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ABSTRACT 

The work presented in this thesis concerns computer simulations of lubrication processes, and 
the main part deals with simulations in the elastohydrodynamic lubrication (EHL) regime. The 
thesis summarises the work performed in the five papers referred to as Paper A, B, C, D and E. 
The aim is to give the reader a more explanatory description of the investigations performed in 
the papers and of the physical processes present in EHL. 

Lubrication is a sub-area of tribology, which is the science of interacting bodies in relative 
motion, two other sub-areas being wear and friction. Lubrication is commonly referred to as a 
way of reducing friction and protecting the surfaces from wear. 

Typical devices where EHL is present are machine components. Examples of these are 
bearings, cams and gears. In Fig. 1 a gearbox is shown, which is a typical EHL mechanical 
system consisting of both gears and bearing components. The lubricant can in such an 
application have many different tasks. The ultimate goal is that the surfaces in motion should be 
separated by a fluid film, thus reducing the friction and wear. That leads to low frietional losses 
and long operating life for the machine components. This goal is, however, not always fulfilled, 
and to protect the surfaces from wear when the lubricating fdm collapses, there are additives 
added to the lubricant. Commonly, lubricants contain of a number of additives, but these are not 
in focus in this thesis. 

Figure 1. The figure shows a gearbox, which is a typical mechanical system where EHL-
processes are present. 
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Common to many EHL-applications, especially machine components, are thin lubricating 
films and high fluid pressures. The high pressures result in elastic deformation of the contacting 
bodies. To give an idea of the geometrical scales appearing in typical EHL-contacts, such as 
ball bearings, the following comparison can be used: 

Magnify the contact spot appearing between two contacting bodies so that it covers the surface 
of an A4 sheet of paper. The thickness of the lubricating fdm will now be in the same order as 
the thickness of the paper, see Fig. 2. 

Figure 2. Schematic figure for visualising the altering scales that appears in typical EHL-
components. 

The lubricating films in such applications are very thin, often in the range 0.1-1 pm with 
pressures ranging from 0.5-3 GPa. The contact diameter is approximately 1 mm and the time a 
fluid element needs to pass through the contact is approximately 0.1 ms. 

The altering geometrical scales and rapid changes in the physical variables, such as pressure, 
viscosity and temperature etc., make numerical simulations to a challenging task. The variables 
of primary interest in the numerical simulations are: film thickness, pressure, temperature and 
friction. The film thickness is an important variable that gives information as to whether the 
surfaces are separated by the lubricating film. It is the lifting force generated by the 
hydrodynamic pressure that governs the separation of the surfaces in motion. 

However, even if a lubricating film is present, EHL machine components deteriorate when 
they have been in service for a long time. It is then that the cycling in pressure and temperature 
leads to fatigue of the surfaces, so that the level of these variables is also of importance. The 
friction that has developed in the EHL-contacts leads to a loss of energy, which increases the 
temperature in the conjunctions. Friction is therefore important not only for the efficiency, but 
also when thermal aspects have to be considered. 

The physical processes present in EHL are inter-disciplinary, closely related to other fields 
of science such as fluid mechanics, solid mechanics, and rheology. In almost all numerical 
simulations of lubrication performed today, the hydrodynamics are modelled by an equation 
referred to as the Reynolds equation. This equation is derived from a simplified form of the 
momentum equations, which are combined with the continuity equation; and the result is a 
Poisson equation for the fluid pressure. The assumptions made when deriving this equation 
limit the size of the computational or spatial domain, and the equation cannot predict pressure 
variations across the lubricating fluid film. 

In the work presented in this thesis, an extended approach, where the technique is based on 
CFD (computational fluid dynamics), is used to simulate the lubricant flow. The extended 
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approach is here based on more complete forms of the equations of momentum, continuity and 
energy and the above degeneracy will be removed. That implies, if such an approach works, 
that it should now be possible to simulate the lubricant flow under conditions where the 
Reynolds equation is not valid. So far, only few attempts have been made to use the CFD-
technique, and therefore, the main objectives for the work presented in this thesis can be 
expressed as: 

To investigate: 

• the possibilities of using an extended CFD-approach for simulating smooth EHL line 
contacts isothermally. 

• whether the software can be extended to take thermal effects into account when 
simulating smooth EHL line contacts. 

• whether the software allows for moving grids. If this is so, is it possible to take into 
account transient effects where asperities travel through an EHL line contact. 

• whether the software can be modified to take thermal transient effects into account when 
surface irregularities travelling through an EHL line contact. 

• whether there are any discrepancies between the CFD-approach and the traditional 
Reynolds equation approach for simulating EHL. 

From the preceding discussion of rapid changes in accordance with elastic deformation of 
the contacting surfaces, a great deal of work has been carried out to modify the numerical 
algorithm in the CFD-software to fit EHL-problems. The CFD-software used throughout the 
work in this thesis is CFX4 (2003). 

In Paper A, investigations are made of the possibilities of using the CFD-technique for 
simulating smooth EHL line contacts isothermally; in Paper B, extensions are made to take 
thermal effects into account. The results from Paper A and B show that it is possible to simulate 
EHL both isothermally and thermally with the aid of the CFD-technique. There is, however, a 
limiting criterion due to a singularity that can appear in the momentum equations when a 
critical shear stress is reached1. 

In Paper C, the software has been modified to take transient effects into account. Isothermal 
simulations are now performed where a surface irregularity travels through an EHL line contact, 
and comparisons are made between a CFD-approach and a Reynolds-based solution approach. 
The results show a good correspondence between the two approaches under the scales of 
surface irregularities investigated in this research work. 

In Paper D, the singularity in the momentum equation and the altering scales of the surface 
irregularities were investigated, with the aid of both the CFD-approach and the Reynolds 
approach. The results from this investigation show that the effect of the singularity is reduced 
when the rheology is shifted to a Ree-Eyring rheological model. Deviations between the 
approaches of 5-10% can be expected when the film thickness to wavelength of the surface 
irregularities is of the order of 10"2-10"'. 

A mathematical implication: a singularity may appear in the momentum equations when the viscosity is pressure-

dependent. The singularity has been discussed in Renardy (1986). 
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In Paper E the line contact model has been extended to handle thermal transient rough 
surface simulations. In the investigation performed, the model was tested for some test cases 
where sliding motion was introduced. It is here shown that the non-Newtonian behaviour of the 
lubricant influences the temperature, fdm thickness and pressure distributions in the contacts. It 
is further shown that a dimple or increased fdm thickness may be present when the thermal 
properties in the surrounding solids differ. 

One of the most important benefits of the CFD-technique is the possibility of simulating the 
lubricant flow around the EHL-conjunctions. Machine components often work under starved 
lubricated conditions, which mean that the oil supply into the machine components is impeded. 
With the aid of CFD, these flow processes can be simulated and optimised. This objective has, 
however, not been investigated in the present thesis and is an interesting and natural extension 
of the work presented in the thesis. 
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NOMENCLATURE 

Variable Meaning Dimension 

A Coefficient matrix -

B Body force Nm3 

b Hertzian half width m 
C Specific heat Jkg' K' 

Nm2 c, Constants in the density expression 
Jkg' K' 
Nm2 

c2 Constants in the density expression -

d Elastic deformation m 
E Modulus of elasticity Pa 
£ " Reduced modulus of elasticity Pa 

Rate of deformation tensor s' 
g Determinant of the metric tensor -

H Total enthalpy Jkg' 
h Film thickness m 
Ko Modified Bessel function of the second kind -

k Thermal conductivity Wm'K1 

n Surface normal -

P Mean pressure Pa 
Po Constant in the viscosity expression -

Pe Peclet number -

Pdev Deviation in pressure -

P 
1 vap 

Vaporisation pressure Pa 

P Pressure Pa 
q Heat flux Wm' 
R Radius m 
R' Reduced radius m 

Rg 
Gas constant Jkg' K' 

So Temperature-viscosity index -

T Temperature K 
t time s 
u Velocity field, components (u,v,w) m s'1 

u Mean velocity in the x-direction m s'1 

V Velocity m s"' 
v Mean velocity in the y-direction m s~' 
w Load Nm1 

x, y, z Spatial co-ordinates m 
X(> Distance to a point where the elastic deformation is zero m 
z Pressure-viscosity index -

a Residual -

S Unit tensor -

s Numerical error -

0 Viscous dissipation Jm3 s' 
* 

r 
Shear rate s' 
Viscosity Pas 

<p Solution variable -

K Diffusivity 2 -I 
m s 
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X Coefficient of thermal expansion K1 

M Generalised viscosity Pas 

M' Derivative of generalised viscosity with respect to pressure s 
v Poisson 's ratio -

P Density kg m'3 

a Stress tensor Pa 
T Shear stress Pa 
To Eyring stress Pa 
CO Film thickness to wavelength ratio -

Friction coefficient -

g Bulk viscosity Pas 

Mathematical symbols 

<8> Vector product (Uj uf) 
• Scalar product 
V Nabla operator (d/dx,d/dy,d/dy) 
( ) Transpose 

Sub- and superscript 

0 Ambient conditions 
C-J Carslaw-Jaeger boundary conditions 
d Lower solid 
h Spatial element length 
m Temporal order of the discretisation 
n The ri iterate 
r Spatial order of the spatial discretisation 
s Solids 
t Time step 
u Upper solid 
V Constant volume 
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1 INTRODUCTION 

Tribology is the science of interacting bodies in relative motion and the word originates from 
the Greek word tribos, which means rubbing. The science includes sub-areas such as friction, 
wear and lubrication. Friction is the resistance to bodies moving against each another and is 
always present when bodies are in motion. Friction can either be dry or viscous and in the 
former case we make a distinction between static and dynamic friction; and in the latter case 
friction develops due to molecular forces between adjacent fluid layers. 

Wear is a destructive process whereby surface material is removed from one or both of the 
two bodies in relative motion; and the process leads in its prolongation to damage if present in 
machine components. Finally, lubrication is a way of controlling both friction and wear. 
Lubricants can be of either solid or fluid type, and their main purpose is to reduce the friction 
and protect the surfaces against wear. The work presented in this thesis deals exclusively with 
fluid fdm lubrication. 

The benefits of lubrication were known as early as 2400 BC from illustrations showing 
Egyptians using lubricants for the sledges used to transport enormous building blocks. 
However, even i f lubricants have been used for a very long time, the action of hydrodynamic 
pressure build-up was not explained until the 19* century. It was Osborne Reynolds (1886) who 
theoretically explained the hydrodynamic pressure-generating effect. Reynolds derived an 
equation that combines the Navier-Stokes equations2, namely the equations of momentum and 
continuity, into a single equation for the fluid pressure in thin lubricating films i.e. the Reynolds 
equation. 

The regimes of lubrication are commonly sub-divided into five categories: hydrodynamic 
lubrication (HL), hydrostatic lubrication, elastohydrodynamic lubrication (EHL), mixed 
lubrication (ML), and boundary lubrication (BL). Hydrodynamic lubrication is commonly 
attributed to conformal surfaces, see Fig. 3. The pressure is generated in the high viscosity fluid 
film due to the motion of the surfaces and the geometrical converging wedge created by the 
inclination of the surfaces. Typical machine components that operate in this regime are thrust -
and journal bearings. The film thickness is usually larger than 1 urn and the pressure seldom 
exceeds 10 MPa. Further, the pressure is normally not high enough to deform the surfaces 
elastically, but some thermal crowning may be present. 

In this thesis the Navier-Stokes equations are referred to as the equations of momentum and continuity, with a 
Newtonian rheology assumed. This definition is not founded on solid ground, as a more strict definition refers to the 
viscous equations of momentum where a Newtonian rheology is assumed (Tannehill et al., 1997). 
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Figure 3. Conformal contact where a lubricating film separates the surfaces in relative motion. 

In hydrostatic lubrication an external source generates the load-carrying pressure. One 
benefit of this type of lubrication is that the surfaces in relative motion are separated even if the 
speed is low. The drawback with this solution is the external pressurising system required. 
There also exist combinations of hydrostatic - and hydrodynamic lubrication. A hydrostatic 
pressure is used in the start-up process when the speed is low; when the speed is high the 
surfaces are separated by hydrodynamic action. This is a typical solution used in hydroelectric 
power plants, where the mass of the shaft, generator and turbine is carried by a large thrust 
bearing. 

In EHL, on the other hand, the surfaces are non-conformal, see Fig. 4, and the pressure in 
the viscous fluid once again develops due to the geometrical converging wedge created between 
the surfaces3. The fluid pressure in machine components often becomes extremely high, 
commonly of the order of 1 GPa. The lubricating fluid film is normally less than 1 um and the 
high pressure in the conjunctions causes elastic deformations of the surrounding solids4. Typical 
components that operate in this region are rolling element bearings, cams and gears (hard EHL). 
But human joints and seals also work in the EHL-regime (soft EHL). 

Pressure can also be generated by a squeeze action when the surfaces are brought together. 
4 There is also plastic deformation present, especially when new surfaces are being run in. 
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Figure 4. Non-conformal contact where a lubricating film separates the surfaces in relative 
motion. 

An instructive way of visualising the different regions of lubrication is the Stribeck curve 
shown in Fig. 5. This is a Stribeck curve for highly loaded contacts, and note here that there are 
other Stribeck curves in the literature. The original Stribeck curve was created from journal 
bearings experiment, in the early years of the twentieth century (Stribeck, 1902). According to 
the figure the transitions between the different lubrication regimes can be described in the 
following manner: 

If the speed is low, the lubricant fdm is continuously penetrated by the asperities and the 
contact spots created between the contacting bodies carries the load. This regime is termed BL 
and a component that operates in this regime is a door hinge. 

If the speed now increases, there will be a transition to the middle region in Fig. 5. The 
regime is now termed the ML regime and the characteristic of this regime is that some of the 
load is carried by the hydrodynamically generated fluid pressure and some by the asperities that 
penetrate the fluid film. 

With a further increase in the speed, the hydrodynamic pressure generated in the fluid film 
will now be high enough to carry the applied load. This lubrication regime is termed EHL; the 
work presented in this thesis deals exclusively with numerical simulations in this regime. The 
surfaces in motion are assumed to be fully separated by the lubricating film, and according to 
Fig. 5 we are now in the rightmost region of the figure. 
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ln(rjV/P) 

Figure 5. Stribeck curve for highly loaded contacts where the friction coefficient (E) is on the 
vertical axis and the logarithm of velocity (V), viscosity (r/) and mean pressure (P) on the 
horizontal axis. 

In the EHL-regime, the friction coefficient tends to be a relatively constant value due to the 
limiting shear stress that a fluid can sustain. In Fig. 5, the friction coefficient falls with 
increased speed and that is due to the reduction in the limiting shear stress with increased 
temperature when slip is present in the EHL-contacts (Spikes, 1997). 

Finally, the reader who wishes to penetrate the subject of lubrication is referred to Khonsari 
and Booser (2001) and Hamrock (1994). For tribology in a more general sense, Bhushan (1999) 
is recommended. For a historical view of Tribology, interesting reading can be found in 
Dowson (1998). 

1.1 The need for numerical simulations 

Today, trends in design point towards integrated components where a lubricated component is a 
part of a device or construction. Smaller components with higher reliability and an increased 
load capacity are requirements that designers frequently need to meet when designing new 
machine components. Such requirements increase the need for better design guides or 
engineering formulas. It is here that numerical simulations become an important tool, not 
necessarily primarily for the designers, but for refinements of existing models and design guides 
and the development of new ones. 

An important benefit of numerical models compared to experimental set-ups is the 
possibility of performing parametric investigations. This means that it is possible to vary one of 
the parameters and investigate how the physics react. In an experimental set-up it is likely that a 
change in one parameter also implies changes in a number of other parameters. An example can 
be a change in the lubricant viscosity. In an experimental test rig, a new lubricant is probably 
added in order to investigate how the EHL-contact reacts. However, changing the lubricant 
often implies other changes with regard to the specific heat, density, limiting stress and thermal 
conductivity, for example. It can therefore be cumbersome to distinguish what the dominant 
parameter was when film thickness or temperature changes occur in the test rig. 

In a numerical simulation, on the other hand, a changed lubricant viscosity means that it is 
the only parameter changed. It will therefore be easier to investigate how the physics react due 
to that change. Nevertheless, experiments are important for validation of the mathematical or 
numerical models used in the simulations. According to the semantics used in this thesis, 
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verification is a numerical issue involving the verification of the numerical method (solving the 
equations right). And, validation is the comparison of the numerical result with the 
experimental result to investigate whether the right mathematical models are used to model the 
physics of the investigated problem (using the right equations). 

When reliable models have been created, the time for the design of mechanical devices 
where lubricated components are parts will be reduced. In solid mechanics today, FEM-analysis 
(analysis with the finite element method) has become an important tool for testing constructions 
in a computer before the real expensive tests are performed. 

In fluid mechanics, however, the development of flexible computer software has been 
delayed compared to the software used in solid mechanics. That is because the problem is more 
complicated to solve in fluid mechanics because it concerns a moving medium. There are today 
a number of commercial software packages on the market which have benefited from efforts to 
make them more user-friendly. These software are based on the governing equations for a fluid 
flow (equations of momentum, continuity and energy) and the technique is commonly referred 
to as computational fluid dynamics (CFD). 

The work presented in this thesis was initiated in January 1999 and the primary goal was to 
develop a numerical tool for simulating EHL. The numerical computations performed in the 
research for this thesis are based on one of the above CFD-software packages, see CFX4 
(2003). 

Numerical simulations in the field of EHL are nothing new, as researchers working in the 
field have been developing their own computer codes for three decades. The main part of the 
codes is based on the above-mentioned Reynolds equation. Today, numerical simulations are 
performed on 3D EHL-contacts both thermally and with non-Newtonian rheology (the 
constitutive relationship of a fluid). However, there have been few attempts to use a more 
complete fluid model provided by the CFD-approach and during the research for the present 
thesis, only one paper has been found (Schäfer et al., 1999). 

With the aid of the CFD-technique, the computational domain can be extended compared to 
the traditional approach because of the simplifications made when the Reynolds equation is 
derived. This leaves the field open for numerical simulations, not only in the narrow traditional 
EHL-region, but also in the surroundings of the EHL-contacts. New interesting fields of 
research are made possible with the CFD-technique. An example of a future research field is 
theoretical investigations about the physics of replenishment (how the lubricant reforms after a 
passage through the contact) and starvation (the supply of lubricant into the contact being 
reduced). 

Another field of future interest is how to optimise the lubrication process, not only with 
regard to the lubricant and the geometry within the contacts, but also with regard to outer 
conditions. In the future, a coupling between the simulations performed inside and outside the 
EHL-conjunctions will add important knowledge of how to design lubricated machine 
components. These subjects will, however, not be covered by the present thesis, which 
inevitably deals with numerical simulations within the traditional EHL contact region. 

1.2 Objectives 

The first question addressed in the project was: Should we develop our own EHL-solver or 
should we try to use commercial CFD-software? The latter approach was chosen, but there was 
limited knowledge of using such an approach in EHL. 

Consequently, the natural initial questions were: Is it possible to use the CFD-technique 
based on the Navier-Stokes equations to simulate EHL, and can commercial CFD-software be 
used (CFX4, 2003)? Therefore, the initial objective of the present research was: 
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• to investigate the possibilities of using an extended approach for simulating EHL that is 
based on the Navier-Stokes equations and commercial CFD-software. 

If such an approach was possible, then one could use this technique to investigate EHL without 
implementing one's own specialised EHL-solver. The facilities were also given to create the 
geometry in a pre-processor and visualise the result in a post-processor. 

However, there were also other interesting questions that could be answered: Are the 
simplifications made when deriving the Reynolds equation valid? One question in this 
connection was: Is the assumption of constant pressure across the lubricating fluidfilm true? 

It will be shown in the remainder of the thesis that the CFD-approach can be used. In 
addition, options were given to extend the approach to include further issues that are of 
importance for the simulation of EHL. These objectives were: 

To investigate whether: 

• the software can be extended to take thermal effects into account when simulating 
smooth EHL line contacts. 

• the software allows for moving grids. If this is possible, one can take into account 
surface irregularities travelling through an EHL line contact. 

• the software can be modified to take thermal transient effects into account when surface 
irregularities travelling through an EHL line contact. 

• there are any discrepancies between the CFD-approach and the traditional Reynolds 
equation approach for simulating EHL. 

These objectives will be discussed in the remainder of the thesis and the conclusions will be 
presented in Chapter 9. 

1.3 Outline of the thesis 

The work presented in this thesis is intended to give the reader a more explanatory introduction 
to numerical simulations of EHL with the aid of CFD-technique. The main part of the results 
presented in the thesis originates from Paper A-E, which have been published, submitted for 
publication or presented at international conferences. In Section 7.3, however, an unpublished 
investigation is carried out into how dimples or depressions on the surfaces are generated in 
EHL-contacts. 

Chapter 2 is intended to give the reader insight into the physics of EHL. The physics are 
explained from two points of view, first through a physical explanation in terms of momentum 
transport and forces, see Section 2.1. And secondly, with the aid of the commonly used 
differential equation for the fluid pressure in EHL-contacts, the Reynolds equation, see Section 
2.2. 

In Chapter 3, the mathematical models are presented. The intention here is not to spend time 
deriving the equations, which can be found elsewhere, but rather to give the reader knowledge 
about the extent of the models used, see Section 3.1. In Section 3.2 the extension of the 
equations used in the CFD-approach (computational fluid dynamic approach) to handle moving 
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grids is presented. In Section 3.3 and 3.4 the Reynolds equation and the boundary condition 
treatment in the CFD-approach are discussed. 

Because of the different approach when simulating EHL with the aid of the CFD-technique, 
a separate Chapter 4 is devoted to the discussion of details concerning how the software has 
been modified to fit EHL-simulations. The solution algorithm used in the simulation is 
described in Section 4.1 and in Section 4.2 and 4.3 the treatment of the cavitation in the EHL-
contacts and error estimates are discussed respectively. 

In Chapter 5, the singularity that may occur in the momentum equations is discussed. The 
results presented in this chapter originate from Paper D. This paper also includes an 
investigation performed to clarify when deviations can be expected between the CFD-approach 
and the Reynolds equation approach due to varying length scales. 

Chapter 6 deals with isothermal EHL line contact simulations. Smooth line contacts were 
the first simulations performed with the aid of the CFD-technique. The results from this 
investigation originate from Paper A and are discussed in Section 6.1, where the numerical 
result is verified against a traditional Reynolds equation solver. In Section 6.2 the software is 
modified to simulate rough isothermal EHL line contacts. The results shown here originate from 
Paper C, where the result obtained by the CFD-approach was compared with the result from a 
Reynolds approach. 

In Chapter 7, thermal computations are in focus. The first section, Section 7.1, deals with 
smooth thermal EHL line contact simulations and the results presented come from Paper B. In 
Section 7.2, an extension is made for thermal EHL line contacts where surface irregularities are 
present. The results presented here derive from Paper E. In the last section of this chapter, 
Section 7.3, the dimples occurring in EHL under some running conditions are discussed. 

In Chapter 8, the limitations of the theoretical work in this thesis are discussed. In Section 
8.1 the model limitations are discussed. Section 8.2 deals with computational limitations of the 
CFD-approach. 

In Chapter 9, the conclusions of the thesis work are presented and in Chapter 10 
recommendations for future work are given. In Chapter 11a summary of the appended papers 
is given and in Chapter 12, the division of work in the appended papers is presented. 
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2 ELASTOHYDRODYNAMIC LUBRICATION 

A first reflection on EHL will probably result in an imaginary picture of a rolling element 
bearing appearing in one's mind. And, of course, rolling element bearings are typical machine 
component that operate in the EHL-regime, see Fig. 6. However, EHL is also present in other 
applications, and a dangerous situation where EHL is present is the contact between a tire and a 
wet road. A thin film of water tends to be dragged or pressed into the converging wedge 
between the tire and road. I f the velocity is too high, the pressure that has developed in the 
water film is high enough to lift the tire from the road. The viscous friction in the water film is 
very low and the result is aquaplaning and the control of the vehicle may be lost. 

Figure 6. Ball bearing: a typical machine component operating in the EHL-regime. 

The physics in EHL is interdisciplinary, including other fields of science such as fluid 
mechanics, rheology and solid mechanics. In hard EHL-applications (with a large elastic 
modulus) it is common that the fluid pressure can be of the order of 1 GPa. The thin lubricating 
film is commonly less than 1 Lim and the temperature increase can be as high as the order of 
100 K. The time a fluid element needs to pass through the contact is approximately 0.1 ms. 
When the pressure is of that magnitude, the elastic deformations in the contacts can be as high 
as three orders of magnitude larger than the thickness of the lubricating film. And, as may be 
expected, the demands on the numerical tools for simulating such processes are significant. 

Up to date, no complete experimental visualisations of the lubricant flow in an EHL-contact 
have been presented. And, of course, this is one of the reasons why some mechanisms of the 
flow have not yet been fully understood. Film thickness has been measured with success for a 
number of years and the resolution of the experimental set-ups is now of the order of 1 nm 
(Lord et al., 2000a, 2000b), However, some of the mechanisms that govern the flow are 
understood and are presented below. 

2.1 A physical explanation of EHL 

In order to explain the physics in an EHL-contact, a simplified geometry is shown in Fig. 7. The 
geometry is 2D and is only the central part of the geometry shown in Fig. 4. 
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Couette flow 

Figure 7. The figure illustrates a 2D model-geometry of a deformed EHL-contact with pressure 
driven Poiseuille flow and shear driven Couette flow components. The red line is the pressure 
distribution and the dashed lines are zero velocity reference lines. 

In Fig. 7, the fluid film interacts with the moving surfaces through adhesive forces between the 
surfaces and the fluid layers adjacent to these; i.e. the fluid adheres to the surfaces. This 
assumption is commonly used in theoretical modelling of fluid flow as a boundary condition5. 

The main part of the momentum transport is due to diffusion and a very small part is caused 
by convection. Momentum diffusion can be thought of as the transport of linear momentum 
between fluid layers which are in different velocities. The linear momentum created in the fluid 
layer close to the surface is diffused through the lubricating film. A more viscous fluid implies 
increased momentum diffusion and the fluid is more prone to follow the movement of the 
surfaces. 

The forces created in the fluid films with a highly viscous fluid are almost ultimately 
composed of two forces, viscous and pressure forces. The movement between the fluid layers 
creates viscous forces and these are balanced by pressure forces. 

According to Fig. 7, at the inlet of the EHL-contact, a geometrical wedge is formed by the 
converging surfaces. The fluid is dragged into the converging wedge due to the viscous forces, 
and in order to enforce mass continuity some of the fluid has to be pushed back by the pressure 
forces. The flow profile is here a combination of Poiseuille and Couette flow. 

The pressure in the fluid is increased during the passage through the inlet region, as well as 
the pressure-dependent variables, such as viscosity and density. When the viscosity increases, 
the momentum diffusion is enlarged and at some stage the pressure is high enough to deform 
the surfaces elastically. When this occurs, the geometrical converging wedge disappears and the 
fluid is transported through the central region of the contact. According to Fig. 7, the flow 
profile has now become an almost Couette profile. 

A feature of EHL-contacts is that the central region has an almost constant film thickness, 
apart from a small curvature due to compressibility effects. Another interesting feature of EHL 
is the characteristic pressure peak or spike occurring close to the exit region, see Fig. 7. In this 
region the pressure will drop rapidly due to the diverging surfaces where the fluid cavitates. The 
decrease in pressure results in smaller elastic deformations and a constriction of the surfaces 
close to the outlet. The same effect applies once again; i.e. a geometrical converging wedge is 

The boundary condition is termed 'no slip' and it is not clear i f this assumption always holds in EHL due to the large 
shear stresses and sometimes high temperature developed in the fluid film. An alternative model where wall slip is 
assumed is described in (Jacobson, 1991). 
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created at the outlet. The result must be a Poiseuille flow component which pushes back a part 
of the fluid in order to enforce mass continuity; and a peaky pressure profile is created at the 
position of the exit constriction, see Fig. 7. But, the pressure peak is also a result of the piezo-
viscosity of the lubricant. 

In numerical simulations in highly loaded EHL-conjunctions, the peak can be very sharp, 
but if the resolution is high enough, the pressure gradient will be continuous (a continuity 
requirement). 

2.2 Explanation of EHL on the basis of the Reynolds equation 

When explaining EHL from a mathematical viewpoint, the Reynolds equation reflects the 
physics of the flow acceptably. The equation has also the benefits of fulfilling the conservation 
of mass and momentum at the same time. However, there is always a potential risk when 
explaining the physics using mathematical models, for if there is something wrong in the 
mathematical model, the physical explanation will be erroneous as well. However, this equation 
has been tested for more than 700 years so let us assume that it is appropriate for describing 
lubricant flow (actually fluid pressure). 

But, it is important to point out here that the Reynolds equation is based on two limiting 
assumptions such as thin lubricating films and inertia-less fluid flow. And if the physics of the 
fluid flow does not meet up to these assumptions, the Reynolds equation is not appropriate. 
These topics will be in focus in Chapter 5. But, let us assume that these assumptions are 
appropriate and further, assume stationary conditions, 2D geometry and incompressible fluid 
flow. The Reynolds equation now reads: 

0_ 

dx 

( h3 dp^ 
lit] dx 

= ~{uh) (2.1) 
ox 

here h is the film thickness, u is the mean velocity of the surfaces in motion, see Fig. 7, and p 
is the pressure. According to the equation, the left-hand side of the equation is the pressure-
driven Poiseuille flow, while the right-hand side describes the Couette flow. Now, when the 
fluid enters the geometrical converging wedge in the inlet region where the film thickness 
decreases, the term h3/12i] on the left-hand side decreases. As long as the geometrical wedge 
exists, the decrease in the term h3/12n must be compensated by the pressure gradient. That 
means that the pressure must increase so that the Poiseuille flow balance the right-hand side 
Couette flow term in the converging wedge. However, at some stage the solids cannot sustain 
the large pressure and elastic deformations occur; the geometrical wedge will disappear and the 
left-hand side Poiseuille term fades out. 

