is to study the effect of helical fiber structure on elastic 

properties of both fiber and UD composite. An analytical micromechanical CC-model suitable for 

parametric analysis will be presented and used to calculate longitudinal modulus and major 

Poisson’s ratio of the averaged transverse isotropic materials, i.e. fiber including lumen and 

composite. The CC-model is valid for an arbitrary number of phases (layers) with monoclinic 

material properties in a global coordinate system. In most studies on the mechanical behavior of 

wood fiber composites the extension-twist coupling induced by the helical fiber structure is 

overlooked since it is assumed that the fiber will be restricted from rotation within the composite. 

Therefore, in order to assess this coupling effect two extreme cases will be examined: (i) free 

rotation and (ii) no rotation of the cylinder assembly. The results for fiber will also be compared to 
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a case when classical laminate theory (CLT) is applied to obtain the cell wall properties used to 

model the fiber.  

THEORY
In reality a cell wall layer is an orthotropic material in its local system of coordinates. However, if 

the concentric cylinder assembly model [9, 10] is used to calculate its properties from the 

properties of the wood polymers cellulose, hemicellulose and lignin the cell wall layer is 

transversely isotropic in the local coordinate system. The theory presented here is valid for more 

general materials with orthotropic layer materials in their corresponding local coordinate systems. 

Notation and orientation of local and global axes is shown in Fig.1 The coordinate in the layer 

thickness direction (which is the radial direction with respect to the fiber) is denoted by r . This 

direction is the same in both coordinate systems and transformation from the local to the global 

system is by rotation around this axis by angle θ (negative in Fig. 1). 

Figure 1. Schematic drawing of a cylindrical cell wall layer in a) global view, b) detail of the layer showing 

the relationship between local (L,T,r) and global coordinates (z, ,r).

In the global system of coordinates the layer has only one symmetry plane, which is the (z, )-

plane. Since the stiffness matrix of the material has to be the same independently on the plus or 

minus orientation of r –axis the material has a monoclinic symmetry in these coordinates with the 

stress-strain relationship written as 
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Expressions to calculate the stiffness matrix are derived in Appendix C. Expressions for radial 

displacement and the relevant stresses and strains are given in Appendix B for one cylinder. The 

radial displacement for the k-th sub-cylinder (with index k) is  

2
2110210 raDrarArAu kkkkk kk +++= − εαα  (2) 

kA1  and kA2  are unknown constants yet to be solved. kα , ka1  and ka2  are functions of the k-th 

phase elastic constants given by equations (B3) and (B5) in Appendix B. 0ε  is the strain in          

z-direction and is coordinate independent, i.e. constz == 0εε . 1D  is related to the rotation of the 

cylinder assembly due to monoclinic material properties. Displacement and stress continuity 

conditions have to be satisfied at the interface between two sub-cylinders (layers) with indexes k

and 1+k   where krr =

( ) ( )k
k

k
k rvrv 1+= (3) 

( ) ( )k
k

k
k ruru 1+=  (4) 

( ) ( )k
k
rk

k
r rr 1+= σσ  (5) 

The expressions for displacements are given by (A7-A9) in Appendix A. Displacement w

continuity (in z-dir) is satisfied automatically due to constant 0ε  which is the same for all sub-

cylinders. The stress components zrr σσ ϕ ,  are zero everywhere and the corresponding interface 

conditions are satisfied automatically. From (A9) in Appendix A and interface condition (3) 

follows
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Similar conclusion follows regarding the kD2  constant in (A9) 
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Since 2D  does not enter any of the expressions for strains and stresses it can be assumed to be 

zero. There may be two condition types on the internal boundary 0rr =  dependent on the 

configuration: a) radial displacement ( ) 000 =u  if 00 =r  or b) ( ) 00 =rrσ  if 00 ≠r . Resin filled 

lumen would correspond to condition a) and empty lumen to condition b). However, in the 

following numerical analysis condition a) has been used in both cases. This is simply because the 

empty lumen case may be simulated with high accuracy anyway by introducing an artificial 

material there and assuming that the stiffness of this center phase is much less the stiffness of the 

other phase materials. In addition the center phase must be either isotropic or transverse isotropic. 

