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Abstract 

The Finite Element Method (FEM) has been applied widely in solving many 
engineering problems. The FEM is an approximate method, which makes use of 
a spatial discretization and a weighted residual formulation to arrive at a system 
of matrix equations. The most common weighted residual formulation employed 
is the Galerkin method, in which the applied shape functions and weight 
functions are identical. However, the Galerkin method performs poorly in 
certain areas, e.g. contact problems when quadratic elements are used. One 
possible explanation of the difficulties is that the resulting nodal reaction forces 
are unevenly distributed between mid-nodes and corner nodes. The piece-wise 
linear weight functions are especially developed to resolve this problem present 
in standard quadratic elements. 

The method of applying the piece-wise linear weight functions belongs to the 
Petrov-Galerkin method, which is the general name of the weighted residual 
methods that apply different shape functions and weight functions. The piece-
wise linear weight functions are at present applied to quadratic elements only, 
both in 2D and in 3D. These quadratic elements are divided into some 
subelements, which are 3-node triangles in the 2D case and 4-node tetrahedrons 
in the 3D case. The piece-wise linear weight function for a certain node in a 
element is linear in the subelements connecting to the node and is zero in all 
other subelements, from which the name piece-wise comes. The piece-wise 
linear weight functions guarantee C^-continuity both for inter-element variables 
and for intra-element variables and C7-continuity for intra-subelement variables. 
In derivation of the fmite element formulations an extra procedure to assemble 
contributions from each subelement is necessary. 

A new finite element family based on the piece-wise linear weight functions 
has been developed. It consists of 7 elements, four 2D elements: TRI6, 
QUAD8TC, QUAD8C and QUAD8D and three 3D elements: TETRAIO, 
TETRAl 1 and BRICK27. Detailed procedures on deriving the finite element 
formulations of these new elements are given in the appended papers. The 
stiffness matrices and mass matrices of these elements are unsymmetric due to 
application of different shape and weight functions. An unsymmetric solver and 
extra calculations are required. A large number of examples are presented in the 
appended papers demonstrating the applicability of these new finite elements. 

Keywords: piece-wise linear weight function, Petrov-Galerkin method, finite 
element method, contact problem 
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Sammanfattning 

Finita elementmetoden används i många beräkningar av ingenjörsproblem. 
Finita elementmetoden är en approximativ metod, som använder uppdelning i 
rymden och en lösningsansats för att nå ett ekvationssystem. Den mest kända 
lösningsansats som används är Galerkin's metoden, som utnyttjar identiska 
formfunktioner och viktfunktioner. Metoden fungerar inte för alla 
problemområden, som ti l l exempel i kontaktproblem om kvadratiska element 
utnyttjas. Anledningen t i l l svårigheterna är att det blir en felaktig fördelning av 
reaktionskrafter mellan hörnnoder och mittnoder. De styckvis linjära 
viktfunktionerna har utvecklats speciellt för att ge korrekta reaktionskrafter i 
kontaktproblem. 

Metoden som använder de styckvis linjära viktfunktionerna är medlem av 
Petrov-Galerkin metoden, som är det allmänna namnet for de viktade 
residualmetoderna som utnyttjar olika formfunktioner och viktfunktioner. Som 
formfunktioner används standardfunktionerna för kvadratiska element, både i 
2D och i 3D. De kvadratiska elementen delas in i subelement, som är 3-nodiga 
trianglar i 2D och 4-nodiga tetraedrar i 3D. I varje subelement används linjära 
standardfunktioner som viktfunktioner. För det globala elementet kommer 
viktfunktionen för en nod av ett element att vara skild från noll endast i de 
subelement som har anslutningar med noden och noll i de andra subelementen. 
Härav kommer namnet styckvis linjära. De styckvis linjära viktfunktionerna 
garanterar C°-kontinutitet för både intra-element variabler och inter-element 
variabler och C1 -kontinutitet för intra-subelement variabler. En extra procedur 
behövs för att samla bidragen från all subelementen vid härledning av finita 
element ekvationerna. 

En ny fmitelementfamilj, som baseras på de styckvis linjära viktfunktionerna, 
har utvecklats. I familjen ingår 7 element, fyra 2D element: TRI6, QUAD8TC, 
QUAD8C och QUAD8D och tre 3D element: TETRAIO, T E T R A l l och 
BRICK27. Härledningen av finitaelementekvationerna presenteras i detalj i 
bifogade uppsatser. En nackdel med metoden är att den ger osymmetrisk 
styvhetsmatris och massmatris, som behöver osymmetrisk lösare och därmed 
extrakostnad. Många exempel presenteras i bifogade uppsatser som visar 
tillämpligheten för de nya finita elementen. 
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1. Introduction 

1.1 Background 

B. G. Galerkin published his work on the approximate solution of differential 
equations in 1915 which was not considered to be of great importance at that 
time (Zienkiewicz et al. 2003). More recently Crandall (1956) noticed that the 
weighted residual methods can catch most approximation procedures. He gave 
definitions to different choices of weight functions and shape functions. He 
assigned the name Galerkin method to the procedure in which the weight 
functions and the shape functions are identical and other names to the 
procedures in which the weight functions differ from the shape functions, such 
as the collocation method, the subdomain method and the least squares method. 
Mikhlin (1964) invented the name Bubnov-Galerkin method to the procedure in 
which the weight functions and the shape functions are the same and the name 
Petrov-Galerkin method to all the other procedures. However, the Bubnov-
Galerkin method is commonly referred to as the Galerkin method, which wil l be 
adopted henceforth. The Petrov-Galerkin method contains a large class of 
approximation methods and has received a lot of attention recently, especially in 
the areas where the Galerkin method performs poorly. 

The finite element method is an approximative numerical approach for 
solving engineering problems which could be modelled by a set of differential 
equations. Therefore, approximations are required for the unknowns of the 
physical problems. The unknowns in continuum mechanics problems are 
primary displacements. The approximation of the displacement field a is 
expressed as 

where TV, are shape functions prescribed in terms of independent variables and u, 
are displacements at some special nodes. The set of differential equations is 
usually cast in an integral form through integration by parts, which raises 
possibility of spatial discretization. By this means, a general equation system 
can be obtained by summation of contributions from various subdomains, 
elements. The weighted residual method is one of the possible procedures to get 
an approximate solution. The Galerkin method, when applied to most continuum 
mechanics problems or heat conduction problems, leads to symmetric stiffness 
matrices. In this case, the Galerkin method can produce the 'best approximation'. 
That is, the difference between the finite element solution and the exact solution 
is minimized according to the energy norm (Zienkiewicz et al. 2003). For this 
reason, the Galerkin method is almost exclusively adopted in finite element 
analysis and is the basis of most finite element formulations for both linear and 
non-linear problems. 

(1) 
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However, in some particular areas it has been reported that finite elements 
based on the Galerkin method give distorted or unacceptable results. Improved 
results could be obtained by other procedures of the Petrov-Galerkin method or 
modified Galerkin method. Here are some examples. Brooks and Hughes (1982) 
have noticed that the Galerkin method wi l l produce spurious oscillations 
regardless of mesh refinement when convection dominated problems are 
concerned. The Streamline-Upwind/Petrov-Galerkin method, which they 
introduced as a remedy, modifies weight functions by adding extra terms to 
achieve the upwind effect. Hansbo (1989) applied this procedure successfully in 
self-adaptivity and different numerical aspects of compressible and 
incompressible flows. Samuelsson and Wiberg (1998) pointed out that a Petrov-
Galerkin method is mandatory in the flow problem in order to take the flow 
condition into account. Uchiyama (1999) has employed exponential weight 
functions when considering incompressible gas liquid flow. Rajendran and 
Liew (2003) and Ooi et al. (2004) pointed out in 2D and in 3D cases 
respectively, that the Galerkin method exhibits poor performance when a mesh 
is distorted. Modifications of the method, aimed to improve such solutions, have 
been proposed and new elements have been invented in their studies. 
Zienkiewicz et al. (2003) recommended the discontinuous Galerkin method for 
problems in which advection and diffusion terms are present. 

Contact problems are common in many engineering applications and a lot of 
progresses has been achieved during recent years (see e.g. Buczkowski and 
Kleiber (1997) for additional references). However, Jarzebowski and 
Maciejewski (1998) revealed that standard quadratic elements experience 
difficulties in many rather simple cases. One possible explanation of these 
problems is that the resulting nodal forces are unevenly distributed giving 
oscillating pressures, which depends on how the corresponding contact area is 
associated to each node. In extreme cases even tensile forces can appear whereas 
in reality contact pressures occur. In 2D problems, under a uniform distributed 
pressure load, the vertical reaction force at a mid-node is four times of that at 
corner node for standard 2D quadratic plain element, e.g., 6-node triangular 
element and 8/9-node quadrilateral element. In 3D problems when 10-node 
standard tetrahedral element is applied, it often occurs that some contact nodes 
have zero reaction forces while others have too high values. Mottershead et al. 
(1992) pointed out that a 20-node standard brick element produces negative 
nodal contact forces at the corner nodes when it is under a uniform pressure. In 
the general purpose finite element program ABAQUS (2003) this problem is 
also noticed and a 6-node triangular quadratic plain stress finite element 
CPS6M is invented giving smooth nodal contact force distributions. However, it 
is patented and no information is available about its design. 

Applying the linear elements, such as 3-node triangular elements, 4-node 
quadrilateral elements, 4-node tetrahedral elements and 8-node hexahedral 
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elements, in contact problems wil l not produce such problems. However, the 
higher order elements have certain advantages. First, in case of curvilinear 
coordinates, the higher order elements are often capable of more accurate 
representations than the linear elements and also give more faithful 
representations of element domains. Second, the higher order elements are based 
on domains having many generalized coordinates, so they provide higher 
accuracy in a coarse mesh than the linear elements. Third, the linear elements 
always lead to constantly-valued B-matrices, which gives constant strains and 
stresses over the domain of an element. The higher order elements are capable of 
calculating strains and stresses with higher accuracy. Fourth, the higher order 
elements have higher order of convergence than the linear elements. At the same 
time the higher order elements are generally more expensive than the linear 
elements. Thus, the cost-effectiveness of the various elements is often in dispute. 
Since many previous studies revealed that it is enough to apply quadratic 
elements to encounter difficulties in contact problems concerning reaction forces, 
only the quadratic elements are considered in this study. 

1.2 Aim of the study 

The aim of the study is to resolve the previously mentioned problems caused by 
the quadratic elements concerning contact problems. To achieve the aim, a new 
weighted residual method is developed. The basis of the weighted residual 
method is to apply piece-wise linear weight functions and the standard quadratic 
shape functions in setting up finite element formulations for quadratic elements. 
The method can be classified as one of the Petrov-Galerkin methods. A new 
quadratic element family based on the method is developed and the performance 
of the element family is examined. 

1.3 Disposition 

This thesis is divided in two parts: part I gives a general description of the study 
and part I I consists of four published or submitted papers which present the 
achievements of the study. 

Part I Introduction and descriptions 

In section 1 the background and the aim of the study are described. Section 2 
gives descriptions of the development of finite element procedures based on the 
piece-wise linear weight functions. The following section defines each member 
of the newly-established finite element family. Section 4 discusses achievements 
of each paper. Concluding remarks are given in section 5 and future work is 
suggested in section 6. 
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Part II Appended papers 

Paper I "Discussion on Application of Piece-Wise Linear Weight Functions in 
2D Contact Problems" by Marek Klisinski, Chouping Luo and Eligiusz Postek 
was published in Computer Assisted Mechanics and Engineering Sciences in 

2003, vol. 10, pp. 321-337. 

Paper I I "Application of Piece-Wise Linear Weight Functions for 2D 8-node 
Quadrilateral Element in Contact Problems" by Chouping Luo and Marek 
Klisinski was published in International Journal for Numerical Methods in 
Engineering in 2004, vol. 61(2), pp. 159-188. 

Paper I I I "Performance of 2D Finite Elements Based on the Piece-Wise Linear 
Weight Functions in Elasto-Plastic Problems" by Chouping Luo and Marek 
Klisinski was submitted for publication in Computer Assisted Mechanics and 
Engineering Sciences. 

Paper IV "Application o f Piece-Wise Linear Weight Functions in 3D Contact 
Problems" by Chouping Luo and Marek Klisinski was submitted for publication 
in International Journal for Numerical Methods in Engineering. 

2. Finite element procedures 

One of the most important applications of the finite element method is in 
continuum mechanics. Contact problem is a branch of continuum mechanics. 
This study is performed within the assumptions of small strains, which implies 
that the only part differentiating the elasticity and plasticity theories is the form 
of the constitutive relation. Since the differential equations of equilibrium hold 
irrespective of the constitutive relation, it becomes possible to derive the finite 
element formulations in a general way. Detailed and classified information on 
finite element procedures can be found in many references, for example, Cook 
(1989), Ottosen and Petersson (1992), Bathe (1996), Samuelsson and Wiberg 
(1998), Zienkiewicz and Taylor (2000). The standard finite element procedures 
wil l not be repeated here. This section concentrates on the differences caused by 
the introduction of the piece-wise linear weight functions. 

2.1 Finite element formulations 

The differential equations of equilibrium are given by 

V r o + b = 0 (2) 

where 
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and v is the strain-displacement differential operator matrix, a the stress field 
and b the body force vector. Applying the weighing procedure and performing 
an integration of Equation (2) by using the Green-Gauss theorem, the result 
becomes 

f f V v / o dQ - j V t dr - j\Tb dQ = 0 (4) 

in which Q and r refer to the elastic body's domain and boundary under the 

effect of external tractions t, and v is the weight vector which contains the 
virtual displacement and is arbitrary. This added step is universally accepted as a 
preliminary to the numerical solution, which lowers the order of the derivatives 
and includes boundary conditions as part of the resulting variational equations. 
Equation (4) is the weak form of the differential equations of equilibrium, 
Equation (2), and it is often referred to as the virtual work principle. The virtual 
strain vector is described as 

Se = Vv 

The weight vector v can be defined in accordance with 

v = W(5u 

(5) 

(6) 

in which W is a matrix containing the weight functions and du is the virtual 
nodal displacement vector. Although v may be interpreted as a displacement 
vector, v has nothing to do with the real displacements of the body. W is not 
necessarily equal to N , the matrix containing the shape functions. 

Although the virtual displacement needs not to be identical to the real 
displacement, it has to satisfy the completeness requirement and the 
compatibility requirement. Therefore, the weight functions, no matter what kind 
of functions are adopted, must fu l f i l l these conditions, which means that the 
weight functions must guarantee C°-continuify both for inter-element variables 
and for intra-element variables. It is not necessary for weight function to be 
quadratic to fu l f i l l these two compulsory requirements under a quadratic 
displacement field or for a quadratic element. However, the weak formulation 
involves the virtual strain vector, Se, which is the first derivative of the virtual 
displacement. Hence the virtual displacement must ensure at least C'-continuity 
over a defined domain, either the whole element or a part of the element, in 
which the first derivative of the weight function is continuous. The piece-wise 
linear weight functions are set up based on this suggestion. 
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It is not a new idea to apply piece-wise linear functions in the Finite Element 
Method. For example, Hughes (1987) has pointed out that the piece-wise linear 
finite element functions are the simplest and most widely used finite element 
functions for one-dimensional problems. Zienkiewicz and Taylor (2000) have 
proposed piece-wise constant shape functions to calculate a lumped mass matrix. 
However, it is a novel attempt to apply the piece-wise linear weight functions in 
the Finite Element Method and a new finite element family is established based 
on the application of the piece-wise linear weight functions. 

The first step to set up the piece-wise linear weight functions for a quadratic 
element, should be to divide the element into several simple and linear 
subelements over which the C -continuity of a weight function is ensured. The 
subelements are usually the simplest possible configurations, such as the 3-node 
triangle in a 2D case and the 4-node tetrahedron in a 3D case. For instance, a 6-
node triangular element can be divided into four 3-node triangular subelements 
and a 10-node tetrahedral element can be divided into eight 4-node tetrahedral 
subelements. On the other hand, the structure of these quadratic elements can be 
treated as super-elements, consisting of several linear subelements. The piece-
wise linear weight functions for a particular node, as indicated by the name, are 
linear in those subelements to which the node belongs and are zero in all other 
subelements. I f considered at the level of a subelement, the piece-wise linear 
weight functions are identical to the linear shape functions of the subelement. 
Therefore, Equation (6) can be modified on the element level as 

V * = A ( W T Ö V ) (7) 

where the symbol \ denotes the assembly procedure that assembles the 

contributions from each subelement, n is the number of subelements, is the 

weight function matrix for the i-th subelement and the superscript e denotes that 
the quantities pertain to the element level. The functions selected as weight 
functions for a finite element are arbitrary and need only to satisfy the condition 

J w; = i (8) 

for any point in the element. 

