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Abstract

The research presented in this thesis discusses an electromagnetic (EM) analysis tool
which is based on the partial element equivalent circuit (PEEC) method and is ap-
propriate for combined EM and circuit simulations especially power electronics appli-
cations. EM analysis is important to ensure that a system will not affect the correct
operation of other devices nor cause interference between various electrical systems. In
power electronic applications, the increased switching speed can cause voltage overshoots,
unbalanced current share between semiconductor modules, and unwanted resonances.
Therefore, EM analysis should be carried out to perform design optimizations in order
to minimize unwanted effects of high frequencies. The solver developed in this work
is an appropriate solution to address the needs of EM analysis in general and power
electronics in particular. The conducted research consists of performance acceleration
and implementation of the solver, and verification of the simulation results by means of
measurements. This work was done in two major phases.

In the first phase, the solver was accelerated to optimize its performance when quasi-
static (R,Lp,C)PEEC as well as full-wave (R,Lp,C,τ)PEEC simulations were carried out.
The main optimizations were based on exploiting parallelism and high performance com-
puting to solve very large problems and non-uniform mesh, which was helpful in sim-
ulating skin- and proximity effects while keeping the problem size to a minimum. The
presented results and comparisons with the measurements confirmed that non-uniform
mesh helped in accurately simulating large bus bar models and correctly predicting sys-
tem resonances when the size of the problem was minimized. On-the-fly calculation was
also developed to reduce memory usage, while increasing solution time.

The second phase consists of methods to increase the performance of the solver while
including some levels of approximations. In this phase sparsification techniques were
used to convert a dense PEEC system into a sparse system. The sparsification was
done by calculating the reluctance matrix, which can be sparsified by maintaining the
accuracy at the desired level, because of the locality and the shielding effect of the
reluctance matrix. Efficient algorithms were developed to perform sparse matrix-matrix
multiplication and assemble the sparse coefficient matrix in a row-by-row manner to
reduce the peak memory usage. The sparse system was then solved using both sparse
direct and iterative solvers with proper preconditioning. The acquired results from the
sparse direct solution confirmed that the memory consumption and solution time were
reduced by orders of magnitude and by a factor 3 to 5. Moreover, the Schur complement
was used together with the iterative approach, making it possible to solve large problems
within a few iterations by preconditioning the system, and using less memory and lower

v



computational complexity. Bus bars used in two types of power frequency converters
manufactured by ABB were modelled and analysed with the developed PEEC-based
solver in this research, and the simulations and measurements agreed very well. Results
of simulations also led to improvement in the physical design of the bars, which reduced
the inductance of the layout.

With the accelerated solver, it is now possible to solve very large and complex prob-
lems on conventional computer systems, which was not possible before. This provides
new possibilities to study real-world problems which are typically large in size and have
complex structures.
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Chapter 1

Introduction

“It is amusing to remark that we were so involved
with matrix inversion that we probably talked of

nothing else for months. Just in this period Mrs.
von Neumann acquired a big, rather wild but gentle

Irish Setter puppy, which she called Inverse in
honour of our work!”

Herman H. Goldstine, The Computer: From Pascal
to von Neumann (1972)

1.1 Background

Modern computer systems have made possible, advanced and complex mathematical
modelling of the physical phenomena for the scientists and engineers in different fields
of science. By using mathematical modelling, scientists could efficiently and accurately
predict and analyse the behaviour of a physical system even when performing measure-
ments was hard, if not impossible. Within the electronics industry, numerical modelling
of electronic designs started in the early 60s, with simple capacitance and inductance cal-
culations [1] and results that could be used to correctly simulate the behaviour of complex
electrical systems [2]. Since then, mathematical modelling has become more popular in
many scientific disciplines including mechanical engineering, chemistry, electromagnetics,
climate forecasting, etc.

The most important motivation of computer simulation and modelling for electrical
systems and electromagnetic analysis are: technical needs and lower production costs. As
the complexity of the modern electrical systems increase, simulation techniques should be
used to design and to verify the correct operation of a system. Moreover, miniaturization
and increasing the operational frequency of electrical circuits has made electromagnetic
analysis, an unavoidable step in modern circuit design. In addition, using computer
simulation and system modelling, will eliminate the costly and time consuming process
of creating physical prototypes, since the behaviour of a design can accurately predicted.

1



2 Introduction

Electromagnetic (EM) modelling [3] can be described as the process of modelling
the interaction between electromagnetic fields, physical structures and the environment.
Currently a number of different methods exist to fulfil the need for EM modelling. As a
result, EM analysis provides solution to Maxwell’s equations, where analytical solutions
are normally not available and hence numerical approaches are used. Since Maxwell’s
equations are expressed in either differential or integral form, these approaches are there-
fore grouped into two main categories. The first class includes the methods which solved
the Maxwell’s equations in differential form, and the most famous techniques of which are
the finite element method (FEM) [4] and the finite difference time domain (FDTD) [5].
The other class consists of the methods which involve Maxwell’s equations in integral
form, i.e. the method of moments (MoM) [6], the finite integration technique (FIT) [7],
and partial element equivalent circuit (PEEC) methods [8–10].

These methods have their special features making them more or less suitable to differ-
ent types of problems. Hence, regarding the properties of the structure being analysed,
different methods could be proposed. In differential methods, the free space around
surface bodies is also included in the problem, while integral equations only include
the surface of the body. Thus, in the former case a boundary condition should be de-
fined to limit the problem size. From a mathematical perspective, matrices arising from
differential equations are large in dimensions, sparse and numerically well-conditioned,
while integral equations are smaller in size but have dense and ill-conditioned matri-
ces [11]. Moreover, solving the systems based on differential equations is numerically
more straightforward than solving systems based on integral equations.

The PEEC method was originally developed at IBM for 3D inductance extraction [12],
but it is now used for general EMmodelling [13]. The main advantage of the method is the
equivalent circuit formulation, which provides a good insight to the electrical behaviour
of the original problem and transfers the problem from the EM to the circuit domain,
which makes further analysis more efficient. In addition, the PEEC method is a suitable
technique for combined EM and circuit analysis, e.g. power electronic systems, since the
external circuitry (consisting of active and passive components) is directly included in
the EM analysis without reformulation.

Research on the PEEC method and computer simulations has been done contin-
uously over the years. An earlier implementation of the PEEC method is known as
FastHenry [14]. FastHenry is used for inductance extraction and is accelerated using
non-uniform mesh [14], the fast multipole method (FMM) [15], and iterative solvers [16].
More recently, hierarchical matrices (H-matrices) have been utilized together with the
reluctance technique to improve the performance of a PEEC-based solver by converting
a dense system into sparse system [17]. Additionally, some other extensions to the classic
PEEC were made to include non-orthogonal structures [18], magnetic materials [19], and
round wire formulations [20]. Extensive work has also been done and is still ongoing to
apply model order reduction (MOR) algorithms to the PEEC method. MOR is used to
extract a macro model of a structure with respect to frequency [21]. Moreover, over the
recent years, parametrized model order reduction (PMOR) has been proposed, which can
reduce large system of equations with respect to frequency and other design parameters
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of the circuit, such as geometrical layout or substrate characteristics [22]. Recently, an
efficient scheme has been proposed for skin effect modelling using the PEEC method for
round wires by connecting partial inductance for a shell in series [23].

In this research a PEEC-based solver is accelerated and developed to leverage the
processing power of computers for EM modelling in general and power electronics in
particular. The reluctance technique together with a novel grouping approach for reluc-
tance calculations is used to efficiently achieve the sparse system from PEEC equations.
Further accelerations have been carried out by utilizing parallel processing techniques
and sparse solvers in order to improve the overall performance of the solver. Finally,
regularization techniques and numerical methods are employed for preconditioning and
the Krylov subspace solution, which reduced the computational complexity of the solver.

1.2 Motivation

EM analysis is very important, for example in electromagnetic compatibility (EMC),
which aims to ensure equipment and devices operate correctly in their environment and
comply with EMC standards and regulations. In power electronic applications, increas-
ing the switching frequency, increases efficiency and considerably reduces losses. At the
same time, stray inductances should be carefully studied to avoid resonances and voltage
overshoots due to the high di

dt
coming from the fast switching rate of power semiconduc-

tors [24], e.g. insulated-gate bipolar transistor (IGBT) and integrated gate-commutated
thyristor (IGCT). Moreover, modern power semiconductors, e.g. Silicon Carbide (SiC)
and Gallium Nitride (GaN) (including MOSFET, JFET and diodes), offer higher block-
ing voltages (SiC), higher operating temperature (SiC and GaN), and most importantly
higher switching speed (GaN even higher than SiC). Additionally, paralleling IGBTs in
order to achieve the higher current needed to realize multi-megawatt applications in-
creases di

dt
drastically [25] [26]. Recent research has proved that this new generation of

semiconductors can result in ×7 lower switching losses [27] due to the higher operating
frequency of modules, which is very attractive and highly desirable in the industry. At
the same time, analysing stray inductances is even more crucial in modern devices, since
inductive loops of few nanohenries can cause system malfunctions because of coupling
effects, which can lead to over-dimensioning of the components in a system (also referred
as derating) [28]. Stray inductances can cause voltage overshoot, unbalanced current
sharing between modules and unexpected resonances in the system, and hence should
be carefully identified and quantified by proper electromagnetic modelling and inductive
loop analysis. Therefore, the PEEC method is an appropriate solution for these kind of
studies, which allows for the combination of the model with other electrical circuits. Be-
sides, it is expected that the developed PEEC-based solver will provide a proper solution
for the electromagnetic optimization in power electronics, when modern power modules
equipped with upcoming generations of power semiconductors are involved. It was also
expected that the developed solver be able to perform a quasi-static frequency domain
simulation with more than 200 000 unknowns and with 10 frequency samples, within 6
hours on a desktop machine.



4 Introduction

In the following section, three examples of applications are introduced where EM
analysis and particularly PEEC-based solver can be employed to optimize the design
and ensure the correct functionality.

1.2.1 Inductance Extraction

Increasing power density and performance while simultaneously decreasing production
costs has always been one goal of semiconductor manufacturers. As the operational
frequency of modern power electronics applications has continuously increased, recent
advances in semiconductor technologies have led to production of the new generation of
power semiconductors [25] [27], which have

• higher switching speed;

• higher operating temperature;

• higher blocking voltages.

High frequency circuits are attractive because they reduce losses, thus increasing current
capability and producing less harmonics, for example in a power frequency converter.
At the same time, with a nominal current of 1 kA, the di

dt
in the new generation of

power semiconductors will be between 20 kA/μs and 50 kA/μs [25]. Since the induced
voltage is proportional to the inductance and the derivative , with respect to time, of
the current, minimizing inductance is important. The relationship between the induced
voltage, current and stray inductance in an electrical circuit is defined as

|Vind| = Lσ
di

dt
. (1.1)

According to (1.1), a physical structure with a stray inductance of only Lσ = 10 nH
will induce 200 V to the collector of a semiconductor. These overshoots, which happen
because of induced voltage [24], can permanently damage the equipment in a power
electronics module and increase switching losses [26]. Besides, the induced voltage will
linearly increase as the stray inductance increases. Moreover, the stray inductances can
cause unbalanced current sharing in parallel IGBTs and unwanted resonances [28] [29].
On the other hand, there is no analytical formula for inductance extraction when complex
geometries are being analysed. Therefore, simulation methods such as PEEC which
employ numerical techniques to solve similar problems, should be used to accurately
predict the behaviour of a system by extracting inductances and analysing commutation
loops in the systems.

1.2.2 Capacitance Cancellation

Miniaturization of power converters has been very popular because of cost-reduction
demands. This means that electronic systems need to be built within smaller spaces,
which will require electronic components with very different characteristics at a steadily
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increasing frequency. As power electronics converters are known to generate high con-
ducted emission levels, low-pass filters are used as the interface between power grids and
converters [30]. Typically, low-pass filters used for high performance power converter
systems are based on inductors and capacitors along with resistors for passive damping.
In such filters, inductors play an essential role. Furthermore, the physical arrangement
of wires, core body and insulation in power inductors, which are usually heavy and bulky
components, will produce parasitic capacitance which can be modelled as a capacitor
in parallel with an inductor. These parasitic capacitances produce unwanted resonances
which reduce the attenuation of LC low-pass filter in high frequencies and are therefore
highly undesirable [31]. Figure 1.1 shows the stray capacitance between turns in an in-
ductor which can be efficiently modelled using the PEEC method. Calculating the stray
capacitances will lead to possible capacitive cancellation solutions. Additionally, by ex-
tracting the equivalent circuit of the inductor model using the PEEC technique, further
EM analysis for design optimization will be possible.

Figure 1.1: Inductor network with capacitance cancellation.

1.2.3 Efficient Layout Design

Interconnect design in high frequency circuits is a crucial task. A good design can reduce
the inductance of the physical structure and hence the produced magnetic field, which
will decrease the unwanted coupled voltages. The PEEC-based solver is proven to be an
appropriate tool to optimize design layouts in order to reduce total inductance [32]. An
efficient PEEC-based solver can be used to quickly assess the most advantageous design
of the interconnects within a circuit. Figure 1.2 illustrates the simulation results from
the PEEC-based solver for differential-mode configuration (currents on the plates are in
the opposite directions) of two different designs of two plates. The results confirm that
the parallel configuration of the plates produce a significantly lower magnetic field and
thus will have lower inductance compared to when the plates are placed side by side.
Another example is shown in Fig. 1.3, where two different layouts of a strip line are
examined using the PEEC-based solver. Simulation results show that when the current
does not stay within the y-z plane, there will be a high current density at the corner
of the shortest path between two ends of the strip line. Crowded electrical current at
corners can cause further problems, e.g. cooling in high current bus bar designs in power
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electronics. However, the other design, where the current stays within the y-z plane,
shows a uniform current density and, as a result, a lower overall magnetic field. Using
the PEEC-based solver can easily verify other design rules such as consequent strip line
design without breaks, wide and short conductors and the principal current vector kept in
one plane for each segment to produce a layout with minimum inductance and optimum
circuit design properties [24].

(a)

(b)

Figure 1.2. Two parallel plates with a weak magnetic field (a) and the same plates placed
side by side, which exhibit a strong magnetic field (b).
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(a)

(b)

Figure 1.3. Current density simulation for a strip line where the current stays within the
y-z plane (a) and a strip line where the current does not stay within y-z plane (b).

1.3 Objective

Given the industrial requirements, in Sec. 1.2, the main objective of the thesis is the
investigation of methods for the acceleration of a PEEC-based solver, which provides so-
lutions, meeting the specified requirements. During this research an accelerated PEEC-
based solver was developed, which is appropriate for electromagnetic modelling and more
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specifically tailored for electromagnetic studies within the field of power electronics. The
solver is expected to be developed and accelerated in terms of stability, accuracy, ro-
bustness, and most importantly, applicability to the different simulation needs of power
electronic devices and systems.

The methodology used, consisted of investigation of different approaches e.g. parallel
processing, numerical methods, etc., to achieve efficiency in the solution. Each of the
studied approaches has resulted in proposals for one or more solutions which individually
has been implemented and tested for performance improvements. The research questions
are formulated as

• Which acceleration approaches and methods are feasible for general EM simula-
tions, using a PEEC-based solver, while guaranteeing stability, accuracy, and ro-
bustness?

• While limiting the field of applications to power electronics, what optimizations can
be made to computational speed and memory usage using standard workstations?

Moreover, the following approaches, methodologies, and optimizations have been inves-
tigated:

For general EM analysis, parallel algorithms, i.e. high performance computing, and
multi-threading optimizations, i.e. multi-core hardware, for speedup were utilized. A
model optimization technique using non-uniform meshing was also implemented to re-
duce the model size, while skin- and proximity effects have been taken into account to
minimize memory consumption. Aforementioned acceleration techniques will not affect
the accuracy of the solution at all.

For power electronic applications, the acceleration techniques which was investigated,
increased performance by allowing some approximations in the final solution while keep-
ing the residual of the solution to a minimum. Meanwhile, the accelerations applied,
optimized the solver for power electronic applications where the absence of capacitive
couplings would not invalidate the solution. Despite some controllable levels of approx-
imations in the solution, performance was improved by changing the whole system of
linear equations from dense to sparse, which requires less time and memory to solve.
Moreover, a sparser system would be applicable for use with either sparse direct or itera-
tive solvers and will solve systems more efficiently. Before the project started, the kernel
of the solver was able to handle problems with at most few thousands of unknowns, where
larger problems could not fit into the memory or could take a long time which was not
practical, on a desktop system. Now, the solver is able to handle problems with more
than 100 000 unknowns for quasi-static(R,Lp)PEEC and more than 40 000 unknowns for
full-wave (R,Lp,C)PEEC simulations, on the same test system.
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1.4 Thesis Outline

This thesis is organized in two parts. In the first part, Chapter 2 gives a summary
of electromagnetic simulations, methods and applications, especially the PEEC method,
including theory and formulations. Chapter 3 details the implementation and acceleration
of the PEEC-based solver. Chapters 2 and 3 are partly based on previously published
licentiate work [33]. Chapter 4 describes two real-world industrial case studies where the
developed PEEC-based solver was used to perform electromagnetic analysis and optimize
the products. Further, Chapter 5 lists the appended contributions, and finally Chapter 6
concludes the thesis with a conclusion and suggestions for further work that can be done
to improve the solver. In the second part of the thesis published papers based on this
research are appended.
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Chapter 2

Electromagnetic Simulation

2.1 Electromagnetic Simulation Approaches

Using electromagnetic simulation for product verification and optimization has become
essential. As the operational frequency and complexity of electronic systems increase,
the need to predict the behaviour of the design and ensure whether the design complies
with electromagnetic compatibility (EMC) regulations becomes vital. In high frequency
and high current electrical systems, capacitive and inductive couplings between parts of
the circuit will exist and cannot be disregarded. Furthermore, other phenomena such as
skin- and proximity effects need to taken into account. Therefore, classic circuit analysis
is not enough to model a high frequency system correctly.

Electromagnetic simulation is generally performed by solving Maxwell’s equations.
Maxwell’s equations consists of four equations which can be expressed either in differential
or integral form [34]. The equations relate the electric and magnetic fields to charge and
current density.

Maxwell Equations

Differential form Integral form

∇ · �D = qv
�

�D · d�s = ∫ ∫ ∫
qvdτ

∇ · �B = 0
�

�B · d�s = 0

∇× �E = −∂ �B
∂t

∮
�E · d�l = − d

dt

∫ ∫
�B · d�s

∇× �H = ∂ �D
∂t

+ �J
∮

�H · d�l = d
dt

∫ ∫
�D · d�s+ ∫ ∫

�J · d�s

11
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�E - Electric field intensity
[
V
m

]
�H - Magnetic field intensity

[
A
m

]
�D - Electric flux density

[
C
m2

]
�B - Magnetic flux density

[
W
m2

]
qv - Volume charge density

[
C
m3

]
�J - Electric current density

[
A
m2

]

The constitutive relations in their most general form define relationships between the
pairs of fields { �D, �H} and { �E, �B}. In an empty space, the vacuum relations between
the fields hold {

�D = ε0 �E
�B = μ0

�H
, (2.1)

where ε0 and μ0 are the vacuum permittivity and permeability, respectively. Accounting
for magneto-electric media will change (2.1) to

{
�D = ε{ �E + η∇× �E}
�B = μ{ �H + η∇× �H} , (2.2)

where ε and μ are the permittivity and permeability of the material, respectively. The
magneto-electric material effects are modelled by the constant η, which normally has a
very small value [35].

Several approaches are available to solve these equations, which are categorized as
differential-based and integral-based methods. For a given electromagnetic problem,
Maxwell’s equations in differential form are used to study of the fields and currents at
points in space, while the integral form of these equations results in fields and currents
over closed loops. The differential form of Maxwell’s equations can be derived from the
integral form by taking the limit of each equation as the radius of a closed loop reaches
zero. Similarly, the integral form can be derived from differential formulation [11]. These
methods are discussed in detail in [36] and [37].

2.1.1 Differential-equation-based Methods

Maxwell’s equations in differential form lead to a set of partial differential equations
(PDE), which should be solved numerically. In such methods, the problem domain
consists of body surfaces and the space around the surfaces, which should be discretized
to achieve a numerical solution. Moreover, an absorbing boundary condition should be
defined, in order to limit the problem domain. This is the reason that matrices retrieved
from PDE methods are typically large. Additionally, because each discretized element
interacts only with the elements in its neighbourhood, the linear system of equations is
also sparse. The definition of the boundary condition is normally crucial in this class of
techniques, since the specified boundary conditions are directly related to the effectiveness
of the PDE technique applied to the open-space geometries and will introduce errors to



2.1. Electromagnetic Simulation Approaches 13

the solution, which should be minimized. A number of absorbing boundary conditions
have been developed to simulate an infinite unbounded computational domain [38].

Finite Element Method (FEM)

The finite element method (FEM) [4] is a numerical technique to find approximate so-
lutions to PDEs, e.g. Maxwell’s equations. The method involves meshing the whole
problem domain into discrete cells called finite elements, which are typically triangular
in 2D and tetrahedral cells in 3D structures. Using FEM, the model includes the open
space between the surfaces, thus the domain need to be finite and bounded by defining
boundary conditions. Suppose the system equation is defined as

L(φ) = 0, (2.3)

where L is the differential operator and φ is unknown in the system equations. In this
approach, (2.3) will converted to the weak form, described as

∫
Ω

ΨL(φ)dΩ = 0 ⇒
∫
Ω

L′(Ψ)L′′(φ)dΩ = 0. (2.4)

By expanding φ as a linear combination of the basis functions with unknown coefficients
in each cell, an approximation of φ will be achieved. By multiplying the weak form
of the original equation by basis functions and integrating it over each cell, the global
matrix equation will be assembled. Solving Maxwell’s equations using the FEM method
calculates field components for each discretized element. The method is flexible in the
sense of describing the geometry of the problem.

Finite Difference Time Domain (FDTD)

The finite difference time domain (FDTD) method [5] solves a problem in the time
domain, where the equivalent frequency domain solution can be extracted using a discrete
Fourier transform. Starting with the time-dependent Maxwell equations, the space and
time partial derivatives are discretized using a central difference approximation, where
applications from very low frequencies to microwaves can be studied. Typically, the
FDTD method is used for electromagnetic simulations to realize

• the electric field vector components in a volume cell at a time step;

• the magnetic field vector components in the same volume cell at the next time step.

Fig. 2.1 shows a volume cell and solution to the fields, using the FDTD method where
the E-field and H-field are dependent on each other. This means that the value for E-field
in time is dependent on the changes in the H-field across the space.
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Figure 2.1: The standard Cartesian Yee cell used for FDTD, throughout which electric
and magnetic field vector components are distributed.

2.1.2 Integral-equation-based Methods

Integral equation-based methods do not call for absorbing boundary conditions and only
require a discretization of the scatterer surface. This means that only the boundaries
of the regions are taken into account; the space between is simply taken away, which
significantly reduces the number of unknowns as well as the problem size, as compared
to differential equation-based methods. Moreover, since all segments in the model will
interact with the others no matter where they are located, the system matrices are usually
dense and numerically ill-conditioned [39].

Method of Moments (MoM)

Method of moments (MoM) is an integral equation-based technique. The usage of this
method in electromagnetic scattering problems was first introduced in [6]. The method
aims at solving an integral equation by reducing an integral operation to a set of linear
equations. By having a linear equation operator given by

L(X) = Y, (2.5)

where L represents the integral operator, Y is the known excitation function and X is
the unknown response function. The unknown excitation function X can expressed as a
linear combination of expansion functions, known as basis functions. By choosing a set of
test functions and performing the inner product with previously defined basis functions,
(2.5) will be converted into a matrix equation. By solving this matrix equation, the
unknown coefficients which represent current distribution over the analysed structure
will be obtained. The MoM can be applied by utilizing different basis functions, such
as triangular Rao-Wilton-Glisson (RWG) functions [40] which divide the region under
study into triangular sub-domains.



2.2. The PEEC Method 15

Partial Element Equivalent Circuit (PEEC)

The partial element equivalent circuit (PEEC) is an integral equation-based full-wave ap-
proach to solve combined circuit and electromagnetic problems in the time and frequency
domains. The PEEC formulation [8–10] uses an integral equation solution of Maxwell’s
equations, which is interpreted as an equivalent circuit. The model consists of partial
inductances, capacitances and volume cell resistances. The classical PEEC method is
derived from the equation for the total electric field at a point [41] written as

�Ei(�r, t) =
�J(�r, t)

σ
+

∂ �A(�r, t)

∂t
+∇φ(�r, t), (2.6)

where �Ei is an incident electric field, �J is a current density, �A is the magnetic vector
potential, φ is the scalar electric potential, and σ the electrical conductivity, all at obser-
vation point �r. Using PEEC, the electromagnetic problem translated into the equivalent
circuit. Thus, the solution is done in the circuit domain, where additional lumped ele-
ments can easily be added to the system. The next section describes the PEEC method
in more detail.

2.2 The PEEC Method

The PEEC method is a 3D full-wave modelling method appropriate for combined elec-
tromagnetic and circuit analysis, which is valid from dc to the maximum frequency
determined by the meshing. In the PEEC method, the integral equation is interpreted
as Kirchhoff’s voltage law applied to a basic PEEC cell, which results in a complete cir-
cuit solution for 3D geometries. The equivalent circuit formulation allows for additional
SPICE-type circuit elements to be easily included. Furthermore, the models and the
analysis apply to both the time and the frequency domain. The circuit equations result-
ing from the PEEC model are easily constructed using a modified loop analysis (MLA)
or a modified nodal analysis (MNA) formulation [42]. The method can be applied to
both orthogonal and non-orthogonal geometries [43]. The PEEC theory is discussed in
more detail in [8–10]. The PEEC approach consists of the following phases:

• Geometry design;

• Calculating partial elements;

• Creating circuit equations according to the meshed structure;

• Solving the circuit equations to obtain volume cell currents and node potentials in
the meshed structure;

• Post-processing the calculated current and node potentials to get field variables.
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2.2.1 Theory

The PEEC method’s formulation is derived from the equation for the total electric field at
a point [41]. The electric field at any given point, in terms of scalar and vector potentials,
due to charge and current density is expressed as

�E(�r, t) = −∂ �A(�r, t)

∂t
−∇φ(�r, t). (2.7)

If there is no impressed source, then the total electric field at the surface of a conductor
will become

�E(�r, t) =
�J(�r, t)

σ
. (2.8)

Substituting (2.8) into (2.7) will yield

0 =
�J(�r, t)

σ
+

∂ �A(�r, t)

∂t
+∇φ(�r, t), (2.9)

where �J is the current density, �A is the magnetic vector potential, φ is the scalar electric
potential, and σ the electrical conductivity, all at observation point �r [42]. The vector

potential �A for a conductor at a point �r in space is given by

�A(�r, t) = μ

∫
v′
G(�r, �r′) �J(�r′, td)dv′, (2.10)

where the retardation time is defined as

td = t−
∣∣�r − �r′∣∣

c
, (2.11)

which is the travel time from point r to r′ with speed of light. Similarly, the scalar
potential is defined as

φ(�r, t) =
1

ε0

∫
v′
G(�r, �r′)q(�r′, t)dv′, (2.12)

where the free space Green’s function in (2.10) and (2.12) is

G(�r, �r′) = 1

4π

1∣∣�r − �r′∣∣ . (2.13)

By substituting (2.10) and (2.12) in (2.9), the integral equation for the electrical field at
given point �r is formulated as [44]

0 =
�J(�r, t)

σ
(2.14)

+ μ

∫
v′
G(�r, �r′)∂

�J(�r′, td)
∂t

dv′

+
∇
ε0

∫
v′
G(�r, �r′)q(�r′, t)dv′.
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Finally, by applying the polarization current density JP = ε0(εr − 1)∂E
∂t

in (2.14), the
electric field integral equation is re-written as

0 =
�J(�r, t)

σ
(2.15)

+ μ

∫
v′
G(�r, �r′)∂

�J(�r′, td)
∂t

dv′

+ ε0(εr − 1)μ

∫
v′
G(�r, �r′)∂

2 �E(�r′, td)
∂2t

dv′

+
∇
ε0

∫
v′
G(�r, �r′)q(�r′, t)dv′.

By using the definitions of the scalar and vector potentials, the current- and charge
densities are discretized by defining pulse basis functions for the conductors and dielectric
materials. Pulse functions are also used for the weighting functions, assuming that the
charge and the current are uniformly distributed over each surface cell and within each
volume cell, which results in a Galerkin-type solution. By defining a suitable inner
product with the weighted volume integral over the cells, the field equation (2.9) can
be interpreted as Kirchhoff’s voltage law over a PEEC cell, consisting of partial self
inductances between the nodes and partial mutual inductances representing the magnetic
field coupling in the equivalent circuit. The partial self inductances shown as Lp11 and
Lp22 in Fig. 2.2 are defined as

Lpαβ =
μ

4π

1

aαaβ

∫
vα

∫
vβ

1

| �rα − �rβ|dvαdvβ, (2.16)

for volume cell α and β. The coefficients of potentials are computed as

pij =
1

SiSj

1

4πε0

∫
Si

∫
Sj

1

|�ri − �rj| dSj dSi, (2.17)

and the resistive term between the nodes are defined as

Rγ =
lγ

aγσγ

. (2.18)

In (2.16) and (2.18), a represents the cross section of the rectangular volume cell normal
to the current direction γ, and l is the length in the current direction. Furthermore,
v represents the current volume cells and S the charge surface cells. For a detailed
derivation of the method, including the non-orthogonal formulation, see [43]. Figure 2.2
depicts the equivalent circuit of a metal bar, extracted using the PEEC method, where
only self terms are shown.
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(a) (b)

Figure 2.2. Metal strip with 3 nodes, 2 inductive cells and 3 capacitive cells (a), and
corresponding PEEC circuit with only partial self elements (b).

2.2.2 Meshing

Meshing in PEEC consists of dividing a structure into surface and volume cells. First a
surface cell mesh is applied to model the charge distribution, and then a volume cell mesh
is applied; nodes will be assigned to each volume cell to model the current distribution.
From the volume cell mesh, the partial inductances given in (2.16) and the volume cell
resistances given in (2.18) are extracted; from the surface cell mesh, the coefficients of
potential given in (2.17) are calculated.

Experiments show that, in order to get accurate results in frequency domain analysis,
the maximum cell size in the mesh must be less than λmin/20, where λmin is the minimum
wavelength of interest, corresponding to the highest frequency in the excitation [45].

2.2.3 Matrix Formulation

The discretization process of the EFIE in (2.9) and the successive Galerkin’s weighting
lead to an equivalent circuit formulation. When Kirchhoff’s voltage and current laws are
enforced to the Ni independent loops and Nφ independent nodes of the PEEC equivalent
circuit, we obtain

−AΦ (t) +RiL (t) + Lp
˙iL (t) = vs (t) (2.19)

(P−1 +YL)Φ̇ (t)−AT iL (t) = is(t),

where

• Φ (t) ∈ R
Nφ is the vector of node potentials to infinity; RNφ is the node space of

the equivalent network;

• iL (t) ∈ R
Ni is the vector of currents including both conduction and displacement

currents; RNi is the current space of the equivalent network;

• Lp is the matrix of partial inductances describing the magnetic field coupling;

• P is the matrix of coefficients of potential describing the electric field coupling;
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• YL is the matrix for external lumped elements connected to the PEEC model;

• R is the matrix of resistances;

• A is a connectivity matrix which describes the connection of the partial inductances
to the PEEC nodes by indicating current flow direction between volume cells and
the nodes;

• vs(t) is the vector of distributed voltage sources due to external electromagnetic
fields or lumped voltage sources;

• is(t) is the vector of lumped current sources;

The equation system in (2.19) is equivalent to the circuit equations formulated in SPICE-
type solvers for obtaining the solution in node voltages and branch currents. These
equations in (2.19) are often called modified nodal analysis (MNA) formulations [46]
and can be modified to suit the solution of PEECs [47]. More details about matrix
formulations in PEEC can be found in [48].

2.2.4 Post-processing

The node potentials and volume cell currents which are the results of the PEEC solution
can be post-processed to calculate magnetic and electric field variables. This process is
important, for example in power electronic simulations, to find regions with high-density
current, and also for antenna analysis, where radiated fields need to be calculated in order
to correctly simulate the behaviour of the antenna [18]. Field values can be extracted at
a single point in space, over a plane or a sphere.

2.2.5 Time Complexity Analysis

In this section, the time complexity of different phases of the solver is studied. The
problem size is defined as

N = n+m, (2.20)

where N is the total number of unknowns and is a summation of n, which is the number
of nodes (node potential solution), and m, which is the number of volume cells (cell
current solution). Solving an EM problem using the PEEC method consists of different
steps with different time complexities, which will be analysed separately here.

Mesh generation

The process of applying a mesh on a design is directly related to the total number of
unknowns in the solution. In other words, a finer mesh will result in more unknowns,
and vice versa. Therefore, this process has a linear time complexity which is noted as
O(N) for either uniform or non-uniform mesh. In the developed solver, a rectangular
mesh is used, but other techniques, e.g. triangular mesh, can be applied.
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Partial element calculation

Partial element calculation consists of calculating the coefficient of potential values, which
will be saved in a n × n matrix, and partial inductance values, which will be stored in
a m ×m matrix. Since these two matrices are symmetric, only one half of the matrix,
including diagonal values, needs to be calculated. Thus, the time complexity for the
partial element calculation will be defined as O(n

2+m2

2
).

Computing node potentials and branch currents

The task of solving matrix equations is the most time-consuming part of the solution
in general when a PEEC simulation is being performed. Depending on what approach
has been employed to solve the equations, different time complexities can be acquired.
The direct solver implementation of the PEEC-based solver has a complexity of O(n3),
where n is the number of unknowns (i.e. number of nodes and volume cells). The
columns and rows within a coefficient matrix and the rows of a right-hand-side vector in
a matrix equation can be reordered, by applying a permutation matrix to the both sides
of the equation, which is called reordering. Different reordering techniques and heuristic
algorithms are developed to perform permutation, which will reduce the number of non-
zeros in the factors of the coefficient matrix. Reducing non-zeros in the factors will
increase the speed of the solution and reduce the storage requirements. Smart reordering
algorithms have been developed to convert the original PEEC matrix into a band matrix
with bandwidth b so that the complexity would become O(nb2) [49]. Since the PEEC
system matrix is non-symmetric, conventional reordering approaches will not restrict the
matrix band; new algorithms should be developed, which is beyond the scope of this
work. However, the sparsity pattern of the coefficient matrix in PEEC can be exploited
for sparse solutions. For instance, direct sparse solvers are used, which apply smart
reordering to minimize the fill-in in LU orders after matrix decomposition. Reordering
is also used when incomplete LU (ILU) is computed as a preconditioner for an iterative
PEEC-based solver. Minimum fill-in will speedup matrix factorization and make the
factors as sparse as possible. Finally, the complexity of an iterative PEEC-based solver
is written as O(n2).