The Poiseuille flow has now a reduced influence on the flow until the passage through the 
exit constriction. Here the Couette flow once again introduces a continuity problem which has 
to be balanced by a Poiseuille flow. 

When the physics are transient in nature, an interesting feature appears in EHL. The 
Reynolds equation has a transient term added to the right-hand side. The equation now reads: 

d_ 

dx 

i i 



When the Poiseuille flow term fades out, the equation now changes from an elliptic Poisson 
equation to a hyperbolic transport equation. If no stretch is present (i.e. w is constant), the 
equation is now a wave equation for the film thickness. Consequently, i f a disturbance is 
created in the inlet zone, it will be transported by the wave velocity or mean velocity of the 
surfaces u through the contact. That means that the disturbance which a surface irregularity 
creates at the inlet travels at a different velocity than the surface irregularity (Venner and 
Lubrecht, 1994). 

In the case of non-Newtonian fluids where the viscosity is reduced due to shear thinning, 
this decoupling is weaker due to the stronger dependence of the Poiseuille flow terms in the 
contact region. The decoupling is not a theoretical artificial effect and has been shown by 
several experimentalists, e.g. Wedeven and Cusano (1979). 
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3 MATHEMATICAL FORMULATION 

The governing equations used in this thesis are presented below. No attempt is made to derive 
these equations, but rather to present them and discuss their properties. Throughout the 
simulations the flow is assumed to be laminar, and therefore only laminar equations are 
considered. 

3.1 Governing equations 

In order to study how the co-ordinates and velocity fields are defined, see Fig. 8. The numerical 
simulations performed in this thesis are limited to 2D geometries i.e. line contacts. When EHL 
line contacts are simulated, the geometry used in the simulations can be thought of as two 
infinitely long rollers in contact where a lubricating film separates the surfaces in motion. The 
geometry can be thought of as the narrow region where the rollers almost are in contact in Fig. 
4. 

Upper solid 
z, w 

* 
- • X, u 

Lower solid 

Figure 8. Definition of geometry, co-ordinate system, velocity components and fdm thickness. 

The equations for the fluid flow, i.e. Equations (3.1-3), can be seen in the CFX4 (2003). The 
first states that momentum is conserved; the momentum equation reads: 

- ^ ^ + V.(/*i<8>u) = B + V«<r (3.1) 
at 

the velocity field and body force are here denoted by u and B respectively. The symbol ® 
denotes the vector product UjUj, p denotes the density, and the stress tensor is denoted by a. 

The second equation for the fluid flow is a conservation equation for the mass; the 
continuity equation reads: 

| ^ + V.(pu) = 0 (3.2) 

The third equation states that energy is conserved; the equation is written here in terms of the 
total enthalpy H, which also includes a kinetic energy term. The energy equation reads: 
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d(pH) 
+ V . ( / t u / / ) - V • (kV T) = + O 
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/? 2 

/*jvu + ( V u f - | v « u « ? ] u 

(3.3) 

temperature is denoted by T, and O is the viscous dissipation term (loss of mechanical energy 
into increase of internal energy). Here k is the thermal conductivity and Cv is the specific heat at 
constant volume and <5"is the unit tensor. 

For the work presented in this thesis, the rheological model is assumed to be Newtonian or 
generalised Newtonian where the non-Newtonian effects can be included in a generalised 
viscosity p, see Bird et al. (1987). The constitutive equation takes the following form: 

a = -pö + (g-^-)V»uS+ju(vu + {Vu)T) (3.4) 

the bulk viscosity is denoted by g and is assumed to be zero according to the Stokes 
assumption6. In addition to the above equations, one needs equations for the viscosity and 
density; for the density, the Dowson-Higginson equation (1966) is used for the pressure-density 
relationship. For the temperature-density relationship a linear variation is used (Bos, 1994). The 
equation for the density reads: 

p i p , T ) = P o ^ l l l [ l - Ä ( T - T 0 ) } 
(Ci + p) 

(3.5) 

where the constants C;=5.9 108 and C2=1.34. The density at ambient conditions is denoted by p0 

and A is the coefficient of thermal expansion. The temperature at ambient conditions is denoted 
by T0. 

The equation used for the viscosity n is according to the Roelands equation (1966), and 
when a generalised viscosity is assumed, the rheology is according to the Ree-Eyring model 
(where the viscosity is modelled by the Roelands equation). These equations read: 

r/(p,T)=T}0exp 

ln(f?„)+9.67 -1+ 1 rn-i38 (3.6) 

Y=— smh 
ri 

(3.7) 

the viscosity at ambient conditions is denoted by t]0 and the constant .P0=1.98xl08. The 
constants S0 and z are the thermo-viscous and pressure-viscosity coefficients respectively. The 
parameter^ is the Eyring stress, which can be interpreted as a parameter that indicates when the 

The Stokes assumption is a common assumption made in fluid dynamics. The assumption states that the 

thermodynamic pressure does not differ from the mean pressure in the fluid, see Kundu (1990). 
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shear stress in the fluid starts to show non-linear dependence on the shear rate / , i.e. a non-
Newtonian character. In the case of Newtonian rheology // is set to n in Equations (3.3-4). 

The equations for the fluid flow are now closed, but in order to simulate EHL we need 
additional equations. These are equations for the elastic deformations and force balance. The 
work presented in this thesis deals with line contact simulations and the equation used for the 
elastic deformation reads: 

where d is the elastic deformation, and x0 is a distance to a point where the deformation is zero. 
Poisson's ratio is denoted by vand E is the modulus of elasticity. The reader who wants to see 
the derivation of these equations is referred to Timoshenko and Goodier (1970). 

The equation used for force balance reads: 

When force balance is achieved, the outer applied load w will be equal to the lifting force 
created by the integrated pressure in Equation (3.9). 

3.2 Modifications for moving grids 

The above equations are used for stationary EHL-computations or when the time history is not 
of importance. In this work, a transient algorithm is also used to achieve the steady state 
solution. When rough surfaces are simulated, the surface irregularities will now travel through 
the computational domain and the grid must be updated in time. The time history is now of 
importance and the equations of momentum, continuity and energy need to be modified in order 
to account for this. The transient and advective, or convective terms need to be corrected to 
include volume changes and grid velocities (Hawkins and Wilkes, 1991). 

In this case the momentum equation reads: 

where g is the determinant of the metric tensor and Vg relates a volume in the physical space to 
a unit volume in the computational space. The grid velocity is included in the advective term 
(dx/di); and the same applies to the equations of continuity and energy. 

The continuity equation is modified to: 

(3.8) 

(3.9) 

(3.10) 

(3.11) 

And the energy equation is as follows: 
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VF 
i a 

(3.12) 

With these sets of equations, the grid is now allowed to move in time and transient simulations 
are allowed where the surface irregularities travel through the EHL-conjunction. The grid 
velocities are computed by the change in the grid between two successive time steps. 

3.3 The Reynolds equation 

The equation was originally derived from the laminar Navier-Stokes equations by Osborne 
Reynolds (1886). The equation is based on two fundamental assumptions: 

• Inertialess fluid flow. 

• The fluid fdm is thin compared with the other length dimensions. The ratio of the film 
thickness to the characteristic length scale is of the order of 10"3, hence, the thin film 
approximation. 

The above assumptions make it possible to neglect terms in the momentum equations, see 
Equation (3.1). When this is accomplished, analytical expressions for the fluid velocities can be 
obtained, which afterwards are inserted in the equation of continuity, see Equation (3.2). The 
result is the Reynolds equation which reads: 

the film thickness is here denoted by h and the mean velocity of the surfaces in the x- and y-
direction is denoted by u and v respectively. Note that here is Newtonian rheology assumed. 
The left-hand side of this equation describes the Poiseuille flow and the first two terms on the 
right-hand side are the Couette flow. The third term on the right-hand side describes the squeeze 
flow. 

The derivation of the Reynolds equation can be found in Khonsari and Booser (2001) or 
Hamrock (1994). In a generalised form of the Reynolds equation it is also possible to use 
generalised Newtonian rheology models such as the Ree-Eyring model. However, i f the 
viscosity varies across the lubricating film, integrations across the film are required. A remedy 
of this was proposed by Conry et al. (1987), and this modified form of the Reynolds equation is 
used in Paper D. 

3.4 Boundary conditions 

In order to show the boundary conditions used in the CFD-approach, a schematic figure of a 
line contact is shown; see Fig. 9. 

The boundary conditions used for the momentum equation on the upper and lower surface 
are so-called 'no slip' boundary conditions. When these boundary conditions are used, one 

dyyUTJ ay J dx dy dt 
(3.13) 
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assumes that the molecular layers close to the surface adhere to it and the fluid velocity close to 
the wall is equal to the wall velocity. In the numerical simulations performed in the research for 
this thesis, the positive velocities are according to Fig. 9. In order to obtain the pressure at the 
walls, for computing the pressure forces in the momentum equation, extrapolation is used. 

T0 

Figure 9. Schematic figure of the boundary conditions used in the numerical simulations. 

At the inlet and outlet boundaries (dashed lines), the pressure is specified at the ambient 
value p0. When using pressure boundary conditions, Neuman or zero velocity gradients in the 
normal direction are used for the velocity field. Therefore, pressure boundaries can also be 
thought of as fully developed flow approximation through these boundaries7. It is also important 
to note that the assumption of a fully flooded inlet and outlet is made. I f this is not made, one is 
forced to model the inlet and outlet either as a free surface or as a multiphase flow. At the walls, 
Neuman boundary conditions are used for the pressure correction equation. 

When it comes to the thermal boundary conditions used at the inlet and outlet, an ambient 
condition is set for the temperature. Because of the backflow over the pressure boundaries, the 
ambient condition is appropriate, and works in the following manner: 

• i f the flow is inward, the ambient temperature is used at the boundaries 

• in the case of outflow, the temperature is extrapolated from interior nodal values. 

The thermal boundary condition used at the lower and upper walls in this thesis is the moving 
heat source boundary condition, Tc.j, in Fig. 9. Two types have been used, and in Paper B, the 
surface temperatures are computed with the aid of the asymptotic solutions of the Carslaw-
Jaeger boundary conditions (Jaeger, 1943), which read: 

T(x) = T0±
 1 f - ^ELcfe ' (3.14) 

here q is the heat flux across the surface in the normal direction and Cs denotes the specific heat 
in the solids. The thermal conductivity and density in the solids are denoted ks and ps 

respectively. The drawback with the asymptotic solutions is that they are only valid for high 
Peclet numbers. This approximation yields a totally convection-dominated problem and the 

I f a pressure boundary condition is used, one should not place the boundary too close to the domain of interest unless 
the boundary condition describes the physics well. Otherwise, there is a possibility that the limitation of the fully 
developed flow approximation has a bad influence on the numerical solution. 
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conduction in the solid is neglected. The Peclet number (Pes) in the solids can be used in 
deciding when this boundary condition can be applied. The Peclet number is defined as: 

Pes = ™, Ks=^~ (3.15) 
* i PsCs 

the thermal diffusivity for the solids is denoted by ics and b is the Hertzian half width. The 
radius on the upper and lower surface is denoted by R„ and Rj, and the reduced radius by R'. 
The reduced modulus of elasticity is denoted by E' and the elastic modulus for the upper and 
lower surfaces is denoted by E„ and Ed respectively. Poissons ratios at the upper and lower 
surfaces are denoted by v„ and vd\ 

J L - - 1 + J L , 1=LZ^+LZLL ( 3 . 1 6 ) 
Æ R' Ru Rd F Eu Ed 

To exemplify; i f the surfaces are made of steel and the load w=150 kN m~J, the reduced 
radius Ä=0.01 m and the velocity V=\ m s'\ then Pes=lO and the approximation is reasonable; 
but i f 17=0.1 ms ' , the conduction and convection are of the same order and the approximation 
is questionable. In Paper E the Carslaw-Jaeger (2001) boundary conditions which allow for 
arbitrary Pes numbers is used and read: 

1 f V\x-x\ 
T(x) = T0±— f? (x> 2K> K,(-\ ]-)dx' (3.17) 

the symbol K0 is the modified Bessel function of the second kind. For a more complete 
discussion of these boundary conditions, see Carslaw-Jaeger (2001). The above boundary 
conditions have also been investigated in Bos (1994). 
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4 CFD IN ELASTOHYDRODYNAMICS 

In the research for this thesis a commercial CFD-tool has been used for the numerical 
simulations of the lubricant flow in the EHL-conjunctions. The process of obtaining a numerical 
solution is usually separated in three main steps: 

• pre-processing 

• solver 

• post-processing. 

The purpose of the pre-processing stage is to generate geometry and grid, and apply 
boundary conditions. At this stage, the specifications of the fluid flow properties, initial 
conditions, numerical parameters and algorithms are also set. At the end of the pre-processing 
stage, data files are created which are read by the solver. The pre-processing tools used here are 
CFX Build and CFX Setup. 

In the solver module, which is the core of the CFD-tool, the discretised representation of the 
equations is solved. The output of the numerical simulations is written to data files which can 
be accessed by the post-processing tool. The structured grid solver, CFX4 Solver, has been used 
here. The discretisation method used by the solver is the finite volume method. 

In the post-processing stage, the numerical solution of the different variables can be 
visualised by some graphical tool, and in the present research, CFX Visualise has been used. 
Information on the pre-processing, solver and post-processing modules can be found in CFX4 
(2003). 

The above way of simulating lubricating processes gives extended possibilities of creating 
complex geometries and testing the models in a computer before designing new machine 
components. There are also possibilities of importing geometries created in other tools, e.g. 
geometries created for structural mechanical analyses, and of performing CFD-simulations on 
the same geometries. 

However, besides the above advantages, the primary benefits of using the CFD-technique in 
EHL-applications compared to the Reynolds approach are: 

• the possibilities of expanding the computational domain; 

• the fact that the CFD-approach is insensitive to scale changes. 

The expansion of the computational domain will be an interesting subject for future research. It 
is now possible to perform simulations of lubricant flow in the surroundings of the traditional 
EHL-contacts, where properties such as starvation, replenishment, particle transport and 
multiphase flows (combinations of different fluid- and gaseous phases) can be investigated. 

In Section 3.3, the derivation of the Reynolds equation relies on two limiting assumptions. 
The limitations are not severe, as long as the domain of interest is within the EHL-contact 
region and, the scales of the surface irregularities are not present where the ratio of the film 
thickness to the wavelength of the irregularities are larger than the order of 10~2, see Chapter 5. 
The CFD-approach does not suffer from the same limitation, because a more complete form of 
the equations is used. But there are drawbacks with this approach as well and these are: 

• the computationally larger problem to solve 
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• the computationally more complex problem to solve. 

Compared to the approach of using the Reynolds equation, one is now forced to solve four 
equations to obtain the fluid pressure in the 3D case (three momentum equations and one 
pressure correction equation) for an isothermal fluid flow. In the Reynolds equation approach, 
on the other hand, the solution of a single equation is necessary in order to obtain the fluid 
pressure. 

Because of the larger number of equations used and a sequential solution algorithm, see 
Section 4.1, the numerical solution is more complex. The different equations need their own 
relaxation parameters in order to achieve stability of the numerical scheme. 

Commercial CFD-codes can today handle a great number of fluid flow properties (more or 
less), such as compressible -, laminar -, turbulent -, and multiphase flow etc. However, in order 
to modify the codes to be suitable for EHL-problems, it is important that the codes are flexible 
to incorporate user-defined routines. The software used in the present research has proven to 
have the flexibility needed to access most of the parts of the code through a number of user 
routines that can be added to the code. There are also a number of functions that aid the access 
to the different arrays used in the code, e.g. topological information, flow variables and 
workspace for one's own implemented functions. 

In the remainder of this chapter the solution algorithm used in the CFD-approach is 
discussed in Section 4.1. In Section 4.2, the treatment of cavitation is discussed; the approach 
differs here from the traditional outlet condition used in the Reynolds equation. 

When performing numerical simulations, error analyses are an important tool for verifying 
the numerical solutions, and therefore, these issues have been given their own section, Section 
4.3. 

4.1 Solution algorithm 

The solution algorithm used in CFX4 is sequential, which means that the final solution proceeds 
by solving and updating each variable in turn. The iterations are sub-divided into two levels, 
outer and inner iterations. The former are used for the coupling between the variables (the 
coefficient and source terms are updated) and the latter are used for the spatial coupling for each 
variable (the iterations are now performed on a linear system with constant coefficients). 

The fluid pressure is obtained from a simplified momentum equation that links a pressure 
correction to a velocity correction, and this expression is substituted into the continuity 
equation. A pressure correction equation is obtained where the pressure correction adjusts the 
velocity field to enforce mass continuity. The corrected velocity field will not generally fulfil 
the momentum equation, and therefore a number of iterations are necessary to fulfil both the 
momentum and pressure correction (continuity) equation. 

In EHL, compressibility is of importance and the software has two different ways of taking 
compressibility into account: 

• Weakly compressible — The pressure correction algorithm described above is used 
where the density can be set in the user routine USRDEN. Further, the kinetic energy 
in the energy equation, see Equation (3.3) is assumed to be negligible relative to the 
internal energy. 
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• Fully compressible — No simplifications are made. There is now an alternative option 
to the above pressure correction algorithm where a density correction is invoked in the 
equation for the pressure. The density can be set by the user routine USRDEN. 

It has been shown during the work on this thesis that the option of fully compressible flow with 
the modified pressure correction algorithm has been necessary for EHL- problems8. 

The steps of the solution algorithm used in the solver are carried out in the following order: 

1. New time step level, use the previous solutions as starting estimates. 
2. Compute elastic deformations, force balance and update the grid. 
3. Compute and update boundary conditions for velocity and temperature. 
4. Compute and update viscosity and density. 
5. Compute the velocity field. 
6. Compute the pressure correction and update the pressure and velocity fields. 
7. Update the temperature. 
8. Compute the enthalpy. 
9. Convergence check on mass conservation, enthalpy conservation and force balance: 

I f there is convergence, write the solution to the disc and proceed to the next time step 
level. I f there is not convergence, go back to step 2 and start a new outer iteration. 

The development costs for commercial CFD-software are considerable, and it is therefore 
not likely that specialised CFD-codes are to be developed for EHL type of problems. That 
means that, i f one is using commercial CFD-software, the code must be flexible to allow 
modifications to fit EHL types of problems. 

When simulating EHL, one needs a number of one's own implemented routines, and in the 
present research own routines have been supplied for the mathematical models on elastic 
deformations, force balance, grid motion, boundary conditions, density, and viscosity, see 
Sections 3.1 and 3.4. Through the user routines, it is possible to make one's own 
implementations according to the above requirements of models. 

The elastic deformations and force balance are implemented by calls to the routine 
USRGRD, which allows the user to generate and update the grid as a function of time. The calls 
are made at the initialisation of every new time step. In the case of stationary simulations, the 
time history is not of importance and a time stepping procedure is used here to allow for the 
elastic deformation and to fulfil the force balance criterion. 

When the physics are transient in nature, another approach is used because of the 
importance of the time history. In order to fulfil force balance and convergence in grid motion 
due to the elastic deformations in each time step, a source code routine FLOW 3D is supplied. 
The routine gives the user the ability to perform internal calls to the grid routine USRGRD 
within each time step. 

The density and (generalised -) viscosity expressions are set in the routines USRDEN and 
USRVIS, which are called at the beginning of each outer iteration sweep. The modification of 
density to account for cavitation is implemented in the routine USRDEN, see Section 4.2. 

The boundary conditions for the surrounding solids are implemented in the routine 
USRBCS. Values for the velocity and temperature are set in this routine, where it is also 
possible to specify combinations of velocity and shear stress and temperature and heat flux 

The option of weakly compressible flows has also been tested. It has not been investigated why the ful ly compressible 
option works, and not the former one. It is, however, believed that the reason is the density correction invoked in the 
pressure correction equation. 
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(Robin boundary conditions). The types of boundary conditions used in the present research can 
be seen in Section 3.4. 

4.2 Cavitation 

When the surfaces diverge in the exit region in an EHL-conjunction, the fluid will cavitate. 
Cavitation may also appear within the EHL-contacts if surface irregularities such as scratches or 
asperities are present. Normally, gas or solid particles are dissolved within the lubricating fluid 
or at the rough surfaces. That implies that the minimum pressure which the fluid can sustain is 
the vaporisation pressure Pvap (Feng and Hahn, 1986). 

When the Reynolds equation is used for numerical simulations of EHL, the boundary 
conditions are normally p=0. A complementary condition is also used, namely dp/dn=Q, where 
n denotes here the surface normal on the cavitation boundary (Martin, 1916). Because of the 
assumption that the pressure gradient is zero in regions where cavitation occurs, the mass 
conservation criterion is destroyed, if special care is not taken. An algorithm that compensates 
for this in the Reynolds equation was proposed by Elrod (1981). In the present research work, 
two different approaches for modelling the cavitation have been tested: 

• the multiphase fluid flow model 

• the density modification model. 

The first approach is physically attractive and requires that a multiphase flow option is used. 
The idea is that a dispersed phase of gas is dissolved within the lubricant. In the high pressure 
region, the gas phase almost vanishes due to the high pressure and compressibility of the gas, 
but in regions where the pressure becomes low, the gas is free to expand. The density of the gas 
is simply modelled by the ideal gas law equation of state: 

P = pRgT (4.1) 

where Rs is the gas constant. However, the model does not seem to work for the pressure 
variations common in EHL-applications. The code used can handle arbitrary combinations 
between incompressible and weakly compressible phases. However, the fully compressible flow 
option is only implemented for single phase fluid flow. As mentioned in the previous section, 
Section 4.1, this option has been shown to be necessary when simulating EHL (CFX4, 2003). 

The second approach is to modify the density and is as follows: 

• I f the pressure is above a specified cavitation pressure, Pvap, the density follows the 
Dowson-Higginson equation, see Equation (3.5). 

• I f the pressure is below Pvap, a second order polynomial is used to model the cavitation. 

The polynomial function used for the cavitation when the pressure is below the vaporisation 
pressure is: 
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It is important to note here that Equation (4.2) can be replaced by other more physical 
functional relations if available. It is also so that the pressure levels in the cavitational zones are 
low compared to the levels of the pressure in the high pressure zones. That implies that the 
model used for the cavitation is of sub-ordinate importance. The idea of a second order 
polynomial is that, besides the continuity of the density function itself, the derivative of density 
with respect to the pressure is also continuous. This facilitates the numerical computations. In 
Fig. 10, a schematic figure of the density versus pressure is shown. 

Dc wson-Higginson 

7\ 
/ Cavitation 

7 

p p 
vap 

Figure 10. The density model. Cavitation is modelled through a modification of the lubricant 
density. 

During the numerical computations, negative pressure is likely to occur and that implies 
negative densities. A lower limit of the pressure was set here to compensate for this; the final 
solution for the pressure is, however, above this limit. Using this technique no modifications of 
the equations have to be made in order to satisfy the mass continuity criterion, even if cavitation 
occurs within the EHL-contact region. And it is likely that the model will also fit numerical 
simulations based on the Reynolds equation, this has not been tested, however. 

In Fig. 11, the density distribution in a CFD-simulation of an EHL-contact is shown. The 
geometry simulated here is a line contact where two infinitely long rollers are rolling against 
each other. The inlet is on the left-hand side and the outlet is on the right-hand side. 
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Figure 11. The density distribution along an EHL line contact by applying the density 
modification algorithm. 

According to the figure the density varies along the contact from 870 kg m"3 at the inlet to 
366 kg m"3 in the exit region. One can also observe the elastic deformations occurring at the 
rollers. Note that in order to facilitate the visualisation of the density distribution in the contact, 
the spatial scaling is larger in the vertical direction compared to the horizontal direction. The set 
of parameters used in the numerical simulations performed here can be found in Table 1 in 
Appendix A. 

4.3 Error analysis 

When performing numerical simulations, error analysis is important for verification of the 
numerical solution. The error estimates presented in this section follow basically Fertziger and 
Peric (1997). The numerical errors concerned in this thesis are convergence9 and discretisation 
errors. The convergence error is defined herein as the difference between the approximate and 
the exact solution of the discretised algebraic system of equations. The discretisation error, on 
the other hand, originates from the truncation error in the discretisation of the PDE. 

Besides these types of errors, there are also modelling and round-off errors. Modelling 
errors originate from the limitations in the models and are discussed in Section 8.1 while round
off errors originate from the limited accuracy of representing floating point numbers in a 
computer. Round-off errors are generally difficult to analyse10. 

It is important when performing numerical simulations to note that all of the above errors 
accumulate in time. Therefore, the criteria set for convergence and discretisation errors need 
generally to be enhanced when performing transient computations compared to stationary 
computations. 

The coupling between the convergence error and the residual is defined as: 

The formal definition of convergence is that the numerical solution approaches the exact solution of the differential 
equation at any point and time when the grid spacing and time step approach zero, see Hirsch (2000). 

I f the software has the ability to run in double or single precision, comparisons can be made between solutions 
obtained by single or double precision. 
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e"=<p-(p" 
(4.3) 

the ri iterate of the residual is denoted by d\ and the iterative solution and convergence error 
are denoted by qf and £* respectively. A denotes the coefficient matrix and q> the exact solution 
of the discrete problem. The estimate of the convergence error used in this thesis is based on the 
above equation, where a reduction of the residual is coupled to a reduction of the error in the 
solution. More precisely, i f an initial zero guess is used for the solution ((p°=0), then the initial 
error is equal to the final solution itself. Therefore, a reduction in the residual of four orders of 
magnitude gives approximately the same reduction of the error in the numerical solution to an 
error of the order of 0.01 %. 

Throughout the simulations, it is assumed that the discretisation errors are larger than the 
corresponding convergence errors. Therefore, when the accumulated errors in time are 
investigated, it is the discretisation errors that are checked. The discretisation error in the grid, 
denoted by eh, is estimated as: 

« A - ^ f 2 ^ (4.4) 
2 ' - l V ' 

Equation (4.4) is obtained by performing Taylor expansions around the solution for different 
grid spacing. The solutions of the finer and coarser grid are denoted by q% and <p2h respectively 
and r is the order of the discretisation. The factor two appearing in the equation originates from 
the ratio of the grid spacing between the two grids investigated. I f another ratio is used, that 
ratio replaces the factor two in Equation (4.4). 

Throughout the simulations, a hybrid scheme is used for the convective and advective terms 
in the energy and momentum equations. The diffusive terms are discretised by the second order 
CDS scheme (central differencing scheme). In the hybrid scheme, the discretisation order of the 
advective and convective terms is switched from CDS to a first order UDS (upwind 
differencing scheme) when the local Peclet number exceeds two. EHL-problems are, however, 
diffusion-dominated and therefore the convective and advective terms are of sub-ordinate 
importance. That implies that the order of the scheme is of second order accuracy, but the 
convective and advective terms are retained for future expansion of the computational domain. 

When a time-dependent simulation is performed, the same strategy is used for estimating the 
discretisation error e, in time. 

e , ~ ? ^ (4.5) 
' 2m-\ 

where f , and (p2l are the solutions of the finer and coarser time step respectively and m is the 
order of the discretisation scheme in time. The factor two appearing in the denominator in 
Equation (4.5) is the time step ratio between two successive computations with different time 
steps. If another ratio is used, that ratio replaces the factor two in Equation (4.5). 

Throughout the simulations, the implicit Euler method is used for the time discretisation 
(only available, see CFX4, 2003). In order to have a single value of the discretisation error, the 
mean, max and rms values of the discretisation errors are estimated. 
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5 T H E SINGULARITY 

When the viscosity is pressure-dependent, a singularity may exist in the momentum equations, 
see Paper D. This was first shown by Renardy (1986) and in order to discuss the implications of 
the singularity, the modified equations of momentum are an appropriate starting point. These 
equations are derived from Equations (3.1-2) and (3.4), where the following assumptions are 
made: 

• no body forces 

• incompressibility 

• no inertia forces 

• 2D geometry 

The derivation of the modified momentum equations can be seen in Appendix B and follows 
basically the derivation made by Bair et al. (1998a). The modified momentum equations in 
Cartesian co-ordinates read: 

dp __ 2////'e yV
2v + (l-2// 'e V T)//V 2» 

& l-(2p')2(exy

2-exxeyy) 

dp _ 2pjU'exyV
2u + {\-2p'exx)juV2v 

dy \ - ( 2 ^ ) \ e 2 - e e ) 
(5.1) 

e ^ 2 

du, dUj 

y dx j dXj 

the derivative of viscosity with respect to pressure is here denoted by ß' and the rate of 
deformation tensor by e,y. The influence of the singularity in EHL has been discussed in Bair et 
al. (1998a), who speculated that the singularity could be the driving mechanism behind the 
formation of shear bands, observed in their experiments (Bair et al., 1993b). 

As can be observed in Equations (5.1), the same denominator appears in both the 
momentum equations. A singularity in the pressure gradients will be approached if the 
denominator approaches zero and not the nominator. 

