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ABSTRACT 

In this thesis the performance of different constitutive models in ratchet simulation is investigated.
Ratcheting is accumulated plastic strains which may occur when a structure is subjected to a 
constant load in combination with cyclic loading. In the assessment of nuclear class 1 pressure 
retaining component ratcheting is one of the three failure modes that are addressed and may limit 
the design life of nuclear pressurized components and piping systems.  

A steel structure subjected to a constant load in combination with cyclic loading into the plastic 
region undergoes a change of the material characteristics in several aspects. These cyclic material 
characteristics are complex and may vary for different load situations, load levels, temperatures and 
materials. In addition to this, the presence of a mean stress may also affect the material cyclic 
characteristics.  

In previous numerical investigations on ratcheting there has not been a sufficiently robust case of 
simulation. However, in most of these investigations, the simulation response is compared with 
ratcheting experiments which either are conducted under load levels which are not common for a 
nuclear pressurized component, the experimental specimen is not comparable with a pressurized 
component or only a few experimental tests have been conducted. Hence, it has not been settled 
which material characteristics need to be considered to accurately simulate ratcheting in a 
pressurized piping component under load levels common in a nuclear power plants. As a result of 
this, it is not obvious which types of constitutive material models is needed and how the model 
parameters should be calibrated in order to simulate ratcheting in a nuclear component accurately. 

As part of this thesis an extensive experimental program has been conducted on pressurized tube 
specimens. In total 30 test specimens made of two different materials, 316L and P235, have been 
manufactured and tested. In order to determine material properties, monotonic tensile load and 
internal pressure experiments have been performed. The remaining test specimens have been used 
for ratcheting experiments. 

The experimental results show ratcheting in the hoop direction when the tube is subjected to certain 
combinations of internal pressure and cyclic axial strains. The higher the pressure is and the larger 
the strain ranges are, the higher the ratcheting response becomes. In addition to this, also the cyclic 
hardening and softening behavior in the tubes axial direction and the direction of the incremental 
plastic strain tensor is investigated. The results show that the material cyclic hardening or softening 
behavior and direction of the plastic strain vector varies strongly depending on the level of primary 
and secondary loads. 

Measured ratcheting strains are compared to numerical simulations using different constitutive 
models. In this thesis the interrelated models of Prager, Armstrong-Frederick and Chaboche are 
investigated. In addition to these, the Besseling model is investigated. Among the constitutive 
models investigated, the Besseling multi-linear model shows by far the best agreement with the 
ratcheting experiments. The more advanced models are able to capture the material ratcheting 
behavior, but overestimate the hoop strain in the tube tests. 

Investigation results also indicate that significant cyclic hardening material behavior influence the 
direction of the plastic stain vector and, hence, affect the accuracy of predicted results when 
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disregarded. This effect is most apparent for the experiments subjected to high pressure and high 
deformation controlled loads. In the tests which experience significant cyclic hardening, the 
direction of the plastic strain vector starts to deviate after roughly 20 loading cycles.  

Simulation of ratcheting should be done with an as simple constitutive model as possible, while still 
capturing the essential response. Important reasons are that simple models are easier to understand 
and work with, and that fewer tests are needed for determining model parameters. Based on this the 
Besseling constitutive model is recommended for simulation of pressure equipment subjected to 
cyclic plastic deformation. However, if shake-down does not occur at relative early stage, effects 
related to cyclic softening or hardening may need to be taken into consideration. 
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SAMMANFATTNING 

I denna licentiatuppsats undersöks ett flertal konstitutiva material modellers förmåga att simulera 
ratcheting. Ratcheting innebär cykliskt ackumulerade plastiska töjningar och kan uppkomma då en 
struktur är belastad med en konstant kraftstyrd last i kombination med cykliska laster. Vid 
utvärdering av nukleär klass 1 trycksatta komponenter så är ratcheting en av tre beaktade 
haverimoder och ofta är just ratcheting kriteriet dimensionerande. 

Då en stålstruktur utsätts för en konstant last i kombination med cykliska laster in i det plastiska 
området påverkas materialets beteende ur flera aspekter. Dessa cykliska materialegenskaper är 
komplexa och kan variera för olika belastningssituationer, belastningsnivåer, temperaturer och 
mellan olika material. Utöver detta, så kan inverkan av medelspänning även påverka materialets 
cykliska egenskaper. 

I tidigare undersökningar har det inte framkommit en tillräckligt robust metod för att simulera 
ratcheting. Emellertid, i de flesta av dessa undersökningar så har simuleringarna jämförts med 
ratcheting experiment som har utförts under belastningsnivåer vilka inte är vanligt förekommande 
för nukleära komponenter, eller så har de experimentella provkropparna inte varit jämförbara med 
trycksatts komponenter eller så har endast några enstaka experiment genomförts. Det är därmed 
oklart vilka cykliska material egenskaper som är av störst relevans att beakta vid simulering av 
ratcheting under belastningsnivåer vilka är vanliga i nukleära sammanhang. Som ett resultat av 
detta, är det inte uppenbart vilken typ av konstitutiv materialmodell som krävs samt hur 
modellparametrarna behöver kalibreras för att noggrant simulera ratcheting. 

Som en del av denna licentiatuppsats utfördes omfattande experimentella undersökningar med 
trycksatta tunnväggiga rör. Totalt tillverkades och testades 30 provkroppar av material, 316L, samt 
P235. I syfte att bestämma materialegenskaper genomfördes monotona drag- samt inre tryckprover. 
De återstående provkropparna användes till ratchetingexperiment. 

De experimentella resultaten visar att en ratchetingrespons uppkommer i rörets omkretsled då det 
belastas med vissa kombinationer av inre tryck samt cykliska axiella töjningar. Vid högre tryck 
samt större töjningsomfång, blir ratchetingresponsen mer signifikant. Utöver detta, har även 
materialet cykliska hårdnande samt mjuknande beteende i rörets axialled samt riktningen på det 
plastiska inkrementet undersökts. Dessa resultat visar att materialets cykliskt hårdnande eller 
mjuknande egenskaper samt riktningen på det plastiska inkrementet i hög grad varierar beroende på 
storleken på de primära samt sekundära lasterna. 

De uppmätta ratchetingtöjningarna jämförs med numeriska simuleringar i vilka olika konstitutiva 
modeller används. I denna licentiatavhandling undersöks de inbördes besläktade modellerna av 
Prager, Armstrong-Fredrick och Chaboche. Utöver detta så undersöks även Besselings modell. Utav 
dess modeller så visar Besselings multilinjära modell överlägset bäst överensstämmelse med de 
experimentella ratchetingresultaten. De mer avancerade modellerna kan prediktera det så kallade 
material ratcheting beteendet men de överskattar ratchetingresponsen i rörets omkretsled. 

Undersökningsresultat indikerar att ett påtagligt cykliskt hårdnande material beteende påverkar 
riktningen på det plastiska inkrementet och om som en följd av detta påverkas modellerna förmåga 
att simulera ratcheting. Denna effekt är mest uppenbar då rören belastas med högt tryck samt höga 
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deformationsstyrda laster. I experimenten där det förekommer påtagligt cykliskt hårdnande så 
börjar riktningen på det plastiska inkrementet att avvika efter drygt 20 belastningscykler. 

Simulering av ratcheting bör utföras med en så enkel konstitutiv modell som möjligt, men 
fortfarande måste den väsentliga responsen fångas. Viktiga anledningar är att enkla modeller är 
lättare att behärska samt att färre materialtest behövs för att bestämma modellparametrar. Baserat på 
detta så rekommenderas Besselings konstitutiva modell för simulering av trycksatt komponenter 
och rör som belastas cykliska plastiska deformationer. Emellertid, om ratchetingresponsen inte 
avstannar i ett relativt tidigt stadie, kan effekter relaterade till det cykliskt hårdnande eller 
mjuknande beteendet behöva beaktas. 
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NOMENCLATURE

ε Uniaxial strain [-] 

eε Elastic uniaxial strain [-] 

pε Plastic uniaxial strain [-] 

dε Increment of uniaxial strain [-] 

edε Increment of total elastic uniaxial strain [-] 

pdε Increment of total plastic uniaxial strain [-] 

tE Tangent modulus [Pa] 

dσ Increment of uniaxial stress [Pa] 

E Youngs modulus [Pa] 

pH Plastic modulus [Pa] 

ijσ Components of stress tensor [Pa] 

λ Eigenvalue 

ijδ Kronecker delta 

jn Eigen vector 

ijs Component of deviatoric stress tensor [Pa] 

iiσ First invariant of stress tensor [Pa] 

1J First invariant of deviatoric tensor [Pa] 

2J Second invariant of deviatoric tensor [Pa] 

ijε Components of strain tensor [-] 

ijγ Components of engineering shear strain tensor [-] 

ijdε Incremental components of strain tensor [-] 
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e
ijdε Incremental components of elastic strain tensor [-]

p
ijdε Incremental components of plastic strain tensor [-]

ijklC Elastic isotropic flexibility tensor [1/Pa] 

G Shear modulus [Pa] 

v Poissons ratio [-] 

dλ Scalar multiplier for incremental plastic stain components [-] 

( )ijg σ Plastic potential [-] 

ij

dg

dσ
Gradient to the plastic potential [-] 

( )ijf σ Yield function [-] 

ij

df

dσ
Gradient to the yield surface [-] 

maxτ Tresca maximum shear strain [Pa] 

1σ Maximum principal stress component [Pa] 

3σ Minimum principal stress component [Pa] 

c Convenience parameter [-] 

yσ Uniaxial yield strength [Pa] 

eσ Von Mises effective stress [Pa] 

ijn Normalized gradient to the yield surface [-] 

edσ Incremental Von Mises effective stress [Pa] 

dt Incremental time [s] 

Kα Hardening parameter 

βκ State variable 
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d βκ Incremental state variable 

ijS∂ Incremental components of deviatoric stress tensor [Pa] 

( ),ijf Kασ Yield function for isotropic hardening [-] 

pdW Incremental plastic work [J] 

p
edε Effective plastic strain [-] 

p
eε Von Mises effective plastic strain scalar [-] 

�ij Back-stress tensor [Pa] 

( )ij ijf s α− Yield function for kinematic hardening [-] 

ijs Deviatoric stress tensor for kinematic hardening [Pa] 

eσ Von Mises effective stress for kinematic hardening [Pa] 

2J Second invariant of deviatoric tensor for kinematic hardening [Pa] 

d�ij Incremental components of back-stress tensor [Pa] 

P Primary axial load [N]

�� Axial mean stress [Pa] 

�� ASME design stress intensity value [Pa]

�� ASME yield stress [Pa] 

�� ASME ultimate stress [Pa] 

k Convenience parameter [-] 

C Constant in Armstrong-Fredrick model [-] 

α∞ Constant in Armstrong-Fredrick model [-] 

γ Constant in Armstrong-Fredrick model [-] 

kw  Besseling sub-volume [-] 
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ykS  Besseling sub-volume yield strength [Pa] 

TkE  Besseling sub-volume modulus [Pa] 

�	 Radial stress component [Pa] 

�
 Hoop stress component [Pa] 

�� Axial stress component [Pa] 

P Internal pressure [Pa] 

N Axial load [N] 

�� Tube mean radius [m] 
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1 INTRODUCTION 

1.1 BACKGROUND 

During the industrial revolution in the late 1700s there was an accelerating demand of steam power. 
The development of the Watt steam engine significantly increased the pressure levels and thermal 
loads in pressure retaining equipment. This resulted in an increased number of accidents as well as 
more severe consequences of each accident. Initially, in order to avoid failure, local rules for testing 
the boiler strength and regularly inspections were formulated. Later, insurance companies started to 
establish their own safety procedures and construction rules. However, in the beginning of the 20th 
century boiler explosions in Europe and the United States was still a regular occurrence. Due to a 
number of fatal accidents several states in the United States adopted their own legal code for design 
of boilers and pressure vessels. In 1911 a committee of the American Society of Mechanical 
Engineers, ASME, reviewed the different codes and developed rules for the design, construction 
and operation of pressure-containing equipment. A few years later the committee released the 
ultimate creation of the ASME Section I Boiler and Pressure Vessel Code. Since then the code has 
kept developing and expanding to also cover other types of related fields. As a result of the standard 
there has been a remarkable improvement of safety. Even though the pressure level has kept 
increasing and the code safety factor step-by-step been reduced, the number of accidents has 
steadily decreased. This was mainly due to better material quality and great technical progresses in 
the engineering field. 

When the United States were launching their atomic energy program, the ASME committee was set 
to expand the code to also cover nuclear power plant components. In 1963, the ASME Section III: 
Nuclear power plant components, was first issued. In contrast to the earlier codes which were based 
on design rules-of-thumb, tabular form and basic analytical formulas, the new code was more 
adapted to the advancing technology within engineering fields. As result of this, the nuclear design 
rules required that predictions in critical locations of the analyzed structure be conducted. These 
stress predictions should also consider loads and conditions such as pressure, thermal gradients and 
structural member discontinuity.  

Initially, the stresses were determined by the use of rigorous analytical methods but due to the 
development of the computers, shell theory program and thereafter the finite element method, the 
code was further developed and established rules to allow design by analyses. Since the plastic 
capacity of a structure is significant, procedures to approximately predict elastoplastic behavior 
from elastic analysis were developed early on and incorporated in the code. 

In the 1970s, the method of finite element analysis based on elastoplastic theory was developed and 
the ASME committee complemented the code with rules to also allow the use of elastoplastic FE 
analysis. In such an analysis the structural plastic capacity is accounted for by considering the 
material’s non-linear behavior with approximated constitutive material model. However, due to the 
limited computer performance at the time, elastic FE analyses was still the generally applied 
method of analysis.  
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Today we know that the methods which predict plastic behavior based on elastic stresses may both 
be complicated and un-precise. Elastoplastic analysis results in superior accuracy and a better usage 
of the material which in most cases also result in a higher predicted resistance and life span. As 
computer capacity no longer is an issue, the use of the elastoplastic procedures should be the 
obvious choice in the assessment of pressurized nuclear equipment. 

However, depending on which structural failure mode that is assessed, the choice of an 
inappropriate constitutive material model or incorrectly calibrated model parameters may result in 
non-reliable results. In addition, elastic analysis procedures has dominated for a rather long period 
of time and, therefore, the nuclear industry has gained a great deal of experience and are 
accustomed to using elastic analysis procedures. Hence, it is understandable that there is reluctance 
within the nuclear industry to accept elastoplastic analysis procedures. This is regrettable since the 
objective of elastoplastic analyses is to obtain a higher accuracy in general and higher than for 
elastic analysis in particular. It is of great importance to ensure reliable analysis results. To be 
precise, clarify which types of constitutive material models are suitable and how parameters should 
be calibrated in order to give reliable results for each structural failure modes.  

In the assessment of nuclear class 1 pressure retaining components three failure modes are 
addressed: 1) collapse, 2) low cycle fatigue and 3) ratcheting also denoted progressive deformation 
or incremental collapse.  

The collapse assessment involves monotonic loading only and is conducted by means of limit 
analysis. For this a linear elastic-perfectly plastic constitutive model gives reliable and conservative 
results.  

Low cycle fatigue assessment is performed by evaluating the range of the elastoplastic strains 
which arise when governing loads are applied cyclically. Also here it is possible to use a linear 
elastic-perfect plastic model. However, in many cases this approach is too conservative and would 
result in an unmotivated under prediction of the structural life span. Therefore, the strain hardening 
of the material is usually considered in which the material model’s uniaxial response is calibrated 
against the code minimum stress-strain curves. A multi-linear kinematic model which captures the 
Bauschinger effect is well known to give accurately results.  

Ratcheting is accumulated plastic strains which may occur when the structure is subjected to a 
constant load in combination with a cyclic load resulting in stresses of the magnitude of the material 
yield strength. Ratcheting addressed in the assessment of nuclear components is performed by 
verifying that the magnitude of the accumulative plastic strains does not become too significant. In 
comparison to an elastoplastic fatigue evaluation which evaluates the plastic strain range during one 
load cycle, an elastoplastic ratcheting analysis evaluates the response during all governing load 
cycles. Hence, an error which may be small in a fatigue evaluation may accumulate cycle per cycle 
and become significant in a ratcheting analysis. Further, the ratcheting assessment involves cyclic 
loading which affect the properties of the material. The development of plastic strains is strongly 
dependent on the cyclic evolution of the material and, therefore, analysis results may differ 
significantly depending on which type of constitutive model that is used and how the model 
parameters are calibrated.  

The behavior of the material during cyclic loading and how to simulate this behavior has been the 
subject of extensive research. Initially kinematic models aimed to capture the Bauschinger effect 
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were developed. Thereafter, more advanced models which aimed to improve the simulations by also 
capture other kind of material characteristics associated with cyclic loading were developed. A vast 
amount of research has been dedicated to develop constitutive models that are able to simulate the 
cyclic material behavior which follow metals inherent tendency to ratchet on their own in 
asymmetric stress cycling, i.e. uni-axial cycling at a mean stress. Since it has been proven difficult 
to capture both this behavior and the structural ratcheting behavior simultaneously the constitutive 
models tend to become more and more complex and require a larger amount of parameters. In order 
to calibrate the internal model parameters, extensive material experiments are required. 

The ASME code, which is the most commonly applied standard for verification of pressurized 
components and piping system in Sweden today, does not give any clear rules for choosing a 
constitutive model in the assessment of ratcheting when performing elastoplastic analysis. Nor does 
the code provide any cyclic material characteristics.  

To conclude, in the assessment of nuclear class 1 pressure retaining components it is the assessment 
of ratcheting which is the main source of uncertainties when using elastoplastic analysis procedures. 
This should be taken seriously since on a regular basis ratcheting is the failure mode which is 
crucial for the design of nuclear component and piping system. It is therefore, of great importance 
to clarify which types of constitutive models are suitable and how the model parameters should be 
calibrated in order to give reliable results when assessing ratcheting. The only option is to base vital 
decisions regarding system and component design solely on elastic stress analysis. With the 
knowledge we have today of the shortcomings of these procedures this is not a justifiable option. 

Based on these facts the Swedish nuclear industry initiated a project, ROBUS [1], with the objective 
to investigate the performance of different constitutive models in ratchet simulations. As part of this 
project, an extensive experimental program has been conducted on pressurized tube specimens. In 
this thesis these and additional experimental results are presented and are further analyzed. 

1.2 PROBLEM STATEMENTS 

A steel structure subjected to a constant load in combination with cyclic loading into the plastic 
region undergoes a change of the material characteristics in several aspects. These cyclic material 
characteristics are complex and may vary for different load situations, load levels, temperatures and 
materials. In addition to this, the presence of a mean stress may also affect the material cyclic 
characteristics. In previous numerical investigations on ratcheting there has not been a sufficiently 
robust case of simulation. However, in most of these investigations, the simulation response is 
compared with ratcheting experiments which either are conducted under load levels which are not 
common for a nuclear pressurized component, the experimental specimen is not comparable with a 
pressurized component or only a few experimental tests have been conducted. Hence, it has not 
been settled which material characteristics need to be considered to accurately simulate ratcheting 
in a pressurized piping component under load levels common in a nuclear power plants. As a result 
of this, it is not obvious which types of constitutive material models is needed and how the model 
parameters should be calibrated in order to simulate ratcheting in a nuclear component accurately. 
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1.3 AIM 

The aim of this thesis is to investigate the accuracy of various constitutive models in ratchet 
simulations to clarify which constitutive models are suitable for ratcheting simulations in nuclear 
applications. 

1.4 METHOD 

The approach used to clarify which constitutive models are suitable for ratcheting simulation in 
nuclear applications is as follows: 

• Study relevant theory to attain a deeper understanding of the plasticity and constitutive 
modeling theory. 

• Review previously performed experimental and numerical investigations on ratcheting. 

• Design an extensive experimental program on pressurized tube and manufacture in total 30 
test specimens made of stainless steel, 316L, and carbon steel, P235.  

• Determine material properties based on monotonic tensile load and internal pressure
experiments. 

• Perform ratcheting experiments which result in different level of hoop ratcheting when the 
tube is subjected to certain combinations of internal pressure and cyclic axial strains. 