Computing field quantities

This process is optional and is defined as a post-process which manipulates the results
of the previous phase to calculate values for the electric and magnetic fields. Calculating
field values has a linear time complexity and is defined as O(N).
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PEEC-Based Simulations

3.1 The PEEC-based Solver

At Lule̊a University of Technology, a solver based on the PEEC method has been de-
veloped to perform EM simulations [50]. PEEC-based simulation consists of mesh gen-
eration, partial element calculation, compute node potential and branch currents, and
finally compute field quantities as an optional step.

The solver’s main role is to orchestrate the solution process within different phases,
which are explained in detail in this section. First of all, by feeding the solver with
a geometrical layout, the mesh on the surface and volume will be applied, which will
discretize the structure. In the next step, the solver creates an equivalent circuit and
calculates the corresponding resistances, partial inductances, capacitances, and coupled
voltage and current sources (to account for mutual couplings). Sources and extra lumped
components like resistors, inductors, capacitors, and any other linear/non-linear elements
can simply be added to the model. The simulation can be done in both the time and
frequency domains with the proper mesh according to the highest frequency of interest.
In the last step, the MNA matrix [46], which is based on Kirchhoff’s current law (KCL)
and Kirchhoff’s voltage law (KVL) at nodes and within loops of the equivalent circuit
and describes the behaviour of the PEEC circuit, is formed and then solved using nu-
merical methods. The solution of the MNA system will be as current within each volume
cell and potential at each node. The work-flow of the solver is shown in Fig. 3.1, which
describes each step of the solution. Figure 3.2 depicts the profiling result of the solver for
an orthogonal and a non-orthogonal structure. The profiling has been done by running
a quasi-static frequency domain simulation within 10 frequency steps. The number of
unknowns for both tested models was 9 451. In Fig. 3.2, partial element calculation is
a set of tasks to calculate coefficient of potential (P), partial inductance (Lp), and the
resistance (R) matrices. In the solution phase, the system of equations is solved and
unknowns are extracted, and in the post-processing the field values are calculated. It is
evident that in an orthogonal model the most time is consumed in the solution phase,

21
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Figure 3.1: Flow diagram for the PEEC solver.
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whereas partial element calculation is done very fast. Post-processing is an optional pro-
cess, and this is also fast for both test cases. However, in a non-orthogonal simulation,
the time needed for partial element calculation is increased dramatically, becoming com-
parable to the solution time. This is because of the cumbersome calculations necessary
in non-orthogonal formulations for partial elements [51] [52].

Figure 3.2: Profiling results of the solver for orthogonal and non-orthogonal models.

3.2 Solver Implementation

The code of the solver was originally written in C++ and under Linux, but it is now
available for major operating systems. The kernel of the code was implemented to be used
on a single core machine using a sequential scheme. A well-known computational library,
the GMM++ linear algebra package [53], was used for the numerical operations for
matrix calculations. GMM++ is a free, and open-source computational library designed
for matrix operations. The library provides efficient and optimized routines for matrix
and vector calculations such as matrix factorization and direct and iterative solvers. The
kernel of the PEEC-based solver consists of following major routines to handle different
phases of a solution:

• Parser : Parses a file which describes the geometry of the structure, as well as the
simulation profile and external elements included in the equivalent circuit, extracted
using the PEEC method.

• Mesh generator : Applies the mesh to the PEEC model and assigns nodes at appro-
priate places. The mesh can be either uniform or non-uniform. Non-uniform mesh
is generated with respect to a ratio, defined in the design [14].
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• Partial elements calculator : Partial elements, i.e. cell resistance, coefficient of
potential and partial inductance values, are calculated in this phase. The three
matrices will form the equivalent circuit of the PEEC model, which will be solved
for current within each volume cell and the potential at each node. Partial element
calculation is a light process compared to the system solving phase for orthogonal
models. Non-orthogonal models need much more time to calculate partial elements
due to their sophisticated formulations.

• System solver : The extracted circuit in the previous phase is solved using the
modified nodal analysis (MNA) method. This process is very computationally
expensive for large models, and most of the accelerations have been done in this
part. The system of linear equations from the MNA method is normally dense.
Therefore, some numerical techniques are used to make the system sparse and thus
more efficient to solve.

• Post-processor : As an optional part, the post-processor calculates fields, when
the solution of the system i.e. cell currents and node potentials has already been
computed.

3.3 Solver Acceleration

Solver acceleration has been done in two major phases. The first phase, which aims to
accelerate the solver for EM simulations, consists of algorithms and techniques which
improve the performance of the solver for (R,Lp,C,τ)PEEC simulations, which represent
a complete and full-wave PEEC model when time retardation is taken into account. The
methods which have been used in this phase are non-approximate techniques, which will
not affect the accuracy of the method, but will speedup the solution and decrease memory
demands. The second phase is particularly intended to provide a solution for power
electronics applications. Therefore, the solver for simplified (R,Lp)PEEC simulations
is optimized when stray capacitances are neglected in quasi-static mode, due to high
current and low frequency applications (compared to high frequency applications in e.g.
antenna design) in power electronics. Unlike the first phase, the second phase is mainly
based on the approximate techniques, whereby, including some controllable levels of
approximations in the final solution, substantial improvements in the overall performance
of the solver have been gained. While the first phase comprises smart algorithms and
high performance computing techniques, the second phase mostly includes numerical
approaches and methods.

3.3.1 General EM Simulations

In the first phase, the general PEEC-based solver based on the (R,Lp,C,τ)PEEC method
has been implemented and accelerated. This phase addresses the need for a solver for gen-
eral EM modelling. Acceleration techniques used in this phase are accurate techniques,
which means that while the performance of the solver is optimized, no approximation is
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included in the final solution. Smart algorithms, model optimization and parallelism are
the most important categories in this phase. As the first step, the solver was enhanced
to utilize high performance computing clusters in an efficient manner; non-uniform mesh
and on-the-fly calculation were then implemented together with data caching to reduce
the model size and improve performance.

High Performance Computing

High performance computing is often used for mathematical modelling when dealing with
very large models and complex computations [54]. Typically, a parallel computer system
incorporates several processing units which collaborate to solve a problem. In a parallel
system, memory can be designed to be either shared or distributed. In a shared memory
architecture all processors have access to the same memory unit, whereas a distributed
memory paradigm will have several memory units which are independent of each other.
The parallel PEEC-based solver has been developed to address the need for very large
simulations. The parallel solver is designed to be scalable, i.e. independent of available
processors, and be compatible with distributed memory systems. Matrix computations
are handled by BLAS [55] and ScaLAPACK [56] routines, which provide efficient solutions
for algebraic operations on the distributed matrices. Uniform distribution of the data
over a process grid is also crucial to ensure fair work load for all processors. Addition-
ally, a balanced distribution of data will minimize the communication overhead between
the processing nodes, which communicate over a network and will always be relatively
slower due to network latencies. The uniform data distribution is a challenging task in
distributed computing and is called load balancing. In ScaLAPACK, load balancing is
guaranteed by using a block cyclic data distribution scheme [57].

The parallel PEEC-based solver was benchmarked using a test structure, seen in Fig.
3.3, which is a rectangular reactor with four equal sides of 0.5 m. The number of windings
(turns) are totally 65 and are made of copper tape, with dimensions of 0.076× 6.35 mm.
The center-to-center spacing between the turns is 10 mm. Fig. 3.3 shows an example
of the voltage distribution in the reactor windings for a time domain impulse test. To
examine the capability of the developed parallel PEEC-based solver, a surge test problem,
where a surge pulse is applied on a 100× 100× 150 cm enclosure, shown in Fig. 3.5 with
more than 250 000 unknowns was solved [58].

The solver is then tested with the PEEC model of the studied reactor with different
mesh and problem sizes, as shown in Table 3.1. The results for the parallel frequency
domain solver are shown in Fig. 3.4. It is evident that a good speedup is achieved,
specially for larger problems where computational tasks dominate communication over-
heads [52] [58] (Papers A and D).

GPU Computing

Modern graphic cards are equipped with powerful processors, called graphics processing
units (GPU). GPU computing offers significantly improved performance by offloading
computing-intensive portions of the application to the GPU and massively parallel solu-
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Figure 3.3: Reactor voltage simulation result at 4μs after impulse test.

Table 3.1: Reactor characteristics.

Number of
Test surface cells (Nφ) volume cells (Ni) unknowns (Nφ+Ni) nodes

(charge basis functions) (current basis functions) (total)

T1-400 1 300 1 040 2 340 1 105
T2-900 2 600 2 340 4 940 2 405
T3-601 3 640 4 940 8 580 3 250

tions [59]. Recent advances in GPU technology have provided new processors with more
than a few teraflops of computational power, which are ideal for complex scientific com-
puting. The essential advantage of GPUs over CPUs is that GPUs can provide thousands
of cores and can act as a companion to units, while CPUs are limited to multiple cores
with recent technology. Nevertheless, GPUs suffer from a lack of large memory units,
which limits the data that can fit in the internal memory of the graphic cards. The
PEEC-based solver has been accelerated to perform reluctance calculations [60–62] on
GPUs when matrix inversion needs to be done. It was observed that GPUs substantially
accelerated reluctance calculations as compared to CPUs. Furthermore, because of the
lack of memory, the matrix is formed in a block diagonal form and each block is sent
independently to the GPU to be inverted. Because of the larger number of cores available
on GPUs, they perform matrix inversion more efficiently than CPUs, (Paper G).

Non-uniform Meshing

In a PEEC model, the meshing density is directly related to the number of unknowns;
therefore, having a mesh which is as coarse as possible while guaranteeing accuracy is
an attractive acceleration approach. On the other hand, in high frequency models, the
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Figure 3.4: Speedup of the frequency domain solver.

Figure 3.5: Simulation of a surge pulse applied on a 100× 100× 150 cm enclosure.

current path in a conductor is limited to the skin depth, which is approximated for a

wire with a round cross section as δ =
√

2ρ
ωμ
, where ρ is the resistivity of the conductor,

ω is the angular frequency of current, and μ is the absolute magnetic permeability of
the conductor. The skin depth is usually very small at high frequencies. For example, a
conductor made of pure copper exhibits less than 1 mm skin depth at 10 kHz. Figure
3.6 demonstrates the skin depth for conductors of different material indicating that the
skin depth decays quickly as the frequency increases. It is also shown in Fig. 3.7 that
analysing the cross section of a conductor reveals that even at a low frequency, e.g. 300
Hz, the current density in a wire is higher at the area close to the surface, compared to
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the center of the wire [63]. Particularly, in power electronic applications, where devices
with a nominal current of few kA are used, when the ohmic resistance of a conductor
e.g. bus bar is increased only few ohms due to the skin effect, the total loss can increase
dramatically.

In order to simulate skin and proximity effects correctly in a PEEC model, the applied
mesh should be dense enough to cover the very small areas close to the surface of the
conductor. Moreover, since skin depth decays very fast as the frequency increases, even
for simulation at relatively low frequencies, a dense mesh should be used [64]. Conse-
quently, a finer mesh results in unnecessarily larger problems which will need more time
and resources to be solved.
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Figure 3.6. The skin depth of conductors of different material as frequency increases.

By applying a dense mesh only at the edges and leaving the center of the conductor
with a coarse discretization, the skin effect can be modelled accurately while significantly
reducing problem size. This approach is called non-uniform mesh. Figure 3.8 compares
uniform and non-uniform mesh applied on a metal plate with same number of meshing
lines. Figure 3.9 depicts the capacitance calculation, repeated as was done before in [9],
for a thin 1× 1 m square plate with a different number of cells per side of the plate. It is
evident that non-uniform meshing results in more accurate values which converge faster
because the higher charge density on the borders of the square plate is successfully taken
into account. Additionally, Fig. 3.9 shows that when a non-uniform mesh is applied and
the number of surface cells is increased from odd to even values, no improvement in the
convergence is acquired. This is shown in Fig. 3.10: the area close to the edges (marked
in yellow) has the most charge density changes little if at all and does not increase the
accuracy of the calculations. A non-uniform mesh has been implemented in the PEEC-
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Figure 3.7. The current density [A/m2] within a copper wire with a radius of 0.5 cm at
300 Hz and 1 A.

based solver and a ratio parameter is used to control how far the meshing lines are moved
toward the edges [14]. The method has been verified in bus bar simulations when a good
agreement between simulations and measurements is achieved [65] [66], (Papers B and
C).

(a) (b)

Figure 3.8. A metal plate with uniform (a) and non-uniform mesh (b).
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(a) (b) (c)

Figure 3.10. Non-uniform mesh with even (a), odd (b) and again even number of surface
cells (c) when ratio=4. With an odd number of surface cells, regions close to the edges
are captured more accurately.

Table 3.2: Properties of transmission line with uniform and non-uniform mesh and mem-
ory consumption and solution time.

Num. of Memory Time
Mesh Unknowns [MB] [mm:ss]

Uniform 1 604 94 08:03
Non-uniform 276 3 00:12
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(a)

(b)

Figure 3.11. Transmission line with uniform mesh, where nw = 4 and nt = 4 (a), and
non-uniform mesh, where nw = 2, nt = 2, rw = 24 and rt = 4 (b).

In the last part of this section, a simple transmission line is modelled with uniform
and non-uniform mesh to demonstrate how non-uniform mesh can contribute to accurate
modelling and optimizations. Figure 3.11 depicts a transmission line which is 4 cm long
and has a cross section of 1 × 0.1 cm. Figure 3.11 (a) shows the cross section of a
uniform mesh; there are 4 mesh lines at both the width and the thickness. However,
Fig. 3.11 (b) shows the cross section of a non-uniform mesh where there are only 2 mesh
lines and the ratio is 6. Simulations have been carried out in the frequency domain and
between 1 Hz and 1 MHz within 200 simulation steps. Table 3.2 contains the number of
unknowns, memory usage, and solution time for each model. With a non-uniform mesh,
the number of unknowns is decreased by a factor ×6 which in turn reduces memory
usage and solution time by factors of ×31 and ×40, respectively. Figure 3.12 shows that
using non-uniform mesh, in addition to increasing the efficiency of the simulations, also
provides more accurate results. Figure 3.12 shows resistance of the transmission line, and
it is evident that the skin effect is more accurately simulated when non-uniform mesh is
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Figure 3.12. Simulation of resistance for a transmission line with uniform and non-
uniform mesh.

used than when the uniform mesh is used.

On-the-fly Calculations

Given the nature of integral equation-based methods, large and dense matrices are in-
volved in PEEC simulations and some of these matrices need to be stored in the memory
and used for each frequency/time step. Using on-the-fly calculations, matrices are not
stored in the memory, but re-calculated on demand. This feature definitely slows down
the solving process, but many problems which could not fit into the memory can be
solved, although of course it takes longer time. Normally, after partial element calcu-
lation is done, all elements are stored in the memory before the solution starts. These
elements will then be used to form the equations. Utilizing the on-the-fly calculation tech-
nique reduces the memory footprint, although recalculating each element will increase
the solution time.

Shared Memory Parallelization

In a shared memory machine, all available processors use the same memory, which is
shared between all processing units. A good example of such a system is a multi-core
computer, which consists of a number of processors and a memory unit that all processors
have access to and can either read or write simultaneously. Parallel programs which ex-
ploit shared memory parallelism need to employ multi-threaded and thread-safe libraries
which can perform time-consuming processes in parallel by governing different threads
which run in parallel. Multi-threading parallelism in a PEEC-based solver is achieved
by utilizing parallel LAPACK-based mathematical libraries [67], which are mostly writ-
ten in FORTRAN language but provide an interface for C/C++ programs. The kernel
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of the library consists of math functions including BLAS, LAPACK, ScaLAPACK [56],
sparse solvers and fast Fourier transforms. These routines are highly optimized and
are fully compatible with multi-core systems to offer maximum performance using con-
currency techniques. Moreover, manual as well as automatic compiler-level paralleliza-
tion/vectorization have been used in the solver by including OpenMP [68] directives.

Data Caching

Partial element calculation is always done prior to the solution of circuit equations. These
calculations are time-consuming, especially when non-orthogonal PEEC models [18] are
being analysed, because of the multiple folded integrals which exist in inductance and the
coefficient of potential computations for non-orthogonal geometries. The values of partial
elements in a PEEC model depend only on the physical attributes of the geometry; insofar
as the design is not changed, they are viable to use in the simulations if any changes are
made in the simulation frequency/time ranges or external components connected to the
equivalent circuit. This feature is only valid for quasi-static analysis because partial
elements need to be updated at each frequency/time step when full-wave analysis is
intended. As a result, partial elements can be calculated only once, cached and then
loaded for any new simulations, unless the geometry is altered. The solver uses a hash-
coding mechanism to decide whether intermediate data in the cache should be updated
or not. The generated hash code represents the geometry of the PEEC model and will
change if the model has been modified.

3.3.2 Power Electronics Simulations

In the second phase of this research a solver based on (R,Lp)PEEC was developed. The
result of this phase is mostly appropriate for power electronics simulations where stray
inductance plays the main role in the modelling and capacitive couplings can be re-
moved from the model by the user. In power electronics, due to the high current and
the frequency range of the applications, which is relatively low (no time retardation is
needed), compared to e.g. applications within antenna design, inductive couplings are
the dominating factors over the capacitive couplings. Therefore, capacitive couplings
which account for electric field, can be neglected without affecting the accuracy of the
simulations. Thus, an (R,Lp)PEEC model, which is a simplified PEEC model where no
capacitors are included in the extracted equivalent circuit and no time retardation is in-
volved, is used for the applications in power electronics area. In the presented approach,
the simplified model is accelerated using the reluctance technique where the dense MNA
system is converted into a sparse system. The sparse system is then solved using a
sparse direct solver and an iterative solver. Sparse solutions are usually more sophis-
ticated, especially for PEEC matrices, which are ill-posed and will need regularization
with complex preconditioning techniques to avoid numerical instabilities and to achieve
fast convergence. The PEEC-based sparse system makes it possible to solve very large
problems in less time and using less memory. A novel PEEC-based solver which is based
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on the Krylov subspace with lower computational complexity, compared to the direct
approaches.

Reluctance Technique

From the partial inductance matrix Lp, the reluctance matrix K is defined as the inverse
of Lp.

K = L−1
p . (3.1)

By multiplying Lp with a vector of N branch currents, a vector containing the drop of
the magnetic vector potential along each segment will be obtained, as shown in (3.2).
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To extract the values of the reluctance matrix, the linear equation system, (3.3) must
be solved. Hence, unlike the elements of the partial inductance matrix, there is no
formulation to calculate the reluctance values directly. Therefore, the Lp matrix is needed
to calculate the K matrix. The physical meaning of Kij is defined as the induced current
in the ith conductor (aggressor) when the total flux for the jth conductor (victim) is
equal to one and the total flux along all other conductors is set to zero. This definition
suggests that the induced current in victims should be in the opposite direction of the
current in the aggressor, to keep the flux around all victims at zero. These induced
currents will generate magnetic fields around victims, which cancel the part of the field
induced on the aggressor and prevent the field on the aggressor from going farther. This
phenomenon explains the locality (shielding effect) of the reluctance matrix [69]. The
locality property of the method is shown in Fig. 3.13, where the third conductor results
in a shorter arrow for the induced current, accounting for the overall effect. Fig. 3.13
also illustrates the induced current in the third conductor, contributed by two other bars
represented by dashed lines, and the overall effect of the induced currents using a solid-
line arrow. Because of this rippling effect of the magnetic field and the induced current,
the value of each Kij in the reluctance matrix represents the overall effect rather than a
single active line. Therefore, the off-diagonal values in K would decrease more rapidly
than Lp, which exhibits locality and the shielding effect of the reluctance matrix [70].

Like the capacitance matrix, the reluctance matrix is supposed to be symmetric posi-
tive definite and have the locality property [71]. Hence, only a small number of elements
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in the K matrix need to be kept to maintain an appropriate level of accuracy in the so-
lution. The stability of the method is directly related to how the structure is discretized,
and it has been proven that stability is ensured for a sufficiently discretized structure [61].

Figure 3.13: The effect of reluctance on three parallel bars.

Calculating reluctance is a cumbersome process because of matrix inversion, which
can be very costly when the inductance matrix is large. Several algorithms have been
developed to overcome this problem by defining a window over a structure. The testing
window is then moved over the structure and inductive couplings within the area covered
at the time are calculated, and reluctance values are extracted [60] [72]. In window-
based approaches, the stability of the method is highly dependent on the window size.
Furthermore, choosing a small window for the sake of greater accuracy can make the
reluctance extraction computationally expensive. Therefore, finding an optimum size for
the window to be traversed is crucial and usually challenging.

An alternative approach, presented in this research [62], is based on grouping the
parts of the structure along axes, meaning that three main groups are created, which
contain parts of the model in the x- , y- and z-axes. Because elements in each group
are geometrically perpendicular to other groups, there will be no inductive couplings
between groups, and only couplings within each group are considered. This assumption
implies the existence of a block diagonal partial inductance matrix, where each block can
simply be inverted to determine the reluctance matrix. The total process of inverting
all blocks is considerably less costly than inverting the whole matrix. Fig. 3.14 depicts
the reluctance matrix, calculated from a block diagonal partial inductance matrix, where
each block, representing parts of the model in each axis, is inverted separately. When the
reluctance matrix is calculated, it can be safely sparsified through a truncation process
to remove small off-diagonal elements in the reluctance matrix by means of the coupling
factor

kij =

√
K2

ij

| Kii | · | Kjj | , (3.4)

between the elements i and j in the matrix. The calculated factor will be compared to
a constant threshold δ, where δ ∈ [0, 1) and values which are smaller than the threshold
will be removed [73]. If the sparsified reluctance matrix is denoted as K̂ the relation
K̂Lp ≈ I will hold, where Lp and I are partial inductance and the identity matrices,
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Figure 3.14: Calculating reluctance from an inductance matrix in block diagonal form.

respectively. Later, K̂ is multiplied to the both sides of the original MNA matrix and is
repeated here for convenience for the reader[
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]
. (3.6)

The approximation in the new equation comes from the assumption K̂Lp = I, which
would hold if no sparsification had been performed. The new system of linear equations
(3.6) is a sparse system where

• YL is a sparse matrix which represents the external components connected to the
PEEC circuit;

• A is the connectivity matrix, which is sparse and describes the current direction
between nodes within each volume cell;

• R is a diagonal matrix for cell resistance in the PEEC model;

• I is the identity matrix;

• K̂ is the sparsified reluctance matrix;

• Φ and IL are the vectors of unknowns for the node potentials and the cell currents;
and

• IS and VS are the right hand side vectors for the attached sources.

Two dc link bus bars used in power frequency converters manufactured by ABB (here
called converter A [65] [66] and converter B [32]) are studied to analyse the effect of the
sparsification with different values of the threshold. The PEEC model of converters A
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and B has 9 610 and 7 843 unknowns, respectively. The results are obtained using a
sparse direct solver, which is studied in the next section.

Figure 3.15 depicts the resistance and inductance error, compared to the exact solu-
tion of the bus bar models at two different frequencies, i.e. 100 kHz and 1 MHz, when
the threshold changes. If a maximum error of 5% would be acceptable, then a threshold
of 10−4 for resistance and 10−2 for inductance at both frequencies for both models would
be appropriate values. Figure 3.16 shows that choosing 10−4 and 10−2 as the threshold
for accurate results will produce K̂ which are sparsified up to ≈ 98% and ≈ 99.5%. This
also proves that the reluctance matrices are quite resistant to sparsification that can be
sparsified up to higher levels while the accuracy is assured. Furthermore, Figures 3.17
and 3.18 reveal that at the thresholds necessary to achieve accurate results, i.e. 10−4

and 10−2 , memory usage is improved by factors of ≈ ×15 and ≈ ×110 respectively,
and the solution time is decreased by factors of ≈ ×5 and ≈ ×15 respectively. The new
sparse system of linear equations in (3.6) consumes significantly less memory compared
to a dense system and can efficiently be solved with any sparse solver, either direct or
iterative, which will be discussed in the following sections.
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Figure 3.15. Threshold vs. resistance error (a) and threshold vs. inductance error for
two bus bar models (b).
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Figure 3.16: Threshold vs. sparsity for two bus bar models.
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Figure 3.17: Threshold vs. memory for two bus bar models.
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Figure 3.18: Threshold vs. solution time for two bus bar models.
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Direct Solution

Sparse direct solvers perform conventional numerical factorization and then solve the
equations using forward/backward Gaussian elimination. The main issue with this class
of solvers is the fact that even very sparse matrices can produce dense factors after
factorization is carried out. Therefore, the rows and columns of the coefficient matrix
are permuted using sophisticated reordering algorithms to minimize fill-in in the factors
and keep the factorization matrices as sparse as possible [74] [75]. Sparse factors will
produce a less costly solution with less memory requirements. In general, direct solvers
are robust, and in the absence of rounding errors they can deliver an exact solution
and solve the problem in one attempt. On the other hand, direct solvers suffer from
cumbersome factorization tasks which are prohibitively expensive and even impossible
for large problems. In addition, storing matrices and calculated factors requires very
large memory units, which is often impractical for large systems.

Typically, matrices arising from integral equations are ill-conditioned [39]. A spar-
sified PEEC system is indefinite and non-symmetric and is said to be ill-posed where
the condition number is very high or the system is rank-deficient [76]. A rank-deficient
system can be either under- or overdetermined and thus there is no unique solution for
such systems. Therefore, ill-posed equations need to be regularized before any solution is
applied [77]. Similar techniques are carried out internally when direct sparse solvers are
used to avoid singularity issues. Consequently, some pivoting perturbations will occur
which can affect the accuracy of the solution. Accordingly, iterative refinement steps,
together with scaling and weighted matching algorithms, will be applied to maintain ac-
curacy. Figure 3.19 demonstrates the effect of scaling to avoid unexpected spikes in the
solution which are the results of erroneous factorization and pivot perturbation (Papers
F and G).

An ill-posed problem can also be solved using least-square approaches. A least-square
solver has been developed which performs PEEC-based simulations using LSQR tech-
nique [76] [78] (Paper E).

Iterative Solution

As stated in the previous sections, direct solvers are not suitable for very large problems.
In contrast, iterative solvers are appropriate for problems with many unknowns where the
memory demands will decrease dramatically and where fast convergence can be achieved
with an adequate preconditioner. Generally, an iterative solver generates a sequence of
improving approximate solutions for a problem where a termination criteria is specified.
The iterations will end if the solution is converged, which means that the acquired solution
is accurate enough. Iterative solvers can solve problems in a more efficient manner, but
generating an effective preconditioner is challenging. An effective preconditioner is as
close as possible to the invert of the coefficient matrix, and easily calculated and stored,
and finally applied to the equations. Ill-conditioned systems, i.e. systems with the large
condition numbers, need preconditioning for fast convergence with the desired accuracy.
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Figure 3.19: The effect of scaling on the accuracy of pivoting during the factorization of
a sparse PEEC matrix.

The condition number of a matrix, e.g. A, is specified as shown in (3.7):

κ(A) =

∣∣∣∣λmax

λmin

∣∣∣∣ , (3.7)

where λmax and λmin are the minimum and maximum eigenvalues of A, respectively.
The spectrum of eigenvalues is often used to analyse the condition number of a matrix;
long distance between the two ends of the eigenvalues spectrum means large condition
number. Since eigenvalue calculation is a costly task with high complexity, i.e. O(n3)
for a n × n matrix [79], specific algorithms such as the Gershgorin method have been
developed to quickly analyse eigenvalues in order to estimate the condition number of a
matrix [80]. An ill-conditioned equation such as (3.8)

Ax = b, (3.8)

will need a preconditioner M , which is defined as M ≈ A−1 and is applied to the equation
above,

MAx = Mb, (3.9)

where MA is expected to have a smaller condition number than A. Several approaches
are available for the iterative solution; in this research, the generalized minimal residual
method (GMRES) is utilized. A GMRES solver typically starts with an initial guess x0

and will continue to calculate a solution vector xn ∈ Kn, which minimizes the norm of
the residual r = ‖Ax− b‖. The nth Krylov subspace is then created as

Kn = Kn(A, b) = span{b, Ab, A2b, ..., An−1b}. (3.10)
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Furthermore, the orthonormal vectors which form the basis of the Krylov subspace in
GMRES are created using an orthogonalization method called the Arnoldi method [81].
GMRES creates the basis of the subspace for an non-symmetric system, which makes it
ideal for the PEEC-based solver. The GMRES iterations are constructed as

x(i) = x(0) + y1v
(1) + ...+ yiv

(i), (3.11)

where the coefficients yk are chosen to minimize the residual norm. In addition, GMRES
uses restarts to control storage requirements when a Krylov subspace is being orthogo-
nalized.

The equation system (3.6) is a large, sparse and ill-conditioned system. Using the
Schur complement, one can reformulate aforementioned system to a smaller equation.
The Schur complement is a Gaussian elimination method which is applied to matrices
with a block structure [82] [83]. The block matrix[

Q1 Q2

Q3 Q4

] [
x1

x2

]
=

[
y1
y2

]
, (3.12)

can be reformulated using Schur complement, giving[
I Q1

−1Q2

0 S

] [
x1

x2

]
=

[
Q1

−1y1
y2 −Q3Q1

−1y1

]
. (3.13)

which is similar to applying Gaussian elimination to (3.12) whereas the result will be
an upper triangular system, i.e. (3.13) where S = Q4 − Q3Q1

−1Q2, is entitled a Schur
matrix, and I is the identity matrix. As shown in (3.13), the only equation that should
be solved is

Sx2 = y2 −Q3Q1
−1y1, (3.14)

which has smaller dimensions that the original equation in (3.12). Matrix operations
in the process of assembling a Schur matrix are also easy and straightforward, since
most of the blocks in (3.6) are very sparse. Once (3.14) is solved, Gaussian backward
substitution will give the upper unknown vector, and hence the solution is achieved.
Substituting blocks in the PEEC matrix, equations (3.12) and (3.14) will become[

I −YL
−1A

0 S

] [
Φ
IL

]
=

[
YL

−1IS
VS + ATYL

−1IS

]
, (3.15)

SIL = VS + ATYL
−1IS. (3.16)

In this work, (3.16) is solved by an iterative solver and an appropriate preconditioning
technique. Sparse matrix-matrix multiplication is done using efficient algorithms, which
are based on binary search over a sorted list of non-zero elements of each matrix to find
each element in O(log2 n) time for a matrix with n non-zeros. In (3.16), it is shown that
YL

−1 should be calculated and as stated before, YL is called an admittance matrix, and
represents KCL equations at the nodes that connect external components to the PEEC
circuit. This matrix is normally very sparse and often has only few non-zeros, since
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not many external components would be added to a typical PEEC model. Therefore,
many zeros on the diagonal of the matrix will shift the eigenvalues of the upper part of
the matrix toward zero. Moreover, the connectivity matrix, which is in the upper right
part of the coefficient matrix, consists of +1 and −1 at each row, which describe the
direction of current between nodes within each volume cell. Consequently, the sum of
values of each row in the upper part of the matrix is zero whilst most of the diagonal
values are also zero. According to the Gershgorin theorem, stated in Theorem 1 the
risk of increasing the condition number of the matrix and it hence being closer to the
singularity is increased unless the upper diagonal contains non-zeros.

Gershgorin theorem 1 Let A be a complex n × n matrix with entries aij. For i ∈{
1, · · · , n} let Ri =

∑
i �=j |aij| be the sum of absolute values of the off-diagonal entries

in the ith row. Let D(aii, Ri) be the closed disk centred at aii with radius Ri. Such a
disk is called a Gershgorin disk and every eigenvalue of A lies within at least one of the
Gershgorin disks.

Since Z = YL
−1, one may try to directly extract the impedance matrix instead of inverting

the admittance matrix. In this way, the original reluctance PEEC formulation in (3.6) is
converted to ⎡

⎣ 0 −AT AZ
T

−A R + jωLp 0
−AZ 0 Z

⎤
⎦
⎡
⎣Φ
IL
IZ

⎤
⎦ =

⎡
⎣ISVS

0

⎤
⎦ . (3.17)

It is obvious that this approach will not resolve the problem because the upper left block is
now completely zero, even though the impedance matrix is included in the formulations.
To overcome the singularity problem of YL, the matrix needs to be regularized before
it is inverted [84]. After regularization is done, there will be no zero diagonal element.
Care should be taken so the perturbation of the diagonal will have a minimum impact
on the final solution. A regularized system is shown in (3.18) where δ is a regularization
parameter. Too-small values for δ will result in unstable solutions, while too-large values
for δ will overregularize the problem—the residual of the solution will be too high and the
solution will be inaccurate. Therefore, finding a proper value for δ is vital and will have
a direct impact on the stability and accuracy of the solution. In numerical analysis there
are some mathematical methods such as L-curve [85] [86], which will locate the value of
the residual norm and minimize the solution norm. Nevertheless, these techniques are
not always reliable and cannot be used in all cases. For instance, finding the corner of the
L-curve is not always easy, since the corner cannot be clearly distinguished in all cases.

Âx = b (3.18)

Â = A+ δI.

