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Abstract

The present thesis is devoted to derivation of Darcy’s Law for
incompressible Newtonian fluid in perforated domains by means of
homogenization techniques.

The problem of describing flow in porous media occurs in the
study of various physical phenomena such as filtration in sandy
soils, blood circulation in capillaries etc. In all such cases physical
quantities (e.g. velocity, pressure) are dependent of the characteris-
tic size ε � 1 of the microstructure of the fluid domain. However in
most practical applications the significant role is played by averaged
characteristics, such as permeability, average velocity etc., which do
not depend on the microstructure of the domain. In order to obtain
such quantities there exist several mathematical techniques collec-
tively referred to as homogenization theory.

This thesis consists of two papers (A and B) and complemen-
tary appendices. We assume that the flow is governed by the Stokes
equation and that global normal stress boundary condition and lo-
cal no-slip boundary condition are satisfied. Such mixed boundary
condition is natural for many applications and here we develop the
rigorous mathematical theory connected to it. The assumption of
mixed boundary condition affects on corresponding forms of Darcy’s
law in both papers and raises some essential difficulties in analysis
in Paper A.

In both papers the perforated domain is supposed to have peri-
odical structure and the fluid to be incompressible and Newtonian.

In Paper A the situation described above is considered in a
framework of rigorous functional analysis, more precisely the theo-
rem concerning the existence and uniqueness of weak solutions for
the Stokes equation is proved and Darcy’s law is obtained by using
two-scale convergence procedure. As it was mentioned, vast part of
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vi ABSTRACT

this paper is devoted to adaptation of classical results of functional
analysis to the case of mixed boundary condition.

In Paper B the Navier–Stokes system with mixed boundary con-
dition is studied in thin perforated domain. In such cases it is nat-
ural to introduce another small parameter δ which corresponds to
the thickness of the domain (in addition to the perforation parame-
ter ε). For the case of thin porous medium the asymptotic behavior
as both the film thickness δ and the perforation period ε tend to
zero at different rates is investigated. The results are obtained by
using the formal method of asymptotic expansions. Depending on
how fast the two small parameters δ and ε go to zero relative to
each other, different forms of Darcy’s law are obtained in all three
limit cases — very thin porous medium (δ � ε), proportionally
thin porous medium (δ ∼ λε, λ ∈ (0,∞)) and homogeneously thin
porous medium (δ � ε).



Preface

This thesis is based on two papers A and B with appendices and
an introduction, which puts these publications in a larger context.

A J. Fabricius, E. Miroshnikova and P. Wall, Homogenization
of the Stokes equation with mixed boundary condition in
a porous medium, (submitted), 2016. (32 pages)

A1 E. Miroshnikova, Appendix to A. (6 pages)

B J. Fabricius, G. Hellström, S. Lundström, E. Miroshnikova
and P. Wall, Darcy’s law for flow in a periodic thin porous
medium confined between two parallel plates. To appear
in Transport in Porous Media (29 pages), 2016.

B1 J. Fabricius, E. Miroshnikova, Appendix to B, (7 pages).

The content of the papers A and B has been presented at the
conferences:

• J. Fabricius, E. Miroshnikova and P. Wall, Homogenization
of the Stokes equation with stress boundary conditions in
periodic porous media, Asymptotic Problems, Elliptic and
Parabolic Issues, Vilnius, Lithuania, June 1-5, 2015. Pro-
ceedings, University of Vilnus, p. 66.

• J. Fabricius, E. Miroshnikova and P. Wall, Darcy’s law for
incompressible fluid in a periodic porous medium with nor-
mal stress boundary condition, Boundary Value Problems
Functional Equations and Applications, Rzeszów, Poland,
April 20-23, 2016. Proceedings, University of Rzeszów,
p. 31.
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Introduction

1. Darcy’s law — empirical derivation

In 1856 H. Darcy [25] investigated the flow of water in a satu-
rated, homogeneous sand filter (= column), in connection with the
city of Paris’ fountains. From his experiments (see Figure 1), vary-
ing the length and diameter of the column, the porous material in
it, and the water levels in inlet and outlet reservoirs, he concluded
that the velocity v of flow through a sand column of length L in
the direction of the column axis is:

• proportional to the difference Δh in water level elevations,
h1 and h2, in the inflow and outflow reservoirs of the col-
umn, respectively, and

• inversely proportional to the column length, L.
When combined, these conclusions give the famous Darcy’s formula,
or Darcy’s law:

v = k
Δh

L
,

where k is a coefficient of proportionality called hydraulic conduc-
tivity. The difference Δh between the water elevations h1, h2 is
proportional to the pressure difference Δp: Δh = Δp/(ρg), where
ρ is the fluid’s mass density and g is the gravity acceleration. Thus
the corresponding relation between v and ∇p = Δp/L has the form

(1) v =
K

μ
∇p,

where μ is the dynamic viscosity of the fluid and K = kμ/(ρg) is
called permeability coefficient and contains all information about
porous structure of column material.

Our goal in this thesis is to study the behavior of a fluid flowing
through a porous medium such as sand or soil. The idea is that,
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2 INTRODUCTION

Figure 1. Darcy’s experiment

while the fluid domain is assumed to be connected, it is perforated
by a solid microstructure through which the fluid flows. This struc-
ture is assumed to be periodic and very small relative to the size of
the domain. The aim is then to rigorously derive the Darcy law (1)
as an equation for the effective dynamics of the fluid in the limit as
the size of the microstructure vanishes.

2. Models of fluid motion

The equation of motion of any continuous medium, i.e. the
vector equation expressing the momentum balance for a continuous
medium, was obtained by A.-L. Cauchy in 1823 (see [19] and [20]
for the full version) and has the following form:

(2) ∇ · σ + f = ρ

(
∂u

∂t
+ u · ∇u

)
,

where ρ and u denote fluid density and velocity, σ is the stress tensor
and f is a term containing all external body forces. Classically the
stress tensor σ is represented in the form

σ = −pI + τ,
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where the first and the last terms on the right hand side correspond
to compression and viscous effects, respectively, and p denotes the
fluid pressure. From the conservation of angular momentum it fol-
lows that the viscous stress tensor τ is symmetric. To specify the
form of τ the assumption of the Newtonian fluid is widely used.
This includes the following:

• τ is a linear function of velocity gradient ∇u,
• τ is invariant with respect of rigid body motions (rotations

and translations),
• the fluid is isotropic.

Together these three conditions imply

(3) τ = μ(∇u+ (∇u)t) + λ(∇ · u)I,
where μ and λ are called Lamé viscosity coefficients.

Thus for a Newtonian fluid (2) yields

(4a) −∇p+∇ · (μ(∇u+ (∇u)t) + λ(∇ · u)I)+ f =

= ρ

(
∂u

∂t
+ u · ∇u

)
.

Here the right hand side term corresponds to the rate of change
of momentum, first term on the left hand side represents normal
stress, the second one relates to viscous stress and the last term
contains all external body forces applied to the fluid.

The equation (4a) was derived by Navier, Poisson, Saint-Venant,
and Stokes between 1827 and 1845 and known nowadays as the
Navier-Stokes equation for compressible Newtonian fluids (see [8],
[43] and references therein). This equation is always solved together
with the continuity equation

∂ρ

∂t
+∇ · (ρu) = 0.(4b)

Thus constructed in this way system (4) contains Newton’s second
law of motion (4a) and the conservation of mass (4b).

Further simplifications can be achieved by assuming

(5) ρ, μ = const, ∇ · u = 0 and
∂u

∂t
= 0.

The condition
∇ · u = 0
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expresses the incompressibility of the fluid and together with others
in (5) it corresponds to a so called steady incompressible fluid. So,
under all assumptions above the system (4) has the form

(6)
{ ∇ · (−pI + μ (∇u+ (∇u)t)) + f = ρu · ∇u,

∇ · u = 0.

If in addition we admit that the Reynolds number

Re =
ρusL

μ
,

where us is the mean fluid velocity and L is the characteristic length
(e.g., the cross-section of the pipe), is very small, Re � 1, and,
consequently, inertial forces are negligible compared with viscous
forces, we come to the next simplification called Stokes system or
creeping flow model

(7)
{ ∇ · (−pI + μ (∇u+ (∇u)t)) + f = 0,

∇ · u = 0.

Remark. Since in case of porous media the fluid flow is always
prevented by solid inclusions, its velocity admits small estimates
(see e.g. [40, Ch. 3]) and all assumptions required for (7) are rea-
sonable.

3. Types of boundary condition

To complete the system (6) (or (7)) to a boundary value problem
one has to make some assumptions on the fluid behaviour on the
boundary ∂Ω of the domain Ω where the fluid is considered, i.e. to
impose some boundary condition (BC).

In this thesis we use the following BCs:

u = 0,(8a)

σn̂ = −pbn̂,(8b)

where n̂ is an outward unit normal vector and pb is a prescribed ex-
ternal pressure. Note that the last condition (8b) for the Newtonian
incompressible fluid becomes of the form

(8b′)
(−pI + μ(∇u+ (∇u)t)

)
n̂ = −pbn̂.
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The Dirichlet condition (8a) is called no-slip BC and was ob-
served empirically by Stokes [74] and at the interface between a
solid surface and a liquid [14, 46, 59] applies in commonly occur-
ring situations [8, 44]. The Dirichlet BC is the standard choice of
BC. However, as it was observed by J. Serrin in 1959 [71], it is not
always suitable since it does not reflect the behaviour of the fluid on
the boundary in the general case, it does not contain information
on physical boundary layers near the walls. Nevertheless, in the
most of "regular" cases the no-slip condition finds good experimen-
tal and numerical confirmation (see e.g. discussion in [8, p. 149]
and overview in [46, Ch. 15]). Under this condition the uniqueness
of velocity can be obtained whereas the pressure can be defined
only up to some constant.

The second condition (8b) represents so called normal stress
BC. This type of BC is commonly used on "fluid–fluid" boundaries
and can be interpreted in a sense that the stress vector must be
continuous at the interface. In context of free boundary problems
it was studied in [12, 72], case of liquids in "solid-fluid" wedges was
considered in [6, 68]. To get the existence and uniqueness result in
this case one has to keep in mind that the external pressure which
appears in the boundary condition, must be compatible in appropri-
ate sense with the external force in the momentum equation (see
e.g. [17, Theorem IV.7.1]). However, even if such compatibility
condition is satisfied, then the velocity cannot be uniquely defined.
Therefore to obtain unique solution it is necessary to impose a
boundary condition of another type on some part of the boundary
[18, 54].

Along with the condition (8b) one can also find pressure BC (or
Poiseuille condition)

(9) p = pb,

which is used in a variety of applications such as flow in pipes and
flow between parallel plates. Pressure boundaries represent such
things as confined reservoirs of fluid, ambient laboratory conditions
and applied pressures arising from mechanical devices. Generally,
a pressure condition cannot be used at a boundary where velocities
are also specified, because velocities are influenced by pressure gra-
dients, but in some situations pressure is necessary to specify the
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fluid properties, as e.g. in the case of fluid film lubrication when
the fluid is confined between two close surfaces [39]. Regarding the
well-posedness of the boundary value problem, which is necessary
from physical point of view (see [10, p. 271]), as in the previous case
the system (6) cannot be considered with pressure BC only — such
BC is always supplemented by other BCs [24, 36, 50]. But even
in this case the uniqueness of the solution is still an open question
(see [24]).

In hydrodynamics the two last types of BC are widely used and
related to so called seepage face and phreatic surface correspond-
ingly, but they are never imposed on the whole boundary for the
practical reasons (see [10, Ch. 7.1]). However, in some cases the
pressure BC is asymptotically equivalent to the normal stress one
(see [31]).

For other types of BC see also e.g. [5] and [17, Ch. 4].

4. Geometry of porous media

Since the present research is devoted to studying systems (6)
and (7) in perforated domains, in this section we provide the math-
ematically rigorous description of porous medium as geometrical
object with all necessary assumptions on its smoothness, periodic-
ity etc.

The concept of porous media is used in many areas of science
and engineering, e.g. filtration, mechanics (acoustics, geomechan-
ics, soil mechanics, rock mechanics), engineering (petroleum en-
gineering, bio-remediation, construction engineering), geosciences
(hydrogeology, petroleum geology, geophysics), biology and bio-
physics, material science, etc. To study porous media many ide-
alized models of pore structures are used [10, 27].

In this thesis we consider porous media whose solid part consists
of solid obstacles arranged with the period ε � 1. E.g. such
model in 2D case can be considered as ε–scaling of the domain ω
on Figure 2.

As one can see, there exists a so called representative volume
(RV) Qf = ω∩Q (Q = (0, 1)2 denotes a unit square in R

2), and the
whole ω consists in fact of its integer translations. Solid part Qs =
Q/Qf can be any finite union of simply connected obstacles with
Lipschitz boundary non-intersected neither with the boundaries of
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Figure 2. 2D perforated geometry ω and its repre-
sentative cell ω ∩Q

Figure 3. Example of multiply-connected Qs

Figure 4. Different choices of RV in the case of
hexagonal packing

Q nor with each other. Sometimes avoidance of these intersections
can be done by choosing a different lattice or representative volume
(see Figure 4).

We consider the fluid flow in the bounded perforated domain
Ωε which is constracted by taking intersection Ω ∩ εω of porous
structure εω with some arbitrary bounded simply connected set
Ω whose boundary ∂Ω is assumed to be of Lipschitz type, and
excluding those obstacles which intersect the boundary ∂Ω (see
Figure 5).
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Figure 5. Bounded domain Ω and corresponding
perforated domain Ωε

Thus the boundary ∂Ωε allows the following representation

(10) ∂Ωε = ∂Ω ∪ Sε,

where
• ∂Ω is the boundary of Ω and corresponds to the global

boundary of Ωε and
• Sε = ∂Ωε/∂Ω represents the boundary of solid inclusions

and is called local boundary.
This type of porous geometry is considered in many papers (see
e.g. [3, 62, 69, 76]) and is studied further in Paper A. Paper B is
dedicated to analysis of fluid motion in thin porous media.

4.1. Thin porous media. Thin film flow is a general name
for flows which are characterized by the fact that the flow domain is
confined between two surfaces located on a distance much smaller
than the other characteristic lengths. Important applications of
this type of flow include simulation of tidal flows, dam-break waves
and seals (see e.g. [34, 61, 66]).

In Paper B we study fluid flow in a thin perforated domain Ωεδ

which can be considered as an extrusion of any 2D perforated set
Ωε along the third dimension:

Ωεδ = Ωε × (0, δ),

where the parameter δ � 1 corresponds to the film thickness. In
other words we deal with a porous material confined between two
parallel plates with distance δ from each other. In order to use the
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Figure 6. Thin domain Ωεδ and its boundary
∂Ωεδ = Sεδ ∪ Γεδ

mixed boundary condition we split the boundary

∂Ωεδ = Γεδ ∪ Sεδ

into two parts Γεδ and Sεδ, where

Sεδ =

(⋃
i

∂(εQs
i )× (0, δ)

)⋃
(Ωε × {0, δ})

is the union of solid boundaries of the inclusions and those two
plates mentioned above (see Figure 6) and the lateral boundary Γεδ

Γεδ = ∂Ω× (0, δ).

Since we do not allow solid inclusions to intersect the exterior
boundary of the domain Ω, the set Γεδ does not depend on ε and,
in fact, we could write Γδ instead.

Figure 6 presents the simplest case of thin porous media perfo-
rated by cylindrical inclusions of constant diameter. This geometry
is chosen for numerical reasons (the computations are contained in
Paper B and Appendix to B). It should be noted that the analysis
provided in Paper B can be applied for more general structures.
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5. Historical background

5.1. Homogenization of fluid flow in porous media. The
term "Homogenization" means an approach to study the macro-
behavior of a medium by its microscopic properties. The origin of
this word is related to the question of replacement of the heteroge-
nous material by an "equivalent" homogenous one.

The ideas of homogenization arose long time ago. Already in the
XIX century the the problem of this type can be found in works
done by S. D. Poisson [65], J. C. Maxwell [53] and others (see
e.g. [28, 67]). There are many authors who have contributed to
the systematic building of the mathematical theory of homogeniza-
tion, see e.g. works by N. Bogoliubov, G. Dal Maso, S. Spagnolo,
F. Murat, A. Bensoussan, J.-L. Lions, G. Papanicolaou, L. Tar-
tar, G. Allaire, S. Kozlov, O. Oleinik, V. Zhikov, G. Nguetseng
[2, 3, 13, 15, 52, 42, 57, 60, 73, 75, 77, 80, 81]. Mathematical
works concerning the homogenization of the flow in porous media
appeared mainly in the 1980s. Many of them are devoted to the
derivation of Darcy’s law as an asymptotic limit of Stokes’ sys-
tem in porous media. First attempts were done by applying the
asymptotic expansions method by J. B. Keller, J.-L. Lions and
E. Sanchez-Palencia (see [13, 41, 45, 69]). For more details con-
cerning the idea of this method see Appendix to A. The rigorous
mathematical derivation of Darcy’s law was presented in 1980 by
L. Tartar [76]. In this work the Stokes system with homogeneous
Dirichlet data on a periodically perforated domain Ωε ⊂ R

n with
disconnected solid part was considered:

(11)

⎧⎪⎨
⎪⎩

−∇pε + μΔuε + f = 0 in Ωε,

∇ · uε = 0 in Ωε,

uε = 0 on ∂Ωε.