• Study the tube cyclic axial hardening and softening characteristics. 
• Compare the experimental measured ratcheting strains and direction of the plastic strain 

increment to numerical simulations using different constitutive models. In this thesis the 
interrelated models of Prager, Armstrong-Frederick and Chaboche are investigated. In 
addition to these, the Besseling model is investigated. 

• Based on the result from the investigations, recommend how to conduct ratcheting 
simulation of pressurized equipment subjected to cyclic secondary loading are presented. 

1.5 LIMITATIONS 

• The Prager, Armstrong-Frederick, Chaboche and Besseling constitutive models are 
investigated. 

• One type of ratcheting experiment is performed. 
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2 THEORY 

2.1 PLASTICITY THEORY AND CONSTITUTIVE MODELING OF STEEL STRUCURES 

This section focuses on fundamental theories and definitions crucial for the understanding of 
ratcheting simulation of steel structures. These fundamental theories and definitions are a part of the 
plasticity and constitutive modeling theories. For a deeper understanding of the subject, the reader 
is advised to consult references [1], [3] and [4]. 

2.1.1 General behavior of Steel  

Prior to introducing definitions of plasticity theory and the constitutive modelling of steel 
components, it is useful to describe how steel behaves during monotonic and cyclic loading in 
general.  

The typical macroscopic relations between stress and strain for monotonic loaded specimens made 
of stainless steel and carbon steel are illustrated in Figure 2-1. At a microscopic level it is observed 
that during the initial loading phase, strains are developed due to stretching of the bonds between 
the atoms. If the load is removed, the bonds will return to its original length. This is an elastic 
behavior, meaning that Hook’s law applies. This means that the strains are developed constantly 
with stiffness E, in relation to the stresses. After increasing the stress level, the relation between 
stresses and strains starts to become non-linear. The reason for this is that all metals contain a 
relative high density of imperfection in the atomic arrangement, denoted as dislocations. When 
large shear forces act in the same plane as the dislocation, the bonds between the atoms in one plane 
might break and the dislocation might then move an atom space to the side. This process continues 
along with increased loads and is referred to as slip in shear planes and is the origin of plastic 
deformation. If the load is removed the bonds between the atoms will return to its original length 
but the deformation caused by the slip along shear planes, so called plastic deformation, remains.  

Experimental results on metals [5] have shown that load conditions which resulted in a change of 
volume at a material point, give no slip along shear planes, and results only in a purely elastic 
response. Load conditions which cause shape changes at a material point are decisive for the slip 
along shear planes and, hence, for the plastic material response. This behavior is essential when 
simulating steel behavior and will be further discussed in the following subsection. 

At a certain level of stress the material starts to display a significant amount of plastic deformation, 
this stress level is called the yield point. For some metals this point is very evident since a so called 
Lüder plateau is developed; see for instance the typical response of the carbon steel in Figure 2-1. 
For other types of steel, the yield point is usually defined by using the Rp0.2 method, e.g. the yield 
point equal to the stress at the level which gives 0.2% permanent strains after unloading. 

On the macroscopic level, steel is usually considered isotropic, meaning that the material is equally 
stiff in all directions and, hence, that the elastic stiffness matrix is symmetric and remains 
unchanged irrespective of choice of coordinate system. This also means that a uniaxial material 
response curve should agree with a multiaxial response. Note that the isotropic behavior is an 
assumption, however. It is well known that a varying degree of plastic anisotropy arises depending 



20 THEORY

on the manufacturing method. This will be emphasized in chapter 4 which presented tube 
experiments. 

Figure 2-1 Typical stress-strain response for a carbon and stainless steel. 

When a steel structure is exposed to loads which involve cyclic plasticity, significant changes in the 
material is observed at a micro level resulting in additional phenomena influence the macro level 
behavior of the material. One of the phenomena is the Bauschinger effect, [23]. This effect implies 
that after plastic loading in tension or compression and during a subsequent loading in the opposite 
direction the material yields at a lower stress level. In Figure 2-2 this is illustrates for a uniaxial 
loading which yields at �0 in tension and at �’ instead of - �0 in compression. 

Figure 2-2 Illustration of the Bauschinger effect.  

During cyclic loading, most metals also experience a gradual change in the hysteresis curve in 
comparison to the monotonic curve. After a number of cycles the stress-strain response normally 
stabilizes. If the stresses along the saturated curve increase, the effect is referred to as cyclic 
hardening and the contrary effect with decreasing stresses is referred to as cyclic softening. A strain 
controlled hysteresis curve for a cyclic hardening material and a cyclic softening material is 
illustrated in Figure 2-3 a) and b) respectively. 
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Figure 2-3  Strain controlled stress-strain response; a) cyclic hardening; b) cyclic softening. 

However, the evaluation of the cyclic hardening or softening is a complex characteristic which 
varies between different metals, at different temperatures and also for different strain amplitudes. In 
addition to this, it has been observed during low cycle fatigue tests that the hardening parameter 
continues to vary as a function of the number of strain cycles and that the prior loading history has 
an influence on the material hardening parameter. Hence, it is not unambiguous when a so called 
saturated value is reached. In Figure 2-4 a typical example of this observation is illustrated by the 
results from experiments on the material 316L from [24], which shows the evaluation of stress 
amplitude as a function of the number of cycles at three different strain amplitudes at room 
temperature. All tests show initial cyclic hardening followed by cyclic softening material behavior 
after a rather large number of cycles. It is also observed that the cyclic hardening is more significant 
for larger strain ranges. In the French nuclear code, RCC-MR [25], both monotonic and cyclic 
saturated stress and strain curves are presented at different temperatures for common stainless steel 
material used in the nuclear industry. Figure 2-5 shows the stress and strain curves of a material 
corresponding to 316L at different temperatures. From this figure it can be observed that for the 
strain range 0.2-0.4% at low temperatures the material shows cyclic softening tendencies and for 
the remaining strain ranges the material shows rather strong cyclic hardening behavior.  

For cyclic loading of ferritic steels with yield plateau, it is important to recognize that kinematic 
hardening applied to the uni-axial tension stress-strain curve greatly over-estimates the elastic 
range. The yield plateau is caused by the pinning of dislocations by interstitial atoms such as carbon 
and nitrogen and actually represents an un-natural raise of yield strength. Once the plateau is 
overcome it is gone forever and the material behaves like any other strain-hardening material and 
the elastic range will be considerably lower than 2Sy. In fact, a back extrapolation of the strain 
hardening after the plateau is passed, would result in a stress-strain curve more suitable for cyclic 
loading. Such a back extrapolation is obviously arbitrary to some extent. 
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Figure 2-4  Test results from [24] which show the evaluation of stress amplitude as a function of 
the number of cycles at three different strain controlled experiments with different 
strain amplitudes at room temperature.   

Figure 2-5   Test results at different temperatures for a material similar to 316L from [25]; a) 
monotonic stress-strain curves; b) cyclic saturated stress-strain curves. 
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2.1.2 The Uniaxial Stress and Strain Curve 

In the plasticity theory, the total uniaxial strain response, ε , can be divided into an elastic part, eε , 

and a plastic part, pε . This is expressed in increments as 

e pd d dε ε ε= + (2-1) 

where the slope of the uniaxial stress and strain curve denoted the tangent module, tE , equals 

( )t

d
E

d

σε
ε

= (2-2)

the modules of elasticity, E, becomes 

e

d
E

d

σ
ε

= (2-3) 

and the modulus of plasticity equals 

( )p
p p

d
H

d

σε
ε

= (2-4) 

Equation 2 to 4 inserted into 1 give the following relation between the modulus 

1 1 1

t pE E H
= + (2-5) 

Hence, from a simple uniaxial experiment it is possible to determine the plastic response by 
subtracting the elastic response from the measured total response. This is illustrated in Figure 2-6 
where the tangent modulus, Et, in point A is defined in a stress-total strain curve and the plastic 
modulus, Hp, in point A is defined in a stress-plastic strain curve. 
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Figure 2-6  Uniaxial stress-strain response; a) tangential modulus, � , in point A and elastic 

module E is defines in a stress-total strain curve; b) the plastic modulus, �� , is 

defined in point A is in a stress-plastic strain curve. 

2.1.3 The Multiaxial State of Stress and Strain 

In the multiaxial space the use of index notation often simplifies advanced physical expressions and 
is therefore the preferred presentation form by the author of this thesis. The state of stress at a point 
inside a material is expressed with the stress tensor, ijσ , as 

11 12 13

21 22 23

31 32 33

ij

σ σ σ
σ σ σ σ

σ σ σ

 �
� �= � �
� �� �

(2-6) 

The stress components 11σ , 22σ  and 33σ  acting parallel related to the axis of the coordinate system (

1 2 3, ,x x x ) and are called the normal stress components. The remaining stress components are called 

shear stress components and, based on the equilibrium condition, are equal in the corresponding 
off-diagonal positions; 12 21σ σ= , 13 31σ σ=  and 23 32σ σ= .   

For every state of stress it is possible to find an orientation of the coordinate system where all shear 
stress components equal to zero. The normal stress components for this coordinate system are 
denoted the principle stress and can be found by solving the following eigenvalue problem 

det( ) 0ij ijσ λδ− = (2-7) 

where ijδ is the Kroneckers delta. The three principle stresses are equal to the solution of ;λ

1 1 2 2, σ λ σ λ= =  and 3 3σ λ= . The direction of each principle stress axis is described by jn  which is 

determined for each �-value by solving 
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( ) 0

1
ij ij j

j j

n

n n

σ λδ− =��
� =��

(2-8) 

The stress tensor can be decomposed into a deviatoric stress tensor and volumetric stress tensor as 

1

3ij ij kk ijsσ σ δ= + (2-9) 

where ijs is the deviatoric stress tensor which contains the stresses which cause shape changes at the 

material point and 
1

3 kk ijσ δ is the volumetric stress tensor, also denoted the diagonal mean stress or 

the hydrostatic stresses, which contain the stresses which cause volume change at the material 
point. iiσ is the first invariant of the stress tensor meaning that no matter how the coordinate system 

is orientated, the sum of iiσ is constant. As a consequence of this it also follows that the first 

invariant of the deviatoric stress tensor 1 0iiJ s= = . The second invariant of deviatoric stress tensor 

second invariant is given by 

2

1

2 ij jiJ s s= (2-10) 

The square root of this invariant describes the magnitude of the deviatoric stress tensor. In Figure 
2-7 the vectors which describe the current state of stress,���� , the deviatoric stress, ��� , and the 

volumetric stress vector, 
1

3 kk ijσ δ , are shown in the principle stress space. The figure also illustrates 

that the deviatoric stress vector is orthogonal to the hydrostatic axis which corresponds to the axis 
where all principle stresses are equal. 
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Figure 2-7  The current state of stress,��, the deviatoric stress vector, ��, and the volumetric 
stress vector, ��, in the principle stress space. 

To conclude, it is possible to determine the magnitude and direction of the deviatoric stresses for 
any stress state at a point. This becomes of great importance when considering yielding of metals 
described in the next subsection. 

With the same analogy as for the stress tensor, the diagonal terms 11ε , 22ε  and 33ε  in the strain 

tensor are called normal strains, the off-diagonal terms are called shear strains and, based on the 
equilibrium condition, the shear stress components in corresponding off-diagonal positions must 
equal 12 21ε ε= , 13 31ε ε=  and 23 32ε ε= . Further, the tensorial shear strains are not to be confused with 

the engineering shear strains, mnγ , which equal 

2
mn

mn

γε = (2-11) 

In accordance with the uniaxial case (2-1) the multiaxial strain tensor can be separated into an 
elastic tensor and a plastic tensor as follows 

e p
ij ij ijd d dε ε ε= + (2-12) 

The constitutive relation between the stress tensor and the elastic strain tensor is consequently 
determined from Hook’s law 

e
ij ijkl kld C dε σ= (2-13) 

where ijklC  for isotropic material is denoted the elastic isotropic flexibility tensor equal to 

( )1 1

2 2 1ijkl ik jl il jk ij kl

v
C

G v
δ δ δ δ δ δ �= + −� �+� �

(2-14) 
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where G is the shear modulus and v is Poisson’s ratio.  

The relation between the stress tensor and the plastic strain tensor is described with the flow rule as 
follows 

p
ij

ij

dg
d d

d
ε λ

σ
= (2-15) 

where we should note that dλ  is called the plastic multiplier which determines the magnitude of the 

plastic increment, and 
ij

dg

dσ
gives the direction where the function g is a potential function often 

called the plastic potential. Initially it was observed through experiments that the plastic strain 
tensor for metals agrees well with the normal direction of the so called yield surface, f, which will 
be further described in the next subsection. Later these observations were also strengthened through 
theoretical postulates, starting with Drucker’s postulate [6], which holds for strain hardening 
materials and later the postulate of maximum plastic dissipation [7], which holds for both strain 
hardening and softening as well as elastic perfect plastic materials. These postulates are based on 
the principle that the work of energy during plastic deformation must always be positive. In order to 
fulfill this requirement for all possible load situations, the plastic strain increment must be in the 
direction normal to the yield surface. Further, an additional consequence of these postulates is that 
the yield surface must also be convex. Hence, for steel it is common practice to let the plastic 
potential function, g, to be associated to the yield function f. When g = f in (2-15) it is referred to as 
the associated flow rule  

p
ij

ij

df
d d

d
ε λ

σ
= (2-16) 

and when g is not associated to the yield function (2-15) is referred to as the none-associated flow 
rule. The direction of the plastic strain tensor for an associated and none-associated flow rule is 
schematically illustrated in Figure 2-8. 
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Figure 2-8  Schematically illustration of the plastic strain tensor for an associated and none-
associated flow rule. 

2.1.4 Initial Yield Condition 

In the plasticity theory it is assumed that a yield criterion exist which expresses the stress state 
border between elastic and plastic behavior of the virgin material. In 1864 the so called maximum 
shear stress or Tresca criterion was suggested by Tresca [8]. This criterion relies on the fact that the 
material starts to yield when a defined maximum shear, maxτ , stress reaches a critical value at a 

material point. The critical shear stress for a given stress state is defined as the half difference in the 
maximum, 1σ , and minimum, 3σ , principle stresses as 

1 3
max( ) 0

2
f

σ σσ τ−
= − = (2-17) 

Later in 1904 Huber [9] and in 1913 von Mises [10] proposed a yield criterion, which in literature is 
often referred to as the Hubert-von Mises criterion, just von Mises or J2-plasticity. Early 
investigations on steels and metal, see for instance the classic results by Taylor and Quinney in 
[11], showed that the von Mises criterion agrees better with experimental results than the Tresca 
criterion. However, as the Tresca criterion corresponds to the so called lower bound between elastic 
and inelastic material behaviour it is a more conservative yield criterion for monotonic loading and 
therefore still is a frequently used yield criterion. Ratcheting simulations involves cyclic plasticity 
and the direction of the plastic strains is then of great importance and experimental results have 
shown that the direction of the plastic strain increment during monotonic loading agree well with 
the von Mises yield surface. Hence, for ratcheting simulations the Tresca criterion do not 
necessarily have to give conservative results. Further, the von Mises criterion forms the basis for the 
constitutive models which later is described in this thesis.  
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The von Mises criterion relies on the assumption that it is only the deviatoric stresses, ijs , which 

influence on the yielding of the material. Hence, the magnitude of the mean stresses, see 
1

3 kk ijσ δ  in 

Figure 2-7, do not affect when yielding occurs. From this it also follows that plastic 
incompressibility is applicable which means the sum of the plastic mean strain equal to zero 

0p
iidε = (2-18) 

Further, the yield criterion states that the initial yielding occurs at a constant deviatoric stress 

magnitude, ij jis s , irrespective of how the deviatoric stress vector is directed. Based on this the 

yield surface can be expressed as 

( ) 0ij ij jif S s s c= − = (2-19) 

where c is a constant. It turns out that when applying only a uniaxial yield stress component as 
follows 

0 0

0 0 0

0 0 0

y

ij

σ
σ

 �
� �= � �
� �� �

(2-20) 

and from (2-9) the deviatoric stress magnitude become 

2

3ij ji ys s σ= (2-21) 

In the yield surface function proposed by von Mises the deviatoric stress magnitude is expressed in 

terms of the second deviatoric invariant, 2J , and scaled with the factor 
3

2
so the constant, c, equal 

to the uniaxial yield strength, yσ . Hence, derived from (2-10), (2-19) and (2-21) the von Mises yield 

function equal 

2 2( ) 3 0yf J J σ= − = (2-22) 

where the term, 23J , equal to the so called Von Mises effective stress, eσ  as  

2

3
3

2e ij jiJ s sσ = = (2-23) 
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zIn the principle coordinates, the von Mises yield surface forms a cylinder with the radius equal to 
the uniaxial yield strength, yσ , along the hydrostatic axle. When viewed in the direction of the 

hydrostatic axle it consequently forms a circle with a stress level of yσ at the intersections of the 

principle stress axes, see Figure 2-9. Further, if the yield surface is viewed in the plane of two 
principle stress axles it consequently forms an ellipse, see Figure 2-9.  

Figure 2-9  Illustration of von Mises yield surface; a) viewed in the direction of the hydrostatic 
axle; b) viewed in the plane of two principle stress axles. 

In the next sections it will be further described how the yield surface is affected if the von Mises 
effective stress, eσ , exceed the initial yield strength, yσ . However, prior to that, the derivation of a 

number of useful tensors and scalars are derived. First, the gradient to the von Mises yield surface is 
determined according to the following 

( ) ( )

( )

1
2

0

1

2

0

3

2
3

1 1 3

2 23
2

3 3

4 2

ookl kl y
mn mn

mn

ij mn ij mn ij

kl kl
kl kl in jm

mn mn

pq pq

ij
ml nk kl kl ml nk in jm

y y

s s
sf f

s s

s s
s s

S s
s s

s
S S

σσ σ δ

σ σ σ

δ δ

δ δ δ δ δ δ
σ σ

� �� �� �∂ − � �� � ∂ −� �� � � �∂∂ ∂ � � � �= = =
∂ ∂ ∂ ∂ ∂

� ∂ ∂ �
= + =� �∂ ∂� �� �

� �� �

= + =

(2-24) 

When von Mises effective stress reaches the yield limit and additional incremental deviatoric stress,

ijs∂ , is applied to the material, plastic strains are developed. In order to determine the direction and 
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magnitude of the multiaxial plastic strain increment, the magnitude of the effective stress increment,

edσ , is first derived as 

1
23

2
3

2

kl kl

ije
e ij ij ij

ij ij e

S S
Sd

d S S S
S S

σσ
σ

� �� �� �∂ � �� �� �� �= ∂ = ∂ = ∂
∂ ∂

(2-25) 

2.1.5 Strain hardening 

According to the plasticity theory the current stress state must always be located on the yield 
surface during the development of plastic strains. Mathematically this is defined with the 
consistency relation as 

0
df

dt
= (2-26) 

For a plastic hardening material this implies that the yield surface must be changed when plastic 
strains are developed. Hence, for a plastic hardening material the yield function depends on the 

hardening parameter, here denoted Kα . With the use of the chain rule the consistency relation, 

(2-26), becomes 

( ),
0

ij ij

ij

df K ds dKf f

dt s dt K dt

α α

α

σ ∂ ∂= + =
∂ ∂

(2-27) 

Figure 2-10 illustrates the initial von Mises yield surface and the current yield surface during 
uniaxial loading at the stress stages A, B and C. 
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Figure 2-10  a) uniaxial loading at the stress stages A, B and C; b) illustration of the initial von 
Mises yield surface and the current yield surface at stress stage A, B and C. 