On the other hand, since the coefficient matrix represents KVL and KCL in the PEEC
circuit, any regularization carried out should have an electrical interpretation which can
be shown in terms of circuit elements. The mathematical regularization is in fact in-
terpreted as each node is grounded through a dynamic capacitor, called a regularization



3.3. Solver Acceleration 45

capacitor, shown in Fig. 3.20. The capacitance of these capacitors is a function of the
frequency, to maintain open-circuit in all frequencies, which will minimize the impact
of this modification on the PEEC circuit. The modified regularized equivalent circuit

Figure 3.20: Adding external capacitors i.e. regularization capacitors to avoid matrix
singularity problem.

in PEEC, shown in 3.20, will cause the least perturbation in the solution if the current
going through the regularization capacitors branch, shown as I1 in Fig. 3.21, remains
minimal. In the most simple case, 1D PEEC models, this translated as choosing Cr so
that ZCr � R + jωL for each branch and regularization capacitor in the PEEC model.
For the purpose of this paper, the regularization capacitors are dimensioned as

C =
1

2πf 2
, (3.19)

therefore, the (near) dc solution is not covered and will be discussed in further work.
After performing regularization on the admittance to avoid matrix singularity, inver-

sion of the admittance matrix can be efficiently calculated iteratively using the Newton-
Hotelling-Schulz Method [87]. The method starts with an initial guess and then itera-
tively calculates the inverted matrix, using the scheme

Xn+1 = Xn(2I − AXn), (3.20)

where the initial guess is computed as X0 = AT

‖X‖1‖X‖∞ [88]. Again, because YL is very

sparse, matrix-matrix multiplication in (3.20) is an easy and cheap process.
After the Schur equation is composed, the resultant equation will be solved using the

GMRES iterative solver discussed earlier and with preconditioning [89]. As stated be-
fore, equations that are obtained from integral equations are typically ill-conditioned [39].
It is thereupon necessary to precondition the system to first and foremost achieve any
convergence; convergence will then happen as fast as possible within a small number of
iterations. However, preconditioning is often challenging, since it should be effective,
i.e. as close as possible to the invert of the coefficient matrix, and also easy to calcu-
late, store and apply. Moreover, general preconditioning methods such as incomplete LU
(ILU) factorization have been developed, which can be tuned to be suitable for different
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Figure 3.21: A node in the PEEC model where where a regularization capacitor is added.

classes of problems [90]. In this work ILU is used as a preconditioner, but column and
row permutations have also been performed to reduce fill-in in the preconditioner [74].
This will help to have a sparse preconditioner which is less costly to store and apply.
Furthermore, the reluctance formulations in (3.6), together with regularization capaci-
tors depicted in Fig. 3.20, show that imaginary parts of the matrix are located only on
the diagonal of the coefficient matrix. The reluctance formulation in (3.6) can be com-
pared with the original formulation in (3.5), where a whole block (R+ jωLp) is updated
at each frequency step. This means that only diagonal elements of the matrix will be
changed at each frequency in a simulation when reluctance formulation is used and the
rest of the matrix is not altered at all. Hence, when simulation steps are close enough, a
preconditioner calculated at a step will be valid for one or even more consequent further
steps. This technique is called prior preconditioning : it eliminates the need to recalcu-
late the preconditioner at each simulation step, and improves the overall performance
dramatically. Table 3.3 demonstrates the results for prior preconditioning for two test
cases, namely BB1 and BB2, with 6 261 and 9 610 unknowns for four simulation steps.
Results confirm that despite some increases in the number of iterations, each iteration
takes far less time, whilst the residual is very low, and the method has converged within
a reasonable time and with few iterations. Table 3.4 lists the properties of each model

Table 3.3: Number of iterations and time taken per step for BB1 and BB2 models using
the prior preconditioning approach.

Freq. Time Residual
Model [Hz] Step Iter. [mm:ss] [10−10]

BB1

⎧⎪⎪⎨
⎪⎪⎩

10 1 5 05:11 10
31 2 20 00:32 3.8
100 3 8 04:53 1.4
316 4 22 00:31 5.1

BB2

⎧⎪⎪⎨
⎪⎪⎩

10 1 7 21:28 3
31 2 20 01:24 3.3
100 3 12 20:14 3.4
316 4 24 01:24 6.2
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as well as memory requirements and the solution time when iterative and direct solvers
are used. The iterative solver was developed in MATLAB; the direct solver is written in
C++ and is highly optimized. It is evident that in both cases when the sparsest systems
are being solved, i.e. 98% sparse, a remarkable speedup is achieved while the memory
consumption is ≈ 5× less than that of a dense system. Figures 3.22 and 3.23 also show
that the residual is completely acceptable when the convergence of the iterative method
is acquired.

Table 3.4: Bus bars models properties and simulation results.

Num. of Memory [MB] Sparse Time
Model Solver unknowns System Precond. Total [%] [hh:mm:ss]

BB1

⎧⎨
⎩

Direct
6 261

⎧⎨
⎩

627 0 627 0 00:13:01
Iterative 76 243 319 95 00:30:26
Iterative 28 65 93 98 00:03:07

BB2

⎧⎨
⎩

Direct
9 610

⎧⎨
⎩

1477 0 1477 0 00:45:16
Iterative 180 610 790 95 02:06:08
Iterative 73 260 333 98 00:18:35

Finally, further investigations have been done to study the computational complexity
of the iterative PEEC-based solver. As shown in Fig. 3.24, new solver scales slowly
compared to the direct solver, which scales faster. This confirms that using the iterative
approach reduces the complexity of the solver, allowing larger problems to be solved
because the solution time will not increase as rapidly as it does with a direct solver
(Paper H).
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Figure 3.22. BB1 simulation results for resistance (a) and inductance (b).
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Figure 3.23. BB2 simulation results for resistance (a) and inductance (b).
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solver using direct and iterative approaches.



Chapter 4

Case Studies

4.1 Power Frequency Converter

Power frequency converters are electrical devices that are used to alter AC frequency
input. In power electronics, these devices take electrical input power at one frequency
and voltage and provide electrical output power at a different frequency and sometimes at
a different voltage. Converters are used in many power electronics applications, such as
motor drivers, HVDC systems [91], wind turbines, and railway power grids, which operate
at a frequency which differs from the public power grid. The challenge of designing power
frequency converters is to design devices which offer maximum efficiency with minimum
loss at minimum expense.

Two basic classes of power frequency converters are currently available: rotary (motor-
generator set) and solid-state. The main difference between these classes of frequency
converters is the way that the frequency conversion is carried out. Despite the different
approaches and consequently hardware and circuits used in either rotary and solid-state
power frequency converters, both types are appropriate for most applications in power
electronic systems. However, some specific applications may require usage of a specific
type of the device, which is explained in further detail below.

Rotary power frequency converters use incoming AC power to run a spinning motor.
The required output power is generated by the spinning motor, which acts as a generator
and converts its mechanical power into electric AC power. Two major types of motor
can be installed in these devices: induction or synchronous motors. Induction motors are
less expensive to make, but synchronous motors have more accurate output frequency.

Solid-state devices consist of power rectifiers (AC-DC) at input and power inverter
(DC-AC) at the output side, which produces output at the desired frequency and in
some devices at a different voltage level. The rectifier and inverter units at the input
and output stages of modern solid-state converters include power semiconductors, e.g.
IGBTs and IGCTs. These units are connected through a dc link interconnection, which
consists of bus bars and capacitive banks to store energy between the two stages. A

51
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Figure 4.1: Transformerless power frequency converter with input reactor and 3-phase
rectifier and inverter units with a shared dc link.

transformerless configuration of a solid-state power frequency converter is illustrated in
Fig. 4.1, which is comprised of an input filter combined with a compact common mode
(CM) choke connected to the active front end (AFE) rectifier [92]. In the aforemen-
tioned topology, an input reactor together with a filter is used to reduce harmonics and
prevent failures due to voltage spikes and surges of current that may happen on the
input line. The multi-level rectifier and inverter units consist of power semiconductors,
free-wheeling diodes and a dc link between the front-end and back-end inverter units.
A dc link, as shown in Fig. 4.2, is an intermediate circuit which consists of capacitors
and bus bars supplying different levels of voltages in a multi-level converter. The dc

Figure 4.2: Schematic of the dc link as an intermediate circuit which couples two different
electrical grids.

link couples different electrical grids into one dc voltage level. The constant dc voltage
should be maintained even if high current peaks are generated in the system. The role
of the dc link capacitors is to stabilize the voltage after the rectifier, when the circuit is
superimposed on a high dc voltage and high frequency ripple voltages are also present.
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Figure 4.3: Signal overshoot due to high induced voltage, i.e. |Vind| = Lσ
di
dt

at collector,
during IGBT turn-off. Here Lσ = 400 nH.

Figure 4.4: The switching loss of an IGBT, which increases as the physical model exhibits
larger stray inductance, i.e. Lσ.

The bus bars also act as interconnection between two inverter units, which should be
designed to meet optimization requirements. The design requirements of bus bars are
low-resistivity for minimal losses and low-inductance to avoid unwanted resonances with
the parallel capacitors [65] and voltage overshoots. Besides, a low-inductance design
avoids unbalanced current sharing and reduces the coupled voltage at the collector of the
mounted semiconductors at turn-on and turn-off, respectively. Figure 4.3 depicts a signal
overshoot, induced at the collector of an IGBT when the transistor is turned off. These
overshoots can damage the components in a power module and increase the switching
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losses, as shown in Fig. 4.4. Higher stray inductances will increase the induced voltage.
Since, faster switching (i.e. higher operational frequency) will shrink the switching loss
area as demonstrated in Fig. 4.4, the switching loss will therefore be reduced. Mean-
while, a higher frequency can cause larger voltage peaks, which are proportional to the
stray inductance Lσ, which should be minimal. Because stray inductance is a property of
design geometry, the PEEC-based solver is therefore used to optimize the bus bar design
and minimize Lσ.

This section analysis two industrial test cases which were modelled using the PEEC-
based solver developed and accelerated in this research. The analysed test cases are dc
link bus bars included in two different types of frequency converters used in power elec-
tronics [93]. The converters are abbreviated in this research as converter A and converter
B. Both converters are solid-state units and are designed for different applications with
different topologies and structures. The studied bus bars are also different in terms of
size, structure and complexity. For instance, bus bars in converter A are bulky and long
(5.5 m), but they have a simple structure, while converter B utilizes bus bars that are
smaller than the former bars but have a more complex layout. Measurements are pre-
sented in this chapter to confirm the validity of the simulations, and a good agreement
between the results has been observed. Moreover, some of the optimizations applied to
the bus bars in converter B, according to the PEEC-based simulations, are presented.
The results show that the improved design will have 15% less stray inductance than the
original layout. The results also confirms a significant improvement in the overall perfor-
mance, so that large and complex problems, arising in real-world industrial application
that could not be solved before, are not solvable using conventional desktop machines in
a reasonable time.

Previously, an old implementation of the PEEC method, called FastHenry [14] was
used by ABB for similar EM analysis. FastHenry is a PEEC-based solver accelerated
using the fast multipole method (FMM) and the model order reduction technique. In
FastHenry, each segment can consist of several parallel filaments, wherein each filament
1D current is modelled, to account for skin- and proximity effects. The current flow
in thickness is neglected in this simulation tool, since there is no possible current path
between the nodes in thickness. Moreover, FastHenry returns the impedance matrix in
the form of [Z] = [R] + jω[L]. The solver provides a utility code which converts the
impedance matrix into an equivalent circuit at a single frequency which can be solved
in a circuit solver. A separate tool called FastCap is used for parasitic capacitance
extraction. In addition, a MATLAB file is returned for each 2D plane which consists
of information about the current density in the studied plane. Combining these files to
realize the overall effect in 3D space requires a cumbersome task to extract the data [94].
Finally, FastHenry is slow, memory inefficient and is no longer maintained.

The PEEC-based solver developed in this research is a full-wave solver which has
been designed to overcome most of the limitations in FastHenry. The solver provides
full current/potential and field results for all 3D elements. Both E or H field can be
calculated and plotted over a plane, sphere or at a single point in the space. It is also
possible to perform time- and frequency domain simulations by changing the input file
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of the model with the same solver.

4.2 Converter A

This power frequency converter is a medium-voltage multi-level (3 levels) solid-state
device with a nominal output voltage of 3.3 kV and a nominal power range of up to 32
MW. For this power range, several inverter units equipped with IGCTs and low resistive
distributed film-capacitors are connected in parallel to the same dc link. In converter
A, the dc link must provide three voltage levels: positive dc voltage (UDC+), negative
dc voltage (UDC-), and the neutral point (UDCn). Accordingly, the bus bar design
consists of three parallel aluminium bars of 5.5 m length, connecting the capacitors and
inverters throughout the entire converter cabinet. As previously mentioned, the design
requirements for the bus bar are low-resistivity for minimal losses and low-inductance to
avoid unwanted resonances with the paralleled capacitors. The physical structure of the
bus bars was modelled in PEEC, as depicted in Fig. 4.5.

4.2.1 Simulations

The PEEC-based solver was used to study the ohmic loss and the inductance of the
whole system. The analyse were carried out in a range of frequencies to simulate skin-
and proximity effects due to voltage ripples in the dc link. The non-uniform mesh was
applied to capture skin- and proximity effects, and at the same time keep the problem
size as low as possible by having a coarse mesh covering the skin depth areas close to
the surfaces. Figure 4.6 illustrates the simulated resistance and inductance of the bus
bars for converter A, acquired using the PEEC-based solver when two lowermost and
middle bus bars, i.e. UDC+ and UDCn, formed a loop through a current source at the
near end and short circuit at the far end. Different simulations were run with different
meshes at the cross section of the bars to account for skin- and proximity effects. In the
simulation results presented in Fig. 4.6, nw and rw represent the number of mesh lines
and the ratio at width and same values at thickness is represented by nt and rt. The
value of the ratio specifies how close the meshing lines are to the edges of the conductor
in the cross section. A larger ratio covers an even smaller volume close to the skin of a
conductor, which corresponds to the skin depth at higher frequencies. Accordingly, the
results depicted in Fig. 4.6 reveal that increasing the mesh without increasing the ratio
is not an effective solution to capture skin- and proximity effects. Nevertheless, it proves
that increasing the mesh together with a higher ratio significantly improves the accuracy
of resistance and inductance calculations [65].

4.2.2 Measurements

Further verifications were done by comparing simulation results with the measurements in
two configurations of bus bars which resulted different loops of interest. Figure 4.7 depicts
the simulation results together with the measurements. Measurements were obtained
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(a)

(b)

Figure 4.5. PEEC model of the bus bars included in converter A (a) and the physical
bus bars (b). Only the upper metallic bar is visible in the photo as the lower two bars
are hidden by the two white insulating dielectric layers.

using an Agilent 4294A impedance analyser, provided by ABB. The low frequency noises
in the measurements were caused by precision limits of the measuring instrument. It is
observed that the results agree very well and the resonances can be successfully predicted.
However, small shifts of the resonance frequencies in higher frequencies in the simulations
occurred because of absence of dielectric layers in the simulations, which have been
included in the measurements. Figure 4.7 also shows the mean value of the inductance
between 1 and 10 kHz.

4.3 Converter B

Converter B is a medium-voltage multi-level (3 to 5 levels) solid-state power frequency
converter with nominal power of 0.5 to 5 MW, designed to be used as an MV motor
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Figure 4.6. Bus bar resistance (a) and inductance simulation (b) for (nw, rw)=(1,1), (nt,
rt)=(1,1) (circles, ◦); (nw, rw)=(2,1), (nt, rt)=(2,1) (squares, �); (nw, rw)=(3,7), (nt,
rt)=(3,7) (diamonds, 
).

driver. In converter B, IGBT power modules in one multi-level AC-DC phase leg are
connected through a bus bar interconnection. Five-level structures are typically obtained
as a natural extension of existing three-level topologies, such as the NPC converter or
the floating-capacitor (FC) converter [92] [95]. Converting devices with a higher number
of output voltage levels can reduce the voltage and current harmonic contents applied
to the load. Hence, a five-level converter generates a more sinusoidal-like output, as
compared to a three-level converter. Figure 4.8 depicts the physical bus bar used in
converter B and the PEEC model, where the bars are planar and multi-layered. The
complex interconnects in the dc link are used to connect up to 12 IGBT modules. The
simulations and measurements have been carried out at ABB [32].
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Figure 4.7. Input impedance between (a) UDC+ and UDCn and (b) UDC+ and UDC-
bars short-circuited at the far end. Solid lines are the impedance analyser measurements;
dashed lines with symbols are simulations (nw, rw) = (1, 1), (nt, rt) = (1, 1) (circles, ◦);
(nw, rw) = (3, 7), (nt, rt) = (3, 7) (pentagrams, �).

4.3.1 Simulations

All simulations were done using the PEEC-based solver developed in this research. In
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(a)

(b)

Figure 4.8. The PEEC model of the bus bars used in converter B (a) and the physical
bus bars (b).

Fig. 4.8, the IGBT module connections are visible in both images, with a group of
six screw holes. Based on the states of the installed IGBT modules on the bus bar,
commutation loops will be identified which should exhibit the inductance, which is as
low as possible. In earlier attempts, the turn-on state in the PEEC model was simulated
using connecting IGBT current paths with a resistor in the extracted equivalent circuit
that could offer few ohms (i.e. ≈ 18 Ω), which was roughly valid in the physical model.
Further simulations proved that providing a galvanic connection using a small metallic
conductor with the same resistance could remarkably improve the simulation results,
matching the measurements. The reason is the use of inductive couplings and a more
realistic current path, with current density and magnetic fields when a metallic conductor
is used. Therefore, the turn-on state of IGBTs are short-circuited through small copper
conductors which are exactly modelled in the simulated geometry illustrated in Fig.
4.9. All holes in the physical bus bars are removed in the simulation model for the
sake of simplicity, and the non-orthogonal edges of the conductors, shown in Fig. 4.9, are
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(a)

(b)

Figure 4.9. Short circuit to simulate IGBT turn-on state in the model (a) and the physical
connections (b).

simplified to orthogonal staircase shapes (marked with the blue squares) to avoid invoking
the non-orthogonal routines for partial element calculations, which need substantially
more time than orthogonal routines [52]. A set of four simulations were run using the
PEEC-based solver with different mesh in the thickness of the bus bar to account for
skin- and proximity effects. The mesh density in each simulation model is depicted in
Fig. 4.10.

4.3.2 Measurements

The simulations are verified by making a comparison with the measurements, which
were obtained using an Agilent 4294A impedance analyser. The results are shown in Fig.
4.11 [32]. The most accurate modelling for the skin effect was obtained when m = 2 and
r = 4, where the error is ≈ 6% up to 100 kHz. However, despite low frequency noises in
the measurements, the inductance is simulated accurately in all simulations with different
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(a) (b) (c) (d)

Figure 4.10. Planar mesh with different densities and ratios in the thickness when m = 0
(a) m = 2 and r = 2 (b) m = 2 and r = 4 (c) and m = 4 and r = 2 (d), where m
represents mesh density and r represents ratio for the non-uniform mesh.

meshes applied to the thickness, although the most accurate results belonged to the mesh
with m = 2 and r = 4. This also proved that model simplifications did not highly affect
the accuracy, since the accuracy was mostly changed by the dominant factor of mesh
density and ratio.

4.3.3 Optimization

In the last step, the design of the bus bars was optimized by identifying current density
hotspots where the highest magnetic fields were generated in these regions. Layout
optimization to reduce the origins that exhibit high current densities will reduce the
overall inductance of a commutation loop, which is the goal of this study. Figure 4.12
illustrates the current density hotspots and the magnetic field in a 2D plane through
two inductive regions showing strong magnetic fields, which cause higher inductance
within the studied loop. It is observed that the hotspots are mostly at the corners
and the places where thin current paths exist, which leads to a crowded current and
thus to high current density. This clues allowed for the model to be improved, and the
simulations were carried out again. However, according to the design requirements, the
bus bar boundaries should not change, which include IGBT modules, mounting holes, etc.
Therefore, the inductive regions in the geometry where the IGBT modules are installed
were not modified. Figure 4.13 shows the improved model: the improved regions are
marked with black circles and the simulation results of the optimized layout are given.
It is shown that the improvements were done for the most part to avoid sharp edges
and thin current paths. The resultant simulation also confirms that the new layout has
considerably less inductance i.e. ΔL ≈ 15% as compared to the original design [32].
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Figure 4.11. Simulation results and the measurements for resistance (a) and inductance
(b) of the studied bus bar.
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(a)

(b)

Figure 4.12. Current density hotspots (a) and magnetic field (b) around a highly inductive
region.
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Figure 4.13. Converter B bus bar optimized model (a) and simulation results (b) of the
new layout with ≈ 15% lower inductance.



Chapter 5

Summary of Papers

5.1 Summary of Contributions

This research has been done based on a number of publications. This chapter presents a
brief summary of each contribution.

5.1.1 Paper A

This paper presents the first parallel implementation of a partial element equivalent
circuit (PEEC)-based electromagnetic modelling solver on high performance computing
clusters. The parallel solver employs ScaLAPACK (Scalable LAPACK) as its computa-
tional library and is written entirely in C++. The solver’s kernel is scalable and can
perform PEEC-based simulations on parallel computer systems with distributed memory
architecture, which consists of processing elements acting independently and communi-
cating with each other over a high-speed network. Load balancing and minimum com-
munication was ensured using both ScaLAPACK and efficient data distribution, which
means that the computational load was divided in a balanced way over all processing
units. Large orthogonal models containing over 250 000 unknowns were successfully anal-
ysed for the first time with a PEEC-based solver. The speedup factor, memory usage
for models in frequency and time domain and correctness of the solver were studied and
successfully verified.

5.1.2 Paper B

This paper demonstrates a non-uniform meshing approach, which can reduce the problem
size while accurately taking into account the skin- and proximity effects. It is shown that
unlike uniform mesh, a non-uniform mesh will cover the more important area with respect
to the skin depth at a frequency, leaving the center of the conductor with a coarse mesh
that has far less current density than the surface. As a result, real-world models can
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be studied using the PEEC method efficiently in less time and with considerably less
computational resources. Different configurations of dc link bus bars installed in a power
frequency converter, manufactured by ABB, have been simulated and a good agreement
between simulations and measurements has been achieved.

5.1.3 Paper C

This paper presents an efficient modelling approach for electromagnetic analysis of large
bus bars. A divide and conquer approach is applied over a large bus bar structure where
a complete bus bar is divided into segments that are simulated as individual and non-
coupled elements. Furthermore, using the macro model of the complete bus bar, which
is extracted using the PEEC-based solver, the complete circuit with external elements
was assembled and simulated in a circuit-level simulator. Using this method, the solving
process could be done much faster with less memory needed. Results were also verified
by comparing them to the complete bus bar simulation results as well as measurements.

5.1.4 Paper D

A parallel PEEC-based solver tailored for non-orthogonal PEEC models is presented
in this paper. Partial element calculations for non-orthogonal structures is a cumber-
some task because of the multiple folded integral in the formulations. Therefore, parallel
computing, together with the Legendre-Gaussian quadrature technique to approximate
integrals, is proven to be an appropriate approach for acceleration. Legendre-Gaussian
quadrature requires an order for approximating integrations, which is called Legendre-
Gaussian order (LGO). A higher LGO gives more accurate results for partial elements
while increasing computation time. It has been observed that better speedup is gained
when higher a LGO is evaluated because there is a lower communication overhead be-
tween processing nodes in a parallel grid. Moreover, the correctness of the non-orthogonal
routines is also verified by comparing the results from the non-orthogonal PEEC-based
solver with the solution from the method of moments and analytical routines for the
capacitance calculations of a sphere.

5.1.5 Paper E

The first iterative method to solve (R,Lp)PEEC problems is introduced in this paper.
Linear systems of equations in (R,Lp)PEEC, which are appropriate for power electronic
applications, suffer from a high condition number, which makes this class of equations
ill-posed. Singular value decomposition (SVD) shows that the equations in (R,Lp)PEEC
are rank-deficient which means that there is no unique solution for the problem. Ill-posed
problems need to be regularized before any solution is acquired. A set of approaches to
solve these kind of problems, are the least-square techniques. Here a least square-based
method called LSQR is utilized, which is numerically similar to the conjugate gradient
(CG) method as applied to least-square problems. In this method, the coefficient matrix
is used only to calculate matrix-vector products. Hence, LSQR is a proper approach for
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a coefficient matrix, which is large and sparse. Other regularization techniques are also
discussed in this paper. A numerical test case is evaluated to show the correctness and
the accuracy of the LSQR method, used in the PEEC simulations.

5.1.6 Paper F

This paper studies the bus bar system in a type of power frequency converter produced
by ABB with a fast and efficient EM simulation methodology suited to complex multi-
level bus bars. In the first step, the PEEC model of the bus bars is designed and in the
next step the simulations are done using two different approaches, i.e. the reluctance
technique and model order reduction to accelerate electromagnetic analysis using the
PEEC method. Because the analysed bus bars are structurally complex and large and
therefore cannot be simulated using conventional computer systems, the model should
be simplified using either of the aforementioned approaches. It is demonstrated that,
although some approximations are involved in the final solution, the results are still
acceptable and the simulations are done in an efficient manner. Model order reduction
techniques allows for fast frequency dependent multi-terminal macro model generation,
while a reluctance solver provides a 3D field solution for the PEEC model. Simulation
results are also compared with the measurements and good agreement is proved.

5.1.7 Paper G

This paper introduces the solution to (R,Lp)PEEC with the reluctance method. Ap-
plications within power electronics are mostly related to low frequency, high voltage
and high current devices that produce strong magnetic fields. Furthermore, capacitive
couplings can be safely neglected to make the PEEC-based simulations simpler without
losing accuracy. Like all integral equation-based techniques, PEEC matrices are dense
and ill-conditioned. In an (R,Lp)PEEC structure, partial inductance matrix is the dens-
est matrix which should be sparse, so as to take advantage of sparse solvers which can
solve problems more efficient than dense solvers. On the other hand, sparsifying the Lp

matrix by simply removing small values which represent weak couplings renders the prob-
lem invalid and numerically unstable. It is proven that, unlike the inductance matrix,
the reluctance matrix (calculated as K = L−1

p ) is very resistant to taking away smaller
values. This is because of the locality and shielding property, and because it is a strict
diagonal dominant of K. After the calculation and sparsification of the K matrix, K will
be applied to the MNA equation in PEEC by approximating LpK ≈ I where I is the
identity matrix. The new sparse formulations of PEEC are then solved using a sparse
direct solver. Numerical test cases and the results are presented which show significant
improvement in terms of the speed and memory footprint.

5.1.8 Paper H

This paper is about the first PEEC-based iterative solver. The solver is tailored for
simplified PEEC models where stray capacitances are not included in the extracted PEEC
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circuit. The iterative PEEC-based solver utilizes the reluctance technique to sparsify the
system. Since the sparified systems in (R,Lp)PEEC are ill-posed, regularization must be
done to make the problem solvable. Regularization is carried out by grounding each node
in the PEEC model through a capacitor, where the capacitance of which is dynamically
updated within each frequency to maintain the open-circuit between each node and
the ground. In this way the minimum perturbation will appear in the modified PEEC
model when regularization is done. Later, the MNA matrix is assembled and the Schur
complement is used to shrink the linear system. As a result, a smaller system will be
solved after applying the Schur complement. The Schur complement is in fact a Gaussian
elimination in the block level of the matrix. Despite matrix inversion and matrix-matrix
multiplication in Schur complement for the MNA matrix in PEEC, the method is efficient
because blocks in the PEEC matrix produced by the reluctance technique are very sparse,
which makes it easy to do matrix operations. The new, smaller equation from the Schur
complement technique is then solved using the generalized minimum residual (GMRES)
method with incomplete LU (ILU) preconditioners. The preconditioning task is further
accelerated by introducing prior preconditioning, which calculates a preconditioner once
and uses it for two consequent iterations because the norm of the difference of two
coefficient matrices for two frequency steps is small enough. The small norm is then
explained because of the reluctance formulations, which hold the imaginary values of the
MNA matrix only on the diagonal. Thus, the only altering elements of the MNA matrix
which change within each frequency are placed on the diagonal, making it possible to
efficiently reuse a previously computed preconditioner.



Chapter 6

Conclusion and Further Work

6.1 Conclusion

The goal of this research was to develop and accelerate a stable, accurate, and robust
PEEC-based solver appropriate for general EM analysis, and more specifically for appli-
cations in the field of power electronics. The research was pursued in two major phases.

For general EM analysis, a PEEC-based solver was developed and accelerated, improv-
ing its performance while maintaining the accuracy of solutions. The developed solver
was appropriate for general EM simulations where quasi-static as well as (R,Lp,C,τ)PEEC
simulations could be carried out in a more efficient way. The techniques for parallelism,
high performance computing, non-uniform mesh and data caching were employed in the
first phase. Further studies showed that using high performance computing, very large
problems including up to 250 000 unknowns could successfully be solved. Non-uniform
mesh also enabled the accurate capture of capture skin- and proximity effects without
increasing problem size by applying a fine mesh to cover skin depth within a conduc-
tor. The stability and accuracy of the solver was verified by comparing the simulation
results with the measurements, where good agreement was observed. Solving very large
problems did also confirmed the robustness of the solver to be able to solve real-world
problems.

For power electronic applications, an (R,Lp)PEEC solver was accelerated. Most ap-
plications within power electronics can be accurately modelled with this assumption,
when inductive couplings are the dominating factor and the generated electric field can
be safely neglected due to the high current and the geometry of the structures. Methods
and algorithms in this phase would improve the performance of the solver, and some
controllable levels of approximations are involved in the solution. These methods were
mostly based on sparsification techniques, which can convert a dense system arising from
PEEC formulations into a sparse system. The sparsification was carried out by inverting
the partial inductance matrix, which is called the reluctance matrix, and then remov-
ing the off-diagonal elements, which are smaller than a threshold value. Sparse matrix
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multiplication algorithms were developed and implemented to perform coefficient matrix
assembly as fast as possible. Moreover, the process of applying the reluctance matrix
was done by calculating one row at the time and then converting it to a sparse format by
storing only non-zero elements of the new sparse matrix to keep the peak of the memory
usage as low as possible. The new sparse system was later solved using a sparse direct
solver, and the results show a significant improvement in the solver’s performance. The
new sparse matrix is severely ill-conditioned and rank-deficient, which makes the system
ill-posed. Thus, some pivot perturbation during factorization affected the accuracy of the
solution, which was compensated for by performing iterative refinement together with
weighted matching and scaling algorithms to increase the accuracy. Further simulations
confirmed that the sparse solver provides a fast solution while reducing memory con-
sumption, which made it possible to solve complex and large problems from industrial
applications on conventional computer systems. More specifically, the acquired results
from the sparse direct solution confirmed that the memory consumption and solution
time were reduced by orders of magnitude and by a factor 3 to 5. In the last step, the
same system was solved using an iterative solver with preconditioning. As stated before,
the aforementioned system was ill-posed and therefore some regularization techniques
had to be applied to prevent numerical instabilities. The regularization was done by
adding a frequency dependent capacitor between each node of the PEEC circuit and the
ground, which fixed the problem with zero elements on the diagonal of the coefficient
matrix. The capacitance of the regularization capacitors could be changed as a function
of frequency to maintain an open-circuit and have minimum impact on the circuit be-
haviour. The preconditioning was done using the incomplete LU (ILU) preconditioning
technique, and the approximate minimum degree (AMD) algorithm was also used to
minimize the fill-in in the preconditioner. A novel technique called prior preconditioning
was utilized so that an already calculated preconditioner could be used for the next sim-
ulation step as well. Results showed significant improvement in the performance when
the prior preconditioning approach was used. It is also shown that the solver converges
within few iterations and the solution time of the iterative PEEC-based solver scales
slowly with respect to problem size as compared to direct methods. This proves that the
new PEEC-based iterative solver exhibits lower computational complexity and that new
applications can be studied with proposed method. The capability of the solver to be
able to handle large and complex problems in power electronics was ensured by solving
two real-world applications i.e. dc link bus bars in power frequency converters, where
the results were validated by comparing with the measurements.

6.2 Further Works

More in-depth studies on the source and causes of the ill-condition matrices in PEEC
would help to determine a more efficient preconditioner that is suited only to PEEC-
based simulations. Eigenvalues, singular values analysis and Gershgorin disks are useful
tools to reach this goal. Other preconditioning techniques can be considered and research
can be done to find out whether more efficient preconditioning is possible.
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Another acceleration approach would be to enhance the solver to perform iterative
solution on high performance computing clusters, which would bring many benefits with
respect to efficiency. A survey of available sparse packages could then be used to identify
the most effective solutions for PEEC-based iterative simulations and to calculate a
suitable parallel preconditioner.

More research can also be pursued to apply sparsification techniques on (R,Lp,C)PEEC
models by probably grouping the surface cells in a smart way where the capacitive cou-
plings between the groups are not considered. Research conducted in PEEC accelerations
with the fast multipole method (FMM) proved a good improvement in performance.
FMM can be implemented in the PEEC-based solver and more investigations can be
done to extend the method to the multi-level fast multipole method (MLFMM).

Currently, the non-orthogonal partial element calculation routines are slow. Further
improvements can be made by focusing on the performance of these routines.

The low frequency problem of the regularization capacitors, mentioned in the PEEC-
based iterative solver can be solved by adjusting the capacitors so the added capacitors
will act as open-circuit even for the frequencies near dc.

Other meshing approaches can be studied. For instance, in many cases, a non-
orthogonal mesh would decrease the problem size dramatically while maintaining ac-
curacy. Therefore, more investigation should be done on the partial element calculation
phase to make the routines more efficient, especially when non-orthogonal geometries are
simulated, since the routines are very time-consuming. Another meshing approach would
be adaptive mesh, which is worth considering. An adaptive mesh can be automatically
applied by the solver, to the structure, which would change for each frequency range and
guarantee accuracy.

Smart interpolation and extrapolation can be implemented to minimize simulation
steps when the time to evaluate the system response would be prohibitive. The Cauchy
method can be used to calculate the system response at discrete points and then curve
fitting techniques, using least-square solutions to acquire simulation results.

Furthermore, the solver can be enhanced to include magnetic material in the simu-
lations. Including magnetic materials in a PEEC model will add additional unknowns,
which represent magnetization currents. Moreover, extra inductive terms implementing
the effects of magnetization currents will be added to the PEEC model. In that case,
even more accelerations on the solver performance should be done, since the problem size
would quickly grow when magnetic materials are used.
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Parallel Implementations of the PEEC Method

Danesh Daroui and Jonas Ekman

Abstract

This paper presents the first parallel implementation of a partial element equivalent
circuit (PEEC) based electromagnetic modelling code suitable for solving general elec-
tromagnetic problems. The parallelization is based on the GMM++ and ScaLAPACK
packages which are cross-platform libraries available for major operating systems. The
parallel PEEC solver has been tested on several high performance computer systems.
Large structures containing over 250 000 unknown current and voltage basis functions
were successfully analysed for the first time with a general PEEC-solver. The numerical
examples are of orthogonal type, studied both in the time- and frequency- domain, for
which memory, performance, and speedup results are presented.

