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Abstract

This thesis presents the assessment of candidates for orbit determination (OD) within the real-
time simulation SpaceView & Analyst, developed at Fraunhofer FHR. The goal of this simulation
is to investigate future scenarios for space surveillance, which implies the continuous monitor-
ing of objects in space. This is necessary because most objects in space are non manoeuvrable,
e.g. rocket bodies, and thus can pose a threat to active satellites.

Five methods for obit determination were chosen from a group of candidates after a theoreti-
cal comparison concerning their expected accuracy and suitability to a real-time system. The
chosen methods are: Least Squares (LS), Sequential-Batch Least Squares and the Kalman Filter
(KF) in three variations, namely the Extendend KF (EKF), Linearised KF (LKF) and Controlled
LKEF. After the implementation, it was discovered that the EKF has the shortest execution time
of the three Kalman Filters and it was also more accurate than the LKF.

A focus of the OD analysis was on geographically distributed radar sensors at different loca-
tions. It was shown that is is possible to hand a track of a satellite over to a follow-up radar
by the prediction of a future observation vector even from relatively short observation times.
The success of this handover depends on the quality of the preceding measurement, which is
also influenced by e.g. the observation geometry. The geographic spread between stations and
thus a larger coverage along the orbit leads to an improved accuracy for an OD with measure-
ments from multiple sites compared to a single site. Furthermore, an algorithm to correlate
space object measurements with an orbit database was developed, which is exclusively based
on orbit information at the current time and thus has a reduced computational burden com-
pared to typical correlation methods in use. This new technique was successfully applied to
solo flying satellites, but it was also able to distinguish between closely-spaced satellites within
a constellation by the application of longer tracking times.
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1. Introduction

Over the course of the past 60 years, activities in space around Earth have increased continu-
ously. Meanwhile, thousands of objects orbit the Earth, but only a small fraction of those are
active satellites. The large number of space activities lead to the build-up of a large debris
population, which is not limited to fragments but also includes e.g. non-functional satellites
or rocket bodies from upper stages of launch systems [19]. This large number of different, pre-
dominantly non-manoeuvrable objects in space creates the need to comprehend the situation
in space continuously. The necessary process to enable this is usually named space surveillance.

The main tasks of space surveillance are the detection of all objects in space around Earth, the
creation of an orbital database and its maintenance. The goal is to establish a basis for decisions
and subsequent actions. This includes for example the assessment of collision probabilities
and possible avoidance manoeuvres [3]. To fulfil these tasks, space surveillance implies the
observation of all objects in space, both man-made and natural. Another follow-up process is
the determination of satellite orbits. Because of its proximity and frequent use, the Low Earth
Orbit (LEO) is one of the most important domains for space surveillance.

The main goal of this thesis is to investigate different methods for orbit determination applica-
ble to space surveillance. While many different techniques exist, the most promising methods
shall be identified and implemented in the Fraunhofer FHR real-time simulation SpaceView &
Analyst, which was developed as a verification tool for future concepts of space surveillance [2].
To suit this simulation, the real-time performance of the orbit determination methods shall be
considered as well.

Further investigations shall analyse the possible application of geographically distributed sen-
sors to space surveillance systems. This includes the combination of observations from multi-
ple sites within an orbit determination and the attempt to predict a future observation vector
in order to pick up an object by a second sensor. To verify the feasibility, those tests shall also
use radar measurements taken with Fraunhofer FHR's radar system TIRA.

Additionally, first steps towards the development of an orbit database shall be made by the
derivation of a suitable correlation algorithm to assign new observations to existing orbits in
the database. This is an essential and sophisticated task during the build-up and maintenance
of a database. The combination of the topics covered in this thesis shall give a basic capability
to create a database of objects in orbit around Earth purely from observations, at least within
the aforementioned simulation.




Part I.

Orbit Determination Methods




2. Review of OD Methods

2.1. Introductory Remarks

Before different methods for orbit determination are discussed, this section shall give an intro-
duction to the terminology and outline the approach in the following sections.

It has to be distinguished between Initial Orbit Determination (I0OD), also called Preliminary
Orbit Determination, and Orbit Determination (OD), sometimes called Precision Orbit Determi-
nation. The IOD is used when no information about an object’s orbit is available. Itis calculated
exclusively from observations. If a first estimate of the orbit is already available (e.g. from IOD
or database), OD is used to improve it, for example by using additional observations.

OD methods can be separated into Batch (BP) and Sequential Processes (SP). The Batch Process
combines all available data to give an estimate for a certain time. It needs an initial orbit as a
starting value and produces a refined orbit together with an estimate of the orbit’s uncertainty,

the covariance matrix.

A Sequential Process always uses the subsequent measurement point to refine the orbit and the
covariance. It needs an estimate of the orbit and the covariance matrix as an input. A SP
is usually performed after a BP, because IOD methods typically do not deliver a covariance

matrix.

Thus, the standard approach within the field of orbit determination is to use IOD and then a
BP, which can be used to start a SP [42]. This flow of information is shown in Fig. 1.

oD

AL
- N

Orbit Orbit
IOD > BP —> SP
Covariance
Sample All Next
Measurements Measurements Measurement

Figure 1.: Flow of information from IOD to OD, split into BP and SP.

An orbit is defined by a state vector x, also called state. It consists of six independent parameters,
the orbital elements. Two types of state vectors are used in this work: a) the Keplerian elements
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2. Review of OD Methods

and b) the combination of position and velocity vector at a common time. The time, at which
an orbit is defined, is called epoch.

The elements of the Keplerian state vector are depicted in Fig. 2 and defined as [25]:
T
X:= (a,e,i,w,ﬂ,v) ) (2.1)
with:
* a: semi-major axis of the ellipse (equal to the radius in case of a circle).

e ¢&: eccentricity of the ellipse.

i: inclination. Angle of the orbital plane to the reference plane (equatorial plane in case of
an orbit around Earth).

Q: right ascension of the ascending node (RAAN). Angle between vernal equinox and as-
cending node (south to north) in reference plane.

* w: argument of perigee (AoP). Angle between ascending node (AN) and perigee in orbital
plane.

* v: true anomaly. Angle between perigee and satellite in orbital plane.

Sgatelhte EquinoX lane
Perigee Q |__Equatorial
Plane

Figure 2.: Definition of Keplerian elements in the orbital plane (left) and perpendicular
to it (right).

The alternative is to define position and velocity. In an inertial coordinate system, called Earth
Centred Inertial (ECI) or Geocentric Celestial Reference Frame (GCRF), the Cartesian coordi-
nates are X, Y, Z for the position and X = U, Y =V, Z =W for the velocity. This yields:

T T
X 1= (X,Y,Z,X,Y,z‘) = (X,Y,Z,U,V,W) : (2.2)

The transformations between Keplerian and ECI elements are well formulated, e.g. in [31,
37]. The reason for using different state vectors is the behaviour of the elements over time
and during calculations. The position/velocity vector has the disadvantage that it is changing
very quickly over time, in contrast to the Keplerian elements, where only the true anomaly
is directly time-dependent [37]. The other elements may change secularly or periodically due
to perturbations. A disadvantage of Keplerian elements are the possible singularities, which
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2. Review of OD Methods

appear when an element cannot be defined uniquely. This happens for example if an orbit has
i = 0° and thus no distinct RAAN can be defined [39].

The state vector is not necessarily limited to the orbital elements. Additional parameters can be
determined together with the orbit during the OD. It is important that those solve-for parameters
influence the satellite’s dynamics independently, otherwise the state vector is not solvable any
more [33]. An example is the ballistic parameter B = m/(Cp - A), which combines the object’s
mass m, area A and drag coefficient Cp [37]. The ballistic parameter influences the deceleration,
for example due to atmospheric drag.

Concerning the goals of the following work, the main emphasis shall be on OD methods. IOD
methods are covered as well, but mainly as a starting point for OD. Those methods are neces-
sary if an object is tracked for the first time. They shall be fast and efficient to require as little
computational effort as possible, because they shall only provide an initial value to a superior
OD method.

Accuracy

Complexity: ~Computation Memory

Stability: Robustness Convergence

Performance: Parallelisation Real-Time

Table 1.: Selection criteria for orbit determination methods.

The analysis of OD methods focuses on accuracy and stability, but also computational demands
concerning the complexity have to be considered. The criteria which are applied in Ch. 3 to
select the appropriate OD methods are given in Tab. 1. An additional point is the performance
of the methods, regarding parallelisation to speed up the computation and its suitability for
real-time OD.

2.2. Initial Orbit Determination

Introduction

The Initial Orbit Determination is used to calculate a first estimate of an object’s orbit. Dif-
ferent observation set-ups and calculation methods exist and chosen examples are given in
the following. 10D methods usually assume the simple two-body problem and thus neglect
perturbations.

An orbit needs six independent parameters to be defined, but one single measurement is usu-
ally not able to provide such a complete set [25], e.g. a radar has a maximum of four parameters.
Therefore it is necessary to combine multiple measurements for IOD.

The calculation method depends on the observed parameters, which are directly dependent
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2. Review of OD Methods

on the observation technology. For example, a telescope can give the direction angles, also
called line of sight, to a tracked object. Gauss developed an angles-only technique to calculate
orbits of asteroids from those optical observations [7]. Different calculation methods imply
the knowledge of an object’s position vectors, for example by radar measurements or optical
observations with additional hypotheses [5]. A position vector is defined as the vector from the
Earth centre in an inertial coordinate system to the object.

IOD methods use a minimum amount of information, mostly two or three observations [7,37],
even if more measurements are available. The choice of observations for the calculation is
arbitrary, which may lead to the inclusion of bad data and thus a significant deviation of the
initial orbit estimate from the true state [4]. In the following, two example problems of IOD
with different input information are presented and a possible solution is given for each case.

Lambert’s Problem

Input:

* two position vectors

¢ flight time between them

¢ short or long path on ellipse between positions
Result:

* velocity vectors at input positions

Various solutions to this problem have been developed and can be found in the literature [7,37].
Some examples are the f-g series, which approximates a third vector between the measurements,
the Euler method, which solves the problem for the semi-major axis, the p-iteration solving for
the semi-latus rectum p = a- (1 — €?) and the geometric approach by Gauss. These methods
have been well discussed and compared by Escobar [7], see Tab. 2. According to this, Gauss’
method is fast and accurate. It yields the best results, when it is used for observations with a
small spread (less than 30°) between the position vectors.

Gauss’ method uses a geometrical relation. The ratio y of the ellipse sector between r; and r,
to the triangle ABC area, see Fig. 3, can be related to the orbital parameters. It can be seen that
the section is always larger than the triangle, thus y > 1. A computational algorithm [37] is
presented in the following. The goal of this procedure is to find the velocity at point B or C,
which completes the orbit’s definition.

The difference in true anomaly v between the two vectors can be calculated by:

I rn

cos(Av) = (2.3)

rr ’
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2. Review of OD Methods

Computational Optimal
Method Speed Angular Spread | Accuracy
Gauss + < 30° +
Euler 0 >70° +
p-iteration 0 > 70° -
f-g series - < 30° 0

Table 2.: Comparison of solutions for Lambert’s problem [7].

C B

|
|
|
|
|
| A
|
:
|
|

Figure 3.: Definition of vectors and areas used in Gauss” method.

sin(Av) = iy 1/ 1 —cos?(Av) , (2.4)

where r = /r - r is the norm of the vector and #y, is +1 (short path) or -1 (long path).

Two constants are defined to shorten the following calculations:

ri+nr 1
= — = VAv | Av #£180°) , 25
4 /rracos() 2 ( | Av # ) (2.5)
2
S . (2.6)

(2 rlrzcos(%))3

The sector to triangle ratio is initiated with y = 1 and modified in an iterative process:

y= 1+x2(l+xl) ) (27)
with AE
M _an2(2E

xl_yz [ =sin <4 > ) (2.8)
AE —sin(AE)

=— 0. 2.9

2T T (&) @9)

E is the eccentric anomaly, which can be replaced along with the sine function by the following

approximation:

4 . .8-x2 6-8-10-x3
(1+6 1 6-8x ol ) . (2.10)

273 5 57 TTs509
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2. Review of OD Methods

The iteration of (2.7) is stopped as soon as y changes only marginally. Then the equations can
be solved for the semi-latus rectum p with:

cos (A2E> =1-2x, (2.11)
rira(1 —cos(Av))
pP= ~ Av AEY (2.12)
r +nr 2\/r1rzcos( 5 )cos( 5 )
Those values can be used to calculate the variables f and g:
F=1-"2(1—cos(av)) , (2.13)
p
rirsin(Av)
=——2 (2.14)
VHP
which leads to the final result:
v = 2o/ (2.15)
8

Now the velocity at the position rj, point B in Fig. 3, is known, which completes the definition
of the orbit. The result could be transferred to Keplerian parameters if desired.

Three Positions and Time

Input:
e three position vectors in correct order
¢ flight time between each pair

Result:

* velocity vector at the middle position

Compared to Lambert’s problem, this methods uses a third position vector to define the flight
direction instead of a binary value. Two main solutions exist for this problem [37].

One solution, called Gibbs method, is related to the mentioned angles-only method by Gauss,
thus it is a geometric approach. Thereby it depends on a sufficient spread between position
vectors, at least 2° - 3°, to yield a good result [37]. Observations from a single site have a very
small angular separation. For example, two position vectors of a LEO object with a temporal
spacing of one second have a separation of less than 0.1°. To prevent numerical problems with
the geometric approach due to the vector spacing, the Gibbs method is rejected.

The Herrick-Gibbs method works well for closely spaced vectors, even less than 1° [37]. The goal
of this approach is to find the velocity vector at the middle position. No geometric relations are
used but a Taylor expansion, which approximates the velocity around the middle position.

-8-



2. Review of OD Methods

As a first step, it has to be checked whether the three position vectors (r;,r,r3) are in the
same plane (coplanar), because two vectors are enough to define the orbital plane. This can
be checked via the definition of a vector perpendicular to the last two:

223 =1y XI3. (216)

The scalar product between Z»3 and 1 is theoretically zero, because those vectors should be
perpendicular to each other. The offset angle is calculated by:

(231
0, = . 217
coplanar = arcsin < Zos 11 ) ( )

A maximum acceptable value for S.planar has to be defined, which can be up to 3° [37].