The choice of hardening parameter, Kα , describes how the shape, size and position of the current 

yield surface changes during plastic loading. In order to capture the behavior of elastoplastic 

material for steel and metals, Kα , must be a function of a variable which describes the state of the 

material, e.g. the plastic loading history. This variable is here denoted the state variable βκ . The 

incremental hardening parameter then equal 

( )dK ddK

dt d dt
α β βα

β

κ κ
κ

= (2-28) 

The incremental state variable, d βκ , is in general strongly dependent on the incremental plastic 

strain, p
ijε∂  and it has been shown that this variable depends on the plastic multiplier, dλ , and the 

incremental deviatoric stress, ijS∂ . This gives the following expression 

( , )ij

d d
k S K

dt dt
β

β α

κ λ= ∂ (2-29) 

The general equation for d βκ  is called the evolution law and kβ  is denoted as the evolution 

function. After inserting (2-28) and (2-29) into (2-27) the following expression for the plastic 

multiplier, dλ , is received 

1
ij

ij

F
d dS

SKf
k

K
α

α
α β

λ

κ

∂=
∂� �∂∂−� �� �∂ ∂� �

(2-30) 

A module of plasticity, ( )pH Kα , is introduced and equal 
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( )p

Kf
H K k

K
α

α α
α βκ
∂∂= −

∂ ∂ (2-31) 

Finally, after recapitulate the expression for edσ  according to (2-25) and the defined modulus of 

plasticity from (2-31)  the expression for the plastic multiplier, (2-30), can be simplified as 

e

p

d
d

H

σλ = (2-32) 

The construction of the function to the hardening parameter Kα  depends on which principle of 

hardening rule that is applied. Hence, in the following sections two of the main hardening rules 
principles are presented. 

2.1.6 Isotropic hardening 

The isotropic hardening rule relies on von Mises yield surface expanding isotopically in the 
deviatoric plane during plastic loading. This is schematically illustrated in Figure 2-11 and 
mathematically the von Mises yield function for isotropic hardening becomes 

( )
( )

2 0, 3 ( ) 0

y K

ij yF K J K

ασ

α ασ σ
=

= − + =
�����

(2-33) 

Figure 2-11  The evolution of von Mises yield function for an isotropic hardening constitutive 
rule; a) viewed in the principal stress space; b) viewed in the biaxial stress space. 

Hence, the only difference is that a strain hardening parameter, Kα , is introduced. The gradient to 

this yield function is the same as for the initially yield surface, see (2-24), with the difference that 
the initial yield stress variable 0yσ is substituted with yield stress variable ( )y Kασ . The current stress 

state can also be described with the von Mises effective stress as defined according to (2-23) and in 
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addition to this the current state of plastic strains can be described with a defined scalar called the 
von Mises effective plastic strain scalar, p

eε .  

In order to derive this scalar the dλ factor in (2-16) is solved by first taking the square of (2-16) and 
substitute terms with (2-24) as follows 

( ) ( ) ( )

2

2
2

2 2 2

2 2 2

33 3 1 3

2 2 2 2

y

p p kl kl kl kl
ij ij

y e

s s s s
d d d d d

σ

ε ε λ λ λ
σ σ

� �
= = =� �� �� �

�����

(2-34) 

and by solving for the following relation is received 

2

3
p p

ij ijd d dλ ε ε= (2-35) 

Thereafter, with the use of the plastic work hardening assumption [14] and (2-16) the incremental 

plastic work, pdW , would become 

2

2

33 2 1 2

2 3 2 3

e

ijp p p p p pkl kl
ij ij ij ij ij e ij ij

e e

s s s
dW d s d d d d d

σ

σ ε λ ε ε σ ε ε
σ σ

� �
= = = =� �� �� �

�����

(2-36) 

Since the incremental plastic work, , is an invariant the plastic work from the von Mises 
effective stress increment and von Mises effective strain increment as 

p p
e edW dσ ε= (2-37) 

must be in balance with incremental plastic work as defined in (2-36). From this the incremental 
effective plastic strain scalar, p

edε  , is derived as 

1 2 2

3 3
p p p p p

e e ij ij ij ij
e

d d d d dε σ ε ε ε ε
σ

= = (2-38) 

Finally, the von Mises effective plastic strain scalar is derived by integrating, p
edε , over time 

0

t
p p

e ed dtε ε= � (2-39) 

From (2-35) and (2-38) it can be noted that for an isotropic hardening material the incremental 

effective plastic strain scalar, p
edε , is equal to the plastic multiplier, dλ . When considering this in 

(2-29) it is obvious that the evolution function, kβ , is equal to 1, and the state parameter, d βκ , is 

dλ

pdW
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equal to the incremental effective plastic strain, p
edε . Now, a final expression for the plastic 

multiplier is established from (2-32) as follows 

( )
p e

e p
p e

d
d d

H

σλ ε
ε

= = (2-40) 

and this inserted in (2-16) gives the final expression for the isotropic hardening plastic strain tensor 
as follows 

1 3

2
ijp e

ij e
ij p ij p y

Sddf df
d d d

d H d H

σε λ σ
σ σ σ

= = = (2-41) 

The modulus of plastic, pH , is a material property usually determined with a uniaxial tensile test. 

However, for isotropic materials it is theoretically possible to establish, pH , from a multiaxial test 

as well. 

2.1.7 Kinematic hardening 

The concept of a kinematic hardening model is that the size and shape of the yield surface remain 
constant but translates in stress space during the inelastic load history. This is illustrated in Figure 
2-12 which show that , ijs , describes the deviatoric stress state in respect to the original center of the 

yield surface,  �ij is commonly called the back-stress tensor and denotes the current center of the 

yield surface, ijs give the deviatoric stress in the current yield surface and 
ij

f

σ
∂
∂

 is equal to the 

gradient of the translated yield surface at the current stress state. The von Mises yield function for a 
kinematic hardening function then becomes 

( ) ( )( ) 0

3

2
0ij ij y

d d
S Sij ijij ijf s α αα σ− −− = − = (2-42) 

By performing a variable substitution as follows 

d
ij ij ijs s α= − (2-43) 

The kinematic von Mises effective stress scalar become 

( )( )2
3

2

3
3

2
ij jie

d d
ij ijS S S Sij ijJ α ασ − −= = = (2-44) 

The derivations of the gradient to the kinematic yield function follows (2-24) as 
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( )3 3

2 2

d
ij ijij

e eij

sf s α
σ σ σ

−∂ = =
∂

(2-45) 

and according to (2-25) the kinematic effective stress increment, edσ , become 

3

2
ij

e ij

e

s
d sσ

σ
= ∂ (2-46) 

The hardening parameter, Kα , for kinematic hardening corresponds to the evolution of the 

translation of the yield surface, e.g. through the back-stress tensor �ij. The consistency relation, 
(2-26), for a kinematic hardening material then becomes 

0 
f f ddf d d

ij ijd
ij ij

σ α
σ α
∂ ∂= + =
∂ ∂ (2-47) 

The only difference when deriving d
ij

f

α
∂
∂

in comparison to (2-45) is the sign of the internal 

parameter. Hence, this gives that 
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(2-48) 

Further, from (2-28) and (2-29) one can conclude that the incremental back-stress tensor can be 
described as a function of the state parameter as 

=
d d
ij ijd

ij kl ij
kl kl

d d d k
α α

α κ λ
κ κ
∂ ∂

=
∂ ∂

(2-49) 

The scalar multiplier, dλ , was shown according to (2-35) and (2-38) to be equal to the incremental 

von Mises effective strain scalar, p
edε , and this is also the case for a kinematic hardening model. 

Further, it has been shown practically to express the terms 
d
ij

kl

α
κ

∂
∂

 and klk as a combined function, ijq . 

(2-49) then become 

d p
ij ij ed q dα ε= (2-50) 

The function, ijq , has a large amount of variants and is described in more detail in section 2.3. The 

expressions from (2-48) and (2-50) are inserted into the general expression, (2-31), of the plastic 

hardening module, pH , which becomes 
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And just as for the isotropic case, but with the variable substitution according to (2-43), a final 
expression for the plastic multiplier is established from (2-32) as follows 
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e p
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d
d d
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σλ ε
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This inserted in (2-16) gives the final expression for the kinematic hardening plastic strain tensor as 
follows 

1 3

2
e ijp

eij
ij p ij p y

df d df S
d d d

d H d H

σε λ σ
σ σ σ

= = = (2-53) 

In comparison to an isotropic hardening model, it is not as straight forward to calibrate the module 
of plasticity for a kinematic hardening model. The calibration procedure varies depending on which 
type of kinematic model used as will be further discussed in section 2.3. 

Figure 2-12  The evolution of the yield surface for a kinematic hardening constitutive rule. 

  



38 THEORY

2.2 THE RATCHETING PHENOMENA 

A structure exposed to a primary load (force controlled loads) in combination with a cyclic 
secondary load (deformation controlled load) may give several different types of plastic strain 
responses. This is illustrated in Figure 2-13 where a) shows the response for a load combination 
resulting in a pure elastic response, b) and c) shows an initially increasing plastic strain response 
followed by a stabilization with no progressive increase of plastic strains (shake-down), d) and e) 
shows a progressive increase of plastic strains. This behavior is denoted ratcheting, progressive 
deformation or incremental collapse.  

When the accumulative plastic strain level becomes too large it has been observed that the fatigue 
damage is strongly accelerated. As a result of this standard methods for determining fatigue damage 
are non-conservative. Hence, a structure exposed to large accumulative plastic strains may 
experience failure due to fatigue significantly earlier than expected. Further, too large plastic strains 
may also accelerate failure due to a structural collapse, see for instance [51]. To conclude, 
ratcheting is a severe behavior and if the growth of the cyclic plastic strain continues the structure 
will eventually collapse. 

The origin of ratcheting can be separated into two categories of which the first is a consequence of 
the state of stresses in the structure and the second is a consequence of how the material hardening 
behavior is developed during cyclic loading. These phenomena are explained more in detail in the 
following subsections. 

Figure 2-13  Structural responses associated with cyclic loading. 
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2.2.1 Structural Ratcheting 

As mentioned, structural ratcheting is a consequence of the state of stresses in the structure. 
Depending on whether the acting loads lead to a uniaxial or multiaxial state of stress, different 
structural ratcheting mechanisms come into play.  

A classic case used to demonstrate the ratcheting mechanism is presented by Miller in [15]. In this 
paper, first an elementary three bar assembly made of ideal elastoplastic metal, see Figure 2-14, is 
studied for the case when this structure is exposed to a constant primary axial load, P, while the two 
outer bars are heated and cooled down resulting in cyclic secondary thermal elongation. Miller 
simplifies this to a uniaxial problem by neglecting the axial stress component and based on 
theoretical derivations, explains how a plastic growth, e.g. ratcheting, is required to maintain the 
equilibrium with the constant primary axial load for certain combinations of primary and secondary 
cyclic loads. Thereafter, Miller extends the analysis to the case of a thin-walled pressure vessel 
exposed by a primary load of a constant internal pressure and secondary thermal transient in the 
radial direction through the pipe thickness. Based on this, Miller derives a criteria for ratchet 
response as a function of the pressure and cyclic thermal gradient stresses and estimates the plastic 
growth per cycle if the ratcheting limit is exceeded.  

Later, based on this work, Bree conducted an investigation, see [16], resulting in the so called Bree 
diagram, see Figure 2-15, which illustrates different type of structural responses based on the 
pressure and thermal gradient stress level.  

Figure 2-14  A three bar assembly exposed by a constant primary axial load, P. 

It turns out that the rules Miller and Bree developed to predict ratcheting for a pressurized thin-wall 
tube exposed to cyclic thermal gradients in the radial direction are equivalent to the rules for a 
uniaxial load situation of a rectangular cross section made of ideal elastoplastic metal subjected to a 
primary axial tension force and superimposed secondary bending moments. This derivation is for 
instance presented by Möller in [17]. Based on this, it can be tempting to assume that the Miller and 
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Bree rule can predict ratcheting for all uniaxial loading situations. However, this is not the case, in 
e.g. [18], Möller and Olsson show that when a thin-walled pipe section is exposed to primary axial 
force and secondary bending moment range of 2·�y, the maximum primary stress level prior to an 
elastic shakedown response is 0.36·�y and not 0.5·�y which is the limit for a rectangular cross 
section. Hence, the Miller and Bree criterion is not applicable to all uniaxial load situations.  

Figure 2-15  A Bree diagram from [16] which illustrates different type of structural responses 
based on the pressure and thermal gradient stress level. 

Further, in a uniaxial state of stress the elastic range is always 2·�y and the direction of the initial 
plastic strains during tension and compression are in the opposite directions. This may not be the 
case in a multiaxial state of stress. In Figure 2-16 the loading path for a uniaxial load case is 
illustrated in a red dashed line together with the plastic strain vector in tension and compression 
denoted �p(a) and �p(b). In the same figure a multiaxial load situation is also illustrated where first a 
primary constant load N with a loading path according to the blue line is applied, thereafter loads 
acting in the �2 and �3 directions are applied resulting in a loading path according to the green 
dashed line and plastic strain vectors in compliance with �p(c) and �p(d). From this it is clear that in 
a multiaxial stress state, the elastic range may be significantly less than 2·�y and the direction of the 
plastic strains for loading and unloading may not be in opposite directions. Hence, in a multiaxial 
stress state, ratcheting may arise earlier than is predicted from a simplified uniaxial model and a 
ratcheting response may also be developed due to the facts that the plastic strain vectors from 
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loading and unloading do not cancel out each other. This effect was experimentally observed and 
briefly discussed by Edmunds and Beers [19] in 1961 and later, for example in 1975 Updike [20] 
shows and discusses how the Miller criteria is influenced by the stress path when considering a 
cyclic thermal transient in combination with tension and torsion loads. Updike concludes that the 
uniaxial model used by Miller and Bree might significantly underestimate the ratcheting rate for the 
considered load combinations. Later in 1989 Bree [21] made further investigations based on his 
earlier work and published a paper where he proposed analytical expressions giving new Bree- 
diagrams for the loadings when the cyclic thermal transients and internal pressure loads also 
consider the effect of the axial stress component which lead to a biaxial state of stress. The new 
loading diagram contains 22 stress regions instead of 6 stress regions according to the original 
diagram, see Figure 2-15. It should be noted that each region may also give a different response in 
the pipe axial and hoop direction. Investigations on other loading situations have also been 
performed by other authors, e.g. Moreton [22] analyses a tube exposed by cyclic temperature 
gradients and pressure which is applied in and out of phase. This investigation results in different 
expressions to predict ratcheting. 

To conclude, it is not an easy task to establish formulas that give conservative ratcheting predictions 
for all load situations. Note that non-uniaxial problems tend to require more complicated 
expressions which in turn may make it more difficult to understand the limitations of those 
analytical solutions. In order to avoid a structural ratcheting response the key concern is to stay 
within the elastic range otherwise there are a limited number of expressions for a very limited 
number of loading situations that might be useful to predict the ratcheting response. The option to 
this is to analyze the problem by using none linear finite element methods. In order to do so 
accurately it is fundamental to use a constitutive material model that can capture a structural 
ratcheting behavior. This will be further described in next section. 
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Figure 2-16  The von Mises yield surface and the loading path for a uniaxial load case illustrated 
with a red dashed line together with the plastic strain vector in tension and 
compression denoted �p(a) and �p(b). Also the loading path for a multiaxial load 
situation is illustrated with a greed dashed line with a primary constant load N in 
blue and plastic strain vectors in compliance with �p(c) and �p(d). 

2.2.2 Material Ratcheting 

In addition to the described ratcheting behaviors also a vast amount of experiments have shown that 
specimen loaded by uni-axial cyclic stress with a mean stress inherent a tendency to ratchet on their 
own. This loading situation is illustrated in Figure 2-17 a) which show a uniaxial structure exposed 
to an axial mean stress, ��, and a cyclic axial load, ��. In Figure 2-17 b) the response from this 
loading situation is illustrated. This behavior is a consequence of how the material hardening 
behavior develops during cyclic loading and is therefore often referred to as material ratcheting. 
The amount of material ratcheting varies for each material and different combinations of stress 
amplitude and mean stress.  
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Figure 2-17   a) A structure subjected by an axial mean stress, ��, and a cyclic axial load, ��; b) 
illustrated material ratcheting response. 

2.2.3 Ratcheting Evaluation According to Nuclear Codes 

In Sweden it is common practice to use the ASME code, [26], for verifying the integrity of nuclear 
power plant components and piping system. For evaluation of a class 1 piping system the stress 
analysis shall be performed accordance with one of the method given in NB-3600 or NB-3200. In 
NB-3600 stresses are calculated through analytical expressions. Usually the piping reaction 
moments are determined through FE analysis in which the piping system is modeled using beam 
elements with pipe properties, flexibility factors and stress indices. In NB-3200 the actual stresses 
in governing locations of the analyzed structure are calculated. In most cases this is performed 
through detailed FE analysis in which the actual geometry of the piping system is modeled and all 
acting loads are considered. In NB-3600 and as a first step in NB-3200 elastic material behavior 
shall be considered.  

The code principle to protect against failure through ratcheting, given in subparagraph NB-3222.2, 
is to verify that the primary plus secondary stress intensity range which occurs when the system 
goes from one load condition to another load condition stays below 3��. This requirement takes a 
slightly different approach in NB-3600, see subparagraph NB-3653.1 equation 10. However, the 
principal is also to ensure that occurring stress ranges are below 3��.  

If the rule of ultimate strength is ignored when determining �� it holds that: 

2

3
S Sm y= (2-54)

where ��  corresponds to the material uniaxial yield strength given in AMSE II Part D. Based on 

this, one can conclude that the code intention for avoiding ratcheting is to ensure that the range of 
the maximal stress intensity range is within the material uniaxial elastic stress range.  

In addition to this, a requirement which protects against thermal ratcheting in the pipe hoop 
direction also needs to be considered, see subparagraph NB-3222.5 and NB-3653.7. This criterion 
takes the pressure and range from the thermal stresses which occur when the piping system is 
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changed from one thermal condition to another into account. The criterion is based on the work by 
Miller and Bree as described in section 2.2.1.  

When analyzing a piping system, rather frequently, either the 3�� range criterion and or the thermal 
ratcheting criterion are exceeded. According to subparagraph NB-3228.4 the 3�� range criterion 
and thermal ratcheting criterion need not be fulfilled if an elastoplastic FE analysis in which all 
governing acting loads are applied cyclically and elastoplastic material behavior is considered, a so 
called shakedown analysis, can show that shakedown occurs. For materials having a ratio between 
yield strength, ��� to ultimate strength, ��, of less than 0.70, shakedown do not need to be reached. 

Instead the analysis, when all the acting loads are cycled, must show that the accumulated plastic 
strains are below 5.0%. The code does not describe any further details on how to perform the 
elastoplastic analysis. Hence, no recommendation for choosing constitutive models is presented. 

It should be noted that other codes which are used for verification of nuclear power plant 
components such as the German KTA [27] and the French RCC-M [28] also requires elastic stress 
evaluation against a 3�� criteria and a thermal stress ratcheting criteria in order to protect against 
failure through ratcheting. Both these codes allow the use of inelastic cyclic ratcheting analysis. 
However, no further description on how to perform the shakedown analysis is presented. 
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2.3 SIMULATING RATCHETING 

2.3.1 General 

For monotonic loading of strain hardening materials, it is widely agreed upon that isotropic 
hardening renders a satisfactory accuracy in the solution of elastoplastic problems. This is the case 
for proportional loading as well as for non-proportional loading. However, for loading which 
involves reversing plasticity, isotropic hardening fails to capture the Bauschinger effect. In order to 
remedy this shortcoming, Prager [29], introduced the concept of kinematic hardening. With a 
kinematic constitutive hardening model the yield surface size and shape remains constant but it 
translates in stress space during the inelastic loading, see further descriptions in section 2.1.7. As a 
result of this a kinematic hardening model can simulate the Bauschinger effect. Hence, the key 
element for a kinematic model is the translation of the yield surface, e.g. the rule for determining 
the back-stress tensor ijα , see (2-50). Since Prager first introduced a kinematic hardening model a 

great number of other variants of kinematic hardening models have been developed. Most models 
presented the last decades however stem from the model proposed by Chaboche, [31]. Chaboche in 
turn stems from the Armstrong-Frederick model, [30], which in turn is a modification of the 
original Prager model. 

In order to simulate a material ratcheting behavior the kinematic model must have a built in 
function which can memorize the material’s strain history. All kinematic material models cannot 
simulate this behavior. Obviously, the question arises whether this ratcheting in asymmetric stress 
cycling and structural ratcheting interact. If such an interaction exists, all elastoplastic assessments 
of progressive deformation need to be conducted with constitutive models that are capable of 
simulating ratcheting in asymmetric stress cycling.

