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Summary 

The introduction of Fibre Reinforced Polymers (FRP) to the civil engineering market 
in the late 1980s resulted in the emergence of a range of new tools for rehabilitating 
and strengthening concrete structures. Strengthening using FRPs is typically 
accomplished using non-prestressed externally bonded FRPs. The technical and 
economic benefits of such strengthening could be further increased by prestressing the 
FRPs, especially when dealing with concrete structures. Prestressing concrete structures 
suppresses the appearance and growth of cracks in the serviceability limit state. This in 
turn increases the structure’s stiffness and resistance to degradation. Prestressing also 
increases the structure’s yield load but does not change its failure load relative to that of 
an analogous non-prestressed structure, provided that all other parameters are kept 
constant. 

In 2004, a pilot study was carried out at the Luleå University of Technology (LTU) to 
investigate the scope for using unbonded Carbon Fibre Reinforced Polymer (CFRP) 
strengthening systems, particularly those involving prestressing. In the early stages of 
this project, a number of difficulties were encountered in anchoring the CFRP rods to 
concrete structures: the conical wedge anchorages that were used tended to either cause 
premature failure of the rods or allowed the rod to slip out of the anchorage. It was 
therefore decided to study the mechanisms at work within these anchorages in more 
detail. The goal of the project was to develop a small, practical, reliable, and user-
friendly anchorage for use in unbonded external CFRP strengthening systems. 

On the basis of a thorough literature review, which is described in Paper 1, it was 
concluded that despite the difficulties encountered, the conical wedge anchorages used 
with steel reinforcing rods were the most promising starting point for the design of a 
new anchorage for use with CFRPs. Importantly, the conical wedge anchorage can be 
made small in size and easy to mount while retaining a high degree of versatility; this is 
not true of bonded, sleeve, and clamping anchorages. 

Analytical and numerical models were used to investigate the distribution of radial stress 
within these highly pressurized anchorages. Paper 2 describes an evaluation of the 
capability of three types of models - an analytical axisymmetric model based on the 
thick-walled-cylinder-theory and two Finite Element (FE) models, one axisymmetric 
and one three-dimensional - to predict the behaviour of a conical wedge anchorage. It 
was concluded that the axisymmetric models were incapable of modelling the stress 
distribution within the anchorage with sufficient accuracy, and so 3D FE models were 
used exclusively in subsequent studies. 

Paper 3 describes the development of a new anchorage for CFRP rods. The design 
process involved conducting pull-out studies on a series of prototypes, in conjunction 
with computational studies using a basic FE model, to identify and understand the 
prototypes’ failure modes. Between the computational data and experimental results, a 
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good understanding of the factors affecting the interaction between the CFRP rod and 
the anchorage was obtained. The new anchorage design employs a one-piece wedge 
which effectively incorporates the three wedges and the inner sleeve from more 
conventional wedge anchorages into a single unit. This increases the reliability and 
user-friendliness of the anchorage because it eliminates the need to check the alignment 
of individual wedges. The new design has been patented; the published Swedish patent 
is included in the thesis as Paper 6. 

The newly-developed anchorage was then incorporated into a prestressing system and 
its performance was evaluated using a series of test beams. In parallel with the planning 
of these tests, a series of pull-out tests was conducted using the new anchorage. The 
strain measurements obtained in these experiments were compared to predictions made 
using a new, more advanced FE model, and used to refine the design of the new 
anchorage. Paper 4 describes this new FE model, the most important parameters 
affecting anchorage behaviour, and the final anchorage design. 

Paper 5 focuses on the possibilities provided by the new anchorage. Tests were 
performed using seven three meter long concrete beams prestressed with external 
unbonded CFRP tendons. One beam was unstrengthened; the other six were 
strengthened in different ways, with different prestressing forces, initial tendon depths, 
and with or without the use of a midspan deviator for the tendons. The results of these 
tests were compared to those obtained using otherwise identical beams prestressed with 
steel tendons and to the predictions of an analytical beam model developed for use with 
steel tendons. These tests showed that the prestressing works as intended and that the 
behaviour of beams prestressed with external unbonded CFRP tendons is fully 
comparable to that of beams prestressed with steel tendons. It was also found that the 
predictions of the analytical model were in good agreement with experimental 
observations, although there were some differences between the measured and 
predicted tendon stresses. 

The development of a functional anchorage represents a fulfilment of the objectives 
laid out at the start of this project, and represents an important step towards the 
practical use of prestressed unbonded external CFRP tendons in strengthening concrete 
structures. However, a number of outstanding questions remain to be addressed. Little 
is known about the safety of this kind of system, and the benefits of using CFRP 
tendons should be quantified. Furthermore, there are a number of potential technical 
issues that must be addressed. These include the risk of creep-rupture in the CFRP, the 
effects of thermal contraction and expansion on the anchorage, and the scalability of 
the anchorage as the tendon diameter is increased. Finally, the long-term behaviour of 
the anchorage and prestressing system should be investigated. 

 

Keywords: CFRP, prestress, tendon, external, unbonded, anchorage, beams 
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Sammanfattning 

I och med introduktionen av fiberkompositer i byggbranschen under slutet av 80-talet 
har en rad nya verktyg för förstärkning och underhåll av betongkonstruktioner 
utvecklats. Förstärkning har oftast utförts med pålimmade kompositer utan förspänning. 
För att ytterligare öka verkningsgraden, både den tekniska och ekonomiska, kan 
förspänning vara en möjlighet. Särskilt för betongkonstruktioner. Förspänning av en 
betongkonstruktion medför att man i bruksgränstillståndet begränsar uppkomsten av 
sprickor och deras storlek. Det ger i sin tur en ökad styvhet hos konstruktionen. 
Därutöver höjs lasten för när det slakarmerade stålet flyter. I jämförelse med ospända 
konstruktioner är dock brottlasten densamma, så länge övriga parametrar behålls. 

Under 2004 genomfördes en pilotstudie vid Luleå tekniska universitet (LTU) för att 
undersöka framtida möjligheter och utmaningar med förspända, icke vidhäftande 
kolfiberkompositkablar. I det läget upptäcktes svårigheter att förankra kompositkabeln 
mot betongen. De koniska killås som användes orsakade antingen brott på kabeln redan 
vid låga belastningar eller glidning hos kabeln, som omöjliggjorde fullgod 
kraftöverföring. Ett beslut togs då att tills vidare fokusera på förankringen och 
genomföra en mer ingående studie kring denna. Som mål sattes upp att arbetet skulle 
resultera i en liten, tillförlitlig och användarvänlig förankring. Den skulle sen i en 
förlängning kunna användas för att slutföra pilotstudien och därefter i större 
tillämpningar. 

Trots de förhållandevis nedslående resultaten från pilotförsöken visade den grundliga 
litteraturstudien som presenteras i Artikel 1 att koniska killås trots allt verkar vara den 
mest lovande typen av förankring för kolfiberkablar. Den bör därför användas som 
utgångspunkt för fortsatt utveckling. I motsats till vidhäftande, hyls och klämmande 
förankringar kan killåset göras litet, lätt att montera och också användas i många 
praktiska tillämpningar. 

För att undersöka hur de höga radiella tryckspänningarna i ett sådant killås fördelas är 
olika former av beräkningsmodeller nödvändiga verktyg. I Artikel 2 jämförs tre olika 
modeller med avseende på hur väl de kan beskriva komplexiteten hos ett koniskt killås. 
Det är dels en analytisk axisymmetrisk modell, som också härleds i artikeln, dels en 
axisymmetrisk Finita Element (FE) modell och dels en 3D FE modell. Undersökningen 
visade att ingen av de axisymmetriska modellerna har kapacitet nog att tillförlitligt 
modellera killåset. I fortsatta undersökningar har därför endast 3D FE använts. 

Resultaten från en enkel FE modell ligger också, tillsammans med tidiga 
laboratorieförsök, som grund för Artikel 3. Däri beskrivs hur ett nytt killås via 
prototyper och nya lösningar utvecklats, och hur arbetet för att få fram det nya låset 
också gett en bättre förståelse för interaktionen mellan kolfiberkompositkabel och lås. 
Som avslutning presenteras en innovativ design där de tre kilarna och den inre hylsan 
sammanfogats till en enhet. Med den nyutvecklade designen blir förankringen såväl mer 
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tillförlitlig som användarvänlig. Alla kilar har då redan från början rätt position i 
förhållande till varandra. Den utvecklade förankringslösningen har också lett fram till ett 
beviljat svenskt patent, bifogat i avhandlingen som Artikel 6. 

Efter utvecklingen av den nya förankringen var nästa steg i de uppsatta målen 
implementering av densamma i ett förspänningssystem och nya balkförsök i 
konstruktionslabbet. Parallellt med planeringen för balkförsöken pågick ett arbete med 
att ytterligare förbättra låsdesignen. Bland annat användes en mer detaljerad FE modell 
som sedan jämfördes med mätningar från en ny serie med dragprov. Den nya FE 
modellen tillsammans med en utvärdering av viktiga parametrar och den slutliga 
förankringsdesignen presenteras i Artikel 4. 

Artikel 5 sammanfattar och avslutar forskningsstudien med en testserie om sju stycken, 
tre meter långa, betongbalkar förspända med utanpåliggande kolfiberkompositstavar. En 
av balkarna provades utan förstärkning. Förstärkningen hos de övriga varierades med 
avseende på förspänningsgrad, förspänningens effektiva höjd och användandet av 
deviator vid balkmitt. Resultaten har jämförts mellan de provade balkarna, med 
identiska balkar förspända med stålkablar samt med en analytisk modell utvecklad för 
förspänning med stålkablar. Från resultaten kan utläsas att förspänningen fungerar bra 
och att beteendet hos balkarna förspända med utanpåliggande kolfiberkablar är fullt 
jämförbart med det hos balkarna förspända med stålkablar. Likaså visar jämförelsen med 
de modellerade beteendena på god överensstämmelse, även om vissa skillnader finns 
mellan uppmätta och modellerade spänningar i kolfiberkabeln. 

Med målen för forskningen uppfyllda och en ny fungerande förankring framtagen så 
har vägen till praktiska tillämpningar kortats betydligt, ändå finns några frågetecken kvar 
att räta ut. Ett är säkerheten hos den här typen av system och nyttan av att använda 
kolfiberkomposit istället för stål. Innan systemet används i praktiken bör därför följande 
frågeställningar belysas: Risk för krypbrott i kolfiberarmeringen, inverkan av 
temperaturförändringar (och temperaturrörelser) i förankringen samt eventuella 
storlekseffekter vid förankring av kablar med större diametrar. De här frågorna 
tillsammans med långtidsförsök på förankringen och förspänningssystemet bör ses som 
viktiga framtida forskningsfrågor. 

 

Nyckelord: CFRP, förspänning, vajer, utanpåliggande, icke vidhäftande, förankring, 
balkar 
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1 Introduction 

Over the last few decades, increases in traffic intensity and a desire to move increasingly 
heavy loads over ageing civil engineering structures have necessitated reassessments of 
these structures’ capacities. These more detailed assessments provide data that are 
complementary to those obtained in the course of routine inspections carried out to 
identify any degradation or damage that a structure may have sustained. A number of 
different conclusions may be drawn on the basis of such assessments. If the structure is 
found to be in good condition and fit for purpose, no further action need be taken. In 
more doubtful cases, advanced methods of analysis such as reliability based assessment 
and FE analysis using real load and material data can be used. These evaluations are 
often complemented by comprehensive maintenance programs and sometimes 
surveillance by monitoring. In cases where assessment indicates that maintenance 
and/or repairs will not be sufficient, it is necessary to replace or strengthen the 
structure. 

The process of replacing a structure is often costly and complicated: because it is 
necessary to remove the old structure and build a new one in its place, material and 
labour costs are high and the process often results in operational disturbances and has a 
high environmental impact. Consequently, the use of methods for strengthening 
structures and thereby prolonging their life is highly appealing and is of growing 
importance. In particular, strengthening methods where service can be kept going 
during strengthening are attractive to owners of civil structures, parking garages and 
commercial buildings. For example, they can be used to adapt commercial buildings to 
meet the requirements of new industries, to repair areas of parking garages that may 
have been damaged by chloride-contaminated water and to minimize traffic 
interruptions when repairing railway infrastructure. 

1.1 FRPs for the Strengthening of Concrete Structures 

The introduction of fibre reinforced polymers (FRP) has had a profound impact on the 
maintenance and strengthening of civil engineering structures over the past 20 years, 
particularly with regards to concrete structures. FRPs consist of a load-carrying fibre 
material, typically glass (G), aramid (A) or carbon (C), and a protective matrix. By 
varying the constituents and their mechanical properties, FRPs with a wide range of 
properties can be obtained. FRPs are also low in mass and insensitive to most common 
degradation processes. 

Recently, a study of the properties of various different FRPs was conducted at the 
request of the Swedish electrical utilities R&D company Elforsk, Bennitz (2009). It was 
concluded that of the variants examined, CFRPs exhibited the greatest resistance to 
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degradation. In keeping with this conclusion, CFRP was also the strengthening 
material of choice in the course of strengthening and rehabilitation research conducted 
at Luleå University of Technology (LTU). Research into the use of FRPs has been 
conducted at LTU since the early 90-ties, ranging from early laboratory tests to full 
scale applications. Some of the earliest research in this area conducted at LTU was that 
of Täljsten (1994, 1997), who used theoretical models and experimental tests to 
examine the bonding of steel and CFRP plates to concrete structures. This work was 
reported a few years after the publication of the earliest studies on the use of FRPs in 
the strengthening of civil structures by Meier (1987), Burgoyne (1987), and 
Triantafillou and Deskovic (1991). The research conducted in these early years has 
been summarised by Teng et al. (2002), whose thorough review includes several 
hundred references and encompasses findings concerning everything from the 
mechanical properties of FRPs to design recommendations. Subsequently, pioneering 
work on the use of CFRPs in shear strengthening was conducted in Luleå, Täljsten 
(2003), Carolin and Täljsten (2005a,b) and Täljsten et al. (2007). In addition, studies 
have been conducted investigating the behaviour of structures exposed to live load 
during strengthening, Carolin et al. (2005), structures that have been strengthened in a 
cold climate, Täljsten and Carolin (2007), and the strengthening of openings in 
concrete slabs, Enochsson et al. (2007). With the increasing popularity of CFRPs in the 
strengthening of structures, the scope of research into their use has been significantly 
expanded. 

Some of the major new areas of research focus on mineral based bonding (MBC), near 
surface mounted reinforcement (NSMR) and prestressing of CFRP. MBC eliminates 
the need to handle harmful epoxies at the worksite and generates a strengthening 
material with enhanced fire resistance because the FRP is enclosed in a cementitious 
matrix, as described by Täljsten and Blanksvärd (2007) and Blanksvärd et al. (2009). 
Similar systems have also been developed by other researchers. For example, 
Triantafillou and Papanicolau (2006) advocated the use of Textile Reinforced Mortars 
(TRM), while Wu and Teng (2002) recommend Fibre Reinforced Composites (FRC). 
However, NSMR has had a much more significant impact on the use of FRPs than has 
MBC and related techniques. 

NSMR involves cutting grooves into the cover of the concrete and filling these 
grooves with rectangular CFRP bars embedded in epoxy resin. This method 
simultaneously provides for the effective strengthening of the concrete while also 
protecting the CFRP bars from damage. Täljsten et al. (2003) reported the first 
laboratory tests of NSMR and also provided a description of the technique’s 
background and described the theoretical principles on which it rests. The utility of 
NSMR has been demonstrated in several practical applications, including those 
described by Bergström et al. (2009) and Bennitz et al. (2010). Moreover, its 
effectiveness can be further increased by prestressing the CFRP bars before they are 
bonded to the concrete, Nordin and Täljsten (2006a). This prestressing has been shown 
to increase the cracking and yield loads of beams and bridges relative to those obtained 
after non-prestressed strengthening, and thus increases structures’ serviceability and 
ultimate limit loads, Figure 1.1. In addition, prestressing results in better utilization of 
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the capacity of the FRP material: while the degree of utilization of non-prestressed 
material (prior to the point at which the tensile steel reinforcement yields) is dependent 
only on the external load, that of prestressed material is sensitive to both the external 
load and the magnitude of the prestressing force. 

 
Figure 1.1. Characteristic differences in load-deflection behaviour between simply- 

supported prestressed and non-prestressed beams. 

CFRP has a high ultimate strength, a modulus of elasticity similar to that of prestressing 
steel, and exhibits linear elastic behaviour until the point of failure. It therefore 
possesses all of the qualities required of a prestressing tendon. Additionally, if loaded in 
its longitudinal direction, it does not suffer from relaxation or fatigue, and it is resistant 
to corrosion, ACI (2004). However, the creep-rupture behaviour of CFRP imposes an 
upper limit on the effective prestress that can be applied: prestresses in excess of 
approximately 70% of the material’s short term ultimate capacity can result in sudden 
tendon failure ACI (2004). That said, even within this limit, CFRP can sustain 
prestressing forces comparable to the total prestressing force attainable using steel 
tendons with identical effective cross sectional areas, and so this should not pose a 
problem. CFRP’s ultimate capacity is typically considerably higher than the yield 
strength of prestressing steel, Figure 1.2. 

 
Figure 1.2. Representative constitutive models for prestressing steel and CFRP 

tendons. 
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1.2 Prestressed Unbonded FRP Systems 

Prestressed NSMR bars are typically pre-tensioned and bonded to the concrete 
structure along their entire length. Similar solutions for the prestressing of plates and 
strips on the exterior of existing structures have also been suggested by authors 
including Garden and Holloway (1998), El-Hacha et al. (2003), and Pellegrino and 
Modena (2009); in these cases, it is necessary to employ additional end anchorage to 
avoid premature debonding. An alternative solution, which avoids the use of epoxy 
and the difficulties associated with applying pre-tensioned CFRP to the groove or the 
concrete surface, is to use unbonded tendons. These are anchored against the concrete 
at fixed locations and free to elongate independently of the structure between these 
locations. If placed in ducts within the body of the concrete structure, the final shape of 
the tendon will coincide with that of the structure; if positioned externally, the tendon 
will describe a rectilinear shape whose corners are defined by the anchorage points and 
harping points equipped with deviators. Depending on the strengthening objective, 
either placement may be preferable. In both cases, post-tensioning against the concrete 
to be stressed will minimise short term losses in the prestressing force. Likewise, the 
negligible relaxation of CFRP over time means that the most important factors to 
monitor over time are the long term creep and shrinkage of the concrete; additional 
important factors include the possibility of slippage in the anchorages and, in the case of 
internal tendons, frictional losses. The modulus of elasticity of CFRP is generally 
slightly lower than that of prestressing steel, which is advantageous in this case: it means 
that the loss of prestressing force associated with any given slip or shortening of the 
concrete structure is less severe with CFRP than would be the case with steel. 

Several descriptions of the use of FRPs in unbonded prestressing tendons can be found 
in the literature. One of the first is probably that of Burgoyne (1987), in which AFRP 
tendons were used. More recently, Grace and Abdel-Sayed (1998), Grace et al. (2006) 
and Tan and Tjandra (2007) have reported various examples using CFRP tendons. 

In 2004, a pilot study was carried out at LTU to investigate the scope for using 
unbonded CFRP systems and to identify the difficulties associated with their use, 
Nordin and Täljsten (2006b) and Bennitz et al. (2009). The study focused on 
reinforced concrete (RC) T-beams prestressed with internal and external steel tendons, 
non-prestressed NSMR, prestressed NSMR, and unbonded prestressed external 
circular CFRP tendons. In the course of this work, significant difficulties were 
encountered in the anchoring of the unbonded CFRP tendons. The use of wedge 
anchorages with threaded inner surfaces designed to afford an improved grip on steel 
tendons resulted in premature failure. By using new anchorages with a smooth inner 
surface, this brittle crushing failure could be avoided, but undesirable slipping in the 
anchorage was observed. Consequently, the focus of the study was temporarily shifted 
to the anchorage problem. 
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1.3 Anchorage of Unbonded CFRP Tendons 

Without exception, the steel strands and wires used in unbonded prestressing are 
anchored using conical wedge anchorages. These are advantageous because of their 
small size, reliability, and ease of use. However, their threaded inner surface renders 
them less suitable for the anchoring of CFRP tendons. When tightened around a steel 
strand, these threads drive into the deformable steel and transfer the prestressing force 
both by friction and by means of a direct normal force transfer between the tendon and 
the wedges. If the same wedges are tightened around a brittle CFRP tendon, they 
cause stress concentrations that harm the CFRP and cause premature failure of the 
tendon. An alternative anchorage for CFRP tendons is therefore necessary if this 
material is to be used for unbonded prestressing purposes. 

The development of a suitable anchorage for prestressing CFRP tendons has been a 
research objective for over a decade as of the time of writing; as yet, no anchorage as fit 
for its purpose as is the conical wedge anchorage for steel tendons has been developed. 
The anchorage types that have been proposed can be divided into two classes: bonded 
and mechanical anchorages. However, this division is not absolute; anchorages often 
use a mixture of both approaches to optimize their load transferring capacities. 

Bonded anchorages 
Of the two anchorage types, bonded anchorages, particularly the sleeve anchorage, are 
the most widely-used and have been so since the field’s early days. The basic design of 
the sleeve anchorage is quite simple: a sleeve is wrapped around the rod, and the two 
are held together with a bonding agent to ensure efficient force transfer, see Figure 1.3. 
Epoxies and grout are the most common bonding agents and the sleeve is usually made 
from either steel or concrete. 

 
Figure 1.3. Steel sleeves held by hydraulic grips after pull out of CFRP rod, after 

Koller et. al. (2007). 

A number of important studies of the performance of sleeve anchorages have been 
published. Nanni et al. (1996a,b) tested 12.5 mm rods in 165 mm long sleeves filled 
with epoxy and 8 mm rods in 500 mm long sleeves filled with grout. Pincheira and 
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Woyak (2001) tested 6 mm rods in epoxy-filled sleeves with lengths between 152 and 
381 mm. Koller et al. (2007) tested 9 mm CFRP rods in 153 mm long epoxy- and 
grout-filled sleeves. In general, the results obtained indicate that epoxy works better 
than grout as bonding agent, in terms of both the anchorage length required and the 
creep properties obtained. However, even the best anchorages were larger than is ideal 
and exhibited suboptimal creep properties: many of the tested anchorages failed because 
the rod was pulled out. The utility of bonded anchorages is also limited by the curing 
time required by the bonding agent or, in the case of pre-mounted units, their lack of 
flexibility. 

Benmokrane et al. (1997), Zhang et al. (2001), and Zhang and Benmokrane (2004) 
have demonstrated that grouted sleeve anchorages can work well in ground anchoring 
applications; in this case, the size of the anchorage and the curing time are of lesser 
importance. 

A thorough review of various other types of bonded anchorages is presented in Paper 1 
of this thesis and in the author’s licentiate thesis, Bennitz (2008), together with some 
suggestions on how bonded and mechanical anchoring techniques might be combined. 
It must however be noted that very few of the innovative bonded CFRP anchorages 
that have been developed have found any use outside of the publication in which they 
were first reported. With the exception of the sleeve anchorage, only the mechanical 
anchorages have undergone continued development in its design. Because mechanical 
CFRP anchorages are based on well-established designs for the anchoring of steel 
tendons, it is reasonable to assume that these designs will have ‘inherited’ certain 
advantageous qualities. 

Mechanical anchorages 
The two most common types of mechanical anchorages for FRP are the clamping 
anchorage and the conical wedge anchorage. In addition, some work on swaged 
anchorages, Pincheira and Woyak (2001) and Matta et al. (2007), and spike anchorages, 
Burgoyne (1987) and Nanni et al. (1996a,b) has been conducted; the spike anchorages 
are only suitable for use with AFRP. Swaged anchorages wrap around the tendon in a 
fashion that is reminiscent of sleeve anchorages, but unlike the bonded sleeve 
anchorage, the sleeve in the swaged type is tightened around the rod with an even 
radial pressure. Force transfer from the swaged sleeve to the structure can be achieved 
using a turnbuckle attached to the end of the sleeve, as described by Matta et al. (2007), 
or using one of the two different types of conical wedge anchorage employed by 
Pincheira and Woyak (2001). 

Wedge anchorages were originally used in the anchoring of prestressing strands, for 
which purpose they are predominant. They generate a clamping force around the 
tendon by pushing or pulling wedges into a conical barrel. Clamping anchorages does 
in contrast to the wedge anchorages use bolts or hydraulic grips to generate a force to 
withstand that within the tendon. The designs of wedge and clamping anchorages are 
compared and contrasted in Figure 1.4. 
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Clamping anchorages are reliable but are similar to sleeve anchorages in that they 
require a long transfer length compared to wedge anchorages. In addition, their 
mounting is time-consuming and requires a lot of space. Consequently, anchorages of 
this kind are only used for proof testing of CFRP rods in tensile tests or as a reliable 
anchorage for gripping the second end of the rod when testing other anchorage 
designs, Al-Mayah et al. (2001a and 2005a) and Braimah et al. (1998 and 2006). 

 

Rod

Wedge

Barrel 

Conical wedge anchorage 

Clamping anchorage 

Rod

Clamping plate 

Bolt 

 
Figure 1.4. Representative conical wedge and clamping anchorage designs. 

Of all the anchorage designs that have been suggested, the conical wedge appears to be 
the most promising, for both steel and CFRP tendons. It possesses several important 
advantages relative to other anchorage types: it is small and does not take up much 
space, and it is easy to mount and to use. Consequently, it is a versatile design that is 
suitable for use in a wide range of unbonded and external prestressing applications. 
However, although it is the most promising anchorage type, it has not yet been 
perfected, and improvements in its reliability when used with CFRPs are still required. 

A number of new conical wedge anchorages adapted for use with FRPs have been 
proposed over the last two decades. The challenge is to create an anchorage that does 
not cause the rod to fail prematurely, but at the same time prevents the rod from being 
pulled out of the grip. One of the earliest designs was that proposed by Sayed-Ahmed 
and Shrive (1998) and Campbell et al. (2000). This anchorage uses four steel wedges 
with a sand-blasted interior surface and a thin copper sleeve positioned between the 
wedges and the CFRP rod to distribute the radial pressure generated by the wedges. 
The most significant innovation in this design is that it uses wedges whose taper angle 
differs from that of the barrel. This allows for a redistribution of the radial pressure 
from the loaded end of the rod towards the back of the anchorage, thereby reducing 
the maximum principal stresses. Similar anchorages have been developed by Al-Mayah 
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et al. (2001a,b). These authors subsequently devised a new approach to achieve this 
force redistribution, namely the curved angle, Al-Mayah et al. (2006 and 2007). Both 
approaches are reported to improve the anchorages’ performance. 

By using concrete wedge anchorages in conjunction with FRPs, one obtains a 
prestressing system that is completely non-susceptible to corrosion. Such systems have 
been described by Campbell et al. (2000) and Reda Taha and Shrive (2003a,b,c). 
However, some concerns regarding the utility and reliability of these systems have been 
expressed, and there have been no further reports on their use or development. 

On the basis of the results reported in the literature, it was decided that it would be 
worth conducting further research into the development of the conical wedge 
anchorage. 

1.4 Objective 

The objective of the research presented in this thesis was to understand the mechanisms 
acting within a conical wedge anchorage for the anchoring of CFRP tendons. The 
findings of this research were to be applied in the design of a small, reliable and user-
friendly product that is suitable for use in future prestressing systems for unbonded 
tendons. 

A secondary objective was to design a complete prestressing system for external 
unbonded CFRP tendons and examine the behaviour, reliability, and user-friendliness 
of the system in the strengthening of concrete structures. 

1.5 Hypothesis and Research Questions 

Hypothesis: 

The use of prestressed unbonded external CFRP tendons would be a 
competitive approach to strengthening of concrete structures if a reliable and 
practical anchorage were to be developed. 

Research questions: 

1. Can satisfactory predictions of the stress distribution within a conical wedge 
anchorage be obtained using axisymmetric models? 

2. How should a new anchorage be designed to facilitate reliable and practical 
anchoring? 

3. How do the unknown transverse mechanical properties of CFRP and friction 
influence the anchorage’s behaviour? 

4. How does a system with CFRP tendons behave in comparison to a system with 
steel tendons? 
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1.6 Scientific Approach 

On the basis of the lessons learned in the course of the pilot study described in Section 
1.1, it was deemed necessary to discard preconceived ideas and the results of previous 
trial and error tests and to begin by conducting a broad but detailed survey of the 
literature on the anchorage of unbonded FRP tendons in order to better understand 
the fundamental principles at play. Having obtained this knowledge and understanding, 
the plan was to identify the single most promising type of anchorage for detailed 
theoretical, numerical and experimental study in order to design a new and improved 
version that would satisfy the size, reliability and ease of use criteria required for a 
successful unbonded CFRP anchorage. Thus, once the literature study had been 
completed and the wedge anchorage had been identified as the most promising 
anchorage design, both the anchorage and the parameters governing force transfer 
within it were studied using analytical and numerical methods. The results obtained 
from these theoretical studies were then verified in laboratory experiments; with the 
small-scale lab results in hand, the anchorage system was demonstrated on larger 
concrete beams. This scientific approach is typical of that adopted in civil engineering 
research projects conducted in the Division of Structural Engineering at Luleå 
University of Technology. 

1.7 Limitations 

In retrospect, most research projects can be seen to contain gaps corresponding to 
additional work that could have been done but was not; the project described in this 
thesis is unlikely to be exceptional in this respect. These gaps may have many causes; 
typically, they are attributable to restrictions in terms of the availability of resources or 
to a lack of knowledge and experience in the planning stages of the research. The 
identification of such gaps can pave the way for additional future work. 

In addition to the potential undesired gaps in the research, a number of limitations 
were imposed by the design of the study. 

First, 8.0 mm circular CFRP rods were chosen as the tendons to be anchored and 
studied. CFRP was chosen for its material properties and durability. The sectional 
diameter was chosen for convenience – rods of this diameter have a capacity that is 
adequate to prestress the laboratory beams used in this study without needing to use 
too many tendons – rather than on more ‘scientific’ grounds. Rods of a larger diameter 
were not used partly because of the extreme loads that would be needed to induce the 
failure of such tendons and partly because they would necessitate the use of very high 
forces in the anchorage to avoid fibre pullout failure. 

Additionally, it was only possible to conduct a limited number of tests of different 
materials, geometries, and laboratory test beams. 

Limitations arising from the software or the analytical and numerical models used are 
described alongside the discussion of the sub-projects in which they were encountered, 
as are limitations associated with specific test series. 
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1.8 Structure of the Thesis 

This first chapter introduces the thesis, describes previous work related to the thesis’ 
subject, and describes the aims of the research. Chapter 2 then provides a brief 
overview of the work performed and the results obtained. 

To better understand the work done, the reader should consult the five journal 
publications and the published patent that was produced in the course of conducting 
the research described in this thesis; these documents constitute the thesis’ spine. The 
order in which they appear in the thesis reflects the order in which the research 
proceeded, see Figure 1.5. 

 
Paper 1 

Mechanical anchorage of FRP 
tendons - a literature review 

Paper 2 
Thick-Walled Cylinder Theory Applied 

on a Conical Wedge Anchorage 

Paper 4 
Numerical Simulation and 
Experimental Validation of 
an Integrated Sleeve-Wedge 
Anchorage for CFRP Rods 

Paper 5 
RC T-Beams Externally 

Prestressed with Unbonded 
CFRP Tendons 

Paper 3 
Development of Mechanical 

Anchorage for CFRP Tendons 
Using Integrated Sleeve 

Paper 6 
Swedish Patent: 

Förankringsanordning för 
fiberkompositstänger 
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Chapter 3  
Figure 1.5. The relationship between the chapters of this thesis, the research papers, 

and the research questions (R.Q.). 

Paper 1 is a review of the literature on the anchorage of CFRP tendons. Its contents 
are reproduced in part in the introduction and provide the basis for the research 
questions stated in section 1.5 and the research presented in the subsequent papers. 
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There was some concern that the various analytical and Finite Element (FE) models 
that had been developed prior to this work may not be suitable for studying the 
behaviour of a conical wedge anchorage. Paper 2 describes a study investigating the 
applicability of these models and the development of a new axisymmetric analytical 
model; the new model is compared to axisymmetric- and 3D FE models. 

Paper 3 describes a new wedge design that was created on the basis of the conclusions 
drawn from the literature review and numerical studies. This design is protected by a 
Swedish patent, which is appended as Paper 6. 

With this initial anchorage design in hand, studies were performed to improve its 
performance and reduce its size; this work was conducted in parallel with the planning 
of the final beam tests. Some of the results obtained in this work are presented in Paper 
4, along with comparisons between the behaviour predicted by a detailed FE model 
and that observed using photometric strain measurements of the anchorage’s behaviour 
during loading. 

Finally, a series of beams with external unbonded and prestressed CFRP tendons were 
tested and evaluated; this work is described in Paper 5. In this evaluation, a semi-
analytical beam model was used to predict the beams’ behaviour; the implementation 
of this model is further described in Appendix A. 

The pros and cons of the newly-developed anchorage design and of CFRP as a 
material for external unbonded prestressing in general are discussed in Chapter 3. A 
number of possible future areas of research are also listed and briefly discussed. 
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2 Results 

Section 1.3 provides a brief overview of the various anchorages that have been 
designed for use with CFRP rods, based on the literature review that comprises Paper 
1. One of the conclusions drawn after reviewing the literature was that of the general 
anchorage types that have been proposed for use with unbonded prestressed CFRPs, 
the conical wedge design would probably be the best if its reliability could be ensured. 
One way to achieve this increased reliability would be to somehow redistribute some 
of the radial force acting on the rod from the front of the anchorage towards the back; 
this would reduce the high principal stress on the part of the rod at the front of the 
anchorage and thus the incidence of premature failures in this area. The literature 
review also established that both analytical and Finite Element (FE) models have been 
used to study the effects of different anchorage designs and to evaluate their 
performance. 

The simplest analytical model that can be used to study conical wedge anchorages is 
based on the thin walled cylinder theory and uses input data derived from 2D static 
rigid body models. It has been used by authors including Campbell et al. (2000), Reda 
and Shrive (2003a), and Shaheen and Shrive (2006). It can from our study be 
concluded that this approach is not adequate for accurate modelling of the anchorage. 
A further step is then to use the thick walled cylinder theory. This has been done by 
Al-Mayah et al. (2001b and 2007) and Shaheen and Shrive (2006); the results they 
obtained were in good agreement with their measured deformations and predictions 
made using FE models. 

The FE-models used to model conical wedge anchorages may be either axisymmetric 
or 3D. In the axisymmetric approach, 3D bodies are modelled as 2D entities that 
exhibit rotational symmetry about a central axis. Axisymmetric models have been used 
by authors including Sayed-Ahmed and Shrive (1998), Campbell et al. (2000) and Al-
Mayah et al. (2001a,b); Al-Mayah et al. (2005b, 2007) have also used 3D models. In all 
of these studies, the predictions of the models they used were in good agreement with 
their measured values. 

It was anticipated that modelling would play a crucial role in the development of the 
new anchorage, and that axisymmetric models would be preferable due to their 
relatively low computational cost. However, although the literature results obtained 
with axisymmetric models are impressive, the extent to which they would be 
applicable to the study of circular wedge anchorages seemed questionable. 
Consequently, a study was conducted to assess the applicability of axisymmetric models 
on circular wedge anchorages. 
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2.1 Relevance of Axisymmetric Assumptions in Modelling of 
Circular Wedge Anchorages 

Were it not for the separation of the wedges, conical wedge anchorages would exhibit 
perfect axial symmetry. The barrel and the rod can both be described by 2D sections 
that are rotated about a central line of symmetry. However, one might reasonably 
suspect that assuming the same to be true for the wedges would give rise to an 
unrealistic circumferential force distribution as the wedges are pushed into the barrel. 
Figure 2.1 shows how the forces can be assumed to act in 2D, 3D and axisymmetric 
models of a conical wedge anchorage. In the 2D model, all of the radial force present 
in the barrel to wedge interface is transferred to the rod. However, in an axisymmetric 
model, much of this force is transformed into circumferential stresses, and the radial 
force applied to the rod is reduced. The actual case should be somewhere in between 
these two extremes, as indicated by the 3D case. 

 Barrel Wedge Rod 

2D 3D Axisymmetric  
Figure 2.1. The partitioning of the radial force generated at the barrel-wedge interface 

into interior circumferential and radial forces in 2D, axisymmetric, and 
3D models of conical wedge anchorages. 

In order to identify a suitable model type for use in later work, the performance of 
axisymmetric analytical and FE models were compared to that of a 3D FE model. The 
models and input data used are described in detail in Paper 2 of this thesis. The 
axisymmetric analytical model was derived using the thick walled cylinder theory 
according to the guidance given in Wang (1953). Before the execution of the solution 
algorithm, the model consists of five unknowns in five equations and assumes axial 
symmetry, plane stress, and that the materials being modelled exhibit linear elasticity. 
The model’s output is in the form of the radial stresses at the barrel-wedge and wedge-
rod interfaces along the anchorage, i.e. the stresses depicted in Figure 1.4. 

Both FE models are similar to the analytical model in that they assume the materials 
being modelled exhibit linear elasticity. No further assumptions are made in the 3D 
model. The axisymmetric FE model differs from the analytical model in that plane 
stress is not assumed; aside from this, the analytical and axisymmetric FE models use the 
same assumptions and data. 

The variables whose influence was examined when evaluating the models were the 
presetting distance, i.e. the distance the wedges are pushed into the barrel, and the 
taper angle of the wedges. Figure 2.2a shows how the radial stress on the rod varies 
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with the type of model for a presetting distance of 5 mm and taper angle of 3.1°. The 
length of the wedges is 100 mm and the inner angle of the barrel is 3.0°. Figure 2.2b 
shows the effect of varying the angle of the wedges in the 3D model at a constant 
presetting distance. In both cases, it is evident that the variations significantly affect the 
output. 

As can be seen in Figure 2.2a, for a given combination of input variables, the different 
model types predict radial stresses with different magnitudes and longitudinal 
distributions. The difference in magnitude between the stresses predicted by the 
axisymmetric models is probably due to the assumption of plane stress in the analytical 
model. This assumption leaves the wedges free to expand in the longitudinal direction 
as more stress is applied in the radial direction, reducing the stress transferred to the 
rod. By contrast, in the FE-model, longitudinal expansion is partially restricted by the 
surrounding barrel. As expected, the radial stress transferred to the rod is higher in the 
3D model than in the axisymmetric models. Furthermore, the distribution of the 
stresses in the 3D model differs from those in the axisymmetric models due to the 
limited capacity of the wedges to carry circumferential stresses in the former. 

Figure 2.2b highlights the pronounced impact of the difference between the wedge 
angle and the inner angle of the barrel on the distribution of radial stresses. With a 
perfect fit, i.e. when both angles are set to 3.0°, the force is distributed equally along 
the length of the anchorage. Increasing the wedge angle results in a redistribution of 
the radial stresses such that the greater part is applied towards the back of the 
anchorage. 
 a)  b)Barrel Barrel

Wedge Wedge

 
Figure 2.2. Radial stresses on the rod as a function of the wedge angle and model 

type: a) stresses predicted by different models at a fixed wedge angle of 
3.1°: b) stresses predicted by the 3D FE model at different wedge angles. 

On the basis of this comparison, it was concluded that only the 3D model was capable 
of generating relevant results and that varying the angle of the wedges relative to that of 
the barrel has a significant effect on the radial stress distribution. This knowledge was 
used to obtain a deeper insight into the factors affecting prestressing anchorages in 
subsequent studies. 
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2.2 A New Circular Wedge Anchorage Design 

In order to be generally useful, anchorages for unbonded tendons must satisfy certain 
criteria. No official criteria have yet been defined for FRP tendons, so researchers 
commonly adopt the criteria required of anchorages for steel tendons. Examples of such 
criteria are those of the PTI (1998), ACI (2001) and EOTA (2002). One criterion 
common to all three of these institutions’ lists is that a failure load equal to 95% or 
more of the tendon’s ultimate capacity should be attained when at least one of the 
anchorages in question is applied to the tendon. Whether the ultimate capacity should 
be the value given by the manufacturer or achieved by other means is however not 
stated. In addition to the criteria for steel tendons, it also seems to be generally accepted 
that a functional anchorage should allow a rod in a tensile test to rupture in between its 
anchorage points. There has been some discussion concerning the nature of the optimal 
loading procedure in such tensile tests; the procedure of Rostásy (1998) was employed 
in the work presented in this thesis. These issues are discussed in more detail in Paper 
3; this paper also describes the results of the laboratory tests that ultimately led to the 
design of a new anchorage. 

Prior to these laboratory tests, parametric studies were performed using a basic 3D FE 
model to identify variables with a significant influence on anchorage performance. 
These studies are described in more detail in the author’s licentiate thesis, Bennitz 
(2008). Amongst other things, they established that the optimal wedge and barrel angles 
are approximately 3°, that the use of comparatively thin wedges and barrels results in a 
better grip, and that the wedges should initially protrude slightly from the back of the 
anchorage. 

In the laboratory, tests revealed some further aspects that were not identified by the FE 
model. The anchorage design was improved iteratively over the course of the test 
series; by the end, five different variants on the new design had been tested. In the 
course of these studies, a number of possible failure modes were also identified; these 
failure modes and the final anchorage design are described in Paper 3, while the process 
by which this design was created is described in more detail in the author’s licentiate 
thesis, Bennitz (2008). 

Ultimately, on the basis of the lessons learned and the failure modes identified in the 
course of the laboratory studies, the anchorage design depicted in Figure 2.3 was 
developed. This design incorporates a number of features that improve its capacity and 
reliability. For example, the use of a wedge angle of 3.4° and a barrel with an inner 
angle of 3.0° represents a good compromise between the need to apply radial pressure 
to the rod, to make it reasonably for the wedges to slide into the barrel, and to 
redistribute radial stress towards the back of the anchorage. This angle is somewhat 
different to the angles suggested by the first FE-model and seen in Figure 2.2b. 
Indentations in the inner surface of the back of the wedges increase the anchorage’s 
slip-resistance by collecting debris that may be stripped from the rod’s surface. 
Rounded inner circumferential edges in the front of the wedges provide a smooth 
entrance for the rods into the anchorage. This reduces the risk of bending of the 
outermost fibres as the radial stress around it is increased. The remaining edges in the 
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system are also slightly rounded in order to prevent the wedges from getting stuck 
while sliding into the barrel and to avoid inadvertently cutting the fibres of the rod. 
These rounded edges are not shown in Figure 2.3. 

 
Figure 2.3. A sketch of the anchorage design developed during the first series of 

laboratory tests. 