It is important to have the presence of the singularity under control in CFD-simulations; if 
the singularity is passed through, the problem will no longer be well posed". If time-dependent 
simulations are performed, passing through the singularity results in exponentially growing 
oscillations in time and a rapid divergence in the numerical simulations. In the case of steady 
state solutions, there may be non-constant periodic solutions in space. For a more detailed 
explanation, see Renardy (1986). 

Wcll-posedness of a PDE is a mathematical condition, and the PDE is said to be well-posed i f the solution exists, is 
unique and depends continuously on initial and boundary data. 
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In order to show the presence of the singularity, a numerical experiment was set up for the 
flow over a fixed ridge, see Fig. 12. The geometry is shown in the figure, in addition to the 
pressure distributions along the domain for both Newtonian and Ree-Eyring rheology. 
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Figure 12. The influence of the singularity in the CFD-approach where the tippermost lines are 
for Newtonian rheology and the lowermost line and dots are for non-Newtonian Ree-Eyring 
rheology. 

In this experiment, the lower surface moves with a constant velocity of 0.2 m s"1. According 
to the figure, when the rheology follows a Newtonian model, discrepancies can be observed 
between the two solution-approaches. The CFD-solution is the solid line and the Reynolds 
equation solution the dashed line. The deviations between the two approaches are due to the 
singularity caused by the pressure dependency of the viscosity, see Equations (5.1). 

On the other hand, when the rheology is shifted to a non-Newtonian Ree-Eyring model, the 
discrepancies between the two approaches disappear. In the figure the dashed-dotted line 
represents the CFD-solution and the dots denote the Reynolds solution. It is believed and 
argued that second solution where the Ree-Eyring model is used is more correct. And, that the 
strong influence of the singularity is more a result of incorrect use of the Newtonian model. But, 
in order to exclude the influence of the denominator in Equations (5.1) more investigations are 
necessary where also the behaviour of other rheological models is investigated. 

Another source of discrepancies between the two approaches is when the ratio of the 
characteristic scale across the fluid film to the characteristic scale along the fluid film increases. 
In this work co is defined as the ratio of the minimum film thickness under the ridge to the 
wavelength of the ridge (o>=yr/xr). The deviations between the two approaches become apparent 
when the ratio co is larger than the order of 10"2. The influence of the ratio co has been 
investigated by Odyck and Venner (2003) under isoviscous conditions. They found a large 
deviation between the Reynolds and Stokes equations when the ratio was of the order of 0.1. 
This situation may appear when surface roughness is present in EHL-applications. 

In Fig. 13, the pressure variation across the fluid film due to the changes in the ratio o is 
investigated. The rheology follows here the Ree-Eyring model and the different curves show 
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when a ridge penetrates the fluid fdm, hence, according to Fig. 12 the fdm thickness at the 
position of the ridge is decreased. 
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Figure 13. The maximum pressure variation across the fluid film denoted Pjev vs. the parameter 
co. 

In order to investigate whether the pressure variations are at a substantial level, the pressure 
deviations across the fluid fdm are scaled with the maximum pressure taken along a centreline 
in the domain. According to Fig. 13, deviations of the order of 10 % may be obtained when the 
ratio CO is of the order of 0.1. The reason for the discrepancies is that the momentum equation 
across the lubricating film is now of importance. In Paper D, Table 1-3, the data used for the 
simulations and additional comparisons can be found. 
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6 ISOTHERMAL E H L L I N E CONTACT SIMULATIONS 

This chapter concerns isothermal line contact simulations and Section 6.1 deals with smooth 
surfaces, which were the first EHL-simulations performed with the CFD-approach. The results 
are verified through a comparison with a traditional Reynolds equation approach. 

Historically, isothermal EHL line contacts have been simulated numerically by the 
traditional Reynolds approach for more than five decades. The first to solve the EHL-problem 
numerically with the aid of the Reynolds equation was Petrusevich (1951)12. 

However, with regard to simulations using the CFD-approach, only one paper has been 
found during the work on this thesis (Schäfer et al., 1999). They used a CFD-technique to solve 
the line contact problem isothermally, and they showed that pressure variations across the 
lubricating film may appear when sliding is present in the contacts. 

There are, however, no smooth surfaces in real EHL-applications, especially when the 
lubricating fluid film is of the order of 1 urn. Typical values of the surface finish on machine 
components such as gears and bearings lie between 0.025 and 0.25 jum (Hamrock, 1994, 
arithmetic average Ra). If one takes into account the fact that the lubricating film is of the order 
of 1 um, the smooth surface assumption is not appropriate for many lubricated situations. This 
raises the demands of extending the models to take surface irregularities into account. 

Numerical simulations with isothermal rough surfaces are the topic of Section 6.2. The 
CFD-approach is extended to take surface irregularities attached to a moving surface into 
account. The solution is now transient in nature and the solution algorithm has to be modified to 
account for this, see Section 4.1. 

Numerical EHL-simulations with rough surfaces using the Reynolds approach constitute a 
subject that has been studied by many researchers over the years. One of the pioneers in this 
field was Cheng (1977) in the late 70's, who investigated the local effect of asperities in 2D 
geometries. Later investigations have extended the approach to point contacts with non-
Newtonian rheology (Venner et al, 2000). 

A common problem with simulations of rough surfaces is the requirement of high resolution 
in the spatial and temporal domain. In order to resolve the lubricant flow around a surface 
irregularity in an EHL-problem, approximately the order of 102 time steps and computational 
nodes are needed. Such demand on resolution increases dramatically the demands on the 
computer resources. In the case of a CFD-approach, where more equations are needed, in 
addition to the wish of a resolution across the lubricating film, these limitations are even more 
severe. Therefore, the wavelength of the surface irregularities chosen in the numerical 
simulations, and hence the ratio co, cannot be of the order where discrepancies can be expected 
between the two approaches, see Chapter 5, i.e. 6>has to be less than the order of 10"2. 

6.1 Smooth line contact simulations 

In Paper A, the first investigations of numerical simulations with the aid of CFD in EHL-
contacts were carried out. The intention was first to investigate whether it was possible to use a 
CFD-technique and secondly to compare the numerical solution with a traditional Reynolds 
equation approach. In Fig. 14 the computational results are shown for the two approaches for an 
EHL line contact subjected to pure sliding motion. The upper surface remains fixed, while the 
lower surface moves with a constant velocity of 0.5 m sA. 

The numerical solution obtained by Petrusevich allows for both the clastic deformation and the piezo-viscosity of the 
lubricant. 
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Compared to Fig. 11, where both the upper and lower surfaces have been deflected, the 
geometry now shows the fdm thickness. The inlet is on the left-hand side and the outlet on the 
right-hand side, and one can also see the exit constriction close to the outlet which creates the 
peaky profde characteristic for EHL, see Section 2.1. The rheology throughout these numerical 
simulations was based on Newtonian rheology, and the results showed that it was possible to 
modify the CFD-software to take EHL-problems into account. 

For the conditions used under these numerical simulations, only small deviations between 
the two approaches were observed. However, in a separate investigation in Paper A, it was 
shown that under Newtonian conditions, discrepancies between the two approaches can appear 
due to a singularity, see Chapter 5. The data used for the simulations can be found in Paper A, 
Table 1. 

6.2 Rough line contact simulations 

In Paper C, simulations are performed where a single ridge is attached to one of the moving 
surfaces in an EHL-conjunction. According to Fig. 8, a ridge is attached to one of the moving 
surfaces. The rheology is now based on the Ree-Eyring model and the result is compared with 
numerical simulations performed with a Reynolds-based solution approach. In Fig. 15, the ridge 
is attached to the lower surface and moves with the velocity 0.1 m s'; the upper surfaces moves 
at 1.1 m s"1. The line with the peaky profile is the pressure distribution and the second line 
denotes the film thickness. 

As can be observed in Fig. 15, a pressure build-up is created just before the ridge and results 
in an increased film thickness due to larger elastic deformations in this region. The vertical line 
in the figures denotes the position of the centre of the ridge when passing through the 
conjunction. And, as can be observed, under the conditions used in the simulations, no 
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decoupling between the position of the ridge and the film thickness perturbation (created by the 
ridge) can be observed, see the discussions in Section 2.2. 

Figure 15. A comparison between a CFD- and Reynolds approach for simulating isothermal 
rough EHL line contacts. The CFD-solution is denoted by dots and the Reynolds solution by a 
solid line. The dashed line shows the center of the un-deformed ridge. 

In the position of the highest pressure in Fig. 15 there are small discrepancies between the 
two approaches. These discrepancies are, however, smaller than the corresponding accumulated 
discretisation error in the numerical computations and it is argued that, i f a higher resolution in 
time and space is imposed, the discrepancies will disappear. 
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Figure 16. A comparison between a CFD- and Reynolds approach for simulating isothermal 
EHL line contacts. The CFD-solution is denoted by dots and the Reynolds solution by a solid 
line. 

In Fig. 16, the ridge is attached to the upper surface, which moves with the velocity 
1.1 m s"; the lower surface moves at 0.1 m s"1. The line with the peaky profile is the pressure 
distribution and the second line denotes the film thickness profile. The case of events is now 
reversed compared to the above-discussed case where the ridge is moving with a slower 
velocity. The ridge is ploughed through the lubricant and a pressure increase is now in front of 
the ridge. 

As can be observed from the above numerical simulations, the two approaches show a good 
correspondence when comparing the pressure and film thickness. This is, however, expected 
because of the small value of co used in the simulations. The simulations performed in Paper C, 
were, however, verification that the software could be modified to handle transient rough 
surface EHL-simulations. The input data used in the simulations can be found in Paper C, 
Table 1. 
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7 T H E R M A L E H L L I N E CONTACT SIMULATIONS 

When simulating EHL thermally, the energy equation has to be solved in each outer iteration 
loop, see Section 4.1. In EHL it is not appropriate to specify either the temperature or the heat 
flux on the boundaries, and a more appropriate boundary condition is the boundary condition 
described by Carslaw-Jaeger (2001), see Section 3.4. The first section of Chapter 7 deals with 
thermal smooth EHL line contact simulations, Section 7.1, and in Section 7.2 thermal rough 
EHL line contact simulations are in focus. 

In Section 7.3 an interesting feature of thermal EHL is investigated. If the thermal properties 
of the surrounding solids in an EHL-conjunction deviate, a dimple or increased central film 
thickness can be created when sliding is present. 

The generation of heat in EHL-contacts is due to compression and viscous dissipation. The 
reversible compressive term is normally small compared to the dissipative term, but is retained 
due to the small extra numerical work needed. The irreversible dissipative term stems from the 
part of the deformation work that converts kinetic energy into increase in internal energy. The 
dissipative term is proportional to the lubricant viscosity and if a Newtonian assumption is used, 
this term can be very large. I f a non-Newtonian rheology is used, on the other hand, it is 
believed and argued that the term is more realistic in magnitude. 

The transport of energy is governed by two processes, convection and conduction, and 
conduction is more dominant within the EHL-contact region. The energy equation used in this 
thesis handles a number of terms, some of which are possible to neglect. However, i f the 
computational domain is extended, these terms will be of importance and are therefore retained 
for future development. 

7.1 Smooth thermal line contact simulations 

In Paper B the aim was to investigate whether the CFD-software could be modified to take 
thermal effects into account. The surfaces were here assumed to be smooth and the rheology 
Newtonian. The velocity on the upper and lower surfaces was 0.1 m s"1 and 0.6 m s~' 
respectively, the other data used in the simulations can be found in Paper B, Table 1. 
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Figure 17. Thermal simulation of an EHL-contact in sliding motion where the temperature 
distribution can be seen as isotherms. The ambient temperature was here set to 288 K. 

Figure 17 shows pressure, film thickness and temperature distribution in an EHL-
conjunction where the curve with the lower flat central region is the fdm thickness. The thermal 
boundary temperature was computed by the asymptotical solutions of the Carslaw-Jaeger 
boundary conditions, see Equation (3.14) (Jaeger, 1943). According to the figure, the 
temperature centre is dislocated against the lower surface. This is due to the lower thermal 
conductivity of 1 W m"1 K"1 on the lower surface; the thermal conductivity on the upper surface 
is45Wm' ! K _ 1 . 

From the discussion in Section 3.4 about the validity of these boundary conditions, it can be 
noted that the Pes number of the upper and lower surface is approximately 1.0 and 6.2 
respectively. That implies that the validity of this boundary condition is questionable in the 
simulations, and needs to be modified to yield lower values of the Pes number. This 
modification is also performed in the thermal simulations where surface irregularities are 
present. 

The results from the investigation performed in Paper B showed, however, that the software 
could be modified to take thermal effects into account when simulating EHL by aid of CFD. 

7.2 Rough thermal line contact simulations 

In Paper C (Section 6.2) the CFD-approach was extended to handle transient isothermal rough 
EHL line contact simulations. In Paper E the objective was to extend the CFD-model to 
manage transient thermal rough EHL-simulations. The boundary temperature was computed by 
the Carslaw-Jaeger boundary conditions, see Equation (3.17) and the rheology through the Ree-
Eyring model, see Equation (3.7). 

In the numerical simulations performed in this investigation, the surface velocities on the 
upper and lower surfaces were set to 0.2 and 0.8 m s"1 respectively. The upper surface has a 
sinusoidal surface roughness imposed while the lower surface was assumed smooth. According 

36 



to Fig. 8, the upper smooth surface has now a sinusoidal surface roughness superimposed. The 
parameters used in the simulations can be found in Paper E, Table 1 and 2. 

In the figures presented, the film thickness is the smaller amplitude wavy curve and the 
larger amplitude wavy curve is the pressure distribution. In Fig. 18 the numerical result is 
shown from Simulation 1 where the temperature distribution in the EHL-contact was 
investigated. The properties in the solids are here the same as in steel and the Eyring stress r0 

was set to 8 MPa. The maximum temperature increase is located in the middle of the fluid fdm 
and is approximately 30 degrees of Kelvin. 

In Fig. 19 the distribution of the generalised viscosity in the EHL-conjunction is shown. The 
result originates from Simulation 2 where the surfaces have the same properties as steel. And, as 
may be observed, the generalised viscosity is greatly reduced in the high pressure regions 
compared with i f a Newtonian rheology was assumed which would imply viscosities of the 
order of 105"6 Pa s. The generalised viscosity is now of the order of 101"2 Pa s. 
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Figure 19. The generalised viscosity distribution in an EHL line contact under sliding motion, 
the Eyring stress was here set to 3 MPa. 

For this numerical simulation the maximum temperature increase is approximately 12 K 
which implies that the thermal influence is of sub-ordinate importance. If Newtonian rheology 
is assumed, the temperature must be more than 500 K to obtain the above reduction in viscosity. 
It is also interesting to observe the viscous thickening of the lubricant in the grooves. The 
reason for the variation of the generalised viscosity across the lubricating film is the reduced 
shear rate in the grooves. 

When thermal properties in the surrounding solids differ, a dimple or an increased central 
film thickness may appear under some running conditions. The next numerical experiment was 
performed to investigate how the film thickness and pressure distribution respond to such 
variations under the same kinematical and geometrical conditions used above. 

The thermal properties in the surrounding solid are varied in this experiment to yield glass 
or steel thermal properties. Note here that the elastic modulus and the Poisson's ratio in the 
glass solid are equal to steel during the experiments and that is to enable a comparison between 
the cases where the surrounding solids have different thermal properties. 
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Figure 20. Influence of the thermal properties in the surrounding solids on film thickness and 
pressure distributions in an EHL line contact under sliding motion. 

In Fig. 20 the numerical result is shown where the dashed line is the result from Simulation 
5 where the smooth fast moving lower surface has thermal properties as glass and slow moving 
upper surface has steel properties. 

The dotted line is from Simulation 6 and now has the lower fast moving surface steel 
properties and the upper surface glass thermal properties, hence, the thermal properties are now 
reversed compared to the previous simulation. The solid line is the solution from Simulation 1 
where the two solids have steel properties. 

As can be observed, the film thickness increases in the first case (Simulation 5) but 
decreases in the second case (Simulation 6) compared to the solutions from Simulation 1. The 
reason for the above behaviour is the topic for the next section in this chapter, Section 7.3. 

7.3 The dimple 

In EHL, when the thermal properties of the surrounding solids deviate, an increased fdm 
thickness or dimple may be created in the central region of the EHL-conjunctions. The 
generation of dimples has been discussed over the years and different theories have been 
proposed. In a paper by Ehret et al. (1998) the theory was proposed that dimples are a result of 
slip close to the surfaces in the EHL-conjunctions. A theory was also proposed by Kudish 
(2000) that the dimples are generated due to a stretch action of the surfaces. 

One of the first researchers to give an explanation of the pressure generating effect was 
Cameron (1958), who proposed that a pressure build-up was generated by a 'viscosity wedge' 
action induced by thermal effects. The same explanation has also been drawn by Yang et al. 
(2001) . They showed that pressure build-ups caused by the 'viscosity wedge' action deformed 
the normally flat central region in the EHL-contact (smooth contact) to form dimples. 

In the present research work, the dimple was investigated theoretically when the rheology 
was assumed to be of the Ree-Eyring type. However, in order to explain how the dimples are 
generated we shall first assume a Newtonian rheology. Two simplified schematic figures are 
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shown in Fig. 21 a and b, and represent EHL-contacts in pure sliding motion. With the aid of 
these figures and the assumption of line contact geometry, the generation of dimples can be 
explained in the following manner: 

When the lubricant enters the contact region, see Fig. 21a, the temperature is almost 
constant across the lubricating fluid film and so therefore is the viscosity. Leave out the 
continuity requirement for a while and assume that the flow profile will be governed by the 
motion of the surfaces. The velocity profile adjusts to a Couette profile. 

Now, if the fast-moving surface has low thermal conductivity, a low viscosity layer is formed 
in the rear contact, close to that surface, due to viscous dissipation and reduced heat 
conduction. The reduced viscosity will now imply a reduced momentum transfer across the 
lubrication film and the velocity profile close to the outlet tends to be as in Fig. 21a. 

These velocity profiles will not fulfil the continuity requirement, and therefore there will be 
a pressure generation to accomplish this. A Poiseuille flow will be created so that conservation 
of mass will be enforced: The increased pressure results in increased elastic deformation of the 
surrounding solids and a dimple is created, see Fig. 21b. 

a) 

Low thermal 
conductivity 

V 
• 

High thermal 
conductivity 

b) 

Low thermal 
conductivity 

V 

High thermal 
conductivity 

Figure 21. a) The velocity field due to the motion of the surfaces in the absence of Poiseuille 
flow components, b) The velocity field when continuity is enforced, the pressure increases in the 
central region, which results in larger elastic deformations. 

Another interesting question arises when considering the dimples: Can the opposite effect 
occur! What happens i f the fast-moving surface has a high thermal conductivity; and is it 
possible to have a situation where more lubricant tends to be dragged out of than tends to be 
dragged into the contact? This situation must then be compensated by a pressure decrease, 
leading to a negative dimple effect with a reduction of the lubricating film as a result. 

In machine components, however, where both surfaces often are made of steel, the 
temperature variations across the lubricating film are normally low. Furthermore, the 
temperature maximum is normally in the middle of the lubricating film due to the equality of 
the thermal conductivity in the solids. Therefore, if a low viscosity layer is created, an equal 
amount of lubricant is attached to both the surfaces at differing velocity. And, such a velocity 
field does not cause any continuity problem and no pressure generation is necessary to adjust 
the velocity field to enforce continuity. 

In Fig. 22, a CFD-simulation is performed where a dimple appears in an EHL line contact 
due to the above-explained effect. The upper steel surface moves with a velocity of 0.1 m s" 
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and the thermal conductivity in the solid is 46 W m"1 K"1. The lower glass surface moves at 1.2 
m s"1 and the solid has a thermal conductivity of 0.78 W m"1 K"1. The rheology follows the Ree-
Eyring model and the thermal boundary temperature was computed by the Carslaw-Jaeger 
boundary conditions, see Equation (3.17). 

The generalised viscosity distribution in the contact is shown in Fig. 22; and one can also 
note the high viscosity layer created close to the upper slow moving steel surface. Moreover, 
one can observe the large elastic deformations appearing at the lower glass surface due to the 
lower modulus of elasticity. Further data used in the simulations can be found in Table 2 in 
Appendix A. 

Figure 22. CFD-simidation showing the dimple effect and generalised viscosity distribution in 
an EHL line contact. The legend-scale is in Pa s. 

In order to illustrate the levels of the generalised viscosity, Fig. 23 is shown, where the solid 
bold line with the peaky profde is the pressure distribution and the other bold line is the film 
thickness. The isolines of the generalised viscosity are visualised and one can observe the low 
viscosity layer close to the lower surface near the outlet, which implies a reduction of the 
momentum diffusion. 
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Figure 23. The dimple effect, with the pressure, film thickness and viscous isolines visualised. 
The viscosity appearing on the isolines is in Pa s. 

At the inlet, on the other hand, the viscosity is almost constant across the lubricating fdm, 
which implies that the momentum is diffused equally across the fluid fdm. Note that the 
simulations are performed with a Ree-Eyring rheology, and therefore the viscosity also has a 
shear thinning behaviour. 

In Fig. 24, the corresponding temperature field in the lubricating film is shown where the 
temperature is measured in degrees of Kelvin, with the maximum temperature increase being 
approximately 170 K. 
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Figure 24. The dimple effect, with the pressure, fdm thickness and thermal isolines visualised. 
The values appearing on the isolines are the lubricant temperature. The ambient temperature 
was set to 288 K. 

According to the figure, the temperature maximum is dislocated against the lower fast-
moving surface, which has the lower thermal conductivity. The influence of the Eyring stress T0 

was also investigated. An increase of the Eyring stress caused a deeper dimple. 
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8 LIMITATIONS OF T H E NUMERICAL SIMULATIONS 

When numerical simulations are performed, error estimation is an important tool for 
verification of the numerical method, see Section 4.3, but there are also errors due to poor 
models. These errors are often larger than the errors introduced by the numerics, and in Section 
8.1 these limitations for the present work are discussed. 

When numerical simulations are performed, one often reaches a state where the 
computational resources become insufficient. Typical reasons for that can be increased 
complexity in the models or increased resolution in space or time. In Section 8.2 the 
computational aspects frequently occurring in EHL are in focus. 

8.1 Model limitations 

The geometries used in this thesis when simulating EHL-contacts have been 2D, see the 
schematic Fig. 25. That limitation implies that the lubricant cannot redistribute in the transverse 
direction, the direction in or out of the paper in Fig. 25. Hence, a lubricant volume that is 
entrapped in the inlet zone, is transported through the conjunction with no loss of mass due to 
flow in the transverse direction. 

Figure 25. Schematic 2D geometry where a fluid element travels through an EHL-conjunction. 

Because of that simplification, line contact simulations cannot predict approximate film 
thickness collapses. I f the film becomes thin, then the Poiseuille flow will fade out and there 
will always be a lubricating film present, see the discussion in Section 2.2. 

When the geometries are extended to 3D, on the other hand, a different mode of flow is 
allowed. The lubricant entrapped at the inlet can now redistribute in the transverse direction. In 
Fig. 26 a schematic elliptic EHL-contact spot is illustrated where the different flow modes of 
the entrapped lubricant are marked with arrows. Elliptical EHL-contacts are present e.g. in ball 
bearings between the balls and races, see Fig. 6. Experiments with textured surfaces have 
shown to lead to film collapse due to transverse drainage of the entrapped lubricant (Kaneta, 
1999). 
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Figure 26. Schematic fingerprint of an elliptic EHL-contact showing the lubricant flow. 

However, even i f the mathematical models are extended to handle the 3D problem, a fdm 
collapse will not occur in the mathematical sense, and hence, there will always be a lubricating 
fdm present, see Section 2.2. But, now the lubricating fluid film will be thinner than in the 
former line contact case due to the transverse mode of lubricant flow. In the 3D case with point 
or elliptical EHL-contacts, this problem is probably of more academic interest, because one can 
argue that, if the lubricant film is thin enough, one can assume that a film collapse has occurred. 

So, a severe limitation of the line contact assumption is the degeneracy of not being 
appropriate for numerical simulations in the ML- or BL-regime. When surface irregularities 
penetrate the lubricant film, the flow must be given flexibilities to redistribute in the transverse 
direction, see Fig. 26. 

Another limitation of line contacts is that the deformation is 2D. In the far most EHL-
contacts the elastic deformations are 3D. And, in elliptical conjunctions the exit constriction 
seen in line contacts is horse-shoe shaped, see Fig. 26. 

When simulating EHL with aid of CFD, the rheological assumption has shown to be of 
importance. If a Newtonian model is used, there is a limiting criterion for the numerical 
simulations in form of a singularity. If on the other hand the model is changed to yield a Ree-
Eyring model, the influence of the singularity is reduced or removed, see Chapter 5. The 
limitation of the Newtonian model in EHL is, however, nothing new. Several experimentalists 
have pointed out the fact that the friction prescribed by theory is not in accordance with 
experimentally obtained results. 

As long as non-Newtonian rheology can be included as a generalised viscosity, the same 
form of the momentum and energy equations can be used in the CFD-approach. However, if 
more complicated models are needed, it may be necessary to modify the dynamic part of the 
stress tensor13. 

Modelling errors due to the shortcomings in the rheological models are generally difficult to 
analyse in EHL because of the complexity involved in building experimental set-ups where 
detailed information on the state of the flow is gathered. It is often mean values that can be 
measured, e.g. for the friction. Therefore, reliable rheological models are difficult to create. 

The dynamic or viscous part of the stress tensor has the pressure term removed. It should be possible to modify the 
tensor by aid of the routine USRSRC, but that has not been investigated in this thesis. 
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Another complexity that comes into play is the number of constituents which a lubricant 
consists of, besides the dominating bulk lubricant, e.g. viscosity improvers, extreme pressure, 
anti-wear additives etc. When the lubricating fdm becomes thin and the pressure and 
temperature are high, different molecules are competing for position in the narrow space 
between the solids in the EHL-conj unction. The constituents have also different rheological and 
thermal properties, and this does not make it easier to develop a reliable rheological model. 

For the density, the Dowsson-Higginson equation has been used, see Equation (3.5). The 
empirical equation was created for mineral oils and has a maximum density increase of 
approximately 35 %. It has been shown when the fluids are not mineral oils the equation has 
limitations, see (Hamrock, 1994). 

8.2 Computational limitations 

A common problem with numerical simulations of rough surfaces with a deterministic solution 
approach is the limited number of computational nodes used in the numerical simulations. That 
problem has led to the development of fast multigrid multilevel solvers in the Reynolds 
equation approach (Venner and Lubrecht, 2000), which can now handle problems consisting of 
the order of 105 computational nodes. However, even if the problems can be larger nowadays, a 
real surface distribution of asperities ranging from 1 um - 1 mm needs approximately the order 
of lO 1 0 nodes spatially. And if transient simulations are performed, the number of time steps is 
of the order of 105, see Lubrecht and Venner (1999). Consequently, the computer resources are 
not sufficient yet, despite fast algorithms and more efficient computers. 

The numerical simulations performed in this thesis work are performed with the software 
CFX4 (2003). The solver works in a segregated manner and cannot apply the multigrid strategy 
effectively. That, together with the computationally more complex and extensive problem to 
solve, the number of CVs (control volumes) or computational nodes in the CFD-approach is 
greatly reduced. In comparison with the above mentioned specialised algorithms developed for 
the Reynolds equation approach. 

When it comes to the computational times in the numerical simulations it has been shown 
that these can be prohibitively long in transient simulations when surface irregularities are 
present. As an example, the simulations performed in Paper E where the spatial resolution is 
3xl0 3 CVs and the number of time steps are 600. On a single workstation these computations 
took 100-200 CPU-hours. 

It is here important to note that no investigations of optimisation of the code to handle the 
EHL-problem have been performed. Consequently, an optimisation of the parameters would 
probably lead to somewhat faster convergence rates than the above-presented. But, it is clear 
that the computational time is excessive and this is the reason for the large <y-ratios investigated 
in this thesis. 
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9 CONCLUSIONS 

The CFD-approach is a new way to theoretically simulate EHL, during this thesis work only 
one paper has been found (Schäfer et al. 1999). Therefore a great deal of time has been spent 
investigating the possibilities of modifying the software to handle such problems. It has been 
shown during the thesis work that the modifications are not straightforward and often lead to 
numerical complexities and long computational times. But, the software has shown to have 
great flexibilities for the user to implement owns specialised routines which is of importance to 
simulate EHL. 

The following is the primary conclusion concerning the possibilities of using a CFD-
approach for simulating EHL, which was the subject dealt with at the beginning of the research 
for this thesis: 

It is possible to use a CFD-technique and commercial software when the contact pressures 
are moderate. It has been shown here that this becomes more troublesome when the pressure 
exceeds 1 GPa. It is believed that this is due to the coupling between the deflection of the 
boundaries and the sequential solution algorithm. The singularity in the momentum equation 
has also been shown to be a limiting criterion. However, if a generalised Newtonian model is 
used, this limitation is removed. Comparisons with the numerical solutions obtained by a 
traditional Reynolds equation solver show only small discrepancies when the surfaces are 
smooth. 

The thermal influence is of importance when simulating EHL. The software has the ability 
to solve the energy equation simultaneously with the momentum - and continuity equations. 
The modifications of the software come into play when the thermal boundary conditions are 
implemented. The following has been shown: 

The CFD-approach can handle thermal computations where two types of thermal boundary 
conditions have been implemented, see Section 3.4. The boundary condition has so far been 
stationary, even if the transient energy equation is used in the fluid film. 

