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Abstract

Hydroelectric power supplies about 20 percent of the world’s electricity and is
the most important renewable energy converting industry. Swedish hydropower
plants produce between 55-74TWh a year. These plants where built thirty
to one hundred years ago and where constructed for base load. With new
developments in energy production, for instance nuclear and renewable power,
many hydropower plants have a new task, namely to function as regulators and
keep frequency in the power net constant. Which means that constructions that
where not built for it will have to do many starts and stops in their lifetime.
This makes it interesting to examine the rotordynamic effects in hydropower
generators.

All generators have shape deviations since it is not possible to manufacture
perfect circular generators. Especially in Hydropower applications, where the
diameter is normally large and the relative airgap is small. These properties
make it likely that the response of the system depends on the shape deviation.

This thesis examines the effect shape deviation of the generator has on the
response. It compares the difference between using the mean shape deviation on
rotor and stator compared to two shape deviation one on the upper half of the
rotor and stator and one the lower half. With two shape deviations there will be
a bending moment due to the differences in shape of the upper and lower parts
of the generator. The main goal is to investigate the effects of these bending
moments and also to use a real generator as a model(Kr̊angfors G2 at River
Skellefte älv).

The results show that two shape deviations give rice to bending moments in
new frequencies. There is only a very small effect on displacement response of
the rotor. The new moments are seen in the angular response, where there is a
clear difference between the two cases. In the case of Kr̊angfors G2 it was found
that the stiffness of the rotor was high and therefore only the first frequency
of the shape deviations is likely affect the system. But, in other hydropower
generators it is possible that the bending moments can affect the dynamics of
the system. Then the methods presented in this thesis can be a valuable tool.
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Nomenclature

E Young modulus 2.0e11 Pa
mr Mass rotor 98165 kg
mp Mass rotor poles 0 kg
α Coeffićıent, length -
β Coefficient, length -
Jd Diametrical moment of inertia 226380 kgm3

Jp Polar moment of inertia 430000 kgm3

L Lengt of shaft 4.7 m
h Height rotor poles 1.18
I Moment of inertia shaft 0.0045
ka Stiffness bearing A 165e6 N/m
kb Stiffness bearing A 165e6 N/m
wdr Operating frequency 14.28 rad/s
ca Damping bearing A 230e3 kg/s
cb Damping bearing A 230e3 kg/s
l Displacement rotorpoles 0 m
u Position unbalance 4.44E-4
ls Position of shape deviation 0.3933 m
g0 Average air-gap 0.0125 m

rrotor Rotor radius 2.7625 m
rstator Stator radius 2.7750 m
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Chapter 1

Introduction

The global energy consumption is expected to increase from 111,000 TWH/year
in 1997 to 178,000 TWH/year in 2020, this corresponds to a increase of 60%.
The electric share of total energy consumption is expected to increase with 76%
in the same time. This means that the global electricity production must in-
crease [1]. Today Sweden produces 150TWh electricity a year and hydropower
provides 55-75TWh of that, depending on the yearly rainfall. The electricity
production from hydropower plants in Sweden is divided between ca 700 larger
hydropower plants with effect of 1.5MW or more and 1200 smaller hydropower
plants with an effect of 1.5MW or less [2]. The world’s total estimated hy-
dropower potential is 14370 TWH/year, of which about 8082 TWH/year is eco-
nomically feasible to be developed. 700 GW (2600 TWH/year) is currently op-
erating and 108 GW is under construction. Today hydropower produces about
20% of the world’s electricity. China, India, Iran and Turkey have large-scale
hydropower development programmes and there are projects that are under
construction in about 80 countries. Many countries see hydropower as the key
future electricity source, for example Sudan, Rwanda, Guinea, Cambodia, Cuba,
Costa Rica and Guyana [1]. In Sweden it is possible expand the hydropower
with 24TWh, but the Swedish, Parlament, Riksdagen has decided on a cap of
2TWh [2].

In Sweden the hydropower was built thirty to one hundred years ago and
served as the base load deliverer. There is no way to store electric power in
the form of electricity, therefore the electric power produced in power plants is
the same as the power consumed. A over or under production of electricity will
have effect on the frequency in the power net, because of this there has to be
a way to regulate the production of electricity. Today many hydropower plants
are frequently used to regulate the power production to keep the frequency in
the power net at optimal frequency(49.9-50.1 Hz). Hydropower regulates also
the long term power production that changes during the year.

