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Abstract

In this survey, two different kinds of geometrical localization problems with applications in robotics are
studied. First, the Robot Localization Problem, which is the problem of determining a robot’s unknown
position in a known environment, is studied. Then, the Robot Search Problem, in which the position of a
hidden item in an unknown environment is searched for, is considered. Throughout the survey mainly two
different kinds of sensors are used to gather data about the robot’s surrounding, namely Angle Meters and
Range Meters. Both problems are formulated as geometrical problems, and are solved using algorithms
and data structures from the field of Computational Geometry. Some aspects crucial to implementing
robust algorithms in practical applications are also considered.

Sammanfattning

Tva geometriska lokaliseringsproblem med tillampningar inom robotik behandlas i denna o6versikt. Det
ena ar robotlokalisering, som innebar att en robots okanda position 1 en kand omgivning bestams. Det
andra ar robotsokning, vilket gar ut pa att finna var ett gomt foremal befinner sig 1 en okand miljo. T hu-
vudsak anvands tva olika sensorer for att samla information om robotens narmaste omgivning, namligen
vinkelmatare och avstandsmétare. Bada problemen formuleras geometriskt och 16ses med hjalp av algo-
ritmer och datastrukturer inom omradet datalogisk geometri. Nagra viktiga aspekter for implementering
av robusta algoritmer for praktiskt bruk namns ocksa.
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Chapter 1

Introduction

Localization problems arise in robotics, when a robot is to locate either itself or a hidden goal. Any
autonomous robot senses its surrounding through sensors. Depending on what kind of particular problem
being considered, various sensor giving different kinds of information are used. If both the robot’s
environment and the sensors’ input can be modeled geometrical the problem can be treated as a geometric
problem on its own. The hope is that a solution to the geometric problem can then again be applied to
solve the robotics problem from where the geometrical problem had its origin. This gives a powerful tool
to solve the robotics problem.

The problem of a robot localizing itself, known as the robot localization problem, has been studied
intensively in the robotics literature, and a great number of solutions using different types of sensors and
techniques are summarized by Borenstein et al. [6, 5]. Two kinds of sensor-based localization problems
are distinguished in the literature. In the static problem, sometimes also called the drop-off problem,
the robot is placed at an unknown position in the workspace and has to determine where it 1s located
and how it 1s oriented using the sensor-inputs. A mathematical description of the robot’s location and
orientation 1s called the robot’s pose. A localization algorithm, solving the static localization problem,
either passively consumes the sensor-inputs handed to it, or actively takes part in deciding where and how
to gather data. In the dynamec problem, which arise during navigation, the robot is moving continuously
and has to update its pose in real-time using sensor-inputs and known old poses.

This survey, cover the static version of the robot localization problem, using both passive and active
algorithms. Mainly, only two different kinds of sensors will be considered, the angle meters and the range
meters. The angle meter measures angles between landmarks in the environment and the robot’s forward
direction. The range meter measures the distance between the robot and the nearest obstacle in a specific
direction.

Both the angle meter and the range meter measure the surrounding environment relatively to the
robot. When the workspace is self-similar some locations in the environment cannot be distinguished
from each other by the sensor inputs alone. Using a static localization algorithm only, the robot can at
the best an enumerate all such locations. While an active localization strategy on the other hand is able
to tell how to gather more sensor data in order to distinguish what location the robot is actually located
at.

Algorithms to passively enumerate the possible solutions to the static localization problem using
geometric methods for a robot carrying an angle meter have been proposed by Sugihara [57], and Avis
and Tmai [2], and for a robot carrying a range meter by Guibas, Motwani, and Raghavan [23, 25].
Strategies that actively search for the unique location of the robot are presented by Dudek, Romanik,
and Whitesides [17], Schuierer [54], and Kleinberg [38]. How to estimating a robot’s pose from erroneous
measurements using an angle meter has been studied by Krotkov [40], and Betke and Gurvits [4], using
a range meter by Karch and Noltemeier [34].

The problem of a robot localizing a hidden goal in an unknown environment, which we will call the
robot search problem, is also known as on-line search. During the search the robot has one extra sensor
to observe the goal, this sensor could either observe the goal when visible or when touched. The problem
is to find a strategy that lets the sensor detect the goal while the robot travels as short a distance as
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possible in the worst case. If the goal is not to be found in the environment the robot will still have to
have seen all of the environment to know so, and thus we also consider exploration strategies that has to
explore all of an unknown environment while traveling as short a distance as possible in the worst case.
To explore, or guard, a known environment is also related, but will not be handled in this survey.

The robot search problem has been studied using several different models of the environment. Baeza-
Yates, Culberson, and Rawlins [3], as well as Kao, Reif, and Tate [31], searches for a point on lines. While
Klein [37] and Schuierer [55] searches for a point in a tree. Searching for a point inside a simple polygon
using visibility is considered by Schuierer [55]. Klein [36] searches in a restricted class of polygons called
streets. Kleinberg [39] and Lépez-Ortiz and Schuierer [43] also search in streets. Datta and Icking [13]
generalize the class of streets and search in the so called generalized streets or G-streets, which also
Lépez-Ortiz and Schuierer [44] search in. Strategies to explore unknown simple polygons are presented
by Hoffmann, Icking, Klein and Kriegel [28], and in rectilinear simple polygons by Deng, Kameda and
Papadimitriou [14, 15].

Similar work as this on related topics include the summary on robotics by Halperin, Kavraki, and
Latombe [26], the collection of sensors and methods for mobile robot positioning by Borenstein, Everett,
and Feng [6], the summary on competitive strategies for autonomous systems by Icking and Klein [29, 30],
and the competitive analyze of on-line algorithms by Ottmann, Schuierer, and Hipke [51].

This report is organized as follows. In Chapter 2 the basic geometrical and computational model
used in the rest of the report is presented. Chapter 3 deals with the robot localization problem, while
Chapter 4 handles the robot search problem. Chapter 5 concerns different practical aspects on the
localization problems.



Chapter 2

Preliminaries

Geometry, land-measuring, is an ancient science in which the world is modeled in a number of idealized
geometrical objects in order to solve real world problems such as how to divide the land or a field.
Geometry can today be used together with computers, using computational geometry, to model the
environment of a robot and solve robotics problems. Two kinds of such problems found in robotics are
modeled and solved geometrical in this report.
In this chapter, we introduce the basic geometric notations we will use in subsequent chapters. We
also show how the real world 1s modeled in our problems.

2.1 Computational Geometry

Computational Geometry is the name given to the branch within computer science that deals with model-
ing and solving problems through geometrical methods using a computer. In order to use Computational
Geometry to solve real world problems, the problem must be expressed in a geometric model. To do this
one has to understand both the real world problem and the expressive power of geometry.

Most of the notations and algorithms used from computational geometry are standard and can be
found in the textbooks by Preparata and Shamos [52], Mulmuley [48], and O’Rourke [49, 50]. For the
sake of completeness, we introduce the geometric entities and notations we will use later on.

2.1.1 Notations

The set of real numbers will be denoted R. E? will be used to denote the d-dimensional Euclidean space.
A point of F? is denoted by a d-tuple (z1,...,24) of real numbers. Given two distinct points ¢; and ¢z
in ¢, the linear combination (1 — a)q; + ags, @ € R, is a line in F¢. Adding the restriction 0 < a < 1
gives the line segment between the end points ¢1 and g2, denoted as [q1, ¢2] (or equivalent [¢2, ¢1]). The
restriction o > 0, gives a half-line with base at ¢; and passing through ¢s.