The major innovation present in the new design is however the use of a one-piece 
wrap-around wedge rather than three or more separate wedges. The one-piece wedge 
takes the form of a hollow truncated cone with an axial duct running along its length 
to accommodate the rod and three approximately equally-spaced grooves cut into its 
surface, also running along its length. One of these grooves is deep and reaches all the 
way into the duct which houses the rod; the other two are comparatively shallow and 
do not. Overall, the one-piece wedge resembles three equally-spaced separate wedges 
connected by two shallow ‘walls’. This wedge design has several noteworthy 
advantages over earlier designs that used three or more wedges and a separate sleeve 
located between the wedges and the rod. For example, the new design increases the 
load-transferring contact area between the wedges and the rod, prevents pieces of the 
rod from escaping through the gaps between the wedges, and confines the rod, 
allowing for higher radial stresses. Moreover the one piece wedge offer a user-friendly 
solution as the ‘wedges’ are always perfectly aligned with one-another, both 
circumferentially and longitudinally. This in turn increases the reliability of the 
anchorage. 

At the end of the first series of lab experiments, five tensile proof tests were conducted 
using a wedge anchorage attached to one end of an 8 mm CFRP rod and a clamping 
anchorage attached to the other. Two types of failure were observed: rupture along the 
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free length and an explosive type of slip, which is henceforth referred to as a “power 
slip”. These failure modes and the loads at which they were observed are summarized 
in Table 2.1. 

Table 2.1. Failure loads and failure modes of proof tested samples. 

 
Manufacturer’s 

mean value [kN] 

Wedge anchorage 
test results [kN] 

Failure load 120 148 142 144 146 149 

Failure mode  P. slip Rupture P. slip P. slip P. slip 
 
A comparison of the loads at which these failures were observed to the mean failure 
load specified by the manufacturer demonstrates that the new anchorage comfortably 
satisfies the 95% criterion required for use with steel tendons. Further, the results show 
that a rupture of the rod between the anchorages does not necessarily indicate that the 
rod has reached its unaffected ultimate capacity: the failure load in the test that ended 
with the rupture of the tendon was less than that encountered in the tests that ended in 
power slip. These results may be relevant in the on-going discussion concerning the 
nature of the acceptance criteria that should be applied to CFRP rod anchorages, i.e. 
should the ultimate capacity provided by the manufacturer serve as the basis for the 
95% criteria, and should rupture of the rod at its free length be the only failure mode 
allowed? Nevertheless, irrespective of the opinion on this matter within the research 
community, the results obtained in this series of proof tests are clearly promising. 

2.3 Patent 

Before these results were reported at a conference or in a journal publication, an 
application was submitted for a Swedish patent covering the new wedge design. The 
patent was granted in April 2010; an English translation is appended to this thesis as 
Paper 6. During the patentability examination, two relevant documents were found, 
Bridon Plc (1992) and Bührer and Rehm (1971); however, on further inspection, 
neither was found to pose any threat to the application. 

The most important claims in the patent are those concerning the ‘walls’ that connect 
the ‘wedges’ of the one-piece wedge. The claims encompass a wedge with walls whose 
length ranges between 70% and 95% of the length of the wedge and whose thickness is 
between 5% and 20% of the diameter of the wedge’s central duct. 

Similarly, the patent specifies that the width of the two shallow grooves in the wedge 
(i.e. those that do not penetrate through to the central duct) should be between 5% and 
20% of the diameter of central duct. 

The patent also specifies that the outer conicity of the wedge should be sharper than 
the inner conicity of the barrel, and that the front of the wedge should be provided 
with an inner radius transition, but these elements of the design are of lesser novelty. 
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2.4 Refined Anchorage Design 

In light of the results of the proof tests of the new anchorage, a non-linear 3D FE 
model was constructed to replicate the design and loading procedure. The intent was 
to use this model to further improve the design. The validity of the FE model was 
tested by measuring the longitudinal and circumferential strains on the barrel (see 
Figure 2.4) and comparing these measured values to those predicted by the model. 
Some of these measurements were reported in Paper 3; the author’s licentiate thesis, 
Bennitz (2008) provides a more thorough evaluation of the measurements and the FE-
model. 

 

 
Figure 2.4. Measurement of circumferential and longitudinal strains on the barrel. 

Unfortunately, these calculations did not validate the FE model: the differences in 
magnitude between the measured and predicted strains were too large. Even though 
the crucial variables were varied within reasonable limits, the predicted strains were 
more than twice as large as those that were measured. 

As a result of this lack of agreement between the measured and predicted values, a 
more sophisticated model was constructed. Thus, a more powerful computer on which 
to run the simulation was acquired and a new set of measurements was recorded, this 
time using the Aramis 3D optical measurement system. This made it possible to 
construct a model with a more detailed mesh and to model the measured strains in the 
barrel in much more fine-grained detail by using a strain field representation. 
Consequently, it was anticipated that this refined model would generate new insights 
into some of the unknown parameters affecting the system and provide a better 
understanding of the anchorage’s behaviour. For example, the transverse mechanical 
properties of the CFRP and the friction at the wedge-barrel interface are both very 
interesting quantities that are likely to exert significant influence over the behaviour of 
the anchorage. However, they are both hard to measure, and little is known with any 
certainty about these properties. Thus, to better understand the behaviour of the 
anchorage, the material models for the wedge and barrel were simulated and fitted to 
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test data from tension tests on the materials. This model and the predicted values of 
these parameters and measurements are described in detail in Paper 4, which also 
provides an analysis of the results and a discussion of the model’s validity and the 
unknown parameters. 

The strongest correlations between the circumferential barrel strains predicted by the 
FE-model and those measured using the Aramis system were observed along the 
longitudinal opening in the wedge. Strains along this line at presetting distances of 2 
and 4 mm are shown in Figure 2.5. 

 

 
Figure 2.5. Modelled and measured circumferential barrel presetting strains along the 

longitudinal opening in the wedge. 

On the basis of a series of comparisons similar to that shown in Figure 2.5, it can be 
concluded that the model represents the true behaviour of the anchorage well and that 
its calibration is adequate to reproduce the unknown mechanical properties of the 
system. The best correlations between the measured and predicted circumferential 
strains along three separate longitudinal sections of the barrel were obtained when the 
modelled value of the transverse modulus of elasticity of the CFRP rod was set at 7.6 
GPa. This value is similar to those employed in the model described by Al-Mayah et al. 
(2007). Figure 2.6a illustrates the variation in the circumferential strain on the barrel 
along one of the grooves in the wedge and shows how changing the transverse 
modulus of elasticity used in the model affects the predicted strain. 
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(a) (b)  
Figure 2.6. Comparison of measured values with those predicted by the refined FE 

model. a) The effect of varying the transverse modulus of elasticity of the 
CFRP rod; b) The effect of varying the coefficient of friction between 
the barrel and the wedge. 

A similar illustration of the variation in the system’s behaviour when the model’s 
coefficient of friction is adjusted is given in Figure 2.6b. In this case, the load used to 
push the wedge inward is plotted against how far into the barrel the wedges have slid. 
On the basis of the modelled results, the best constant estimate of the coefficient of 
friction is around 0.15. However, it is apparent that a value of 0.1 would be more 
appropriate at low loads and that 0.25 would give more accurate results at high loads. It 
is known that the coefficient of friction changes with the applied pressure, Brown and 
Burgoyne (1999), Al-Mayah et al. (2001a,b) and Javadi and Tajdari (2006); but this 
effect is difficult to accurately measure and model. 

By using this new model, it was possible to design further improvements to the proof-
tested anchorage. The major differences between the new and old anchorages have to 
do with the diameter and outer angle of the wedge; the diameter in the new design is 
30 mm while that in the old was 36 mm, and the angle in the new design was 
decreased from 3.4° to 3.1°. This angle also corresponds better to the angles suggested 
by all the FE-models. A sketch of this design is shown in Figure 2.7. 

As was done with the previous design, the new anchorage was subjected to proof 
testing using the procedure described in Paper 3. The results were similar to those 
previously obtained: failure occurred above 140 kN in all cases.  

At the same time as this refined design was being drawn up, a series of beam tests were 
being planned. Once the capacity of the smaller anchorage had been established, a total 
of 40 wedges and 10 barrels were fabricated for use in these beam tests. 
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Figure 2.7. Sketch of the improved anchorage design. 

 

2.5 Beams Prestressed with Unbonded CFRP Tendons 

The use of beams in the testing of the new anchorage and prestressing with CFRP rods 
represents a compromise between experimental practicality and field applicability. 
However, it is a compromise that is widely accepted, and the results obtained in such 
experiments are generally considered to be relevant. It is ultimately hoped that 
prestressing with CFRP will be applicable to more complex structures, but since the 
goal in this case was simply to assess the anchorage and the other components of the 
system, a beam was considered to be a perfectly suitable test subject. The overall 
objective of this study was to construct a functional system for the prestressing of 
CFRP tendons based on the new anchorage and to evaluate it. Additionally, the study 
was intended to clarify and investigate the differences between beams prestressed with 
external unbonded CFRP and steel, and to investigate how well the predictions made 
using an analytical model for external unbonded beams compared to the test results. 

Seven reinforced concrete T-beams comparable to those tested by Tan and Ng (1997) 
were cast for use in these tests. The beams had a height and width of 300 mm; during 
testing, they were simply supported, with a span of 3 m. They were subjected to four-
point bending at the third points, see Figure 2.8. 

One beam was left unstrengthened; the other six were strengthened in different ways, 
with different prestressing forces, Fps0, initial tendon depths, dps0, and with or without a 
midspan deviator for the tendons. The variables and values selected were designed so as 
to generate results that could conveniently be compared to those obtained by Tan and 
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Ng (1997) and to the predictions generated by the same authors’ analytical model, Ng 
and Tan (2006); see also Appendix A. 

1 m 1 m1 m

P/2 P/2 

Fps0 Fps0 

Deviator 

dps0 300 mm 

 
Figure 2.8. Test setup. 

Strengthening was achieved by applying 8 mm unbonded external CFRP rods, one at 
each side of the web, and mounting the new anchorages as shown in Figure 2.7 at each 
end of the rods. Post-tensioning was then applied to the rods in conjunction with load 
initiation to avoid any short- or long-term prestressing losses. Details of the prestressing 
procedure and the beam designs can be found in Paper 5. 

Figure 2.9 show the beams’ load-deflection behaviour. As can be seen, all of the beams 
display distinct points of cracking, yielding and ultimate failure. Well-established 
theoretical principles state that the use of higher prestressing forces allows for higher 
crack and yield loads. The same theory also states that the use of a larger initial lever 
arm on the tendons increases these loads; thus, beam B5 (dps0 = 250 mm) can handle 
higher loads than beam B2 (dps0 = 200 mm). It is interesting to note that the behaviour 
of the beams without deviators (B6 and B7) ultimately differs from that of the others: 
their capacity decreases as the deflection increases. This is due to the decreasing length 
of the lever arm of their tendons as the deflection of the beam’s midspan increases. 

 

 
Figure 2.9. Load-deflection behaviour of the tested beams. 

The behaviour of the beams pre-stressed with CFRP in this study was similar to that 
which has previously been observed in beams pre-stressed with steel tendons. Figure 
2.10 compares the load deflection behaviour of beams B3, B4 and B7 from this study 
with that of the steel-strengthened beams T-1, T-1A and T-0 studied by Tan and Ng 
(1997). A similar curve is seen in all cases although the yield point is shifted slightly 
towards a larger deflection for the beams prestressed with CFRP. This difference is 
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most likely due to the difference between the modulus of elasticity of prestressing steel 
and that of CFRP. 

 

 
Figure 2.10. Comparison of load-deflection behaviour between beams prestressed with 

steel and CFRP tendons. The curves for T-0, T-1 and T-1A are taken 
from the work of Tan and Ng (1997). 

The beams’ behaviours were then compared to those predicted by the analytical model 
for beams prestressed with external unbonded tendons described by Ng and Tan 
(2006). Some of the results of this comparison are shown in Figure 2.11; a more 
thorough comparison can be found in Paper 5. Overall, the agreement between the 
model and the measured values was good in most cases. The model does however 
predict a higher cracking load than was measured and in many cases also a considerably 
larger ductility than was observed during the tests. 

 

 
Figure 2.11. A comparison of the predicted and measured load-deflection behaviours. 

To better understand the model, its structure and its implementation in the work 
described in Paper 5, the reader is directed to Appendix A. As indicated in the 
discussion of the appendix, although the model predicts the beams’ load-deflection 
behaviour reasonably well, it is unsuccessful at predicting the magnitudes of its 
components. Although the theory behind the model was originally developed for the 
purpose of finding an expression for the calculation of the tendon force in externally 
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prestressed concrete beams, Naaman and Alkhairi (1991), the results presented in Paper 
5 demonstrate that it does not achieve this. 

Throughout the test series the new anchorage and the system developed for prestressing 
performed as expected and without incident. As such the overall project must be 
considered a success; the long journey from the initial survey of the literature on CFRP 
anchorages to the development of a complete novel system incorporating anchorages, 
deviators and a prestressing procedure has been described in full. The results obtained 
gave rise to a number of impressions and prompted a range of thoughts concerning the 
future direction of research and practice in this field; these topics are discussed in 
chapter 3. 
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3 Concluding Remarks 

This chapter reviews the objectives of the studies described in this thesis and the 
research questions investigated, and analyses the results obtained in terms of the new 
knowledge generated and the experience gained in the course of performing this work. 
Conclusions are drawn and a general discussion of the project is presented, together 
with suggestions for future research. 

3.1 Discussions and Conclusions 

Objectives 

The work described in this thesis was initiated in response to a need for a durable, 
efficient, and easily-mounted external CFRP tendon system for the strengthening of 
concrete structures. Because of the difficulties encountered in identifying a suitable 
means of anchoring external unbonded CFRP tendons, the primary focus of the work 
was placed on developing an understanding of the factors affecting the efficiency of 
anchoring mechanisms for CFRP tendons and the design of a new and efficient 
anchorage. The secondary objectives were to construct anchorages according to the 
new design, to test their performance in a system for external unbonded prestressing, 
and to investigate the performance of this CFRP strengthening system using the new 
anchorages in terms of its strengthening effect, reliability and user-friendliness. These 
objectives have been fulfilled and a new anchorage has been developed. 

Research Questions 

Four research questions were addressed in the work described in this thesis (see Section 
1.5). These questions were answered by means of a series of scientific investigations, 
which are described in the papers (1-5) appended to this thesis (Figure 1.5). 

The first question concerned whether axisymmetric models could accurately predict 
the behaviour of a conical wedge anchorage and the transfer of force between the rod, 
wedge and barrel. Three models for predicting anchorage behaviour were developed 
and tested: an analytical axisymmetric model, a numerical axisymmetric model, and a 
numerical 3D model. It was found that only the 3D model was sufficiently powerful 
for use in investigating the mechanisms operating in the anchorage. These studies also 
established that it would be necessary to incorporate a fairly high level of detail into the 
model in order to obtain reliable answers to the second and third research questions. 

Three 3D models were considered; the first was rather general, and the second was 
somewhat more detailed. However, neither was capable of accurately predicting the 
strains measured in laboratory experiments, Bennitz (2008). Good agreement between 
the predicted and observed results was only obtained after the development of a third 
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model, which used a denser mesh and incorporated calibrated constitutive models for 
the steel and aluminium components of the anchorage (Paper 4). 

Having developed a reliable predictive model, it was possible to begin addressing 
research question three. The values of the transverse modulus of elasticity of CFRP and 
the interfacial friction between the barrel and the wedge were treated as parameters of 
the model, and were varied until the behaviour predicted by the model matched that of 
the anchorage. As can be seen in Figure 2.6, the values for these parameters that gave 
the best agreement with experiment were 7600 MPa and 0.15, respectively. Figure 2.6 
also shows that changing the values of these parameters in the model causes changes in 
the predicted behaviour. These changes mimic those that would be expected to result if 
these parameters could somehow be adjusted in reality. Thus, increasing the transverse 
modulus of elasticity in the model results in an increased circumferential barrel strain 
and consequently causes an increase in the pressure applied to the rod. Increasing the 
coefficient of friction reduces the distance the wedge can slide relative to the barrel. In 
both cases it was noticed that the behaviour of the anchorage was sensitive to relatively 
small changes and that it is important to determine these values accurately in order to 
achieve accurate predictions. In this work, the coefficient of friction was treated as a 
constant. However, this is somewhat unrealistic; it is likely that better results could be 
obtained by instead modelling it as a function of the normal stress, such that increased 
stress would increase the coefficient. 

Nevertheless, the accuracy achieved by treating the coefficient of friction as a constant 
was sufficient for the evaluation of the anchorage, and data from the model were used 
to design the improved anchorage shown in Figure 2.7. This design was based on 
conclusions drawn from the literature review presented in Paper 1, the results of the 
laboratory experiments discussed in Paper 3, and the modelling studies described in 
Papers 2 and 4. Paper 3 describes evaluations of the reliability and user-friendliness of 
the new anchorage. The design of the new anchorage was thus based on a careful and 
extensive examination of the key factors affecting its performance, and various aspects 
of its behaviour have been tested. The new anchorage thus constitutes a good answer 
to the second research question listed in Section 1.5, which asked whether it was 
possible to design a reliable and practical anchorage, and what such an anchorage might 
look like. 

When applied to the test beams, the anchorages behaved as expected and allowed the 
CFRP tendons to be safely anchored in all of the tests conducted. Beams prestressed 
with external unbonded CFRP rods were found to be wholly equal to beams 
prestressed with steel tendons in terms of their strength and structural behaviour. Their 
behaviour could be modelled using the analytical beam model that is used to predict 
the behaviour of steel-reinforced beams; the only noticeable difference between the 
behaviour of the CFRP- and steel-reinforced beams was that the deflection of the 
former was somewhat greater than that of the latter due to the relatively low modulus 
of elasticity of CFRP compared to prestressing steel, Figure 2.10. These findings thus 
answer research question 4: the behaviour of beams prestressed with external unbonded 
CFRP is similar to that of beams prestressed with steel tendons. 
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General Discussion 

One could expand upon research question four by asking whether CFRP is a good 
substitute for steel in tendons for external unbonded prestressing. Answering this 
question would require the consideration of a number of factors that cannot be assessed 
simply by measuring the strengthening effect of 8 mm rods in a laboratory environment 
as was done in Paper 5. Examples of such factors include safety issues, factors affecting 
the nature of the working environment (such as the ease of installation of the different 
types of tendons), economic factors, and the long term reliability of the tendons. 

All of these factors should be considered when making a choice between the two 
strengthening materials. For example, CFRP has a higher cost per volumetric unit than 
does prestressing steel. One could then point out that CFRP instead is considerably 
stronger than steel, which is true, but there are some caveats: due to the risk of creep 
rupture and the relatively limited body of knowledge concerning the use of CFRP, 
recommendations restrict the applied prestressing force to some value that is 
substantially less than the theoretical limit. The ACI (2008a) recommends that the 
prestress not exceed 55% of the tendon’s design ultimate tensile strength; ACI (2004) 
give values of 65% during jacking and 60% after losses. However, these values are only 
guidelines; the same ACI reports discuss studies in which the actual creep-rupture 
limits were predicted to be between 75% and 93%. For comparative purposes, the 
limiting values for prestressing steel (expressed as a percentage of its ultimate capacity) 
recommended by various organisations are: 74%, PTI 2006, 70%, ACI 2008b, and 75% 
EC2 (2004) and BBK (2004). Consequently, although CFRP is stronger than steel, this 
advantage cannot be realised to any great extent while the limits on the prestressing 
force that can be applied remain in the range of 55%-60%. The low weight of CFRP 
may nevertheless give rise to some short term economic advantages to its use, such as 
reduced transportation costs and construction times. The use of lightweight materials 
also helps to improve the working environment by reducing the need to engage in 
heavy lifting. On the other hand, it would be necessary to implement measures to 
ensure that the CFRP is correctly handled and to avoid the formation of microscopic 
splinters when cutting the tendons. The dust formed when working with CFRP may 
cause itching, and contact should be avoided. 

On a more technical basis it may be seen that unlike steel, CFRP is resistant to almost 
every known degradation process, Bennitz (2009). However, it is essential that the bare 
fibres are kept away from metals within the anchorage because the fibres are electrically 
conductive and might cause galvanic corrosion. CFRP tendons are also more 
temperature-sensitive than their steel counterparts. Because the matrix in CFRP is 
typically based on a thermosetting material such as epoxy or vinyl ester, the composite 
material has a defined glass-transition-temperature at which it starts to lose its strength 
and stiffness. For pultruded products such as the rods used in all of the tests described in 
this thesis, this temperature is approximately 200°C, which is sufficiently high that this 
is unlikely to be a problem other than in the event of fire. However, temperature 
effects should be considered in the design process, and fire protection should be 
accounted for where relevant. 
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It is also important to consider the thermal expansion and contraction of materials in 
the anchorage and tendon. The new anchorage and tendon system incorporates three 
different materials, namely steel, aluminium and CFRP; steel expands and contracts 
about half as much as aluminium. The coefficient of thermal expansion of the uni-
directional CFRP rod depends on the direction of the expansion. In the longitudinal 
direction it is close to zero or slightly negative, but it varies considerably in the 
transverse direction, and values of up to twice that of aluminium (i.e. four times that of 
steel) have been suggested, Sayed-Ahmed and Shrive (1998) and ACI (2008a). At low 
temperatures, the shrinkage of the CFRP rod in the transverse direction will be more 
pronounced than that of the wedge, which will in turn shrink more than the barrel. 
This will ease the pressure on the rod, thereby increasing the risk of slip-out failure. 
Naturally, an increase in temperature might have the opposite effect, resulting in an 
elevated risk of crushing failure. An example is a procedure utilized for reuse of the 
barrels in the beam tests in Paper 5. The anchorages were stored at -20°C for 1 hour 
after each test, after which it was possible to push the aluminium wedges and CFRP 
rods backwards out of the steel barrel. This would not be possible with steel tendons 
and anchorages, in which all components of the system have the same coefficient of 
thermal expansion. 

Furthermore, one could reasonably expect that an increase in rod size, for example up 
to diameters of 10, 12 or 16 mm, would necessitate a disproportionate increase in 
anchorage size. This is because the only force used to anchor the tendon is friction; by 
definition, friction is proportional to the area of the contact surface, which does not 
increase linearly with the cross-sectional area. Also all of the tests of the new anchorage 
were conducted in the laboratory and although the new anchorage incorporates a one-
piece wedge that simplifies the mounting procedure, there is nevertheless an increased 
risk that the mounting will not be implemented in an optimal fashion in a real 
construction site. Consequently, it would probably be prudent to incorporate a safety 
margin in the size of the anchorage. 

Similarly, the overall safety and robustness of CFRP rods is a topic of some debate. It is 
possible that there may be as-yet unknown negative effects associated with the 
brittleness of CFRP and the fact that it exhibits linear elastic behaviour until failure. 
Moreover, CFRP may be subjected to accidental loads, vandalism and sabotage. 
However, these issues should not pose any major concern; it has been shown that 
material ductility is not identical to structural ductility, and CFRP is unlikely to be 
more susceptible to accidental loads, vandalism and sabotage than traditional steel 
prestressing systems. Aside from the previously mentioned creep-rupture behaviour, 
CFRP is neither known to be subject to any negative long-term effects. 

The discussion above highlights a number of areas in which further research would be 
desirable in order to deliver a system that is functional and reliable in the field as well as 
in short term laboratory tests. 
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3.2 Future Research 

Broadly, the research described in this thesis focused on two topics. The first concerned 
the design of a new anchorage; the second had to do with the behaviour of beams 
prestressed with external unbonded CFRP tendons. Similarly, there are two major 
areas in which future research on these topics would be useful. First, it would be 
desirable to conduct further proof testing, on the new anchorage in particular, and also 
on anchorages for CFRP tendons in general. Second, it would be useful to further 
develop models for the effects of incorporating unbonded prestressed CFRP rods into 
structures. 

With regard to the first of these two topics, some of the most important issues that 
should be examined are mentioned in the preceding discussion. In particular, more 
information is needed on the long-term reliability of the anchorage. More information 
is also required on the effects of temperature fluctuations; little is known about the 
expansion of CFRP tendons. A number of guidelines on how to conduct such studies 
on anchorages for steel tendons have been published, for example PTI (1998) and 
EOTA (2002). These guidelines may serve as a useful basis for designing studies on 
anchorages for CFRP tendons, but it will be necessary to adapt them to suit the 
properties of the different materials involved. 

The creation of better models and guidelines for the design of unbonded and external 
unbonded prestressing systems is important for both CFRP- and steel-based systems. 
None of the current models for unbonded systems are as good as models based on 
strain compatibility in bonded systems, and the models for unbonded systems do not 
generally account for the use (or lack thereof) of a deviator. Most of the models that 
were found in the literature survey discussed in Paper 5 focus on the ultimate 
behaviour of the strengthened structure. That is to say, they are modelling a state in 
which the tensed non-prestressed reinforcement has yielded and concrete crushing is 
occurring. The utility of focusing on a state in which a failure may cause severe damage 
is perhaps somewhat questionable. Instead, it is recommended that future models and 
design recommendations are based on analyses in which the point of failure is defined 
as the point at which the tensed reinforcement yields, and to conduct research to 
develop models capable of accurately predicting the conditions under which this point 
will be reached. It is also suggested that more accurate predictive models should take 
some previously-neglected factors into account; a discussion of these factors is provided 
in Appendix A. The most influential is believed to be the tendon profile, which would 
affect the calculation of the strain reduction coefficient in stages 1-3 of the modelling 
process, and the variable depth of the neutral layer in cracked sections. 

Finally, there is an additional non-technical area in which further research is warranted. 
Specifically, it would be useful to conduct a market survey to quantify the need for 
external unbonded strengthening systems using CFRP tendons. If these needs could be 
pinpointed, it would be possible to design systems whose properties are specifically 
tailored to meet these needs rather than simply designing a system to replace steel 
tendons in general. It is the author’s personal belief that the biggest advantages of 
prestressed CFRP are likely to be realised in applications involving pre-tensioned 
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prefabricated concrete. For example, by using CFRP tendons, it would be possible to 
make typical hollow floor segments thinner and lighter, with a reduced concrete cover. 
Prefabrication and the use of removable anchorages would also allow for the 
anchorages to be bigger and thus more robust. 
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Appendix A - Background to Analytical Beam Model 

Paper 5 describes the use of an analytical model to predict the behaviour of beams 
prestressed using unbonded external tendons. In the paper, the model is described in 
words, supplemented with appropriate references. This appendix provides a more 
rigorous discussion of the model, showing the equations used and detailing its 
implementation using the Matlab software package. 

The modelling of beams strengthened with unbonded external tendons requires a 
revision of traditional strain compatibility based design models. Two additional factors 
must be considered: one due to the unbonded conditions and one due to the external 
positioning of the tendon. Cross-section strain compatibility analysis is not applicable to 
unbonded tendons, in which the stresses in the tendon are dependent on the 
elongation of the entire tendon rather than on the strain in the studied cross section. 
Moreover, the use of external tendons can give rise to second order effects as the beam 
starts to bend, causing changes in the position of the tendons relative to the studied 
cross-section. This last issue can be mitigated by using deviators, which maintain a 
constant depth of the tendon at specific points along the beam. It should also be noted 
that during loading, the longitudinal profile of the tendon affects its overall elongation 
to some extent, i.e. the longitudinal profile influences the effective stress within the 
tendon. 

The model developed by Ng and Tan (2006) for predicting the behaviour of 
strengthened beams during loading takes these two factors into account. The model is 
based upon the strain reduction coefficient; its underlying concepts can be traced back 
to Baker (1949) via the work of authors including Ng (2003), Tan and Ng (1997), 
Naaman and Alkhairi (1991), and Naaman (1987). 

Basic Assumptions 

Before presenting the equations used in the model, it is useful to provide a brief 
description of the model’s overall structure. In addition, some background information 
concerning the necessary input data is also presented, together with some limitations on 
the boundary and loading conditions used in the model. 

Boundary and loading conditions 
The model discussed in this appendix assumes a setup like that shown in Figure A1, 
consisting of a simply-supported beam loaded with two point loads, each of magnitude 
P/2 applied at the beam’s third-points, Ls=L/3 away from each support. The deflection 
of the beam, δ, is also affected by the beam’s dead weight, g, and the effective initial 
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prestressing force, Fps0. The model can simulate the effects of a deviator located at the 
midspan, although the initial tendon profile must be straight. It should be noted that 
this is a limited application of the more general model described by Ng and Tan 
(2006), which allows for other load configurations, the use of two deviators, and 
draped tendon profiles. 

Ls=L/3 Ls=L/3L/3 

P/2 

P 

P/2 

Fps0 Fps0 

Deviator (applied to some of the beams) δ 

 
Figure A1. Loads and boundary conditions. 

Modelling stages 
To simplify the calculations, four “modelling stages” are defined, each of which 
describes the beam’s behaviour under specific conditions as shown in Figure A2. Each 
stage is delimited by a change in the state of stress and/or the material properties of the 
system. Within each stage, the beam’s response to increasing loads is calculated 
iteratively, in a stepwise fashion. 

 
Figure A2. Modelling stages. 

In the first stage - the “uncracked” stage - no tensile cracks have yet appeared in the 
tensed side of the beam. This stage begins in a prestressed state with zero external load 
applied, but accounts for the dead weight of the system and the effective initial 
prestressing force. Consequently, a negative deflection of the beam (i.e. a camber) is 
often apparent in the early part of this stage. Once the predicted tensile strain reaches 
the concrete tensile strength at which cracking occurs, the calculations transition to the 
second modelling stage. 

In the second stage, the beam exhibits linear elasticity, influenced by the compressive 
behaviour of the concrete and the tensile behaviour of the non-prestressed reinforcing 
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steel. The second stage ends when one or the other of these elements begins to exhibit 
non-linear behaviour. This typically occurs in the concrete first; the third stage is thus 
defined by a state in which the concrete exhibits non-linear behaviour but the tendon 
retains its linear elasticity. The transition between the second and third stages has little 
effect on the predicted slope of the load-deflection curve and it is not possible to detect 
the point of transition by visual inspection of the curve in Figure A2. 

The procedure used when performing calculations in the fourth stage is different from 
that used in the preceding stages. Iterative calculations are performed on a number of 
specific strains in the compressed concrete. Typically, the strains depend on the 
constitutive model of the concrete and are chosen to reflect the strains of maximum 
force and ultimate compression. In between these points of calculations the model 
assumes linear behaviour. 

Input data 
In some cases it may be discussed how to produce and handle the model’s input data. 
Most of these concerns revolve around the mechanical properties of the concrete. This 
section explains the process used when making the predictions described in Paper 5. 

Geometry: 

Figure A3 shows most of the geometrical 
properties used in the model; only the 
free length, L is not shown. For design 
purposes, design values are used. The 
modelling that was performed for the 
sake of comparing the predicted results 
to those obtained in experiments used an 
average of two measurements of each 
parameter, taken from a cut through the 
beam made at an unharmed position 
close to the midspan. The diameters of 
the reinforcement were not measured. 

Material: 

As with the geometrical properties, the design values of the material properties were 
used in the design process. When generating predictions that were to be compared to 
experimental results, material properties measured in laboratory tests were used instead. 

The properties of the concrete were calculated from its measured compressive cube, 
fcm,cube, and split, fctm,sp, strengths according to Eurocode 2, CEN (2004). The properties 
calculated were the mean compressive, fcm, and tensile, fctm, strengths, the modulus of 
elasticity, Ec, the effective depth of the compression zone, λ, and three strain limits - 
εc0.4, εcm, and εcu. The first of these strain limits defines the strain at which the concrete 
cease to behave linearly, the second defines the strain at which maximum strength is 
reached, and the third is the ultimate strain. 

 

h 

A's 

As 

bw 

hf 
d's 

dps0 
ds 

b 

Aps hw 

y 

 

Figure A3. Cross sectional properties. 
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Additionally, it is assumed that the modulus of elasticity and density of the beam are 
equal to those of the concrete, E = Ec and ρ = ρc. 

Combined properties: 

A few of the model’s parameters are combinations of the geometrical and material 
properties. Specifically, these are the transformed versions of the area, A, the centre of 
gravity, y, and the moment of inertia, I. They were calculated using the following 
equations: 
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Modelling Stages 

This section describes the calculations carried out at each stage and the equations used. 
The strain reduction coefficient, Ω, is used in every stage when calculating the increase 
in tendon stress, Δfps. For a given cross-section, the strain reduction coefficient is 
defined as the ratio of the additional tendon strain in an unbonded case (Δεps,unbonded) to 
that in a bonded case (Δεps,bonded); the additional tendon strain is defined as strain other 
than that induced by prestressing. The strain reduction coefficient can also be expressed 
as the ratio between the additional average tendon strain (in an unbonded case), 
Δεps,average, and the additional strain in the concrete at the level of a bonded tendon, 
Δεps,concrete, Naaman and Alkhairi (1991): 

, ,

, ,

ps unbonded ps average

ps bonded ps concrete

ε ε
ε ε

Δ Δ
Ω = =

Δ Δ
 (A1) 
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 Modelling stage i 
In a case with four-point bending, with loads applied at the third points, a straight 
tendon profile, as shown in Figure A1, and an uncracked beam; the strain reduction 
coefficient (A1) can thus be calculated as follows: 

( ) ( )
( )( )

/ 2

0 / 20,

0
, 0

2
2 2

1
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s
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L
ps concrete
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Δ
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Δ

∫
∫ ∫  

where e0 = dps0 - y is the initial tendon eccentricity, Ls is the distance from the support 
to the point at which the load is applied (Figure A1) and M(x) is the bending moment 
at position x along the beam. 

The tendon stress can be calculated as: 

0ps ps ps psyf f f f= + Δ ≤  (A2) 

where fps0 is the initial prestress, fpsy the yield strength of the tendons and 
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with Eps as the modulus of elasticity and e the eccentricity of the tendons. 

When Δfps is known, the cracking moment, Mcr, can be calculated. This is then taken to 
be the upper load limit for the uncracked stage. The cracking moment is the moment 
that has to be applied to the structure in order to induce flexural cracks; it is calculated 
using an equation with three terms. Two of these are independent of Δfps, namely the 
inherent strength of the beam and the strain created by the initial prestress: 

( ) ( ) ( ) ( )
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0 0 0
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 (A4) 

Deflections at this stage are small and it is assumed that the eccentricity of the external 
tendons in the cracking moment calculations can be set equal to the initial eccentricity, 
e = e0. 

The third term represents the increased resistance induced by the increase in tendon 
force as the deflection increases: 
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If one now inserts equation (A3), and remembers that M in equation (A3) is Mcr0 + 
ΔMcr - Mg , (Mg is the dead load moment), this becomes: 
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The cracking moment is then calculated as: 

0   cr cr crM M M= + Δ  

Next, equations to calculate the deflection of the beam and the eccentricity of the 
tendons at each iteration are derived. In the implementation described in this section, 
two cases are considered, one with a deviator at midspan and one without a deviator. 

Two loads must be considered when calculating the deflection at midspan, namely the 
applied load, which gives rise to a positive deflection, and the effective prestress, which 
causes a camber (see also Figure A4). 

 

L/3 L/3L/3 

P/2 P/2

δ+ 

fps fps δ- 

 y 
 e 

NL

 
Figure A4. Loads that must be considered. 

Defining downwards deflections as being positive, the total midspan deflection can be 
expressed as: 

δ δ δ+ −= −  (A7) 

Where, according to Heyden et al. (2008): 
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and 
2

8
ps psf A eL

EI
δ− =  (A9) 

Equations (A8) and (A9) in (A7) combine to give: 
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It should be noted that the deflection due to dead load is excluded from equation 
(A10). This should not pose a problem in a laboratory environment or in connection to 
strengthening as instrumentation is performed after this deflection has been applied. 

When using equation (A10) in the uncracked stage, the load is increased stepwise, in 
increments of ΔM. However, the effective tendon stress, fps, and eccentricity, e, are 
dependent on the deflection, δ, and an iteration must therefore be executed at each 
load step. In these iterations, the eccentricity at midspan is calculated as: 

0e e= − Δ  (A11a) 

where Δ is the relative upward displacement of the tendons with respect to the beam at 
midspan. 

Now if n defines the number of deviators used on the modelled beam, i.e. 0 or 1: 
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resulting in: 
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The computational steps carried out in the uncracked stage are shown in Figure A5. 
Before implementing the suggested flowchart, it is necessary to select values for the 
stepwise increase in the applied bending moment, ΔM, and to define convergence 
criteria for fps. 

Although equation (A11) introduces the possibility of including second order effects 
when predicting the behaviour of unbonded external tendons, it still suffers from a 
couple of minor limitations that could be addressed in a future model. 

- The current model does not include the deflection due to dead load in equation 
(A10). However, the dead load may affect the eccentricity and thus the 
bending moment induced by the effective tendon stress, and should be 
incorporated into the model if possible. 

- When a deviator is used, it is assumed that the eccentricity at midspan is constant 
throughout the loading. This is not true as long as a camber exists and the 
tendons have a straight initial profile because the deviator only pushes tendons 
down; it does not pull them up. The approximation that Δ = δ could be 
incorporated to model this effect. 
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- In cases where no deviator is used or when a camber exists and straight tendons 
are used, as in the previous point, the deviation used when calculating the 
eccentricity should be based on the distance between the anchorage points of 
the tendons, not the beam’s free length. This is because the short parts of the 
beam that extend beyond the supports are deflected in the opposite direction 
to the midspan. 

 

 Calc. Mcr ; eq. A4 + A6 

Decide ΔM 

Set fps(0,0) = fps0 

Calc. M(i) = i ΔM 
0 ≤ i ≤ Mcr/ΔM 

 

Calc. e(i,j); eq. A12 

Set fps(i,j) = fps(i,j-1); j ≥ 1 

Calc. fps(i,j); eq. A2 

Has fps(i,j)  
converged? 

 

Calc. δ(i); eq. A10 

Extract data 

No 

Yes 

 

Figure A5. Flowchart for modelling of the uncracked stage. 
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 Modelling stage ii 
After cracking, the beam continues to exhibit linear behaviour, albeit with a changed 
stiffness. Consequently, this stage is referred to as the linearly elastic cracked state. In 
the case of an under-reinforced beam, the second stage ends when the compressed 
concrete ceases to behave linearly, i.e. when εc0.4 is reached in the uppermost concrete 
fibre. 

Assuming that the deformation of the beam is known at a specific load, M, the stress 
within the tendons can be expressed as a function of the strain in the concrete and a 
strain reduction coefficient. The first two terms of equation (A13) are the initial tendon 
prestress and the additional stress developed in the tendon as the initial camber is 
straightened out. In the last term Figure A6 is used to express the additional stress in the 
tendons caused by the deflection. 

 

dps 
c 

ε'c 

εc0 

dps0 dps 
c 

fc' 

ds 

d's 

fs' 

fps 

fs 

 
Figure A6. Strain and stress distributions. 
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Here, the stress in the concrete’s top fibre, f'c, can be calculated from the force 
equilibrium required from the stress and strain distributions shown in Figure A6: 
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and 
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In the second stage, the strain reduction coefficient is denoted by Ωcr. It is again 
calculated using equation (A1), assuming a straight initial tendon profile and loading at 
the third points of the beam. 
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In equation (A16), Mcr is the cracking moment calculated using equations (A4) and 
(A6); Ls is defined in Figure A1 and is in this case equal to L/3. Lcr is the length of the 
cracked portion of the beam at a certain applied moment. It is derived from the 
theoretical bending moment distribution and in the case of four-point bending, it can 
be calculated as: 

2 cr
cr s

M
L L L

M
= −  (A17) 

The cracked moment of inertia, Icr, depends on the depth of the neutral axis of the 
beam, c, and as such is calculated in two ways depending on whether the neutral axis is 
located below the flanges or not: 
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The calculations performed using equations (A16) - (A19) involve a number of 
simplifications. Their importance and influence on the predictions of the model should 
be investigated further in future efforts to develop an improved model. 

- The model does not acknowledge the possibility that there may be some residual 
tensile strength in the concrete below the beam’s neutral axis when calculating 
the cracked moment of inertia. 

- Because the depth of the neutral axis varies with the effective moment at each 
section of the beam, so too does the cracked moment of inertia. When the 
strain reduction coefficient is calculated, however, this is not taken into 
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consideration, and the section is treated as being either cracked or not cracked. 
If cracked, the moment of inertia from the most strained section is used. 

- In equation (A16), it is assumed that the initial eccentricities of the tendons are 
constant throughout the loading, i.e. the average strain is calculated for the 
profile that the tendons would describe during loading if they would have been 
placed in a duct. This is not the case in external unbonded strengthening, as 
can be seen in Figure A7. In such cases, the tendons actually exhibit a linear or 
rectilinear profile also during loading. Consequently, the average strain in the 
tendons would be better described by the total increase in distance between the 
two anchorage points together with possible deflections caused by the use of 
deviators. 

e0 

Original beam Original beam 

Tendon profile in equation A16 Actual tendon profiles 

NL 
b) a) 

 

Figure A7. Tendon profiles: a) used in equation (A16); b) possible actual tendon 
profiles during loading 

The neutral layer depth, c, which features in equations (A13)-(A19), can be determined 
using the equilibrium of forces, equilibrium of moments, strain compatibility and linear 
constitutive relations. For a T-section with internal upper and lower reinforcement, c is 
calculated by solving a cubic equation: 
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(A20) 

When predicting deflections, an effective moment of inertia, Ie, which depends on the 
degree of cracking of the beam, is used. This approach was first suggested by Branson 
(1968) for use in a designing process, and has been slightly altered in this model to 
account for the initial compression, Mdec. 
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Ng and Tan (2006) offered no suggestion as to how Mdec should be calculated. A 
suitable equation has therefore been derived. This derivation begins by considering a 
reduced version of equation (A4); excluding the last part which considered the loading 
from a strain free lower surface up to cracking of the lower concrete surface: 
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Then, assuming that: 

0( ) ( )   dec cr reduced cr reducedM M M= + Δ  

and that the bending moment used in equation (A2) is: 
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equation (A6) becomes: 

( ) ( )

( )

0 0 0( )

( )

01

ps cr reduced g

cr reduced

ps

ps

I
A e e M M

A h y
M

A eE
I

E A h y

⎛ ⎞
+ −⎜ ⎟⎜ ⎟−⎝ ⎠Δ =

⎛ ⎞⎛ ⎞
+ −⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟Ω −⎝ ⎠⎝ ⎠

 

It might be possible to improve the model by using the effective moment of inertia 
instead of the cracked moment of inertia when calculating the strain reduction 
coefficient, Ωcr. 