By using the method of oscillating test functions he derived Darcy’s
law as a limit of (11) as ε → 0:

(12)

⎧⎪⎨
⎪⎩

u = 1
μ
K(f −∇p) in Ω,

∇ · u = 0 in Ω,

u · n̂ = 0 on ∂Ω,
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where u represents the average flow velocity and K is a positive
symmetrical permeability tensor, whose components

(13) Kij =
1

|Q|
∫
Qf

∇wi · ∇wj dy, i, j = 1, . . . , n,

are defined by wi, i = 1, . . . , n, — the unique periodic solutions of
the cell problems

(14)

⎧⎪⎨
⎪⎩

∇qi −Δwi = ei in Qf ,

∇ · wi = 0 in Qf ,

wi = 0 on ∂Qs,

with ei, i = 1, . . . , n, the standard basis vectors in R
n. Similar

results were later obtained in [29] for suspension of solid spheres
(where fluid was governed by the Stokes-Boussinesq system), the
case of domain with connected solid matrix was studied by G. Al-
laire [1], periodic structures were considered by J.-L. Lions [47]. In
[48] R. Lipton and M. Avellaneda provided an explicit character-
ization of the extension of the pressure (which was introduced in
[76]). Generalization to the porous medium with double porosity
was made in [7, 26].

However, Tartar’s method was introduced in the context of H-
convergence [21, 57] and therefore is not specified for periodical
domains. The alternative approach taking into account the periodic
geometry was suggested by G. Nguetseng [60] (see also [49, 82]) but
not in the context of the present problem. The name "two-scale
convergence" to this new method was later introduced by G. Allaire
[3], who proposed his own approach to the proof of Nguetseng’s
compactness theorem and further studied properties of the two-
scale convergence method. So, by using this technique G. Allaire
starting from (11) came to Darcy’s law (12) but under more general
geometrical assumptions on the domain [3].

Homogenization techniques were developed in many directions:
case of multi-phase flow was investigated e.g. by A. Mikelič [55],
A. Bourgeat [16], B. Amazine, L. Pankratov and A. Piatnitski [4],
non-Newtonian flow was considered by A. Mikelič [56], C. Cho-
quet and L. Pankratov [22], studying of coupling effects can be
found in works by M. A. Peter and M. Böhm [64], C. Conca [23],
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D. Polişevschi [37], an approach to non-periodic structures was sug-
gested by A. Beliaev and S. Kozlov in [11].

5.2. Flow in thin domains. Because of Paper B we would
like to especially emphasize the case when the flow takes place be-
tween two close surfaces.

A common approach to the thin film theory consists of dimen-
sional reduction through asymptotic analysis from the three di-
mensions model to a two dimensional one. This process is usually
achieved by a suitable scaling on one of the dimensions, which is
much smaller than the other (one or two) dimensions. This method
was used by G. Bayada [9], where he studied the asymptotic be-
havior of a coupling between a thin film of fluid and an adjacent
thin porous medium. Notion of two-scale convergence in the case of
thin domains was introduced by S. Marušić and E. Marušić-Paloka
[51]. Other related works can be seen in [32, 33, 38, 58, 63, 70].

In combination with porous media the thin case was also studied
in [78] by complex analysis methods and in [30, 79] in the framework
of two-scale convergence.

6. Results

As mentioned above, all studies of fluid motion in porous media
concern the Dirichlet problem (11), which leads to the Darcy law
(12) with Neumann condition u · n̂ = 0 on ∂Ω for the average
velocity u.

In contrast to previous formulations, in both papers presented
here we investigate flow with mixed boundary condition, more pre-
cisely, we assume prescribed normal stress on the global boundary
of the perforated domain and no-slip on the boundaries of solid
inclusions. That allows us to come by homogenization as ε → 0
to Darcy’s law with Dirichlet pressure data, which is used in many
practical applications.

By comparing our results with classical ones we can conclude
that there exists some duality between the Neumann and Dirichlet
condition in the original problem and one in the problem arising
after homogenization: starting from one of those (Dirichlet or Neu-
mann) on the global boundary of perforated domain, one always
comes to the other one in Darcy’s law.
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6.1. Paper A. Paper A is devoted to rigorous derivation of
Darcy’s law (1) with Dirichlet BC for the pressure:

(15)

⎧⎪⎨
⎪⎩

u = 1
μ
K(f −∇p) in Ω,

∇ · u = 0 in Ω,

p = pb on ∂Ω,

as an asymptotic limit for the Stokes system with mixed BC in
periodic porous medium Ωε

(16)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∇ · (− pεI + μ(∇uε + (∇uε)t)
)
+ f = 0 in Ωε,

∇ · uε = 0 in Ωε,(− pεI + μ(∇uε + (∇uε)t)
)
n̂ = −pbn̂ on ∂Ω,

uε = 0 on Sε.

To pass to the limit as ε → 0 we use two-scale convergence technique
(see [3, 40, 49, 60]). See also Appendix to A where the method of
asymptotic expansions is used.

Note, that the permeability tensor K in (15) coincides with
one in [3, 76], since we use the same assumptions on microscale
as G. Allaire and L. Tartar did, whereas the boundary condition
in (15) differs from one in (12), that represents the duality rela-
tion mentioned above between Dirichlet and Neumann boundary
data for the original problems (11) and (16) and their homogenized
versions (12) and (15) correspondingly.

6.2. Paper B. In the case of thin porous medium the result
of asymptotic analysis depends on how fast two small parameters
ε and δ tend to zero with respect to each other. According to this
starting from Navier-Stokes system

(17)

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

∇ · (−pεδI+

+μ(∇uεδ + (∇uεδ)t)
)
+ f = uεδ∇uεδ in Ωεδ,

∇ · uεδ = 0 in Ωεδ,(− pεδI + μ(∇uεδ + (∇uεδ)t)
)
n̂ = −pbn̂ on Γεδ,

uεδ = 0 on Sεδ,
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by using formal asymptotic expansion method (see Appendix to A),
Darcy’s law

(18)

{
∇ · (Kλ∇pλ) = 0 in Ω,

pλ = pb on ∂Ω,

where λ = δ/ε controls the mutual behaviour of δ and ε, is obtained
in all limit cases:

• very thin porous medium (δ � ε, i.e. λ = 0),
• proportionally thin porous medium (δ ∼ λε, λ ∈ (0,∞))

and
• homogeneously thin porous medium (δ � ε, i.e. λ = ∞).

Note that (18) holds in all three cases above, but the permeability
is fundamentally different in the limiting cases λ = 0 and λ = ∞
compared to the intermediate case 0 < λ < ∞. More precisely:

• In the case λ = 0 the permeability has the following form

(19) K0 = − 1

12|Q|
∫
Qf

(
∂q1

∂y1
+ 1 ∂q2

∂y1

∂q1

∂y2

∂q2

∂y2
+ 1

)
dy,

where qi are periodic solutions of the Hele-Shaw type 2D
cell problems

(20)

{
Δqi = 0 in Qf ,

(∇qi + ei) · n̂ = 0 on ∂Qs,

i = 1, 2, e1 = (1, 0) and e2 = (0, 1).
• For 0 < λ < ∞ the permeability is given by

(21) Kλ =
1

λ|Q|
∫
Qf×(0,λ)

(
W 1

1 W 2
1

W 1
2 W 2

2

)
dy dz.

Here W i, i = 1, 2, are the unique periodic solutions of the
3D Stokes cell problems

(22)

⎧⎪⎨
⎪⎩

− 1
λ
∇qi +ΔW i − 1

λ2 e
i = 0 in Qf × (0, λ),

∇ ·W i = 0 in Qf × (0, λ),

W i = 0 on ∂Qs × (0, λ),

where e1 = (1, 0, 0) and e2 = (0, 1, 0).
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• In the case λ = ∞ the permeability is defined by the ex-
pression

(23) K∞ =
1

|Q|
∫
Qf

(
W 1

1 W 2
1

W 1
2 W 2

2

)
dy,

where W i are the unique periodic solutions of the 2D
Stokes cell problems

(24)

⎧⎪⎨
⎪⎩

−∇qi +ΔW i − ei = 0 in Qf ,

∇ ·W i = 0 in Qf ,

W i = 0 on ∂Qs,

i = 1, 2, e1 = (1, 0) and e2 = (0, 1).

The following relation between the permeability tensors Kλ, K0,
K∞ defined above is valid

K0 = lim
λ→0

Kλ, K∞ = lim
λ→∞

λ2Kλ.

For the case λ = ∞ the comparison between the permeability tensor
(23) and one suggested by B. R. Gebart [35] in cases of quadratic
and hexagonal packing of solid cylinders is presented in Appendix
to B.

As in Paper A the Neumann condition in (17) leads to the
Dirichlet condition in (18) that confirms the duality phenomenon
in thin case as well. This fact can also be interpreted as some as-
ymptotic equivalence between the normal stress BC (8b) and the
pressure BC (9) at least in case of slow incompressible Newtonian
fluids.
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[22] C. Choquet and L. Pankratov. Homogenization of a class of quasilinear
elliptic equations with non-standard growth in high-contrast media. Proc.
Roy. Soc. Edinburgh Sect. A, 140(3):495–539, 2010.

[23] C. Conca, J. I. Dı́az, and C. Timofte. Effective chemical processes in porous
media. Math. Models Methods Appl. Sci., 13(10):1437–1462, 2003.

[24] C. Conca, F. Murat, and O. Pironneau. The Stokes and Navier-Stokes
equations with boundary conditions involving the pressure. Jpn. J. Math.,
20:263–318, 1994.

[25] H. Darcy. Les fontaines publiques de la ville de Dijon. Dalmont, Paris,
1856.

[26] P. Donato and J. Saint Jean Paulin. Stokes flow in a porous medium with
a double periodicity. Progress in Partial Differetial Equations: the Metz
Surveys. Pitman, Longman Press, pages 116–129, 1994.

[27] F. A. L. Dullien. Porous Media: Fluid Transport and Pore Structure. Acad.
Press, New York, 2 edition, 1992.

[28] A. Einstein. Ann.Phys., 19(289), 1906.
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[37] I. Gruais and D. Polişevschi. Homogenization of fluid-porous interface
coupling in a biconnected fractured media. Appl. Anal., 94(8):1736–1747,
2015.

[38] G. Gustavo and D. J. Richard. Micromagnetics of very thin film. Proc R
Soc Lond A, 453:213–223, 1997.

[39] B. J. Hamrock. Fundamentals of fluid film lubrication. McGraw-Hill, New
York, 1 edition, 1994.

[40] U. Hornung, editor. Homogenization and Porous Media. Springer-Verlag,
New York, 1997.

[41] J. B. Keller. Darcy’s law for flow in porous media and the two-space
method. Nonlinear Partial Differential Equations in Engineering and Ap-
plied Sciences. Marcel Dekker, New York, 1980.

[42] S. M. Kozlov. The averaging of random operators. Mat.Sbornik,
109(151)(2(6)):188–202, 1979.

[43] P. K. Kundu, I. M. Cohen, and D. R. Dowling. Fluid Mechanics. Academic
Press, Amsterdam, 6 edition, 2015.

[44] L. D. Landau and E. M. Lifshitz. Fluid Mechanics. Butterworth-
Heinemann, Oxford, UK, 2 edition, 1987.

[45] E. W. Larsen and J. B. Keller. Asymptotic solution of neutron transport
problems for small mean free paths. J. Math. Phys., 15:75–81, 1974.

[46] E. Lauga, M. P. Brenner, and H. A. Stone. chapter 19. Springer, New
York, 2007.

[47] J.-L. Lions. Some methods in the mathematical analysis of systems and
their control. Science Press and Gordon and Breach, Beijing, New York,
1981.

[48] R. Lipton and M. Avellaneda. Darcy’s law for slow viscous flow through a
stationary arrayof bubbles. Proc. Roy.Soc.Edinburgh. Ser. A, 114, 1990.

[49] D. Lukkassen, G. Nguetseng, and P. Wall. Two-scale convergence. Int. J.
Pure Appl. Math., 2(1):35–86, 2002.
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Homogenization of the Stokes equation
with mixed boundary condition in a

porous medium
John Fabricius, Elena Miroshnikova, Peter Wall

Abstract. We homogenize stationary incompressible Stokes
flow in a periodic porous medium. The medium under con-
sideration is a bounded domain perforated by ε–periodically
distributed obstacles. The fluid is assumed to satisfy no-slip
(Dirichlet) condition on the boundary of solid inclusions and
normal stress (Neumann type) condition on the global bound-
ary. By using the two-scale convergence method we obtain
Darcy’s law, where the permeability tensor is calculated by
solving local problems. As expected, the permeability is inde-
pendent of the global boundary condition. However, it should
be noted that the normal stress boundary condition is mani-
fested in Darcy’s law as a Dirichlet condition. This correspon-
dence of boundary conditions is reversed in comparison to the
case of Dirichlet condition on the global boundary which leads
to Darcy’s law with Neumann condition.

Keywords Periodic porous media, Darcy’s law, Incompressible
Stokes equation, Homogenization, Two-scale convergence, Normal
stress boundary condition, Neumann condition, Mixed boundary
condition

Introduction

Various physical phenomena can be described in terms of fluid
flow in porous media. It occurs e.g. in the study of filtration in
sandy soils, blood circulation in capillaries etc. In investigation
of such processes one can be interested in finding some averaging
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characteristics of the flow, e.g. permeability, macro-velocity etc. To
obtain such quantities there exist several mathematical approaches
collectively referred to as homogenisation theory (see e.g. [2, 15,
17, 24, 25] and the references therein) as well as methods based
on phase averaging [28].

In the present paper we consider a bounded Lipschitz domain
Ω in R

n which is perforated by ε-periodically distributed obstacles.
The fluid part of Ω is denoted as Ωε. The boundary ∂Ωε = ∂Ω∪Sε

of the domain Ωε consists of two disjoint parts: Sε — the bound-
ary of micro–inclusions (interior boundary), and ∂Ω — the exterior
boundary. The flow of an incompressible fluid in Ωε is assumed
to be governed by the Stokes equations with no-slip condition on
Sε and prescribed normal stress on the global boundary ∂Ω. In
other words, we consider a mixed boundary condition. The theory
developed to deal with the stress boundary condition is the main
contribution of the present analysis. The mixed boundary value
problem for the Stokes system has also been studied by V. Mazya
and J. Rossmann in [20] (unperforated polyhedral domain) and
[12] (unperforated Lipschitz domain).

An important consequence of the mixed boundary condition is
that both pressure and velocity are unique. More precisely, unique-
ness of pressure follows from the normal stress condition on ∂Ω
whereas uniqueness of velocity follows from the no-slip condition
on Sε. It is well known, that if a Dirichlet condition is imposed
on the whole boundary, then the pressure is only determined up to
a constant. Correspondingly, if a Neumann condition is imposed
on the whole boundary, the pressure is unique but the velocity can
only be determined up to a rigid body velocity.

To homogenize the mixed boundary value problem for the Stokes
system includes

• to define a suitable notion of convergence for solutions de-
fined on a sequence of perforated domains Ωε as ε → 0

• to deduce the limit (homogenized) boundary value problem
in the unperforated domain Ω

• to rigorously derive the corresponding Darcy’s law in terms
of homogenized problem solution.
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To accomplish this we use the two-scale convergence technique in-
troduced by G. Nguetseng [23], see also [3, 18]. L. Tartar [25]
proved the homogenization result corresponding to the Dirichlet
problem for the Stokes system using the method of oscillating test
functions. A proof of that result based on two-scale convergence
has been given by Allaire in [15, Ch. 3]. Tartar’s result has been
developed in various directions, e.g. by starting from a more general
model for fluid flow [21]; by relaxing the geometrical requirements
on the domain Ωε [2, 13]; by considering a compressible fluid [19]
or a non-newtonian fluid [6, 16].

To our knowledge all previous studies concern the Dirichlet
problem. This leads to Darcy’s equation with a Neumann con-
dition, which implies that the homogenized pressure distribution
can only be determined up to a constant. However, in applications
where the flow is driven by a pressure gradient it is natural that a
Dirichlet condition for the pressure must be imposed on some part
of the boundary. In fact, it is needed in order to obtain a unique
solution. For a thorough discussion regarding this matter see [4,
Ch. 7]. How the Dirichlet condition for Darcy’s equation is related
to the homogenization, has lacked an explanation until now. In the
present paper we come to a Dirichlet condition in Darcy’s law. This
condition is more accurate from a physical point of view, because
it gives a unique homogenized pressure.

The normal stress boundary condition implies some essential
difficulties compared to the classical no-slip condition. In the lat-
ter case one can use techniques developed for functions vanishing
on the whole boundary, i.e. apply well known results about H1

0–
spaces such as characterisation of corresponding dual space H−1,
de Rham’s theorem [10], Friedrich’s inequality and extension to R

n

by zero. To study a normal stress boundary condition the above
methods are not applicable and one has to develop some additional
tools. For Lipschitz domains this can be achieved by following the
approach based on Nečas’ inequality see e.g. [7, 22, 26]. In partic-
ular we extend the results in [7] in order to obtain a strong version
of de Rham’s theorem, a version of Korn’s inequality for perforated
domains and the existence of an restriction operator. In addition we
adapt the theory of two-scale convergence to the particular context
of the present problem.
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1. Preliminaries

To formulate the problem and state the main result we need first
to describe class of domains where the flow is considered, introduce
notation for function spaces in terms of which the weak formulation
will be done and provide some well known results which will be
adopted for further investigation of the problem.

1.1. Geometrical structure of the domains Ω and Ωε.
1.1.1. Unperforated domain Ω. Since in a sequel we are going to

use such classical results as Korn’s, Nečas’ and Friedrich’s inequal-
ities Ω ⊂ R

n is assumed to be a bounded domain with a Lipschitz
boundary ∂Ω. For technical reasons appeared in Section 3 devoted
to Korn’s inequality we specially emphasise the following property
of Lipschitz domains.

Let Qx,r = Q(x, r) be an open cube of side length r > 0 with
center x ∈ R

n and

∀ε > 0 Ω(ε) = {x ∈ Ω : dist(x, ∂Ω) > ε}, I(ε) = Ω(ε) ∩ εZn.