The Taylor expansion is performed around the middle position vector up to the fourth deriva-

tive:

f‘z(t —t2)2 'i"g(t —t2)3 .'Iz'z(l —t2)4

3 + 3 + al (2.18)

r(t)=n+i(t—n)+
One can see that the desired parameter i, = v, is included in this equation. The derivation is
mainly about expressing the higher derivatives via the second-order derivative of the two-body

problem:
i— B¢ (2.19)

3
,
The details can be found in the corresponding literature, e.g. [37]. The final result for the veloc-

ity yields:

1 W
=—At +—=|r
V2 32 <Al‘21Al‘31 121’% ) :

1 u
+ (Atzp — Ayy) (AfmA%z + 12”%> ) (2.20)

I W
+ At +— |13,
21 (At32Az31 12@) ’

with Atj; =t; — ;. This equation can be solved directly from all known parameters.

Two examples of possible algorithms for IOD have been presented. In an application, the choice
of an algorithm mainly depends on the information provided by the sensor and in particular
the spacing of the observations in time and space.
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2.3. Orbit Determination

2.3.1. Overview

As it was stated in the previous chapter, IOD methods apply the simple two-body problem to
solve for the orbit. If an object is tracked over a relatively long time, it may become necessary to
include the orbital perturbations. Therefore the dynamics of the object have to be considered.
Furthermore the general OD approach includes the model of the measurements. This leads to
the main problem of OD [25]:

x=f(x), (2.21)
z=g(x). (2.22)

It consists of a differential equation for the state vector x and the theoretically observed pa-
rameters z as a function g of the state vector, which neglects all effects of noise or bias in the
measuring system. Those formulae are valid for all types of observations and force models.
Concrete implementations have to define a force model represented by (2.21) and observation
parameters for (2.22) [25]. One of the main problems of the application is, that the functions
f and g are usually highly non-linear, which leads to special investigation methods to be pre-
sented in the following sections.

The presented concepts are valid for all types of observations and thus are not limited to e.g.
ground-based observations. It is only important to have a clearly defined relation between
the measurement and the desired orbital parameters to apply these methods. It also has to be
considered that different types of observations can vary in accuracy and suitability for OD.

Because OD methods only provide a mathematical fit, the chosen dynamics and relations for
the functions in (2.21) and (2.22) are fundamental for the success of the calculations. The better

the modelled dynamics, the more precise is the result.

Two main classes of approaches exist. Those are the already mentioned Batch and Sequential
Processes. The following sections introduce several OD methods before practical aspects of the
implementation are discussed in 2.4.

2.3.2. Batch Processes

Batch Processes can use all available measurement points during one calculation and combine
their information to obtain a result at a specified reference time.

Least Squares

The Method of Least Squares (LS), also called differential correction, had been developed and
first applied by Gauss in 1795, but was published in 1809 [9]. This technique has been applied
to orbit determination from the beginning of the space age until today [4].

-10-



2. Review of OD Methods

The idea is to minimise the sum of the squared differences between the measurement y and
the modelled value z = g(x), which is also called performance index or cost function J(x) for
a number of m measurement values to determine n elements of the state vector. It is formu-
lated with the residual vector b, which is the difference between the measured value and the
expected measurement [37]:

b=y—2(x), 2.23)

J(x) = ib% — b'b = (y-5(0)(y— (). (2.24)

The use of squared values is easily comprehensible, because a positive quadratic function al-
ways has one minimum. Additionally, it is avoided that positive and negative errors cancel
each other out.

Concerning (2.23), it is important that the state x is at the same time as the measurement y.
Therefore it is necessary to propagate the state vector to the equivalent time of measurement
with the differential equation (2.21) from the previous section.

The function g is highly non-linear and (2.24) cannot be solved for the state x directly. A first es-
timate x¢ of the orbit is necessary as a reference to predict a state value X for an observation time
corresponding to y. The difference between the true and the reference state is approximated by
a first-order Taylor series of the observation function g. This yields:

by (g(x) + aég,((:) (x— x0)> . (2.25)

To shorten this expression, the following equations define the residuals by, the difference in
states Ax and the matrix Hy:

bo=y—g(x). (2.26)

AX=Xx—Xp, (2.27)
_ 9g(x)

H, = oxg (2.28)

Hy € R"*" is the Jacobian matrix and contains the partial derivatives of the observation parame-
ters with respect to the reference state. This gives the final formulation of the cost function [25]:

Jo(Ax) = (bg — HoAx)T (by — HpAX) . (2.29)

This changes the LS problem to being solved for the correction of the state vector Ax in an
iterative process. Finding the minimum of (2.29) by setting its derivative to zero yields the
normal equation of the non-linear LS problem [25]:

(HiHp)Ax = H{ by . (2.30)

-11-



2. Review of OD Methods

The matrix multiplication on the left-hand side yields an n x n matrix, which is inverted to solve
for Ax:
Ax = (H)Ho) 'H by . (2.31)

This correction is applied to the reference state x:
X0.new = X0,0ld +Ax. (2.32)

The process is repeated with the new reference state, until a termination criterion is satisfied.
The root mean square (RMS) of the m residuals is used for that [37]:
bjb
RMS = 1/ 2290 (2.33)

m

The termination criterion is:
IRMSpew — RMS, 4|

RMS1q

with a defined value 0 for the relative change.

<8, (2.34)

(2.31) can be extended by a weighting matrix W € R”*". It is a diagonal matrix, whose elements
scale the accuracies of the corresponding observation parameters. A classic approach is to place
the inverse values of the assumed sensor noise on the diagonal, namely 1/ o2 [38].

With the inclusion of the weighting matrix, the solution changes from (2.31) to that of the non-
linear weighted least squares [37]:

Ax = (HYW Hy) " 'HI Wb, . (2.35)

This leads to the definition of the covariance matrix P € R"*", which gives an estimate of the
uncertainty of the solution:

ze HyxyOxOy MHy;0x0;
P=H{WH)) "' = |p 000, 0} 1.00] (2.36)
Hyxz0x0;  Hy;0y07 Gzz

with the example of a three element state vector x = (x,y,z)”. The elements on the main di-
agonal are the variances of the state elements, which is equal to the square of the standard
deviation. The off-diagonal elements contain the correlation coefficient u, which is a measure
of the correlation between the errors. If the elements of the state vector are independent of each
other, the off-diagonal elements are zero [37].

Because it is not reasonable to restart an entire batch process after one additional observation,
it has to be decided how long data is accumulated until a new batch calculation is initiated.
This period of time is called the restart interval. When starting a new batch process, it has to
be decided as well, which old data is no longer considered for the calculation. The period that
covers all used data is called the fit span [37]. For further clarification Fig. 4 shows a sequence
of measurements with a certain fit span and a restart interval. The size of the fit span depends

-12-
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00000000000000000000|0000000000I00000000CO0O0

E, t

Fn—l

Fn72

Figure 4.: Fit span F and restart points R for a sequence of measurements. In this ex-
ample, the restart interval is 10 and the fit span 20 measurements.

for example on the altitude of the satellite. For a LEO satellite, up to three days of data can
be included [37]. The restart interval depends on the demands of the overall system. For a
pure database, it would be enough to restart LS after a satellite pass has been completed. For
a real-time simulation, the computational resources have to be analysed to find a compromise
between calculation time and update rate.

LS is the most common approach in OD. To briefly sum up, it needs a first estimate of the orbit

as an input and produces a refined orbit and the covariance matrix as an output.

B-Spline Interpolation

The estimation of an orbit by spline interpolation is a recently developed approach. The idea
is to perform a spline approximation of the measured trajectory over time. It is most suit-
able to use an inertial coordinate system, because this facilitates the transformation to an orbit.
No model of the orbit dynamics is necessary, because this problem is solved as a function
approximation. This principle from optimal control has already been applied to landing trajec-
tories [44].

The position and velocity of the object are estimated by [32]:

X() :éajB (t_hTf) (2.37)
Y1) = ]i] B;B <t_hTJ> (2.38)
(1) = j_ilij (t_hT"> (2.39)
X (1) :j_i}llajB (t_hTf) (2.40)
Y ()= J_i %ﬁjB <t —th> (2.41)
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) Pl (t—T;
Z(f)zjghw3< hj), (2.42)

with the interpolation times T at point P, the distance between points / and the applied spline
function B(x). The parameters «;,3;,7; are the results of the estimation. Thus the size of the
solution vector is three times the number of measurement points [32].

The linearised equation to determine those parameters from measurements is [32]:

z| |Aa
b= % AB| . (2.43)
0| | Ay

where E and @ contain the spline functions B and B from (2.37) to (2.42) for each parameter.
The first matrix is not completely equal to the Jacobian from LS, because its derivatives are with
regard to the different measurement times. The residuals are again the differences between the
observed and theoretical measurement values.

Although the relation in (2.43) does not need a dynamical model of the object’s movement,
it can be expanded to cover this as well, see [32]. This is done to avoid a loss of information,
because an object on a bound orbit is limited to an elliptical movement, which is not considered

in a pure function approximation.

The B-Spline approximation can be regarded as a hybrid between IOD and OD, because it
does not necessarily need a first estimate of the orbit and it does not yield a covariance matrix
to indicate the quality of the estimate. The outputs of this method are six time-dependent
functions of the position and velocity within a certain time span [32]. The spline approximation
is well suited for the integration in a control loop [44].

2.3.3. Sequential Processes

Sequential Processes integrate every new measurement separately into the current state to up-
date the estimate. Thereby these approaches avoid re-using information after it had already
been exploited.

Sequential-Batch Least Squares

One approach to treat new data with LS is presented in the previous section with the restart
interval. Another approach is part of the sequential methods and is based on the Bayes theorem
[11], thus it is sometimes called Bayes Filter [37]. It can also be interpreted as LS with a priori
information [33].

The idea is to avoid processing old information again, which has already been used in a previ-
ous step of LS. For example, when 20 new observations have been made, after the information
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from 80 previous observations had already been extracted in an LS calculation. The Sequential-
Batch Least Squares (SBLS) uses the new information to update the previous results without
performing an entire LS calculation again.

SBLS is derived from LS by adding the new to the old measurements. This yields for the
residual vector, the Jacobian matrix and the weighting matrix:

b

b=| M|, (2.44)
_bnew
'H

H=| | (2.45)
_Hnew
‘W 0

w=| °d . (2.46)
L 0 wnew

Introducing those terms in the LS equation given in (2.35):

-1

W 0 H W 0 b
Ax — |:HT HT } old old [HT HT :| old old :
old new old new
0 Wnew Hnew 0 Wnew bnew
(2.47)
which can be condensed to:
Ax = (ngwwneanew + Pg](lj) - (ngwwnewbnew + Hgldwoldbold) ’ (248)

where all matrices with the subscript old are already known and only the new ones have to be
calculated. The result of the inversion is the new covariance matrix Ppew [37].

SBLS uses the information from a previous LS calculation to integrate a set of new measure-
ments into the state estimate. Therefore it needs an estimate of the state and its covariance
matrix as an input and delivers updated values of these two as an output. The disadvantage
of SBLS is that it extracts information over a long period of time and gives a correction of the
state vector for a reference time #y, which cannot be changed from the initial value, because the
stored old matrices are only valid at a certain state and epoch.

Kalman Filter

If measurements are taken at a nearly constant rate, it is more convenient to update the state
with every new measurement. This principle is used in the Kalman Filter (KF), which was
developed in 1960 [15]. It is based on a maximum likelihood approach and assumes Gaussian
statistics for all noise sources. The processed information is part of the current state vector and
covariance matrix, thus it is not necessary to have access to previous observation vectors [37].
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An additional matrix is required for the following calculations. From (2.21), the Jacobian matrix
of the dynamical model can be defined:

0 _ o
Todx ox

A new set of differential equations can be obtained from this relation, which yields the error

(2.49)

state transition matrix ®. It propagates state deviations from a time #q to # [25]:

d)(t7t0) = F(IO)(I)(I?IO) ) (250)

(IJ(Z‘(),I()) =1I. (2.51)
It is used to predict the correction value for the state at a different time:
AX = (1, 10)ARo + V (2.52)

which also includes the process noise v to represent the uncertainties and disregarded effects
in the dynamical model, like higher order perturbations. Estimates, resulting from the inte-
gration of a new measurement, are indicated by a hat and predicted values, obtained from the
propagation of a previous estimate, are indicated by an overbar.

® is also used to predict the covariance matrix for a later time from the previous estimate. The
indication of the time is dropped in favour of a sequential notation:

P =P P @' +Q, (2.53)

where Q indicates the second moment of the process noise, comparable to a covariance matrix
of the noise [33].

A new expression for the estimated state and covariance matrix can be derived using the pre-
dictions from (2.52) and (2.53) to substitute the a priori information. The detailed derivation
can be found in [37]. The new formulae for the estimates are without subscripts, because all
elements refer to the same time:

P=P-KHP=(I-KH)P, (2.54)
Ax = AX+K(b — HAX) . (2.55)

The matrix K € R"" is called the Kalman Gain. The larger the gain, the more weight is given to
the deviation of the measurement residuals and it is defined as:

K=PH ' (HPH" +w )7l (2.56)

The two main approaches for the non-linear orbit determination problem are the Linearised
Kalman Filter (LKF) and the Extended Kalman Filter (EKF). The difference between them is visu-
alised in Fig. 5. The LKF uses a constant reference state and calculates the updated values with
respect to that, whereas the EKF uses the correction in each step to define a new reference state
for the next step.
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(a) LKF

(b) EKF

Figure 5.: Comparison of LKF and EKF concerning their use of the reference state xo.

For the implementation, this means that the matrix F has to be calculated only once and can be
used in every step by the LKF, while the EKF has to compute it for every update. On the other
hand, the EKF can set the predicted correction Ax to zero, because the reference state is equal

to the state in the previous step [37].

In general, the KF updates the estimates of the state and the covariance by the inclusion of the
next measurement. It is not necessary to store observation vectors after they were processed.
The KF does not contain an iteration, which means that a nearly constant execution time can
be estimated for an update. Thus it is well suited to control loops and real-time applications, if
a state has to be monitored already during the measurement.

Alpha-Beta Filter

A simplified, special case of the KF is the Alpha-Beta Filter (ABF), which uses constant gain
values instead of the variable Kalman gain and thus cannot adapt to the situation by itself.
This principle has already been applied to OD [21]. The approach is rather simple and assumes
a constant acceleration between measurement points over a time Az. Note that this only works

with a position/velocity state vector. The next estimated state is:
X1 =AX+T 8 > (2.57)
with the matrices:

A I35 I3x3A1 7 (2.58)

033  I3x3
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I35 1 A2
e (2.59)
I3><3At

The vector g contains the accelerations of the object in X,Y,Z. The new estimate of the state is
obtained by:
X1 = Xp1 + Ky — HXit1) (2.60)

where y is again the measurement and H the Jacobian matrix of the observations. The position
vector should be used as a measurement input to define the constant Kalman gain as:

Oy
L | oy
aZ
K= . (2.61)
B./At

I3 | By/At
B/ At

The ABF uses constant factors for the offset between estimated and real measurements to cor-

rect the predicted position and velocity. The main challenge of this filter is to tune the param-
eters of the Kalman gain to give a stable behaviour [21]. As an exception from the other SP,
the ABF does not need or provide a covariance matrix. Thus the ABF does not consider the
uncertainty of the estimate.