1.1 Hydropower

A hydropower plant converts potential energy in water to electric energy in the
power net. The water is lead to the turbine water via water ways. The turbine
is connected to a generator by a shaft, when the turbine is set into motion by the

11



12 CHAPTER 1. INTRODUCTION

flowing water the generator will convert energy of motion into electric energy
[2].

1.2 Rotordynamics

The research in the field of rotordynamics started with Rankine’s [3] analysis of
a spinning shaft in 1869, he used a faulty model and predicted incorrectly that
a rotating machine could never operate above it’s first critical speed. Jeffcott
[4] published in 1919 a new rotor model and derived a theory that shows that
it’s possible for a rotating machine to operate above it’s critical speeds. The
influence of gyroscopic effects was presented by Stodola In 1924 [5]. Green [6]
continued the work on gyroscopic effects 1948 with a four degree of freedom
overhung rotor. Rotordynamics is considered a separate area within structural
dynamics. The major differences from structural dynamics are that the eigen-
frequencies are depended on the whirling speed due to the gyroscopic effect and
that the directions of the vibrations are important in order to determine forward
and backward whirl. For theory about rotordynamics, see for example the book
by Yamamoto and Ishida [7]

1.3 Unbalanced Magnetic Pull

Gray et. al [8] critically reviews the bibliography on unbalanced magnetic pull
(UMP) in dynamoelectric machines, among the reviews was the work of Behrend
in which he suggested a linear equation for the UMP. Belmans et. al. [9] pub-
lished a analytical model for vibrations due to eccentricity in induction motors.
Arkkio et. al. [10] derived the electromagnetic force on a whirling cage rotor
numerically with the use of finite element method (FEM) and showed that a
simple force model can be used for rotordynamic calculations. Guo et. al. [11]
published a analytical model of the UMP in a three-phase electric machine with
any pole-pairs caused by a static and dynamic eccentricity. Wang et. al. [12]
derived the UMP due to eccentricity through the law of energy conservation and
studied the free and forced vibrations for rotors of electric motors. Gustavsson
et. al. [13] published a linear model for radial magnetic pull in a synchronous
hydropower generator and used it to analyze the motion of a hydropower rotor
due to static and dynamic eccentricity. Karlsson et. al. [14] analyzed the effect
of a shape deviation in a hydropower generator, and how it effected the forces
on the rotor due to the magnetic field between the rotor and stator. Lundstrom
et. al. [15] published a analytical model for an arbitrary shape deviation in a
hydropower generator. Lundstrom et. al. [16] showed that there exist a tan-
gential magnetic force component in synchronous machines due to the damping
winding and used a linearised model to analyze the rotor dynamical behavior
of these forces. This thesis continues the work of Karlsson by expanding the
problem to two shape deviations, one on the upper half of the rotor and stator
and one on the lower half.



Chapter 2

Modelling

2.1 Mechanical Model

In this report the model for a hydropower rotor system, consists of a flexible
mass less shaft of the length L, area moment of inertia I and Young’s modulus
E. The shaft is supported by two bearings with stiffness ka and kb and damping
ca and cb. The position of the rotor from the top bearing is set by α and the
position of the rotor from the bottom bearing is β. The rotor is modelled as a
disc, with mass mr diametrical moment of inertia Jd, polar moment of inertia
Jp, displacement of rotor poles in the Z-direction l (the rotor poles are modelled
as a circular ring around the rotor and they can be displaced, which gives a
displacement of the center of mass) and h the height of the rotor poles, with
a circular ring around it corresponding to the rotor poles with mass mp, see
Figure 2.1.

Figure 2.1: Rotor geometry.
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14 CHAPTER 2. MODELLING

The disc can translate in the x and y direction and rotate around the same
axes, this gives the model four degrees of freedom. Lagrange’s Equation is used
to the equations of motion, these can with matrix notation be written as:

M−̈→x +
(

ωG+ C
) −̇→x +

(

K −Km

)−→x =
−→
F unbalance +

−→
F shape. (2.1)

Where M is the diagonal mass matrix where the entry’s are the total mass of
the rotor m = mr +mp, (where mr is the mass of the rotor and mp is the mass
of the rotor poles) and the total diametrical moment of inertia J = Jd +mpl

2 of
the rotor(where Jd is the diametric moment of inertia for the rotor and mpl

2 is
an extra term due to displacement of the center of mass [17]), w is the driving
frequency, G is the gyroscopic matrix, K is the stiffness matrix, Km is the
magnetic stiffness matrix,

−→
F unbalance is the force due to unbalance and

−→
F shape

is the force due to shape deviation of rotor and stator.