Figure 1. Cone property

Lemma 1. There exists ε0 > 0 and M ∈ N, M > 1, independent
of ε such that Ω ⊂ ⋃

i∈I(ε)
Q(i,Mε) for any positive ε < ε0. Moreover,

(1)
∑
i∈I(ε)

|Qi,Mε| � Mn
∣∣∣ ⋃
i∈I(ε)

Qi,Mε

∣∣∣.
Proof. Obviously, by taking ε0 small enough one can assume

that the set I(ε) is nonempty and embedding
⋃

i∈I(ε)
Q(x, ε) ⊂ Ω



PAPER A 5

holds for any 0 < ε < ε0. It is well known (see e.g. [7, pp. 128-
130] and [1, p. 67]) that any Lipschitz domain Ω satisfies the cone
property, e.g. there exists finite open cover {Uj}j∈J of ∂Ω and a
corresponding sequence {Cj}j∈J of finite cones,1 each congruent to
some fixed finite cone C such that:

(1) For some δ > 0
⋃
j∈J

Uj ⊃ Ω(δ).

(2) For every j ∈ J
⋃

x∈Ω∩Uj

(x+ Cj) ≡ Aj ⊂ Ω.

(3)
⋂
j∈J

Aj = ∅.
So, for fixed j ∈ J consider some x ∈ Uj and associated cone

Cx1 . Let C0 = Sharp(C) = Sharp(Cx1) be the sharpness of cone C,
i.e. C0 = |x2−x1|/R2, where x2, R2 are taken from the definition of
the cone’s sharpness (see Figure 1 also). Then by choosing ε = R2

one can get |x1 − x2| = C0ε. Applying triangular inequality for x1,
x2 and some i ∈ I(ε) we obtain

|x1 − i| � |x1 − x2|+ |x2 − i| < ε(C0 + 1)

that means x1 ∈ Q(i, 2(C0 + 1)ε). Thus Ω ⊂ ⋃
i∈I(ε)

Q(i,Mε) for any

M > C0 + 1. Inequality (1) is obvious and follows from the fact

that for any j ∈
( ⋃

i∈I(ε)
Qi,Mε

)
∩ εZn the corresponding cube Qj,ε

may be overlapped the most Mn times. �

1.1.2. Perforated domain Ωε. Hereinafter we use the following
notation for scaled and translated objects

∀G ⊂ R
n, ε ∈ R εG = {x : ε−1x ∈ G}.

1Finite cone Cx1
with a vertex at x1 is defined by the following expression

Cx1
= B1 ∩ {x1 + λ(x1 − y) : y ∈ B2, λ > 0},

where B1 = B1(x1, R1), B2 = B2(x2, R2), x1 /∈ B2 ⊂ B1. Degree of cone’s
"sharpness" Sharp(Cx1) can be associated with the ratio of the distance |x2−x1|
between centers of the balls B1, B2 to the radius R2 of the ball B2:

Sharp(Cx1
) =

|x2 − x1|
R2

.
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a) w b) Ω and Ωε

Figure 2. Structure of perforated domain Ωε

To simplify notation we assume

Q ≡ Q(0, 1) =

{
x : −1

2
< xj <

1

2
, j = 1, ..., n

}
.

Let now ω be an unbounded Lipschitz domain of R
n with 1-

periodic structure (i.e. ω is invariant under the shifts by any integer
z ∈ Z

n). By Qf we denote the cell of periodicity ω∩Q. Thus Q can
be written as a union Qf ∪Qs of the fluid part (Qf ) and the solid
part (Qs). We assume a positive distance between those inclusions
and the boundary ∂Q, it allows to represent ∂Qf as ∂Q∪S, where
S = ∂ω ∩Q is a boundary of Qs.

A domain Ωε has the following form (see Figure 2)

(2) Ωε = Ω\
( ⋃
i∈İ(ε)

Qs
i,ε

)
,

where İ(ε) is a subset of I(ε) such that ∂Qs
i,ε ∩ ∂Ω(ε) = ∅. Thus

there exists so called "safety region" Ω\Ω(ε) in the neighborhood
of ∂Ω without inclusions.

From the figures above one can see that ∂Ωε consists of two
disjoint parts ∂Ω — the exterior boundary, and Sε =

(
∂Ωε

) ∩ Ω
— the interior boundary of solid inclusions, i.e. ∂Ωε = ∂Ω ∪ Sε,
∂Ω ∩ Sε = ∅.

1.2. Function spaces. Classical results for Sobolev func-
tions. We denote by u the vector valued function u = (u1, ..., un)
for which ∇u, e(u) are matrices with the following elements:

∇u =

(
∂ui

∂xj

)
ij

, e(u) =

(
1

2

(
∂ui

∂xj

+
∂uj

∂xi

))
ij

.
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For Ω ⊂ R
n as usually H1(Ω;Rn) denotes a space of vector-valued

Sobolev functions equipped with standard scalar product, H1(Ω) ≡
H1(Ω;R), H1(Ω;Rn)� is its dual, γ is a trace operator acting from
H1(Ω;Rn) to L2(∂Ω;Rn) and H

1
2 (∂Ω;Rn) denotes the image of

H1(Ω;Rn) under γ. We shall write u in place of γ(u) when it is clear
from the context that the trace is understood, e.g. for divergence
theorem we have ∫

∂Ω

u · n̂ dS =

∫
Ω

∇ · u dx.

Let H1(Ω,Σ;Rn), Σ ⊂ ∂Ω, be a subspace of H1(Ω;Rn) consisting of
functions u such that γ(u) = 0 on Σ, H1

0 (Ω;R
n) ≡ H1(Ω, ∂Ω;Rn),

and H−1(Ω;Rn) denote its dual space. Also L2
0(Ω) contains all

functions f ∈ L2(Ω) with zero mean value
∫
Ω

f dx = 0.

We define V (Ω;Rn) as a subspace of H1(Ω;Rn) of all divergence-
free functions and let also V0(Ω;R

n) = V (Ω, ∂Ω;Rn).
For the unit cube Q ⊂ R

n let H1
per(Q;Rn) be a subset of the

space H1(Q;Rn) containing Q–periodic functions, also Vper(Q;Rn)
is its subspace of all divergence free elements. By definition the
space L2(Ω;H1

per(Q;Rn)) consists of all measurable functions u :

Ω → H1
per(Q;Rn) for which the inequality

∫
Ω

‖u(x)‖2H1(Q;Rn)dx < ∞
holds. Any u ∈ L2(Ω;H1

per(Q;Rn)) can be identified with function
on Ω×Q by standard way u(x, y) = (u(x))(y), x ∈ Ω, y ∈ Q. Fur-
ther the following differential operators will be used to distinguish
between macro- and micro-variables:

∇x =

(
∂

∂x1

, ...,
∂

∂xn

)
, x = (x1, ..., xn) ∈ Ω,

∇y =

(
∂

∂y1
, ...,

∂

∂yn

)
, y = (y1, ..., yn) ∈ Q.

As in [7] Hdiv(Ω;R
n) consists of functions u ∈ L2(Ω;Rn×n) such

that ∇·u ∈ L2(Ω;Rn). In case of Lipschitz boundary ∂Ω an outward
unit normal vector n̂ is well defined almost everywhere on ∂Ω and
there exists a continuous normal trace operator γn̂ : Hdiv(Ω;R

n) →
L2(∂Ω;Rn) such that γn̂(u) = u · n̂ for any u ∈ C∞

c (Ω;Rn×n) and
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the following Stokes formula holds
(3)∫
Ω

u : ∇w dx+

∫
Ω

w · (∇ · u) dx = 〈γn̂(u), γ(w)〉H− 1
2 (Ω;Rn);H

1
2 (Ω;Rn)

for all u ∈ Hdiv(Ω;R
n), w ∈ H1(Ω;Rn). The image H− 1

2 (∂Ω;Rn)

of the space Hdiv(Ω;R
n) under γn̂ is in fact the dual of H

1
2 (∂Ω;Rn)

(see [7, pp. 248–249] and [27, pp. 9–20]).
For future purposes we record the following classical inequali-

ties.
In Section 3 we extend the classical Korn inequality to the case

of perforated domain with mixed boundary condition.

Theorem 1 (Korn’s inequality [9]). For any u ∈ H1(Ω;Rn)
there exists a constant CΩ > 0 such that the inequality

(4) ‖u‖H1(Ω;Rn) � CΩ

(
‖u‖2L2(Ω;Rn) + ‖e(u)‖2L2(Ω;Rn×n)

) 1
2

holds.

The next theorem is a direct consequence of the generalised
Friedrich inequality (see e.g. [22, pp. 11-12])

Theorem 2 (Friedrich’s inequality). Let Σ ⊂ ∂Ω, |Σ| > 0.
Then for u ∈ H1(Ω,Σ;Rn)

(5) ‖u‖L2(Ω;Rn) � CΩ‖∇u‖L2(Ω;Rn×n).

Theorem 3 (Nečas’ inequality [7, pp. 230-231]). Let

χ(Ω) = {p ∈ H−1(Ω),∇p ∈ H−1(Ω;Rn)}
equipped with the norm

‖p‖χ(Ω) = ‖p‖H−1(Ω) + ‖∇p‖H−1(Ω;Rn).

Then
χ(Ω) = L2(Ω)

and there exists C > 0 such that

(6) ‖p‖L2(Ω) � C‖p‖χ(Ω), ∀p ∈ L2(Ω).

Recall the following well known representation result for func-
tionals on H1(Ω;Rn):



PAPER A 9

Theorem 4 (e.g. [1, p. 48]). For every functional L from
H1(Ω;Rn)� there exist f ∈ L2(Ω;Rn) and Fi ∈ L2(Ω;Rn×n), i =
1, ..., n, such that for all u ∈ H1(Ω;Rn)

(7) L(u) =

∫
Ω

n∑
i=1

∂u

∂xi

: Fi + u · f dx.

The key result to prove existence and uniqueness of pressure is
de Rham’s theorem, in the case of Dirichlet boundary condition,
see e.g. [10], [7, pp. 241–245]. In terms of Theorem 4 de Rham’s
theorem can be formulated as follows:

Theorem 5 (De Rham’s theorem). Let G ∈ L2(Ω;Rn×n)
and g ∈ L2(Ω;Rn) satisfy∫

Ω

G : ∇v + g · v dx = 0 ∀v ∈ V0(Ω;R
n).

Then there exists a unique p ∈ L2
0(Ω) such that

∇ · (−p I +G) = g in Ω

in a weak sense, i.e.

(8)
∫
Ω

(−p I +G) : ∇v + g · v dx = 0 ∀v ∈ H1
0 (Ω;R

n).

Moreover, p satisfies the estimate

‖p‖L2(Ω;Rn) � CΩ

(
‖G‖2L2(Ω;Rn×n) + ‖g‖2L2(Ω;Rn)

) 1
2
.

However, as observed in [7], this version of de Rham’s theorem is
not applicable when the boundary condition is of Neumann type. In
Section 5 we extend this result to deduce existence and uniqueness
of pressure in the case of mixed boundary condition.

Remark 1. Note that p in Theorem 5 is unique only because
of the artificial requirement that∫

Ω

p dx = 0.

If this condition is omitted, then p is only unique up to a constant.
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The following result is also a version of Theorem 5 for periodical
functions, which can be deduced from [27, p. 14].

Theorem 6. Let G ∈ L2(Ω×Q;Rn×n) and g ∈ L2(Ω×Q;Rn)
satisfy∫

Ω×Qf

G : ∇yv + g · v dx = 0 ∀v ∈ L2(Ω;Vper(Q
f , S;Rn)).

Then there exists p ∈ L2(Ω;L2
0(Q

f )) such that for any function
v ∈ L2(Ω;H1

per(Q
f , S;Rn))

(9)
∫

Ω×Qf

(−p I +G) : ∇yv + g · v dx = 0.

2. Model and results

For any incompressible viscous fluid its flow through Ωε can
be modeled by the Stokes equation. Together with normal stress
boundary condition on external boundary ∂Ω and non-slip bound-
ary condition on internal boundary Sε it provides the following
boundary value problem:

(10)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∇ · (− pεI + 2μe(uε)
)
+ f = 0 in Ωε,

∇ · uε = 0 in Ωε,(− pεI + 2μe(uε)
)
n̂ = −pbn̂ on ∂Ω,

uε = 0 on Sε,

where μ ∈ R+ is a kinematic viscosity coefficient, f ∈ L2(Ω;Rn) is
an external force acting on the unit mass of fluid, pb ∈ H

1
2 (∂Ω) is

an external stress (known functions), pε is a scalar function of the
fluid pressure and uε is vector valued function of the fluid velocity
(unknown functions), n̂ denotes the unit outward normal to ∂Ω as
before.

Remark 2. Since pb belongs to H
1
2 (∂Ω), there exists ρb ∈

H1(Ω) such that γ(ρb) = pb on ∂Ω. Further we keep notation
pb for ρb.
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We say that a pair (uε, pε) of functions uε ∈ V (Ωε, Sε;Rn) and
pε ∈ L2(Ωε) is a weak solution of the problem (10) if for any test
function v ∈ H1(Ωε, Sε;Rn) the following integral equality holds:

(11)
∫
Ωε

(−pεI + 2μe(uε)) : ∇v − f · v dx =

= −〈pbn̂, γ(v)〉
H− 1

2 (∂Ω;Rn),H
1
2 (∂Ω;Rn)

.

In order to get homogeneous normal stress on ∂Ω the equation (11)
can be written as

(11′)
∫
Ωε

(−(pε − pb)I + 2μe(uε)
)
: ∇v − (f −∇pb) · v dx = 0,

for all v ∈ H1(Ωε, Sε;Rn).

Remark 3. By introducing notation

p̃ε = pε − pb, f̃ = f −∇pb

one can see that (11′) provides the following weak formulation

(12)
∫
Ωε

(−p̃εI + 2μe(uε)) : ∇v−f̃ ·v dx = 0, ∀v ∈ H1(Ωε, Sε;Rn),

of the equivalent boundary value problem

(13)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∇ · (− p̃εI + 2μe(uε)
)
+ f̃ = 0 in Ωε,

∇ · uε = 0 in Ωε,(− p̃εI + 2μe(uε)
)
n̂ = 0 on ∂Ω,

uε = 0 on Sε.

The main results of this paper are the following two theorems.

Theorem 7 (Existence, uniqueness and extension). For
each ε > 0 the boundary value problem (10) has a unique weak
solution uε ∈ V (Ωε, Sε;Rn), pε ∈ L2(Ωε). Moreover, there exist
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extensions

U ε =

{
uε in Ωε

0 in Ω\Ωε

P ε =

⎧⎨
⎩

pε in Ωε

1
ε|Qf |

∫
Qf

i,ε

(pε − pb) dx+ pb in Qs
i,ε, i ∈ İ(ε),

such that U ε ∈ V (Ω;Rn) and P ε ∈ L2(Ω) satisfy the following a
priori estimates:

(14) ‖U ε‖L2(Ω;Rn) + ε‖e(U ε)‖L2(Ω;Rn×n) � ε2C,

(15) ‖P ε‖L2(Ω) � C,

where the constant C is independent of ε.

Let the homogenized premeability tensor K = (Kij) be defined
as

(16) Kij =
1

|Q|
∫
Qf

∇wi · ∇wj dy, i, j = 1, . . . , n,

where (wi, qi), i = 1, . . . , n, are the unique solutions in the space
H1

per(Q;Rn)× L2
0(Q

f ) of the cell problems

(17)

⎧⎪⎨
⎪⎩

∇qi −Δwi = ei in Qf ,

∇ · wi = 0 in Qf ,

wi = 0 in Qs,

and ei, i = 1, . . . , n, denote the standard basis vectors in R
n.

Theorem 8 (Darcy’s law). The extended solution (U ε, P ε)
of (10) satisfies: velocity ε−2U ε converges weakly in L2(Ω;Rn) to
v ∈ L2(Ω;Rn) and the pressure P ε converges strongly in L2(Ω) to
p ∈ H1(Ω), where v and p are related through Darcy’s law

(18)

⎧⎪⎪⎨
⎪⎪⎩

v =
1

μ
K (f −∇p) in Ω,

∇ · v = 0 in Ω,

p = pb on ∂Ω,

where K is given by (16).
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Remark 4. The above Darcy law agrees with that of [15, 25]
except for the boundary condition. In [15, 25] the Dirichlet con-
dition uε = 0 on ∂Ωε implies the Neumann condition v · n̂ = 0 on
∂Ω in Darcy’s law. In the present study we start with a Neumann
condition on ∂Ω (prescribed normal stress) and end up with the
Dirichlet condition p = pb on ∂Ω in Darcy’s law. Thus there is a
dual correspondence between Dirichlet and Neumann conditions in
the original problem and the homogenized problem.

3. Korn’s inequality for perforated domain

In this section we extend the well known Korn inequality (4) to
the case of functions vanishing on the interior boundary Sε of the
domain Ωε only. The structure of Ωε plays the crucial role in the
proof — namely, it is important that there exists "safety region"
Ω\Ω(ε) without solid inclusions which allows us to apply Lemma 1
in order to cover the Ωε by finite number of cells εMQf .

Theorem 9 (Korn’s inequality for V (Ωε, Sε;Rn)). There
exists a constant C > 0 independent of ε such that for all sufficiently
small ε > 0 any function u ∈ V (Ωε, Sε;Rn) satisfies

(19) ‖u‖L2(Ωε;Rn) � Cε‖e(u)‖L2(Ωε;Rn×n);

(20) ‖u‖H1(Ωε;Rn) � C‖e(u)‖L2(Ωε;Rn×n).