When transient simulations are performed with surface irregularities travelling through the 
EHL-conjunction, the algorithm has to be modified to handle iterations within each time step, 
see Section 4.1. The following has been shown: 

The software can be modified to handle transient simulations. When the computations are 
isothermal and the surface irregularity ratio co is of the order 10'3, the CFD- and Reynolds 
approaches show good correspondence. 

One of the initial questions when the project was initiated was: how far is the Reynolds 
equation valid? And, from this investigation can the following conclusions be drawn: 

There can be discrepancies between the CFD- and Reynolds approaches due to the piezo-
viscosity of the lubricant. If the piezo-viscosity is large and the rheology Newtonian, there can 
be a singularity in the momentum equations, and this singularity results in larger pressure 
gradients compared to the Reynolds equation approach. The influence of the singularity has 
been shown to be reduced or removed when the rheology is shifted to a Ree-Eyring model. 
When comparisons are made between a CFD-approach and a traditional Reynolds equation 
approach when Ree-Eyring rheology is imposed, small discrepancies have been observed when 
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the ratio CO is smaller than the order of JO'2. Under such conditions, the Reynolds approach is 
more appropriate, because the problem to solve is smaller and because of the specialised 
algorithms developed. If the ratio OJ is larger than the order of 10'', a more detailed flow 
description provided by the CFD-approach is, however, believed to be necessary. 

In the final investigation performed in this thesis work the CFD-approach was extended to 
handle transient thermal rough EHL-simulations. The Ree-Eyring model was used for the 
rheology and the Carslaw-Jaeger boundary condition for the temperature in the solids. The 
following conclusions from this investigation can be drawn: 

It is possible to modify the CFD-approach to handle transient thermal rough EHL-
simulations when the contact pressures are moderate. The computational times become, 
however, prohibitively long and for a simulation with the resolution of 3x10s CVs and 600 time 
steps, 100-200 CPU-hours is needed. It is also shown that there is a strong influence of the non-
Newtonian behaviour when sliding is present. The same action that leads to the dimple in the 
stationary smooth line contact case is also present when surface irregularities are present. 
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10 F U T U R E W O R K 

The major part of the work presented in this thesis deals with numerical simulations within the 
narrow EHL-region and with 2D geometries. It is believed that it is straightforward to modify 
the algorithm to make 3D-computations possible. However, the computational times will be 
increased and the resolution across the lubricating film will probably need to be reduced. 

Today one knows that a great number of lubricated machine components operate under 
starved conditions. Here the CFD-technique can be a valuable tool for learning more about the 
processes of starvation and replenishment. And, possibly in the future the CFD-technique can 
be used to optimise the geometries and choose appropriate lubricants, not only for the 
conditions chosen today, but also to obtain a more effective lubricant-replenishment to prevent 
starved lubricated situations. Therefore, a natural extension of the work presented in this thesis 
is to investigate the possibilities of expanding the computational domain. A good idea here is to 
start with the assumption that the pressure is known in the EHL-region and feed the CFD-
computations with this information through pressure boundary conditions. 

Another interesting field to investigate is particle transport into and around the EHL-
conjunctions. How do different sizes of particles of either solid or fluid constituents travel 
through the lubricant flow, and are they squeezed away or dragged into the narrow EHL-gap? 
The increased stress in the surfaces or the wear scars that wear debris particles can create will 
greatly reduce the life of the lubricated components. 

When it comes to the numerics, the CFD-software used in the research for this thesis is 
based on solution algorithms developed when the computer resources were not as powerful as 
they are today. The software has a segregated solution algorithm which requires a great number 
of iterations before a solution is obtained. Newer versions of CFD-software such as CFX5 
(2003) have a coupled solution approach for the momentum and pressure correction equations. 
The solver is also based on the faster multigrid technique, which probably leads to a faster and a 
more stable solution algorithm. It would therefore be interesting to investigate whether the new 
version is flexible enough to handle EHL-problems. 

In the work presented in this thesis, when the ratio wis smaller than the order of 10"" the 
Reynolds equation seems to model satisfactorily the EHL-contacts. Consequently, another 
interesting future topic for investigation would be to couple a fast Reynolds-solver with a 
commercial CFD-tool. The Reynolds solver would here handle the EHL-contacts and the CFD-
software would handle the outer domain where the Reynolds equation ceases to be valid. 
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11 SUMMARY OF T H E APPENDED PAPERS 

This chapter includes a short summary of the papers referred to as Paper A, B, C, D and E, and 
of the conclusions made in these papers. 

Paper A 

The aim of the paper was to investigate whether it is possible to use commercial CFD-software 
to solve EHL-problems. The geometries used in the simulations were smooth line contacts and 
the solution obtained with the CFD-approach was compared with the solution obtained by a 
traditional Reynolds equation approach. A possible source of discrepancies was here the 
singularity that may appear in the momentum equations due to the pressure dependency of the 
viscosity. The investigations showed the following: 

• It is possible to use an extended CFD-approach for simulating smooth EHL line contacts 
isothermally under moderate contact pressures. However, the computational cost is high. 

• A comparison with a traditional Reynolds equation solver shows small deviations 
between the two approaches, when the surfaces are smooth. 

• There can, however, be discrepancies between the CFD and Reynolds approaches due to 
a singularity that may appear in the momentum equations. This singularity is not present 
in the Reynolds equation. 

• The singularity has been shown to be a limiting criterion for CFD-simulations. When 
passing through the singularity the problem is no longer well-posed and the numerical 
simulations will fail. 

• The singularity cannot be passed through where thermal or rheological effects will 
prevent a passage. 

Paper B 

The aim of Paper B was to investigate the possibilities of modifying the CFD-software to 
simulate smooth EHL line contacts thermally. The conclusions from this investigation were: 

• It is possible to use the CFD-approach for simulating smooth EHL line contacts 
thermally, under moderate contact pressures. 

• The computational cost is high, and the code uses a sequential solution algorithm which 
leads to instabilities if the solution is converged too fast. The result is a great number of 
outer iterations before the system of equations converges. 

• The approach used to model cavitation by modifying the density works well. With such 
an approach, continuity will be enforced at the same time as the negative pressures 
disappear. 
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Paper C 

The subject of this paper was isothermal transient EHL line contacts, which were investigated 
with two different solution approaches. The first approach was based on the CFD-technique and 
the second on the Reynolds equation. The comparisons were made under moderately loaded 
EHL conditions. 

• The CFD- and Reynolds approaches show a good correspondence under the scales of the 
surface irregularities (ridges) investigated. 

• The numerics of the two approaches seem to be stable, but in the case of a fast-moving 
ridge the transient effects are more pronounced and smaller time steps are necessary to 
resolve the problem in time. 

• The deviations in pressure between the two approaches are approximately 10-20 times 
higher than the deviation in film thickness. This is also the case for the numerical errors 
measured for each of the approaches. 

The results obtained in this paper verify the fact that it is possible to modify the CFD-software 
to handle transient EHL-simulations. 

Paper D 

Paper D is an investigation on a small roughness scale performed to determine when the 
surface roughness introduces discrepancies between the CFD- and Reynolds approaches. The 
aim was also to investigate whether it is possible to modify the CFD-software to obey a non-
Newtonian Ree-Eyring rheological model. The behaviour of the singularity on the roughness 
scale was investigated both when the rheology was Newtonian and of the Ree-Eyring type. 

The aim was also to investigate whether there are any pressure differences across the 
lubricating film. The geometries were assumed to be 2D and rigid, and the pressure level was 
adjusted by an ambient value in order to resemble an asperity already deformed in a real EHL-
application. The conclusions drawn from this paper were: 

• The ratio co must be of the order of 10"2 or greater in order to show any larger 
discrepancies between the two approaches due to the errors made in the thin film 
approximation. In the simulations performed in the research for this paper the ratio co < 
10"2 gives differences less than 3% between the two approaches. 

• The singularity in the momentum equation may result in a higher pressure in the CFD-
solution compared with the Reynolds equation solution if the rheology is assumed to be 
Newtonian. 

• The investigation of the singularity when a Ree-Eyring rheology was imposed shows 
that the possibility of forcing the momentum equations through the singularity is 
unlikely. It is more likely that the influence of the singularity will be removed or 
reduced. 
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• It is possible to modify the CFD-software to take a Ree-Eyring rheological model into 
account. 

• The pressure differences across the fluid fdm increase as the ratio co increases. The 
assumption of neglecting a pressure deviation across the lubricating film becomes 
questionable when the ratio OJ> 102. 

Paper E 

The CFD-software was modified further in order to accommodate transient thermal rough EHL 
line contact simulations. The rheological model obeys the non-Newtonian Ree-Eyring model 
and beside film thickness and pressure distribution the influence of the model on thermal and 
viscous behaviour was also investigated. 

The boundary temperature was modelled by the Carslaw-Jaeger boundary condition which 
takes into account the thermal properties of the surrounding solids (Carslaw-Jaeger, 2001). 
When the thermal properties differ between the solids in an EHL-conjunction, it has been 
shown that dimples may appear. As a part of the present investigation, the dimples were 
examined. From the investigations performed in Paper E the following conclusions can be 
drawn: 

• The CFD-software can be modified to handle thermal transient rough EHL line contact 
simulations when the contact pressures are moderate. In the investigations performed in 
this paper the maximum pressure obtained was approximately 1.5 GPa. 

• The computational times are long where a typical computational time for a simulation on 
a single workstation with a problem size of 3xl0 3 CVs needs the order of 105 CPU-
seconds. 

• The Eyring stress has been shown to have a great influence on the temperature 
distribution in the EHL-conjunctions. The magnitude on the Eyring stress affects the 
magnitude of the generalised viscosity which in turn influences the viscous dissipation in 
the fluid film. 

• The pressure and film thickness results show only small discrepancies between thermal 
and isothermal solutions when the properties of the surrounding solids are of steel. For 
the parameter used in the simulations the fluid film is slightly reduced when Eyring 
stress is 8 MPa. When the Eyring stress is reduced to 3 MPa the solutions are hard to 
distinguish from each other. 

• When the non-Newtonan Ree-Eyring model is used, the generalised viscosity increases 
in the grooves due to the lower shear rates in these regions. 

• When the thermal properties of the surrounding solids differ, an increased film thickness 
or positive dimple is created when the fast moving lower surface has thermal properties 
akin to glass. 
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12 SUB-DIVISION OF W O R K IN APPENDED PAPERS 

This section describes the sub-division of the work in the five appended papers, Paper A, B, C, 
D and E. 

Paper A 

In this paper, T. Almqvist performed the investigations and modifications of the CFD-software 
to make it capable of solving smooth EHL line contacts isothermally. The numerical 
simulations were performed and the main part of the paper was written by T. Almqvist. The 
numerical simulations performed with the Reynolds approach were performed by R. Larsson, 
who was also the co-author of the paper. 

Paper B 

The modifications of and numerical simulations with the CFD-software to account for thermal 
smooth EHL line contacts were performed by T. Almqvist. T. Almqvist prepared the main part 
of the paper and R. Larsson was the co-author. 

Paper C 

The modifications of and numerical simulations using the CFD-software were performed by T. 
Almqvist. The development of the Reynolds solver and numerical simulations with the aid of 
this software was performed by A. Almqvist. T. Almqvist and A. Almqvist performed the 
analysis during the work on the paper and prepared the main part of the paper. R. Larsson was a 
co-author of the paper. 

Paper D 

The numerical simulations and the main part of the analysis were performed by T. Almqvist. T. 
Almqvist prepared the main part of the paper and R. Larsson was the co-author. 

Paper E 

T. Almqvist performed all the work in this paper. 
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APPENDIX A 

Table 1. Parameters used in the simulation in Section 4.2. 

R„ 0.01 m 
Rd 

2.0 m 
w 100 kNm1 

v„ 0.6 m s~' 
Vä 0.6 m s~' 
Eu 206 GPa 
Ed 206 GPa 
v„ 0.3 -

vd 
0.3 -

Pst, 7.85x10s kg ni 

Psd 7.85 x10s kg m's 

Pø 870 kg ms 

To 3.3 MPa 

Pi) 0.14 Pas 
z 0.6 -

Table 2. Parameters used in the simulations in Section 7.3 

R„ O.Ol m 
Rd 

2.0 m 
V„ 0.1 m s~' 
Vd 1.2 m s~] 

w 200 kN-m'1 

Eu 
206 GPa 

Ed 
75 GPa 

K 0.3 -

Vd 0.3 -

k 0.14 Wm'1 K' 
k 46 Wm' K' 
hd 0.78 Wm' K' 

Psu 7.85 x10s kg ms 

Psd 2.5 x10s kg m's 

To 10 MPa 

Po 0.2 Pas 
To 288 K 

c 470 Jkg' K' 
CSd 840 Jkg1 K' 
So 1.1 -

z 0.84 -

Grid 400x40x1 
e 0.01 % -

£h 3 % -



APPENDIX B 

In this appendix the derivation of the modified momentum Equations (5.1) is shown. The 
assumptions behind the derivation being: no body forces, incompressibiUty, no inertia forces, 
2D geometry and piezo-viscosity. 

Equations (3.1-2) and (3.4) and the above assumptions lead to the following momentum 
equation: 

V • [ - PS + //[vu + (Vu)7'}|=0 

An expansion of the equation into Cartesian co-ordinates results in: 

(B-l) 

dp _ , dp 
dx. dx i 

duj + duj 

dx: dx, 
j \,J 

dp _ dp dp = dp 

dxj dp dxj dxj 

+M 
32w, d2Uj 

•+-
dxjdx, . 

(B-2) 

The fourth term on the right-hand side will vanish due to continuity. In the equation, repetitive 
indices imply the summation convention. Expand the equation in x- and y-components and use 
the rate of deformation tensor ey-. The momentum equations can be written in the following 
form: 

dp_ 
d^ + pV\ 
dy 

dx 1-

dp 
?P+pV2

v 

dx 
dy 1- 2M'eyy 

1 { dui 
du: 

+ — -
dXj / 

eij = 

2 dx j 

du: 
+ — -

dXj / 

(B-3) 

After combining these equations, the modified momentum equations are obtained: 

dp _ 2Mp'exyV
2v + {\-2p'eJpV2u 

dx l-(2p')2(exy

2-exxeyy) 

dp _ 2pp'exyV
2u + {l-2p'exx)/N

2v 
(B-4) 

dy \-(2p') ( f i v -e„ew) » yy-
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COMPARISON OF REYNOLDS AND NAVIER-
STOKES APPROACHES FOR SOLVING 
ISOTHERMAL E H L LINE CONTACTS. 

T. Almqvist and R. Larsson 

Division of Machine Elements, Luleå University of Technology, SE-971 87 Luleå, Sweden 

SUMMARY 

The Reynolds equation is the dominant approach for simulating the flow in EHL contacts. 
However, questions have been arisen as to the validity of the assumptions made when deriving 
the equation i.e. altering length scales. The complicated nature of the EHL problem has so far 
forced the researchers to develop their own codes, based on Reynolds equation for simulating 
EHL contacts. The aim of this work is firstly to investigate the possibilities of using a 
commercial CFD-code for simulating an isothermal EHL line contact based on the Navier-
Stokes equations, and secondly to compare the result with a simulation performed using the 
Reynolds equation. The results show discrepancies between the two approaches when the flow 
in a simple converging gap geometry was simulated. No discrepancies were observed when a 
line contact was simulated. The Navier-Stokes approach exhibits a singularity in the equation of 
momentum, which is not present in the Reynolds equation. This singularity is a source of the 
discrepancies between the two approaches. 

Keywords: CFD, Navier-Stokes, EHL, singularity, cavitation. 

1 INTRODUCTION 

The usual way of computing the fluid flow in lubricated contacts is to solve the Reynolds 
equation, which is a PDE derived from the equations of momentum and continuity. However, it 
is uncertain whether the assumptions made when deriving the equation are valid for running 
conditions where contact pressures are high, up to several GPa, and surface roughness is of 
concern. 

Bair et al. [1] pointed out that the validity of the Reynolds equation is questionable in the 
high-pressure region (Hertzian region) of the contact. They showed using incompressible 
inertia-less momentum equations that a singularity might be present in the momentum equation 
under normal EHL conditions which may cause a change indicated in the pressure gradient 
along the contact as well as creating a gradient across the oil film. The behavior of the 
singularity cannot be predicted by the Reynolds equation. 

Schäfer et al. [2] showed using the Stokes equations that pressure variations in the order of 
several MPa may exist across the oil film when a high degree of slip occurs in a line contact. In 
this work a pre-pressure build up was shown before the usual pressure spike. 

Solving the N-S equations provide a more complete solution to the contact problem but is a 
computationally intensive task. For the 3D case, it is necessary to solve four equations to obtain 
the pressure in the contact, three equations for the velocity and one equation for the pressure 
correction (compared with one equation for the Reynolds approach). 

As indicated earlier, an analytical investigation of the momentum equations, show 
possibilities of singularities in the pressure gradients at quite low shear stresses known for EHL 
problem. 
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These singularities are not represented in the Reynolds equation and are a potential source 
of errors. In addition, to the varying scales that might be present in contacts with rough 
surfaces. 

The aim of this paper is firstly to investigate whether it is possible to solve an EHL problem 
with a commercial CFD-code CFX4.3 [3]. The second aim is to compare the Reynolds equation 
solutions with the solutions obtained by the N-S equations, and to see whether any 
discrepancies occur between the two approaches, which may be due to the singularity. 

The analysis and the numerical models presented are limited to the 2D cases. The first 
geometry studied is a converging gap and the second a smooth surface line contact. 

2 METHOD 
The governing equations and their numerical solution will be described. The treatment of 
cavitation in the outlet is also considered. 

2.1 Governing equations 
The governing equations for the full approach are the equations of momentum and continuity. 
For the case where the rheological behavior of the lubricant follows a Newtonian model, these 
equations are commonly called the N-S equations: 

The equation of continuity is: 

f U / ^ - O (1) 
dt ox j 

The equation of momentum is: 

+ —- (puiU ) = Bi+ — o-i} (2) 
at dxj 0Xj 

The density and velocity are denoted p and «, time and spatial coordinates are given by / and x 
respectively. The body force is denoted by B and cris the total stress tensor. 

The constitutive equation for the stress tensor is: 

. , 2tj. duk du, 8 u u 
(3) 

The bulk viscosity cis neglected with aid of the Stokes assumption. The viscosity is denoted by 
rj and pressure is denoted by p. Most of the viscosity expressions have exponential growth so 
the model used has an exponential expression where f(p) is an arbitrary function of the pressure: 

7 = 77o^ W (4) 

The viscosity at ambient pressure is denoted by r/0. The Boussinesq expression is used for the 
deformations in the line contact: 
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d(x) 
_2{\-v) 

(5) 

Where dfx) is the deformation and x0 is a distance to where the deformation is zero. The 
Poisson's ratio is denoted by vand the module of elasticity is denoted by E. 

In order to perform an analytical analysis of the momentum equation, some simplifications 
have been introduced, namely, no body forces, no compressibility and no time dependency. An 
order of magnitude analysis of the momentum equation (2) with the simplifications indicated 
above will give the following momentum equation for the high-pressure region: 

8p_ 

dx, 
, dp 

v — 
dX , 

dt^ 

dx, 

du j 

~dx, 

d Uj 

dx j2 
(6) 

An expansion of equation (6) into its component form along with some algebra will give the 
following equations: 

dp 2nr1'exyV
2v + (l - 2r,'eyy )nV2u 

\-(2r]'Y{eXY ' exxeyy^ 

(7.1) 

dp = 2tjr/'exyV
2u + (l - Irfe^ }jV2 

dy (2tj')*(e* -exxeYV) xx" yy 

(7.2) 

(dut duj 

ydXj CXj 
(8) 

The rate of deformation tensor is here denoted by eu- and rj' is the derivative of viscosity with 
respect to pressure. The steps of the derivation of these equations can to be found in Bair et al. 
[1]. 

As can be seen, the same denominator will occur in the two momentum equations in (7) and 
a singularity in the pressure gradients will occur i f the denominator approaches zero. By 
rewriting the denominator in (7), an expression for the principal shear stress when a singularity 
(singular shear stress) may occur in the pressure gradients in the fluid can be obtained: 

1 

f \ p ) 
(9) 

In expression (9), rrepresents the principal shear stress. 

2.2 Numerical solution 
The full N-S equations were solved i.e. inertia and compressibility terms were retained, using a 
commercial CFD-software CFX 4.3 [3]. The solution algorithm was as follows: 
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1. Create a grid and set initial values of density, viscosity and boundary conditions. 
2. Computation of w, v-velocity 
3. Computation of the pressure 
4. Computation of the viscosity and density 
5. Convergence check, mass and u, v-momentum residuals, if convergence then quit, 

otherwise repeat. 

The solution algorithm used by the code is sequential, which can easily lead to instabilities. 
For this reason large under-relaxations must be used, which lead to a slow convergence rate. 

The code uses finite volume discretisation with second order accuracy. The pressure 
correction algorithm used was SIMPLE [3]. The relaxation algorithm for the momentum 
equation was the Stone's method [3] and for the pressure correction the ICCG (conjugated 
gradient method) was used [3]. 

In the numerical simulation, the Barus, Roelands and Dowson-Higginson expressions were 
used for the viscosity and density (Hamrock [4]). The meshes used were structured non-uniform 
meshes with a higher mesh density in the high-pressure region. 

2.3 Cavitation 
An important factor in the CFD-solution for the line contact problem is that pressure is obtained 
from other equations, the equations of momentum and continuity and an equation of state if the 
flow is compressible. 
In the exit region of the line contact, cavitation will occur. One way of simulating this is to 
modify the density. 
The method used in this work was to model the density using the Dowson-Higginson 
expression (Hamrock [4]) when the pressure is above a specified cavitation pressure PCAV, and 
when the pressure falls below PCAM a second order polynomial was used to interpolate the 
density down to zero. 

3 RESULTS 
In order to show the existence of the singularity, a simple converging gap experiment was 
designed. The inlet and outlet heights of the converging gap were 1.6xl0"7, 1.5xl0"7 [m] 
respectively and the gap length was 9.0xl0"4 [m]. The lower surface of the gap was given a 
constant velocity of 0.5 m/s while the upper surface was held fixed. 

The pressure was prescribed at both the inlet and outlet so pressure boundary conditions 
were used and 'no slip' wall boundary conditions were used for the upper and lower surface. No 
deformations of the surfaces were allowed. 

The incompressible N-S equations were solved. In Fig.l a comparison of pressure 
distributions from the Reynolds and N-S equations are shown. The Barus viscosity expression 
was used and the pressure distribution in the N-S solution was taken along the lower wall of the 
gap-
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0.4 0.5 0.6 

x-coordinate [m] 

Figure 1 Navier-Stokes and Reynolds solutions for two different values of the pressure-viscosity 
coefficient, a, in a converging gap geometry experiment. 

Comparison between the Reynolds and N-S solutions was made for two different values of 
the pressure-viscosity coefficient, a. The higher value of the pressure-viscosity coefficient will 
force the principal shear stress to approach the singular shear stress criterion (9). In the lower 
graphs a a-value of 9.0x10"9 was used whilst in the upper graphs a a-value of l.OxlO"8 was 
used. 

The maximum principal shear stress in the upper graphs is 7.1xl07 Pa and the singular shear 
stress 1.0x10s Pa. In the lower graphs, the maximum principal shear stress is 2.5xl07 Pa and the 
singular shear stress 1.11x10s Pa. In this case the Reynolds equation produces acceptable 
results. However, Fig.l indicates there may be discrepancies between the N-S based solution 
and the Reynolds solution when the principal shear stress approaches the singularity. The 
maximum pressure difference across the film was less than 1.0 MPa. 

The next comparisons were made for smooth line contact geometry, and including 
compressibility and deformations of the surfaces in the computations. The viscosity expression 
used was Roelands and density expression Dowson-Higginson. The data used in the simulations 
are presented in Table 1 below. 

Table 1. Input data for line contact simulation.  
Test case: Case 1: 
po [kg m"3 

] 8.7xl02 

T|o [Pa s] 4.0x10"2 

U a [m s'] 5.0x10"' 
U b [m s"'] 5.0x10"' 
z 5.0x10"' 
Load [kN] 60.0 

Case 2: 
8.7xl02  

4.0x10"2  

0.0 
5.0x10"' 
5.0x10"' 
92.0 

In the first experiment, a pure rolling case was tested. The results are shown in Fig.2. The 
data used in the experiment is given under "Case 1" in Table 1. 
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- 2 - 1 . 5 - 1 - 0 . 5 0 0.5 

x-coordinate [m] 
1 1.5 

X 1 0 " ' 

Figure 2. Pressure and fdm thickness for the Navier-Stokes(-) and Reynolds (°) solutions for a 
smooth line contact in pure rolling. Upper and lower surface velocity of 0.5 m/s. 

Comparing the results from the two approaches indicates very small discrepancies. The 
value of the maximum principal shear stress in the contact is 1.02x 108 Pa and the value of the 
singular shear stress is 1.33xl08 Pa. 

In order to force the smooth line contact solution closer to the singularity, sliding was 
introduced. The data used in the simulation is given under "Case 2" in Table 1. 

- 2 - 1 . 5 - 1 - 0 . 5 0 0 5 1 1.5 

x-coordinate [m] x 1 0 " 

Figure 3. Pressure and film thickness for Navier-Stokes (-) and Reynolds (°) solutions for a 
smooth line contact in pure slip. The upper surface was fixed while the lower surface has a 
velocity of 0.5 m/s. 
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Comparing the results from both approaches again shows small discrepancies, i.e. no 
influence of the singularity can be seen. The maximum principal shear stress is 9.8x107 Pa and 
the singular shear stress is 1.2x10s Pa. 

4 DISCUSSION 
An interesting aspect of the momentum equations presented in (7) is the possibility of a 
singularity in the pressure gradient occurring. As can be seen from (9), this singularity can 
occur for stresses of the same order of magnitude as those found in EHL contacts. The 
numerical simulation presented in Fig. 1 clearly shows the presence of the singularity. 

Performing simulations near the singularity is difficult because passing through the 
singularity will lead to a change of a type in the momentum equations and diverging solutions 
will occur. For a detailed explanation see Renardy 1986 [5]. 

Reynolds equation does not account for the singularity and with a Reynolds based solution 
with no limiting shear stress function (i.e. Newtonian rheology), principal shear stresses will be 
produced that pass through the singularity. Bair et al. [1] suggested that the singularity in the 
momentum equation is the source of the mechanical shear band seen in their experiments. 
No effects of the singularity have so far been seen in the line contact solutions. The maximum 
shear stresses in the line contact in the slip experiment presented above were confined to the 
middle of the contact, where the velocity profile is Couette. That means that the nominator in 
(7) is zero and the effect of the singularity in the denominator will vanish. 
If the principal shear stress in the inlet approaches the singular shear stress, or where a 
Poiseuille component exists, the effects of the singularity will almost certainly be seen. 
Any further increase in the load in the above experiments will force the principal shear stress to 
pass the singularity and the computations will fail. In order to perform computations at higher 
loads using the full flow equations, the stresses produced in the fluid must be limited. Thermal 
effects or non-Newtonian rheology with a yield stress criterion can be used to reduce the 
stresses in the fluid. 

5 CONCLUSIONS 
The aim of this investigation was to compare two approaches of solving the lubrication problem 
under isothermal EHL-like conditions and to investigate the possibilities of using a commercial 
CFD package CFX 4.3 [3]. The results from this work show that discrepancies may exist 
between the two approaches. 

Simulation of the flow in a converging gap indicated that: 

• The presence of the singularity in the momentum equations will force the pressure grow 
faster than predicted by the Reynolds equation, when the maximum principal shear 
stress approaches the singular shear stress criterion, see (9). 

• When the maximum principal shear stress is far from the singular stress no 
discrepancies between the two solutions can be observed. 

For a line contact simulation the following conclusions could be drawn: 

• No effects of the singularity were observed. 
• It is possible to use a commercial CFD-code but the loads are limited due to the 

singularity and the computational cost is high. 
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• The singularity cannot be passed through since thermal and/or rheological effects will 
prevent this. 
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Abstract 

The complicated nature of the EHL-problem has so far forced researchers to develop their own computer codes. These codes 
are ultimately based on the Reynolds equation, and i f thermal EHL-simulations are required, a simultaneous solution of the equation 
of energy also has to be performed. To date only a few attempts to solve the full equations of momentum and continuity as well 
as equations of energy have been performed. However, such an approach will give extended possibilities of simulating EHL-
contacts; i.e. the computational domain can be expanded and it will be possible to simulate the flow, not only in the contact but 
also around the contact. Another possibility is to investigate how the altering length scales of the surface roughness influence the 
behaviour of the flow in the contact. However, the aim of the work presented in this paper is to investigate the possibilities of 
using a commercial CFD-code (computational fluid dynamics code) based on the above-mentioned equations for simulating thermal 
EHL. The rheology is assumed to be Newtonian and the equations of momentum and continuity are then commonly referred to as 
the Navier-Stokes equations (N-S equations). The geometry chosen for the simulations is a smooth line contact geometry, for 
which the results from the simulations show that it is possible to use the N-S equations for thermal EHL for contact pressures up 
to approximately 0.7 GPa. The code used in this work is the commercial CFD software (CFX 4.3 user guide). There is a limitation 
in the N-S approach due to a singularity that can occur in the equation of momentum when the principal shear stresses in the film 
become too high. However, a thermal approach makes it possible to simulate EHL-contacts at higher loads compared with an 
isothermal approach, due to the reduction of the viscosity in the former approach. The singularity is not present in the Reynolds 
approach. © 2002 Elsevier Science Ltd. All rights reserved 

Keywords: Elastohydrodynamic lubrication; Fluid mechanics; Cavitation 

1. Introduction 

The usual way of computing the f luid flow and tem
perature in EHL-contacts is to solve the Reynolds equ
ation and the equation of energy. The former is a PDE 
derived f rom the equations of momentum and continuity 
by utilizing the thin f i lm approximation, and the latter 
is derived f rom the first law of thermodynamics. 