By taking the equations used in the uncracked stage and exchanging I for Ie , it is 
possible to calculate eccentricities and deflections. First, equation (A12) is used for the 
eccentricity: 
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then the effective tendon depth, dps, can be calculated using equations (A11b) and 
(A10): 
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finally the deflection is found by exchanging I for Ie in equation (A10): 
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From the above equations, especially equation (A22), it should be noted that no 
consideration is given to the movement of the neutral layer. As the beam starts to 
crack, the depth of the neutral layer, c, will decrease significantly and thus counteract 
the decrease in effective eccentricity of the tendons, e. In cases involving a midspan 
deviator, the effective eccentricity will instead increase. The same approach for the 
eccentricity calculations is also used in the final two steps; in those cases, it has a greater 
impact because the cracking becomes more severe. 

A flowchart showing the various steps performed in second stage calculations and the 
necessary iterations is shown in Figure A8. 

Is c(i,j,k) > hf ? 

Solve eq. A20 for c(i,j,k) 

Use Icr(0,0,0) = I, fps(0,0) and 
dps(0,0) from uncracked stage 

Decide ΔM 

Calc. M(i) = Mcr+ i ΔM 
i ≥ 0 

Calc. Ωcr(i,j,k); eq. A16 

Set fps(i,j) = fps(i,j-1); j ≥ 1 

Calc. δ(i); eq. A24 

Extract data 

Calc. Ie(i,j); eq. A21 

Calc. Icr(i,j,k) 
eq. A18 

Calc. Icr(i,j,k) 
eq. A19 

No Yes 

Yes 

No 

Calc. e(i,j); eq. A22 

Calc. dps(i,j); eq. A23 

Calc. f'c(i,j) 
eq. A14 and A15 

Calc. fps(i,j); eq. A13 

Has fps(i,j) 
converged? 

 

Yes 

No 

Is ε'c(i) ≥ εc0.4 ? 

End 

No 
Yes 

Set Icr(i,j,k) = Icr(i,j,k-1); k ≥ 1 

Has Icr(i,j,k) 
converged? 

 

Figure A8. Flowchart for modelling the linear elastic cracked stage. 

 

 Modelling stage iii 
Experimentally, there are no detectable differences between the beam’s behaviour in 
the linear elastic cracked and non-linear cracked stages. Most of the terms and 
equations used in the second stage can therefore be reused in the third stage, including 
those for the strain reduction coefficient Ωcr. However, because of the non-linear 
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behaviour of the concrete, it is necessary to modify equation (A13) and express Δfps in 
strains instead of stresses. 
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Since ε'c is an unknown, it is best to start the stage three calculations using a given value 
of ε'c and to thence calculate the corresponding applied moment, M. Consequently the 
order in which the calculations are performed will vary although the same equations 
are used for the most part. 

The exception is the algorithm used to achieve force equilibrium within the cross 
section and find M. Ng and Tan (2006) did not describe the procedure they used to 
achieve this in their original model, giving rise to some uncertainty. In this appendix, 
the bi-linear constitutive model proposed by Eurocode is used; the same approach was 
adopted when making the predictions described in Paper 5. This approach gives rise to 
a number of possible scenarios concerning the force distribution within the compressed 
concrete. These are shown in Figure A9, which features a new variable: cflat , the depth 
of the concrete section exhibiting a constant stress distribution. 

dps 

Eε'c 

ds 

d's 

fs' 

fps 

fs 

hf 

Eε'c fcm fcm fcm 

ε'c ≤ εcm 

c ≥ hf 
ε'c ≤ εcm 

c ≤ hf 
ε'c ≥ εcm 

c ≥ hf 

cflat ≤ hf 

cflat 

ε'c ≥ εcm 

c ≥ hf 

cflat ≥ hf 

ε'c ≥ εcm 

c ≤ hf 

 
Figure A9. Stress distributions in the non-linear cracked stage. 

As long as the assumed strain in the upper concrete fibre, ε'c, is lower than εcm , the bi-
linear approach continues to predict linear elastic behaviour throughout stage three. 
That is to say, it would be possible to use equation (A25) in the second stage to reduce 
the model’s complexity if one so desired. It would be analytically correct to include a 
third non-linear stage that starts at ε'c = εc0.4, but this is likely to be impractical due to 
the complexity of the necessary calculations. One might also ask whether such an 
advanced approach would benefit the model, given that the experimental data indicate 
that beams exhibit linear behaviour with a constant deformation rate from tensile 
cracking to the point at which the tensed inner reinforcement yields. 
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A flowchart for the calculations performed in the third stage is presented in Figure A10. 
Strain and stress distributions for calculations of forces are taken from Figures A6 and 
A9. 

 

Set c(i,j,k,l) = c(i,j,k,l-1); l ≥ 1 

Is c(i,j,k,l) > hf ? 

Use dps(0,0), M(0,0,0) and c(0,0,0,0) 
from uncracked stage 

Calc. ε'c(i) = ε'c0.4+ i Δε'c 
i ≥ 0 

Calc. Ωcr(i,j,k,l); eq. A16 

Set dps(i,j) = dps(i,j-1); j ≥ 1 

Calc. δ(i); eq. A24 

Extract data 

No Yes 

Yes No 

Calc. e(i,j); eq. A22 

Calc. dps(i,j); eq. A23 

Calc. fps(i,j,k,l); eq. A25 

Yes 

No 

Is fs(i) ≥ fsy ? 

End 

No 

Yes 

Set M(i,j,k) = M(i,j,k-1); k ≥ 1 

Are forces in 
equilibrium? 

Calc. Fs(i,j,k,l), Fs'(i,j,k,l)  
and Fc(i,j,k,l) through  
strain compatibility 

Assume 
c(i,j,k,l) 

Calc. M(i,j,k) 
from moment 
equilibrium 

Has M(i,j,k) 
converged? 

Has dps(i,j) 
converged? 

Yes 

Calc. Icr(i,j,k,l) 
eq. A18 

Calc. Icr(i,j,k,l) 
eq. A19 

Calc. Ie(i,j,k,l); eq. A21 

No 

Yes 

Decide Δε'c 

 

Figure A10. Flowchart for modelling of the non-linear cracked stage. 

 

 Modelling stage iv 
The calculations of the fourth and final stage are handled in a somewhat different way 
than in the preceding stages. Instead of generating a continuous curve by incrementally 
increasing the governing variables in a series of iterations, this stage consists of only two 
steps and it is assumed that the system will exhibit linear behaviour between the two. 
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An example of a typical distribution of calculation steps for a complete load-deflection 
curve is shown in Figure A11. 

 
Figure A11. Distribution of calculations. Each rectangle represents the initiation of a 

new cycle of iterations. 

The governing parameter is chosen to be the strain in the uppermost concrete fibre, 
which is denoted by ε'c. The effective tendon stress can therefore be expressed as: 
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By comparison to equations (A2) + (A3), (A13), and (A25), it can be seen that this 
method of calculating the tendon stress neglects two possibly important factors. First, 
no consideration is given to the strain increase in the tendon as the initial camber is 
levelled out. One might reasonably suggest that this minor increase in the strain will 
have a limited effect at this stage, but the computational cost of including it is equally 
limited, and so it is recommended that it is included in future models. The second 
factor is the choice of tendon depth. In equation (A26), the initial tendon depth is 
chosen to represent the position of the tendons within the cross section. One could 
reasonably ask how relevant this simplification is, given that the largest differences 
between dps and dps0 appear in this last stage of the loading process. 

Another difference between the ultimate stage and the previous stages is the procedure 
by which the strain reduction coefficient, Ωu, is calculated. In the preceding stages, 
analytical derivations were used but in the fourth stage, the coefficient is calculated 
using an empirical expression described by Ng (2003). However, there has been 
considerable debate as to which variables should be included in this equation, Roberts-
Wollmann et al. (2005). Ng’s expression uses the ratios between a) the tendon depth 
and the overall height of the beam, b) the load position and the free length of the 
tendon, and c) the distance between possible deviators, Sd, and tendon depth. 

0 0

0

) ) ) 0.895 1.364ps pss d s
u s

ps

d dL S L
a b c k

h L d L h
⎛ ⎞⇒ Ω = − −⎜ ⎟
⎝ ⎠

 (A27) 



Appendix A - Background to Analytical Beam Model 

55 
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Bearing in mind that one of the assumptions made in the model is that loading occurs 
at the third-points of the beam, i.e. Ls = L/3, one obtains: 
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If only one deviator is used, n = 1, and the distance between deviators is Sd = 0; if no 
deviator is used, n = 0 and Sd = L. 

0

0 0

0

0

0.009615 0.440 (1 )

15 0.440 (1 )0.144

ps

ps ps
u

ps

ps

L d Lif n
d h d

L dif nd h

⎧≤ − −⎪
⎪Ω = ⎨
⎪> − −⎪⎩

 (A28) 

In this stage, the eccentricity, e, effective tendon depth, dps, and midspan deflection, δ, 
are calculated using the curvature based on the concrete strain, ε'c, and neutral layer 
depth, c, rather than the curvature based on the applied bending moment, i.e.: 
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In order to solve the above equations it is necessary to know the effective moment of 
inertia, Ie, and the depth of the neutral layer, c. Because Ng and Tan (2006) say nothing 
about how the moment of inertia is calculated in this stage, it can only be assumed that 
it is calculated according to equations (A18), (A19) and (A21). Equally, nothing is said 
about how to compute c. The procedure described by Naaman (1987) and Naaman 
and Alkhairi (1991) was therefore implemented in this model. It prescribes a force 
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equilibrium equation based on the force distribution shown in Figure A12, which is 
solved together with equation (A26) for c and fps. However, Naaman and Alkhairi 
(1991) use the actual value of the tendon depth, dps, rather than the initial depth, dps0. In 
the model discussed in this appendix, the value proposed by Ng and Tan (2006) of dps0 
is used although dps would better reflect reality. 
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Figure A12. Stress distribution in the ultimate stage. 

The force equilibrium based on Figure A12 is: 
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Solving equation (A26) and (A32) for c gives: 

( ) ( )( )

( )( )

2
0

0

2
0 0

0.85 0.85 ...

... 0

0.85 0

cm w ps ps c u ps s sy s sy cm w f

ps u ps c ps

cm ps ps c u ps s sy s sy ps u ps c ps

f b c A E f A f A f f b b h c

A E d

f b c A E f A f A f c A E d

λ ε

ε

λ ε ε

′ ′ ′+ Ω − + − + − −

′− Ω =

′ ′ ′ ′+ Ω − + − − Ω =

 

i.e. 

2
1 1 1 1

1

4

2

B B A C
c

A

− + −
=  

where 

( )
1

1 0

1 0

0.85 cm

f ps ps c u ps s sy s sy

ps ps c u ps

A f b

c h B A E f A f A f

C A E d

λ

λ ε

ε

⎧ =
⎪⎪ ′ ′ ′≤ ⇒ = Ω − + −⎨
⎪ ′= − Ω⎪⎩

 (A33a) 

( ) ( )
1

1 0

1 0

0.85

0.85

cm w

f ps ps c u ps s sy s sy cm w f

ps ps c u ps

A f b

c h B A E f A f A f f b b h

C A E d

λ

λ ε

ε

⎧ =
⎪⎪ ′ ′ ′> ⇒ = Ω − + − + −⎨
⎪ ′= − Ω⎪⎩

 (A33b) 



Appendix A - Background to Analytical Beam Model 

57 

Finally, before calculating the midspan deflection, it is necessary to calculate the value 
of the applied moment, M, that corresponds to the chosen compressed concrete strain, 
ε'c. This is done using the moment equilibrium shown in Figure A13; Ng and Tan 
(2006) and Ng (2003) used equation (A34) to model the equilibrium. This is also the 
equation that was used when making the predictions discussed in Paper 5. 

( ) ( ) ( )0.5 0.5 0.5ps ps ps s sy s s sy sM A f d c A f d c A f d cλ λ λ′ ′ ′= − + − + −  (A34) 
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Figure A13. Stress distribution used when calculating the moment equilibrium in the 

ultimate stage. 

It can however be suspected that equation (A34) instead should be: 
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or 
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c h
M c M A f d c A f d c A f d c
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λ
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λ
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both of which result in: 

( ) ( ) ( )0.5 0.5 0.5ps ps ps s sy s s sy sM A f d c A f d c A f c dλ λ λ′ ′ ′= − + − + −  (A35) 

An additional possibility that was not taken into account by Ng and Tan (2006) is that 
the depth of the effective compressive zone may be greater than the flange height. This 
may be unrealistic if no calculation steps other than ε'c = 0.003 are considered in the 
ultimate modelling stage. It is however reasonable to perform a calculation also at a 
lower concrete strain to determine whether there is any non-linearity in the behaviour 
of the beam after the yielding of the steel reinforcement (Figure A8). For example, Tan 
and Ng (1997) used a value of ε'c = 0.002 as well as 0.003. At this lower strain level, it 
would probably be advisable to first perform a check on the extent of the compressive 
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zone before calculating the moment capacity. If λc > hf, equation (A35) should be 
exchanged for equation (A38), which is based on the right hand side of Figure A13. 

( ): 0.85 0.85 0ps ps s sy s sy cm f cm w fF A f A f A f f bh f b c hλ′ ′+ − − − − =  

( )
0.85 ps ps s sy s sy

cm

f w f

A f A f A f
f

bh b c hλ

′ ′+ −
=

+ −
 (A36) 
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cm w f f f

M c M A f d A f d A f d f bh h

f b c h h c hλ λ

′ ′ ′− − − − −

− − + − =

( )( )( )22 20.85 0.5ps ps ps s sy s s sy s cm f w fM A f d A f d A f d f bh b c hλ′ ′ ′= + + + + −  (A37) 

Substituting equation (A36) into equation (A37) now gives: 

( ) ( )( )( )22 20.5 ps ps s sy s sy
ps ps ps s sy s s sy s f w f

f w f

A f A f A f
M A f d A f d A f d bh b c h

bh b c h
λ

λ

′ ′+ −
′ ′ ′= + + + + −

+ −
(A38) 

It should also be noted that Ng (2003) and Ng and Tan (2006) state that the inner steel 
reinforcement always yields in the ultimate stage and that the yield strength of the steel 
can be used in equations (A32) to (A38). This is true for the tensed steel reinforcement 
since the transition from stage three to stage four is defined as the point of yielding of 
the tensed steel reinforcement. It is not however true for the compressed steel 
reinforcement, and especially not if a value of ε'c = 0.002 is used. More accurate 
versions of equations (A32) to (A38) could therefore be obtained by replacing f'sy with 
E's·ε's, where ε's is calculated from the strain equilibrium. 

Using the equations specified by Ng and Tan (2006), the flowchart for the ultimate 
stage is as shown in Figure A14. 
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Is λc(i,j) ≤ hf ? Is λc(i,j) ≤ hf ? 

Set c(0,0) = hf/λ 

Decide values for ε'c(1) - ε'c(n) 

Calc. Ωu; eq. A28 

Calc fps(i); eq. A26 

Calc. e(i,k); eq. A29 

Has M(i,k)  
converged? 

Calc. δ(i); eq. A31 
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Yes 
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No 

 
Figure A14. Flowchart for modelling of the ultimate stage. 
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Matlab Script 

 Start file for input of data, call of subordinate files and presentation of modelled 
results 

close all 
clear all 
  
n=1; % Number of deviators [0,1] 
Fpe=138862.7; % Prestressing force [N] 
Aps=100; % Tendon area [mm2] 
fps0=Fpe/Aps; % Initial prestress [N/mm2] 
As=402; % Area lower reinforcement [mm2] 
Aus=201; % Area upper reinforcement [mm2] 
L=3000; % Free length [mm] 
h=304.5; % Beam height [mm] 
hf=53.5; % Height of flanges [mm] 
hw=h-hf; % Height of web [mm] 
bw=102.5; % Web width [mm] 
b=300.5;  % Beam width [mm] 
Abeam=b*hf+bw*hw; %[mm2] 
ds=265.5; % Effective depth of lower reinforcement [mm] 
dus=31; % Effective depth of upper reinforcement [mm] 
dps0=200; % Initial effective tendon depth [mm] 
fcm=0.8*41.75; %Concrete's mean cylinder strength [N/mm2] 
lambda=0.8; %[-] 
fctm=0.9*3.47; % fctm=0.3*fcm^(2/3); %Concrete's mean tensile strength [N/mm2] 
Ec=1000*22*(fcm/10)^0.3; %Concrete's modulus of elasticity [N/mm2] 
epsc04=0.4*fcm/Ec; %Concrete compressive strain at transition to stage 3 [-] 
epscm=0.7*fcm^0.31/1000; if epscm >=2.8/1000; epscm=2.8/1000; end %Concrete 
compressive strain at maximum strength [-] 
epscu=0.003; %Ultimate compressive concrete strain [-] 
fsy=560; % Lower reinforcement's yield strength [N/mm2] 
fusy=500; % Upper reinforcement's yield strength [N/mm2] 
fsu=645; % Lower reinforcement's ultimate strength [N/mm2] 
fusu=600; % Upper reinforcement's ultimate strength [N/mm2] 
Es=172000; % Lower reinforcement's modulus of elasticity [N/mm2] 
Eus=186000; % Upper reinforcement's modulus of elasticity [N/mm2] 
epssu=0.07; %Strain in lower steel at maximum strength [-] 
epsusu=0.11; %Strain in upper steel at maximum strength [-] 
Es2=(fsu-fsy)/(epssu-fsy/Es); % Lower reinforcement's modulus of elasticity 
after yielding [N/mm2] 
Eus2=(fusu-fusy)/(epsusu-fusy/Eus); % Upper reinforcement's modulus of 
elasticity after yielding [N/mm2] 
fpsy=2900; % Tendon's ultimate strength [N/mm2] 
Eps=158000; % Tendon's modulus of elasticity [N/mm2] 
E=Ec; % Beam's modulus of elasticity [N/mm2] 
q=24*Abeam*10^-6; % Self weight [N/mm] 
ns=Es/Ec; nus=Eus/Ec; nf=Eps/Ec;  
A=Abeam+(ns-1)*As+(nus-1)*Aus; 
y=(b*hf*hf/2+bw*hw*(hf+hw/2)+(ns-1)*As*ds+(nus-1)*Aus*dus)/A; % y=0 at the top 
of the beam 
I=b*hf^3/12+b*hf*(hf/2-y)^2+bw*hw^3/12+bw*hw*((hf+hw/2)-y)^2+... 
    (ns-1)*As*(ds-y)^2+(nus-1)*Aus*(dus-y)^2; 
e0=dps0-y; 
epsc0=fps0*Aps/E*(1/A+e0^2/I); 
 
[st1,Mcr,Mdec]=uncracked(fps0,I,A,Eps,e0,L,fctm,E,Aps,y,q,n,h); 
fps2=st1(end,1); 
e2=st1(end,4); 
[st2,dps,c]=LEcracked(fps0,fps2,I,epsc0,Eps,e0,L,E,Aps,y,n,e2,... 
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    Mcr,bw,b,hf,As,Es,Aus,Eus,ds,dus,Mdec,dps0,fpsy,fcm); 
M3=st2(end,3); 
[F,d,st3]=NLcracked(fps0,I,epsc0,Eps,e0,L,E,Aps,n,M3,bw,b,hf,As,Es,Es2,Aus,... 
  Eus,Eus2,ds,dus,Mdec,dps0,fpsy,dps,c,Mcr,fsy,fusy,epsc04,epscm,epssu,epsusu); 
M4=st3(end,3); 
c4=st3(end,6); 
[st4]=MMax(fps0,I,Eps,e0,L,E,Aps,n,h,M4,bw,b,hf,As,Es,... 
    Aus,Eus,ds,dus,Mdec,dps0,fpsy,fcm,lambda,Mcr,fsy,fusy,epscu,epscm,c4); 
 
modeldefl=[st1(:,2);st2(:,2);st3(:,2);st4(:,2)]; 
modelFps=[st1(:,1);st2(:,1);st3(:,1);st4(:,1)]; 
M=[st1(:,3);st2(:,3);st3(:,3);st4(:,3)]./1000; 
P=6*M/L; 
  
figure 
plot(modeldefl,P) 
xlabel('Deflection [mm]'); 
ylabel('Applied force [kN]'); 

 

 Modelling of the uncracked stage 

function [st1,Mcr,Mdec]=uncracked(fps0,I,A,Eps,e0,L,fctm,E,Aps,y,q,n,h) 
  
om=2/3; 
Mcr0=fps0*Aps*(e0+(I/(h-y))/A)+fctm*I/(h-y); 
dMcr=Aps*e0*(e0+(I/(h-y))/A)*(Mcr0-(q*L^2/8+1700))/... 
    (I*(E/(om*Eps)+Aps/A*(1-e0/(h-y)))); 
Mcr=Mcr0+dMcr; 
dM=Mcr/50; 
fps=fps0; 
p=0; 
for M=0:dM:Mcr 
    p=p+1; a=0.001; a2=2*a; 
    while a2>a; 
        fpsass=fps; 
        e=(e0-(1-n)*23*M*L^2/(216*E*I))/(1-(1-n)*fpsass*Aps*L^2/(8*E*I)); 
        fps=fps0+om*M*e/(I*(E/Eps)+om*Aps*(I/A+e^2)); 
        a2=abs(fps-fpsass); 
    end 
    u=23*M*L^2/(216*E*I)-fps*Aps*e*L^2/(8*E*I); 
    st1(p,:)=[fps,u,M,e]; 
end 
Mcr0reduced=fps0*Aps*(e0+(I/(h-y))/A); 
dMcrreduced=Aps*e0*(e0+(I/(h-y))/A)*(Mcr0reduced-(q*L^2/8+1700))/... 
    (I*(E/(om*Eps)+Aps/A*(1-e0/(h-y)))); 
Mdec=Mcr0reduced+dMcrreduced; 

 

 Modelling of the linear elastic cracked stage 

function [st2,dps,c]=LEcracked(fps0,fps,I,epsc0,Eps,e0,L,E,Aps,y,n,e,Mcr,... 
    bw,b,hf,As,Es,Aus,Eus,ds,dus,Mdec,dps0,fpsy,fcm) 
  
om=2/3; 
dps=y+e; 
Icr=I; 
p=0; 
iM=Mcr/100; 
for M=Mcr:iM:3*Mcr 
    p=p+1;     



Externally Unbonded Post-Tensioned CFRP Tendons - A System Solution 

62 

    a=1; a2=2*a; 
    while a2>a; 
        fpsass=fps; 
        aa=1; aa2=2*aa; 
        while aa2>aa; 
            Icrass=Icr; 
            omcr=om*Icrass/I+(1/3)*(1-Icrass/I)*(1-6*Mcr/M+(Mcr/M)^2); 
            
[c]=ccalc(Aps,Eps,fps0,omcr,epsc0,bw,M,dps,b,hf,As,Es,E,Aus,Eus,ds,dus); 
            if c<=hf 
                Icr=b*c^3/3+(Es/E-1)*As*(ds-c)^2+(Eus/E-1)*Aus*(dus-c)^2; 
            else 
                Icr=b*c^3/3-(b-bw)*(c-hf)^3/3+(Es/E-1)*As*(ds-c)^2+... 
                    (Eus/E-1)*Aus*(dus-c)^2; 
            end 
            aa2=abs(Icr-Icrass); 
        end 
        Ie=Icr+(I-Icr)*((Mcr-Mdec)/(M-Mdec))^3; 
        e=(e0-(1-n)*23*M*L^2/(216*E*Ie))/(1-(1-n)*fpsass*Aps*L^2/(8*E*Ie)); 
        dps=dps0-(1-n)*(23*M*L^2/(216*E*Ie)-fpsass*Aps*e*L^2/(8*E*Ie)); 
        fccomp=c*Aps*(fps0+omcr*Eps*epsc0)/(b*c^2/2-(b-bw)*(c-hf)^2/2-... 
            omcr*Aps*Eps*(dps-c)/E-As*Es*(ds-c)/E-Aus*Eus*(dus-c)/E); 
        fps=(fps0+omcr*Eps*epsc0)+omcr*fccomp*Eps/E*(dps/c-1); 
        a2=abs(fps-fpsass); 
    end 
    u=23*M*L^2/(216*E*Ie)-fps*Aps*e*L^2/(8*E*Ie); 
    st2(p,:)=[fps,u,M,e,Ie,c]; 
    if fccomp>=0.4*fcm, break, end 
    if fps>fpsy, ['Prestressing cables has reached it maximum stress at '... 
            num2str(2*M/1e6) ' kN'], break, end 
end 

 

 Modelling of the non-linear cracked stage 

function [F,d,st3]=NLcracked(fps0,I,epsc0,Eps,e0,L,E,Aps,n,M,bw,b,hf,As... 
    ,Es,Es2,Aus,Eus,Eus2,ds,dus,Mdec,dps0,fpsy,dps,c,Mcr,fsy,fusy,epsc04... 
    ,epscm,epssu,epsusu) 
  
om=2/3; 
p=0; 
for epsct=epsc04:(epsc04/20):epsc04*3; 
    p=p+1; 
    a=0.01; a2=2*a; 
    while a2>a 
        dpsass=dps; 
        aa=0.01; aa2=2*aa; 
        while aa2>aa 
            Mass=M; 
            aaa=0.01; aaa2=2*aaa; 
            while aaa2>aaa 
                if c<=hf 
                    Icr=b*c^3/3+(Es/E-1)*As*(ds-c)^2+(Eus/E-1)*Aus*(dus-c)^2; 
                else 
                    Icr=b*c^3/3-(b-bw)*(c-hf)^3/3+(Es/E-1)*As*(ds-c)^2+... 
                        (Eus/E-1)*Aus*(dus-c)^2; 
                end 
                Ie=Icr+(I-Icr)*((Mcr-Mdec)/(M-Mdec))^3; 
                omcr=om*Icr/I+(1/3)*(1-Icr/I)*(1-6*Mcr/Mass+(Mcr/Mass)^2); 
                [F,d,fps]=Fcalc(omcr,Eps,fps0,epsc0,epscm,E,dpsass,c,Aps,... 
                    epsct,ds,fsy,Es,Es2,As,dus,fusy,Eus,Eus2,Aus,hf,b,bw,... 
                    epssu,epsusu); 
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                Feq=F(1)+F(2)-F(3)-F(4)-F(5)-F(6)-F(7)-F(8); 
                aaa2=abs(Feq); 
                if aaa2>=aaa 
                    if Feq>0 
                        Ffact=abs(Feq/(F(1)+F(2)))/2; 
                        c=c*(1+Ffact); 
                    else 
                        Ffact=abs(Feq/(F(3)+F(4)+F(5)+F(6)+F(7)+F(8)))/2; 
                        c=c*(1-Ffact); 
                    end 
                end 
            end 
            M=F(1)*(dpsass-c)+F(2)*(ds-c)+F(3)*(c-dus)... 
                +F(4)*d(4)+F(5)*d(5)+F(6)*d(6)+F(7)*d(7)+F(8)*d(8); 
            aa2=abs(M-Mass); 
        end 
        e=(e0-(1-n)*23*M*L^2/(216*E*Ie))/(1-(1-n)*fps*Aps*L^2/(8*E*Ie));  
        dps=dps0-(1-n)*(23*M*L^2/(216*E*Ie)-fps*Aps*e*L^2/(8*E*Ie)); 
        a2=abs(dps-dpsass); 
    end 
    u=23*M*L^2/(216*E*Ie)-fps*Aps*e*L^2/(8*E*Ie); 
    st3(p,:)=[fps,u,M,e,Ie,c]; 
    if F(2)/As>fsy, break, end 
    if fps>fpsy, ['Prestressing cables has reached it maximum stress at '... 
            num2str(2*M/1e6) ' kN'], break, end 
end 

 

 Modelling of the ultimate limit stage 

function [st4]=MMax(fps0,I,Eps,e0,L,E,Aps,n,h,M,bw,b,hf,As,Es,... 
    Aus,Eus,ds,dus,Mdec,dps0,fpsy,fcm,lambda,Mcr,fsy,fusy,epscu,epscm,c) 
  
if L/dps0<=15 
    omu=0.440*dps0/h-(1-n)*0.0096*L/dps0; 
else 
    omu=0.440*dps0/h-(1-n)*0.144; 
end 
epsc=[epscm epscu]; 
for i=1:length(epsc) 
    epscu=epsc(i); 
    a=-1; 
    while a<0 
        cass=c; 
        if (lambda*cass)<=hf 
            A1=0.85*fcm*b*lambda; 
            B1=Aps*(Eps*epscu*omu-fps0)+Aus*fusy-As*fsy; 
        else 
            A1=0.85*fcm*bw*lambda; 
            B1=Aps*(Eps*epscu*omu-fps0)+Aus*fusy-As*fsy+0.85*fcm*... 
                (b-bw)*hf; 
        end 
        C1=-Aps*Eps*epscu*omu*dps0; 
        c=(-B1+sqrt(B1^2-4*A1*C1))/(2*A1); 
        a=(hf-lambda*cass)/(hf-lambda*c); 
    end 
    fps=fps0+omu*Eps*epscu*(dps0/c-1); 
    a=0.01; a2=2*a; 
    while a2>a 
        Mass=M; 
        if c<=hf 
            Icr=b*c^3/3+(Es/E-1)*As*(ds-c)^2+(Eus/E-1)*Aus*(dus-c)^2; 
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        else 
            Icr=b*c^3/3-(b-bw)*(c-hf)^3/3+(Es/E-1)*As*(ds-c)^2+... 
                (Eus/E-1)*Aus*(dus-c)^2; 
        end 
        Ie=Icr+(I-Icr)*((Mcr-Mdec)/(Mass-Mdec))^3; 
        e=(e0-(1-n)*23*epscu*L^2/(216*c))/(1-(1-n)*fps*Aps*L^2/(8*E*Ie)); 
        dps=dps0-(1-n)*(23*epscu*L^2/(216*c)-fps*Aps*e*L^2/(8*E*Ie)); 
        M=Aps*fps*(dps-0.5*lambda*c)+As*fsy*(ds-0.5*lambda*c)+Aus*fusy*... 
            (dus-0.5*lambda*c); 
        if fps>fpsy, break, end 
        a2=abs(M-Mass); 
    end 
    u=23*epscu*L^2/(216*c)-fps*Aps*e*L^2/(8*E*Ie); 
    st4(i,:)=[fps,u,M,e,Ie,c]; 
    if fps>fpsy, ['Prestressing cables has reached it maximum stress at '... 
            num2str(2*M/1e6) ' kN'], break, end 
end 

 

 Calculation of c in the linear elastic cracked stage 

function [c]=ccalc(Aps,Eps,fps0,omcr,epsc0,bw,M... 
    ,dps,b,hf,As,Es,E,Aus,Eus,ds,dus) 
  
AA=Aps*bw/(3*M)*(fps0+omcr*Eps*epsc0); 
B1=1; 
B2=-Aps*dps/M*(fps0+omcr*Eps*epsc0); 
BB=bw*(B1+B2); 
D1=(b-bw)*hf; 
D2=As*Es; 
D3=Aus*Eus; 
D4=Aps*Eps*omcr; 
D5=-Aps/M*(fps0+omcr*Eps*epsc0)*((b-bw)*hf*dps-... 
    (b-bw)*hf^2/2-As*Es/E*(ds-dps)-Aus*Eus/E*(dus-dps)); 
E1=(b-bw)*hf^2; 
E2=2/E*(As*Es*ds+Aus*Eus*dus+omcr*Aps*Eps*dps); 
E3=Aps/M*(fps0+omcr*Eps*epsc0)*(2/3*(b-bw)*hf^3+... 
    2*As*Es*ds/E*(ds-dps)+2*Aus*Eus*dus/E*(dus-dps)-(b-bw)*hf^2*dps); 
DD=2*(D1+(D2+D3+D4)/E+D5); 
EE=-(E1+E2+E3); 
r=[AA BB DD EE]; 
c=roots(r); 
c=c(find([isreal(c(1)) isreal(c(2)) isreal(c(3))])); 
c=c(find(c>=0)); 
c=c(find(c<=200)); 

 

 Calculation of forces in the non-linear cracked stage 

function [F,d,fps]=Fcalc(omcr,Eps,fps0,epsc0,epscm,E,dpsass,cass,Aps,... 
    epsct,ds,fsy,Es,Es2,As,dus,fusy,Eus,Eus2,Aus,hf,b,bw,epssu,epsusu) 
  
fps=(fps0+omcr*Eps*epsc0)+omcr*epsct*Eps*(dpsass/cass-1); 
Fps=fps*Aps; 
epss=epsct*(ds-cass)/cass; 
epssy=fsy/Es; 
if epss<=epssy 
    Fs=Es*epss*As; 
else 
    Fs=(fsy+(epss-epssy)*Es2)*As; 
    if epss>=epssu 
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        error('Lower steel has reached ultimate strain') 
    end 
end 
epsus=epsct*(cass-dus)/cass; if epsus<=0; epsus=0; end 
epsusy=fusy/Eus; 
if epsus<=epsusy; 
    Fus=Eus*epsus*Aus; 
else 
    Fus=(fusy+(epsus-epsusy)*Eus2)*Aus; 
    if epsus>=epsusu 
        error('Upper steel has reached ultimate strain') 
    end 
end 
if epsct<=epscm % If only linear stress distribution is present 
    if cass>hf 
        epsflange=(1-hf/cass)*epsct; % Concrete strain in bottom flange fibre 
        Fclinflflat=epsflange*E*hf*b; % Straight part of linear stress in 
flange 
        Fclinfllin=(epsct-epsflange)/2*E*hf*b;% Linear part of linear stress in 
flange 
        Fclinwe=epsflange/2*E*(cass-hf)*bw;% Linear force in web 
        Fcflatfl=0; Fcflatwe=0; 
        dclinflflat=cass-hf/2; 
        dclinfllin=cass-hf/3; 
        dclinwe=2*(cass-hf)/3; 
        dcflatfl=0; dcflatwe=0; 
    else 
        Fclinflflat=0; 
        Fclinfllin=epsct/2*E*cass*b; 
        Fclinwe=0; 
        Fcflatfl=0; Fcflatwe=0; 
        dclinflflat=0; 
        dclinfllin=2*cass/3; 
        dclinwe=0; 
        dcflatfl=0; dcflatwe=0; 
    end 
else % If the concrete has a part of constant stress 
    cc=cass*(1-epscm/epsct); % How far down do the constant stress stretch? (cc 
always less than cass based on that the strains always are defined as positive) 
    if cc<=hf % Constant stress stops within the flange 
        if cass>=hf % Neutral layer depth is larger than flange height 
            cflinear=hf-cc; % Length of linear stress in flange (always 
positive based on the if-statement) 
            cwlinear=cass-hf; % Depth of linear stress in web            
epsflange=(1-hf/cass)*epsct; 
            Fclinflflat=epsflange*E*cflinear*b; if Fclinflflat<=0; 
Fclinflflat=0; end% Straight part of linear stress in flange 
            Fclinfllin=(epscm-epsflange)/2*E*cflinear*b; if Fclinfllin<=0; 
Fclinfllin=0; end% Linear part of linear stress in flange 
            Fclinwe=epsflange/2*E*cwlinear*bw; if Fclinwe<=0; Fclinwe=0; ... 
end % Linear load in the web 
            Fcflatfl=epscm*E*cc*b; Fcflatwe=0; if Fcflatfl<=0; Fcflatfl=0; end 
            dclinflflat=cass-cc-cflinear/2; 
            dclinfllin=cass-cc-cflinear/3; 
            dclinwe=2*(cass-hf)/3; 
            dcflatfl=cass-cc/2; dcflatwe=0; 
        else % Neutral layer depth smaller than flange height 
            Fclinflflat=0;% Straight part of linear stress in flange 
            Fclinfllin=epscm/2*E*(cass-cc)*b;% Linear part of linear stress in 
flange 
            Fclinwe=0;% Linear stress in web 
            Fcflatfl=epscm*E*cc*b; Fcflatwe=0; 
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            dclinflflat=0; 
            dclinfllin=2*(cass-cc)/3; 
            dclinwe=0; 
            dcflatfl=cass-cc/2; dcflatwe=0; 
        end 
    else % Straight part of stress continue down into the web 
        cfflat=hf;% Length of constant stress in flange 
        cwflat=cc-hf;% Length of constant stress in web 
        cwlinear=cass-cc;% Length of linear stress in web 
        Fclinflflat=0; % Constant part of linear stress in flange 
        Fclinfllin=0;% Linear part of linear stress in flange 
        Fclinwe=epscm/2*E*cwlinear*bw;% Linear stress in web 
        Fcflatfl=epscm*E*cfflat*b; Fcflatwe=epscm*E*cwflat*bw; 
        dclinflflat=0; 
        dclinfllin=0; 
        dclinwe=2*cwlinear/3; 
        dcflatfl=cass-hf/2; dcflatwe=cwlinear+cwflat/2; 
    end 
end 
F=[Fps Fs Fus Fcflatfl Fcflatwe Fclinflflat Fclinfllin Fclinwe]; 
d=[0 0 0 dcflatfl dcflatwe dclinflflat dclinfllin dclinwe]; 
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Notations 

A = Transformed cross sectional area [m2] 
Aps = Tendon area [m2] 
As = Lower reinforcement steel area [m2] 
A's = Upper reinforcement steel area [m2] 
b = Beam width [m] 
bw = Web width [m] 
c = Depth of neutral axis [m] 
cflat = Depth of concrete with a constant stress distribution [m] 
dps = Depth of tendons [m] 
dps0 = Initial tendon depth [m] 
ds = Depth of lower reinforcement [m] 
d's = Depth of upper reinforcement [m] 
E = Beam’s modulus of elasticity [N/m2] 
e = Eccentricity of the tendon [m] 
e0 = Initial tendon eccentricity [m] 
Ec = Concrete’s modulus of elasticity [N/m2] 
Eps = Modulus of elasticity of the tendon [N/m2] 
E's = Modulus of elasticity of upper reinforcement [N/m2] 
f'c = Stress in the top fibre of the concrete [N/m2] 
fcm = Mean compressive concrete strength [N/m2] 
fcm,cube = Mean compressive concrete cube strength [N/m2] 
fctm = Mean tensile concrete strength [N/m2] 
fctm,sp = Mean concrete split strength [N/m2] 
fps = Effective tendon stress [N/m2] 
Fps0 = Initial prestressing force [N] 
fps0 = Initial tendon stress [N/m2] 
fpsy = Yield strength of the tendon [N/m2] 
fs = Stress in lower steel reinforcement [N/m2] 
f's = Stress in upper steel reinforcement [N/m2] 
fsy = Yield strength of lower reinforcement [N/m2] 
f'sy = Yield strength of upper reinforcement [N/m2] 
g = Dead weight [kg] 
h = Beam height [m] 
hf = Flange height [m] 
hw = Web height [m] 
I = Transformed moment of inertia [m4] 
Icr = Cracked moment of inertia [m4] 
Ie = Effective moment of inertia [m4] 
L = Free span length [m] 
Lcr = Length of cracked portion of the beam [m] 
Ls = Distance between support and applied load [m] 
M = Bending moment applied to a defined cross section [Nm] 
Mcr = Beam’s calculated total cracking moment [Nm] 
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Mcr0 = Beam’s initial cracking moment [Nm] 
Mdec = Decompression moment [Nm] 
Mg = Dead load moment [Nm] 
n = Number of deviators [-] 
P = Applied load [N] 
Sd = Distance between deviators [m] 
x = Distance along the beam calculated from support [m] 
y = Transformed centre of gravity [m] 
δ = Midspan deflection [m] 
δ- = Upward midspan deflection [m] 
δ+ = Downward midspan deflection [m] 
Δ = Upward displacement of tendons in relation to the beam [m] 
Δfps = Increase in tendon stress [N/m2] 
ΔM = Stepwise increase in bending moment applied to a cross section [Nm] 
ΔMcr = Increase in cracking moment due to increased tendon stress [Nm] 
Δεps,average = Additional average tendon strain in an unbonded tendon [-] 
Δεps,bonded = Additional tendon strain in a bonded tendon [-] 
Δεps,concrete = Additional concrete strain at the depth of the tendon [-] 
Δεps,unbonded = Additional tendon strain in an unbonded tendon [-] 
ε'c = Strain in concrete’s top fibre [-] 
εc0 = Initial concrete strain at the tendons depth [-] 
εc0.4 = Estimate of strain when the concrete cease to behave linearly [-] 
εcm = Mean concrete strain at maximum load [-] 
εcu = Mean ultimate concrete strain [-] 
ε's = Strain in upper reinforcement [-] 
λ = Factor for effective height of the compression zone [-] 
ρ = Beam’s density [kg/m3] 
ρc = Concrete’s density [kg/m3] 
σc0 = Initial concrete stress at the tendons depth [N/m2] 
Ω = Strain reduction coefficient in stage 1 [-] 
Ωcr = Strain reduction coefficient in stages 2 and 3 [-] 
Ωu = Strain reduction coefficient in stage 4 [-] 
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MECHANICAL ANCHORAGE OF FRP TENDONS - A 
LITERATURE REVIEW 

Jacob W. Schmidt 1), Anders Bennitz 2), Björn Täljsten 3), Per Goltermann 4) and 
Henning Pedersen 5) 

Abstract: 

High tensile strength, good corrosion resistance, low weight, good creep resistance and, to some extent, 
optional E-modulus are some of the advantages related to prestressed FRP tendon systems. Bonded and 
non-bonded versions of these systems have been investigated during the last three decades with results 
indicating obtainable and very efficient prestressing systems, if the FRP properties are properly utilized. 
However, the issue related to such systems often concerns how to perform the optimal utilisation and how 
to achieve reliable anchorage of the tendons. This is especially important in externally post-tensioned 
tendon systems, where the anchorage points are exposed to the full load throughout the structural life 
span, placing demands on the systems’ long term and fatigue capacities. Several anchorage systems for 
FRP tendons have been proposed in the last two decades. Each system is often related to a certain type of 
tendon or manufacturer. This paper presents a brief review of bonded anchorage applications, and the 
primary literature survey discusses three concepts of mechanical anchorage: spike, wedge and clamping 
anchorages. Generally, the investigated systems show inconsistent results and a small margin between a 
successful and an unsuccessful anchorage. This can be attributed to the tendons’ transverse properties, 
which are weaker and more brittle than those longitudinal. As a result, systems tend to fail due to high 
principal stresses, local crushing and abrasive wear, all possibly difficult to predict. 

CE Database subject headings: pre-stressing, FRP, anchorage, wedge, FEM analysis, laboratory tests 
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Introduction 
Recent decades has provided several suggestions on post-tensioned systems for FRP plates [1-10], and 
NSMR (Near Surface Mounted Reinforcement) bars [11]. These systems all have their base in bonded 
non-prestressed FRP systems where a concrete fracture is often the outcome due to the high FRP capacity 
(as IC-debonding or end peeling). Pre-stressing utilizes the capacity of the FRP material to a higher 
degree. The failure mode will then most likely change to a compressive failure in the concrete or a tensile 
failure in the tendon. Failure may also occur as a slippage in the anchorage. Proper anchorage is, 
however, decisive in these systems, which have to ensure reliable force transfer and interaction with the 
remaining structure. From the authors’ knowledge, no FRP system that is comparable to existing steel 
post-tensioning systems has yet to be developed. Steel prestressing systems are well documented and 
tested, providing safe anchorages that can reach capacities and reliabilities as yet not seen from 
prestressed FRP systems. 