1 Introduction

As for all the methods within computational electromagnetics, the problem system size
that can be solved is increasing with more efficient computer implementations and more
powerful computer systems. However, the desired problem sizes to be solved are also in-
creasing and there is a clear gap between desired and possible problem size to be solved.
Fast solutions for EM problems have been treated for a long time, i.e. [1] where both
differential and integral equation solvers were discussed. For the integral equation based
solvers, fast Krylov subspace approaches are available. For example, the fast-multipole
method (FMM) [2] and QR-based algorithms [3]. The next step, after faster imple-
mentations, is to improve the computing power running the algorithms. One solution
is to use grid computing on different levels. For example using a local area network
of interconnected computers to speed up calculations or by porting the code to paral-
lel architectures. Recent publications on the extension to parallel implementations are
for example [4] where a nesting combination of the finite element domain decomposi-
tion method and the algebraic multigrid method is presented [5] on the implicit FDTD
method, and for a parallel version of the numerical electromagnetics code (NEC) [6].

The partial element equivalent circuit (PEEC) method [7] is widely used for solv-
ing mixed circuit and electromagnetic (EM) problems. The method gives a framework
for creating electric equivalent circuit representations for three-dimensional electromag-
netic problems and calculating self and mutual partial inductances [8] and capacitances
(coefficients of potential) [9]. The resulting equivalent circuits can be solved in SPICE-
like solvers or, for the full-wave case, by creating and solving the fully coupled circuit
equations [10]. Until now, no parallel implementation on the PEEC method have been
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reported except for in [11] where a sequential code was parallelized for LANs using a free-
ware. In this paper, the first parallel implementation of a non-accelerated, e.g. FMM,
PEEC method [12] is presented for high performance computing using the ScaLAPACK
package [13].

Other approaches for accelerating PEEC-based computations are for example FMM-
based approaches as detailed in [14] [15], wavelet-based PEEC analysis as in [16–18], and
QR-decomposition as shown in [19]. The goal with this work has been to accelerate the
general PEEC method which allows for both time and frequency domain solution from
DC to the highest frequency of interest (given by the mesh) and not to be restricted by the
above mentioned acceleration techniques impacting, for example, on the low frequency
behaviour.

The paper is organized in the following way. Section 2 presents a summary of the
PEEC method and the developed computer program while Sec 3 presents the paral-
lelization of the same using the ScaLAPACK package. Then, Sec. 4 and 5 shows the
applicability of the solver for two numerical examples, a free-space reactor and a shielding
study. Finally conclusions and further work are detailed in Sec. 6. It is shown that with
this type of parallel PEEC solvers the problem size can be increased considerably and
new application areas arise.

2 Summary of PEEC Theory

This section gives an brief summary of the classical, orthogonal PEEC formulation. For
further information, see [7–9].

2.1 Extraction of equivalent circuit

The classical PEEC method is derived from the equation for the total electric field at a
point [20] written as

�Ei(�r, t) =
J(�r, t)

σ
+

∂ �A(�r, t)

∂t
+∇φ(�r, t), (1)

where Ei is an incident electric field, J is a current density, A is the magnetic vector
potential, φ is the scalar electric potential, and σ the electrical conductivity all at obser-
vation point r. By using the definitions of the scalar and vector potentials, the current-
and charge-densities are discretized by defining pulse basis functions for the conductors
and dielectric materials. Pulse functions are also used for the weighting functions result-
ing in a Galerkin type solution. By defining a suitable inner product, a weighted volume
integral over the cells, the field equation (1) can be interpreted as Kirchhoff’s voltage
law over a PEEC cell consisting of partial self inductances between the nodes and partial
mutual inductances representing the magnetic field coupling in the equivalent circuit.
The partial inductances shown as Lp11 and Lp22 in Fig. 1 are defined as

Lpαβ
=

μ

4π

1

aαaβ

∫
vα

∫
vβ

1

|�rα − �rβ|dvαdvβ, (2)
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Figure 1: Metal strip with 3 nodes and 2 cells (a) and corresponding PEEC circuit (b).

for volume cell α and β. Figure 1 also shows the node capacitances which are related to
the coefficients of potential pii while ratios consisting of pij/pii are leading to the current
sources in the PEEC circuit. The coefficients of potentials are computed as

Pij =
1

SiSj

1

4πε0

∫
Si

∫
Sj

1

|�ri − �rj| dSj dSi, (3)

and a resistive term between the nodes, defined as

Rγ =
lγ

aγσγ

. (4)

In (2) and (4), a represents the cross section of the rectangular volume cell normal to
the current direction γ, and l is the length in the current direction. Further, v represents
the current volume cells and S the charge surface cells. For a detailed derivation of the
method, including the non-orthogonal formulation, see [21].

2.2 Solution of equivalent circuit

The discretization process of the EFIE in (1) and the successive Galerkin’s weighting
leads to an equivalent circuit formulation. When Kirchhoff’s voltage and current laws are
enforced to the Ni independent loops and Nφ independent nodes of the PEEC equivalent
circuit we obtain

−AΦ (t)−RiL (t)− Lp
˙iL (t) = vs (t) (5)

P−1Φ̇ (t)− AT iL (t) = is(t),
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where

• Φ (t) ∈ R
Nφ is the vector of node potentials to infinity; RNφ is the node space of

the equivalent network;

• iL (t) ∈ R
Ni is the vector of currents including both conduction and displacement

currents; RNi is the current space of the equivalent network;

• Lp is the matrix of partial inductances describing the magnetic field coupling;

• P is the matrix of coefficients of potential describing the electric field coupling;

• R is the matrix of resistances;

• A is the connectivity matrix;

• vs(t) is the vector of distributed voltage sources due to external electromagnetic
fields or lumped voltage sources;

• is(t) is the vector of lumped current sources.

The equation system in (5) is equivalent to the circuit equations formulated in SPICE-
type of solvers for obtaining the solution in node voltages and branch currents. However,
for PEECs the equation system in (5) contain more dense matrices (Lp and P ) compared
to a pure electric network system solution due to the large number of mutually coupled
inductors and mutual capacitances. Therefore, the solution of PEECs requires linear
algebra packages suitable for dense matrices. The exception is the full-wave, time domain
case where retarded magnetic and electric field couplings are treated as known sources
and the Lp and P matrices are more sparse [10].

The equation system in (5) is often entitled a modified nodal analysis (MNA) for-
mulation [22] and can be modified to suit the solution of PEECs [10]. From the MNA
formulation, the nodal analysis (NA) formulation can be derived which only solves for the
node potentials by a reduced equation system while the branch currents are calculated
in a second step. In the frequency domain the NA system can be written as

Φ(ω) =
[−AT (R + jωLp(ω))

−1A+ jωP (ω)−1
]−1

IS, (6)

to solve for the node potentials Φ at a specific frequency for the excitation specified by
IS. Both formulations are tested in this paper and results are presented in Sec. 4 and 5.

2.3 Sequential code for EM analysis using PEEC theory

A program for EM analysis, based on the theory and references outlined above, has been
developed. The solver can handle both the traditional orthogonal PEEC model and
the newly introduced non-orthogonal formulation [21]. In this paper, only orthogonal
models are considered while non-orthogonal results will be presented in a future paper
since different issues arise when working with non-orthogonal PEEC models [23] [24].
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The program creates an equivalent circuit and calculates the corresponding resistances,
partial inductances, capacitances, and coupled voltage and current sources (to account
for electromagnetic couplings) for the given geometrical layout (CAD-data as specified
in an input file). The user adds external electronic (sub-)systems and analysis mode as
described by the SPICE syntax. The actual solution of the resulting circuit equations (5)
in either the time- or frequency domain, is performed in the solver and results are given
as current- and voltage distributions in the geometrical layout. Post-processing routines
are implemented for calculating field quantities at specified locations. The workflow in
the program is shown in Fig. 2.

The sequential implementation utilizes the GMM++ linear algebra package and the
Intel C++ Compiler with pragmas for compiler optimization to be performed. This
allows, for example, for the use of multiple processors in calculating partial elements and
other trivial pipelining, loop unrolling/distribution, data prefetching, and loop-carried
dependencies occurring in the original, sequential implementation.

It is the presented sequential code that has been parallelized and for which results
are presented in this paper.

3 Parallelization of the PEEC Solver

3.1 Introduction

The development platform was a Linux cluster consists of nodes equipped with two Intel
Xeon quad-core 2.5 GHz CPUs and 16 GB of RAM memory. The code has been written
in C++ under Linux and is compatible with parallel computer systems with distributed
memory architecture using ScaLAPACK as computational library. ScaLAPACK (Scal-
able LAPACK) is a library of LAPACK routines, revised for parallel computer systems
with distributed memory architecture. The package enables the use of high performance
computing clusters in a simple fashion and allows for a considerable acceleration of the
developed PEEC-based program. Like LAPACK, ScaLAPACK offers a set of highly opti-
mized routines to solve systems of linear equations, which consists of matrices distributed
among a bunch of processors. The library performs basic linear algebra operations such
as product between matrices and vectors using PBLAS. PBLAS is parallel version of a
rich library of computational routines called BLAS which is included in LAPACK. Fi-
nally a set of routines called BLACS is used to manage communication between nodes
running ScaLAPACK. These routines use algorithms called block-partitioned algorithms
to minimize movement of data between nodes by load balancing between computational
elements. ScaLAPACK has been written in FORTRAN and developed for parallel com-
puter systems. The choice to use this library was based on optimized and efficient message
passing methods have been used in it, speed and scalability and good interface for C++
programmers. In addition it is a stable, well tested, and efficient library and provides
access to a very large collection of useful, powerful and flexible functions in BLAS and
LAPACK which have been parallelized efficiently. Using ScaLAPACK we were assured
that a good load balancing is achieved by distributing input data on a bunch of process-
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Figure 2: Flow diagram for the PEEC solver.

ing nodes using block cyclic data distribution algorithms which speeds up the operations
by minimizing data transfer between processing units.

The parallel solver performs these four steps to solve a problem:

1. The discretization process is entirely serial and duplicated on all processors.

2. The partial element calculations are easily parallelized as no communication is
required between nodes while each node calculates assigned part of basic matrices
in parallel with other nodes. The main difficulty lies in the mapping between global
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and local matrix coordinates [6].

3. The matrix formulation, (5) or (6), and solution parts are implemented using
ScaLAPACK routines.

4. At the end when all processes has reached final synchronization point, the results
will be gathered on the root processing unit and will be saved in appropriate format.

3.2 Parallelization of partial element computations

The partial element calculations are easily parallelized using parallel processors which fill
a large matrix, distributed by ScaLAPACK data management algorithms, completely in
parallel and independent of each other. For the time domain problems these are Lp and
P matrices which are symmetric and have entries of type double precision floating-point.
Hence the fill-in times for the time domain solver is decreased linearly as number of allo-
cated processors grows. Since these two matrices are symmetric, Cholesky factorization
routines in ScaLAPACK package can be used to factorize them. Due to the properties
of the entries of Lp and P matrices which has the type complex with double precision
floating-point for problems in frequency domain and because these matrices do not fulfil
Hermitian properties, only LU factorization is possible and therefore the need to fill in
the whole matrix. The process of placing element from one part of a distributed ma-
trix to the other part is computationally expensive and complicated in parallel programs
and especially for the MNA-approach seen in (5). But this was overcome by a special
Transpose-and-Add method as detailed in [25].

3.3 Parallelization of matrix solutions

After filling-in the matrices, the solution of the time- or frequency domain versions
of the circuit equations in (5) and (6) has to be performed. This is done using the
ScaLAPACK library of high-performance linear algebra routines for distributed-memory
message-passing MIMD (multiple instruction stream, multiple data stream) computers
and networks of workstations supporting parallel virtual machine (PVM) and/or mes-
sage passing interface (MPI). ScaLAPACK uses block cyclic data distribution [26] to
achieving good load balancing. This means that matrices are divided into blocks in two
dimensions and these blocks are assigned to a set of processors. This is further detailed
in [6] when using the numerical electromagnetics code (NEC) to solve electromagnetic
problems using ScaLAPACK.

4 Numerical test (i) - Air-core Reactor

To present the speedup of the parallel PEEC implementation, an air-core reactor struc-
ture is utilized since measurement results have been collected and the cell count is easily
increased. In previous papers, i.e. [27], the reactor have been studied in the time- and
frequency- domain with regular (Lp,P ,R,τ)PEEC models. However, the inclusion of skin-
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Figure 3: Reactor voltage simulation result at 4μs after impulse test.

and proximity effects have not been possible in earlier works through the volume filament
approach, (VFI)PEEC, due to the excessive number of unknowns. Here, the air-core re-
actor is analyzed with both the original serial PEEC solver, when possible, and the new
parallel PEEC solver in the time- and frequency domain.

The test structure, seen in Fig. 3, is of rectangular type with four sides equal in
length = 0.5 m. The windings (turns) are totally 65 and consist of copper tape with
dimension 0.076 × 6.35 mm. The center to center spacing between the turns is 10 mm.
The parallel implementation of the solver can now treat this type of problem and give
a more correct model for the current distribution in the conductors. Fig. 3 shows an
example of the voltage distribution in the reactor windings for a, time domain, impulse
test.

4.1 Partial element calculation speedup

To test the speedup, five different meshes for the reactor is utilized as seen in Table 1.
For example, the first test, T1−400, has 1 300 surface cells, 1 040 volume cells, resulting
in 2 340 unknowns, and 1 105 nodes. The last test, T5− 609, has 50 180 unknowns since
it uses the volume filament approach to model skin-effect in the windings. The naming
conventions used for these test cases is in the format of T[n]-[abc], where n is the test
case number and a, b and c represent the discretization level in the directions x, y and z
respectively.

The partial element calculations are efficiently parallelized as seen in Table 2. The
table is collected from time domain simulations. To be noted is that the test case is an
orthogonal PEEC model utilizing analytical routines to evaluate partial inductances (<
5μs/element in sequential solver). The performance gain for the parallel implementation,



4. Numerical test (i) - Air-core Reactor 93

Table 1: Reactor characteristics.

Number of
Test surface cells (Nφ) volume cells (Ni) unknowns (Nφ+Ni) nodes

(charge basis functions) (current basis functions) (total)

T1-400 1 300 1 040 2 340 1 105
T2-900 2 600 2 340 4 940 2 405
T3-601 3 640 4 940 8 580 3 250
T4-605 10 920 18 460 29 380 9 750
T5-609 18 200 31 980 50 180 16 250

as shown in Table 2, can be displayed by using a speedup factor

S(n) =
tp1
tpn

, (7)

where tp1 is the time taken by the parallel code using one processor and tpn is the time
taken by the parallel code using n processors. This is shown in Fig. 4 where results from
Table 2 is used together with results from the frequency domain solver by running the
same test cases in the frequency domain.

Table 2: Partial element calculation times for NA-implementation.

Numbers of Time for TD-tests [s]
processors

T1 T2 T3 T4 T5

Serial 9.0 35.0 81.0 -∗ -
1 6.0 23.4 53.5 590.2 -
2 3.1 12.0 27.0 291.6 -
4 1.6 6.1 13.6 144.2 476.5
8 0.8 3.1 7.1 78.2 229.6
20 0.4 1.3 3.0 33.2 91.3
30 0.3 0.8 2.1 22.3 71.2

∗ Not available due to memory limitations

From the figure it is clear that the time domain fill-in time is better than the fre-
quency domain fill-in. This is because the time domain solvers use symmetric matrices
with the data type of double precision floating-point, so they can use symmetric compati-
ble functions in ScaLAPACK which employ Cholesky factorization. But in the frequency
domain, since non-Hermitian matrices with the data type of complex with double pre-
cision floating-point are used, ScaLAPACK does not offer any symmetric compatible
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Figure 4: Speedup factor for partial element calculation and fill-in for air-core reactor
example.

function. Therefore for frequency domain solvers the calculated part of matrix needs to
be copied to the other part to form the complete matrix and this process will affect the
speedup factor as is shown in Fig. 4.

4.2 Solution method - MNA or NA

From the calculated matrices, as briefly detailed in Sec. 2.2, two popular methods are
used to formulate the circuit equations for the PEEC model. First, the MNA formulation
as shown in (5) and second the NA formulation as shown in (6). The MNA formulation
is the more general of the two and preferred mainly due to its ability to handle general
circuit element inclusion with the PEEC model [22] and a stable low frequency behaviour.
Table 3 gives details on the formulations of the different systems of circuit equations from
a performance point of view. The table gives details for three of the problems, T1, T3, and
T5, when formulating the circuit equations using the Nodal Analysis (NA) or Modified
Nodal Analysis (MNA) formulation in the time or the frequency domain. The table also
shows several interesting results. For example, the formulation of the circuit equations
are more time consuming in the frequency domain. This is expected since the equations
involve complex numbers. Further, we see that the MNA formulation is always faster
than the NA formulation even if the equation systems are larger in size. This is mainly
due to an efficient formulation of (5) for which the inversion of the coefficient of potential
matrix P is avoided [10].
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4.3 Total PEEC-model solution time

To conclude the two previous subsections, speedup factors for total PEEC-model solutions
are given. This is shown in Fig. 5 for the time domain implementation of the NA and
MNA methods and in Fig. 6 for the frequency domain implementation of the NA and
MNA methods.

5 10 15 20 25 30

5

10

15

20

25

30

Number of prcessors, n

S
pe

ed
up

 fa
ct

or
, S

(n
)

 

 

1:1 Ideal speedup

T1−400

T2−900

T3−601

(a)

5 10 15 20 25 30

5

10

15

20

25

30

Number of processors, n

S
pe

ed
up

 fa
ct

or
, S

(n
)

 

 

1:1 Ideal speedup

T1−400

T3−601

(b)

Figure 5: Total PEEC-model solution time for time domain simulations using Nodal
Analysis (a) and Modified Nodal Analysis (b).



4. Numerical test (i) - Air-core Reactor 97

5 10 15 20 25 30

5

10

15

20

25

30

Number of processors, n

S
pe

ed
p 

fa
ct

or
, S

(n
)

 

 

1:1 Ideal speedup

T1−400

T2−900

T3−601

(a)

5 10 15 20 25 30

5

10

15

20

25

30

Number of processors, n

S
pe

ed
up

 fa
ct

or
, S

(n
)

 

 

1:1 Ideal speedup

T1−400

T3−601

(b)

Figure 6: Total PEEC-model solution time for frequency domain simulations using Nodal
Analysis (a) and Modified Nodal Analysis (b).

Since the speedup factors, as presented in Figures 5 and 6, are based on results
for one processor, as seen in (7), it is not possible to show results for all test cases.
However, using 30 processors, the only tests that could not be carried out with the
current implementation are T4 and T5 in the frequency domain using the MNA method.

From the figures, several conclusions can be drawn:

• For small problems in the time domain, i.e. T1, and T2, increasing the number of



98 Paper A

processors does not improve the overall solution time since the communication time
between the processors increases and exceed the total solution time. For example
in Fig. 5 (a) and (b), problem T1 saturates at 8 processors. Hence, using a bunch
of processors for a small problem will not necessarily improve the performance.

• Frequency domain problems experience a larger speedup factor compared to time
domain problem. However, in general frequency domain problems are more time
consuming in absolute numbers.

• In both domains, the MNA-based solver shows better speedup factor compared
to the NA counterpart. This means that in both NA figures, the problem is al-
ready saturated or the speedup factor grows very slowly when more processors
are allocated. Thus, the MNA-formulation is more suited for parallelization using
ScaLAPACK.

What the figures presented in this section does not reveal is the absolute solution
time of the problems. It might seem, when looking quick at the presented results, like
the MNA formulation is the fastest. In fact, the NA formulation is the fastest solution
method for all tests. However, the MNA formulation is preferred for reasons given in
Sec. 4.2.

4.4 Memory usage

In this section, the memory usage of the parallel solver is presented based on the following
aspects:

• memory usage as a function of number of processors;

• memory usage as a function of problem size.

Memory usage as a function of the number of processors

The total memory usage M should be a function of the number of processors, n, and the
problem size. This can be expressed as

M = an+ b, (8)

where a and b are constants. Fig. 7 shows the total memory usage M as a function of
processors. The increase is clearly linear and eq. (8) is verified.

Another way of expressing this is as average memory usage per processor m as

m = b/n+ c. (9)

This behaviour for the parallel PEEC solver is verified by Table 4.
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Figure 7: Total memory usage as a function of processors.

Table 4: Average memory usage for varying number of processors. Simulation of reactor.

Numbers of Average memory usage/proc. [MB]
processors T2-900 T5-609

TD FD TD FD

1 281 643 - -
2 160 303 - -
4 86 159 7472 -
8 51 88 3815 -
20 28 44 1543 3545
30 24 34 1049 2395

Memory usage as a function of problem size

The expected memory usage is

M = bn2
u + cnu + d. (10)

This is a simplification as in reality the actual increase is not as straightforward. This is
due to the number of surface cells, volume cells, and nodes vary and the memory usage
will be a more complicated function of these variables. The validity of (10) is exemplified
in Fig. 8 for the parallel implementation using the NA approach in both the time- and
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frequency- domain on all the test cases from Table 1. Studying Fig. 8 when letting M
be total memory usage and (nu = Nφ +Ni) be the number of unknowns in eq. (10), the
assumption is valid.
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Figure 8: Total memory usage for the Nodal Analysis implementation when increasing
the problem size for a fixed number of processors (30).

5 Numerical test (ii) - Surge Test

In order to test the parallel solver and to find out how large problems can be solved, a
second numerical example is presented. The setup is a surge pulse that is applied to an
100 × 100 × 150 cm enclosure. This is a problem that requires a fine mesh for a large
structure and a long simulation time for the pulse to decay. In this test, the enclosure is
excited on the top surface with a surge pulse given by

i(t) = I0(e
−αt − e−βt), (11)

where I0 = 218810, α = 11354 and β = 647265. The enclosure is grounded using 1Ω
resistor at the bottom surface. For comparison, CST software has been used to study the
same problem. Fig. 9 (a) shows voltage distribution in the enclosure due to the surge test
and Fig. 9 (b) a comparison of CST and PEEC results for the resistor current/voltage
(due to 1 Ω resistor). As can be seen, the results are close to overlapping.

The simulation time was the main advantage of the PEEC simulations for this case.
It was about 31 hours with the CST (note that the CST has more number of points than
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PEEC simulation). The corresponding time with PEEC was about ten minutes using a
sequential code (not the parallel implementation) for a mesh corresponding to ten cells
per wavelength. The comparison can seem to be unfair, as often when comparing different
basic formulations in computational electromagnetics. This example is an optimal PEEC-
type of problem due to the thin, metallic walls of the enclosure located in free-space.
However, CST was used to validate the results and not to benchmark the implementation.

To test the parallel implementation, three cases with different discretization level
were tested using the NA, time domain solver. Table 5 describes each test case and the
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Figure 9: Surge voltage simulation result at 1.8μs after impulse test (a) and comparison
of PEEC and CST resistor current (b).
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Table 5: Surge test characteristics.

Number of
Test surface cells volume cells unknowns nodes

(charge basis functions) (current basis functions) (total)

Surge1 10 404 20 400 30 804 10 200
Surge2 48 884 96 880 145 764 48 400
Surge3 89 244 177 240 266 484 88 800

corresponding number of unknowns. As can be seen, Surge3 contains more than a quarter
of a million of unknowns and is the largest PEEC problem that has been solved using a
general PEEC implementation capable of handling time and frequency domain analysis
from dc to a maximum frequency given by the mesh. These problems have been designed
to be large enough to stress the solver in both memory and computational complexity
sense.

During these tests, it was always considered to choose an optimum number of pro-
cessors, while using many processors for a small problem is not efficient and can even
degrade the performance if the solver reaches or even pass saturation point. By opti-
mum, it is meant smallest number of processors which can provide enough memory for
a problem and solve the problem as fast as possible. Table 6 shows the simulation time,
number of unknowns (repeated for convenience), memory consumption, and number of
allocated processors for each test case.

Table 6: Total solution times and memory for NA-implementation.

Test Time [s] Memory [GB] Unknowns Processors

Surge1 45 16 30 804 80
Surge2 677 278 145 764 120
Surge3 8700 931 266 484 440

With the number of unknowns handled in the largest test case, > 250 000, many
complex problems can be studied using the PEEC method. For example, pure inductance
and capacitance calculations for geometrically complex geometries, R-L-C equivalent
circuit extraction, shielding and radiation problems of new computational complexity.
However, with more complex models, new challenges arise in order to ensure correct
simulation results [28], optimal mesh generation, and optimal usage of computational
resources.



6. Conclusions and Further work 103

6 Conclusions and Further work

In this paper the first parallel PEEC-based solver was presented which is applicable to
problems formulated in both the time- and frequency domain solving problems from dc
to the highest frequency given by the appropriate mesh. The parallel PEEC-based solver
is a ported version of the original sequential PEEC-based solver which uses GMM++
linear algebra package and is suitable for systems with shared memory structure such as
multi-core machines. The parallel solver is designed to run on clusters with distributed
memory architecture by using ScaLAPACK package to take advantage of any number of
processors allocated in a parallel computer system.

The presented implementation opens up new doors for the solution of large problems
formulates using the PEEC approach. In order to understand how parallel PEEC-based
solver can improve solving problems, several tests were done. The results of these tests
conclude that:

• Using a number of processors for small problems will not improve the solution time
and even can degrade the performance, due to saturation.

• In general, frequency domain problems need more memory and are more time
consuming, compared to time domain problems, but experienced larger speedup
factors when the number of processors were increased.

• MNA-based solver in both time and frequency domain resulted better in speedup
factor than NA-based.

By using 440 processors, problems with over quarter of a million unknowns could
be studied using the nodal analysis formulation in the time domain. The next step for
the presented parallel implementation is to apply acceleration algorithms, e.g. FMM,
MLFMM, QR and using other LAPACK-based computational libraries, making the pro-
gram suitable for solving different classes of EM problems on desktop machines.
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Bus Bar Simulations Using the PEEC Method

Danesh Daroui, Ivica Stevanović, Didier Cottet, and Jonas Ekman

Abstract

The partial element equivalent circuit (PEEC) is an integral equation based full-wave
approach for the solution of combined circuit and electromagnetic problems in the time
and the frequency domain. The method is fast and efficient and can be applied to
different classes of problems in power electronics system design, antennas modelling,
and printed circuit board simulation. This paper presents PEEC usage in simulating a
system of parallel bus bars used in distributing the dc link power in a medium voltage
frequency converter. Using PEEC simulations with non-uniform meshing, the impedance
of a complete bus bar structure has been simulated. The results of PEEC simulations
compare very well with measured values.

1 Introduction

Using computer simulations to verify the functionality, safety, or performance of a prod-
uct design reduces the manufacturing cost and helps engineers to design more efficient
and reliable products in shorter time. All these benefits are achieved by predicting the
behaviour of a design using computer simulations without need of time consuming mea-
surements and prototyping. Nowadays, the task of modelling electrical interconnects has
become very important since the complexity of electric circuits has increased, as well as
their operating frequency. With increasing frequency, capacitive and inductive couplings
between parts in the circuit are no longer negligible. Moreover, other phenomena such as
skin and proximity effects will appear in designs with high currents, high potential dif-
ferences, and high frequencies. Therefore, traditional simulation methods such as SPICE
circuit analysis do not cover all aspects of such problems. Hence, other approaches such
as PEEC [1] [2], method of moments (MoM), finite element methods (FEM), boundary
element methods (BEM), and other have been developed to fulfill this need [3].

The PEEC method has been successfully applied to modelling and simulation of
power module interconnects and other bus bar topologies [4–7]. The focus of the present
paper is the application of the PEEC method to large bus bar structures with thick
conductors, where the cross-sectional meshing is important for modelling the skin and
proximity effects. Using the PEEC method, bus bar equivalent circuits are extracted and
in a consecutive step, completed with additional components, such as capacitors, cables
etc., which have been characterized either through modelling or measurements. The goal
is to have a complete electromagnetic model of the fairly complex converter system. It
is shown that due to the specific geometrical structure, with close interactions and high
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currents, a volume filament PEEC model (VFI(PEEC)) with non-uniform meshing is
needed to capture the relevant electromagnetic effects. The results are validated with
measurements and show good agreement.

2 The PEEC Method

The PEEC formulation [1, 2] uses an integral equation solution of Maxwell’s equations,
which is interpreted as an equivalent circuit. To translate an electromagnetic problem
into the circuit domain has several advantages. For example, the same model can be
used for both time and frequency domain analysis (compare the .tran and .AC simulation
option in classical SPICE solvers) and additional lumped components are easily included.
Further, the concept of electric equivalent circuits can be easier to understand than the
electromagnetic theory. The concept of PEEC is shown in Fig. 1 where a simple PEEC
model (b) has been constructed for a metal strip (a). The model consists of self partial
inductances and capacitances (mutual not shown) and volume cell resistances.

(a) (b)

Figure 1. Metal strip with 3 nodes and 2 cells (a) and corresponding PEEC circuit (b).

A simulation carried out by the PEEC method consists of the following basic steps:
(1) geometry description, (2) meshing, (3) placing additional components (e.g. passive
components, sources, terminations, and ground), (4) calculation of partial elements (Lp,
R, C) and connectivity information, (5) solution of the time or frequency domain circuit
equations, and (6) post-processing if field variables have to be calculated from the (now)
known current and potential distribution.

One of the most important steps in PEEC simulation is to apply an optimized mesh
to a model. An optimal mesh takes into account the specific geometry, the frequency
content of the excitation, the basic physical properties, and the properties of the nu-
merical method (e.g. PEEC, MoM, BEM etc). Specific for PEEC are the three volume
meshes for an accurate description of the current distribution in a general 3D model and
the surface mesh for accurate description of the potential distribution. Since for general
PEEC model four meshes are created, care has to be taken to prevent the number of
unknowns to grow too rapidly.

In this paper, the mesh is constructed from an edge-based-node PEEC method where
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(a) (b)

(c) (d)

Figure 2. Different mesh densities in the cross section of the bus bars: (nw, rw) = (2, 1),
(nt, rt) = (2, 1) (a); (nw, rw) = (3, 7), (nt, rt) = (1, 1) (b); (nw, rw) = (3, 7), (nt, rt) =
(3, 7) (c); (nw, rw) = (4, 7), (nt, rt) = (3, 7) (d).

the nodes are placed at the edges (circles in Fig. 1(a)). This results in inductive parti-
tions of equal size (two inductive partitions indicated with solid lines in Fig. 1(a)) and
capacitive partitions of two sizes with smaller cells towards the edges (capacitive parti-
tions indicated with dashed lines in Fig. 1(a)). Since the current and charge is assumed
to be constant in each volume and surface cell in the mesh respectively, cells decreasing
in size towards the corners have been used for capacitance calculations [8] to account for
the high charge density near corners and edges of objects.

Here, the same reasoning is applied to accurately model the skin and proximity effects
in the application consisting of geometrically close conductors carrying high currents.
By matching the outermost volume cell sizes to the skin depth (approximated as δ =
(σπfμ)−0.5, where σ is the conductivity of the conductor, f the frequency, and μ the
absolute magnetic permeability of the conductor) it is possible to use a minimal number
of cells to capture relevant effects. For this type of non-uniform meshing, it is convenient
to define a ratio factor which specifies how dense the mesh is for nearby cells. In this
paper, the non-uniform mesh is expressed in (n, r), where n+1 represents the number of
segments and r is the length-ratio between two adjacent segments. A few examples of a
conductor (bus bar) with different mesh densities in the cross-section are shown in Fig. 2.

The PEEC formulation has been implemented as a software performing all the steps
from above. The solver is a cross-platform software developed using C++ and utilizes the
GMM++ [9] as computational library. The software is also suitable for parallel hardware
architectures as reported in [10] for accelerated solution of large problems.

3 Frequency Converter Case Study

To study the numerical accuracy and time efficiency of the developed solver, a dc link
bus bar of a medium voltage frequency converter was used as case study [11].

The purpose of the dc link in a frequency converter is to store the energy between
the front-end and back-end inverter units. The selected frequency converter is rated for
medium voltage applications with a nominal output voltage of 3.3 kV and a nominal
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power of up to 32 MVA. For this power range several inverter units and low resistive
film-capacitors are connected in parallel to the same dc link. As a result of the inverter
topology used, the dc link must provide three voltage levels: the positive DC voltage
(UDC+), the negative DC voltage (UDC-), and the neutral point (UDCn). Accordingly,
the bus bar design consists of three parallel aluminium bars of 5.5 m length, connecting
the capacitors and inverters throughout the entire converter cabinet. The design require-
ments to the bus bar are low resistivity for minimal losses and low inductivity to avoid
unwanted resonances with the paralleled capacitors.

3.1 Modelling and Simulation

A system of three parallel, 5.5 meter long aluminium bus bars from the above application
has been extracted and modelled using the PEEC method. The bus bar system, which
consists of a positive, a neutral, and a negative bar is shown in Fig. 3(a). The bars have
been excited at the near-end and short-circuited at the far-end in different configurations
to model different cases. The model also has connectors for dc link capacitors and other
power electronics building blocks as shown in Fig. 3(b). The bus bar has been simulated
with different meshes in order to investigate how to best capture skin and proximity
effects.

(a) (b)

Figure 3. 3D PEEC model of the bus bars (a) and measurement setup (b). Only the
upper metallic bar is visible in the photo as the lower two bars are hidden by the two
white insulating dielectric layers.

A non-uniform mesh in the cross section of the bars is very important in predicting ac-
curately the skin and proximity effects. Several different mesh densities have been studied
in width (nw, rw) and thickness (nt, rt) of the bus-bar cross sections. Table 1 outlines the
information about various simulations that have been performed and summarizes num-
ber of unknowns in the problem, memory usage, and simulation time needed for different
mesh densities. Number of volume cells is represented as unknowns in Table 1 and may
vary according to the meshing density applied to the model. All the simulations have
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Table 1: Size of the problem, memory usage and simulation time for different mesh
densities.

(nw, rw) (nt, rt) Unknowns Memory [MB] Time [min]
(1,1) (1,1) 1344 116 0.6
(2,1) (2,1) 2224 275 3.1
(3,7) (1,1) 2190 269 2.6
(3,7) (2,7) 2801 425 7.6
(3,7) (3,7) 3412 595 12.6
(4,7) (1,1) 2613 372 4.7
(4,7) (2,7) 3378 599 12.2
(4,7) (3,7) 4143 852 22.8

been performed on a computer system with a 2.66GHz processor and 4GB of memory.
Example cross-sections of the bus bars for several different mesh densities from Table 1
are shown in Fig. 2.