2.4. Numerical Considerations

This section shall point out the main challenges of the presented approaches from the previous
sections regarding the transition from formulae to an algorithm. Most of this concerns the used
matrices and the related operations.

In the LS method, (2.28) defines the Jacobian Matrix Hy as the partial derivatives of the ob-
servations with regard to the reference state x¢. It has to be decided how to obtain the partial
derivatives. Two approaches are possible. The first one is to set up the analytic non-linear for-
mulae for the observation parameters depending on the state quantities and derive them. As
the change from observation to state may also include various transformations between coordi-
nate systems, this can become very complex to derive [36]. To avoid this, the finite differencing
technique can be used. The idea is to perturb one state element by a relatively small number &
and calculate the resulting observation value, which is used to approximate the derivative by
the forward difference quotient:
dgi(x;) _ 8ilxj+8) —&i(x))
ox; a '

(2.62)

For this technique, a number of additional observations equal to the number of elements in the
state vector has to be calculated. An improved formula for finite differencing requires twice as
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many calculations, but may give a higher accuracy because the central difference quotient is

used [25]:
dgi(x;) _ &i(xj+&)—gi(x;—S)
axjj ~ 8l 2§ i=S) (2.63)

The choice of the state vector is directly related to the previous problem. It is obvious, that the
derivative of a measurement with respect to the state vector would be much more complicated
if the Keplerian elements were in the state, rather than the position vector. Additionally, this
leads to the question which parameters are used as observations. For example, if a radar mea-
sures range, azimuth and elevation, it is possible to calculate a position vector by a coordinate
transformation. If this position vector is used as an observation parameter instead of the actual
measured values together with a position/velocity state vector, the formulation of H is triv-
ial. This would simplify the calculation significantly, but further operations are necessary to
convert the measurements to a position, which may also introduce errors, because of rounding
or imperfect rotation parameters. This approach is called Converted Measurements Kalman Filter
(CMKF) [14].

The variety of possible combinations of state and observation vectors can be overcome by the
use of finite differencing to avoid different complexities of derivatives. Further mathematical
problems, e.g. the matrix inversion, can be solved by well known algorithms [29]. Addition-
ally, various mathematical techniques are available to increase the stability of the presented
methods, but they shall only be applied if necessary and are not presented within this work.
An example is the Singular Value Decomposition for LS [4].
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3. Assessment and Selection of OD Methods
for Space Surveillance

3.1. Batch vs. Sequential

BP SP
+ - + -
heritage / no immediate updates with smugness (KF)
experience (LS) update every
measurement
fits to entire span can be stopped may diverge after
after every bad measurements
observation
no covariance depends on restart || easier application | covariance (and
matrix as input interval and fit to real-time process noise, KF)
span matrix as input

Table 3.: Comparison between Batch and Sequential Processes.

Before comparing the individual methods, the first section shall investigate the two generic
categories of OD methods: Batch and Sequential Processes. Historically, BP have been used
for OD in space surveillance from the beginning of the space age. With the advent of the
Kalman Filter, SP became an alternative for estimation problems. Investigations to apply those
procedures to OD have started at NASA around the year 1990 [23,27].

The main difference between BP and SP is the process to include new measurements, which
is explained in the corresponding sections and summarised in Tab. 3. Additionally, SP can be
stopped after every measurement, if a criterion concerning the orbit precision is met, whereas
the termination of BP is only possible at a restart point. The constant updates make SP more
convenient for real-time systems [27]. A problem with the Kalman Filter is the so-called smug-
ness. It means, that the covariance matrix becomes very small after several updates, which
leads to a small Kalman gain and thus new measurements may be ignored, because if K is very
small the correction AX is dominated by the prediction Ax and not the measurement residu-
als, see (2.55). Smugness can be avoided by the use of an appropriate process noise matrix Q,
whose definition is an additional challenge for the KF. It can either be found by trial and error
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or it results from a thorough mathematical analysis [37].

In general, methods from both categories have already been applied to OD successfully. The
literature survey has yielded no definite answer, whether one of the categories is superior to the
other. In contrast, a comparison by Tapley [33] claims that, depending on the implementation,
both categories can reach a comparable performance. Because of the expected equal perfor-
mance and to have a diversity among the chosen methods, it is decided to select a method
from each category for the implementation.

3.2. Assessment of the Complexity

This section treats the computational and memory demands of the different methods. The first
part investigates the necessary number of operations and the second part analyses the memory
requirements. The size of an OD problem is set by the following values:

¢ the size of the state vector: n
¢ the number of observation points: m

¢ the number of parameters per observation: p

The values n and p can be assumed to be constant within one OD. The only variable that grows
over time is the number of observations m. It will be used as the indicator of the problem size
and thus for the estimation of the complexity.

The assessment of the complexity uses the -Notation. If a function g(x) has €(f(x)), it means
that the function g is not growing faster than f, thus g(x) < s- f(x) with s € R for a sufficiently
large x [1]. This notation allows an intuitive presentation of the complexity with regard to the

variable m.

3.2.1. Computational Complexity

The aim of this part is to estimate the number of required operations. The worst case complex-
ities are assumed for all matrix operations, because this is valid for the most basic implemen-
tation without any improvements and thus gives an upper limit. Under this assumption, the
multiplication of two matrices, n x p and p x m, takes &(npm) operations and the inversion of
an n x n matrix is €'(n?) [10].

Concerning the LS method, (2.31) can be used to calculate the complexity of the operations. It
has to be stated, that an efficient implementation would not collect all measurement points in
one large matrix Hy, but rather add up the matrix products Hg WH, and Hg Wby for each of the
m measurement points [37]. In total p-n derivatives have to be obtained m times and the other
operations are only dependent on p and n. This yields a total complexity of &'(m).

The B-Spline approximation is calculated with (2.43). The main task is the inversion of the
mp x mp matrix, resulting from the first two matrices on the right-hand side. The additional
multiplication with the residual vector can be neglected. This gives a complexity of &'(m?).
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The Sequential-Batch Least Squares method consists of the same operations as LS, see (2.48),
and thus has the same complexity ¢'(m). The difference to LS is that the number of measure-
ments m only encloses new points, if it is assumed that all matrix products from earlier points
are stored.

Concerning the Kalman Filter and the Alpha-Beta Filter, the complexity within the update is
only dependent on the constant parameters p and n, but it has to be performed m times in
sequence. This leads to a total complexity of &(m) for both.

To sum up, all methods except the B-spline approximation have a linear dependence on the
number of observations. This proportionality ensures that the computational demand is not
increasing faster than the problem itself and thus it should always have a maintainable com-

plexity.

3.2.2. Memory Complexity

The largest matrices within the LS method are of the size n x n, which have to be calculated
for all measurement points m. This yields a total memory requirement of &'(m). The B-Spline
approximation has the already mentioned mp x mp matrix, which results in a memory size of
the order &'(m?). SBLS uses the same matrices as LS and thus has ¢'(m). The KF and ABF do
not require matrices for all measurements, because they only update existing matrices and thus
their required memory stays constant, &/ (1).

In general, BP need more memory because they are using a certain number of measurements at
the same time. Additionally, it is necessary to store all observation vectors within the fit span,
whereas the SP need no further access to old observations. One measurement includes at least
the observation time and the p observed parameters. The linearity of the complexity guarantees
that the required memory does not increase its slope over the number of measurements and
thus the maximum number of measurements which can be processed, is proportional to the

available memory.

3.3. Performance

If an algorithm can be split into independent parts, it is possible to process these parts in par-
allel and merge the results afterwards. This can be reached for example by multiple proces-
sors, which execute the same calculations on different sets of data. An additional overhead is
necessary to manage this parallelisation, thus the execution time of the single parts has to be
sufficiently large to increase the performance of the overall algorithm [13]. A possible paral-
lelisation of OD methods is investigated in this section. Another aspect is the suitability to a
real-time system, when there is a constant stream of new observations.

For LS and B-Spline, the build-up of the matrix which shall be inverted consists of the same
operations on different input data. This could be implemented in parallel to increase the speed.
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Especially the LS computation, which sums up m matrices for (2.35), can be reduced by a factor
equal to the number of parallel processors, if overhead is neglected which is valid for a large
number of measurements. The obtained speed-up is dependent on the number of cores and
the percentage of the algorithm which can be parallelised [13].

SBLS basically has the same operations as LS, which can be parallelised. The gain of the parallel
computation depends on the number of new measurements. Parallel implementations of the
KF are mainly based on the parallelisation of the matrix multiplications [30], but the execution
time is mainly dominated by the sequence of updates and not the calculation time within one
update. Thus, it is not possible for the KF to have a comparable speed-up as LS, because
measurements cannot be processed in parallel.

SP are generally better suited to real-time systems, if new observations are added at a nearly
constant rate and the solution shall be updated regularly. BP have to collect a sufficient number
of new measurements before it is reasonable to initiate a new calculation due to the complexity
mentioned in the previous section. LS has the advantage that it can be parallelised to obtain a
speed-up, while the KF has a limited potential for speed-up.

3.4. Accuracy and Stability

Regarding the stability of the presented Batch Processes, the matrix inversion is the main issue
of the calculations. Several techniques exist to improve the numerical stability for the addi-
tional cost of computational complexity, but those are not presented in this work as explained
in 2.4. Concerning the accuracy, LS is used in many different fields and yields precise results,
assuming sufficiently good input data. Because this mathematical fit depends on the correct
assumption of the underlying motion, the model of the orbital dynamics has to be chosen with
care. Due to their close relation, the same is valid for SBLS.

The B-Spline approximation has not been sufficiently tested to make a confident statement
about its accuracy, especially for short observations or tracking scenarios. Song [32] assumes
regular measurements of the position vector and does not include a comparison to other OD
methods with the same input values. Thus it is unclear, if and how the results differ from
those obtained with a different method. It is also not discussed, how this method reacts to the

inclusion of measurement noise.

The stability of the Kalman Filter is reached by keeping the covariance matrix positive definite.
Several methods exist to achieve this, which can be considered if necessary. The accuracy is
comparable to that of LS. Results between them may differ in the range of meters [27]. The ABF
cannot become mathematically unstable, but it can be doubted whether the accuracy is good
enough, because the ABF assumes a constant acceleration to predict the next measurement.

In general, the expected accuracy for LS and the KF is mainly dependent on the quality of the
underlying dynamical model and they yield a precise result with a good model. The other
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methods have more uncertainties concerning their accuracy. All methods are mathematically
stable or can be stabilised if necessary, see 2.4.

3.5. Selection

The B-Spline approximation method is rejected, because it showed the highest complexities in
operations, € (m?), and memory requirements, ¢ (m?), compared to ¢ (m) of the others. It is
also not clear, whether this method can reach a good accuracy in tracking scenarios because
this was not tested yet. Due to this, the classic Least Squares method is chosen as a BP. It has a
proven capability to perform this task [23].

Within the SP, the Kalman Filter is chosen, because it is a well-known estimation method, which
is used in various applications including OD. It has a comparable accuracy to LS. The LKF and
EKF use the same equations, so both methods can be implemented with a marginal additional
programming effort. Another, self-developed, variation of the KF is also added, where the up-
dates of the reference state used in the EKF are only performed after the total correction Ax
exceeded a certain threshold. Otherwise it operates as an LKF. This shall be called Controlled
LKF (CLKF) in the scope of this thesis. It shall combine the accuracy of the EKF with the sim-
plified approach of the LKF. SBLS is also chosen, because it contains mostly the same equations
as LS and thus their implementations can be combined efficiently.

The Alpha-Beta Filter is rejected, because the assumption of constant accelerations between
measurements is not precise enough, especially if the sequence of observations is interrupted
for a certain time. The longer the gap between measurements, the less it is acceptable to neglect
a curved orbit. For example, such an interruption can be caused by observations from multiple
sites.

BP Least Squares

SP Kalman Filter (LKF, EKF, CLKF)

Sequential-Batch Least Squares

Table 4.: Selected methods for the implementation.

Five methods for OD have been selected, see Tab. 4. Least Squares is chosen as a classic Batch
Process with a long heritage in OD. The Kalman Filter is the most common sequential estimator
and three different versions are used in this work. Finally, Sequential-Batch Least Square pro-
vides an extension of LS to a Sequential Process. The computational and memory complexity
of these methods is maximally linear with regard to the number of observations and thus the
computational burden does not increase faster than the number of observations. Together with
the proven use in OD, it is expected that each method is functional and detailed comparisons
are made in Ch. 5.
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4.1. Program Structure

The developed program is able to switch between different IOD/OD methods and manages
all data concerning the OD. It is divided in modules, which are shown in Fig. 6. An interface
module, called Orbit Determination, controls the calls to other modules. It reads the requested
OD method as an input and initiates the corresponding module. The orbit determination mod-
ules are subdivided in three groups: 10D, Batch, and Kalman Filter. Each of those contains the
methods described in the previous chapters, except an additional IOD method called Angles-
Only Gauss, which can be used for optical observations. A detailed description can be found
in [7,37].

Orbit
Determination

10D Batch Kalman-Filter Mathen)atlcal
Functions
— Herrick-Gibbs | — Least Squares | — LKF
Create
Observations
Sequential
— Lambert-Gauss | Y Batch Least || EKF
Squares
SGP4
| | Angles-Only | CLKE
Gauss

Figure 6.: Structure of the OD implementation.

Three additional modules are used in support of the program. An external module SGP4,
taken from a public source, is a common approach to propagate objects under the consideration
of disturbing forces, see 4.4. The module Mathematical Functions provides multiple standard
routines. For example, this includes transformations between coordinate systems or definitions
of internal data structures. Create Observations is not a part of the orbit determination, but
it is used within this work to produce measurements, which can be fed into the OD. More
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information on the simulation of observations can be found in 4.5. Another possible input of
observation vectors is via the real-time simulation SpaceView & Analyst, for which this program
is developed as a plug-in.