Further, the hardening properties of metals are a complex characteristic to take into consideration. 
This effect can be simulated in combination with a kinematic model by also using an appropriate 
type of isotropic material model. However, in order to capture advanced effects such as preloads 
and varied cyclic responses for different load magnitudes advanced models which require extensive 
cyclic material data are needed. One can also use the cyclic stabilized stress-strain curve using only 
a kinematic model and neglect the response prior to cyclic saturation. If the cyclic hardening effects 
are ignored and only the virgin curve is utilized for calibration of the models the plastic response is 
overestimated for cyclic hardening materials, underestimated for cyclic softening materials and 
correct if the cyclic hardening or softening effects are negligible. 

In this work the interrelated kinematic models of Prager, Armstrong-Frederick and Chaboche are 
investigated. In addition to these, also the Besseling model [32] is investigated.  

These four constitutive models are described in the following subsections. 
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2.3.2 Prager Linear Kinematic Hardening Model 

The Prager kinematic hardening model constitutes a bi-linear stress-strain curve with plastic 
modulus pH , according to Figure 2-18. This rule assumes that the incremental back-stress tensor is 

proportional to the incremental plastic strain tensor as follows 

p
ij ijd kdα ε= (2-55)

In which k is the positive proportional constant and by recalling that the flow rule gives an 
expression for the incremental plastic strain tensor, see (2-52) and (2-53), the expression above can 
be expressed as 
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Which in turn gives an expression for the previously described function, ijq , according to (2-50) as 

follows 
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Finally, this expression inserted into the expression for the plastic hardening modulus for kinematic 
hardening according to (2-51) gives 
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(2-58)

By expressing the constant k with a new constant C =2/3·k the most frequent used form of the 
Prager translation rule, (2-55), become 

2

3
p

ij ijd Cdα ε= (2-59)

In which C is the (constant) slope of the stress-plastic strain curve i.e. C equals the plastic modulus 

/p e pH d dσ ε= .  Obviously, since there is no volumetric component of plastic strains, the translation 

ijα of the yield surface is purely deviatoric. 
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Figure 2-18  A stress-plastic strain curve with plastic modulus ���  

The factor 2 / 3 is also understood as follows by considering the uniaxial case. If an increment of 
stress dσ is applied, the volumetric and deviatoric portions of this stress increment are 
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d d d

d d

d d
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(2-60)

Hence, if the stress state moves [ ]0 0
T

dσ , the yield surface must translate 

[ ]2 / 3 / 3 / 3
T

d d dσ σ σ− − in the deviatoric plane order for the stress state to still be on the yield 

surface and hence 

2 2

3 3
p

p ed d H dα σ ε= = (2-61)

A disadvantage with the Prager model is that it cannot capture the real stress-strain curve since the 
plastic modulus is non-linear for a real stress-strain curve. Another disadvantage with the Prager 
model is that it cannot capture the effect associated with material ratcheting. The stress-strain 
response when a specimen is loaded by uni-axial cyclic stress (into the plastic region) with a mean 
stress, e.g. loads which give material ratcheting, result in a closed loop when the Prager model is 
used.  
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2.3.3 Armstrong-Frederick Kinematic Hardening Model 

The Armstrong-Frederick model is similar to the Prager model but the translation rule is modified 
with a recall term according to  

2

3
ijp p

ij ij ed Cd C d
α

α ε ε
α∞

= − (2-62)

The recall term causes the evolution of the magnitude and direction of the incremental back-stress 
vector to vary depending on where the center of the yield surface is located in the stress space, e.g 
the state of the current back-stress ijα . Hence, the plastic modulus pH becomes non-linear and not 

constant as in the Prager model. Further, the direction of the increment back-stress vector does not 
have to agree with the direction of the incremental plastic strain vector which is the case for the 
Prager model. The parameter C denotes the plastic modulus, pH , at the onset of plasticity and the 

positive constant α∞ describes the translation of stress of the yield surface in the principle stress 

state which gives a plastic modulus, 0pH = . This is illustrated in Figure 2-19 a) and b), where the 

former show an Armstrong-Frederick uniaxial plastic response curve with its included parameters 
and the latter presents the curves which give a plastic modulus of pH C= and 0pH =  illustrated in 

the principle stress space. 

It should be noted that the Armstrong-Frederick model may sometimes be expressed slightly 

different with a parameter γ instead of 
C

α∞

in (2-62). This is the case in Ansys [82] where the 

Armstrong-Frederick model is a three-parameter model with parameters C , γ and 0yσ .  

An advantage of this material model is that for monotonic loading it is possible to attain a much 
better fit to a real stress-strain curve, in comparison to the Prager model. Another advantage of the 
Armstrong-Frederick over the Prager model is that it is able to simulate ratcheting in asymmetrical 
uniaxial stress cycling and related phenomena such as stress relaxation in strain cycling – these 
phenomena being experimentally observed material behavior. The Armstrong-Frederick model is 
however known to overestimate the rate of ratcheting in such uniaxial cycling.     
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Figure 2-19  a) The Armstrong-Frederick model parameters illustrated in a uniaxial stress-plastic 
strain curve; b) the Armstrong-Frederick parameters illustrated in the principle 
stress space. 

It is well known that for a monotonic proportional loading situation the Armstrong-Frederick stress 
state and plastic modulus can be expressed with a mathematically expression as a function of the 
effective plastic strain. For demonstration purpose the derivation of these analytically expression is
presented also here.  

First, a loading function, p(t), and a stress response function, q(t), which both are proportional to a 

fixed arbitrary deviatoric stress tensor, *
ijS , are introduce according to 

*( )ij ijs p t s= (2-63)

*( )ij ijq t sα = (2-64)

and the incremental back-stress vector thus become 

*( )ij ijd dq t sα = (2-65)

The expressions (2-63) and (2-64) are inserted into the kinematic expression for the von Mises 
effective stress, (2-44), as 
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( ) ( ) ( ) ( ) ( ) ( )

2
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2
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Thereafter, the expressions from (2-63), (2-64) and (2-66) are first inserted into the expression for 
the gradient to the kinematic yield function, (2-45), which in turn is inserted into the expression for 
the flow rule, (2-16), as follow 
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Thereafter, ,  and p
ij ij ijd dε α α are inserted into Armstrong-Fredericks expression for the incremental 

back-stress tensor, (2-62), giving 
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This expression is rewritten by first multiplying the expression with 
3

2
 and rewriting * * *

ij kl kls s s=
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By using (2-67) the expression is further simplified as 
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And with some further reconfiguration a first order linear differential equation is received as 
follows 
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This equation is solved by multiplying the expressions with the integrating factor 
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(2-73)

Thereafter, the expression is integrated  
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which gives a final solution for q as follows 
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And to get the analytical expression for the effective von Mises stress equation (2-66) is inserted 
into the von Mises kinematic yield criteria, (2-42), and considering that *( )e ep tσ σ=  according to 

below 

0( ) 1
C p

ep
e e ye

ε
ασ ε α σ

−
∞

∞

� �
= − +� �� �� �

(2-76)

By deriving this equation the Armstrong-Frederick plastic modulus, as a function of von Mises 
effective strain, see (2-40), for monotonic proportional loading can be written as 
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By looking at equation (2-77) it is obvious that during the onset of plasticity, (0)pH C= and when 

the plastic strains go towards infinity ( ) 0pH ∞ =  and the von Mises stress in (2-76) equal 

0( )e yσ α σ∞∞ = + .  

By using the analytical expressions it is a rather simple procedure to calibrate the Armstrong-
Frederick material parameters with a stress and strain curve from a material test. 
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2.3.4 Chaboche Kinematic Hardening Model 

Although the Armstrong-Frederick model is better able to adjust to real stress-strain curves than the 
Prager model, it is not able to adjust to a general strain hardening material stress-strain curve. In 
order to remedy that, Chaboche introduced the concept of several superimposed Armstrong-
Frederick translations according to  
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In general, the stress-strain curve exhibits three indistinct phases. The first is related to the initiation 
of plasticity in which the slope is steep, the second is a transition phase that corresponds to a knee 
in the stress-strain curve, and the third is characterized by a constant or near constant slope. Letting 
each of these phases be characterized by an Armstrong-Frederick translation allows for the 
simulation of arbitrary stress-strain curves of strain hardening metals.  

Moreover, the Chaboche model has the potential to capture ratcheting in asymmetrical uniaxial 
stress cycling – and related phenomena – better than the Armstrong-Frederick model.   

Each of the Armstrong-Frederick analytically solution, see (2-76), can be superimpose according to 
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By using this formula it is rather simple to choose model parameters which render a desirable 
uniaxial stress-strain curve. However, different configuration of parameters may render more or less 
the same uniaxial response. 

2.3.5 Besseling Multi-Linear Kinematic Hardening Model 

The Besseling multi-linear kinematic hardening model is fundamentally different from the 
kinematic models described above. Rather than introducing the Bauschinger effect by a translation 
of the yield surface, the Besseling model generates a Bauschinger effect by dividing the material 
into sub-volumes of elastic-perfectly plastic materials, hereafter called EPP materials, with different 
yield strengths thereby creating a piecewise linear stress-strain curve.  

The differences in comparison to the kinematic models above are elaborated to some extent as 
follows. Consider  

Figure 2-20 below in which the response of three EPP materials with yield strengths 100, 200 and 
300 MPa, respectively, are subjected to a strain history going from zero to 0.2 % in tension 
whereafter the loading is reversed to 0.2 % in compression.   

Now, consider a Besseling material composed of 1/3 of each of these EPP materials. At any strain, 
the Besseling material stress is then the mean of the three EPP stresses in  
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Figure 2-20 and the Besseling material behaves as shown in Figure 2-21. The Bauschinger effect is 
obviously accounted for and the behavior is kinematic although neither of the yield surfaces 
involved translate since the involved materials do not strain harden.  

Figure 2-20   Three EPP materials with yield strengths 100, 200, and 300 MPa subjected to strain 
history zero to 0.2 % tension and reversed to 0.2 % compression. 

Figure 2-21  Resulting response for a Besseling material composed of 1/3 of each material          
in Figure 2-20. 
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In order to understand the kinematic behavior of a set of EPP materials, consider the stresses 
following the strain history from zero to 0.2 % in tension followed by reversing to 0.1 % in tension. 
At 0.1 % in tension in the reversed phase the stress in the Besseling material is zero as seen in 
Figure 2-21. However, the stresses in the individual EPP materials are 100 MPa compression, zero, 
and 100 MPa tension, respectively.  

Hence, at reversal, residual stresses are built into the sub-volumes. This resembles the physical 
mechanism of the Bauschinger effect by the formation of residual stresses within the material. 

Effectively, therefore, in a Besseling model there are stress state translations in each sub-volume 
instead of yield surface translations and this distinguishes it from the remainder of kinematic 
constitutive models for cyclic plasticity. 

It should be pointed out that in uniaxial loading, the model behaves identically to the multi-surface 
model of Mroz, [33], but for general stress states the models differ since the Mroz model includes a 
translation rule for the involved yield surfaces. 

Consider the stress-strain curve in Figure 2-22. In a Besseling material, a sub-volume 1w of the 

material has yield strength 1 1yS σ=  whereas the sub-volumes 2 3, ... kw w w  have yield strengths 

2 3, , , ,y y ykS S S . These parameters are determined so as to fit the material stress-strain curve. All sub-

volumes are subjected to the same total strain and hence  

yi iS Eε= (2-80)

Moreover it holds  
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and so forth and hence it may be written 
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in which 1,,,i k=  and of which kw is the first to be determined. Ansys limits the number of the 

stress-strain points to 20k ≤ which effectively means that any stress-strain curve may be modeled 
very accurately without appearance of piecewise linearity.      
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Figure 2-22  Example of multi-linear stress-strain curve. 
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And so forth 

1TE E=

3TE

4TE

2TE



56 THEORY



REVIEW OF EARLIER WORK 57

3 REVIEW OF EARLIER WORK 

In this chapter experimental investigations of ratcheting performed by other researchers are 
reviewed. Research trends on simulation of ratcheting using numerical methods are also discussed. 
In the last section of this chapter the findings are summarize and motivate the experimental and 
numerical investigations which is presented in the following chapters.  

3.1 WORK ON RATCHETING EXPERIMENTS 

In order to facilitate comparison between the applied loads in the reviewed experiments, the loads 
are recalculated and expressed in elastic stress and in the ASME �� unit, see (Eq. 3-1). 

3.1.1 Material Ratcheting Experiment 

Already in 1909 Bairstow [35], observed that a steel specimen under cyclic uniaxial loading with a 
positive mean stress resulted in a so called material ratcheting response. In other early papers 
Manjoine [36] and Kennedy [37] made investigation for different combination of axial mean stress 
and cyclic uniaxial ranges and made further similar observation. Since then the number of paper on 
experimental investigations published on this subject has grown to considerable proportions. The 
uniaxial material ratcheting behavior for a wide range of materials and load levels has been 
investigated. In Figure 3-1 a), b) and c) some typically material ratcheting tests results from [38] of 
specimens made of 316L(N) with a yield strength equal to approximately 210 MPa are presented. 
The experimental results presented axial ratcheting response as a function of loading cycles at 
different levels of mean stress and stress amplitudes. Expressed as ratio of ASME ��units, cyclic 
axial elastic stress ranges vary from 3.0�� to 3.6��, and the axial mean stresses vary from 0.07��
to 0.21��. From Figure 3-1 a) it can be seen that the ratcheting rate is significant at higher level of 
mean stress and at higher stress amplitudes. Figure 3-1 b) and c) show the result for when the 
applied loads is altered after 100 cycles. The material behavior for an increased altering load leads 
to an initial higher ratcheting response. However, after the initial cycles the behavior becomes 
similar to the response in figure a). Tests with a lower altering load result in an immediately shake-
down response. Hence, the experimental results show that a material ratcheting response is 
dependent on the previous loading history.  

In addition to this, experimental investigations have shown that the rate of material ratcheting tends 
to be temperature dependent. In for instance [39] and [40] it is shown that the final stabilized rate of 
ratcheting is reduced for an increased temperature. An example of this is presented in Figure 3-2 
which shows the axial ratcheting strain vs cyclic number for a specimen made of SS304 under a 
cyclic axial stress range of 4.0��(based on tabulated yield strength at 200 degrees Celsius) and 
axial mean stress of 4.0��(also based on tabulated yield strength at 200 degrees) for a temperature 
history: 200���400 � ��� � ��� � 200. It should be noted that since the yield strength is reduced 
at higher temperatures, obviously the cyclic stress range will be increased for higher temperatures. 
The results from the investigation show that material ratcheting response becomes less significant at 
higher temperatures. One can also distinguish a negative ratcheting rate when the temperature is 
reduced from 600 ��400 and from ��� � 200. Hence, also this investigation shows that material 
ratcheting response depends on the previously loading history. 
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Figure 3-1   Uniaxial material ratcheting tests results of a specimen made of 316L(N): a) the 
ratcheting response for a cyclic axial stress range which varies from 3.0 � to 3.6 �
with an axial mean stress which varies from 0.07 � to 0.21 �, b) the ratcheting 
response when the applied loads are increased after 100 cycles, c) the ratcheting 
response when the applied loads are decreased after 100 cycles.

Figure 3-2   The axial ratcheting strain from a uniaxial material ratcheting test conducted at 
different temperatures on a specimen made of SS304. The cyclic axial stress range 
was 4.0 � (at 200 degrees) and the axial mean stress was 0.4 �(at 200 degrees). 
The figure is taken from [40]. 
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In order to further comprehend the material behavior for this type of load situation the investigation 
trend is to focus more on the microstructural level during the experiments, see for instance [41] and 
[42]. In [42] it is observed at micro level that the density of dislocations induced in channels are 
higher when a cyclic test is performed with a mean stress in comparison to when a test is performed 
with zero mean stress. It is hypothesized that this effect can explain the change in material 
hardening and hence partly also explain the material ratcheting behavior. In Figure 3-3 the 
microstructural condition observed at the end of two fatigue tests are presented. Figure 3-3 a) 
present the conditions when the test specimens have been exposed to a cyclic axial load with zero 
axial mean stress and in Figure 3-3 b) the test specimens have been loaded under cyclic axial load 
and a mean stress. 

Figure 3-3   The microstructural condition observed at the end of two fatigue tests: a) the test 
specimen have been exposed by a cyclic axial load with zero axial mean stress, b) the 
test specimen have been loaded under cyclic axial load and an acting mean stress. 
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3.1.2 Ratcheting Experiments on Tubes Exposed to Torsion-Axial Loads 

In 1962 Wood & Bendeler, [43], and in 1963 Moyar & Sincair, [44], performed some of the earliest 
biaxial ratcheting experiments. A series of cyclic tests were conducted on tubular specimen 
subjected to steady axial tension and alternating torsion at room temperature. The experimental 
results show that a ratcheting response is developed in the pipe axial direction in all the performed 
tests. The ratcheting mechanism for this load situation is not the same as for a specimen exposed to 
uniaxial loading with mean stress since this type of loading also involves structural ratcheting. The 
reason for structural ratcheting in the axial direction is well illustrated by visualizing the stress path 
and the von Mises yield surface in the shear-axial stress space according to Figure 3-4. From this 
figure it is obvious that the plastic strain component in the axial direction is positive during both 
positive and negative torsion loading.  

Figure 3-4   Schematically illustration of a thin pipe stress state in the shear axial stress space 
when exposed by constant axial tension and cyclic torsion loads. 

In the investigation by Moyar & Sincair, [44], specimens made of OFCH copper were exposed by a 
constant axial tension load and cyclic torsion load. 20 tests were performed and the axial stress level 
varied between 0.1��  to 0.57��  and the altering torsion loads expressed in elastic stress range 
varied from 3�� to 8��. As an extract from this investigation Figure 3-5 show the axial strain as a 
function of the torsion load cycles for four of the tests. In these tests the torsion range was 3�� and 
the constant axial load varied between 0.1��, 0.23��, 0.35�� and 0.57��. 
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Figure 3-5   a) Schematic diagram of testing apparatus used for ratcheting experiment on tube 
specimens made of OFCH copper exposed by constant axial tension loads and cyclic 
strain controlled torsion loads. b) The axial ratcheting response for a constant axial 
load of roughly 0.1 �, 0.23 �, 0.35 � and 0.57 �  in combination with a cyclic 
torsion load which corresponds to an elastic stress range of 3 �.The figures are 
taken from [44]. 

Since the first biaxial tension-torsion experiments additional investigations of this kind have been 
performed. For instance the French atomic energy commission, CEA, performed a wide range of 
similar experiments at high temperatures, see Clément & Guionnet [45] [46]. Later Jiang & 
Sehitogly [47] and Kang [40] also investigated the behavior on tubes exposed to tension-torsion 
loads but in regards to previous loading and temperature history. Further, in 2009 Kim, Jiao, Chen 
& Sakane [48] conducted six biaxial ratcheting experiments on a tube specimen under 
nonproportional tension-torsion loading. During each experiment loading paths under different 
combinations of axial stress control and torsion strain control were conducted. It is noted that the 
deformation controlled loads for each of the performed tests corresponds to a secondary elastic 
stress range, expressed in ASME �� units, of approximately 8.5��.  

3.1.3 Ratcheting Experiment on Tubes Exposed by Internal Pressure and Cyclic Bending moments 

In the late 1980s many experts suggested that the requirement for dynamic and seismic loads in the 
current ASME piping design code [49] might be too conservative. As a result a number of 
experimental programs were conducted on piping systems; see for instance the investigation by 
Beaney & Wittmann [50] and the program by EPRI [51]. These tests revealed that the failure mode 
of piping under high dynamic reversed loading was not collapse but rather fatigue-ratcheting or 
ratchet-buckling. The loads which caused the ratcheting response were steady internal pressure in 
combination with a cyclic bending moment and the ratcheting response primarily occurred in the 
pipe hoop direction. For this reason the interests for this phenomena was intensified and in [51] 
several explicit ratcheting experiments including pressurized pipe test are presented. During these 
tests the pressurized pipe was exposed by cyclic bending moments which were applied by using a 
four point bending fixture in a displacement controlled mode. In the investigation in total two 
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experiments with two different materials were examined. The result showed that ratcheting 
occurred in the pipe hoop directions which eventually lead to failure. Later in 1991 Scavuzzo, Lam 
& Gau [52] made similar investigations on pressurized pipes exposed to cyclic bending. However, 
in this research the bending moment was applied as a dynamic load. The result showed that even 
though the pipe was excited at high dynamic level, the ratcheting rate was strongly reduced. Based 
on this the authors concluded that the ratcheting rate was limited due to high damping associated 
with the plastic work and due to a buildup of residual stresses.  