Tendon properties 
High tensile strength, low weight and a wide range of tensile-modules can be obtained through FRP 
tendon usage, whereas creep rupture, brittleness, weak transverse properties and low ductility are some 
issues that have to be addressed more carefully compared to steel. Therefore, gripping of the tendon 
through mechanical (friction) -or bonded anchorage has to be carefully addressed to prevent premature 
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failure due to high principal stresses, crushing or abrasive wear. In composite prestressing systems, three 
materials are mainly used for tendons: AFRP (Aramid FRP), GFRP (Glass FRP) and CFRP (Carbon 
FRP). From Figure 1, the tensile properties of the FRP materials vary significantly. Also, the E-modulus 
within each material group can be varied considerably, which not is the case for steel. However, the 
yielding capability of steel is desirable, since it provides ductility in the structure at ultimate limit state. 

Fig. 1. Stress/strain curve showing FRP- and steel varieties, after [12,13]. 

AFRP systems 
One of the first AFRP tendons was the Parafil( rope, developed in the 1960s for moor navigation 
platforms in the North Atlantic, [14]. This type of tendon does not contain any matrix and consequently 
cannot be bonded to the structure. C. J. Burgoyne conducted extensive research on the Parafil( rope with 
aramid (Kevlar 49) core yarns [15,16]. There are three versions of Parafil ropes, each with a different 
kind of core: Type A with a core of polyester has an E-modulus of 12 GPa and strength of 600 MPa, Type 
F has a core of Kevlar 29, and Type G has a core of Kevlar 49. Kevlar 29 has an E-modulus of 62 GPa, 
whereas Kevlar 49 has an E-modulus of 120 GPa. Type G is normally used for structural applications, 
due to its high modulus. Kevlar is made of AFRP, which was developed by DuPont in 1958 and sold 
under the trade name Kevlar in 1973. The tests concerned the long-term properties of parafil( rope for 
prestressing purposes, thermal effects and fatigue performance. The experimental program showed that 
the tendon itself had excellent fatigue performance, but was fragile when fatigue sheave tests were carried 
out, causing fracture in the bended area due to stressed outer fibres. Research concerning the long-term 
behaviour of AFRP is still ongoing. Long-term stress-rupture is one of the main reasons why engineers 
are reluctant to adopt them for prestressing and stay cable purposes. Long-term accelerated testing of both 
stepped Isothermal and stepped Isostress is therefore used and reported as a possible way to predict the 
long-term effects on aramid tendons (more than 100 years) [17]. Other types of AFRP tendons used are 
Arapree, report more extensively by Gerritse et al. [18-21] and FiBRA [22]. 

GFRP systems 
Research activities on GFRP started in the 1970s, when several bridges were prestressed in Germany and 
Austria. The prestressing was done to compensate for the low modulus of elasticity. However, the activity 
was stopped in the 1990s after several transition stages. One of the first structures constructed with GFRP 
was a two-span continuous highway bridge in Düsseldorf, Germany in 1986, which was post-tensioned 
with GFRP cables. Another unique feature in this application was the FOS (Fibre Optical Sensors) used to 
measure the stress level in the bridge. The post-tensioned system used an epoxy-socked anchor, resulting 
in the tendons produced in pre-determined lengths. Each GFRP rod pultruded in the bridge had a diameter 
of 7.5mm. In total, 19 of these rods were used in the tendon resulting in a post-tensioning force of 600 kN 
per tendon. However, the used anchorages led to a large anchorage size and further considerations 
concerning the long-term reliability, [23]. Further, Iyer et al [24,25] described a one-span demonstration 
bridge that was prestessed with CFRP, GFRP and steel cables. The span width was separated 
(theoretically) into one-thirds and prestressed with each material (one material in each section). It was 
here demonstrated that CFRP and GFRP were feasible and that the short-term effects were predictable. 
Furthermore, Neptco, Inc. has produced a cable consisting of seven individual stranded GFRP rods (one 
central rod surrounded by six others). The individual rods are twisted together and held in place by plastic 
straps or a resin binder [26]. 
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CFRP systems 
CFRP has superior creep properties, low relaxation, high strength and high jacking stress, but its cost is 
high [27]. One of the first developed products was the Leadline® CFRP tendon, which is produced with 
different surface patterns: smooth, with surface-indents or with ribs. The rod is pultruded and pitch-based 
(obtained from resin precursor fibres after stabilization treatment, carbonization and final heat treatment) 
and a modified wedge anchorage system is normally used for anchorage [14]. CFCC (Carbon Fibre 
Composite Cable) tendons are another type of CFRP tendon. The cable is formed geometrically as in 
conventional steel strands, where several smaller steel strands form one cable [28]. It consists of bundles 
with multiple pieces of prepreg (semi-hardened tows/strands with resin precursor) that are treated with a 
suitable coating [27]. The Technora carbon fibre rod is spirally-wound, pultruded and impregnated with a 
vinyl ester resin [29]. This is done through impregment of the straight bundles in an unheated dye, which 
are then spirally-wounded around the rod to produce a deformed surface. Longitudinal fibre bundles are 
hereafter added to the outer surface before a second spiral winding is applied. The final treatment is 
curing in an oven [26,27]. Carbon stress rods are formed through pultrusion, epoxy-impregnated and 
coated with sand [26]. 

Table 1. Examples of GFRP, AFRP, CFRP properties compared to steel, after [27,34]. Shaded rows show 
where FRP properties are significantly weaker than prestressing steel. 

Tendon type Units AFRP CFRP GFRP Prestressing  
steel 

Fiber [-] Aramid Carbon Glass - 
Resin [-] Epoxy Epoxy Epoxy - 
Fiber volume ratio [-] 0.65 0.65 0.55 - 
Density [g/cm3] 1.28 1.53 2.1 7.85 
Long. tensile strength [GPa] 1.25-1.4 2.25-2.55 1.08 1.86 
Trans. tensile strength [MPa] 30 57 39 1860
Long. E-modulus [GPa] 65-70 142-150 39 210 
Trans. E-modulus [GPa] 5.5 57 8.6 210
In-plane shear strength [MPa] 4.9 71 89 - 
In plane shear modulus [GPa] 2.2 7.2 3.8 72.1
Major poisson’s ratio [-] 0.34-0.6 0.27 0.28 0.3 
Minor poisson’s ratio [-] 0.02 0.02 0.06 0.3
Bond strength [MPa] 10-13 4-20 - 6.6-7.1 
Max. long. strain [%] 2.0-3.7 1.3-1.5 2.8 4.0 
Max. trans. strain [%] - 0.6 0.5 4.0
Long. compr. strength [MPa] 335 1440 620 1860
Trans. compr. strength [MPa] 158 228 128 1860
Long. coeff. of thermal expansion [1/oC] -2x10-6 -0.9x10-6 7x10-6 11.7x10-6

Trans. coeff. of thermal expansion [1/oC] 60x10-6 27x10-6 21x10-6 11.7x10-6

Relaxation ratio at room temperature [%] 12 at 103h 2-3 - 8 

N. F. Grace conducted extensive research on CFRP tendons, performing internal prestressing of a Double 
Tee (DT) bridge system with CFRP tendons. The DT was reinforced with GFRP bars and internally 
prestressed with CFRP tendons. Two deviation points and a crossbeam were placed at mid span, where an 
externally post-tensioned draped CFCC strand was applied. The draping angle magnitude and deviator 
diameter proved to affect the system. No damage was seen in fatigue after 7 million cycles. The draped 
externally prestressed tendon was also seen to increase the “energy ratio”, allowing larger deflections at 
ultimate limit state [30,31]. Additional real life and larger applications concerning the external CFRP pre 
and poststressing of bridges were reported [32,33]. A DT Beam was here designed with pretensioned 
Leadline® tendons and posttensioned CFCC strands to simulate the performance of DT-beams which was 
used for the construction of a 3-span bridge. This design was used in the first pre- and post-tensioned 
CFRP Bridge in the United States. It was reported that the ultimate failure mode was separation between 
the flange and beam web introducing crushing of the flange and rupture of the initial prestressing CFRP 
tendons. Ultimate load and cracking load was described to be approx 5.3 and 1.4 times the service load. It 
is evident that the anisotropic FRP materials pose mutually different strength and stiffness properties 
resulting in the possibility of various applications. However, what is equal for these materials is the linear 
elastic behaviour and the weak transverse properties compared to steel, which is isotopic and poses plastic 
behaviour. Examples of GFRP, AFRP and CFRP properties compared to prestressing steel are seen in 
Table 1. The grey shaded material property rows show where the FRP is significantly weaker than 
prestressing steel. From Table 1, the transverse direction of the FRPs is significantly weaker than 
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prestressing steel. Furthermore, the internal shear stress between the outer and inner fibres is created 
when the tensile stressed tendon transfers the axial load onto the anchorage. This phenomenon could lead 
to a progressive local failure of the tendon, which consequently results in rods produced with a diameter 
of less than 10 mm [23]. Proper anchorage is, however, required to have a measure of real tendon 
behaviour. 

The anisotropic FRP material involving brittle behaviour and weak transverse properties seen in Table 1 
renders proper and reliable anchorage very challenging. Several bonded and mechanical anchorage 
solutions have therefore been proposed in recent decades, often tailored for a particular tendon type. This 
papers concern advances in the anchoring of the FRP tendons throughout the years. First, anchorages 
transferring force through bonding are briefly reviewed to show the alternatives to the mechanical 
anchorages, more thoroughly described in the next section. Also included is a review of the evolution of 
analytical and FE-models to describe the anchorages function, before the findings are discussed and 
suggestions on future research are given. 

Anchorage
Bonded anchorages 
A bonded anchorage may be obtained through a numerous types of systems. Normally, an outer sleeve 
confines a bonding material, either a cementitous or resin type of material, to perform proper anchorage 
of the tendon. The main concepts of such systems are shown in Figure 2. 

Fig. 2. Example of contoured and straight sleeve anchorages. 

Several researchers have contributed with solutions on how the issues relating to these anchorage systems 
should be solved and how to deal with the monitoring and mathematical evaluation. Mitchell et al. [35] 
worked with a numerical study, involving axisymmetric finite element analysis, on two types of end 
connections consisting of a metal casing joined to the FRP tendon through a layer of potting material. 
Rostásy et al. [36] presented results concerning static tensile loading tests and the influence of bond 
length of a steel sleeved anchorage on their ultimate capacities. Strains in the sleeve and bond stress 
distribution were also described. Rostásy was one of the first to propose test methods and acceptance 
requirements for post-tensioned FRP tendon systems involving measurements on applied anchorages 
[37,38]. Budelmann et al. [39] discussed the fatigue behaviour of bond-anchored unidirectional GFRPs. 
The E-glass fibres were embedded in a quartz sand/PE-resin mortar and anchored in a cylindrical steel 
tube. Patrik et al. [40], EMPA (Eidg. Material Prüfungs- und Versuchs Anstalt für Industrie, Bauwesen 
und Gewerbe) developed a resin-potted anchorage with a stiffness gradient in its resin that developed 
92% of the tensile strength. The common mode of failure in this potted anchorage was excessive creep 
deformation in the resin [41,42]. Lees et al. [43] discussed the problem concerning induced stress 
concentrations in an anchorage of FRP tendons and how to solve this issue with expansive cement 
couplers. An experimental study was carried out on couplers to join steel reinforcement bars and then 
extended to include the coupling of FRP materials to steel prestressing bars. Nanni et al. [14] investigated 
some of the available commercial anchorage systems concerning ultimate tensile capacity and capacity 
during short-term sustained loading. Grout was used to anchor a Technora tendon in a 500 mm long 
sleeve, while the CFCC tendon was anchored with an epoxy and a 165 mm long sleeve. Meier et al. [44] 
investigated a connection of high-performance CFRP cables of suspension and cable-stayed bridges 
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through the use of gradient materials (soft zone concept), presenting a new reliable anchoring scheme 
developed with computer-aided materials design and produced with advanced gradient bond materials 
based on ceramics and polymers. 

Harada et al. [45-47] was one of the pioneers in the use of expansive cementitious materials for straight 
metallic sleeve anchorages. The expansive cement was used to introduce a lateral pressure on the tendon 
in the sleeve, and thus prevent the tendon from slippage. It was shown that an internal pressure of 25 to 
40 MPa from the expansive cementitious material in the sleeve was enough to grip FRP tendons of 
different surface treatment. Benmokrane et al. [48,49] investigated ground anchorages and introduced the 
available AFRP and CFRP tendons, including their properties and constituent materials (Arapree, 
Technora, FiBRA, CFCC and Leadline). The grout pullout capacity was mainly influenced by the cement 
grout property, surface deformation of the rod, bond length and E-modulus of the anchorage tube. Zhang 
et al. [50] analyzed the mechanism of bonded anchorages for FRP tendons and presented a conceptual 
model to calculate the bond stress at the tendon-grout interface and the tensile capacity of the anchorages. 
This was done to investigate the fact that the bond distribution of bonded anchorages is non-uniform 
along the bonded length and the point of peak bond stress shifts from the loaded anchorage end to an 
inside point of the anchorage as the applied load increases. Zhang et al. [51] focused the investigation of 
tensile behaviour in FRP ground anchorages. Sixteen monorod and four multi-rod grouted AFRP 
(Arapree and Technora) and CFRP (CFCC and Leadline) anchorages were tested according to standard 
methods of tensile tests and sustained load tests under different load levels. Pincheira et al. [52] 
performed tests on epoxy filled sleeve anchorages with lengths between 152 and 380 mm involving 
different filler types gripped by hydraulic grips, standard wedge assembly and a custom made wedge 
assembly. 

Matta et al. [53] developed a new type of swaged stainless steel anchorage/coupler. In this anchorage, the 
force was transferred through the friction and interlocking produced by the swaging process. A thread 
adapter was positioned at the end of the swaged part so that a threaded bar could be attached and transfer 
prestressing from the turnbuckle used for stressing. No lengths of the anchorages or specified strengths of 
the tendons are reported, though during static tensile testing, they all experienced rupturing of the rods. 
Although the system might seem promising, several drawbacks relating to the anchorage’s steel parts 
were reported, i.e. difficult to protect, the tendons have to be pre-cut, and the anchorage parts have to be 
attached before mounting and thus involves limited tolerance. 

Issues related to bonded anchorage evidently lie in the long curing time, creep of the cementitous bond 
material and anchorage length that makes the technique more suitable for ground anchorage rather than 
structural applications where instant anchorage and little mounting space are required. However, the 
gripping technique protects against the FRP tendon and is considered useful in internally post-tensioned 
applications where the tendon is stressed and grouted. Still, controlling of stresses in bonded anchorages 
is difficult and demanding, where the soft zone concept is used to prevent high stresses at the loaded end 
of the anchorage. Unbonded anchorage is a mechanical anchorage, where it is possible to perform fast 
gripping of the tendon as well as control stresses, consequently resulting in a smaller anchorage. 

Mechanical anchorages 
General 
The mechanical anchorage relies mainly on friction in the interface between the tendon and the inner 
anchorage surface, i.e. a compressive force perpendicular to the tendon has to be applied. Compression is 
normally obtained through a conical interface between a barrel and a wedge or by clamping the tendon. 
These techniques work well for traditional prestressing materials, where the steel tendon is made of an 
isotropic and yieldable material such as steel, but pose great challenges when using FRP tendons due to 
the FRPs’ anisotropic properties that make them weak in the transverse direction, i.e. perpendicular to the 
fibres’ direction. Several concepts have been developed to address the issues related to mechanical FRP 
tendon anchorage. 

Anchorage designs 
The first mechanical anchorage discussed here is the spike anchorage, see Figure 3. The spike anchorage 
is performed through an internal spike that presses the fibres from the tendon/rope against the barrel wall, 
and thus performs anchorage of the single fibres, ensuring a full anchorage of the tendon/rope. This 
system was used earlier for steel strands, but is also considered efficient as an anchorage for Parafil(

ropes. Burgoyne  [15] described the properties of Parafil( ropes with aramid core yarns together with a 
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presentation of ongoing research on these materials and related project applications. The anchorage 
method of Parafil( ropes was shown together with tests made at the Imperial College of Science and 
Technology, London. The research was done to verify long-term properties, thermal properties and the 
fatigue resistance when subjected to tensile bending and sheave bending. The system was reported to 
work satisfactorily for usage in structural engineering applications. At an ACI Convention in 1988, 
Burgoyne also explained the use of external FRP prestressing involving anchorage (mainly for Parafil(
ropes), fibre relaxation, durability, fatigue, thermal response and bond, [54]. More tests were described in 
[16], where Parafil( ropes with a nominal tensile capacity of 600 kN were tested. The specimens were 
tested in tensile bending and a cyclic lateral load was imposed. Five tests were conducted, where the cable 
was preloaded with 300 kN in three tests, 200 kN in one test and 400 kN in one test. The failure mode 
was mainly at the cable deflector and the obtained life cycles ranged between 69,000-1,000,000 cycles. 
Sheave bending tests were also performed with all ropes failing where the rope was alternately straight or 
curved during each cycle, due to inter-fibre fretting, which was expected to be highest in these areas. 

Fig. 3. Example of spike anchorage system. 

The next anchor is the split wedge anchorage system, shown in Figure 4, consisting of a barrel that is 
contoured inside, wedges with an outer angle corresponding to the inside of the contoured barrel (this 
angle can be changed to control the stresses), and a sleeve to even compressive stresses from the wedges 
to the tendon and thus prevent premature failure. Mechanical friction anchorages use large compression 
forces for tendon anchorage that introduce high principal stresses at the front of the anchorage, where 
longitudinal tensile forces in the tendon are at their maximum and transverse compressive forces from the 
wedges may also be large. To overcome these problems, it is suitable to transfer more of the necessary 
compressive stresses at the back of the anchorage, where the tensile stresses are less. Today, two concepts 
are developed for these purposes – the differential angle and curved angle designs. Sayed-Ahmed et al. 
[34] was one of the first to use the differential angle concept and developed a new wedge anchorage 
system that could be used for bonded and unbounded Leadline CFRP tendons. The anchorage system 
consisted of a steel barrel and four wedges, greased in the barrel/wedge interface. It was constructed with 
a differential angle of 0.1o between the barrel and wedge. The 2.09o outside angled wedge was smooth on 
the outside and sandblasted on the inner surface. The sleeve was made of steel or copper. The inner thin 
sleeve distributes the lateral stresses from the wedge more uniformly around the tendon. Early barrel 
prototypes were made of mild steel on the basis that a long gripping length (length of 127 mm and outer 
diameter of 100 mm) would be required to transfer the load and prevent high stress concentration. 
However, numerical analyses showed that it was possible to reduce the dimensions, resulting in a new 
smaller design, Figure 5. 
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Fig. 4. Example of wedge anchorage system. 

Fig. 5. Wedge anchorage system, after [34]. 

The new anchorage was made of high performance stainless steel (0.2% proof stress of 862 MPa and 
tensile strength 1000 MPa). The rounded edges of the inner surface of the 4-piece wedge were made 
because tightening of the wedges introduces a yielding of the soft metal sleeves that deforms into the 
wedge gaps. The wedges’ sharp corners dig into the soft-metal sleeve, creating stress concentrations that 
could cause premature failure. In the static tests carried out, an aim was to obtain a 95% anchorage 
performance of the tendons ultimate tensile capacity, corresponding to a load of 99 kN. Modifications 
after the initial tests resulted in a range in load capacity of 105-124 kN. In total, 24 tests were performed: 
10 using the prototype anchorage and 14 using the smaller refined wedge anchorage. Fatigue testing was 
also carried out, where three tests were performed on the prototype anchorages and two on the refined 
anchorage. Tests were performed with a fixed number of total cycles, which were split up into smaller test 
series involving different stress ranges and number of cycles (a summation of the numbers of cycles in 
these tests gave the total number of cycles). The stress range appeared to have a significant effect on the 
CFRP fatigue strength, where a narrow stress range in comparison was thought to result in a better load 
resistance. The system was claimed to fulfil the efficiency required by PTI [55,56] for steel strands and 
anchorages. 

Experimental and numerical evaluations of a stainless steel wedge anchorage for CFRP tendons were 
done by [57], who evaluated an anchorage consisting of a stainless steel barrel (inside angle 1.99°), four 
stainless steel wedges (involving a differential angle of 0.1º) and an aluminium sleeve. An 800 mm long – 
8 mm CFRP Leadline tendon was tested with presetting (seating of the wedge before tensioning of the 
tendon) levels of 50 kN (representing 48% of the design tensile capacity), 65 kN (63% of the capacity), 
80 kN (77% of the capacity), 100 kN (96% of the capacity). The test specimens were loaded with 
deformation controlled and capacities of approx. 100-115 kN were obtained. The displacement showed 
three distinct regions: the rod’s and sleeve’s displacement related to the barrel and the rod’s displacement 
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related to the sleeve, Figure 6. The first region starts when the load reaches the slope point, F1. Only the 
rod moves at this load with a load displacement rate given by slope 1. When the load reaches load level 
F2, the sleeve starts to slip resulting in a displacement decrease shown at slope 2. The load then increases 
to the ultimate load of the tendon. Separate slip of the component is seen in Figure 6, where the 
displacement rate at 100 kN for the sleeve (slip 1) and rod (slip 2) is shown. Slope 3 shows the 
load/deformation rate, which is greater than that of the rod (slope 2), i.e. the movement of the whole 
system (slope 2) is larger than the sleeve and wedges together (slope 3). It was further described that the 
load levels before slippage of components F1 and F2 were unaffected through re-usage of the anchorage. 
A similar conclusion was reached for an applied presetting load of 100 kN, which is the double load 
compared to the presetting applied in the tests in Figure 6. The slight difference in results between a new 
and reused anchor was, however, looked upon as an experimental error. 

Fig. 6. Displacement behaviour of the wedge anchorage components with 50 kN presetting load, after 
[57]. 

Furthermore, Sayed-Ahmed et al. [58] presented research concerning single and multi-strand steel 
anchorage systems for CFRP tendons/stays, where the effect of a differential angle on the radial stress 
between the anchorage wedge and the CFRP tendon was investigated. The use of several differential 
anchorage wedges in a steel seating plate, where nine wedge systems were placed and jacked, was 
proposed. The system was here reported to fulfil the PTI requirements. Additional research by Al-Mayah 
et al. [59] showed development of a new CFRP rod anchorage system using the curved angle-concept. 
The anchorage components were the same as in former experiments, i.e. an outer cylinder (barrel), four 
wedges, and a soft metal sleeve. However, the contacting surfaces of the wedges and barrel had a circular 
profile along the length of the anchorage, see Figure 7. Tensile testing using different presetting loads, 
geometric configurations, and rod sizes was carried out. Both aluminium and copper sleeves were used on 
the 6.4 and 9.4 mm rods, with a length of 1,000 mm. The curved wedges were 80 mm long and the barrel 
70 mm long. Both tests with and without presetting were performed. The tensile load was applied at a rate 
of 0.50 to 0.65 mm/min. A number of specimens were also tested at a load rate of 5.0 mm/min. The 
loading rate had no effect on anchorage performance. The tangential angle to the curved interface 
between the wedges and the barrel was small to reduce the principal stresses at the loaded end. It was 
important for the angle to increase smoothly along the anchorage length to reach the highest wedge 
compression value at the unloaded end of the rod. It was reported that the anchorage in general performed 
satisfactory with (80 kN) and without presetting, which caused largest slip. Further, the different FRP rod 
sizes did not affect performance. 

Another mechanical anchorage type frequently used by researchers for anchoring, where size, user-
friendliness and aesthetic aspects are of less importance, is the clamping anchorage. These anchorages 
consist generally of two rectangular steel plates, a sleeve (mostly aluminium or copper) and clamping 
bolts, see Figure 8. Each steel plate is manufactured with a circular longitudinal notch at one side and 
holes for the bolts. The aluminium sleeve is made thin with slits along the part clamped in the anchorage. 
A short section of the sleeve is left without slits to hold the parts together; this part is named the sleeve 
head and should be positioned on the outside of the plates when they are clamped. 
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Fig. 7. Geometrical configuration of wedge anchorage with longitudinal curved wedge, after [59]. 

Fig. 8. Example of clamping anchorage. 

It is vital that the right torque is applied to the bolts in a clamping anchorage to obtain proper friction. Too 
small torque could cause the rod to slip, whereas too large torque could result in premature failure of the 
rod due to stress concentrations. These stress concentrations are normally due to high principal stresses at 
the loaded anchorage end and can be addressed by applying stepped torques on the bolts. Thus, less 
torque is applied to the bolt pair at the loaded anchorage end and then linearly increased until maximum 
torque is applied at the unloaded anchorage end. 

Properties of Tendons Surfaces 
The surface composition of the FRP tendon is critical when using the mechanical anchorage. Here, the 
composition of the matrix surface layer and the surface smoothness are two critical parameters, [49,60-
62]. Al-Mayah et al. [63,64] addressed this issue and explained the effect of surface texture, in this case 
sandblasting, between the contact interfaces in CFRP couplers. This study was conducted on the sliding 
behaviour of a CFRP rod in contact with copper and aluminium sleeves, simulating the components of a 
wedge anchorage system. The tested CFRP rod was a single spiral indented CFRP rod with a nominal 
diameter of 9.4 mm, which was then anchored with a clamping anchorage system. A general load 
displacement relationship was here observed involving three regions and a load fluctuation amplitude 
with a height, h, see Figure 9. In region 1 (slope 1) from zero to a certain maximum load, F1, the load can 
be expressed as the shear stress, where the maximum force is divided by the nominal surface area of the 
rod. In region 2 (slope 2), a gradually decreasing load for the rest of the sliding distance follows the 
maximum peak load. Region 3 (slope 3) happens in some cases, where complete sticking occurs and the 
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load increases sharply. In conclusion, the interfacial shear stress capacity between a metal sleeve and a 
CFRP rod increased with increased contact pressure, and the local surface area increased when using 
sandblasting, again resulting in increased shear stress capacity. 

Fig. 9. Typical slipping of a CFRP rod, after [63]. 

Schön J. [65,66] investigated the wear of CFRP and coefficient of friction for aluminium in contact with 
CFRP, conducting experiments on a double lap joint with an overlapping length of 40 mm, Figure 10. 
The HTA-6376 carbon fibre epoxy matrix, with nominal ply thicknesses of 0.13 mm, had a quasi-
isotropic stacking sequence corresponding to [±45o/0o/90o], meaning a symmetrical layout where the 
outer friction surface has a fibre direction of 45o. Testing was done in displacement-controlled machinery 
with the application of a 1.5 mm displacement to the specimen for 15 seconds. The loading was then 
stopped for 15 seconds to allow the contact surfaces to cool and then reversed. The coefficient of friction 
was calculated from: 

2
) �T

F
P

(1) 

In the testing, the normal force P was set to 5 kN, corresponding to a load from realistic bolted joints. The 
typical behaviour of the coefficient of friction was for it to initially increase quickly to a high value and 
then decrease slightly to a constant level. 

Fig. 10. Schematic view of the plates used for the friction experiments.(a) Aluminium parts, (b) 
Composite part (made of HTA-6376 with a layup of [±45o/0o/90o]), after [65]. 

The curve showing the grip displacement (displacement of the jaws in the machinery) depends on the 
friction force. Friction force and displacement were registered during the sliding sections of the 
displacement cycle. A high friction force resulted in stick slip behaviour, which was also seen after the 
coefficient of friction was increased, Figure 11. The friction force was seen to increase from a negative 
value from the previous loading in the reverse direction, when the direction of the grip displacement was 
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reversed and almost linear until the sliding repose. In general, specimens with composite/composite 
contact and aluminium/composite contact behaved similarly. 

Fig. 11. Friction force as a function of grip displacement for a friction specimen after 25 cycles and 5300 
cycles, after [65]. 

The coefficient of friction initially increased and then decreased slowly. For composite/aluminium 
specimens the initial coefficient was lower than for composite/composite specimens. The effective 
coefficient of friction was predicted according to the following equation: 

1) ) )� � �ea ea fa fa( P P )
P

 (2) 

where � is the effective coefficient of friction, P is the total normal force, �ea and �fa are the coefficients 
of friction of epoxy and fibre in contact with the aluminium, and Pea the load carried by the epoxy and Pfa
the load carried by the fibre. During the reciprocating sliding this matrix was worn away and the fibres in 
the 45o ply layer became visible. The initial coefficient was proposed to be approx. 0.23, whereas the 
peak coefficient after wear was to be approx. 0.68. The coefficient of friction was described as 
independent of the normal load. 

The same phenomenon was reported in pull-out experiments by Al-Mayah et al. [64,67], which 
investigates the interfacial behaviour of CFRP–metal couples under different contact pressures, composite 
surface profiles and ultimate CFRP capacities. The composite rods were, in these experiments, in contact 
with either annealed or as-received aluminium or copper sleeves. Here, the capacity to transfer shear 
stress increased significantly when a smooth machined CFRP rod was used. It was observed that patches 
of fibres and epoxy were formed when the sliding started and increased when the sliding continued. The 
contact shear stress was seen to increase with increased contact pressure when the aluminium sleeve, 
particularly annealed aluminium, was used. Also, soft annealed sleeves combined with higher tensile 
strength CFRP rods resulted in higher contact shear stress, whereas a lower shear stress was recorded 
when using the higher strength rod with the harder, as received, sleeve. Due to the observations 
recommended, regardless of the strength or profile of the rod, soft sleeves should be used in the design of 
a wedge anchorage. 

Evolution of Analytical and FE-Models 
Early literature on the subject of wedge anchorages for FRP tendons attempts to use basic analytical and 
FE-models for the evaluation. Over the years these models have become more advanced. The analytical 
models have moved from 2D static rigid body models with application on the thin walled cylinder theory 
to the thick walled cylinder theory. FE-models have evolved from 2D and axisymmetric to 3D. 2D static 
rigid body models are exemplified in the calculations performed within the work of [41,42,68-70]. The 
models are typically built upon static equilibrium between the forces, such as in Figure 12, where the 
forces acting on the different parts are illustrated, according to [70]. 
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Fig. 12. Static model for preliminary anchorage design, after [70]. 

The barrel vector, RWB, is often of interest if a minimum barrel thickness is to be calculated and the 
resulting equation is described in Equation 3, where �WB is the coefficient of friction between the wedge 
and the barrel. 

�
) � * � *WB

WB

PR
cos( ) sin( )

 (3) 

Values �WB = 0.1 and 	 = 2.1° result in a value of RWB = 7P. This value is used in [41] and [69] together 
with the theory of thin walled cylinders, Equation 4, to calculate the minimum barrel thickness of a barrel 
produced in UHPC (Ultra High Performance Concrete). �WB is the internal pressure, �T is the 
circumferential stress, dB is the inner diameter, tB the thickness of the cylinder and lB the barrel’s length. 
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In their case, with an ultimate tensile capacity in the concrete of 9 MPa, a maximum prestressing force, P,
of 104 kN and a barrel length of 180 mm, a barrel thickness of 140 mm would be required. 

Shaheen et al. [70] compared results from tests where the barrel failed at a prestressing load of 40 kN, 
with an expected ultimate tensile strength of the barrel. With 40 kN inserted into Equation 4, the stress in 
the concrete at failure should be 8 MPa. When compared to the expected 25 MPa, the thin walled cylinder 
theory obviously does not adequately describe the stresses within the barrel. This conclusion is commonly 
shared within literature on the subject of shells and cylinders. For example, Roark et al. [71] does state 
that the theory is only applicable when the cylinder’s thickness is less than one-tenth of its radius. 
Shaheen et al. [70] advanced this theory when the authors, in addition to the thin walled cylinder theory, 
also included the thick walled cylinder theory to find the required ultimate tensile strength of the UHPC 
barrel. No comparison with other experiments is supplied and hence, the model cannot be evaluated. Note 
that these calculations are based upon forces calculated from the 2D static rigid body model, which is a 
highly simplified representation of the real state of stress. 

Al-Mayah et al., [57,72] describe a further development of the application, combining calculations for the 
assembled rod, internal sleeve, wedge and barrel, and thus obtain a better understanding of the radial 
stress distribution within the anchorage. The results using the material parameters seen in Table 2, 
compared with results from an axisymmetric finite element model, are seen in Figure 13. 

The anchorage modelled is equipped with the curved angle concept and the highest stresses, therefore, are 
attained in the back of the anchorage. According to the authors, differences between the analytical and 
numerical models are due to the orthotropy that the rod in reality possesses, though which is excluded in 
the analytical model. Still, the thick walled cylinder theory does suffer from some limitations. As 
mentioned by Al-Mayah, all materials are modelled as isotropic, and are also assumed to be linearly 
elastic with the same mechanical properties in tension as well as compression. The space between the 
wedges is not considered, since the theory assumes axial symmetry. All longitudinal forces are neglected 
and either plane stress or plane strain conditions are required to solve the system of equations. Basics on 
the theory are found in, for example, [73] and [74]. 
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Table 2. Material properties used in the models presented in [72]. 
Property  Rod Sleeve Wedge Barrel 

Material  CFRP Copper Steel Steel 
Long. E-modulus, E1 [GPa] 124 117 200 200 
Trans. E-modulus, E2 [GPa] 7.4 117 200 200 
Trans. Shear modulus, G12, G13 [GPa] 7.0 44.7 77.0 77.0 
Major Poisson’s ratio, n12, n13, n23 [-] 0.26 0.31 0.30 0.30 
Minor Poisson’s ratio, n21, n31 [-] 0.02 0.31 0.30 0.30 

Fig. 13. Contact-pressure distribution on the rod using mathematical and axi-symmetric finite element 
models, after [72]. 

Early attempts to model an anchorage’s behaviour with FE calculations are presented in [34]. This model 
and the models following in [57,69,75] are axisymmetric. In Al-Mayah et al [72,76] an improvement is 
made with the inclusion of 3D models. The axisymmetric representation of the wedge anchorage has its 
limitations. Even though the axisymmetric FE-model has the capacity to include orthotropic material 
properties and longitudinal stresses, it cannot include the effect of the spaces between the wedges. This is 
exemplified in Sayed-Ahmed et al. [35], where the variation of radial stresses throughout the thickness of 
the wedge is shown after a completed axisymmetric analysis. The analysis showed high shear stresses at 
the loaded anchorage end during seating and again when the anchorage was fully loaded. A uniform 
compression from the wedges was also shown, whereas the axial stress in the tendon linearly decreased 
from the full load at the loaded anchorage end to 0 MPa at unloaded anchorage end. Axisymmetric 
models have given researchers a good understanding of how the longitudinal distribution of normal 
stresses onto the rod vary with differences in the angle between wedge and barrel, with curved interfaces 
and with different presetting distances. Campbell et al. [69] show a significant redistribution of the radial 
stresses on the rod by only changing the difference in the angle between wedge and barrel from 0° to 0.2°, 
with the latter value resulting in a favourable change of peak pressure towards the back of the anchorage. 
The two papers involving 3D-models focus on two attempts to improve the design of the wedge 
anchorage. In [76], the outer diameter of the barrel varies in that the thick end is made thinner. Again, this 
is to transfer a larger portion of the radial stresses towards the back of the anchorage. Graphs presented 
from the analysis output do however show small effects of the decreased confinement compared to the 
effects achieved by other means. Load - displacement curves from the model and experiments show good 
agreement; a more thorough model is presented in [72]. This model aims to reproduce the behaviour of 
the anchorage with the longitudinally curved inner surfaces presented in Figure 13. The meshed model as 
presented in the journal is shown in Figure 14. Symmetry is implemented along the spaces between the 
wedges to minimize computational costs; this should not decrease the model’s accuracy. The model uses 
the material properties given in Table 2, and all parts are modelled as isotropic except for the rod, which 
is given an orthotropic composition. Coefficient of friction for the barrel-wedge interface is 0.02, 0.24 for 
the sleeve-rod interface and 0.4 for the wedge-sleeve interface. 
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Fig. 14. FE-model used in, after [72]. 

Resulting longitudinal distribution of radial stresses onto the rod for an outer longitudinal curvature of the 
wedge with radius 1900 mm and different presetting distances is given in Figure 15(a). By achieving this 
distribution, stress concentrations at the front of the anchorage are avoided and the tensile force in the rod 
is smoothly transferred into the anchorage at a successively increasing rate. An impressive 
correspondence between the model and experimental results was also shown, Figure 15(b). In all of Al-
Mayah’s models the experimental and FE results show good agreement concerning load-displacement 
behaviour. However, note that no plastic behaviour of the metals is included in the models and the 
coefficients of friction all are given as constants. In reality, the friction is as earlier mentioned a function 
of several variables, such as normal force and sliding distance, and with the extreme stresses acting on the 
parts it is obvious that yielding must occur. The model is consequently not a perfect representation of the 
anchorage, but a representation that can produce the same load-displacement curve as the performed 
experiments. For even better calibration, other measurements should also be compared to output from the 
FE calculations. This could be circumferential, longitudinal stresses on the barrel, relative motion 
between the parts included in the anchorage and shear stress distribution in the interfaces between the 
adherents and adhesives. 

a)

b) 

Fig. 15. (a) Radial stresses onto the rod for different presetting distances. (b) Comparison of FE and 
experimental results, after [72]. 

Discussions and Future Research 
No efficient competitive prestressing systems for FRP tendons have yet been developed, though research 
has been ongoing for the last two decades. A great challenge lies within the anchorage of the FRP tendon 
itself, resulting in several attempts to develop FRP anchorage systems. Still, the anchorages poses great 
differences in how they perform proper gripping and a mechanical anchorage is obviously preferred due 
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to the mounting ease and possibility of controlling stresses, whereas bonded anchorage demands instant 
curing of bonding agents and longer anchorage lengths. Several mechanical anchorages have been 
developed for the anchorage of FRP tendons, e.g. wedge anchorages or clamping anchorages. However, 
the stability of the anchorages is inconsistent, and from the experimental results, only small differences in 
the mounting procedure greatly affect the anchorage’s performance, i.e. the difference between a 
successful anchorage and a slightly unsuccessful anchorage is small. The mechanism of the mechanical 
anchorage system is very complex due to the relative slip between the parts included in the anchorage. 
The main failure modes are 1) premature failure at the loaded anchorage end due to high principal 
stresses, 2) local crushing and 3) sliding in the contact interface between FRP rod and sleeve where the 
tendon resin layer is worn off. From the literature study, anchorages using soft aluminium are beneficial 
in transferring shear stresses to the wedges without causing any premature failure. Controlling, 
understanding and thus reducing the number of possible failure modes could be some of the main keys to 
address and maybe solve the FRP anchorage issue. Analytical models are limited, ranging from 2D static 
rigid body models with applications on the thin walled cylinder theory to the thick walled cylinder theory, 
whereas FE-models has evolved from 2D evaluations and axisymmetric models to 3D models. However, 
the complexity in involving all the anchorage parts with properties, geometry, tendon force, sliding 
distance, extreme stresses and yielding effects is demanding and specific for each case. It is evident that 
the development of a reliable, easy-to-produce and mount anchorage still remains to be fulfilled, though 
several anchorage designs have been proposed. For FRP prestressing applications, such anchorages have 
to be developed to address the same requirements as those for steel prestressing systems and thus compete 
on the same level. Critical issues relating to FRP anchorage and the use of proper test methods to verify 
the performance have to be addressed more consistently in the future. Furthermore, the testing of FRP 
tendons result often in brittle behaviour that causes sudden failure at high force magnitudes. It can 
therefore be difficult to distinguish between a tendon and anchorage failure. This means that a fracture 
which seems to be proper tendon failure easily could be caused by the anchorage. The question is whether 
to focus on the stress level of the tendon or on the whole system (anchorage + tendon). 

The literature study has revealed some areas that could be the future focus of FRP anchorage: 

Reliability and durability 
� Anchorage requirements to provide for a safe failure, e.g. comparable with existing requirements for 

steel systems. 
� Definition on stabile and reliable friction surface obtained between the FRP tendon and anchorage 
� Monitoring of stresses in the anchorage in tests and field applications  
� So far, only limited investigations of the life span (short and long-term effects) of FRP anchorages 

have been performed  
� Development of functional deviators and anchorage-concrete connections with respect to the tendons 

maximum curvature and transverse capacities 
� Standards and guidelines relevant for FRP anchorage 

Testing
� Addressing of failure modes and their acceptability. 
� Long-term and fatigue resistance 
� The stress level. Should the stress level of the tendon or the anchorage be addressed when designing  
� Fire resistance 

Material properties and geometry 
� What effect does the wedge and barrel material- and geometry have on the anchorage performance? 
� How is the system and anchorage best modelled and verified? 
� Materials other than metals as anchorage parts (cement- or fiber based) 
� Mounting ease compared to conventional steel prestressing 

The anchorage device for FRP tendons should fulfil the performance and mounting ease of existing steel 
post-tensioning systems to be competitive in the building industry. Thus, FRP anchorage applications 
could go from pilot tests to full scale applications more easily. 
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Notations and Symbols 
The following symbols and abbreviations are used in this paper: 

D1 = Length of region 1 and turning point to region 2 
dB = Inner diameter of barrel 
F1 = Maximum load of region 1 
F = Applied tensile force 
FTW = Resulting force vector from the tensioned tendon 
FWB = Resulting force vector between barrel and wedge 
fu = Ultimate tensile capacity 
h = Height 
P = Prestressing- or clamping force 
Pea = Load carried by the epoxy 
Pfa = Load carried by the fibres 
RTW = Friction force between tendon and wedge 
RWB = Friction force between wedge and barrel 
t = Thickness 
tB = Thickness of the barrel  
lB = Barrel length 
d = Deformation 
m = Effective coefficient of friction  
mea = Coefficient of friction for epoxy in contact with aluminium 
mfa = Coefficient of friction for fibre in contact with aluminium  
mT = Coefficient of friction 
mWB = Coefficient of friction between wedge and barrel 
� = Stress 
�T = Circumferential stress 
�WB = Internal pressure
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Abstract Conical wedge anchorages are frequently
used to anchor steel tendons in prestressing applica-
tions within the construction industry. To replace the
steel tendons with non-corrosive and low weight FRPs
(Fiber Reinforced Polymers), the different mechanical
interactions between the steel and FRPs call for further
development of the anchorage.

In this paper, we derive and examine an analytical
model for the internal stresses and strains within the
anchorage for a prescribed presetting distance. This
model is derived from the theory of thick walled cylin-
ders under the assumptions regarding plane stress and
axial symmetry. We simplify the resulting system of
ten nonlinear equations and derive a method for solv-
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ing them numerically. A comparison of plotted results
for three different angles on the wedge’s outer surface
and six different presetting distances follows.