3.2 Discussions

Fig. 4 shows the simulated resistance and inductance between positive and neutral bars
for different mesh densities, when the bars are short-circuited at the far-end. It can be
observed that the non-uniform mesh in thickness of the bars has a very strong impact
on the results because there is a strong proximity effect between them. As the bars are
connected in differential mode, the currents concentrate on the surfaces of the bus bars
that are facing one another. The high ratio rw = rt = 7 allows to model this effect
accurately in the frequency range of interest (up to 10 kHz for this case study). Note
that the increase of the mesh density in width, from nw = 3 to nw = 4 does not bring
a visible change in the computed input impedance. However, with the increase of the
mesh density in thickness, more accurate results are obtained.

In Fig. 5, the simulation results for the input impedance with the measured values,
obtained using the Agilent 4294A Impedance Analyzer, have been compared. It can be
observed that the mesh density (nw, rw) = (3, 7), (nt, rt) = (3, 7), models the proximity
effect accurately and predicts the input impedance very well. The measured values of
the impedance at lower frequencies are limited by the precision of the measurements.
Since no additional dielectric layer was included in the model, the simulated distributed
capacitance is underestimated. Therefore, the resonant peak measured at around 7MHz
is at a slightly higher frequency in the simulation.
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Figure 4. Computed input resistance (left) and inductance (right) between UDC+ and
UDCn bus bars short-circuited at the far-end for different mesh densities: (nw, rw) =
(1, 1), (nt, rt) = (1, 1) (circles, ◦); (nw, rw) = (2, 1), (nt, rt) = (2, 1) (asterisks, ∗);
(nw, rw) = (3, 7), (nt, rt) = (1, 1) (squares, �); (nw, rw) = (3, 7), (nt, rt) = (3, 7) (penta-
grams, �); (nw, rw) = (4, 7), (nt, rt) = (3, 7) (diamonds, �).
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Figure 5. Input impedance between (a) UDC+ and UDCn and (b) UDC+ and UDC-
bars short-circuited at the far-end. Solid lines are the impedance analyzer measurements;
dashed lines with symbols are simulations (nw, rw) = (1, 1), (nt, rt) = (1, 1) (circles, ◦);
(nw, rw) = (3, 7), (nt, rt) = (3, 7) (pentagrams, �).
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4 Conclusions

This paper details the usage of PEEC to simulate the DC link bus bars of a MV frequency
converter system in order to extract an electric equivalent circuit for system studies. The
comparison of the simulated and measured results have shown that the proximity effect
dominates over the skin effect, therefore the mesh density in thickness of the paralleled
bus bars is more important than the mesh density in width of the bus bars. The non-
uniform meshing has proven being suitable for optimizing the model without increasing
the size of the problem, thus speeding up the solving process. The simulation times for
the specific problem are acceptable even for higher mesh densities making the approach
feasible to use in a design process. Further, the simulation results and measurements
agree very well, thus allowing engineers to predict the behaviour of the basic problem
before building expensive and time consuming prototypes.
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Modeling of Large Bus Bars Using PEEC Method

and Circuit Level Simulators

Ivica Stevanović, Didier Cottet, Björn Wider, Danesh Daroui, and Jonas Ekman

Abstract

This paper presents an efficient modelling approach for large bus bars in power electronics
systems, using a combination of electromagnetic simulations and circuit level simulations.
The large electromagnetic problem is divided into segments that are simulated as individ-
ual non-coupled elements. They are then connected together in a circuit level simulator
allowing the large problem to be simulated with reduced memory, shorter simulation
times, and without significant loss of accuracy. The approach is verified against mea-
surements and used to analyse the impact of the stray impedance of bus bars on the
electromagnetic and circuit behaviour of a static frequency converter system.

1 Introduction

In medium voltage power electronic systems, bus bars play an important role in intercon-
necting and distributing power signals between dc link capacitors and power semiconduc-
tor devices. Stray inductances in these commutation loops are responsible for overvoltage
spikes across the power semiconductors during switching. In addition, significant par-
asitic high-frequency oscillations and ringing may occur whenever the loop inductance
between dc link capacitors, bus bars, and power devices becomes larger [1]. The design
requirements to the bus bar are therefore low resistance for minimal losses and low in-
ductance to avoid unwanted resonances with the capacitors. These requirements can be
met with the help of computer simulations and appropriate electromagnetic models in
characterizing electromagnetic behaviour of the bus bars.

In this paper, we present an efficient modelling approach for large bus bars using an
electromagnetic solver based on the partial element equivalent circuit (PEEC) method [2,
3]. The PEEC method has been successfully applied to modelling and simulation of
power module interconnects and other bus bar topologies [4–6]. For structures with thick
conductors, a non-uniform mesh distribution in the conductor’s cross-section is needed
in order to accurately model the skin and proximity effects. By matching the outermost
volume cell sizes to the skin depth, a minimal number of cells is used to capture relevant
effects [7]. However, even with this mesh density the required memory and time needed
for simulation of electromagnetically large structures become very demanding. In order to
overcome this difficulty, we apply a divide and conquer approach, in which the complete
bus bar is divided into segments that are simulated as individual, non-coupled elements.
Those elements are then in a consecutive step connected within a circuit simulator and
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the complete bus bar is simulated on a circuit level. We show that this technique reduces
memory and time without significant loss of accuracy and results obtained this way agree
well with measurements.

Finally, the impact of the stray impedance of bus bars on the electromagnetic be-
haviour of the system is investigated using the presented simulation method and com-
pared to the impact of other stray inductances present in the commutation loop: induc-
tance of the cables that connect the dc link capacitors to the bus bars, and the stray
inductance of the dc link capacitors themselves.

2 Divide and Conquer Approach

In a previous paper [7], the importance of a non-uniform mesh in the cross-section of
the bus bars is investigated to properly model the skin and proximity effects. The test
case used was a bus bar design from a static frequency converter consisting of three
parallel aluminum bars of 5.5m length (providing three voltage levels: the positive dc
voltage (UDC+), the negative dc voltage (UDC-), and the neutral point (UDCn)). In
this paper, the same bus bar is simulated including all the physical connectors to which
dc link capacitors and power electronics building blocks (PEBBs) are connected in the
static frequency converter system. A fine non-uniform mesh density is needed in order
to accurately model the skin and proximity effects. With such a mesh density, the
complete bus bar system [Fig. 1(a)] results in an electromagnetic problem that requires
a lot of memory; and even if the number of unknowns fits the available memory, the
simulation times can be excessively long. Therefore, we apply a divide and conquer
approach, in which the complete bus bar is divided into segments. There are three types
of segments: left- and right-end elements and intermediate segments, that are repeated
elements [Fig. 1(b)]. The three segments are separately simulated in the PEEC solver in
order to extract impedance matrix models for circuit simulation. The Z-matrices contain
resistive and inductive values extracted at one given frequency. The obtained netlists of
the equivalent circuits are then imported into Ansoft Simplorer [8] and the connections
between the segments ensured within the circuit simulator. In addition to the terminals
for dc link capacitors and PEBBs, the terminals for the connections between the segments
are also introduced. They are introduced on all the four corners of the neutral (middle)
bar and on the two corners of the positive and negative bars that are closer to the neutral
bar. This way the connections should affect very little the skin and proximity effects at
higher frequencies when the current is concentrated on the rectangular conductor corners.

3 Results

3.1 Method Validation

The whole procedure has been applied first to a bus bar geometry with a coarse mesh
density, which permitted the PEEC simulation of the complete bus bar. The simulation
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(a) (b)

(1) (2) (3)

Figure 1: Simulated bus bar with PEBB and capacitor connectors: (a) complete bus bar
and (b) bus bar divided into segments.

Table 1: Memory usage and simulation time for complete and segmented bus bar with a
coarse mesh density (on a PC with a 2.4 GHz CPU and 3 GB of RAM).

- Complete BB Segmented BB
Left Intermediate Right

Memory [MB] 1800 50 20 46
CPU time per port extraction 45 min 18 s 6 s 17 s

# of ports 54 13 19 12
Total CPU time 40 h 30 min 3 min 54 s 1 min 54 s 3 min 24 s

setup in Simplorer consists of the equivalent circuit of the bus bar and the equivalent
circuits for the dc link capacitors in different configurations (dc link capacitors have been
characterized using impedance analyzer measurements). The simulated impedance over
frequency is shown in Fig. 2. The results obtained using the divide and conquer approach
agree very well with the reference results obtained simulating the complete bus bar, for
all three cases: when the bus bar is short-circuited at the far-end [Fig. 2(a)]; when the
bus bar is loaded with a dc link capacitor at the far-end [Fig. 2(b)]; and when the bus
bar is loaded with a bank of 9 dc link capacitors distributed along the bar [Fig. 2(c)].
The reason for this good agreement lies in the fact that the dominant part of the stray
inductance is in the three longitudinal bars and there is almost no mutual coupling
between the adjacent inline segments in which the bars have been divided. Note that for
the capacitor-loaded bus bar, the figures are zoomed around the resonance frequency, in
order to better show the agreement in that frequency region.

Table 1 compiles the memory usage and simulation time needed for solving the com-
plete and segmented bus bars in the PEEC solver. One can conclude that the segmen-
tation can be applied here without a significant loss of accuracy, but with a significant
increase in speed. In other words, the segmentation will allow us to simulate the complete
bus bar with an appropriately fine mesh density (which would otherwise be impossible
due to high memory demands).

Another aspect to check is how well the equivalent circuit of the bus bar models the
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Figure 2: Simulated input impedance between UDC- and UDCn bars, short circuited
at the far-end (a), loaded with a dc link capacitor at the far-end (b), and loaded with
a distributed bank of 9 dc link capacitors (c). Solid lines represent the complete bus
bar simulation, dashed lines represent the segmented bus bar simulation. Symbols in (d)
represent the broadband solution obtained in PEEC simulator.

broadband bus bar behaviour. Namely, the equivalent circuit of the bus bar used in
Simplorer simulations has been extracted for a single frequency fe and, in strict terms, it
is valid only for that frequency of extraction. The resistance and inductance of the bus
bars are not frequency independent parameters, and change with frequency due to the
skin and proximity effects. However, if the frequency of extraction is properly chosen, the
equivalent circuit can be a good enough representation of the bus bar over a frequency
band of interest. In our case, the resonances on the bus bar are expected to happen
in the kHz region (based on measurements), so we used fe = 4kHz as the extraction
frequency. A broadband frequency sweep using the PEEC solver has been performed
with all 9 equivalent circuits of the dc link capacitors attached to the bar. Fig. 2(d)
shows the simulated impedance of the bus bar using Simplorer (solid line) and using
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Figure 3: Simulated input impedance between negative and neutral bars short-circuited
at the far-end (a) and loaded with a dc link capacitor at the far-end (b). Solid lines
represent the solution obtained in Simplorer using the equivalent circuit of the bus bar
extracted at fe = 4kHz and with a fine mesh density; Dashed lines are measurements.

PEEC (symbols). The good agreement in the input impedance shows that the Simplorer
model of the bus bar is valid in the whole frequency range of interest.

3.2 Discussion

We apply the divide and conquer approach, validated in the previous section, to the
analysis of electromagnetic properties of the bus bar system from Fig. 1. First, we
increase the mesh density in the cross sections of the bus bars and use a non-uniform
mesh distribution in order to accurately model the skin and proximity effects. Using
the divide and conquer approach, we simulated the bus bar problem within the 3 GB of
the available memory, which would otherwise be impossible with this mesh density. The
simulated results are shown in Fig. 3 and agree well with measurements up to 10MHz.
Above this frequency the influence of stray capacitance can be visible in the measured
resonances and that is not taken into account by our model.

In Fig. 4, we investigate the influence of the stray inductances of the dc link capacitor
and the connecting cables on the overall impedance. One can conclude that neglecting
the stray inductance of the bus bar and connecting cables (dash-dotted line) or of the
bus bar only (dashed line) leads to results that do not predict accurately the measured
values.
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Figure 4: Input impedance of the finely meshed bus bar. (a) The bus bars are loaded
with a dc link capacitor at the far end: the bus bar and dc link connecting cables are
considered as ideal short circuits (dash-dotted line), only the bus bar is considered as
ideal short circuit (dashed line), and all stray inductances taken into account (solid line,
as in Fig. 3(b)). (b) Bus bars are loaded with a bank of 9 dc link capacitors: the bus bar
is considered to be an ideal short circuit (dashed-dotted line), the bus bar is simplified (no
connectors) and represented as a series of mutually coupled inductances (dashed line),
and all the stray inductances taken into account (solid line).
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Performance Analysis of Parallel Non-Orthogonal

PEEC-based Solver for EMC Applications

Danesh Daroui and Jonas Ekman

Abstract

A parallel implementation of a quasi-static partial element equivalent circuit (PEEC)-
based solver that can handle electromagnetic problems with non-orthogonal structures is
presented in this paper. The solver has been written in C++ and employs GMM++ and
ScaLAPACK computational libraries to make the solver fast, efficient, and adaptable to
current parallel computer systems. The parallel PEEC-based solver has been tested and
studied on high performance computing clusters and the correctness of the solver has been
verified by doing comparisons between results from orthogonal routines and also another
type of electromagnetic solver, namely FEKO. Two non-orthogonal numerical test cases
have been analysed in the time and frequency domain. The results are given for solution
time and memory consumption while bottlenecks are pointed out and discussed. The
benchmarks show a good speedup which gets improved as the problem size is increased.
With the capability of the presented solver, the non-orthogonal PEEC formulation is a
viable tool for modelling geometrically complex problems.

1 Introduction

Electromagnetic modelling of three-dimensional systems is getting more and more atten-
tion due to increasing operational frequency of the modern devices to several gigahertz
and electromagnetic interference in complex systems which can cause serious problems.
When the operational frequency of electronic devices is increased, magnetic and electrical
couplings within and between devices can not be neglected. Electromagnetic compati-
bility (EMC) standards, demand the compliance with limits for electromagnetic interfer-
ences. Therefore, studying emission and susceptibility is a vital task in high frequency
circuit design.

It has been proven that the partial element equivalent circuit (PEEC) method [1, 2]
is a valid, accurate, and fast solution for various electrical interconnect and packag-
ing (EIP) and EMC problems in the time as well as the frequency domain. Moreover,
PEEC-method has been employed to study EMC in various type of problems, including
automotive industry [3], power electronics [4] and filter layout optimization [5]. Addi-
tionally, extending the PEEC-method to be able to handle non-orthogonal structures
by taking advantage of parallel computer systems will provide the possibility to per-
form EMC analysis on real-world problems with complex structures. Further, recent
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research has extended the basic PEEC-method to handle non-orthogonal cell geome-
tries [6–8] which allows direct modelling of geometrically complex geometries. Unlike for
orthogonal structures, partial elements can not be calculated using fast analytical formu-
lations. Therefore, multidimensional integrations are needed to be done numerically for
partial inductance and coefficient of potential matrices by maintaining desired accuracy
and stability. This shifts the bottleneck in orthogonal PEEC-modelling which is at the
solution of the equation system to matrix fill-in for non-orthogonal PEEC-modelling.
Many researchers have been working on fast solutions for EM problems, i.e. [9]. For
instance, Krylov subspace solver, Fast Multipole Method (FMM) [10] and QR decom-
position [11] have been studied in order to accelerate the performance of EM solvers.
While different PEEC-based solvers have already been accelerated using other available
approaches e.g. FMM [12], wavelet-based solutions [13–15] and QR decomposition, the
results usually suffer from restrictions in the stability and low frequency solutions [16].
Alternatively, parallel computer systems, seem to be an ideal solution to speedup both
partial element calculation and matrix solution, by dividing the computational load on
several high performance computing nodes, without any mentioned restrictions. At the
same time, current trends and advances in computer hardware technology support this
direction of acceleration techniques. In previous work [17], a parallel PEEC-based solver
had been developed which could be used for orthogonal structures. Current work ex-
tends the previous solver to be able to analyse more geometrically complex problems.
Furthermore, other researchers have successfully implemented parallel electromagnetic
solvers [18, 19] in favour of exploiting parallelism to speed up the solution. This paper
presents the first parallel implementation of a PEEC-based solver which is appropriate
to solve non-orthogonal problems. Section 2 presents the classical PEEC formulations
and the extensions to be able to handle non-orthogonal structures. Formulations for
partial element calculations are also explained in same section. In Sec. 3, the process of
parallelization of the solver is discussed and libraries and tools which are used to develop
the solver is introduced. A numerical technique which have been used to improve the
performance of the partial element calculations in non-orthogonal PEEC, is also studied.
Section 4 is about validating the correctness of the solver by comparing the results with
analytical routines and another electromagnetic simulation tool. In Sections 5 and 6, two
simulation test cases are analysed in order to benchmark the performance of the parallel
solver. Finally, conclusions and further work is detailed in Sec. 7.

2 Non-Orthogonal PEEC Formulation

This section gives an brief summary of the non-orthogonal PEEC formulation. For further
information, see [1, 7, 8, 20, 21].
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2.1 Extraction of equivalent circuit

The classical PEEC method is derived from the equation for the total electric field at a
point [22] written as

�Ei(�r, t) =
J(�r, t)

σ
+

∂ �A(�r, t)

∂t
+∇φ(�r, t), (1)

where �Ei is an incident electric field, �J is a current density, �A is the magnetic vec-
tor potential, φ is the scalar electric potential, and σ the electrical conductivity all at
observation point �r.

By using the definitions of the scalar and vector potentials, the current- and charge-
densities are discretized by defining pulse basis functions for the conductors and dielectric
materials. Pulse functions are also used for the weighting functions resulting in a Galerkin
type solution. By defining a suitable inner product, a weighted volume integral over the
cells, the field equation (1) can be interpreted as Kirchhoff’s voltage law over a PEEC cell
consisting of partial self inductances between the nodes and partial mutual inductances
representing the magnetic field coupling in the equivalent circuit. The partial inductances
shown as Lp11 and Lp22 in Fig. 1 are defined as

Lpαβ
=

μ

4π

1

aαaβ

∫
vα

∫
vβ

1

|�rα − �rβ|dvαdvβ, (2)

for volume cell α and β. Fig. 1 also shows the node capacitances which are related to
the coefficients of potential pii. The coefficients of potentials are computed as

Pij =
1

SiSj

1

4πε0

∫
Si

∫
Sj

1

|�ri − �rj| dSj dSi, (3)

and a resistive term between the nodes, defined as

Rγ =
lγ

aγσγ

. (4)

In (2) and (4), a represents the cross section of the rectangular volume cell normal to the
current direction γ, and l is the length in the current direction. Further, v represents the
current volume cells and S the charge surface cells.

By assigning a local non-orthogonal coordinate system (a, b, c), general formulations
of partial elements will be extended to non-orthogonal form, see [23]. Then as shown in
Fig. 2 the partial mutual inductances are calculated as

Lpαβ
= μ

∫
a

∫
b

∫
c

∫
a′

∫
b′

∫
c′
â′.â

∣∣∂ �rg
∂a

∣∣ ∣∣∣∂ �rg′
∂a′

∣∣∣ (5)

G(�rg, �rg′)dvdv
′.
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(a) (b)

Figure 1: An orthogonal metal strip with 3 nodes and 2 cells (a) and corresponding
PEEC circuit (b) (mutual couplings are not shown).

(a) (b)

Figure 2: A non-orthogonal metal strip with 4 nodes and 4 cells (a) and corresponding
PEEC circuit (b) (mutual couplings are not shown).

The coefficient of potential are correspondingly computed as

Pij =
1

ε

∫
a

∫
b

∫
a′

∫
b′
G(�rg, �rg′)dAdA

′. (6)

The double volume integrations in (5) and double surface integration in (6) are carried
out coordinates in a hexahedral cell and quadrilateral surface respectively. The free space
Green function is used

G(�rg, �rg′) =
e−jk( �rg− �rg′ )

4π|�rg − �rg′ | , (7)

which becomes

G(�rg, �rg′) ≈ 1

4π|�rg − �rg′ | , (8)

if the time retardation is not included in calculations. The process of computing partial
elements in non-orthogonal models is rigorous and heavy due to the multiple integrations
in (5) and (6). Here, a numerical approach using Legendre-Gaussian quadrature is used
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for the evaluation. In the solver, a variable called Legendre-Gaussian Order (LGO) is
defined to be able to choose the order of the weights in the numerical approach. Choosing
a higher order will result in more accurate results, but the time taken will increase as
well.

2.2 Solution of equivalent circuit

The discretisation process of the EFIE in (1) and the successive Galerkin’s weighting
leads to an equivalent circuit formulation. When Kirchhoff’s voltage and current laws are
enforced to the Ni independent loops and Nφ independent nodes of the PEEC equivalent
circuit, it is obtained

−AΦ (t)−RiL (t)− Lp
˙iL (t) = vs (t) (9)

P−1Φ̇ (t)− AT iL (t) = is(t),

where

• Φ (t) ∈ R
Nφ is the vector of node potentials to infinity; RNφ is the node space of

the equivalent network;

• iL (t) ∈ R
Ni is the vector of currents including both conduction and displacement

currents; RNi is the current space of the equivalent network;

• Lp is the matrix of partial inductances describing the magnetic field coupling;

• P is the matrix of coefficients of potential describing the electric field coupling;

• R is the matrix of resistances;

• A is the connectivity matrix;

• vs(t) is the vector of distributed voltage sources due to external electromagnetic
fields or lumped voltage sources;

• is(t) is the vector of lumped current sources.

The equation system in (9) is similar to the circuit equations formulated in SPICE-
type of solvers for obtaining the solution in node potentials and branch currents. However,
for PEECs the equation system in (9) contain more dense matrices (Lp and P ) compared
to a pure electric network system solution due to the large number of mutually coupled
inductors and capacitances. Therefore, the solution of PEECs requires linear algebra
packages suitable for dense matrices. The exception is the full-wave, time domain case
where retarded magnetic and electric field couplings are treated as known sources and
the Lp and P matrices are more sparse [24].

The equation system in (9) is often entitled a Modified Nodal Analysis (MNA) for-
mulation [25] and can be modified to suit the solution of PEECs [24]. From the MNA
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formulation, the Nodal Analysis (NA) formulation can be derived which only solves for
the node potentials by a reduced equation system while the branch currents are calculated
in a second step. In the frequency domain the NA system can be written as

Φ =
[−AT (R + jωLp)

−1A+ jωP−1
]−1

IS, (10)

to solve for the node potentials Φ at a specific frequency for the excitation specified by
IS.

2.3 Sequential PEEC-based solver

A computer software has been developed according to the PEEC method which supports
both orthogonal and non-orthogonal models. It is up to the solver to detect whether the
model is orthogonal or non-orthogonal and then use proper routines to calculate partial
elements. The orthogonality of each surface and volume cell is evaluated, by performing
dot-product between the vectors which are along edges at each vertex. If the dot-product
of the edge vectors will be less than a small constant e.g. 10−9, then the edges will be
orthogonal to each other. Partial elements calculations for non-orthogonal structures are
carried out using numerical routines, while for orthogonal structures analytical routines
are invoked [6]. It should be noted that in PEECs, very high accuracy for near and self
terms for the partial elements are needed while for far coefficients/couplings the same
level of the accuracy is not needed [26]. Therefore a Legendre-Gaussian quadrature will be
used with properly chosen order to calculate non-orthogonal partial elements numerically.
Higher order will bring better accuracy while the calculation time will be increased.

When the solver is applied, an equivalent circuit is created and the corresponding
resistances, partial inductances, capacitances and coupled voltage and current sources
(to account for electromagnetic couplings) for the given geometrical layout (CAD-data
as specified in an input file) are calculated. It is also possible to add external electronic
(sub-)systems and analysis mode i.e. .AC and .TRAN as described by the SPICE syntax,
to the model. The actual solution of the resulting circuit equations (9) in either the
time- or frequency- domain, is performed in the solver and results are given as current-
and potential- distributions in the geometrical layout. Post-processing routines are im-
plemented for calculating field quantities at specified locations. The workflow of the
program is shown in Fig. 3. The sequential implementation utilizes Intel Math Kernel
Library (MKL) package and Intel C++ Compiler in combination with OpenMP directives
for multi-core machines. Thus, the program will be able to take advantage of as many
processors as available on a multi-processor machine by loop parallelization/vectorization
techniques. It is the presented sequential code that has been parallelized and tailored for
non-orthogonal PEEC problems, for which results are presented in this paper.

3 Parallelization of the PEEC-based Solver

This sections discusses the process of parallelizartion of the PEEC-based solver, including
computational libraries and methods which were employed.
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Figure 3: Flow diagram for the parallel PEEC-based solver.

3.1 Introduction

The main purpose of developing parallel implementation of the PEEC-based solver was to
have a scalable solver which can be used to handle very large problems, by having enough
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resources. Nowadays, real-world problems have become very large due to increasing
complexity and frequency of electrical systems, which need denser mesh on the structure
and thus large number of unknowns to be handled. Hence, the parallel solver becomes
more important when such problems are intended to be solved. Besides, when non-
orthogonal problems are involved, the solution time increases drastically which in many
cases make it infeasible to solve a problem in a reasonable time.

The development platform was a Linux cluster consisting of nodes equipped with
two Intel Xeon quad-core 2.5 GHz CPUs and 16 GB of RAM memory. The code has
been written in C++ under Linux and is compatible with parallel computer systems
with distributed memory architecture using ScaLAPACK [27] as computational library.
ScaLAPACK (Scalable LAPACK) is a library of LAPACK routines, revised for parallel
computer systems with distributed memory architecture. The package enables the use
of high performance computing clusters in a simple fashion and allows for a considerable
acceleration of the developed PEEC-based program. Like LAPACK, ScaLAPACK offers
a set of highly optimized routines to solve systems of linear equations, which consists of
matrices distributed among a bunch of processors. The library can solve linear matrix
equations and perform basic linear algebra operations such as product between matrices
and vectors using PBLAS. PBLAS is parallel version of a rich library of computational
routines called BLAS which is included in LAPACK. Finally a set of routines called
BLACS is used to manage communication between nodes running ScaLAPACK. These
routines use algorithms called block-partitioned algorithms to minimize movement of data
between nodes by load balancing between computational elements. ScaLAPACK has
been written in FORTRAN and developed for parallel computer systems. It is a stable,
well tested, and efficient library and provides access to a very large collection of useful,
powerful and flexible functions in BLAS and LAPACK which have been parallelized
efficiently. Using ScaLAPACK it was assured that a good load balancing is achieved
by distributing input data on a number of processing nodes using block cyclic data
distribution algorithms [27] which speeds up the operations by minimizing data transfer
between processing units.

The parallel solver performs these four steps to solve a problem:

1. The discretisation process is entirely serial and duplicated on all processors.

2. The partial element calculations are easily parallelized as no communication is
required between nodes while each node calculates assigned part of basic matrices
in parallel with other nodes. The main difficulty lies in the mapping between global
and local matrix coordinates [19].

3. The matrix formulation, (9) or (10), and solution parts are implemented using
ScaLAPACK routines.

4. At the end when all processes has reached final synchronization point, the results
will be gathered on the root processing unit and will be saved in appropriate format.
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Table 1: Time taken to calculate partial elements for an orthogonal and non-orthogonal
structure.

Num. of cells for Time [s]
Model volume surface Lp P

Orthogonal 2 121 1 050 9 2
Non-Ortho. 2 121 1 050 64 19
Orthogonal 4 681 2 170 29 9
Non-Ortho. 4 681 2 170 313 72
Orthogonal 6 336 2 880 46 14
Non-Ortho. 6 336 2 880 566 150

3.2 Parallelization of partial element computations

The partial element calculations are easily parallelized using parallel processors which
fill a large matrix, distributed by ScaLAPACK data management algorithms, completely
in parallel and independent of each other. For the time domain problems these are Lp

and P matrices which are symmetric and have entries of type double precision floating-
point. Hence the fill-in times for the time domain solver is decreased linearly as number
of allocated processors grows. Since these two matrices are symmetric, Cholesky factor-
ization [28] routines in ScaLAPACK package can be used to factorize them.

Due to the properties of the entries of the Lp and P matrices which has the complex
data type for problems in frequency domain and because these matrices do not fulfil
Hermitian properties, Cholesky factorization can not be applied. Thus, only LU fac-
torization is possible as a direct strategy to solve the equation and therefore the whole
matrix needs to be filled. The process of placing element from one part of a distributed
matrix to the other part is computationally expensive and complicated in parallel pro-
grams and especially for the MNA-approach seen in (9). But this was overcome by a
special Transpose-and-Add algorithm as detailed in [29].

Although partial element calculations are quite fast for orthogonal models, it usually
takes much longer time for non-orthogonal structures due to multiple folded integrals in
the equations (5) and (6). The time taken to calculate these values, are highly dependent
to the value of LGO, as stated in Sec. 2.1. Table 1 lists the time taken to calculate partial
elements, namely Lp and P matrices, for a 100 × 100 × 0.1 cm rectangular plate with
different mesh, when orthogonal routine and non-orthogonal routines are used. In this
test, the LGO is set to 3 when non-orthogonal routines are used. Although, a small LGO
is used in this test, but the difference between taken time when different types of routines
are used is already substantial.

3.3 Parallelization of matrix solutions

After filling-in the matrices, the solution of the time- or frequency- domain versions
of the circuit equations in (9) and (10) has to be performed. This is done using the
ScaLAPACK library of high performance linear algebra routines for distributed-memory
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message-passing MIMD (multiple instruction stream, multiple data stream) computers
and networks of workstations supporting parallel virtual machine (PVM) and/or message
passing interface (MPI). ScaLAPACK uses block cyclic data distribution [30] to achieving
good load balancing. This means that matrices are divided into blocks in two dimensions
and these blocks are assigned to a set of processors. This is further detailed in [19] when
using the numerical electromagnetics code (NEC) to solve electromagnetic problems using
ScaLAPACK.

4 Validation of non-orthogonal formulation

The presented non-orthogonal PEEC-based solver is an extension of a previously de-
veloped orthogonal PEEC-based solver that has been verified, for correctness, by com-
parison with different measurements [31] [32] and analytical calculations. In order to
verify the correctness of the non-orthogonal routines for partial elements calculations,
two 100×100×0.1 cm square plates, placed parallel to each other at a distance of 10 cm,
with different meshing (both orthogonal and non-orthogonal) are used. Fig. 4 depicts the
tested plates with orthogonal and non-orthogonal mesh applied on it. In former case, well
tested orthogonal routines for partial element calculations are used, while in later case
non-orthogonal routines are called. The plates have been modelled to be very thin which
means that it has been assumed that there is no current along thickness of the plates. In
this test, a voltage source connects two plates at the near end corner and a 50 Ω resistor
connects the plates at the far end corner. The simulation has been performed in the
frequency range of 1 to 100 MHz. Since the orthogonal routines has already been verified
with the measurement, so a good agreement between results from orthogonal and non-
orthogonal routines, will also ensure the correctness of the non-orthogonal PEEC-based
solver.

Figures 5 and 6 demonstrate the simulation results for real and imaginary parts
of the voltage of the resistor which connects two parallel plates at the far end, when
the LGO is equal to 3 for non-orthogonal functions. The plots show the results using
orthogonal and non-orthogonal engines of the PEEC-based solver and also results from
FEKO [33], a commercial electromagnetic simulation tool. It can be observed that there
is a good agreement between the results for the orthogonal and non-orthogonal structures,
as well as results from the FEKO solver. Since FEKO uses method of moments-approach
(MoM) [34], only a surface mesh is applied, while PEEC uses both a surface and a
volume mesh which can explain the differences in the results. On the other hand, the
small error in non-orthogonal results, is due to the numerical approach which is used to
reduce the computation time for non-orthogonal formulations, while orthogonal routines
use analytical approaches. Using PEEC-based solver the problems consisted of 683 and
579 unknowns for orthogonal and non-orthogonal cases respectively, whereas, number of
unknowns in the simulated model in FEKO was 464.
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(a) (b)

Figure 4: Parallel plates with orthogonal mesh (a) and same plate with non-orthogonal
mesh (b).
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Figure 5: Real part of the voltage of the resistor between two plates, using orthogonal
and non-orthogonal PEEC and FEKO.

5 Numerical test (i) - Triangular plates

Previously, the speedup factor of the parallel PEEC-based solver for orthogonal struc-
tures have been discussed in [17]. Here, in the first numerical test, the new parallel
non-orthogonal PEEC-based solver is tested with a simple non-orthogonal model which
consists of two parallel triangular plates which are shown in Fig. 7. The dimension of
each plate is 2 × 2 × 2.8 cm with the thickness of 0.1 μm. The distance between the
plates is 0.3 cm and it has been assumed that there will be no current along thickness
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Figure 6: Imaginary part of the voltage of the resistor between two plates, using orthog-
onal and non-orthogonal PEEC and FEKO.

of the plates. The plates are excited using a voltage source at the near end corner and
connected through a 50 Ω resister at the far end corner.

From the calculated matrices, as briefly detailed in Sec. 2.2, two popular methods are
used to formulate the circuit equations for the PEEC model. First, the MNA formulation
as shown in (9) and second the NA formulation as shown in (10). The MNA formulation
is the more general of the two and preferred mainly due to its ability to handle general
circuit element inclusion with the PEEC model [25] and a stable low frequency behaviour.
This test case has been simulated using the quasi-static MNA solver and the simulations
have been run, up to 300 MHz in the frequency domain with 10 samples and up to 5 ns
in the time domain using 400 time steps.

5.1 Partial element calculation speedup

The speedup analysis is based on four different test cases with different meshes and
number of unknowns for the triangular plates. The characteristics of each tested model
are shown in Table 2 where number of nodes are equal to number of surface cells since
simulated structures are assumed to have zero thickness.

The simulations have been done using different LGO as stated in Sec. 2.1. The partial
element calculations are efficiently parallelized as seen in Table 3 for LGO=1 and Table
4 for LGO=6. The performance gain for the parallel implementation, as shown in Tables
3 and 4, can be displayed by using a speedup factor

S(n) =
tp1
tpn

, (11)

where tp1 is the time taken by the parallel code using one processor and tpn is the time
taken by the parallel code using n processors. These are shown in Fig. 8 and compared
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Figure 7: The non-orthogonal parallel triangular plates modelled in PEEC.