Inserting Equation (7) into the corresponding expression on the element level 
of Equation (4), one obtains 

A ( f(VWl

eöne)TaedQe - J ( W ; o u " ) r t W - J(W;<5u") rbWQ e) = 0 (9) 
1-1 Q . r Qe 

Removing the virtual displacement vector and expressing the element stress 
vector by the element real displacement vector 
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J 4( (B- e ) r DBVQ' , )u e - J ( W / ) T t V r e - JrW'fb'dQ") = O (10) 
/-) r , Q . 

where 

B ; = V W ; ( i i ) 

B ' ' = V N e (12) 

C F = D E E (13) 

E " = B V (14) 

and B,e is the strain-displacement matrix which consists of the derivatives of the 
piece-wise linear weight functions of the z-th subelement, W is the strain-
displacement matrix of the classical formulation, N" is the usual standard 

element shape function matrix and e" is the element strain vector. B,chas non
zero terms only in the columns corresponding to nodes of the i-th subelement. 

The standard finite element equation at the element level 

K f = u T (15) 

can be derived from Equation (10) with the definition of the following matrices 

K" = A ( J ( B ? ) r D B W Q e ) (16) 

t: - A ( f ( W ) T t e d n (i7) 

fb =A(f(WfVdQe) (18) 

r^if+f; (i9) 

where K" is the element stiffness matrix, f" is the element external load vector, 

fb

c is the element body load vector and V is the element load vector. In Equation, 

r c is the part of the total boundary which coincides with a boundary of the 

element. It is obvious that for many elements there wi l l be no contribution to f, e . 

The consistent element mass matrix Me can be derived in a similar manner 
leading to 

M e = \CW')TWpdQe) (20) 

in which p is the density of the material. It is obvious that the stiffness matrix 

and mass matrix derived by this method are unsymmetric. 
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2.2 Isoparametric finite element representation 

In the previous subsection, the element weight function matrix W and the 

element shape function matrix W are given in terms of the local coordinates f , rj 

and g. For the calculations of the element external load vector f,", the element 

body load vector f° and the element mass matrix M e , there is no problem 

because they can be expressed in the local variables via the relations 

x = x(£,n,g) 

y = y£,-n,s) (21) 

z = z(%,n,g) 

However, the evaluation of the element stiffness matrix K'' presents a challenge, 

because the E -matrix and the B''-matrix are obtained by differentiating the W -
matrix and the N c -matrix with respect to the global coordinates x, y and z. An 
extra mapping procedure from global domain to parent domain is needed. For 
the B e -matrix, descriptions of the transformation to the isoparametric form can 
be found in many references, e.g. Cook et al. (1989), Ottosen and Petersson 
(1992), Samuelsson and Wiberg (1998) and Zienkiewicz et al. (2000). The 

procedure to transform the B° -matrix, which is subelement-wise, is given in the 
following. 

As mentioned previously, from the point of view of a subelement, the piece-
wise linear weight functions are identical to the linear shape functions of the 
subelement. Therefore, it is possible to map any point in a subelement in the 
global domain to the corresponding point in the subelement in the parent domain 
by the weight functions. By the chain rule, we can write 

"aw;' ' dx dy dz ' aw;' 'aw;' 
a§ aS a? as dx dx 

aw; dx dy_ dz aw; - T aw; 
dn dr] dn dn dy • — O i < dy 

aw; dx dy_ dz aw; aw; 

dg dg dz dz 

(22) 

in which J, is the Jacobian matrix of weight functions for the i-th subelement. 

From Equation (22), the global derivative matrix of weight functions L, for the 
i-th subelement is 

L, 

aw;' 'aw;' 

dx as 
aw; 

dy 

aw; 
dr] 

aw; aw; 
dz dg 

(23) 
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The global coordinates of any point within a subelement can be defined by the 
nodes of the subelement through a linear interpolation procedure 

[x y z ]=w; 

m • m 

(24) 

in which m is the total number of element nodes. Notice that in W,1' only those 

nodes connecting with the subelement have non-zero values. The J, -matrix can 
be expressed in terms of global coordinates 

J, = 

^ öS ' 

^ dn ' 

^ dg ' 

dW, 

^ öS y> 

y ^ - y 
^ dg y> 

£ öS ' 

^ dn 1 

^dW, 

dg 

V 1 V 1  

^ dr] 

dW2 

as 

(25) 

L dg 

dn 
dW2 yd® 

1-

dWA 

öS 
dWm 

xi yi zi 
dn 

dWm [xm ym zm 

dg 

From Equation (25), L , can be calculated, which means that all the components 

of the matrix B / are determined. The Jacobian matrix J of shape functions and 
B £ are continuous over all the subelements within an element and can be derived 
by a similar means. Since the element stiffness matrix K" is established by 
assembling the contributions from all subelements and the volume outside a 
subelement has no contribution to the subelement, the volume differential dQ" 
in Equation (16) is expressed in local coordinates as 

dQ' = dQ' = dz\(ii)d£,dr]dg 

Therefore, the element stiffness matrix can be expressed as 

K" = Å( f f f ( B , e ) r D B ' det(J, )d£dndg) 
S il i 

I f the integrand in Equation (27) is denoted as 

(B?) rDB edet(J,) = 7r 

then 

(26) 

(27) 

(28) 

K" = A(jjjT;d§dr]dg) (29) 
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The use of isoparametric elements introduces the Jacobian matrix J and thus 
J*1 , which are functions of the local coordinates. This means that integrations to 
achieve FE equations become so complex that it is impossible to perform exact 
analytical integration. Therefore, it is necessary to perform integrations in an 
approximate means, i.e. numerical integration is required. Furthermore, 
numerical procedures for elasto-plastic analysis require stress states at some 
specified points to control i f plastic flow happens. Numerical integration points 
are the best choices for such points. Gauss quadrature is used almost exclusively 
within the isoparametric FE formulations. So it is also used in this study. 

The numerical integration is performed on the level of subelement. 
Subelement is in the form of 3-node triangle for 2D elements and in the form of 
4-node tetrahedron for 3D elements. There exist many Gauss quadrature rules in 
different orders for triangular and tetrahedral regions, see e.g. Cook et al. (1989), 
Zienkiewicz and Taylor (2000), etc. for more information. Since quadratic 
elements are under consideration in this study, quadratic quadrature is adopted. 
Therefore, quadrature with three Gauss points is applied to 2D subelements and 
quadrature with four Gauss points to 3D subelements. The numerical integration 
for the element stiffness matrix leads to 

K e = A ( 2 7 T ( S p , ^ K ) (3°) 

where q is the number of Gauss points, wp is the weighing factor and (£,p,np,g ) 

is the position of the Gauss point. 

3. The new finite element family 

The general object of this study is to create a finite element family based on the 
application of the piece-wise linear weight functions, both in 2D and in 3D, for 
overcoming the defect (as mentioned in the preceding text) of the standard 
quadratic elements with respect to contact problems. The finally created finite 
element family consists of four 2D elements and three 3D elements. A l l 
elements have been examined with respect to their linear elastic performance 
and the 2D elements have also been examined in eigenfrequency and elasto-
plastic problems. These elements are TRI6, QUAD8TC, QUAD8C, QUAD8D, 
BRICK27, TETRAIO and T E T R A l l . The right hand rule is applied in the 
ordering of element nodes. 

Plain stress and plain strain are two basic states for two-dimensional problems. 
The mathematical expressions of axisymmetric problems are very similar to 
those of plain stress and plain strain, which suggests that they should be treated 
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as two-dimensional. In the analysis, all three cases can generally be incorporated 
in a single program with an indicator indicating the type of state. In the general 
purpose finite element program ABAQUS (2003), different two-dimensional 
states have different corresponding elements. The 2D elements in the study are 
set up in such a way that they can perform all three types of analysis for two-
dimensional states with the right indicator defined. 

In most of literatures area coordinates are generally applied to triangular 
elements and volume coordinates to tetrahedral elements. However, in these new 
elements the concept of the subelements is introduced, which makes it 
impossible to apply area coordinates or volume coordinates at the same time to 
both weight functions and shape functions. Therefore, all of these new elements 
are set up in Cartesian coordinates. 

In the following are descriptions for each element. 

TRI6: 6-node triangular element. It consists of four subelements and is 
the simplest possible element based on the application of the 
piece-wise linear weight functions. 

QUAD8TC: 8-node quadrilateral element. It could be regarded as a 
superelement consisting of two TRI6 after condensing the D.O.F 
contributed by the ninth node. 

8-node quadrilateral element. It is derived from a 9-node 
quadrilateral element by condensing the D.O.F contributed by the 
ninth node through Condensing procedure. It consists of 8 
subelements. 

8-node quadrilateral element. It is derived through Direct 
procedure and has the same subdivision of the subelements as 
QUAD8C. 

10- node tetrahedral element. It consists of 8 subelements. 

11- node tetrahedral element. It is a novel element in the Finite 
Element Method and behaves symmetrically in the application of 
the piece-wise linear weight functions. It can also be utilized as a 
10-node tetrahedral element with condensing the D.O.F 
contributed by the eleventh node. It consists of 12 subelements. 

27-node hexahedral element. It adopts one of possible 
subdivisions of subelements which works well with the new 
weighted residual method and which is compatible in the 
assembling procedure. Altogether 48 subelements are included. 

QUAD8C: 

QUAD8D: 

TETRAIO: 

T E T R A l l : 

BRICK27: 
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4. Contributions 

In the following the contributions are rendered in the form of scientific 
publications. The planning and writing of the papers were carried out in 
collaboration with my co-authors. Luo developed the theory, derived finite 
element formulations and carried out the numerical calculations of selected 
examples in all papers. Some calculations have been performed by 
implementing user subroutines into the general purpose finite element program 
ABAQUS. The user subroutines, based on the piece-wise linear weight 
functions and written in Fortran 77, calculate the element stiffness and mass 
matrices, the right hand side force vector as well as the stresses and the strains at 
the integration points. One user subroutine stands for one element. The other 
calculations have been performed by programs written in MATLAB codes, in 
which the stick-slip frietional contact procedure (Runesson et al. 1993) has been 
adopted. 

Luo has also participated in some others projects during the period of the 
study. From November 2002 to April 2003 Luo performed numerical analysis of 
the dynamic properties of a lighthouse located in the Baltic sea, which is a part 
of EU project STRICE. Luo also analysed parametrically the strength of a 
bridge by using the FE method in Vägverkefs project "Evaluation of Load 
Bearing Capacity Using Refined Analysis Method, with specially considering on 
Freivorbau Bridges". The contributions to these projects have no connection to 
this thesis. Therefore, they are not included. 

4.1 6-node triangular element, Paper I 

In paper I a new method to establish 2D plain elements based on the piece-wise 
linear weight functions is proposed. Standard 2D quadratic plain elements based 
on Galerkin method often perform unsatisfactory in contact problems. The 
purpose of the proposed method is to remedy the drawback. The core of the 
method is to apply the quadratic shape functions together with the piece-wise 
linear weight functions. 

The piece-wise linear weight functions are created according to the following 
principles: 1) The weight function of a node is non-zero only over the adjoining 
subelements to the corresponding nodes; 2) The weight function of a node is 
linear over its non-zero domain; 3) The weight functions must be continuous 
over the elements; 4) The value of a weight functions is 1 at the corresponding 
node and 0 at all the other nodes. 

According to these principles the weight functions for a 6-node triangular 
element are derived and thereafter a new element TRI6 is established. A new 8-
node quadrilateral element QUAD8TC, which is regarded as a super-element 
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consisting of two TRI6, is also set up by applying static condensation in the 
linear static problem or by Guyan reduction in the dynamic problem to condense 
the D.O.F contributed by the ninth node. 

Some numerical examples are provided to demonstrate the performance of the 
method by comparing the results from the new elements and results from 
corresponding standard elements. 

4.2 8-node quadrilateral elements, Paper I I 

In paper I I the method initially proposed in the previous paper is further 
developed for 8-node quadrilateral element from the 6-node triangular element. 
Two new 8-node elements are created, QUAD8C and QUAD8D. 

Condensing procedure is used in creating QUAD8C, which originates from a 
9-node quadrilateral element. The D.O.F. contributed by the ninth node are 
condensed by the same means as in creating QUAD8TC. Direct procedure is 
used in creating QUAD8D, which means it originates directly from a 8-node 
quadrilateral element. QUAD8D has the same subdivision of the subelements as 
QUAD8C, though the ninth node does not exist. The piece-wise linear weight 
functions of QUAD8D are derived from those of a 9-node quadrilateral element 
by adding a quarter of the weight function of the ninth node to the four mid 
nodes and thereafter removing the ninth node. Therefore, in QUAD8C, some 
subelements, which is in the form of triangle, have four non-zero piece-wise 
linear weight functions. The virtual displacements within these subelements are 
interpolated by these four functions. For the weight functions of mid-nodes, they 
are non-zero even in some subelements to which they do not belong. From this 
point of view, QUAD8D is different from all other new elements. 

To check the convergence ratio, the Zienkiewicz-Zhu energy norm is applied 
and a new displacement norm is proposed in this paper. Interpretation of the 
calculated contact pressure is also discussed. 

Numerical examples considering contact problems and convergence ratio 
check are given. Compared for different methods, the results show good 
performance of the proposed method for, in the first place, 2D contact problems. 
It can also be concluded that the element derived by the condensing procedure 
QUAD8C gives better results than the element derived by direct procedure 
QUAD8D and can be recommended in 2D contact problems. 

4.3 Elasto-plastic performance of the new 2D elements, Paper III 

In paper I I I the elasto-plastic performance of the new 2D elements based on the 
piece-wise linear weight functions has been checked in three different plain 
problems, that is, plain stress, plain strain and axisymmetry. The examined new 
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elements are TRI6, QUAD8TC, QUAD8C and QUAD8D. The von Mises yield 
criterion is assumed in all examples. To concentrate on the treatment of material 
nonlinearities, small deformations are assumed and geometric nonlinearity is 
excluded from the study. 

The comparisons between the results from these new elements and analytical 
results or the results from corresponding standard elements suggests the 
applicability of these new elements in solving 2D elasto-plastic problems. The 
element QUAD8C proves again to have a superior performance to the other new 
2D elements. 

4.4 3D elements, Paper IV 

In paper IV the concept of the piece-wise linear weight functions, with its 
successful application in 2D elastic static contact problems, extends into the 3D 
case. Three 3D quadratic elements, BRICK27 (27-node hexahedral element), 
TETRAIO (10-node tetrahedral element) and T E T R A l l (11-node tetrahedral 
element), are developed based on the concept, which is characterized by the use 
of the piece-wise linear weight functions instead of those identical to the 
standard quadratic shape functions. The same principles as applied in deriving 
piece-wise linear weight functions in 2D cases are applied in the 3D case. These 
newly developed elements are designed to improve contact reactions when 
quadratic elements are involved in the calculation. 

There are many possible ways to define subelements of BRICK27 due to its 
complex configuration. Here one possibility is presented which works well with 
the new weighted residual method and is compatible in the assembling 
procedure. The 11-node tetrahedral element is novel in the Finite Element 
Method and is specially designed to eliminate the defect of unsymmetry found 
in TETRAIO. The extra degrees of freedom introduced by the 11 t h node can be 
condensed through static condensation for linear elastic problems and Guyan 
reduction for dynamic problems. In this way the condensed element could be 
utilized as a 10-node tetrahedral element without losing structural symmetry. 

The numerical results for the example problems reveal that the new elements 
have better performance than standard quadratic elements concerning contact 
problems. Furthermore, T E T R A l l proves to be superior to TETRAIO. The 
encouraging results of the present work suggest the applicability of the piece-
wise linear weight functions in the 3D case. 
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5. Concluding remarks 

The Galerkin method, as one of the weighted residual method, is almost 
exclusively adopted in the Finite Element Method. Standard finite elements are 
derived by the Galerkin method. However, due to the inherent property of the 
Galerkin method, the standard quadratic finite elements perform poorly 
concerning reaction forces in contact problems. The theory of the piece-wise 
linear weight functions, as a novel weighted residual method, is proposed and 
developed in the study with focus on contact problems. The core of the theory is 
to apply the standard quadratic shape functions as well as the piece-wise linear 
weight functions in setting up finite element equations of a specified quadratic 
finite element. 