These results are also compared to both axi-sym-
metric and 3D FE (Finite Element) models. Analytical
and FE axi-symmetric models show good correspon-
dence, though compared to the 3D FE model, they
show a clear difference in the predicted radial stress
distribution on the FRP. Thus, the derived analytical
model can be a useful and faster alternative to FE
modeling of axi-symmetric anchorages. However, the
model is of more restricted value and should be com-
plemented by, for example, 3D FE models for other
designs.

Keywords Wedge · Anchorage · Thick-walled
cylinder · FE-finite element · Bisection method ·
Prestress · FRP · Concrete

1 Background

Concrete is a strong material as long as it is loaded
in compression, but it can only carry one-tenth of
the same load in tension. Since the material is often
used to span large distances and support traffic loads
(bridges, parking garages) or people and furniture in
multi-story buildings, it is also subjected to high ten-
sile forces in the lower part of the beam/slab. This
tension is the reason why steel reinforcement is cast
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into the structure. To further increase capacity the re-
inforcement can be tensioned before the concrete is
cast and then released once the concrete has hardened,
thus also applying a compressive stress in the lower
part of the beam/slab. With this prestressing force ap-
plied, some of the load must be applied to return the
lower part to a state of zero stress; hence, the capacity
of the structure concerning cracking and deflection has
been increased. Some of the most important literature
written in the area of prestressing is [7, 8]. Today, an
exchange of the steel strands used in prestressing ap-
plications is being requested. Steel is generally highly
corrosive and its weight makes it heavy to work with.
An excellent alternative that has emerged in the last
10–20 years is FRPs (Fibre Reinforced Polymers), of
which CFRP (Carbon FRP) is the most suitable con-
cerning mechanical properties. CFRP is strong, stiff,
resistant to environmental exposure and lightweight.
However, some development is necessary to industri-
alize this new application of the CFRP. Finding a suit-
able anchorage that can grip the CFRP rod and han-
dle the high tensile forces involved in the prestressing
process is critical. Unlike steel, FRPs are elastic until
they rupture as well as being weaker in the transversal
direction than in the longitudinal. The first difference
causes a disability for the FRPs to redistribute stress
concentrations caused by the internally threaded coni-
cal wedges, traditionally used to anchor steel strands.
Instead of the threads, all stresses must be transferred
by friction between two relatively smooth surfaces if a
CFRP strand is to be anchored. The second difference,
the low transverse compressive capacity of the FRPs,
makes gripping even more difficult, since it does not
allow an increase of the radial gripping force above a
certain value.

To date, research in the area has only been reported
by two Canadian research groups. One that in [10]
introduced a difference in angle between the conical
outer faces of the wedges and the inner conical face
of the barrel. This difference causes the anchorage to
first grip around the CFRP-strand in the back of the
anchorage, thus avoiding high principal stresses in the
front of the anchorage where the tensile stresses in the
rod are greatest. A version of the developed anchor-
age is then modeled and tested by the other research
group in [1, 2]. Later, this group also developed a new
anchorage with a curved conical face, again to shift
initial transfer of stresses towards the back of the an-
chorage [3, 4].

The work presented in this paper is inspired by
these publications and the models used therein. Em-
phasis is put on presenting a well-founded and verified
solution to a problem closely related to the analytical
model suggested in [1], designed for computing the
variation of radial pressure along the length of the an-
chorage. We also compare the results from differences
in angles between the barrel and wedges as well as a
comparison with the corresponding results for both an
axi-symmetric and a 3D (Three-Dimensional) FE (Fi-
nite Element) model of the anchorage. As assistance
in the evaluation some of the results and findings are
put side by side with results from [1, 4] for further ver-
ification, or as a source for discussion.

2 Research identification

For the reasons explained in last section, we have de-
veloped a conical wedge anchorage for circular CFRP
rods. These anchorages consist of an outer barrel in
steel and three wedges in aluminium. As tension is ap-
plied to the rod, the wedges are pulled into the barrel
and grip harder around the rod, thus increasing the ca-
pacity to transfer the load by friction. In this research
the presetting phase is further investigated, i.e. when
the wedges are pushed slightly into the barrel from
behind to ensure that an initial grip exists when the
tensile force is applied to the rod. Figure 1 shows the
setup in these two loading phases. Of note are the ra-
dial stresses acting on the rod (denoted P1 from now
on, see Fig. 2). Since the longitudinal forces on the
rod decrease with the distance from the front of the
anchorage, the barrel and wedge should be designed
to partially compensate for this with a radial stress P1

that increases from the front to the back of the anchor-
age so that the total load is roughly constant.

Hence, how well an analytical model can describe
the variation of radial stress onto the rod along the
length of the anchorage is of interest. If such a model
is found reliable, it can then be used to reshape and
further develop the design of the anchorage. The ana-
lytical and finite element models compared in this pa-
per rely on the geometric and material properties listed
in Table 1, with geometrical notations from Fig. 1. The
subscripts o and i denote outer and inner radii, and the
subscripts A and B note the front and back ends of the
anchorage. E is the modulus of elasticity for each ma-
terial and ν is the Poisson ratio.
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Table 1 Geometrical and material properties

Part l [mm] roA [mm] riA [mm] roB [mm] riB [mm] δ [◦] θ [◦] Material ρ [kg/m3] E [GPa] ν [–]

Barrel 100 24.7 7.26 24.7 12.5 3 360 Steel 7800 210 0.3

Wedge 100 7.26, 7.08, 6.91a 4 12.5 4 3, 3.1, 3.2 360/110b Aluminium 2700 70 0.34

Rod 150 4 – 4 – – 360 CFRP 1610 10/165c 0.3d

aThree different angles on the outer surface of the wedges are used, which results in three different outer radii of the wedge in point A
bIn the analytical and axi-symmetric FE-model one wedge cover 360◦ while three wedges cover 110° each in the 3D FE-model
cIn the FE-models the CFRP has the higher value on E in the longitudinal direction and the lower in the radial direction
dWe list ν only for the radial and circumferential stresses present in our analytical model

Fig. 1 Cross-sections of anchorage during presetting and tensile loading phases

Fig. 2 After setting of the wedge with a distance �l, we want
to compute the new surface radii nk and the the pressures Pk at
longitudinal position l. Note from the setup that P3 = 0

3 Theory

Because parts of the anchorage are thick compared to
their radii, the thin-walled cylinder theory provides an
insufficient description of the distribution of stresses.
Instead, we propose a model based on the thick-walled
cylinder theory, where for a prescribed presetting dis-
tance �l, the radial stresses and strains on each surface

are calculated for each radial cross- section along the
length of the anchorage.

The thick-walled cylinder theory is a 3D theory
capable of producing closed analytical solutions due
to the limitations applied. Several publications on the
subject of solid mechanics include a derivation of the
theory’s basic equations [5, 9]. Wang [12] provided the
inspiration in this paper to produce the set of equa-
tions solved. Also, [4, 11] have used the theory in dif-
ferent shapes to evaluate the behaviour of the anchor-
ages.

3.1 Simplifications and limitations

Several important simplifications are built into the the-
ory of thick-walled cylinders. These will certainly in-
fluence the results and should be considered when in-
terpreting the results.
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3.1.1 Axial symmetry

Axial symmetry means that the medium modeled is
consistent throughout the 360◦ describing the circum-
ference of a symmetry axis. For the CFRP rod and
the barrel, this axis of symmetry is positioned along
the core of the rod. The anchorage is not axially sym-
metric, however, because of the air gaps separating the
three wedges (see Fig. 1).

In assuming axial symmetry for the entire model,
it is accordingly assumed that no air gap exists and
that one wedge spans the entire circumference. Hence,
the wedge will handle forces as an arch and the radial
stresses onto the rod will decrease compared to a 3D
case.

For calculation purposes, the consequences in as-
suming axial symmetry are that the forces acting
on faces normal to the circumferential direction are
constant, or with the standard notation explained in
Fig. 10(a) of Appendix A, σθ , τθr and τθl depend
only on the longitudinal position l in Fig. 2. Sim-
ilarly, all radial and circumferential displacements
are constant along the circumferential axis, but vary
with l and in the radial direction (see Appendix A,
Fig. 10(b)).

3.1.2 Plane stress

This paper assumes the use of plane stress, i.e. no lon-
gitudinal stresses are present in the model and σl = 0
(more extensively described in Appendix A, Fig. 11).
Consequently, the anchorage is more or less described
as a 2D (Two-Dimensional) model. The dimensions
used in the calculations are the radial and circumfer-
ential directions. A consequence is that one calcula-
tion must be done at each point along the longitudinal
axis where a result is sought.

These results are also independent from any stresses
resulting from neighbouring sections; thus, the materi-
als are free to swell in the longitudinal direction with-
out restrictions.

In mathematical terms, the simplification means
that all shear forces acting in the longitudinal di-
rection are equal to zero, i.e. τrl = τθ l = 0; hence,
τlr = τlθ = 0. Further, no compatibility equation in the
longitudinal direction is necessary, since the strain will
be constant in the longitudinal direction for a point in
the r − θ plane.

3.1.3 Elastic and isotropic materials

Metallic materials generally have a plastic behaviour,
where the material after a certain amount of strain de-
forms more rapidly without increasing the capability
of resisting stresses, but merely keeps it constant. By
assuming elastic materials no such limit exists, i.e. the
material will experience a linearly increasing stress
with increasing strain and the parameter governing this
relation is the modulus of elasticity, E.

This assumption will keep the deformations rela-
tively small without the material having any limit con-
cerning what stress it can handle.

In reality, the metals are isotropic and perfectly de-
scribed by this assumption. CFRP, on the other hand,
is strongly orthotropic with a stiff behaviour in the
longitudinal direction, along the fibres, and softer in
the radial direction. This orthotropicity is used in the
FE models described in Sects. 5 and 6, whereas the
analytical model described in Sect. 4 does not al-
low for orthotropic modeling of the materials, since
it only handles radial and circumferential stresses, so
there only the lower (transverse) E-value of Table 1 is
needed.

4 Analytical results assuming axial symmetry

Assuming axial symmetry, we want to compute the
new surface radii nk and the pressures Pk at longitudi-
nal position l, as depicted in Fig. 2. At this longitudi-
nal position, the wedge is compressed from inner and
outer radii rwi and rwo to the new radii n1 and n2. Sim-
ilarly, the original barrel inner and outer radii rbi and
rbo at this cross-section have changed to n2 (for rbi)
and n3 (for rbo). For the rod, finally, the original radius
rro is compressed to the new radius n1. Note that with
this terminology, everywhere where the wedge’s outer
surface and the barrel’s inner surface touch, rwo ≥ rbi

and rwi = rro.
Appendix A shows how a plane stress scenario and

the application of Hooke’s generalized law to an infin-
itesimal 3D-element gives the following relationship
between these radii and pressures, with the notations
Er and νr for Young’s modulus and the Poisson ratio
of the rod, Ew and νw for the wedge and Eb and νb for
the barrel:
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Unknowns

rro − n1 = P1n1
1 − νr

Er
P1, n1 (1a)

rwi − n1 = n1

Ew(n2
2 − n2

1)
(2P2n

2
2 − P1((1 − νw)n2

1 + (1 + νw)n2
2)) P1,P2, n1, n2 (1b)

rwo − n2 = n2

Ew(n2
2 − n2

1)
(P2((1 − νw)n2

2 + (1 + νw)n2
1) − 2P1n

2
1) P1,P2, n1, n2 (1c)

rbi − n2 = − P2n2

Eb(n
2
3 − n2

2)
((1 − νb)n

2
2 + (1 + νb)n

2
3) P2, n2, n3 (1d)

rbo − n3 = − 2P2n
2
2n3

Eb(n
2
3 − n2

2)
P2, n2, n3 (1e)

We solve (1) in the following five steps:

1. From (1a) we get

n1(P1) = Errro

Er + P1(1 − νr)
. (2a)

2. From (1b) and the fact that n2 > 0, we get

n2(P1,P2)

=
√

Ewrwi − (Ew + P1(1 − νw))n1(P1)

Ewrwi + (P1(1 + νw) − 2P2 − Ew)n1(P1)

× n1(P1). (2b)

3. From (1d) and the fact that n3 > 0, we get

n3(P1,P2)

=
√

Ebrbi − (Eb + P2(1 − νb))n2(P1,P2)

Ebrbi + (P2(1 + νb) − Eb)n2(P1,P2)

× n2(P1,P2). (2c)

4. Equations (1c) and (1e) give the system of equa-
tions⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

f (P1,P2)
def= Ew(rwo − n2(P1,P2))

× (n2(P1,P2)
2 − n1(P1)

2)

+ (2P1n1(P1)
2 − P2[(1 − νw)n2(P1,P2)

2

+ (1 + νw)n1(P1)
2])n2(P1,P2) = 0,

g(P1,P2)
def= Eb(rbo − n3(P1,P2))

× (n3(P1,P2)
2 − n2(P1,P2)

2)

+ 2P2n2(P1,P2)
2n3(P1,P2) = 0.

(2d)

5. A numerical solution of (2d) gives the pressures P1

and P2 that are inserted in (2a)–(2c).

As explained in Sect. 2, of the computed parameters
P1, P2, n1, n2 and n3, the radial stress P1 onto the rod
is of main interest. Therefore, we will choose to plot
P1 in our comparisons.

Remark 1 Equations (2b) and (2c) make sense only
for P1 and P2 such that the right-hand sides contain
square roots of something positive. Let P0 be the set
of all such (P1,P2). Without any additional informa-
tion, the solution of (2d) must be expected to be any-
where inside P0, but for numerical algorithms to work,
caution is needed to not search outside or even on the
boundary of P0, since both n2 and n3 have singulari-
ties at boundary points where the denominators in (2b)
or (2c) vanish. Thus, it is necessary to compute P0 in
terms of certain somewhat technical but easily imple-
mented conditions on P1 and P2, which is the topic
of Sect. 4.1, where we compute the subset P of P0

obtained under an additional restriction (4) to possible
values of P1.

Remark 2 For the original physical setup in Fig. 2,
there is of course exactly one unique solution (P1,P2)

for any given �l and l. Our derivation of (1) in Ap-
pendix A contains only three simplifying assump-
tions: Axial symmetry, plane stress and linear elastic-
ity. However, this only means to assume a slightly dif-
ferent physical setup that also clearly has exactly one
unique solution. This existence and uniqueness is an
important underlying assumption in our numerical so-
lution of (2d), so the just described observation saves
us from deriving some kind of mathematical proof of
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the existence of a unique solution of (2d) under the
conditions derived in Sect. 4.1 (or other conditions),
which probably would have been a rather challenging
task.

4.1 The set P containing the solution of (2d) but no
singularities

We summarize some immediate conditions in (3) be-
fore choosing an interval for P1 in (4) and finally,
for P1 fixed, express the set P (defined in Remark 1)
in terms of conditions on (P1 and) P2 in Proposit-
ions 1–3.

It is clear from the physical setup, geometry and
typical material properties that

P1,P2 ≥ 0, (3a)

Eb,Er,Ew, rbi, rbo, rro, rwi, rwo, n1, n2, n3 > 0, (3b)

rwi = rro, (3c)

rbi ≤ n2(P1,P2) ≤ rwo, (3d)

rbo ≤ n3(P1,P2) ≤ rwo + (rbo − rbi), (3e)

−1 ≤ νr ≤ 1/2, −1 ≤ νw ≤ 1/2 and
(3f)

−1 ≤ νb ≤ 1/2.

We find an upper bound for P1 by observing in
Figs. 2 and 3 that if the wedge is pushed in a distance
�l, the new radius n1 of the rod must certainly have a
lower bound

n1 ≥ n	
1

def= rro − �l tan(δw). (4a)

Hence, we have from (2a) and (3f) that

n	
1 ≤ n1 = Errro

Er + P1(1 − νr)
,

n	
1Er + n	

1P1(1 − νr) ≤ Errro, (4b)

P1 ≤ Er(rro − n	
1)

n	
1(1 − νr)

.

Fig. 3 The barrel and wedge cross-sections in Fig. 2 have dif-
ferent angles δb and δw ≥ δb before the setting of the wedge

For any such P1, the following three propositions nar-
row down the search area to P . All proofs follow in
Appendix B. Equations (5) are conditions on P2/P1

for (2b) to contain the square root of something posi-
tive:

Proposition 1 Suppose that (3) holds and P1 > 0.
Then n2(P1,P2)

n1(P1)
is an increasing function of P2

P1
well-

defined by (2b) if

0 ≤ P2

P1
<

Ew(1 − νr) + Er(1 + νw)

2Er
and

(5a)

Ew >
1 − νw

1 − νr
Er.

Similarly, n2(P1,P2)
n1(P1)

is a decreasing function of P2
P1

well-
defined by (2b) if

P2

P1
>

Ew(1 − νr) + Er(1 + νw)

2Er
and

(5b)

Ew <
1 − νw

1 − νr
Er.

In both these cases,

n2(P1,P2)

n1(P1)
=

√∣∣∣∣Ew(1 − νr) − Er(1 − νw)

Ew(1 − νr) + Er(1 + νw)

∣∣∣∣
× 1√∣∣∣1 − 2Er

(Ew(1−νr)+Er(1+νw))
P2
P1

∣∣∣ . (6)

Moreover, if Ew = 1−νw
1−νr

Er, then

P2

P1
= 1

2

Ew(1 − νr) + Er(1 + νw)

Er
and

n2(P1,P2)

n1(P1)

depends in a more complicated way on the different
parameters in (1) (explained in more detail in the
proof).

Next, the following condition (7) guarantees that
also (2c) contains the square root of something posi-
tive.

Proposition 2 Suppose that (5a) or (5b) holds. Under
the constraints (3), for n3 to be well-defined by (2c),
the constraints (3d) need to be sharpened to
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0 < P2 <
Eb

1 + νb
and

(7)
Ebrbi

Eb − P2(1 + νb)
< n2(P1,P2) ≤ rwo.

Finally, we can reformulate (7) into the following
bounds only on P2:

Proposition 3 Suppose that (3) holds and P1 > 0. De-
fine

h(P1)
def= Ew(1 − νr) − Er(1 − νw)

E2
br2

bi(Er + P1(1 − νr))2
Err

2
roP1,

a(P1)
def= 1

h(P1)(1 + νb)2
− Eb

1 + νb
, (8)

b(P1)
def= E2

b

(1 + νb)2
− Ew(1 − νr) + Er(1 + νw)

Erh(P1)(1 + νb)2
P1.

Then n3 is well-defined by (2c) if and only if (5a) is
sharpened to the following bounds on P2:

1. If Ew > 1−νw
1−νr

Er, then

0 < P2

< min

(
Eb

1 + νb
,

(
Ew(1 − νr) + Er(1 + νw)

Er

− Ew(1 − νr) − Er(1 − νw)

(Er + P1(1 − νr))2
Er

r2
ro

r2
wo

)
P1

2

)
.

(9a)

Moreover, for the polynomial PP1(x)
def= x2 +

2a(P1)x + b(P1), it must also hold that

PP1(−a(P1)) > 0 or

P2 < −a(P1) −
√

a(P1)2 − b(P1) or (9b)

P2 > −a(P1) +
√

a(P1)2 − b(P1).

2. If Ew < 1−νw
1−νr

Er, then (9b) must hold and(
Ew(1 − νr) + Er(1 + νw)

Er

− Ew(1 − νr) − Er(1 − νw)

(Er + P1(1 − νr))2
Er

r2
ro

r2
wo

)
P1

2

< P2 <
Eb

1 + νb
. (10)

3. If Ew = 1−νw
1−νr

Er, then P2
P1

= 1
2

Ew(1−νr)+Er(1+νw)
Er

.

4.2 The algorithm and numerical results

We have now computed the borderlines of a set P big
enough to contain the unique solution of equations (2)
and small enough for all the singularities of n2 and n3

to be on the boundary of P but not in P , thus guaran-
teeing that the analyzed functions (2) are continuous
on P . For different fixed P1, our numerical solution
of (2d) is based on computing separate solutions of
f = 0 and g = 0 using the bisection method. This is
possible because f and g as functions of P2 always
attain both positive and negative values and both have
one unique zero-crossing. This is most easily under-
stood from a physical interpretation of (2) for any fixed
(P1,P2) in P :

1. If radial pressure P1 is applied to a rod with radius
rro, then (2a) tells the resulting new radius n1(P1).
(Via (18b) and Fig.12 in the proofs.)

2. Choose a wedge with inner radius rwi = rro and
with outer radius (at longitudal distance l)
r̃wo = r̃wo(P1,P2, rwi) such that applying the ra-
dial pressures P1 and P2 to the inner and outer
surfaces, respectively, gives the new inner radius
n1(P1). Then (2b) gives the resulting new outer
radius n2(P1,P2). (Via (18d) and Fig. 13 in the
proofs.)

3. Next choose a barrel with inner radius rbi and outer
radius r̃bo = r̃bo(P1,P2, rbi) such that applying ra-
dial pressure P2 to the inner surface gives the new
inner radius n2(P1,P2). Then (2c) gives the new
resulting outer radius n3(P1,P2). (Via (18g) and
Fig. 14 in the proofs.)

4. Finally, (2d) are exactly the conditions on P1,P2

that give r̃wo = rwo and r̃bo = rbo. (Via (18e), (18i)
and Figs. 13–14.)

For only P1 fixed, r̃wo = rwo corresponds to
choosing P2 such that f (P1,P2) = 0. From item 2
in this list we understand that this P2 is unique and
that with small adjustments of it, we can get both
r̃wo < rwo and r̃wo > rwo, corresponding to f > 0
and f < 0, respectively.

Exactly the same reasoning for item 3 and r̃bo

gives that for P1 fixed, there is a unique P2 giving
g = 0 and small adjustments of this P2 gives g < 0
and g > 0, respectively.

Figure 4 shows the boundary of P as well as the the
lines f (P1,P2) = 0 and g(P1,P2) = 0 for one of the
investigated choices of input parameters. Note that the
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Fig. 4 For fixed P1, zeros of f and g are found by using the
bisection method in the interval specified in Propositions 1–3

sought solution, the crossing of those two lines, is
quite close to the singularities at the boundary. This is
why it is important to know the exact location of this
boundary, which we derived in Propositions 1–3. Note
also that the lines f (P1,P2) = 0 and g(P1,P2) = 0
not always are inside P . Hence one important step
in the following algorithm is to strengthen the condi-
tion (4) to restrict P1 to a smaller interval [L,R] inside
which both of the lines crosses and are in P , such as
the choice of [L,R] indicated in Fig. 4. Once that is
done, a bisection approach can be used on the interval
[L,R] until it is short enough to give the solution of
f (P1,P2) = g(P1,P2) = 0 with the desired numeri-
cal precision. Thus we get the following

4.2.1 Algorithm

1. For N different and equally spaced choices of P1 in
the interval given by equations (4), do the following
(N = 10 in our implementation).
(a) Compute the endpoints of the intervals of all P2

such that (P1,P2) is in P , as given by Proposi-
tion 3.

(b) For u(P2) = f (P1,P2) and u(P2) = g(P1,P2)

(as defined in (2d)), do the following: If u has
different sign at the endpoints of one of the just
computed intervals (or rather immediately in-
side the endpoints, say, as close to potential
borderline singularities as machine precision
allows, see [6]), then u has a zero inside P .
In that case, use the bisection method on P2 to
solve the corresponding equation u = 0.

2. If necessary, repeat step 1 for additional (denser
sampled) values of P1 until a subinterval [L,R] is
found such that both f (L, ·), f (R, ·), g(L, ·) and
r(R, ·) have zerocrossings inside P and such that
the lines f (P1,P2) = 0 and g(P1,P2) = 0 cross for
some P1 in [L,R], that is, L and R must be such
that there are zero crossings

f (L,aL) = g(L,bL) = f (R,aR) = g(R,bR) = 0,

such that aL −bL and aR −bR have different signs.
3. Continue repeating step 1 with P1 restricted to

shorter and shorter such intervals [L,R] until the
joint zero of f and g is found with desired numer-
ical precision.

For a complete and fully detailed description of this
algorithm, a MATLAB implementation is included and
described in [6].

4.2.2 Numerical results

For the radial and circumferential direction material
parameters listed in Table 1, 1−νw

1−νr
Er = 1−0.34

1−0.3 ∗ 10 <

9.43 < 70 = Ew, so only conditions (4) and (9) are
needed to compute the results presented in this paper.
Figure 5 shows the longitudinal variation of the radial
stress onto the rod computed with our MATLAB imple-
mentation of the just described algorithm. Figure 5(a)
shows the dependence of P1 on l for a constant pre-
setting distance of �l = 5 mm and various angles on
the wedge’s outer surface. Similarly, Fig. 5 (b) shows
the corresponding pressures for six different presetting
distances �l with a given wedge angle δw = 3.1◦. All
of these plots show that the analytical model transfers
more stress towards the back of the anchorage when
the difference in the angle between the barrel’s inner
surface and the wedge’s outer surface increases. The
model also predicts an increase in overall radial stress
with increased presetting distance. Both of these re-
sults are expected.

5 Axi-symmetric FEM

To verify the analytical results, a FE-model with the
same material and geometrical properties was created.
The difference is the assumption of plane stress in the
analytical solution; in the FE-model no such simpli-
fication is included. In the former, the wedge to be
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Fig. 5 The dependence of P1 on l with the analytical model of Sect. 4. (a) Various δw and �l = 5. (b) Various �l and δw = 3.1◦

Fig. 6 Axi-symmetric FE-model

pushed into the barrel can instead be seen as growing
in the radial direction, though it is positioned at the
same longitudinal position. It can be seen as a struc-
ture that is infinitely short in the longitudinal direction
with a growing radial size of the wedge, thus allowing
for the materials to expand freely in the longitudinal
direction. The FE-model is on the other hand modeled
with the complete wedge pushed into the barrel. This
creates longitudinal stresses that somewhat counteract
the longitudinal expansion of the materials as they are
compressed in the radial direction. Moreover, as dis-
cussed in Sect. 3.1.3, our FE-models also utilize the
orthotropic properties of the CFRP rod.

5.1 Model

The model is created and analysed with a nonlinear
geometry analysis in Abaqus Standard 6.7-1. Geome-
try, element distribution, boundary conditions and ap-
plication of the presetting force are seen in Fig. 6. All
elements are of the type “CAX4R”, i.e. a 4-node ax-
isymmetric quadrilateral element with reduced inte-
gration and hourglass control. In the rod-wedge inter-
face, rough frictional behaviour is applied, which here

can be assumed to be a tied behaviour. In the wedge-
barrel interface, a frictionless interaction is applied.
Setting the longitudinal motion of the barrels front
end to zero throughout the loading provides counter-
action. Prescribing a linearly increasing intrusion of
the wedge into the anchorage provides the presetting.
Three different wedge angles are used, 3.0◦, 3.1◦ and
3.2◦, and the final intrusion of the wedge is set to
5 mm.

5.2 Results

For a fixed inner barrel angle of 3.0◦ and wedges
with varying outer angles, the axisymmetric FE-model
gives the radial stresses shown in Fig. 7(a). When the
wedge has the same angle as the barrel, 3.0◦, the high-
est radial stresses appear at the front of the anchorage,
where the wedge has its thin end. Through the increas-
ing difference in angle, less stress is experienced at the
front of the anchorage. When the difference is 0.2◦ no
stress can be detected in the first 20 mm of the anchor-
age. For all cases plotted in Fig. 7, the stresses onto the
rod at the back of the anchorage are similar in ampli-
tude.
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Fig. 7 Radial stress P1 along the rod for three different wedge outer angles δw. FEM results. (a) Axisymmetric FEM. (b) 3D FEM

Fig. 8 Front view of the 3D model

6 3D FEM

3D models are more complicated to create and require
higher computational costs. By also finding symmetry
in these cases, the workload may be lowered several
times. In this case, with the axisymmetric rod and bar-
rels and three wedges with three spacings in between,
the model can be reduced to 1/6 of its original size.

6.1 Model

The minimized 3D model is achieved by one cut along
the anchorage at the centre of one wedge and one cut
at the centre of an adjacent spacing. Along the cre-
ated surfaces no displacement is allowed perpendicu-
lar to the surfaces. All nodes are allowed to displace
in the longitudinal and radial directions, thus creat-
ing a set of boundary conditions identical to the axi-
symmetric case. Figure 8 shows the created model.

Table 1 presents the remaining geometries and ma-
terial properties used. Elements used are of the type
“C3D8R”, i.e. an 8 node linear brick element with re-
duced integration and hourglass control. The applica-
tion of loads, frictional behaviours, nonlinear geome-
try and variations of differences in angle are identical
to the cases described for the axi-symmetric model.

6.2 Results

To receive a correct value of the radial stress in each
section along the rod, which can be compared with
the values from the analytical solution and the axi-
symmetric FE- model, an average of the stresses in the
radial direction must be calculated. This value is based
upon the 11 nodes on the rod, which in each longitudi-
nal section are in contact with the wedge. Accordingly,
the only free node is not included. Figure 7(b) shows
the average pressures for the three different outer an-
gles of the wedges used in the analysis.

7 Results and discussion

Figure 9(a) shows the longitudinal distribution of ra-
dial stresses onto the CFRP rod for the analytical axi-
symmetric model, the FE axi-symmetric model and
the FE 3D model. In this figure, �l is fixed at 5 mm
and the outer angle δw of the wedge is 3.1◦. For
this longitudinal distribution, there is a distinct corre-
spondence between the analytical model and the axi-
symmetric numerical model, but also a small differ-
ence in amplitude. This difference is likely due to the
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Fig. 9 (a) Comparison of the examined models for �l = 5 mm and δw = 3.1◦. (b) Pressure applied to the back of the wedge for
�l = 5 mm in the different FE-models

plane stress assumption that our analytical model re-
lies on, which removes the longitudinal confinement
(see Fig. 11, Appendix A) and thus a substantial part of
the radial pressure. Contradictory to this, [1, 4] present
results where the radial pressure is higher in the ana-
lytical model than the axi-symmetric FE-model. The
assumptions in the models are to some extent differ-
ent between the models presented therein and in this
paper. While the models in this paper use elastic prop-
erties for all materials, [1, 4] use plastic properties
for an inner sleeve positioned between the rod and
the wedges. It should also be noted that the wedges
in [1, 4] are made by steel and that the geometry has
been altered in [4]. It seems as if the results are highly
dependent on the assumptions made in the creation of
the models and that a perfect correlation in the shape
of the pressure distribution as well as the size of it
might be difficult to achieve.

When comparing the axi-symmetric models to the
numerical 3D model, and to the offset most likely
caused by the plane stress assumption, there is now
a bigger difference in both the shape and amplitude
of the stress distribution curve. The 3D model pro-
duces stronger radial stresses onto the rod than the axi-
symmetric models, and shows a higher rate of increase
of the radial stress P1 towards the back of the anchor-
age. We believe that these differences are due to the
lack of circumferential confinement for the wedges in
the 3D-model. This lack of confinement reduces the
capacity to carry stresses through arching, which be-
comes more pronounced where the material is thicker
and thus capable of carrying larger stresses in the
circumferential direction when axial symmetry is as-

sumed. In [4] this lack of correspondence is overcome
by making the barrel infinitely stiff in the analytical
model, thus forcing the wedges to deform inwards and
create a higher pressure onto the rod. By doing so they
reach an agreement between the models which can not
be found if the models are created with the same geo-
metrical and mechanical assumptions.

In Fig. 9(b), note that although the axi-symmetric
model results in less radial pressure onto the rod, the
energy put into the system is higher. The values are
calculated as a weighted average on the longitudinal
pressure experienced by the back of the wedge, as it
has been pushed 5 mm into the barrel. It is also noted
that a 5 mm slip requires more force if the inner sur-
face of the barrel and the outer surfaces of the wedges
are aligned than if they are manufactured with a small
difference in angle.

8 Conclusions

Based upon results from the analytical and numerical
models the following conclusions can be made:

• In the numerical solution of the system of equations
from the derived analytical model, the main numer-
ical complication was the need to find the roots (ze-
ros) of two functions rather close to singularities of
the same functions. However, after computing the
exact location of the boundary containing these sin-
gularities, finding the roots using, for example, the
bisection method was a rather straightforward task.

• The derived analytical model predicts the behav-
iour of an axi-symmetric anchorage well up to an
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Fig. 10 (a) Stress forces σx and shear forces τxy acting on an infinitesimal 3-element,with x denoting the surface and y the direction.
(b) Displacement of an infinitesimal element in a state of rotational symmetry

offset that is most likely caused by the underly-

ing plane stress assumption. Hence, the analytical

model can be a useful and faster alternative to the

axi-symmetric FE model when searching for an an-

chorage design that gives the desired distribution of

the pressures P1 on the rod.

• The axi-symmetric and 3D models give longitudinal

distributions of the radial stresses that differ both in

the shape and amplitude of this distribution. There-

fore, neither the analytical nor the FE axi-symmetric

model can accurately describe the 3D behavior of a

conical wedge anchorage.

• Axi-symmetric representations of the conical wedge

anchorage require a larger presetting force to set 5

mm compared to 3D models. A similar observation

is made concerning the difference in angle, where a

larger difference requires less presetting force.
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Appendix A: Deriving equations (1)

A.1 The mathematical model

Figure 10(a) shows the forces acting on an infinites-
imal element. Due to symmetry, forces acting in the
longitudinal (l) and circumferential (θ ) directions are
of equal size on opposite surfaces. In a plane stress
scenario, σl, τlr and τlθ are of the same size at the op-
posite surfaces, see Fig. 11 (c). This is the approxima-
tion of the actual setup in Fig. 11(a) that we will use.
Note, however that the plane strain assumption de-
picted in Fig. 11(b) in fact results in exactly the same
mathematical model with only some modifications to
a few material constants, as explained in Remark 3.
Thus this appendix does in fact treat both those sce-
narios simultaneously.

By summing all forces in radial direction, we get

0 = σr�l · r�θ −
(

σr + ∂σr

∂r
�r

)
�l · (r + �r)�θ

+ 2σθ sin

(
�θ

2

)
�l�r

+ τθr cos

(
�θ

2

)
�l�r − τθr cos

(
�θ

2

)
�l�r

+ τlr�r
r�θ + (r + �r)�θ

2
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Fig. 11 (a) The forces acting on a cross section of the wedge. (b) One simplification of this scenario is to assume the wedge as fixed
between two walls and subjected to forces only in the radial direction so that the strain εl = 0 and σl is nonzero and varying. This is
called plane strain. (c) Another simplified scenario is the plane stress scenario with unrestricted expansion in the longitudinal direction
and uniform force distribution in the radial direction such that εl is varying and σl = τrl = τθl = 0

− τlr�r
r�θ + (r + �r)�θ

2

= σr�lr�θ −
(

σr + ∂σr

∂r
�r

)
�l(r + �r)�θ ]

+ 2σθ sin

(
�θ

2

)
�l�r.

Division by �l�θ gives

σrr −
(

σr + ∂σr

∂r
�r

)
(r + �r) + σθ

sin(�θ
2 )

�θ
2

�r = 0,

− σr�r − ∂σr

∂r
�r(r + �r) + σθ

sin(�θ
2 )

�θ
2

�r = 0

(divide by r�r),
(11)

σr

r
+ ∂σr

∂r

(
1 + �r

r

)
− σθ

r

sin(�θ
2 )

�θ
2

= 0

(let (�r,�θ) → (0,0)),

∂σr

∂r
+ σr − σθ

r
= 0.

For l fixed we will now derive the formula (17) be-
low for the radial displacement u = u(r, l) of an infin-
itesimal element, with positive sign denoting displace-
ments away from the centre, as indicated in Fig. 10(b).
The resulting radial and circumferential strains εr and
εθ at radius r + u(r, l) are defined as the change in
length divided by the total length:

εr =
(
u + ∂u

∂r
�r

) − u

�r
= ∂u

∂r
and

εθ = (r + u)�θ − r�θ

r�θ
= u

r
. (12)

These are connected to the stresses σr, σθ and σl at
radius r + u(r, l) via Hooke’s generalized law

εr = σr − ν(σθ + σl)

E
, εθ = σθ − ν(σr + σl)

E
,

εl = σl − ν(σr + σθ )

E
,

with E being Young’s modulus and ν the Poisson ratio.
Under the assumption of plane stress, σl = 0, so that

εr = σr − νσθ

E
, εθ = σθ − νσr

E
and

(13)

εl = −ν(σr + σθ )

E
.

Insertion of (12) in (13) gives{
∂u
∂r

= σr−νσθ

E
,

u
r

= σθ−νσr
E

,
or equivalently,

(14){
σr = E

1−ν2

(
∂u
∂r

+ ν u
r

)
,

σθ = E

1−ν2

(
u
r

+ ν ∂u
∂r

)
,

where u = u(r, l), σr = σr(r + u(r, l), l) and σθ =
σθ (r + u(r, l), l). Insertion in (12) gives

0 = E

1 − ν2

∂

∂r

(
∂u

∂r
+ ν

u

r

)

+
E

1−ν2 ( ∂u
∂r

+ ν u
r
) − E

1−ν2 (u
r

+ ν ∂u
∂r

)

r
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0 = ∂

∂r

(
∂u

∂r
+ ν

u

r

)
+

∂u
∂r

+ ν u
r

− (u
r

+ ν ∂u
∂r

)

r

= d2u

dr2
+ ν

r

∂u

∂r
− ν

u

r2
+ 1

r

∂u

∂r
+ ν

u

r2

− u

r2
− ν

r

∂u

∂r
= d2u

dr2
+ 1

r

∂u

∂r
− u

r2

= d2u

dr2
+ ∂

∂r

u

r
(15)

= ∂

∂r

(
1

r

(
r
∂u

∂r
+ u

))
= ∂

∂r

(
1

r

∂

∂r
(ur)

)
∂

∂r
(ur) = Cr,

ur = C
r2

2
+ C2,

u(r) = C1r + C2

r
, C1

def= C

2
.

Insertion in (14) gives⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
σr = E

1−ν2 (
∂(C1r+ C2

r
)

∂r
+ ν

C1r+ C2
r

r
)

= E

1−ν2 ((1 + ν)C1 − (1−ν)C2
r2 ),

σθ = E

1−ν2 (
C1r+ C2

r

r
+ ν

∂(C1r+ C2
r

)

∂r
)

= E

1−ν2 ((1 + ν)C1 + (1−ν)C2
r2 ).

Recall from Fig. 10 that for stresses σx , a positive sign
means stretching/expansion, whereas for pressures we
follow the convention that positive signs means com-
pression. Hence, for a wedge, barrel or rod with an
inner radius ri = ri(l) (ri = 0 for the rod) and outer
radius ro = ro(l), we obtain the boundary conditions

σr(ri + u(ri, l), l) = −pi and
(16)

σr(ro + u(ro, l), l) = −po

for compressive pressures (pi,po > 0) in radial direc-
tion at the inner and outer surface, respectively:⎧⎨⎩

E

1−ν2 ((1 + ν)C1 − (1−ν)C2
r2
i

) = −pi,

E

1−ν2 ((1 + ν)C1 − (1−ν)C2
r2
o

) = −po
⇐⇒

⎧⎨⎩C1 = 1−ν
E

pir
2
i −por

2
o

r2
o −r2

i
,

C2 = 1+ν
E

(pi−po)(riro)
2

r2
o −r2

i
.

The only difference for the rod is that C2 = 0 (or we
would have infinite displacements in the centre), so
that we only have the second of these boundary con-
ditions. For all these cases (with (ri = 0) for the rod),
insertion into (15) gives

u(r, l) = 1 − ν

E

pir
2
i − por

2
o

r2
o − r2

i

r

+ 1 + ν

E

(pi − po)(riro)
2

r2
o − r2

i

1

r
, (17)

where the entire dependence on l is contained in
the boundary conditions via po = po(l), pi = pi(l),
ro = ro(l) and ri = ri(l).

The left-hand side of Fig. 12 shows the pressure P1

acting on the rod, compressing it from radius rro to the
radius n1 in Fig. 2. The resulting surface displacement
is

uro
def= n1 − rro, (18a)

with positive sign indicating a displacement away
from the centre, as in Fig. 10(b).

Now recall that in (17), ri(l) and ro(l) are the
surface radii before the surface displacement and,
from (16), that pi and po are the pressures at radius
ri + u(ri, l) and ro + u(ro, l), respectively. Thus, a di-
rect application of (17) to the left-hand half of Fig. 12
gives

uro = u(rro)|ν=νr,E=Er,po=P1,ri=0,ro=rro

= P1rro
1 − νr

Er
.