In 1996 and 1998 Moreton [53] [54] conducted five tests on a bright steel and five tests on a carbon 
steel pressurized pipe with varied cross sections exposed to different levels of reversed dynamic 
bending moment using a test setup as illustrated in Figure 3-6 a). In these works the variation in 
behavior caused by changing the ratio between the outside diameter and thickness was in focus. The 
measured bending moment during one of the experiments is presented in Figure 3-6 b) and shows 
that the magnitude during the lowest and highest loading cycle varies approximately 20%. This 
variation is assumed to be caused by influence of resonance effects between the applied loads and 
the natural frequencies of the test system. In Figure 3-6 c) the ratcheting response in the pipe hoop 
direction as a function of the time for an applied bending moment range of approximately 3.2��
and a pressure level which corresponds to approximately 1�� is presented. The results show a small 
progressive accumulation of strains during each cycle in the pipe hoop direction. In the 
investigation also higher levels of dynamic loads were investigated and higher ratcheting rate per 
cycle was then observed. Further, the specimens with different diameter to thickness ratio were 
found to develop approximately the same ratcheting rate. Hence, the conclusion from these studies 
was that the relation between the diameter and the thickness has a little effect on the ratcheting rate. 

Figure 3-6   a) Seismic test rig for a test of a straight pipe with constant pressure and reversed 
dynamic bending load. b) Measured bending moment response. c) Measured hoop 
ratcheting response for a bending moment range of approximately 3.2 �  and a 
pressure level which corresponds to approximately 1 �. All three figures are from 
[54].

Kulkarni [57] also performed an investigation of a pressurized straight pipe loaded under different 
levels of cyclic force controlled bending moment. However, in this investigation the bending 
moment was ramped at a slow pace so that dynamic effects are excluded. The internal pressure was 
kept constant at a pressure hoop stress level of approximately 0.75��  and the bending moment 
expressed in an elastic stress range was first 3.1�� during the first 130 cycles thereafter increased to 
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3.4��  during cycles 130-170, 3.75��  during cycles 170-230 and finally to 4.0��  during cycles 
230-290. The results of this study is presented in Figure 3-7 from which it can be seen that the 
ratcheting rate increased during the initial cycles with higher load levels but decreased with the 
number of cycles. However, no shakedown was observed.  

Figure 3-7   The hoop ratcheting response from [57] based on a test of a straight pipe with 
constant pressure and displacement controlled cyclic bending moment. The internal 
pressure was kept constant at a pressure hoop stress level of approximately 0.75 �
and the bending moment expressed in an elastic stress range was first 3.1 � during 
the first 130 cycles thereafter the bending moment was increased to 3.4 � during 
cycles 130-170, 3.75 � during cycles 170-230 and finally to 4.0 � during cycles 
230-290. 

In another investigation Gao, Chen & Chen [58] made seven similar stress-controlled experiments 
on a straight pressurized pipe under cyclic bending moment. During three of the experiments the 
pressure was kept at a constant level of about 0.85�� and the bending moment range was roughly 
3.8�� , 3.5��  and 3.0�� . The hoop ratcheting responses from these three tests are presented in 
Figure 3-8 a). In three tests the bending moment range was kept at 3�� and the hoop stress from the 
pressure was kept at 1.05��, 0.75�� and 0.42�� resulting in a hoop ratcheting response according 
to Figure 3-8 b). In the last test the pressure was kept at hoop stress 0.85��  and the bending 
moment at 3.5�� but both the axial and hoop response was recorded. Since the bending moment 
was applied under stress-controlled conditions ratcheting may also occur in the pipe axial direction. 
The result from this test is presented in Figure 3-8 c) and shows that ratcheting also occurs in the 
pipe axial direction during the initial loading cycles and thereafter, the rate of axial ratcheting is 
reduced for the following cycles. It should also be noted that there is a difference of roughly 15% in 
hoop ratcheting response after 40 cycles when comparing the two tests which have been performed 
with exactly the same loads. 
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Figure 3-8   Ratcheting experiments on straight pressurized pipes exposed to force controlled 
ratcheting experiments. a) Hoop ratcheting strains as a function of loading cycles for 
constant pressure hoop stress of roughly 0.85 � and a cyclic bending moment which 
corresponds to elastic stress ranges of 3.8 �, 3.5 � and 3.0 �. b) Hoop ratcheting 
strains as a function of loading cycles for bending moment corresponding to an 
elastic stress range of 3.0 � and pressure hoop stress of roughly 1.05 �, 0.75 �
and 0.42 �. c) Hoop ratcheting strains and axial ratcheting strains as a function of 
loading cycles for pressure hoop stress of 0.85 � and bending moment at 3.5 �. All 
figures are from [58]. 

Figure 3-9   Schematic illustration the test setup on a straight pressurized pipe exposed to 
reversed strain controlled bending. The bending moment in this investigation 
corresponded to an elastic stress range of approximately 6 � and a pressure level of 
0.75 �. The figure also show the hoop ratcheting response measured during the 
experiment and a predicted response based on numerical simulation. The results are 
taken from [55]. 

In 1997 Krämer [55] performed an experiment on pressurized tubes exposed to a cyclic bending 
moment and a cyclic axial load, see test setup in Figure 3-9. However, in this experiment the cyclic 
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loads were controlled by measuring the axial strain in a reference point located at the center of the 
pipe specimen. The bending moment in this investigation corresponded to an elastic stress range of 
approximately 6�� and a pressure level of 0.75��. The strain response in the pipe hoop direction as 
a function of load cycles are presented in Figure 3-9 together with a computed response using 
numerical simulation which also was performed in the same paper.  

Later in 2008 Rahman [56] also made a similar experiment on a straight pipe but under rotation 
controlled reversed bending. The pressure hoop stress was about 0.5��  and the rotation rates 
corresponded to an elastic stress range of roughly 8�� and 4��. The results from this investigation 
are presented in Figure 3-10 and show both the cyclic mean value of the hoop and axial strain as a 
function of load cycles. The results indicate that the ratcheting response in the pipe axial direction is 
very low in comparison to the response in the hoop direction. 

Figure 3-10   Pressure hoop stress equaled roughly 0.5 � and cyclic end rotations corresponded 
to an elastic stress range of roughly 8 � and 4 �. Figure a) shows the cyclic mean 
value of the axial strain response as a function of load cycles and figure b) shows the 
cyclic mean value of the hoop strain response as a function of load cycles. Both 
figures are taken from [56]. 

3.1.4 Ratcheting Experiment on Tubes Exposed by Internal Pressure and Cyclic Axial loads 

During the time period 1992 to 1996 several researchers preformed experimental investigations on 
thin walled tubes exposed to a constant internal pressure and axial cyclic loads resulting in 
ratcheting in the pipe hoop and axial direction. Hassan & Kyriakides 1992, [59], first investigated 
the uniaxial cyclic behavior of tube test specimen with outside diameter 25.4mm and thickness 
1.27mm made of carbon steel 1020 and 1026. An extract of the results is presented in Figure 3-11 a) 
which demonstrates a cyclic softening stress-strain response for a specimen made of CS 1026 
exposed to axial strain symmetric cyclic loading in the strain range !1% which corresponds to an 
elastic stress range of approximately 10�� . Thereafter, Hassan & Kyriakides, [60], investigated 
tubes made of CS 1026 under constant pressure and both stress controlled and strain controlled 
axial cyclic conditions. A series of six strain controlled experiments were conducted and the result 
showed different levels of ratcheting response in the hoop direction for different levels of internal 
pressure and axial loads. An additional extract from this work of measured hoop strain response as a 
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function of axial strain controlled cycles for a pressure level which resulted in a tube hoop stress of 
0.36�� at strain amplitudes which corresponds roughly to elastic stress ranges of 8��, 10�� and 
13�� are presented in Figure 3-11 b).  

Figure 3-11   a) The stress-strain response of a pressurized straight pipe specimen made of CS 
1026 exposed to strain symmetric cyclic loading. The figure is taken from [59]. b) 
The hoop ratcheting response of a tube exposed by internal pressure hoop stress 
0.36 �  and cyclic axial strains controlled loads corresponding to elastic stress 
ranges of roughly 8 �, 10 � and 13 �. The figure is taken from [60]. 

Later in 1994 Hassan & Kyriakides, [61] [62], presented further similar investigations on tube 
specimen with the same dimension and applied loads but instead with specimens made of carbon 
steel 1018 and stainless steel 304. When the specimens where exposed to axial strain symmetric 
cyclic loading in the strain range !1%, the carbon steel 1018 showed a cyclic softening response 
and the stainless steel 304 specimen showed a cyclic hardening response. It should be noted that for 
the SS304 material a strain range of 2% corresponds to an elastic stress range of crudely 28��. The 
SS304 uniaxial stress-strain curve from this experiment is presented in Figure 3-12 a). The hoop 
ratcheting response as a function of axial strain controlled cycles for a cyclic strain range 
corresponding to an elastic stress range of roughly 14�� at three different pressure levels equal to 
hoop stress of 0.19��, 0.37�� and 0.53�� are presented in Figure 3-12 b). The result shows that 
the shake down is achieved at the lowest pressure level and the ratcheting rate is increased for 
higher levels of pressure. 
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Figure 3-12   a) The stress-strain response for a pressurized straight pipe specimen made of SS304 
exposed by strain symmetric cyclic loading. The figure is taken from [61]. b) The 
hoop ratcheting response of a tube exposed to a cyclic axial strain controlled load 
corresponding to an elastic stress range of roughly 14 � at three different pressure 
hoop stress levels of 0.19 �, 0.37 � and 0.53 �. The figure is taken from [62].  

In addition to this also Charles, Rider & Harvey, [63] [64], examined thin walled pipes for internal 
pressure and axial strain controlled cyclic loads. The test specimens used in those experiments were 
made of stainless steel 304S11 and low-carbon steel En6, with an outer diameter of 20mm and a 
thickness of 1mm. Strain controlled experiments were conducted at different pressure levels 
corresponding to hoop stresses of 0��, 0.37��, 0.75��  and 1.12�� and for all experiments the 
cyclic axial strain equal an elastic stress range of approximately 28 �� . In Figure 3-13 the 
accumulated plastic hoop strains as a function of the axial load cycles at different pressure levels for 
the specimen made of SS 304S11 are presented.  
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Figure 3-13   The ratcheting strain controlled experiments were conducted at different pressure 
levels corresponding to hoop stresses of 0 �, 0.37 �, 0.75 �  and 1.12 � and for 
all experiments the cyclic axial strain equal to an elastic stress range of 
approximately 28 �. The figure is taken from [64]. 

3.1.5 Ratcheting Experiment on Piping Elbows Exposed by Internal Pressure and Cyclic Bending 
Moments 

In one of the most recent experimental ratcheting investigations Hassan 2015 [65] investigated the 
behavior of pressurized pipe bends exposed to cyclic bending moments. In total, six experiments 
were performed and both force-controlled and displacement-controlled experiments were 
conducted. A similar investigation was performed in 2006 by Chen [66]. The test setup from this 
investigation is presented in Figure 3-14 a) and the principal ratcheting strain response at the outer 
surface of the elbow flank is presented in Figure 3-14 b). The constant pressure straight pipe hoop 
stress during this test equals approximately 0.77��. The bending moment was applied under force-
controlled conditions and the bending moment elastic stress ranges for a straight pipe were equal to 
2.5��, 3.1�� and 3.75��. However, it should be noted that the stress intensity in a bend is obvious 
higher than in a straight pipe. In order to clarify this, one can compare the straight pipe plastic 
collapse ratio between a straight pipe and a bend. According to the analytically expressions in 
ASME NB-3683.7 [26] this ratio for the considered bend is 2.3. 
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Figure 3-14   a) Experimental setup of a ratcheting investigation of a pressurized piping elbow 
exposed to a force-controlled cyclic bending moment, b) ratcheting response in two 
principal directions as a function of number of loading cycles for internal pressure 
corresponding to a straight pipe hoop stress 0.77 � and a straight pipe bending 
moment elastic stress ranges of 2.5 �, 3.1 � and 3.75 �. The figures are taken 
from [66]. 

3.1.6 Other type of Ratcheting Experiment  

In addition to the presented investigations, a few studies worth mentioning are [67-79] which 
performed ratcheting investigations by introducing thermal loads. The thermal stress ratcheting test 
on a Bree three rod bar from 1974 by Takeo [67] is in particular recommended. Finally, the 
interested reader should also look at the work by Segle [80] who performed an extensive ratcheting 
investigation on a two-rod specimen which also was part of the research project ROBUS [1]. 

3.2 WORK ON NUMERICAL SIMULATION OF RATCHETING 

Experimental observations of the kind presented in the previous section have formed the basis for 
extensive numerical investigations and published papers, see for instance [46, 
54,55,56,57,58,60,62,63,64,65,66]. Initially the studies were performed using the models presented 
in 2.3 namely the Prager kinematic hardening [29], the Besseling multi-linear hardening [32], and 
the Chaboche non-linear kinematic hardening using four Armstrong-Frederick models [31]. 
However, it was shown difficult to simulate different material ratcheting, uniaxial structural 
ratcheting and multiaxial ratcheting with the same model and same set of model parameters. For 
this reason many researchers have developed more refined constitutive models. Some of the most 
recognized models for this purpose are the Burlet and Cailletaud model [69] from 1986, a new 
model by Chaboche [68, 70] from 1991, the Ohno-Wang model I and II [71, 72] from 1993, the 
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Abdel-Karin and Ohno [73] from 2000, a model by Bari Hassan [74] in 2002, and latest the Chen, 
Jiao and Kim model [75] from 2005. However, all the presented models somehow stem from the 
model proposed by Chaboche. Chaboche in turn stems from the Armstrong-Frederick model which 
in turn is a modification of the original Prager model. The difference between these models lies in 
the governing rules for the evolution of the translation of the yield surface. Each of the new models 
requires at least a few unique internal model parameters. In order to calibrate the internal model 
parameters extensive material experiments are required. The outcome from evaluating 
investigations in which new and or old models were used for simulation and comparison with 
ratcheting experiments, see for instance one of Hassan [65] and Chen [66], have shown that the 
ratcheting strain has not been predicted well even by the more advanced constitutive models. The 
conclusions from [65,66] are that more refined models are needed. Additional material behavior 
such as cyclic hardening, softening, residual stress, material anisotropy and time and rate 
dependence are mention as properties that should be incorporated into the future models. 

3.3 DISCUSSION AND SUMMARY OF REVIEW 

The review of previously performed ratcheting experiments shows that the total number of 
performed ratcheting experiments is rather comprehensive. However, in many of these 
investigations a relatively few number of experiments have been conducted. In addition to this fact 
the setup of the experiments, the type of applied load and the design and material of the test 
specimen often varies between the investigations. Hence, the consistency between the experimental 
results is not optimal. The type of experiment which is judged to have the best consistency and 
widest range of experiments are those where a tube specimen is exposed to a constant tensile force 
and combined with either stress controlled or deformation controlled cyclic torsional loads. 
Unfortunately, this type of loading situation is not commonly a governing loading situation in a 
nuclear power plant piping system or component. Since the focus on this study is on pressurized 
piping systems or components and, therefore, tensile torsion ratcheting experiments are not 
prioritized. 

Moreover, as mentioned previously in section 2.2.3, the occasions when a detailed nonlinear 
elastoplastic analysis is requires in order determining the influence of ratcheting, occurs for a 
nuclear pressurized component when the so called 3��  criterion or the �T1 criterion cannot be 
fulfilled. Most often, the failure of one of these criterions occur due to stresses from thermal 
expansion, thermal anchor movements and thermal transients. Thermal loads are by nature 
deformation controlled and therefore it is regarded more relevant to verify that the constitutive 
models are accurate against a deformation controlled cyclic loads.  

Further, when studying the magnitude of the elastic stress range of the deformation controlled loads 
used in the reviewed investigations, it is noted that in many cases the load level are very high in 
comparison to the 3�� criterion. In many cases the elastic secondary stress range is more than 8��. 
A magnitude of such a stress range is judged to be very rare and if it occurs it is likely that it would 
only occur for a strictly limited number of load cycles. On the other hand, a large number of load 
cycles of such a magnitude would most likely be restricted by the criterion which protects against 
low cycle fatigue. Hence, the reviewed experiments in which the cyclic loads are between 3�� and 
8�� are of more interest.  
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Furthermore, the type of test specimen which is exposed to an internal pressure and cyclic load in 
the reviewed ratcheting experiments are straight pipes and elbows. An obvious disadvantage with 
the elbow design is that this design results in a complicated stress distribution. Further, the curved 
shape makes the experimental measurement and the numerical simulations more challenging in 
comparison to a straight pipe. Furthermore, the thickness of an elbow often varies much more in 
comparison to a straight pipe. Based on these arguments, it is judged that experiments on straight 
pipe specimen hold less sources of error and are preferred.  

In the review papers there are two types of experiments performed on straight pipes specimens, 
namely internal pressure in combination with either cyclic stress or rotation controlled bending 
moments or cyclic axial deformation or stress controlled loads. In both cases the dominant 
ratcheting occurs in the pipe hoop direction. However, for the pipe exposed to cyclic bending 
moment the maximum hoop ratcheting response occurs at the two locations of the cross section 
with maximal bending stress. When a pipe is exposed to cyclic axial stress or deformation 
controlled loads the stress field is equally distributed and therefore the hoop ratcheting response 
becomes theoretically the same over the whole outer wall of the pipe cross section. This makes it 
possible to measure the strains at several locations over the cross section and use the measured 
mean value to control the axial deformation range and to estimate the hoop ratcheting response. 
This is an advantage since the influence of any local deviations in the material or test specimen is 
then reduced. Further, if the cyclic loads are controlled based on measured constant axial strains, 
ratcheting may occur in the pipe hoop direction but not in the pipe axial direction. Ratcheting in the 
axial direction is of course an interesting behavior since it also influence on the ratcheting behavior 
in the pipe hoop direction. However, this ratcheting rate has been shown to be very small in 
comparison to the ratcheting rate in the hoop direction, see for instance Figure 3-10. Since it is the 
hoop ratcheting of a tube specimen that is of main concern it is judged to be more relevant to 
investigate how well the constitutive models can capture this behavior. Interaction effects between 
hoop and axial ratcheting are judged to be something to investigate at a later stage when the 
material models first are able to simulate the hoop ratcheting response well. There is only one 
example of straight pressurized pipe with cyclic bending moment experiment and constant axial 
strain control amplitude, see [55] and Figure 3-9, whereas there are several of the experiments 
subjected to cyclic axial strains.  

When looking at the magnitude of the cyclic loads in the experiments on pressurized tubes under 
constant cyclic axial strain controlled conditions it is noted that it is much higher than 8��. As 
mentioned previously, this is a higher load level than a component or piping system can be expected 
to be exposed to. These experiments are therefore not as relevant as desired. This leads us to the 
conclusion that the number of available relevant experimental investigations on ratcheting in 
regards to nuclear power plant pressurized piping systems or components are deemed insufficient.  

To summarize, instead of continuing the investigation trend to keep developing more advanced 
material models which are more complex and require more experimental data in order to calibrate 
the model parameters, it is judged more relevant to go one step back in the investigation process 
and broad the experimental data on ratcheting for what are regarded as realistic load conditions, and 
use an experimental setup and test specimens which gives as reliable results as possible. Thereafter, 
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the behavior of different constitutive models should be reevaluated based on the new expanded set 
of experimental data.  
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4 THE TUBE EXPERIMENT 

4.1 General 

During a master thesis work, see [81], spring 2013 a tube test specimen was developed. The 
specimen was designed to give a ratcheting response in the multiaxial stress state which may occur 
in a pressurized pipe exposed to cyclic axial deformation controlled loads. This load situation is 
schematically illustrated in the biaxial stress state in Figure 4-1 whereas Figure 4-2 presents the 
theoretical ratcheting response in the pipe hoop direction and the plastic shake-down response in the 
pipe axial direction. 