A new element family based on the theory of the piece-wise linear weight 
functions has been established in the study. Detailed procedures are also 
presented. The element family consists of 7 elements, of which four are 2D 
elements (TRI6, QUAD8TC, QUAD8C and QUAD8D) and three are 3D 
elements (TETRA 10,TETRA 11 and BRICK27). A numbers of numerical 
examples show the applicability of these new elements. 

The main drawback of the application of the piece-wise linear weight 
functions is that unsymmetric stiffness matrices and mass matrices wi l l be set up 
in the procedures. Therefore, an unsymmetric solver is required and more 
calculating work is needed. The extra costs wi l l be well paid by the improved 
efficiency and accuracy of the results. 

6. Future work 

A l l new elements have alternative possibilities to subdivide the subelements 
than presented in the study. The element properties wil l be affected more or less 
by the subdivision of the subelements. A systematical study on how and to what 
extent the subdivisions wi l l influence the element properties, should be 
performed in future work. 

The dynamic properties of the new element family should be explored. Only 
eigenvalue problems of the new 2D elements have been studied. More dynamic 
examples should be studied in order to determine the dynamic properties of the 
new elements. 

Nonlinear analysis of the new elements needs further study. In most of the 
studied problems linear elastic material properties are assumed. Only material 
nonlinearities in 2D case have been studied. Although contact problems are 
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nonlinear, nonlinearity contains more than contact conditions. Material 
nonlinearities in 3D, geometrical nonlinearities and elasto-viscoplasticity are 
some areas that should be concerned. 

Applications in engineering can reflect the real value of the new elements. 
The preliminary theoretical work has been finished in this study. In the next step, 
the engineering applications of the new elements must be examined. Dynamic 
simulation of granular material flowing in a silo and running wheels wi l l prove 
interesting applications. 
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Standard higher order finite elements often perform unsatisfactory in contact problems. The major dif
ficulties are caused by uneven distribution of nodal forces resulting in oscillating contact pressures. The 
paper presents a new approach that eliminates this drawback. The weight functions are chosen in such 
a way that even distributions of nodal forces are obtained. I t is achieved by applying piece-wise linear 
functions. Two new 2D isoparametric quadratic elements are derived: 6-node triangle and 8-node quadri
lateral, and tested in many examples. The new elements have unsymmetric stiffness matrices, but the 
provided examples show their good performance in contact problems. 

1. I N T R O D U C T I O N 

Contact problems are common in many engineering applications and a lot of progress has been 
achieved during recent years (see e.g. [3] for additional references). However, it seems that standard 
higher order elements experience difficulties in many rather simple cases (see e.g. [5]). One possible 
explanation of these problems is that the resulting nodal forces are unevenly distributed giving 
oscillating pressures. In extreme cases can even tensile forces appear whereas in reality contact 
pressure occurs. In the general purpose finite element program ABAQUS the 6-node triangular 
finite element CPS6M gives smooth nodal force distributions, but it is patented and no information 
is available about its design [ l j . The present study follows the same line of reasoning and examines 
possibilities to obtain even pressure distributions by modification of weight functions. 

In solving a problem by applying FE method, the weight functions play an important role. They 
sometimes decide how good or accurate results will be achieved. The weight functions can be defined 
in different ways leading to diverse methods, such as the point collocation method, the subdomain 
collocation method, the least-squares method, or the Galerkin method, etc. (see e.g. [9]). Accuracy 
of each method depends severely on problems solved. The Galerkin method is most popular when 
solving elliptic equations and results in symmetric stiffness and mass matrices which leads to lower 
computational costs. However, other weight functions are also used when required. For example, 
exponential weight functions are employed when considering incompressible gas liquid flow in [10]. 
In this paper the major focus is on contact problems, either static or dynamic, by using quadratic 
elements. The standard elements constructed according to the Galerkin method result in uneven 
normal pressures and tangential shear stresses along the contact area. As shown in examples, it can 
be concluded that the values of contact forces at corner nodes are around half of those at midside 
nodes. 

In this paper a new weighted residual method for 2-D frietional contact problems is proposed. 
The starting point of this new method is to make use of piece-wise linear weight functions and 
quadratic shape functions to establish FE formulations. An obvious implication is that the stiffness 
and mass matrices will not be symmetric. Therefore, from the theoretical point of view the proposed 
formulation is more expensive than the Galerkin method. However, in many formulations considering 
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friction (see e.g. [3, 11]) the resulting matrices are unsymmetric anyway so in practice this drawback 
may not matter at all. In any case, if the results turn out to be more accurate, the extra consumed 
time will be well spent. 

Many examples will be presented further in the paper. The first one explains how the method 
works compared to the Galerkin method in a simple structure consisting of two elements. Several 
other examples show the performance and efficiency of the developed new method in 2-D contact 
problems. 

2. W E A K F O R M U L A T I O N 

For 2-D problems, the displacements, strains, stresses, tractions and body forces do not depend on 
z-coordinate. In this paper problems under plane stress, plane strain and axisymmetric conditions 
are considered. The basic differential equations of motion, including dynamic loads but without 
damping, can be written in matrix notation as 

V T s + pü + b = 0, 

where 
d_ 
dy 

d d 

(1) 

dx 

0 
dy dx 

is the matrix differential operator, s = [axx ayy o-xy]
T is the stress vector, 

p is the material density, u = [ux uy]
T is the displacement vector and ü = d2u/dt2

} whereas 
b = [bx by] is the body force vector. 

The corresponding weak formulation of a 2-D problem is 

J ( V v ) T s t d A + JvTüptdA = JvTttdr + JvTbtdA, (2) 
J 

A r A 

where v is the virtual displacement vector, A is an area of interest of thickness t(x, y) with boundary 
r and t = [tx,tv]

T is the traction vector. 
The displacement vector u is approximated by 

u = Na (3) 

in which N is the shape function matrix and a is the vector containing displacements at nodes, so 

i i = Nä. (4) 

Assuming small deformations and plane stress or plane strain conditions, the strain vector 
e = [exx eyy 7 i V ] r is derived from the displacements using the kinematic relation 

e = Vu. (5) 

Therefore, defining B = V N , the stress vector for an elastic problem takes the form 

s = DBa, (6) 

where D is the constitutive matrix. 

Let us express the virtual displacement vector with help of weight functions as 

v = Wc, (7) 

where W is the matrix of weight functions and c an arbitrary vector of the same size as a. 
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Defining 

B = V W (8) 

and substituting Eqs. (4), (6) and (7) into Eq. (2) results in the FE method equation 

Mä + Ka = f, (9) 

where 

K = J B r D B t d A (10) 

A 

is the stiffness matrix, 

= JwTNptdA (11) M 

A 

is the mass matrix and 

f = JwTttdr + JwTbtdA (12) 

r A 

is the force vector. 
Let us consider the natural frequencies of vibration, i.e without external forces, f = 0. Each 

displacement executes harmonic motion in phase with all other displacements. Therefore 

a = ä sinwf, 
2- • ( 1 3 ) 

a = — ui a smut, 
where ä is the amplitude of nodal displacements and uj is the natural circular frequency. Equations 
(9) and (13) yield the following eigenvalue problem 

(K - w 2 M)a = 0. (14) 

Matrix B depends on which method is adopted to define weight functions. If weight functions 
are taken the same as shape functions, that is, Galerkin method is applied, W = N and B = B. 
This paper proposes another method to define weight functions for 2-D triangular and quadratic 
elements concerning contact problems, which thereby leads to a new way to calculate stiffness and 
mass matrices. 

3. D E R I V A T I O N O F W E I G H T F U N C T I O N S 

The basic characteristic of the method is to use weight functions which are piece-wise linear over 
the element while shape functions are kept quadratic as in the standard formulation. Let us start 
from a 6-node isoparametric triangular element, shown in Fig. 1 in the parent domain, to describe 
the principles of the method in deriving the weight functions. 

In the element shown in Fig. 1, node 1 is at the origin of the coordinate system. Line segments 
1-2 and 1-3 are along x- and y-axis, respectively, and have unit lengths. Nodal point 4, 5 and 6 are 
located at the middle points of line segments 1-2, 2-3 and 3-1 respectively. The element consists of 
four subelements: A i , A2, A3 and A4. 

The explanation about how the weight functions are defined in the method is presented in Fig. 2, 
in which weight functions of nodes 1 and 4 in the 6-node triangular element are shown. 

As Fig. 2 shows the weight functions are created according to the following principles: 1) The 
weight function of a node is non-zero only over the adjoining subelements to the corresponding 
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Fig . 1. 6-node isoparametric triangular element in parent domain 

F ig . 2. Weight functions of node 1 and node 4 

node in the triangular element, for example, w\, weight function for node 1, is non-zero only over 
the subelement A i ; 2) The weight function of a node is linear over its non-zero domain; 3) The 
weight functions must be continuous over the element; 4) The value of a weight function is 1 at the 
corresponding node and 0 at all the other nodes. According to these principles six weight functions 
for every node in the triangular element are defined as 

wi = 1 — 2x — 2y 

w-i = 0 

in Ai, 

in A2, A 2 , A 4 ; 
(15) 

W2 

W2 

VJ3 
W3 

2x-l 

0 

2y - 1 

0 

in A 2 , 

in A i , Az, A 4 ; 

in A 3 , 

in A i , A 2 , A 4 ; 

(16) 

(17) 

U>4 

W4 

W4 

2x 

2 - 2x - 2y 

0 

l - 2 y 

in Ai, 

in A 2 , 

in A 3 , 

in A4; 

(18) 
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»>5 

W5 

V>5 

0 

2y 
2x 

2x + 2y - 1 

in Ai, 

in Ai, 

in A 3 , 

in A4; 

(19) 

U>6 

'»'6 

U,'6 

2y 
0 

2 - 2x - 2y 

1 - 2x 

in A i , 

in A 2 , 

in A 3 , 

in A 4 . 

(20) 

4. S T I F F N E S S M A T R I X 

The stiffness matrix is expressed by Eq. (10). The element stiffness matrix K e for a 6-node triangular 
element can be calculated by a similar formula 

K e = / B DB t dA (21) 

in which A e is the area of the triangular element, t is the thickness of the element, and assuming 
isotropic linear elasticity the constitutive matrix is expressed by 

D 
1 - v2 

1 

0 0 

(22) 

where E is the Young modulus and v is the Poisson ratio. 
B matrix contains derivatives of the standard quadratic shape functions, whereas B contains the 

derivatives of the weight functions Eqs. (15)-(20). However, since the derivatives of weight func
tions are not continuous over all the element, but constant within each subelement, the numerical 
integration should be performed over each subelement and the results added together according to 

4 r 
DB t dAi, (23) 

where B; is B in the corresponding integration domain A;. It is obvious that the stiffness matrix 
K e derived by this method is unsymmetric. 

The mass matrix M e can be derived in the same manner as the stiffness matrix. 

5. 8-NODE Q U A D R I L A T E R A L E L E M E N T 

The weight functions for a 8-node quadrilateral element could be derived in a similar way as for 
the 6-node triangular element. However, in this paper the main focus is on the discussion of the 
merits of the derived 6-node triangular element. Therefore, the stiffness and mass matrices for a 
8-node quadrilateral element will be set up from the matrices of two 6-node triangular elements. 
The procedures could be completed as follows: firstly, build a 9-node structure which consists of two 
6-node triangular elements, as shown in the left side of Fig. 3; and then remove internal D.O.F. by 
static condensation in the linear static problem or by Guyan reduction in the eigenvalue problem 
[4], resulting in an 8-node quadrilateral element shown at the right side of Fig. 3. 
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Fig . 3. Creation of 8-node quadrilateral element 

6. I N I T I A L S T R E S S M A T R I X 

Initial stress matrix K C T is usually developed to calculate critical load of a structure. By solving 

(K + A K a ) d = 0, (24) 

where d is the displacement vector identifying the buckled shape, but not its magnitude, the critical 
(buckling) load is associated with AC T, the lowest magnitude eigenvalue of Eq. (24). 

The derivation of initial stress matrix is described in detail in e.g. [2] or [7]. However, since this 
paper focus on new weight functions for 2D triangular and quadratic elements, the derivation of 
initial stiffness matrix must be modified in the same way as the derivation of stiffness and mass 
matrices was. Therefore, the initial stress matrix can be expressed by 

G SG t dA, (25) 

where G and S matrices are calculated in the usual way, while G is modified as follows 

dvj\ 

dx 

dw\ 

dy 

0 

0 

0 
dwn 0 0 
dx 

0 

0 
dwn 0 0 
dy 

0 

dw\ n dwn 

dx . . . u dx 

dw\ n dwn 

dy . . . u dy 

(26) 

and n is the number of nodes. 

7. N U M E R I C A L E X A M P L E S 

In this section a simple example will be presented first to explain how this method works in compar
ison with the Galerkin method and then more numerical examples will be investigated to explore 
the properties of the method developed in application to contact problems. The algorithm has been 
performed by inserting a user subroutine into the general purpose finite element program ABAQUS. 
The user subroutine calculates element stiffness and mass matrices based on the described method, 
the right hand side force vector as well as stresses and strains at the integration points. For the 
purpose of comparison the corresponding results either from standard ABAQUS element or from 
reference papers are also presented. 
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7.1. Simple structure with two elements 

Let us present a simple example, which explains how the method works. The structure in Fig. 4 is 
taken into account. It is a square with unit side length and thickness. It endures unit distributed 
load on its upper side and is constrained on the y-direction along its lower side. It is meshed into 
two 6-node triangular elements with 9 nodes altogether. 
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Fig . 4. The simple structure with two triangular elements 

The results concerning reaction forces at constrained nodes are given in Fig. 5 for the weight 
functions based on the new method and on the Galerkin method, respectively. On the right side of 
Fig. 5, which shows the results from the Galerkin method, the reaction force at central node is four 
times larger than the reactions at the other two nodal points. Therefore, if there are more than two 
elements located along the boundary surface (in real analysis this is always the case), the values 
at corner nodes will be half the size as those of those at midside nodes. That is, the reaction force 
obtained from the Galerkin method is nor evenly distributed along the boundary surface. In fact 
the distribution of vertical reaction forces has a sawtooth shape. On the contrary the new method 
will lead to even distributions, which is reasonable, as shown on the left side of Fig. 5. 

Fig . 5. The reaction force calculated from the new method and the Galerkin method 
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7.2. Elastic block on a rigid surface 

This example was, for the first time, presented by Oden and Pires [8]. Wriggers et al. have also 
used this example in [11]. The problem considers an elastic block pressed against a rigid surface 
and at the same time pulled by a tangential force uniformly distributed along its right lateral side 
as shown in Fig. 6. As in the original example friction is not present for the first and last elements 
in the contact area, i.e. perfectly smooth boundary condition is assumed under these two elements. 
Young's modulus E. Poisson's ratio v and the coefficient of friction are taken equal to 1000 per 
length square, 0.3 and 0.3, respectively. 

Py 
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\ \ \ \ \ \ \ 
\ \ \ \ 
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\ \ \ \ \ \ \ \ 

t 1 

/ A 

Fig . 6. The elastic block on a rigid foundation 

The example has been analysed by two kinds of elements: 6-node triangular element and 8-
node quadrilateral element. The latter is derived by condensing two 6-node triangular elements as 
explained in the previous section. The standard ABAQUS elements adopted to make a comparison 
with 6-node triangular element are CPS6 and CPS6M whereas CPS8 is used to compare with 8-node 
quadrilateral element. The elastic block is meshed with 400 6-node triangular elements and with 
200 8-node quadrilateral elements, respectively. 
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F ig . 7. Stresses along the contact area calculated with 6-node triangular elements 
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Figures 7 and 8 give comparison of contact stresses. For CPS6 and CPS8, both contact normal 
pressure and tangential shear stresses look like a sawtooth. The results based on the user defined 
element according the method fit with those obtained from CPS6M very well. 
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Fig . 8. Stresses along the contact area calculated with 8-node quadrilateral elements 

7.3. Contact of an elastic body and a parabolic rigid punch 

This example also originates from Oden and Pires [8]. In this example, an elastic body is indented 
by a parabolic rigid punch and subjected to applied normal tractions t, as shown in Fig. 9. Young's 
modulus, Poisson's ration and the coefficient of friction are taken equal to 1000 (non-dimensional 
units), 0.25 and 0.6 respectively. 