2.1.1 The Gyroscopic Matrix

If the disc in the model has an inclination vibration θx,θy, it will result in a
effect that is called a gyroscopic moment. The disc has a polar moment of
inertia Jp, but the angular velocity vector −→w t of the disc no longer points in the
z-axis direction, a transformation of the rotation vector is needed to be able to
describe the rotation in the xyz frame, this is carried out by Genta [18] and the
result can be summarized in the gyroscopic matrix:

Figure 2.2: Disc in z-x/y plane, the angular velocity vector −→w t.









0 0 0 0
0 0 0 0
0 0 0 wJp

0 0 −wJp 0









. (2.2)
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2.1.2 The Stiffness Matrix

The stiffness matrix is derived from the relation between the displacement of
the system and the forces acting on it. When deriving the stiffness matrix it is
easier to calculate its inverse which is called the flexibility matrix A [17]:

K−→x = P ⇔ −→x = K
−1
P = AP. (2.3)

The flexibility matrix A is derived using beam theory and the stiffness from the
bearings [17]:









y
x
θy

θx









=









α1 0 0 −α2

0 α1 α2 0
0 α2 α3 0

−α2 0 0 α3

















Py

Px

My

Mx









, (2.4)

α1 =
L3α2β2

3EI
+

(

α2

kb
+
β2

ka

)

, (2.5)

α2 =
L2αβ(α − β)

3EI
−

1

L

(

α

kb
−

β

ka

)

, (2.6)

α3 =
L(1 − 3αβ)

3EI
+

1

L

(

1

kb
+

1

ka

)

(2.7)

and

β = α− 1. (2.8)

Where L is the length of the shaft, E is the Young’s modulus, I the area moments
of inertia, ka stiffnesss for bearing a and kb stiffness for bearing b. The first part
in Equation (2.5),(2.6) and (2.7) is the stiffness in the shaft, the second part is
due to the stiffness in the bearings. Using Equation (2.3) the stiffness matrix
is:









Py

Px

My

Mx









=









k1 0 0 k2

0 k1 −k2 0
0 −k2 k3 0
k2 0 0 k3

















y
x
θy

θx









. (2.9)
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2.1.3 The Damping Matrix

The damping matrix is derived in the same manner as the bearing part of the
stiffness matrix, except that ka and kb are replaced with ca and cb. This results
in the damping correspondence to the flexibility matrix:









A1 0 0 −A2

0 A1 A2 0
0 A2 A3 0

−A2 0 0 A3









, (2.10)

where

A1 =
α2

cb
+
β2

ca
, (2.11)

A2 = −
1

L

(

α

cb
−
β

ca

)

(2.12)

and

A3 =
1

L

(

1

cb
+

1

ca

)

. (2.13)

The inverse gives the damping matrix:









c1 0 0 c2
0 c1 −c2 0
0 −c2 c3 0
c2 0 0 c3









. (2.14)

2.1.4 Unbalance

In a real generator there will always exist an unbalance. Unbalance is a small
displacement of the center of mass of the rotor P compared to the geometrical
center of the rotor C see Figure 2.3. The unbalance can be modulated as a
harmonic excitation of the system:

Funbalance =









mω2ucos(ωt)
mω2usin(ωt)

0
0









. (2.15)

Where m is the mass of the rotor, ω the rotation frequency of the rotor and u
the distance from the geometrical center to the center of mass of the rotor.
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Figure 2.3: P is the center of mass (position of unbalance), C is the geometrical
center and u is the distance from C to P .

2.1.5 The Mechanical System

The system can now be written in matrix form as:









mr +mp 0 0 0
0 mr +mp 0 0
0 0 Jd +mpl

2 0
0 0 0 Jd +mpl

2

















ẍ
ÿ

θ̈x

θ̈y









+

















0 0 0 0
0 0 0 0
0 0 0 ωJp

0 0 −ωJp 0









+









c1 0 0 c2
0 c1 −c2 0
0 −c2 c3 0
c2 0 0 c3

























ẋ
ẏ

θ̇x

θ̇y









+









k1 0 0 k2

0 k1 −k2 0
0 −k2 k3 0
k2 0 0 k3

















x
y
θx

θy









=









mω2ucos(ωt)
mω2usin(ωt)

0
0









.