Figure 4-1   Schematically illustration of the tube stress state in the biaxial stress of state when 
exposed by internal pressure, axial tension and axial compression. 

Figure 4-2   The followed theoretically ratcheting response in the pipe hoop direction and shake-
down response in the pipe axial direction. 

Initially tests successfully verified that a ratcheting response in the hoop direction followed when 
the specimen was subjected by combinations of primary and secondary loads which theoretically 
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would give a ratcheting response. Based on these experiences, in total 30 new test specimens from 
two different materials were manufactured, see Figure 4-3. 

In March 2014 experiments were conducted on all new specimens at the Complab laboratory at 
Luleå Technically University. First, in order to determine material properties, monotonic load 
controlled experiments were performed on several test specimens. Based on the measured material 
properties, the pressure and axial displacement loads for each of the ratcheting experiments were 
determined and summarized in a testing scheme. Thereafter, the remaining test specimens were 
used for ratcheting experiments. 

Figure 4-3  Combined photos of the 30 test specimens. 

4.2 Test specimens and test setup 

The test specimens consisted of a pipe section and two attachments, see illustration in Figure 4-4. 
The attachments are made of steel S355 and designed to fit into the tensile test machine. They are 
much stiffer than the pipe section and allow connection of hydraulic equipment for introducing 
pressure into the test specimen. Two types of pipe sections; austenitic steel, 316L, and ferritic steel, 
P235; with dimensions according to Table 4-1 are investigated. The pipe sections are welded to the 
attachments with full penetration butt welds. A photo of the specimen together with a marker pen is 
shown in Figure 4-5.  

Three types of experimental tests are performed. These are a) monotonic load controlled tensile 
tests, b) monotonic load controlled internal pressure tests and c) ratcheting tests. During all three 
types of test, the tube specimen is mounted into a tensile test machine.  

Table 4-1 Material and dimension for the two pipe sections of investigation.

D
o t L

P235 70.00 mm 2.90 mm 300 mm 

316L 73.03 mm 3.05 mm 300 mm 
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Figure 4-4  Illustration of test specimen.

Figure 4-5  Photo of a 316L test specimen and a marker pen.

A constant pressure level is achieved by connecting hydraulic hoses to the threaded holes in both 
the attachments. One hose is connected to an open valve and the other to a hose coupling. 
Thereafter, the specimen is placed in a nearly vertical position and drained from air by pressing 
hydraulic oil through the bottom hose until the whole system is filled with oil. Finally, the valve is 
closed, the specimen is mounted into a tensile test machine and an external pressurized system is 
connected to the hose coupling. The external system controls the internal pressure in the specimen.  

In order to compensate for pressure fluctuation due to internal volumetric variation of the specimen, 
the pressure in the external system is regulated based on the pressure data from a pressure sensor 
located close to the specimen. A schematic illustration and an overview photo of the system used 
for controlling the pressure in the specimen is illustrated in Figure 4-6 and Figure 4-7. The pressure 
sensor is also used for recording pressure data during the experiments. 
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Figure 4-6  Schematic illustration of the pressure regulation system.

Figure 4-7  Overview photo of the pressure regulation system. 

Three biaxial strain gages are attached at the center outer wall of the specimen with a distance of 
120° between each gage. Each biaxial strain gage is connected to a computer which recorded the 
axial and circumferential strains.  

In order to ensure experimental continuity in case of a single strain measure failure, two 
extensometers of MTS fabricate which measure the axial strains, are attached close to the center of 
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the outer wall of the specimen and connected to the computer. Extensometers normally allow larger 
strains before failure in comparison to a strain gage. Hence, the displacement of the tensile test 
machine is controlled by the average strain of the two extensometers. 

A close-up photo of a strain gage and the two extensometers is presented in Figure 4-8. 

Figure 4-8  Close-up on a strain gage and the two extensometers. 

4.3 Monotonic Experiments 

In order to examine the influence of anisotropic material behavior both uniaxial and multiaxial 
experiments under load control for determining of the pipe section’s material properties are 
conducted. For the uniaxial experiments specimens, with no internal pressure, are mounted into a 
tensile test machine and monotonically loaded in the axial direction until rupture occurs. For the 
multiaxial test the specimens are first mounted into the tensile test machine. Thereafter, the test 
machine is set to load control mode and an internal pressure is introduced into the specimen. The 
pressure is slowly increased until the measured strains show that the load is approaching the 
ultimate load.

Stress-strain curves are determined based on the tensile tests and the internal pressure tests. For the 
latter, the stress-strain curve is derived from the effective stress and effective strain. The results are 
presented in Figure 4-9 and show that both materials exhibit a difference in stress-strain curves 
derived from tension and pressure tests, which is expected to some extent. The difference is larger 
for P235 than for 316L which is probably due to the fact that the discontinuous state of plateau 
strain (Lüders strain) that occurs in tensile tests of ferritic steels is less pronounced in bi-axial stress 
states, [34]. 

For determination of the yield strength the Rp0.2 method is used. It should be noted that the back-
stress interpolation method in these cases give more or less the same yield strength. The yield 
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strength for the uni-axial tensile tests, the internal pressure tests and the mean value of these tests 
are presented in Table 4-2. 

Table 4-2 Yield strengths based on the monotonic experiments.

tensile
yS pressure

yS mean
yS

316L 240 MPa 215 MPa 227.5 MPa 

P235 340 MPa 285 MPa 312.5 MPa 

Figure 4-9  Experimental stress-strain curves 316L (left) and P235 (right).

4.4 Ratcheting Experiment Setup and Loading Scheme 

After mounting the test specimen into the tensile test machine the pressure is increased and kept 
constant at the desired level. Thereafter, the tensile machine is switched from load control with zero 
loads to a displacement control mode. The specimen is then loaded based on the predefined axial 
displacement range. The displacement is ramped at a constant motion of 10 seconds and when 
reaching the chosen value, the motion is kept constant for 10 seconds. Finally, the specimen is 
loaded to the originally position. This procedure is repeated for approximately 200 cycles based on 
the response for each test specimen. 

During the experiments the following data is measured and saved to a digital file: 

• Time [s] 

• Pressure [bar] 

• Stroke position [mm] 
• Tensile test machine load [kN] 

• Hoop strain from the three strain gages [mm/mm] 

• Axial strain from the three strain gages [mm/mm] 

• Axial strain from the two extensometers [mm/mm] 
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Initially, the data is saved at a rate of 5 Hz. However, after evaluating the results this rate is reduced 
to 2 Hz.

In order to facilitate the comparison between the loads acting on the pipe and the allowable loads in 
the AMSE III code for class 1 piping, the primary loads of internal pressure and secondary loads of 
axial deformation range which are applied in the experiments are chosen in units of Sm, see (2-54). 
According to ASME NB-3641.1 equation 3, see [146], the hoop stresses can be expressed as a 
function of the internal pressurized, P, in a pipe with outer diameter, Do, and thickness, t, as follows 

( )2·0.4·

2
o

hoop

D

t

P t
σ

−
= (4-1)

For the ratcheting experiments, primary stress levels of 0.5·Sm, 1·Sm and 1.25·Sm are chosen. It 
should be mentioned that the allowable hoop stresses for a pressurized pipe according to the ASME 
code is roughly 1·Sm. The secondary axial strain ranges are determined through Hooks law with the 
modulus of elasticity chosen according to ASME II part D. Hence, for the 316L specimen E=195 
GPa and for the P235 specimen E=205 GPa. For the ratcheting experiments, secondary stress range 
of 2·Sm, 3·Sm , 4.5·Sm and 6·Sm are chosen. By visualizing this in a biaxial stress state together 
with the von Mises yield surface it is easier to realize the reason for the chosen primary stress 
levels. This is done in Figure 4-10 which also shows that for a higher primary stress level the 
direction of the theoretical initial plastic strain vectors, �p(a-f), points more to the positive hoop 
direction. Hence, a higher level of ratcheting in the hoop direction is expected for higher pressure. 

The only input needed to determine the primary and secondary load effects is the yield strength of 
each material which are established during the monotonic experiments. The yield strength value 
used for this purpose is chosen to the average of the yield strength from the uniaxial and multiaxial 

experiments, hence mean
yS in Table 4-2. Based on these results the pressure and axial deformation 

ranges are determined and from this the loading scheme for the ratcheting experiments according to 
Table 4-3. 
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Figure 4-10 Visualization of applied primary stresses, secondary stress ranges and plastic strain 
vectors in von Mises initial yield surface. 
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Table 4-3 Summary of the ratcheting experimental loading scheme. 

Test  
specimen

Material
Hoop 
Stress 

Pressure 
Axial 
stress 
range 

Axial strain 
range 

1 316L 0.50 Sm 66 bar 3 Sm 0.233 % 

2 316L 0.50 Sm 66 bar 4.5 Sm 0.350 % 

3 316L 0.50 Sm 66 bar 6 Sm 0.467 % 

4 316L 1.00 Sm 131 bar 2 Sm 0.156 % 

5 316L 1.00 Sm 131 bar 3 Sm 0.233 % 

6 316L 1.00 Sm 131 bar 4.5 Sm 0.350 % 

7 316L 1.00 Sm 131 bar 6 Sm 0.467 % 

8 316L 1.25 Sm 164 bar 2 Sm 0.156 % 

9 316L 1.25 Sm 164 bar 3 Sm 0.233 % 

10 P235GH 0.50 Sm 89 bar 3 Sm 0.305 % 

11 P235GH 0.50 Sm 89 bar 4.5 Sm 0.457 % 

12 P235GH 0.50 Sm 89 bar 6 Sm 0.610 % 

13 P235GH 1.00 Sm 179 bar 2 Sm 0.203 % 

14 P235GH 1.00 Sm 179 bar 3 Sm 0.305 % 

15 P235GH 1.00 Sm 179 bar 4.5 Sm 0.457 % 

16 P235GH 1.00 Sm 179 bar 6 Sm 0.610 % 

17 P235GH 1.25 Sm 223 bar 2 Sm 0.203 % 

18 P235GH 1.25 Sm 223 bar 3 Sm 0.305 % 
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4.5 Ratcheting Experimental Results 

In the following subsection the ratcheting experimental results are presented. In the first section the 
measured tube hoop strain are presented as a function of cycles for each experiment, in the second 
subsection the material cyclic behavior in the axial tube direction is presented and in the third 
subsection the magnitude and direction of the plastic strain increment is determined and presented. 

4.5.1 Hoop Strain Response 

In this section the total hoop strain is plotted as a function of number of secondary load cycles. The 
figures also show which material and stress levels of primary and secondary loads are used for the 
considered experiment. In total 18 ratcheting experiments are presented. Nine experiments are 
performed for the 316L specimens and nine tests on the P235 specimens.  

The experimental results for all tests with a primary stress level of 0.5Sm are presented in Figure 
4-11. In Figure 4-12 all tests with a primary stress level of 1.0Sm are presented and in Figure 4-13 
the tests with a primary stress level of 1.25Sm are presented. The reason for that some of the figures 
do not show results for all the 200 cycles are that one or more strain gages failed during the 
experiment at the last presented data point. Strain gages failing during experiments at this level of 
high strains are normal. Since the yield strength is higher for the P235 material the secondary axial 
strain range become more significant. As a consequence, strain gage failure is more likely during 
the P235 experiments, which the experimental results also show is the case.  

In addition the experiments on the P235 tubes are more complex since the stain gage’s and 
extensometer’s axial response vary more between each measuring point in comparison to 316L 
tubes. It is believed that the reason for these variations may be related natural local variations of the 
Lüder platue. It is not likely that each material point reaches the Lüder platue at the same load level, 
hence casing variations in the measured axial strains. However, most of the experimental results 
show that the difference between the mean values of the two extensometers and the three axial 
strain gages is small. Though, for test 14, the difference is more significant, especially during the 
initially cycles. This is rather obvious when looking at the result presented in Figure 4-11. 

For test 12, presented in Figure 4-11, the secondary range is 7Sm instead of 6 Sm. This is caused by 
laboratory related mistakes.  

When analyzing the experimental results, a homogeneous response pattern is distinguished as 1) a 
relative larger ratcheting response for the first cycles, 2) the ratcheting response descends until 3) a 
final constant slope of the response curve is reached. For some experiments, the final slope is zero 
or very close to zero and for the remaining it is positive. The magnitude of the ratcheting response, 
the number of cycles to reach a constant response rate and the slope of the constant response curve 
follows the proportion of the primary and secondary loads. Hence, the more primary and secondary 
loads the greater initial ratcheting response, the more number of cycles until a constant response 
slope is obtained and the larger final slope of the response curve. 

The experimental results show similar tendency for the 316L experiments as for the P235. 
However, the response tends to be more extreme for the P235 material in terms of either giving a 
low response or a very strong response. Further, the number of cycles until a constant slope of the 
response rate is reached tends to be shorter in comparison to the 316L experiments.  
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Figure 4-11   Hoop ratcheting response for a constant primary hoop stress level of 0.5·Sm and 
different levels of secondary stress ranges for the tube specimen made of 316L (left) 
and P235 (right).

Figure 4-12   Hoop ratcheting response for a constant primary hoop stress level of 1.0·Sm and 
different levels of secondary stress ranges for the tube specimen made of 316L (left) 
and P235 (right).
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Figure 4-13   Hoop ratcheting response for a constant primary hoop stress level of 1.25·Sm and 
different levels of secondary stress ranges for the tube specimen made of 316L (left) 
and P235 (right).

4.5.2 Axial Cyclic Response 

In this section cyclic hardening effects in the tubes axial direction are presented for each of the 
ratcheting experiments. The results are presented in two types of figures; 1) a figure presenting the 
axial stress as a function of axial strain during all load cycles and 2) a figure presenting the axial 
stress as a function of number of secondary load cycles. In figure type 1) the stress-strain response 
during the first load cycle for 316L and the first two cycles for P235 are highlighted in blue, the last 
presented load cycle is highlighted in red and the remaining cycles are presented with an orange 
curve. The reason for highlighting the first two cycles of the P235 material is that the second cycle 
is not affected by the so called Lüder plateau which is the case for the first cycle.  

The results for all 18 ratcheting experiments are presented in Figure 4-14 to Figure 4-22. All figures 
give material and stress levels of primary and secondary loads for the presented results. Result from 
tests with the same level of primary and secondary loads for the 316L and P235 material are 
presented in the same figures. 

The presented results show that the cyclic response varies strongly depending on the level of 
primary and secondary loads. The experiments with the lowest level of primary and secondary loads 
give a cyclic softening response. This can be seen very clearly in the results from the experiments 
with primary load 0.5Sm in Figure 4-14, Figure 4-15 and Figure 4-16. The experiments with higher 
levels of primary and secondary loads either give no cyclic hardening or a cyclic hardening 
response. The hardening become more significant with higher primary and secondary load, see 
Figure 4-19, Figure 4-20, and Figure 4-22. 

One can also distinguish that the cyclic response varies with the number of secondary load cycles. It 
is noted that the most significant hardening or softening occur during the first 40 load cycles. 
Thereafter, a smaller progressive altering of the stress-strain curve is observed.  
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The 316L and the P235 materials show similar trends of cyclic hardening or softening when the 
same level of primary and secondary loads are applied. However, a detailed comparison shows that 
the 316L to some extent gives a more stabilized response after a fewer cycles and the P235 material 
gives slightly more cyclic softening for the lower load levels and slightly less cyclic hardening for 
the higher load levels. 

Figure 4-14   Top figures) The axial stress as a function of axial strain for all load cycles for a 
primary hoop stress level of 0.5·Sm and a secondary stress range of 3.0·Sm for 
316l(left) and P235(right); bottom figures) the axial stress as a function of number of 
secondary load cycles. 
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Figure 4-15   Top figures) The axial stress as a function of axial strain for all load cycles for a 
primary hoop stress level of 0.5·Sm and a secondary stress range of 4.5·Sm for 
316l(left) and P235(right); bottom figures) the axial stress as a function of number of 
secondary load cycles.
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Figure 4-16   Top figures) The axial stress as a function of axial strain for all load cycles for a 
primary hoop stress level of 0.5·Sm and a secondary stress range of 6.0·Sm for 
316l(left) and P235(right); bottom figures) the axial stress as a function of number of 
secondary load cycles.
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Figure 4-17   Top figures) The axial stress as a function of axial strain for all load cycles for a 
primary hoop stress level of 1.0·Sm and a secondary stress range of 2.0·Sm for 
316l(left) and P235(right); bottom figures) the axial stress as a function of number of 
secondary load cycles. 



THE TUBE EXPERIMENT 89

Figure 4-18   Top figures) The axial stress as a function of axial strain for all load cycles for a 
primary hoop stress level of 1.0·Sm and a secondary stress range of 3.0·Sm for 
316l(left) and P235(right); bottom figures) the axial stress as a function of number of 
secondary load cycles. 
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Figure 4-19   Top figures) The axial stress as a function of axial strain for all load cycles for a 
primary hoop stress level of 1.0·Sm and a secondary stress range of 4.5·Sm for 
316l(left) and P235(right); bottom figures) the axial stress as a function of number of 
secondary load cycles. 
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Figure 4-20   Top figures) The axial stress as a function of axial strain for all load cycles for a 
primary hoop stress level of 1.0·Sm and a secondary stress range of 6.0·Sm for 
316l(left) and P235(right); bottom figures) the axial stress as a function of number of 
secondary load cycles. 



92 THE TUBE EXPERIMENT

Figure 4-21   Top figures) The axial stress as a function of axial strain for all load cycles for a 
primary hoop stress level of 1.25·Sm and a secondary stress range of 2.0·Sm for 
316l(left) and P235(right); bottom figures) the axial stress as a function of number of 
secondary load cycles.
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Figure 4-22   Top figures) The axial stress as a function of axial strain for all load cycles for a 
primary hoop stress level of 1.25·Sm and a secondary stress range of 3.0·Sm for 
316l(left) and P235(right); bottom figures) the axial stress as a function of number of 
secondary load cycles. 

4.5.3 The Plastic Strain Increment 

In this section the location of the yield surface is investigated. This is performed by determining the 
magnitude and direction of the incremental plastic strain tensor as a function of secondary load 
cycles.  

The first step to determine the magnitude and direction of the incremental plastic strain tensor is to 
determine the elastic strain tensor, "��

# , according to hooks law, (2-13). The stress tensor, ��� , is 

included in this expression with stress components computed according to the formulas for a thin 
walled tube exposed to internal pressure and axial loads as follows 
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Where �	� �
 and �� are the radial, hoop and axial stress components, P is the internal pressure, N is 

the applied axial load and �� is the tube mean radius.  

Thereafter, the plastic axial and hoop strains are determine by subtracting the elastic response from 
the total response, according to (2-12), measured during the ratcheting experiments. By assuming 
plastic incompressibility according to (2-18) also the plastic strain in the radial direction is 
computed.  

The experimentally measured data is stored at a high frequency. Due to this fact, the incremental 
plastic strain is approximately considered to be equal to the difference in plastic strains between the 
last two measured load steps. Based on this, the magnitude of the plastic strain increment is 
expressed according to the expression for the effective plastic strain increment, see (2-38).  

Finally, the incremental plastic strain vector is determined according to 
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The direction of the plastic strain vector is presented as the angle, 5, between the hoop axis and the 
vector of the incremental plastic strain in the biaxial stress state. Further, in order to clearly 
visualize the results, a weighted mean value of this angle is computed for each half secondary load 
cycle. The weighted mean values are determined by multiplying the angle for each sub step with the 
magnitude of the incremental plastic strain and divide the sum of the products by the sum of the 
magnitude of the incremental plastic strains as follows 
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In order to evaluate the experimental results, the theoretical initial plastic strain angles which arise 
when a tube is exposed to cyclic axial displacements in combination with a hoop stress equal to 0 
Sm, 0.5 Sm, 1 Sm or 1.25 Sm are determined and illustrated in Figure 4-23. 