Fig . 9. Indentation of an elastic body, subjected to normal traction, by a parabolic rigid punch 

For the purpose of comparison with results of Oden and Pires [8], the elastic body is meshed in 
the same way. The mesh consists of 76 8-node quadrilateral element. The normal force, which is 
defined to cause an indentation of depth d = 0.25, is approximately 215. The applied total tangential 
force is 10% of the normal force. The stresses on the contact area from Oden and Pires, standard 
element CPS8 and from user element are given in Fig. 10. 
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7.4. Rigid punch acting on an elastic body 

This example is adopted to check reaction forces along the contact surface. The problem was studied 
by Jarzebowski and Maciejewski [5], The dimensions and mesh of the elastic body are shown in 
Fig. 11. The body is constrained on its both lateral sides and on the lower side. The plate is placed 
at the centre of the elastic body's upper side. The mesh is constructed in such a way that smallest 
elements are exactly under the rigid plate and the elements along the edges have the largest possible 
dimension. Young's modulus, Poisson's ration and the friction angle are taken equal to 1.2 • 108 kN 
per length square, 0.25 and 20, respectively. Unit thickness is assumed. The applied pressing force 
is 40 kN. 

0.3 

1.0 

F ig . 11 . Profile and mesh of the elastic body 

Jarzebowski and Maciejewski pointed out that the 8-node element predicted erroneous distri
butions of nodal forces and should be avoided in the case of contact problem [5]. However in our 
study, the 8-node rectangular element created by the method gives satisfactory results in this con
tact problem. Results from ABAQUS standard element CPS8 and from user element are presented 
in Figs. 12-14. 
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Fig. 14. Reaction forces along the contact area from user element 
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7.5. Contact of a changing cross-section column and rigid surfaces 

In this example a changing cross-section column which can be created by rotating the section, shown 
in Fig. 15, around axis ab is considered. The column has four surfaces contacting with rigid surfaces. 
Young's modulus, Poisson's ratio and the coefficient of friction are taken equal to 2.1 • 108 kN per 
length square, 0.3 and 0.3, respectively. The density of the column is taken the same as that of 
steel, 7856 kg/m 3. The pressing load is applied in such a way that the downward displacement of 
the contact surface 4 is equal to 1 mm. 

contact surface 4 

3 

Fig . 15. Profile and mesh of the section 

The mesh of the section consists of 759 8-node axisymmetric elements. The section is constrained 
along the axis of rotation in the horizontal direction. The results in form of contact stresses along 
every contact surface are given in Figs. 16-23. 
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Fig . 16. Normal pressures along contact surface 1 

Application of this method in dynamics has been also checked in this example. Table 1 gives the 
first six eigenvalues calculated by using different elements. As Table 1 shows, the method developed 
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Fig . 17. Tangential shear stresses along contact surface 1 
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Fig . 18. Normal pressures along contact surface 2 
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Fig . 19. Tangential shear stresses along contact surface 2 
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Fig. 20. Normal pressures along contact surface 3 
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Fig . 23. Tangential shear stresses along contact surface 4 

in the previous sections works quite well: the maximum difference in the first six eigenvalue between 
user element and standard ABAQUS elements CAX6 and CAX8 is less than 0.3%. 

Table 1. The first six eigenvalues from different elements 

Mode No. 1 2 3 4 5 6 

CAX6 36389. 1.9319E+06 3.8114E+06 3.9787E+06 5.7680E+06 7.6025E+06 

6-node user 
element 

36386. 1.9317E+06 3.8104E+06 3.9763E+06 5.7636E+06 7.5964E+06 

CAX8 36386. 1.9320E T06 3.8113E+06 3.9784E+06 5.7679E+06 7.6010E+06 

8-node user 
element 

36390. 1.9310E+06 3.8080E+06 3.9723E+06 5.7537E+Q6 7.5789E+06 

7.6. Buckling load of a beam 

This problem originates from Kleiber and Wozniak [7]. A thin simply supported beam in plane stress 
state is taken into consideration. This type of modelling makes it possible to analyse the in-plane 
deformation of the beam only. The geometry and mesh for half the beam, that allows to analyse 
the first mode of buckling, are given in Fig. 24. The second (antisymmetric) mode of buckling is 
analysed with the same mesh, but different boundary conditions as shown in Fig. 25. The thickness 
of the beam is 0.1 m. Young's modulus E and Poisson's ratio are 2.07 • 101 1 N per square meter and 
0 (as in the beam theory), respectively. A horizontal concentrated load P is applied at point A. 

0.32 m 

Fig . 24. Mesh and boundary conditions for symmetric in-plane buckling of a simply supported beam 
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Let us note that the classical Euler beam buckling stress is given in this case by the formula 

n2ir2EI 
AL2 

(27) 

in which I is the moment of inertia, L is the length of the beam, A is the cross-sectional area and 
n is the mode number. For the first mode a^. = 2660 MPa, whereas for the second mode aCT = 
10640 MPa. The calculated buckling stresses using ABAQUS standard element CPS6, modified 
element CPS6M and 6-node user element are given in Table 2. 

Table 2. Critical stresses ( N / m 2 ) for the first and second mode using CPS6 and 6-node user element 

Mode 1 2 

CPS6 2.6208E+09 9.8096E+09 

CPS6M 2.6105E+09 9.6683E+09 

6-Node User 
Element 

2.5608E+09 9.1833E+09 

The difference from the analytical results is 3.7% and 13.7% for the first and second mode, 
respectively. However, notice that the critical values obtained from the new element are on the safe 
side, what can be advantageous in many applications. 

8. C O N C L U S I O N S 

The paper proposes a new method to establish piece-wise linear weight functions for 2-D quadratic 
elements: 6-node triangular element and 8-node quadrilateral element. Derivations of stiffness and 
mass matrices of a 6-node triangular element by using this new method are presented. The stiffness 
and mass matrices of an 8-node quadrilateral element are also derived by condensing two 6-node 
triangular elements. Numerical examples considering contact problems are given and the results are 
compared between different methods showing good performance of the proposed method concerning 
mostly 2-D contact problems. 

R E F E R E N C E S 

[1] ABAQUS User's Manual, Version 5.7. Hibbitt, Karlsson & Sorensen, Inc, 1997. 
[2] K . J . Bathe. Finite Element Procedures in Engineering Analysis. Prentice Hall, pp. 341-379, 1982. 
[3] R. Buczkowski and M. Kleiber. Elasto-plastic interface model for 3D-frictional orthotropic contact problems. 

Int. J. Numer. Methods Eng., 40: 599-619, 1997. 
[4] R. D. Cook. Concepts and Applications of Finite Element analysis. John Wiley k. Sons, pp. 181-183, 311-315, 

1981. 



Discussion on application of piece-wise. 337 

[5] A. Jarzebowski, J. Maciejewski. Some remarks on the applicability of rectangular elements to plane strain 
boundary value problems. Computer Assisted Mechanics and Engineering Sciences, 5: 299-309, 1998. 

[6j M. Kleiber (Ed.). Handbook of Computational Solid Mechanics. Springer, pp. 25-31, 1998. 
[7] M. Kleiber, C. Wozniak. Nonlinear Mechanics of Structures. Polish Scientific Publishers, pp. 229-232, 379-380, 

1991. 
[8] J. T. Oden, E. B. Pires. Algorithms and numerical results for finite element approximations of contact problems 

with non-classical friction laws. Computers & Structures, 19: 137-147, 1984. 
[9] N. Ottosen and H. Petersson. Introduction to the Finite Element Method. Prentice Hall, pp. 142-156, 1992. 

[10] T. Uchiyama. Petrov-Galerkin finite element method for gas liquid two-phase flow based on an incompressible 
two-fluid model. Nuclear Engineering and Design, 193: 145-157, 1999. 

[11] P. Wriggers, T. Vu Van and S. Stein. Finite element formulation of large deformation impact-contact problems 
with friction. Computers & Structures, 37: 319-331, 1990. 



Paper I I 

Application of Piece-Wise Linear Weight Functions 
for 2D 8-node Quadrilateral Element 
in Contact Problems 

Chouping Luo, Marek K l i s i n s k i 

International Journal for Numerical Methods in Engineering, vo l . 6 1 , 
pp. 159-188,2004. 



INTERNATIONAL JOURNAL FOR NUMERICAL METHODS IN ENGINEERING 
Int. J. Numer. Meth. Engng 2004; 61:159-188 (DOI: 10.1002/nme.927) 

A p p l i c a t i o n o f p iece-wise l inear w e i g h t f u n c t i o n s f o r 

2 D 8-node quadr i l a te ra l e lement i n contact p rob lems 

Chouping Luo and Marek Klisinski*-' 

Division of Structural Mechanics. Luleå University of Technology. S-97187 Luleå. Sweden 

S U M M A R Y 

The present study is a continuation of our previous work wi th the aim to reduce problems caused 
by standard higher order elements in contact problems. The difficulties can be attributed to the 
inherent property of the Galerkin method which gives uneven distributions of nodal forces result
ing in oscillating contact pressures. The proposed remedy is use of piece-wise linear weight func
tions. The methods to establish stiffness and/or mass matrix for 8-node quadrilateral element in 2D 
are presented, i.e. the condensing and direct procedures. The energy and nodal displacement error 
norms are also checked to establish the convergence ratio. Interpretation of calculated contact pres
sures is discussed. Two new 2D 8-node quadrilateral elements, QUAD8C and Q U A D 8 D . are derived 
and tested in many examples, which show their good performance in contact problems. Copyright 
© 2004 John Wiley & Sons, L td . 

KEY WORDS: piece-wise linear weight function; elastic contact problem; finite element method; 
stress oscillation 

1. INTRODUCTION 

Contact problems are common in many engineering applications and a lot of progress has 
been achieved during recent years (see e.g. Reference [1] for additional references). However, 
it seems that standard higher order elements experience difficulties in many rather simple 
cases (see e.g. Reference [2]). One possible explanation of these problems is that the resulting 
nodal forces are unevenly distributed giving oscillating pressures, which depends on how the 
corresponding contact area is associated to each node. In extreme cases even tensile forces can 
appear whereas in reality contact pressure occur. 

The present study follows the approach presented in Reference [3], in which piece-wise linear 
weight functions were applied to 6-node triangular elements to study 2D contact problems. The 
same line of reasoning is used here and possibilities to obtain even pressure distributions by 
modification of weight functions are examined in 8-node quadrilateral elements. In Reference [3] 
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an 8-node quadrilateral element was presented as an assembly of two 6-node triangular elements 
followed by static condensation of the internal node. The major disadvantage is that such an 
element is not symmetric, i.e. its properties depend on which diagonal is used in the subdivision 
into triangles. Two other methods to set up the stiffness and mass matrices for an 8-node 
quadrilateral element are presented in this paper: one applies static condensation of a 9-node 
quadrilateral element and the other is a direct method. The major focus of the study is on static 
contact problems. Other topics discussed are the error convergence, interpretation of contact 
pressures and eigenfrequencies obtained by new elements. 

The basic purpose of this paper is similar as in Reference [3], i.e. to further explore 
properties of the new weighted residual method concerning 2D frietional contact problems. The 
starting point of the method is to combine piece-wise linear weight functions with standard 
quadratic shape functions in establishing FE formulations. An obvious implication is that the 
stiffness (or mass) matrix will not be symmetric. Therefore, from the theoretical point of view 
the proposed formulation is more expensive than the standard Galerkin method. However, in 
many formulations considering friction (see e.g. References [1,4]) the resulting matrices are 
unsymmetric anyway so in practice this drawback may not matter at all. In any case if the 
results turn out to be more accurate, the extra-consumed time will be well spent. 

The plan of the paper is as follows: In Section 2 a method to obtain the stiffness matrix for 
an 8-node quadrilateral element by condensing the stiffness matrix of a 9-node corresponding 
element is introduced. In Section 3 a direct procedure to set up the stiffness and mass matrices 
for an 8-node quadrilateral element is described. In Section 4 the concept of convergence 
ratio check by means of energy norm and displacement norm is presented. In Section 5 an 
explanation on how to simply calculate reaction stresses from reaction nodal forces is presented. 
Finally, in Section 6 numerical examples illustrating the convergence as well as the performance 
and efficiency of the developed new method for 8-node quadrilateral elements in 2D problems 
are given. 

2. CONDENSING PROCEDURE 

The basic characteristic of the method is to use weight functions which are piece-wise linear 
over the element while shape functions are kept the same as in the standard formulation. As 
has been mentioned in Section 1, two procedures to create stiffness and mass matrices for 
a 8-node quadrilateral element will be introduced. Let us start from a 9-node isoparametric 
quadrilateral element, shown in Figure 1 in the parent domain, to describe the principles of 
the first procedure for deriving the weight functions. 

In the element shown in Figure 1, node 9 is at the origin of the co-ordinate system. Line 
segments 1-2 and 4-3 are parallel to the x-axis and line segments 1-4 and 2-3 are parallel to 
y-axis. The co-ordinates of nodes 1, 2, 3 and 4 are given in the figure. Nodal points 5, 6, 7 
and 8 are located at the middle points of line segments 1-2, 2-3, 3-4 and 4-1, respectively. 
The element consists of eight subelements: from A\ to A%. 

The definitions of the weight functions in the first procedure are presented in Figure 2, in 
which weight functions connected with nodes 1, 5 and 9 are plotted. 

As Figure 2 shows, the weight functions satisfy the common principles: (1) The weight 
functions must be continuous over the whole element; (2) The value of a weight function is 1 
at the corresponding node and 0 at all the other nodes. At the same time, the weight functions 

Copyright © 2004 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2004; 61:159-188 
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4 (-1,1) 3 n.i) 

l ( - L - I ) 5 2(1.-1) 

Figure 1. Isoparametric quadrilateral element in parent domain. 

Figure 2. Weight functions of node 1. 5 and 9. 

are created according to some new principles: (1) The weight function of a node is non-zero 
only over the adjoining subelement(s) to the corresponding node in the quadrilateral element, 
for example uq, weight function for node 1, is non-zero only over the subelement A\\ (2) The 
weight function of a node is piece-wise linear over its non-zero domain(s). According to these 
principles, the nine weight functions for every node in the quadrilateral element are defined as 

• y — 1 in Ai 

in other subelements 

— 1 in A2 

in other subelements 

(1) 

(2) 
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x + y-l in A3 
lt)3 = i 

0 in other subelements 

\ —x + y — 1 in A 4 
W4 = { 

0 in other subelements 

x + 1 1 n Ai 

- x + 1 1 n Ai 

w5 = —y 1 n A5 

—y n A 6 

0 n other subelements 

v + 1 n A2 

-y + 1 n A3 

«'6 = ' X n A 6 

X in A7 

0 in other subelements 

- x + 1 in A3 

x + 1 in A4 

w-i = • y in A7 

>' in Ag 

0 in other subelements 

y + 1 in Ai 

- y + 1 in A4 

Wg = —x in A5 

—X in A 8 

0 in other subelements 

x + y + 1 in A 5 

—x + y + 1 in Aé 

UJ9 = —x — y •+ 1 in A7 

x - y + 1 in Ag 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 

(9) 

0 in other subelements 

The element stiffness matrix for a 9-node quadrilateral element can be calculated by 

K e = / B T DBrdA (10) 
JA* 
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in which A e is the area of the quadrilateral element, t is the thickness of the element and D 
is the constitutive matrix. The B matrix contains derivatives of the standard shape functions of 
the 9-node quadrilateral element, whereas B contains the derivatives of the weight functions 
Equations (l)-(9). The shape functions for nodes 1, 5 and 9 are defined as 

Sx=\xy(\-x){\-y) (11) 

S5 = - h ( \ - x 2 ) ( \ - y ) (12) 

S9 = ( l - A - 2 ) ( 1 - y 2 ) (13) 

Notice that the B matrix in Equation (10) is not continuous over the whole element domain 
but only over each subelement domain. Therefore, the integration should be performed over 
each of eight subelements and the results added together according to 

8 r 
K e = E / B^DBf dA (14) 

f = l JAf 

where B, is the part of B corresponding to integration domain A,. The consistent element mass 
matrix M e can be derived in a similar manner as the element stiffness matrix leading to 

8 r 
M e = £ / W^NprdA (15) 

1 = 1 JA] 

where W, is the vector containing weight functions in subelement A,, N is the vector of shape 
functions and p is the density of material. It is obvious that the stiffness matrix and mass 
matrix derived by this method are unsymmetric. 