An ordered set of n points, with one line segment between every pair of consecutive points, is a
chain. The chain is closed if there also exists a line segment between the first and the last point in the
set; otherwise it is open. The end points of the line segments in the chain are called wvertices, and the
segments themselves edges.

A polygon 1s a closed chain in the 2-dimensional plane, such that no consecutive line segments are
parallel. A polygon is szmple if no pair of non-consecutive edges share a point. A simple polygon forms a
Jordan curve, which partitions the plane into a bounded interior, the inside, and an unbounded ezterior,
the outside of the polygon. A vertex of a polygon is a reflex vertex if the edges joined at the vertex form
an angle greater than 180 degrees inside the polygon; otherwise it is a convez vertex. Convez polygons are
polygons with only convex vertices. A vertex of a polygon is an orthogonal vertex if the edges joined at
the vertex are orthogonal. Orthogonal polygons, or rectilinear polygons, are polygons with only orthogonal
vertices.

Two points inside a polygon are wistble to each other, if the line segment joining the two points do
not intersect the exterior of the polygon. The wisibility polygon, V(x), of a point x inside a polygon
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contains all points which are visible from . The kernel, Kern(P), of polygon P, is the set of points #
inside polygon P with visibility polygon V(z) = P. If Kern(P) # 0, the polygon P is a star-shaped
polygon. That every visibility polygon V(z) is star-shaped follows from its definition.

2.1.2 Model of Computation

The model of computation is the real-RAM model. That is, a computer with an infinite memory, capable
of storing a single real number at each address. Any address can be accessed in constant time. The basic
arithmetic operations (4, —, x, /) are all available at unit cost as well as analytic functions (log,sin, . ..)
and comparison between real numbers.

For a more detailed description of the real-RAM model see the textbook by Preparata and Shamos [52].

2.1.3 Modeling the World

The Workspace — or environment — 1s modeled using a map with Euclidean distances. To be able to tell
where in the environment the robot is able to go, we need to mark (on the map) where it cannot go.
We use polygons to represent obstacles as walls and such. When the robot is operating inside a room
or building the free space is modeled as the interior of a polygon, while the walls are represented by the
polygon boundary.



Chapter 3

The Robot Localization Problem

A robot uses sensors to sense its surrounding. Using the gathered data from the surrounding environment
different problems can be solved. In this chapter we consider two different kinds of sensors, the angle
meter and the range meter, to solve the robot localization problem.

Two kinds of sensor-based localization problems are distinguished in the literature, a static and a
dynamic problem. We will only consider the static problem, in which robot is placed at an unknown
position in the workspace and has to determine where it is located and how it is oriented using the
sensor-inputs. In Section 3.1 the static localization problem is studied in the case where the robot uses
an angle meter, and in Section 3.2 a range meter.

Section 3.3 deals with active localization, which is the problem of finding strategies that gather enough
sensor data to uniquely localize the robot while traveling the shortest possible distance.

3.1 Static Localization using an Angle Meter

One kind of sensor used by mobile robots to localize themselves is the angle meter. The angle meter
measures angles between landmarks in the environment and the robot’s forward direction (Fig. 3.1).
Landmarks can be either natural landmarks, such as mountain peeks or corners of a room, or artificial
landmarks, such as reflexive tape, sonar transmitters, or light emitters. The techniques to localize a robot
using angular measurements do not depend on what kind of landmarks are used, and further on we refer
to landmarks of any kind as beacons.

Every beacon is placed at a fixed position in the environment, and is represented as a point in the
geometric model. The robot’s sensor detects the beacons and measures the angle between beacons and
the robot’s forward direction. All measured angles are counted as positive in counterclockwise order. In
the geometric model, the measured angles from the robot’s unknown position are gathered into a pencil of
half-lines, such that the angle between consecutive half-lines equals the angle between the corresponding
measurements. This pencil is placed in origo and oriented such that the reference direction, representing
the robot’s forward direction, is along the z-axis.

The localization problem is to find the robot’s pose, i.e. the location and orientation of the robot. Given
the pose there exists a beacon in each of the directions measured by the angle meter. The localization
problem is, in the model, to find a translation and rotation of the pencil of lines, such that each half-line
contains at least one of the points representing beacons.

Another way to view the localization problem is to divide it into two problems. First, the matching
between beacons and measurements has to be determined; the beacons have to be identified, so that it
is known what beacon each measurement is an angle to. Next, when the correct matching is found, the
robot’s pose has to be determined, given the identification, the measurements, and the locations of the
beacons on the map.

If the environment contains more than one position from which the angle meter gives the same
measurements, the correct matching cannot be determined from the information given. In such cases, all
matchings between beacons and measurements, such that there exists one pose fulfilling the requirement
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Figure 3.1: A robot, located at e, e,, with azimuth 8, measures the angles a1, a2, and a3 between
the robot’s forward direction and the three beacons p1, p2, and ps respectively.

that beacons are visible in the measured directions, are enumerated. All such matchings are said to be
consistent.

The localization problem is greatly simplified if the sensor i1s able to do the identification, since then
only the pose estimation remains. This could be the case if each beacon has, for instance, its own unique
colour, shape, blink rate, or pitch. Another way to simplify the localization is to use a compass. With a
compass, the orientation of the pose is given as a measurement and one degree of freedom, the rotation,
is eliminated.

In practice, the localization problem is complicated by two facts. First, the sensor may fail to detect
visible beacons which should be detected or mistakenly report a measurement to something which 1s not
a beacon, called a false beacon. Furthermore, all measurements are uncertain as the sensor has finite
precision. In the remaining of this chapter, all measurements are assumed to be exact and given with
infinite precision. Also, no false beacons are detected.

3.1.1 Pose Determination from a given matching

The problem of finding a robot’s pose, when the matching between beacons and measurements are known,
is usually called pose estimation. Calculating an estimate of the pose, such that it is as close to the true
pose as possible in some sense, is the best one can do if the measurements may contain errors. But, with
exact and error free measurements the pose can be determined as the solution of the geometric problem
formulated in the model. In the remaining of this subsection, we show how the pose is determined
when the identification of beacons and measurements is given, and all measurements are error free. This
problem can be stated as:

Problem 3.1 Given k points p; and k angles «;, find a point e and an angle 8, such that the half-line,
with base e and emanating in direction 0 + «;, contains p;, for 1 <i <k.

The kind of solution we can expect to get for Problem 3.1 depends on k. If there is one beacon only,
i.e. for k = 1, any point e # p; i1s a valid location, since for every such e there exists a half-line with
base at e which contains p;. Also, the angle § is uniquely determined by each point e. When k& = 2,
the point e must be located such that the angle between two half-lines, with base at e and containing
p1 and ps respectively, is ay — ;. The set of points in the plane fulfilling this requirement form an arc,
since inscribed angles on the same arc are equal (Fig. 3.2 a). We denote this arc Cp, (2 — @1). For
every point p on Cp, p, () the line segment from p to p; rotated the angle o counterclockwise around p
is coplanar with the line segment from p to ps. Note, that Cp, ,,(a) = Cp, p, (—a).