The combination of those modules is presented in Fig. 7 as a flow diagram, which shows the
abstracted process of OD within the program. When observations are received, it is decided,
whether in case of a new object an IOD is necessary, or the IOD can be skipped because the
object already has an estimated orbit. After this preliminary step, the OD is started. An iden-
tifier within the program indicates which OD shall be used. In case of LS, the observations are
processed and result in an orbit and a covariance matrix (CM). In all other cases it has to be
checked first, whether there is a CM information for the object’s orbit, because the other four
methods all need an initial CM. If no CM is present, a calculation with LS is performed for a
fixed number of observations. Afterwards, the desired OD method can be started immediately
if unprocessed observations are left or it is used for the next call of the OD.

4.2. Error Management

Both, LS and the KF, require to calculate residuals, the difference between expected and mea-
sured observation values. In case of angles, for example the azimuth, a problem arises due to
the circular character of the spherical coordinate system. If two angles are on opposing sides
of the zero direction, their difference may be erroneous. For example, the difference between
359.5° and 0.5° would yield £359° and not the expected F1°. Changing the scale from [0°,360°)
to [—180°,180°) would only shift the problem to 180°. To solve the issue, 360° is subtracted
from all differences larger than 180° and 360° is added to all differences smaller than —180°.

The program also checks at multiple points whether a meaningful result has been obtained.
For example, the IOD module returns an error if the semi-major axis of the calculated orbit is
smaller than the Earth’s radius. In such a case, the IOD method is automatically restarted with
a new set of observations, if available.

4.3. Partial Derivatives Matrices

The matrices containing the partial derivatives of the observation values with regard to the state
vector are an important part of any OD, because they relate measurement deviations to state
deviations. In 2.4 the principle of finite differences to obtain those partials without the need
for complex derivations of analytical formulae is introduced. The program uses the forward
difference quotient to avoid additional propagations needed by the central difference quotient.

The calculation of the LS partial derivatives matrix Hy, see (2.28), is performed exclusively by
finite differencing, because the derivation of an observation value with regard to a state value
at a different time is not precisely analytically possible. It involves propagating the object over
different times and at different points, which cannot be transformed in an analytical formula.
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Figure 7.: General program flow.
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The partial derivatives matrix H used by the Kalman Filter is calculated with regard to the
current state, which makes an analytical solution of the derivatives possible by a series of coor-
dinate system transformations. Examples for those analytical formulae can be found in [25,37].
Nevertheless H can also be formed by the use of finite differences to account for the variety of
observation vectors and possible forms of the state vector. Comparing the analytical and nu-
merical derivatives, it was found that they usually match each other with an average relative
difference of less than 1% per element. In rare cases this value can rise to about 4%, but higher
differences usually do not occur. These deviations do not lead to significant changes in the OD
result and thus both approaches can be used.

4.4. Methods of Propagation

To propagate an object’s position along its orbit, a model of the acting forces is required. The
simplest approach is to assume an undisturbed two-body motion, where only the gravitational
force of the central body, here Earth, is acting. This so-called Kepler propagation leaves all
Keplerian elements constant except the true anomaly, which signals the position on the orbit.
More sophisticated approaches can include additional forces, for example atmospheric drag or
a non-spherical gravitational field due to the Earth’s shape. It depends on the altitude of the
satellite, which forces are dominant. For example in Geostationary Orbit, atmospheric drag
can be neglected but the gravitational attraction by the moon has to be considered. If a high
number of additional forces is modelled, it becomes necessary to apply numerical integration
techniques, which propagate the orbit in small time steps and have to calculate all accelerations
each time. This is computationally expensive and requires detailed models. To avoid this, the
Simplified General Perturbations (SGP) model was developed by the US Air Force, which uses
analytical equations to propagate an object under consideration of the most relevant forces.
An SGP implementation, called SGP4, includes effects from the Earth’s shape and atmospheric
drag as well as the gravitational influences of the moon and the sun [12]. The input of the SGP
propagation is a mean orbit in the form of the Two Line Element (TLE).

To avoid time consuming integration techniques, the OD program uses either Kepler or SGP4
as a propagator. It is used for example to predict measurements based on the current orbit. The
analysis in Ch. 5 investigates the influence of the chosen propagation method.

The KF also propagates the covariance matrix and the expected error over time by the error
state transition matrix ®, see (2.51). Because this propagation is not critical for the estimation
procedure, it uses the simple two-body problem. Additionally, the propagated error states
are usually small deviations from the trajectory, thus the errors introduced by the simplified
propagation are also small. This simplifies the analytical formulation of ®, which is available
in the literature, e.g. [37].

-28-



4. Implementation

4.5. Simulation of Observations

As it was stated in 4.1, the program contains a module to simulate observations. It uses orbital
data as an input and delivers observation values at a desired time. A propagation method is
necessary to generate measurements over a certain time. The preceding section introduced Ke-
pler and SGP4 propagation, which can both be used. Observation vectors can also be produced
in the real-time simulation SpaceView & Analyst.

Concerning the observations itself, four different types of measurement parameters can be pro-

cessed:

T
1. ECI Position Vector: r = (X7 Y, Z)

The position of the object in an inertial coordinate system. This vector is not directly
observable, but it is useful for debugging and to create reference positions.

2. Azimuth «, Elevation f, (Slant) Range p:

The typical output of a monopulse radar system with the direction angles azimuth and
elevation in the local frame combined with the range information. This vector can be
transformed to ECI coordinates, if the location of the station is known.

3. Azimuth «, Elevation 8, Range p, Range-Rate p:

A radar can also be able to measure the frequency shift of the returned signal, called
Doppler shift, which yields the range-rate, the derivative of the range.

4. Right Ascension «, Declination é:

The output of an optical measurement by a telescope, which uses the sky background as
an orientation and thus yields direction angles in an inertial frame. This measurement is
only 2-dimensional and gives no information on an exact position.

Furthermore, it has to be considered that no real technical system is able to provide perfect
measurements. To consider this, it has to be possible to add noise to the measured values. For
this procedure, it is assumed that the noise behaves according to a normal distribution around
a mean value of zero. The size of the standard deviation is a measure for the quality of the
observations, which is also dependent on the signal-to-noise ratio (SNR). Because the SNR is
mainly dependent on the concrete radar system and the simulation should be generally valid,
the differences in SNR are not modelled to avoid the implementation of a concrete system.
Thus the noise is always assumed with the same standard deviation.
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5.1. Test Scenarios

The goal of this chapter is to evaluate and compare the implemented OD methods. The first
tests investigate the general behaviour of the methods to observe their performance. Af-
terwards, more complex tests analyse the applicability and suitability to geographically dis-
tributed sensors, which also include the use of real radar measurements.

The tests require the definition of a quality criterion to compare different results and enable an
evaluation. This chapter mainly uses the position of the object for the comparison. This position
can be obtained from the estimated orbit as well as from the reference orbit, which was used
to create the (noisy) observations. This comparison is preferred to Keplerian elements, because
the interpretation of differences between those elements is not always intuitively understand-
able. Additionally the total position error, the Euclidean norm of the position difference vector,
reduces the six-dimensional state to a single value. The epoch of the determined orbit is always
at the time of the last measurement, thus the position error is also evaluated at this point.

The plots in the following sections do not contain results for all possible variations. If an ex-
ample in the following sections does not show all OD methods, propagation methods or test
orbits, the results of those are similar to the provided plots and only one example is shown.

Test Orbit (TO) Semi-Major Axis (km) Eccentricity
1 6697 0.01
2 6697 0.001
3 8290 0.1
4 8290 0.01
5 8290 0.001

Table 5.: Definition of test orbits (TO).

To simulate measurements, it is necessary to define reference orbits as representatives of the
main target region, in this case the LEO. The orbits have been chosen to represent different
altitudes in LEO, thus with a semi-major axis between 6440 km and 8290 km and a maximum
eccentricity of 0.1 [43]. Tab. 5 lists the chosen reference orbits: One high and one low LEO orbit
with different eccentricities, thus different orbit shapes and perturbations. The values of the
other orbital elements are chosen to generate a pass above the defined ground station. Their
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values are not expected to influence the OD, because they define the orientation of the orbital
plane, which is relatively easy to determine. All measurements are simulated with the addition
of noise, if nothing contrary is stated.

To create noisy measurements, a noise model is defined to generate random values, which are
added to the true observation vector. A normal distribution is chosen for the implementation.
Tab. 6 shows the characteristics of the normal distribution, from which the noise values are
drawn. These values represent realistic estimates for existing systems [37]. The mean value of
the distribution is zero. This means that the noisy measurements have no constant bias, because
this can be subtracted before processing the measurements by the operator if the system bias is
well known [37].

Technique Parameter Mean Value Standard Deviation
Azimuth 0° 0.0032°

Radar Elevation 0° 0.0032°
Range Om 12m

Optical Right 0° 0.0033°

Sensor Ascension
Declination 0° 0.0033°

Table 6.: Definition of noise statistics.

The addition of noise also means that the result of the OD is dependent on the manipulation of
the observation vectors. The previously defined position error is therefore the result of multiple
OD runs with the same true observations but different added noise values from the normal
distribution. The resulting position error is also interpreted as normally distributed and can
thus be shown as a mean value with a corresponding standard deviation.

5.2. Functionality and Robustness

Viewing Geometry

First of all, the influence of the viewing geometry on OD shall be shown to be able to separate
this effect from others in later tests. Fig. 8 shows the position error at the point of the last
measurement of an LS-OD with an increasing number of data points. Counterintuitively, the
position error is increasing with additional measurements. This effect is due to the viewing
geometry. The details of the pass are shown in Fig. A.3. One can see that the object is tracked
while it is receding from the station, thus the range increases. The increasing distance means
that the accuracy of the measured positions is decreasing because the angular errors in azimuth
and elevation lead to higher offsets at the position of the object.
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Figure 8.: Mean and standard deviation of the position error of a receding object at the
point of the last measurement.
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Figure 9.: Mean and standard deviation of the position error at the end of the measure-
ment (TO1).
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The effect of the viewing geometry is further investigated with the pass shown in Fig. A.4. In
this case, the object is reaching the closest point of approach (CPA) at about 75 seconds from
the start and nearly passes directly above the station. Fig. 9 confirms the observation from the
previous example, in this case for an EKF-OD. It can be seen that the smallest position error
is reached, if the OD is stopped around the CPA, because the following measurements have a
higher position error. The covariance matrix provides an estimate of the solution’s uncertainty
and the development of its trace is shown in Fig. 10. The trace reaches a minimum in the region
of the CPA, before it rises moderately. After the end of the measurement at 300 s the covariance
matrix is propagated, see (2.53), which leads to a slightly steeper slope than before.

The conclusion from these plots is by no means that the measurement should be stopped at
the CPA. The measured data are still providing valuable information, although the uncertainty
concerning the position is increasing. If the object is not tracked any more, all later positions
are based on propagations with a limited accuracy as it was shown by the steeper increase
of the trace of the covariance matrix. The influence of the propagation in combination with
OD is further discussed in 5.6. Additionally, the position error does not cover the entire state
vector. It is possible that the total position accuracy at one point decreases but the general fit of
the orbital parameters increases, which would imply an improvement in the estimation of the

velocity.
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Figure 10.: Trace of the covariance matrix over time (TO1).

-33-



5. Tests and Results

Sampling Rate

Fig. 11 shows the position error for an LS-OD applied to Test Orbit 3 with an increasing num-
ber of points taken over an interval of 150 seconds with a fixed starting time, which excludes
changes in the viewing geometry due to a different number of measurements. If more mea-
surements are taken, thus a denser sampling, the orbit can be estimated more precisely, because
more information is present to counteract the statistical noise, which can be averaged out.

60 . .

50 .

40 .

30 .

20 [ | .

Position Error (m)

10 100

Number of Points

Figure 11.: Mean and standard deviation of the position error in a constant window of
150 seconds with a varying number of equally spaced points (TO3).

Quality of A Priori Data

All OD methods need an a priori orbit as an input. The quality of this orbit may influence
the accuracy of the final OD result. To test the robustness of the LS-OD, each element of the
position/velocity state is manipulated by the addition of a certain percentage of its true value
before LS is started. The OD result consisting of the position error and the number of iterations
is shown in Fig. 12. The LS-OD shows a good robustness against a bad IOD with regard to
the result. The trade-off is an increasing number of iterations until the solution has converged,
which also influences the speed of the calculation, see 5.4.

The Kalman Filter is represented by the EKF in this test. The ECI state is manipulated in the
same way as for LS. The percentages are much smaller than those for the LS manipulation,
which already shows the sensitivity of the KF towards a bad input state. Fig. 13 depicts the
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Figure 12.: Position error and number of iterations in LS for different manipulations of

the input from the true state.

position error of the OD and the initial position offset from the reference due to the manipula-
tion. It can be concluded that the EKF is able to improve a bad initial input, but it would take
many measurements to converge to the true solution again. In case of worse input data, the
EKF may fail completely. The main difference to LS is that the KF cannot improve the estimate

by multiple iterations and thus is more dependent on a good initial input.

In case of the OD algorithm, see Fig. 7, LS is always performed before the KF is started to obtain
a covariance matrix. If LS is performed with a sufficient number of measurements, it will yield
an acceptable result to start the KE. Thus the stability of LS is indirectly ensuring that the KF
should not fail. LS has to be more stable because the IOD results can have significant offsets
from the true state, whereas the result from LS is usually a good fit and thus the KF does not

need to be as robust as LS.

Estimation of the Drag Parameter

The SGP4 propagation needs an additional parameter B* to model the drag forces acting on
the satellite, which is not equal to the physical ballistic parameter B. As it was explained in
2.1, the state vector can be expanded by this parameter to be solved for during an LS iteration
in addition to the orbit. The attempt to estimate this parameter from measurements based on
SGP4 propagation is only partially successful. If the input values have no noise, it is possible
to obtain an accurate estimate of B*, which also improves the position accuracy of the solution.
As soon as noise is added, the results for the parameter vary extremely and can even reach
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Figure 13.: Position error of the EKF for different manipulations of the input from the
true state.

negative values. This also leads to a decreasing quality of the orbit estimation and instabilities
of the iteration. Because the influence of B* is not dominant for short-term propagations, it
is difficult to estimate, but can be replaced by a typical value. It is therefore decided that the
estimation of B* is not used in further tests.

5.3. Comparison of Methods

Observation Vectors

As it was mentioned in 4.5, four different types of observation vectors are used within this sim-
ulation. These are ECI vectors, AER (azimuth, elevation, range), AERR (AER plus range-rate)
and optical measurements. Those are analysed in the following section, except the optical mea-
surements, which are treated separately. The input of ECI vectors without any noise is used
as a baseline to check the general functionality of the OD methods. The results of this test are
shown in Fig. 14. The accuracy is in the range of micrometers for all methods. This proves, that
all OD methods are correctly implemented and have a comparable level of accuracy for mea-
surements without noise. The very high accuracy also suggests that all methods can perform a
very precise fit of the orbit, if the appropriate model of the underlying motion is used.