Since there are nine nodes in the element, the element stiffness and mass matrices obtained 
from the previous steps are 18-by-18 matrices. The next step is to eliminate the internal DOF 
introduced by node 9. Static condensation is applied in the linear static problem and Guyan 
reduction is used in the eigenvalue problem (see e.g. Reference [5] for details). The resulting 
8-node quadrilateral element is denoted by QUAD8C. 

3. DIRECT PROCEDURE 

The second procedure is to derive stiffness and mass matrices directly from an 8-node quadri
lateral element. The basic idea is the same as in the first procedure. Let us start from the same 
element in the parent domain as shown in Figure 1. The major difference is that now point 9 
is treated as an assistant node in the division into subelements and not as a real node with 
assigned DOF. 

The weight functions of nodes 1 and 5 are shown in Figure 3. 
The weight functions in this procedure originate from those of the 9-node quadrilateral 

element. For apex nodes there is no difference, whereas the weight functions for four middle 
nodes are modified by adding a quarter of the weight function for the node 9. This particular 
choice is motivated by the fact that only middle nodes have contact with the four inner 
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Figure 3. Weight functions of nodes 1 and 5. 

subelements. Therefore, the weight functions connected with middle nodes 5, 6, 7 and 8 are 
non-zero not only over the adjoining subelements and are defined as follows: 

x + 1 

X + 1 

1 3 1 
- x - - y + -
4 4 4 

in Ai 

in Aj 

in As 

1 3 1 • „ 

1 1 1 
--X v + -
4 4 " 4 

- x - - y + -
A A A 

0 

w6 = 

y + 1 

- v + 1 

1 1 1 
T I + - V I -
4 4 4 

in Aj 

in A 8 

in other subelements 

in Ao 

in A 3 

in As 

3 1 1 
- x + - y + - in A 6 

4 4 4 

3 1 1 
- x - - y + -
A 4 4 

1 1 1 

Ä X - A y + Ä 

10 

in A7 

in Ag 

in other subelements 

(16) 

(17) 
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w-i = 

- x + 1 

x + 1 

1 1 1 
-x + -y + -
4 4 4 

1 3 1 
t x + t y + 7 

4 4 4 

0 

in A3 

in A4 

in 

1 1 1 
~ l x + 7>' + 7 l n A ° 4 4 4 

1 3 1 
- - x + - v + - in Aq 

4 4 4 

in Ag 

in other subelements 

(18) 

i/jg = 

y + \ 

- v + 1 

4 * - 4 y + 4 

0 

in Ai 

in A4 

3 1 1 
- - X + - v + - in A 5 

4 4 4 

1 1 1 
--x+ -y + - in A 6  

4 4 4 

--.v - - v + - in A7 
4 4 4 

in Ag 

in other subelements 

(19) 

The element stiffness matrix can be derived according to Equation (14). However for the B 
matrix the standard shape functions for the 8-node quadrilateral element are applied. The shape 
functions for node 1 and 5 are defined as 

5i = - | ( l - * ) ( ! - v ) d + x + y ) 

55 = i ( l - x 2 ) ( l - y ) 

(20) 

(21) 

The mass matrix for this element is calculated according to Equation (15). The element is 
denoted by QUAD8D. 

Other modifications of the weight functions are also possible but preliminary results do not 
show significant differences and are, therefore, omitted. 
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4. CONVERGENCE RATIO CHECK 

The accuracy of a finite element solution increases with the number of elements used. In 
theory the FEM solution should converge to the exact result for infinitely high mesh den
sity. The convergence ratio of a certain element is decisive for the quality of this ele
ment. Theoretically, it is the order of the shape functions that decide about the conver
gence ratio of an element. Therefore, both new elements and the standard ABAQUS element 
CPS8 should demonstrate the same convergence ratio because they all adopt quadratic shape 
functions. 

In this paper two kinds of error measures to perform the convergence ratio check will be 
used. The first error measure was first proposed by Zienkiewicz and Zhu [6], where they named 
it as the energy norm. Another error measure will be presented here, which will be called the 
nodal displacement norm. 

The discretization error in the finite element analysis is defined as 

e = u / ! - u (22) 

where u'1 is the displacement given by the finite element solution and u is the exact dis
placement. The energy norm is defined as the square root of the strain energy inner product, 
that is 

= ( / n * , T 

1/2 

D(Be) dQ ' 

f (eh - e)TD(£ / ! - E) do" 
Jn j 

C \ 1 / 2 

j {oh - a)TY)-1 (ah - a) dQ\ (23) 

where B is strain operator, e'1 and ah are strain and stress given by finite element solutions, 
g and a are exact strains and stresses, D is constitutive matrix. Therefore, the relative percent 
error, which is more easily interpreted, can be defined by 

n = f % 100% (24) 

where ||u|| e is the absolute value of the energy norm. 
The Galerkin method is almost exclusively adopted in the finite element method because 

it gives better approximation (measured in energy norm) than other methods [7]. To study 
the decrease in performance of the new method the same norm is, therefore, adopted. The 
energy norm is also useful to indicate the direction of refinement of the mesh and can as well 
be applied for mesh improvements along the contact area. In that case an a posteriori error 
analysis (see e.g. Reference [6]) should be introduced. However, it is outside the scope of the 
present study. 
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The nodal displacement norm is defined as the average error in displacements given by FE 
solutions at the node level, i.e. 

E7= 
.hi U 

Ilelld = '=' (25) 
n 

where u, is the exact nodal displacement, u1- is the displacement given by FE solutions and n 
is the total number of nodes. The relative error of nodal displacement norm can be defined as 

n = ^ 100% = " C , l l d , w 100% (26) 

The major reason for using this new norm is to investigate how the nodal displacements 
are affected by the choice of weight functions. The piece-wise linear weight functions lead to 
exact nodal displacements in ID problems (see e.g. Reference [8]). Therefore, it is interesting 
to see i f there are similar advantages of using such functions in 2D. 

5. INTERPRETATION OF PRESSURES 

ABAQUS has been adopted in most analyses of the presented procedure. Contact results are 
given by means of output identifiers CPRESS and CSHEAR in ABAQUS output file. Although 
ABAQUS defines CPRESS as contact pressure and CSHEAR as frietional shear stresses (see 
e.g. Reference [9]), the results show that CPRESS and CSHEAR should be explained as reaction 
forces at corresponding nodes since the summation of CPRESS and CSHEAR gives the result 
that is equal to applied forces. As an inherent property of the Galerkin method different contact 
areas associated to middle nodes and apex nodes in a quadrilateral element causes also some 
confusion. Therefore, a clear interpretation of pressures and shear stresses should be made. 

Interpretation of pressures and shear stresses directly from nodal forces seems to be rather 
simple, but it is certainly not unique and depends on the method chosen. The discussion below 
will be concentrated on pressures, but the results can as well be applied to shear stresses. 
Starting from the basic definition 

P = P - (27) 

where p is the pressure, P is the normal force and A is the area, one can notice that the 
main problem is to associate corresponding contact area to each node, because the normal 
components of nodal forces are known. The simplest approach in a uniform mesh is to have the 
same area associated to each node with eventual exceptions for the corner nodes. However, this 
interpretation will directly lead to large pressure variations for the Galerkin method. Therefore, 
let us consider a single element and the nodes along one side as shown in Figure 4. 

The real pressure on the boundary is represented by nodal forces, but their values depend 
on the weight functions. For a constant pressure p the piece-wise linear weight functions 
give 

pL pL 

P, = P2 = ^ . Ps = ~- (28) 
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-0-

t, t-

4) 

Figure 4. Boundary nodes and forces of a single 
quadrilateral element. 

Figure 5. Linear distribution of pressures. 

whereas the Galerkin method gives 

pL 2pL 
(29) 

if a unit thickness is assumed. Therefore, to recover the correct pressure the areas associated 
with each node must be 

Ai = —, A3 = — (30) 

for the piece-wise linear weight functions and 

L 2L 
Ai = —. A3 = — (31) 

for the Galerkin method. Notice that if more elements of the same size are present the piecewise 
linear weight functions lead to the same area for each internal node, whereas in the case of 
Galerkin method middle nodes require twice the area of the side nodes, i.e. 2L/3 and L/3. 
For all other types of loads these areas must remain the same. 

Assuming linear distribution of pressures as shown in Figure 5 the piece-wise linear weight 
functions lead to 

Pt = ^ , 
24 

whereas the Galerkin method to 

Pi = 0 , Pi = 

5pL 

~24~ 

pL 

pL 

p?, = 
pL 

3 

(32) 

(33) 

and converting to pressures according to Equation (27), (30) and (31) the distributions shown 
in Fiaure 6 are obtained. 
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P 

5p/6 

p/2 

p/6 

Figure 6. Pressure interpretations for 
linear distribution. 

Figure 7. Quadratic distribution of pressures. 

For quadratic distribution of pressures as shown in Figure 7 the piece-wise linear weight 
functions give 

pL MpL IpL 
Pl = — , ft = — — , ft = - J — (34) 

96 96 48 

whereas the Galerkin method 

pL 2pL pL 
Pi = - — , ft = J — , ft = — (35) 

60 20 ' 5 ' 

The distributions are presented in Figure 8. 
Notice that the Galerkin method gives negative pressures in spite of the fact that the actual 

pressure is positive everywhere. It can be considered as a major drawback in case of a unilateral 
contact. 

6. NUMERICAL EXAMPLES 

In this section six numerical examples will be presented to investigate how the new method 
performs in comparison with the Galerkin method. The first example is designed to check the 
convergence properties of the 8-node quadrilateral elements based on the new method. The next 
five examples concern contact problems and some of them were also studied in Reference [3], 
leading to the conclusion that the 6-node triangular element with piece-wise linear weight 
functions gives satisfactory results with smooth pressure distributions. 
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Figure 8. Pressure interpretations for quadratic distribution. 

Figure 9. Description of the square. 

Most of the calculations have been performed by implementing a user subroutine into the 
general-purpose finite element program ABAQUS. The user subroutine calculates element stiff
ness and mass matrices based on the described method, the right hand side force vector as 
well as stresses and strains at the integration points. For the purpose of comparison the cor
responding results either from standard ABAQUS element and/or from reference papers are 
also presented. Although these reference values are not identical with analytical results they 
are adopted because very few contact problems have analytical solutions. In the following 
text, we use notation QUAD8C for the element based on the condensing procedure, QUAD8D 
for the element based on the direct procedure, CPS8 for the standard ABAQUS 8-node bi
quadratic plane stress quadrilateral element and CAX8 for standard ABAQUS 8-node biquadratic 
axisymmetric quadrilateral element. The contact stresses from ABAQUS elements are explained 
in two ways. In the figures marked with (a) the contact stresses calculated from ABAQUS 
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(a) fbl 

(e) 

Figure 10. Meshes of the square: (a) 16 el.; (b) 64 el.; (c) 256 el.; (d) 1024 el.; and (e) 4096 el. 

elements are achieved by associating uniform contact area to each node and marked with (b) 
the stresses are calculated according to the interpretation presented in Section 5. 

6.1. Convergence study 

Airy's stress functions allow for simple plain stress or strain problems to obtain both the stress 
state and the corresponding displacements in an analytical way, which gives possibility to use 
exact values in the study. The example below is based on the fourth order polynomial chosen 
as the Airy function (see e.g. Reference [10]): 

cp = jL (x 4 - y 4 ) (36) 

The geometry and stress state of the considered square are shown in Figure 9. The left and 
lower edges are constrained in the x- and y-direction, respectively. Young's modulus E and 
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101 10? 103 104 

Number of elements 

Figure 11. Energy norm of the square. 

Poisson's ratio v are taken equal to l ( r per length square and 0.25, respectively. The analytical 
displacements are given by 

M = i ( - x y 2 - V ) (37) 

v = i (x 2 y + V- y 3 ) (38) 

Figure 10 gives five meshes that have been used in the study of convergence. The size 
of elements is halved every time so that the number of elements increases with a factor 4, 
from 16 to 4096. Both error norms have been applied in the study and the results are given 
from Figures 11 to 14, in which the results are plotted logarithmically for the purpose of 
clarity. 

As shown in the figures, the results from QUAD8C are almost identical to those from CPS8 
in terms of the energy norm. One can also notice that by both error measures QUAD8C gives 
errors lower than QUAD8D. The behaviour of the nodal displacement norm turns out to be 
rather unexpected. For QUAD8D the plot (in the logarithmic scale) is linear (what can be 
expected) whereas for both CPS8 and QUAD8C the error stabilizes very quickly and it seems 
to be constant for finer meshes. It can only be explained by the fact that the machine accuracy 
has been reached. 
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Figure 12. Relative error in energy norm. 
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*: QUAD8D 
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Figure 13. Nodal displacement norm of the square. 
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Figure 14. Relative error in nodal displacement norm. 
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Figure 15. The elastic block pressed against r igid foundation by uniform load. 

6.2. Elastic block pressed against rigid foundation [I] 

This example was, for the first time, presented by Oden and Pires [11]. Wriggers et al. [4] 
and Runesson et al. [12] have also used this example. The example considers an elastic block 
which is pressed against a rigid foundation. The block is subjected to a uniformly distributed 
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Figure 16. Stresses along the contact area. 

vertical force py = 200 and at the same time pulled by a tangential uniformly distributed force 
px = 60 along its right lateral side as shown in Figure 15. The vertical force locates within 
the region 0.2-3.8 of the upper side. As in the original example friction is not presented for 
0.2 unit length of both leftmost and rightmost parts of the contact area, i.e. perfectly smooth 
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Figure 17. Elastic block pressed against r igid foundation by quadratic load. 

boundary condition is assumed under these two parts. Young's modulus E, Poisson's ratio v 
and the friction coefficient between the elastic block and the rigid foundation are taken equal 
to 1000 per length square, 0.3 and 0.5, respectively. The elastic body is meshed with 200 
8-node quadrilateral elements. 

The stick-slip friction procedure with skew co-ordinates proposed in Reference [12] is 
adopted in this example because ABAQUS does not converge in this case. The analysis is 
performed in MATLAB. Figure 16 gives comparison of contact stresses from the different 
methods. For element created by Galerkin method, both contact normal pressure and tangential 
shear stresses look like a sawtooth, i f uniform contact area for each node is used. QUAD8C 
and QUAD8D give even contact stresses and almost duplicate results. However, if we examine 
the results in detail, we will find that the results from QUAD8D oscillate slightly while the 
results from QUAD8C still remain smooth. The second pressure interpretation shows that all 
the methods give very similar results. 

6.3. Elastic block pressed against rigid foundation [II] 

This example is modified from the previous one to demonstrate that the Galerkin method may 
lead to some unexpected results in an extreme case. The same structure and contact conditions 
are applied as in the previous one, while it is modelled with the finite element mesh shown 
in Figure 17. Young's modulus E and the friction coefficient between the elastic block and 
the rigid foundation are reassigned as 105 per length square and 0.3, respectively. The same 
Poisson's ratio is used, which is 0.3. The elastic block is pressed by a quadratic distributed 
vertical pressing force which is defined by the function py = 40(x — 3.8)2 within the region 
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0.2-3.8 of the upper side. The uniformly distributed horizontal pulling force px is 44 per unit 
length along the right vertical side. 

The stick-slip friction procedure is adopted in the analysis which is performed in MATLAB 
as the previous one. The contact stresses along the contact area from different methods are 
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Figure 19. Details at right end of contact area. 

presented in Figure 18. Details of Figure 18(b) at the right end of the contact area are given 
in Figure 19. The results from the Galerkin method show zero contact normal pressure at the 
three rightmost nodes, which means the elastic block and the rigid foundation are separated 
and an opening gap appears at these three nodes, in spite of the fact that a positive pressure 
is applied. At the same time both QUAD8C and QUAD8D give results that show consistent 
contact along the whole area. 