In the case where & > 2, any pair of points p; and p; and their corresponding angles «; and «;
restricts e to an arc, as was the case when k£ = 2. Now, e is in general the unique intersection point
of any two of these arcs. For k = 3, this technique is known as three-point triangulation (Fig. 3.2 b).
However, if all points and e are cocircular, the intersection of any pair of arcs is not a unique point but
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Figure 3.2: a) The set of points p, from which an observer can see the two points p; and p, with
an intermediate angle o, form an arc. b) Three-point triangulation finds the observers location e
as the intersection of two arcs. ¢) A three-point triangulation fails to give a unique location if the
observer and the observed points are cocircular. Any point on the arc clockwise between p; and ps,

for instance p or p’, can be the location.

rather a unique arc, i.e. e is one of the points of the unique arc (Fig. 3.2 ¢). However, if the beacons are
artificial landmarks it is possible to, while placing the beacons in the environment, ensure that they all
are in general position. If all points representing beacons are in general position, i.e. no four points are
cocircular, it 1s always possible to solve Problem 3.1 using measurements to four beacons only. When the
measurements are exact and error free, all (g) arcs will intersect in one single point, and thus using more
than four measurements will not give a more accurate solution.

3.1.2 Finding Consistent Matchings

To determine the pose, the locations of beacons to which angles have been measured have to be known.
In general, a matching is a mapping from measurements to beacons. A matching is said to be consistent
with the workspace if there exists a pose, called a consistent pose, such that the beacons are visible in
their respective directions from that point. The correct matching, also called the identification, maps a
given set of measurements obtained from the sensor to the beacons actually seen by the sensor.

If the identity of a beacon is not immediately deducible by the sensor, the correct matching has to
be computed. However, there is no way to distinguish the correct matching from any other consistent
matching given the sensors measurements. Therefore the localization algorithm enumerates all consistent
matchings and their respective poses. Below we show how this is done in different environments.

In a Workspace without Obstacles

Without obstacles in a workspace with n beacons, each beacon is visible from everywhere. This gives
the most basic matching problem, where & < n measurements and the positions of beacons are used to
validate the consistency of a matching. The problem is formulated as follows:

Problem 3.2 Given a set P of n points p;, and given k < n angles oy, find a point e and angle 6§ such
that each half-line with base at e and emanating in direction 0 + o5, 1 < j < k, contains a point p;, for
some 1 <1< n.

With n points, and measurements taken from a subset of £ points, searching for the correct matching
means to search among (7) - k! = n - (n —1)---(n — k + 1) different matchings. Since this number of
matchings is of order O(n*), where k can be as big as n, verifying the consistency of these matchings
in a straight forward manner one after another is enormously time consuming. However, if a matching
contains a subset which is not consistent with the workspace, no matching containing that subset is
consistent. This way several matchings can be rejected by one pose validation.

Krotkov [40] uses this observation to solve Problem 3.2. The idea is to use a small matching of size
three, {(pa, @1), (ps, @2), (Pe, v3) }, Where pg, pi, and p. are any three points in P. This matching is called
a hypothetical matching, and is used to compute a candidate pose using three-point triangulation. If the
candidate pose 1s at location d in the workspace where the robot could be located, 1t is then verified that
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beacons are visible from d in all measured directions. If this is the case, the candidate pose is valid, and a
consistent matching of £ measurements, a matching of size k, has been found. Otherwise, the candidate
pose is invalid, and no matching containing this hypothetical matching as a subset is consistent with the
workspace.

Since there are (g) -3! = O(n®) matchings of size three among n beacons, there are O(n®) hypothetical
matchings to verify the consistency of. During the consistency check, k half-lines are tested to contain
any of n points, which is done in O(kn) time in a straight forward manner. Hence, the algorithm by
Krotkov has an O(kn?) worst case time complexity.

A problem with this approach is that it requires the searched location e, and the points used in the
pose estimation, pg, ps, and p., not to be cocircular, or else the three-point triangulation will fail. Even
with the points of P in general position this can not be guaranteed, as it is always possible to draw a
circle that contains the three points, p,, ps, and p., and since the searched location e represents a mobile
robot it might be anywhere in the plane, even on the boundary of this circle. Therefore, this technique
fails when the three beacons used in finding the candidate pose and the robot are all cocircular.

Points in General Position

By requiring the points in P to be in general position, such that no four of them are cocircular, a
matching between four points and directions will either be proven inconsistent or the unique candidate
pose is found. This could be one way to make the algorithm by Krotkov more stable, but this increases
the complexity to O(kn®), since the number of matchings to validate increases.

Sugihara [57] shows how to find all candidate poses among all matchings of size four in O(n3) time.
Furthermore, he writes that — presumably in practical situations — the number of candidate poses can be
assumed to be less than some constant, that do not depend on n.

The way Sugihara finds all consistent matchings of size four is to build sets of candidate poses using
matchings of size three. For each ordered pair of points py, pp in P, build the two sets of candidate poses,
which can be found by three-point triangulation, using the two matchings {(pa, 1), (ps, @2), (pi, @3)}
and {(pa, 1), (py, a2), (pj, @s)}, for some ¢ and j. Intersect the two sets of candidate poses to get all
candidate poses consistent to {(pa, 1), (ps, @2), (s, @3), (pj, @a)}, for some i and j. Now all candidate
poses found must be validated and the full matchings be found. The algorithm requires fast techniques
for intersecting the sets of candidate poses, and Sugihara finds such by observing some properties of the
candidate poses found.

Assume that the matching {(pq, @1), (ps, @2)} is part of the correct matching. This assumption limits
the location of e to be on the arc Cp, p, (2 — 7). Then, build the set L3 as the set of intersection points
between C,, ;, (2 — ) and each of the arcs Cp, p,(@3 — 1), 1 < i < n. In a similar way, build the
set L4 as the set of intersection points between Cp, », (@2 — 1) and each of the arcs Cp, ,, (s — ay),
1 < 5 < n. Points in common for both Lz and L4 are candidate locations for poses determined with the
matching {(pq, 1), (ps, a2), (pi, a3), (pj, aa) }, for some i and j, when all four points are distinct.

Sort both Lz and L4 along the arc Cp, p, (2 — @1), and merge the two lists to find all points in
common. The two sets of intersection points Lz and L4 contain n points each and requires O(nlogn)
time to sort. The merge is then done in linear time. Since the number of ordered pairs (pg, ps) is O(n?),
all candidate poses can be computed in O(n®logn) time.

As Sugihara assumes there will only be a constant number of candidate poses, and since each of those
can be validated in O(kn) time, the localization problem is solved in O(n®logn + ¢ - kn) = O(n®logn),
where ¢ 18 the number of consistent poses found using the matchings of size four.

Searching for improvements over this, Sugihara observes that, if e is located on Cp, 5, (2 — 1), the
line containing the half-line emanating in direction «, has to go through a point which is located on
the circle containing the arc €y, ,, (a2 — a1); this point is called ¢(a,:p, p,) further on (Fig. 3.3 a). This
follows from the geometric theorem of inscribed angles on an arc.

Build the set Lj as the set of intersection points between the arc Cjp, ,, (a2 — 1), and each of the lines
passing through q(a,p, p,) and p;, for 1 <7 < n (Fig. 3.3 b). In a similar way, build the set L}, using the
direction a4 instead of as. Again, points in common for the two sets are sought, and these points are
found by sorting each set along the arc and merge the two lists.

The sorted order of the set Lj along the arc C,, p, (2 — 1), is exactly the angular order of the points
in P sorted around the point ¢(4,.p, p,). Sorting points in the plane in angular order around a query point,
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Yoy :pa,pp)

Pa

a) b)

Figure 3.3: a) For each point on the arc clockwise between p, and ps, the line through that point
and g(a:p, p,)> form the same angle with the chord between the same point and p,. b) Intersect each
line, through any point in the set and either q(a,:p,,p,) OF @(ay:pq,py)> With the arc clockwise between
pa and pp to find all locations on the arc that see two points in two specific directions.