Proof. • Since u = 0 on Sε, it allows trivial (by zero in
Ω\Ωε) extension ū to Ω, such that ū ∈ V (Ω;Rn), ū = u
in Ωε and ‖ū‖H1(Ω;Rn) = ‖u‖H1(Ωε;Rn). This new function ū
can in its turn be extended to whole R

n by standard pro-
cedure (see e.g. [11, Ch. 5.4]). Denote also this extended
function by ū, so we have ū ∈ H1(Rn;Rn), such that

(21) ū =

{
u in Ωε

0 in Ω\Ωε,
‖ū‖H1(Rn;Rn) � CΩ‖u‖H1(Ωε;Rn).

• By Lemma 1 we get

(22)
∫
Ωε

|u|2 dx �
∑
i∈İ(ε)

∫
Q(i,Mε)

|ū|2 dx.
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• Observe that Q(i,Mε) is a scaling and translation of cube
Q(0,M). For any function w ∈ H1(Q(0,M);Rn) such that
w = 0 in Qs the Friedrich’s inequality (5) implies∫

Q(0,M)

|w|2 dx � CQ

∫
Q(0,M)

|∇w|2 dx.

By rescaling and translation we obtain

(23)
∫

Q(i,Mε)

|v|2 dx � εCQ

∫
Q(i,Mε)

|∇v|2 dx

for all v ∈ H1(Q(i,Mε);Rn), i ∈ İ(ε).
• Thus, combining (1), (22) and (23) gives∫

Ωε

|u|2 dx � ε2CQ

∑
i∈İ(ε)

∫
Q(i,Mε)

|∇ū|2 dx � ε2(M+1)nCQ

∫
Rn

|∇ū|2 dx,

where term (M + 1)n appears due to overlapping cubes
with lengthes (M+1)ε and centers at the nods of ε–lattice
İ(ε) (see also Lemma 1).

Since by (21)∫
Rn

|ū|2 dx �
∫
Rn

|ū|2 + |∇ū|2 dx � C2
Ω

∫
Ω

|ū|2 + |∇ū|2 dx,

by applying Korn’s inequality (4) to the right part we get∫
Ωε

|u|2 dx � ε2C2
Q,Ω

∫
Ω

|ū|2+|e (ū) |2 dx = ε2C2
Q,Ω

∫
Ωε

|u|2+|e(u)|2 dx.

So, for any ε < 1√
2
CQ,Ω

‖u‖L2(Ωε;Rn) �
√
2εCQ,Ω‖e(u)‖L2(Ωε;Rn×n).

• The inequality (20) follows directly from classical inequal-
ity (4) for function ū on Ω.

�
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4. Some results in vector analysis

Lemma 2. There exists a vector field ϕ̂ ∈ H1(Ω;Rn) such that∫
∂Ω

ϕ̂ · n̂ dS = 1.

Proof. ϕ̂(x) = (n|Ω|)−1x has the desired property because by
the divergence theorem∫

∂Ω

ϕ̂ · n̂ dS =

∫
Ω

∇ · ϕ̂ dx = 1.

�
Remark 5. Obviously there are many choices of ϕ̂ in Lemma 2.

If ∂Ω is of class C1,1, ϕ̂(x) = (|∂Ω|)−1n̂ is perhaps the most natural
choice (see [7, Ch. III, Proposition III.3.7]).

4.1. Bogovskĭı operator.

Theorem 10. For any f ∈ L2(Ω) there exists some function
v ∈ H1(Ω;Rn) such that

(24) f = ∇ · v in Ω and ‖v‖H1(Ω;Rn) � CΩ‖f‖L2(Ω).

Proof. Let f ∈ L2(Ω), a denote its mean value
∫
Ω

f dx and ϕ̂

be chosen as in Lemma 2. As a consequence of Nečas’ theorem (see
[26, Ch. 13, Lemma 13.2])

{∇ · v : v ∈ H1
0 (Ω;R

n)} = L2
0(Ω).

Since f0 = f − a∇ · ϕ̂ satisfies∫
Ω

f0 dx =

∫
Ω

f dx− a

∫
∂Ω

ϕ̂ · n̂ dS = 0

there exists v0 ∈ H1
0 (Ω;R

n) such that ∇ · v0 = f0.
Let v = v0 + aϕ̂, then v ∈ H1(Ω;Rn) and ∇ · v = f . Thus the

mapping v �→ ∇·v is surjective from H1(Ω;Rn) to L2(Ω) with kernel
V (Ω;Rn). Let N = H1(Ω;Rn)/V (Ω;Rn) be the quotient space
consisting of corresponding equivalence classes [v], v ∈ H1(Ω;Rn).
Then operator D defined by

D([v]) = ∇ · v ∀v ∈ [v],
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is linear bijection D : N → L2(Ω). Since

‖D([v])‖L2(Ω) = ‖∇ · v‖L2(Ω) � ‖v‖H1(Ω;Rn), ∀v ∈ [v],

we obtain

‖D([v])‖L2(Ω) � inf
v∈[v]

‖v‖H1(Ω;Rn) = ‖[v]‖N ,

i.e. ‖D‖ � 1.
From the open mapping theorem it follows that the inverse op-

erator D−1 : L2(Ω) → N is continuous and therefore for f = ∇·v ∈
L2(Ω), v ∈ H1(Ω;Rn), there exists ṽ ∈ [v] such that

‖ṽ‖H1(Ω;Rn) = ‖[v]‖N � ‖D−1‖‖f‖L2(Ω).

�
Remark 6. Theorem 10 is usually formulated with f ∈ L2

0(Ω)
and v ∈ H1

0 (Ω;R
n) (see [5] and [14, Ch. III.3]).

Remark 7. Theorem 10 asserts the existence of a bounded
linear operator B : L2(Ω) → H1(Ω;Rn) such that ∇ · B(f) = f .

4.2. Lift operator.

Corollary 1. For any v ∈ H1(Ω;Rn) such that∫
∂Ω

v · n̂ dS = 0

there exists u ∈ V (Ω;Rn) such that

u = v on ∂Ω and ‖u‖H1(Ω;Rn) � CΩ‖v‖H1(Ω;Rn).

Proof. According to Theorem 10 (see Remark 6) and the di-
vergence theorem there exists v0 ∈ H1

0 (Ω;R
n) such that ∇·v = ∇·v0

in Ω and ‖v0‖H1(Ω;Rn) � ‖∇ · v‖L2(Ω). Let u = v − v0 then

∇ · u = 0, u = v on ∂Ω

and

‖u‖H1(Ω;Rn) � ‖v‖H1(Ω;Rn) + ‖v0‖H1(Ω;Rn) �
� ‖v‖H1(Ω;Rn) + C‖∇ · v‖L2(Ω) � C‖v‖H1(Ω;Rn).

�
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Remark 8. Corollary 1 asserts the existence of a bounded lin-
ear operator

L :

{
v ∈ H1(Ω;Rn) :

∫
∂Ω

v · n̂ dS = 0

}
→ V (Ω;Rn)

such that L(v) = v on ∂Ω.

5. The strong de Rham theorem

In this section the domain Ω is assumed to be a bounded Lips-
chitz subset of Rn. The aim is to characterise V (Ω;Rn)⊥, i.e. the
bounded linear functionals on H1(Ω;Rn) that vanish on V (Ω;Rn).
To our knowledge the results in this section are new. But the ap-
proach is inspired by [7, Ch. IV] (see also the references mentioned
therein).

Lemma 3. Let F ∈ L2(Ω;Rn×n) such that ∇ · F ∈ L2(Ω;Rn).
Then

(25) 〈γn̂(F ), γ(v)〉
H− 1

2 (∂Ω;Rn),H
1
2 (∂Ω;Rn)

=

=

∫
Ω

F : ∇v + (∇ · F ) · v dx = 0

for all v ∈ V (Ω;Rn) if and only if there exists a constant c ∈ R

such that
Fn̂ = cn̂ on ∂Ω

in a weak sense, i.e. for any v ∈ H1(Ω;Rn)

(26) 〈γn̂(F ), γ(v)〉
H− 1

2 (∂Ω;Rn),H
1
2 (∂Ω;Rn)

=

=

∫
Ω

F : ∇v + (∇ · F ) · v dx =

∫
∂Ω

cn̂ · v dS.

Here the constant c is defined by

(27) c = 〈γn̂(F ), γ(ϕ̂)〉
H− 1

2 (∂Ω;Rn),H
1
2 (∂Ω;Rn)

,

for any ϕ̂ as in Lemma 2.
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Proof. Let v ∈ H1(Ω;Rn), a =
∫
∂Ω

v · n̂ dS and ϕ̂ be as in

Lemma 2. Then for v0 = v − aϕ̂ (see Corollary 1) there exists
u ∈ V (Ω;Rn) such that u = v0 on ∂Ω. From (25) we obtain

〈γn̂(F ), γ(v0)〉H− 1
2 (∂Ω;Rn),H

1
2 (∂Ω;Rn)

=

= 〈γn̂(F ), γ(u)〉
H− 1

2 (∂Ω;Rn),H
1
2 (∂Ω;Rn)

= 0.

Consequently,

〈γn̂(F ), γ(v)〉
H− 1

2 (∂Ω;Rn),H
1
2 (∂Ω;Rn)

=

= a〈γn̂(F ), γ(ϕ̂)〉
H− 1

2 (∂Ω;Rn),H
1
2 (∂Ω;Rn)

=

∫
∂Ω

cn̂ · v dS,

where c = 〈γn̂(F ), γ(ϕ̂)〉
H− 1

2 (∂Ω;Rn),H
1
2 (∂Ω;Rn)

. �

Theorem 11 (The strong de Rham theorem). Suppose F ∈
L2(Ω;Rn×n) and f ∈ L2(Ω;Rn) satisfy

(28)
∫
Ω

F : ∇v + f · v dx = 0 ∀v ∈ V (Ω;Rn).

Then there exists a unique p ∈ L2(Ω) such that{ ∇ · (−pI + F ) = f in Ω

(−pI + F )n̂ = 0 on ∂Ω

in the weak sense, i.e. for any v ∈ H1(Ω;Rn)

(29)
∫
∂Ω

(−pI + F )n̂ · v dS =

∫
Ω

(−pI + F ) : ∇v + f · v dx = 0

and

(30) ‖p‖L2(Ω;Rn) � C
(
‖F‖2L2(Ω;Rn×n) + ‖f‖2L2(Ω;Rn)

) 1
2
.

Proof. Since V0(Ω;R
n) is a subset of V (Ω;Rn) then (28) im-

plies ∫
Ω

F : ∇v + f · v dx = 0 ∀v ∈ V0(Ω;R
n).
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According to Theorem 5 there exists a unique p0 ∈ L2
0(Ω) such that∫

Ω

(−p0I + F ) : ∇v + f · v dx = 0 ∀v ∈ H1
0 (Ω;R

n),

i.e. f = ∇ · (−p0I + F ) in Ω. According to Lemma 3 there exists
c > 0 such that∫

Ω

(−pI + F ) : ∇v + f · v dx = 0 ∀v ∈ H1(Ω;Rn),

where p = p0+c. Choosing v such that p = ∇·v (as in Theorem 10)
and applying the Hölder inequality and the estimate ‖v‖H1(Ω;Rn) �
C‖p‖L2(Ω) give (30). The uniqueness of p follows from this estimate.

�

6. Proof of Theorem 7

The proof is divided into two parts.

6.1. Velocity. We start by considering (11) in particular case
when v ∈ V (Ωε, Sε;Rn). The term with f · v can be interpreted as
the inner product in L2(Ωε;Rn). The term containing stress tensor
represents the bilinear form B : V (Ωε, Sε;Rn)×V (Ωε, Sε;Rn) → R:

B[u, v] =

∫
Ωε

(−pεI + 2μe(uε)) : ∇v dx = μ

∫
Ωε

e(u) : e(v) dx,

where u, v ∈ V (Ωε, Sε;Rn). Due to (20) there exists such constant
C1 > 0 independent of ε that

B[u, u] = μ

∫
Ωε

|e(u)|2 dx � C1‖u‖2H1(Ωε;Rn).

Also for some C2, C3 > 0

|B[u, v]| � C2‖∇u‖L2(Ωε;Rn×n)‖∇v‖L2(Ωε;Rn×n) �
� C3‖u‖H1(Ωε;Rn)‖v‖H1(Ωε;Rn).

The inequalities above let us apply the Lax-Milgram theorem (see
[11, p. 297]) to obtain a unique solution uε ∈ V (Ωε, Sε;Rn) of (10).
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It is natural to extend uε by zero in Ω\Ωε since this is compatible
with no-slip boundary condition on Sε:

U ε =

{
uε in Ωε

0 in Ω\Ωε
, U ε ∈ H1(Ω;Rn).

Substituting v = uε in (11) provides

μ

∫
Ωε

|e(uε)|2 dx � ‖f‖L2(Ωε;Rn)‖uε‖L2(Ωε;Rn)+

+
∣∣∣〈pbn̂, γ(uε)〉

H− 1
2 (∂Ω;Rn),H

1
2 (∂Ω;Rn)

∣∣∣ .
Together with the Stokes formula (3) it gives us

μ‖e(uε)‖2L2(Ωε;Rn×n) � ‖f‖L2(Ωε;Rn)‖uε‖L2(Ωε;Rn)+

+ ‖∇pb‖L2(Ωε;Rn)‖uε‖L2(Ωε;Rn) =

= (‖f‖L2(Ω;Rn) + ‖∇pb‖L2(Ω;Rn))‖uε‖L2(Ωε;Rn).

Therefore by using (19) we get also

μ‖uε‖2L2(Ωε;Rn) � μCε2‖e(uε)‖2L2(Ωε;Rn×n) �
� Cε2

(‖f‖L2(Ω;Rn) + ‖pb‖H1(Ω)

) ‖uε‖L2(Ωε;Rn),

that finally gives

‖uε‖L2(Ωε;Rn) � Cε2, ‖e(uε)‖L2(Ωε;Rn×n) � Cε,

that implies corresponding estimates (14) for U ε.

6.2. Pressure. The existence of pressure is based on the con-
struction of a restriction operator H1(Ω;Rn) → H1(Ωε, Sε;Rn) (see
[25, 3, 21]) and the strong de Rham theorem. Note that the restric-
tion operator that appears in these papers is defined on H1

0 (Ω;R
n),

but since the construction is local it works also in our case. We
give the proof only for the sake of completeness.

Lemma 4. There exists a linear continuous operator

Rε : H
1(Ω;Rn) → H1(Ωε, Sε;Rn),

such that
Rε(v) = v in Ωε if v = 0 on Sε,

∇ ·Rε(v) = 0 in Ωε if ∇ · v = 0 in Ω
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and

(31) ‖Rε(v)‖L2(Ωε;Rn) + ε‖∇Rε(v)‖L2(Ωε;Rn×n) �
� C

(‖v‖L2(Ω;Rn) + ‖∇v‖L2(Ω;Rn×n)

)
.

Proof. • In H1(Qf ;Rn) there exists a unique solution
denoted by R(w) of the Stokes problem

(32)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

∇q −ΔR(w) = −Δw in Qf ,

∇ ·R(w) = ∇ · w + 1
|Qf |

∫
Qs

∇ · wdx in Qf ,

R(w) = 0 on S,

R(w) = w on ∂Q,

for any function w ∈ H1(Q;Rn). The standard estimates
for nonhomogeneous Stokes problem provide

‖R(w)‖H1(Qf ;Rn) � CQf‖w‖H1(Q;Rn).

Defined by this way operator R is linear bounded operator
from H1(Q;Rn) into H1(Qf ;Rn).

• By rescaling x → εx and translation we obtain operator
Rε : H

1(Ω;Rn) → H1(Ωε, Sε;Rn) defined in each cell Qf
i,ε,

i ∈ İ(ε), as a solution of the following problem

(33)

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

∇qε −ΔRε(u) = −Δu in Qf
i,ε,

∇ ·Rε(u) = ∇ · u+ 1
ε|Qf |

∫
Qs

i,ε

∇ · u dx in Qf
i,ε,

Rε(u) = 0 on Si,ε,

Rε(u) = u on ∂Qi,ε

and as an identity operator R(u) = u in "safety region"
Ω\Ω(ε).

By summation over i ∈ İ(ε) Rε allows the following
estimate

‖Rε(u)‖2L2(Ωε;Rn) + ε2‖∇Rε(u)‖2L2(Ω;Rn×n) �

� C
(
‖u‖2L2(Ω;Rn) + ‖∇u‖2L2(Ω;Rn×n)

)
.

• All other properties of the operator Rε required in Lemma
can be checked easily.

�
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Lemma 5.

{∇ · v : v ∈ H1(Ωε, Sε;Rn)} = L2(Ωε).