The tangential shear stresses from the Galerkin method diverge from the results obtained 
by the two other methods within the region 0.4-1.2 even with the second pressure inter
pretation. For the purpose of comparison the example is analysed further using dense mesh 
with 3200 four node bilinear quadrilateral elements denoted by QUAD4. The tangential shear 
stresses from all methods within the region is presented in Figure 20. Notice that QUAD8C 
leads to the results closest to the ones obtained with much denser mesh and low order 
element. 

6.4. Contact between elastic body and rigid punch 

This example also originates from Oden and Pires [11]. An elastic body is indented by two 
parabolic rigid punches and subjected to applied tangential traction, r, as shown in Figure 21, 
in which symmetry is applied. Young's modulus, Poisson's ratio and the friction coefficient 
between the elastic body and the rigid punch are taken equal to 1000 (non-dimensional units), 
0.25 and 0.6, respectively. 

For the purpose of comparison with results of Oden and Pires, the elastic body is meshed in 
the same way. The mesh consists of 76 8-nodes quadrilateral elements. The normal punching 
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Figure 20. Tangential shear stresses within the region 0.4-1.2. 

Figure 21. Indentation of an elastic body, subjected to normal traction, by a parabolic rigid punch. 

force, which is defined to cause an indentation of depth d = 0.25, is approximately 215. 
The applied total tangential traction is 10% of the normal force. The stresses on the contact 
area from Oden and Pires, from standard ABAQUS elements CPS8 and from QUAC8C and 
QUAC8D are given in Figure 22. QUAD8C gives a little bit smoother reaction stresses than 
the others. 
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Figure 22. Stresses distribution along the contact area. 

6.5. Rigid plate punch acting on an elastic body 

This example was previously studied by Jarzebowski and Maciejewski [2]. In the example the 
reaction stresses of an elastic body pressed by a rigid flat punch are calculated. The dimensions 
and mesh of the elastic body are shown in Figure 23. The body is constrained on its both lateral 
sides and on the lower side. The rigid plate punch is placed at the centre of the elastic body's 
upper side. The mesh is constructed in such a way that the smallest elements are exactly under 
the rigid plate and the elements along the edges have the largest possible dimensions. Young's 
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Figure 24. Stresses distribution along the contact area. 
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Figure 25. Reaction forces along the contact area by: (a) CPS8; (b) QUAD8C; and (c) QUAD8D. 
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Figure 26. Profile and mesh of the section. 
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Figure 27. Stresses distribution along the contact surface 1. 

modulus, Poisson's ratio and friction angle are taken equal to 1.2 x 10 1 0 per length square, 
0.25 and 20°, respectively. Unit thickness is assumed. The applied pressing force is 40 kN. 

Jarzebowski and Maciejewski pointed out that the 8-node element predicted erroneous 
distributions of nodal forces and should be avoided in the case of contact problem [2]. However 
in our studies, the 8-node quadrilateral elements based on the new methods gives satisfactory re
sults in this contact problem. Results from ABAQUS standard element CPS8 and user elements 
are presented from Figures 24 to 25. 
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Figure 28. Stresses distribution along the contact surface 2. 

6.6. Contact of a changing cross-section column and rigid surfaces 

In this example a changing cross-section column that can be created by rotating the sec
tion, shown in Figure 26, around the axis ab is considered. The column has four surfaces 
contacting with rigid surfaces. Young's modulus, Poisson's ratio and the friction coefficient 
between the column and rigid surfaces are taken equal to 2.1 x 108 per length square, 0.3 
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Figure 29. Stresses distribution along the contact surface 3. 

and 0.3, respectively. The density of the column is taken as 7856 kg/m 3 . The pressing load 
is applied in such a way that the downward displacement of the contact surface 4 is equal 
to 1 mm. 

The mesh of the section consists of 1944 8-node quadrilateral axisymmetric elements. 
The section is constrained along the axis of rotation in the horizontal direction because of 
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Figure 30. Normal pressures along the contact surface 4. 

axisymmetry. The results in form of contact stresses along each contact surface are given from 
Figures 27 to 31. 

Application of this method in calculation of eigenfrequencies has also been checked in this 
example. Table I gives the first six eigenvalues calculated by using the different elements. It 
seems that both QUAD8C and QUAD8D work well while QUAD8C is better. 
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Figure 31. Tangential shear stresses along the contact surface 4. 

Table 1. The first six eigenvalues for the column from different elements. 

Mode No. 1 2 3 4 5 6 

CAX8 
QUAD8C 
QUAD8D 

5.6351E + 6 
5.6237E + 6 
5 .6112£ + 6 

1.1072E + 7 
1.1045E + 7 
1.1016£ + 7 

1.5600E + 7 
1.5628£ + 7 
1.5571£ + 7 

1.6947E + 7 
1.6850£ + 7 
1.6798£ + 7 

2 .1362£ + 7 
2.1309E + 7 
2 .1246£ + 7 

2 .2848£ + 7 
2 .2855£ + 7 
2 .2765£ + 7 
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7. CONCLUSIONS 

The paper continues the approach started in Reference [3] and applies the new method to 
establish piece-wise linear weight functions for 8-node quadrilateral element in 2D by applying 
the condensing and direct procedures. Convergence ratio of new elements is checked for two 
kinds of error norms. Interpretation of calculated contact pressures is discussed. Numerical 
examples considering contact problems and convergence ratio check are given and the results 
are compared for different methods showing good performance of the proposed method for, 
in the first place, 2D contact problems. It can also be concluded that the element derived 
by condensing procedure QUAD8C gives better results than the element derived by direct 
procedure QUAD8D and can be recommended in 2D contact problems. 
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SUMMARY 

Isoparametric finite element representations for the new 2D elements based on 
the piece-wise linear weight functions elements have been discussed. 
Performance of these elements have been checked in three different plain elasto-
plastic problems, that is, plain stress, plain strain and axisymmetry. The 
comparisons between the results from these new elements and analytical results 
or the results from the corresponding standard elements suggest the applicability 
of these new elements in 2D elasto-plastic problems. The element QUAD8C 
proves to have a superior performance i f compared to the other elements. 

KEY WORDS: piece-wise linear weight function; fmite element method; elasto-plastic 
problem, Petrov-Galerkin method 

1. Introduction 

In the preceding studies of the new elements based on the piece-wise linear 
weight functions, only linear elastic material behavior has been taken into 
consideration for both 2D elements and 3D elements (for more information see 
e.g. Reference [2], [3] and [4]). The linear elastic material behavior prevails for 
low load levels. When the stresses or the strains within the material reach a 
certain level with increasing load, the material behavior wi l l no longer be linear 
elastic. The strain-stress relation wil l no longer be unique and wil l depend on the 
deformation history. At this load level, the plasticity has to be taken into account. 
In engineering applications, the elasto-plastic material behavior is very common 
giving an impulse to study the elasto-plastic properties of these new elements. 

In this paper the performance of the new 2D elements is examined under 
elasto-plastic conditions, with focus on material nonlinearities. Four different 
new 2D elements based on the piece-wise linear weight functions have been 
developed in our pervious works, namely, TRI6, QUAD8TC, QUAD8C and 

*: Corresponding to marek.klisinski@ce.luth.se; tel: 0046-920-491347; fax: 0046-920-491913. 
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QUAD8D. TRI6 stands for the new 6-node triangular elements; QUAD8TC 
refers to the type of 8-node quadrilateral element which is constructed by two 
TRI6 and is condensed D.O.F contributed by the central node; QUAD8C is the 
8-node quadrilateral element derived through condensing procedure and 
QUAD8D is similar to QUAD8C except direct procedure is applied (for more 
information see e.g. Reference [2] and [3]). 

Examples in plain stress, plain strain and axisymmetry are presented in the 
following sections. The Huber-von Mises yield criterion is assumed in all of the 
following examples. To concentrate on the treatment of material nonlinearities, 
small deformations are assumed and geometric nonlinearity is not considered in 
the present study. 

2. Numerical procedures 

The finite element formulations have been derived in the previous studies (for 
more information see e.g. Reference [2], [3] and [4]). The element stiffness 
matrix, the element external load vector f,e the element body load vector fe

h in 

the 2D cases can be expressed as 

K" = A(j(Bie)T'DB"dQe) (1) 
a' 

f f = A ( J ( W ; ) r t W e ) (2) 
r* 

f ; 4 ( j ( w ; f b w ) (3) 

where the symbol A denotes the assembly procedure that assembles the 

contributions from each subelement, n is the number of subelements, W," is the 

weight function matrix for the z-th subelement and the superscript e denotes that 
the quantities pertain to the element level, Qe and Fe refer to the subelement's 
domain and boundary under the effect of external tractions t. In these 
formulations, W E is given in terms of the local coordinates £ and r\. For load 
vectors there is no problem. However, the evaluation of the element stiffness 

matrix K c presents a challenge, because the B ' -matrix and the B ' -matrix are 
obtained by differentiating the W -matrix and the N1' -matrix with respect to the 
global coordinates x and y. An extra mapping procedure is needed. For the B* -
matrix, the transformation procedure to the isoparametric form can be found in 

many references, e. g. [8] and [10]. The transformation procedure for the B -
matrix is presented in the following. 
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The transformation for the B" -matrix is subelement-wise. From the point of 
view of a subelement the piece-wise linear weight functions are identical to the 
linear shape functions of the subelement. By the chain rule, we can write 

a w ; ' ' dx dy' r a w ; ' ' a w ; ' 

a i a i 3! dx 
= J, 

dx 
aw; dx dy_ aw; aw; 

dn dn drj dy a.v 

(4) 

in which J, is the Jacobian matrix of weight functions for the i-th subelement. 
From Equation (4), the global derivative matrix of weight functions L , for the i-
th subelement is 

' aw; aw; ' 

dx . = J f ' a? 
aw; aw; 

dy j dn 

(5) 

Notice that in W," only those nodes connecting with the subelement have non

zero values. Therefore, the global coordinates of any point within a subelement 
can be defined by the nodes of the subelement through a linear interpolation 
procedure 

[x j ] = W ; (6) 

in which m is the total number of element nodes. The J, -matrix can be 
expressed in terms of global coordinates 

d§ 1 

dWj dWj 

~ d f y j 

a n 

^ a? 

ydWi ydW2  

2* dn dn 

dW2 

a i 

dW2 

drj 

dW„ 

a i 

dn 

(7) 

From Equation (7), L , can be calculated, which means that all the components 
of the B,E are determined. The Jacobian matrix J of shape functions and B E are 
continuous over all of the subelements within an element and can be derived by 
similar means. Since the element stiffness matrix K e is established by 
assembling the contributions from all subelements and the volume outside a 
subelement has no contribution to the subelement, the volume differential dQe is 
expressed in local coordinates as 

dQe = dQ* = det(J,y§^f} (8) 

Then the isoparametric element stiffness matrix can be written as: 
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K" = A(JYYB,e)r DB f dcx(J,)dcdn) (9) 

The Jacobian matrix J and J, are functions of the local coordinates, which 
means that the integrand in Equation (9) is too complex for exact analytical 
integration. Numerical integration becomes necessary in derivation of the FE 
equations. In the theory of plasticity the stress level is a vital indicator that 
describes when and where plastic material behavior occurs. As an approximate 
numerical method, the FE method wi l l not define the stress level over a certain 
region except at some controlling nodes, usually at numerical integration points. 
Gauss quadrature is adopted throughout in this study. The numerical integration 
is performed on the subelements level. Three-point Gauss quadrature for 
triangles is applied except in the first example, in which reduced integration is 
also used in order to make comparison. The positions of the Gauss points and 
the corresponding weighting factors for triangles can be found in many 
references, e. g, [10]. 

I f the integrand in Equation (9) is denoted as 

(B, e) ^DB edet(J I) = 7;<, (10) 

then 

K" = A(jfT;d%dn) (11) 

The numerical mtegration for the element stiffness matrix leads to 

K ^ A f t r / g . , ^ ) (12) 

where w} is the weighting factor and (£, ,»?, ) is the position of Gauss point. 

3. Thick cylinder 

The problem studied is that of a thick cylinder subjected to a gradually 
increasing internal pressure, with plane strain condition being assumed in the 
axial direction. Due to symmetry, only a quarter of the cross-section is taken 
into consideration in the analysis, as illustrated in Figure 1. Material properties 
employed in the elasto-plastic analysis are: Young's modulus: 2 .1T0 4 A f /w 2 ; 
Poisson ratio, 0.3; uniaxial yield stress, 2A.QNIm2 and strain hardening 
parameter, 0. 

Hodge and White [1] have studied analytically the elasto-plastic behavior of a 
internally pressurized thick cylinder and have presented analytical results of 
such type of problems, which raises possibility to check the performance of 
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these new elements in plain strain problems. The results from 3-point Gaussian 
quadrature are compared to reduced integration with one integration point. 

x 
1 0 0 m m i 1 0 0 m m 

Figure 1. The mesh and the dimensions of a quarter cross-section of 
the internally pressurized thick cylinder. 
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• TRI6 

10 15 20 

Displacements of the inner face (x 10 m) 

Figure 2. The displacements of the inner face at different applied pressures, 
with 3-points Gaussian quadrature. 
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Displacements of the inner face (x 10" 5 m) 

Figure 3. The displacements of the inner face at different applied pressures, 
with reduced mtegration. 
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Figure 4. Hoop stress distributions at different pressure levels: (a) 8 N/m 2 ; (b) 12 N/m 2 

(c) 14 N/m 2 and (d) 18 N/m 2 , with 3-points Gaussian quadrature. 
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Figure 5. Hoop stress distributions at different pressure levels, with reduced integration: 
(a) 8 N/m 2; (b) 12 N/m 2; (c) 14 N/m 2 and (d) 18 N/m 2. 

The displacements of the inner surface under different load levels are shown 
in Figure 2 and Figure 3, in which solid lines stand for analytical solutions 
derived from Hodge and White's results. Good agreements between numerical 
results from all four new elements and analytical results are evident for both 
quadratures. In the elastic phase, two quadratures give almost identical results. 
However, in the plastic phase, the 3-point Gaussian quadrature produces more 
accurate results. 

Figure 4 and Figure 5 present the circumferential (hoop) stress distributions 
for specified pressure levels by the two quadratures, respectively. These four 
elements give similar results, which stay close to the analytical results. Again in 
the plastic phase, the reduced integration is slightly inferior to the 3-point 
Gaussian quadrature. 

4. Axisymmetric plate 

In this example a simply supported circular plate is considered. Owen and 
Hinton [5] have also analyzed this problem and the same mesh is adopted here, 
five 8-node quadrilateral axisymmetric elements, as shown in Figure 6. A 
progressively increasing uniformly distributed load is applied on the upper side 
of the plate. The thickness and the radius of the plate are 1.0 and 10.0, 
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respectively. The following non-dimensional material properties are used in the 
analysis: Young's modulus, 1.0T07; Poisson ratio, 0.24; uniaxial yield stress, 
16000; and strain hardening parameter, 0. 

r ~ r ~ t i i i t i * i i 

Figure 6. The profile and the mesh of the circulate plate. 

Figure 7 displays the developments of the central deflections under the 
increasing load both by these four new elements and by Owen and Hinton. A l l 
of them agree well with each other under the elastic phase, while QUAD8C fits 
Owen and Hinton's results best under the plastic phase. QUAD8TC collapses 
earlier than others, which indicates that it is not suitable for plastic axisymmetric 
analysis. 

300 r 

250 

200 

• 150 

100 h 
OWEN 

QUAD8C 

QUAD8D 

QUAD8TC 

TRI6 

0.05 01 0.15 0.2 0.25 0.3 0.35 04 0.45 
Central deflection 

Figure 7. The central deflections of the simply supported circular plate under 
a progressively increasing uniformly distributed pressure. 
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5. A block pressed against a rigid surface 

Oden and Pires [6] as well as Wriggers et al. [9] have studied a similar structure 
under linear elastic condition. The authors have also adopted such a structure to 
check the performance of these new elements under linear elastic conditions in 
[2] and [3]. With inclusion of plastic consideration, this example is adopted here 
to check the behavior of these new elements under elasto-plastic conditions. The 
considered structure is a block pressed against a rigid surface as shown in Figure 
8. The block is subjected to a uniformly distributed vertical forcep r = 160 and at 
the same time pulled by a tangential uniformly distributed force px = 60 along its 
right lateral side. The vertical force locates within the region 0.2-3.8 of the 
upper side. As in the elastic cases friction is not presented for 0.2 unit length of 
both leftmost and rightmost parts of the contact area, i.e. a perfectly smooth 
boundary condition is assumed in these two parts. Non-dimensional material 
properties are used in this example. Young's modulus E7 Poisson's ratio v and 

the friction coefficient between the elastic block and the rigid foundation are 
taken equal to 1.0T05, 0.3 and 0.5, respectively. Uniaxial yield stress is set as 
200 and strain hardening parameter as 0. The elastic body is meshed with 200 
8-node quadrilateral elements and with 400 6-node triangular elements. A state 
of plain stress is assumed. 

fy 

Figure 8. The profile of the block pressed against a rigid foundation. 