Figure 3.4: a) Determining for the angular order of the points in a point set around the query
point ¢, is done by first finding the the slope order of the lines passing through each point and ¢. b)
The slope order of the lines passing through each point and ¢ is found as the order of intersection
along the a-axis in the dual plane.

can be done in linear time, using quadratic preprocessing time and space, as shown by Asano et al. [1].

To solve this problem they rely on a geometric duality between points and lines. Let a dual transform
be any mapping that maps a point into a line and vice versa. The duality gives points and lines in the
plane a close relation to each other. A point and the corresponding line is called each others dual. A set
of points has a set of lines as its dual. The set of lines form a planar graph called an arrangement.

In an arrangement of n lines the number of vertices is less than or equal to @, and the number
of edges is less than or equal to n?. Chazelle et al. [9], show how to construct an arrangement of n lines
in O(n?) time, using O(n?) space, such that new insertions into the arrangement can be done in O(n)
time. The arrangement is built by inserting the lines one by one.

The mapping used by Asano el al. to solve the sorting problem is due to Brown [7]. Let [ be a line
with the equation y = a;x + b;. Let p be a point at coordinates (z,, y,). The geometric transform J
maps [ into the point (az, b;) and p into the line with equation b = —zpa + y,.

This transform, 7, is used to transform each point p in the set, P, into its dual line £7(,), and then
the arrangement of these n lines is built. Given a query point, ¢, that point is also transformed, with 7,
and an insertion into the arrangement is simulated. During an insertion, all intersections with the new
line and the other lines in the arrangement are found in linear time, and these intersections are detected
in order of z-coordinate for the intersection point. The order of the indices i for the lines £7(,,) that
intersect £7(,) with increasing z-coordinate, in the dual plane, is the same order as the order of increasing
slope among the lines that contain ¢ and each p;, in the plane. From this order of slopes, the angular
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Figure 3.5: a) All points, consistent with the matchings of size two which include that point p, is
seen in the measured direction oy, form (k — 1)(n — 1) arcs. Locations where k — 1 arcs intersect
are valid locations. b) Inversion through a circle around p, maps all intersections between circles,
passing through p,, into intersections between lines.

order is found in linear time (Fig. 3.4).

The usage of this technique in the robot localization problem introduces new degenerate cases, as an
arrangement 1s degenerate if it contains parallel lines, which in the dual, using J as transform, mean
two covertical points. Chazelle el al. [9] show how parallel lines in an arrangement can be handled, by
introducing a point at infinity where all lines intersect.

The localization algorithm by Sugihara sorts 2n intersection points along an arc O(n?) times. Pre-
processing the set of points, using O(n?) time, this sorted order can be found in linear time using the
algorithm by Asano et al. This way the algorithm by Sugihara [57] finds all candidate poses using match-
ings of size four, and thus solves Problem 3.2, in O(n?®) time, under the assumptions that the points are
in general position and that only a constant number of candidate poses exists.

Points in Arbitrary Positions

Avis and Tmai [2] solve Problem 3.2, without any assumptions about the input. They also never search
candidate poses in order to validate them. Instead, the valid poses and their consistent matchings are
found by intersecting arrangements. Hypothetical matchings of size two do not give any candidate poses,
they only limit the possible poses to an arc. Consistent matchings are found as the intersection of all
arcs induced by the hypothetical matchings {(pa, a1), (ps, ;) } of size two, for all ¢ # a, and j > 1.

Let the matching {(pq, 1)} be afirst hypothesis. Any pair (p;, o), pi € P;p;i # Pa, J € [2..k] together
with the first hypothesis limits the possible locations of e to the arc Cp, p,(e; — 7). This gives a total
of (k—1)(n — 1) arcs, since we have fixed p, and «; but chose p; and «; independently. A solution to
the localization problem, if the hypothesis that the half-line emanating in direction «y contains the point
Pq 18 correct, is a point where k arcs intersect such that they all are constructed with different angles
(Fig. 3.5 a).

By using a Mobius transform, Avis and Imai map all circular arcs that appear in the problem onto
straight lines. An inversion through a circle C' around the point p, maps the interior of C' onto the
exterior and vice versa, while the circle boundary are fix points. Every arc Cp, p,(c; — 1) is transformed
into a half-line with base at the inverse point to p;, called p;. This gives (k — 1)(n — 1) half-lines. The
lines containing these half-lines form an arrangement. Now, a point where £ lines intersect is searched
for (Fig. 3.5 b).

A point in an arrangement where more than two lines intersect is a degenerate point. Using the
topological sweep algorithm by Edelsbrunner and Guibas [19] all degeneracies of an arrangement of
m lines can be found in O(m?) time using O(m?) space. In our case, the degenerate points can be
computed in O(k?n?) time. Each degenerate point found has then to be checked whether it is on half-
lines constructed from different angles and points. That is, the degenerate points represent candidate
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Figure 3.6: The cross-ratio, defined as (w1 — ws)(w2 —ws) / (w1 — wy ) (w2 — ws), is invariant under
projective transformations and thus any line intersecting the lines I; gives the same cross-ratio.

points which must be validated.

This validation can be done implicitly if the half-lines constructed from different angles are held
separately. This can be done in O(kn?) time and O(kn?) space. Using the result by Chazelle et al. [9]
to build k arrangements A; of n lines each, where A; contains all lines constructed with «;. Choose one
line from arrangement A;, and simulate an insertion into every other arrangement, building k& — 1 lists
of intersections Sa, Sz, ..., S; in O(kn) time. These lists are sorted and can be merged in O(kn) time,
computing S = S2 N SsN---NSg. Every point in S is an intersection of half-lines with at least one
half-line constructed by every value of k. Considering every choice of lines from the arrangement & = 1
gives an O(kn?) time and O(kn?) space algorithm to solve the subproblem of finding every k-degeneracy
in this arrangement of half-lines.

LeBlanc [41] shows how to answer the query in this subproblem in O(kn?) time and O(kn) space
using the topological sweep algorithm. Testing all points in P for the first hypothesis, gives a solution to
Problem 3.2 in O(kn?) time using O(kn) space.

With Beacons Mounted on a Flat Wall

Suppose that a robot operates along a long and flat wall. With beacons mounted on the wall, the only
difference between the subsets of beacons the robot may measure angles among, is their internal spacing.

To 1dentify a subset of beacons by their internal spacing along a straight line the cross-ratio, which is
well known to be invariant under projective transformations, can be used.

Given four point z1, x5, 3, and x4 on a line, the cross-ratio is defined as %ﬁ% Sugihara [57]
precomputes the cross-ratio for every quadruple of points, and stores the ratios sorted in a search tree.
At a localization query, four of the £ measurements are used to compute a cross-ratio. This can be done
by drawing an imaginary line in front of the four half-lines, emanating in the measured directions, such
that the line intersects all half-lines (Fig. 3.6). Now the a cross-ratio can be computed using the four
intersection points between the line and half-lines, and this cross-ration is searched for in the search
tree. The information retrieved from the search tree is the presumably correct matching for the four
measurements used.

As there are O(n*) quadruples, this requires O(n*logn) preprocessing time and O(n*) space. After
the preprocessing, queries are answered in O(logn) time.