Proof. The proof is mainly the same as in Theorem 10. Let
f ∈ L2(Ωε), a denote its mean value

∫
Ω

f dx, ϕ̂ be chosen as in

Lemma 2 and ζ ∈ C1(Ωε) such that

ζ =

{
1 on ∂Ω

0 on Sε,

For f0 = f − a∇ · (ϕ̂ζ) ∈ L2
0(Ω

ε), there exists v0 ∈ H1
0 (Ω

ε;Rn)
such that ∇ · v0 = f0. Let v = v0 + aϕ̂ζ, then v ∈ H1(Ωε, Sε;Rn)
and ∇ · v = f . �

Let us now prove the existence of pressure defined on Ω. To this
end we define

Lε(v) =

∫
Ωε

2μe(uε) : ∇Rε(v)− f̃ ·Rε(v) dx, v ∈ H1(Ω;Rn),

which is a bounded linear functional on H1(Ω;Rn). In view of the
Theorem 4 and the strong de Rham theorem (Theorem 11) there
exists a unique P̃ ε ∈ L2(Ω) such that

(34) Lε(v) =

∫
Ω

P̃ ε∇ · v dx

and ‖P̃ ε‖L2(Ω) < C.
By choosing v ∈ H1(Ω;Rn) such that v = 0 on Sε it is clear

that p̃ε = P̃ ε|Ωε , the restriction of P̃ ε to Ωε is a solution of (12).
Uniqueness of p̃ε follows from the equality∫

Ω

P̃ ε∇ · v dx =

∫
Ωε

p̃ε∇ ·Rε(v) dx

and Lemma 5.
Finally we show that P̃ ε is constant in Ω\Ωε. Choose v ∈

H1(Ω;Rn) such that supp(v) ⊂⊂ Qi,ε, i ∈ İ(ε), and use (32) for
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∇ ·Rε(v):∫
Qi,ε

P̃ ε∇ · v dx =

∫
Qf

i,ε

p̃ε∇ ·Rε(v) dx =

=

∫
Qf

i,ε

p̃ε

⎛
⎜⎝∇ · v + 1

ε|Qf |
∫

Qs
i,ε

∇ · v dx

⎞
⎟⎠ dx =

=

∫
Qf

i,ε

p̃ε∇·v dx+

∫
Qs

i,ε

⎛
⎜⎜⎝ 1

ε|Qf |
∫

Qf
i,ε

p̃ε dx

⎞
⎟⎟⎠∇·v dx =

∫
Qi,ε

P̃ ε
1∇·v dx,

where

(35) P̃ ε
1 =

⎧⎪⎪⎨
⎪⎪⎩

p̃ε in Qf
i,ε

1

ε|Qf |
∫

Qf
i,ε

p̃ε dx in Qs
i,ε

, i ∈ İ(ε).

By density arguments (see Theorem 10) from (34) we obtain the
uniqueness of P̃ ε, which implies P̃ ε = P̃ ε

1 in Ω. Finally by adding
pb to both sides of (35) we get P ε — the extension of pε satisfying
all conditions from Theorem 7.

7. Homogenization

7.1. Two-scale convergence.

Definition 1. A bounded sequence {uε} ⊂ L2(Ω;Rn) is said
two-scale converge to a limit u ∈ L2(Ω × Q;Rn) if for any ϕ ∈
C∞

c (Ω; (C∞
per(Q;Rn)))

lim
ε→0

∫
Ω

uε(x) · ϕ
(
x,

x

ε

)
dx =

∫
Ω

∫
Q

u(x, y) · ϕ(x, y) dx dy.

Moreover, a bounded sequence {f ε} in H−1(Ω;Rn) is said two-scale
converge to a limit f ∈ H−1(Ω × Q;Rn) if for any function ϕ ∈
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C∞
c (Ω; (C∞

per(Q;Rn)))

lim
ε→0

〈f ε, ϕ
(
x,

x

ε

)
〉H−1(Ω;Rn),H1

0 (Ω;Rn) = 〈f, ϕ〉H−1(Ω×Q;Rn),H1
0 (Ω×Q;Rn).

Theorem 12. Let {uε} be some bounded sequence in L2(Ω;Rn).
Then there exists a subsequence {uε} which two-scale converges to
u ∈ L2(Ω×Q;Rn).

The proof can be found in [18].
Further we need slightly changed version of the classical result

from [3]:

Theorem 13. Let {uε} be a sequence in H1(Ω;Rn) such that
for any uε

(36) ‖uε‖L2(Ω;Rn) + ε‖e(uε)‖L2(Ω;Rn×n) � ε2C,

where the constant C is independent of ε. Then there exists a func-
tion u ∈ L2(Ω;H1

per(Q;Rn)) such that, up to a subsequence, {ε−2uε}
and {ε−1e (uε)} two-scale converge to u and ey(u) respectively.

Proof. Since sequences {ε−2uε} and {ε−1e (uε)} are bounded
in corresponding spaces L2(Ω;Rn), L2(Ω;Rn×n) there exist two-
scale limits u ∈ L2(Ω×Q;Rn) and χ ∈ L2(Ω×Q;Rn×n), i.e. for any
function ψ ∈ C∞

c

(
Ω;C∞

per(Q;Rn)
)

and ϕ ∈ C∞
c

(
Ω;C∞

per(Q;Rn×n)
)

lim
ε→0

∫
Ω

1

ε2
uε(x) · ψ

(
x,

x

ε

)
dx =

∫
Ω

∫
Q

u(x, y) · ψ(x, y) dx dy.

lim
ε→0

∫
Ω

1

ε
e (uε) (x) : ϕ

(
x,

x

ε

)
dx =

∫
Ω

∫
Q

χ(x, y) · ϕ(x, y) dx dy.

From estimates (20) and (36) we conclude that {ε−1∇uε} is also
bounded in L2(Ω×Q;Rn×n) and there is ζ ∈ L2(Ω×Q;Rn×n) such
that

lim
ε→0

∫
Ω

1

ε
∇uε(x) · ϕ

(
x,

x

ε

)
dx =

∫
Ω

∫
Q

ζ(x, y) · ϕ(x, y) dx dy.
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Integrating by parts we obtain∫
Ω

∫
Q

ζ(x, y) : ϕ(x, y) dx dy = lim
ε→0

∫
Ω

1

ε
∇uε(x) : ψ

(
x,

x

ε

)
dx =

= − lim
ε→0

∫
Ω

1

ε2
uε(x) ·

(
∇y · ϕ

(
x,

x

ε

)
+ ε∇x · ϕ

(
x,

x

ε

))
dx =

= −
∫
Ω

∫
Q

u(x, y) · (∇y · ϕ) (x, y) dx dy.

Thus by definition of weak derivative ζ = ∇yu, χ = ey(u) and,
consequently, u ∈ L2(Ω;H1

per(Q;Rn)). �

7.2. Properties of the cell problems. Here we prove some
important properties related to the cell problems (17) that will be
used in the homogenization of (10).

Note that any element v ∈ Vper(Q
f , S;Rn) can be extended to

function in Vper(Q;Rn) by zero. Thus we identify Vper(Q
f , S;Rn)

with the space

{v ∈ Vper(Q;Rn) : v = 0 in Qs} .
Let Y denote the subspace of all v ∈ Vper(Q

f , S;Rn) such that∫
Qf

v dx = 0.

Lemma 6. (i) The orthogonal complement Y ⊥ of Y in
Vper(Q

f , S;Rn) with respect to the scalar product

(37) (u, v) =

∫
Qf

∇u : ∇v dx

is the linear space spanned by the solutions wi|Qf , i =
1, ..., n, of the cell problems (17).

(ii) For any vector a ∈ R
n there exists such function v ∈

Vper(Q
f , S;Rn) that

(38)
∫
Qf

v dx = a.
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Proof. (i) The weak formulation of problem (17) is

(39)
∫
Qf

∇wi : ∇v dx =

∫
Qf

ei · v dx ∀v ∈ Vper(Q
f , S;Rn).

It is well known that (39) has a unique solution wi ∈ Vper(Q
f , S;Rn),

i = 1, ..., n. From (39) it follows that v ∈ {wi}⊥ if and only if∫
Qf

v dx = 0. Since Span{wi} is closed, it must therefore be equal

to Y ⊥.
(ii) By substituting v = wi to (39) one can see that∫

Qf

ei · wi dx =

∫
Qf

|∇wi|2 dx > 0 ∀i = 1, ..., n

because |Qs| > 0. Moreover, the matrix K = (Kij), i, j = 1, ..., n,

Kij =

∫
Qf

∇wi : ∇wj dx =

∫
Qf

ei · wj dx

is symmetric and positive definite. Thus detK > 0 and since it is
Gram determinant for {wi} with respect to scalar product (37), we
can conclude that functions {wi} are linearly independent.

By the Gram-Schmidt process there exists an orthonormal set
{w̃i}, i.e. ∫

Qf

ei · w̃j dx = δij, 1 � i, j � n,

that has the same span as {wi}. Thus any a ∈ R
n can be written

as (38) by choosing v as a linear combination of w̃i, i = 1, ..., n. �

7.3. Homogenized problem. The following convergence re-
sult holds:

Theorem 14. Let U ε and P ε be as in Theorem 7. Then
i. {ε−2U ε} two-scale converges to u ∈ L2(Ω×Q;Rn);
ii. {ε−1e(U ε)} two-scale converges to ey(u) ∈ L2(Ω×Q;Rn×n);
iii. {P ε} converges strongly to p in L2(Ω);
iv. {ε∇P ε} two-scale converges to ∇yp1 ∈ H−1(Ω×Q;Rn),
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where u, p, p1 constitute the unique solution

(u, p, p1) ∈ L2(Ω;H1
per(Q;Rn))×H1(Ω)× L2(Ω;L2

0(Q
f ))

of the following two-pressure Stokes problem:
(40)⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∇xp+∇yp1 + μΔyu = f in Ω×Qf ,

∇y · u = 0 in Ω×Qf ,

∇x ·
∫
Q

u dy = 0 in Ω,

u = 0 in Ω×Qs,

p = pb on ∂Ω,

u, p1 are Q-periodic with respect to y.

Proof. From Theorem 13 and estimate (14) there exists two-
scale limit u ∈ L2(Ω;H1

per(Q;Rn)) such that the sequences {ε−2U ε},
{ε−1e(U ε)} two-scale converge to u and ey(u) respectively. More-
over, since U ε is zero in Ω\Ωε and divergence free it satisfies

(41)
∫
Ω

U ε · ∇ψ
(
x,

x

ε

)
dx = 0 ∀ψ ∈ C∞

c (Ω;C∞
per(Q)).

Choosing ψ(x, y) = ε−1ψ1(x)ψ2(y) ∈ C∞
c (Ω;C∞

per(Q)) such that
ψ1 ∈ C∞

c (Ω), ψ2 ∈ C∞
per(Q),

0 = −1

ε

∫
Ω

U ε(x) ·
(
ψ2

(x
ε

)
∇xψ1(x) +

1

ε
ψ1(x)∇yψ2

(x
ε

))
dx.

Then passing to the limit ε → 0 and integrating by parts give:

(42) 0 =

∫
Ω×Q

u(x, y) · ψ1(x)∇yψ2(y) dy dx =

= −
∫

Ω×Q

(∇y · u) (x, y)ψ1(x)ψ2(y) dy dx.

Thus, by density, ∇ · u = 0 in Ω×Q.
Next, we choose in (41) ψ(x, y) = ε−2ψ1(x), ψ1 ∈ C∞

c (Ω),

0 =
1

ε2

∫
Ω

(∇ · U ε) (x)ψ1(x) dx = − 1

ε2

∫
Ω

U ε(x) · ∇xψ1(x) dx.
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Passing to the limit ε → 0 and integrating by parts lead us to the
following:

(43) 0 =

∫
Ω

⎛
⎝∫

Q

u(x, y)dy

⎞
⎠ · ∇xψ1(x) dx =

= −
∫
Ω

∇x ·
⎛
⎝∫

Q

u(x, y)dy

⎞
⎠ψ1(x) dx = 0.

Next, let ψ(x, y) = ψ1(x)ψ2(y), where ψ1 ∈ C∞
c (Ω) and ψ2 ∈

C∞
per(Q;Rn) has a compact support in Qs. Then for the extension

U ε of the velocity uε we have

(44) 0 =

∫
Ω

U ε · ψ
(
x,

x

ε

)
dx →

∫
Ω×Q

u(x, y) · ψ(x, y) dx dy = 0.

In other words it means that u(x, y) = 0 for almost any fixed x ∈ Ω
and y ∈ Qs.

Finally collecting all information from (42), (43) and (44), we
obtain that the function u satisfies

(45)

⎧⎪⎪⎨
⎪⎪⎩

∇y · u(x, y) = 0 (x, y) ∈ Ω×Q,

∇x ·
∫
Q

u(x, y) dy = 0 x ∈ Ω,

u(x, y) = 0 (x, y) ∈ Ω×Qs.

There exists a two-scale limit p̃ ∈ L2(Ω × Q) of bounded (due
to (15)) sequence {P̃ ε}.

Consider weak formulation (12), i.e.

(46)
∫
Ω

(
−P̃ εI + 2μe(U ε)

)
· ∇ψ

(
x,

x

ε

)
− f̃ · ψ

(
x,

x

ε

)
dx = 0,

where ψ(x, y) ∈ C∞(Ω;C∞
per(Q;Rn)) such that ψ = 0 in Ω×Qs.

Multiplying (46) with ε and passing to the limit ε → 0 in (46)
we obtain ∫

Ω×Qf

p̃(x, y)∇y · ψ(x, y) dy dx = 0.
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Since Qf is connected we conclude that p̃ depends only on x,
i.e. p̃ ∈ L2(Ω).

Next step is to use test functions that are divergence-free with
respect to y. By passing to the limit in (46) we obtain

(47)
∫

Ω×Qf

−p̃∇x · ψ + 2μey(u) : ∇yψ − f̃ · ψ dy dx = 0.

Choosing ψ(x, y) = φ(x)Φi(y), such that φ ∈ C∞(Ω), Φi ∈
C∞

per(Q;Rn), so that Φi = 0 in Qs, ∇ · Φi = 0 and
∫
Qf Φ

i dx = ei,
i = 1, ..., n, (Lemma 6 provides the existence of such functions Φi)
gives∫

Ω

p̃∇xφ ·
(∫
Qf

Φi dy
)
+

+ φ
(∫
Qf

−2μey(u) : ∇yΦ
i + f̃ · Φi dy

)
dx = 0,

which is equivalent to∫
Ω

p̃
∂φ

∂xi

+Giφ dx = 0 ∀φ ∈ C∞(Ω),

where
Gi =

∫
Qf

−2μey(u) : ∇yΦ
i + f̃ · Φi dy.

Since Gi ∈ L2(Ω) it follows from [8, Ch. IX, Proposition IX.18] that

(48) p̃ ∈ H1
0 (Ω) with

∂p̃

∂xi

= Gi.

Thus (47) can be written as∫
Ω×Qf

2μey(u) : ∇yψ +
(
∇p̃− f̃

)
· ψ dy dx = 0.

By Theorem 6 there exists p1 ∈ L2(Ω;L2
0(Q)), such that

(49)
∫

Ω×Qf

(−p1I + 2μey(u)) : ∇yψ + (∇p̃− f̃) · ψ dy dx = 0
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for all ψ ∈ C∞(Ω;C∞
per(Q;Rn)) such that ψ = 0 in Ω×Qs.

Since p̃ = p − pb where p is the two-scale limit of {pε}, we can
write (49) as∫

Ω×Qf

(−p1I + 2μey(u)) : ∇yψ + (∇p− f) · ψ dy dx = 0.

From arguments above two-scale convergence of ε∇P ε in H−1 fol-
lows directly and strong convergence of P ε was shown by G. Allaire
[15, 3]. This completes the proof. �

The only statement has to be proved is Darcy’s law, formulated
in Theorem 8. Now it is a direct corollary of Theorem 14.

7.4. Proof of Theorem 8. The results on existence of such
extension and its convergence have been obtained in Theorems 7
and 14 correspondingly. Now we will get the Darcy law (18).

From the first equation in (40) by linearity we have

u(x, y) =
1

μ

n∑
i=1

(
fi(x)− ∂p(x)

∂xi

)
wi(y), (x, y) ∈ Ω×Qf ,

p1(x, y) =
n∑

i=1

(
∂p(x)

∂xi

− fi(x)

)
qi(y), (x, y) ∈ Ω×Qf ,

where (wi, qi), i = 1, ..., n, are solutions of corresponding cell-
problems (17).

Averaging u over Q yields

u(x) =
1

|Q|
∫
Qf

u(x, y) dy =
1

μ
K (f(x)−∇p(x)) ,

where
Kij =

1

|Q|
∫
Qf

∇wi · ∇wj dy =
1

|Q|
∫
Qf

wi · ejdy.
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Appendix to A
Elena Miroshnikova

Abstract. We consider the Navier-Stokes system with mixed
boundary condition in perforated domain Ωε. By using the
method of formal asymptotic expansions we pass to the limit
as ε → 0 and obtain Darcy’s law with Dirichlet pressure data.

The purpose of this supplemented section is to show one of basic
homogenization methods, which allows to pass to asymptotic limit
without going into rigorous mathematical details such as provid-
ing existence and uniqueness of the solution, its regularity prop-
erties etc. This method is called asymptotic expansions method
and presumably was introduced by Poincaré in 1886. It is a formal
procedure to derive the limit problem. The method describes the
asymptotic behavior of a function in terms of a sequence of gauge
functions. To sketch the method, we reconsider the Stokes problem
from Paper A. But since the method which is applied here is formal
we can even start with the full Navier-Stokes system:

(1)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∇ · (−pεI + 2μ(∇uε + (∇uε)t)) + f = uε∇uε in Ωε,

∇ · uε = 0 in Ωε,(− pεI + μ(∇uε + (∇uε)t)
)
n̂ = −pbn̂ on ∂Ω,

uε = 0 on Sε,

where all quantities are the same as in Introduction. We assume
that there exists a unique solution (uε, pε) of (1) in Ωε and we be-
lieve that it can be written in the form of the following expansions:

1
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(2)
uε(x) =

∞∑
i=0

εiui
(
x, x

ε

)
,

pε(x) =
∞∑
i=0

εipi
(
x, x

ε

)
,

x ∈ Ωε.

Due to the smallness of ε we also assume that the solution be-
haviour on macroscale is independent of microscale and contrari-
wise. Thereby we can introduce a new variable ξ = x

ε
, which cor-

responds to oscillations with respect to our small parameter ε —
the characteristic size of the inclusions, and consider x and ξ as
variables independent from each other, so functions ui, pi may be
considered as defined on Ω×Qf .

To make formulae shorter we use e(u) for the symmetrical part
1
2
(∇u + (∇u)t) of the gradient ∇u and also some notation like ex,

eξ, ∇x, ∇ξ, Δx, Δξ bearing in mind that all necessary derivatives
are taken with respect to the first (x) and the second (ξ) arguments
correspondingly. E.g. under such notation for e(ui), i = 0, 1, ..., we
have the next expression

e(ui) = ex(u
i) +

1

ε
eξ(u

i).