The output of a radar system provided in AER with noise can also be used as a direct input for
the OD. The results in Fig. 15 show that LS, EKF and CLKF all perform comparably, while the
LKF’s performance is worse. This is due to the constant reference xp, which can be imprecise if
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Figure 14.: Position error for ECI vector input without noise (TO1).

the filter was initialised with bad measurement points. The EKF and CLKF are able to update
their reference in such a case. The apparently very good result of SBLS is discussed separately
afterwards. This first test with noisy measurements already shows that the simplification of

the LKF can lead to imprecise results.

The second possible output of a radar system adds the range-rate to yield an observation vector
in AERR. The influence of this additional information on the accuracy of OD is shown in Fig. 16.
Compared to the case before without Doppler information, only the LKF has an improved
accuracy. The other methods show no changes. Thus it can be concluded, that the importance
of the additional measurement parameter depends on the OD method. An imprecise method,
here the LKF, can profit from an additional information, while the others can obtain a good
result without it. The last two tests show that all OD methods are capable of providing an
estimate of the orbit from noisy observations, although with different accuracies. The LKF
shows the worst accuracy due to its dependency on a good initial estimate.

Details of Performance

A detailed look on the performance of the Kalman Filter shall show its convergence on the
solution. Fig. 17 illustrates the evolution of the position and velocity error of the OD solution
compared to the measurement error, indicated by the absolute position deviation of the mea-
surement due to noise. On the x-axis, the time is counted from the start of the EKF after IOD

and LS have been performed.
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Figure 15.: Position error for AER vector input with noise (TO1).
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Figure 16.: Position error for AERR vector input with noise (TO1).
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The value of the velocity error is converging quickly to a comparably low value, which is also
due to the smaller absolute value of the velocity compared to the position. When analysing
the correlation of the position and measurement errors, it is evident that the position converges
after some good measurements, for example in the interval 10-20 s, while it can diverge again
after some bad measurements, see 30-35 s. In general, the calculated position is nearly always
better than the current measurement. This shows that the filter averages out the statistical

measurement errors, which are in different directions around the true trajectory.
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Figure 17.: Evolution of the EKF solution over time with noisy AERR measurements
(TO1).

The Least Squares method shows a significant pattern concerning its residuals. It can be seen
in Fig. 18 that the magnitude of the residuals, measured minus expected value in (2.23), is
symmetric around the minimum in the centre of the interval, which means that the best fit
to the measured data is in the centre. This is called Gibbs" Effect [8]. In the case of LS, this

phenomenon is also called Bow Tie Effect due to the shape of the residuals’ envelope.

As it was shown during the analysis of input values for OD, SBLS always performed better
than LS, which was not intuitively understandable. A characteristic of SBLS is that it cannot
change the reference point of the solution, when new data is received. SBLS was calculated by
using the first half of points in LS, before adding the second half. As the reference stays is in
the centre of the total interval after the update, the explained Bow Tie Effect makes the solution

appear better.

This leads to the question whether it is desirable to place the reference point in the centre of
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Figure 18.: Residuals of the LS solution within the approximation interval: Bow Tie
Effect.

the measurement interval. If the aim of the calculation is to maximise the accuracy at a single
point, this is definitely advantageous and can be recommended. Whereas in the case of OD,
the estimation of the position at a certain time is only one half of the problem. The next step
is to propagate the orbit forward in time from the reference. Starting from the centre, a longer
period of time has to be propagated, which may lead to inaccuracies due to non-complete force
models, which is also discussed in 5.6. The fit span of LS can include measurements from up
to three days, which would add a further need for propagation of one and a half days. Using
a reference time at the end of the interval leads to a better prediction over time. Thus, the
approach that the epoch of the determined orbit is always at the time of the last measurement
is kept.

To sum up, KF and LS behave differently concerning their convergence. The KF is converging
over time if it receives a series of good measurements but can diverge again. It can thus be
concluded that the result of the KF should improve over time and yield the best estimate at the
end, whereas LS has the smallest residuals in the centre of the measurement interval.

Force Models

During the course of this analysis, the topic of propagation has been mentioned multiple times
and is further explained in 4.4. The different force models of Kepler and SGP4 lead to diverg-
ing propagations as shown in Fig. 19. As an example the orbit of one object is propagated by
the two methods and the difference in position is shown over time. The curve is exponential
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during this interval of time. After five minutes the difference is already larger than 400 me-
tres. This error is not growing indefinitely, but the perturbed orbit will approach the Kepler
orbit again, because short-periodic perturbations have frequencies which are smaller than one
orbital period. Long-periodic and secular perturbations are leading to slowly growing devia-

tions.
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Figure 19.: Position difference between Kepler and SGP4 propagation over 5 minutes
starting from the same point and orbit.

The relatively small error for short time spans leads to the question whether it is possible to
use the simplified Kepler propagation for the OD with measurements based on an orbit prop-
agated with SGP4 and still obtain an acceptable result. To investigate this, an LS-OD has been
performed with the mentioned use of Kepler and SGP4. Fig. 20 shows the position error over
time. The error is relatively small, around 15 metres, during the first two minutes, but it is
increasing quickly afterwards. Thus it can be concluded, that it is possible to use the simple
Kepler propagation to estimate the orbit if the measurement data is covering a relatively short
time interval of maximum two minutes. This is possible because the changes in the perturbed
orbit are not large over this time and thus a Keplerian orbit can be fitted to the data. The small
perturbations can be regarded as another source of statistical noise, while a longer tracking
would lead to a systematic error in the approximation of the orbit. As a general rule, it can be
stated, that the longer the tracking or the fit span (LS) is, the more important it is to have an ac-
curate force model already during the OD. This covers only the time during the measurement
and the effect of the propagation beyond the measurement is investigated in 5.6.
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Figure 20.: Position error for Kepler propagation in LS-OD applied to SGP4 data (TO1).

Optical Measurements

An optical system, for example a telescope, cannot measure the distance of the object to the
observer, but it can provide the direction angels to the object as a position measurement. The
baseline is again set by observations without noise, pictured in Fig. 21. Due to the reduced
information compared to radar measurements, the results are clearly worse than before and
reach accuracies only in the range of millimetres (LS,SBLS) and centimetres (LKF/CLKF). The
EKF has a position error of 69 metres. The reason for this may be the updates of the reference
with every measurement, which can make the filter walk away from the solution due to the
limited information by the optical sensor. The LKF and CLKF apply their correction to a con-
stant reference, which is relatively good from an IOD without noise and thus their final result
cannot diverge that much.

Because the IOD method for optical observations, Gauss-Angles-Only, is very sensitive to noise
and breaks down easily, it is not possible to simulate the complete OD with the specified noise
level. Instead it is checked whether the OD methods are able to keep the correct solution with
noisy optical measurements, if they receive the exact reference orbit as an IOD. Fig. 22 shows
the results of this test. All methods have a similar performance (except SBLS, see previous
section) and are not able to stay at the reference solution. The large standard deviation shows
the uncertainty of the used OD methods with optical measurements. This suggests that the
used OD methods are not as reliable with optical measurements as with radar observations
and it underlines the importance of the range information to estimate the orbit.
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5.4. Execution Time

In any implementation of a real-time simulation, the execution time of the calculation is a
relevant criterion for the evaluation. The first comparison is between the performance of LS
and EKFE showing the differences in execution time between batch and sequential processes
in Fig. 23. It is visible that LS is constantly slower than the KF, while both show a linear be-
haviour over the number of processed measurements. This confirms the derived complexity of
the operations in 3.2.1, which was linear with regard to the number of observation vectors.
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Figure 23.: Execution time of LS and KF.

In 5.2, the relation between the manipulation of the a priori state and the accuracy of the result
for LS-OD, see Fig. 12, is analysed. The number of iterations is increasing with the percentage of
manipulation. This is also affecting the execution time as shown in Fig. 24. The more iterations
are performed, the longer is the execution time. This makes it complicated to estimate an
execution time for LS because the number of iterations cannot be predicted. This uncertainty

about the performance can be problematic in the context of a real-time system.

The selection of the propagation method within the OD also influences execution time. The two
propagation methods for an LS-OD are compared in Fig. 25. The SGP4 calculation is slower by
a constant offset and both curves have a nearly equal slope. The time critical step in SGP4
propagation is the calculation of the SGP4 input orbit, because the output orbit of SGP4 cannot
be used as an input. This input, here called pseudo-TLE, can only be obtained by a rather slow
iterative process [22]. The term pseudo-TLE indicates that it is a self-created input for SGP4 to
distinguish it from an official TLE. In case of an LS-OD this conversion has to be performed at

-44-



5. Tests and Results

Execution Time (s)

Execution Time (s)

0.035 16

Execution Time —m—
Number of Iterations —&—

0.03 /I 14
0.025 — 12
0.02 -/._./ 10 £
/ —— £
0.015 8 2
0.01 | -/ o 6
0.005 4
0 2
0 5 10 15 20 25 30
Manipulation of ECI State (%)
Figure 24.: Execution time of LS with a manipulated IOD for 15 observations.
SGP4 — @
0.12 Kepler —=—
0.1
0.08
0.06
0.04 ././
0.02 B/E/g 5
0
0 50 100 150 200 250 300

Number of Measurements

Figure 25.: Comparison of execution time of LS for internal Kepler and SGP4 propaga-
tion.
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the beginning of each iteration step, thus its influence would even increase in case of a bad IOD

when more iteration loops are necessary.

The difference between the execution times with Kepler and SGP4 is even larger for the Kalman
Filter. As it can be seen in Fig. 26, both curves are linear but the slope of the SGP4 values
is much steeper. In consequence the difference between them increases with the number of
measurements. The reason for the different slopes is that the KF has to perform the conversion
to pseudo-TLE for each measurement point, because a new solution is calculated with every
input value.

Comparing the execution speeds for the different types of Kalman Filters, it is discovered that
the LKF and CLKF are both slower than the EKF. This was not expected from the theory and
literature review, which usually assigns a higher computational burden to the EKF [37]. The
reason is that the (C)LKF has to propagate the correction value and integrate this into the up-
date process, see (2.52). This step is not necessary in the EKF because the reference is always
updated and thus the last correction is set to zero. Due to this, the linearised versions have
a total of four additional matrix/vector operations, whose influence weights heavier than the
time saved by the avoidance to calculate a new matrix F, see (2.49). This matrix accounts for
the dynamics of the satellite and has to be recalculated every time a new orbit is set.
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Figure 26.: Comparison of execution time of different Kalman Filters for internal Ke-
pler and SGP4 propagation.
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5.5. The RMS Offset as a Quality Parameter

Up to now all evaluations of the estimated orbits have been made by the use of the known
reference orbit. This is only possible in case of simulations, where all orbits are known before.
If the OD shall be applied to real measurements with an unknown true state the quality of the
solution has to be evaluated differently.

A suggested quality parameter is the RMS of the position differences between measurement

and estimated orbit for n observation vectors:

1
RI\/Ispos = \/n Z (|xmeas _xpred|i)2 . (6.1)
i=0

The lower this value, the closer are the measurement points to the estimated orbit. While

this value is no direct measure of the accuracy of the OD, it can provide an estimate of the
confidence in the solution. The RMS;s is for example dependent on the noise level of the
measurements. The data pictured in Fig. 27 indicates that the RMSPOs rises, if more noise is
added to the measurements. As an additional comparison, the total position errors are drawn,
which show that they also increase with the noise, but not as quickly as the RMSs.
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Figure 27.: Mean and standard deviation of RMS and position error for different noise

levels.

To sum up, the RMS;,os can be used as an indicator of the quality of the orbit estimate. The
difference can be caused statistically by the measurements’ noise or systematically by a wrong
model of the orbit. A low RMS,,s is thus also an indication, that the chosen dynamics are valid
for the OD.
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5.6. Combining OD and Propagation

In 5.3, the influence of different propagation methods on the position accuracy during an OD
is investigated. To extent this analysis, it has to be considered how the orbit is propagated after
the end of the measurement. This is simulated by the scenario of a second measurement when
the object passes the station again after the next revolution. Fig. 28 shows the position error
at the point, when the estimated orbit predicts the object to reach an elevation of 15° during
the next pass. The measurement scenarios include different combinations of the propagation
method a) for the reference orbit from which the observations are drawn, b) during the OD and
¢) to predict the next pass. The combinations are indicated by three letters corresponding to
‘abc’, where K = Kepler and S = SGP4 propagation. The case of all Kepler propagation (KKK)
is the baseline with an error of about 200 metres accumulated by deviations in the OD and
the subsequent propagation. For all other data, the reference is propagated with SGP4. It is
evident that the tests using Kepler as a propagation after the OD are very imprecise, because
they show errors of more than 40 km. Using SGP4 propagation for all steps, reduces the error
to about 4 km. This shows that the propagation of an object’s orbit is extremely sensitive to
small deviations of the OD orbit from the true orbit, because the position error at the end of the
OD is in the range of metres and can grow to kilometres after one orbit.
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Figure 28.: Mean position error for different combinations of Reference/ OD/ Predic-
tion Propagation (K=Kepler, S=SGP4).
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5.7. Application to TIRA Measurements

5.7.1. Introduction

The Tracking and Imaging Radar TIRA is part of Fraunhofer FHR at its location in Wachtberg,
Germany. In tracking mode, it utilises an L-Band sensor at 1.33 GHz. The antenna can turn at a
maximum speed of 24 degrees per second while tracking a satellite. An additionally integrated
Ku-Band radar at 16.7 GHz enables imaging. This radar system is used to obtain measurement
data of two satellites to further test the OD algorithms.

The orbit determination for these measurements is performed with LS and the EKF. This de-
cision is mainly based on computation speed and accuracy. The reasons for it are further dis-
cussed in the conclusions of OD, see 8.1.

5.7.2. Swarm B

A pass of the satellite Swarm B is measured by TIRA on April 26, 2016 from approx. 10:40
UTC to 10:50 UTC shown in Fig. A.5. The goal of this experiment is to test the application of
the OD algorithms to real data and to perform preliminary tests concerning the possible use of
geographically distributed sensors. Swarm B has been chosen as an example of a satellite at a
low LEO altitude of about 500 km.