Condition a) then implies that 
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Condition (4) leads to the following relationships between constants to be determined 
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Condition (5) leads to 
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1β  and 2β  are given by equation (B13) in Appendix B. The external boundary of the N-cylinder 

assembly is free of radial tractions 
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It is realized that the unknown constants kA1  and kA2  for Nk ,...,1=  can be determined by setting 

up and solving a system of linear algebraic equations using Equations (8-11). If no rotation of the 

cylinder assembly is allowed then 01 =D  and the system of linear algebraic equations is readily 

solved using a constant 0ε . If the assembly is allowed to rotate freely then 1D  is unknown and 

must be determined from the requirement of zero average torque according to 
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Insertion of Equation (B12) in this expression and integration leads to following condition to be 

met 
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The 41−g  coefficients are given by equation (B16) in Appendix B. The problem is conveniently 

solved by using 1D  as a numerical parameter. For every value of 1D  the system of linear 

equations is solved and Equation (13) used to check whether zero average torque (with required 

accuracy) is obtained. The associated z-axis force can then be used to define the apparent elastic 

modulus of the assembly 
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Insertion of equation (B11) in (14) and integration gives 
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The 41−f  coefficients are given by equation (B15) in Appendix B. Some sub-cylinders in the 

assembly may be transverse isotropic or isotropic. For such phases the second term in equation 

(15) is zero. For the interest in the following analysis is also the axial Poisson’s ratio defined as 

( ) ( )2
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MODELING PROCEDURE AND RESULTS 

CELL WALL PROPERTIES AND MORPHOLOGY 

The wood polymers cellulose, hemicellulose and lignin are the building blocks in the microfibril 

unit which may be seen as the basic element in the softwood cell wall. There are still some 

uncertainties regarding the structural arrangement of the wood polymers within the microfibril. It 

is believed though that the cellulose fibrils, which are embedded in the stress-transferring matrix of 

lignin and hemicelluloses, are approximately square and aggregated into larger entities with 

dimensions ranging from 16 to 20 nm called cellulose microfibril aggregates [17]. Thus, in terms 

of multiscale modeling the cell wall layer properties should preferably be modeled using a square 

microfibril unit cell (UC). On the other hand it has been shown [9] that whether a square or a 

circular UC is used have no significant effect on the determined in-plane elastic properties. The 

out-of plane transverse and shear properties of the layer will be different though. In contrast to the 

circular UC the square one does not render a transversely isotropic material.  

In [10] the microfibril UC was modeled as a three layered CC-assembly with cellulose in the 

center surrounded by a layer of hemicellulose and then lignin taken as the outermost layer. 

Stiffness properties of the wood polymers were taken from literature. The result of that calculation 

is shown in Table 1 in which a local coordinate system with the 1-direction parallel to the 

microfibril longitudinal axis has been used. These layer stiffness properties were used also in the 

following analysis. The elastic properties of the microfibril UC in Table 1 were calculated for 80% 

RH at which the volume fraction of cellulose in the S2 and S3 layers were 45.3%, hemicellulose 

30.2% and lignin 24.5%. For the S1 layer the volume fraction of cellulose was 18.2%, 

hemicellulose 16.5% and lignin 65.3%. These volume fractions were calculated from the swelling 

of the microfibril UC due to moisture absorption based on Cousin’s experimental data for isolated 
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extracted hemicellulose and lignin [18, 19]. However, it is questionable whether the experimental 

data for the isolated material is representative for the in-situ material, and Cousins also mentioned 

problems with the extraction procedure in his studies. Nevertheless, under the assumption that 

cellulose is completely unaffected by moisture and that hemicellulose and lignin absorbs moisture 

according to Cousin’s experimental data, the moisture content in the layers were calculated to 

9.3% in the S2 and S3 layers and 11.5% in the S1 layer. 

Table 1. Layer stiffness properties in local coordinates. 