The approach used in this work involves the f u l l equa
tions of momentum, continuity and energy, with the 
assumption of a Newtonian rheology. The equations of 
momentum and continuity are commonly referred to as 
the Navier-Stokes (N-S) equations. The approach gives 

Corresponding author. Fax: +46-920-91047. 
E-mail address: torbjorn.almqvist@mt.luth.se (T. Almqvist). 

extended possibilities of simulating EHL. Some of these 
possibilities are: 

• Expanded computational domain at both inlet and 
outlet. 

• Simulations of particle transport in a bearing. 
• Influence of the altering length scales in the contact. 

Solving E H L problems on the basis of N-S equations 
offers the possibility of expanding the computational 
domain in both the inlet and the outlet regions of the 
contact; i.e. no thin film approximations have to be per
formed and the inertia terms are also retained. The 
replenishment of the contact may, for example, be inves
tigated. The extended approach also provides the possi
bility o f performing particle transport simulations; i.e. it 
w i l l be possible to determine whether particles enter the 
contact region or are flushed sideways in the inlet. 

0301-679X/02/S - see front matter © 2002 Elsevier Science Ltd. All rights reserved 
PII: S0301-679X(01)001 12-8 
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Nomenclature 

u Velocity field (m s~') 
p Density (kg m~ 3 ) 

T Time (s) 
B Body force (N m 3 ) 

e Thermal expansivity coefficient ( K - 1 ) 
<T Total stress tensor (Pa) 
P Pressure (Pa) 

Dynamic viscosity (Pa s) 
s Bulk viscosity (Pa s) 
H Total enthalpy (J kg^ 1 ) 

T Temperature (K) 
k Thermal conductivity (W i r r 1 K ' ) 
H Thermodynamic enthalpy (J k g - 1 ) 
H Total enthalpy (J kg ') 
v Poisson's ratio 
E Modulus of elasticity (Pa) 
x0 Distance to a position where the deformation is zero (m) 
Cjj Rate of deformation tensor (s~ ] ) 
T Singular shear stress (Pa) 

A Discretization error 
Q Heat flux (W m 2 ) 
C Specific heat (J kg~ ' K ') 
U Surface velocity (m s _ l ) 
P c. l v Cavitation pressure (Pa) 

(j> Viscous dissipation (J m 3 s~') 
F Function of pressure and temperature 
D Deformation (m) 

N Number of control volumes, coarser mesh 
(p Solution variable 

Sub- and superscripts 

Derivative with respect to pressure 
h Finer mesh 
2h Coarser mesh 

Another possibility is that of investigating i f the scales 
of the asperities in the contact are so different that the 

thin film approximation is questionable. 
The scope of this work, however, does not include 

an investigation of the above-listed effects, which are 
specified to justify the extended N-S approach. 

Bair et al. [2] have pointed out that the validity of the 
Reynolds equation is questionable in the high-pressure 
region (Hertzian region) of the contact. They showed by 
using the incompressible inertia less momentum equa
tions that a singularity might be present in the momen
tum equation under normal EHL-conditions. This singu
larity (as w i l l be explained in greater detail later) may 

cause a change in the pressure gradient along the contact, 
as well as create a gradient across the oil f i lm . These 

singularity phenomena cannot be predicted by the Reyn
olds equation. 

Schäfer et al. [3] showed by solving the Stokes equa
tions, i.e. the N-S equation with the inertia terms neg
lected, that there can be pressure variations across the 

oi l film in the order of several MPa when a high degree 
of slip is introduced in a smooth E H L line contact. In the 
work performed by Schäfer et al. a pre-pressure build-up 
occurred before the normal pressure spike. However, 
they used a Newtonian fluid model and assumed iso
thermal conditions, which caused unrealistically high 
shear stresses in the lubricant film. 

A complication of the N-S approach is that pressure 

is not an independent equation; i.e. the pressure gradients 
w i l l contribute to the three momentum equations. The 
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way of dealing with this problem is to construct a press

ure field so that continuity is enforced, see Ferziger and 
Peric [4] . Therefore, the approach of solving the N-S 
equations for the contact problem is a computer-inten
sive task. Instead of solving one equation for the press
ure, as in a 3D case for the Reynolds approach, one is 
forced to solve three equations for the velocity and one 

equation for the pressure correction, see Ferziger and 
Peric [4]. 

In the N-S approach we cannot use the method of 
letting the negative pressure be equal to zero, as is done 
in the Reynolds approach. The way of dealing with the 
problem in CFD (computational fluid dynamics) is to 

modify the density, and the advantage of such an 
approach is that mass conservation is enforced at the 
outlet or between asperities in the contact region where 
the surfaces diverge. 

The aim of this paper is to investigate the possibilities 
of solving a thermal compressible E H L smooth line con
tact problem with the commercial CFD-software CFX4.3 
[ I ] . The analysis and the numerical models in this work 

are limited to 2D cases. 

2. Method 

The governing equations and their numerical solutions 
wi l l be described here. The treatment of the cavitation 

in the outlet is also described. 

by fl and the pressure is denoted by p. 8 denotes the 

unit tensor. 
The energy equation expressed in total enthalpy H, is: 

dpH 

dt 
+ VipuH)-V-(kVT) 

di 
(4) 

T and <f> denote the viscous dissipation and the tempera

ture, and k is the thermal conductivity. 

The dissipation and total enthalpy are: 

(5) V-Uil Vu + ( V u ) r - - V - u 5 l u 

H 

(6) 

h = CJ + 

The thermodynamic enthalpy is here denoted by h and 
the specific heat at a constant volume by C v . 

Most of the viscosity expressions have approximately 
exponential growth, e.g. Barus and Roelands/** 
Unknown entity, lookup code : quot **/s relationships, 
see Hamrock [5], so that the model used for the analyti
cal approach is an exponential expression, where flji.T) 
is a function of the pressure and temperature. 

• pn^"-T' (7) 

2.1. Governing equations 

where ßa denotes the viscosity at an ambient pressure 

and temperature. 
The Boussinesq expression is used for the elastic 

deformations: 

The governing equations for the f u l l approach are the 
equations of momentum and continuity and the equation 
of energy and these equations read as follows: 

The equation of continuity 

dp 

dt 
V-(pu) = 0 (1) 

The density is denoted here by p and u is the velocity 

field. Time is denoted by t. 
The equation of momentum 

cXpu) 
dt 

V-(pu®u) = B + Ver (2) 

The body force is denoted by B , o is the total stress 
tensor and the symbol ® denotes here the vector product. 

The constitutive equation for the total stress tensor for 
a Newtonian fluid is: 

-pS 
2« 

V u S + /i(Vu + (Vu) 1 ) (3) 

d(x) = — - - — ~ — I p C v ' ) l n | — 
KE 

(8) 

where d(x) is the deformation and x 0 the distance to a 
position where the deformation is zero. The Poisson's 
ratio is denoted by v and E denotes the modulus of elas

ticity. 

2.2. The singularity 

In order to show the presence of the singularity (which 
was first shown by Renardy [6]), a simplified analytical 
analysis of the momentum equations was performed. 
Some simplifications were introduced and it now reads: 

• No body forces 

• No compressibility 
• No time-dependency 
• Isothermal conditions 

where the bulk viscosity s is neglected with the aid of 
the Stokes assumption, the dynamic viscosity is denoted 

A n order-of-magnitude analysis of the momentum Eq. 
(2) in addition to the assumptions above w i l l now give 
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the fol lowing momentum equation for the high-pressure 

region of the contact: 

V> = u 'V>(Vu + (Vu) 7 ) + ,uV2u (9) 

The derivative of viscosity with respect to pressure is 
here denoted by p'. An expansion of Eq. (9) into the 

Cartesian component form and some algebra w i l l give 
the fol lowing equations: 

dp _ 2uuVvvV
2v + (\-2ß'eyv)ß\2u  

dx ~ 1 (2^'rU'i- <',,<'„) 

dp _ Ipu'e^Wu + (\-2p'exx)pV2v 

dy ~ 1 - ( 2 u ' ) 2 ( 4 - e x t e v v ) 

The rate of deformation tensor, e is defined as: 

'du, 

,dx, 

du, 

3l 

(10) 

(11) 

The steps of the derivation of these equations are 

described by Bair et al. [2] . As can be seen, the same 
denominator wi l l occur in the two momentum equations 
in Eq. (10). There wi l l be a singularity in the pressure 
gradients i f the denominator approaches zero and the 

nominator is different f rom zero. 
A rewriting of the denominator in Eq. (10) w i l l give 

an expression for the principal shear stress where a 
singularity (singular shear stress) can occur in the 
momentum equations and reads as: 

T = / ö b ) ( 1 2 ) 

where T represents the shear stress where a singularity 
may occur (singular shear stress) and / denotes the 
derivative with respect to pressure in the exponent in Eq. 
(7). In Eq. (12) T is assumed to be constant. 

The presence of the singularity w i l l play an important 
roll in the CFD simulations. I f a time-dependent problem 
is solved, passing through the singularity wi l l result in 
exponential growing oscillations in time and a rapid 
divergence wi l l occur. In the case of steady state sol
utions, non-constant periodic solutions in space may 
exist. For a more detailed explanation see Renardy [6] . 

This means that, it is not possible to pass through the 
singularity and obtain realistic solutions. Schäfer et al. 

[3] used the Barus formulae, and a pressure viscosity 
index of 2 .18x l (T 8 , that means the singular value 
according to Eq. (12) is approximately 46 MPa. The 
maximum shear stress in the simulations was approxi
mately 10 GPa, that means that they pass through the 

singularity and, since the N-S equations are not valid 
under such conditions, it is likely that their unexpected 
pressure distribution is erroneous (see Renardy [6]). 

It is likely that thermal equations have to be solved 
simultaneously, and possibly with the assumption of a 
non-Newtonian rheology when performing simulations 

at higher loads. 

2.3. Numerical solution 

The f u l l N-S equations were solved numerically and 
the inertia and compressibility terms were retained. The 

N-S equations were solved with the commercial CFD-
software CFX4.3 [1] , and the solution algorithm is 

according to the scheme in Fig. 1. 
The expressions for the viscosity and density have to 

be implemented in the user routines USRVIS and 
USRDEN, where these variables are available. To 
implement the deformations of the upper and lower sur
faces and to displace the geometry so that a force bal
ance wi l l be achieved, the user routine USRGRD is used, 
where a new grid has to be created in each outer iter
ation. For details of the user routines, see CFX4.3 [1]. 

The solution algorithm used by the code is sequential, 
which easily leads to instabilities i f one tries to reach 
the solution too fast. That leads to large under-relax-
ations and a very slow convergence rate. The code uses 
a finite volume discretization of second order accuracy 
in the diffusive terms and upwind interpolation for the 

Create an initial grid and set 
boundary conditions and initial 

values tor pressure and 
temperature. 

Compulation of u 
and v-velocitv. 

Computation of pressure. 

Computation of viscosity and 
density. 

I 
Computation of temperature. 

Convergence check on mass and 
u. v-momentum residuals. 

I f convergence 
Yes ~ No 

Quit computations 
and post-processing 

Compute force balance and 
deformation equations 

Update the grid and 
iteration matrices 

Fig. 1. Solution scheme. 
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convective terms. Because of the dominance of the dif
fusive terms in the contact region, the scheme is assumed 
to be of second order accuracy. 

The pressure correction algorithm was SIMPLE. The 
relaxation algorithm for the momentum equations was 

Stone's method and for the pressure correction 1CCG 
(conjugated gradient method), see CFX4.3 [1], 

In the simulations, the Roeland and Dowson-Higgin
son expressions were used for the viscosity and density, 
see Hamrock [5] . 

The meshes used in the simulations were structured 
non-uniform meshes with a higher mesh density in the 
high-pressure region. The discretization error A is com
puted by: 

1 N 

A = ^ L ^ J - V Z J (13) 

where <ph and <p2h are the solutions of the finer and 
coarser meshes respectively. N denotes the number of 
values in the coarser mesh. 

2.4. Boundary conditions 

The boundary conditions used for the hydrodynamic 
equations are: 

• Specified pressure at both the inlet and the outlet 
(atmospheric pressure). 

• No-slip boundary conditions at the walls (the fluid 
assumed to be attached to the walls). 

The boundary conditions for the thermal compu
tations are: 

• Specified temperature at inlet. 

• A t outlet, the temperature is extrapolated f rom 
upstream values. 

• At the surface, asymptotic solution of the Carslaw-
Jaeger boundary condition is used, see Cheng and 
Sternlicht [7] . 

When the surface velocities are in the same direction 

and in movement, these boundary conditions read as fo l 
lows: 

T(x,y) = T0 + f ^j^Ldx' (14) 

\iKpkCU } Jx—x' 

Here T0 denotes the ambient temperature of the solids 
and q is the heat flux across the surface in the normal 
direction. U and C denote the surface velocity and the 
specific heat, and in this work the ambient temperature 
is chosen to be the same as the inlet temperature Tm. 

2.5. Cavitation treatment 

One of the crucial steps in a CFD-solution for the 
EHL-contact problem is the calculation of the pressure. 

The pressure is computed f rom the equations of momen
tum and continuity and an equation of state i f the flow 
is compressible. In the exit region of the line contact, 
cavitation wi l l occur when the surfaces diverge. In the 

N-S approach it is not possible to use the cavitation 
boundary conditions used in the Reynolds equation 
approach. 

One way of simulating the cavitation in the CFD-
approach is to modify the density. The method used in 
this work is to model the density with the Dowson-Hig

ginson expression, see Hamrock [5], when the pressure 
is above a specified cavitation pressure pcav. When the 
pressure falls below p c t l v , a second order polynomial is 
used to interpolate the density down to zero. The advan
tage of such a treatment is that no modifications of the 
equations have to be performed to satisfy continuity. The 

pressure is a result of continuity. 
There is of course the possibility of replacing the 

second order polynom with other choices of functional 
fits of the cavitation. However, the choice of fit wi l l not 
affect the final solution much, due to the low pressure 
in the cavitation region compared with the pressure 
inside the contact (as long as negative pressures are not 

allowed and the gradients in the density are suf
ficiently smooth). 

3. Results 

The geometry chosen for the simulations was a 
smooth line contact geometry, and the data for the 
geometry and other parameters used in the computations 
are contained in Table 1. 

The mesh used in the simulations is a non-uniform 
structured mesh with 400 CV (control volumes) along 
the contact and 20 CV across the film. A crucial step in 

the computations is to perform a simulation without 
passing through the singularity. 

In the first numerical experiment, a pure roll ing case 
was simulated. The parameters used in the experiment 
are contained under case 1, see Table 1. The result of 
the simulation is shown in Fig. 2. The temperature distri
bution is not shown here, and the maximum temperature 
rise in the contact is only 0.12 K above the inlet tempera
ture. The convergence and discretization errors in the 
computations are \JxlO~}% and 6 .0x l0~ 5 % respect
ively. 

In the next experiment, slip was introduced in the con
tact. The surface velocities and other parameters used in 
the simulations are contained under case 2, see Table 1. 
The pressure and film thickness are shown in Fig. 3 and 
the result f rom the thermodynamic computations is 
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Table 1 
Input data for line contact simulation 

Parameter Meaning Test case 1. Value Test case 2. Value Dimension 

Po Density in ambient conditions 870 870 kg m 1 

/Jo Viscosity in ambient conditions 0.04 0.04 Pa s 

wu 
Upper surface velocity 0.5 0.5 m s 1 

u r f Lower surface velocity 0.5 0.6 m s 1 

Z Pressure-viscosity index 0.5 0.5 -
Load Applied outer load 100 150 kN 

Thermal conductivity lubricant 0.15 0.15 W m 1 K 1 

£ Thermal expansivity coefficient 6.5 10" 4 6.5 10 4 K 1 

So Roeland's thermoviscous 1.1 1.1 -
parameter 

Specific heat lubricant 2.19 10' 2.19 10' J kg 1 K 1 

Thermal conductivity upper solid 45 45 W m 1 K 1 

Thermal conductivity lower solid 45 1.0 W m 1 K " 1 

C, Specific heat in upper and lower 460 460 j kg 1 K 1 

solids 

P™ Density upper solid 7.8 10' 7.8 10' kg m 

P.d Density lower solid 7.8 10' 7.8 10-' kg m - 3 

R Radius of roller 0.01 0.01 m 
E Modulus of elasticity, upper and 2.06 10" 2.06 10" Pa 

lower solids 
T,„ Inlet temperature 288 288 K 

Part, Ambient pressure 1.0 I0 5 1.0 105 Pa 
Cavitation pressure 1.0 105 1.0 10' Pa 

x - c o o r d i n a t e [m] X 1 0

J 

Fig. 2. Film thickness and pressure distribution along the contact in 
the case of pure rolling. The upper and lower surface velocities are 
both 0.5 m s~'. The thermal conductivity of the upper and lower sur
face is 45 J kg ' K'. 

shown in Fig. 4. The maximum temperature rise in the 

contact is 28.7 K and occurs just below the centre of 

the f i l m . 

The convergence and discretization errors in the 

simulation are 1.0xlCT 7% and 1 . 5 x l 0 _ 1 % respectively. 

In the line contact simulations performed so far, very 

small pressure variations across the o i l f i lm has been 

observed. 

x - c o o r d i n a t e [m] 

Fig. 3. Film thickness and pressure distribution along the contact 
under sliding conditions. Upper and lower surface velocities t i u = 
0.1 and t /j = 0.6 m s~J respectively. The thermal conductivity of the 

upper surface is 45 and that of the lower surface 1.0 J kg 1 K 1. 

4. Discussion 

An interesting aspect of the momentum equations 

presented in Eq. (10) is the possibility of a singularity 

in the pressure gradient. As we can see f rom Eq. (12), 

this singularity can occur for stresses of approximately 

the same magnitude as those found in EHL; i.e. i f iso

thermal conditions are assumed and the Barus viscosity 

expression is used with a pressure-viscosity coefficient 
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x - c o o r d i n a 1 e [ m ] x 5 0 - ; 

Fig. 4. Isotherms in the contact during sliding. Upper and lower sur
face velocities wu = 0.1 and ud = 0.6 m s ' respectively. The thermal 
conductivity of the upper surface is 45 and that of the lower surface 
1.0 J k g - ' K r 1 . 

of a = 2.0 x 108, the singular shear stress is 50.0 MPa. 
This magnitude of the shear stresses is easily reached in 

highly loaded contacts. 
It is not believed that the singularity can be passed 

through, since non-Newtonian or thermal effects w i l l 
prevent this. However, i f the f luid can resist stresses in 
the neighbourhood of the singularity, the phase change 
process of the lubricant (or solidification process) must 
be much more rapid than that predicted by the Reynolds 
equation approach. 

It is a complicated task to perform simulations near 
the singularity, because passing through the singularity 
wi l l lead to a change of type in the momentum equations 
and the computations w i l l fa i l . For a detailed explanation 
see Renardy [6], 

No singularity w i l l be present in the Reynolds equ
ation due to the thin film approximation made when 
deriving the equation. A simulation based on Reynolds 
equation and an isothermal Newtonian rheology, princi
pal shear stresses w i l l be produced that are high enough 
to force the momentum equation through the singularity. 
Bair et al. [2] suggest that the singularity in the momen
tum equation might be the source, of the mechanical 
shear band seen in their experiments. 

It is not believed, however, that the singularity affects 
the above solutions, since the maximum shear stress in 
the above slip experiment was 33 MPa and the singular 
shear stress was 148 MPa. The maximum shear stress 
in the above slip experiment was confined to the middle 
of the contact, where the velocity profile is Couette. That 
means that the nominator in Eq. (10) is close to zero 
and the effect of the singularity in the denominator wi l l 
be damped. 

If , however, the principal shear stress gets close to the 

singular shear stress where a Poiseuille f low component 

exist, the singularity wi l l probably influence the flow. 
Such effects may occur in the case of rough surfaces or 
in more severe viscous heating. 

In order to perform computations at higher loads on 
the basis of the N-S equations, there must be a limitation 
in the stresses produced by the f luid, so that passing 
through the singularity is prevented. The inclusion of 
thermal effects enables simulations at higher loads due 

to the decrease in viscosity with rising temperature. 
However, it is possible that a non-Newtonian rheology 
must be incorporated besides the thermal effects in order 
to reduce the shear stresses produced in the fluid when 
higher loads are required in the simulations. 

The way chosen in this work to simulate the cavitation 

works well. It is not believed that an implementation 
of a more realistic cavitation model would change the 

solutions to a great extent. 

5. Conclusions 

The aim of this work was to investigate i f it is possible 
to use the N-S equations in the solution of EHL-prob
lems, and to investigate the possibilities of using the 
commercial software C F X 4.3 [1] , In the experiments a 

smooth line contact geometry was chosen as a model 
problem and the conclusions f r o m these experiments are 

as follows: 

• It is possible to use the N-S approach and to use a 

commercial code for solving thermal E H L problems 
when the geometries are smooth. So far, contact 
pressures up to approximately 0.7 GPa have been 

obtained. 
• The computational cost is very high. The code uses 

a sequential solution algorithm, which easily leads to 
instabilities i f one tries to reach the solution too fast. 
That leads to very small under-relaxation factors and 
a slow convergence rate. 

• The approach used to model the cavitation with a 
modification of the density works well . W i t h such an 
approach the continuity w i l l be enforced at the same 
time as the negative pressures disappear. 
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Abstract 

When simulating elastohydrodynamic lubrication (EHL). the Reynolds equation is the predominating partial differential equation 
for prediction of the fluid flow. Also very few attempts have been carried out using the full momentum and continuity equations 
separately. The aim of this investigation is to compare two different approaches for simulation of EHL line contacts where a single 
ridge travels through an EHL conjunction. One of the approaches is based on the Reynolds equation, addressing the coupling 
between the pressure and the film thickness. The solver uses the advantages of multilevel techniques to speed up the convergence 
rate. The other approach is based on commercial CFD software. The software uses the momentum and continuity equations in their 
basic form, enabling numerical simulations outside the contact regions, as well as in the thin film region to be carried out. The 
numerical experiments show that, under the running conditions chosen, only small deviations between the two approaches can be 
observed. The results are encouraging from several viewpoints: validation of the codes, the possibilities of further developments 
of the CFD approach and the justification of using a Reynolds approach under the running conditions chosen. 
© 2003 Elsevier Ltd. All rights reserved. 

Keywords: Elastohydrodynamic lubrication; Surface roughness; Fluid mechanics 

1. Introduction 

Theoretical investigations in the field of elastohydro
dynamically lubricated (EHL) contacts are almost uni
versally based on the Reynolds equation, derived more 
than 100 years ago by Osborne Reynolds [1] . The equ
ation is derived f rom the Navier-Stokes equations and 
only a few attempts have so far been carried out to solve 
E H L problems numerically using the momentum and 
continuity equations as a basis. Almqvist and Larsson 

[2,3] used the Navier-Stokes equations to simulate ste
ady-state E H L line contacts under both isothermal and 

thermal conditions. Schäfer et al. [4] used the Stokes 
equations to simulate isothermal E H L line contacts and 
investigated the pressure variation across the lubricant 
film. The use of CFD (computational f luid dynamics) 
software when simulating E H L line contacts certainly 
has advantages compared with the Reynolds equation-

* Corresponding author. Fax: +46-920-491047. 
E-mail address: torbjorn.almqvist@mt.luth.se (T. Almqvist). 

0301-679X7$ - see front matter © 2003 Elsevier Ltd. All rights reserved, 

doi: 10.1016/S0301 -679X(03 )00131 -2 

based numerical tools. The assumption of small inertia 
inside the fluid and the thin film approximation are not 
applied, which in some cases determine the accuracy of 

the predicted pressure and film thickness profiles. By not 
utilising these assumptions about the fluid behaviour, it 
is possible to extend the computational domain to 
include the flow outside the E H L conjunction. Addition
ally, the greater flexibility for modifying the rheology 
has advantages compared to a Reynolds approach, i.e. it 
is more straightforward to implement complex rheolog

ical models. A disadvantage of a CFD compared to a 
Reynolds approach is the reduction in efficiency, mainly 
due to the enlarged size of the problem. For 3D cases, 

four equations have to be solved in order to obtain the 
fluid pressure in comparison with the single Reynolds 
equation. Another disadvantage is that it is not straight
forward to modify a CFD code to solve E H L problems. 
The validity of the Reynolds equation has recently been 
discussed by Odyck and Venner [5], They found large 
differences between the Reynolds and Stokes equations 
in predicted load when the ratio co is 0(0.1). 

The subject of this paper is the investigation of two 
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Nomenclature 

u(u,v,w) Velocity field (m s _ 1 ) 

p Density (kg r r r 3 ) 

Po Density at ambient pressure (kg m 3 ) 
t Time (s) 

x(x,y,z) Spatial co-ordinates (m) 

K Radius of the upper surface (m) 

R, Radius of the lower surface (m) 
a Total stress tensor (Pa) 

P Pressure (Pa) 

/" Dynamic viscosity (Pa s) 

Mo Dynamic viscosity at ambient pressure (Pa s) 

z Pressure-viscosity index 
E Modulus of elasticity (Pa) 
A Amplitude of the ridge (m) 
xQ Centre of the ridge (m) 
k Wavelength o f the ridge (m) 

c, Constant in the density expression (N i r r 2 ) 
C, Constant in the density expression 
p0 Constant in the viscosity expression 

T0 
Eyring stress (Pa) 

7 Shear rate (s ' ) 
S Non-Newtonian slip factor 

1 Parameter in the slip factor 

v Poisson's ratio 

h Fi lm thickness (m) 

h0 Integration constant (m) 
s Slide parameter ( 2 ( u 2 - u , ) / ( u 2 + u,)) 

Surface velocities (m s - 1 ) 

Sum of surface velocities (m s~') 
d Deformation (m) 

Solution variable 
Discretisation error in time 

espaiiai Discretisation error in space 
£ Reynolds equation coefficient 
K Matrix repr of the deformation kernel 
L i , L2 Discrete operators 
F, G Discrete right hand sides 

AV 
Matrices 

a„ bi, c „ dj Matrix coefficients 

f i , g, Matrix coefficients 

S Determinant of the metric tensor 

passing through the conjunction under sliding. A rela

tively large slide-to-roll ratio was chosen in order to 
enhance the non-Newtonian behaviour of the lubricant. 
An extensive error analysis is carried out to validate the 
results. That is, in order to determine the deviations 
between the two approaches, due to the different math

ematical models, the confidence intervals of errors in 
each approach must be well known. I f these intervals do 
not overlap, conclusions can be drawn about the differ
ent approaches. It wi l l be shown that there is almost no 

different approaches of simulating transient isothermal 

E H L line contacts numerically. That is, a Reynolds 
approach is compared to a CFD approach where the 
momentum and continuity equations are used to simulate 
the fluid f low. The Eyring rheological model is adopted 
in both these approaches and no elastic contributions 
are considered. 

The comparison is based on transient simulations of 
a relatively lightly loaded E H L line contact, 0.6 GPa 

maximum Hertzian pressure, where a single ridge is 
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difference between the solutions in the case of slide-to-

roll ratio ±5/3 when smooth surfaces are considered. The 

transient effects caused by the ridge are very similar in 

both slide-to-roll ratio cases. 

2. Governing equations 

The governing equations for an isothermal fluid flow 

are those for momentum and continuity. When solving 

the fluid flow equations for moving grids, the equations 

in the CFD code are changed to account for volume 

changes in the transient terms by inclusion of the deter

minant of the metric tensor g, and the advective term to 

allow for a grid velocity 3x/dt , (CFX4.4 [6]) . The equ

ation of continuity reads: 

1 d(p\/g) 

dt 
pu (1) 

The density and time are here denoted by p and t, 

respectively, and u is the velocity field. The equation of 
momentum reads: 

1 3(pu x(g) 

\8 3/ 

3x 
+ V | p ( u - ¥ 

V«C7 (2) 

The symbol o denotes the total stress tensor and the 

symbol ® denotes the vector product «, x uj. The body 

forces are assumed to be vanishing small compared to 

the other terms, and have therefore been neglected. An 

Eyring rheological model is used for the dynamic part 

of the stress tensor. Here the total stress tensor attains 

the fol lowing form: 

2u 
- p S ~ V u 8 r o s m h g ) r = Vu + ( V u ) r (3) 

The pressure is denoted by p, and p is the dynamic vis
cosity. The Eyring stress is denoted by r0 and y is the 

rate of deformation tensor. When modelling the fluid 

f low by the Reynolds equation, the fo rm used by Conry 

et al. [7] is adopted here with the squeeze term incorpor
ated: 

3 / p / V dp\ uß(ph) d(ph) 

dx\\2p dxj 2 dx dt 
= 0 (4) 

The f i lm thickness is denoted here by h. us is the sum 

of the surface velocities it, and u2. The non-Newtonian 

factor S is as according to Johnson and Tevaarwerk [8] 

S = 
3(2coshX - sinhS) 

" I P A 

h_dp 

2 r 0 dx 

1 + U
2(W2-M,)2 

(T 0 /?) 2 s inh 2 2 

(5) 

The equations for f i lm thickness, density and viscosity 

are common to the two approaches where the f i l m thick

ness equation reads: 

h(x.t) = h0(i) + — + d(x.t) + y / f e r ) 
ZK 

(6) 

The symbol ha(t) is an integration constant, which is 

obtained f rom the force balance equation. 

p(x,i)Ax = w(t) (7) 

where / represents the whole solution domain. The elas

tic deformation is denoted d(xj) and is defined as: 

2 ( 1 - v ) I 
d(x) = — p{x')\n\x-x'\6x', 

nb 
(8) 

where Poisson's ratio is denoted by v and E is the modu

lus of elasticity. In the CFD approach, the elastic defor

mation equation is solved for the upper and lower bound

aries separately. In the Reynolds approach, the 

deformations of the surrounding solids are composed 

into a single equation. 