Two sources are used as a reference for the Swarm B orbit. The first is the Consolidated Laser
Ranging Prediction Format (CPF) by the International Laser Ranging Service (ILRS) [28], which
is based on laser measurements (only possible with cooperative targets) and high-precision
orbit propagation. The second source is the Two Line Element (TLE) by NORAD used together
with the SGP4 propagation. Two sets of TLE are used, one with an epoch from the day before
the observation, TLE(1), and one on the day of the observation, TLE(2). The reference orbits
are on the left-hand side of Tab. 7 in Keplerian elements. The small differences among them are
due to different force models and observations, but the orbits generally agree.

It is attempted to calculate a good estimate for the orbit by reducing the measurement data to
a subset of high-quality observations. One approach for this is to use a short sequence around
the highest elevation to minimise the range and thus the influence of the angular errors. In
this case all observations with an elevation greater than 38° have been used, equivalent to a
maximum slant range of 785 km, leading to 666 values within a time span of 22.61 seconds
indicated by Max. El in Tab. 7.

Another approach is to use the measurements with the strongest signal represented by the
amplitude of the received signal in the column Max. Amp.. 50 dB have been used as a lower
bound, which yields 657 values over a period of 44.03 s.

The calculated orbits are matching each other well with only minor differences. Compared to
the references, it can be estimated which Keplerian elements are easy to calculate from a single
pass. The semi-major axis differs by less than one kilometre, which translates to a difference in
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Source CPF TLE (1) TLE (2) Max. El Max. Avg. CPF

(> 38°) Amp. Deviation
(>49.5 dB)

Type Ref Ref Ref Obs (K/S) | Obs (K/S) || A (K/S)

Semi-Major || 6877.228 6877.511 6877.513 6878.182/ | 6877.693/ || 0.710/

Axis a (km) 6877.910 6877.130 0.292

Period (s) 5675.856 5676.206 5676.209 5677.037/ | 5676.431/ || 0.878/
5676.700 5675.735 0.362

Eccentricity || 0.001358 0.001371 0.001388 0.001403/ | 0.001402/ || 4.45-107>/

€ 0.001383 0.001370 3.7-107

Inclination i || 87.758 87.756 87.756 87.769/ 87.769/ 0.011/

(deg) 87.769 87.769 0.011

AoP @ 138.466 137.133 137.734 132.748/ 135.655/ 4.265/

(deg) 134.278 138.950 1.852

RAAN Q 11.997 12.489 12.489 12.011/ 12.011/ 0.014/

(deg) 12.011 12.011 0.014

True 271.831 273.082 272.478 278.853/ 276.250/ 5.721/

Anomaly v 277.324 272.955 3.309

(deg)

w+v (deg) || 50.297 50.215 50.212 51.601/ 51.905/ 1.456/
51.602 51.905 1.457

Number of - - - 666 738 -

Points

Time - - - 22.61s 46.21s -

Interval

RMSp0s - - - 51.15m 49.76 m -

Position 183.171 / | 964.120 / | 1292.502 - - -

Difference 188.106 1294.744 / 966.888

SGP4

EL/Amp.

(m)

Table 7.: Orbits of Swarm B for selected data sequences of the elevation (Max. EL)

and signal amplitude (Max. Amp.) using Kepler (K) propagation and SGP4

(S) propagation during the OD. The position differences are shown for both

sequences used with SGP4 propagation.

-50-




5. Tests and Results

the period of less than one second. The eccentricity is slightly overestimated. The inclination
and the RAAN, which are defining the orientation of the orbital plane are estimated well. The
differences in AoP and true anomaly are due to the low eccentricity, which makes it more
difficult to locate the perigee. An additional value is calculated as the sum of AoP and true
anomaly, which represents the angle between AN and satellite along the orbit, see Fig. 2. This
value matches the reference roughly. Because the true anomaly is directly time-dependent,
another deviation is induced by the fact that the five orbits do not have exactly the same epoch.
The table also compares the use of Kepler and SGP4, indicated by K/S, as a propagator. It can
be seen, that the simple Kepler propagator still yields a good result for such a short arc, which
is consistent with the results from 5.3.

The references also make it possible to calculate the position offset at the end of the track. The
high-precision CPF differs about 180 m from both solutions. The offset of the TLE reference is
in the range of one kilometre, which is acceptable because the accuracy of TLE is approximately
one kilometre and they do not yield a precise position, not even directly at their epoch [37,40].
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Figure 29.: Accuracy of the predicted observation vector (AER) over initial elevation
and propagation time during tracking (Swarm B).

To simulate a handover of the track of a satellite between sensors at different locations, it is
attempted to predict the observation vector of the satellite from an OD performed with earlier
measurements. In this case a minimum elevation is defined and the orbit is calculated from a
measurement sequence of five seconds, when this elevation is reached during the approach for
the first time, to predict where the object reaches this elevation again to simulate a pick up by a
different station. Fig. 29 shows the deviations from the expected range, azimuth and elevation
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for the predicted pick up with increasing minimum elevations and thus decreasing propagation
time. It can be seen that the general tendency is an improvement of the prediction because the
errors are decreasing except for one point. This confirms the assumption that a decreasing
propagation time improves the quality of a future prediction. But it is also visible that there
can be larger deviations, here at 380 s, if the data in the used time interval for OD contains
larger measurement errors than usually or the random errors are not normally distributed and
thus cannot be averaged out by the OD. Under the assumption of a radar beamwidth of 0.5°
(TIRA), the deviations from the predictions are small enough to pick up the object again, if the
propagation time is about eight minutes for a low LEO object. This is equivalent to an angle
of approx. 25° on the orbit of the satellite and thus a significant geographic spread could be
realised between two measurement stations.

5.7.3. Jason-2

The satellite Jason-2 is observed by TIRA on April 26, 2016 from approx. 11:49 UTC to 12:09
UTC, see Fig. A.6, and serves as an example of a satellite in a high LEO altitude of about
1400 km. The same tests as in the previous section are performed.

Tab. 8 shows the references and estimated orbits using the same assumptions as for Swarm B.
Concerning the orbital elements, deviations are observed in the same elements as before. An-
other reference in addition to TLE is provided by DORIS [41], which uses ground-based trans-
mitters to locate satellites as a kind of reversed GNSS. This data also confirms the TLE and
calculated orbits. Differences in orbital elements are again also due to slight shifts in the epoch
of the data. In this case the minimum elevation is defined as 59.2°, equivalent to a maximum
slant range of 1525 km, and the minimum signal amplitude is 44 dB.

The estimation of a future observation position is performed as explained in the previous sec-
tion. An improvement of the prediction with less propagation time can also be observed, see
Fig. 30, but the errors are slightly larger than before due to the long propagation time at the be-
ginning of the plot. The higher satellite experiences less perturbations from atmospheric drag
and gravitational irregularities and thus the maximum time for a reliable propagation is higher
than for Swarm B with approx. ten minutes.

Fig. 31 shows the development of the predicted observation vector after 18 minutes, if the
duration of tracking, starting at an elevation of 5°, is subsequently increased. As expected, this
leads to an improved accuracy. About one minute of tracking is enough for a relatively precise
prediction and even 30 s can yield an acceptable estimate considering a beamwidth of 0.5°.

The larger errors of Jason-2 compared to Swarm B are mainly due to the altitude, which in-
creases the influence of angular errors during the OD. This is counteracted by the effect, that
the angular error for an estimate of a future observation vector is decreasing with an increasing
range to the object if the position offset at the object is constant. Therefore a large range may
be beneficiary during the pick-up, because the beam has a constant angular spread and thus
covers bigger areas in larger distances.
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Source DORIS TLE (1) TLE (2) Max. El. Max. Avg.
(> 59.2°) Amp. DORIS
(>44 dB) Deviation
Type Ref Ref Ref Obs (K/S) | Obs (K/S) || A (K/S)
Semi-Major || 7710.189 7710.503 7710.503 7710.455/ | 7710.380/ | 0.229/
Axis a (km) 7710.598 7710.468 0.344
Period (s) 6737.655 6738.066 6738.066 6738.003/ | 6737.905/ | 0.299/
6738.191 6738.021 0.451
Eccentricity || 0.000712 0.000703 0.000709 0.000747/ | 0.000653/ || 4.7-1073/
€ 0.000741 0.000653 44107
Inclination i || 66.034 66.035 66.035 66.034/ 66.025/ 0.005/
(deg) 66.034 66.025 0.005
AoP @ 322.930 327.290 327.429 332.844/ 318.140/ 7.352/
(deg) 334.627 320.444 7.094
RAAN Q 267.405 267.255 267.254 266.762/ 266.783/ 0.633/
(deg) 266.762 266.782 0.633
True 153.497 151.063 150.926 144.889/ 156.580/ 5.846/
Anomaly v 143.106 154.276 5.585
(deg)
w+v(deg) | 116.427 118.353 118.355 117.733/ 114.72/ 1.507/
117.733 114.72 1.507
Number of - - - 885 601 -
Points
Time - - - 30.12s 63.55s -
Interval
RMS,,05 - - - 150.03m | 100.95 m -
Position 259.079/ 1019.351/ | 1087.783/ || - - -
Difference 385.404 1036.700 1108.109
SGP4
EL/Amp.

(m)

Table 8.: Orbits of Jason-2 for selected data sequences of the elevation (Max. El.) and

signal amplitude (Max. Amp.) using Kepler (K) propagation and SGP4 (S)

propagation during the OD. The position differences are shown for both se-

quences used with SGP4 propagation..
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Figure 30.: Accuracy of the predicted observation vector (AER) over initial elevation

and propagation time during tracking (Jason-2).
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for a fixed propagation time (Jason-2).
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5.7.4. Complete Pass Analysis

After analysing chosen sequences of the pass to confirm the performance and estimate the
general accuracy, the OD is now performed with the entire observation data like a real tracking
scenario. To avoid very noisy data, a minimum elevation is set to four degrees, which equals
a maximum range of 2185 km for Swarm B and 3950 km for Jason-2. The use of a minimum
elevation is common practice in operational OD and the bound can be as high as 15 degrees [43],
thus four degrees is a comparably early start value. Due to this, most measurement points are
used.

Tab. 9 contains the results for all combinations of LS and EKF with Kepler and SGP4 as prop-
agators. The SGP4 propagated TLE(2) is used as a reference and all orbits of one object are at
the same epoch. It can be seen that LS and EKF perform nearly equally well when used with
the SGP4 propagator. If the simpler Kepler propagator is applied, the results are clearly worse,
although the EKEF still reaches a reasonable result in contrast to LS, which has a large deviation
from the reference. For all combinations, it can be seen that the location of the perigee is the
most challenging, because slight differences in position/velocity can move the perigee signif-
icantly on a nearly circular orbit. The true anomaly is measured from the perigee and thus it
is directly influenced by the AoP’s deviation. This effect can be erased by the sum of the AoP
and true anomaly, which shows a good correlation with the reference, except for Kepler-LS.

Looking at the RMSps quality parameter, it confirms the observations from the comparison
with the TLE reference. The values for the SGP4 propagated OD solutions are nearly equal
for each satellite, while the Kepler-EKF and Kepler-LS is slightly higher than the SGP4 solu-
tions, showing that these solutions are less reliable. The larger RMSpos values for Jason-2 are
explained by its higher altitude, thus a larger range, which increases the influence of angular
errors, as it was explained earlier. In this case the Kepler-LS is not reliable due to the longer
tracking time, what can be seen from the orbital elements and the large RMS;s.

The execution time shows the expected result for Kepler-OD as the EKEF is faster than LS for
both satellites. The application of SGP4 propagation changes this. As it was already mentioned
in 5.4, the EKF has to calculate a new pseudo-TLE, which is a time consuming procedure, for
each measurement while LS only performs it in each iteration step. Thus the execution time is
slightly increasing for LS, whereas it increases roughly tenfold for the EKE. But even the long
execution time of the Jason-2 SGP4-OD (135 s) has to be seen in relation to the total tracking
time (1174 s). A Kalman Filter is not forced to receive all measurements at the same time, thus
it does not have to wait until the tracking is finished and could already be started while the
object is still tracked. If it is assumed that the EKF’s execution time is roughly linear over the
number of points, it can be inferred that it requires about 0.4 s for 100 points, which span over
3 seconds in case of TIRA's pulse rate of 30 Hz. The EKF can be started every 100 points and is
faster than the measurement time, thus it will never lag behind the observations. In this case
the solution of the orbit is nearly immediately present after the end of the track, when LS has
just started its calculation. Due to this the EKF is faster than LS, if it is compared when the final
solution is present and not the total execution time.
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Object Swarm B Jason-2
Type TLE LS EKF TLE LS EKF
Propagator SGP4 K/S K/S SGP4 K/S K/S
Semi-Major 6872.122 | 6877.985/ | 6877905/ | 7717.593 | 7285.765/ | 7711.656/
Axis a (km) 6872.097 6872.103 7717.806 7717.828
Period (s) 5669.540 | 5676.793/ | 5676.694/ || 6747.362 | 6189.050/ | 6739.578/
5669.505 5669.512 6747.642 6747.670
Eccentricity 0.000923 | 0.001134/ | 0.001133/ || 0.000405 | 0.155963/ | 0.000456/
0.000882 0.000881 0.000425 0.000443
Inclination i 87.755 87.760/ 87.761/ 66.046 61.938/ 66.020/
(deg) 87.765 87.765 66.041 66.040
AoP o (deg) 180.413 132.384/ 132.976/ 71.373 219.368/ 319.592/
181.754 181.752 76.708 74.780
RAAN Q 12.488 12.493/ 12.493/ 267.240 285.233/ 267.292/
(deg) 12.497 12.497 267.250 267.253
True 248.576 296.597/ 296.005/ 76.775 283.127/ 188.532/
Anomaly v 247.224 247.226 71.430 73.356
(deg)
o+ v (deg) 68.989 68.981/ 68.981/ 148.148 142.495/ 148.124/
68.978 68.978 148.138 148.104
Number of - 16 646 - 34 440
Points
Time Interval || - 567.46 - 1174.36
(s)
RMS;05 (m) - 516.344/ 511.480/ - 841832/ 1912.609/
419.922 419.812 1311.949 1319.725
Execution - 10 / 12 5/ 65 - 20/ 25 15 /135
Time (s)

Table 9.: Analysis of the complete passes for Swarm B and Jason-2, all points used with

an Elevation > 4 degrees. TLE is used as a reference compared to LS and EKF
with Kepler (K) and SGP4 (S) as propagators.
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If LS was used in a real-time system and should also provide a solution every 100 measure-
ments, it would have a total execution time of more than 4000 s due to the re-use of old obser-
vations. If the total number of observations reaches approximately 4300, LS is no longer able
to solve for the orbit within the three seconds until the next OD is started. Thus it misses all
deadlines at which the OD has to be finished from there on, which would make the OD lag
behind the observations significantly after a while. Thus, LS can only be used in a real-time
system, if the update rate is very small, which leads to a long time until a deadline or if the
data sequences are very short. This leads to the conclusion, that the EKF should be preferred
for the application in a real-time system.