Beacons Mounted on the Walls inside a Room

A robot located inside a room, where beacons are mounted on the walls, does not necessarily see every
beacon, since some might be eclipsed by the opaque walls. This makes 1t necessary to determine the
visibility of each beacon taking part of a matching. A beacon is wisible from the robot’s location if the
line of sight from the robot’s location on the map to the point representing the beacon intersects none of
the lines representing walls.
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If the room contains no static obstacles that has to be modeled in the map, it can be represented as
a simple polygon. Placing the beacons at the walls in a simple polygon gives an ordering of all beacons
along the border of the polygon; we might assume that the beacons are given in sorted order along the
boundary.

Sugihara [57] uses a camera and detects visible vertical lines in the image. This way, the corners of
the room act as natural landmarks, or beacons. Thus, let us say there is a beacon at each corner. Place
the beacons on the map as points, and the walls as lines. In the map the lines form a planar graph with
a point representing a beacon at each vertex. Since the graph is planar the number of edges is O(n) if
there are n vertices.

The localization problem inside a room with walls can now be solved in two steps. First use any of
the algorithms to solve the similar problem where no walls exists; Problem 3.2. Then for each location
reported by that algorithm determine whether any of the k line segments from the candidate location,
emanating in each measured direction to the corresponding point, intersect any of the lines representing
walls. This test can be done in O(kn) time for each pose, by simply test for intersection with any wall,
one by one, in each of the k£ directions. According to Sugihara this does not increase the complexity over
the algorithm used to solve the subproblem with only beacons, if the robot is not in a “special position”.

3.1.3 The Power of a Compass

A compass is a device to determine directions by letting a magnetic needle turn freely on a pivot in
order to point towards the magnetic north. The magnetic nature of the compass makes it unusable
in environments where the surrounding interfere with the Earth’s magnetic field. However, it is today
possible to build non-magnetic compasses using gyro technology.

Since the compass always gives the absolute direction to north, all angular measurements relatively
the robot can be recalculated as absolute directions in the map. Let us use the z-axis as reference axis,
and thus a half-line emanating in direction r will mean that the half-line forms an angle of r with a line
parallel to the z-axis.

A robot carrying a compass always knows its azimuth. This means that, while solving a localization
problem; one of the components of the searched pose is given as a measurement from the compass.

Pose Determination from a given matching

If the beacons are distinguishable, the identity of each visible beacon is obtained directly from the
measurement, and the localization problem becomes:

Problem 3.3 Given k points p; and k directions r;, find a point e, such that the half-line, with base at
e and emanating in direction r;, contains the point p; (for 1 <i<k).

An observation by Avis and Imai [2] is that if a robot sees a beacon in a direction r, that beacon
sees the robot in the opposite direction # + r. This follows directly from the definition of visibility.
In the geometrical model this observation implies that a consistent point e is contained in the % half-
lines Ly, rqr,, ¢ = [1..k], where L, , denotes a half-line with base at p emanating in direction r. The
Problem 3.3 can be solved by computing the intersection NLp, r4r;, 1 < ¢ <k, which takes O(k) time.

Since the intersection of two non-parallel lines in the plane is a unique point, it is enough to compute
the intersection of any two arbitrary non-parallel lines. To make sure such an intersection point exists,
the beacons must be placed in the environment such that for each point p in the plane there exist two
beacons visible from p such that p and the two beacons are not all three collinear. In general it is unknown
what two beacons to use, and thus the restriction on placements of the beacon must be sharpened in
order to lower the time complexity. Ensuring that all points representing beacons are in general position,
no three points are collinear, guarantees that any three measurements always uniquely localize the robot.
And thus the problem can be solved in constant time.

Finding Consistent Matchings

One observation is that using a compass a matching of size two will give a candidate pose, while the size
needed without a compass was three. Hence, algorithms constructing all candidate poses are likely to
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be a linear factor faster with a compass than similar algorithms without compass, since there are fewer
matchings to validate.

With a compass the localization problem can be seen as, the problem of finding a translation of the
pencil of lines, such that each of the half-lines contains at least one of the points representing beacons.

Problem 3.4 Given a set P of n points p; and k < n directions r;, find a point e, such that each half-line
with base at e and emanating in direction r;, contains a point p;, for some 1 <7 < n.

From the robot’s location k& beacons can be detected in the directions r1, ..., 7. That is, the robot
has to be positioned such that & beacons can see the robot in the directions m+ry, ..., 7 +r; respectively.
This Avis and Imai states in a lemma.

Lemma 3.1.1 (Avis, Imai [2]) A point not contained in P is a valid placement if and only if for each
l=1,...,k itis contained in half-line Ly, x4y, for some i € {1,... n}.

The lemma suggests that the problem can be solved by drawing the half-lines emanating from every
point in the set P in directions opposite to each direction r1,...,r; and search for intersections of &
non-parallel half-lines.

Points in General Position

Sugihara [57] solves Problem 3.4 under the assumption that all points in P are in general positions.
This guarantees that any matching of size at least three yields a unique location or possibly it is determined
that the matching is not consistent. The intersection of three non-parallel lines can only be a point or
empty.

First, use the hypothesis that point p, is seen in direction ry, such that {(ps, 1)} is a hypothetical
matching that might be a subset of the correct matching. Construct the half-line L, »1r, . Mark every
location on Ly, r4r, from which a half-line emanating in either direction ry or r3 contains a point of
P. Every location on L,, r4r,, from which it is possible to see points in the directions ro and ra, is
validated using the remaining & — 3 directions in the pencil. Finding all locations from which points in
both direction r» and rs are seen, 1s done by building two lists Sy and S3. Let S5 be the set of intersection
points Ly, x4ry N Ly, zqr,, 3 =1,...,n, and let S5 be the set of intersection points Ly, zyr; O Ly, zgrs,
j=1,...,n. Sort both S5 and S5, and compute S = S3N.S3, by merging the two lists. If S is non-empty,
the elements in S are candidate poses. All those locations have to be verified further as to see if there
are points in P in the remaining directions as well. This can be done in kn time.

For each of the n points in P we build two lists of intersection points and sort them. This can be
done in O(nlogn) time. The merging of the two lists is done in linear time. If the number of candidate
locations is constant, as Sugihara states, a point in P requires O(n logn) time to be rejected or confirmed
to be seen in direction 7 from the point e. Testing all points in P for this hypothesis yields an algorithm
that solves Problem 3.4 in O(n?logn) time.

Points in Arbitrary Positions

If the points are in arbitrary position we proceed as follows. First, an arrangement of the lines that
contain the half-lines Ly, 74, 1 <17 < mnand 1 <j <k, is computed. All valid poses are located at
degenerated points in the arrangement such that k& non-parallel lines intersect at one point. Since the
arrangement is composed of k families with n parallel lines each, all such degeneracies in the arrangement
of lines can be found in O(kn?) time in the following way.

Start by sorting all families of lines. That is, for each [ = 1,2,...,k sort the n parallel lines
Li7,...,Ln; so that L;; intersect the y-axis above L;; for an j < ¢. Here, the line L;; means a
line with base at p; parallel with r;.

For each point p;, assume it is seen by half-line 7;. The line emanating from p; in the opposite direction
of vy is L; 1. Let L; 1 be called L and intersect this line with every line in the other families of lines, and
thereby compute S; = LN L;;, 5 =1,...,nfor{ =23,... k. All these sets of intersection points can
be computed in O(kn) time and comes out sorted since all families of lines have been presorted. Now
compute S = S3 NS N--- NSy which can be done in O(kn) time by merging the k — 1 sorted lists. If S
is non-empty the elements in S are valid locations for the localization.