(2.16)

2.2 Magnetic Forces and Moments

In a completely symmetric generator all magnetic moments and forces would
cancel, in reality this is never the case since there will always exist some form
of asymmetry. The asymmetry is usually divided into eccentricity and shape
deviation see Figure 2.4 and 2.8. It has been shown [13] that the magnetic forces
must be taken in account when calculating on the stability of a generator.
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Figure 2.4: A rotor with eccentricity, e, in the y-direction inside the stator. Or

and Os denotes the origin of the rotor and the stator.

2.2.1 Magnetic Forces

Wang et. al. [12] shows that for an symmetric circular rotor and stator the
force due to displacement of the rotor the magnetic force in the x-direction
is(the force in y-direction is derived in a similar way):

fx = km
x

(

1 − x2

g2

0

)3/2
. (2.17)

Where km is called the magnetic stiffness and is dependent on the height of
the generator, permeability of air, mean radius of the rotor and stator, average
air-gap g0 and the magnetic-flux density.

In this thesis the value for km is a approximate value given by the manufac-
turer of the generator, so no calculations of km is necessary. The force fx is still
non-linear, but in this thesis only small perturbation are considered, x << g0.
Figure 2.5 . Equation (2.17) can therefore be rewritten as:

fx = kxx. (2.18)

Which is a linear equation for the magnetic force and also gives the forces due
to displacement of the rotor.

2.2.2 Magnetic Stiffness Matrix

Eccentric and angular displacement will cause a disturbance in the magnetic
field, which will result in a magnetic force and moment on the rotor. For rotor
displacement up to 10% the magnetic forces can be linearised, see Figure 2.5.
Equation 2.18 gives the magnetic forces due to displacement in the x and y
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Figure 2.5: Error of the non-linear approximation to the electro-mechanical
force due to eccentricity.

direction. The forces due to angular displacement and displacement are given
by [13] (the second term is the force due to angular displacement):

Fx =
kmδx
h

∫ h
2
+l

−( h
2
−l)

dξ +
kmθy

h

∫ h
2
+l

−( h
2
−l)

ξdξ = kmδx + kmθyl (2.19)

and

Fy =
kmδy
h

∫ h
2
+l

−( h
2
−l)

dξ −
kmθx

h

∫ h
2
+l

−( h
2
−l)

ξdξ = kmδy − kmθxl. (2.20)

When calculating the moments due to displacement and angular displace-
ment, the forces in Equation (2.19) and (2.20) are multiplied with the corre-
sponding lever, this gives:

Mx = −kmδy

h

∫ h
2
+l

−( h
2
−l)

ξdξ + kmθx

h

∫ h
2
+l

−( h
2
−l)

ξ2dξ =

−kmlδx + kmθx

3h

[

(

h
2 + l

)3
+

(

h
2 − l

)3
] (2.21)

and

My = kmδx

h

∫ h
2
+l

−( h
2
−l)

ξdξ +
kmθy

h

∫ h
2
+l

−( h
2
−l)

ξ2dξ =

kmlδx +
kmθy

3h

[

(

h
2 + l

)3
+

(

h
2 − l

)3
]

.
(2.22)

Equation (2.19), (2.20), (2.21) and (2.22) can be writen as the magnetic stiffness
matrix Km [13]:

−→
F = Km

−→x (2.23)

where Km is

km









1 0 0 l
0 1 −l 0
0 −l Γ 0
l 0 0 Γ









(2.24)
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and Γ is defined as

Γ =
1

3h

[

(

h

2
+ l

)3

+

(

h

2
− l

)3
]

. (2.25)

This is the magnetic stiffness matrix and it describes the forces due to angular
displacement and displacement of a perfect circular rotor and stator, with no
shape deviation.