Layers E1 (GPa) E2 (GPa) G12 (GPa) G23 (GPa) ν12 ν23

S2 and S3 69.35 2.883 0.988 1.008 0.218 0.430 
S1 29.58 2.948 1.012 1.015 0.288 0.452 

The elastic properties of each layer in a global z-ϕ-r coordinate system were obtained by 

transformation of the microfibril UC properties from local to global coordinates by their 

corresponding MFA using expression (C8) in Appendix C. In the following example the 

assumption was that S1 constitutes 10% of the cell wall thickness and has an MFA of -80°. S3 has 

a cell wall thickness fraction of 5% and MFA -45°. The most important layer is S2 which was 

assumed to have a cell wall thickness fraction of 85% and for modeling purpose had varying MFA 

of 0-60°. It is emphasized that for normal softwood (Norway spruce) the S2 MFA is typically 10-

30° and that higher angles may be seen for compression wood.  

FIBER PROPERTIES 

The helical structure of the fibers means that extension is coupled with torsion and thus a free fiber 

upon loading in longitudinal fiber axis direction will deform axially and also rotate making the 

response more compliant than when the rotation is prohibited (for example by the testing device). 

Within the composite the fiber rotation will be restricted (but not zero) due to the surrounding 

matrix material and other fibers. Therefore, if composite models that does not account for the 

rotation are applied, the “apparent” stiffness properties of the fiber from the “restricted rotation” 

case have to be used. This motivates the decision to examine two extreme cases: (i) free fiber 

rotation and (ii) no fiber rotation using both the CC-model and CLT for a fiber with lumen volume 

fraction of 36 %. The procedure necessary to simulate these two cases was outlined in the theory 

part and Equation (15) may be used to determine the fiber modulus. In laminate theory the free 

rotation case is expressed through tension-shear coupling and obtained by modeling the fiber as a 

symmetric laminate and the no rotation case is equivalent to regarding the fiber as a balanced and 
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symmetric laminate. It is emphasized that volume fractions rather than thickness fractions of the 

layers should be the same in both models. Figure 2 shows the result for the longitudinal fiber 

modulus (including lumen) depending on MFA in the S2 layer. Since the lumen has no Poisson’s 

effect the rule of mixtures (ROM) may be applied to the results obtained using CLT modeling the 

fiber. 
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Figure 2. Longitudinal Young’s modulus for a wood fiber with lumen volume fraction of 36 % depending on 

MFA in the S2 layer using the concentric cylinder model (solid line) and CLT (dashed line). 

From Fig. 2 it is evident that the longitudinal fiber modulus is heavily influenced by changes of the 

MFA in the S2 layer. For MFA of 20-25° the modulus is almost four times higher in the case of no 

rotation than in free rotation. Laminate theory and CC-model results correlate rather well, but with 

the tendency of slightly higher values for laminate theory in both cases. The difference in results 

between the models can be related to the thickness of the fiber wall. It has been checked that they 

give almost perfectly matched results when the fiber cell wall is modeled as being very thin. This 

means that for example earlywood may very well be modeled using CLT instead of the more 

complex CC-model in terms of longitudinal modulus. The results shown in Fig. 2 are in 

accordance with simulated results by Neagu and Gamstedt [16] and experimentally determined 

results on wood by Cave [20] and on single wood fibers by Page et al. [21, 22]. Another elastic 

property of interest is the fiber axial Poisson’s ratio which was calculated according to Equation 

(16) for the CC-model. Using CLT the fiber Poisson’s ratio is equal to the in-plane Poisson’s ratio 

ϕν z of the laminate. For completeness a homogenization procedure lumping the S1, S2 and S3 

layers into one single layer using CLT and then inserted in the CC-model was also performed. 

Figure 3 shows the result of the simulation.  
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Figure 3. Major Poisson’s ratio depending on MFA in the S2 layer using the CC-model (solid line), CLT 

(dashed line) and using a homogenization procedure on the cell wall ( ).