The equation for the ridge "ty is defined as (see [9]): 

y{x,l) = A 10 1 , J ( ^ ^ ) 
2k{x—X,,(')) 

X 
(9) 

where A is the amplitude, xc{t) is the position of the ridge 

and X is the ridge wavelength. 

The equation for the viscosity is the Roelands equ

ation [10], and reads: 

pip) = p0exp{(ln(p0) + 9.67)( - 1 + ( 1 + ) ) (10) 

where p„ denotes the viscosity at an ambient pressure, 

P0 is a constant and z is the pressure-viscosity index. 

The Dowson-Higginson density expression [11] 

reads: 

P(P) = Po 
C, + C2p 

C,+p 
(11) 

where p0 denotes the density at ambient pressure and C,, 

C2 are constants. 

2.1. Boundary conditions and cavitation treatment 

Specified pressure boundary conditions are used in the 

hydrodynamic equations at the flow boundaries in the 

CFD code, i.e. where the f luid enters or leaves the com

putational domain. The value of the pressure is set to 

atmospheric. When the pressure is specified, the bound

ary conditions used on the momentum equation are of 

Neuman type, or zero velocity gradients, CFX4.4 [6], 
since a Neuman boundary condition implies fully 

developed flow. In the Reynolds equation approach, the 
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pressure at the boundaries is set to zero, but at the outlet 
the pressure gradient is also forced to zero by the cavi

tation condition 

. In the CFD-approach this is not possible. A pressure 

correction must be calculated to force the mass flow to 
f u l f i l l the continuity criterion. A way to achieve this, in 
the CFD approach is to modify the density in regions 

of negative pressure [2], The advantage of this is that 
continuity is fulf i l led and that internal cavitations are 
handled without any further modifications to the sol

ution algorithm. 

3. Numerics 

This section explains the numerics of the two 
approaches. There are some similarities such as the order 
of the numerical schemes, first order in time and second 
in the spatial dimensions. However, the numerics differ 

in many ways because of the differences in theoretical 
models. The solution process for the Reynolds approach 
is based on a local relaxation method, e.g. i t is based on 

the Block-Jacobi method. The CFD approach uses the 
Stones method to converge the discretised system. The 
two approaches also differ in discretisation methods. For 
example, the CFD approach uses the finite volume 
method whereas the Reynolds approach is based on 

finite differences. 

3.1. The numerics for the CFD approach 

The CFD approach is based on commercial CFD 
software, CFX4.4 [6]. The software has the facilities of 

pre-processing, front-end, solver and post-processing 
modules. The code is based on a pre-processing module 
where geometry building and meshing is performed and 
a front-end module, where specifications of the fluid 
flow can be set through a command language. In the 
solver module, the discrete representation of the equa

tions are solved and, finally, a post-processing module 
for the graphical analysis of the solution. 

In the CFD approach, the equations of momentum and 

continuity are solved numerically. The velocity field is 
obtained f rom the momentum equations, leaving the 
continuity equation for calculation of the pressure. Actu

ally, the code combines the equations of momentum and 
continuity to obtain a pressure correction equation where 
the pressure correction is added to the velocity field so 
that continuity is enforced [12]. Therefore, i f mass conti
nuity is a demand in the solution domain the exit bound

ary condition used in the Reynolds equation is not appro
priate. The solution algorithm used in this work is the 
'simple' algorithm, CFX4.4 [6 ] . The code has a number 
of utility routines where i t is possible to modify the code 

to account for more specific user requirements. To 
implement the expressions for effective viscosity and 
density, the user routines USRVIS and USRDEN are 
used. The elastic deformation in the contact is 

implemented through the user routine USRGRD and the 
velocity boundary conditions, through the routine 

USRBCS, see CFX4.4 [6] . The code uses a finite volume 
discretisation of second order accuracy in the diffusive 
terms, and hybrid discretisation for the advective terms 

(when the local Reynolds number exceeds two, the 
discretisation for the advective terms are replaced by an 
upwind discretisation). Because of the dominance of the 
diffusive terms in the contact region in E H L conjunc
tions, the scheme is assumed to be of second order accu
racy. The order of the scheme is of importance when the 

discretisation errors are calculated. The relaxation algor
ithms for the momentum and pressure correction equa

tions are Stone's method. The CFD solver works in a 
segregated manner which means the equation for each 
variable has to be solved in turn, while the other vari
ables are assumed to be constant. In the outer iterations, 
the matrix coefficients are updated. Such approach easily 
leads to instabilities and long computational times. The 

meshes used in the simulations were structured and uni
form. The convergence criterion was set on the mass 
source residual (mass continuity error) and force bal

ance. 

3.2. Numerics for the Reynolds approach 

In the Reynolds approach used in this work, the Reyn
olds equation and the equation for the film thickness are 

coupled so that pressure and f i l m thickness are solved 
simultaneously [13]. Multilevel techniques [14] have 
been used to accelerate the convergence of Reynolds 

approaches based on serial solution methods. For 
example, the pressure is the only unknown parameter. 
Here the multilevel technique is extended to accelerate 
the solution process of the coupled approach. The fu l l 
multilevel algorithm is based on a specially developed 
iterative relaxation process. This relaxation process is a 

generalized form of the Jacobi method that addresses the 
coupling between the Reynolds and the film-thickness 
equation. A block matrix system by the discrete forms 
of the two equations can be composed and therefore, the 

smoother w i l l be referred to as the 'Block-Jacobi' 
method. I f the ordinary Jacobi method is applied, only 
the main diagonal of the determining block-matrix 
would be used to give pressure and film thickness 

increments. This kind of iterative method w i l l not con
verge. In order to account for the coupling between 
pressure and film thickness, the Block-Jacobi method 
makes use of the main diagonals in each of the four 
blocks (Appendix). The Block-Jacobi method, which 
works as a smoother for the f u l l multigrid algorithm, is 

stable but has the disadvantage of slow convergence. 
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a, bf' Vi ' f f 

hi. -g,. 

When the Block-Jabobi method is applied to solve the 
2/?-by-2/? (n is the number of spatial nodes) block matrix 
system, it is reduced to a 2-by-2 matrix system (12). 

(12) 

with coefficients given in the Appendix. 
The nature of the EHL line contact problem introduces 

some difficulties that have to be dealt with. The conver
gence of the force-balance equation is very important in 
order to obtain sufficient accuracy of h0 within each time 
step. This can be seen f rom the pressure-part solution of 
the coupled system (13), viz. 

d f - b l g l 

Pi (13) 
a4i~bicl 

where the nominator contains the time dependence of 
the Reynolds equation. The nominator of (13) expresses, 
numerically, the time derivative of the film-thickness and 
thus the time derivative of h0(t). That is, a small Ar wi l l 
enhance the influence of an error in /?„(f) and the physical 
explanation of this behaviour is the squeeze mechanism 
represented by 3/3/ in (4). Moreover, this is not only 
important when using a coupled solution method; a serial 
solution method wi l l be affected in the same way. 

3.3. Error estimation 

In order to compare the solutions between the CFD 
and Reynolds approaches, it is important to estimate the 
errors. The strategy used in this work is to check the 
maximum error in the whole domain (both spatially and 
in time). For the Reynolds approach, the defined error 
functions are two-dimensional. In addition, the CFD 
approach has one more dimension, i.e. the error is meas
ured across the film as well. A l l errors measured were 
obtained by halving the step size. The time error measure 
is defined as: 

e,ime(At) = max <P,V.2„ 
Ar 

- * f J > ( A / ) . (14) 

That is, the solution profiles <E>,V„ (pressure) is con
sidered as a function of the step size (Ar) in time where 
i,j and n is suffices for x, y and t, respectively. However, 
this error w i l l of course include the error in the spatial 
domain, e.g. the finer the spatial step size (Ax and/or 
Ay) the smaller the error e,ime(At). The same principle 
was adopted to define the spatial errors by considering 
the solution profiles as functions of the spatial step size. 

e v(Ax) - max <t>2y,„ 
iJ.n > 

1 
e ¥(Ay) = -max 

Ax 

T 

Ay 

-3>«.„(Ax) 

- ^ . » ( A y ) -

(15) 

(16) 

These errors (15), (16) include the time errors in the 
same way as (14) includes the spatial errors. In addition, 
both the time and the spatial error measures include a 
convergence error since the solution processes in both 
the Reynolds and the CFD approach are not numerically 
exact. In the Reynolds approach, the convergence error 
is the maximum residual value of the Reynolds equation 
at each time step. This is sufficient since the residual 
value, and thus the errors of the film thickness equations, 
are small in comparison. The CFD approach controls 
convergence by summarizing the errors at each control 
volume. It was found that in both approaches there exists 
a pronounced relationship between the step size in time 
and the spatial step size Ax. That is, for the running con
ditions specified in Table 1, usAt!2 has to be less than 
or equal to the step size Ax. Applying this condition 
yields the appropriate behaviour of the time error (13), 
e.g. 

(17) 
e„,„e(Az) 2 

However, in the case of a slowly moving ridge 

uri,ig,,&0.25u 

the transient effects are well resolved even with values 
of u ,A ' / 2 larger than Ax. 

3.4. Interpolation of solution data 

The numerical set of data representing the solutions 
obtained f rom the different approaches is not defined on 
exactly the same grid points nor in exactly the same 
points in time. In order to compare the solutions it is 
necessary to evaluate them on the same grid points. 
Here, linear interpolation of the Reynolds solutions on 
to the CFD solution grid points, both spatially and in 
time, is performed. 

Table 1 
Input data used in the simulations 

Parameter Value Dimension 

Ru 0.01 ill 

2.0 m 

co 0.14 Pa s 

z 0.6 -
Load I0 5 N m 1 

E 206.0 GPa 

V 0.3 -
TO 3.3 MPa 

po 870.0 kg n r 3 

X 0.1 mm 

A 0.2 um 
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4. Results 

In this section results f rom the numerical simulations 
are given. In the figures shown, the CFD solution is 

denoted by circles and the Reynolds equation solution 
by solid lines. In total, three running conditions are com
pared: 

• A smooth line contact under sliding; 

• A ridge attached to the faster surface; 
• A ridge attached to the slower surface. 

A l l three take place under the same amount of sliding ( 

Lsl = 5/3). In Fig. I , a smooth contact comparison is 
shown. The upper surface moves with a velocity of 0.1 
m/s and the lower surface at 1.1 m/s. As can be 

observed, the two solutions correspond well to each 
other. According to the figure, the pressure spike is not 
present and the exit constriction at the outlet has a 
smooth geometrical curvature due to the strong non-

Newtonian behaviour of the lubricant. Fig. 2 shows 
intermediate time steps of the passage of a ridge through 
the E H L conjunction. The upper surface with the ridge 
moves with velocity 0.1 m/s, and the lower surface at 

1.1 m/s. Once again the deviations are very small. The 
vertical line shown in the figure indicates the centre of 
the undeformed ridge and, under running conditions as 

presented in Table 1, no phase difference between the 
ridge and film disturbance can be observed [14]. This is 

attributed to the moderate pressure and the strong non-
Newtonian behaviour. Finally, Fig. 3 again shows inter
mediate time steps for passage of a ridge through the 

E H L conjunction. The ridge is attached to the upper sur
face and moves with velocity 1.1 m/s. The lower surface 
moves at 0.1 m/s. The maximum deviation between the 
two approaches is approximately 1%. This is, however, 
smaller than the accumulated errors in the numerical sol
utions. So, i f finer time and/or spatial resolutions are 
used in comparison with stronger demands of the con-

-0.25 -0.2 -015 -0.1 -0.05 0.05 G l 

-0.25 -0.2 -015 -0.1 -O05 0 0.05 0.1 

i y l i i i ! i i 

-0.25 -0.2 -015 -0.1 -0.05 0 0.05 0 1 

V 

. V . 
-0.25 -02 -0.15 -0.1 -0.05 0 O.05 0.1 

Fig. 1. Pressure and fi lm thickness profiles for a smooth contact, s 
= +5/3. CFD solution (O), Reynolds (-). 

Fig. 2. Pressure and f i lm thickness profiles at five intermediate time 
steps when the ridge is attached to the faster moving surface, ur^se  

= 1.1 m/s, s = +5/3. CFD solution (O), Reynolds (-). 

vergence error, this deviation wi l l probably vanish. The 

f u l l set of data used for the simulations is contained in 
Table I , for time steps and meshes in Table 2 and in 
Table 3 for the discretisation errors. The discretisation 

error is now denoted by e s p a , l a i and is the maximum of 
the errors ex and £ v . 

5. Discussion 

The numerical experiments performed so far show 
very small deviations between the two solution 
approaches. The geometries used in this work have a 
small film thickness to wavelength ratio, which means 
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Table 3 
Discretisation errors 

-0.25 -0.2 -0.15 -0.1 -0 05 0 0.05 0.1 

-0.25 -0.2 -0.15 -0.1 -005 0 005 0.1 

V. ' 
-0.25 -0.2 -0.15 -0.1 -0.05 Q 0.05 0.1 

' \ ' ! ! ' 

. v ' 
-0.25 -0.2 -0.15 -0.1 -005 0 0.05 0.1 

-0.25 -0.2 -0.15 -0.1 -0 05 0 0.05 0.1 

Fig. 3. Pressure and film thickness profiles at five intermediate time 
steps when the ridge is attached to the slower moving surface, uridge  

= 0.1 m/s, s = - 5 / 3 . CFD solution (O), Reynolds (-). 

Table 2 
Meshes and time steps used in the simulations 

Parameter Case 1 Case 2 Case 3 Dimension 

Mesh CFD 400x20x1 400x20x1 400x20x1 _ 

Mesh 1024x0x1 1024x0x1 1024x0x1 

Reynolds 
Ar CFD - 60.0 1.8 us 
Ar Reynods - 0.948 0.474 US 

Parameter Case 1 Case 2 Case 3 

£ , i m e CFD 0.49 3.61 

£ l i J n e Reynolds - 0.057 1.04 

£ lp.„a, CFD 0.34 1.1 I . I 

e,p»u Reynolds 0.021 0.12 0.17 

that the thin f i l m approximation is still accurate. I f this 

ratio is enlarged, one may expect larger deviations. From 
a CFD viewpoint, the results are encouraging due to the 
extending possibilities of simulating EHL conjunctions. 

I f the numerically complex flow problems inside the 
contact regions can be simulated, the fu l l inlet and outlet 
flow should also be possible to simulate. Such simulation 

wi l l give more clarity in the reformation process or when 
starvation may be expected. How wear debris travels 
through the E H L conjunctions (particle transport 

simulation) is another subject for study. 
The comparison also enhances the reliability of the 

Reynolds approach, that even in a case with large non-
Newtonian effects and predicts approximately the same 
pressure and f i l m thicknesses as the CFD solution. In 
particular, this work has also shown that it is possible 
to use the Block-Jacobi relaxation method as a smoother 

for the multigrid FAS algorithm. 
The choice of step size both spatially and in time, is 

crucial when it comes to numerical convergence in both 
approaches. In this work the passage of a single ridge 
with small amplitude to wavelength ratio has been simu
lated. I f the wavelength is kept constant and the ampli
tude is enlarged one would most certainly have to con
sider the speed of the asperity instead of the surface 

mean speed when choosing the step size in time, for 
example, u"dseAt^Ax. On top of this, asperities with 
enlarged amplitude to wavelength ratios have to be well 
resolved, meaning small spatial step sizes, and thus even 
smaller step sizes in time are required. This applies to 
situations where one of the surfaces can be considered 
as perfectly smooth. Other situations arise when dealing 
with real applications. In real applications both surfaces 

are rough. Combined with sliding, this leads to a con
tinuously changing effective surface roughness inside the 
EHL conjunctions. The squeeze effects are underesti

mated i f the surface roughness is imposed on one of the 
contacting surfaces. Numerically, using either of the two 
approaches, it is necessary to consider the amplitude to 
wavelength ratio as time-dependent and hence the spatial 
step size should be chosen so that the largest amplitude 
to wavelength ratio in time is resolved. The rheological 
model used in this work is the Eyring model which has 
a reduced shear stress to shear rate dependence when the 

pressure and shear rates are high. 
In order to enable CFD simulations at high contact 
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pressures, some form of damped relationship between 

shear stress and shear rate is necessary in order to avoid 
a singularity in the momentum equation [2], However, 

in the CFD approach there are enhanced flexibilities to 
allow for modification of the rheology to include more 
advanced models. (This is because the momentum equ
ation is used in its basic form.) 

The numerical simulations performed in this work are 
isothermal. It is, however, necessary to include thermal 
computations in order to have an appropriate fluid flow 
model. Such a project is ongoing and w i l l hopefully add 
more understanding to transient EHL. 

f t ' 
(19) 

S/is the non-Newtonian factor after Johnson and 

Tevaarwerk [8 j . For the film-thickness the fol lowing 
dimensionless form is used: 

where 

Ax 
Kv = [x-Xj + ~ nLv, x, + 

Axl 
X-XJ 

(20) 

(21) 

6. Conclusions 

• Considering numerical results, deviations between the 

two approaches are small. I t must be emphasised here 
that the amplitude to wavelength ratios in this work 
are small. 

• The numerics of the two approaches seem stable. 
However the case when the ridge is attached to the 

faster moving surface is somewhat more diff icul t to 
simulate due to the greater influence of the transient 
effects. 

• The deviation in pressure between the two approaches 

is approximately 10-20 times higher compared to the 
deviations in film thickness. This is also the case for 

numerical errors measured for each approach separ
ately. 
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Appendix 

The dimensionless discrete form of the time-depen
dent Reynolds Eq. (4) can be written as: 

(Ax) 2 

-~om-*>p)--itf-i + p M f c D - j p m ( i s ) 

where 

Ax 
i 

Inlx,- Axl 

The Eqs. (20) and (21) can be written in operator form 
i f the k—\ term in (21) is moved to the right hand side 
of the equation and the terms not depending on the press

ure and/or the film-thickness is moved to the right hand 
side of Eq. (21), viz. 

L\(p,h) 

LXpJi) 
(22) 

I f the coefficients (19) and the density are linearised by 
means of the previously determined values of p and h 
obtained from any relaxation process, then it would be 

possible to rewrite the operator system (22) as a block-
matrix system, i.e. 

Pnew Fk 

G" 
(23) 

I f the Jacobi method is applied to solve the above block-

matrix system then the updated, 'new' pressure and film-
thickness would be obtained f rom the fol lowing equa
tions: 

fdiag(Au)p*„. = f - ' - A ^ - A ; ^ 

ldiag(/i2 2)A*„ = G'-AiiPou-Ahkau 
(24) 

where diag(A ;,„). is a diagonal matrix with the main diag
onal of A,„r A*„, is the same as Ah„ except that the main 
diagonal is zero. The system identified in Eq. (24) does 

not address the coupling between pressure and film 
thickness. Thus, a Jacobi relaxation of the block-matrix 

system (23) wi l l not converge. However, the system 
(24) can be modified to address the coupling, e.g. 

fdiag(4i,)pS„ + diag(A,,)ft*„, = P - ' - A ^ - A ^ 

ldiag(A,,)p!U + diagtøaViJ™ = G'-A^p^-Ayi^ ' ( 2 5 ) 

The Block-Jacobi relaxation method is based on solving 
the block-matrix system (23) for the 'new' pressure and 

film-thickness profiles. I t is therefore straightforward to 
rewrite the system to indices form, i.e. to the two-by-
two matrix system (12), viz. 
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«, b,' P, TT 
.K 

with coefficients 

1 
O-i (Ax) 2 

-A i f 3 

i\ ef!! + e* i 

1 
\2Ax A? 

Ax ( /Ax ' 

2 " 

d< = 

and 

f , = 

2 ^ -

1 

1 
ef-ip>-1 (4p* , / ; f - , - p * -,/!?_,) 

(Ax) 2 V""? ' '~ ' ~ ' + ?" + 7 2Ax : 

References 

[ I ] Reynolds O. On the theory of lubrication and its application to 
Mr. Beauchamps Tower's experiments, including an experi
mental determination of the viscosity of olive oil. Philos Trans 
R Soc 1886;177:157-234. 

[2] Almqvist T, Larsson R. The Navier-Stokes approach for thermal 
EHL line contact solutions. Tribology International 
2002:35(3): 163-70. 

[3] Almqvist T. Larsson R. Comparison of Reynolds and Navier-
Stokes approaches for solving isothermal EHL line contacts. In: 
Proceedings of the WTC Conference, Vienna. Austria. 2001. 

[4] Schäfer CT, Giese P, Rowe WB, Wooliey NH. Elastohydrodyn
amically lubricated line contact based on the Navier-Stokes equa
tions. In: Proceedings of the 26th Leeds-Lyon Symposium on 
Tribology, 1999. Amsterdam: Elsevier; 2000. p. 57-9. 

[5] van Odyck DEA, Venner CH. Stokes flow in thin films. Journal 
of Tribology 2003;125:121-34. 

[6] CFX 4.4. User guide. UK: AEA Technology, 1999. 
[7] Conry TF, Wang S. Cusano C. A Reynolds-Eyring equation for 

elastohydrodynamic lubrication in line contacts. Transactions of 
ASME 1987;109:648-58. 

[8] Johnson K L . Tevaarwerk JL. The shear behaviour of elastohydro
dynamic oil films. Proc R Soc Lond A 1977;356:215-36. 

[9] Venner CH, Lubrecht AA. Transient analysis of surface features 
in an EHL line contact in the case of sliding. Transaction of the 
ASME 1994;116:86-93. 

[10] Roelands CJA. Correlational aspects of the viscosity-temperature-
pressure relationships of lubricating oils, PhD thesis. Technische 
Hogescool Delft, The Netherlands, (VRB, Groningen, The 
Netherlands). 1966. 

[ I I ] Dowson D. Higginson GR. Elasto-hydrodynamic lubrication. The 
fundamentals of roller or gear lubrication. Oxford: Pergamon 
Press, 1966. 

[12] Ferziger JH. Peric M. Computational methods in fluid dynamics. 
Berlin: Springer. 1997. 

[13] Evans HP, Elcoate CD, Huges TG. Snidle RW. Transient elas
tohydrodynamic analysis of rough surfaces using a novel coupled 
differential deflection method. Proc Instn Mech Engrs 
2001;215(Part J):3l9-37. 

[14] Venner CH, Lubrecht AA. Multilevel methods in lubrication. Tri
bology Series 2000;37. 





S O M E R E M A R K S ON T H E V A L I D I T Y O F T H E R E Y N O L D S 
E Q U A T I O N F O R T H E M O D E L L I N G O F L U B R I C A N T 
F L O W ON T H E S U R F A C E R O U G H N E S S S C A L E 

T. Almqvist, R. Larsson 
Division of Machine Elements, Luleå University of Technology, SE-971 87 Luleå, Sweden 

ABSTRACT 
The objective of this paper is to investigate the flow in a lubricant film on the surface roughness 
scale and to compare the numerical solutions obtained by two different solution approaches. 
These are firstly by the CFD-approach (computational fluid dynamic approach) where the 
momentum and continuity equations are solved separately, and secondly the Reynolds equation 
approach, which are a combination and a simplification of the above equations. The rheology is 
assumed to be both Newtonian and non-Newtonian. A Ree-Eyring model is used in the non-
Newtonian case. The result shows that discrepancies between the two approaches may occur, 
primarily due to a singularity which appears in the momentum equations when the stresses in 
the lubricant attain magnitudes that are common in EHL. This singularity is not represented by 
the Reynolds equation. If, however, the rheology is shifted to a non-Newtonian Ree-Eyring 
model the deviations between the two solution approaches is removed or reduced. The second 
source of discrepancies between the two approaches is the film thickness to wavelength scale co. 
It will be shown that the Reynolds equation is valid until this ratio is approximately O(10 "). 

Keywords: Elastohydrodynamic lubrication, Fluid mechanics, Reynolds equation, CFD 

1 INTRODUCTION 
When modelling in elastohydrodynamic lubrication (EHL), the Reynolds equation is the main 
partial differential equation to be applied. It was derived by Osborn Reynolds in 1886 [1] and 
combines the equations of momentum and continuity into a single equation for the fluid 
pressure. When the derivation is carried out, inertia is neglected due to the small Reynolds 
number in combination with the thin film in the contact region (see, for example, Khonsari and 
Booser [2]). 

There is no doubt about the validity of this assumption, as long as the region of interest is 
within the contact and the length scales are large compared to the scales across the fluid film. If 
however, ridges or grooves are present, the length to film thickness ratio may be altered and the 
approximation may be questionable i f one studies a local surface roughness irregularity. 
Asperities with high slope, or short wavelength, may have a characteristic length in the same 
order of magnitude as the local film thickness. It is therefore important to investigate if 
Reynolds equation is valid in modelling and simulation of the lubrication between real (rough) 
surfaces. If the film cannot be seen as very thin it is possible that flow components and pressure 
differences may appear across the lubricating film. 

In a CFD (computational fluid dynamics) approach on the other hand, the momentum and 
continuity equation is used in their basic form, which means no assumptions about neglecting 
inertia or approximations due to thin lubricating films are used. With such an approach the 
physics of the flow is retained in a more complete way and makes it possible to investigate the 
validity of the approximations made in the traditional solution approach, i.e. the Reynolds 
equation approach. 

1 



It has been shown earlier by the authors [3, 4] that it is possible to use commercial CFD-
software to simulate EHL in line contacts. Both thermal and isothermal analyses of the smooth 
surface problem were presented. Schäfer [5] used a CFD-approach to solve the Stokes equations 
(the Navier-Stokes equations without inertia terms) to solve the EHL line contact problem. That 
investigation points out that significant pressure differences across the lubricating film can 
occur in EHL when a high degree of sliding is present. However, the shear stresses in the 
lubricant film became remarkably high and the CFD-approach may run into trouble when the 
(principal) stresses in the fluid become too high. Renardy [6] and Bair et al. [7] showed that a 
singularity might appear in the momentum equation at high shear stresses. In the latter paper, it 
was speculated that the singularity is the driving force behind the mechanical shear bands 
observed in their experimental investigations at high shear rate. 

The high shear stresses in EHL occur due to the strong pressure dependency of viscosity in 
combination with high shear rates. If the singularity is reached, the momentum equation 
undergoes a change of type, and non-existence and non-uniqueness may occur (see Renardy 
[6]). I f the momentum equation is not valid under such circumstances, it is also questionable 
whether the Reynolds equation is valid. 

The validity of the Reynolds equation has been discussed recently by Odyck and Venner [8]. 
They investigated the differences between Stokes and Reynolds equations under isoviscous, 
Newtonian and incompressible conditions. They found large differences between the Reynolds 
and Stokes equations in predicted load when the film thickness to wavelength ratio is 0(0.1). 

This investigation will give more clarity about the validity of the Reynolds equation for the 
modelling of EHL under Newtonian, non-Newtonian, piezoviscous and compressible 
conditions. The following issues will be discussed: 

• Can any differences be observed between the Reynolds equation approach and the CFD-
approach when the film thickness to wavelength scale co is altered? The strategy here is to 
investigate where the limit of the Reynolds equation appear, i.e. is Reynolds equation valid 
also for cases where the characteristic length of the film is almost as small as the film 
thickness? 

• How does the singularity in the momentum equation affect the numerical solution when 
surface roughness flows are simulated? Are there any discrepancies between the Reynolds 
equation and the CFD-solutions due to the singularity? 

• Is it possible to modify the CFD-code to take a Ree-Eyring rheology into account? A non-
Newtonian rheology such as the one described by the Ree-Eyring model will reduce the 
stresses in the film and may therefore prevent the occurrence of the singularity in the 
momentum equations. 

• How do discrepancies between the CFD and Reynolds equation approaches respond to a 
shift to Ree-Eyring rheology? 

• Are there any pressure differences across the lubricant film when surface roughness is 
present? 

The geometries used in the investigations are 2D geometries with a single ridge located at a 
stationary surface. No deformations are allowed and the boundary conditions are periodic, so, 
the geometry can be thought of as an isolated surface asperity, already deformed, within an 
EHL line contact. 
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2 GOVERNING EQUATIONS 
The governing equations for the CFD approach are the equations of momentum and continuity 
and read as follows (see CFX 4.4 [9]). The stationary momentum (no body forces) equation: 

V»(pa®u) = V . O - (1) 

The density is denoted by p and u is the velocity field. The symbol a denotes the total stress 
tensor and the symbol ® denotes the vector product UjXUj. 