By substituting of (2) into (1) we obtain for the first equation

(3) −
∞∑
i=0

(
εi∇xp

i + εi−1∇ξp
i
)
+

+ 2μ
∞∑
i=0

(
∇x +

1

ε
∇ξ

)(
εiex(u

i) + εi−1eξ(u
i)
)
+ f =

=
∞∑
i=0

εiui

(
∇x +

1

ε
∇ξ

) ∞∑
j=0

εjuj in Ω×Qf ,

for the second equation

(4)
∞∑
i=0

εi∇x · ui + εi−1∇ξ · ui = 0 in Ω×Qf ,
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and the boundary conditions can be written in the form
∞∑
i=0

εiui = 0 on Ω× ∂Qs,(5a)

(5b)
∞∑
i=0

(−εipiI + 2μ
(
εiex(u

i) + εi−1eξ(u
i)
))

n̂ =

= −pbn̂ on ∂Ω×Qf .

Remark 1. Another natural assumption, which comes from the
periodicity of the porous structure ω, is to suppose functions ui, pi,
i = 0, 1, ..., to be 1-periodic with respect to ξ.

Now let us collect all terms with equal powers of ε. For (3) we
have
(6)

ε−2 : 2μ∇ξeξ(u
0) = 0,

ε−1 : −∇ξp
0 + 2μ

(∇x · eξ(u0) +∇ξ · ex(u0) +∇ξ · eξ(u1)
)
=

= u0∇ξu
0,

...

and

(7)
ε−1 : ∇ξ · u0 = 0,

ε0 : ∇x · u0 +∇ξ · u1 = 0,

...

for (4). On the one hand it follows from (6) that u0 does not depend
on ξ, i.e. u0(x, ξ) = u0(x). But on the other hand from (5) we also
have u0 = 0 on Ω× ∂Qs, that together imply

u0 = 0 in Ω.

Excluding u0 from all expressions we obtain the following system
for u1 and p0:

(8)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

−∇ξp
0 + 2μ∇ξ · eξ(u1) = 0 in Ω×Qf ,

∇ξ · u1 = 0 in Ω×Qf ,

u1 = 0 on Ω× ∂Qs,

(−p0I + 2μeξ(u
1)) n̂ = −pbn̂ on ∂Ω×Qf .
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Choose some smooth function v defined on Ω × Qf such that
∇ξ · v = 0 in Ω × Qf and v = 0 on Ω × ∂Qs, as a test function.
Multiplying the first equation in (8) by v and integrating by parts
with respect to ξ over Qf gives:

0 =

∫
Qf

(−∇ξp
0 + 2μ∇ξ · eξ(u1)

)
vdξ =

∫
Qf

(
p0∇ξ · v − 2μeξ(u

1) : ∇ξv
)
dξ = −

∫
Qf

μeξ(u
1)eξ(v)dξ.

By substituting v = u1 we obtain

u1(x, ξ) = u1(x) = 0, x ∈ Ω,

since u1 = 0 on Ω× ∂Qs (see (8)).
Coming back to the first expression in (8) we also conclude that

p0(x, ξ) = p0(x), (x, ξ) ∈ Ω×Qf .

The boundary condition(−p0I + 2μeξ(u
1)
)
n̂ = −p0n̂ = −pbn̂

in (8) implies

(9) p0 = pb on ∂Ω.

By collecting terms of zero order in (3), the first order terms in
(4) and the second and first order terms in expressions of (5) we
have the next system:

(10)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

−∇xp
0 −∇ξp

1 + μΔξ(u
2) + f = 0 in Ω×Qf ,

∇ξ · u2 = 0 in Ω×Qf ,

u2 = 0 on Ω× ∂Qs,

(−p1I + 2μeξ(u
2))n̂ = 0 on ∂Ω×Qf .

Let us note that p0 and f do not depend on ξ. Thereby we can
consider the cell problem for unknown 1-periodic functions W i, qi,
i = 1, ..., n, in Qf :

(11)

⎧⎪⎨
⎪⎩

−∇qi +ΔW i + ei = 0 in Qf ,

∇ ·W i = 0 in Qf ,

W i = 0 on ∂Qs,
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where ei is the ith unit orth of Rn.
Let W i, qi, = 1, ..., n, be the solutions of (11). Then we can

write u2 and p1 in the form

(12) u2(x, ξ) =
1

μ

n∑
i=1

(
fi(x)− ∂p0(x)

∂xi

)
W i(ξ),

(13) p1(x, ξ) =
n∑

i=1

(
fi(x)− ∂p0(x)

∂xi

)
qi(ξ),

f = (f1, .., fn), x = (x1, ..., xn) ∈ Ω, ξ = (ξ1, ..., ξn) ∈ Qf .
Now let us write (7) for the second order terms:

∇x · u2 +∇ξ · u3 = 0 in Ω×Qf ,

and integrate it with respect to ξ over Qf :∫
Qf

(∇x · u2 +∇ξ · u3)dξ =

∫
Qf

∇x · u2dξ = 0.

The term containing ∇ξ · u3 vanishes due to periodicity of u3 with
respect to ξ. Substituting u2 from (12) to the last equation gives

1

μ

∫
Qf

∇x ·
n∑

i=1

(
fi(x)− ∂p0(x)

∂xi

)
W i(ξ)dξ = 0,

(14) ∇ · (K(f −∇p0)
)
= 0, in Ω,

where K is the Darcy’s matrix n×n with components given by the
expression

(15) Kji =
1

|Q|
∫
Qf

W i
jdξ, W i = (W i

1, ...,W
i
n), i = 1, ..., n.

The equations (14) and (9) constitute together the Darcy law for
fluid in porous medium, which can be equivalently formulated in
terms of average velocity

u =
1

|Q|
∫
Qf

u2dξ
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as follows:

(16)

⎧⎪⎨
⎪⎩

u = 1
μ
K(f −∇p0) in Ω,

∇ · u = 0 in Ω,

p0 = pb on ∂Ω,

The last system coincides with one obtained in Paper A by using
two-scale convergence technique.
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Darcy’s law for flow in a periodic thin
porous medium confined between two

parallel plates
John Fabricius, J. Gunnar I. Hellström, T. Staffan Lundström, Elena

Miroshnikova, Peter Wall

Abstract. We study stationary incompressible fluid flow in
a thin periodic porous medium. The medium under consider-
ation is a bounded perforated 3D–domain confined between
two parallel plates. The distance between the plates is δ
and the perforation consists of ε-periodically distributed solid
cylinders which connect the plates in perpendicular direction.
Both parameters ε, δ are assumed to be small in compari-
son with the planar dimensions of the plates. By constructing
asymptotic expansions three cases are analysed: 1) ε � δ,
2) δ/ε ∼ constant, 3) ε � δ. For each case a permeability
tensor is obtained by solving local problems. In the intermedi-
ate case the cell problems are 3D whereas they are 2D in the
other cases, which is a considerable simplification. The dimen-
sional reduction can be used for a wide range of ε and δ with
maintained accuracy. This is illustrated by some numerical
examples.

Keywords Thin porous media, Asymptotic analysis, Homoge-
nization, Darcy’s law, Mixed boundary condition, Stress boundary
condition, Permeability

Introduction

There exist several mathematical approaches, collectively re-
ferred to as homogenization theory, for deriving Darcy’s law (see

1
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e.g. [1, 9, 15, 19, 24] and the references therein), as well as meth-
ods based on phase averaging [27]. The present paper is devoted to
deriving Darcy’s law corresponding to incompressible viscous flow
in a Thin Porous Medium (TPM) by the multiscale expansion
method which is a formal but powerful tool to analyse homogeniza-
tion problems.

The TPM considered involves two small parameters: the inter-
spatial distance between obstacles ε and the thickness of the domain
δ. More precisely, we consider pressure driven flow through a peri-
odic array of vertical cylinders confined between two parallel plates.
The parallel plates make the geometry different from those studied
in [3, 6, 7, 10, 12, 13, 8, 16, 20]. A representative elementary
volume for such TPM is a cube of lateral length ε and vertical
length δ. The cube is repeated periodically in the space between
the plates. Each cube can be divided into a fluid part and a solid
part, where the solid part has the shape of a vertical cylinder (of
length δ). Hence the permeability of this TPM, denoted by Kεδ,
depends on both ε and δ as well as the geometry of the inclusions.

Pressure driven flow within the plane of a confined thin porous
medium takes place in a number of natural and industrial processes.
This includes flow during manufacturing of fibre reinforced polymer
composites with liquid moulding processes [5, 18, 23], passive mix-
ing in microfluidic systems [11] and paper-making [17, 22].

Boundary value problems involving several small parameters are
delicate to analyse as letting the parameters tend to zero at different
rates may cause different asymptotic behaviour of the solutions.
Therefore one must distinguish three kinds of TPM whether ε tends
to zero slower, faster or at the same rate as δ:

VTPM:: The Very Thin Porous Medium is characterised by
δ(ε)� ε, i.e. the cylinder height is much smaller than the
interspatial distance. The permeability tensor of VTPM
satisfies Kεδ ∼ δ2(ε)K0 as ε→ 0, where K0 depends only
on the microgeometry.

PTPM:: The Proportionally Thin Porous Medium is char-
acterised by δ(ε)/ε ∼ λ, where λ is a positive constant.
For example, this is the case when the cylinder height is
proportional to the interspatial distance with λ denoting
the proportionality constant. The permeability tensor of
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PTPM satisfies Kεδ ∼ δ2(ε)Kλ as ε → 0, where Kλ de-
pends on both λ and the microgeometry.

HTPM:: The Homogeneously Thin Porous Medium is char-
acterized by δ(ε) � ε, i.e. the cylinder height is much
larger than interspatial distance. The permeability tensor
of HTPM satisfies Kεδ ∼ ε2K∞ as ε → 0, where K∞
depends only on the microgeometry.

In all three cases the asymptotic (or homogenized) pressure pλ
is governed by a 2D Darcy equation

(1) ∇ · (Kλ∇pλ) = 0 (0 ≤ λ ≤ ∞)

satisfying a Dirichlet condition. The permeability tensor Kλ is
found by solving local boundary value problems, so called cell prob-
lems, that involve neither ε nor δ. However, the local problems are
different in each case. In the intermediate case (PTPM) the cell
problems are three-dimensional and the coefficient of proportion-
ality λ appears as a parameter in the equations. In the extreme
cases (VTPM andHTPM) the cell problems are two-dimensional,
which is a considerable simplification compared to the intermedi-
ate case. VTPM and HTPM can also be considered as limiting
cases of the intermediate case. Indeed, if (scaled) permeability Kλ

is regarded as a function of λ and

K0 = lim
λ→0

Kλ, K∞ = lim
λ→∞

λ2Kλ

then K0 and K∞ are the permeabilities corresponding to VTPM
and HTPM respectively. This relation is confirmed both theoret-
ically, by constructing asymptotic expansions in λ, and by solving
the cell problems numerically.

Mathematically the VTPM regime is analogous to flow in a
Hele-Shaw cell. But this approximation is only valid for λ � 1,
i.e. when the distance between the plates is much smaller than
the interspatial distance between the obstacles. As λ increases this
approximation deviates more and more from the generic PTPM
regime. Hele-Shaw flows have been studied by many authors see
e.g. [2] [18, 21, 25]. For beautiful pictures of streamlines around
obstacles between parallell plates see the book [4].

Flow past an array of circular cylindrical fibres confined between
two parallel walls has been studied by Tsay and Weinbaum in [26],
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who extended a result obtained by Lee and Fung [14]. Their anal-
ysis is based on an approximate series solution of the Stokes equa-
tion. They claim that this solution describes the transition from the
Hele-Shaw potential flow limit (corresponding to VTPM) to the
viscous two-dimensional limiting case (corresponding to HTPM).
However, their analysis does not give a distinct characterization of
the PTPM regime, which is rigorously defined here. Moreover,
their method is restricted to the particular geometry of circular
cylinders whereas our method can be applied to other geometries
as well (see Remark 1 below).

1. Preliminaries

1.1. Geometry of media. We consider flow in a thin domain
which is perforated by periodically distributed vertical cylinders. In
order to describe the geometry precisely we introduce the following
notation (which should be read together with Figures 1–3). All 3D
geometrical objects are denoted by bold font letters whereas regular
font letters are used for 2D objects.

1.2. Differential operators. We consider fluid flow in the
domain Ωεδ. To have a domain that depends neither on ε nor
δ we shall reformulate the problem in the domain Ω × Qf by a
change of variables. By convention, a point in Ω ×Qf is denoted
by (x1, x2, y1, y2, z), where (x1, x2) ∈ Ω, (y1, y2, z) ∈ Qf . For the
subsequent analysis it is convenient to introduce abbreviations for
various differential operators involving these variables.

Remark 1. The present analysis also holds true for any periodic
arrangement of axial fibres of arbitrary cross-sectional shape. We
have considered a square array of perpendicular cylinders for the
sake of simplicity. However, it is possible to extend the analysis to
inclined, curved or even crossing fibres. The main restriction is the
assumption of periodicity.

Remark 2. The superscript notation for domains and other
variables should not be confused with exponents.
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Table 1. Geometrical notation

ε Dimensionless small parameter related to the inter-
spatial distance between the cylinders

δ Dimensionless small parameter related to the thick-
ness of the porous medium

λ Dimensionless parameter, 0 < λ < ∞, ratio between
δ and ε in PTPM

Ωεδ Fluid domain of thin porous medium, see Figure 1 a)
Ωε Rescaled fluid domain of thin porous medium, Ωε =

Ωε1

Ω 2D unperforated fluid domain (independent of ε and
δ)

∂Ωεδ Boundary of fluid domain, ∂Ωεδ = Sεδ ∪ Γεδ

∂Ωε Boundary of rescaled fluid domain, ∂Ωε = Sε ∪ Γε

Sεδ Solid boundary of Ωεδ, see Figure 2 a)
Sε Solid boundary of Ωε

Γεδ Lateral boundary of Ωεδ, see Figure 2 b)
Γε Lateral boundary of Ωε

n Outward unit normal to boundary of fluid domain
(Ωεδ, Qf etc.)

Q (0, 1)3, unit cube in R3 corresponding to representa-
tive elementary volume of TPM, see Figure 1 b)

Qf Fluid part of unit cube, see Figure 3 a)
S Solid boundary of Qf

Q (0, 1)2, unit square in R2

Qf Fluid part of unit square, see Figure 3 b)
S Solid boundary of Qf

R Radius of solid cylinders, 0 < R < 0.5

1.3. Mathematical model and scaling of Ωεδ into Ωε. An
incompressible viscous fluid is well-known to be described by the
Navier-Stokes equations, coupled with boundary conditions of vari-
ous types. We assume no-slip (Dirichlet) boundary condition on the
solid boundary Sεδ and a prescribed stress (Neumann) boundary
condition on the lateral boundary Γεδ. More precisely, we consider
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Table 2. Differential operators

∇δ, ∆δ

(
∂
∂x1
, ∂
∂x2
, 1
δ
∂
∂z

)
, ∂2

∂x21
+ ∂2

∂x22
+ 1

δ2
∂2

∂z2

∇x, ∆x

(
∂
∂x1
, ∂
∂x2
, 0
)
, ∂2

∂x21
+ ∂2

∂x22

∇y, ∆y

(
∂
∂y1
, ∂
∂y2
, 0
)
, ∂2

∂y21
+ ∂2

∂y22

∆xy
∂2

∂x1∂y1
+ ∂2

∂x2∂y2

∇z, ∆z

(
0, 0, ∂

∂z

)
, ∂2

∂z2

∇λ, ∆λ ∇y + 1
λ
∇z, ∆y + 1

λ2
∆z

Table 3. Other symbols

P εδ, pεδ (Kinematic) pressure of incompressible fluid (see (2)
and (3) respectively)

pλ Homogenized pressure, 0 ≤ λ ≤ ∞
pb Pressure on the lateral boundary
U εδ, uεδ Velocity field of incompressible fluid (see (2) and (3)

respectively)
uλ Homogenized velocity, 0 ≤ λ ≤ ∞
ν Kinematic viscosity of incompressible fluid
Kλ, K0, K∞ Scaled permeability of PTPM (0 < λ < ∞),

VTPM, HTPM respectively
kλ, k0, k∞ Diagonal elements of Kλ, K0, K∞ in the case of

isotropic permeability
Kεδ Permeability of TPM
(W i, qi) Solutions of cell problems, i = 1, 2

the Navier-Stokes system with a mixed boundary condition:

(2)



−∇P εδ + ν∆U εδ =
(
U εδ · ∇

)
U εδ in Ωεδ,

∇ · U εδ = 0 in Ωεδ,(
−P εδI+

+ν
(
∇U εδ + (∇U εδ)t

))
n = −pbn on Γεδ,

U εδ = 0 on Sεδ,
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a) Ωεδ b) Representative elementary
volume

Figure 1. Thin and perforated 3D domain Ωεδ

a) Sεδ b) Γεδ

Figure 2. Boundary ∂Ωεδ = Sεδ ∪ Γεδ.

a) Qf b) Qf

Figure 3. 3D and 2D unit cells

where ν > 0 is a kinematic viscosity coefficient, pb : Γεδ → R is
an external kinematic pressure which drives the flow in Ωεδ, P εδ :
Ωεδ → R is the fluid kinematic pressure and U εδ : Ωεδ → R3

is the fluid velocity (unknown functions). The function pb is also
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assumed to depend only on global variables x1, x2, hence it is a
macro characteristic of the flow.