The algorithm spends O(knlogn) time presorting the family of lines, and after that O(kn) time for
each point assumed to be contained in half-line 7. Since all points have to be considered as possibly
contained in half-line 71 this yields an O(kn?) time algorithm proposed by Avis and Imai [2] to solve
Problem 3.4.
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3.1.4 Frequent Localizations

If the robot will operate in the same environment a long time and determine its location frequently, 1t
might be worth spending time and space preprocessing the map in order to create a data structure which
can be used to quickly search among precomputed results.

The Robot Carries a Compass and Operates Along a Line

Suppose that the robot is operating on a known and fix vertical line £ on which all points have z-
coordinate X | and that the robot, in addition to its angle meter, is equipped with a compass. Since the
robot carries a compass, the angular measurement « will be an absolute directions r. This new variation
of the localization problem can be formulated as:

Problem 3.5 Given a set P of n points p;, x-coordinate X, and k < n directions r;, find y-coordinate
Y, such that each half-line with base at e = (X,Y) and emanating in direction r;, contains a point p;,
for some 1 <i<n.

Let r be an absolute direction. Then there are O(n) points on £ where the robot can be located in
order to see a beacon in direction r, since the robot can not distinguish individual beacons from each
other from the measurements. The O(n) points are found by intersecting each line parallel to r containing
at least one of the points p; with £. At the robot’s true pose, k beacons are seen in k directions. Avis
and Tmai [2] state that if two lines intersect £ at the same point the robot is uniquely localized unless for
certain degenerate cases. This means that a pose will be considered validated if the matching of size two
is consistent, and a matching will be assumed to be part of the correct matching if only one matching of
size two 1s consistent. If the only consistent matching of size two would not be a subset of the correct
matching then no correct matching exists, and the robot is either not located on £ or the measurements
are erroneous. Frequent localization i1s used by a mobile robot constantly moving around, and thus if
the measurements not yield a unique pose at one location it will hopefully do so at the next. This 1s the
reason why Avis and Imai do not handle degenerate cases but let the robot make a new measurement a
little later.

By transforming the measured direction r into a slope @ with the trigonometric tangent function,
a = tanr, an equation for the line passing through p parallel to r is obtained. Measuring the slope a; to
beacon p; = (x;,y;) and the slope ay to beacon p; = (z;,y;) gives two lines that intersect each other at
e = (X,Y) such that the equation system

Y —y = a1 (X — 1)
Y —y; = as(X — ;)

hold. This equation system has a solution if and only if
ar(X —z;) —as(X — ;) +yi —y; =0. (3.1)

If only one pair of indices ¢ and j satisfies this equation, part of the correct matching is said to have been
found and the robot is located without further validation.

The observation Avis and Imai use to search fast among all possible pair of beacons, is that Equa-
tion 3.1 form a line for each pair of points p; and p;, L; ; : (X — ;)61 — (X —2;)éo+yi —y; =0, in
the (€1,&2)-plane. That a pair of beacons (p;, p;) can be seen using the two slopes a; and ay is the same
as that line L; ; passes through the point (a1, as) in the (&1, &2)-plane (Fig. 3.7). To find one line in an
arrangement that passes through a specific query point can be done using point location in arrangements.

Point location in an arrangement of N lines can be answered in O(log N) time using O(N?) prepro-
cessing time and space [20]. Since there are N = n(n — 1) = O(n?) lines with all possible combinations
of beacons, this algorithm by Avis and Imai [2] solves Problem 3.5 in O(logn) query time and O(n?)
preprocessing time and space if the z-coordinate is fix and known in advance.

The Robot Carries a Compass and Measures its Distance from a Line

If the robot is no longer to operate on a straight line, but instead may be anywhere in the plane, it can
be equipped with an extra sensor, a range meter, to measure how far from a known fix and straight line ¢
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Figure 3.7: a) A robot is operating in an environment along the line X = 0, and measures the
slopes a1 and a2 to two unknown beacons. b) (i) Measuring the slope pair (a1,a2) = (0,—%),
the matching is found to be {(ps, 1), (p1,a2)} by point location which finds the line L3;, and the
location is then determined to be (X,Y) = (0,1). (i) (a1,a2) = (=2, %), (X,Y) = (0, —%) or (0, %)

T 5

with constant z-coordinate it 1s. This problem can again be formulated as Problem 3.5, the difference will
be in the solution where the preprocessing no longer can use the z-coordinate as a constant, since that
will not be known until the robot asks for its location. But still, with a compass and with a measured
xz-coordinate only the y-coordinate is needed to localize the robot.

When the z-coordinate was fixed and the matching {(a1, p;), (a2, p;)} assumed, the pairs of possible
slopes formed a straight line in a plane. Let us call this plane the (a1, a2)-plane, to emphasize that a;
and as are variables in Equation 3.1. Now, when also the z-coordinate vary, the two slopes for a pair
of beacons together with the measured z-coordinate form a quadratic surface in the three-dimensional
(a1,as, X)-space. Since this problem is a special case Avis and Imai [2] show how it can be linearized
without introducing new variables, by rewriting the equation as

(a1 X —asX) —arz; + ase; +y — y; = 0.

This equation is a linear equation in the (ai, as,a1 X — a2 X)-space. After linearization it is possible to
determine what pair of beacons are seen with the two measured slopes and z-coordinate by locating a
hyperplane in space.

It has been shown by Dobkin and Lipton [16] that given N hyperplanes in any fixed dimension it is
possible to preprocess these in polynomial time and space such that the hyperplane containing a given
query point can be found in O(log N) time.

Using Dobkin and Lipton’s algorithm the preprocessing time and space for a three dimensional problem
with N hyperplanes will be O(N%). Hence, as this problem contains N = n(n — 1) = O(n?) hyperplanes,
this algorithm by Avis Imai [2] solves Problem 3.5, under the assumption that the az-coordinate can be
measured at the time for the localization, in O(logn) time using O(n!") preprocessing time and space.

The Robot Carries a Compass

Without knowledge of the z-coordinate of the robot the localization problem is again Problem 3.4. Two
slopes are needed to get a candidate location, and again Avis and Imai [2] state that a matching is
validated if one more measurement is consistent, and that the correct pose is found if only one valid
matching is found. They assume that very rarely will an incorrect consistent matching be found.

From the robot’s position, measuring the slopes a1,a2,a3 to beacons p;,p;,pr respectively, gives

Y —yi = ai(X — ;)
Y —y; = as(X — ;)
Y —yr = as(X — ap)

that is,
ap =1 —ai@+y
= 0, where A = az —1 —asx; +y;
az —1 —aszzp +

s
—
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A unique solution (X,Y") can be found if and only if det A = 0, which gives that the equation ajaqz(z; —
z;)tasas(z; —zp)tasar (e — ;) +ai(y; —yk) +as(ye —yi) +as(y; —y;) = 0 is satisfied for the correct
matching.

In the three-dimensional (aj,az,a3)-space, this equation defines a quadratic surface. Since it is hard
to find a search structure to answer what quadratic surface contain a query point, Avis and Imai linearize
the surface and view it as a hyperplane in the six-dimensional (ay, as, a3, a1as, azas, asa; )-space. However
since the equation is homogeneous the problem is in essential a five-dimensional one.

Using a search structure to answer point location queries in five-dimensions among N = O(n?)
hyperplanes, leads to an O(logn) algorithm with polynomial preprocessing time and space.