Table 2: Characteristics of the triangular plates.

Number of
volume cells surface cells (eq. nodes) unknowns

Test (Ni) (Nφ) (Ni+Nφ)

t1 1 680 882 2 562
t2 3 720 1 922 5 642
t3 6 560 3 362 9 922
t4 25 920 13 122 39 042

with the exact linear speedup (ideal 1:1), which scales linearly as number of processors
increases, in an ideal situation.

Table 3: Partial element calculation times [s] for LGO=1.

Number of
processors t1 t2 t3 t4

1 55 283 955 −∗

4 17 85 282 1 093
16 6 25 80 286
64 2 8 22 87

∗ Not available due to memory limitations
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Table 4: Partial element calculation times [s] for LGO=6.

Number of
processors t1 t2 t3 t4

1 455 2 218 6 973 −∗

4 159 764 2 360 8 581
16 50 215 619 2 181
64 14 50 133 594

∗ Not available due to memory limitations

From the figures it is clear that the fill-in time has been parallelized in a more efficient
way when higher LGO is used. The reason is that as LGO increases, more calculations
are needed for compute each value. Moreover, the time spent for computations will
dominate over the communication overhead and latency between processing nodes which
results in better speedup.

5.2 Total PEEC-model solution time

To analyse the overall performance of the parallel solver, solution time for all test cases
are shown in Tables 5 and 6. Then, the speedup factors for total PEEC-model solutions
are given. This is shown in Fig. 9 for the frequency domain and in Fig. 10 for the time
domain, both implementations of the MNA method.

Table 5: Time for the total solution for time domain simulations.

Time [s]
Number of t1 t2 t3 t4
processors LGO=1 LGO=6 LGO=1 LGO=6 LGO=1 LGO=6 LGO=1 LGO=6

1 68 470 343 2 285 1 127 7 151 −∗ −∗

4 30 172 134 811 413 2 498 1 838 9 331
16 18 63 61 251 167 707 6 09 2 501
64 21 34 42 85 88 193 300 807

∗ Not available due to memory limitations

According to the results depicted in Fig. 9, the speedup factor has been linearly
improved, as number of processors grows. Table 6 even shows a superlinear speedup for
example for the first test case with LGO set to 1, when the number of processors is ×4,
but the speedup factor is 5 which is more than ideal speedup. Although, superlinearity
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Figure 8: Speedup factor for partial element calculation and fill-in for LGO=1 (a) and
LGO=6 (b).

happens rarely, but this is usually due to maximum cache hit and best memory alignment
for some problems, when the data is perfectly aligned in the memory which minimizes
the fetch time as well as cache loss [35].

Despite higher computational complexity i.e. O(n3) of matrix solving, comparing to
matrix fill-in i.e. O(n2), filling matrices are the most time consuming part in the presented
study. This is due to the multiple nested loops to approximate the folded integrals in
the non-orthogonal formulations, i.e. (5) and (6) and also expensive computations which
need to be performed to calculate each element. Additionally, the time complexity for
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Table 6: Time for the total solution for frequency domain simulations.

Time [s]
Number of t1 t2 t3 t4
processors LGO=1 LGO=6 LGO=1 LGO=6 LGO=1 LGO=6 LGO=1 LGO=6

1 125 524 694 2 908 4 633 10 636 −∗ −∗

4 25 25 308 987 1 248 3 429 12 403 19 815
16 19 12 80 295 411 949 3 465 5 375
64 10 7 42 85 156 263 1 120 976

∗ Not available due to memory limitations

calculating each element will also be increased from around O(16) for orthogonal solutions
to approximately O(18L) for non-orthogonal, where L is equal to the LGO parameter.

Comparison between Tables 3, 4, 5, and 6 also reveals that unlike orthogonal solver
where the most of the solution time was consumed in the solution of the equations sys-
tem [17], in non-orthogonal solver, the bottleneck lies in the partial element calculations
part. This conclusion is confirmed by observing that changing LGO to higher levels has
a high impact on the total solution time while changing LGO will affect only partial el-
ement calculation process and not the matrix solution. This is completely natural, since
fast analytical solutions are not applicable for partial element calculations when non-
orthogonal models are being analysed and hence cumbersome integrals are needed to be
calculated numerically. Therefore, for non-orthogonal solutions, assigning more proces-
sors, even if the required memory could be achieved using less nodes, would decrease the
solution time. This is not necessarily true for orthogonal problems since the speedup
property of the solution gets saturated almost quickly when number of processors grows
because of the fast partial element calculation.

In addition, results show better improvement for larger problems as well as higher
level of LGO while smallest problem in Fig. 9 (a) shows a saturation which means that
maximum level of parallelism has already been achieved with the allocated resources.
This means using more processing units to solve such a small problem will not necessarily
improve the performance and in worst case can even degrade the solution time.

Obviously, results from the time domain solver are quite different. For example Fig.
10 (a) shows that almost all solutions are already saturated. It can be observed that the
solution time for the smallest problem is even degraded when number of processors has
been increased. This can be explained, because of relatively less expensive calculations in
time domain, specially with small LGO, the communication time will dominate. Despite
the test with the small LGO, which did not show any proper parallelization, but with
higher LGO, as depicted in Fig. 10 (b), good speedup is gained.

From the figures, several conclusions can be drawn:

• For small problems in time domain, increasing the number of processors did not
improve the overall solution time, since the communication time between the pro-
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Figure 9: Total PEEC-model solution time for frequency domain simulations for LGO=1
(a) and for LGO=6 (b).

cessors increases and exceed the total solution time. For example in Fig. 10 (a),
problems t1 and t2 have been saturated at 16 processors. Therefore, using multiple
processors for a small problem will not necessarily improve the performance.

• According to Table 6, the frequency domain problems experience a larger speedup
factor compared to time domain problem. However, in general, frequency domain
problems are more time consuming in absolute numbers.

• Legendre-Gaussian Order (LGO) plays an important role in speedup factor. Using
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Figure 10: Total PEEC-model solution time for time domain simulations for LGO=1 (a)
and LGO=6 (b).

larger LGO, however will increase the accuracy of the solution and also the solution
time, but better speedup is gained. Choosing a proper LGO is usually a trade-off
between accuracy and computational resources. According to experiments, in most
cases, when LGO is set to 3, the results are accurate enough.
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6 Numerical test (ii) - Sphere

In the last test case, a sphere with the diameter of 2 cm, shown in Fig. 11, is studied.
Capacitance calculations are of great importance in many application areas, for exam-
ple in the analysis of electrical interconnects and packaging (EIP) [36]. To some extent
anlaytical routines can be used, but for more complex geometries, numerical techniques
are a valuable tool. Before any analysis regarding the performance of the solver, the cor-
rectness of the simulation results are verified. This verification is done by comparing the
capacitance of the sphere, using analytical formula and compare it with the results from
the PEEC-based solver. The capacitance of a sphere with the radius of R is calculated
as

C = 4πε0R, (12)

where ε0 is the vacuum permittivity and R is the radius of the sphere. Using (12), the
capacitance for the studied sphere is calculated as 1.11 pF. Next, the non-orthogonal
PEEC-solver is used to calculate the capacitance of the sphere. Fig. 12 depicts the
comparison between analytical and PEEC results. The mesh level on the x-axis represents
how the structure is disctritized into cells, so the higher level of the mesh, the finer mesh
is used and the model is divided into smaller parts to increase the accuracy. The LGO
has been assumed to be 3 in this test. It can be observed that when applied mesh on
the sphere is coarse, the results from the PEEC-based solver are quite inaccurate. As
the applied mesh gets finer, the results get closer to the correct value which end up with
very good agreement between two approaches.

Figure 11: The sphere modelled in PEEC.
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Table 7: Sphere test characteristics.

Number of Memory
volume cells nodes unknowns [GB]

Test (Ni) (Nφ) (Ni +Nφ) TD FD

S1 25 920 10 362 36 282 27 35
S2 50 400 19 562 69 962 114 184
S3 85 827 33 618 119 445 308 475
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Figure 12: Comparison between capacitance of a sphere with 2 cm diameter using an-
alytical values and numerical results from PEEC with different mesh. The number of
surface cells is stated close to each simulation point.

Table 7 shows characteristics of the sphere test cases. The main aim of these simu-
lations was to stress the code as much as possible by solving very large problems with
hundred thousands of unknowns. The memory consumption of each test gives an idea
about the size of the problem. It can also be concluded that time domain solver consumes
less memory due to the complex data type which is used for frequency domain solver and
needs more memory to store both real and imaginary part of the numbers. In these tests,
the sphere is excited at the top using a current source and a 50 Ω resistor is connected
at the bottom. The source and the resistor are also grounded. The simulations has been
carried out using Nodal Analysis (NA) solver and in both time- and frequency domain,
within 10 frequency and 400 time steps.

Table 8 demonstrates the total solution time for each test in each domain and how
many processors have been used to solve the problem. It is evident that the largest
problem has been solved in a reasonable time with 440 processors and 475 GB memory.
It also can be observed that the time taken by the time domain solver is substantially
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Table 8: Time for the total solution.

Number of
Test TD [s] FD [s] processors

S1 1 040 4 208 64
S2 1 612 6 750 240
S3 3 339 20 210 440

lower than the frequency domain solver. Same conclusion can be made about the memory
usage for each solver.

7 Conclusions and further work

This paper presented the first implementation of a parallel non-orthogonal PEEC-based
solver and the performance of the solver, with respect to the computational aspects has
been studied. It was demonstrated that the new solver can handle very large prob-
lems with non-orthogonal structure with about 120000 unknowns. The developed solver
utilized GMM++ and ScaLAPACK packages as computational libraries on high perfor-
mance computing clusters with distributed memory architecture.

Two numerical test cases were analysed in order to study the performance of the
solver on parallel computer systems. The results proved that:

• Problems in the frequency domain need more memory as well time, comparing to
time domain problems and they are computationally heavier to be solver.

• In order to solve small problems, it is usually more efficient to allocate small num-
ber of processors. Using more processors than needed for relatively small problems,
can degrade the overall solution because the communication overhead between pro-
cessors and the latency will dominate.

• Frequency domain solver experienced better speedup than time domain solver.

• Unlike orthogonal models, non-orthogonal models shifted the bottleneck of the so-
lution from system equation solution, to partial element calculation, since partial
elements in non-orthogonal structures need cumbersome and numerical formula-
tions to be calculated.

In next step of the performance acceleration, using Krylov subspace methods e.g.
iterative solvers with proper preconditioning methods can be considered. Due to lower
time complexity of iterative solvers i.e. O(n2), over direct solvers i.e. O(n3), these
methods are attractive to be used to solve very large problems. Additionally, taking
advantage of multi-core processors on shared memory systems, will make it possible
to exploit parallelism on personal computers and hence speed up the solution process.
Smart sparsification techniques can also be applied to reduce memory usage without
loosing accuracy and still having stable results.
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Iterative PEEC-based Power Electronic Systems

Simulations Using Reluctance and Regularization

Techniques

Danesh Daroui and Jonas Ekman

Abstract

This paper presents a method to deal with the ill-posed and rank-deficient linear systems
arising from accelerated partial element equivalent circuit-based electromagnetic simu-
lations via a reluctance method. Since conventional, direct methods, cannot be used to
solve these kind of problems, regularization techniques need to be employed. Among
various regularization techniques, a least square-based method entitled LSQR is utilized
to solve the rank-deficient problems. The proposed method is specially proper for the
models where capacitive couplings can be neglected, since magnetic field is the dominat-
ing factor, like problems within power electronics area. The correctness of the presented
PEEC-based solver is ensured by studying bus bar models which are a part of a frequency
converters with the application in power electronics.

1 Introduction

Trends in modern electronic industry is toward high frequency electronic devices. High
frequencies can give unwanted magnetic and electric couplings within and between com-
ponents in a circuit, system or device. Studying these effects can be done using mea-
surements, analytical calculations, and/or numerical techniques. Among the numerical
techniques, the partial element equivalent circuit (PEEC) method [1] [2] is well-known
and suitable for combined electromagnetic and circuit analysis and has been widely used
in power electronics, antenna design and other industrial applications.

This paper deals with accelerating a PEEC-based solver using a reluctance tech-
nique [3] which provides the possibility to safely sparsify the partial inductance matrix
in PEEC modelling. The result of this type of sparsification is intended to be numer-
ically stable and give a valid solution with a controllable level of approximation. This
leads to a smaller problem in sense of memory consumption and a more efficient solu-
tion by applying appropriate technique. On the other hand, the sparsified system is
usually severely ill-posed so that conventional solvers cannot be employed to get stable
results [4]. Moreover, due to very large condition numbers of the ill-posed problems, the
solution is very sensitive to small perturbations of the original problem [5]. This means
that even round-off errors within computer calculations can lead to numerical instability.
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Thus, regularization techniques should be applied in order to find a solution which is as
accurate as possible [4] [6] [7].

In this paper, first the PEEC method is described and then the sparsification by
reluctance theory. The problems which arise in PEEC simulations are numerically anal-
ysed, to identify the type of ill-posed problems, and then the appropriate regularization
approach is discussed. At the end, some numerical results are given in order to prove the
correctness of the proposed approach.

2 PEEC Theory

The PEEC formulation [1] uses an integral equation solution of Maxwell’s equations,
which is interpreted as an equivalent circuit. To translate an electromagnetic problem into
the circuit domain has several advantages. For example, the same model can be used for
both time and frequency domain analysis (compare the .TRAN and .AC simulation option
in classical SPICE solvers) and additional lumped components can easily be included.
Further, the concept of electric equivalent circuits can be easier to understand than
electromagnetic theory.

The concept of PEEC is shown in Fig. 1 where a simple PEEC model (b) has been
constructed for a metal strip (a). The model consists of self partial inductances and
capacitances (mutuals not shown) and volume cell resistances. A simulation carried out

(a) (b)

Figure 1. Metal strip with 3 nodes and 2 cells (a) and corresponding PEEC circuit (b)
(mutual couplings are not shown).

by the PEEC method consists of the following basic steps: (1) geometry description,
(2) meshing, (3) placing additional components (e.g. passive components, sources, ter-
minations, and ground), (4) calculation of partial elements (R, Lp, C) and connectivity
information, (5) setting up and solving the time or frequency domain circuit equations,
and (6) post-processing if field variables have to be calculated from the (now) known
current and potential distribution.

Further PEEC theory and the enhancement to non-orthogonal geometries are given
in [2].
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3 Reluctance formulation and regularization

In many applications, specially those which are involved in power electronic system sim-
ulations, due to the high currents in the devices, magnetic fields dominate over electric
fields. Thus, the complete (quasi-static) (R, Lp, C)PEEC model can safely be reduced
to (R, Lp)PEEC where the electric field couplings have been neglected. By using the
reluctance method, the system of linear equations in the PEEC, MNA formulation will
become sparse. As a consequence of the sparsification, the resulted sparse system can be
severely ill-posed and hence over- or underdetermined. Obviously, such system cannot be
solved using straightforward direct solvers e.g. LU decomposition. Hence, regularization
techniques have to be applied to get an approximate solution.

3.1 Sparsifying the partial inductance matrix via a reluctance
technique

By having a partial inductance matrix Lp, the reluctance matrix K is defined as the
inverse of the partial inductance matrix i.e. K = L−1

p . The multiplication of Lp with a
vector of N branch currents, results a vector containing the drops of the magnetic vector
potential along each segment, shown in (1).

⎡
⎢⎢⎢⎣
L11 L12 · · · L1N

L21 L22 · · · L2N
...

...
...

...
LN1 LN2 · · · LNN

⎤
⎥⎥⎥⎦
⎡
⎢⎢⎢⎣
i1
i2
...
iN

⎤
⎥⎥⎥⎦=

⎡
⎢⎢⎢⎣
∑N

i=1(
∫
A1id�l1)∑N

i=1(
∫
A2id�l2)
...∑N

i=1(
∫
ANid�lN)

⎤
⎥⎥⎥⎦ , (1)

⎡
⎢⎢⎢⎣
K11 K12 · · · K1N

K21 K22 · · · K2N
...

...
...

...
KN1 KN2 · · · KNN

⎤
⎥⎥⎥⎦
⎡
⎢⎢⎢⎣
∑N

i=1(
∫
A1id�l1)∑N

i=1(
∫
A2id�l2)
...∑N

i=1(
∫
ANid�lN)

⎤
⎥⎥⎥⎦=
⎡
⎢⎢⎢⎣
i1
i2
...
iN

⎤
⎥⎥⎥⎦ . (2)

In order to extract the values of the reluctance matrix, the linear equation system (2)
should be solved. Therefore, unlike for the partial inductances, there is no formulation
to calculate reluctance values directly and the Lp matrix is needed, to calculate the
K matrix. The physical meaning of Kij is defined by the induced current in the ith

conductor (aggressor) when the total flux for the jth conductor (victim) is equal to one
and those along all other conductors are set to zero. This definition yields, that the
induced current in victims should be in opposite direction, comparing the current in the
aggressor, to keep the flux around all victims to be zero. Furthermore, these induced
currents will generate magnetic fields around victims which cancel the part of the field
induced on the aggressor and shields the field on the aggressor to go further.

As for the capacitance matrix, the reluctance matrix is supposed to be symmetric,
positive definite and having the locality property [3]. Hence, it is only needed to keep
small number of elements in K and still maintaining an appropriate level of accuracy.
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The stability of the method is directly related to how the structure is discritized. It has
been proven that the stability is assured for a sufficiently discretized structure [8].

Based on the MNA formulation in PEEC, the system equation for a (R, Lp)PEEC
model is defined as [

Yc −A
AT R + jωLp

] [
i
v

]
=

[
I
V

]
, (3)

where Lp is the partial inductance matrix, R is the diagonal matrix of cell resistances,
and A is the connectivity matrix which describes the current direction between each pair
of nodes assigned to each cell. All external lumped elements connected to the PEEC
model are described in the admittance matrix Yc. In the system equation (3), the right-
hand-side is for excitation sources and the unknowns in the equation are node potential
and cell currents.

Because of the locality properties of the reluctance matrix, it can safely sparsified by
a truncation process, while still keeping the solution valid and accurate [9]. Later, by
applying the sparsified reluctance matrix to both sides of (3), the new formulation which
is shown in (4), will be achieved. This new formulation is introduced as (R,K)PEEC.[

Yc −A
KAT KR + jωI

] [
i
v

]
=

[
I

KV

]
. (4)

Obviously the approximation in (4) comes from the relation in (5) where the reluctance
matrix is no longer the exact inverse of the partial inductance matrix. The new system
of linear equations (4) is ill-posed and will need to be regularized before it is solved.

KLp ≈ I. (5)

3.2 Rank-deficient ill-posed problems

Ill-posed problems, represent a class of problems, where the condition number of the
coefficient matrix A in a linear system of equations Ax = b is very large. This class
of problems is divided into two main categories i.e. rank-deficient and discrete ill-posed
problems [4]. For an ill-posed system, the very large condition number, gives a hint that
there exist at least some equations that are numerically dependent. Therefore, using
conventional methods e.g. Gaussian elimination can fail to result a correct and stable
solution. Additionally, linear systems which are severely ill-conditioned, are very sensitive
to any small changes in the coefficient matrix, and any perturbation e.g. rounding errors
can cause drastic changes in the solution and lead to totally invalid results.

Numerical tools such as Singular Value Decomposition (SVD) can help to identify the
linear dependencies and then modify the system to get a better conditioned system. SVD
can also be useful to determine whether an ill-posed problem is rank-deficient or discrete
ill-posed. This can be done by analysing the singular values spectrum of the coefficient
matrix where the gaps between large and small singular values mean that the matrix
A is rank-deficient. Figure 2 depicts the singular values of a coefficient matrix arose
from discretization of integral equations in PEEC. It can be observed that multiple gaps
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(low index region) create distinguishable clusters between singular values which means
that the coefficient matrix is not full-rank. Furthermore, Fig. 3 reveals that the Picard
condition which is necessary for a discrete ill-posed problem is not satisfied. According
to the Picard condition, if matrix A in Ax = b is decomposed to A = USV ∗ using SVD,
Fourier coefficients which are the elements of UT b should decay faster than singular values
σi [4]. It is clear that in Fig. 3, singular values decrease substantially faster than Fourier
coefficients which confirms that the ill-posed problem belongs to the rank-deficient class.

It is also known that linear systems from discretized integral equations can easily
lead to an ill-posed system such as Fredholm integral equations of the first kind [10].
Moreover, the source which makes a problem ill-posed can be due to incorrect math-
ematical modelling or applying coarse mesh over the structure when PEEC method is
used. However, analysing these reasons are out of scope of this study.
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Figure 2: Singular values of a rank-deficient problem in PEEC simulations.

3.3 Regularization techniques

Several regularization techniques like Tikhonov [6], Truncated Singular Value Decompo-
sition (TSVD), and Least Square methods [4] are available while in this paper, a method
called LSQR is used. Tikhonov approach needs an optimal regularization parameter
which can be determined using different numerical approaches, namely L-curve [11] which
needs extensive analysis of the problem. TSVD also needs a low rank parameter i.e. k,
where first largest k singular values are kept and the rest will be set to zero. Regarding
Fig. 2 the analysed system is so called an ill-determined system where by truncating the
relatively smaller singular values, most of the singular values will be removed [12]. On the
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Figure 3: Picard plot of a coefficient matrix in PEEC.

other hand, there is no well-defined gap in the largest group of the singular values which
decade slowly. TSVD is appropriate for well-determined systems and therefore it can
not be used for an ill-determined system where finding a proper value for k, to minimize
the effect of perturbation which will happen by removing singular values is not possible.
Moreover, it is proven that TSVD is not an appropriate method to be applied on the
matrices arising from the discretization of integral equations [13]. Since PEEC is an inte-
gral equation-based technique, so TSVD can not be employed for regularization purposes
when PEEC problems are being sovled. LSQR is instead attractive because it can be
used for ill-determined rank-deficient systems. The original algorithm also includes the
possibility for adding Tikhonov regularization with a fixed regularization parameter to
the least square problem, but for simplicity this feature is not discussed in this paper.

LSQR is an iterative method, given for solving Ax = b and min||Ax − b||2, where
A is large and sparse. The method is based on the bidiagonalization of Golub and
Kahan [14] and is analytically equivalent to the conjugate gradient (CG) method. LSQR
is appropriate for rank-deficient systems, however this condition is not essential. The
algorithm is similar in style to CG method as applied to least squares problem. The
matrix A is used only to compute products of the form Av and ATu for various vectors
v and u. Hence, A will normally be large and sparse or will be expressible as product of
matrices that are sparse or have special structure [7].

In this method a sequence of approximations {xk} is generated such that the residual
norm ||rk||2 decreases monotonically, where rk = b−Axk. Analytically, the sequence {xk}
is identical to the sequence generated by the standard CG method, while LSQR is shown
by example to be numerically more reliable in various circumstances than other CG-like
methods [7]. The computational complexity of LSQR is expressed as O(KN) where K
is number of iterations which cannot be larger than leading dimension of the coefficient
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matrix and N is the number of non-zeros in the coefficient matrix [15]. Consequently, this
method is appropriate for large and sparse systems where the complexity of the solution
can be held still lower than direct factorization methods, due to the small number of
non-zeros in the coefficient matrix.

4 Numerical results

In order to study the accuracy and efficiency of the proposed method in this paper, a
dc link bus bar of a medium voltage frequency converters has been modelled as the case
study [16]. The purpose of the dc link in a frequency converter is to store the energy
between the front-end and back-end inverter units. The selected frequency converter is
rated for medium voltage applications with a nominal output voltage of 3.3 kV and a
nominal power of up to 32 MVA. For this power range several inverter units and low
resistive film-capacitors are connected in parallel to the same dc link. As a result of
the inverter topology used, the dc link must provide three voltage levels: the positive
DC voltage (UDC+), the negative DC voltage (UDC-), and the neutral point (UDCn).
Accordingly, the bus bar design consists of three parallel aluminium bars of 5.5 m length,
connecting the capacitors and inverters throughout the entire converter cabinet. The
design requirements to the bus bar are low resistivity for minimal losses and low induc-
tivity to avoid unwanted resonances with the paralleled capacitors. Figure 4 depicts the
modelled bus bars in PEEC. The capacitor connections are located at the two ends of
the bars.

Figure 4: Bus bar model in PEEC.

The simulated model consists of three parallel bars where upper- and lowermost bars
are connected through a current source and a resistor at the near and far-end, respectively.
The simulation has been performed to study the skin and proximity effects in the bars
and simulate input resistance and inductance of the connected bus bars in a range of
frequency between 1 and 100 kHz. The simulation results presented in this paper, has
been compared and verified with measurements which is studied in [17].

The regularization routines have been invoked from the MATLAB package, Regular-
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ization Tools [18], which is a collection of MATLAB functions for analysis and solution of
ill-posed problems. The regularization results when the coefficient matrix is not sparsified
(i.e. 0% sparse) have been compared with the results from a PEEC-based solver imple-
mented in C++, which utilizes direct solver with LU factorization. It was demonstrated
that for 0% sparse systems and using LSQR method, the solution completely matched
with the solution from implemented solver. Since the routines are all implemented in
MATLAB, the speedup of the routines are not discussed in this paper, while memory
consumption and validity of the computed results are studied. It is however expected to
get a substantial improvement in solution time when LSQR method is implemented as a
part of the solver, comparing to the available solver. All tests have been carried out on
a system with two Intel 2.4 GHz processor and with 4 GB memory installed.

Table 1 lists number of unknowns of each test case. The test cases are quite small
due to memory limitations, since all simulation were run in MATLAB.

Table 1: Characteristics of the simulated bus bar models.

Number of
Model volume cells nodes total unknowns

(Ni) (Nφ) (Ni+Nφ)

BB1 1 344 386 1 730
BB2 3 412 908 4 320

Table 2 also lists the memory consumption for each model. It is evident that from
0% to 95% sparsification, the memory has been reduced by factor of ≈ 13. Continuing
further sparsification from 95% to 98%, the memory usage will reduce to 1

3
.

Table 2: Memory usage of each simulated model.

Model Sparsified [%] Memory [MB]

BB1 0 77.5
BB1 95 6.1
BB1 98 2.3
BB2 0 485.5
BB2 95 37.5
BB2 98 13

Figures 5 and 6 depict simulated resistance and inductance for BB1 and BB2, re-
spectively. It is evident that skin and proximity effects have correctly been simulated for
the tested bus bar models. According to the demonstrated results, the solution of 98%
sparsified model from LSQR solver, agrees very well with the exact solution (i.e. 0%
sparse) for all simulations. Despite small errors in resistance for BB2, the results are still
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Figure 5. Simulated bus bar resistance (a) and inductance (b) for BB1 test case.

accurate and quite stable.
Regarding the simulation results, it can be concluded that PEEC with reluctance

technique will need only small part of the data to give a valid solution to a problem.
This is of course for the sake of the locality property of the reluctance matrix, explained
in Sec. 3.1 which will reduce the memory requirements dramatically while the accurate
solution is guaranteed.

5 Conclusion

A PEEC-based solver together with the reluctance method has been developed. Re-
luctance method makes it possible to sparsify the coefficient matrix A in linear system
Ax = b in PEEC, while the accuracy of the solution is guaranteed. The new sparse system
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Figure 6. Simulated bus bar resistance (a) and inductance (b) for BB2 test case.

is ill-posed and rank-deficient. Rank-deficient problems cannot be solved using typical
direct solvers with LU factorization, due to over- or underdetermined system. Accord-
ingly, regularization techniques need to be applied to get a valid solution for the sparse
and ill-posed problems. The rank-deficient problem is solved using a least square-based
method, namely LSQR which is an iterative approach and analytically equivalent to the
conjugate gradient (CG) method . The validity of the method is confirmed by analyzing
bus bar models which are used in power electronic medium voltage frequency convert-
ers. The newly introduced sparse solver opens the door to solve very large problems on
computers with limited resources by reducing memory requirement.
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EM Simulation of Planar Bus Bars in Multi-Level

Power Converters

Didier Cottet, Ivica Stevanović, Bernhard Wunsch, Danesh Daroui, Jonas Ekman, and
Giulio Antonini

Abstract

This paper presents recent progress in the acceleration of PEEC based electromagnetic
simulations and its impact on the design of complex bus bar structures as used in multi-
level power converters. The approach presented consists of different dedicated accelera-
tion methods for the different design tasks. The first acceleration technique applied is
the so called reluctance matrix method for full 3D field results, reducing memory con-
sumption by orders of magnitude and computing time by a factor 3 to 5. The second
acceleration method applied is based on model order reduction techniques for port-to-port
impedance extraction, reducing the computation time by about one order of magnitude
and allowing wideband macro modelling for system level simulations. The paper focuses
on the application of these methods showing the impact on practical bus bar design tasks.

1 Introduction

Today, most frequency converters and motor drives in the medium voltage range are
using multilevel topologies such as NPC (neutral point clamped) [1] and ANPC (active
neutral point clamped) [2] (Fig. 1). The reason for using multilevel topologies is to reduce
the total harmonic distortions (THD) on the power lines and therefore lowering the need
for filtering. In addition, these topologies also allow reaching higher voltages with low
voltage devices, which in turn have the advantage of faster turn-on and turn-off switching
times and therefore reduced switching losses. Disadvantages are the increased dI

dt
and

dV
dt
, leading to new challenges in the electromagnetic design of products: A high dI

dt
in

combination with high stray inductances in the commutation paths leads to overvoltages
that can destroy sensitive components (i.e. IGBTs). A high dV

dt
requires better control of

common mode noise propagation and general EMC noise emission. Finally, resonances
between stray capacitances of the devices and stray inductances of the bus bar can lead
to oscillations and ringing. In the near future, new fast switching wide bandgap devices
(i.e. SiC and GaN) will further emphasize these issues [3] [4]. Therefore, advanced EM
simulation methods become a necessary tool in the design phase of multi-level power
converter.
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In literature, several bus bar simulation methods have been presented and their effec-
tiveness proven [5–8]. Major drawback of most methods is that the computation effort
and memory demand is getting prohibitively large for complex bus bars or when accurate
and fast bus bar macro models are needed for system level simulations. In [8], bus bar
simulations using the PEEC [9] method were presented where the so called divide-and-
conquer approach was proven to be able to solve the large problems. This was possible
because the bus bar had a regular structure of repeating identical elements, arranged
in a row with negligible coupling. In this work we are investigating a different type of
bus bars, with less regular structures and more complex layouts, hence simplification
methods such as ’divide-and-conquer’ can no longer be applied (Fig. 2). The paper is
therefore evaluating the potential of a simulation methodology based on two numerically
accelerated PEEC solving variants, dedicated to different typical bus bar design tasks.

 
(a) (b)

Figure 1. Examples of multi-level topologies, demanding complex bus bars: NPC (a)
and ANPC (b).

Figure 2: Photograph of actual bus bar of one phase building block of a medium voltage
multi-level converter.

Section 2 introduces the case study bus bar with the different design tasks. Section 3
describes the simulation methodology and shortly explains the acceleration methods ap-



2. Problem Description 173

plied. The Sections 4 and 5 explain the bus bar modelling and compare it to reference
measurements. Section 6 presents the results and discusses the potential of the method-
ology. Section 7 finally draws the conclusions.

2 Problem Description

The bus bar investigated in this work is interconnecting in one phase building block a
total of 12 IGBT power modules with two switches each. Three phase building blocks
are forming one three-phase inverter. Pairs of IGBT modules are parallel connected in
order to double the total current rating of the converter.

The positioning of the IGBT modules is mainly driven by the cooling design, requiring
equal distribution of the power losses on the heat sink they are attached to. Consequence
of this design are spatially spread modules with long interconnect distances. Goal of the
bus bar design is therefore to minimize the stray inductance Lσ of all the critical commu-
tation loops. The critical commutation loops can be identified based on the topology’s
switching scheme, which is however not subject of this paper. A second critical design
task relevant in this particular case is the symmetric on-state and dynamic current dis-
tribution between the paralleled IGBT power modules. Any asymmetry would lead to
unequal thermal stress and consequently to accelerated component ageing.

Finally, the bus bar should be as small and light weight as possible to keep costs low,
but without creating thermal hot spots caused by high current densities. The layout
must therefore be designed such as to avoid current crowding in corners and edges and
provide enough cross section where high currents are flowing.

3 Simulation Methodology

Different modelling and simulation approaches are needed to take into account the electri-
cal design considerations presented in the previous section. Fig. 3 shows the simulation
flow adopted in this work. Common to all simulation tasks is to start with a partial
element equivalent circuits model of the bus bar geometry (Fig. 4) and to create a ma-
trix formulation of the model. For the following steps, two options exist, depending on
whether 3D field results are needed or not.

3.1 3D field solution with reluctance matrix PEEC solver

The first option is used when the simulation results are expected to provide 3D field in-
formation. Typically these are current density distributions and magnetic field patterns.
In this case, also impedance curves can be gained from the simulation results. However,
since (R,Lp)PEEC matrices can become very large, a dedicated acceleration techniques
based on the reluctance matrix method [10] has been developed and applied to the PEEC
solver.
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In this approach, the partial reluctance matrix is calculated by inverting the partial
inductance matrix. The problem of inverting large partial inductance matrices, which
arise from complex problems in PEEC, has been overcome by grouping the structure on
each geometrical axis. As a result, the partial inductance matrix will be in block diagonal
form where each block can efficiently be inverted to calculate the partial reluctance values.

The achieved partial reluctance matrix is strictly diagonally dominant and can there-
fore be safely sparsified by eliminating small couplings and still keep the solution ac-
ceptably accurate [11]. Further, by having sparser systems, the needed memory will be
reduced and it will be possible to utilize sparse direct solvers [12], which can solve the
equation more efficiently and in less time.

Figure 3: Modelling and simulation flow for different tasks.

3.2 Behavioural solution with MOR technique

The second option applies to the case where the 3D field results are not required. This is
for example true when only impedances and coupling coefficients are analysed or when
macro models for system level simulations are created. In this case, model order reduction
(MOR) techniques can be applied to the matrix to compute behavioural port solutions.
This method is faster by orders of magnitude compared to the full matrix solving of large
problems [13].

Assuming that the full (R,Lp,P)PEEC model admits a N-dimensional realization in
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Figure 4: 3D PEEC model of phase module bus bar.

the descriptor state-space form

Eẋ = Ax+Bu, (1)

y = Cx, (2)

a basic approach to constructing passive reduced-order models is to employ a projection
matrix Vn of rank n such that

An = Vn
TAVn

En = Vn
TEVn

Bn = Vn
TB

Cn = CVn.