As it mentioned before, the first step for studying (2) is to
replace the domain Ωεδ with one that is independent of δ. It can be
easy done by changing variables x3 → x3/δ. Under such rescaling,
the domain Ωεδ is transformed into the domain Ωε that has the
same periodical structure in x1, x2–directions but with the unit
length in z = x3/δ–direction. The boundary–value problem (2)
turns to the following one

(3)



−∇δp
εδ + ν∆δu

εδ =
(
uεδ · ∇δ

)
uεδ in Ωε,

∇δ · uεδ = 0 in Ωε,(
−pεδI+

+ ν
(
∇δu

εδ + (∇δu
εδ)t
))

n = −pbn on Γε,

uεδ = 0 on Sε,

where

pεδ(x1, x2, z) = P εδ(x1, x2, δz),

uεδ(x1, x2, z) = U εδ(x1, x2, δz),
(x1, x2, z) ∈ Ωε.

Remark 3. As one can see the flow in (2) is driven by the
external pressure pb only. We would like to mention that it is also
possible to include the force term in the first equation in (2), i.e.
to consider

−∇P εδ + ν∆U εδ + f =
(
U εδ · ∇

)
U εδ in Ωεδ,

where f : Ωεδ → R3 as an external force acting on the unit mass of
fluid, e.g. gravitational force.

2. The multiscale asymptotic expansion method

We seek a solution (uεδ, pεδ) of (3) in the form of asymptotic
expansions. The general idea of asymptotic expansions is to con-
sider macro- and micro-behaviour of the solution separately, i.e. to
suppose x and y = x/ε to be independent variables. Under such as-
sumptions on x and y the unknown functions uεδ, pεδ are presented
as series with respect to small parameters δ and ε.
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As it was shown in many classical papers (see e.g. [1, 9, 24]) if
the velocity of flow is of 0 order (with respect to some small param-
eter of the domain geometry) then one should expect an extremely
high fluid pressure and on the contrary, for 0 order fluid pressure
the corresponding flow is very slow. Since in our problem (2) the
flow in governed by an external pressure pb which is independent
of ε and δ (in other words of 0 order), we assume the same order
behaviour for unknown fluid pressure pεδ. This allows us to start
pressure series from 0 order terms for both ε and δ parameters and
velocity series — from higher order terms.

As announced in the introduction, three different flow regimes
can be reached depending on the relation between ε and δ.

2.1. Proportionally Thin Porous Medium (PTPM). Sup-
pose that the thickness δ of the original domain Ωεδ is proportional
to the size of inclusions ε: δ = λε. Then we are looking for uεδ, pεδ
in the following form:

(4)
uεδ(x, z) =

∞∑
i=2

εiλiui
(
x1, x2,

x1
ε
, x2
ε
, z
)
,

pεδ(x, z) =
∞∑
j=0

εjλjpj
(
x1, x2,

x1
ε
, x2
ε
, z
)
,

where (x1, x2) ∈ Ωε, (x1/ε, x2/ε, z) = (y1, y2, z) ∈ Qf and functions
ui, pj, i = 2, 3, ..., j = 0, 1, ..., are assumed to be the solution of the
"extended" system (3) defined on the domain Ω×Qf :
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(5)



−
∞∑
i=0

εiλi
(
∇x + 1

ε
∇λ

)
pi+

+ν
∞∑
i=2

εiλi
(
∆x + 2

ε
∆xy + 1

ε2
∆λ

)
ui = in Ω×Qf ,

=
∞∑
i=2

εiλi
(
ui ·
(
∇x + 1

ε
∇λ

) ) ∞∑
j=2

εjλjuj

∞∑
i=2

εiλi
(
∇x + 1

ε
∇λ

)
· ui = 0 in Ω×Qf ,

∞∑
i=2

εiλiui = 0 on Ω× S,

ν
∞∑
i=2

εiλi ((∇xu
i + (∇xu

i)t) +

+ 1
ε

(∇λu
i + (∇λu

i)t)
)
− on ∂Ω×Qf .

−
∞∑
i=0

εiλipiI = −pbI

Due to periodicity of ω another natural assumption on ui, pj, i =
2, 3, ..., j = 0, 1, ..., is to suppose them to be 1-periodic with respect
to y.

All further results are based on collecting terms in (5) with equal
powers of ε. For the momentum equation we have

ε−1 : ∇λp
0 = 0,(6a)

ε0 : −
(
∇xp

0 + λ∇λp
1
)

+ νλ2∆λ(u
2) = 0,(6b)

...

and

ε1 : ∇λ · u2 = 0,(7a)

ε2 : ∇x · u2 + λ∇λ · u3 = 0,(7b)

...

for the conservation of mass (here we have divided equations by
λ2). Boundary conditions provide the following

ui = 0 on Ω× S, i = 0, 1, ...(8)
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for the boundary on micro scale and

p0 = pb on ∂Ω×Qf ,(9a)

−p1I + νλ
(
∇λu

2 + (∇λu
2)t
)

= 0 on ∂Ω×Qf ,(9b)

...

for the global boundary.

Remark 4. Note that the inertial term does not appear in
equations (6a–9b). Inertial effects may be included by taking higher
order terms into account or by choosing a different scaling of the
problem.

Thus (6a) implies that p0 is a function of x alone, i.e. p0 = p0(x),
and satisfies (9a) on ∂Ω. From (6b), (7a), (8) and (9b) we get the
next system:

(10)


− 1
λ2
∇xp

0 − 1
λ
∇λp

1 + ν∆λ(u
2) = 0 in Ω×Qf ,

∇λ · u2 = 0 in Ω×Qf ,

u2 = 0 on Ω× S,

−p1I + νλ (∇λu
2 + (∇λu

2)t) = 0 on ∂Ω×Qf .

Taking into account that p0 does not depend on (y, z) ∈ Qf , we
can write u2, p1 as a linear combinations

(11)
u2(x, y, z) =

1

ν

2∑
i=1

∂p0(x)

∂xi
W i(y, z),

p1(x, y, z) =
2∑
i=1

∂p0(x)

∂xi
qi(y, z),

(x, y, z) ∈ Ω×Qf ,

where (W i, qi), i = 1, 2, 3, are 1-periodic (in Qf ) solutions of the
following cell problems :

(12)


− 1
λ
∇λq

i + ∆λW
i − 1

λ2
ei = 0 in Qf ,

∇λ ·W i = 0 in Qf ,

W i = 0 on S.

Here ei = (δ1i, δ2i, 0), i = 1, 2, 3, and δji is the Kronecker delta. One
can see that W 3 = 0, q3 = const since for i = 3 the force term is
absent.
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Substitution of (11) into (7b) and integration of it with respect
to (y, z) over Qf (with additional factor 1/|Q|) provide Darcy’s law
(the term with ∇λ · u3 vanishes because of periodicity of u3 with
respect to y and since u3 = 0 on S):

(13)
1

|Q|

∫
Qf

(∇x · u2 + λ∇λ · u3)dydz =
1

|Q|

∫
Qf

∇x · u2dydz =

=
1

ν

1

|Q|

∫
Qf

∇x ·

(
2∑
i=1

∂p0(x)

∂xi
W i(y, z)

)
dydz =

1

ν
∇x ·

(
Kλ(∇xp

0)
)

= 0,

where Kλ is the permeability matrix 3× 3 with components given
by the expression
(14)

Kλ
ij =

1

|Q|

∫
Qf

W i
jdydz, W i = (W i

1,W
i
2,W

i
3), i, j = 1, 2, 3.

By multiplying (12) with W j and integrating by parts one de-
duces the equivalent expression for the permeability:

(15) Kλ
ij = − λ2

|Q|

∫
Qf

∇λW
i : ∇λW

jdydz, i, j = 1, 2, 3.

In particular this implies that Kλ

(16) Kλ =

 kλ 0 0

0 kλ 0

0 0 0

.
In further asymptotic analysis we will concentrate on the form of
the permeability matrix Kλ. This is due to the fact that the values
for elements of Kλ are verified by numerical calculations in section
3.

2.2. Limit cases. In this section two different approaches for
analyzing VTPM and HTPM are presented.
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2.2.1. Asymptotic λ–analysis (λ→ 0). To pass to the limit λ→
0 we start from (12)
(17)

− 1
λ
∇λq

i + ∆λW
i − 1

λ2
ei = 0 in Qf ,

∇λ ·W i = 0 in Qf ,

W i = 0 on S,

i = 1, 2, 3.

By changing a variable z → λz, z ∈ (0, 1), one can see that the unit
domain Qf is transferred to the thin cell Qf × (0, λ) with λ → 0
and for Qf × (0, λ) the corresponding momentum equation has the
following form

(18) −1

λ
∇qi + ∆W i − 1

λ2
ei = 0.

So in fact we deal now with a thin domain and because of it in this
section we will use lower limits different from previous. As one can
see from (18), the magnitude of viscous forces λ−2ei is proportional
to λ−2, then the fluid pressure is assumed to balance viscous force
and now we are looking for the solutions in the following form

(19)
W i(y, z) =

∞∑
j=0

λjwi,j(y1, y2, z),

qi(y, z) =
∞∑

j=−2
λjqi,j(y1, y2, z),

(y, z) ∈ Qf .

As before all functions wi,j, qi,j are assumed to be 1–periodic in
the y-directions and to satisfy the next problem (we multiply the
momentum equation with λ2 for the simplicity):

(20)



−
∞∑

j=−2
λj+1

(
∇y + 1

λ
∇z

)
qi,j+ in Qf ,

+
∞∑
j=0

λj+2
(
∆y + 1

λ2
∆z

)
wi,j − ei = 0

∞∑
j=0

λj
(
∇y + 1

λ
∇z

)
· wi,j = 0 in Qf ,

∞∑
j=0

λjwi,j = 0 on S,

i = 1, 2, 3. Recall that q3 and W 3 vanish in Qf . Then expansions
for i = 3 in (19) are trivial and all terms w3,j, q3,j are also assumed
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to be zero. So further analysis should be considered mostly for
i = 1, 2 (for i = 3 it is also valid but all solutions are trivial again).

For different powers of λ in the momentum equation we get

λ−2 : ∇zq
i,−2 = 0,(21a)

λ−1 : ∇yq
i,−2 +∇zq

i,−1 = 0,(21b)

λ0 : −
(
∇yq

i,−1 +∇zq
i,0
)

+ ∆z(w
i,0)− ei = 0,(21c)

...

and

λ−1 : ∇z · wi,0 = 0,(22a)

λ0 : ∇y · wi,0 +∇z · wi,1 = 0,(22b)

...

for the conservation of mass. The last equation in (20) implies

wi,j = 0 on Ω× S, j = 0, 1, ...(23)

Such collecting terms with equal powers of λ provides the fol-
lowing results:

• wi,03 = 0 (from (22a) and (23)).
• qi,−2 = const and qi,−1 = qi,−1(y), (from (21a) and (21b)).

For the third component in (21c) we have qi,0 = qi,0(y), (since
wi,03 = 0). Taking these facts and boundary condition for wi,0 into
account, by integration of (21c) we get

(24) wi,0(y, z) =
z(z − 1)

2

(
∇yq

i,−1(y) + ei
)
, (y, z) ∈ Qf .

Integrating (22b) over (0, 1) we also obtain∫
(0,1)

∇y ·
2∑
j=1

(
∇yq

i,−1(y) + ei
) z(z − 1)

2
dz =

=
1

12

2∑
j=1

∇y ·
(
∇yq

i,−1(y) + ei
)

=

=
1

12
∇y ·

(
ei +∇yq

i,−1) =
1

12
∆yq

i,−1 = 0.
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To "extract" boundary conditions we multiply ∇y ·(ei +∇yq
i,−1) =

0 by an arbitrary periodic divergence–free vector–function ϕ : Qf →
R3 vanishing on S and integrate over Qf :

0 =

∫
Qf

∇y ·
(
ei +∇yq

i,−1)ϕdy =

∫
S

(
ei +∇yq

i,−1)ϕndS−
−
∫
Qf

(
∇yq

i,−1 + ei
)
∇y · ϕdy = 0,

due to periodicity of ϕ we get(
ei +∇yq

i,−1) · n = 0 on S.

Returning to (15) and using (24) we obtain the final expression
for the permeability matrix K0

(25)

K0
ij =

1

|Q|

∫
Qf

wi,0j dydz =
1

12|Q|

∫
Qf

(∇yq
i,−1 + ei) · ejdy, i = 1, 2, 3,

where qi,−1, i = 1, 2, are the 1–periodic solutions of the problem

(26)
{

∆yq
i,−1 = 0 in Qf ,

(∇yq
i,−1 + ei) · n = 0 on S.

We recall again that q3,−1 = 0.

Remark 5. Taking into account that the first non-vanishing
term in the asymptotic expansion for the velocity W i in (19) is of
the order λ0 we can conclude from comparison of (15) and (25) that

(27) Kλ ∼ K0 as λ→ 0,

where

(28) K0 =

 k0 0 0

0 k0 0

0 0 0

.
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2.2.2. Asymptotic λ–analysis (λ → ∞). For this case we have
1/λ tending to zero. To use the same technique with respect to a
small parameter let us introduce σ = 1/λ→ 0. After such changes
for (12) we obtain

(29)


− 1
σ
(∇y + σ∇z)q

i + 1
σ2 (∆y + σ2∆z)W

i = ei in Qf ,

(∇y + σ∇z) ·W i = 0 in Qf ,

W i = 0 on S.

We use the following 1–periodic (in y–directions) series for qi
and W i, i = 1, 2:

(30)
W i(y, z) =

∞∑
j=2

σjwi,j(y1, y2, z),

qi(y, z) =
∞∑
j=0

σjqi,j(y1, y2, z),
(y, z) ∈ Qf .

As it was mentioned in previous section, all corresponding terms
w3,j, q3,j are trivial.

By substituting (30) into (29) we obtain

σ−1 : ∇yq
i,0 = 0,(31a)

σ0 : −
(
∇yq

i,1 +∇zq
i,0
)

+ ∆yw
i,2 − ei = 0,(31b)

...

and

σ1 : ∇y · wi,2 = 0,(32a)

σ3 : ∇y · wi,2 +∇z · wi,3 = 0,(32b)

...

for the first and second equations in (29). Boundary conditions are

(33) wi,j = 0 on S ∀j = 2, ...

From (31a) we have that qi,0 doesn’t depend on y ∈ Qf .
By integration of (32b) over Qf we get

∂

∂z

∫
Qf

wi,23 dy =

∫
Qf

∂wi,23
∂z

dy = 0,
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but we can also integrate with respect to z:
z∫

0

∫
Qf

∂wi,23
∂z

dydz =

∫
Qf

wi,23 dy = 0.

So, wi,23 has zero mean value.
Write (31b) in componentwise form:

−


∂qi,1

∂y1
∂qi,1

∂y2
∂qi,0

∂z

+


∂2wi,2

1

∂y21
+

∂2wi,2
1

∂y22
∂2wi,2

2

∂y21
+

∂2wi,2
2

∂y22
∂2wi,2

3

∂y21
+

∂2wi,2
3

∂y22

− ei =

 0

0

0

 .

Regarding the third component, we multiply it by an arbitrary
periodic (with respect to y) function φ which has zero mean value,
and integrate with respect to y by parts. It provides us∫

Qf

(
−∇zq

i,0 + ∆yw
i,2
3

)
φdy = −

∫
Qf

∇yw
i,2
3 : ∇yφdy = 0,

since qi,0 = qi,0(z). By substituting φ = wi,23 and using boundary
condition for wi,2 on S we get

wi,23 = 0.

For the first two components we have

(34)


−∇yq

i,1 + ∆yw
i,2 − ei = 0 in Qf

∇y · wi,2 = 0 in Qf ,

wi,2 = 0 on S.

Also there is no z–dependence in the system above, then it is correct
to consider all equations in 2D–domain Qf (instead of Qf ). Finally
for the permeability (15) we have

(35) K∞ij =
1

|Q|

∫
Qf

wi,2 · ejdy, i, j = 1, 2, 3,



18J. FABRICIUS, G. HELLSTRÖM, S. LUNDSTRÖM, E. MIROSHNIKOVA, P. WALL

where wi,2, i = 1, 2, are the solutions of

(36)


−∇yq

i,1 + ∆yw
i,2 − ei = 0 in Qf

∇y · wi,2 = 0 in Qf ,

wi,2 = 0 on S

and w3,2 = 0 again.

Remark 6. Since the first non-vanishing term in σ–expansions
for the velocity W i in (30) is of the order σ2 = λ−2, from the
corresponding expressions (15) and (35) for the permeability we
obtain

(37) Kλ ∼ 1

λ2
K∞ as λ→∞,

where

(38) K∞ =

 k∞ 0 0

0 k∞ 0

0 0 0

.
2.2.3. Very Thin Porous Medium (VTPM). The case δ � ε can

be modeled e.g. by the relation δ = ε2. Since δ is a function of ε we
simply write uε = uεδ and pε = pεδ. We choose the following series
representation for the solution of (3)

(39)
uε(x, z) =

∞∑
i=4

εiui
(
x1, x2,

x1
ε
, x2
ε
, z
)
,

pε(x, z) =
∞∑
i=0

εipi
(
x1, x2,

x1
ε
, x2
ε
, z
)
,

where (x1, x2) ∈ Ωε,
(
x1
ε
, x2
ε
, z
)

= (y, z) ∈ Qf .
By the same method as before we come to the following conclu-

sions:
• p0 = p0(x), p1,2 = p1,2(x, y), u43 = 0;

• u41,2(x, y, z) = z(z−1)
2ν

2∑
i=1

∇xp
0(x) (∇yq

i + ei), (x, y, z) ∈ Ω×

Qf , where

(40)
{

∆yq
i,2 = 0 in Qf ,

(∇yq
i,2 + ei) · n = 0 on S.
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• Darcy’s law has the following form:

(41) ∇x · (K0(∇xp
0)) = 0,

where

K0 =
1

12|Q|

∫
Qf

 1 + ∂q1

∂y1

∂q2

∂y1
0

∂q1

∂y2
1 + ∂q2

∂y2
0

0 0 0

 dy

is the permeability matrix.