2.2.3 Magnetic Forces due to Shape Deviation

To derive the shape deviations, it is preferred to assume a centered symmetric
rotor. Now it’s possible to derive the shape deviations as the difference in the
air gap to the symmetric rotor air gap also called the nominal air gap, this
difference can be described by [14]:

∆gap(i, j) = ∆r(i, j) − ∆s(i, j). (2.26)

The rotor is described by a number of discrete gaps, describing the gaps
between the rotor poles and the stator. Where ∆r(i, j) is the difference to
nominal rotor radius, ∆s(i, j) is the difference to nominal stator radius, i is the
index of the rotor pole and j is the order of rotor rotation. Angle between each
pole is described by [14]:

ψ =
1

n
2π. (2.27)

Where n is the number of discrete gaps. To get the total force acting on the
rotor due to the shape deviation, all the forces must me summarized around the
whole rotor. The magnetic stiffness for the whole rotor is given by km which
is a measured constant. To derive the total force, km,i for each rotor pole is
needed. The displacement from nominal air gap at a discrete gap is given by:

∆Xcos(ψi). (2.28)

The force in x-direction from one rotor pole is given by:

Fxi
= (km,i∆Xcos(ψi)) cos(ψi). (2.29)

The total force in x-direction is given by:

km∆X =
∑

km,i∆Xcos(ψi)
2 = km,i∆X

∑

(

1

2
+
cos(2ψi)

2

)

, (2.30)

but

∑ cos(2ψi)

2
= 0. (2.31)
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Since ψ goes from zero to 2π. This gives that:

km,i =
2km

n
, (2.32)

for all i. By using simple geometry the total force in the x and y direction are
[14]:

Fx(j) =

n
∑

i=1

∆gap(i, j)cos((i− 1)
1

n
2π)

2km,r

n
(2.33)

and

Fy(j) =

n
∑

i=1

∆gap(i, j)sin((i− 1)
1

n
2π)

2km,r

n
. (2.34)

2.3 Fourier Analysis of the Forces due to Shape

Deviation

Fourier analysis is used to analyze the forces due to shape deviations, according
to [7], the discrete Fourier transform is:

X(n) =
1

N

N−1
∑

k=0

x
−i2πnk/N
k . (2.35)

The corresponding normalized frequency is calculated by:

f(n) =
1

dt

n

N

2π

wdr
. (2.36)

Where dt is the discrete time step, n the current number of steps, N the total
number of steps, wdr the driving frequency of the rotor. By analyzing the forces
due to shape deviation in x and y-direction, it is found that there exists only
frequencies that are multiples of the driving frequency, the 36 first frequencies
are used to reconstruct the forces due to shape deviation by a sum of harmonic
forces:

F (t) =

n
∑

i=1

(Aisin(wit) +Bicos(wit)) . (2.37)
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Figure 2.6: Force in the x-direction, from the upper shape deviation. (Left) the
original force computed from measurements. (Right) Sum of harmonic according
to Equation (2.37).

2.4 The Force Vectors due to Shape Deviation

By using the sum of harmonic forces in Equation (2.37) to describe the shape
deviation, only the amplitudes, phase and the frequency of the forces are needed
to solve the response for the whole system. Three cases of forces will be studied:

• Forces due to mean shape deviation. The mean force is calculated from
two measured shape deviations.

• Forces and moments due to two shape deviations. The two measured
shape deviations are used to calculate forces and moments.

• Forces and moments due to mean shape deviation only on the upper part
of the generator. Special case: corresponds theoretically to a asymmetric
rotor, with large shape deviation on the upper part.

For the case with one shape deviation for the whole rotor it is easy, the shape
deviation will affect the system in the same way as an unbalance in the rotor
would. Axu,i is the x-amplitude for sinus for the upper shape deviation, Axl,i is
the x-amplitude for cosinus for the lower shape deviation and so forth:

−→
A i =









Axu,i +Axl,i

Ayu,i +Ayl,i

0
0









(2.38)

and

−→
B i =









Bxu,i +Bxl,i

Byu,i +Byl,i

0
0









. (2.39)
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Figure 2.7: Force due to mean shape deviation.
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Figure 2.8: The mean shape deviation of the generator. The stator radius has
been increased with 50% and the shape deviation with a factor 1000.

For two shape deviations, one on the upper half of the rotor and one on the
lower half of the rotor, the vectors are derived by the use of simple mechanics
with levering arms. Where ls has the length 1/3h and is due to the bending
moment:

−→
A i =









Axu,i +Axl,i

Ayu,i +Ayl,i

Ayu,i ∗ ls −Ayl,i ∗ ls
−Axu,i ∗ ls +Axl,i ∗ ls









(2.40)

and

−→
B i =









Bxu,i + Bxl,i

Byu,i + Byl,i

Byu,i ∗ ls − Byl,i ∗ ls
−Bxu,i ∗ ls +Bxl,i ∗ ls









. (2.41)
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Figure 2.9: Force and moments due to two shape deviations.
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Figure 2.10: The two shape deviations of the generator. The stator radius has
been increased with 50% and the shape deviation with a factor 1000.