The stick-slip friction procedure [7] is adopted in the analysis. To make a 
comparison the standard 6-node triangular element, marked as CPS6, has also 
been included in the example. Figure 9 presents the distributions of the contact 
stresses by the different elements. The contour plots of Mises stresses by 
different elements are given in Figure 10, in which the curves indicate the plastic 
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zones. A l l new elements give almost identical results with those from the 
standard element. It is obvious that the elements on the edges of the plastic 
zones are partially plastic while the remaining ones are still elastic. 
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Figure 9. The distributions of the contact stresses. 
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40 60 80 100 120 140 160 180 200 

Figure 10. The contour plots of Mises stress by different elements: (a) QUAD8C, 
(b) QUAD8D, (c) QUAD8TC, (d) TRI6 and (e) CPS6. 

6. Conclusions 

The analytical solution of an elasto-plastic problem is difficult to find due to its 
complexity. It seems only simple problems have analytical solutions, as 
presented in the first two examples, which make it easy to show the applicability 
of the new elements. In a little more complex problem, such as in the third 
example, the new elements have to be compared with other well-accepted 
standard elements to show their capabilities. Once again, as well as in the elastic 
problems (see Reference [3]), the element QUAD8C shows a superior accuracy 
to the other elements. 
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SUMMARY 

The concept of the piece-wise linear weight functions, with its successful 
application in 2D elastic static contact problems, extends into the 3D case in this 
paper. Three 3D quadratic elements, 27-node brick element, 10-node tetrahedral 
element and 11-node tetrahedral element, are developed based on the concept, 
which is characterized by the use of the piece-wise linear weight functions 
instead of those identical to the standard shape functions. These newly 
developed elements are designed to improve contact reactions. Numerical 
examples illustrating the performance and applicability of the presented method 
in 3D case are provided. 

KEY WORDS: piece-wise linear weight function; 3D elastic contact problem; finite element 
method; contact reactions.  

1. INTRODUCTION 

Although the work on the approximate solution of differential equations by B. G. 
Galerkin was not considered to be of great importance when it was first 
published in 1915 [1], it is generally recognized as the basis of most finite 
element formulations for both linear and non-linear problems under the name 
Galerkin method [2]. The Galerkin method is not the only available weighted 
residual method and some other methods, such as collocation method, 
subdomain method and least squares methods, have also been adopted [3]. 
However, versatility, efficiency and completeness make the Galerkin method 
applicable to most continuum mechanics problems, but not all. In some 
particular areas it has been reported that finite elements based on the Galerkin 
method give distorted or unacceptable results, e.g., Rajendran et al. [4] point out 
that the Galerkin method exhibits poor performance when a mesh is distorted; 

*: Corresponding to marek.klisinski@ce.luth.se; tel: 0046-920-491347; fax: +0046-920-
491913. 
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Klisinski et al. [5] and Luo et al. [6] indicate that the Galerkin method leads to 
unacceptable results in some contact problem; etc. Modifications of the method, 
aimed to improve such solutions, have been proposed and new elements have 
been invented (e.g. see [4, 5, 6]). 

Contact phenomena occur in most branches of engineering and a lot of 
progress within finite element method has been achieved during recent years 
(see e.g. [7] for additional references). However, due to the properties of the 
Galerkin method the standard higher order finite elements perform poorly in 
many rather simple cases with respect to the values of nodal contact forces. The 
main problem is that within the contact region reaction forces have an 
unreasonably uneven distribution over contact nodes (e.g. see [5,6]). In 3D 
problems when 10-node standard tetrahedral element is applied, it often occurs 
that some contact nodes have zero reaction forces while others have too high 
values. Mottershead et al. points out in [8] that a 20-node standard brick 
element produces negative nodal contact forces at the corners when it is under a 
uniform pressure. A suggestion to avoid the appearance of non-existing opening 
gaps from such erroneous results is also presented in [8], that is, to define the 
contact state by element facial forces on the surface of the contactor. Such 
element facial forces are determined by adding together all of the element nodal 
contact forces, which are formed by dividing the nodal contact force equally 
among the elements sharing the node. However, the suggestion is not applicable 
universally. For example it is not unusual that there exist both positive and 
negative contact forces within a single element. The results would in this case be 
distorted i f the contact forces were defined according to the suggestion. 

The basic point of this paper is to further explore the properties of a new 
weighted residual method, which combines the piece-wise linear weight 
functions and the standard shape functions in the finite element procedure, 
concerning 3D frietional contact problems. This paper follows the approaches 
presented in [5,6], in which the piece-wise linear weight functions have been 
successfully applied in 2D cases with quadratic elements such as 6-node 
triangular elements and 8-node quadrilateral elements. In 2D case with 
application of the piece-wise linear weight functions, even distributions of 
reaction forces, instead of sawtooth distribution, are reached. The same line of 
reasoning is used here and possibilities to obtain even distributions of nodal 
reaction forces by modification of weight functions are examined in three 3D 
quadratic elements, the 10-node tetrahedral element, the 11-node tetrahedral 
element and the 27-node brick element. For the consideration of clarity, they 
wil l be hereinafter indicated as TETRAIO, T E T R A l l and BRICK27 
respectively. The derivation of these three new elements w i l l be presented in 
detail in the following sections. 

The proposed weighted residual method focuses on the applications of 
quadratic elements in present studies. The core of the new method is to apply 
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piece-wise linear weight functions and standard quadratic shape functions 
together in deriving finite element formulations, which determines that an 
unsymmetric stiffness matrix and mass matrix wi l l be generated in the 
procedures. The demerit requires an unsymmetric solver and, therefore, larger 
solving costs. However in order to increase efficiency and accuracy of results it 
is not unpopular to apply unsymmetric matrices in finite element procedures. 
Buczkowski et al. [7] have used unsymmetric matrices in 3D frietional 
orthotopic contact problems. Wriggers et al. [9] have also applied unsymmetric 
tangent matrices in frietional contact-impact calculations. Rajendran et al. [4] 
have invented an unsymmetric 8-node plane element to conquer distorted 
meshes. In any case this drawback and extra costs wil l be well rewarded by 
improved results. 

2. FINITE ELEMENT FORMULATIONS 

The derivation of the piece-wise linear weight function begins with the widely-
accepted weak formulation by the virtual work principle. For an elastic body in 
the equilibrium under the actions of body load and external tractions, the weak 
formulation can be written as 

j(W\fadV - jv r tdS - \\TbdV = 0 (1) 
V $ V 

in which V is the strain-displacement differential operator matrix, V and S refer 
to the elastic body's domain and boundary under the effect of external tractions, 
a, b and t are the real stress field, the real body force vector and the real traction, 
and v is the weight vector which contains the virtual displacement and is 
arbitrary. The virtual strain vector is described as 

Se = Vv (2) 

The weight vector v can be defined in accordance with 

v = W£u (3) 

in which W is the matrix containing the weight functions and Sn is the virtual 
nodal displacement vector. W is not necessary equal to N, the matrix containing 
standard shape functions. 

Although the virtual displacement needs not to be identical to the real 
displacement, it has to satisfy the completeness requirement and the 
compatibility requirement. Therefore, the weight functions, no matter what kind 
of functions are adopted, must fu l f i l l this condition, which means that the weight 
functions must guarantee C°-continuity both for inter-element variables and for 
intra-element variables. It is not necessary that weight function must be 
quadratic to fu l f i l l these two compulsory requirements under a quadratic 
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displacement field or for a quadratic element. However, the weak formulation 
involves the virtual strain vector, Se, which is the first derivative of virtual 
displacement. Hence the virtual displacement must ensure at least C'-continuity 
over a defined domain, either the whole element or a part of the element, in 
which the first derivative of the weight function is continuous. The piece-wise 
linear weight functions are set up based on this suggestion. Zienkiewicz et al. 
have proposed piece-wise constant shape functions to calculate a lumped mass 
matrix [2]. 

The first step to set up the piece-wise linear functions for a quadratic element, 
should be to divide the element into several simple and linear subelements over 
which the C7-continuity of a weight function is ensured. The subelements 
usually are simplest possible element, such as the 3-node triangular element in 
2D case and the 4-node tetrahedral element in 3D case. For instance, a 6-node 
triangular element can be divided into four 3-node triangular elements and a 10-
node tetrahedral element can be divided into eight 4-node tetrahedral elements. 
On the other hand, the structure of these quadratic elements can be treated as 
super-elements, consisting of several linear subelements. The piece-wise linear 
weight functions for a particular node, as indicated by the name, are linear in 
those subelements to which the node belongs and are zero in all other 
subelements. I f considered at the level of a subelement, the piece-wise linear 
weight functions are identical to the shape functions of the subelement. 
Therefore, Equation (3) can be modified on the element level as 

v" = J4(w;^u") (4) 

where the symbol A denotes the assembly procedure that assembles the 

contributions from each subelement, n is the number of subelements, W* is the 

weight function matrix for the i-th subelement and the superscript e denotes that 
the quantities pertain to the element level. The functions selected as weight 
functions for a finite element need only to satisfy the condition 

Z w ; = i (5) 

for all points in the element. 

Inserting Equation (4) into the corresponding expression on the element level 
of Equation (1), one obtains 

A( j(VW;Suey aedV" - j(W^Sue)TtedSe - jrwfSuefbedr) = 0 (6) 
v s* v 

Removing the virtual displacement vector and expressing the element stress 
vector by the element real displacement vector 
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\(( \{WfT>WdV)ue - j ( W ; ) r t W - j(W<fb°dV") = O (7) 

where 

B? = v w ; (8) 

B' = V N e (9) 

cr"=Df" (10) 

e=Bu (11) 

and B, e is the strain-displacement matrix which consists of the derivatives of the 
piece-wise linear weight functions of the i-th subelement, B e is that matrix of 
the classical formulation, W is the usual standard shape function matrix and E' 
is the element strain vector. B / has non-zero terms only in the columns 
corresponding to nodes of the z-th subelement. 

The standard finite element equation on the element level 

K V = f e (12) 

can be derived from Equation (7) with the definition of the following matrices 

K " = A ( J ( B / ) r D B V F B ) (13) 
M y, 

fi* = AC f W ) r t ' d s - ) (14) 

v=t:+rb (16) 

where K'' is the element stiffness matrix, f," is the element external load vector, 

fb

c is the element body load vector and P is the element load vector. The 

consistent element mass matrix Me can be derived in a similar manner as the 

element stiffness matrix leading to 
M" = A ( \(W°)TWpdVe) (17) 

in which p is the density of the material. It is obvious that the stiffness matrix 

and mass matrix derived by this method are unsymmetric. 

In the following three sections detailed explanations about the piece-wise 
linear weight functions based on the proposed suggestion for TETRAIO, 
TETRAl 1 and BRICK27 are presented. 
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3. WEIGHT FUNCTIONS FOR 10-NODE TETRAHEDRAL ELEMENT 

Figure 1 presents the 10-node parent tetrahedral element as well as the 
subdivisions of the element that are prepared for derivation of the piece-wise 
linear weight functions. Due to the application of piece-wise linear weight 
functions, volume coordinate, which is adopted widely for tetrahedral element, 
is not easily applicable for this new element. Therefore, the rectangular 
orthogonal coordinate system is adopted herein. Node 1 locates in the origin of 
the coordinate system and node 2, 3 and 4 locate in the x-, y- and z-axis, 
respectively. Line segments 1-2, 1-3 and 1-4 have unit length. The other nodes 
locate in the mid points of corresponding line segments. The element is divided 
into 8 subelements. 

Figure 1. The 10-node parent tetrahedral element. 

The shape function for the apex nodes: 

N] =(l-x-y-z)(l-2x-2y-2z), etc. (18) 

and for the mid-edge nodes: 

Ns=4x(l-x-y-z), etc. (19) 

The piece-wise linear weight function for a particular node is non-zero only in 
the subelements to which the node belongs. In other words, the piece-wise linear 
weight function for a particular node in a subelement is identical to the shape 
function at that node for the 4-node tetrahedral element. The eight subelements 
are defined as follows: 1-5-7-8, 5-2-6-9, 7-6-3-10, 8-9-10-4, 9-8-10-5, 9-6-5-10, 
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7-5-6-10 and 10-8-7-5. The piece-wise linear weight functions are C1-

continuious within each subelement and C^-continuious for inter- and intra-

element. The ordering of the nodes is governed by the right hand rule. Therefore, 

the piece-wise linear functions are expressed in the form of piece-wise 

continuous functions: 

w,= 
\-2x-2y-2z 

0 
in H - 5 - 7 - 8 

in other subelements 
(20) 

w, 

w4 = 

2x-l in F 5 - 2 - 6 - 9 
0 in other subelements 

2y-\ / « F 7 - 6 - 3 - 1 0 
0 in other subelements 

2z-\ « K 8 - 9 - 1 0 - 4 
0 in other subelements 

(21) 

(22) 

(23) 

W. = 

2x 
2-2x-2y-2z 

l-2z 
2-2x-2_y-2z 

\-2y 
2x 
0 

in H - 5 - 7 - 8 
in K 5 - 2 - 6 - 9 
in K 9 - 8 - 1 0 - 5 
in F 9 - 6 - 5 - 1 0 
in K 7 - 5 - 6 - 1 0 
in F 1 0 - 8 - 7 - 5 

in other subelements 

(24) 

W, 

2y in F 5 - 2 - 6 - 9 
2x W F 7 - 6 - 3 - 1 0 

2 x + 2 v - l zzz F 9 - 6 - 5 - 1 0 
2x + 2> ' - l ZZJ K 7 - 5 - 6 - 1 0 

0 in other subelements 

(25) 

ly z>z K l - 5 - 7 - 8 
2 - 2 x - 2 j - 2 z in F 7 - 6 - 3 - 1 0 

l - 2 x - 2 z inVl-5-6-\Q 
\-2x-2z zzz F 1 0 - 8 - 7 - 5 

0 in other subelements 

(26) 

2z 
2-2x-2y-2z 

\-2x-2y 
\~2x-2y 

0 

in H - 5 - 7 - 8 
z« F 8 - 9 - 1 0 - 4 
in K 9 - 8 - 1 0 - 5 
in K 1 0 - 8 - 7 - 5 

in other subelements 

(27) 

W 9 = 

2z z z ? K 5 - 2 - 6 - 9 

2x zw F 8 - 9 - 1 0 - 4 

2x + 2 z - l zz7 V9 — 8 — 10 — 5 
2x + 2 z - l Z Z 7 F 9 - 6 - 5 - 1 0 

0 ZZ7 other subelements 

(28) 
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2z in VI-6-3-10 
2y w K 8 - 9 - 1 0 - 4 
2y zwF9-8-10-5 

Wxts-\ \-2x OTK-9-6-5-10 (29) 
2z z w F 7 - 5 - 6 - 1 0 

2x + 2y + 2 z - l w F l O - 8 - 7 - 5 
0 in other subelements 

4. A NOVEL 11-NODE TETRAHEDRAL ELEMENT 

The previously introduced 10-node tetrahedral element has a minor defect, 
because the subdivision of the element is not symmetric. The definition of three 
axes has an influence on the properties of the element, although such an 
influence is not significant, as wi l l be showed in the following examples. To 
eliminate this defect a novel 11-node tetrahedral element is proposed. The 
structure of the element and the definition of the 11 t h node are given in Figure 2. 
The parent element and the ordering of the first 10 nodes of the 11-node 
tetrahedral element are identical to those of the 10-node tetrahedral element 
except for the extra 11 t h node. 

X 

Figure 2. The 11-node parent tetrahedral element. 