When analyzing the experimental results, it is obvious that the experimental data for the 316L 
material are considerably more consistent and more useful in comparison with the P235. The non-
consistent behavior of the P235 material is partly explained by the fact that the stain gages response 
varied among the locations of the strain gages as explained in section 4.5.1. These effects have a 
considerable influence on the calculated direction of the plastic strain vector and based on this 
source of error the experimental results of the P235 material are not presented. 
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The results are presented in Figure 4-24 to Figure 4-28. All figures show which level of primary 
and secondary loads that are used for the presented results. When analyzing the results one can 
distinguish that the direction of the plastic strain vector stabilizes after a number of secondary load 
cycles. The higher level of primary loads, the more secondary load cycles are required before the 
reaching the stable angle. It is also clear that the plastic strain angle in tension stabilizes after fewer 
cycles in comparison to the angle in compression. In tension the stabilized angle varies from a value 
of 110 to 118 degrees and in compression the value varies between -63 to -70 degrees. It is also 
obvious that the direction of plastic strain during the initial cycles is directed more in the positive 
hoop direction when the primary loads are higher. 

For test 4 and 8 the secondary stress range is only 2 Sm and after a few cycles the magnitude of the 
plastic increment becomes very small. Smaller plastic strains results in less data with information 
regarding the plastic increment which in turn increases the source of error when determining the 
weighted angles of the plastic strain vector. Therefore, the plastic strain vector becomes non-
consistence for the cycles with a small plastic increment.  

Figure 4-23   The theoretical initial directions of the plastic strain vectors for a tube subjected by 
cyclic axial displacement in combination with a hoop stress equal to 0Sm, 0.5Sm, 
1Sm or 1.25Sm. 
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Figure 4-24   The direction of the plastic strain vector for test 1(left) and test 2(right) for the tube 
specimen made of 316L. 

  

Figure 4-25   The direction of the plastic strain vector for test 3(left) and test 4(right) for the tube 
specimen made of 316L. 
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Figure 4-26   The direction of the plastic strain vector for test 5(left) and test 6(right) for the tube 
specimen made of 316L. 

  

Figure 4-27   The direction of the plastic strain vector for test 7(left) and test 8(right) for the tube 
specimen made of 316L. 
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Figure 4-28   The direction of the plastic strain vector for test 9 for the tube specimen made of 
316L. 
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5 NUMERICAL SIMULATIONS 

5.1 GENERAL 

In order to evaluate the behavior of the Prager, Armstrong-Fredrick, Chaboche, Besseling and also 
an elastic perfect plastic constitutive material models in comparison to the experiments, an 
extensive amount of numerical analyses are performed. For 316L the constitutive models are 
calibrated against the mean curve of the tensile and pressure stress-strain curves established during 
the monotonic experiments, see Figure 5-1. For P235, the constitutive models are calibrated against 
the curve denoted Cyclic in Figure 5-1. The values of this stress-strain curve are taken at half of the 
first unloading curve in the cyclic test on P265 as presented in [1] and scaled for the difference 
(minor) in yield strength. Taking the first unloading cycle ensures that no effect from cyclic 
hardening. The reason for this is that for cyclic loading of ferritic steel with yield plateau, the yield 
plateau only exists during the first half loading cycle. Once the plateau is extinguished it is gone 
forever and the material behaves as any other strain-hardening material and the elastic range is 
considerably lower than 2Sy. 

In the following subsections further details of the numerical simulations are described. 

Figure 5-1  Experimental, mean and cyclic stress-strain curves 316L (left) and P235 (right). 
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5.2 TUBE ANALYSIS MODEL 

In order to evaluate the behavior of the constitutive material models in comparison to the 
experimental results, an extensive amount of numerical analyses are performed using the FE 
software ANSYS [59]. The tubes are modelled using axisymmetric structural solid element 
SOLID272. 20 elements along the pipe thickness and two elements in the pipe axial direction are 
used, see Figure 5-2. The primary load is applied at the inner surface, line 4, as pressure loads and 
the bottom surface, line 3, is locked in the pipe axial direction. The secondary loads are applied as 
boundary condition displacements at the upper surface, line 1, in the pipe axial direction. Large 
deformation theory is considered in the analyses. 

Figure 5-2   ANSYS axisymmetric model of the pipe wall with the axial center line located one 
radius to the left.

5.3 CONSTITUTIVE MODEL PARAMETERS 

In this section the procedure used for calibrating the Prager, Armstrong-Fredrick (AF), Chaboche 
and Besseling constitutive model parameters is explained as follows. 

5.3.1 BKIN and EPP 

Prager linear kinematic hardening material behavior is activated through the ANSYS BKIN 
command. The only input for this model is the material yield strength and modulus of plasticity. For 
the BKIN model the yield strength used in the simulations corresponds to the mean value presented 
in Table 4-2 and the plastic modulus for both materials is chosen to fit the slope of the curve 
between the intervals 1-5% of strains. For the EPP (elastic-perfect-plastic) model the same yield 
strength is used. However, the plastic modulus is very low and equal 10 MPa. In Table 5-1 the 
parameters used in the numerical simulation are presented and in Figure 5-7 the uniaxial response 
using these parameter configurations are illustrated. 
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Table 5-1 BKIN and EPP material parameters.

yS
Modulus of 
plasticity

BKIN 
P235 312.5 MPa 2.1 GPa 

316L 227.5 MPa 2.3 GPa 

EPP 
P235 312.5 MPa 0.01 GPa 

316L 227.5 MPa 0.01 GPa 

5.3.2 AF 

A material behavior according to the Armstrong-Fredrick kinematic hardening rule is achieved by 
the use of the ANSYS CHAB command with three material constants. For the Armstrong Fredrick 
material model it is possible to calibrate the model parameters to either fit the initial, final or 
something in between the slope of the stress and strain curve. In order to evaluate which calibration 
method that best simulate the experiment, a sensitivity study using different configurations of 
material parameters is performed. The result of this study shows that the best results are achieved 
when the curve is calibrated against the slope of the curve between 1-5% strains and using a yield 
strength which is larger than the mean value presented in Table 4-2. In Table 5-2 the final chosen 
parameters are presented and in Figure 5-7 the uniaxial response using these parameter 
configurations are illustrated. 

Table 5-2 AF material parameters. 

yS
1C 1γ

P235 305 MPa 2250 0.001 

316L 245 MPa 2000 0.001 
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5.3.3 CHAB 

A material behavior according to Chaboche kinematic hardening rule is activated through the 
ANSYS CHAB command and by using seven material parameters. The Chaboche material model 
may be calibrated to closely fit a stress and strain curve in the span of 0-5% strains. However, 
different configurations of material parameters may give similar uniaxial responses but the 
ratcheting response may differ a lot. In order to demonstrate this effect, one of the performed 
sensitivity studies is presented. In this study three different sets of material parameter 
configurations, according to Table 5-3, are compared. The uniaxial response when using these 
material configurations are presented in Figure 5-3 to Figure 5-5 and show similar behaviors. 
However, when performing numerical ratcheting analyses, the response variation is significant. 
This is well illustrated in Figure 5-6 which both shows the experimental response and numerical 
response using the studied material configurations for ratcheting test 6. 

The material configuration used when comparing the numerical simulations with the experiments in 
chapter 4 are summarized in Table 5-4 and illustrated in Figure 5-7. 

Table 5-3 CHAB material parameters used in the presented sensitivity study.

yS
1C 1γ 2C 2γ 3C 3γ

Test0 125 MPa 150000  1666.7 6000 240 2300  2.3 

Test1 102.9 MPa 150000  1666.7 6000 240 2300  2.3 

Test2 125 MPa 150000 1666.7 5000 150 2000 0.001 
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Figure 5-3   Comparison between the experimental mean monotonic stress-strain curve and the 
uniaxial Chaboche response when using material parameters according to test0.

Figure 5-4   Comparison between the experimental mean monotonic stress-strain curve and the 
uniaxial Chaboche response when using material parameters according to test1.
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Figure 5-5   Comparison between the experimental mean monotonic stress-strain curve and the 
uniaxial Chaboche response when using material parameters according to test2. 

�
Figure 5-6  Simulated hoop response in comparison to the experimental measured hoop 

response. 
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Table 5-4 CHAB material parameters.

yS
1C 1γ 2C 2γ 3C 3γ

P235 145 MPa 700000  9500 85000 950 2300  0.0001 

316L 125 MPa 150000 1666.7 5000 150 2000 0.001 

5.3.4 KINH 

The material behavior of a Besseling multi- linear kinematic hardening model is achieved through 
the ANSYS KINH command. The only input is stress and strain data points of a stress-strain curve. 
In ANSYS up to 20 stress and strain data points can be used to build the uniaxial response curve. 
Hence, a uniaxial response curve very accurately calibrated against a stress-strain curve is quickly 
achieved. 

The data points used when comparing experimental and numerical results are presented in Table 5-
5 and illustrated in Figure 5-7. 

Figure 5-7  Final constitutive model parameters presented in a uni-axial stress-strain curves for 
316L(left) and P235(right). 

  

  



106 NUMERICAL SIMULATIONS

Table 5-5 KINH material parameters. 

P235 316L

totε σ totε σ

0.00026 55 MPa 0.00025 48 MPa 

0.00062 129.1 MPa 0.00050 91.5 MPa 

0.00073 148.8 MPa 0.00060 106.95 MPa 

0.00077 156.5 MPa 0.00065 113.95 MPa 

0.00093 181.2 MPa 0.00070 119.9 MPa 

0.00107 199.3 MPa 0.00075 125.85 MPa 

0.00127 219.6 MPa 0.00085 137.5 MPa 

0.00149 236.0 MPa 0.00100 150.5 MPa 

0.00171 249.7 MPa 0.00125 169 MPa 

0.00201 264.5 MPa 0.00150 183.5 MPa 

0.00239 276.0 MPa 0.00175 195 MPa 

0.00296 290.3 MPa 0.00200 203 MPa 

0.00364 301.3 MPa 0.00250 215.25 MPa 

0.00454 310.0 MPa 0.00350 228 MPa 

0.00646 319.4 MPa 0.00500 238 MPa 

0.03500 383.8 MPa 0.01000 258 MPa 

0.06000 438.6 MPa 0.01500 273 MPa 

  0.02500 295.5 MPa 

  0.05000 344.5 MPa 
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6 COMPARSION BETWEEN EXPERIMENTS AND NUMERICAL 
SIMULATIONS 

6.1 GENERAL 

In the following section, the ratcheting experimental results and numerical results are presented and 
compared. In the first section the tube hoop strains are compared with the hoops strains predicted 
with the numerical simulations and in the second section the direction of the plastic strain 
increments are determined and compared with the plastic stains predicted with the numerical 
simulations. 

6.2 HOOP STRAINS 

The results are presented in figures where the total hoop strain is plotted as a function of number of 
secondary load cycles. The figures also show which stress levels of primary and secondary loads 
that are used for the considered experiment. Further, the experimental results and each material 
model are plotted with a unique colour where EPP corresponds to an elastic-perfect-plastic model, 
BKIN to Prager, AF to Armstrong-Fredericks, CHAB to Chaboche and KINH to Besselings 
material model.   

In total 18 ratcheting experiments are presented. The first nine experiments are performed for the 
316L specimens and the remaining tests on the P235 specimens.  

The reason some of the figures do not show results for all the 200 cycles are that one or more strain 
gages failed during the experiment at the last presented data point. Strain gages failing during 
experiments at this level of high strains are normal. 

In the following subsections the results and comparisons are presented in details. 

6.2.1 316L 

Comparisons between the experimental and numerical results show that the Prager and Armstrong-
Fredrick models either underestimate or strongly overestimate the response in comparison to the 
experimental results. Further, the Chaboche model strongly overestimates the response at all nine 
experiments. The results also show that an EPP model strongly overestimates the response in most 
cases except in the cases with 2Sm in secondary range (test 4 and 8) in which the predicted EPP 
response is below the experimental response. Finally, the results show that the KINH curve more or 
less overlaps the experimental curve nearly all experimental results. Only for a few experiments 
does the KINH model predict a response slightly below the experimental response. 
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Figure 6-1   Tubes 316L. Hoop stress 0.5·Sm and axial strain range corresponding to secondary 
stress range 3·Sm. 

Figure 6-2   Tubes 316L. Hoop stress 0.5·Sm and axial strain range corresponding to secondary 
stress range 4.5·Sm. 
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Figure 6-3   Tubes 316L. Hoop stress 0.5·Sm and axial strain range corresponding to secondary 
stress range 6·Sm.

Figure 6-4   Tubes 316L. Hoop stress 1·Sm and axial strain range corresponding to secondary 
stress range 2·Sm.  
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Figure 6-5   Tubes 316L. Hoop stress 1·Sm and axial strain range corresponding to secondary 
stress range 3·Sm.  

Figure 6-6   Tubes 316L. Hoop stress 1·Sm and axial strain range corresponding to secondary 
stress range 4.5·Sm.
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Figure 6-7   Tubes 316L. Hoop stress 1·Sm and axial strain range corresponding to secondary 
stress range 6·Sm.

Figure 6-8   Tubes 316L. Hoop stress 1.25·Sm and axial strain range corresponding to secondary 
stress range 2·Sm.
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Figure 6-9   Tubes 316L. Hoop stress 1.25·Sm and axial strain range corresponding to secondary 
stress range 3·Sm.

6.2.2 P235 

The comparisons between experimental and numerical results show the same tendency as for the 
316L experiments. Hence, the Prager model and Armstrong-Fredrick either underestimate, 
overestimate or strongly overestimate the response in comparison to the experiments. Further, the 
Chaboche model strongly overestimates the response at all nine experiments. The results also show 
that an EPP model strongly overestimates the response in the most cases except in the cases with 
2Sm in secondary range (test 13 and 17) in which the EPP response is just below the experimental 
response.  Finally, the results show that also for P235 the KINH curve more or less overlaps the 
experimental curve for almost every experiment. Only for a few experiments the KINH response 
reaches a steady state and is below the experimental response. 
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Figure 6-10   Tubes P265. Hoop stress 0.5·Sm and axial strain range corresponding to secondary 
stress range 3·Sm. 

Figure 6-11   Tubes P265. Hoop stress 0.5·Sm and axial strain range corresponding to secondary 
stress range 4.5·Sm. 
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Figure 6-12   Tubes P265. Hoop stress 0.5·Sm and axial strain range corresponding to secondary 
stress range 7.0·Sm. 

  

Figure 6-13   Tubes P265. Hoop stress 1·Sm and axial strain range corresponding to secondary 
stress range 2·Sm. 
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Figure 6-14   Tubes P265. Hoop stress 1·Sm and axial strain range corresponding to secondary 
stress range 3·Sm. 

Figure 6-15   Tubes P265. Hoop stress 1·Sm and axial strain range corresponding to secondary 
stress range 4.5·Sm.
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Figure 6-16   Tubes P265. Hoop stress 1·Sm and axial strain range corresponding to secondary 
stress range 6·Sm. 

Figure 6-17   Tubes P265. Hoop stress 1.25·Sm and axial strain range corresponding to secondary 
stress range 2·Sm. 
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Figure 6-18   Tubes P265. Hoop stress 1.25·Sm and axial strain range corresponding to secondary 
stress range 3·Sm. 
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6.3 DIRECTION OF THE PLASTIC STRAIN INCREMENT 

In this section, the directions of the plastic strain increment based on the experimental results are 
compared with the direction of the plastic strains predicted with the numerical simulation. The 
results are presented in figures, where the angle, 5, between the hoop axis and the vector of the 
incremental plastic strain in the biaxial stress state is plotted as a function of secondary load cycles. 
In order to clarify the results, a weighted value of the angle is determined for each half cycle. The 
weighting procedure follows the method presented in section 4.5.3. 

The results presented in Figure 6-19 to Figure 6-25 show that for all the simulation curves, except 
the EPP curve, it can be distinguished that the angle, 5, progressively changes towards the angle 
117 degrees in axial tension and -63 in axial compression. The stabilized angles correspond to the 
stress state which is illustrated in Figure 4-23 a). The results show that when simulating the 
experiments with lower primary loads and higher secondary load, the angles change faster towards 
the stable values and vice versa for the experiments with higher primary loads and less secondary 
load, for which it can be seen that the angle changes slower. For the BKIN (Prager) and AF 
(Armstrong-Frederick) curves it is obvious that the angles change slower than for the other curves 
and the stable values are not reached for all of the experiments. Further, in comparison to the BKIN 
and AF curves, the CHAB (Chaboche) curves, the angle clearly changes faster for lower secondary 
loads and noticeable faster for the other simulations. Finally, the KINH (Besseling) curve reaches 
the stable values significantly faster than the other curves and when comparing the simulating 
curves with the experimental curves it is obvious that the KINH curve follows the experimental 
curve better than the other curves at all the presented experiments. For test 3, see Figure 6-21, the 
KINH response more or less overlaps the experimental curve. For the other experiments, the KINH 
curve and experimental curve stabilize at different values. However, before reaching that value the 
KINH curve captures the tendencies of the experimental curves.  

The initial angles of the EPP curves, are equal to the theoretical angles predicted for a tube exposed 
to cyclic axial displacement in combination with pressure stresses. This value is presented for the 
hoop stress cases 0.5 Sm, 1 Sm and 1.25 Sm in Figure 4-23 b), c) and d). Since the modulus of 
plasticity is negligible for the EPP model and thereby does not predict any translation of the yield 
surface, it may be unexpected that the angle is not constant in the experimental simulations. 
However, due to the large increase of plastic hoop strains the volume of the simulated tube is 
progressively increased which results in an increased level of pressure stresses. As the pipe expands 
also the pipe thickness is reduced. Hence, the hoop stress level is increased which in turn changes 
the angle of the plastic strains until the structure collapses. 
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Figure 6-19   Comparison between the experimental and simulated direction of the plastic strain 
for the tube made of 316L. Hoop stress 0.5·Sm and axial strain range corresponding 
to secondary stress range 3·Sm. 

Figure 6-20   Comparison between the experimental and simulated direction of the plastic strain 
for the tube made of 316L. Hoop stress 0.5·Sm and axial strain range corresponding 
to secondary stress range 4.5·Sm.
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Figure 6-21   Comparison between the experimental and simulated direction of the plastic strain 
for the tube made of 316L. Hoop stress 0.5·Sm and axial strain range corresponding 
to secondary stress range 6·Sm. 

Figure 6-22   Comparison between the experimental and simulated direction of the plastic strain 
for the tube made of 316L. Hoop stress 1.0·Sm and axial strain range corresponding 
to secondary stress range 3·Sm. 
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Figure 6-23   Comparison between the experimental and simulated direction of the plastic strain 
for the tube made of 316L. Hoop stress 1.0·Sm and axial strain range corresponding 
to secondary stress range 4.5·Sm. 

Figure 6-24   Comparison between the experimental and simulated direction of the plastic strain 
for the tube made of 316L. Hoop stress 1.0·Sm and axial strain range corresponding to 
secondary stress range 6·Sm. 
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Figure 6-25   Comparison between the experimental and simulated direction of the plastic strain 
for the tube made of 316L. Hoop stress 1.25·Sm and axial strain range corresponding 
to secondary stress range 3·Sm. 
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7 DISCUSSION  

In this chapter plausible reasons for deviations between experiment and numerical results are 
discussed. The influence of deviations and possible reasons for deviations, help to understand 
limitations and strengths of the various ratcheting simulation model form the basis of the deduced 
recommendations given in the following section. 

7.1 Reasons for Plastic Shake-Down in the Numerical Simulations  

The simulated hoop ratcheting results presented in section 6.2 shows that in some cases the 
simulated response reaches shake-down prior to the end of the time span of the corresponding 
experiment and in other cases the trend of the response curve shows that a shake-down will be 
reached eventually. The mechanism which drives the response in a multiaxial stress state towards 
shake-down is described and discussed in this section.  