For the mean shape deviation on the upper half of the rotor and no shape de-
viation on the lower, the vectors are derived in a similar way as for the case with
two shape deviations. But now the moments will work in the same direction:

−→
A i =









Axu,i +Axl,i

Ayu,i +Ayl,i

Ayu,i ∗ ls +Ayl,i ∗ ls
−Axu,i ∗ ls −Axl,i ∗ ls









(2.42)

and

−→
B i =









Bxu,i +Bxl,i

Byu,i +Byl,i

Byu,i ∗ ls +Byl,i ∗ ls
−Bxu,i ∗ ls −Bxl,i ∗ ls









. (2.43)
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Figure 2.11: Mean shape deviation on the upper half of the generator, no shape
deviation on the lower half.

The values for A and B are used to solve the response.
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Chapter 3

Analysis

3.1 The State Vector Approach

To solve the system in this thesis, the state vector approach [19] is used. The
system can be described by Equation (3.1):

M−̈→x + (ωG+ C)−̇→x + (K −KM )−→x =
−→
F umbalace +

−→
F shape. (3.1)

The first step in the state vector approach is to rewrite Equation (3.1) as a
system of differential equations of the first degree:

−→y =

( −→x
−̇→x

)

. (3.2)

Equation of motion now becomes:

(

−I N
N M

) ( −→
ẋ
−→
ẍ

)

+

(

N I
K −Km ωG

) ( −→x
−→
ẋ

)

=

( −→
B
−→
F

)

. (3.3)

Where N and
−→
B are zero valued matrix respective vector. With matrix notation

Equation (3.3) becomes:

−S
−→
ẏ +R−→y =

−→
H. (3.4)

To solve the homogenous solution for the system, it is assumed that H in
Equation (3.4) is equal to a zero-vector. This corresponds to a system with no

excitation. Then there exists a solution on the form y = D
−→
Y eλt . Equation

(3.4) becomes:

−SλD
−→
Y eλt +RD

−→
Y eλt = 0, (3.5)
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l

(

−λS +R
)−→
Y = 0. (3.6)

Simplifying by multiplying with S
−1

, gives Equation (3.7) where A = S
−1
R:

(

A− λI
)−→
Y = 0. (3.7)

The solution to the homogenous part of the differential equation will be derived
from the eigenvectors

−→
Y i and the eigenvalues λi, this gives a solution on the

form:

−→
Y h(t) =

n
∑

i=1

Di
−→
Yie

λit. (3.8)

Which is the homogenous solution Di is derived from the inital conditions. The
eigenvalues are complex:

λi = τi + iwd,i. (3.9)

Where τi is the decay rate and wd,i the damped eigenfrequency of the system.
Of main interest in this thesis is the damped eigenfrequencies, which are used
to see if any of the frequencies of the shape deviations might have large effects
on the system.

3.2 Harmonic Excitation

If the system is excitated by harmonic forces, the solution corresponds to the
equation of motion when the homogenous solution has damped out. This is
called the steady state solution and is also known as the particular solution.
For harmonic excitations the forces in Equation (3.4) can be expressed as:

−→
F (t)i =

−→
A isin(wit) +

−→
B icos(wit). (3.10)

The particular solution is assumed to be:

−→y (t)p,i = −→a isin(wit) +
−→
b icos(wit). (3.11)

By using Equation (3.11) in Equation (3.4) and solving for −→a i and
−→
b i the

following equations are obtained:



3.2. HARMONIC EXCITATION 29

−→a i =
[

w2
i SR

−1
S +R

]

−1 [

−→
A i − wiSR

−1−→
B i

]

(3.12)

and

−→
b i = R

−1 [

Bi + wiS−→a i

]

. (3.13)

Equation (3.12) and (3.13) will be used to solve the response from the unbalance
and the shape deviation. The solution of the system will be the sum of the
particular solutions:

−→
Y p(t) =

n
∑

i=1

(

−→a isin(wit) +
−→
b icos(wit)

)

. (3.14)

Equtation (3.14) is used to solve the response from harmonic excitations, in this
case excitations from the shape deviations.
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Chapter 4

Results

In this thesis, there is no displacement of the rotor poles(l = 0). The simulation
of the response has been done for two cases of the placement of the rotor on
the shaft, α = 0.50 was chosen to see the effects of two shape deviation with
no gyroscopic effects and α = 0.32 is the α value of Kr̊angfors G2. In Figure
4.1-4.14 max. amp. is the amplitude of the first frequency (w/wdr = 1), the
figures are zoomed up to visualize the other components.