As far as we can see, such a 11-node tetrahedral element is novel in the finite 
element method. Therefore, it is necessary to describe shape functions for all 11 
nodes, which are demonstrated from Eq. (30) to (40). The piece-wise linear 
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weight functions of the new element can be defined according to the same rules 
as introduced in the previous section. T E T R A l l is subdivided into 12 
subelements, as shown in Figure 2. The subdivision of T E T R A l l is unique and 
independent of axes, which ensures that the element properties wi l l not be 
inlluenced by the definition of axes. The first four nodes have the same weight 
functions as those of TETRAIO. The weight functions for the remaining 7 nodes 
arc given from Eq. (41) to (47). 

The extra degree of freedom introduced by the 11 t h node can be condensed 
llmuigh static condensation for linear elastic problems and Guyan reduction for 
dynamic problems (see e.g. [10] for details). In this way the condensed element 
could be used as 10-node tetrahedral element without losing structural symmetry. 

N] = 1 - 3(x + y + z) + 2(x + y + zf + 8xyz 

N2=x{2x-Y) + %xyz 

N} = y{2y-\) + %xyz 

N4=z(2z-\) + Sxyz 

Ns = 4x(l -x-y-z) -\6xyz 

Nb = 4xy-l6xyz 

N1 = 4y{\-x-y-z)-\6xyz 

Ng = 4z(l -x-y-z) -\6xyz 

N9 = 4zx-\6xyz 

Nl0 = 4 v r -16 .WZ 

A7,, = 64xyz 

2x w F l - 5 - 7 - 8 
2-2x-2y-2z in 7 5 - 2 - 6 - 9 

\-2y-2z 
\-2y-2z 
\-2y-2z 
\-2y-2z 

0 

in 7 5 - 9 - 1 1 - 8 
in 7 7 - 5 - 1 1 - 8 
in 7 9 - 5 - 1 1 - 6 
in 7 5 - 7 - 1 1 - 6 

in other subelements 

(30) 

(31) 

(32) 

(33) 

(34) 

(35) 

(36) 

(37) 

(38) 

(39) 

(40) 

(41) 

W, = 

2.V 
2x 

2x + 2y-\ 
2x + 2y-\ 
2x + 2y-\ 
2x + 2y-\ 

0 

in 7 5 - 2 - 6 - 9 
in 7 7 - 6 - 3 - 1 0 
in 77 -10 -11 -6 
in 710-9 -11-6 
in 7 9 - 5 - 1 1 - 6 
in 7 5 - 7 - 1 1 - 6 

in other subelements 

(42) 
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2y in 7 1 - 5 - 7 - 8 
2 -2x-2y-2z in 7 7 - 6 - 3 - 1 0 

\-2x-2z in 7 1 0 - 7 - 1 1 - 8 
\-2x-2z in 7 7 - 5 - 1 1 - 8 
\-2x-2z in 7 7 - 1 0 - 1 1 - 6 
\-2x-2z in 7 5 - 7 - 1 1 - 6 

0 in other subelements 

2z in 7 1 - 5 - 7 - 8 
2 -2x-2y-2z in 7 8 - 9 - 1 0 - 4 

\-2x-2y in 7 1 0 - 7 - 1 1 - 8 
\-2x-2y in 79 -10 -11 -8 
\-2x-2y in 7 5 - 9 - 1 1 - 8 
\-2x-2y in 7 7 - 5 - 1 1 - 8 

0 in other subelements 

2z in K 5 - 2 - 6 - 9 
2x in 7 8 - 9 - 1 0 - 4 

2x + 2 z - 1 in 79 -10 -11-8 
= • 2x + 2 z - 1 in 7 5 - 9 - 1 1 - 8 

2x + 2 z - 1 in 7 1 0 - 9 - 1 1 - 6 
2x + 2z - 1 in 7 9 - 5 - 1 1 - 6 

0 in other subelements 

2z in 7 7 - 6 - 3 - 1 0 
2y in 7 8 - 9 - 1 0 - 4 

2y + 2z- 1 in 7 1 0 - 7 - 1 1 - 8 
2y + 2z- 1 in 79 -10 -11-8 
2.V + 2 Z - 1 in 7 7 - 1 0 - 1 1 - 6 
2y + 2z- 1 in 7 1 0 - 9 - 1 1 - 6 

0 in other subelements 

4x in 7 1 0 - 7 - 1 1 - 8 
2 -4z in 79 -10 -11 -8 

4y in 7 5 - 9 - 1 1 - 8 
4x + 4 j + 4z --2 in 7 7 - 5 - 1 1 - 8 

2-4y in 7 7 - 1 0 - 1 1 - 6 
4 - 4x - 4 y 4z in 7 1 0 - 9 - 1 1 - 6 

2 - 4 x in 7 9 - 5 - 1 1 - 6 
4z in 7 5 - 7 - 1 1 - 6 
0 in other subelements 



5. WEIGHT FUNCTIONS FOR THE 27-NODE BRICK ELEMENT 

The 27-node parent brick element and its numbering are presented in Figure 3. 
The parent element is a unit cube. Again node 1 corresponds to the origin of the 
coordinate system. Nodes 1-8 are apex nodes while nodes 9-16 are located in 
the mid-points of corresponding line segments. Node 21 is located at the 
centroid of the element and nodes 22-27 are located at the center of 
corresponding surfaces. The element is divided into 48 subelements. Except for 
those subelements which are connected with 8 apex nodes, there are many 
possible ways to define other subelements. Figure 4 presents one possibility, 
which works well with the new weighted residual method and which is 
compatible in assembling procedure. To view clearly, the element is 
decomposed into 8 sections in Figure 4. 

6 — 

13 

6 ~ 

24 

-46-

23 

1-4 „ 
|17 ff 

27 

/ 
15 

21 

25 
, 4 ~ — 

--42-

22 

—48— 

20 

11 

Figure 3. The 27-node parent brick element. 

The shape functions for the apex nodes: 

N, = (2* - IX* - W y - \)(y - l)(2z - l)(z -1), etc. 

for mid-edge nodes: 

N9 = 4x0 - x)(2y - l)(y - l)(2z - l)(z -1), etc. 

for surface center nodes: 

N22=l6x(l-x)y(l-y)(2z-l)(z-l), etc. 

and for centroid node: 

(48) 

(49) 

(50) 
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N2l = 64x(\ - x)y{\ - y)z(\ - z) (51) 

To make the description concise, only the piece-wise linear weight functions for 

node 1, 9, 21 and 22 wi l l be presented here. Other weight functions can be 

derived in a similar way. 

w, = 
•2x-2y-2z »z 71-9-12-17 

0 in other subelements 

2x 
\-2y-2z 
\-2y-2z 

2-2x 
\-2y~2z 
\-2y-2z 

0 

in 71-9-12-17 
in 712-17-9 -24 
in 7 9 - 2 2 - 1 2 - 2 4 
in 7 2 - 1 0 - 9 - 1 8 

in 724-9-10-18 
in 7 2 4 - 1 0 - 9 - 2 2 

in other subelements 

(52) 

(53) 

-2 + 2x + 2y + 2z in 722- 27--24 -21 
~2x + 2y + 2z in 722- 24--25 -21 

2-2x-2>> + 2z in 722-•25- 26 -21 
2x - 2y + 2z in 722- 26-•27 -21 
2x + 2y - 2z in 7 2 1 - 27- 24 -23 

2 -2x + 2y-2z in 7 2 1 - 24- 25 -23 
4 - 2 x - 2 y - 2 z in 7 2 1 - 25- 26 -23 
2 + 2x-2_v-2z in 7 2 1 - 26- 27 -23 

0 ' in other subelements 

-1 + 2.V + 2.V in 7 9 - 2 2 - 12--24 
- l + 2x + 2.y in 712- 22- 27 -24 

-2 + 2x + 2^ + 2z in 722-•27--24 -21 
l - 2 x + 2y in 724-•25--10 -22 
\-2x + 2y in 724--10--9 - -22 

l - 2 z in 722--24--25 -21 
3 - 2x - 2 y in 710- 1 1 - 22--25 
3-2x-2_y in 711- 26- 22--25 

l - 2 z in 722-•25--26 -21 
l + 2x-2>^ in 711- 27- 12--22 
l + 2x-2.y in 711- 26- 27 -22 

l - 2 z in 722--26--27 -21 
0 in other subelements 

(54) 

(55) 
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6. EXAMPLE PROBLEMS 

6.1 Pyramid 

This example is designed to illustrate that standard 10-node tetrahedral element 
can sometimes give absurd results in a rather simple situation. The configuration 
and discretization of the analyzed pyramid is showed in Figure 5. The base of 
the pyramid is a square with side length 1. The height of the pyramid equals to 
half of the diagonal of the square. The pyramid is simply supported and meshed 
by four 10-node tetrahedral elements. Only self-weight, which is 1, is taken into 
consideration. The following material properties are adopted: Young modulus 
1.0109 and Poisson's ratio 0.3. 

\ 

— \ — © ~ 

\ 

Figure 5. The configuration and discretization of the pyramid. 
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Figure 6. The vertical reaction forces of the pyramid by: (a) C3D10, 
(b) TETRAIO and (c) TETRAl 1. 

Three types of elements have been used in the analysis: the standard 
ABAQUS element C3D10 and two user elements TETRAIO and T E T R A l l . 
The reaction forces at the boundary nodes of the pyramid are presented in Figure 
6. Tensile forces appear in the four corner nodes when C3D10 is used, as well as 
the reaction is very low in the central node, which should not happen in this case. 
The difference in nodal forces for TETRAIO and T E T R A l l is rather small 
giving compression at all nodes. Moreover, the symmetry of results for 
TETRAl 1 is preserved. 
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6.2 The Hertz static contact problem 

The Hertz contact problem [11] provides a benchmark for contact analysis. 
Many researchers, e. g. Chaudhary and Bathe [12] and Zhong [13], have used 
this problem. The Hertz static contact problem studied here is the case of two 
identical spheres pressed into each other, as showed in Figure 7. The contact is 
generated due to the externally applied static compressive loading. This analysis 
could be performed by applying a finite element model which consists of 2D 
axisymmetric elements. Here, however, 3D solid elements are used to 
demonstrate the applicability of the new-developed user elements: BRICK27, 
TETRAl 0 and TETRAl 1. 

IDENTICAL 
SPHERES 

! J _ TOTAL j 
1 : LOAD,-P j 

Figure 7. Illustration of the considered Hertz static contact problem. 

Figure 8 shows the finite element mesh with element BRICK27. The mesh for 
TETRAIO and T E T R A l l is developed from the previous one in the way that 
each brick element is subdivided into 5 tetrahedral elements, four of which 
locate at corners. Due to symmetry only a 15-degree wedge of a single sphere is 
considered to come into contact with a flat rigid surface. The radius of the 
spheres is 5 and the following material properties are used: Young's Modulus, 
1000.0; Poisson's ratio, 0.3 and density, 0.1. The contact between the two 
spheres is assumed to be frictionless. The material behavior is assumed to be 
linear and no geometrical non-linearity is included. In the analysis the wedge is 
subjected to a uniformly distributed body force along the negative y-direction 
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such that the resultant of the body force applied for the entire sphere is P=513 
(i.e. the total force applied to the wedge is one twenty-fourth of P). 

27-NODE 3D 
BRICK ELEMENT 

- ) / ^ - CONTACTOR SURFACE 

^-TARGET SURFACE 

Figure 8. Finite element discretization of the considered 15-degree wedge. 
One 27-node 3D brick element across the wedge thickness. 

Figure 9 shows the calculated contact pressures and a comparisons with the 
Hertz analytical solution. The peak pressure q in the analytical solution is 169 
and the contact radius a in the analytical solution is 1.2. For the sake of 
comparison, the results from ABAQUS standard elements C3D10 and C3D27 
and results from Chaudhary and Bathe[12] are also presented in Figure 10. The 
results from those ABAQUS standard elements deviate surprisingly rather much 
from the analytical solution. The results could be improved by refining the mesh. 
However, under the same condition the user elements produce results that f i t the 
analytical solution far better. 
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6.3 An elastic block compressed against a rigid surface 

The following example, which was firstly studied by Klisinski and Postek [14], 
concerns a rectangular block with vertical pressure applied to a defined area in 
its upper surface as well as horizontal pressure applied with a certain angle to 
the x-axis. Two analyses wi l l be presented: one is only with vertical loads and 
the other is with both vertical and horizontal loads. The general scheme of the 
structure and material properties are given in Figure 11. The block is supported 
by a rough rigid surface. Non-dimensional quantities are adopted in this example. 
The friction coefficient p between the block and the rigid surface is 0.577 which 
is equivalent to a friction angle of 30°. The dimensions of the block are: the 
length 14.0, the width 8.0 and the height 6.0. The horizontal pressure is applied 
at an angle of 30° to x-axis and is 1. In Figure 11 the horizontal pressure is 
decomposed into components in x- and y- directions. The vertical pressure 
equals to 2. It is assumed that the friction may act 1.0 unit from the edges of the 
block. In other words, on a strip of width 1.0 unit from the edges a frictionless 
contact between the block and the rigid surface is imposed. The vertical pressure 
field on the upper side of the block covers the area corresponding to the 
frietional region. 

Figure 11. The general scheme of the block. 

The analyses are performed in the standard program ABAQUS by inserting 
user subroutines which define the user elements based on the described method. 
To make comparison the ABAQUS element C3D27 as well as user elements 
TETRAIO, T E T R A l l and BRICK27 are included in the analysis. Two meshes 
have been applied in the analyses. The mesh for C3D27 and BRICK27 consists 
of 6409 nodes and 672 elements where each element is a unit cube. The finite 
element model with tetrahedral elements is created in the same way as in the 
previous example. For both meshes there are 493 nodes in contact. 
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During the analysis with both vertical and horizontal loads, both for 
ABAQUS element and for user elements, it appeared to be necessary to 
introduce some horizontal springs to prevent the prevailing rigid motions of the 
block even solving the problem in two steps (attempting to close the contact 
surfaces with vertical pressures and in the next step applying the horizontal force 
while keeping the pressure from the previous step). The stiffness of these 
springs is set so small that the disturbances introduced by the springs are 
negligible. 

The horizontal displacement distribution on the contact surface, the horizontal 
contact reactions at each contact node and the contact pressures obtained under 
vertical loads from these four elements are presented Figure 12, Figure 13 and 
Figure 14. Corresponding results under both vertical and horizontal loads for 
these four elements are given in Figure 15, Figure 16 and Figure 17. The figures 
of the distribution of the horizontal displacements and the horizontal contact 
reactions are qualitatively different. The results under both vertical and 
horizontal loads produced by ABAQUS element C3D27 suggest that the block 
moves, because the displacements and the reactions are evenly distributed. In 
the case of user elements the distribution of the horizontal displacements and the 
horizontal reactions points out that the block is kept steady by the frietional 
forces concentrated in the lower left corner of the contact surface. 
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Figure 12. Distribution of horizontal displacement on contact surface under vertical load only: 
(a) C3D27, (b) BRICK27, (c) TETRAIO and (d) TETRAl 1. 

Magnification factors are 3.0E+5 for all. 
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(c) 

Figure 14. Contact pressures under vertical load only: (a) C3D27, 
(b) BRICK27, (c) TETRAIO and (d) TETRAl 1. 
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Figure 15. Horizontal displacement distribution on contact surface under vertical and 
horizontal loads: (a) C3D27, (b) BR1CK27, (c) TETRAIO and (d) TETRAl 1. 

Magnification factor for (a) is 100 and for (b)~(d) is 5000. 
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Figure 16 Horizontal reaction forces distribution under vertical and horizontal loads: 
(a) C3D27,(b) BR1CK27, (c) TETRAIO and (d) TETRAl 1. 

Magnification factors are 5 for all. 
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Figure 17. Contact pressures under vertical and horizontal loads: (a) C3D27, 
(b) BRICK27, (c) TETRAIO and (d) TETRAl 1. 

7. CONCLUSIONS 

Three new elements, 27-node brick element (BRICK27), 10-node tetrahedral 
element (TETRAIO) and 11-node tetrahedral element (TETRAl l ) , have been 
developed based on the presented piece-wise linear weight functions. The 11-
node tetrahedral element is specially invented to behave symmetrically in the 
application of the piece-wise linear weight functions and is a novel element in 
the Finite Element Method. The numerical results for the example problems 
reveals that the new elements have better performance than standard elements 
concerning contact problems. Furthermore, T E T R A l l proves to be superior to 
TETRAIO with respect as the symmetry of nodal forces. The encouraging 
results of the present work suggest the applicability of the piece-wise linear 
weight functions in 3D contact problems. 
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