Hence, the reduced order model is obtained as a projection of the N-dimensional state
space of the original system into the n-dimensional subspace spanned by the columns of
the matrix Vn, provided that n � N . The projection approach can be efficiently com-
bined with the use of Krylov subspaces to obtain reduced-order models that are passive
and, at the same time, satisfy a moment-matching property [13]. To this end, the pro-
jection matrix is chosen as a basis of the Krylov subspace of order n. The corresponding
reduced order model is the one produced by the PRIMA algorithm [13].

4 Case Study

Fig. 4 in the previous section introduced the geometry of the bus bar model. The model
and the model discretization (meshing) have been prepared for the faster orthogonal
implementation of the MultiPEEC solver [14]. For this, almost no simplification or
staircasing was needed due to the mainly orthogonal design of the actual bus bar (see
photograph in Figure 2). Two important modelling aspects are discussed in the following
sub-section: How to include the IGBT modules, which are part of the commutation
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paths, and how to discretize the thin copper sheets of the bus bar to account for skin
and proximity effects.

4.1 IGBT module equivalents

The actual IGBT modules consist of several power semiconductor chips (IGBTs and
antiparallel diodes) attached and wire bonded to a ceramic substrate with copper traces
and power terminals. In order to clearly separate the contributions of the bus bar and
the modules to the total loop impedance, we decided to replace the modules with short
circuits at the terminal locations. The short circuits were therefore modelled with short
bar element as shown in Fig. 5. The cross-section and the equivalent ohmic resistance
(200 μΩ) of the bars were chosen such as to match the real short circuit parameters used
in the verification measurements (see Section 5).

(a) (b)

Figure 5. 3D model with IGBT modules(a) and with IGBT module replaced by a short
circuiting/resistive bar(b).

4.2 Copper sheet modelling

The actual copper thickness is 1 mm, which corresponds to about twice the skin depth in
a copper wire at 20 kHz, which is in the range of our frequencies of interest. Therefore it
becomes very crucial to choose an appropriate thickness discretization to correctly take
into account skin and proximity effects. Four different meshing variants were therefore
investigated (Fig. 6).

In variant a) the discretization is set to zero, which means that the current is flowing
in a 2D plane. This variant covers the dc and low frequency cases, where uniform cross
sectional current density can be assumed. In the variants b) to d), non-uniform thickness
discretization is chosen, which means that the mesh is getting denser towards the surface,
in a similar way as the current density increases with higher frequency. This way, the
skin effect is taken into account up to the frequency where the skin depth matches the
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(a) (b) (c) (d)

Figure 6. Thickness meshing variants for bus bar copper layers.

Table 1: List of bus bar model variants simulated.

Model label Thickness [mm] Mesh [layers] Non-uniformity [ratio] Unknowns

M-1-10 1 1 n/a 7 924
M-1-32 1 3 1:2 33 276
M-1-34 1 3 1:4 33 276
M-1-52 1 5 1:2 58 644

outermost mesh thickness. The variants b) and c) subdivide the thickness in 3 layers with
two different non-uniformity values. Variant d) divides the thickness in 5 layers. Table 1
lists the five resulting model variants with the corresponding labels and parameters.

5 Reference Measurements

For verification purposes, reference measurements of the actual bus bar impedances were
performed. An Agilent 4294A impedance analyser with open/short calibration was used
(Fig. 7(a)).

(a) (b)

Figure 7. Measurement setup with bus bar and impedance analyser (a) and short circuit
bars (b).
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The elements that were used in the simulation model to short circuit the IGBT
module terminals were implemented as copper bars screwed to the bus bar connectors
(Fig. 7(b)). The cross-section of the bars and the residual resistance of the non-ideal short
circuit (bars and screw interfaces) were measured and used in the simulation models (see
Section 4). The frequency plots in Fig. 8 show the inductance and resistance values
extracted from the impedance measurement. As can be seen from the curves, at low
frequencies the sensitivity of the measurement setup is getting too low to accurately
extract the equivalent inductance. For that reason, the comparisons will be done for the
frequency range of 1 kHz to 1 MHz.
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Figure 8: Inductance and resistance measurement plots, illustrating the sensitivity limi-
tations at lower frequencies.

6 Simulation Results

6.1 Impedance analysis with reluctance matrix PEEC solver

First, we analyse the results of the impedance simulation and the extraction of resistance
and inductance. Fig. 9 and Fig. 10 show the results obtained with the full (R,Lp,P)PEEC
solver, compared to the reference measurements. For the inductances (Fig. 9), an accu-
racy of better than 10% is achieved throughout the frequency range of interest, without
significant differences between the four discretization levels. In the case of resistances
(Fig. 10) the results are more differentiated but still as expected: The case without
thickness discretization (M-1-00S) shows a rather flat frequency dependency, which is
well matching the DC/LF measurements, but which is not able to represent the char-
acteristic resistance increase. Increasing the outer mesh density (cases M-1-32, M-1-34
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and M-1-52) significantly improves simulation accuracy at high frequency. What can be
observed is that increasing the non-uniformity ratio (M-1-34) brings more improvement
than increasing the discretization (M-1-52).
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Figure 9: Comparison of measured and simulated inductance.
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Table 2: List of bus bar model variants simulated.

Reluctance PEEC Standard PEEC
Parameter (spars.: 94% to 98%) with MOR

Induced error 1% to 7% < 1%
Solution time 3 to 5 times faster 7 times faster
Memory usage up to 25 times less up to 200 times less

6.2 Impedance analysis with MOR PEEC

Fig. 11 shows the inductance and resistance curves obtained with the model order reduc-
tion technique, compared to the non-reduced simulations. As can be seen, the reduction
method applied provides the same results as the full (R,Lp,P)PEEC, hence with the same
frequency behaviour and the same accuracy.

1.E+01 1.E+02 1.E+03 1.E+04 1.E+05

1.0

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

2.0

200

220

240

260

280

300

320

1.E+01 1.E+02 1.E+03 1.E+04 1.E+05

R
es

is
ta

n
ce

 [
m

O
h

m
]

In
d

u
ct

an
ce

 [
n

H
]

Frequency [Hz]

L_PEEC-MOR

L_PEEC

R_PEEC-MOR

R_PEEC

Figure 11: Comparison of measured and simulated resistance.

Direct time and memory comparisons are not fully fair at this point, since the
(R,Lp,P)PEEC simulations were run with a compiled C++ code, using a multi-core sup-
ported math library while the MOR simulations were performed on Matlab. Nonetheless,
the comparison numbers in Table 2 still show that the MOR technique has its clear ben-
efits for this type of simulations, especially regading the solution time. In this example,
however, the impedance between only two terminals (nodes) was computed. In the case
of multiple ports, the model order reduction effort increases with the number of termi-
nals, while in the case of the full (R,Lp,P)PEEC the effort stays the same. Future studies
will therefore be investigating the scaling rules for multi-terminal MOR.
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6.3 Macro model generation

Generating a macro model for use in higher level system simulations consist of creating
an impedance matrix for the ports of interest and exporting it into a SPICE like format.
Two methods exist: First, is to simulate the impedance for one frequency of interest
for each port, one by one, and collecting the self and mutual impedances into a matrix.
The advantage of this method is that it results in a small sized matrix for fast system
level simulations. The drawback is that the impedance is theoretically valid for a single
frequency only. In typical power electronic cases however, the inductance remains almost
constant for a broad frequency range. The second method (first published in [15]) is to
first apply model order reduction to the PEEC matrix and then to directly export the
reduced model to a SPICE like format. The advantage of this method is that it preserves
the frequency dependency where the frequency bandwidth can be predetermined by the
order of the model reduction. The drawback is that the model size is much larger and
quickly increasing with number of ports and with complexity of the impedance char-
acteristics (i.e. number of resonances). The results of both methods are SPICE like
sub-circuits that can be used in system-level simulations in combination with additional
linear and non-linear circuit elements. Fig. 12 shows the circuit used in this work to
investigate the impact of the bus bar stray inductance on the overvoltages at turn-off.
The time domain results are shown in Fig. 13. Depending on the extraction frequency
(1 Hz or 100 kHz), the simulated overvoltage peak slightly varies from 28% to 34%,
representing a difference of about 20% on the overvoltage design margins.

Figure 12: SPICE circuit with sub-circuit (yellow block) containing bus bar macro model.

6.4 3D results

Solving the full PEEC model is much more time and memory consuming than applying
model order reduction (see also Table 2). However, it preserves the full spatial informa-
tion of the solution, thus allowing analysing current density distributions (Fig. 14) and
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Figure 13: Simulation results of IGBT turn-off transient, showing overvoltages for differ-
ent bus bar macro models.

magnetic field vector patterns (Fig. 15).

Figure 14: Current density distribution.

Figure 15: Magnetic field pattern.
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7 Conclusion

In this paper, we have presented a fast and efficient EM simulation methodology, which
suits the model complexity of today’s multilevel bus bars and circuits. The approach of-
fers dedicated solving methods for different problem types. For 3D field solutions, it uses
an accelerated (R,Lp)PEEC solver with a reluctance matrix approach and sparse direct
solver, allowing for shorter computing time and less memory needs. For impedance ex-
traction and macro model generation, it uses model order reduction techniques, allowing
for fast frequency sweeps and frequency dependent, multi-terminal SPICE model gener-
ation. Reference measurements have been performed to demonstrate the accuracy over
a broad frequency range. With this methodology, EM simulation of large complex bus
bars and circuits is no longer a privilege of academic research; it has become an efficient
design tool for competitive product development environments.
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Efficient PEEC-based Simulations Using Reluctance

Method for Power Electronic Applications

Danesh Daroui and Jonas Ekman

Abstract

This paper presents a partial element equivalent circuit (PEEC)-based solver that has
been accelerated to exploit the massively parallel structure of graphics processing unit
(GPU) technology, in order to employ a reluctance-based method in an efficient way. A
grouping algorithm is also presented which makes reluctance calculation efficient, suitable
for GPUs, and feasible even for very large problems. It has been shown that by using the
reluctance method, the coefficient matrix in the system equation can be safely sparsified
whilst the required accuracy is maintained. Because the calculation of the reluctance
matrix includes matrix inversion, which is a task with high computational complexity,
GPUs as cooperative units are utilized to reduce computational costs by taking advan-
tage of parallelism. Two test models have been simulated and analysed to benchmark
the solver, and the results have been compared with the previously developed solver.
Furthermore, analysing the results reveals that the reluctance method makes it possible
to use a considerably sparser system and thereby solve large problems by decreasing the
memory demands and the solution time. It is also proven that the solution is reliable
and accurate, whereas the problem has become noticeably smaller.

1 Introduction

High frequency electronic circuits have a very important role in modern electronic de-
vices. When the operational frequency of electronic devices is increased, magnetic and
electrical couplings can cause unexpected results, such as current imbalance, thermal
hotspots and chip overload, in a high frequency circuit. Moreover, other phenomena
such as signal distortion, crosstalk and ground bouncing [1] need to be taken into ac-
count. Examination of these phenomena, leads to electromagnetic compatibility (EMC)
standards which demand the compliance with limitations for electromagnetic interfer-
ences. Therefore, studying susceptibility and emission is an important aspect of high
frequency circuit design.

Various methods have been developed to address solutions for electromagnetic anal-
ysis. Among these methods, partial element equivalent circuit (PEEC) [2–5] is known to
be suitable for combined electromagnetic and circuit analysis and has been widely used
in power electronics, PCB design, antenna design and other industrial applications. As
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the complexity of the electrical systems and devices and the working frequency is increas-
ing continuously [6], new acceleration techniques should be developed to solve real world
problems in a reasonable time using limited computational resources. In previous works,
other acceleration techniques have been used to increase the performance of the PEEC-
based solver for general EMC applications, where no approximation is involved [7] [8].
This paper presents a reluctance-based technique that can be employed to solve complex
PEEC models in less time and with less memory consumption while some approxima-
tions are included in the final solution. A grouping algorithm is proposed to partition
the geometry in 3D space and assemble the partial inductances into block diagonal form,
to efficiently calculate the reluctance matrix. Additionally, to the best knowledge of the
authors of this article, no PEEC-based solver which is based on GPUs has been reported.
However, since GPU technology is relatively new, hence the available hardware and soft-
ware tools that have been employed in this research, are strictly limited to the problems
that can fit into GPU internal memories which is usually less than the main memory
which is available on modern machines. The presented approach in this work is notably
suitable for power electronic systems analysis, since capacitive couplings can be ignored
and time retardation is not assumed in the simulations. It has been proven that using
reluctances instead of partial inductances, makes it possible to eliminate a large amount
of data from the equations, as long as the solution is kept to be accurate and valid [9]. On
the other hand, calculation of the reluctance matrix is an expensive process and requires
matrix inversion which has a high order in computational complexity which is O(n3) for a
n×n matrix. In particular, for large structures that will result in large inductance matri-
ces, reluctance calculation can be costly or even impossible to carry out. Hence, parallel
processing approach in order to accelerate the reluctance calculation can be considered
as a reasonable solution. Typically, modern processing units are enhanced with only few
cores, whereas GPUs installed on modern graphic cards can offer processors with hun-
dreds of cores and few GFLOPS of computational performance which makes these units
appropriate for extensive and costly computations. Due to the high computational power
and availability of GPUs, the technology has successfully used in many research areas,
including electromagnetic simulations [10–12] and more specifically, FDTD [13] [14] and
method of moments [15]. It is also shown that the performance gained when a GPU is
used is dependent on the problem size, which means that larger problems result in better
speedup on GPU-enhanced graphic cards [15].

Fortunately, reluctance method in combination with sparsification techniques will
bring a system of equations which consists of a sparse coefficient matrix. By having
sparser systems, memory consumption will decrease, and sparse solvers can be used that
can solve very large systems in less time than conventional direct solvers which are tailored
for dense matrices. The PEEC-based solver presented in this paper is based on reluctance
technique when only inductive couplings exist in the model and capacitive couplings have
been neglected. This assumption is primarily valid for applications in power electronics
where high current electrical devices are studied where inductance extraction plays an
important role because of high di

dt
which can cause high induced voltages in a circuit.
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2 PEEC Theory

This section gives a brief summary of the classical PEEC formulation. For further infor-
mation, see [2–5].

2.1 Extraction of the equivalent circuit

The classical PEEC method is derived from the equation for the total electric field at a
point [16] written as

�Ei(�r, t) =
J(�r, t)

σ
+

∂ �A(�r, t)

∂t
+∇φ(�r, t), (1)

where �Ei is an incident electric field, J is a current density, �A is the magnetic vector
potential, φ is the scalar electric potential, and σ is the electrical conductivity all at
observation point �r. By using the definitions of the scalar and vector potentials, the
current- and charge-densities are discretized by defining pulse basis functions for the
conductors and dielectric materials. Pulse functions are also used for the weighting
functions, resulting in a Galerkin type solution. By defining a suitable inner product,
a weighted volume integral over the cells, the field equation (1) can be interpreted as
Kirchhoff’s voltage law over a PEEC cell consisting of partial self inductances between
the nodes and partial mutual inductances representing the magnetic field coupling in the
equivalent circuit. The partial inductances shown as Lp11 and Lp22 in Fig. 1 are defined
as

Lpαβ
=

μ

4π

1

aαaβ

∫
aα

∫
aβ

∫
lα

∫
lβ

dlα · dlβ
|�rα − �rβ|daαdaβ, (2)

for volume cell α and β. Fig. 1 also shows the node capacitances which are related to
the coefficients of potential pii while ratios consisting of pij/pii are leading to the current
sources in the PEEC circuit. The coefficients of potentials are computed as

Pij =
1

SiSj

1

4πε0

∫
Si

∫
Sj

1

|�ri − �rj| dSj dSi, (3)

and a resistive term between the nodes is defined as

Rγ =
lγ

aγσγ

. (4)

In (2), (3) and (4), a represents the cross section of the rectangular volume cell normal to
the current direction γ, l is the length in the current direction and S is the charge surface
cells. For a detailed derivation of the method, including the non-orthogonal formulation,
see [17].
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(a) (b)

Figure 1: Metal strip with 3 nodes and 2 cells (a) and corresponding PEEC circuit (b)
(Mutual couplings are not shown).

2.2 Solution of the equivalent circuit

The discretization process of the EFIE in (1) and the successive Galerkin’s weighting
leads to an equivalent circuit formulation. When Kirchhoff’s voltage and current laws are
enforced to the Ni independent loops and Nφ independent nodes of the PEEC equivalent
circuit, the following equations are obtained

(jωP−1 + YL)IL −ATΦ = IS (5)

−AIL − (R+ jωLp)Φ = VS,

where

• Φ ∈ R
Nφ is the vector of node potentials to infinity; RNφ is the node space of the

equivalent network;

• IL ∈ R
Ni is the vector of currents including both conduction and displacement

currents; RNi is the current space of the equivalent network;

• Lp is the matrix of partial inductances describing the magnetic field coupling;

• P is the matrix of coefficients of potential describing the electric field coupling;

• YL is an admittance matrix describing the lumped components connected to the
PEEC model;

• R is the matrix of cell resistances;

• A is the connectivity matrix, which describes the current direction between each
pair of nodes, assigned to each cell;

• VS is the vector of distributed voltage sources due to external electromagnetic fields
or lumped voltage sources;

• IS is the vector of lumped current sources.
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The equation system in (5) is equivalent to the circuit equations formulated in SPICE-
type solvers for obtaining the solution in node voltages and branch currents. However,
for PEECs the equation system in (5) contains denser matrices (Lp and P ) than a pure
electric network system solution due to the large number of mutually coupled induc-
tors and mutual capacitances. Therefore, the solution of PEECs requires linear algebra
packages suitable for dense matrices. The equation system in (5) is often entitled a mod-
ified nodal analysis (MNA) formulation [18] and can be modified to suit the solution of
PEECs [19]. Neglecting capacitive couplings from the PEEC model will lead to (6) which
is the reduced form of (5) and is discussed in this paper.

YLIL −ATΦ = IS (6)

−AIL − (R+ jωLp)Φ = VS.

The next section explains how the dense system derived from the MNA formulation is
converted to a sparse system, without getting numerically unstable and invalid solu-
tions [20] [21].

3 Sparse Matrix Formulations using the Reluctance

Method

In this section, the reluctance method and its application to sparsifying systems of linear
equations in PEEC are discussed.

3.1 The reluctance method

From the partial inductance matrix Lp, the reluctance matrix K is defined as the inverse
of Lp.

K = L−1
p . (7)

By multiplying Lp with a vector of N branch currents, a vector containing the drop of
the magnetic vector potential along each segment will be obtained, as shown in (8).⎡

⎢⎢⎢⎣
L11 L12 · · · L1N

L21 L22 · · · L2N
...

...
...

...
LN1 LN2 · · · LNN

⎤
⎥⎥⎥⎦
⎡
⎢⎢⎢⎣
i1
i2
...
iN

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎣
∑N

i=1(
∫
A1id�l1)∑N

i=1(
∫
A2id�l2)
...∑N

i=1(
∫
ANid�lN)

⎤
⎥⎥⎥⎦ , (8)

⎡
⎢⎢⎢⎣
K11 K12 · · · K1N

K21 K22 · · · K2N
...

...
...

...
KN1 KN2 · · · KNN

⎤
⎥⎥⎥⎦
⎡
⎢⎢⎢⎣
∑N

i=1(
∫
A1id�l1)∑N

i=1(
∫
A2id�l2)
...∑N

i=1(
∫
ANid�lN)

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎣
i1
i2
...
iN

⎤
⎥⎥⎥⎦ . (9)
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To extract values of the reluctance matrix, the linear equation system (9) should be
solved. Therefore, unlike the elements of the partial inductance matrix, there is no
formulation to calculate the reluctance values directly and the Lp matrix is needed to
calculate the K matrix. The physical meaning of Kij is characterized as the induced
current in the ith conductor (aggressor) when the total flux for the jth conductor (victim)
is equal to one and the total flux along each other conductor is set to zero. This definition
suggests that the induced current in victims should be in the opposite direction of the
current in the aggressor to keep the flux around all victims at zero. These induced currents
will generate magnetic fields around victims, which cancel the part of the field induced on
the aggressor and shield the field on the aggressor from going farther. This phenomenon
explains the locality (shielding effect) of the reluctance matrix [9]. The locality property
of the method has been demonstrated in Fig. 2, where the third conductor results in a
shorter arrow for the induced current, accounting for the overall effect. Fig. 2 also shows
the induced current in the third conductor, contributed by two other bars, in dashed lines,
and the overall effect of the induced currents using a solid line arrow. Because of this
rippling effect of the magnetic field and the induced current, the value of each Kij in the
reluctance matrix represents the overall effect rather than a single active line. Therefore,
the off-diagonal values in K would decrease more rapidly than Lp, which exhibits locality
and the shielding effect of the reluctance matrix [22].

Like the capacitance matrix, the reluctance matrix is supposed to be symmetric pos-
itive definite and have the locality property [20]. Hence, only a small number of the
elements in the K matrix need to be kept, to maintain an appropriate level of accuracy
of the solution. The stability of the method is directly related to how the structure
is discretized. It has been proven that stability is ensured for a sufficiently discretized
structure [21].

Figure 2: The effect of the reluctance on three parallel bars.

3.2 Extraction of the reluctance matrix

As stated in the previous section, there is no formulation to calculate reluctance ma-
trix directly and thus, the inductance matrix must be calculated first and then inversion
carried out. Because matrix inversion is a cumbersome numerical task with time com-
plexity of O(n3) for a n × n matrix, inverting a large matrix can highly degrade the
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overall performance of the solution. Several algorithms have been developed to overcome
this problem by defining a window over a structure and then traversing the geometry
using the window and the calculating the inductive couplings within the covered area
and then finally extract values for the reluctance sub-matrix [23] [24]. In window-based
approaches, the stability of the method is highly dependent on the window size. Further,
choosing an unnecessarily large window in order to reach a high level of the accuracy can
make the reluctance extraction computationally expensive and a small window will return
inaccurate results. Therefore, finding an optimum size for the window to be traversed is
crucial and usually challenging and hard to find.

A novel approach to calculate reluctance matrix is proposed in this paper which is
based on grouping the parts of the structure along axes, meaning that three main groups
are created, which contain parts of the model in the x- , y- and z-axis. Because elements
in each group are geometrically perpendicular to the other groups, there will be no
inductive couplings between groups and only couplings within each group are considered.
This assumption leads to the existence of a block diagonal partial inductance matrix
where each block can simply be inverted to determine the reluctance matrix. The total
process of inverting all blocks is substantially less costly than inverting the whole matrix.
By holding the assumption that the studied structure is uniformly placed in the space
along all three axes, each block will have roughly the dimension size of 1

3
of the dimensions

of partial inductance matrix, as shown in (10). By substituting (10) into (11), the time
complexity of the inversion of the original matrix is compared to the time complexity
of the inversion of each block. According to (11), the maximum speedup that can be
achieved is approximately 9, which is a worthwhile improvement in the performance.
Moreover, it can be concluded that the reluctance calculation can be a bottleneck in the
total solution. Thus, a massively parallel approach using GPU technology to accelerate
the performance of this part of the solution is a reasonable solution.

nx ≈ n

3
, ny ≈ n

3
, nz ≈ n

3
, (10)

O((nx + ny + nz)
3)

O(n3
x) +O(n3

y) +O(n3
z)

≤ 9. (11)

Fig. 3 depicts the reluctance matrix, calculated from a block diagonal partial in-
ductance matrix, where each block which represents parts of the model in each axis, is
inverted separately.

3.3 Reluctance formulation in PEEC

In this paper, only quasi-static (R,Lp)PEEC is studied, where capacitive couplings are
neglected in the problem. This assumption is mostly valid in power electronics and
for the models that carry high currents, e.g. bus bars in power frequency converters,
where inductive loops are interesting to be identified and studied in order to simulate the
induced voltage when di

dt
is high in such a circuit. Extracting inductance values in high

frequency power electronics circuits will help to improve the layout design to reduce the
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Figure 3: Calculating reluctance from an inductance matrix in block diagonal form.

stray inductance and consequently reduce voltage overshoots and reduce switching losses.
Based on the MNA formulation in PEEC, the system equation for an (R,Lp)PEEC model
is defined as [

YL −AT

−A R + jωLp

] [
Φ
IL

]
=

[
IS
VS

]
. (12)

All elements in (12) are described in Sec. 2.2. In system equation (12), the right hand
side is for excitation sources and the unknowns are node potentials and cell currents.

By applying the reluctance matrix, as defined in (7) to both sides of (12), the new
formulation which is shown in (13) will be achieved. This new formulation is referred as
(R,K)PEEC. [

YL −AT

−KA KR + jωI

] [
Φ
IL

]
=

[
IS

KVS

]
. (13)

4 PEEC-based solver

This section describes a solver developed based on the PEEC method. Details about
solver acceleration using GPUs and sparse solver are also presented in this section.

4.1 Implementation of the solver

A PEEC-based solver has been written in the C++ language, which utilizes the Intel
Math Kernel Library (MKL) [25], optimized for multi-core systems, and the CUDA-based
LAPACK (CULA) [26], which is included for the parts of the solver that use the GPU. To
solve the sparse system after applying the reluctance matrix, the MUMPS package [27]
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is used. After calculating each block of the reluctance matrix, it can safely be sparsified.
The sparsification can be described as applying a truncation process to small off-diagonal
elements in the reluctance matrix by means of the coupling factor

kij =

√
K2

ij

| Kii | · | Kjj | , (14)

between the elements i and j in the matrix. The calculated factor will be compared to
a constant value and values that are smaller than the constant will be removed [28].

The approximation in (13) comes from the relation in (15), which is due to the spar-
sified reluctance matrix. As the K matrix is more sparsified, (15) is more approximate.
Similarly, if K matrix is not sparsified at all, the equation KLp = I will hold which leads
to the exact solution.

KLp ≈ I. (15)

It should be noted that, sparser reluctance matrices will create sparser coefficient matri-
ces, which will speed up the solving process. Moreover, due to the locality property of
the reluctance matrix, K can be sparsified up to a high level, at which the desirable level
of accuracy is still maintained [22].

In a PEEC-based solution, the coefficient matrix in the MNA formulation consumes
the largest part of the total allocated memory. Using (R,K)PEEC, this matrix is con-
verted to a sparse matrix where the majority of its elements are set to zero. Thus, the
solver assembles the matrix, in a row-by-row manner, and at each step, the assembled
row is stored in sparse format to save the memory.

Sparse direct solvers involve much more complicated algorithms than solvers suited
for dense systems. This class of solvers is used to solve the matrix equation Ax = b,
where the coefficient matrix A is considered to be large and sparse.

The main challenge in these types of solvers is the efficient fill-in of the L and U factors
of a sparse system. Typically, matrices in PEEC are dense, non-symmetric, indefinite
and ill-conditioned. By sparsifying such matrices, the system becomes even closer to
being singular and thereby would need numerical techniques, i.e. pivot perturbation or
iterative refinement, to compensate for numerical instabilities. Later, by acquiring a valid
sparse system, MUMPS will be utilized as an appropriate solver for this purpose [27].
For non-symmetric matrices, MUMPS first tries to symmetrize the matrix, based on the
pattern A + AT , and then reorder the matrix to minimize the cost of the factorization.
This process, which is known as symbolic factorization, is necessary to determine the non-
zero structure of the factors, before performing any numerical factorization. By having
a matrix equation where the coefficient matrix is symmetric, the symbolic factorization
can be performed as

ΨAΨT = LDU, (16)

where

• A is the sparse coefficient matrix;
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• Ψ is the permutation matrix that reorders A;

• L and U are triangular matrices, parts of the factorized A;

• D is a diagonal matrix, a part of the factorized A.

Using the MUMPS package, various methods for reordering are available, e.g. Ap-
proximate Minimum Degree (AMD) [29] and METIS [30]. The reordering can also be
performed by providing the solver with a permutation matrix Ψ. Using a sparse direct
solver, the solution is carried out in three main steps:

1. Analysis : The symbolic factorization, which involves reordering, is performed on
the symmetric pattern of the coefficient matrix. Permutation applies on the row
and columns of the original matrix through a permutation matrix which consists
of a set of orthogonal reordering vectors.

2. Factorization: By having symbolic data, the numerical factorization is performed
using a numerical pivoting method. In the case of detecting zero pivots, pertur-
bation will be performed by the sparse solver. The perturbations can affect the
accuracy of the results. The accuracy will be retained by iterative refinement steps
after the solution is done.

3. Solution: The factorized system is solved in this phase, using backward-forward
substitution. As mentioned, some iterative refinement steps are also performed to
correct the effect of possible perturbations.

Due to the structure of the sparse coefficient matrix in (R,K)PEEC formulation,
many of the diagonal elements are set to zero, which can easily cause the final solution
to become numerically unstable. Thus, certain algorithms known as weighted matching
and scaling are used by the solver, to increase the accuracy of the pivoting [31]. MUMPS
offers several remedies, and it is very important to choose a proper algorithm for this
purpose. During several experiments, it was observed that when no scaling was applied,
a few unwanted spikes could appear in the solution. On the other hand, when the scaling
algorithms were applied, the spikes didn’t appear and accurate results were acquired.
Fig. 4 depicts the effect of using scaling to solve a linear equation. It is observed that
spikes do not appear in the final solution when a scaling feature with more accurate
pivoting is enabled.

4.2 GPU acceleration

According to (10) and (11), grouping the structure along each axis can improve the
performance of the reluctance calculation up to a factor of 9. Therefore, massively
parallel solutions can be used to speed up this process. In the implemented PEEC-based
solver, each block of the reluctance matrix is calculated in the following steps:

1. Calculate each block of the partial inductance matrix;
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Figure 4: The effect of scaling on the accuracy of pivoting during the factorization of an
ill-conditioned sparse coefficient matrix.

2. Transfer the calculated block from the host to the GPU device;

3. Invert the transferred block on the GPU device;

4. Transfer the inverted block back to the host;

5. Sparsify the block, and store it in sparse format;

6. Release the memory for that block.

Because the solver uses complex double precision data to solve problems in the fre-
quency domain, NVIDIA Fermi-based GPUs are exploited in this research. NVIDIA
Fermi-based M2050 Tesla series graphic cards offer 448 CUDA cores with 3 GB internal
memory and have the computational power of 515 GFLOPS which makes them appro-
priate for expensive mathematical calculations [32].

The inversion using the GPU is performed by calling a CULA-appropriate routine [26].
Then, the routine will transfer the whole block of data to the graphic card’s internal
memory, to minimize the communication overhead, and will invert it using the massively
parallel structure of the graphic card. When the inversion has been completed, the
solution is transferred back to the main memory of the host system. Since the internal
memory of available GPUs is commonly less than the available memory on the modern
machines, thus the problem size is limited to the size of the internal memory on the
graphic cards. In the future, with more powerful GPUs with larger memory and advances
in the software tools which could partition the data into blocks which could be solved
separately on GPUs, it would be possible to perform the whole solution solely on GPUs.
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CULA routines use some reserved memory for internal usage, where this workspace is
allocated on both the GPUmemory and the main memory [32]. The process of inversion is
actually performed by both the host CPU and all processing cores on the GPU. However,
the computations are mostly handled by the cores available on the GPU.

Additionally, the sparse solver has been compiled to use BLAS [33] operations on the
GPU. Hence, all BLAS operations of the solver are performed by the GPU to reach the
highest level of parallelism.

5 Results

In this section, the performance of the solver will be studied using a PEEC model of a
interconnection bus bar as a part of a power frequency converter. The analysed model
consists of a planar dc link bus bar as typically used in multi-level medium voltage
frequency converters [34]. The purpose of the dc link in a multi-level frequency converter
is to store the energy between the front-end rectifier and back-end inverter units, and
the dc link must therefore be designed for low stray inductance to limit the overvoltage
peaks when switching high currents. Furthermore, the requirements and complexity of
the bus bar strongly depend on the circuit topology used for power conversion [35]. The

Figure 5: PEEC model of the studied bus bars.

simulation model is depicted in Fig. 5. In the modelled bus bars, a current source with
the amplitude of 1A is connected between two ports, which are marked with two arrows
which point to the connection ports. The simulation has been performed from 1 Hz to
10 MHz using 10 frequency steps. The total resistance and inductance of the bars has
been extracted from the simulations. Two different test cases of the same model with
different mesh densities have been analysed. In these tests, the dense solver utilizes the
Intel MKL library, while the sparse solver uses the reluctance method together with the
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Table 1: Bus bars solution results.

Num. of Mem. Sparse Time
Model Solver unknowns [GB] [%] [hh:mm:ss]

BB1

⎧⎨
⎩

Dense

33 296

⎧⎨
⎩

17.7 0 06:34:10
Sparse 13.3 0 01:56:50
Sparse 0.8 95 01:00:22
Sparse 0.5 98 00:40:00

BB2

⎧⎨
⎩

Dense

58 668

⎧⎨
⎩

55 0 −∗

Sparse 41.5 0 −
Sparse 6.6 95 10:12:02
Sparse 2.8 98 08:10:28

∗ Not available due to memory limitations

sparse direct solver MUMPS. All simulations have been run on a Linux 64-bit cluster,
equipped with two quad-core Intel Xeon E5520 2.2 GHz processors with 24 GB of RAM
installed and a Tesla M2050 card with 3 GB of on-board memory. Table 1 shows the
simulation results of each test case using different levels of sparsification. Figures 6 and 7
present the total resistance and inductance of the bus bars as the frequency increases. It
should be noted that for the first test case, the results for the case which the reluctance
matrix is sparsified up to 95% almost overlaps the results without any sparsification.
Moreover, results from the second test model reveal that as the problem size increases,
the error rate decreases when the reluctance matrix gets sparser. Figures 6 and 7 also
demonstrates the skin and proximity effects along the bus bars, where, as the frequency
increases resistance increases and inductance decreases to a certain level.
From Figures 6 and 7 and Table 1, several conclusions can be drawn:

• The highest error in the results occurs when the sparsification is up to 98%. How-
ever, this error is still adequate and less than 8%.

• Although the reluctance matrix is sparsified up to 98%, the error is still quite low.
Moreover, despite this acceptable error in the results, for the smallest model, the
speed and memory usage has been improved by factors of approximately 10 and 35,
respectively. It is also evident that problems that could not be solved before, due
to the lack of the memory (i.e. BB2), can now be solved with small approximations
involved in the solution.