The Robot Carries No Compass

Without a compass the problem is the same as Problem 3.2. As in the case with a compass the idea is
to find a search structure that given the measurements answers what beacons might have been seen.
Without a compass, the localization procedure needs the relative direction to four beacons, if they
are in general position. The robot is located at the unknown position p = (X,Y"). Let the robot observe
the four beacons p;, p;, pr, pr and measure the four angles o, g, a3, a4.
For every location p the measurements oy, a9, a3, g taken with respect to the beacons p;, p;, pr, ;i
has to fulfill the equation system,

(pj—=p)-wi—p;) = pj—p) (pj —p) (pi —p)cos(az —ay),
(o —p)-(pi— ) = V(pr —p) - (pr — p) - (pr — p) cos(as — ay),
pi—p) - i—p) = Vwi—p) (i—p) (o —p)cos(as — az)
This can be rewritten as
(2= X)wi = X)+ (g, =V =Y = ((¢; =X+ (g, =Y )(&i = X)* + (v = YV)*)e2
((er = X) (@i = X)+ (un = V) (g =V))* = ((2x = X))+ (g = V)" ) (20 = X)? + (3 = V)" )es
(e =Xz = X))+ (n=Y)w -V)?* = (=X +(m—-Y))(zi = X))+ (31 = V) )es

where ¢; is cos(ay — aq).

This system of polynomials in X and Y can be replaced by a single polynomial equation in z,y
and ¢, that vanishes if and only if the system has a solution. The new equation represents a surface in
the three-dimensional (e, e3, ¢4)-space, and can now be converted into a hyperplane in “much higher”
dimension by linearization.

Build one such hyperplane for each choice of four beacons. Use a search structure to answer point
location queries in that high dimension among N = O(n*) hyperplanes. This leads to an O(logn)
algorithm with “gigantic (but polynomial)” preprocessing time and space.

3.1.5 Summary
e n points representing beacons

e m edges representing opaque walls (map polygon)

e k angular/directional measurements

| Problems | Complexity | Space | Preprocessing | Notes | Source |
Beacons in the plane

uniquely identifiable O(1) - - points in general position

with compass | O(n?logn) - - [57]

O(kn?) - O(knlogn) [2]

O(logn) O(n*) O(n*) fix z-coordinate [2]

O(logn) 0(nt%) 0O(n1%) measurable z-coordinate [2]

O(logn) O(n®) O(n®) where ¢ is some constant [2]

without compass O(knt) - - [40]

O(n®logn) - - points in general position [57]

O(n?) O(n?) O(n?) points in general position [57]

O(kn?®) O(kn) - [2]

O(logn) O(n®) O(n®) where c is some constant [2]

Beacons on a line O(logn) O(n%) O(n*logn) 57

Inside a polygon O(n?) O(n?) O(n?) points in general position 57
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Figure 3.8: a) The visibility polygon V(p) from point p. b) The skeleton V*(p) of V(p).

3.2 Static Localization using a Range Meter

A range meter is a sensor that measures the distance from the robot to another object. If those other
objects are beacons, similar localization problems as those with an angle meter can be studied. While
the locations with the same angle between two beacons form an arc, the locations with the same distance
to a beacon form a circle. Intersecting equidistant circles localizes the robot. It is noteworthy that no
degenerate case, like the beacons and robot all on one circle in the angle meter problem, will prohibit
localization. In that sense the range meter is a better sensor than the angle meter.

Another kind of range meter does not measure the distance to a specific beacon, but to the nearest
obstacle in a specific direction. If there are no obstacles in the robot’s environment, it is able to measure
the distance to the walls surrounding it. In practice however the sensor will only measure an approxima-
tion to the real distance, also it will not be able to measure the distance to the walls in every direction
but only a finite number of directions. The set of discrete points surrounding the robot at measured
distances in measured directions, can be seen as points on a polygon boundary.

In an idealized world we say that it is the visibility polygon from the robot’s unknown location that
is measured. The room is again modeled as a polygon, and we will study the localization problem, which
1s now to find locations in the map where the visible area looks like the measured shape. As the robot
builds the visibility polygon by measuring the distance to the walls in different directions it is known
where inside this polygon it is located.

3.2.1 Frequent Localizations

If the robot carries a compass and the map has the north direction marked, the orientation of the room
and map is fixed and only translations have to be considered.

Problem 3.6 Given a sitmple polygon P and a star-shaped polygon V, find the set of points in P from
which the portion of P that is visible is translation-congruent to V.

This problem is studied by Guibas, Motwani and Raghavan [23, 24, 25]. They show how to build a
search structure of the n edges large map polygon P such that queries about the m edges large visibility
polygon V can be answered in time O(m+log n+A), where A is the size of the output. Their preprocessing
requires O(n®) time and space, but has been sharpened by Karch [32] to O(n?r - (n + r?)), where r is the
number of reflex vertices in P.

The search structure does not contain information about every possible visibility polygon, instead
it contains information about the skeletons of the visibility polygons. Each skeleton represents a set
of visibility polygons which roughly look the same. The skeleton, denoted as V*, of V is the polygon
consisting of the vertices of V that are also vertices of P, together with the line equations for the edges
of V that are also edges of P (Fig. 3.8). The number of skeletons is showed to be bounded, while the
number of visibility polygons is unbounded.

The construction of the search structure with all skeletons involves constructing all wisibility cells of
the polygon. For each vertex in the polygon P, partition P into regions where that vertex is visible
respectively not visible. These partitionings can be done by introducing O(nr) lines, where r is the
number of reflex vertices. Overlaying all those lines partitions the polygon into a number of convex
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Figure 3.9: The visibility cell decomposition of P.

regions, called visibility cells (Fig. 3.9). There exists polygons where ©(nr) lines are needed in the cell
decomposition, which gives a bound of O(n?r?) regions. In simple polygons Guibas et al. show a tighter
bound of O(n?r) regions.

Theorem 3.2.1 (Guibas et al. [25]) The number of visibilily cells in a given map polygon, as well as
their total complexity, is O(n’r), and this bound is best possible.

Two points inside the polygon are in the same visibility cell if they see the same vertices of the
polygon, and every point along the line segment connecting the two points also see those vertices but no
more.

All points in a visibility cell have the same skeleton, and the visibility cell is said to have that skeleton
too. There are at the most O(n?r) visibility cells, and hence at the most O(n?r) distinct skeletons. At
the most r skeletons can be identical.

Theorem 3.2.2 (Guibas et al. [25]) Given a visibility polygon V(p), its skeleton V*(p) has at the most
r embeddings tn P and this bound s best possible.

The search structure is a multidimensional binary search tree [46] per skeleton size. The lists of
identical visibility cell skeletons are stored in the leaves of the search tree. The key for a skeleton is the
vector containing both the line equations of the edges and the coordinates of the vertices of the skeleton
in counterclockwise order measured in a local coordinate system with origo at the rightmost vertex.

All cells with a skeleton identical to V* are collected into an equivalence class EC(V*). Each cell in
the equivalence class can be identified with a distinct embedding of V*. The total complexity of all cells
in an equivalence class is showed to be O(n?) by Guibas et al. and later to be O(n + r?) by Karch.

Theorem 3.2.3 (Karch [32]) The total complexity of all V*-cells in EC(V*) is in O(n + r?).

At a query, the skeleton from the given visibility polygon is extracted and the corresponding vector
is searched for in the search tree. The search results in a list of the, at the most r, embeddings of the
skeleton, found in O(m) time.