The stationary equation of continuity reads: 

V . 0 * 0 = 0 (2) 

The total stress tensor is: 

cr = -pS+T (3) 

where p, S denote the pressure and unit tensor, r is the dynamic part of the stress tensor. The 
bulk viscosity is neglected with the aid of Stokes assumption and the dynamic stress tensor, for 
a Newtonian fluid, reads: 

~7-V»US + TJ^7U + (VU)T (4) 

where the dynamic viscosity is denoted by r/. When a non-Newtonian model is used, a 
generalised viscosity p. derived from the Ree-Eyring equation replaces the viscosity rj: 

m 

M = ^smh-\^) (5) 

7 

where r0 is the stress where the non-linear fluid flow behaviour begins, i.e. the Eyring stress, 
and f is the rate of deformation tensor. The form of Reynolds equation used in this work is 
proposed by Conry et al. [10] and reads: 

d J ph3 dp \[ _ u{ +u2 d(ph) 

dx [l2?7 dx J 2 dx 

f,/ \ 3(2coshE-sinhx) i ri2(ii-,-u,)2 S 
s(x)=->>—-3 \n+ — 2 S3 I (z0h)2 s inh 2 ! ( 6 ) 

1 = Jl_dp 
2tq dx 

The film thickness is denoted by h and uh u2 are the surface velocities. The non-Newtonian 
factor, S, is defined according to Johnson and Tevaarwerk [11]. 

The expression for the viscosity is the Roelands expression and reads [12]: 
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j,{p)=t]0exp\ >i (7) 

where 770 denotes the viscosity at atmospheric pressure, p0 is a constant and z is the pressure-
viscosity index. 

The expression used for the density is the Dowson-Higginson expression [13]: 

/ \ (C, +C-,p) 
P{P) = Po^— \ ( 8 ) \C\ + p) 

where the density at atmospheric pressure is denoted by p0. C, and C2 are constants. The 
asperity 1//is modelled by the following expression: 

y/(x) = AxW 
10 

X-XL 

where A is the amplitude, xc is the position of the centre of the ridge and A is the wavelength. 

2.1 The thin film approximation 

The source of deviations between the Reynolds and the momentum equation is due to the 
simplifications made in the momentum equation. In order to discuss the differences, a scaled 
momentum equation is presented. The equations showed here are limited to 2D with a 
Newtonian or generalised Newtonian behaviour. The variables denoted with an over bar are 
dimensionless, and the corresponding characteristic parameters are denoted by a subscript (r). 
The scaled momentum equations read: 

_ —du „ —du dp 4co2 8 — du 2co2 d — dv d — du 1 d — dv 
Rem pu^ + Re„, pv-= = — = H =p^= = p ^ + —= &r ^= p-^= 

dx dy dx 3 dx dx 3 dx dy dy dy dy dx 

dv ^ e — dv _ 1 dp 2 8 — dv d — du 4 d — dv 2 d —du 

dx m dy co2 dy dx dx dx dy 3 dy dy 3 dy dx (10) 

= Prurx,.oo2

 a = L_ 

In these equations xr, yr is the characteristic length scales along and across the film and pr is the 
reference viscosity. The pressure is made non-dimensional by the ratio pru,xfy,2. The ratio yxlnx 

is denoted by cu and the modified Reynolds number in the x and ̂ -directions is denoted by Rem. 
The velocity in the x-direction is denoted by ur and the velocity across the film is scaled as v r  

= Uyco. As can be observed, assuming small values of tv leads to the starting point of the 
derivation of the Reynolds equation, hence the simplified momentum equations: 
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dp _ d — du 

dx dy dy 

£ = 0 
dy 

(11) 

From the equations in (10) it can further be observed that, if the ratio co increases, more terms 
in the equilibrium equations will be important. This results in deviations between the CFD and 
the Reynolds equation approach when predicting the fluid pressure. The viscosity variations 
along the fluid film may also introduce discrepancies between the two approaches. The 
generalised viscosity p. derived from the Ree-Eyring model will be influenced by variables such 
as the viscosity 77, shear rate /and the Eyring stress r0. 

3 THE SINGULARITY 
The influence of the singularity in EHL applications has been discussed earlier by Almqvist and 
Larsson [3-4] and Bair et al. [7]. In order to discuss and investigate the appearance and 
influence of the singularity, the modified momentum equations will be presented below. The 
assumptions behind the derivation of these modified momentum equations are: 

• No body forces 
• No compressibility 
• Isothermal conditions 
• No inertia forces 

A rewriting of the momentum equation (1) in addition to the assumptions above will now give 
the following modified momentum equations for the contact region, here expressed in Cartesian 
components: 

dp _ 2m'exyV
2v + (\-2p<eyy)pV2u 

dx l-(2M')\e
2-exxevy) 

(12) 

dp _ 2pp.'exyV
2u + {\-2p<exx)pV-v 

dy \-(2p')2(exy

2-exxeyy) 

The rate of deformation tensor, ey, is defined as: 

Kdxj dx, J 

(13) 

The derivative of generalised viscosity with respect to pressure is denoted by p'; in the case 
of Newtonian rheology p'=r/'. As can be observed, there will be a singularity in the momentum 
equations i f the denominator approaches zero and the nominator is different from zero. In the 
numerical simulations, it will be important to check whether the denominator in the momentum 
equations affects the CFD-solution. That will help us to judge if the differences between the 
Reynolds and the CFD-solutions are due to the thin film approximation or the singularity. The 
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singularity is actually also a result of the approximation of thin lubricating films, but there may 
be differences between the two approaches even if the vicinity of the singularity is not reached. 
This is the reason for the distinction between the two sources of error. 

Figure 1 shows the value on the denominator for the modified momentum equations (12) and 
its variation with shear rate. When the equation for the denominator is derived, both the Eyring 
stress t0 (in the case of Ree-Eyring rheology) and the pressure-viscosity coefficient z are 
assumed to be independent of pressure. This is not completely true, but in the range of the 
pressures investigated in the numerical simulations, the dependency is small so the 
approximation is assumed to be reasonable (see Evans and Johnson [14], Bair et al. [7]). 

— Newtonian 
— Eyring 

0.7 GPa 

0.8 GPa 

0.9 GPa N. 

1 GPa 

, ! i i i i i i l A i i 
0 2 4 6 8 10 12 14 16 18 

Shear rate [s~ 1] x">; 

Figure 1. The denominator in the modified momentum equations for Newtonian (-) and Ree-
Eyring (—) rheological models. The pressure is denoted beside the curves. 

The value of the viscosity at ambient pressure is set to 0.1 Pa s and the Eyring stress to 7 
MPa. The pressure viscosity index is set to 0.4 and, according to Fig. 1; the assumption of 
Newtonian rheology will give an upper limit for the shear rate and pressure. If care is not taken, 
the denominator will pass through zero. If, for example, the shear rate is 8xl06 s'1, the 
maximum pressure is approximately 1 GPa. 

In the CFD-solution, a passage through zero will lead to a rapid divergence in the numerical 
simulation (Renardy [6]). In Fig. 1, the dashed line is composed of four different curves (at 
different pressures) when Ree-Eyring rheology is used, and with the parameters used here, it is 
not likely that the denominator influences the numerical solution. 

4 NUMERICAL SOLUTION 
The equations of momentum, continuity and constitutive relationship (equations 1-4) were 
solved numerically by the use of the CFD-code CFX4.4 [9]. The expressions for the viscosity 
and density, see equations (5, 7, 8), were implemented in the user routines USRVIS and 
USRDEN. 

The code uses a finite volume discretisation of second order accuracy in the diffusive terms 
and hybrid discretisation for the convective terms (The code switches between a first and 
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second order discretisation when the local Peclet number exceeds 2). Because of the dominance 
of the diffusive terms in the contact region in EHL-conjunctions, the scheme is assumed to be 
of second order accuracy. 

The pressure correction algorithm was SIMPLE. The relaxation algorithm for the 
momentum equations was Stone's method, for the pressure correction Stone's and ICCG (pre
conditioned conjugated gradient method), see CFX4.4 [9]. The meshes used in the simulations 
were structured and uniform. 

The error estimates performed in the numerical computations are estimates on the 
discretisation and convergence errors. The discretisation error s„ in the solution cp is estimated 
by the following equation: 

_ .. <Ph-<Pih n ~ 

In the equation, h and 2h stands for the fine and coarse mesh respectively (a factor two differs 
between the fine and coarse mesh sizes), the order of the scheme is denoted by ß. 

The estimate of the convergence error used in this work is based on the following equation: 

Ge" = a" 
(15) 

sc =(p-q> 

In this equation the n'h iteration of the residual, solution and convergence error are denoted cc", 
cfj1 and s" respectively. The coefficient matrix is denoted by G and according to this equation it 
is argued that a reduction of the residual is coupled to a reduction in the convergence error. 
More precisely, i f an initial zero guess is used, then the initial convergence error is the solution 
itself; therefore a reduction in the residual of four orders of magnitude gives approximately the 
same reduction of the error in the solution, hence 0(0.01%), see Ferziger and Peric [15]. 

5 R E S U L T S 
In this chapter the results of the numerical simulations are shown. The geometry is chosen to be 
a single ridge, see Fig. 2, and is located at the upper stationary surface. The flat lower surface is 
moving with a constant velocity U. The surfaces throughout the simulations were assumed to be 
rigid (no elastic deformations were allowed). 
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Figure 2. Ridge geometry. 

The boundary conditions are periodic and the ambient pressure level in the simulations was 
adjusted through an ambient pressure Pamh. Such an approach is adopted to resemble the 
influence of a ridge on the fluid flow in a real EHL-contact, where the surrounding pressure is 
high. 

In the CFD-approach the field variables have also a resolution across the film. When 
comparisons are made between the two approaches, the field variable (pressure) is taken from a 
trace along the x-direction and in the middle of the film (y-direction), see Fig. 2. 

In the numerical simulation performed, the influence of the convection and density variations 
are assumed to be small. The former can be verified by inserting characteristic variables into the 
modified Reynolds number Re,„, see section 2. The density variation or compressibility effects 
are also assumed to be of subordinate importance due to the small variations with pressure, see 
equation (8). 

The discrepancies between the CFD- and Reynolds approach is a result of scale changes in co 
and due to the pressure dependency of the viscosity. 

5.1 The singularity 

In the first experiments, a numerical verification of the two approaches was performed. The 
ratio co is taken as 2.5x103. The rheology is assumed to be Newtonian and the result is shown in 
Fig. 3. The parameters used in the simulations are contained in test case 1, Table 1. 

As can be observed, the solution for the fluid pressure predicted by the CFD and Reynolds 
equation correspond very well which is expected when the ratio co is O(10'3). The maximum 
deviation between the two approaches is 1.3 % and is probably due to the mesh resolution (the 
maximum discretisation error in the CFD-solution is 1.3%). 

The discretisation error estimates in the CFD-computations are the maximum discretisation 
error along a trace in the in the x-direction divided by the maximum pressure along that trace, 
see Fig 2. 
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Table 1. Parameters for the singularity investigation 
PARAM. TESTCASE 1 TEST CASE 2. TEST CASE 3. TEST CASE 4. DIM. 

Po 870 870 870 kg m3 

n» 0.1 0.1 0.1 0.1 Pas 
u 0.2 0.2 0.2 m s'J 

z 0.4 0.4 0.4 0.7 -

p 
1 amb 

0.15 0.16 0.16 GPa 

Xr 40 40 40 pm 
7r 0.1 0.1 0.1 pm 
h 0.2 0.2 0.2 pm 

To - - 7 10, 20, 40 MPa 

The error edmax is defined as: 

J d max rmax 
max|p(- j 

Ai-pfi i = l,2,...,N, j = M (16) 

Index / is along the domain in x-direction where N is the number of nodes in the coarse mesh 
pressure solution. The index j is across the film in y-direction where M is the index in middle of 
the film, see Fig. 2. 

0.51 1 1 1 i 1 1 1 i 1 1 

0 0.5 I 1.5 2 2.5 3 3.5 4 4,5 5 
x-coordinate [m] x , 0 -

5 

Figure 3. Pressure distribution for the two approaches when a Newtonian rheology is used. The 
CFD-solution is denoted by (-) and the Reynolds solution by (*), co = 2.5xlO'3. The pressure 
obtained from the CFD-solution is taken from a trace along the x-direction and in the middle of 
the fdm in y-direction, see Fig. 2. 
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When the discretisation error is computed for the Reynolds solution, the same equation is used 
in absence of the j index (there is no index across the film). The discretisation and convergence 
errors through the simulations are contained in Table 4. 

In the next experiment, test case 2, Table 1, the ambient pressure was adjusted to increase by 
0.01 GPa. The impact in the numerical experiments can be studied in Fig. 4. The strategy was to 
force the denominator in the modified momentum equations (12) towards zero. Care must be 
taken here to avoid a passage through the singularity. The ratio co is the same as in the above 
case and, as can be observed, the CFD-solution predicts a higher pressure compared to the 
Reynolds equation solution. 

2 2.5 3 3.5 4 4.5 5 
x-coordinate [m] x ( 0 -

5 

Figure 4. The CFD-solution (-) compared with the Reynolds equation solution (—) when the 
singularity influences the solution. The rheology is assumed to be Newtonian, co = 2.5x10' . The 
pressure obtained from the CFD-solution is taken from a trace along the x-direction and in the 
middle of the film in y-direction, see Fig. 2. 

If one forces the solution closer to the singularity, even larger discrepancies will occur. The 
maximum deviation in pressure between the two solutions is approximately 17%. So, when 
Newtonian rheology is assumed, there may be large deviations between the two approaches. 
The pressure increase is higher in the CFD-solution because of the influence of the singularity 
in the modified momentum equations (12). The denominator in the modified momentum 
equations is approximately 0.4, see Fig. 1. 

The next experiment, test case 3, Table 1, involves an investigation carried out to examine 
how the singularity responds to a change in the rheological model. The viscosity in the CFD-
code is now modified to take a generalised Newtonian model into account, where the Ree-
Eyring model was chosen. The parameters used in this experiment are the same as those in test 
case 2, apart from the parameters used in the Ree-Eyring model for the generalised viscosity p. 

The results from the CFD and Reynolds equation simulations can be seen in Fig. 5, and as 
can be observed, the two approaches predict the same fluid pressure. The reason for this 
behaviour is that the Ree-Eyring model influences viscosity to have a weaker dependence in 
pressure and the vicinity of the singularity is not reached as in the previous simulation where 
Newtonian rheology was assumed. 
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x-coordinate [m] x 1 0 " 5 

Figure 5. The CFD- and Reynolds solution for a Ree-Eyring rheological model, a> = 2.5x10' . 
The pressure obtained from the CFD-solution is taken from a trace along the x-direction and in 
the middle of the fdm in y-direction, see Fig. 2. 

So, the question will then be: Is the singularity a result from a naive use of the Newtonian 
model, or can the singularity be of importance even if the rheology follows a Ree-Eyring 
model? To answer that question, an investigation, test case 4, Table 1, was performed in order 
to see i f the model removed or delayed the influence of the singularity. To do that, some 
estimates of the physical parameters used in the model were performed. Higher values of the 
pressure-viscosity coefficient, shear rate and Eyring stress will force the denominator in the 
modified momentum equations (12) towards zero. Three different values of Eyring stress were 
used. The values were 10, 20 and 40 MPa. The value of the pressure viscosity index was set to 
0.7 (correspond to a = 2.6xl0's) and the shear rate to 10s s . 

As can be observed in Fig. 6, there is Newtonian behaviour in the region of low pressure and 
shear thinning behaviour when the pressure is increased. From this experiment, conclusions 
may be drawn that a shift to a Ree-Eyring model reduces or removes the influence of the 
singularity. In the case of an extremely high Eyring stress, some influence is however expected. 
That is because the denominator in the modified momentum equations decreases, see equations 
(12). That will force the pressure gradients to grow faster than compared to a Reynolds based 
solution approach where the singularity is not present. However, no simulations with such high 
values of the Eyring stress have been performed here. It is here argued that such high values are 
rare for lubricants. 
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Figure 6. The denominator in the modified momentum equations for a Newtonian (-) and a Ree-
Eyring (—) rheological model. The Eyring stress t0 is denoted beside the curves. 

5.2 The thin film approximation 

The next subject was to investigate how the two approaches respond on scale changes in the 
ridge geometry, i.e. the error in the thin film approximation. The parameters used in the 
simulations are contained in Table 2. The rheology was assumed to be of Ree-Eyring type 
through out the simulations, and the varied geometrical parameters were the ratio co and the 
minimum film thickness yr (for the simulation where the ratio co = I f f 3 the ambient viscosity is 
decreased due to the extremely high pressure obtained). 

The maximum pressure deviation between the two approaches is shown in Fig. 7. The 
maximum deviation is presented as the ratio between deviation and the maximum pressure in 
the domain. From the simulations, it can be observed that the Reynolds equation is still a good 
approximation when the ratio co is 0(1II2). When the ratio reaches O(lff'), the approximation 
becomes more insecure and the deviations will grow even further when the gap between the nip 
of the asperity and the lower boundary decreases. 

Table 2. Parameters for the film thickness to wavelength investigation 
PARAM. co =1/3 co =0.1 co=0.01 co= 10'3 

Po 870 870 870 870 kg m3 

m 0.1 0.1 0.1 0.02 Pas 

u 0.2 0.2 0.2 0.2 m $~ 

z 0.4 0.4 0.4 0.4 -

Pamb 0.5 0.5 0.5 0.5 GPa 

yr 0.4, 0.1, 0.05 0.4, 0.1, 0.05 0.4, 0.1, 0.05 0.4, 0.1, 0.05 can 

h 0.5 0.5 0.5 0.5 /urn 

To 7 7 7 7 MPa 

12 



i r / 3 10": i o _ l 10° 

o) 

Figure 7. The ratio of the maximum deviation between the CFD and Reynolds equation and the 
maximum pressure. In the figure, three different ratios y/h are shown vs. co. 

The reason for such behaviour is that a decrease in yr will increase the shear rate and the 
viscosity p. will have a large content of shear thinning in the region of the nip. That will increase 
the influence of the diffusive terms in the momentum equations containing derivatives along the 
fluid film, see equations (10). 

Figure 8 shows the results from an investigation carried out in order to clarify how the 
ambient pressure influences the differences between the two approaches. The parameters used 
in the simulations are contained in Table 3. The pressure level Pamh is adjusted in the range 0.1 -
1.0 GPa. One can see from Fig 8 that when the ambient pressure is increased the difference 
between the two approaches grows but has a reduced gradient. This behaviour occurs due to the 
Ree-Eyring model. When the fluid pressure is high, shear-thinning behaviour occurs in the 
whole domain and a further increase in the pressure will not cause any larger deviations in the 
generalised viscosity p. The diffusive terms neglected in the momentum equation in the 
Reynolds approach will now have a weaker influence due to the reduced longitudinal change in 
the viscosity. 

Table 3. Parameters for the ambient pressure investigation 
PARAM. Pamb -0.1 Pamb — 0.3 Pamb — 0.5 Pamb— 0. 75 GPa 

Po 870 870 870 870 870 kgm'3 

no 0.1 0.1 0.1 0.02 0.02 Pas 

u 0.2 0.2 0.2 0.2 0.2 -i 
m s 

z 0.4 0.4 0.4 0.4 0.4 -

Pamb 0.5 0.5 0.5 0.5 0.5 GPa 

yr 
0.05 0.05 0.05 0.05 0.05 pm 

h 0.5 0.5 0.5 0.5 0.5 pm 

To 7 7 7 7 7 MPa 
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Figure 8. The deviation in pressure between the CFD and Reynolds equation approaches vs. to. 
The ratio y/h is held to a constant value y,Jh=0.1. 

The final results in this investigation are the pressure variation across the fluid film. The 
parameters used are contained in Table 2. As expected, the pressure differences across the fluid 
film will change when the ratio co increases. The results shown in Fig. 9 are the ratio between 
maximum pressure deviation across the fluid film and the maximum pressure along a trace in 
the middle of the film. 

_,_ y/h = 0.8 

Figure 9. The ratio of the maximum pressure difference across the fluid film and the maximum 
pressure along a trace in the middle of the film in the CFD-computations, see Fig. 2. In the 
figure, three different ratios y/h are shown vs. co. 

14 



Table 4. Errors estimates and meshes 
TEST CASE 

REYN. % 
£C CFD 
REYN. % 

MESH 
CFD 

MESH 
REYN. 

1. 1.3/0.79 10"4/10"J 400x20x1 800 
2. 5.2/1.2 10"4/10"4 800x40x1 1600 
3 0.31/0.59 10 4/10 4 800x40x1 800 

5.yr = 4*10"7 m, CD = 1/3 1.6x10" 10"3/10"2 400x20x1 800 

5.yr = 4*10"7 m, co = 0.1 3.6x10" " 10"5/10"2 400x20x1 800 

5.yr = 4*10"7 m, co = 0.01 0.035/0.073 l o V i o 2 400x20x1 800 

5.y r= 4*10"7 m, co = 0.001 0.047/0.066 10"5/10"2 400x20x1 800 

5.y r= 1 * 10 7 m, co = 1/3 0.31/0.014 10"3/10"3 400x20x1 800 

5.yr = 1*107 m, oo = 0.1 0.043/0.044 10"3/10"3 400x20x1 800 

5.y r = 1*10"7 m, to = 0.01 0.15/0.37 10"5/10"3 400x20x1 800 

5.yr = 1*10"7 m, co = 0.001 0.34/0.52 10"5/10"3 400x20x1 1600 

5.yr = 5*10"8 m, co = 1/3 1.8/0.018 10"5/10"3 800x40x1 800 

5.yr = 5*10"8 m, co = 0.1 0.25/0.061 10"4/10"3 400x20x1 800 

5.yr = 5*10"8 m, co = 0.01 0.21/0.52 10"4/10"3 400x20x1 800 

5.yr = 5*10"8 m, ro = 0.001 0.20/0.83 l o V i o 2 400x20x1 1600 

6. y r = 5*10"8 m, P a m b = 0.1 GPa 0.035/0.032 10"3/10"3 400x20x1 800 

6.y r = 5*10"8 m. P a m b = 0.3 GPa 0.087/0.054 10"3/10"3 400x20x1 800 

6. y r = 5*10"8 m, P a m b = 0.5 GPa 0.25/0.061 10"4/10'3 400x20x1 800 

6.yr = 5*10"8 m, P a m b = 0.75 GPa 0.44/0.057 10"5/10"3 400x20x1 800 

6.y r = 5*10"8 m, P a m b = 1 GPa 0.57/0.053 10"3/10"3 400x20x1 800 

So, when the ratio co increases above O(10~2), it is necessary to include the momentum equation 
in the ^-direction in order to be able to resolve the pressure differences across the fluid film. 

6 DISCUSSION 
The numerical experiments that have been carried out in this work are greatly simplified in 
order to investigate the small-scale lubricant flow in EHL. It is however interesting to note that 
the validity of the Reynolds equation is still good i f the ^y-ratio decreases to O(10~2). A common 
assumption in the derivation of the Reynolds equation is that the scales along the fluid film are 
three orders of magnitude larger than the scale across the fluid film. When the above mentioned 
ratio grows further, the deviation (between the two approaches) in fluid pressure increases both 
along and across the fluid film. Here it may also be necessary to separate the computation of the 
elastic deformations on the surfaces due to the deviation in pressure distribution on the upper 
and lower surfaces, i.e. the upper and lower surfaces may deform differently and may result in 
thinner film than expected. 

In real EHL-applications, the asperities will change due to elastic deformations but i f the 
lubricant has a shear thinning or limiting stress behaviour, the local pressure increase is not high 
enough to flatten out the asperities. Hence, much of the asperities will travel through the 
conjunctions without any larger deformations due to a poor local pressure generation effect. 
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The reduction in local pressure due to the shear thinning behaviour also has the effect that 
deviations between the two approaches compared to the surrounding pressure are limited. That 
means that the differences would probably be more pronounced with a Newtonian rheological 
model assumption. So, a change to Ree-Eyring rheology prolongs the validity of the Reynolds 
equation compared to a Newtonian case. 

The deviations between the CFD and Reynolds equation may also be governed by a 
singularity in the momentum equations (12). If the lubricant sustains shear stresses in the 
neighbourhood of the singular value (Newtonian or non-Newtonian rheology), it is clear that the 
pressure predicted by the CFD-approach is increased compared to Reynolds equation approach. 
Bair et al. [7] suggest that the singularity in the momentum equation might be the source of the 
mechanical shear band seen in their experiments. This investigation does not, however, support 
such theory since the singularity cannot be reached with a shear thinning model. 

One has also to bear in mind that the computations made here are based on isothermal theory 
and the temperature rise in the lubricant will also influence the stresses in the lubricant. An 
increase of the temperature results in a reduction in viscosity and stresses in the fluid are 
reduced. 

Finally, the number of mesh elements on the ridge must be very large in order to resolve the 
physics with satisfactorily. Approximately 100 elements per surface irregularity seems to be a 
reasonable mesh resolution. I f one tries to resolve the pressure peak in test case 2, the number 
of CVs/elements is an order of magnitude larger. That raises questions about simulations with 
real surfaces, where it is clear that; if one wants to resolve the problem on the roughness scales 
fully, very powerful computations are necessary. 

7 CONCLUSIONS 
The aim of this work was to investigate if Reynolds equation is valid in the modelling of rough 
surface elastohydrodynamic lubrication. The traditional way of simulating the lubricant flow by 
the Reynolds equation was compared with the less approximating CFD-approach and the results 
from the numerical simulations show that: 

• The ratio «must of be O(10~2) or greater in order to show any larger discrepancies between 
the two approaches due to the error in the thin film approximation. In the simulations 
performed in this work a ratio co < 16f2 gives errors of less than 3% between the two 
approaches. 

• The singularity in the momentum equation may result in a higher pressure in the CFD-
solution compared with the Reynolds equation solution if the rheology is assumed to be 
Newtonian. 

• The investigation of the singularity when the Ree-Eyring model is used shows that it is not 
likely that it is possible to force the momentum equation through the singularity. It is more 
likely that the influence of the singularity will be removed or reduced. 

• It is possible to modify the CFD-code to take a Ree-Eyring rheological model into account. 
• The pressure differences across the fluid film increase as the ratio co increases. The 

assumption of neglecting pressure deviation across the lubricating film becomes 
questionable when the ratio co>10'\ 
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Nomenclature 
U (tI.V.W) Velocity field m s'1 

Ul, U2 Surface velocities m s'1 

U Velocity m s'1 

P Density kg m 

Po Density at ambient pressure kg m'3 

a Total stress tensor Pa 

P Pressure Pa 

P Generalised viscosity Pas 

P' Derivative with respect to pressure s 

r? Dynamic viscosity Pas 

n' Derivative with respect to pressure s 

Dynamic viscosity at ambient pressure Pas 

Position of the ridge or groove m 
eij Rate of deformation tensor s'1 

T Dynamic stress tensor Pa 

T() Eyring stress Pa 
Rem Modified Reynolds number Pa 
S Non-Newtonian slip factor -

I Dimensionless function -
h Film thickness m 

Po Constant Pa 
z Pressure viscosity coefficient -
c, Constant Pa 

c2 
Constant -

A Amplitude m 

X Wavelength m 

¥ Asperity function m 

7 Rate of deformation tensor s> 

CO Film thickness to wavelength ratio -

£ Error (discretisation, convergence) -
S Unit tensor -

a Residual -
G Coefficient matrix -

<P Solution variable -
Sub- superscripts 
r Reference parameter 

Dimensionless variables 
-

h Fine mesh solution -

2h Coarse mesh solution -
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n Iteration index 

i Index in x-direction 

i Index in y-direction 

ß Order of the numerical scheme 

c Convergence error 

dmax Maximum discretisation error-

N Number of coarse mesh nodes 

M Index in the middle of the fdm 
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ABSTRACT 
In theoretical investigations of elastohydrodynamic lubrication (EHL) the Reynolds equation is 
the pre-dominantly used PDE for modelling the fluid flow or more accurately the fluid pressure 
in an EHL-contact. The equation is derived by combining the two conservation equations of 
momentum and continuity into a single equation for the fluid pressure. The numerical approach 
for the theoretical investigations performed on EHL-contacts in this work is somewhat 
different. The modelling of the fluid flow is now based on a computational fluid dynamic 
(CFD) technique. The fluid flow is simulated by aid of the equations of momentum and 
continuity in a more complete form and when the thermodynamics is incorporated, the equation 
of energy. The aim of the investigation was to examine whether the CFD-technique could be 
used to handle thermal transient rough EHL line contacts. It is shown that commercial CFD-
software can be modified to meet such requirements. Further, how thermodynamics influence 
the physics of the flow under sliding motion in EHL-contacts was investigated. The non-
Newtonian model used in this work is the Ree-Eyring model. It is shown that the choice of the 
Eyring stress in the model influences flow in the contacts. I f the thermal properties of the 
surrounding solids differ, it has been shown experimentally and theoretically that a dimple or 
increased central film thickness may appear in the EHL-contacts. This work shows that the 
governing mechanisms that result in the dimple are also present in thermal transient rough EHL 
line contacts. 

Keywords: Elastohydrodynamic lubrication, surface roughness, CFD, transient, thermal, non-
Newtonian. 

1 INTRODUCTION 
When elastohydrodynamic lubrication (EHL) is simulated numerically, the hydrodynamic 
pressure generated in the lubricant film is normally modelled by aid of the Reynolds equation 
(Reynolds [1]). The equation was originally derived from the simplified form of the momentum 
and continuity equations for an assumed isoviscous incompressible fluid. A number of different 
variants of the equation have been proposed during the years. Nowadays, it is often modified to 
include compressibility, piezo-viscosity and non-Newtonian rheology, all of which are of 
importance in EHL-modelling (Ehret et al. [2]). 