In order to rather get equations in the unknown radii
n1, n2 and n3, we will from now on assume all ma-
terials to be linearly elastic with the same modulus of
elasticity both in compression and tension. Then, in-
stead of the pressure P1 compressing the rod outer ra-
dius rro to outer radius n1, it can be equally stated that

Fig. 12 Deformation of the rod during the setting of the wedge
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Fig. 13 Deformation of the wedge during its setting

the pressure −P1 would expand a rod of outer radius
n1 to outer radius rro, as indicated in the right-hand
half of Fig. 12. With this interchange of the roles of
rro and n1, (17) gives uro in terms of the unknown ra-
dius n1:

−uro = u(n1)|ν=νr,E=Er,po=−P1,ri=0,ro=n1

= P1n1
1 − νr

Er
. (18b)

It remains to repeat the same argument for first the
wedge and then the barrel. Figure 13 shows the radii
of and pressures acting on the wedge inner and outer
surfaces. The displacement of the inner surface is

uwi
def= n1 − rwi. Note: We will always have

rwi = rro, that is, uwi = uro. (18c)

Hence, (17) gives that

−uwi = u(n1)|ν=νw,E=Ew,pi=−P1,po=−P2,ri=n1,ro=n2

= 1 − νw

Ew

−P1n
2
1 + P2n

2
2

n2
2 − n2

1

n1

+ 1 + νw

Ew

(−P1 + P2)(n1n2)
2

n2
2 − n2

1

1

n1

= n1

Ew(n2
2 − n2

1)
((1 − νw)(P2n

2
2 − P1n

2
1)

+ (1 + νw)(P2 − P1)n
2
2)

= n1

Ew(n2
2 − n2

1)
(2P2n

2
2 − P1((1 − νw)n2

1

+ (1 + νw)n2
2)). (18d)

Fig. 14 Deformation of the barrel during the setting of the
wedge

Similarly, for the outer surface displacement,

uwo
def= n2 − rwo and (18e)

−uwo = u(n2)|ν=νw,E=Ew,pi=−P1,po=−P2,ri=n1,ro=n2

= 1 − νw

Ew

−P1n
2
1 + P2n

2
2

n2
2 − n2

1

n2

+ 1 + νw

Ew

(−P1 + P2)(n1n2)
2

n2
2 − n2

1

1

n2

= n2

Ew(n2
2 − n2

1)
((1 − νw)(P2n

2
2 − P1n

2
1)

+ (1 + νw)(P2 − P1)n
2
1)

= n2

Ew(n2
2 − n2

1)
(P2((1 − νw)n2

2 + (1 + νw)n2
1)

− 2P1n
2
1). (18f)

For the barrel inner surface in Fig. 14,

ubi
def= n2 − rbi and (18g)

−ubi = u(n2)|ν=νb,E=Eb,pi=−P2,po=0,ri=n2,ro=n3

= 1 − νb

Eb

−P2n
2
2

n2
3 − n2

2

n2 + 1 + νb

Eb

−P2(n2n3)
2

n2
3 − n2

2

1

n2

= − P2n2

Eb(n
2
3 − n2

2)
((1 − νb)n

2
2

+ (1 + νb)n
2
3). (18h)

In the same way for the barrel outer surface,

ubo
def= n3 − rbo − ubo

= u(n3)|ν=νb,E=Eb,pi=−P2,po=0,ri=n2,ro=n3
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= 1 − νb

Eb

−P2n
2
2

n2
3 − n2

2

n3 + 1 + νb

Eb

−P2(n2n3)
2

n2
3 − n2

2

1

n3

= − P2n
2
2n3

Eb(n
2
3 − n2

2)
(1 − νb + 1 + νb)

= − 2P2n
2
2n3

Eb(n
2
3 − n2

2)
. (18i)

We have now derived a system of 10 equations (18)
in 10 unknowns, which, after pairwise combination
of equations with the same left-hand side, can be re-
arranged as follows:

Unknowns

rro − n1 = P1n1
1 − νr

Er
P1, n1 (19a)

rwi − n1 = n1

Ew(n2
2 − n2

1)
(2P2n

2
2 − P1((1 − νw)n2

1 + (1 + νw)n2
2)) P1,P2, n1, n2 (19b)

rwo − n2 = n2

Ew(n2
2 − n2

1)
(P2((1 − νw)n2

2 + (1 + νw)n2
1) − 2P1n

2
1) P1,P2, n1, n2 (19c)

rbi − n2 = − P2n2

Eb(n
2
3 − n2

2)
((1 − νb)n

2
2 + (1 + νb)n

2
3) P2, n2, n3 (19d)

rbo − n3 = − 2P2n
2
2n3

Eb(n
2
3 − n2

2)
P2, n2, n3 (19e)

uro
def= n1 − rro uro, n1 (19f)

uwi
def= n1 − rwi uwi, n1 (19g)

uwo
def= n2 − rwo uwo, n2 (19h)

ubi
def= n2 − rbi ubi, n2 (19i)

ubo
def= n3 − rbo ubo, n3 (19j)

Hence, only the five equations (19a)–(19e) in five un-
knowns have to be solved, and (19f)–(19j) then imme-
diately give the corresponding displacements.

Remark 3 The plane stress assumption is of main in-
terest for us, but the fact that εr and εθ get an al-
most identical form under a plane strain assump-
tion is interesting. In fact, we then have εl = 0,
which upon insertion into the equation for εl gives
σl = ν(σr + σθ ), so that the equations for εr and εθ

become

εr = σr − ν(σθ + ν(σr + σθ ))

E

= (1 − ν2)(σr − νσθ
1+ν

1−ν2 )

E
,

εθ = σθ − ν(σr + ν(σr + σθ ))

E

= (1 − ν2)(σθ − νσr
1+ν

1−ν2 )

E
.

Hence the plane strain correspondence to (13) is

εr = σr − ν∗σθ

E∗ , εθ = σθ − ν∗σr

E∗ , εl = 0

with E∗ = E

1−ν2 and ν∗ = ν
1−ν

.

Appendix B: Proofs of Propositions 1–3

Proof of Proposition 1 If P2
P1

	= Ew(1−νr)+Er(1+νw)
2Er

,
then it follows from (2b) that
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n2(P1,P2)

n1(P1)
=

√√√√ Ewrwi
n1(P1)

− Ew − P1(1 − νw)

Ewrwi
n1(P1)

− Ew + P1(1 + νw) − 2P2
(apply (2a))

=
√√√√ Er+P1(1−νr)

Errro
Ewrwi − Ew − P1(1 − νw)

Er+P1(1−νr)
Errro

Ewrwi − Ew + P1(1 + νw) − 2P2

=
√

ErEwrwi + Ewrwi(1 − νr)P1 − ErEwrro − Errro(1 − νw)P1

ErEwrwi + Ewrwi(1 − νr)P1 − ErEwrro + Errro(1 + νw)P1 − 2ErrroP2
(apply (3c))

=
√

rwi(Ew(1 − νr) − Er(1 − νw))P1

rwi[(Ew(1 − νr) + Er(1 + νw))P1 − 2ErP2] =
√√√√ Ew(1−νr)−Er(1−νw)

Ew(1−νr)+Er(1+νw)

1 − 2ErP2/P1
Ew(1−νr)+Er(1+νw)

=

⎧⎪⎪⎨⎪⎪⎩
√

Ew(1−νr)−Er(1−νw)
Ew(1−νr)+Er(1+νw)

√
1

1− 2Er
(Ew(1−νr)+Er(1+νw))

P2
P1

if Ew ≥ 1−νw
1−νr

Er,√
Er(1−νw)−Ew(1−νr)
Ew(1−νr)+Er(1+νw)

√
1

2Er
(Ew(1−νr)+Er(1+νw))

P2
P1

−1
if Ew ≤ 1−νw

1−νr
Er.

(20)

The right-hand denominator is positive if and only if
conditions (5) hold and then (6) follows.

The overlapping case Ew = 1−νw
1−νr

Er might at first
sight seem to give n2 = 0, which violates (3b). Thus,
this case can occur only in the sense that the numer-
ator and denominator in (20) converge to zero simul-
taneously. Every possible choice of parameters in the
system of equations (1) gives a “rule” that associates
each Ew with one particular P2/P1, thus governing
the speeds of convergence and enabling convergence
of n2(P1,P2)

n1(P1)
to any positive real number. In fact, for

|ε| < 1 and an arbitrary positive real number R, set

ε2
def= R2ε,

P2

P1
= Ew(1 − νr) + Er(1 + νw)

2Er
(1 − ε) and

Ew = 1 − νw

1 − νr
Er(1 + ε2).

Then insertion in (20) gives

n2(P1,P2)

n1(P1)

=

√√√√√ 1−νw
1−νr

Erε2
1−νw
1−νr

Er(1+ε2)(1−νr)+Er(1+νw)

ε

= R

√√√√ 1−νw
1−νr

Er

1−νw
1−νr

Er(1 + R2ε)(1 − νr) + Er(1 + νw)

→ R

√√√√ 1−νw
1−νr

1−νw
1−νr

(1 − νr) + 1 + νw

= R

√
1

2

1 − νw

1 − νr
as ε → 0. �

Proof of Proposition 2 From (2c) we have that

n3(P1,P2) =
√

u3(P1,P2)

v3(P1,P2)
n2(P1,P2)

where v3(P1,P2) > 0 if and only if

Ebrbi > (Eb − P2(1 + νb))n2(P1,P2).

Since Ebrbi > 0 and, by (5), n2(P1,P2) > 0, we have
the equivalence

v3(P1,P2) > 0 ⇐⇒
P2 ≥ Eb

1 + νb
or(

P2 <
Eb

1 + νb
and n2(P1,P2) <

Ebrbi

Eb − P2(1 + νb)

)
.

(21a)

Similarly, u3(P1,P2) > 0 if and only if Ebrbi − (Eb +
P2(1 − νb))n2(P1,P2) > 0, or equivalently
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u3(P1,P2) > 0 ⇐⇒
(21b)

n2(P1,P2) <
Ebrbi

Eb + P2(1 − νb)
.

Thus we have two different cases

1. Suppose that P2 ≥ Eb
1+νb

. Then by (21), n3(P1,P2)

is well-defined by (2c) if and ony if

n2(P1,P2) <
Ebrbi

Eb + P2(1 − νb)
≤ rbi,

which is not possible, due to the constraint
rbi ≤ n2(P1,P2) in (3d).

2. Suppose that P2 <
Eb

1+νb
. Then by (21), n3(P1,P2)

is well-defined by (2c) either if both u3 and v3 are
positive or if both are negative
(a) Both u3 and v3 are positive if

n2(P1,P2) <
Ebrbi

Eb + P2(1 − νb)(
≤ rbi ≤ Ebrbi

Eb − P2(1 + νb)

)
,

which is not possible, due to the constraint
rbi ≤ n2(P1,P2) in (3d).

(b) Both u3 and v3 are negative if

n2(P1,P2) >
Ebrbi

Eb − P2(1 + νb)(
≥ rbi ≥ Ebrbi

Eb + P2(1 − νb)

)
,

which therefore is a sharpening of the con-
straint rbi ≤ n2(P1,P2) in (3d).

This gives exactly the sharpened constraint (7). �

Proof of Proposition 3 We can reformulate both the
upper and lower bounds on n2 in (7) in the following
way (or with < replaced by ≥), with a positive bound
M(P2):

M(P2) < n2(P1,P2),

M(P2)
2

<
Ewrwin1(P1)

2 − (Ew + P1(1 − νw))n1(P1)
3

Ewrwi + (P1(1 + νw) − 2P2 − Ew)n1(P1)
,

(22)
M(P2)

2

n1(P1)2
<

Ewrwi
n1(P1)

− Ew − P1(1 − νw)

Ewrwi
n1(P1)

+ P1(1 + νw) − 2P2 − Ew

(apply (2a) and (3c))

M(P2)
2(Er + P1(1 − νr))

2

E2
r r2

ro

<

Ewrro(Er+P1(1−νr))
Errro

− Ew − P1(1 − νw)

Ewrro(Er+P1(1−νr))
Errro

+ P1(1 + νw) − 2P2 − Ew

=
Ew(1−νr)−Er(1−νw)

Er
P1

Ew(1−νr)+Er(1+νw)
Er

P1 − 2P2
. (23)

We know from Proposition 1 that the numerator and
denominator in the right-hand side fraction are either
both positive, both negative or both vanishing. This
gives three different cases:

1. If Ew > Er
1−νw
1−νr

, then the numerator and the de-
nominator in (23) are both positive. Hence, the con-
straint (7) consists of the constraint 0 < P2 <

Eb
1+νb

and a double inequality that can be reformulated
into the following two constraints:
(a) By setting M(P2) = Ebrbi

Eb−P2(1+νb)
in (22), we

get

E2
br2

bi(Er + P1(1 − νr))
2

E2
r r2

ro(Eb − P2(1 + νb))2

×
(

Ew(1 − νr) + Er(1 + νw)

Er
P1 − 2P2

)
,

<
Ew(1−νr)−Er(1−νw)

Er
P1,

Ew(1 − νr) + Er(1 + νw)

Er
P1 − 2P2

<
Ew(1 − νr) − Er(1 − νw)

Er

× P1
E2

r r2
ro(Eb − P2(1 + νb))

2

E2
br2

bi(Er + P1(1 − νr))2
, (24)

(apply (8))

Ew(1 − νr) + Er(1 + νw)

Er
P1 − 2P2

< h(P1)(E
2
b − 2Eb(1 + νb)P2

+ (1 + νb)
2P 2

2 ).

Since Ew > Er
1−νw
1−νr

, it follows from (8) that
h(P1) > 0, so that

P 2
2 + 2

1 − h(P1)Eb(1 + νb)

h(P1)(1 + νb)2
P2
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+ h(P1)E
2
b − Ew(1−νr)+Er(1+νw)

Er
P1

h(P1)(1 + νb)2
> 0,

PP1(P2)
def= P 2

2 + 2a(P1)P2 + b(P1) > 0. (25)

The polynomial PP1 has (complex- or real-
valued) roots −a(P1) ± √

a(P1)2 − b(P1).
Since PP1(P2) → ∞ when |P2| → ∞, the
minimum of PP1 is PP1(−a(P1)). Thus we
get two possible solution sets depending on the
sign of PP1(−a(P1)):
(i) If PP1(−a(P1)) ≤ 0, then PP1(P2) > 0

only for all

P2 < −a(P1) −
√

a(P1)2 − b(P1)

and for all

P2 > −a(P1) +
√

a(P1)2 − b(P1).

(ii) If PP1(−a(P1)) > 0, then PP1(P2) > 0 for
all P2.

This gives (9b).
(b) For M(P2) = rwo and with < replaced by ≥

in (22), (23) becomes

r2
wo(Er + P1(1 − νr))

2

E2
r r2

ro

×
(

Ew(1 − νr) + Er(1 + νw)

Er
P1 − 2P2

)
≥ Ew(1 − νr) − Er(1 − νw)

Er
P1,

(26)
Ew(1 − νr) + Er(1 + νw)

Er
P1 − 2P2

≥ Ew(1 − νr) − Er(1 − νw)

Er

× E2
r r2

ro

(Er + P1(1 − νr))2r2
wo

P1

which gives a sharpening of (5a) to

P2 ≤ 1

2

(
Ew(1 − νr) + Er(1 + νw)

Er

− Ew(1 − νr) − Er(1 − νw)

(Er + P1(1 − νr))2
Er

r2
ro

r2
wo

)
P1.

From this and (7) we get the constraint (9a).

2. Suppose that Ew < Er
1−νw
1−νr

. The only differences
from 1 are that we now start off with negative nu-
merator and denominator in (23), replacing < with
> in (24) and then, since also h(P1) is negative,
change from < back to > in (25), thus leaving the
constraint (9b) unchanged. Finally, ≥ gets replaced
by ≤ in (26), thus giving a sharpening of (5b) to

P2 ≥ 1

2

(
Ew(1 − νr) + Er(1 + νw)

Er

− Ew(1 − νr) − Er(1 − νw)

(Er + P1(1 − νr))2
Er

r2
ro

r2
wo

)
P1,

From this and (7) we get the constraint (10).
3. If Ew = Er

1−νw
1−νr

then recall from Proposition 1 that
P2
P1

= 1
2

Ew(1−νr)+Er(1+νw)
Er

.
�
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Development of Mechanical Anchor for CFRP Tendons Using
Integrated Sleeve

Jacob W. Schmidt1; Anders Bennitz2; Björn Täljsten3; and Henning Pedersen4

Abstract: A durable and very efficient external strengthening system is achieved if steel tendons for posttensioning applications can be
replaced with carbon fiber-reinforced polymer �CFRP� tendons, and if reliable anchorage systems are developed. This paper presents a
newly developed and simple-to-use, two-piece wedge anchorage for CFRP tendons with an integrated sleeve and a differential angle
between barrel and wedge sections. Three longitudinal slits are cut into the one-piece wedge, with one slit open and the other two stopping
1 mm from the inner wedge hole. The integrated sleeve holds the wedge’s sections together during presetting and loading, resulting in a
circumferential confined gripping of the CFRP tendon and optimized surface friction area. Therefore, the one-piece wedge differs from
conventional wedge systems, where the wedges act separately with adjacent spaces, wedging the separate tendon sleeve in the longitudinal
direction. Evaluation of the failure modes during testing was one of the main keys in achieving an increasingly better performance of the
anchorage until the final anchorage was developed. The obtained failure modes are therefore described to enlighten the importance of
addressing them when testing. The test setup used and measured behavior are described further together with the loading procedure. The
anchorage reached the full capacity of the CFRP tendon and was seen to ensure a stable load of fracture.

DOI: 10.1061/�ASCE�CC.1943-5614.0000096

CE Database subject headings: Prestressing; Fiber reinforced polymer; Anchorage; Laboratory tests; Failure modes; Anchors.

Author keywords: Pre-stressing; CFRP; Anchorage; Wedge; Laboratory tests; Development; Failure modes.

Introduction

Fiber-reinforced polymer �FRP� and traditional strengthening
methods are able to solve many of the demands for increased
capacity in strengthening projects. However, nonprestressed ap-
plications raise issues concerning the utilization of carbon FRP
�CFRP� material, often resulting in failure in the concrete such as
intermediate crack-induced �IC� debonding �Said and Wu 2008�
or peel stress failure �Täljsten 1997�. Through proper anchorage,
it is possible to both prevent these failures and create an oppor-
tunity to externally poststress critical structures, and thus, ensure
a full capacity utilization of the CFRP. External posttensioning of
existing structures can be fulfilled through passive �jack up
method� and active �applied posttensioned systems� techniques.
Different systems have been developed in the last decade, some
for CFRP plates �Stöcklin and Meier 2001; Czaderski and Mot-

avalli 2007�, sheets �Wu 2007; Monti and Liotta 2007; El-hacha
et al. 1999, 2000, 2003, 2004a,b�, and near-surface mounted re-
inforcement �NSMR� tendons �Nordin and Taljsten 2006�.

CFRP rod posttensioning systems do not use the same anchor-
ing systems as steel systems due to their weak transverse proper-
ties; hence, a further development is needed. Existing bonded
sleeve anchorage systems have demonstrated to somewhat fulfill
the demands of force transfer, though they are unsuitable for ex-
ternal strengthening applications, in particular, where space is
limited and fast mounting is needed. In these applications wedge
anchorage systems are more suitable. A well-functioning wedge
anchorage should transfer the shear and normal stresses in the
transfer zone without damaging the FRP. The aim of the research,
therefore, is to develop a cost-efficient, small-sized anchorage
that is easy to mount, while fulfilling the given requirements of
capacity and failure modes. Laboratory testing is necessary to
ensure satisfactory robustness and to understand the behavior of
the anchorage. Testing is also used to uncover the failure modes
and gain a deeper understanding of an anchorage’s mechanical
behavior. However, how such tests should be designed is open for
discussion. There are no precise guidelines on the subject, and
FRP material in general lacks any standards relevant for civil
engineering purposes. A frequently adopted method �Sayed-
Ahmed and Shrive 1998; Rostásy 1998; Reda Taha and Shrive
2003� is to use acceptance criteria for the anchoring of steel ten-
dons. In its manual �Post-Tensioning Institute �PTI� 2006�, the
Post-Tensioning Institute writes that special prestressing materials
should be evaluated according to the standards provided in the
Post-Tensioning Institute �PTI 1998�. The European guidelines
for technical approval �EOTA 2002� and specifications from the
American Concrete Institute �ACI 2001� are also relevant. In all
cases, the major criterion is that the system, including the tendon
and at least one of the investigated anchorages, can reach failure
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stresses above 95% of the tendon’s nominal strength. However,
whether the nominal strength is that provided by the manufacturer
or the actual strength of the tendon can be discussed. For steel,
these cases often correspond well. Work on the anchorages pre-
sented in this paper has proven that specifications given by the
manufacturer for FRP materials include substantial safety mar-
gins. For reasons of conformity, it is suggested that the actual
strength be used in all cases. This actual strength may be found by
applying one anchorage, considered robust, at each end. If the
strength found during such testing is surpassed later in the accep-
tance testing of the new anchorage, the highest value from the
new tests is used. Therefore, no system should support more than
100%. Tendon lengths in �EOTA �2002� should be set to at least
3.0 m to account for length effects, whereas �American Concrete
Institute �ACI� 2001� allows for lengths down to 1.1 m. Because
the test procedures are intended for steel tendons, a ductility cri-
terion stating that an elongation of at least 2% should be reached
before rupture is included. This ductility criterion is not imple-
mented in the testing of FRP systems, but is instead part of clever
design solutions. For these static tests, EOTA �2002� prescribes
the testing of five samples, whereas Post-Tensioning Institute
�PTI 1998� prescribes 30 samples, 15 with lubrication and 15
without. During a second phase, fatigue as well as the long-term
behavior and capacities of the anchorages are tested according to
different procedures, depending on the applied standard. Hence,
the focus should be to develop a small, easy to apply, strong,
durable anchorage, considered suitable for industrialized pre-
stressing of CFRP tendons.

Anchoring of FRPs

Epoxy and similar bonding agents are widely used in FRP
strengthening applications due to their adaptability and strength,
considered as a natural part in many prestressing systems involv-
ing anchorage of FRP tendons. In the literature, bonded sleeve
anchorage is the most commonly used anchorage for unbonded
posttensioned tendons. Bonded sleeve anchorage is composed of
an outer sleeve filled with the bonding agent and the inserted
tendon. In contrast, the wedge anchorage grips the CFRP tendon
mechanically using friction. �Nanni et al. �1996� tested 10 com-
mercially developed tendons and anchorage systems �wedge,
resin/grout potted, and spike� for FRP tendons regarding their
performances in short-term loading. Overall, their results were
positive and the ultimate strength stated by the FRP manufacturer
was attained in all tests. However, the observations showed that
the anchorage controlled the ultimate capacity rather than the ten-
don itself, therefore suggesting that the anchorage efficiency
could be improved. Lees et al. �1995� used 150-mm bonded an-
chorages to anchor a 15-kN FRP force, resulting in a poor
strength to length ratio compared to the available anchorages for
steel tendons. These long anchorage lengths have rendered bond
anchorages appropriate for ground anchorage purposes, but some-
what inappropriate for implementation in external prestressed ap-
plications of concrete structures. The method has therefore been
more or less abandoned by the concrete industry, but fully
adopted by geologists �Zhang et al. 2001; Benmokrane et al.
1997, 2000�.

Other issues than the size appear for mechanical anchorages.
The strength properties of the CFRP tendon’s fibers in the trans-
verse direction are poor and the mechanical anchorages have to
rely on friction using large compressive stresses from the gripping
device. This introduces high principal stresses in the loaded end

of the anchorage, where both tensile and compressive forces are
represented, often resulting in premature failure. The number of
wedges, geometry, and material properties of the involved anchor-
age parts might therefore vary to grip carefully around the FRP
tendon. Enka �1986� carried out a parametric study using plastic
wedges in the mechanical anchorage device and reported that they
worked satisfactorily. Noisternig and Jungwirth �1996� used a
two-piece, split-wedge anchorage for prestressed concrete with
aramid fiber-reinforced polymers, yielding an ultimate tensile ten-
don strength efficiency of 97%. Furthermore, Sayed-Ahmed and
Shrive �1998� and Sayed-Ahmed �2002� evaluated the shear fail-
ure of tendons due to excessive shear stresses in the anchorage
zone, and presented research on FRP tendon anchorage that opti-
mized the wedge anchorage dimension. This was done by chang-
ing the longitudinal angle in the interface between the wedge and
barrel, and through the use of a copper sleeve between wedges
and the CFRP. The angle was changed to move the high compres-
sive forces to the less tensile stressed parts of the tendon at the
back of the anchorage system and thus prevent fracture due to
high principal stresses. A sleeve prevents any crushing of the
fibers that normally occur during direct contact between the steel
wedges and the CFRP rod. Al-Mayah and his team worked exten-
sively on the development of the FRP wedge anchorage from
2001 to 2008 and made great progress through their research.
Their way of transferring compressive stresses to the back of the
anchorage was via a curved wedge system. Crucial parameters in
the mechanical anchorage of FRP are the contact pressure and
friction between the rod and sleeve or wedge. Schön �2004a,b�
and Al-Mayah et al. �2008� have both discussed issues concerning
sufficient shear capacity in the resin layer of the rod’s surface in
relation to the friction value between carbon fiber and aluminum.
Further, they investigated the influence of the sleeve material
using copper and aluminum for CFRP rods with smooth and in-
dented surfaces. The tests showed that the transfer possibilities of
the shear stresses increased if smooth machined CFRP rods were
used and when soft sleeves were used together with a rod of high
ultimate capacity.

Loading Procedure

The literature has numerous recommendations on how an anchor-
age for FRP tendons should be tested �Reda Taha and Shrive
2003; Sayed-Ahmed 2002; Rostásy 1998�. Further, several sug-
gestions and demands are provided in different guidelines, such as
EOTA �2002�, Post-Tensioning Institute PTI �1998, 2006�, and
American Concrete Institute �ACI� 2001. The short-term tensile
test procedure of Rostásy �1998� was used as a guideline to per-
form the tests, where measured and noted parameters involved:
• Relative force and time-dependent displacements of the CFRP

tendon with respect to the anchorage;
• Relative force and time-dependent displacements between in-

dividual components of the anchorage;
• Deformation of the anchorage components;
• Measured ultimate force FT�95% of the CFRP tendon’s ca-

pacity; and
• Failure modes and their locations.

Therefore, it was decided to construct a loading curve as seen
in Fig. 1 with a load rate of 2 mm/min, where the component
movements could be revealed during applied and sustained load-
ing.

This loading procedure was considered as an adequate method
for the preliminary anchorage testing and anchorage verification
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for short-term purposes. For a more thorough testing, long-term,
fatigue, and environmental performance should be considered.

Material Properties

Table 1 shows the essential material parameters for each compo-
nent in the developed wedge and clamping anchorage systems.
Aluminum with a relatively high yield value was preferred in the
wedge anchorage system, i.e., the step to use other metallic alloys
could easily be addressed. The CFRP tendon was an 8 mm �7.8
mm� CFRP HR2500 stoFRP bar with a length of 0.66 m.

Preliminary Testing and Failure Modes

The first step in the experimental program was to develop a dead
end clamping anchorage. This anchorage was made to ensure ro-
bust performance in the dead end and thus allow for the main
focus on the development of the wedge anchorage, as well as to
test the CFRP rods for an initial laboratory-based estimation of
their ultimate capacity, in contrast to the mean values given by the
manufacturer.

The dead end anchorage had to withstand the tendon’s ultimate
capacity and grip the tendon until failure, without introducing
harmful stresses that may cause premature failure. The design and
dimensions of the dead end anchorage are shown in Fig. 2. It was
decided to use two clamping plates with an inner circular notch

corresponding to the outer sleeve’s circumference. Both plates
were designed with six holes for the bolts used to clamp the
anchorage system. The groove at the plate’s center was made with
a depth of 4 mm and a radius of 5 mm. An aluminum sleeve was
mounted on the tendon to permit better grip and protect the CFRP
tendon/rod. The sleeve had an inner diameter of 8 mm and outer
diameter of 10 mm, a length of 170 mm, and a longitudinal slit
cut 10 mm from the end �160 mm long� to allow conformity. Each
bolt was tightened with a torque wrench, where torques of 128,
160, and 192 N·m were used for each pair of bolts, starting from
the loaded anchorage end. This technique resulted in sufficient
gripping of the rod.

Failure Modes during Preliminary Testing

During the four preliminary test series carried out in the develop-
ment of the wedge anchorage, five distinct progressions were
identified. Each new leap forward in the design resolved certain
issues that appeared during earlier design tests. A successful an-
chorage obtaining the 95% requirement from acceptance stan-
dards was the eventual result, though in the process seven
different failure modes could be isolated. These modes are listed
below with discussions concerning their causes and appropriate
suggested remedies. The described failure modes concern mainly
a wedge system with an integrated sleeve, except the first one
concerning the crushing of the rod. This failure mode was ob-
tained in the initial design where separate wedges were used and
the integrated sleeve was not yet considered.

Crushing of the Rod
Crushing or splintering of the rod is related to the cutting failure,
i.e., it is dependent on sharp edges. In this case, the longitudinal
edges of the wedges dig into the rod and do not cut the fibers, but
rather along the fibers. Triangularly shaped portions of the rod,
fibers, and matrix are removed from the main body of the rod
through squeezing and find their way into the spacing between the
wedges. A reduced load carrying cross-sectional area is the result
with a premature failure as the ultimate outcome.

Soft Slip
Soft slip occurs already at relatively low tensile stresses in the
CFRP rod. During the test program presented in this paper an
approximate upper limit of 75% of the rod’s ultimate strength was
recognized. When slip occurred at higher levels of stress, the
failure was of a different type, named power slip, described in the
next section. A slow process where an initial static friction in the

Fig. 1. Loading procedure

Table 1. Component Properties

Anchorage
component Material

fy �MPa�
mean/min

fu �MPa�
mean/min

E
�GPa�

Rod CFRP — 2,500/2,200a 165b

Barrel Steel 464/443c 512/494c 210a

One-piece wedge Aluminum
EN-AW-6262-T9

358/355c 372/369c 70

Clamping chucks Steel 235a 360/460a 210a

Sleeve Aluminum
EN-AW-6060-T6

195/215 245 70

Clamping bolts Steel 640a 800a 210a

aValues provided by the manufacturer.
bMean value from test.
cTested values.

Fig. 2. Sketch drawing of the dead end anchorage system �measures
in millimeters�
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rod-wedge interface is soon exchanged for kinetic friction char-
acterizes soft slip. Under the influence of kinetic friction, the rod
is smoothly pulled out of the wedges’ grip, undergoing a constant
tensile loading. Al-Mayah et al. �2005, 2006b� included in this
mode of failure a third region of friction, where a steep increase
in tensile capacity is experienced. This type of capacity recovery
was never found during this test program. The coefficient of fric-
tion between the rod and the wedges, the contact area and the
average normal pressure all govern the failure mode. Assuming a
100-mm-long anchorage, an 8-mm rod, an ultimate tensile
strength of the rod of 3,000 MPa, and a coefficient of friction
between the rod and the wedges of 0.24 �Al-Mayah et al. 2007�,
the necessary normal stress to grip the rod would be 250 MPa.
Creating this stress is not considered a problem if the anchorage is
working properly.

Power Slip
Contrary to soft slip, power slip is an extremely sudden and pow-
erful failure that occurs at a high percentage of the rod’s ultimate
capacity. No counteracting kinetic friction seems to prevent the
rod from suddenly slipping out of the anchorage. The course of
the slip is so rapid that it only can be caught by high speed
camera, and it seems to the observer as if the rod is shot out of the
wedge anchorage. When remainders of the test specimens were
later investigated, the majority, in addition to the slip, also rup-
tured along the tendon’s free length. At the position of the rupture,
both ends splintered into each other and created a look character-
istic for the power slip, see Figs. 3�a and b�. Power slip occurs at
stress levels in parity with the intermediate �successful� failure;
the rupture of the tendon might be suspected to actually initiate
the slip. Yet, no rupture or splintering of the tendon occurred in
some tests. Of the five proof tests from the final wedge anchorage
design, four failed by power slip, one of which did not splinter.
The last test failed by intermediate failure, which did not attain
the tensile force of those that failed by power slip. Therefore, no
action is necessary if power slip occurs, and if anything, a thin
layer of commercially available fast curing glue might be used to
simply increase the coefficient of friction between the rod and the
wedges.

Cutting of Fibers
CFRP lacks the excellent capabilities of steel to handle sharp
edges as the grip tightens around the rod. For example, by using
the threaded inner surface of the wedges, stress concentrations
arise at the threads’ tips. Traditional steel tendons effectively
handle these stress concentrations through yielding and redistri-
bution of the stresses. In the case of CFRP, this concentration
leads to an instant failure of individual fibers that eventually
cause the entire rod to fail when enough cross-sectional area is
cut. The failure surface is sharp and plane and the damage to the
rod caused by the threads on the wedges is easily recognized.
Cutting is relatively easy to avoid and can be done by removing
all sharp edges on the interface gripping the CFRP rod. A replace-
ment to remove the protruding threads could be indents cut into
the inner surface of the wedge.

Bending of Fibers
The tensile capacity of the rod is significantly reduced if bending
is induced into the specimen. Two ways for this to happen were
recognized during this test program. The first is due to the grip-
ping of the wedges around the rod. The second is because the
anchorages were not positioned along the same central axis, lead-
ing to a misalignment that caused the rod to bend at the tensile
loaded front of the anchorage, and thus, result in one side expe-
riencing greater tension than the average tension in the rod. In
both cases, snapping sounds indicated that the fibers were begin-
ning to break due to the bending, the course between these snaps
and the ultimate failure were then rapid. In the first case, a round-
ing of the wedges circumferential edge will make for a smoother
transition between an unloaded to a fully loaded rod. In the sec-
ond case, a plummet can be aligned through the two anchorages
positioned without the rod to ensure proper adjustment of the
machinery.

Frontal Overload
Frontal overload concerns the principal stresses and force transfer
along the rod. The tensile stresses within the rod are highest at the
end of the anchorage loaded in tension, i.e., the front of the an-
chorage. If the radial pressure and coefficient of friction are con-
stant along the rod, these longitudinal stresses decrease linearly
until a zero value is reached at the unloaded end of the anchorage.
At low tensile stresses, a zero value may be attained earlier. With
such a longitudinal distribution, the principal stresses become
high at the loaded end of the anchorage, whereas those at the less
loaded end remain low. Premature failure becomes inevitable with
the high principal stresses, partly due to the amplitude of the
stress and partly due to the direction, which in the case of the
principal stress deviates from the optimal. In contrast to the cut-
ting failure, the failure surface in this case becomes cone shaped
as the rupture propagates toward the center of the rod. To solve
this problem researchers use a longitudinal difference in angle
between the outer surface of the wedge and the inner surface of
the barrel. Al-Mayah et al. �2006a, 2007� have also suggested a
longitudinal circular shaped wedge/barrel interface. Another ex-
ample is from Burtscher �2006�, who suggests a thicker soft layer
of epoxy at the loaded front of the wedges that gradually becomes
thinner toward the back of the anchorage. In all cases, the inten-
tion is to create higher radial stresses at the back of the anchorage.
In the most favorable case, the principal stress instead of the
radial pressure is evenly distributed along the anchorage. This can
be achieved through small radial stresses at the front that limit the
force transfer in that area. By creating some force transfer the
longitudinal stress continues to decrease toward the back, allow-

Fig. 3. Sudden rupture due to �a� and �b� power slip; �c� rupture in
the rod
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ing for a higher radial stress if the aim is to withhold the constant
principal stresses. The result would then be an exponential de-
crease of longitudinal stresses, whereas the radial stresses can
increase exponentially.

Characterization of a Successful Anchorage
In a test where none of the above mentioned premature failure
modes occur, the rod fails due to a rupture along the free length,
i.e., in between the anchorages. Such a failure is instantaneous
and explosively releases all energy stored in the rod. Afterwards,
the test samples resemble a bird’s nest or sheaf of hay more than
a CFRP rod, see Fig. 3�c�. For a tendon-system assembly to be
considered reliable according to the specifications for steel an-
choring systems, this should be the failure mode. The present test
program has shown that power slip also occurs at levels as high
as, or higher than, this failure mode �Figs. 3�a and b��. Hence, a
more important requirement must be the actual failure stress level
of the test specimen in relation to the highest capacity ever
reached with the specific type of tendon.

Testing of Final Design

Drawings and photos of the final anchorage design are seen in
Figs. 4 and 5. Computerized numerical controlled �CNC� grinding
machinery cut the one-piece aluminum wedge containing an in-
tegrated sleeve and slits. However, production of the 105-mm
contoured barrel was limited by the manufacturer, where the tools
used restricted the length and inside angle, resulting in a larger
diameter of the anchorage system than necessary. The wedge was
designed with an integrated sleeve having a wall thickness of 1
mm that kept the wedges fixed together and the top surface
aligned when in use. Further, the integrated sleeve was used to

confine the tendon fibers and keep them from escaping through
openings between the wedges, ensuring a larger friction area and
no penetration of the wedges into the fibers. A longitudinal dif-
ferential angle of 0.4° in the barrel/wedge interface was used to
solve the issue of high principal stresses in the anchorage’s loaded
end. This proved to be sufficient in guaranteeing appropriate an-
chorage and resulted in a 90-mm-long wedge configuration, de-
signed with an outside angle of 3.4° and a barrel with an inside
angle of 3.0°. No lubrication was used in the wedge/barrel inter-
face. To avoid scraping the matrix from the rod’s surface and
further increasing the friction between the wedges and the rod,
fast curing glue with a low viscosity was used �no technical prop-
erties are available from the manufacturer�. This configuration
ensured full utilization of the CFRP rod. Five anchorages �EOTA
2002� using the most recent design were tested and loaded ac-
cording to the scheme in Fig. 1. Mounting the dead end anchorage
onto the rod was the first step in the test procedure, followed by
presetting of the wedge anchorage, where a force of 80 kN was
used to push the wedges into the barrel, and thus, ensure proper
initial gripping. Tension loading took place in a tensioning-rig
made of steel plates and threaded bars, mounted in a force con-
trolled Instron 8502 universal tension machine, with a tensile ca-
pacity of 250 kN �Fig. 6�. Presetting was performed with another
test setup, where the same machinery compressed the one-piece
wedge into the barrel. This two-step system comprises the same
two phases used in the traditional stressing of steel tendons. When
the system is ready for the market, minor changes to the existing
equipment will provide the necessary tools to easily stress the
CFRP tendons as well.

Anchorage Measurements

Strain gauges were applied to the barrel specimen to measure the
circumferential barrel strains �Fig. 7�. The gauges were applied to
the barrel’s outer surface, along with a single strain gauge posi-
tioned on the tendon. All strain gauges were of the standard type,
Vishay CEA-06-240-UZ, linear variable differential transformers
�LVDTs�, and were placed with magnet holders on the test ma-
chine as fixed supports to monitor any displacements in the test
setup �Fig. 6�. This allowed the wedge penetration and the mutual
displacement between the test rig and CFRP rod to be measured.

All strain sensors, LVDTs, and test machinery were connected
to a data logger that logged measurements at 2 Hz. In some of the
tests, an optical fiber strain measurement system was also applied
in a notch at the rod’s surface to measure tendon strain inside the
anchorage.

Fig. 4. Sketch drawing of a two-piece wedge anchorage with inte-
grated sleeve �in millimeters�

Fig. 5. Picture of developed anchorage system
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Results and Discussions from Laboratory Tests

Fig. 8 shows the penetration of the wedge into the barrel after
presetting in relation to the applied tensile load for Anchorages
2–5. No wedge penetration measurements are available for An-
chorage 1. Only a limited penetration of the wedge occurred as
long as the load was held below a load of 75–80 kN, correspond-

ing to the applied presetting force. The occurrence of certain
events around 30 kN �constant load rate for 5 min�, 60 kN �con-
stant load rate for 5 min�, and 90 kN �constant load rate for 60
min� should be noted. Even though wedge penetration occurred
during these phases, a reduced slipping rate followed the exces-
sive displacement when loading was resumed. The slipping at
load levels lower than the presetting load seemed to be due to
deformation of the barrel wall and closing of the wedge slit, i.e.,
initial setting of the mutual parts. However, this slip was small
compared to wedge penetration after the presetting load limit was
exceeded in the tension test. The differential angled wedge was
designed to provide more pressure at the back of the anchorage,
though this pressure was not only seen to be controlled by the
angle, but also by the thickness of the barrel wall. Therefore, a
relatively thin anchorage wall provided greater elastic support,
with better capacity to evenly distribute the circumferential pres-
sure onto the rod. Further, behavior of the wedge in the loading
procedure differed from conventional separate wedges. When the
system was preset and tensioned, the developed wedge configu-
ration was seen to grip around and confine the bare CFRP tendon
through closure of the open gap, see Fig. 9. The goal is to reach a
capacity greater than 95% of the rod’s ultimate failure force. As
seen from Table 2, the anchorage handled these challenges well.
All tests displayed a failure above this value, ranging from 118 to
124% of the mean ultimate capacity of the rods provided by the
manufacturer.

Tests 1, 3, 4, and 5 failed due to the so-called “power slip”
�described earlier�, while Test 2 failed due to a fiber rupture along
the rod’s free length, i.e., the failure mode prescribed by stan-
dards, relevant to anchorage systems for steel tendons. Measure-
ments from six strain gauges mounted on the exterior surface of
the barrel were continuously recorded during presetting and ten-
sile loading in all five test samples. The longitudinal positions of
the sensors were the same for all tests, though with different
circumferential positions with respect to the positions of the
wedge slits. This wedge position should be noted due to the dif-
ference in strain experienced in the barrel, at positions between
the wedges compared to positions at the center of the wedges.
Fig. 10 presents the weighted circumferential mean strain
�Marceau et al. 2003� during tensile loading at the six longitudinal
positions of the strain gauges and for load steps of 10 kN. Each
50 kN from 0 kN is highlighted as a solid line with 150 kN as the

Fig. 6. Test setup for 0.66-m CFRP rod

Fig. 7. Positions of strain gauges CS1-6 measuring circumferential
strains �unit in millimeters�

Fig. 8. Penetration of wedge into the barrel during tensile loading

Fig. 9. Example of wedge in the initial phase and circumferential
closure after loading

Table 2. Ultimate Capacities of Rod and Failure Loads

Manufacturer’s
mean value �kN�

Wedge anchorage
test results �kN�

Fm FA1 FA2 FA3 FA4 FA5

120� 148 142 144 146 149
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final load. A line at 2 ,200 �s is also included to show the level at
which the steel in the barrel starts to yield under one-dimensional
loading conditions. This may indicate the magnitude of strains
present in the barrel during loading. As Fig. 10 illustrates, the
high circumferential strains measured in the unloaded end of the
anchorage probably caused some of the thinnest parts of the bar-
rel to yield. Further, very small deformations and displacements
occur as long as the tensile loading is below the applied presetting
force. When the load increases to 90 kN and is maintained for 1 h,
the strains in CS-4 and CS-5 increase more compared to the lower
10-kN load intervals. At the same time, strains in CS-6 at the back
of the anchorage actually decrease, possibly because the back of
the wedge at that point in the loading procedure has passed the
position of the strain gauge. This strain distribution may also be a
good indication of how the radial stresses onto the rod are distrib-
uted along the anchorage. Larger stresses are obviously seen at
the back of the anchorage, though it should be noted that the
material in this area of the barrel is thinner and therefore deforms
more easily.

Discussion

The high ultimate stresses that the new anchorage can handle, and
ensure, are most interesting. The capacity exceeded the 95% cri-
teria, as stated by specifications for systems anchoring steel ten-
dons �American Concrete Institute �ACI� 2001; EOTA 2002;
Post-Tensioning Institute �PTI� 1998�. It should also be noted that
when two so-called dead end anchorages, one at each end, were
used to test the rods’ capacity, the rods failed due to rupture along
the free length in every test. In the final tests of the anchorage,
only one of the five tests failed in that mode, with the remaining
four tests failing due to power slip. In all the present cases this
failure occurred at higher load levels than the intermediate failure
prescribed by the standards. Why this happens is still unknown,
but the writers believe that the failure mode should not be speci-
fied in a future standard for prestressing systems for FRP rods. It
would be more accurate to form a scheme to find a rods’ maxi-
mum capacity, which unfortunately rarely seems to be the one
stated by the manufacturer, and then prescribe the 95% specifica-
tion to that level of stress. In this particular research program, the
rod’s ultimate capacity today is taken as the mean value of the
levels found during the proof testing. Even though tests using a
dead end anchorage at one end of the rod produced higher failure
loads than those performed with a dead end anchorage at both
ends �which showed the desired failure�, both tests showed results
with significantly higher loads than the manufacturers mean ulti-
mate capacity. In addition to the ultimate goal of a functional

anchorage, another goal with the program was to transfer com-
pressive stresses from the anchorage’s loaded end to the anchor-
age’s back, and thus, preventing high principal stresses. This was
verified through measurements of the circumferential strains on
the exterior of the barrel. Penetration of the wedge was noticed as
well when the load was kept constant for 1 h. The rod, however,
did not slip in the developed anchorage, which was capable of
fulfilling the gripping performance up to the full capacity of the
rod. Advantages with the one-piece integrated sleeve wedge were
verified in the mounting procedure. Fast mounting and presetting
progression were obtained due to the simple controlling of the
one-piece wedge. No escape of the fibers in between the wedge
gaps or wedge penetration was seen with this new design. How-
ever, the outer edge of the open slit was grinded to allow for full
circumferential closure of the open slit �the outer edges touch
each other before the inner edges�. The gripping of the CFRP rod
and closing of the slit were experienced during presetting as well
as during tensile loading; see Fig. 9 for this function of the
wedges. This wedge design confined the fibers and proved ben-
eficial in combination with the indents at the anchorage back.
Further improvements may include a thinner wedge that would
reduce both the overall size of the anchorages and the amount of
creep that may be experienced in the soft aluminum wedge during
long-term loading. Similarly, long-term and environmental tests
are necessary to also verify the anchorages’ behavior in different
conditions: how the parts expand and shrink compared to each
other and how they chemically react to each other. Such issues
must be investigated before an anchorage is positioned in a struc-
ture; in particular, EOTA �2002� states strict specifications in this
matter.