The reason Prager, Armstrong-Frederick and Chaboche models reach shake-down lies in the 
translation of the yield surface. Consider Figure 7-1 a) which illustrates the Von Mises yield surface 
in the hoop-axial stress space for an internal pressure equal to 1�� in combination with an axial 
tensile load which results in a stress state at the initial yield surface where the angle of the initial 
plastic strain vector equals 83.6 degrees. When additional axial stresses are applied, the yield 
surface translates in the stress space according to a model specific translation rule. The Prager 
translation rule follows (7-1), Armstrong-Frederick (7-2) and Chaboche (7-3). The direction of the 
plastic strain vector is then changed, and as illustrated in Figure 7-1 b) the angle � is increased in 
comparison to a). Figure 7-1 c) shows the subsequent loading in the axial compression direction 
after the stress state is in contact with the yield surface. The angle � between the hoop axle and the 
plastic strain increment increases as the yield surface translates more in the positive hoop direction 
as illustrated in figure d). The yield surface will continue to translate in the hoop positive direction 
during each loading cycle until the plastic hoop strain from loading in axial tension cancels the 
plastic hoop strains from the loading in axial compression. When this occurs, shake-down is 
reached and the angle of the plastic strain vector equals 116.6 degrees in tension and -63.4 degrees 
in compression as illustrated in Figure 7-1 e). By comparing the results presented in section 6.2 
with the results in section 6.3 it is evident that at the loading cycle when shake-down is reached, the 
value of the angle in tension and compression for the BKIN, AF and CHAB model levels out at 
approximately 117 and -64. 
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Figure 7-1   Illustration of the principal for reaching shake-down for the Prager, Armstrong-
Frederick and Chaboche models; a,b) original yield surface at first half loading 
cycle; c,d) yield surface during first compression loading; e) yield surface when 
shake-down is reached. 
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Since the Besseling multi-linear kinematic hardening model divides the material into a number of 
elastic-perfectly plastic sub-volumes, there are no yield surface translations. Hence, the shake-down 
mechanism which occurs through a translation of the yield surface is not applicable for this model. 
Instead a shake-down mechanism arises through a translation of the stress state which occurs due to 
different levels of residual stresses in each material sub-volume. For the uniaxial case the stress 
state translation is already described in section 2.3.5. However, in the biaxial or multiaxial stress 
state the formation of residual stresses may not be as obvious and, therefore, an illustrative example 
is demonstrated as follows. 

Consider two thin-walled pressurized tubes with the same dimension but different material behavior 
according to Figure 7-2.  

Figure 7-2  Stress-strain curves for material 1 and 2.

Each of the material curves consist of two sub-volumes with yield strength and sub-volume size 
computed according to (2-83) and (2-84) as follows:
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Figure 7-3  The two sub-volume yield surfaces for material 1.
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Figure 7-4  The two sub-volume yield surfaces for material 2.

Initially the tubes are only exposed by internal pressure hoop stresses of 1 �� (200/1.5 MPa). At 
this stress state the material response in all sub-volumes is pure elastic. Thereafter, a cyclic axial
strain controlled loads which correspond to an arbitrarily chosen stress range of 4.5 �� is applied. 
During the first half load cycle, the tubes are exposed to an increased level of axial tension, until the 
stresses state eventually reaches the yield surface of the lowest yield strength. This situation along 
with the direction of the plastic increment is presented in Figure 7-3 for the tube made of material 1, 
and in Figure 7-4 for the tube made of material 2. At this stage the second sub-volume in both 
materials are still elastic. Since the two sub-volumes are connected, i.e. they experience exactly the 
same strains, the material response will be a combination of the response in the sub-volumes. If 
they were not connected to each other and the loads were removed, sub-volume 1 would, due to the 
accumulated plastic hoop strains, be permanently elongated in the hoop direction whereas sub-
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volume 2 would return to its original shape. However, the sub-volumes are subjected to the same 
total strains at all time and hence compressive residual stresses are introduced in sub-volume1 
whereas tensile residual stresses are introduced in sub-volume 2. 

Figure 7-5 presents the direction of the plastic strain vector as a function of axial load cycles for 
both tubes. These results show that the initial responses in both tubes are equal, however, at cycle 
0.45 the direction of the plastic vector starts to deviate. The reason for the deviation is that the stress 
state in the second sub-volume in material 1 has reached the outer yield surface whereas material 2 
has not.  

At this stage the direction of the plastic strain increment equals 93.7 degrees and by looking at the 
von Mises yield surface in Figure 7-6 it is possible to conclude that the stress state in the first sub-
volume must be roughly 104 MPa. Hence, sub-volume 1 has translated 29.5 MPa in the negative 

hoop direction, (1)
hoopX . Based on this the translation in sub-volume 2, (2)

hoopX , in the positive hoop 

direction then equals: 
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Figure 7-5   The direction of the plastic strain vector for material 1 and 2 during the first half 
load cycle.
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Figure 7-6 The first yield surface and hoop stress translation parameters at load cycle 0.45. 

The stress state in each sub-volume for the tube made of material 1 is illustrated in Figure 7-7  and 
the tube made of material 2 in Figure 7-8. Hence, it is obvious that the stress state has reached the 
second yield surface in the tube made of material 2. The direction of the plastic strain increment at 
the second yield surface in the tube made of material 1 for a stress state of 133+206.5=339 MPa 
then equal 90.7 degrees. The total plastic strain is a combination of the two plastic strain vectors of 
the two sub-volumes which is determined as follows:
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Obviously, this result agrees well with the angle at 0.45 cycles for curve 1 presented in Figure 7-5. 
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Figure 7-7  Illustration of the stress state translation and direction of the plastic strain vector in 
sub-volume 1 and 2 for material 1. 

Figure 7-8  Illustration of the stress state translation and direction of the plastic strain vector in 
sub-volume 1 and 2 for material 2.
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During the second half of the loading cycle, axial compressive deformation loads are applied and as 
the stress level reaches the first yield surface a plastic response is generated. Also in this case, the 
plastic component in the hoop direction is positive and, hence, additional compressive hoop stresses 
are produced in the first sub-volume. Therefore, the stress state continues to translate in the negative 
hoop direction for the first sub-volume and the positive hoop direction for the second sub-volume. 
In the considered example, the stress state translation in the tube made of material 1 ceases after a 
few number of cycles. This is due to the fact that a balance between the plastic strains developed in 
the two sub-volumes is reached. The stress state translation in the tube made of material 2 also 
ceases after a number of cycles, however, this occurs due to that the response in axial tension and 
compression cancel each other. This can be observed by looking at the direction of predicted plastic 
strain vector during the first ten loading cycles shown in Figure 7-9 for both materials. It is clear 
that the tube made of material 2 levels out at approximately 117 and -64 and the tube made of 
material 1 at approximately 100 and -50 degrees. In Figure 7-10 the hoop ratcheting response for 
tubes with both materials are presented and show that a constant ratcheting response is quickly 
reached for tube 1 whereas shakedown is reached for tube 2.  

In the considered example, a shake-down condition based on the strength of the second sub-volume 
can be established analytically as follows 
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This condition is based on the fact that the second subvolume should be able to resist the stresses 
from internal pressure in addition to balancing the compressive residual stress in subvolume 1. 
Obviosly this means the tube made of material 2 is able to reach shake-down, whereas the tube 
made of material 1 is not.  

Obviously, this is a simple example with only two sub-volumes and in the performed ratcheting 
simulations the Besseling model is calibrated by using considerably more material points. The 
principal for reaching a balance between the stress translations is the same when more sub-volumes 
are considered. However, the process to find balance between all the sub-volumes is more 
complicated and often requires more cycles. 
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Figure 7-9   The direction of the plastic strain vector during the first ten loading cycles for 
material 1 and 2. 

Figure 7-10  The tube hoop response as a function of secondary loading cycles for material 1 and 
2.
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7.2 Predicting Ratcheting at a higher number of cycles than in the performed experiments 

Although the results in section 6.2 indicate that the numerical simulations of the hoop ratcheting 
response with the Besseling constitutive model correlate well with the experimental measured in 
almost all performed experiments there are still some model characteristics that need to be 
addressed. In this section, the ability of the Besseling model to predict ratcheting at a much higher 
number of cycles than in the performed experiments are discussed. 

For some of the experiments it is noted that in the Besseling model underestimates the ratcheting 
rate in the final load cycles. Assuming that the load cycles had continued and the experimental 
ratcheting response continued to produce hoop ratcheting at a constant rate with each cycle, the 
experimental response would eventually be larger than the simulated response. Considering 
experimental test 7 and assuming that the experimental hoop ratcheting response continues at an 
unaltered rate, then the predicted numerical and experimental accumulative hoop ratcheting 
response become equal at approximately 700 cycles, see Figure 7-11. Further, at roughly 2000 
cycles the experimental response exceeds the ASME 5% ratcheting criteria while the predicted 
Besseling response has reached shake-down at approximately 3%.  

Figure 7-11   Simulated tube hoop response during 2000 cycles using Besseling model, measured 
hoop response between 0-200 cycles and extrapolated experimental response 
between 200-2000 cycles.

For a tube subjected to large strain amplitudes during many load cycles one may suspect that the 
design code requirements which protects against failure through fatigue would be limiting in this 
case. However, when performing a fatigue evaluation for the tube subjected to loads according to 
test 7 the evaluation result shows that the tube can be exposed to clearly more than 2000 cycles 
before reaching the fatigue limits. To be specific, the ASME fatigue curve [26] for cyclic strain 
range of 0.467% allows approximately 5000 cycles before reaching the allowable fatigue damage. 
Hence, in this case there are indications on that some type of error is introduced as the material has 
been cyclically deformed into the plastic region during too many cycles.  



134 DISCUSSION

As described in the previous section the mechanism which results in a constant hoop ratcheting 
response is either caused by the fact that the hoop ratcheting response in tension and compression 
cancel out each other or a balance between the plastic increments in tension and torsion for all the 
material sub-volumes is achieved. For test 7, evidently the stress state translation continues until 
shake-down is achieved and, hence, the hoop ratcheting response in tension and compression cancel 
out each other. Since the experimental results may not reach shake-down with continued load 
cycles, it is of interest to investigate whether it is possible to reach a balance between the plastic 
strains. Therefore, in order to investigate the Besseling ratcheting simulation capacity for loading 
under a greater number of cycles a sensitivity study is performed. In this study the Besseling model 
parameters are calibrated by using an additional sub-volume and different volumes. The uniaxial 
response curve using the different model configurations are presented in Figure 7-12. From this, it 
can be concluded that the additional sub-volume significantly lowers the yield strength of the last 
sub-volume. The sensitivity study result presented in Figure 7-13 shows that by manipulating the 
model parameters, the simulated hoop response reaches 5% at an earlier stage than the extrapolated 
experimental curve. The configuration which corresponds to the weaker material results in higher 
ratcheting response. Hence, by manipulating the model parameters it is possible to find balance 
between the plastic increments and, consequently, achieve conservative results for test 7. 

Figure 7-12   Uniaxial stress-strain response for Besseling material model with three different 
setup of model parameters.
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Figure 7-13   Simulated tube hoop response during 2000 cycles using three different configured 
Besseling model, measured hoop response between 0-200 cycles and extrapolated 
experimental response between 200-2000 cycles.

It should be noted that the parameters used in the manipulated curves were chosen to generate 
reasonable results for the considered example and do not necessarily give such an impact on the 
results for other possible loading combination. The important conclusion is that by reducing the 
yield strength of the last few sub-volumes, it is possible to alter the ratcheting prediction towards a 
more conservative result. When performing ratcheting simulations with a large number of loading 
cycles, a manipulation curve according to the presented method may be an alternative. 

7.3 Possible explanations for the deviations between experiments and simulations 

In addition to the drawback with the Besseling model presented in the previous section, the results 
in section 6.3 show that during the initial cycles the simulated direction of the plastic strain vector, 
when using the Besseling model, agreed well with the direction of the plastic strain vector from the 
experiment. However, after the initial cycles an increasing deviation is introduced in several of the 
presented experiments. The deviating experiments have in common that cyclic hardening or 
softening occurs in the axial direction, see the results presented in section 4.5.2. On the other hand, 
the experiments in which the axial cyclic hardening response is low (see the result from test 3 in 
Figure 4-16 and Figure 6-21) the direction of the plastic strain vector predicted with the Besseling 
model corresponded well to the experimental response. Hence, one can suspect that the cyclic 
hardening or softening properties play an essential role for how well the Besseling model can 
predict the experimental direction of the plastic strain vector.  

By comparing a monotonic uniaxial stress-strain curve with a uniaxial cyclic saturated stress-strain 
curve in the same graph, cyclic hardening and softening effects can be seen directly in relation to 
the strain. Figure 7-14 shows a monotonic uniaxial stress-strain curve and a uniaxial cyclic 
saturated stress-strain curve extracted from Figure 2-5 a) and b). It can be seen that the material, 
which is a material similar to 316L, experiences cyclic softening for axial strain amplitudes less 
than roughly 0.2% and a cyclic hardening behavior above this level. It should be noted that the 
cyclic saturated curves have been established under pure axial loading with no acting mean stress. 
In the tube experiments the state of stresses is more complicated and the pressure load acts as a 
constant mean stress and, therefore, it is definitely not obvious that the cyclic behavior as presented 
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in Figure 7-14 is directly applicable for the tube axial loading. Nevertheless, an axial strain 
amplitude of 0.2% roughly corresponds to a secondary stress range for the 316L material of 
approximately 5Sm. When looking at the cyclic hardening behavior in the tube axial direction in 
section 4.5.2 the results show that the tube experiments with maximum acting loads give cyclic 
hardening behavior in the pipe axial direction whereas the tests with minimum acting loads show an 
axial cyclic softening response. The results also indicate that the higher the pressure load is, the 
more the material tends to experience cyclic hardening. Since higher pressure in a tube leads to a 
reduced initial elastic width in the axial direction it is believed that it is rather the initial axial plastic 
strain range instead of the total strain range that is crucial for determining the cyclic hardening or 
softening behavior of the material. When considering this, the axial cyclic behavior in the 
performed tube experiments agrees better with the cyclic behavior as presented in Figure 7-14. 

Figure 7-14   Test results extracted from [25] which present a monotonic stress-strain curve and a 
cyclic saturated stress-strain curve for a material similar to 316L. 

The cyclic hardening or softening behavior in the pipe hoop or radial direction has not been 
investigated in this work. However, when comparing the measured cyclic strain ranges in the pipe 
hoop direction with the axial direction in the performed tube experiments it is evident that the hoop 
cyclic strain range is less than half of the axial stain range. In order to illustrate this see Figure 7-15 
which shows the axial and hoop strain response during the first 50 experimental cycles for tube test 
7. Assuming the cyclic axial behavior according to Figure 7-14 also is applicable in the hoop and 
radial direction, it is obvious that the strain ranges in these directions would result in a degree of 
cyclic softening response in all the performed experiments.  
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Figure 7-15 Measured experimental axial and hoop response during the 50 first cycles from tube 
test 7.

In addition to the described observations it should be recalled that in the performed uniaxial and 
multiaxial experiments in section 4.3 the results show that there is a degree of anisotropic behavior 
during the monotonic loading. Hence, when all these observation adds up it is believed that 
microstructural material change which causes the cyclic hardening or softening behavior in the pipe 
axial direction do not necessarily generate the same behavior in the pipe hoop and radial directions. 
If this is true, a degree of anisotropic behavior is introduced in the material and, thereby, the von 
Mises yield surface does not apply.  

In order to account for the anisotropic behavior, a yield potential which considers that the material 
behaves different in different directions must be applied. In ANSYS it is possible to combine the 
Besseling constitutive model with the Hill potential [83] as a yield criterion. This criterion allows 
the different yield strengths in the principal and shear directions. However, the tension and 
compression behavior must be equal. In order to investigate the impact of anisotropic material 
behavior when simulating the tube experiment test 7 has been analyzed for three different levels of 
anisotropic behavior by using the Besseling material model in combination with the Hill potential. 
The ratio, R, between the initial von Mises yield surface and the Hill yield surface is presented in 
Table 7-1 and is schematically illustrated in the biaxial stress space in relation to the von Mises 
yield surface in Figure 7-16. The figure also illustrates that the direction of the plastic strain 
increment deviates between the both yield surfaces, especially in the axial tension. 
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Table 7-1 The ratio, R, between von Mises yield surface and the Hill yield surface for three 
different model configurations.

KINH+HILL radialR hoopR
axialR shearR

1 0.85 0.85 1.20 1.0 

2 0.95 0.95 1.10 1.0 

3 0.84 0.845 1.255 1.0 

Figure 7-16   Illustration of the von Mises yield surface, a Hill yield surface and the direction of 
the plastic strain vector during axial tension and compresion loading for both yield 
surfaces. 

In Figure 7-17 the hoop response during the first 1000 cycles is presented for the Besseling model 
which uses different configurations of the Hill potential, Besseling model with the von Mises 
criteria and the experimental response. The investigation results show that for configuration 
KINH+HILL 2 shake-down is reached, configuration KINH+HILL 1 and 3 the responses reach 
rather stable ratcheting rates during a few hundred cycles, similar to the final ratcheting rate in the 
experiment and, thereafter, the ratcheting rates start to increase and exceed the 5% limit at lesser 
number of cycles than the extrapolated experimental response which reaches 5% at 2000 cycles. 
Further, in Figure 7-18 the direction of the plastic strain vector is presented as a function of number 
of axial loading cycles for the simulations based on KINH+HILL 1, KINH and experimental. The 
result indicate that that the KINH configuration simulates the experimental response better during 
the initially 20 cycles, whereas, the KINH+HILL 1 configuration predicts the experimental angle in 
tension significant better after approximately 40 cycles. In compression both configuration deviates 
more or less equally from the experimental angle.  
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Based on this investigation, it is concluded that by considering cyclic hardening in the tube axial 
direction and softening in the pipe hoop and radial direction by using the Hill potential in 
combination with the Besseling model, improvements on simulating the ratcheting response may be 
achieved when analyzing a rather large number of loading cycles.  

Finally, by looking at several of the figures presented in section 4.5.2 it appears that for a tube 
subjected to cyclic plastic loading, the stiffness in axial tension and compression are not necessarily 
equal. It is believed that this behavior influences the tube ratcheting response and may account for 
the difference between the experimental and simulated angle of the plastic strain vector in axial 
compression. In ANSYS it is only possible to combine the Besseling model with either a von Mises 
yield criteria or with the Hill potential. Since none of these criterion can account for different 
behavior in compression and tension in each direction this behavior is not further investigated in 
this thesis.  

Figure 7-17   Experimental hoop response during 200 cycles, the simulated tube hoop response 
during 1000 cycles using Besseling model and three different configured Besseling 
models in combination with the Hill potential for tube test 7.
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Figure 7-18   Comparison between the experimental and simulated direction of the plastic strain 
vector using both Besseling model and Besseling model in combination with Hill 
potential for tube test 7.  
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8 CONCLUSIONS 

Among the constitutive models investigated, the Besseling multi-linear model shows by far the best 
agreement with the ratcheting experiments. The more advanced models are able to capture the 
material ratcheting behavior, but overestimate the hoop strain in the tube tests.  

Investigation results also indicate that cyclic hardening material behavior influence the direction of 
the plastic stain vector and, hence, affect the accuracy of predicted results when disregarded. This 
effect is most apparent for the experiments subjected to high pressure and high deformation 
controlled loads. In these tests the direction of the plastic strain vector starts to deviate after roughly 
20 loading cycles.  

Simulation of cyclic plastic deformation should be done with an as simple constitutive model as 
possible, while still capturing the essential response. Important reasons are that simple models are 
easier to understand and work with, and that fewer tests are needed for determining model 
parameters. Based on this the Besseling constitutive model is recommended for simulation of 
pressure equipment subjected to cyclic plastic deformation. However, if shake-down does not occur 
at relative early stage, effects related to cyclic softening or hardening may need to be taken into 
consideration. 
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9 FUTURE WORK 

In future work it would be of great interest to develop and investigate the impact of a yield potential 
which can account for different strengths in compression and tension in combination with the 
Besseling constitutive model. At a later stage, such a constitutive model could be further developed 
to also account for a gradually changed shape of the yield criterion as the cyclic hardening and 
softening behavior gradually becomes more evident. It is believed that such a model could further 
improve the capability to simulate ratcheting in pressurized tubes.  

In addition to this, further similar experimental investigations on tubes made of different materials 
but subjected to similar types, combinations and magnitudes of loads as in this work would serve to 
further verify the conclusions made in this thesis. It is believed that tubes made of a stainless steel 
which experience as little cyclic hardening or softening as possible would be optimal for such a 
study. The number of experimental loading cycles should then be increased until 5% hoop strain is 
reached or shake-down occurs. 
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