The shape of the curves for CLT and the CC-model are similar even though numerically there is a 

large difference between them, especially for the no rotation case. The high Poisson’s ratio 

generated by CLT around 30° is a consequence of the particular lay-up as a balanced and 

symmetric angle-ply laminate with very high ratio between longitudinal and transverse ply 

stiffness as shown in Table 1 for S2. Somewhat surprisingly was that the homogenization 

procedure performed on the cell wall before application of the CC-model did not render values 

intermediate those of the CC-model and CLT simulation.  

The presented analytical model has so far been used to calculate engineering constants, but with 

the expressions (B9-B12) it is also possible to calculate the stress distributions over the cell wall, 

as shown in Fig. 4. Obviously, if one wish to perform failure analysis then stress transformation 

from global to local coordinates would be necessary. It is not straightforward to draw conclusions 

about the stress distributions seen in Fig. 4 since it was noted that they are extremely sensitive to 

not only changes in S2 MFA, but also the size of lumen. However, at least one general trend could 

be observed: the axial stress in the S2 layer is higher in the constrained case than in the 

unconstrained case. 
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Figure 4. The stress distributions in cell wall layers of a fiber with lumen volume fraction of 36% and 20°

MFA in S2 expressed in a global coordinate system. Free rotation (gray shaded line) and no rotation case 

(black line) when the fiber is subjected to %10 =ε .
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COMPOSITE PROPERTIES 

Longitudinal modulus and in-plane Poisson’s ratio of an aligned softwood fiber composite with 

varying fiber content were calculated using the CC-model for the same extreme cases as for the 

fiber: (i) free rotation and (ii) no rotation of the cylinder assembly. As in the previous example 

with the fiber all cell wall layers were individually included in the analysis and no homogenization 

over the layers of the cell wall was performed. In a composite this structure is surrounded by a 

resin cylinder. For a fiber volume fraction range of 20-60% four different MFAs in cases where 

the lumen was either empty or filled with resin were examined. The resin was taken as a typical 

isotropic thermoset with assumed elastic properties 0.3=E  GPa and 35.0=ν . Figure 5 shows 

the result of the simulation for longitudinal modulus. The reader is here reminded upon the fact 

that the fiber consists of both lumen and cell wall, and that the lumen constantly occupies 36% of 

the fiber volume. Thus an increase in fiber volume fraction in the composite also means that the 

lumen gets larger. It is important not to confuse the result shown in Fig. 5 with other cases in 

literature where volume fraction of fiber actually means volume fraction of the fiber cell wall.
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Figure 5. Longitudinal modulus depending on MFA in S2 and on fiber volume fraction. Composite with filled 

lumen (solid line) and empty lumen (dashed line) in case of a) free rotation and b) no rotation. 
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It can be seen that the free rotation case gives nonlinear dependence of longitudinal modulus on 

the fiber volume fraction. The reinforcing effect is reasonably high for low MFA, but when the 

MFA is increased the reinforcing effect rapidly declines and becomes very low. It may even be 

negative for high MFAs, especially if the lumen is empty. In no rotation case the reinforcing effect 

is notably higher due to the higher apparent stiffness of the fiber. There is also a linear relationship 

between modulus and volume fraction. The result for Poisson’s ratio is shown in Fig. 6.  
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Figure 6. Poisson’s ratio dependence on MFA in S2 and on fiber volume fraction. Composite with filled 

lumen (solid line) and empty lumen (dashed line) in case of a) free rotation and b) no rotation. 

Poisson’s ratio shows nonlinear behavior in the unconstrained case and close to linear behavior in 

the constrained (no rotation) case depending on fiber volume fraction. A common feature is that 

for empty lumen the Poisson’s ratio is higher. If the lumen is empty the radial constraint on the 

fiber wall is lower and it will tend to contract more easily in direction towards the center of the 

fiber. Consequently the radial pressure to the resin will be smaller.  
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The results shown in Fig. 5-6 are important since they show distinct differences between the two 

extreme cases. Macroscopic tests may be performed on wood fiber composites for various fiber 

contents and the UD composite properties can be back-calculated via a laminate analogy approach. 