4.1 Magnetic Forces

The frequency input of the magnetic forces and moments for the case of a mean
shape deviation and for the case of two shape deviations where calculated with
DFT.(Discrete Fourier Transform) plots of the frequencies found are seen in
Figure 4.1 to 4.4.
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Figure 4.1: Force in the x-direction, black lines are the amplitudes of the forces
in the simulation, red lines are the eigenfrequencies of the system. (Left) mean
shape deviation. (Right) two shape deviations.
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Figure 4.2: Force in the y-direction, black lines are the amplitudes of the forces
in the simulation, red lines are the eigenfrequencies of the system. (Left) mean
shape deviation. (Right) two shape deviations.
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Figure 4.3: Bending moment in the θx direction, black lines are the amplitudes of
the moments in the simulation, red lines are the eigenfrequencies of the system.
(Left) mean shape deviation. (Right) two shape deviations.
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Figure 4.4: Bending moment in the θy direction, black lines are the amplitudes of
the moments in the simulation, red lines are the eigenfrequencies of the system.
(Left) mean shape deviation. (Right) two shape deviations.

4.2 Response

The response due to the magnetic force for the two cases, mean shape deviation
and two shape deviations.
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Figure 4.5: Response in X, α = 0.5. Black lines are the amplitudes of the
response in the simulation, red lines are the eigenfrequencies of the system.(Left)
mean shape deviation. (Right) two shape deviations.
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Figure 4.6: Response in X, α = 0.32. Black lines are the amplitudes of the
response in the simulation, red lines are the eigenfrequencies of the system.
(Left) mean shape deviation. (Right) two shape deviations.
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Figure 4.7: Response in Y, α = 0.5. Black lines are the amplitudes of the
response in the simulation, red lines are the eigenfrequencies of the system.
(Left) mean shape deviation. (Right) two shape deviations.
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Figure 4.8: Response in Y, α = 0.32. Black lines are the amplitudes of the
response in the simulation, red lines are the eigenfrequencies of the system.
(Left) mean shape deviation. (Right) two shape deviations.
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Figure 4.9: Response in θx, α = 0.5. Black lines are the amplitudes of the
response in the simulation, red lines are the eigenfrequencies of the system.
(Left) mean shape deviation. (Right) two shape deviations.
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Figure 4.10: Response in θx, α = 0.32. Black lines are the amplitudes of the
response in the simulation, red lines are the eigenfrequencies of the system.
(Left) mean shape deviation. (Right) two shape deviations.
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Figure 4.11: Response in θy, α = 0.5. Black lines are the amplitudes of the
response in the simulation, red lines are the eigenfrequencies of the system.
(Left) mean shape deviation. (Right) two shape deviations.
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Figure 4.12: Response in θy, α = 0.32. Black lines are the amplitudes of the
response in the simulation, red lines are the eigenfrequencies of the system.
(Left) mean shape deviation. (Right) two shape deviations.
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4.3 Response to special case

A special case is studied where the mean shape deviation is set on the upper
half of the generator, corresponds theoretically to asymmetric rotor, with large
shape deviation on the upper part.

0 2 4 6 8 10
0

0.5

1

1.5
x 10

−8

Response θ
x
, alpha shaft=0.5,

max. amp.=2.3037e−007

w/w
dr

A
m

pl
itu

de
, [

ra
d]

0 2 4 6 8 10
0

0.5

1

1.5
x 10

−8

Response θ
x
, alpha shaft=0.32,

max. amp.=5.4452e−007

w/w
dr

A
m

pl
itu

de
, [

ra
d]

Figure 4.13: Response in θx for mean force set on the upper half of the generator.
Black lines are the amplitudes of the response in the simulation, red lines are
the eigenfrequencies of the system.
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Figure 4.14: Response in θy for mean force set on the upper half of the generator.
Black lines are the amplitudes of the response in the simulation, red lines are
the eigenfrequencies of the system.
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Figure 4.15: Response inX for mean force set on the upper half of the generator.
Black lines are the amplitudes of the response in the simulation, red lines are
the eigenfrequencies of the system.