• For reluctance calculations, the GPU solution results in a remarkable speedup,
compared to the CPU-only solution. The speedup increases even more as the
problem size increases. For the first test case, reluctance calculation took 110 and
57 seconds for CPU and GPU respectively and the second test case, reluctance
calculation was carried out in 437 and 120 seconds for CPU and GPU respectively.
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Figure 6: Bus bar resistance (a) and inductance (b) of the BB1 model, simulated using
dense and sparse solvers with different sparsification levels.

As stated before, all matrix operations have also been done on GPU which improved
the overall solution. It is expected that higher speedup will be achieved when
graphic cards with higher internal memories are manufactured. Furthermore, at
each time, only one block of the inductance matrix shown in Fig. 3 is transferred
to the GPU. Thus, the memory peak is always decreased to the largest block in the
inductance matrix.

• In Table 1, the dense solver indicates the solver which uses only CPU resources
while the sparse solver uses CPU together with GPU resources, since it performs
all BLAS operations on GPU. Comparison between dense and sparse solvers with
no sparsity, reveals that the GPU has contributed to gain a speedup around 3.4 to
solve exactly the same problem.
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Figure 7: Bus bar resistance (a) and inductance (b) of the BB2 model, simulated using
the sparse solver with different sparsification levels.

• Smaller problems loose the accuracy faster than larger problems when the reluc-
tance matrix is sparsified in the same level. Comparison between two analysed
structures, yields that BB1 showed 8% error when the reluctance matrix is 98%
sparsieifed while BB2 had only 3% error with the same level of sparsification, com-
paring to the cases when 95% sparsification is applied.

• The parallel sparse direct solver shows better performance than the dense solver
even when the reluctance matrix is not sparsified at all. This performance increase
can be due to the nature of the coefficient matrix in the MNA formulation in the
PEEC, which is relatively sparse, and the efficiency of the solver for sparse systems.
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6 Conclusion and Further Work

The improved solver presented in this paper makes it possible to solve very large problems
with limited computational resources. Using the reluctance method, the final coefficient
matrix in the system equation can be sparsified without the risk of an unstable solution,
due to the diagonal dominance of the reluctance matrix.

In the new solver, the bottleneck of the solution is shifted to the reluctance matrix
calculation. Therefore, utilizing GPU technology together with grouping algorithms is
the key to improving the performance in this phase of the solution.

A numerical test case was studied which proved that even by sparsifying the reluc-
tance matrix up to a high level (i.e. 98%) the required accuracy was still satisfied. In
addition, memory usage and the grouping algorithms were analyzed, showing that, us-
ing grouping strategy, the reluctance matrix can be computed by inverting sub-matrices,
which is less expensive and more efficient than inverting the whole Lp matrix. It was
also observed that, even when no sparsification is applied to the system, the direct sparse
solver performs more efficiently than conventional dense solvers. Because of the rela-
tively sparse matrices involved in MNA formulations, which make sparse solvers more
appropriate for this purpose.

For the next step, the iterative solvers can be considered for use with the PEEC-based
solver. Using iterative solvers, the time complexity of the solution can be reduced, but
because of the severely ill-conditioned matrices that are involved in the PEEC method,
the development of a proper preconditioner will be a challenging and critical task. Fi-
nally, the iterative PEEC-based solver can be enhanced to employ GPU hardware. The
workload of preconditioning and Krylov subspace solver can be shared between the host
and GPU to acquire maximum efficiency and the parallelism.
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PEEC-based Simulations Using Iterative Method

and Regularization Technique for Power Electronic

Applications

Danesh Daroui and Jonas Ekman

Abstract

The partial element equivalent circuit (PEEC) method has been widely used in differ-
ent industrial and scientific fields for electromagnetic analysis. PEEC-based solvers have
been optimized and accelerated in order to be able to solve larger and more complex prob-
lems which arise in industry. In power electronic system simulations, the PEEC model
can be simplified by neglecting capacitive couplings. The simplified system can further
get accelerated using reluctance technique and then sparsified up to high levels without
degrading the accuracy of the solution. Since matrices achieved from PEEC equations
are severely ill-conditioned, regularization techniques need to be applied to avoid numer-
ical instabilities. The regularization is done mathematically and can be interpreted as
adding a frequency dependent pseudo-capacitor to each node in the PEEC model. The
new sparse and regularized system can then solved using a Schur complement technique
together with iterative solvers with a novel preconditioning approach. A permutation
algorithm has also been used to minimize the fill-in prior to calculation of the precondi-
tioner. The results from the iterative PEEC-based solver show a significant improvement
in speed with a fast convergence and accurate solution with a very low residual.

1 Introduction

High frequency electronic circuits have a very important role in modern electronic de-
vices. When the operational frequency of electronic circuits is increased, magnetic and
electrical couplings cannot be neglected. Moreover, other phenomena such as signal
distortion, signal overshoot and undershoot, crosstalk and ground bouncing [1] need to
be taken into account to be able to analyse high frequency circuits correctly. Further,
electromagnetic compatibility (EMC) standards demand the compliance with limitations
for electromagnetic interferences. Therefore, studying susceptibility and emission is an
important aspect of circuit design.

Various methods have been developed to address solutions for electromagnetic anal-
ysis. However, methods which are based on Maxwell equations in differential form e.g.
finite element method (FEM) [2], need an absorbing boundary condition to limit the do-
main of the problem. Such techniques usually result into large matrices, since the whole

209
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space between the scatters should be included. Integral equation based approaches e.g.
method of moments (MoM) [3] and partial element equivalent circuit (PEEC) [4–6], gen-
erate smaller matrices, which are denser and severely numerically ill-conditioned [7] [8].
Among these methods, PEEC is known to be suitable for combined electromagnetic and
circuit analysis and has been widely used in power electronics, antenna design and other
industrial applications. In addition, unlike MoM which suffers from low-frequency break
down [7], PEEC can solve problems from dc to any frequency of interest with the proper
mesh.

Because of the continuously growing size and complexity of the electrical systems
and the working frequency, new acceleration techniques should be developed to solve
real world problems in a reasonable time and using limited computational resources.
These acceleration techniques are mainly based on numerical methods and mathematical
approaches. Therefore, a good correlation between numerics and circuit design will help
to translate applied techniques to circuit forms, which will be more straightforward to
implement and understand.

In this context, direct solvers can be used to solve a N × N equation, whose solu-
tion time is expressed as O(N3). On the other hand, iterative solvers can reduce time
dependence to O(N2) which makes them an attractive solution for large problems since
the solution time scales slowly as the problem size increases. Due to large condition
number of achieved systems from the integral equation, acquiring fast convergence is a
difficult task and therefore iterative solution is a challenging subject. Some researchers
have developed sparse iterative method to simply keep strongest interactions from the
dense MoM matrix and then use the sparse matrix as a preconditioner for the original
equations [9]. Others have used block Jacobi preconditioner from the impedance matrix
in MoM whilst another reported approach is to calculate the LU factorization of the
coefficient matrix at one frequency and use it for multiple frequencies [10].

This paper presents a reluctance-based iterative PEEC-based solver that can be em-
ployed to solve complex PEEC problems in shorter time and reduced memory consump-
tion. It has been proven that using reluctances instead of partial inductances, makes it
possible to eliminate a large amount of data from the equations, while still keeping the
solution accurate and valid [11]. By combining the reluctance method with sparsification
techniques, the final system of equations will be sparse and hence iterative solvers can
be utilized instead of conventional direct solvers which makes possible to study larger
problems in less time and less computational resources [12]. Because of the nature of
the equations arise from discretized integral equations, these class of problems are known
to be ill-posed [8]. Therefore, Schur complement is used to form new equations which
are more efficient to be solved and then regularization techniques are applied to make
the problem solvable. Since regularization techniques will modify the original problem,
consequently some level of approximations will be included in the problem. Thus care
should be taken to still hold the perturbations as minimum as possible. Later, the sys-
tem needs to be preconditioned to get a fast convergence with the iterative solver, where
the preconditioner should be easy to compute and less costly to be stored and then
applied [12].
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However, the new accelerated solver is appropriate when only cell resistance and
inductive couplings exist in the model and capacitive couplings have been neglected.
This assumption is primarily valid for applications in power electronics where high current
electrical devices are studied and the magnetic field dominates over the electric field and
stray inductances play an essential role when high frequency systems are being developed.

In Sec. 2 the PEEC method and the theory and equations in the method is discussed.
Section 3 explains the reluctance technique, process of extracting reluctance values and
new PEEC formulations when reluctance is used instead of partial inductances, followed
by sparsification techniques to achieve sparse matrices in PEEC. Schur complement, reg-
ularization approaches and iterative solution are studied in Sec. 4. A novel modification
scheme for the classic PEEC circuit has been proposed in the same section to make the
solution numerically stable. The results and the performance analysis based on a bus
bar used in power frequency converters are also presented in Sec. 5.

2 PEEC Theory

This section gives a brief summary of the classical PEEC formulation. For further infor-
mation, see [4–6].

2.1 Extraction of the equivalent circuit

The classical PEEC method is derived from the equation for the total electric field at a
point [13] written as

�Ei(�r, t) =
J(�r, t)

σ
+

∂ �A(�r, t)

∂t
+∇φ(�r, t), (1)

where �Ei is an incident electric field, J is a current density, �A is the magnetic vector
potential, φ is the scalar electric potential, and σ is the electrical conductivity all at
observation point �r. By using the definitions of the scalar and vector potentials, the
current- and charge-densities are discretized by defining pulse basis functions for the
conductors and dielectric materials. Pulse functions are also used for the weighting
functions, resulting in a Galerkin type solution [14]. By defining a suitable inner product,
a weighted volume integral over the cells, the field equation (1) can be interpreted as
Kirchhoff’s voltage law over a PEEC cell consisting of partial self inductances between
the nodes and partial mutual inductances representing the magnetic field coupling in the
equivalent circuit. The partial inductances shown as Lp11 and Lp22 in Fig. 1 are defined
as

Lpαβ
=

μ

4π

1

aαaβ

∫
aα

∫
aβ

∫
lα

∫
lβ

dlα · dlβ
|�rα − �rβ|daαdaβ, (2)

for volume cell α and β. Fig. 1 also shows the node capacitances which are related to
the coefficients of potential pii while ratios consisting of pij/pii are leading to the current
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sources in the PEEC circuit. The coefficients of potentials are computed as

Pij =
1

SiSj

1

4πε0

∫
Si

∫
Sj

1

|�ri − �rj| dSj dSi, (3)

and a resistive term between the nodes is defined as

Rγ =
lγ

aγσγ

. (4)

In (2), (3) and (4), a represents the cross section of the rectangular volume cell normal to
the current direction γ, l is the length in the current direction and S is the charge surface
cells. For a detailed derivation of the method, including the non-orthogonal formulation,
see [15].

(a)

(b)

Figure 1: Metal strip with 3 nodes and 2 cells with a load impedance connected to the
strip (a) and corresponding PEEC circuit (b) (Mutual couplings are not shown).

2.2 Solution of the equivalent circuit

The discretization process of the EFIE in (1) and the successive Galerkin’s weighting
leads to an equivalent circuit formulation. When Kirchhoff’s voltage and current laws are
enforced to the Ni independent loops and Nφ independent nodes of the PEEC equivalent
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circuit, the following system of equations is obtained[
jωP−1 + YL −AT

−A R + jωLp

] [
Φ
IL

]
=

[
IS
VS

]
, (5)

where

• Φ ∈ R
Nφ is the vector of node potentials to infinity; RNφ is the node space of the

equivalent network;

• IL ∈ R
Ni is the vector of currents including both conduction and displacement

currents; RNi is the current space of the equivalent network;

• Lp is the matrix of partial inductances describing the magnetic field coupling;

• P is the matrix of coefficients of potential describing the electric field coupling;

• YL is an admittance matrix describing the lumped components connected to the
PEEC model;

• R is the matrix of cell resistances;

• A is the connectivity matrix, which describes the current direction between each
pair of nodes, assigned to each cell;

• VS is the vector of distributed voltage sources due to external electromagnetic fields
or lumped voltage sources;

• IS is the vector of lumped current sources.

The equation system in (5) is equivalent to the circuit equations formulated in SPICE-
type solvers for obtaining the solution in node voltages and branch currents. However,
for PEECs the equation system in (5) contains denser matrices (Lp and P ) than a pure
electric network system solution due to the large number of mutually coupled induc-
tors and mutual capacitances. Therefore, the solution of PEECs requires linear algebra
packages suitable for dense matrices. The equation system in (5) is often entitled a mod-
ified nodal analysis (MNA) formulation [16] and can be modified to suit the solution of
PEECs [17]. Neglecting capacitive couplings from the PEEC model will lead to (6) which
is the reduced form of (5) and is discussed in this paper.[

YL −AT

−A R + jωLp

] [
Φ
IL

]
=

[
IS
VS

]
. (6)

The system of linear equations, derived from the MNA formulation in (5) or (6) are
dense with high memory and computational demands for the solution. The next section
explains how the dense system can be converted to a sparse system, without getting
numerically unstable and invalid solutions [18] [19].
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3 Sparse Matrix Formulations Using the Reluctance

Method

A dense matrix is very limited to its size if it should be stored in memory while very
large, sparse matrices can efficiently be stored in relatively small memory. Moreover,
the most appropriate technique to solve a dense system is using direct solvers which
have a high time complexity i.e. O(n3). Having a sparse system, one can efficiently use
either sparse direct or iterative solutions with lower time complexity. Therefore, sparse
systems are mostly preferred over dense systems. It should be noted that even a very
sparse matrix can result to dense LU matrices when it is factorized. The factors can
be sparser by applying proper reordering algorithms or smart permutation using a set
of orthogonal vectors to minimize fill-in in the calculated factors of the coefficient of
the sparse matrix [20]. To obtain a sparse system, reluctance technique is employed.
Reluctance technique and its application in PEEC is described in the following.

3.1 The reluctance method

From the partial inductance matrix Lp, the reluctance matrix K is defined as the inverse
of Lp.

K = L−1
p . (7)

By multiplying Lp with a vector of N branch currents, a vector containing the drop of
the magnetic vector potential along each segment will be obtained, as shown in (8).

⎡
⎢⎢⎢⎣
L11 L12 · · · L1N

L21 L22 · · · L2N
...

...
...

...
LN1 LN2 · · · LNN

⎤
⎥⎥⎥⎦
⎡
⎢⎢⎢⎣
i1
i2
...
iN

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎣
∑N

i=1(
∫
A1id�l1)∑N

i=1(
∫
A2id�l2)
...∑N

i=1(
∫
ANid�lN)

⎤
⎥⎥⎥⎦ , (8)

⎡
⎢⎢⎢⎣
K11 K12 · · · K1N

K21 K22 · · · K2N
...

...
...

...
KN1 KN2 · · · KNN

⎤
⎥⎥⎥⎦
⎡
⎢⎢⎢⎣
∑N

i=1(
∫
A1id�l1)∑N

i=1(
∫
A2id�l2)
...∑N

i=1(
∫
ANid�lN)

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎣
i1
i2
...
iN

⎤
⎥⎥⎥⎦ . (9)

To extract values of the reluctance matrix, the linear equation system (9) should be
solved. Therefore, unlike the elements of the partial inductance matrix, there is no
formulation to calculate the reluctance values directly. Consequently, the Lp matrix is
needed, if the reluctance matrix is being calculated. Because of this rippling effect of the
magnetic field and the induced current, the value of each Kij in the reluctance matrix
represents the overall effect rather than a single active line. Therefore, the off-diagonal
values inK would decrease more rapidly than Lp, which exhibits locality and the shielding
effect of the reluctance matrix [21].
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3.2 Extraction of the reluctance matrix

As stated in the previous section, there is no formulation to calculate reluctance matrix
directly, but inductance matrix must be calculated first and then inverted. Because
matrix inversion is a cumbersome numerical task with time complexity of O(n3) for
an n × n matrix, inverting a large matrix can highly degrade the overall performance
of the solution. Several algorithms have been proposed to calculate reluctance values
efficiently. For example, by defining a window and marching over a structure and the
inductive coupling only within the area of interest is calculated and then reluctance
values are extracted [22] [23]. In window-based approaches, the stability of the method is
dependent on the window size and finding an optimum size for the window to be traversed
is crucial and usually challenging.

The alternative approach, proposed previously in [24], is based on grouping the parts
of the structure along axes, meaning that three main groups are created, which contain
parts of the model in the x- , y- and z-axis. Because elements in each group are geo-
metrically perpendicular to other groups, there will be no inductive couplings between
groups and only couplings within each group are considered. This scheme will create
a block diagonal partial inductance matrix where each block can simply be inverted to
determine the reluctance matrix. Fig. 2 depicts the reluctance matrix, calculated from
a block diagonal partial inductance matrix, where each block, which represents parts of
the model in each axis, is inverted separately and independent of the other blocks.

Figure 2: Calculating reluctance from an inductance matrix in block diagonal form.
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3.3 Reluctance formulations in PEEC

In this paper, only (R,Lp)PEEC is studied, where capacitive couplings are neglected
in the PEEC model. This assumption is mostly valid in power electronics, where high
current circuits which produce strong magnetic fields should be studied, e.g. bus bars
in power frequency converters. In such analysis, inductive loops are more interesting
to be identified and figured out which can induce high voltages due to high di

dt
in high

frequency power electronic devices. By applying the reluctance matrix, defined in (7) to
both sides of (6), the new formulation which is stated in (10) will be achieved. This new
formulation is introduced as (R,K)PEEC [24].[

YL −AT

−KA KR + jωI

] [
Φ
IL

]
=

[
IS

KVS

]
. (10)

4 Iterative Solution of Schur Complement and Reg-

ularization Techniques

Schur complement is a block Gaussian elimination method [25] which can be applied on
matrices with the block structure [26].[

Q1 Q2

Q3 Q4

] [
x1

x2

]
=

[
y1
y2

]
, (11)

where blocks in the coefficient matrix, unknown vector and the right hand side in (11)
corresponds with (10).

Applying Gaussian elimination on (11) will lead to an upper triangular system, i.e.
(12) where S = Q4 −Q3Q1

−1Q2, entitled as Schur matrix, and I is the identity matrix.
The new equation can be solved with less computational effort comparing to the original
equation, by using backward Gaussian substitution in the block form. This is done by
multiplying each row of the matrix and the right-hand-side with an arbitrary coefficient
and also adding each pair of rows in the matrix equations while the solution of the system
is unchanged, giving [

I Q1
−1Q2

0 S

] [
x1

x2

]
=

[
Q1

−1y1
y2 −Q3Q1

−1y1

]
, (12)

using this approach, the only equation which should be solved will be

Sx2 = y2 −Q3Q1
−1y1. (13)

Additionally, the equation (13) will be smaller in size and hence easier to be solved.
By solving (13) the upper part of the unknowns vector i.e. x1 can easily achieved by
substituting the calculated x2 without need of solving any further equations. Other
matrix operations in the Schur complement are less expensive tasks whereas all blocks in
MNAmatrix is supposed to be sparse. Therefore, complexity of the matrix operations will
be reduced significantly as a function of non-zeros which is relatively low in (R,K)PEEC.



4. Iterative Solution of Schur Complement and Regularization
Techniques 217

4.1 Schur complement and the PEEC method

By considering the MNA matrix, studied in (10) the coefficient matrix is composed of
sparse and distinguishable blocks and each block in the MNA matrix corresponds with
the Schur complement blocks. According to the previous section, all blocks in the MNA
matrix are now sparse, so the matrix operations wouldn’t have large impact on the over
all performance of the solution. The only problem that can arise is the inversion of Q1

block which is equal to YL in (R,K)PEEC. YL is the admittance matrix which represents
the external lumped elements connected to the PEEC model and is typically very sparse
and with many zeros on the diagonal. Accordingly, zero diagonals will make the matrix
numerically singular, which makes the calculation of Q1

−1 = Y −1
L impossible. Since

YL
−1 = Z, one solution can be to directly extract the impedance matrix and reformulate

(6) which will give ⎡
⎣ 0 −AT AZ

T

−A R + jωLp 0
−AZ 0 Z

⎤
⎦
⎡
⎣Φ
IL
IZ

⎤
⎦ =

⎡
⎣ISVS

0

⎤
⎦ , (14)

where AZ is the connectivity matrix which describes the current direction through the
lumped elements, Z is the extracted impedance matrix and IZ is the unknown vector
for the current going through the lumped elements attached to the PEEC model. As
mentioned before, in a typical PEEC model, number of external elements very low com-
paring to the elements in the equivalent circuit of the whole structure. Hence, AZ and
Z matrices will have a very small size. (14) shows that problem with the Q1

−1 in the
Schur complement is not fixed, but it has become even worse since Q1 in (14) is now a
zero matrix.

As a remedy to this problem, the admittance matrix needs to be modified so the
matrix inversion will be possible in a way that these modification will have least impact
on the final solution which is referred as regularization techniques. In numerical analysis
there are some mathematical methods e.g. L-curve [27] [28] exists which will find the
value that the residual norm and the solution norm is minimized.

4.2 Regularization techniques

A system of equations is called ill-posed when the coefficient matrix is numerically sin-
gular or the condition number is very large that makes the matrix very close to be
singular [29]. An ill-posed system needs to be regularized in order to be solved. Regular-
ization is done by applying some perturbations which involves approximations in the final
solution, but at least makes the original system solvable. The challenge of regularization
is to perform modifications while the error is kept to be minimum [27] [28]. An ill-posed
system

Ax = b, (15)

can be regularized with a regularization parameter δ multiplied by the identity matrix I
which affects the diagonal of the coefficient matrix, and the regularized system which is
shown in (16). In general, all regularization techniques are introduced to make ill-posed
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problems solvable while a controlled level of approximation is included. Too small values
for δ result in instability of the solution, while too large values result in an overregularized
solution that, however stability is acquired, the solution will have unnecessarily large
residual.

Âx = b (16)

Â = A+ δI.

4.3 Regularization capacitors

The mathematical process of regularization in (R,K)PEEC is translated as filling the
zero diagonals of the MNA matrix [30] which will end up with the modification of the
admittance matrix which typically has many zeros on the diagonal. Because diagonal
values of the admittance matrix are external components which are connected between
each node and ground, extra elements should be carefully chosen to have minimum
impact on the equivalent circuit’s behaviour. The regularization can be interpreted in
the circuit domain as adding a pseudo-capacitor between each node and the ground,
here called regularization capacitor in a way so minimum perturbation is applied. These
regularization capacitors has to have a frequency dependent capacitance to maintain an
open-circuit behaviour. The new circuit with the regularization capacitors is shown in
Fig. 3. The circuit equations of the new circuit do not have any zeros on the diagonal and
hence can be used in the Schur complement method as a stable solution. In the modified

Figure 3: Adding external capacitors i.e. regularization capacitors to avoid matrix sin-
gularity problem.

circuit illustrated in Fig. 3, the goal is that the current going through regularization
capacitors branch, shown as I1 in Fig. 4, will remain minimum. In this most simple
case, 1D PEEC models, this translates as choosing Cr so that ZCr � R + jωL for each
brach and regularization capacitor in the PEEC model. For the purpose of this paper,
the regularization capacitors are dimensioned as

Cr =
1

2πf 2
, (17)
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Figure 4: A node in the PEEC model where a regularization capacitor is added.

therefore, the (near) dc solution is not covered and will be discussed in further work.

4.4 Iterative solution

The Schur equation demonstrated in (13), can be assembled easily when the system is
regularized. Since equation (13) is smaller in size, then it will be computationally less
expensive to be solved. As mentioned in Sec. (3) sparse direct solvers suffer from dense
LU factors that can increase the memory footprint and the performance while iterative
solvers can solve the problem without any need to cumbersome factorization processes.
This class of solvers start the solving process with an initial guess and calculate the
residual. If the residual is too high, a new solution will be calculated in a new iteration.
The process will continue until the convergence criteria is met and a solution with the
desired residual is achieved. When iterative solvers are employed, it is expected that the
solver converges as fast as possible i.e. within few iterations. The speed of convergence
is directly related to a the condition number of the coefficient matrix A. The condition
number is expressed as

κ(A) =

∣∣∣∣λmin

λmax

∣∣∣∣ ,
where λmin and λmax are smallest and largest eigenvalues respectively. Thus, a matrix
where the spectrum of the eigenvalues are clustered in a short range would converge faster
due to the smaller condition number as a result of short distance between eigenvalues
at the two bounds in the spectrum. Condition number of a matrix can be improved by
applying a preconditioner. A preconditioner P of a matrix A is a matrix such that PA
has a smaller condition number than A [12]. Since the smallest condition number i.e. 1
belongs to the identity matrix, so the preconditioner P is assumed to be an approximation
of the A−1, i.e. P ≈ A−1. By applying a preconditioner P to an equation Ax = b, the
new equation PAx = Pb will be solved. An efficient preconditioner is a matrix which
is as close as possible to the inverse of the coefficient matrix, while it is sparse and
computationally cheap to compute and apply. Using Gershgorin theorem to estimate
locations of the eigenvalues, it will be revealed that a well-conditioned system will have
as many as possible Gershgorin discs that overlap each other [31]. It is also known that
linear systems from discretized integral equations e.g. PEEC method, are typically ill-
conditioned and need to be preconditioned if any iterative solution is intended to be
used [8].
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In this paper a generalized minimum residual method (GMRES) is used to solve the
system iteratively. The GMRES method approximates the exact solution of Ax = b, by
the vector xn ∈ Kn which minimizes the norm of the residual r = ‖Ax− b‖. The nth

Krylov subspace for GMRES is then created as

Kn = Kn(A, b) = span{b, Ab, A2b, ..., An−1b}. (18)

Furthermore, the orthonormal vectors which form the basis of the Krylov subspace in
GMRES is created using an orthogonalization method called Arnoldi method [32]. GM-
RES creates the basis of the subspace for an non-symmetric system which makes it ideal
for PEEC-based solver, since the Schur complement equation in PEEC is non-symmetric.
The GMRES iterations are constructed as

x(i) = x(0) + y1v
(1) + ...+ yiv

(i), (19)

where the coefficients yk are chosen to minimize the residual norm. In addition, GMRES
uses restarts to control storage requirements when Krylov subspace is being orthogonal-
ized. After substituting blocks in the PEEC matrix (10), equations (12) will become[

I −YL
−1A

0 S

] [
Φ
IL

]
=

[
YL

−1IS
VS + ATYL

−1IS

]
, (20)

where extracted Schur equation in (13) will be now formulated as

SIL = VS + ATYL
−1IS. (21)

GMRES is then applied on (21) to solve the Schur equation using iterative approach.
In order to get fast convergence, the system is preconditioned using incomplete LU

factorization [33]. The fill-in for the preconditioner is also reduced by applying approxi-
mate minimum degree permutation algorithm [34]. Starting with a linear or a least-square
system Ax = b, it is intended to solve the new system (P rAP c)((P c)Tx) = (P rb). Here
P r and P c are orthogonal permutation matrices where P r reorders the equations and P c

reorders the columns for sparsity.
Furthermore, according to eq. (10), only diagonal elements of the matrix will be

changed within frequency steps. Therefore, a calculated preconditioner will remain valid
for a set of frequencies if the difference between two consequent frequencies is not too large
which makes two matrices for two frequency steps relatively identical. Here this approach
is called prior preconditioning and the result will be that the number of preconditioners
that should be calculated, will be half which can improve the overall performance, since
calculation of a preconditioner is a time consuming process.

5 Results and Discussion

The performance of the iterative PEEC-based solver studied using a dc link bus bar shown
in Fig. 5 which is often used in actual multi-level (3 levels) medium voltage applications
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with a nominal output voltage of 3.3 kV and a nominal power of up to 32 MVA. For
this power range several inverter units and low resistive film-capacitors are connected in
parallel to the same dc link. As a result of the inverter topology used, the dc link must
provide three voltage levels: the positive dc voltage (UDC+), the negative dc voltage
(UDC-), and the neutral point (UDCn). Accordingly, the bus bar design comprises
three parallel aluminium bars of 5.5 m length, connecting the capacitors and inverters
throughout the entire converter cabinet. The design requirements to the bus bar are low
resistivity for minimal losses and low inductance to avoid unwanted resonances with the
paralleled capacitors. Properties of the test cases used in this study is presented in Table

Figure 5: PEEC model of the studied bus bars.

Table 1: Bus bars models properties and results.

Num. of Memory [MB] Sparse Time
Model Solver unknowns System Precond. Total [%] [hh:mm:ss]

BB1

⎧⎨
⎩

Direct
6 261

⎧⎨
⎩

627 0 627 0 00:13:01
Iterative 76 243 319 95 00:30:26
Iterative 28 65 93 98 00:03:07

BB2

⎧⎨
⎩

Direct
9 610

⎧⎨
⎩

1477 0 1477 0 00:45:16
Iterative 180 610 790 95 02:06:08
Iterative 73 260 333 98 00:18:35
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1 which represent same bus bar model, depicted in Fig. 5 with different mesh density.
The simulations have been carried out within 11 frequency steps from 1 Hz to 1 MHz
on a machine equipped with two quad-core Intel(R) Xeon(R) 2.5 GHz processors and 16
GB memory. The PEEC-based iterative solver has been implemented in MATLAB [35]
and due to memory limitations and efficiency in MATLAB routines, problems larger
than ≈ 10000 unknowns could not be analysed. Besides, since most of the mathematical
routines in MATLAB are implemented as serial functions [36], increasing number of
the cores would not necessarily improve the performance when MATLAB is used. An
implementation of the iterative solution algorithm in C++ language will gain maximum
efficiency in sense of memory and parallelism and will make it possible to solve very
large and real-world problems. Figures 6 and 7 represent simulated resistance and
inductance for the loop between middle and lowermost bus bars for the bus bar models
BB1 and BB2, where skin and proximity effects are simulated rigorously. For all cases,
it is shown that the reluctance technique with 98% sparsified systems, still exhibit a very
good agreement with the exact solution i.e. when no sparsification is applied. According
to Table 1 the sparsified systems show a significant improvement in the memory footprint
comparing to the case that no sparsification is used. It is also observed that the size of
the preconditioners are larger than the coefficient matrices. This is natural because even
if a very sparse matrix is decomposed using LU method, the factors can be dense or even
full matrices. Additionally, by minimizing the fill-in in the ILU algorithm, the created
preconditioners are still relatively sparse and cheap to precondition the ill-conditioned
systems. The performance is examined by comparing the solution time of the iterative
solver with the direct solver which employs conventional LU factorization with Gaussian
eliminations. Since the non-sparsified problems were too large to fit into the memory
when MATLAB is launched, thus optimized direct solver which is implemented in C++
is used. Although the iterative solver implemented in MATLAB takes longer time to
solve the problems with 95% sparsified systems, but 98% sparsified matrices show a
remarkable improvement in speedup. Figures 6 and 7 also reveal that going from 95%
to 98% sparser systems will have minimum impact on the solution accuracy though
substantial improvement in speed has been observed.

Table 2 represents taken time and residual for four frequency steps, for each bus bar
model. It is observed that, second frequency step of both cases has been performed in
less time than the first steps, while number of the iterations has been increased. This is
also true for the fourth frequency steps comparing to the third steps in both test cases.
The reason is that prior preconditioning approach has been implemented, so there will be
no need to recalculate preconditioner for each frequency step, and previously calculated
preconditioner will be used instead. This approach is useful because using reluctance
technique i.e. (10) all imaginary values which are updated within each frequency step, are
now on the diagonal of the main matrix. Therefore, when frequency steps are close to each
other, the norm of the difference of the systems for each pair of the frequencies is quite
small. In the evaluated cases, using a preconditioner for more than two frequencies would
degrade the performance since the preconditioner should be updated due to the large
difference between current and old coefficient matrix where the preconditioner is based on.
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Figure 6: Resistance (a) and inductance (b) of BB1 in a frequency range.

More research is being done to quantify the number of steps, where a preconditioner will
be valid within a frequency range and specified number of simulation steps. Furthermore,
it is shown that despite the larger number of iterations, due to the preconditioner which
is computed from another matrix, the solution time has been decreased considerably
since calculating preconditioner is a costly process. Moreover, it is evident that prior
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Figure 7: Resistance (a) and inductance (b) of BB2 in a frequency range.

preconditioning technique has not affected the accuracy of the system because of the
residual which is completely acceptable. Finally, Fig. 8 shows the solution time scaling
of the direct and iterative PEEC-based solver as problem size increases. Obviously, the
iterative solver exhibits lower computational complexity than the direct solver, as the
solution time scales with lower slope.
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Table 2: Number of iterations and taken time per step with 95% sparsification and prior
preconditioning approach.

Freq. Sim. Time Residual
Model [Hz] Step Iter. [mm:ss] [10−10]

BB1

⎧⎪⎪⎨
⎪⎪⎩

10 1 5 05:11 10
31 2 20 00:32 3.8
100 3 8 04:53 1.4
316 4 22 00:31 5.1

BB2

⎧⎪⎪⎨
⎪⎪⎩

10 1 7 21:28 3
31 2 20 01:24 3.3
100 3 12 20:14 3.4
316 4 24 01:24 6.2
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Figure 8: Scaling of the solution time for direct and iterative PEEC-based solver.

6 Conclusion and Further Work

Reluctance technique provides efficient sparse solutions for PEEC-based simulations
where the accuracy of the method is guaranteed. The sparse system of the PEEC
model can further be solved using iterative techniques. Since matrices arise from the
PEEC model are ill-posed, thus some regularization techniques should be applied in
order to avoid numerical instabilities. Regularization has been done by adding a pseudo-
capacitor, called regularization capacitor, between each node of the equivalent circuit
and the ground, with frequency dependent capacitance. The new added capacitors are
chosen to solve singularity issues of the linear system where perturbations stay at the
minimum level. The regularized system can then be solved using GMRES iterative
technique together with incomplete LU factorization as preconditioner and a reordering
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algorithm to reduce fill-in in the preconditioner. Furthermore, by using prior precon-
ditioning approach, the solution time for the simulation steps is reduced substantially,
since preconditioner is calculated every two steps.

In the future, the low frequency behaviour of the proposed model can be verified by
enhancing the regularization capacitors to act as open-circuit even at the frequencies very
close to dc. More research can also be done to calculate more efficient preconditioners
which can be specifically suitable for the PEEC models.
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