If the back-calculated longitudinal modulus and in-plane Poisson’s ratio of this UD ply shows 

linear behavior with respect to fiber content then we know that the apparent fiber properties (which 

can be calculated) should resemble the ones found in no rotation cases. In turn it is then possible to 

link the apparent properties of the constrained no rotational fiber to the properties of the free 

unrestricted fiber. To illustrate the effect of MFA on composite properties in a similar fashion as 

shown in Fig. 2-3 a composite with fiber volume fraction of 50 % and lumen volume fraction of 

fiber 36 % was modeled using the CC-model. Figure 7 shows the longitudinal modulus and 

Poisson’s ratio from that simulation for empty and filled lumen case.  
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Figure 7. Longitudinal modulus a) and Poisson’s ratio b) for a wood fiber composite depending on MFA in 

the S2 layer using the CC-model for filled lumen (solid line) and empty lumen (dashed line). Fiber volume 

fraction is 50 % and lumen volume fraction of fiber 36 %. 
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The composite properties show similarities to the fiber properties as shown in Fig. 2-3. Clearly, the 

longitudinal modulus depends highly upon MFA in S2 layer when modeling normal wood fiber 

reinforced composites (MFA 10-30°). Poisson’s ratio is not only highly sensitive to whether it is 

restricted from rotation or not, but also whether or not the fiber has an empty lumen. 

CONCLUSIONS 
An analytical concentric cylinder model valid for orthotropic phase materials with helical structure 

and for an arbitrary number of phases has been presented. Using elastic properties of the cell wall 

layers calculated in a previous study the wood fiber was modeled as a set of four concentric 

cylinders with lumen as center phase with close-to-zero properties. The helical orientation of the 

microfibrils in the cell wall layers implies that axial fiber deformation is coupled with torsion, but 

in most theoretical studies on wood fibers and on wood fiber composites this twist-extension 

coupling is not accounted for. Therefore, in order to assess this coupling effect two extreme cases 

on both fiber and composite level were examined: (i) free rotation and (ii) no rotation of the 

cylinder assembly.  

It was found that longitudinal fiber modulus depending on the microfibril angle in S2 layer was 

heavily affected depending on restrictions to fiber rotation. The constrained fiber could show up to 

four times higher modulus compared to the unconstrained fiber. The fiber Poisson’s ratio was also 

shown to be greatly influenced. These results were also compared to cases when classical laminate 

theory was used to model the fiber neglecting the cylindrical geometry and considering it as a 

laminate. It was found that longitudinal fiber modulus correlates quite well with results obtained 

with the concentric cylinder model whereas Poisson’s ratio gives unsatisfactory results. Laminate 

theory rendered generally higher Poisson’s ratios than the concentric cylinder model, and 

especially so for the no rotation case. 

Finally using typical thermoset resin properties the longitudinal modulus and Poisson’s ratio of an 

aligned softwood fiber composite with varying fiber content were calculated for various 

microfibril angles in the S2 layer in cases where the lumen could be empty or filled with resin. The 

unidirectional composite was modeled as a set of five concentric cylinders with lumen as center 

phase (with close-to-zero properties for empty case and otherwise using resin properties for filled 

case). For the free rotation case it was shown that the reinforcing effect is reasonably high for low 
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MFA, but when the MFA is increased the reinforcing effect rapidly declines and becomes very 

low, and it may even be negative for high MFAs. Furthermore, it was found that both longitudinal 

modulus and Poisson’s ratio shows nonlinear behavior with respect to the fiber volume fraction in 

the unconstrained case and linear behavior in the constrained case. These findings may be 

important in later attempts to back-calculate fiber properties from macroscopic tests on wood fiber 

composites. 
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APPENDIX A

Strain –displacement relationships and stress equilibrium equations

The relationships between strain and displacement components in a cylindrical system of 

coordinates are 
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The expressions for displacements are 

zw 0ε=   (A7) 