Remark 7. One can see that the difference between the lowest
ε limits for pressure and velocity series in (39) is of four orders
instead of two (compare with (4), (19), (30)). But let us note that
in this case ε is not the smallest parameter. In terms of δ (now the
smallest one) the difference is still of two orders (since ε4 = δ2).

Remark 8. Another important moment is the scale of real per-
meability. Since in (39) the lowest term in the velocity expansions
is of the order ε4 = δ2, then to obtain the real value of permeability,
the matrix K0 should be scaled by factor δ2.

2.2.4. Homogeneously Thin Porous Medium (HTPM). To model
case δ � ε we can suppose e.g. that the square of the thickness δ
of Ωεδ is proportional to ε: ε = δ2. Since ε is a function of δ we
simply write uδ = uεδ and pδ = pεδ.

We consider the following series:

(42)
uδ(x, z) =

∞∑
i=4

δiui
(
x1, x2,

x1
δ2
, x2
δ2
, z
)
,

pδ(x, z) =
∞∑
i=0

δipi
(
x1, x2,

x1
δ2
, x2
δ2
, z
)
,

where (x1, x2) ∈ Ωε, (x1/δ
2, x2/δ

2, z) = (y, z) ∈ Qf .
All further manipulations are similar to those which were done

in section 2.2.2. Finally we obtain

• p0,1 = p0,1(x), u43 = 0;
• u41,2 = u41,2(x, y), p2 = p2(x, y);
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• u4(x, y) = 1
ν

2∑
i=1

∇xp
0W i(y), p2(x, y) =

2∑
i=1

∇xp
0qi(y) in Ω×

Qf , where (W i, qi), i = 1, 2, are solutions of cell problem

(43)


−ei −∇yq

i + ∆yW
i = 0 in Qf ,

∇y ·W i = 0 in Qf ,

W i = 0 on S

and (W 3, q3) = (0, 0). Originally system (43) was defined
in Qf but one can easy see that equations above do not
depend on z. It means that their solutions are independent
of z also and problem (43) can be considered only for the
flat domain Qf without any contradiction.
• the Darcy’s law can be written in the next form

(44)
1

ν
∇x · (K∞∇xp

0) = 0,

where

K∞ij =
1

|Q|

∫
Qf

W i
jdy, i, j = 1, 2, 3.

By using the similar argumentation as it was presented in pre-
vious section (see remarks 7, 8) we would like to mention that the
difference between the lowest terms for pressure and velocity in (42)
is still of two orders with respect to the smallest parameter (which
is ε now); and that the permeability for the real problem is ε2K∞.

3. Numerics

In this section we present some numerical results which illustrate
the asymptotic relations between the intermediate case (PTPM)
and the limiting cases (VTPM and HTPM). All numerical com-
putations were done in COMSOLMultiphysics (‘creeping flow’ mod-
ule) which is a software based on the finite element method. The
geometries Qf and Qf (see Figure 3) are divided into triangular
mesh elements of variable size. The mesh was refined successively
until we obtain the required convergence. In the computations pre-
sented below we used 12570 elements for the 3D cell problems and
762 elements for the 2D problems.
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In particular it is shown that Kλ ∼ K0 for small values of λ and
that Kλ ∼ λ−2K∞ for large values of λ. Recall that cell problems to
compute permeability depend only on the dimensionless parameter
λ and the radius R of the cylinder inclusions. Thus we can regard
K0 and K∞ as functions of R only. For this particular geometry
the permeability tensors are described by single scalars kλ, k0 and
k∞ (see (16), (28) and (38)) in all three cases respectively.

Solving the PTPM cell problem (12) in the domain Qf for
different radii R = 0.1, 0, 2, 0.3, 0.4 and different λ ∈ [2−8, 24] allows
us to compute permeability as a function of R and λ. In order to
compare kλ with the limit cases (k0 and k∞) we also solve the
problems (43) and (26).

In view of (37) kλ ∼ k∞/λ2, for the HTPM-case. Figure 4
shows λ2kλ as a function of λ for various fixed R, where the dotted
lines correspond to k∞ which is a function of R alone. This suggests
that k∞ may be used as a good approximation for λ2kλ for large
values of λ as shown in the above analysis. The relative error in this
HTPM-approximation is displayed in Table 4. It can be observed
that the convergence seems faster for larger values of R.

Table 4. k∞ vs λ2kλ

R 0.1 0.2 0.3 0.4
λ (k∞ − λ2kλ)/k∞ (relative error)
2 30.9% 22.3% 15.4% 8.2%
4 15.6% 11.2% 7.7% 4.4%
6 10.4% 7.6% 5.1% 2.7%
8 7.8% 5.6% 3.8% 2.2%
10 6.3% 4.5% 3.1% 1.6%
12 5.3% 3.8% 2.6% 1.6%
14 4.5% 3.3% 2.3% 1.6%
16 4.0% 2.9% 2.0% 1.0%

In view of (27) kλ ∼ k0, for the VTPM-case. Figure 5 shows
kλ as a function of λ for various fixed R, where the dotted lines cor-
respond to k0 which is a function of R alone. Here a logarithmical
scale is used for the λ-axis. This suggests that k0 may be used as
a good approximation for kλ for small values of λ as shown in the
above analysis. The relative error in this VTPM-approximation is
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Figure 4. λ2kλ vs k∞

displayed in Table 5. Here it can be observed that the convergence
seems faster for smaller values of R, as opposed to theHTPM-case.

Table 5. k0 vs kλ

R 0.1 0.2 0.3 0.4
λ (k0 − kλ)/k0 (relative error)

2−2 12.5% 21.6% 32.6% 56.1%
2−3 6.0% 10.5% 16.4% 30.1%
2−4 2.7% 5.1% 8.2% 15.0%
2−5 1.3% 2.5% 4.1% 7.5%
2−6 0.6% 1.3% 2.0% 3.7%
2−7 0.3% 0.6% 1.0% 1.9%
2−8 0.2% 0.3% 0.5% 0.9%

In the limit cases k∞ and k0 are functions that only depend on
R (the micro geometry). These dependencies are shown in Figure 6
and Figure 7 respectively.
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Figure 5. kλ vs k0
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4. Conclusions

Summing up, we have considered flow in a thin porous medium
with two small parameters ε and δ, related to the microstructure
and the thickness of the domain. Letting ε and δ tend to zero at
different rates, asymptotic analysis leads to the following results.

For PTPM,VTPM andHTPM the flow is governed by equa-
tions (13), (41) and (44) correspondingly. These equations are two-
dimensional versions of Darcy’s law (third components in all equa-
tions vanish). We therefore regard Kλ, K0 and K∞ as 2D tensors
throughout this section. The asymptotic behaviour of the flow can
be described by the diagrams shown in Figures 8–10. In Figure 9,
pλ, 0 ≤ λ ≤ ∞, is the solution of the well-known 2D Darcy equation

(45)

{
∇ · (Kλ∇pλ) = 0 in Ω,

pλ = pb on ∂Ω.

Observe that the Dirichlet boundary condition on ∂Ω in (45) cor-
responds to the Neumann boundary condition on Γεδ in (2). The
reverse also holds, i.e. a Dirichlet boundary condition on Γεδ in
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the original problem would imply a Neumann boundary condition
in the Darcy law. Although (45) holds in all three cases, the per-
meability is fundamentally different in the limiting cases λ = 0
and λ = ∞ compared to the intermediate case 0 < λ < ∞. More
precisely:

• Darcy’s law for VTPM can be obtained as an asymptotic
limit in two different ways (see flow diagram). This is
because the local problems (26) and (40) to compute K0

are identical. Here, the permeability is given by

(46) K0 = − 1

12|Q|

∫
Qf

(
∂q1

∂y1
+ 1 ∂q2

∂y1

∂q1

∂y2

∂q2

∂y2
+ 1

)
dy,

where qi are solutions of the Hele-Shaw type 2D cell prob-
lems

(47)


∆qi = 0 in Qf ,

(∇qi + ei) · n = 0 on S,
qi Q-periodic,

(i = 1, 2)

where e1 = (1, 0) and e2 = (0, 1).
• Darcy’s law for PTPM is obtained by assuming δ = λε
(see flow diagram). Here, the permeability is given by

(48) Kλ =
1

|Q|

∫
Qf

(
W 1

1 W 2
1

W 1
2 W 2

2

)
dy dz,

where (W i, qi) are solutions of the 3D Stokes cell problems

(49)


− 1
λ
∇λq

i + ∆λW
i − 1

λ2
ei = 0 in Qf ,

∇λ ·W i = 0 in Qf ,

W i = 0 on S,

W i, qi Q-periodic,

where e1 = (1, 0, 0), e2 = (0, 1, 0), i = 1, 2.
• Darcy’s law for HTPM can also be obtained as an asymp-
totic limit in two different ways, as the local problems (36)
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and (43) to compute K∞ are identical. Here, the perme-
ability is given by

(50) K∞ =
1

|Q|

∫
Qf

(
W 1

1 W 2
1

W 1
2 W 2

2

)
dy,

where (W i, qi) are solutions of the 2D Stokes cell problems

(51)


−∇qi + ∆W i − ei = 0 in Qf ,

∇ ·W i = 0 in Qf ,

W i = 0 on S,
W i, qi Q-periodic,

(i = 1, 2)

where e1 = (1, 0) and e2 = (0, 1).

From an engineering point of view, the present analysis shows
that the two-dimensional approaches to compute the permeability
of thin porous media must be used carefully. As seen in Tables 4
and 5 the error can be substantial if one uses the 2D cell problems
(47) or (51) instead of (49). Hence it is important to distinguish
between three kinds of porous media, namely VTPM, PTPM and
HTPM.

− 1
ν
K0∇p0

U εδ

δ =
√
ε

×ε−2, ε→ 0

&&

δ = ε2

×δ−2, ε→ 0

88
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// − 1

ν
Kλ∇pλ

λ→ 0

OO

×λ2

λ→∞
��

− 1
ν
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Figure 8. Asymptotic behavior of U εδ
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Appendix to B
John Fabricius, Elena Miroshnikova

Abstract. We study the permeability of medium perforated
by a periodic array of cylinders in two types of packing —
quadratic and hexagonal. For both cases the permeability
coefficient is computed by using software Comsol MF. The
result is compared with the analytical formula suggested by
B. R. Gebart.

Introduction

According to Darcy’s law the flow in a porous medium is gov-
erned by the equation

∇ · u = 0, u =
1

μ
K(f −∇p),

where u [m/s] is the velocity, p [Pa] is the pressure, μ [Pa · s] is the
viscosity, f [N/m3] is the volume force and K = {Kij} [m2] is the
permeability tensor which is defined by the geometry of the porous
medium.

If the porous medium is defined by a representative cube Q of
length L [m] which is repeating itself periodically in space, one can
use homogenization theory to derive Darcy’s law from the Navier–
Stokes equations. This gives a mathematically exact expression for
the permeability tensor K. Permeability depends only on the local
geometry of the porous medium. For example it does not depend
on the exterior boundary conditions for the fluid (boundary stress
in Paper B or no-slip in [2]).

The cube is split into two parts Qf (fluid part) and Qs (solid
part). Consider the following three boundary value problems of

1
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Stokes type:

(1)

⎧⎪⎨
⎪⎩

Δwi −∇qi + ei = 0 in Qf

∇ · wi = 0 in Qf ,

wi = 0 on ∂Qs,

(i = 1, 2, 3)

where wi (vector) [m2], qi (scalar) [m] are unknown Q-periodic func-
tions and ei (i = 1, 2, 3) [dimensionless] are unit basis vectors in R

3.
To compute the permeability one solves the so called “cell problems”
above. Then the permeability tensor is given by

Kji =
1

|Q|
∫
Qf

wi
j(x) dx,

where |Q| denotes the volume of Q. The integration by parts iden-
tity ∫

Qf

−∇wi : ∇v + ei · v dx = 0

holds for all smooth Q-periodic divergence-free v that vanish on the
boundary ∂Qs. Taking v = wj we obtain

Kij = Kji =
1

|Q|
∫
Qf

∇wi(x) : ∇wj(x) dx.

From this alternative expression for Kij one deduces that K is sym-
metric and positive-semidefinite.

Flow perpendicular to an array of cylinders

To give a simple concrete example we shall calculate the per-
meability for flow perpendicular to a periodic array of cylinders
(fibers). We consider both quadratic (QP) and hexagonal packing
(HP). The ideal porous medium consists of an array of N cylinders
with N → ∞.

Quadratic packing. Figure shows a quadratic array of
equidistantly distributed cylinders of radius R. The coordinate sys-
tem is chosen so that the cylinders are aligned with the x3-axis. As
a representative volumes one may choose Q as a cube of dimensions
L × L × L (see Figure 1). Note that the choice of Q is somewhat
arbitrary due to the periodicity assumption.
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Figure 1. Quadratic array of cylinders and its rep-
resentative volume Q (QP)

Figure 2. Plot of w1 (left) and q1 (right)

Figure 3. Plot of w2 (left) and q2 (right)

For this Q the cell problems (1) (i = 1, 2) are two-dimensional.
This simplifies the calculation of permeability K for flow perpen-
dicular to the array considerably. To this end the “Creeping flow”
module in Comsol Multiphysics was used. The solutions of (1) (see
Figures 2 and 3) are determined solely by the geometry of Q and
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thus independent of the properties of the fluid. Nevertheless, one
must treat it as a fluid problem in Comsol (see Table 1).

Table 1. Dimensions for cell problem in Comsol

Parameter Value Description
L 1 [m] length of Q
R 0.3 [m] radius of cylinder
μ 1 [Pa·s] fluid viscosity

For that particular geometry one finds

K =

(
K11 K12

K21 K22

)
=

(
0.01097 −1.04664 · 10−8

5.27175 · 10−10 0.01097

)
[m2].

Theory predicts that K12 = K21 = 0 which gives some hint of the
computational error. Note that “pressure” qi is only defined modulo
a constant. It is therefore normalized so that it is zero on the lower
left corner of the cube.

Table 2 shows the permeability coefficient K11 (which in this
case coincides with K22 due to the symmetry of the problem) as a
function of radius of the inclusions R.

In 1992 B. R. Gebart [1] suggested the following formula for the
permeability coefficient in the case of quadratic packing of fibres

Kq =
16

9π
√
2

(
Δ

R

)5/2

R2,

where Δ is half the distance between the fibers, i.e. Δ = (L−2R)/2.
The comparison with Kq is presented in Table 2 and Figure 4.

Hexagonal packing. Figure 5 shows a hexagonal array of
equidistantly distributed cylinders of radius R. As a representa-
tive volumes one may choose Q as a parallelepiped of dimensions
L×√

3L×L (see Figure 5). The results of computations in Comsol
for this hexagonal structure are displayed in Table 3.

Gebart has suggested the following formula for the permeability
of a hexagonal array

Kh =
16

9π
√
6

(
Δ

R

)5/2

R2,
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Table 2. Dependence of permeability coefficients
K11 and Kq on radius (QP)

R [m] K11 [m2] Kq [m
2] (Kq −K11)/K11 (relative error)

0.10 0.0814 0.1280 55.5 %
0.20 0.0329 0.0441 29.6 %
0.30 0.0110 0.0131 13.6 %
0.31 0.0096 0.0113 12.5 %
0.32 0.0083 0.0097 11.4 %
0.33 0.0072 0.0083 10.4 %
0.34 0.0061 0.0070 9.4 %
0.35 0.0052 0.0059 8.5 %
0.36 0.0043 0.0049 7.7 %
0.37 0.0036 0.0040 6.8 %
0.38 0.0029 0.0032 6.2 %
0.39 0.0023 0.0026 5.4 %
0.40 0.0018 0.0020 4.6 %
0.41 0.0014 0.0015 4.0 %
0.42 0.0010 0.0011 3.3 %
0.43 7.40 · 10−4 7.91 · 10−4 2.8 %
0.44 5.02 · 10−4 5.32 · 10−4 2.3 %
0.45 3.17 · 10−4 3.33 · 10−4 1.9 %

Figure 4. Plot of Kq (solid line) and K11 (stars) vs
R (QP)
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Figure 5. Hexagonal array of cylinders and its rep-
resentative volume Q (HP)

Table 3. Dependence of permeability coefficients
K11 and Kh on radius (HP)

R [m] K11 [m2] Kh [m2] (Kh −K11)/K11 (relative error)
0.10 0.0652 0.0739 13.5 %
0.20 0.0245 0.0255 3.8 %
0.30 0.0076 0.0075 −0.2 %
0.31 0.0066 0.0065 −0.3 %
0.32 0.0056 0.0056 −0.5 %
0.33 0.0048 0.0048 −0.6 %
0.34 0.0041 0.0041 −0.6 %
0.35 0.0034 0.0034 −0.8 %
0.36 0.0028 0.0028 −0.6 %
0.37 0.0023 0.0023 −0.7 %
0.38 0.0019 0.0019 −0.6 %
0.39 0.0015 0.0015 −0.4 %
0.40 0.0012 0.0012 0.4 %
0.41 8.7 · 10−4 8.8 · 10−4 0.4 %
0.42 6.4 · 10−4 6.5 · 10−4 0.7 %
0.43 4.5 · 10−4 4.6 · 10−4 1.0 %
0.44 3.0 · 10−4 3.1 · 10−4 1.3 %
0.45 1.9 · 10−4 1.93 · 10−4 1.6 %

where Δ = (L−2R)/2. Comparison of obtained results to Gebart’s
formula for HP are displayed in Table 3 and Figure 6.
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Figure 6. Plot of Kh (solid line) and K11 (stars) vs
R (HP)
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