0 2 4 6 8 10
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6
x 10

−8

Response Y, alpha shaft=0.5,
max. amp.=3.3748e−005

w/w
dr

A
m

pl
itu

de
, [

m
]

0 2 4 6 8 10
0

0.5

1

1.5
x 10

−8

Response Y, alpha shaft=0.32,
max. amp.=2.4799e−005

w/w
dr

A
m

pl
itu

de
, [

m
]

Figure 4.16: Response in Y for mean force set on the upper half of the generator.
Black lines are the amplitudes of the response in the simulation, red lines are
the eigenfrequencies of the system.
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Chapter 5

Discussion

In this thesis the rotor system is modeled as a mass-less shaft, bearings are as-
sumed to be linear and the generator is assumed to be rigid. The electromagnetic-
force is modeled as a linear displacement dependent force with only a radial
component. The model is used to predict response due to two shape deviations.

The values of the shape devations where given from a SARA(Stator, Shaft,
Rotor, Analysis) report of Kr̊angfors G2, where upper and lower shape on the
rotor and stator have been measured. The measurements where made on the
upper and lower edge of the generator. The mean shape deviation is calculated
from the upper and lower measurements. Because only two measurements have
been made on the Kr̊angfors G2, one on the upper edge and one on the lower
edge of the generator, it doesn’t give a good picture of the shape of the rotor
and stator. It is not certain that the mean shape deviation can be approximated
to the center of the rotor from the two measurements, the case might be that it
actually will have a levering arm due the asymmetry in the shape of the rotor.
Therefore three cases have been studied, mean shape deviation on the center of
the generator, two shape deviation one on the upper half and one on the lower
half of the generator and the mean shape deviation on only the upper half of
the generator.

Figure 4.1 and 4.2 show that there is no difference in the forces when compar-
ing the mean shape deviation with two shape deviations. This can also be seen
in Equation (2.38) and (2.39) compared to Equation (2.40) and (2.41) where
the top two terms are equal but the bottom two differ. The difference is seen
in Figure 4.3 and 4.4, as bending moments in new frequencies.

The effect of the bending moments are seen in Figure 4.9, 4.10, 4.11 and
4.12, there is a clear difference in the amplitude of the different frequencies of
the response. For a centered rotor α = 0.50 there exists a bending moment
for the case of two shape deviation but none for the case with a mean shape
deviation. For the case α = 0.32 there exists bending moments for both cases,
but frequency spectrum differs. Especially higher frequencies don’t appear in
the mean shape case, but exist in the case of two shape deviations.

The main interest for this thesis has been to compare the difference of using
two measured shape deviations for rotor and stator compared to the use of
the mean value of these two measurements. It has been seen that the effect
on the displacement in the x and y directions where small from two shape
deviations. The two shape deviations resulted instead in a bending moment
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in new frequencies that did not exist in the case with a mean shape deviation.
This bending moment affected the angular displacement of the rotor around the
x and y axes. For the case Kr̊angfors G2 the angular displacement was very
small, due to it being a very stiff system. Some of these frequencies where close
to eigenfrequencies of the system, which could lead to increased excitation of a
weaker system.

Also a special case was studied, the mean shape deviation was set on the
top half of the rotor and the bottom half of the rotor was set to have no shape
deviation. This case was studied to see the effects of a asymmetric rotor with
large shape deviations on only a part of it. Figure 4.13 and 4.16 show the
frequency spectrum for the response. It is seen that the response is larger in
some frequencies that for the case of two shape deviations.

5.1 Conclusions

One can conclude

• Two shape deviation have small effect on the displacement of the rotor in
X and Y directions.

• Two shape deviations give rice to bending moments in new frequencies,
these bending moments give rice to displacements in θx and θy. In Kr̊angfors
G2 only the first frequency of the shape deviation can possibly affect the
system.

• A mean shape deviation only on the upper part of the generator has larger
effects in some frequencies than two shape deviations. This is due to that
the moments that cancel partly in the case of two shape deviations, will
be added together in the case of a mean shape deviation on the upper
part. The conclusion is that two shape deviations can have a stabilizing
effect compared to a large shape deviation on one part of the generator
and none on the other.
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