To show the convergence of the EKF, Fig. 32 and Fig. 33 depict the development of the solution
for the semi-major axis compared to the TLE reference, which is changing due to short-periodic
perturbations. It can be seen in both plots that the SGP4-EKF is converging and following the
reference value well. The Kepler-EKF is not converging on the reference but it can at least
follow the general trend. The convergence time is about 100 s for Swarm B and 300 s for Jason-2.
This difference can once more be explained by the higher altitude and thus the increased effect
of angular errors for Jason-2. Additional plots for all Keplerian elements in App. B show a
comparable behaviour.
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Figure 32.: Convergence of EKF, Kepler and SGP4, compared to TLE reference for the
semi-major axis of Swarm B.

It can be seen from the tables, which orbital elements are estimated precisely from one pass.
These are mainly the semi-major axis, thus also the orbital period, the inclination and the
RAAN. The AoP is difficult to localise on a nearly circular orbit for the reasons given previ-
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Figure 33.: Convergence of EKF, Kepler and SGP4, compared to TLE reference for the

semi-major axis of Jason-2.

ously, which also induces an error in the true anomaly. To compensate this, it was shown that
the angle from the AN to the satellite, ® 4 v, can be estimated well.

Concerning the implementation into a real-time simulation, the EKF is clearly superior to LS,
if a constant update of the solution is necessary. The main advantage of LS is the robustness
against an imprecise initial state, see 5.2. The combination of LS and EKF allows a stable and
fast implementation. The LS computation before the start of the EKF ensures that the initial
state for the EKF is relatively precise compared to the potentially very imprecise IOD for LS,
especially in case of long ranges.

It can be concluded from this section, that both chosen OD methods can be applied to real
measurements. The accuracy of the results is mainly dependent on the underlying propagator
used during the OD. The analytical SGP4 propagator fits the data very well, while the accuracy
of the simpler Kepler propagator depends on the scenario. If it is used with the EKF, the orbit
is still relatively close to the solution, whereas the use of LS over a long period, here 20 min,
leads to a large difference.

5.7.5. Estimation of Required Tracking Time

If space surveillance is performed on a regular basis with the attempt to create a database of
objects, it is necessary to perform the tracking of single objects very efficiently to increase the
number of total observed objects. It is therefore interesting to analyse a possible criterion, that
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signals a successful orbit determination. A regularly used quality indicator is the covariance
matrix P, see (2.36). For this test it was decided to stop tracking, if the trace of the CM is
less than 0.1, which correlates to an average standard deviation of about 200 m per axis as the
position uncertainty. The orbit usually shows a good approximation to the reference at this

value.

One goal is to find an approximate tracking time, when this covariance trace is reached. This
gives an indication how long an object has to be tracked to obtain a good orbit fit to avoid a
waste of resources with very long tracks. This is also dependent on the observation geometry
and Fig. 34 shows the tracking time for Swarm B and Jason-2 as a function of the elevation,
at which the tracking is started. Due to the higher altitude of Jason-2, it has a longer tracking
time than Swarm B at the same elevation. However, its decrease over the elevation is steeper
and it reaches a tracking time of 10 s at an elevation of 50 degrees. Swarm B reaches 30 s at an
elevation of 35 degrees, but the curve is already flattening towards the end. Nevertheless it can
be expected that also Swarm B could reach a tracking time of about 10 s for higher elevations,
which also corresponds to the claim that 10 s of tracking per day are enough for the French
radar system GRAVES to have a good estimate of the orbit [6]. But it was also shown that the
tracking time depends on the observation geometry, in this case the elevation and range, and
10 s are only realistic with a good observation geometry.
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Figure 34.: Tracking time until covariance matrix is minimised over initial elevation of
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5.7.6. Multiple Target Tracking

If it is possible to track several objects in parallel by switching the focus of the beam between
them, a possible observation pattern consists of short observation bursts separated by gaps
without measurements. To investigate the behaviour of the OD with this kind of observations,
the TIRA measurement is split in bursts of 5 seconds with a varying break in between. The
results for the two satellites are shown in Fig. 35. The plot depicts the average difference of the
estimated orbital elements to the reference TLE in percent over the length of breaks. It can be
seen that the results for the lower satellite Swarm B are not affected by the gaps until about three
minutes, while the difference for Jason-2 rises steeply from two minutes on. This can also be
related to the previous section, which showed that the elevation, thus observation geometry,
is much more important for the high orbiting satellite and the results are deteriorating if it
is not tracked during high elevations, thus small ranges with good observation geometries.
Additionally, two minutes may already be a relatively long time compared to five seconds of
tracking, which would enable a parallel tracking of up to 25 objects. If five objects are tracked,
thus about twenty second gaps, the OD still works well for high and low orbiting objects.
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Figure 35.: Difference in Keplerian elements to reference TLE over the length of the
observation gap between 5 s measurement bursts.
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5.8. Geographically Distributed Sensors

To simulate the performance of distributed sensors at multiple stations, this section treats the
influence of using observations from multiple sites with a geographical spread between them
in an OD. This comparison is achieved by performing OD runs with the same number of data
over the same period of time with measurements by a single station in one pass and by two sep-
arate stations, each observing the satellite for half of the total time with a certain time without

observations between them.
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Figure 36.: Comparison of a single and distributed sensors with different separations
and noise levels (TO1).

The experiments distinguish between sensors with a small separation, which translates to a
spread of approx. 500 km and a large separation of about 1400 km. They differ by the time
without observations betweens consecutive passes of the stations. In Fig. 36, the results of the
distributed sensors with different observation vectors are compared to those of a single sensor.
It can be seen that the measurements with two sensors always increase the accuracy compared
to the single station, which can be explained by the observation geometry. If the object passes
very close to each station, the average range will be smaller than for a single station observing
one pass. Additionally, the distribution of the sensors leads to a larger coverage of the object
along its orbit, which also increases the orbit accuracy. This effect is even more dominant for the
larger spread. The gap between the observations is about one minute for the small separation
and about three minutes for the larger separation. There are no significant differences between
the use of AER and AERR observation vectors.
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If it is assumed that a sensor within a distributed system may be smaller and less accurate than
a large single station, it can be argued that the measurements by the distributed sensors would
have a higher noise level. To investigate the influence of such a case, the same test as before
was repeated with an increased noise level of 1.5 times that of the single station. The results
are shown on the right-hand side in Fig. 36. The performance of the distributed sensors is now
worse than the single station, but only by a small margin, because the decrease in measurement
quality is counteracted by the mentioned advantages of the sensor distribution.

The conclusion from these plots is that the geographical spread of the distributed sensors leads
to a significant improvement in the accuracy of the OD. The larger the sensors are separated, the
more pronounced this effect is. Even if it is assumed, that a single sensor within a distributed
system has a higher noise level than one large sensor, the distributed sensors can still reach
a comparable performance with a small spread. Assuming multiple sensors over a large area
and thus with a large spread between them, the advantage of the distribution can compensate
a higher noise level of the system’s individual sensors.
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6. Correlation Technique

6.1. Introduction

In addition to the orbit determination, the other major part of a space surveillance system is the
creation and maintenance of a database to list all orbiting objects. The main aim of this database
is to assess the current and predict the future space situation, e.g. with regard to collision
probabilities. The build-up and maintenance of the aforementioned database is performed by
the correlation of new observations with existing database entries. After briefly summarising
some correlation techniques in 6.2, a new method is proposed in 6.3 and tested in Ch. 7.

6.2. Existing Approaches

Different observation techniques, e.g. optical and radar, deliver different measurement param-
eters, which has to be considered in the correlation as well. In the case of optical observations,
IOD is often not possible from a short arc and thus the observations, instead of a preliminary
orbit, have to be matched to the database orbits. An example of the correlation of those opti-
cal observations, providing right ascension ¢ and declination 6, is the principle of admissible
regions [24,35]. In this technique a four-dimensional measurement (¢, &, 8, 8) leaves two un-
knowns concerning the range (p, p) to determine the state vector. By adding additional criteria,
for example the orbital energy, it is possible to create an area in this two-dimensional plane con-
taining potential orbits. This region is sampled to create a high number of virtual objects [34],
with each having its own orbit, that can be propagated and compared to other orbits or mea-

surements.

Although the principle of admissible regions can be adapted to radar observations, it is not the
preferred choice for this kind of observations because radar measurements make it possible
to determine ECI positions and thus it is relatively easy to perform IOD. The correlation of
radar observations can work on orbits, measurements or combinations of both. Most known
correlation techniques use the measurement residuals, for example the RMS,,.s value, see (5.1),
which shows how well the measurement fits to the candidate orbit. This approach can be found
ine.g. [17,18,26].

The main disadvantage of the presented methods is the high number of propagations. Espe-
cially the calculation of residuals requires the candidate orbit to be propagated to every point
of measurement. The new correlation technique presented in the following section reduces the
number of necessary propagations significantly.
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6.3. A Real-Time-Suitable Correlation Technique

The new correlation method takes advantage of the real-time simulation SpaceView & Analyst
developed by Fraunhofer FHR [2], in which it shall be integrated. This simulation environment
is capable of providing real-time position information about every object within the database.
Due to this, it is not necessary to propagate candidate orbits, as all correlation calculations can
be performed at one point in time, for which all information regarding positions and orbits
of other objects are available. Due to this a maximum execution time can be assigned to such
an algorithm, because it contains a fixed number of operations which is independent of the
number of observations. Thus, this method is well suited to real-time simulations.

Compare |
Sphere Objects Orbital Number of Calculate Correlate
RadiusR in sphere Elements matches Penalty PF Object
no
New Object New Object New Object

Figure 37.: Process of orbit correlation.

The correlation technique consists of three steps, which are shown in Fig. 37. It can start as soon
as an object is detected and its orbit has been calculated. In the first step, called position filter,
a sphere with a fixed radius is set around the current position of the tracked object. Because
all database objects are simultaneously propagated, it can easily be determined, which objects
are within this sphere. Those objects form the first group of candidates for a correlation. The
size of the sphere is mainly dependent on the confidence in the propagation and orbit accuracy
of the database objects. Fig. 38 shows the number of objects within 500 km of a typical LEO
object, here defined as an object that is not part of a cloud or constellation, over its current
latitude based on TLE propagation. As expected the minimum is reached over the equator,
where the different orbits have a larger separation, while the maximum is in the polar region.
For an assumed radar system located in central Europe, which can cover the orbital latitudes
from approx. 40° to 60°, the number of objects is usually around 10. This is already a signifi-
cant reduction of candidates from a database containing more than 15 000 objects. If no object
is within this sphere during a correlation attempt, it can already be decided that it is a new
database entry, but not necessarily a new object because an orbit of a known object could have

changed significantly after a manoeuvre.

The next step, the orbit filter, compares chosen orbital elements of the tracked object with those
of the remaining candidate objects. It was already seen during the analysis of OD that certain
parameters can be estimated more precisely than others. Those elements are the orbital pe-
riod (derived from the semi-major axis), the inclination and the RAAN, which are also used
in other correlation algorithms as a pre-selection parameter, see [16]. All candidates” orbits are

compared to the new orbit by the following conditions:

IAT| <60, |Ai|<1°, [AQ|<1°. (6.1)
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Figure 38.: Number of objects within 500 km of a typical LEO object depending on its

current latitude.

In LEO, a difference in period of one minute is a variation of roughly +50 km in the semi-major
axis. The group of candidates is then reduced to all objects, which fulfil all conditions.

In the final step, a penalty value is calculated, which indicates how much the candidate orbit

differs from the new orbit. The penalty function (PF) is defined as:

I
PF = 5 -|AT|+35-|Ail +35-]AQ| +0.02-AX , (6.2)

with AX as the position offset in km and the other parameters with the unit given in (6.1). The
differences in inclination and RAAN are weighted the most and the position difference the
least, because the orbital parameters can be estimated more precisely than the position after a
propagation. If the 500 km sphere is used, this function has a maximum value of 100. The cut-
off score is defined as PFr =30, which is the maximum possible score if i and Q are estimated
correctly. If an object passes all tests and has a score lower than 30, it is correlated to the new
measurement. In all other cases, the measured object is regarded as a new database entry. If
two or more objects pass all tests, a clear distinction may not be possible and the database has
to work with multiple hypotheses of correlations. A correlation probability I can be assigned
based on the scores of the penalty function to each of the N hypotheses:

1 ,
P, — {1 B NPF, ] .
N-1[ YV PF

6.3)
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7. Tests and Results

7.1. Introduction

This chapter contains the tests of the newly developed correlation technique. Least Squares is
used as the OD method for all cases to make the results comparable. The reference orbits are
propagated with SGP4. Concerning the considered objects, the test cases distinguish between
typical low (a = 6900 km) and high (a ~ 8300 km) solo flying LEO objects. The correlation is
investigated with regard to an efficient use of resources, which is on the one hand considered
by the tracking time as a measure of the load on the radar system and on the other hand by the
use of different propagators (SGP4 and Kepler) with different computational demands for the
data processing segment. The object is measured during two passes with an independent OD
for each and it shall then be checked whether the algorithm is able to detect the equality of the
orbits.

7.2. Position Offset

The first step of the correlation procedure is the position filter. Thus it is important, how well
the future prediction can be obtained from an OD to avoid that the true orbit fails the first
step. In 5.6, the influence of the propagator on the accuracy of a predicted position was already
shown. This aspect is now extended by the influence of the total tracking time. Fig. 39 shows
the position offset, the difference between predicted and true position, over the tracking time
for a low LEO object after one orbit and after one day. The results for the high LEO orbit are
similar and thus omitted from the plot. It can be seen that the offset is less than 50 km for all
tracking times after one orbit and converges below this value after 30 s for the measurement
one day later. It is obviously below the chosen sphere size of 500 km in the position filter, except
for 5 s of tracking in combination with a propagation over one day. Regarding this, the sphere
size can be confirmed or could even be decreased to reduce the number of candidates from the
position filter.