( )ruu 0=   (A8) 

rDrzDv 21 +=   (A9) 
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In the following we consider loading cases where stress and strain components are z and ϕ

independent and the tangential tractions on the internal boundary 0rr =  and also on the external 

boundary Nrr =  of the sub-cylinder assembly are zero. The strain components then becomes 

0εε =z   (A10) 

dr
du

r
0=ε   (A11) 

( )
r

ru0=ϕε   (A12) 

0== zrr γγ ϕ   (A13) 

rDz 1=ϕγ   (A14) 

The fiber in the composite (and even without the composite) is considered as infinitely long which 

means that there are no end effects and hence physical characteristics like strains and stresses 

cannot depend on the z-coordinate. Under such condition the stress equilibrium equations are 
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The applied load in this study is independent on the ϕ -coordinate. Hence, we can expect that 

stresses will not have this dependence either since there is no prioritised direction and even if the 
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fiber is rotating, the response can not be ϕ -dependent. Under this assumption (A15)-(A17) turns 

into

0=
−
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rr ϕσσσ  (A18) 
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∂
rr
zrzr σσ  (A20) 

The conditions of zero tangential tractions on the internal boundary and on the external boundary 

of the sub-cylinder assembly give (in any sub-cylinder) 0≡≡ rzr ϕσσ .

APPENDIX B 

Solution for problem with r-dependent stress-strain state 

Using expressions for strain (A10), (A14) and the constitutive equation (1) the expression (A18) 

turns into 

( ) ( )[ ] ( ) ( ) 1362601312233322233323 211 DQQQQ
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d
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Substitute expressions (A11) and (A12) in (B1) 
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where  
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The general solution of equation (B2) is 

2
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For isotropic or transversely isotropic materials 021 == aa . Now strains may be calculated using 

(A11)-(A14) 
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rDz 1=ϕγ  (B8) 

Expressions for stresses can be obtained using the constitutive equation (1) 
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where  

33231 QQ αβ += , 33232 QQ αβ −= , ( ) 13323133 aQQQ ++=β , ( ) 23323364 2 aQQQ ++=β  (B13) 

23221 QQ αγ += , 23222 QQ αγ −= , ( ) 12322123 aQQQ ++=γ , ( ) 22322264 2 aQQQ ++=γ  (B14) 

13121 QQf α+= , 13122 QQf α−= , ( ) 11312113 aQQQf ++= , ( ) 21312164 2 aQQQf ++=  (B15) 

36261 QQg α+= , 36262 QQg α−= , ( ) 13626163 aQQQg ++= , ( ) 23626664 2 aQQQg ++=  (B16) 

APPENDIX C 

Stiffness transformation equations

The cell wall layer in the symmetry axes (L,T,r) is an unidirectional composite described as an 

orthotropic material with the stiffness matrix  
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The stiffness matrix of this material in the global (z,ϕ , r )-system is given by (1). The stress 

components in the global system can be expressed through stresses in the local (L,T, r )-system 

using the well known tensor transformation expressions with rotation around the r -axis

[ ] [ ] [ ] [ ]ασασ ϕ rTL
T

rz ,,,, =  (C2) 
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[ ] rz ,,ϕσ  and [ ] rTL ,,σ is the stress component matrix in the global and local coordinates respectively, 

[ ]α  is the matrix of orientation cosines with elements defined as 

( )kiik xx ,cos ′=α   i,k=1,2,3 (C3) 

where ix′ is the coordinate axis in the local system and kx is the axis in the global system. It can be 

shown that using notation θcos=m , θsin=n , see Fig.1 , we have the following expression 
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Using (C4) in (C2) we obtain the following transformation matrix in vector form 
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Stiffness transformation expressions relating material stiffness matrix in the global (z,ϕ , r )-

system with the stiffness in the local (L,T, r )-system can be obtained  using a formal chain of 

rearrangements 
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The strain transformation in the last step in (C7) is slightly different because we are transforming 

engineering and not tensorial strains. Since (C7) establishes a relationship between stresses and 

strains in the global system, the matrix product linking them is the stiffness matrix of the material 

in these coordinates 
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