Conclusions

Conclusions from the tests performed, and presented in this paper,
can be organized into three parts:
• Testing and test methods;
• Failure modes; and
• Capacity of the final anchorage design.

At least three different standards and guidelines are available
for the anchorage of steel tendons, which were used somewhat by
researchers developing new FRP anchoring systems. Such stan-
dards and guidelines clarify demands on existing steel systems,
and test methods used to approve them, thus providing guidance
on how to test FRP anchorages. Issues to be investigated regard
what variables to look for during the static tests, how the tests
should be performed, number of test samples, etc. No accepted
standard or guideline describing FRP anchorages’ demands and
testing are yet available. Therefore, regulations insisting on rigor-
ous testing schemes due to large uncertainties in test procedure
properties and material properties would be appropriate. Pres-
ently, the five successful anchorage tests performed in this paper
fulfill the requirements stated in the European guidelines for
short-term testing, but not those given in the American standards
and guidelines due to the number of test samples. All tests failed
within a 118 to 124% range of the mean ultimate capacity of the
rods specified by the manufacturer. Yielding and deformation of
the barrel wall were seen in the test procedure, resulting in faster
penetration of the wedge into the barrel. This phenomenon was
also seen when the load was maintained stable for 1 h at 90 kN.
However, it did not affect the ultimate anchorage capacity. Fur-
ther, confinement of the rod fibers performed by the integrated
sleeve showed to be the decisive step in the development. The

Fig. 10. Weighted circumferential mean strain with load steps of 10
kN for the strain gauges CS1-6 seen in Fig. 7
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failure modes were considered more consistent when the inte-
grated sleeve was used, and the anchorage capacity improved in
the development procedure after this design was found. Based
upon the high ultimate load levels attained, and with reference to
the failure modes, the following observations were made. A soft
material in connection with the FRP is crucial for a smoother
stress distribution and better grip. Sharp edges should be avoided
toward the FRP rod to avoid stress concentrations, and thus, pre-
mature failure. Rounded smooth edges between the different
parts, to avoid them sticking each other during the sliding, were
also efficient. As much coverage as possible of the FRP’s friction
area with the integrated sleeve increased the force transferring
area while greatly minimizing the risk of having the wedges dig
into and crush the rod. The differential angle and a relatively thin
walled barrel caused the radial-compressive forces onto the FRP
rod to be transferred into the less tensile loaded end of the an-
chorage. This ensured more evenly distributed principal stresses
along the CFRP rod in the anchorage. Still, further testing is
needed. Long-term and fatigue performance together with envi-
ronmental properties have to also be addressed to fulfill the de-
mands from end-users.
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Notation

The following symbols are used in this paper:
CAL FT � ultimate tensile capacity of CFRP rod;

E � modulus of elasticity;
FA � wedge anchorage test result;
Fm � mean value from manufacturer;
FT � applied tensile force;
fu � ultimate tensile strength;
fy � yield strength; and
t � time.
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Abstract: 

The tensioning of carbon fibre-reinforced polymer (CFRP) rods for prestressed concrete applications or 
post-tensioning repair and strengthening has met with mixed success. This is primarily due to limitations 
inherent in the use of traditional wedge anchors typically used for steel tendons. Recently, an integrated 
sleeve-wedge anchorage has been successfully developed specifically for CFRP rods. This paper in turn 
presents a numerical simulation of the newly developed anchorage using ABAQUS. The three-
dimensional finite element (FE) model, which considers material non-linearity, uses hexagonal elements 
for the barrel and CFRP rod and tetrahedral elements for the integrated sleeve-wedge. The simulated 
barrel surface strains are shown to compare well with optically measured strains, however, the numerical 
results are shown to be sensitive to the mechanical properties of the anchorage and CFRP rod and 
especially the transverse elastic modulus of the CFRP rod. Finally, the simulated strain distributions 
throughout the anchorage as well as the distribution of CFRP rod confining pressure are presented. Such 
strain and pressure distributions enable insights into the inner workings of the anchorage to be achieved. 

CE Database subject headings: Prestressing, CFRP, anchorage, finite element modelling, laboratory 
testing
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Introduction 
The wedge anchorage shown in Figure 1 is the most commonly used and most well known mechanical 
anchorage system for the tensioning of FRP tendons. The same technique without a sleeve has been 
successfully used for over half a century for steel tendons. 

Such form of anchorage normally consists of three wedges which are placed in a barrel comprising of a 
conically shaped inner surface. Anchorage is then typically carried out in two steps, namely (i) Presetting: 
where the wedge is pushed into the barrel enabling an initial fastening of the tendon and sleeve, and then 
(ii) Tensioning; where the tendon is loaded and the wedge sometimes pulled further into the barrel. 
Clamping pressure is induced upon the sleeve surrounding the tendon due to closing of the wedges in the 
presetting and tensioning stages. The highly anisotropic and brittle properties of unidirectional carbon 
fibre-reinforced polymer (CFRP) rods, however, makes them susceptible to failure by tendon crushing, 
slippage, and frontal overload when used in conjunction with the wedge anchorage system shown in 
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Figure 1. While CFRP rods have high tensile capacity and stiffness in the fibre direction, such properties 
in the transverse direction are greatly reduced. 

The numerical simulation of CFRP rods mounted into wedge anchors has received limited research 
attention. Of the work reported to date, researchers have built two-dimensional finite element (FE) 
models which utilize axisymmetric elements (Sayed-Ahmed and Shrive 1998; Al-Mayah et al., 2001, 
2003). More recently, (Al-Mayah et al. 2005, 2007) built a three-dimensional finite element model 
utilising quarter symmetry planes. Eight-node linear brick elements were used in this model except for 
one layer at the rod centre where triangular elements were used to accommodate the geometry. For 
existing numerical and analytical models developed to date, all materials are modelled as isotropic and 
assumed to be linearly elastic with the same mechanical properties in tension as well as compression. 
Furthermore, the space between the wedges is not considered in the models. 

Fig. 1. Conventional wedge anchorage. 

Numerical models built from axisymmetric elements have given researchers a good understanding of how 
the longitudinal distribution of pressure onto a rod varies and also have given the ability to control and 
manipulate these stresses. Such manipulation aims to create uniform principal stresses along the 
anchorage and prevent tendon crushing and frontal overload. The two main techniques used for these 
aims are an angle difference (i.e. differential angle system) or a curved interface (i.e. curved angle 
system) between the outer wedge surface and the conically shaped inner surface of the barrel. Both of 
these systems enable higher compressive stresses on the rod at the unloaded end of the anchorage and less 
compression at the loaded anchorage end (i.e. loaded anchorage end refers to the end the rod is tensioned) 
to be achieved. Researchers have therefore been able to optimise the performance of the anchor via 
numerical simulation (Campbell et al. 2000; Al-Mayah et al. 2005, 2007). 

Shortcomings in existing numerical simulation work are validation with experimental measurements. This 
is largely due to the difficulties of monitoring the inside of a closed anchorage system and as a result, the 
stress transfer from the anchorage onto the tendon has been difficult to verify. Furthermore, no finite 
element models have been capable of considering yielding of the wedges and the barrel materials. In 
addition, existing models have assumed the coefficient of friction at the tendon to sleeve interfaces to be 
constant. In reality though, friction is a function of (i) transverse elastic modulus of the rod, (ii) properties 
of the resin and wedge surfaces, and (iii) changes in interfacial properties from abrasive wear (Al-Mayah 
et al. 2006, Schön 2004a,b). 

The installation procedure of the wedge is a more convenient means of predicting the compressive 
stresses on the CFRP rod rather than using the applied force, which is influenced significantly by the 
coefficient of friction (Schmidt et al. 2010). Installation of the integrated sleeve-wedge to a certain 
position is therefore more important than use of the applied installation force which is more a measure for 
the friction resistance between the wedge and barrel. As a result, this paper focuses on the detailed 
numerical simulation of the distribution of strains and stresses throughout an integrated sleeve-wedge 
anchorage with a CFRP rod during anchorage installation. Each of the anchorage components as well as 
the interfaces between these components are considered. In addition, yield of the metallic components of 
the anchorage are also considered. The numerical results are compared with optically measured strain 
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results from test specimens and are found to correlate well. The paper concludes with discussions 
concerning the influence and importance of the key variables of transverse elastic modulus of the CFRP 
rod, behaviour of barrel-to-wedge and wedge-to-CFRP rod interfaces, and yield of the metallic 
components of the barrel and integrated sleeve-wedge. 

Integrated Sleeve-Wedge Anchorage for FRP Rods 
The shortcomings associated with anchoring CFRP rods with traditional wedge anchors (Figure 1) 
necessitated the need to develop a better anchorage system. The requirements for this new system were 
that it had to be suitable for tensioning CFRP rods and also fast to mount. Two fundamental differences 
between the integrated sleeve-wedge anchorage and a traditional wedge anchorage are (i) the former 
offers an improved mounting procedure due to it consisting of one piece, and (ii) the former grips the 
tendon circumferentially and longitudinally whereas the latter grips in a longitudinal manner. 

The integrated sleeve-wedge anchorage is a new anchorage system recently developed in Denmark and 
Sweden (i.e. Technical University of Denmark (DTU), COWI Denmark, Luleå University of Technology 
(LTU)). The system essentially consists of a two piece anchorage with an angle difference between the 
conically shaped inner surface of the barrel and the outer surface of the wedge. In addition, the wedge is 
held together via an integrated sleeve. Figures 2(a)-2(c) are schematics showing the installation of the 
CFRP rod into the integrated wedge-sleeve anchorage and then the subsequent pushing of the wedge into 
the barrel (herein referred to as installation or presetting). Figure 2d shows an actual integrated wedge-
sleeve anchor which has been set in place. Figure 3 is a detailed schematic of the complete anchorage 
system. In order to manufacture the integrated wedge-sleeve, three cuts are made down the longitudinal 
axis of a hollow wedge in which two cuts are stopped 1 mm short of the inside hollow of the wedge 
(herein slit; Figure 2(a)) while the third cut is made right through to the inner hollow (herein gap; Figure 
2(a)). 

Fig. 2. Integrated sleeve-wedge anchorage; (a) installation of integrated sleeve-wedge over CFRP rod, (b) 
presetting of  integrated sleeve-wedge (c) preset integrated sleeve-wedge, (d) actual preset 
integrated sleeve-wedge. 

Upon installation, the gap is pried open enough for the CFRP rod to be inserted (Figure 2(a)). During this 
process the slits are partially or fully closed. When the wedge and encased rod are installed into the 
barrel, the slits open and the gap closes (Figures 2(b) and 2(c)). The complete circumferential gripping of 
the CFRP rod results in confinement pressure since the fibre cannot escape through the gap which closes 
in the final installation stage (Figures 2(c) and 2(d)). Furthermore, the gap size can be varied in order to 
control the pressure onto the rod. Also shown in Figure 3 are indents in the wedge hollow at the unloaded 
anchorage end. The role of such indents is to collect the surface particles of the CFRP rod which have 
been sheared off from abrasive wear when the rod is highly tensioned. The collected particles results in 
volumetric expansion in this unloaded end of the anchorage which in turn decreases slippage of the CFRP 
rod. As the installation stage of response is modelled in this study, such a phenomenon is therefore not 
considered. The strain field is, however, not expected to considerably change between the installation 
stage and the highly tensioned rod stage. 
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Fig. 3. Detailed schematic of an integrated sleeve-wedge anchorage 

Material properties 
The barrel is made from mild steel and the integrated sleeve-wedge is made from aluminium. The encased 
CFRP rod exhibits elastic-brittle behaviour while the mild steel and aluminium exhibit elastic and plastic 
behaviour (without strain hardening). The CFRP is anisotropic elastic which means it consists of different 
properties in the longitudinal and transverse directions of the fibres. Mechanical properties from material 
testing and the manufacturer are shown in Table 1 (Dansk Standard 2001), however, the range of material 
properties of the CFRP rod supplied by the manufacturer are not sufficient to undertake a detailed finite 
element analysis. 

Table 1. Elastic material properties 
Units CFRP Barrel Integrated sleeve-wedge 

Material [-] Carbon Steel Aluminium 
(EN-AW-6262-T9) 

Resin [-] Epoxy - - 
Longitudinal ultimate/yield stress [MPa] 2800a 464/443a 358/355a

Longitudinal Elastic Modulus [GPa] 156a 210 b 70 b

Transverse Elastic Modulus [GPa] 7.6c 210 b 70 b

In-plane Shear Modulus [GPa] 7.0c - -
Major Poisson´s Ratio [-] 0.27 b 0.3 b 0.3 b

Minor Poisson’s Ratio [-] 0.02 b 0.3 b 0.3 b

a Tested values  b Manufacturers values  c From literature (Al-Mayah et al., 2007 ) 

Consequently, the elastic modulus, poisons ratios and tensile strength of the CFRP material in this paper 
are taken from the manufacturer and tension tests but the shear modulus and transverse compressive 
elastic modulus of the CFRP rod are taken from the literature (Al-Mayah et al., 2007). A volume carbon 
fraction of 60% in a vinylester-epoxy-resin matrix is used in (Al-Mayah et al., 2007) whereas the volume 
fraction is 70% in this paper (manufacturer’s data) were a vinylester-epoxy based resin is used as well. 
The transverse compressive elastic modulus in this study is estimated, via finite element modelling, to be 
0.2 GPa higher than Al-Mayah et al.’s value. Since most of the material parameters (including yielding 
behaviour) and geometry of the remaining anchorage components are well known, this small change in 
elastic modulus is considered acceptable due to the higher carbon fibre content. A future objective would, 
however, be to perform tests which clarify the compressive tendon elastic modulus and shear modulus 
more exactly. 

As yielding of the barrel and wedge is expected in small anchorages, such as the ones considered in this 
study, it is not sufficient to limit the analysis to the linear-elastic material range of response. Tension tests 
of the barrel steel and the integrated wedge-sleeve aluminium were therefore performed. The same tests 
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were also simulated in ABAQUS upon which a standard curvature iteration procedure was performed in 
order to obtain the same responses as the tensile tests. Three dimensional drawings of the aluminium and 
steel test specimens were constructed in AUTODESK INVENTOR (Autodesk 2008) and implemented in 
ABAQUS as a STEP file. Boundary conditions and deformation controlled tensioning was applied to 
simulate the performed tests. A comprehensive iterative process was performed, changing the stress and 
strain parameters until the FEA load/deformation curve was consistent with the tested curves of the 
materials. Simulation of the material properties through this procedure enabled a more precise 
implementation of the material behaviour in the finite element model. This resulted in the test curves and 
the corresponding iterated finite element results shown in Figure 4. The numerical stresses and 
corresponding strain ranges from the curves are shown in Table 2. 

Fig. 4. Comparison of experimental and simulated load versus deformation responses. 

Table 2. Plastic material properties obtained in ABAQUS iteration process. 
Steel barrel Aluminium wedge 

Stress
[MPa] 

Strain
[%] 

Stress
[MPa] 

Strain
[%] 

470 0 360 0 
473 0.6 390 4 
495 2 400 6 
525 4 410 8 
560 8 440 20 
585 12 400 30 
610 22 - - 
660 80 - - 
630 120 - - 

Experimental Testing of an Integrated Sleeve-Wedge Anchorage with CFRP Rod 
The test setup for the measurement of the surface strains of the barrel is shown in Figure 5. A presetting 
duct mounted in an INSTRON 8502 universal testing machine pressed the wedge into the barrel and 
allowed a space for the CFRP rod to protrude out of the unloaded anchorage end. An ARAMIS 3D 
(ARAMIS 2007) optical measurement system was used to measure the surface strains of the barrel every 
0.5 seconds while a 2 mm/min deformation was applied to the wedge. The chuck underneath the barrel 
was utilised in order to raise the barrel for the ARAMIS measurements, since the nuts on the supporting 
frame of the anchorage would obstruct the view of the ARAMIS system. A very thin layer of dots of 
contrasting colour was painted on the barrel surface, making the ARAMIS system capable more easily to 
measure the strains. 
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Fig. 5. Test setup. 

Three independent tests were conducted with this setup. For each test, the camera was positioned at a 
different location. The three locations deemed to be of most importance in the anchorage system were (i) 
in-line with the gap, (ii) in-line with the slit, and (iii) in between the gap and slit. The first two locations 
were expected to capture largest strains due to the gap and slit circumferential movement, while 
concentrations between the gap and slit were expected to be lower. The locations of the measured barrel 
surface strains are shown in Figure 6. 

Fig. 6. ARAMIS circumferential strain (%) measurements at wedge slit and gap locations. 
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This figure also shows the actual strains measured by the ARAMIS system which are expressed as 
contour Von Mises strains. The measurement line shows the strains at a wedge penetration of 4 mm (at 
the gap) and 5.5 mm (at the slit) as measured from the edge of the barrel. Measured strains of the barrel 
are three-dimensional and they include the curvature of the barrel. 

Finite Element Model Formulation 
In the construction of the finite element model, it was necessary to apply local coordinate systems to the 
barrel and rod. This was to enable evaluation of circumferential barrel strains and to also apply 
anisotropic material properties to the CFRP rod. The finite element model as well as the boundary 
conditions and applied deformations are shown in Figure 7. In addition, the finite element model utilised 
a plane of symmetry about the wedge as also shown in Figure 7. 

Fig. 7. Finite element mesh. 

The ABAQUS (ABAQUS 2008) time scale module, which was used in the analysis, was taken as 
instantaneous and hardening isotropic when implementing the steel and aluminium materials. 
Furthermore a hexagonal element was used for the barrel and CFRP rod in order to reduce computational 
effort whereas a tetrahedral element was used for the more geometrically complex integrated sleeve-
wedge.

The two different interfaces of barrel-to-wedge and wedge-to-CFRP rod were modelled in accordance 
with the information contained in Table 3. The interaction of these interfaces was modelled as surface to 
surface discretization, while the sliding formulation was considered as finite, and interfacial properties 
were modelled using finite sliding, tangential contact, isotopic directionality and penalty friction. This 
means that arbitrary sliding between the surfaces as well as large rotations was allowed for in the model. 
Furthermore, this method allowed extension beyond the corners and prevented slave nodes from 
“vanishing” or becoming locked behind the master surface. Isotropic behaviour translated to identical 
sliding properties in all directions of the interface and friction forces were transmitted tangential to 
contacting surfaces. For three-dimensional bodies this means that the solution point to the tangential 
relative slip moves on the master surface of the two bodies (Wriggers 2002). 

Table 3. Interfacial properties. 
InterfaceProperties Barrel-to-wedge Wedge-to-CFRP 

Behaviour Tangential Tangential 
Surface Isotopic Isotopic 
Contact mechanism Penalty Penalty 
Surface to surface contact Master/Slave Master/Slave 

The penalty friction is a stiffness method which allows some relative motion/elastic slip of the surfaces 
when they come into contact. ABAQUS continually adjusts the penalty constraint magnitude when the 
shear stress in the loaded interface is lower than the definite frictional shear stress. If this frictional shear 
stress magnitude reaches this definite value, the bodies will slip, otherwise they will not. A resin layer is 
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normally applied to the rod which results in the conclusion that isotropic friction is a sufficient 
assumption in the evaluation. One interfacial friction value was applied to the barrel-to-wedge and 
wedge-to-CFRP rod interfaces. The focus of this paper is, however, on the contact pressure on the rod due 
to the measured circumferential strain on the outer surface of the barrel and comparison with the FE 
model results. 

Validation of Finite Element Model 
Figure 8 shows the numerical results to correspond well to the ARAMIS measurements at the slit location 
at wedge installation of 2 mm and 5.5 mm. The peak value of strain at the unloaded anchorage end is 
observed to be higher in the test results at a penetration of 5.5 mm than that obtained in the numerical 
simulation. In general though, the numerical simulation fits well to the test results. A larger peak value in 
the measured than the finite element circumferential stresses along the slit at both penetrations is 
observed. Such difference could be due to inherent variation in testing as well as the actual measured 
values from ARAMIS. 

Fig. 8. Comparison of measured and simulated circumferential stresses along the anchorage slit at 2.0 mm 
and 5.5 mm penetrations (unloaded barrel end at 0 mm). 

When evaluating the strains at the gap location at penetrations of 2 mm and 4 mm, excellent correlation is 
observed between the simulated and tested results in Figure 9. These curves also reveal high stresses at 
the unloaded anchorage end since pressure is transferred to this area through the differential angle 
between the integrated sleeve-wedge and barrel. 

Fig. 9. Comparison of measured and simulated circumferential stresses along the anchorage gap at 2.0 
mm and 4.0 mm penetrations (unloaded barrel end at 0 mm). 

Figure 10 shows the simulated and test results between the slit and gap to correlate well for the 5.5 mm 
preset curves. A reduction of strains at the unloaded anchorage end of the wedge is, however, not 
obtained in the numerical results but the descending branch of the curve fits reasonably well with the 
measurements. It is noted that the analysis of presetting distances of 2 mm and 3 mm does not compare 
that well with the test data. This is purposely done to justify the use of the 5.5 mm preset distance and to 
also show the limitation of the ARAMIS system. Some of the discrepancy could be due to inconsistency 
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between the FE model and measured strains but the main reason is dedicated to the small strain level 
(below 0.002) which limits the accuracy of the ARAMIS system. 

Fig. 10. Comparison of measured and simulated circumferential stresses along the anchorage in between 
the gap and slit at 3.0 mm (unloaded barrel end at 0 mm). 

Finite Element Analysis Results and Discussion 
Influence of transverse elastic modulus of CFRP rod 
One of the objectives of this project was to verify if the compressive stresses transferred from the wedge 
to the CFRP rod had any great effect on the circumferential strains on the outer surface of the barrel. Such 
an evaluation would validate how exact the model was for verification of the stresses in the wedge-to-
CFRP rod interface using the measured barrel surface strains. Figure 11 shows the effect of varying the 
transverse elastic modulus of the CFRP rod from 2000 MPa to 20000 MPa at a wedge penetration of 5.5 
mm. Such variation of modulus has a significant influence on the circumferential strains at the slit 
location. The same effect is seen at the gap location in Figure 12. Larger values of elastic modulus 
however have less influence on the circumferential strains at the slit location. Circumferential strains are 
greatly affected in the area between slit and gap as shown in Figure 13. 

It is hypothesised that a small circumferential deformation at the rod surface would cause the outer 
surface of the integrated sleeve-wedge to expand, which in turn would affect the circumferential barrel 
strains in between the slit and gap significantly. A change of the elastic modulus of the CFRP rod would 
induce a resulting pressure causing this effect. This pressure is seen to be controlled by the transverse 
compressive elastic modulus and would have a great effect on the anchorage performance. A too low 
pressure would result in low friction at the wedge to CFRP rod interface and as a consequence low 
tension capacity of the anchorage resulting in premature slippage. On the other hand a high pressure 
would lead to premature failure due to crushing of the CFRP rod. 

Fig. 11. Effect of change in transverse elastic modulus of CFRP rod at slit (unloaded barrel end at 0 mm). 
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Fig. 12. Effect of change in transverse elastic modulus of CFRP rod at gap (unloaded barrel end at 0 mm). 

Fig. 13. Effect of change in transverse elastic modulus of CFRP rod in between slit and gap (unloaded 
barrel end at 0 mm). 

Contact pressure at the wedge-to-CFRP rod interface 
Figure 14 shows the compressive stresses to redistribute in a desirable way from the loaded anchorage 
end to the unloaded end. This, however, also means that the shear/friction contribution is reduced at the 
loaded end. Furthermore, the pressure is seen to be negative at the loaded anchorage end at the symmetry 
cut and in between the wedges which results in a small decompression in this area. Stresses at the gap are 
smaller than observed at the other locations which also results in lesser shear transfer to the tendon. The 
influence of the indents on the compressive stresses are made obvious at the gap but are seen to be higher 
and more levelled out at the other locations. This is most likely due to yielding of the aluminium wedge 
and the fluctuation in the numerical results is dedicated to the indents at the unloaded anchorage end. 

Fig. 14. Contact pressure on CFRP rod (unloaded barrel end at 0 mm). 

Such high compressive stresses can be reached when the rod is constrained (Collings, 1974). Crack 
development due to the transverse pressure in-between the carbon fibres are then postponed or prevented. 
This enables the CFRP rod mounted in the anchorage design to withstand a high pressure transverse to the 
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fibre direction without causing crushing of the rod. This is desirable since large friction forces can be 
obtained and failure modes such as tendon crushing, wedge cutting of fibres and frontal overload can be 
predicted through the finite element model. 

Friction at the barrel-to-wedge interface 
Inspection of the wedge installation curve in Figure 15 shows the friction to greatly affect the applied 
penetration force. It shows the applied installation force as a function of the presetting distance, from the 
position where the thick end of the wedge is approximately 4 mm above the barrel edge at the unloaded 
end until a presetting force corresponding to 100 kN is achieved. 

Fig. 15. Wedge penetration curve. 

Good correlation between the simulated and measured results using a friction coefficient of 0.1 is seen at 
a sleeve-wedge installation position of 4 mm from the barrel edge. The wedge is mainly supported by the 
barrel edge until this position is reached and is now fully enclosed by the barrel. An inclination change is 
obtained hereafter and the coefficient of friction corresponds to a value of 0.25. A good correspondence 
for the whole range is, however, found when using a coefficient of 0.15. It is furthermore evident that the 
load is sensitive to a change of friction since the coefficients of friction are within a small range. The 
wedge presetting curves are of importance since they provide information concerning the penetration and 
loading procedure and furthermore the accuracy and sensitivity of the Finite element model. 

Yield of metallic materials 
Good correspondence between the finite element model and ARAMIS results are devoted to 
implementation of plastic material properties in the analysis. It is evident that the yield properties cannot 
be discarded when predicting the behaviour of a small anchorage which has to withstand forces up to 140 
kN (corresponding to a tension capacity of 2900 MPa for an 8 mm CFRP rod). 

Fig. 16. Finite element analysis results of yielded wedge and barrel areas with 5.5 mm wedge penetration. 
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Large yielded areas are revealed in the ARAMIS circumferential strain measurements and also seen in the 
simulated results in Figure 16. Some of these yielded areas can of course be prevented by using a thicker 
barrel but this would result in more extensive yield deformation of the wedge. Validation of the 
circumferential strains on the outer barrel surface would be more complicated to measure if a thicker 
walled barrel is used, since the associated small strains would lie outside the accuracy limits of the 
ARAMIS system. 

Conclusions
A three-dimensional finite element model of an integrated sleeve-wedge anchorage has been built in 
which the barrel-to-wedge and wedge-to-CFRP rod interfaces have also been considered. The model 
considers setting of the wedge into the barrel. The model also considers the plastic material properties of 
the metallic anchorage components as well as the anisotropic properties of the CFRP rod. The finite 
element model was then used to investigate the sensitivity of the model to the transverse elastic modulus 
of the CFRP rod, pressure distributions on the CFRP rod, and barrel surface strains. Simulated barrel 
surface strains were found to correlate well with optically measured barrel surface strains this giving 
confidence in the modelling technique. The transverse compressive elastic modulus of the CFRP rod was 
shown to have a significant influence on the surface strains. It was furthermore verified that extensive 
yielding occurred in the barrel and integrated sleeve-wedge. Simulation of the friction influence in the 
installation procedure showed that the friction coefficient had a great influence on the presetting load. 

Future work 
More information concerning the transverse compressive material properties of the CFRP rod are needed. 
The analysis in general is a necessity for the evaluation of the anchorage slipping failure mode which is 
difficult to predict. The anchorage system itself opens the opportunity for implementation in conventional 
prestressing systems. This involves future objectives such as: long term testing of the anchorage, fatigue 
testing, large scale testing on beams and field applications of which each of these could contain new 
issues and objectives. One of the key objectives for a CFRP prestressing system, however, lies in 
development of a functional and reliable anchorage system, since it has to endure a sustained prestressing 
force throughout the service life of the structure. 
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RC T-BEAMS EXTERNALLY PRESTRESSED WITH 
UNBONDED CFRP TENDONS 

Anders Bennitz, Jacob W. Schmidt, Jonny Nilimaa, Björn Täljsten, Per Goltermann 
and Dorthe Lund Ravn 

Abstract: 

This paper describes a series of experiments examining the behavior of seven beams prestressed with 
unbonded external Carbon Fibre Reinforced Polymer (CFRP) tendons anchored using a newly-developed 
anchorage and post-tensioning system. The effects of varying the initial tendon depth, prestressing force, 
and the presence of a deviator were investigated. The results were compared to those observed with 
analogous beams prestressed with steel tendons, common beam theory, and predictions made using an 
analytical model adapted from the literature. It was found that steel and CFRP tendons have very similar 
effects on the structural behavior of the strengthened beams; the minor differences that were observed are 
attributed to the difference between the modulus of elasticity of the CFRP and the steel used in the tests. 
The models predicted the beams’ load-bearing behavior accurately but were less effective at predicting 
the stress experienced by the tendons. 

Keywords: CFRP; external; prestressing; carbon; concrete; beams; experiments; analytical model; tendon 
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Introduction 
The behavior of beams prestressed with external unbonded tendons differs from that of beams with 
bonded tendons and therefore cannot be reliably predicted using unmodified traditional analytical beam 
models. These differences are largely due to the lack of strain compatibility in the calculated cross 
sections and the presence of second order effects originating from the ability of the tendon depth, dps, to 
change during loading. Consequently, although the tendon stress is an essential part of the equilibrium of 
forces within a beam, it is difficult to identify a good way of calculating it for external unbonded tendons. 
Different solutions to this problem have been proposed and discussed. One of the most common 
approaches involves the strain compatibility factor, F, introduced by Baker (1949). F is defined as the 
ratio of the fractional increase in the strain of the unbonded tendon to the fractional increase in the strain 
of the concrete in the failing section, at the tendon’s depth; it takes values larger than zero and less than or 
equal to one. If the strain compatibility factor is zero, the tendon experiences no increase in stress beyond 
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the initial prestress; if it is equal to one, the tendon behaves as though it were bonded to the concrete. 
Much of the debate concerning the modelling of unbonded tendons has centred on how one can go about 
calculating this factor and which variables should be considered when doing so. In addition, most models 
that are used to predict the behavior of unbonded tendons are not capable of accounting for potential 
changes in the depth of the tendon at the critical section. 

Various methods for addressing the first of these issues have been proposed, most of which fall into one 
of three different classes. Methods of the first class are based on the use of regression analysis to identify 
correlations between experimental observations and potentially relevant variables. Methods of the second 
and third classes involve attempting to derive an analytical solution to the problem, either by calculating 
the beam’s plastic hinge length or by integrating the strains experienced along the tendon’s length. 
Methods based on integrating strains along the tendon’s length can be used to model the behavior of a 
beam provided that the behavior of the concrete and any complementary non-prestressed reinforcement 
that may be present remains elastic, Naaman (1990), although it is necessary to incorporate empirical 
factors to calculate the beam’s ultimate capacity, Naaman and Alkhairi (1991b). On the contrary the 
plastic hinge approach introduced by Tam and Pannell (1976) and the majority of the wholly empirical 
methods are only capable of calculating beams’ ultimate capacities. While a beam’s ultimate capacity is 
perhaps its most important property, at least for design purposes, it should be emphasized that 
prestressing is often used to restrict and control deflection and cracking in the serviceability limit state as 
well as to increase the beam’s capacity. The literature in this area has been reviewed by various authors, 
including Mattock et al. (1971), Naaman and Alkhairi (1991), Harajli (2006), Manisekar and Senthil 
(2006) and Dall’Asta et al. (2007). Many of these reviews have focused on specific aspects of the field, 
such as the modelling of external or multi-span tendons, partially- or fully-prestressed beams, and the 
identification of variables that can be used to reliably estimate the strain compatibility factor. 

Common for the presented models and design equations are the calibration and comparison to test results 
including steel tendons. There is comparatively little data available regarding beams prestressed with 
unbonded CFRP (Carbon Fibre Reinforced Polymer), although this material is in many respects ideal for 
use in prestressing applications because of its high resistance to degradation, low weight, and minimal 
creep and relaxation. It is likely that the apparent neglect of this material is due to the difficulties 
encountered when trying to anchor CFRP tendons; despite considerable effort, there was until recently a 
dearth of simple, small, and reliable anchorages suitable for use with CFRP. Other possible reasons 
include the relatively high cost of CFRP and its creep-rupture behavior, which means that its high 
theoretical ultimate capacity cannot be fully exploited. To the best of the authors’ knowledge, the only 
authors to have conducted such studies using CFRP tendons are Grace and Abdel-Sayed (1998), Grace et 
al. (2006), Tan and Tjandra (2007) and Ng and Soudki (2010), the latter of whom examined their shear 
behavior. In addition, for example Al-Mayah et al. (2006) report from important studies on the complex 
force-transferring mechanisms that operates in wedge anchorages for CFRP tendons. 

In the work described in this paper, the anchorage developed by Schmidt et al. (2010) was used to 
externally prestress a series of seven single span beams with unbonded CFRP tendons. The behavior of 
these prestressed beams was modeled using a previously-established method and compared to that of 
analogous beams prestressed with steel tendons. The analytical model used in this work is based on the 
strain reduction coefficient, Ω, which is closely related to the strain compatibility factor introduced by 
Baker (1949). This model has been developed over a period of two decades and has been implemented by 
several research groups; it has been described more extensively in the literature than have most alternative 
methods. The strain reduction coefficient was introduced by Naaman (1987), who later provided a more 
rigorous foundation for the concept, Namaan (1990), and proposed a model based on its use, Naaman and 
Alkhairi (1991b); this model was subsequently recommended for code implementation, Naaman (1992, 
1995) and Naaman et al. (2002). Traditional compatibility analyses typically ignore second order effects. 
This problem was addressed by Alkhairi and Naaman (1993) and also by Tan and Ng (1997), whose 
approach makes use of Naaman’s strain reduction coefficient. Strain reduction coefficients for uncracked 
and cracked beams exhibiting linear behavior are derived using analytical expressions, while the 
coefficient in the ultimate limit state was calculated on the basis of the results of 143 beam tests reported 
in the literature. Second order effects are treated solely in the calculation of deflections, and then with an 
iterative process in which the effective lever arm of the tendon is adjusted at each load increment. Tan et 
al. (2001) and Ng (2003) describes a revised strain reduction coefficient in the ultimate limit state. 
Previous methods based their estimations of the coefficient on the span-to-tendon depth ratio; by contrast, 
Ng and Tan based their coefficient on the height-to-tendon depth ratio, the loading conditions, and a 
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parameter included to account for secondary effects. At the outset of the research described in this paper, 
it was anticipated that this systematically improved model, which describes the beam’s behavior from its 
initial uncracked state all the way to its collapse, would be able to reliably model and predict the behavior 
of beams prestressed with CFRP tendons as well as that of the steel-strengthened systems for which it was 
designed. 

Research Significance 
The experiments and results described in this paper highlight the potential of CFRP rods in external and 
unbonded prestressing applications. The performance of concrete beams strengthened with external CFRP 
tendons was evaluated and compared to that of analogous beams strengthened with steel tendons and with 
predictions made using established analytical models; there is a significant lack of such data in the current 
literature. The results obtained provide a more detailed understanding of the structural behavior of 
Reinforced Concrete (RC) beams post-tensioned with external unbonded CFRP tendons throughout the 
load scheme. In addition, a new prestressing system developed for use with unbonded CFRP tendons was 
evaluated. 

Test Setup 
Seven concrete beams were tested in order to investigate the behaviour of single span, simply supported, 
RC T-beams prestressed with external unbonded CFRP tendons. One beam was unstrengthened and used 
as a reference; the other six were strengthened in different ways to facilitate i) an evaluation of the 
geometrical parameters affecting strength and ductility ii) a comparison of the performance of CFRP-
strengthened beams with those prestressed with steel tendons, iii) comparison between experiments and a 
promising theoretical model adapted from the literature. The test set-up is shown in Figure 1. 

1000

Strain gauge on internal reinforcement
Strain gauge on external tendon 
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LVDT for deflection measurements  
Fig. 1. Test set up (Note: Measures in mm, 1 mm = 0.0394 in). 

All beams were subjected to monotonic deformation-controlled four-point loading at the third-points, as 
shown in Figure 1; the load was applied using a 160 kg (352.7 lb) steel beam so as to ensure an even 
distribution. Loading was conducted until failure, at a deformation rate of 0.02 mm/s (0.0008 in./s). 

The beam’s deflection at the midspan and its supports, its curvature between the load points, end rotation, 
and the movement of the tendons within the anchorage were measured using linear variable differential 
transducers (LVDTs). Electrical resistance strain gauges were fixed on the internal steel reinforcement 
and external CFRP tendons, see Figure 1. A load cell was applied to the system during presetting of the 
wedges. 

Beam parameters 
Three parameters were varied within the test program, namely the presence or absence of a deviator, the 
initial depth of the external tendons (dps0), and the designed initial prestressing level, Fps,design. Variations 
between the beams, B2-B7, are shown in Table 1. Beams B3, B4 and B7 were designed to be identical to 
beams T-1, T-1a and T-0 in the study described by Tan and Ng (1997), albeit with CFRP rather than steel 
tendons. The remaining four beams had identical cross-sections to these three in order to facilitate 
comparisons within the test series. 
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Table 1. Tendon configuration and designed effective prestressing force, expressed as a percentage of the 
tendon’s ultimate capacity. 

Beam Dev. dps0 
[mm] 

Fps,design 
[kN] Tan and Ng (1997) 

Ref. - - - - 
B2 Yes 200 90 (32%) - 
B3 Yes 200 140 (50%) T-1 
B4 Yes 250 40 (14%) T-1A 
B5 Yes 250 90 (32%) - 
B6 No 200 90 (32%) - 
B7 No 200 140 (50%) T-0 

(Note: 1 mm = 0.0394 in; 1 kN = 0.2248 kips) 

Beam geometry 
The cross-sectional dimensions of the seven T-beams and the details of their reinforcement are shown in 
Figure 2 and Table 2. The beams’ internal longitudinal reinforcement consisted of two deformed steel 
bars at the bottom, each with a diameter of 16 mm (0.63 in.), and four deformed steel bars, each with a 
diameter of 8 mm (0.31 in.), at the top. The total area of the bottom reinforcement was thus 402 mm2; that 
of the top reinforcement was 201 mm2. Shear reinforcement, consisting of deformed steel stirrups with a 
diameter of 6 mm (0.24 in.) and a spacing of 100 mm (3.94 in.), was provided throughout the length of 
the beams. One 8 mm (0.31 in.) CFRP tendon was positioned on either side of the web at a distance dps0 
from the top concrete fibre, giving a total tendon area of 100.5 mm2. 
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Fig. 2. Targeted cross section and reinforcement details of test beams. 

Material properties 
The targeted cylindrical compressive strength of the concrete was 30 MPa (4.35 ksi) at 28 days. The 
water-cement ratio was 0.53 and the maximum aggregate size was 16 mm (0.63 in.). Quality of the 
concrete was tested using 150 mm (5.91 in.) cubes; the concrete’s compressive-, fc, and tensile, ft, strength 
were calculated using empirical relationships between these quantities and the cubes’ measured cube-, fcu, 
and splitting, ft,sp, strengths. Equations used when performing these calculations and the calculated 
concrete strengths for the seven beams are shown in Table 2. 

The CFRP tendons had an average tensile strength of 2790 MPa (405 ksi) and a Young’s modulus of 158 
GPa (22900 ksi). They were pultruded, with an epoxy matrix and smooth surface, and are manufactured 
by Epsilon Composites under the trade name Carborod® HR2500. The average yield strength, ultimate 
strength and modulus of elasticity of the top reinforcement were 510 MPa (72.5 ksi), 600 MPa (87 ksi), 
and 187 GPa (27100 ksi). The corresponding material values for the bottom reinforcement were 560 MPa 
(81.9 ksi), 645 MPa (93.5 ksi), and 172 GPa (24900 ksi). The properties of the tendons and the 
reinforcement were determined by means of tensile tests conducted in the laboratory. One of the variables 
in the equation used to calculate the modulus of elasticity is the diameter of the deformed steel bars; in 
this study, it was assumed that the bars always retained the diameters specified by their manufacturers. 
This assumption may account for the relatively low values. 
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Table 2. Measured geometrical and material parameters for individual beams. 

Beam h 
[mm] 

hf 
[mm] 

bw 
[mm] 

b 
[mm] 

ds 
[mm] 

d's 
[mm] 

fc
a 

[MPa] 
ft

b 
[MPa] 

fps 
[MPa] 

Ref 304.5 54 103.5 300 262.5 30 31.4 2.49 - 
B2 302.5 53 104.5 301 264.5 30 35.2 2.59 895 
B3 304.5 53.5 102.5 300.5 265.5 31 33.4 3.12 1382 
B4 306 54 102 305 268 32 35.9 2.53 396 
B5 307 55 101 296 263.5 32 28.4 2.28 889 
B6 304.5 55.5 107.5 309 269.5 36 40.6 3.78 917 
B7 307.5 54.5 104 300.5 268 29.5 35.9 2.89 1407 

a Calculated from measured cube strength, fcu, using fc =0,8fcu 
b Calculated from measured split strength, ft,sp, using ft =0,9ft,sp 

(Note: 1 mm = 0.0394 in; 1 MPa = 0.1450 ksi) 

The anchorage 
The newly-developed integrated sleeve-wedge anchorage system developed by Schmidt et al. (2010) and 
used to anchor the prestressed CFRP tendons in this study is shown in Figure 3. The system consists of 
two parts, a barrel and a one-piece wedge; notably, the slope of the inner surface of the barrel is shallower 
than that of the outer surface of the wedge. The one-piece wedge takes the form of a hollow truncated 
cone with an axial duct running along its length to accommodate the rod and three approximately equally-
spaced grooves cut into its surface, also running along its length. One of these grooves is deep and 
reaches all the way into the duct which houses the rod; the other two are comparatively shallow and do 
not. Overall, the one-piece wedge resembles three equally-spaced separate wedges connected by two 
shallow ‘walls’. The installation of the anchorage involves a two-stage procedure, the details of which 
also explain the rationale behind the design of the anchorage. In the first stage, the one piece wedge is 
mounted onto the CFRP rod. Then, in the presetting stage, the sleeved rod is driven into the barrel, 
causing the deep groove to shrink and the two shallow grooves to open up, resulting in the exertion of 
radial force on the CFRP rod. 