The approach used in this work is based on a computational fluid dynamic (CFD) technique 
where the lubricant flow in the EHL-contacts under isothermal conditions is modelled by the 
equations of momentum and continuity in a more complete form. When the thermodynamics 
are included, the energy equation is also solved simultaneously. In the CFD-approach no 
assumptions are made on thin lubricating films or inertia-less fluid flow which are necessary to 
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Nomenclature 
A AmpUtude of the surface irregularities m 
B Body force Nm3 

b Hertzian half width m 
C Specific heat Jkg'K' 
c, Constant in the density expression Nm2 

Ci Constant in the density expression -

d Deformation m 
E Modulus of elasticity Pa 
G Coefficient matrix -

g Determinant of the metric tensor -

H Total enthalpy Jkg' 
Ko Bessel function -

k Thermal conductivity Wm'' K'1 

Po Constant in the viscosity expression -

P Pressure Pa 
q Heat flux Wm' 
R Radius m 
So Temperature-viscosity index -

T Temperature K 
t Time s 
V Velocity m s' 
x(x,y,z) Spatial co-ordinates m 
%o Reference point m 
xc Translation parameter m 
z Pressure-viscosity index -

n Viscosity Pas 
a Residual -

8 Unit tensor -
E Numerical error -

0 Viscous dissipation Nm'2 s' 
r Wave length m 
r Rate of deformation tensor s' 
0 Solution variable -
K Diffusivity 2 -I 

m s 
Å Thermal expansion coefficient K' 
V Generalised viscosity Pas 
V Poisson 's ratio -

P Density kg m 3 

G Total stress tensor Pa 
T Shear stress Pa 
To Eyring stress Pa 
V Surface irregularity function m 
Sub and superscript 
0 Ambient variables 
d Lower solid 
h Mesh spacing 
n Iteration index 

r Order of the spatial discretisation 
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s Order of the temporal discretisation 
t Time step 
II Upper solid 
v Constant volume 
Mathematical symbols 
® Vector product 
V Nabla operator 
• Scalar product 
Of Transpose 

obtain the Reynolds equation. A derivation of the Reynolds equation can be found in Khonsari 
and Booser [3]. 

A CFD-approach has been used previously by Schäfer et al. [4] where smooth surface line 
contacts were simulated numerically. They showed that there may be pressure differences 
across the lubricating film when sliding is present in the EHL-contacts. It has also been shown 
that it is possible to extend the CFD-approach to take thermal influence into account in smooth 
line contact simulations (Almqvist and Larsson [5]). It has also been shown by Almqvist et al. 
[6] that the CFD-approach can be extended to handle transient isothermal rough surface line 
contacts. 

The first aim of the investigation performed in this work is to investigate whether the CFD-
software CFX4 [7] can be modified to simulate transient, thermal, rough EHL line contacts. The 
rheology is assumed to obey the non-Newtonian Ree-Eyring model (Ree and Eyring [8]). The 
model provides a reduced viscosity-pressure dependency when shear rates are high. This has 
been shown to be of importance in order to simulate EHL with aid of the CFD. I f not, a 
singularity in the momentum equations is passed through and the problem is no longer well-
posed (Renardy [9]). However, the Ree-Eyring model also implies a reduction in the generation 
of heat in the EHL-contacts. That is due to the reduced generalised viscosity which in turn 
reduces the viscous dissipation in the lubricant. So far, most of the numerical simulations 
performed when the energy equation is included have been based on Newtonian rheology. 

The next aim of the work presented here was to investigate how the film thickness, pressure 
distribution the temperature distribution behave in transient, thermal and rough line contacts 
under sliding motion. The numerical results for film thickness and pressure distribution are 
compared with isothermal results. 

2 GOVERNING EQUATIONS 
The governing equations for isothermal fluid flow are those for momentum, continuity and if 
the thermodynamics is included, the equation of energy. When solving the fluid flow equations 
for moving grids, the equations in the CFD-software are changed to account for volume 
changes. The transient terms are changed by inclusion of the determinant of the metric tensor g, 
and the advective or convective terms to allow for a grid velocity 8x1 dt. See CFX4 [7] and 
Hawkins and Wilkes [10]. 

The equation of continuity reads. 
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where p is the density and u is the velocity field. 
The equation of momentum reads: 

i d(pu4g~) r ( dx) 
—?= 1 h V • < p\ U ® U 

Vg d t n s / j 

B + V«<r (2.2) 

where the symbol <r denotes the total stress tensor and the symbol ® denotes the vector product 
Ujtij. The body forces B are assumed to be vanishing small compared to the other terms and have 
therefore been neglected. 

The third equation, the energy equation, is written in terms of the total enthalpy H which 
also includes a kinetic energy term and reads: 

•yfg St { \ d t J l dt dt 

H = r,T + ^ + -u2 

O = V • 

p 2 

/ / v u + (Vu) r — j V « U ( 5 |u 

(2.3) 

where the temperature is denoted by T, and <t> is the viscous dissipation term. Thermal 
conductivity is denoted by k, Cv is the specific heat at a constant volume and p is the pressure. 

The total stress tensor for a Newtonian or generalised Newtonian fluid has the following 
form: 

a = -pö - ^ V • uS + ^{vu + (Vu) r (2.4) 

where p denotes the generalised viscosity derived from the non-Newtonian Ree-Eyring model 
[8]: 

r = ^ s i n h 
V 

(2.5) 

where r 0 is the Eyring stress and r is the shear stress. The shear rate is denoted f and rj is the 
viscosity given by the Roelands equation [11]: 

Tj(p, T) = tJo e x P 

r -sol 
[ln(%)+9.67; r-138 

-sol 
[ln(%)+9.67; 

I Po) _ .7i>-138J J (2.6) 
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where viscosity at ambient conditions is denoted by r/0 and the constant P0=1.98xl08. The 
constants S0 and z are the thermo-viscous and pressure-viscosity coefficients respectively. The 
temperature at ambient conditions is denoted by T0. 

In order to close the problem for the fluid flow, an equation for the density is needed. The 
equation used in this work is the according to Dowson-Higginson [12] with a linear thermal 
correction included (Bos [13]): 

P(p,T) = p0 

{cx + clP) 
(Cx+p) 

[l-A(T-T0j\ (2.7) 

where the constants C,=5.9 xlO8 and Cr=1.34, the density at ambient conditions is denoted by 
Po and Å is the coefficient of thermal expansion. 

Besides the above, equations for the elastic deformations (Timoshenko and Goodier [13]) 
and force balance are also required. The equation for the elastic deformations reads: 

d(x,t) = -
2(1 -v) 

nE 
jp(x',t) In (2.8) 

where the deformation is denoted by d, v is the Poisson's ratio and E is the modulus of 
elasticity. The point at which the deformation is zero is denoted by x0. In the CFD-approach the 
elastic deformation equation is solved for the upper and lower boundaries separately. 

The surface irregularities ^are modelled by the following equation: 

(2.9) 

Vt 

where the amplitude of the irregularity is denoted by A and T is the wavelength. The surface 
velocity is denoted by V and xc is a translation parameter of the wave. 

The force balance equation reads: 

KO = jp(x,t)dx (2.10) 

where w is the applied load per unit width. 

2.1 Boundary conditions 

When simulating EHL with aid of CFD, one needs boundary conditions for both the velocity 
field and for the pressure correction equation (which is derived from the momentum and 
continuity equations). The different boundary conditions used in the CFD-approach are 
presented in this section. 
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2.1.1 Velocity and pressure boundary conditions 
In order to have a well posed problem when simulating the fluid flow one can only specify 
Dirichlet boundary conditions on either pressure or velocity. In EHL, the former is appropriate 
due to knowledge of the ambient pressure at both the inlet and outlet. So, at these boundaries, 
the pressure level is specified to the ambient level p0. When the pressure is specified, Neuman -
or zero gradient conditions are used for the velocity field at these boundaries, see Fig. 1. Here 
repetitive indices do not imply the summation convention. 

Figure 1. Schematic figure of the boundary conditions used in the numerical simulations. 

A zero gradient velocity field can also be thought of as a fully developed flow 
approximation. At the inlet and outlet boundaries, however, there will be recirculation due to 
the converging or diverging surfaces. Normally in CFD, the remedy for this is to expand the 
inflow or outflow zones and in such way fulfil the approximation of fully developed flow. 
Otherwise there is a risk that this assumption has an adverse influence on the solution. 
However, through verifications by a traditional Reynolds equation approach, the remedy of 
expanding the computational domain does not indicate that this is necessary (Almqvist and 
Larsson [5], Almqvist et al. [6]). 

The tangential velocities at the lower and upper surfaces are specified through the user 
routine USRBCS (CFX4 [7]). The fluid is assumed to stick at the surfaces (no slip) and the 
boundary velocities are used as boundary conditions in the momentum equations. However, in 
temporal computations where surface irregularities travel through the conjunctions, see Fig. 2, 
there is also another velocity component due to the movement of the boundaries. The normal 
velocity of the boundaries is computed by the change in spatial position between two successive 
positions in time (CFX4 [7]). 

In the work presented in this paper, the inclinations of the irregularities are small and 
therefore the mesh is assumed to move only in the y-direction. This implies that the 
translational velocity of the surface irregularities in the x-direction is neglected. The reliability 
of this assumption has been tested previously by comparison with a traditional Reynolds solver 
(Almqvist et al. [6]). In the case of large inclinations of the surface irregularities, the mesh must 
be given a velocity in the x-direction in order to correct the surface velocity vector to coincide 
with the normal direction of the surfaces, see Fig 2. 
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Figure 2. Specification of the velocity boundary conditions on the surfaces. 

In the numerical simulations performed in this work, positive velocities are assumed to be as 
per to Fig 1. Finally, at the walls, Neuman boundary conditions are used for the pressure 
correction equation. 

2.1.2 Thermal boundary conditions 
When it comes to the thermal boundary conditions used at the inlet and outlet, an ambient 
condition is set on the temperature. This assumption is appropriate because of the backflow 
over the inlet and outlet boundaries, see Fig. 1. The ambient conditions work in the following 
manner: 

• if the flow is inward, the ambient temperature is used at the boundaries; 
• in the case of outflow, temperature is extrapolated from interior nodal values. 

The thermal boundary conditions used at the lower and upper walls are the moving heat source 
boundary conditions according to Charslaw-Jaeger [14]: 

where q is the heat flux across the surface in the normal direction and Cs and ps are the specific 
heat and density in the solids. In this work the ambient temperature is chosen to be the same as 
the inlet temperature T0. The thermal diffusivity for the solids is denoted by ks. K0 is the 
modified Bessel function of second kind and the thermal conductivity in the solid is denoted by 
ks. The validity above boundary conditions has previously been investigated by Bos [15]. 

V(x-x') 

(2.11) 

PSCS 

7 



It is important to note that these boundary conditions are derived with the assumption of 
quasi-static conditions in the solids. Hence, the heat flux due to the generation of heat in the 
fluid film is updated in time but in the transport equation for the solids, the thermal transients 
are neglected. This limitation is a subject for future investigations. 

3 SOLUTION A L G O R I T H M 
The solution algorithm used in CFX4 is sequential; that means the final solution is reached by 
solving and updating each variable in turn. The iterations are subdivided into two levels, outer 
and inner iterations. The former is used for the coupling between the variables and the latter is 
used for the spatial coupling for each variable. 

The fluid pressure is obtained from a simplified momentum equation that links a pressure 
correction to a velocity correction. This expression is substituted into the continuity equation. A 
pressure correction equation is now obtained where the pressure correction adjusts the velocity 
field to enforce mass continuity. 

In EHL, compressibility is of importance and the software has two different ways of taking 
the compressibility into account, weakly and fully compressible. The latter fully compressible 
option with no simplification is used here, see CFX4 [7]. Cavitation is simulated in this work by 
modifications of the density. With this approach, negative pressures disappear in the same 
moment as the conservation equation for the mass is fulfilled in the cavitation regions 
(Almqvist and Larsson [5], Almqvist et al. [6]). The solution algorithm (SIMPLE), used by the 
solver, follows the steps: 

1. New time step level, use the previous solutions as starting estimates. 
2. Compute elastic deformations, force balance and correct the grid. 
3. Compute and update boundary conditions on velocity and temperature. 
4. Compute and update viscosity and density. 
5. Compute and update the velocity fields. 
6. Compute the pressure correction equation and update the pressure and velocity fields. 
7. Update temperature, compute and update the enthalpy. 
8. Convergence check on mass, enthalpy and force balance: If convergence: write the solution 

to disk and proceed to the next time step level. If not convergence go back to step 2 and start 
a new outer iteration 

When simulating EHL, own routines have been supplied for elastic deformations, force balance, 
grid motion, boundary conditions, density, and viscosity. To facilitate these modifications, the 
software has a number of user routines which can be included. Through these routines, own 
implementations of the above requirements are possible (CFX4 [7]). 

The elastic deformations and force balance are implemented through the routine USRGRD 
which allows the user to generate and update the mesh as a function of time. The calls are made 
at the initialisation of every new time step. In order to fulfil the force balance criterion and 
convergence in the elastic deformations within each time step, the source code routine 
FLOW3D has been supplied. The routine gives the user the ability to perform internal calls to 
the meshing routine USRGRD within each time step. 

The density and viscosity expressions are set in the routine USRDEN and USRVIS. These 
are called in the beginning of each outer iteration sweep. The modification of density to account 
for cavitation is implemented in the routine USRDEN. 
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The boundary conditions for the surrounding solids are implemented in the routine 
USRBCS. Values for the velocity and temperature are set in this routine where also it is 
possible to specify shear stress conditions or combinations of temperature and heat flux. 

3.1 Error analysis 

The numerical errors concerned with this work are convergence and discretisation errors. The 
former is, in this work, defined to be the difference between the exact numerical solution and 
the approximate numerical solution of the algebraic system of equations. The latter originates 
from the truncation error in the discretisation of the PDE. The error estimates presented in this 
section follow basically Fertziger and Peric [16] 

The coupling between the convergence error sc is defined as: 

Gen

c = a" 

£"c=cp-<p" 
(3.1) 

Where the n"1 iterate of the residual, solution and error are denoted a", <p" and e" respectively, G 
and <p denote coefficient matrix and the exact solution of the discrete problem. The estimate of 
the convergence error used in this work is based on the above equation where a reduction of the 
residual is coupled to a reduction in the error in the solution. More precisely, i f an initial zero 
guess is used, then the initial error is the solution itself. Therefore a reduction in the residual of 
four orders of magnitude gives approximately the same reduction in the solution to an error of 
order of 0.01 %. The residual in mass - and energy conservation is the sum of the absolute 
values for each control volume (CV). 

Throughout the simulations, it is assumed that the discretisation errors are larger then the 
convergence errors. Therefore, when the accumulated errors in time are investigated, it is the 
discretisation errors that are estimated. 

The discretisation error in the mesh, denoted by s„ is defined as: 

, „ <Ph-<P2h 
£h
 r-i ( 3 - 2 ) 

The equation is obtained by performing Taylor expansions around the solution for different 
mesh spacing. The solutions of the finer and coarser are denoted (f\ and cp2h respectively, r is the 
order of the discretisation scheme. The ratio between the different meshes is a factor of two and 
therefore appears the same number appears in the denominator in equation (3.2). 

Throughout the simulations, a hybrid scheme is used for the convective and advective terms 
in the energy and momentum equations. The diffusive terms are discretised by second order 
accurate central differencing scheme (CDS). In the hybrid scheme, the discretisation order is 
switched from CDS to a first order upwind differencing scheme (UDS) when the local Peclet 
number exceeds two. 

EHL-problems are, however, diffusion dominated and the convective and advective terms 
are of subordinate importance. This implies that the order of the scheme is assumed to be of 
second order accuracy but the convective and advective terms are retained for future expansion 
of the computational domain. 
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When a time dependent simulation is performed, the same strategy is used for estimating the 
discretisation error s, in time. The discretisation error e, in time is defined as: 

B^ftUESL (3.3) 

r-i 

where <ph (p2, are the solutions of the finer and coarser time step respectively and s is the order of 
the discretisation in time. However, the expansion factor is now the ratio between two 
computations with different time steps. The difference in time step is a factor of two and once 
again the same number appears in the denominator of the equation, see equation (3.3). In order 
to have a single value for the discretisation errors, the rms values are estimated. Throughout the 
simulations, the implicit Euler method of first order accuracy is used for the time discretisation. 

4 RESULTS AND DISCUSSIONS 
The results shown in this chapter are about line contacts in sliding motion. During the numerical 
simulations the sinusoidal upper surface moves with a constant velocity of 0.2 m s"1 and the 
lower smooth surface with 0.8 m s"1. The high degree of slip is imposed to enforce a substantial 
viscous heating in the EHL-contact. 

During the numerical simulations, the geometrical and kinematical parameters are kept 
constant. The parameters changed are the thermal properties of the surfaces, such as the thermal 
conductivity ks and the specific heat of the solids Cs. Furthermore, the density ps is also varied 
because of the influence of the density on the thermal diffusivity in the boundary conditions for 
the temperature, see equation (2.11). 

The rheological assumption used in the numerical simulations obeys the Ree-Eyring model 
and the only parameter varied in this model is the Eyring stress t0. The parameters used in the 
numerical simulations for the different simulations investigated can be seen in Tables 1 and 2. 
The former contains the parameters common to the different simulations and the latter contains 
the parameters that are varied and are compiled under Simulation cases no. 1-6. 

The meshes used in the numerical simulations have a resolution of 300x10x1 in the x-, y-
and z-direction (even if the problem is 2D the CVs are 3D). The resolution means that there are 
-40 CVs along each wavelength of the surface irregularities in the x-direction. This gives a 
reasonable accuracy in space. However, it is important to realise that if shorter wavelengths are 
investigated or more peaky pressure profiles, the number of CVs, especially along the film in 
the x-direction, must be increased. 

In the numerical simulation performed, the residual for mass continuity is reduced by four 
orders of magnitude. I f thermal simulation is included, the same reduction is imposed on the 
residual in the energy equation, see Section 3.1. That implies a convergence error of 
approximately of the order of 10-2 % for each time step but here it is important to not that all 
errors accumulate in time. The discretisation errors discussed in Section 3.1 are contained in 
Table 3. These are the accumulated errors in time. 

The strategy used when performing the numerical simulations was to restart the 
computations from the smooth surface solutions. The amplitude of the un-deformed surface 
roughness increased during the first time steps and the roughness grows out across the whole 
domain at the same time. It is believed that it is important to obtain the periodicity in the 
solutions before comparisons are made between the numerical solutions. That is because the 
time history between the thermal and isothermal solutions differs. When restarting is used from 
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Table 1. Common parameters 

Parameter Value 
Ru 

O.Ol 
2 
0.14 

z 0.6 
So 1.1 
Load 1.5 x10s 

Eu 
206 

Ej 206 
V„ 0.3 
Vd 0.3 
Po 870 
r lxl ff4 

A 3xia7 

X 6.5x1 ff4 

To 288 
k 0.14 
Vu 

0.2 

vd 
0.8 

Table 2. Parameters for the different cases 

Simulation k 
n-si/ 

ksd cu c„ Pu Pd To Time 
1 46 46 470 470 7.85 x10s 7.85 x10s 8xl06 1.1x10s 

2 46 46 470 470 7.85 x10s 7.85x10s 3x10" l.lxlO'3 

3 - - - - - - 8xl06 l.lxl (Xs 

4 - - - - - - 3xl06 1.1x10 s 

5 46 0.78 470 840 7.85x10s 2.5x10s 8xl06 l x l f f 3 

6 0.78 46 840 470 2.5 x10s 7.85 x10s 8x10" l x l f f 3 

the smooth EHL-contact solutions it is believed that this may introduce discrepancies that 
disappear in time. Hence, when comparisons are made it is done when periodicity is attained. 

In Fig. 3, the result from Simulation 1 is shown where the numerical solutions are for three 
different time levels namely 0.1 ms, 0.6 ms and 1.1 ms. The figure shows the pressure and film 
thickness where the pressure can be read on the right-hand scale and the film thickness on the 
left. The same notation is used in the other figures presented in this chapter. 

Table 3. Discretisation and convergence errors 

Simulation e, (rms %) £„ (rms %) 
1 0.2 0.8 
2 0.2 1.2 
3 0.2 1.2 
4 0.2 1.5 
5 0.2 1.7 
6 0.2 0.8 
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Figure 3. Pressure and film thickness for an EHL-contact in sliding motion for three time step 
levels 0.1 ms (—), 0.6 ms (•) and 1.1 ms (-). 

The sinusoidal curves with large amplitude are the pressure distribution and the smaller 
amplitude curves are film thickness. This also applies for the other figures presented in this 
chapter. 

In the above simulations, the discrepancy in maximum pressure between time step 550 and 
time step 300 is approximately 6 %. In the numerical simulations performed hereafter, 
periodicity is assumed to be obtained after 500 time steps or once the time is 1 ms. 

From the above simulation, Simulation 1, the temperature distribution in the EHL-contact is 
investigated. The result is shown in Fig. 4 and, as can be observed, the maximum temperature 
increase, approximately 30 K is located in the middle of the fluid film. The parameters here are 
the same as in steel. Eyring stress r0 is set to 8 MPa. 
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The next investigation examined the influence of the Eyring stress. The result obtained 
originates from Simulation 2 and is shown in Fig. 5 where the Eyring stress was set to 3 MPa; 
the other parameters were the same as in Simulation 1. As can be observed, the maximum 
temperature increase in the contact is now approximately 12 K. The reduction in the Eyring 
stress implies a reduced temperature in the contact when comparing with the result obtained 
from Simulation 1 (Fig. 4). The reason for this is the reduced generalised viscosity which 
implies reduced heat generation due to viscous dissipation. 

2. Oi 1 1 1 1 1 11.5 

1.6 

1- 12 

0.8 

0.4 

r 

\ /A 
! \ M i 

u \ 
11 p \ f \ 1 

V \ J 

/: / 
1 i 

0.6 

0.3 

Figure 5. The temperature distribution in an EHL line contact in sliding motion where the 
parameters are the same as in steel and the Eyring stress is 3 MPa. 
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In Fig. 6 the distribution of the generalised viscosity in the EHL-conjunction is shown. The 
result originates from Simulation 2. As may be observed, the generalised viscosity is greatly 
reduced compared with a Newtonian assumption where in high pressure regions that would 
imply viscosities of the order of 105"6 Pa s. The generalised viscosity is now of the order of 101"2 

Pa s. 

Figure 6 The generalised viscosity distribution in an EHL line contact in sliding motion where 
the parameters are the same as in steel and the Eyring stress is 3 MPa. 

For this numerical simulation, the thermal influence is of lesser importance. If Newtonian 
rheology is assumed, the temperature increase must be more than 500 K to obtain the above 
reduction in viscosity. It is also interesting to observe the viscous thickening of the lubricant in 
the grooves. The reason for the variation of the generalised viscosity across the lubricating film 
is reduced shear rate in the grooves. 

The next step was to investigate how the thermodynamics influence the film thickness and 
pressure. The parameters used in the thermal simulations are the same as those in Simulation 1 
and for the isothermal simulations, see Simulation 3. The result is shown in Fig. 7 where the 
solid lines represent the thermal solutions and the dashed lines the isothermal solution. 

2.0, 1.5 

X[10-*m] 
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Figure 7. Film thickness and pressure distribution in an EHL line contact in sliding motion 
where the solid line is the thermal solution and the dashed line the isothermal solution. The 
parameters are the same as in steel and the Eyring stress is 8 MPa. 

According to Fig. 7 the film thickness is somewhat thinner for the thermal solution due to 
the thermal reduction of the generalised viscosity. The discrepancies are smaller for the pressure 
distribution. 

In the next numerical experiment the Eyring stress was set to 3 MPa. The numerical result is 
shown in Fig. 8. The thermal solution is the same as in Simulation 2 and the isothermal solution 
is from Simulation 4. 

Figure 8 Film thickness and pressure distribution in an EHL line contact in sliding motion 
where the solid line is the thermal solution and the dots are the isothermal solution. The 
parameters are the same as for steel and the Eyring stress is 3 MPa. 
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As can be observed, the thermal and the isothermal solutions are now difficult to distinguish. 
The reduction of the Eyring stress implies smaller temperature increases because of the reduced 
viscous dissipation. 

When thermal properties in the surrounding solids differ, a dimple or an increased central 
film thickness may appear under some running conditions, see Yang et al. [17]. They claimed 
that the generation of dimples is due to a 'viscosity wedge action' described by Cameron [18]. 

The next numerical experiment was performed to investigate how the film thickness and 
pressure distribution respond to such variations under the same kinematical and geometrical 
conditions as used in the above experiments. The thermal properties of the surrounding solid are 
varied in this experiment to correspond to those of glass or steel thermal properties. Note that 
the elastic modulus and the Poisson's ratio in the glass solid are set equal to that for steel during 
the experiments. That is to enable a comparison between the cases where the surrounding solids 
have different thermal properties. The result is shown in Fig 9. 
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Figure 9. Film thickness and pressure distributions in an EHL line contact in sliding motion. 
The solid lines show when the surrounding solids have steel properties, the dashed line is for 
when the fast moving lower surface has glass thermal properties and the upper surface has 
steel properties. The dotted line represents where the fast moving lower surface has steel 
properties and the upper surface has glass thermal properties. 

The dashed line shows the result from Simulation 5 where the smooth lower surface has thermal 
properties akin to glass and moves with the higher velocity. The slow moving upper surface has 
steel properties. 

The dotted line is from Simulation 6. Here the lower fast moving surface has steel properties 
and the slow moving upper surface glass thermal properties. Hence, the thermal properties are 
now reversed. The solid line is the solution obtained from Simulation 1 where the two solids 
have steel properties. 

As can be observed, the film thickness increased in the first case (Simulation 5) but 
decreases in the second case (Simulation 6) compared to the result obtained in Simulation 1. 
The reason for the increased film thickness in the first case is the reduced momentum diffusion 
in regions where the temperature is high. In order to explain how the temperature governs the 
physics of flow for the first case the isotherms are shown in Fig. 10. 
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Figure 10. Film thickness and pressure distribution in an EHL line contact in sliding motion. 
The fast moving lower surface has thermal properties of glass and the upper surface has steel 
properties. 

According to Fig. 10, the temperature maxima are located closer to the fast moving lover 
surface. At the inlet, momentum is diffused almost equally across the lubricating film. In 
regions where the temperature increases, the momentum diffusion is reduced as a result of the 
reduced generalised viscosity. That implies that a smaller amount of lubricant tends to be 
dragged out from the contact than is dragged in. In order to enforce mass conservation, an 
increased pressure is created in such regions so an increased Poiseuille flow will be created to 
compensate for this. The increased pressure in the high temperature zones can be seen as the 
dashed pressure line in Fig. 9. 

For the second case, where the thermal properties are reversed, the temperature centre is 
located close to the slow moving upper surface, see Fig. 11. I f momentum is effectively 
diffused through the lubricant film in the high temperature regions, more lubricant is tends to be 
dragged out from than into the contact and one could expect the opposite effect. Hence, 
pressure reduces to compensate for the continuity problem and a resulting negative dimple 
results. 
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Figure 11. Film thickness and pressure distribution in an EHL line contact in sliding motion. 
The fast moving lower surface has steel properties and the upper surface has glass thermal 
properties. 

In Fig. 9 the film thickness is reduced compared to the reference case where the solids have 
steel properties. However, it is not safe to draw the conclusion that this is the result of the 
negative dimple effect. There is also a possibility that this is due to the increased temperature in 
the contact caused by the reduced thermal conductivity of the upper solid. 

The final investigation was to examine how the solutions for film thickness, pressure and 
temperature change in time. The results originating from Simulation 5 can be observed in Fig. 
12a andb. 
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Figure 12a-d. Film thickness and pressure distribution in an EHL line contact in sliding 
motion. The fast moving lower surface has glass thermal properties and the upper surface has 
steel properties. The time is for a) 0.58 ms, b) 0.78 c) 0.98 and d) 1.18 ms. The dashed line is 
the reference position of the un-deformed wave. 

The dashed vertical line in Fig. 12 indicates the position how a specific wave minima travels 
through the conjunction. 

5 CONCLUSIONS 
The aim of the investigation was to examine if the CFD-software could be modified to handle 
thermal transient rough EHL line contact simulations. The following conclusions can be drawn: 

• The CFD-software can be modified to handle thermal, transient rough EHL line contact 
simulations when the contact pressures are moderate. In the investigations performed in this 
paper, maximum pressures up to approximately 1.5 GPa are obtained. 

• The computational times are long. A typical computational time for a simulation on a single 
workstation with a problem size of 3000 CVs is of the order of 105 CPU-seconds. 
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The next aim was to investigate pressure, temperature and film thickness for a line contact 
in sliding motion. The parameters investigated were the Eyring stress and thermal parameters at 
the surrounding solids. From this investigation the following is shown: 

• The Eyring stress has been shown to have a great influence on the temperature distribution 
in the EHL-conjunctions. The magnitude of the Eyring stress affects the magnitude of the 
generalised viscosity which in turn influences the viscous dissipation in the fluid film. 

• The pressure and film thickness results show only small discrepancies between thermal and 
isothermal solutions when the properties of the surrounding solids are of steel. For the 
parameters used in the simulations there are deviations in film thickness when the Eyring 
stress is 8 MPa. When the Eyring stress is reduced to 3 MPa the solutions are hard to 
distinguish from each other. 

• When the non-Newtonian Ree-Eyring model is used, the generalised viscosity increases in 
the grooves due to the lower shear rates in these regions. 

• When the thermal properties of the surrounding solids differ, an increased film thickness or 
positive dimple is created when the fast moving lower surface has glass thermal properties. 
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