The results of the similar test using Kepler propagation for OD and prediction are depicted
in Fig. 40. It is visible that the curves are constant over the tracking time and thus practically
independent of it, which leads to the conclusion that the error due to the propagation model
is much larger than the error due to an imprecise orbit from the OD. Longer tracking times
only affect the standard deviation of the offset, because the determined orbit is converging on a
solution with additional measurements. Comparing the results for the high and low LEO orbit
after one dayj it can be seen that the low LEO orbit has a significantly larger error. This can be
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Figure 39.: Position offset of an SGP4 propagated OD result, comparing one orbit and
one day between measurement and prediction.
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Figure 40.: Position offset of a Kepler propagated OD result, comparing one orbit and
one day between measurement and prediction for a low and high LEO ob-
ject.
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related to the decreasing influence of drag and gravitational irregularities in higher altitudes.
Because the error is larger than 500 km, the sphere size has to be enlarged for this case. With
the data from the plot, 1500 km is chosen as an appropriate size. This should cover all objects
after a tracking time of at least 10 s.

7.3. Position Filter and Orbit Filter

As explained in the previous section, different sphere sizes are used for SGP (500 km) and
Kepler (1500 km) propagations. Tab. 10 lists the average number of objects within the spheres
during the test cases. The value for a low LEO object and the 500 km sphere is consistent with
Fig. 38 from the previous chapter, which shows the number of objects over the geographic
latitude. It is also visible that in this case the number of candidates in the sphere decreases for
a higher orbit, but this is also dependent on the exact altitude region, because some altitudes
in LEO are more crowded than others. The following comparisons of orbital elements by the
orbit filter eliminates all objects except the true correlation in all cases.

500 km Sphere 1500 km Sphere
SGP Kepler
number of objects | Low High Low High
after ... LEO LEO LEO LEO
position filter 10 3 170 80
orbit filter 1 1 1 1

Table 10.: Number of objects after position and orbit filter.

This confirms the validity of the pre-selection by the position filter and the uniqueness of the
orbital elements for a typical case of a solo flying satellite. This is mainly possible because the
position of the satellite is not strongly coupled to the used orbital elements and thus satellites
within a certain volume do not necessarily have similar orbital elements, which is used to pick
the correct satellite from the candidates.

7.4. Penalty Function

Although the previous section showed that only one object passes the orbit filter in the typical
case, itis still investigated how the penalty function behaves and if the limit of 30 is appropriate.
Additionally it is possible to have cases, where two or even more objects pass the orbit filter,
see 7.5.

The low LEO object with one day between the detections in Fig. 41 is used exemplarily for
all SGP4 propagated objects, which behave similarly. The decline is roughly exponential and
clearly below the threshold of 30 for all times. Concerning the Kepler propagation, the results
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depicted in Fig. 42 are comparable to those of the position offset, because this is the domi-
nant parameter of the penalty function in this case. Values above the threshold of 30 are only
expected for tracking times less than 10 s, when the standard deviation is large.

The results show that the threshold of 30 is appropriate, because the penalty function value is
below it for almost all cases. Thus it is improbable that a true correlation is rejected and the
wrong correlations are removed by the preceding filters.

7.5. Satellite Constellation

The previous tests considered the case of a solo flying satellite in LEO, which was shown to be
clearly distinguishable from others by the filters and the penalty function. A special challenge
for the correlation is the treatment of closely-spaced objects, for example satellite constellations
or clouds of orbital debris from explosions or collisions [19], when multiple objects are very
close to each other and on nearly similar orbits. In such a case, multiple objects would pass the
two filters and have to be distinguished by the penalty function. To test the behaviour of the
correlation, the satellite constellation TerraSAR-X (TSX) and TanDEM-X (TDX) is chosen. The
satellites revolve around each other in a helix on their orbits with separations of less than one
kilometre [20]. Their TLE are used as reference orbits with SGP4 propagation.

The following plots compare the values of the penalty function and the RMSs for TRX and
TDX to establish a minimum tracking time to distinguish between those satellites. As for the
other tests, two different time spans are used. Fig. 43 shows the PF and RMSs over the track-
ing time for a correlation after one orbit. It can be seen that for both values at least 100 s of
tracking during each pass are necessary until the two satellites can be distinguished with a
sufficient confidence. If the two satellites are observed again after one day, they are not clearly
separable, see Fig. 44.

As a further test for this constellation, it is investigated how an improved orbit determination
affects the previous results. This is achieved by performing an OD with measurement data
from two consecutive passes and trying to correlate one day later. The addition of a second
pass greatly improves the OD results of the elements, which are hard to predict from one pass,
mainly the eccentricity and the AoP. The results of this correlation are shown in Fig. 45. It is
visible, that the RMS,,s is nearly constant and clearly separable for the two satellites, while the
PF still needs a minimum tracking time of about 70 s.

In addition to the pure distribution of RMS;,,s and PF values, it is also interesting to see how
often the two methods would pick the correct satellite by assigning the lower value to it. This
is not immediately deduced from the previous plots, because the variations among the values
leading to mean and standard deviation could be similar for both objects. Fig. 46 depicts the
percentage of correct decisions over the tracking time depending on the duration of propaga-
tion and correlation method. It can be seen that the PF performs better than RMS,,.s for all
cases except the two ODs. If the tracking time is lower than 60 s, the percentage is only slightly

-71-



7. Tests and Results

Penalty Function / RMS

Penalty Function / RMS

I TANDEM PF —&—

10 * TERRA-SAR PF —e—
: TANDEM RMS —H— |

TERRA-SAR RMS —6—

. N k\g B e [5\%/43
9\6 S
0.1 z
0.01 i i i
0 20 40 60 80 100 120

Tracking Time (s)

Figure 43.: Correlation attempt of TERRA-SAR in constellation with TANDEM using
PF and RMS after one orbit.
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Figure 44.: Correlation attempt of TERRA-SAR in constellation with TANDEM using
PF and RMS after one day.
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Figure 45.: Correlation attempt of TERRA-SAR in constellation with TANDEM using
RMS and PF after one day with two ODs from consecutive passes.

higher than the 50 % chance of guessing the correct satellite. The RMS,,4s is highly dependent
on a precise estimate of the position, which is leading to the very good results in the case of
two ODs, but to weak results if the correlation is one day later from a single OD.

The propagation with Kepler has not been applied to this problem, because its accuracy is
not good enough to distinguish between the satellites with very close positions and orbital

elements. The decision pattern would be similar to guessing with a chance of 50 %.

The results show that the correlation algorithm can be applied to constellations of two satel-
lites. In this case, both objects pass the filters and have to be distinguished by the PF. This is
successful, if the tracking time of the objects is long enough. The PF approach is not dependent
on a precise estimate of the position and thus performs better than the RMS,,os for correlations

from a single track.

To sum up, the main advantage of the new correlation method is the reduced propagation
effort, because all comparison are made at the same point in time. Additionally, the orbital
elements used in the filter are dependent on the orientation of the orbital plane and can be
estimated well, even from short arcs. The variety in these orbital elements makes it possible to

filter out all wrong correlations reliably.
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8. Conclusion

8.1. Orbit Determination Methods

The analysis of orbit determination methods in Ch. 5 has lead to the selection of LS and the
EKF as the preferred methods, which were thus already used for the TIRA measurements as
described in 5.7. The other methods (SBLS,LKF,CLKF) are generally functional, but were re-
jected due to different reasons: In case of SBLS, the main problem is that the reference of the
orbit cannot be changed during the OD. This means that the epoch as well as the orbit itself re-
mains constant and only a correction value is calculated, which has to be added to the constant
reference to obtain the osculating orbit. It can be shown that SBLS gives the same solution as
LS in case of a relatively short period of time. If multiple batches are used in this method over
a longer period of time, the solution may diverge, if no update of the reference by a complete
LS is performed. This problem is equivalent to that of the LKF, which showed less accuracy in
many tests due to the constant reference. The CLKF was proposed as a solution to this problem
and performed with a comparable accuracy as the EKFE. The reason for the rejection of the CLKF
was that it has a longer execution time than the EKF, thus the EKF was chosen as the preferred
KF due to its accuracy and speed.

It was shown that the EKF is superior to LS for real-time applications, because it does not have
to re-use old observations. If constant updates of the orbit are necessary during the tracking,
the execution time of LS is increasing linearly with the number of observations, whereas the
EKF only considers new observations and thus can keep the execution time constant for each
update.

Concerning the choice of an internal propagator between Kepler’s two-body motion and the
SGP4 model, it was shown that the Kepler propagator may be enough for short arcs of high-
quality observation data (see Tab. 7 and Tab. 8). If an object is tracked over a longer period of
time the SGP4 propagator performs significantly better than Kepler. The EKF yields better re-
sults with Kepler than LS, but is still not accurate enough (see Tab. 9). Another important aspect
of the propagation method is the execution time. While the EKF is faster than LS with Kepler
propagation, the EKF’s execution time is increasing sharply when used with SGP4 compared to
a moderate increase of the LS. Nevertheless the execution time of the SGP-EKF is still less than
the measurement time and thus can be used for concurrent tracking and orbit determination.
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Geographically Distributed Sensors

The investigation of orbit determination for geographically distributed sensors initially con-
firmed the applicability of all OD methods to longer data gaps between station passes. It was
shown that even with a short time span of observations for OD, it is possible to predict a future
observation vector with an acceptable uncertainty, although it has to be stated that the predic-
tion is a separate process from OD. Even the best OD result could not lead to a good estimate
with an imprecise propagator. The advantages of distributed sensors are a larger coverage,
which leads to a better estimate of the orbit, and the multiple chances for a good observation
geometry. The main disadvantages of distributed sensors are not related to OD, but concern the
pre-processing of data, which includes data fusion from multiple sites and the management of
different sensor locations within the data especially concerning observation vectors in the local
coordinate system AER.

8.2. Orbit Database

One basic task within a space surveillance database is the correlation of new measurements
with registered objects. A new technique for this was developed from a combination of object
positions and their orbital elements. This reduces the required number of propagations for
possibly correlating objects significantly, because the entire investigation is performed at one
point in time. The results have confirmed, that this correlation technique works well for solo
flying LEO satellites. It was also shown that satellite constellations and debris clouds pose an
additional challenge due to the similar orbits among them, which can be overcome by longer
tracking periods leading to better position estimates. Due to the very similar orbits, the position
is the main difference between constellation objects.

An especially interesting result of the correlation was that the use of a simplified propagator
virtually eliminates the dependence on the tracking time, because the error due to the propa-
gation is much larger than that due to the OD. The correlation is still performed successfully.
It can thus be concluded, that the build-up of a database is possible without the use of sophis-
ticated and computationally intensive force models. This approach would have the downside,
that a collision probability analysis needs additional investigations or it would have to be exe-
cuted in a separate application for selected objects.

Compared to the often used, but computationally more expensive RMS,os criterion, which
compares the predicted and the measured position of the object, the penalty function approach
performed at least equally in all cases, except if very precise orbits are known and thus a precise
position can be estimated. This would force the use of a comprehensive propagator in an
application to real measurement data, while it can be expected that the PF criterion works
well with a much simpler propagation to save computational resources and time.

An orbit database maintenance strategy can be derived from those results. It is possible to
execute most correlations with the simplified propagator, while the determination of high-
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precision orbits or the distinction of close objects can be performed in parallel using a high-
precision propagator. After multiple observations have been correlated by the simple routine,
it is possible to combine them again to have an OD over multiple passes which yields a very
good estimate of the orbit. This combination enables an easy maintenance of the entire orbit
database with the option to have high-precision orbits for chosen objects, for example in case
of collision probability assessments.

9. Future Work

This work provides the basis for future research and developments in different areas. The
aspect of distributed sensors can be extended to the assessment of different network geometries
and observation strategies with the aim to e.g. optimise the OD or to minimise the time between
observations of an object. The correlation between measurements can be extended to cover
closely-spaced objects on similar orbits more reliably. After the correlation, the next step are
investigations with respect to a database structure, which stores all known objects efficiently
and well accessibly.

As a further extension, one can also consider manoeuvres of satellites. This is especially chal-
lenging, because a manoeuvre can change an orbit significantly. It has to be investigated for
which kinds of objects, orbits and manoeuvres, it could be possible to distinguish between a
new and a manoeuvred object, if no correlation is possible for a measured orbit.

Finally, a full end-to-end simulation can be performed to check whether it is possible to build
up a database without prior information by observations and correlations. This can be per-
formed within the simulation SpaceView & Analyst. A population of space objects is therefore
fed into the simulation and it is investigated, how many and which objects of the input pop-
ulation appear in the database. From this, it could be concluded how long it takes to build
a database and which kind of orbits are reliably maintained. This can also include the use of
various systems and network geometries.
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Figure A.1.: Test Orbit 1.
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Figure A.2.: Test Orbit 3.
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Figure A.3.: Orbit of receding object in 5.2.
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Figure A .4.: Orbit of covariance example in 5.2.
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Figure A.5.: Pass of Swarm B on April 26 above Wachtberg.
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Figure A.6.: Pass of Jason-2 on April 26 above Wachtberg.
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Figure A.8.: Passes above two sensors, small spread (TO1).
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Figure A.9.: Passes above two sensors , large spread (TO1).
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B. EKF Convergence Plots
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Figure B.1.: Convergence of EKF, Kepler and SGP4, compared to TLE reference for the

eccentricity of Swarm B.
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Figure B.2.: Convergence of EKF, Kepler and SGP4, compared to TLE reference for the
inclination of Swarm B.
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Figure B.3.: Convergence of EKF, Kepler and SGP4, compared to TLE reference for the
AoP of Swarm B.
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Figure B.4.: Convergence of EKF, Kepler and SGP4, compared to TLE reference for the
RAAN of Swarm B.
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Figure B.5.: Convergence of EKF, Kepler and SGP4, compared to TLE reference for the

true anomaly of Swarm B.
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Figure B.6.: Convergence of EKF, Kepler and SGP4, compared to TLE reference for the
true anomaly plus AoP of Swarm B.
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Figure B.7.: Convergence of EKF, Kepler and SGP4, compared to TLE reference for the

eccentricity of Jason-2.
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Figure B.8.: Convergence of EKF, Kepler and SGP4, compared to TLE reference for the
inclination of Jason-2.
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Figure B.9.: Convergence of EKF, Kepler and SGP4, compared to TLE reference for the
AoP of Jason-2.
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Figure B.10.: Convergence of EKF, Kepler and SGP4, compared to TLE reference for the
RAAN of Jason-2.
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Figure B.11.: Convergence of EKF, Kepler and SGP4, compared to TLE reference for the

true anomaly of Jason-2.
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Figure B.12.: Convergence of EKF, Kepler and SGP4, compared to TLE reference for

true anomaly plus AoP of Jason-2.
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