Deviator 
Beams B2-B5 were equipped with a deviator at the midspan to keep the tendons at a constant depth, dps0, 
during loading, Figure 4. The deviator was 300 mm (11.8 in.) in length and had a circular contact surface 
with a radius of 1100 mm (43.3 in.). It was attached to the beam with straps and had a hollow bottom to 
facilitate measurement of the midspan deflection. 50 mm (1.97 in.) hollow steel profiles were used to alter 
the tendon depth from 200 mm (7.87 in.) to 250 mm (9.84 in.). 

 
Fig. 3. The integrated sleeve-wedge anchorage used (Note: Measures in mm, 1 mm = 0.0394 in). 
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Fig. 4. Deviator. 

Installation of external CFRP tendon 
Figure 5 shows the components used in the presetting and prestressing procedures, and the set-up used 
during prestressing. Prestressing was accomplished by the action of hand-operated hydraulic pumps (F) 
on the bolt anchorage (G) and the plate (E); the plate was connected to the anchorage plate (C) by means 
of threaded M20 bars. The tendon strain was monitored during prestressing using strain gauges attached 
to both tendons. Once the desired strain had been achieved, a counteracting threaded cylinder (B) was 
screwed into the anchorage plate (C) to support the wedge anchorage (D), which moved during the 
prestressing of the CFRP tendon. The supporting cylinder made it possible to maintain the desired 
prestress after the release of the hydraulic pressure. 

A slightly different set up was used for the pre-setting of the CFRP that preceded the prestressing. In this 
case, the plate (E) was attached to the free ends of the threaded M20 bars, the other ends of which were 
connected to the anchorage plate (C). The hydraulic pump (F) was placed between the moved plate (E) 
and the integrated sleeve-wedge in the wedge anchorage (D). A small load cell was also incorporated into 
the system to measure the presetting force. A force of 100 kN (22.5 kips) was used when pre-setting the 
integrated sleeve-wedge. 

 

A 

B 

C 

G 

D 
E

F
A 

A 

A - CFRP tendon 
B - counterstay, threaded cylinder 
C - anchorage plate 
D - wedge anchorage 
E - counterstay, plate 
F - hydraulic pump 
G - bolt anchorage 

 
Fig. 5. Set-up for post-tensioning of CFRP tendons. 

By using a high presetting force and applying the prestress directly to the beam, short term losses were 
minimized and force was efficiently transferred from the hydraulic pump to the wedge anchorages. The 
effective prestress at load initiation, fps, for each beam is shown in Table 2. 

Model Implementation 
The model proposed by Tan and Ng (1997) and Ng (2003) was adopted, following the steps given in Ng 
and Tan (2006), the four distinct behavior regimes of the beam were modeled separately. These four 
regimes are: i) uncracked, ii) linear elastic cracked, iii) non-linear cracked, and iv) ultimate limit; they are 
illustrated in Figure 6. The key equations used in this model are provided in the appendix. 
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Fig. 6. Modelling stages and defined transition points on a typical load-deflection curve. 

In the first three stages iterations are performed at adequate intervals with delimitations at; the calculated 
crack load, the point at which the concrete compressive stress reaches 40% of the concrete’s cylinder 
strength, and the point at which the lower steel reinforcement yields. In the ultimate limit stage (stage 
four), rather than iterating with fine granularity, calculations are simply performed at concrete 
compressive strains of 0.002 and 0.003 m/m; it is assumed that the beam will exhibit linear behavior 
between these two values. This is the stage at which the concrete reaches its maximum stress and fails in 
compression. With the use of four point bending the model assumes that any position between the loading 
points experience the same curvature; thus neglecting eventual peaks and dips in compressive strain 
caused by tensile cracks in the beam’s lower surface. 

Individually measured geometries, material properties and prestresses were used as inputs in the models 
for each beam; these input values can be seen in Table 2. Geometries were measured across the 
longitudinal section between the load points, subject to a constant moment, by cutting the beam at an 
unharmed position as close to the midspan as possible. The properties of the concrete used in the model 
are based on 150 mm (5.91 in.) cube tests and equations from Eurocode, CEN (2004). 

After implementation of the model its predictions has been verified against predictions made in Tan and 
Ng (1997). Insofar as possible, the input parameters for this quality check were the same as those used by 
Tan and Ng. The resemblance concerning predicted deflection, tendon stress and reinforcement stress for 
the different beam set-ups were satisfactory. 

Results and Discussion 
In all tests, the ultimate failure mode was crushing of the concrete. Failure occurred after the yielding of 
the lower steel reinforcement and extensive deformation of the beam. The governing parameters in the 
tests of beams B2-B7 and the reference beam are therefore the beam’s resistance, defined as the 
concrete’s ultimate compressive strain, and the load, defined as the strain in the beam’s uppermost fiber at 
a critical section located in between the applied loads. 

The effect of strengthening 
Figure 7 shows a plot of the deflections of the prestressed beams B2 to B7 against the applied load and 
compares them to the deflection of the unstrengthened reference beam. The strengthened and prestressed 
beams have higher failure loads and are stiffer and less ductile than the reference beam. Significant 
variation in the performance of the different strengthened beams is also apparent; they differ in terms of 
their initial camber, crack and yield loads, stiffness after cracking, post-yielding behavior, and ultimate 
capacity. The numerical data used when constructing the plot in Figure 7 is shown in Table 3, including 
the deflections,δ, and corresponding loads, P, for the unloaded beams, and also for the beams at the point 
of cracking, at the point of yielding of the lower steel reinforcement, at ultimate capacity, and at failure. 
These transition points are highlighted in Fig, 6. 
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Fig. 7. Load-deflection behaviour of the tested beams. 

Table 3. Measured deflections with corresponding loads at transition points; unloaded, cracking, yielding, 
ultimate and failure. 

 δ0 
[mm] 

Pcr 
[kN] 

δcr 
[mm] 

Py 
[kN] 

δy 
[mm] 

Pu 
[kN] 

δu 
[mm] 

Pfail 
[kN] 

δfail 
[mm] 

B1 -0.0 5.5 0.9 107.0 20.3 117.0 112.4 116.2 116.9 
B2 -0.8 31.3 1.1 139.1 19.7 146.7 38.1 144.5 45.5 
B3 -1.2 49.3 1.6 160.0 19.2 171.1 35.9 167.8 39.6 
B4 -0.4 23.1 0.8 134.2 18.4 177.4 70.8 175.6 72.8 
B5 -1.2 43.3 1.4 155.0 19.3 180.0 55.9 178.3 57.7 
B6 -0.7 34.8 1.2 135.3 17.1 143.1 39.8 133.0 63.6 
B7 -1.2 47.4 1.5 148.0 18.4 153.4 30.0 146.1 42.6 

(Note: 1 mm = 0.0394 in; 1 kN = 0.2248 kips) 

The effect of adding a deviator at midspan 
Beams B2 and B6 are identical save that the former incorporates a deviator; the same is true of beams B3 
and B7. In both cases, the initial tendon depth, dps0, is 200 mm (7.87 in.). The effect of adding a deviator 
at midspan can be seen in Figure 8. Beams B2 and B6 had initial prestresses of 32% and 33% 
respectively, while beams B3 and B7 had an initial prestress of 50%. While beams B2 and B6 exhibit 
similar behavior until they start to yield, there is a more pronounced difference between B3 and B7, both 
of which were prestressed at 50%. This difference between the beam fit with a deviator and its 
counterpart without becomes even more pronounced after yielding in the highly pre-stressed pair. The 
pronounced midspan deflection observed in this stage highlights the utility of deviators: the beams 
without them are less able to carry high loads after yielding as their tendons’ lever arm length decreases 
more rapidly in the post-yielding stage. As can be seen in Figure 9(a), although the resisting tendon force, 
Ftend, remains as high as, or even higher than, the tendon force in the beams with a deviator, the decreased 
lever arm renders the beam without a deviator incapable of supporting loads in excess of the yield load. 
On the other hand, the lack of a deviator and the shorter lever arm creates less compressive stress in the 
top concrete and thus results in more ductile post-yielding behaviour. 

By plotting the tendon force against the midspan deflection, Figure 9(b), it can be seen that the removal of 
the deviator has only a minor effect on the tendon force. A small deviation from linearity is observed in 
the graphs for beams B6 and B7, but the major contributor to the stress increase seems to be the 
elongations of the tendons due to rotation of the beam’s ends. 
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Fig. 8. The effect of a deviator on the beam’s load-deflection behavior (Note: 1 kN = 0.2248 kips; 1 mm 

= 0.0394 in). 

 

 
Fig. 9. (a) load-tendon force and (b) tendon force-deflection curves for the tested beams (Note: 1 kN = 

0.2248 kips; 1 mm = 0.0394 in). 

The effect of increasing the initial tendon depth 
Increasing the initial tendon depth, dps0, means increasing the lever arms of the external tendons. Figure 
10 shows how this affects the beams’ flexural behavior. Beams B2-B5 all have a deviator at midspan; 
beams B2 and B3 have a tendon depth of 200 mm (7.87 in.), while beams B4 and B5 have a depth of 250 
mm (9.84 in.). Comparing beams B2 and B5, which have identical prestressing levels, it can be seen that 
the larger lever arm increases the failure load; this effect is apparent along the entire load-deflection 
curve. Cracking and yielding of the beam occurs at higher loads and the beam also displays greater 
ductility as the tendon depth increases. Furthermore, despite having a prestress of only 14% (i.e. less than 
half that of B2 or B5, which were prestressed at 32%), the yield load of B4 was very similar to that of B2, 
while its ultimate capacity was close to that of B5; the ultimate capacity of B5 was in turn 8.9 kN (2.0 
kips) higher than that of B3 (50% prestress). Interestingly, while the beams with larger lever arms are 
better able to handle larger forces, they are also more ductile; this increased ductility cannot be matched 
by B2 and B3. 
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Fig. 10. The effect of varying the initial tendon depth on the beams’ load-deflection behavior (Note: 1 kN 

= 0.2248 kips; 1 mm = 0.0394 in). 

The effect of changing the initial prestressing force 
One of the major advantages of prestressing is that higher cracking and yielding loads can be reached 
with a given quantity of reinforcing material such as steel or CFRP. It is also expected that these loads 
can be further increased by increasing the amount of prestressing applied. At any given deflection, these 
expected increases are readily apparent on comparing the results of beam B2 with B3 and B4 with B5 in 
Figure 10 and B6 with B7 in Figure 8. 

Comparison between CFRP and steel tendons 
Three of the tested beams were designed to mimic the steel-strengthened beams tested by Tan and Ng 
(1997). These beams were B3 (which is comparable to T-1), B4 (which should be compared to T-1A), 
and B7 (which is analogous to T-0). While the beams prestressed with steel had tendons with a nominal 
cross sectional area of 110 mm2 (0.171 in2), Ng (2003), and a modulus of elasticity of 193 GPa (27992 
ksi), the CFRP tendons had a total cross sectional area of 100 mm2 (0.155 in2) and a modulus of elasticity 
of 158 GPa (22916 ksi). Additionally, in the test series presented in this paper, straight T-beams were cast 
and subsequently fitted with anchorage plates at the ends and a deviator at midspan, all made of steel. By 
contrast, the beams used by Tan and Ng (1997) were cast with a rectangular cross section at these 
positions, with holes to accommodate the tendons and their anchorages. Moreover, the upper and lower 
steel reinforcement have different yield strengths. For the upper reinforcement, this should be of minor 
importance because the concrete would probably be crushed before the reinforcement yielded. However, 
the small difference of 5% (30 MPa (4.35 ksi)) in yield strength between the steels used for the lower 
longitudinal reinforcement may have a more pronounced impact. It was not possible to compare the 
modulus of elasticity for the internal reinforcement because the paper describing the 1997 tests did not 
include the relevant data. The beams used in the two test series’ appear to have had similar concrete 
capacities with the exception of beams B4 and T-1A, which had compressive strengths of 35.9 MPa (5.21 
ksi) and 30.4 MPa (4.41 ksi), respectively. 

Figure 11(a) shows the load-deflection curves of the three pairs of beams. In all comparable cases, the 
cracking load is higher for the beams prestressed with steel tendons, which have a 20% higher modulus of 
elasticity and a 10% larger cross sectional area of the tendons compared to their CFRP counterparts. 
However, although the cracking load is higher with steel tendons, the deflection at which cracking occurs 
is similar in both cases. After cracking, the difference in the load required to produce a given deflection 
increases linearly with the increased deflection for the three pairs up to the point of yielding. For the 
beams prestressed with steel tendons, this occurs at a deflection of 15 mm (0.59 in.), while the beams 
prestressed with CFRP tendons yield at a deflection of 20 mm (0.79 in.). 

The difference in deflection at yielding may be due to the difference in the yield strength of the lower 
steel reinforcement. However, it is not necessarily reasonable to assume that the 5% difference in this 
strength between the two sets of beams is sufficient to explain the entirety of the disparity by itself. Some 
uncertainty is also related to the mechanical data of this lower reinforcement used in the Tan and Ng 
beam tests. Figure 11(b) show the stress in the lower steel reinforcement, fs, based upon strain 
measurements for both test series. One would expect that the yielding point of the steel observed in these 
plots would be the same as that observed in the plots shown in Figure 11(a). This is not the case for the T-
series, and in lack of further data the relatively large disparity in deflection at yielding in Figure 11(a) 
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might be explained by a larger difference in yield strength of the steel reinforcement than 5%. Due to the 
uncertainties regarding the mechanical properties further comparisons from the curves in Figure 11(b) 
would be speculative. However, looking at the post-yielding sections of the load-deflection curves in 
Figure 11(a), it is apparent that the differences between the two series disappear and that the curves for 
the matched pairs of beams are very similar to one-another. The greatest difference is observed between 
the pair of beams without midspan deviators, T-0 and B7. B7 exhibits a slightly decreased load carrying 
capacity as the deflection increases, whereas that of T-0 increases. The post-yielding behaviors of the 
beams with initial tendon depths of 250mm, i.e. B4 and T-1A, were almost identical save for their 
ductility. B4 failed at a deflection of 74 mm (2.92 in.) whereas T-1A failed at 49 mm (1.93 in.); this may 
be due in part to their different concrete strengths. 

 

 

 
Fig. 11. Comparison of (a) load-deflection, (b) load-reinforcement stress and (c) load-tendon force curves 

for beams prestressed with steel and CFRP tendons. Curves for T-0, T-1 and T-1A after Tan 
and Ng (1997) (Note: 1 kN = 0.2248 kips; 1 mm = 0.0394 in; 1 MPa = 0.1450 ksi). 

Figure 11(c) shows that the development of the force within the tendons, Ftend, proceeds similarly in the 
two series of beams. Differences in initial load aside, the force within the tendons increased most rapidly 
in the beams prestressed with steel tendons. This was probably due to their higher stiffness and larger 
cross sectional area. Overall the beams prestressed with CFRP behaved very similarly to those prestressed 
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with steel. The differences observed within pairs of analogous beams can be explained by the differences 
in the material properties of the tendons and the lower steel reinforcement used in the two tests. 

Comparison of experimental and predicted results 
The theoretical model developed by Ng and Tan (2006) was used to predict the behaviour of the seven 
beams subjected to experimental testing; the accuracy of the model’s predictions were compared to the 
experimental results in order to evaluate its reliability and applicability to CFRP tendons. For comparative 
purposes, the seven beams were divided into three groups: beams without a deviator (Ref, B6, B7), beams 
with a deviator and an initial tendon depth of 200 mm (7.87 in.), (B2, B3), and beams with a deviator and 
an initial tendon depth of 250 mm (9.84 in.), (B4, B5). Figure 12 compares the predicted load-deflection 
curves for all seven beams generated by the theoretical model to the measured experimental values. In all 
cases, the model overestimates the cracking load. This difference is most significant for the reference 
beam, whose measured cracking load was close to zero. The smallest difference was observed for the 
beams with an initial tendon depth of 250 mm (9.84 in.), i.e. beams B4 and B5. All seven beams also 
show a softer behaviour up until cracking occurs compared to the prediction, i.e. the slope of the curve for 
the uncracked stage is steeper for the modeled curves. This dissimilarity disappears after cracking, and the 
predicted behavior agrees well with observation up until the yielding point. Interestingly, the reference 
beam is an exception in this case; throughout the linear phase, its predicted deflection is smaller than that 
which was observed. 

 

 
Fig. 12. Comparison of predicted and measured load-deflection behaviours (Note: 1 kN = 0.2248 kips; 1 

mm = 0.0394 in). 

The model generally overestimated the beams’ capacities and predicted higher yield loads than were 
measured for most beams, with the exception of B3 and B5. The beams’ ultimate capacities and ductility 
were also greatly overestimated by the model in most cases. The exceptions in this instance were the 
beams with an initial tendon depth of 250mm, i.e. B4 and B5; the predicted curves for these beams match 
the experimental curves well up until the point of failure. All of the features of the post-yielding curves 
are, however, predicted by the model. Beams B6 and B7, without the deviator, are predicted to carry less 
load with a larger deflection. The reference beam is predicted to have a constant load carrying capacity 
until failure. Beams B2 and B3 are, as predicted, experiencing a slight increase in their capacity. Common 
for these beams are that the features occur at a smaller deflection than expected and that the ductility is 
not as large as predicted. As mentioned previously, the model is based on an ideal case in which the 
beam’s curvature is evenly distributed along the section with a constant moment; the differences between 
this ideal case and the actual distribution of curvature are likely to be responsible for the inconsistencies 
between the predicted and observed post-yielding behaviors. In beams where a relatively small number of 
flexural cracks are dominant, the beam will exhibit localized peaks in its curvature centred on the cracks’ 
positions. This in turn gives rise to stress concentrations in the top concrete fibre at the cracks’ 
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longitudinal positions, resulting in the premature failure of the beam. This hypothesis is supported by the 
data on the number of flexural cracks reaching from the bottom of the beams to the bottom of the flanges 
at failure, shown in Table 4. It is apparent that the four beams with the greatest ductility (Ref, B4, B5 and 
B6) have the largest number of cracks, i.e. the overall curvature of these beams is created by a higher 
number of bends with a smaller magnitude compared to the other beams. This is particularly true for 
beams Ref, B4 and B5, which have considerably greater ratios of measured (δmeas ) to predicted (δpred.) 
ultimate deflections and at the same time an average crack distance of 1000 / (9+1) = 100 mm (3.94 in.) 
or less. 

Table 4. No. of major tensile cracks within the constant moment region and the ratio of the measured and 
predicted deflections for each beam. 

 Ref B2 B3 B4 B5 B6 B7 
Cracks 13 4 4 9 9 7 5 
δmeas./δpred. 0.75 0.63 0.67 0.99 1.09 0.68 0.59 

 
As the load-deflection curve depends on the development of forces and lever arms within the model it is 
logical to investigate how these modeled parameters correspond to the measured development. One of the 
most influential parameters is the force within the external tendons. The curves in Figure 13 show how 
the modeled force in the tendons, Ftend, varies with increasing load and deflection for three of the beams. 
These beams were chosen because they are similar to the beams modeled by Tan and Ng (1997). 

 

 
Fig. 13. Comparison of measured and predicted (a) load-tendon force and (b) tendon force-deflection 

behaviours for beams B3, B4 and B7 (Note: 1 kN = 0.2248 kips; 1 mm = 0.0394 in). 

In the uncracked stage, the modeled curves are in good agreement with experiment. After cracking, 
however, the model predicts a lower force in the tendons than is measured, and the difference increase up 
until yielding. Tan and Ng (1997) reported similar observations, noting that the tendon forces predicted 
by the model were consistently and distinctly lower than the measured values. In Figure 13(b), the tendon 
force is plotted against the midspan deflection. Interestingly, it is apparent that while the experimental 
data shows these two variables to be directly proportional to one-another, this linearity is less distinct in 
the predicted curves. This divergence between the modeled and measured tendon force was unexpected, 
because the modeled deflections shown in Figure 12 are in good agreement with the experimental data up 
until the yielding point. This inconsistency may indicate that the model’s ability to accurately predict 
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beams’ deflection may be due to a fortuitous cancellation of errors and that it may be overestimating the 
load resistance of certain other components of the beam such as the internal reinforcement or the 
concrete. 

Performance of the prestressing system 
Successful prestressing can only be accomplished with a reliable installation procedure and an anchorage 
system that can handle the high tendon force that must be sustained throughout the structure’s life. The 
number of such systems for FRP tendons are however limited. The secondary aim of this test series was 
therefore to evaluate the functionality of the anchorage system used and to thereby facilitate future tests 
and reliable test conditions. 

One major concern has been the inevitable occurrence of bends in the CFRP tendon. These may originate 
from the deviator, in which case they form at the midspan with the same curvature as the deviator pad; 
alternatively, if a deviator is not used, they may occur where the tendon exits from the anchorage. In the 
former case, when the tendons withhold a straight profile between the anchorage points during the 
loading procedure, the final end rotation of the beam will generate sharp bends in the tendons. One such 
bend is depicted in Figure 14, which shows one of the anchorage points of beam B7 at its maximum 
midspan deflection, close to the load at which concrete crushing occurred. The load in each tendon at this 
point was 85 kN (19.1 kips); see Figure 9(a). Although all six prestressed beams exhibited bending of 
their tendons under loaded conditions, no signs of failure were observed. 

 
Fig. 14. Bending of a CFRP tendon at an anchorage point at 60% tendon utilization in beam B7. 

The movement of the tendons ‘into’ the anchorage relative to the anchorage plate was monitored; over the 
entire series of experiments, it never exceeded 0.3 mm (0.012 in.). In all cases, this slippage was found to 
be linearly dependent on the force within the tendon; it can be assumed that this small movement is due to 
the movement of the wedges ‘into’ the barrel and to the longitudinal compression of the anchorage. 

Conclusions 
The results of this experimental study of the behavior of RC beams prestressed with external unbonded 
CFRP tendons indicate that: 

 RC-beams prestressed with external unbonded CFRP tendons exhibit the expected increases in 
strength, stiffness, and failure load, as well as decreased ductility relative to un-strengthened beams. 

 No significant difference in the behaviour between beams prestressed with steel or CFRP tendons can 
be found except for the differences explained by the difference in the two tendon materials’ modulus 
of elasticity. 

 The Tan and Ng model is functional but needs to be refined. Each load-resisting force and 
corresponding lever arm within the model should be calibrated separately to allow for the modeling of 
a wider range of beam designs. 

 The bending of CFRP tendons due to beam deflection does not significantly affect the tendons’ 
performance under the loads examined. 
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Appendix 
This appendix presents the most important equations featured in the analytical model used to predict the 
beams’ behaviour. For a more thorough description, the interested reader is directed to the work of Ng 
and Tan (2006). 

Certain important properties of the concrete are calculated using the following empirical equations taken 
from Eurocode, CEN (2004). These equations are based on measured compressive cube and splitting 
strengths: 
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The tendon stresses used in the strain compatibility calculations for the four different modelling stages 
defined in Fig. 6 are calculated using the following expressions: 
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With straight tendons, loading in the third points and one or zero deviators applied the strain reduction 
coefficients for the four different stages defined in Fig. 6 are calculated as: 
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The following equations are used to model second order effects and to calculate the deflection. Again, it 
is assumed that the tendons are straight, that the beam is loaded at the third points, and that one or zero 
deviators are applied. The original equations are used in the uncracked stage; equations with minor 
modifications are used in the later stages: 
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Notations 
A = Transformed cross sectional area [m2] [in2] 
Aps = Tendon area [m2] [in2] 
b = Beam width [m] [in] 
bw = Web width [m] [in] 
c = Depth of neutral axis [m] [in] 
dps = Depth of tendons [m] [in] 
dps0 = Initial tendon depth [m] [in] 
ds = Depth of lower reinforcement [m] [in] 
d's = Depth of upper reinforcement [m] [in] 
E = Beam’s modulus of elasticity [N/m2] [lbf/in2] 
e = Eccentricity of the tendon [m] [in] 
e0 = Initial tendon eccentricity [m] [in] 
Ec = Concrete’s modulus of elasticity [N/m2] [lbf/in2] 
Eps = Modulus of elasticity of the tendon [N/m2] [lbf/in2] 
fc = Mean compressive concrete strength [N/m2] [lbf/in2] 
f'c = Stress in the top fibre of the concrete [N/m2] [lbf/in2] 
fcu = Mean compressive concrete cube strength [N/m2] [lbf/in2] 
fps = Effective tendon stress [N/m2] [lbf/in2] 
Fps,design = Designed initial prestressing force [N] [lbf] 
fps0 = Initial tendon stress [N/m2] [lbf/in2] 
fs = Stress in lower steel reinforcement [N/m2] [lbf/in2] 
ft = Mean tensile concrete strength [N/m2] [lbf/in2] 
ft,sp = Mean concrete split strength [N/m2] [lbf/in2] 
Ftend = Force in prestressing tendons [N] [lbf] 
h = Beam height [m] [in] 
h = Beam height [m] [in] 
hf = Flange height [m] [in] 
I = Transformed moment of inertia [m4] [in4] 
Icr = Cracked moment of inertia [m4] [in4] 
Ie = Effective moment of inertia [m4] [in4] 
L = Free span length [m] [in] 
M = Bending moment applied to a defined cross section [Nm] [lbf·in] 
Mcr = Beam’s calculated cracking moment [Nm] [lbf·in] 
n = Number of deviators (0 or 1) [-] 
P = Applied load [N] [lbf] 
x = Distance along the beam calculated from support [m] [in] 
Δεps,bonded = Additional tendon strain in a bonded tendon [-] 
Δεps,unbonded = Additional tendon strain in an unbonded tendon [-] 
ε'c = Strain in concrete’s top fibre [-] 
εc0 = Initial concrete strain at the tendons depth [-] 
εc0.4 = Estimate of strain when the concrete cease to behave linearly [-] 
εcm = Mean concrete strain at maximum load [-] 
εcu = Mean ultimate concrete strain [-] 
λ = Factor for effective height of the compression zone [-] 
Ω = Strain reduction coefficient in stage 1 [-] 
Ωcr = Strain reduction coefficient in stages 2 and 3 [-] 
Ωu = Strain reduction coefficient in stage 4 [-] 
δ = Midspan deflection [m] [in] 
Ø = Diameter [m] [in] 
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Abstract 

 The present invention relates to an anchorage device, 

preferably for fibre composite rods (S), which anchorage 

device comprises a sleeve (1), with an internal conical space 

(5), and an at least partly conical wedge element (7) which 5
comprises a central duct (10), whereby in an operative state 

of the anchorage device the wedge element (7) is accommodated 

in the sleeve (1) and the fibre composite rod (S) is 

accommodated in the central duct (10), which wedge element (7) 

is provided with a first groove (11) which has an extent in 10
both axial and radial directions relative to a central axis 

(C2-C2) of the wedge element (7), which first groove (11) 

breaks through to the central duct (10). 

 Distinguishing features of the anchorage device 

according to the present invention are that the wedge element 15
(7) is provided with at least one second groove (12) which has 

an extent in both radial and axial directions relative to the 

central axis (C2-C2) of the wedge element (7), and that there 

is a first material zone (14) between the central duct (10) 

and the bottom of the second groove (12). 20



ANCHORAGE DEVICE 

 

Technical field of the invention 

 The present invention relates to an anchorage device, 

preferably for fibre composite rods, which anchorage device 5
comprises a sleeve, with an internal conical space, and an at 

least partly conical wedge element which comprises a central 

duct, whereby in an operative state of the anchorage device 

the wedge element is accommodated in the sleeve and the fibre 

composite rod is accommodated in the central duct, the wedge 10
element being provided with a first groove which has an extent 

in both axial and radial directions relative to a central axis 

of the wedge element, which first groove breaks through to the 

central duct. 

 15
State of the art 

 An anchorage device known from GB 2 255 354 A comprises 

according to an embodiment a generally conical wedge element 

which has a central duct and a number of external grooves with 

curved bottom in the circumferential direction of the wedge 20
element.  The wedge element is accommodated in a sleeve with a 

conical internal space, and a number of outer wires are 

accommodated in the grooves.  Where the wires leave the 

groove, they are twisted together to form a cable.  This 

constructional configuration is not suitable for fibre 25
composite rods, which are not composed of twisted 

strands/wires.  Fibre composite rods do not have such 

flexibility as to make it possible to twist strands of fibre 

composite to form a cable. 

 An anchorage device known from GB 2 257 444 A for pre-30
stressed reinforcements comprises a rope made of KEVLAR® which 
is anchored by a number of separate wedges made of mild steel. 

A friction layer applied on the surfaces of the wedges which 

abut against the KEVLAR® rope may be made of aluminium. 
 A fixing device known from US 5,802,788 for a tensile 35
element in pre-stressed concrete comprises a wedge element and 

a tubular element which is situated between the tensile 

element and the wedge element.  The tubular element is made of 

 



elastoplastic material.  Aluminium is conceivable as such a 

material. 

 

Objects and features of the invention 

 A primary object of the present invention is to propose 5
an anchorage device of the kind defined in the introduction 

whereby the wedge element which forms part of the device will 

cooperate in an optimum manner with a reinforcing rod, usually 

a fibre composite rod, in pre-stressed concrete structures. 

 Another object of the present invention is that the 10
wedge element should be extremely easy to handle while at the 

same time functioning well from the anchoring perspective. 

 A further object of the present invention is that the 

wedge element which forms part of the anchorage device can be 

manufactured in a rational manner. 15
 At least the primary object of the present invention is 

achieved by a device having the features indicated in the 

independent claim 1 set out below.  Preferred embodiments of 

the invention are defined in the dependent claims. 

 20
Brief description of the drawings 

 A preferred embodiment of the anchorage device according 

to the present invention is described below with reference to 

the attached drawings, in which: 

Fig. 1 depicts a first perspective view of a sleeve which 25
 forms part of the anchorage device; 

Fig. 2 depicts a second perspective view, from an opposite 

 direction, of the sleeve according to Fig.  1; 

Fig. 3 depicts an end view of the sleeve from the end 

 depicted in Fig.  1; 30
Fig. 4 depicts an end view of the sleeve from the end 

 depicted in Fig.  2; 

Fig. 5 depicts a side view of the sleeve according to Figs.  

 1 and 2; 

Fig. 6 depicts a longitudinal section through the sleeve 35
 according to Fig.  5; 

Fig. 7 depicts a first perspective view of a wedge element 

 which forms part of the anchorage device according to 

 the present invention; 



Fig. 8 depicts a second perspective view, from an opposite 

 direction, of a wedge element which forms part of 

 the anchorage device according to the present 

 invention; 

Fig. 9 depicts an end view of the wedge element from the end 5
 depicted in Fig.  7; 

Fig. 10 depicts an end view of the wedge element from the end 

 depicted in Fig.  8; 

Fig. 11 depicts a side view of the wedge element according  

 to the present invention; 10
Fig. 12 depicts a section through the wedge element along 

 XII-XI1 in Fig.  11; 

Fig. 13 depicts a side view of the anchorage device according 

 to the present invention when fitted on a fibre 

 composite rod; 15
Fig. 14 depicts an end view of the anchorage device and the 

 fibre composite rod as seen from the end of the wedge 

 element which has the larger diameter; 

Fig. 15 depicts an end view of the anchorage device and the 

 fibre composite rod as seen from the end of the wedge 20
 element which has the smaller diameter; and 

Fig. 16 depicts a section along XVI-XVI in Fig.  13. 

 
Detailed description of a preferred embodiment of the 

invention 25
 The sleeve 1 according to the present invention depicted 

in Figs. 1-6 has according to a preferred embodiment a 

circular cylindrical external envelope surface 3.  The 

internal envelope surface 5 of the sleeve 1 is conical, its 

conicity being defined by the angle al, which is greater than 30
90°.  As a non-limitative example it may be indicated that a 

suitable value for the angle �1 is 93°.  The section line  
VI-VI depicted in Fig.  5 also constitutes a longitudinal 

central axis C1-C1 for the sleeve 1, which central axis C1-C1 

defines the axial direction of the sleeve 1.  The sleeve 1 is 35
preferably made of steel. 

 The wedge element 7 according to the present invention 

depicted in Figs. 7-12 has an external envelope surface 9 

which is conical, its conicity being defined by the angle �2. 



The conicity of the external envelope surface 9 is adapted to 

the conicity of the internal envelope surface 5 of the sleeve 

1, the conicity of the two envelope surfaces 5, 9 normally not 

being equal.  The wedge element 7 is preferable somewhat more 

pointed than the internal cone of the sleeve 1, i.e. �1 in 5
Fig.  5 is preferably smaller than �2 in Fig.  11.  As a non-
limitative example it may be indicated that a suitable value 

for the angle �2 is 93.7°.  The thick end of the wedge element 
7 will therefore only reach abutment against the internal 

envelope surface 5 of the sleeve 1 when the wedge element 7 is 10
fitted in the sleeve 1.  The wedge element 7 is made of softer 

material than the sleeve 1 and is preferably made of 

aluminium.  The wedge element 7 has a length L2. 

 The wedge element 7 according to the present invention 

also has an internal envelope surface in the form of a central 15
duct 10 which in the embodiment depicted is circular 

cylindrical.  The diameter of the duct 10 is designated Dl, 

see Fig.  10.  The section line XII-XII depicted in Fig.  11 

constitutes also a longitudinal centreline C2-C2 for the wedge 

element 7, which centreline C2-C2 defines the axial direction 20
of the wedge element 7. 

 At the end which has the smaller diameter, the wedge 

element 7 is provided with a radius transition R which extends 

between the external envelope surface 9 and the central duct 

10.  The object of the radius transition R is to reduce the 25
stress concentrations on the fibre composite rod S.  The 

central duct 10 has a length L3, i.e. from the larger-diameter 

end of the wedge element 7 to where the radius transition R 

connects to the central duct 10. 

 In the embodiment depicted in Fig. 7-12, the wedge 30
element 7 has three grooves which have an extent in both 

radial direction and axial direction relative to the 

longitudinal centreline C2-C2 of the wedge element 7. 

According to the embodiment depicted, a first groove 11 breaks 

through the internal envelope surface 10 of the wedge element 35
7, and this constructional configuration facilitates the 

fitting of the wedge element 7 on the fibre composite rod in 

that the surfaces which define the first groove 11 are 

somewhat forced apart.  In this context it should be noted 



that the width B1 of the first groove 11 need not be constant 

in the radial direction of the groove. 

 The wedge element 7 comprises also a second groove 12 

and a third groove 13, which grooves likewise have an extent 

in both radial and axial directions relative to the 5
longitudinal centreline C2-C2.  The second groove 12 has a 

width B2 and the third groove 13 has a width B3. 

 All the grooves 11, 12, 13 extend along the whole length 

of the wedge element 7, which length is designated L2, see 

Fig.  11.  As most clearly illustrated by Figs.  9 and 10, the 10
second and third grooves 12 and 13 do not extend all the way 

to the central duct 11, as a zone of material 14 and 15 

respectively is left in place close to the central duct 10.  

The length of the material zone 14, 15 left in place is 70-95% 

of the length L2. 15
 In the radial direction of the second groove 12, the 

thickness of the material zone 14 which pertains to the second 

groove 12 is designated T2, and the material zone 15 which 

pertains to the third groove 13 is normally identical with the 

material zone 14 which pertains to the second groove 12.  The 20
relationship between the thickness T2 and the diameter Dl of 

the central duct 10 is as follows: 0.05D1 < T2 < 0.2D1.  The 

relationships between the widths B2, B3 of the second and 

third grooves 12, 13 and Dl are as follows: 0.05D1 < B2 < 

0.2D1 and 0.05D1 < B3 < 0.2D1 respectively. 25
 Figs. 13-16 depict the anchorage device according to the 

present invention fitted on a fibre composite rod S.  The 

first step in fitting the anchorage device on the fibre 

composite rod S is to push the sleeve 1 onto the rod.  

Thereafter the wedge element 7 is applied to the fibre 30
composite rod S, which may, as indicated above, cause a 

certain widening of the first groove 11 and the central duct 

10 as the wedge element 7 is applied on the fibre composite 

rod S, which is thus accommodated in the central duct 10.  To 

achieve firm clamping of the anchorage device according to the 35
present invention on the fibre composite rod S, a mutual 

relative movement is imparted to the sleeve 1 and the wedge 

element 7 in the longitudinal direction of the fibre composite 

rod S, which relative movement causes an increasing proportion 



of the wedge element 7 to be accommodated in the sleeve 1.  As 

the angles �1 and �2 are not equal, the portion of the wedge 
element 7 with the larger diameter comes into contact with the 

sleeve 1 first.  Owing to the presence of the grooves 11-13 in 

the wedge element 7, however, further mutual relative movement 5
between the sleeve 1 and the wedge element 7 in a direction 

whereby an increasing proportion of the wedge element 7 is 

accommodated in the sleeve 1 will result in direct abutment of 

the wedge element 7 against the sleeve 1 along substantially 

the whole length where the sleeve 1 and the wedge element 7 10
overlap one another.  This also means that the whole external 

envelope surface 9 of the wedge element 7 comes to abut 

against the internal envelope surface 5 of the sleeve 1.  In 

this context it should be noted that the respective dimensions 

of the sleeve 1 and the wedge element 7 should be such that 15
the wedge element 7 in an operative state does not have its 

smaller-diameter end protruding past the respective end of the 

sleeve 1. 

 As most clearly illustrated by Figs. 14 and 15, there is 

unbroken abutment between the fibre composite rod S and the 20
wedge element 7, apart from the gap defined by the first 

groove 11.  The fact that the wedge element 7 defines a 

largely continuous abutment surface against the fibre 

composite rod S affords a significant advantage, inter alia 

greatly reducing the risk of the wedge element 7 penetrating 25
through the surface layer of the fibre composite rod S, which 

might damage the outermost fibres of the fibre composite rod 

S.  The fact that the wedge element 7 is made of relatively 

soft material, preferably aluminium, is advantageous for 

frictional engagement between the wedge element 7 and the 30
fibre composite rod S. 

 The relationship between the length L1 of the sleeve 1 

and the length T2 of the wedge element 7 is normally L1 > L2.  

As a non-limitative example it may be mentioned that with a 

fibre composite rod S having a diameter of about 8 mm and with 35
a corresponding dimension for the diameter Dl of the central 

duct 10, this relationship will be 50 mm < L1 or L2 < 150 mm, 

preferably 50 mm < L1 or L2 < 100 mm. 

 



Conceivable modifications of the invention 

 In the embodiment described above, the wedge element 7 

has two grooves 12, 13 with a uniting metal zone 14, 15 close 

to the central duct 10.  Within the scope of the present 

invention, however, it is conceivable for there to be only one 5
such groove or more than two such grooves, an upper limit for 

the number of such grooves being of the order of six grooves. 

 In the embodiment described above, the external envelope 

surface of the wedge element 7 is conical along the whole 

length of the wedge element 7.  Within the scope of the 10
invention, however, it is conceivable for the external 

envelope surface of the wedge element 7 to be partly conical 

and partly circular cylindrical, in which case the conical 

portion will cooperate with the internal conical envelope 

surface 5 of the sleeve 1. 15



Claims 

 

1.  An anchorage device for fibre composite rods (S), which 

anchorage device comprises a sleeve (1), with an internal 

conical space (5), and an at least partly conical wedge 5
element (7) which comprises a central duct (10), whereby in an 

operative state of the anchorage device the wedge element (7) 

is accommodated in the sleeve (1) and the fibre composite rod 

(S) is accommodated in the central duct (10), which wedge 

element (7) is provided with a first groove (11) which has an 10
extent in both axial and radial directions relative to a 

central axis (C2-C2) of the wedge element (7), which first 

groove (11) breaks through to the central duct (10), the wedge 

element (7) being provided with at least one second groove 

(12) which has an extent in both radial and axial directions 15
relative to the central axis (C2-C2) of the wedge element (7), 

and there being a first material zone (14) between the central 

duct (10) and the bottom of the second groove (12), 

c h a r a c t e r i s e d  in that the external envelope 

surface of the wedge element (7) has a more pointed conicity 20
(�1 < �2) than the internal space (5) of the sleeve (1), that 
in an operative state of the anchorage device there is direct 

mutual abutment of the overlapping portions of the envelope 

surfaces of the sleeve (1) and the wedge element (7), and that 

the first material zone (14) has a thickness (T2) which bears 25
the following relationship to the diameter (D1) of the central 

duct (10): 0.05D1 < T2 < 0.2D1. 

 

2.  An anchorage device according to claim 1, 

c h a r a c t e r i s e d  in that the first material zone 30
(14) has a length equal to 70%-95% of the total length (L2) of 

the wedge element (7). 

 

3.  An anchorage device according to any one of the above 

claims, c h a r a c t e r i s e d in that the second groove 35
(12) has a width (B2) which bears the following relationship 

to the diameter (D1) of the central duct (10): 0.05D1 < B2 < 

0.2D1. 

 



 

4.  An anchorage device according to any one of the above 

claims, c h a r a c t e r i s e d in that the wedge element 

(7) has a third groove (13) which has an extent in both radial 

and axial directions relative to the central axis (C2-C2) of 5
the wedge element (7) , and that there is a second material 

zone (15) between the central duct (10) and the bottom of the 

third groove (13). 

 

5.  An anchorage device according to any one of the above 10
claims, c h a r a c t e r i s e d  in that the second material 

zone (15) has a thickness (T2) which bears the following 

relationship to the diameter (D1) of the central duct (10): 

0.05D1 < T2 < 0.2D1. 

 15
6.  An anchorage device according to any one of the above 

claims, c h a r a c t e r i s e d in that the second material 

zone (15) has a length equal to 70%-95% of the total length 

(L2) of the wedge element ( 7 ) . 

 20
7.  An anchorage device according to any one of the above 

claims, c h a r a c t e r i s e d in that the third groove 

(13) has a width (B3) which bears the following relationship 

to the diameter (D1) of the central duct (10): 0.05D1 < B3 < 

0.2D1. 25
 

8.  An anchorage device according to any one of the above 

claims, c h a r a c t e r i s e d in that at the end with the 

smaller diameter the wedge element (7) is provided with a 

radius transition (R) which extends between the central duct 30
(10) and the external envelope surface (9) of the wedge 

element (7). 
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