It is possible that a visibility cell has the searched skeleton but no point that sees the searched visibility
polygon. Therefore, it has to be tested what cells have matching visibility polygons. Testing all candidate
cells one by one is not a desirable solution. Guibas et al. solve this by preprocessing each list of skeleton
embeddings such that this test can be done in O(logn) time using a point location technique (Fig. 3.10).

3.2.2 Summary

e n edges representing opaque walls (map polygon)
e 7 number of reflex vertices in the map polygon

e h number of holes in the map polygon
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a) b) ¢)

Figure 3.10: a) The skeleton V* computed from the robot’s visibility polygon. b) The equivalence
class £C(V*) contains two cells. ¢) By overlaying the arrangement of cells the correct cell is found
using point location.

e m edges detected (visibility polygon)

| Problems | Complexity | Space, Preprocessing | Source |
Using visibility polygon | O(m + logn + A) O(nb) [23, 24, 25]
O(m + logn 4+ A) O(n2r~(n—|—7°2)) [32]

3.3 Active Localization

A localization algorithm is called active, if the algorithm controls the robot’s motion and decides where
new measurements are to be gathered. This is in contrast to the algorithms described earlier which are
passive in the sense that they only consume the sensor data without actively taking part in deciding
where to gather data.

A mobile robot navigating in an environment uses the knowledge of previous poses to determine which
of the poses given by a passive localization algorithm is most likely the correct one. If the robot loses
track of it position, or it has just been switched on, no reliable old poses exists. In such cases an active
localization strategy is used to (re)localize the robot.

The mobile robot localization problem using an active localization algorithm is to describe a localiza-
tion strategy, telling how to go and where to make new measurements in order to uniquely localize the
robot by traveling as short a distance as possible. This is needed since in a purely passive localization 1t
might happen that several locations in the environment look the same to the sensor and thus all locations
fitting the sensors view are reported as possible locations. A physical robot can, of course, only be located
at one unique location.

A similar problem for mobile robots is that of finding a hidden goal in an unknown environment. This
time the robot’s own position is known, and a sensor is used to detect the goal. When the goal is detected
the robot can go straight there. The search strategy should tell where to go and make new measurements
in order to detect and walk up to the goal after as short distance as possible. This problem is studied in
Section 4.1.

Another related problem for mobile robots is to explore an unknown environment. The aim is now
to map all of the environment by traveling shortest possible distance. To do this all of the environment
must be visible from some point along the path traveled by the exploration strategy. In Section 4.2, this
problem is studied.

How efficient an active localization strategy is is measured using competitive analysis as introduced
by Sleator and Tarjan [56].

3.3.1 In a Hall-Like Environment

Suppose the robot operates in an environment with halls, and that the robot is able to use a compass
and determine the directions the halls emanate in but not their length. Furthermore, let the robot be
able to determine the distance traveled from one point to another.
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This suggests a map where halls are modeled as line segments in a graph and intersection points of
halls are vertices in the graph. If the halls do not introduce any cycles, the graph of the workspace forms
a tree. We also assume that there is a constant bounding the number of halls intersecting at one point.
This assumption is realistic since in reality a physical building has no intersection point with infinite
number of halls. The graph we get is called a bounded-degree tree.

Standing at an intersection of hallways, the robot measures the directions of the emanating halls. This
pencil of half-lines is the beginning of a tree representing the part of of the map the robot has knowledge
of. To find the robot’s location an enumeration of all sub-trees of the map that are equal to the part
of the map explored by the robot is done. If the robot’s location is not uniquely determined yet, more
measurements are needed. The robot moves along a hall until it finds an end point or an intersection
point. If an intersection point has been found, the directions of the emanating halls are measured. After
the data has been gathered the new bigger sub-tree is searched for in the map. The number of possible
locations decrease as the sub-tree the robot has seen grows.

Using this model Kleinberg [38] propose a problem of finding a strategy that makes the robot travel as
short a distance as possible in order to uniquely determine its position. Kleinberg also shows an O(n2/3)
competitive algorithm based on the generalized linear spiral search by Baeza-Yates et al. [3] discussed
in Section 4.1.2, where n is the number of nodes in the tree, and that no strategy can do better than
O(/n).

Later Romanik and Schuierer [53] showed an O(+/n) competitive algorithm, which is optimal within
a constant factor. Their strategy is also based on the generalized linear spiral search and is very similar
to Kleinberg’s strategy.

Both strategies work in a number of steps. In the first step the sub-tree, representing what the robot
has explored this far, is built. The aim is to explore as much important features of the environment
as possible without traveling far. This is done by following the same phase driven procedure as the
spiral search strategy for tress used by Klein [37] described below in Section 4.1.3. The middle steps are
used to identify and extend the “critical” paths in the sub-tree explored, while the last step 1s a greedy
elimination of the possible locations. During the spiral search the set of possible location is constantly
updated, and if a unique location has been found the search is stopped.

3.3.2 In Rooms without Obstacles

We now turn our attention to the case when the robot’s environment consists of rooms without chairs,
tables and other obstacles. The map can now be represented by a simple polygon. The robot, able
to determine the distance to the walls in every direction, uses the algorithm by Guibas et al. [25] to
enumerate all possible locations from where a visibility polygon similar to what have been detected can
be measured, as described in Section 3.2.1.

In cases where this enumeration consists of more than one unique point Dudek, Romanik, and White-
sides [17, 18] search for a strategy that lets the robot travel as short a distance as possible, and measuring
new visibility polygons in order to uniquely determine the robot’s start location, and to return to that
point.

The idea is, for each visibility skeleton V*(p), to determine how the robot is to travel in order to
distinguish which of the at the most » embeddings of the skeleton the robot is located in. The search
tree of Guibas, Motwani and Raghavan is updated such that a successful search for a skeleton results in
a decision tree telling how the visibility cell can be determined uniquely.

Determine the decision tree of lowest height for a skeleton is NP-hard, as shown by Dudek et al. [18].
Therefore, Dudek et al. instead of storing one decision tree per skeleton, store one verification path per
visibility cell. A verification path for a visibility cell is a path the robot can travel to gather data that
will let it distinguish this visibility cell from all other visibility cells with similar skeletons.

Compute the shortest verification path for each visibility cell. Given a skeleton, walk the shortest of
the verification paths for the cells having that skeleton. If that cell is not the correct one it is rejected,
and the robot returns to its starting position to test the next shortest verification path, and so on. This
way the robot never has to travel more than k& — 1 times the optimal verification path for the cell it 1s
located 1n, where k is the number of embeddings for this specific visibility skeleton.
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The verification paths is determined using the cell composition and its overlay arrangement in time
and space O(k?n*). But has later been improved by Schuierer [54] to O(knlogn) time with O(kn) space.

3.3.3 Summary

e m number of lines

e k number of candidate embeddings

Active Localization.. .
Problems | Competitive factor | Notes | Source
...In a tree 0(n?/?) [38]
O(/n) optimal up to a constant factor [53]
...in a polygon k-1 preprocessing: O(k%n?) time and space [17]
k—1 O(knlogn) time O(kn) space [54]




Chapter 4

The Robot Search Problem

In the Robot Search Problem a robot is to find a hidden item, by exploring and searching in an unknown
environment. The robot has a sensor to detect the goal when found, either when the goal is touched by
the robot, or visible from the robot’s location. In this chapter we present solutions to the robot search
problem in different configurations of environment and sensors.

We also consider the problem of exploring all of the unknown environment. If the robot’s search
strategy does not find the hidden item until at the very last unexplored area in the environment, or the
item is not found at all, the robot has seen the whole environment. What is the strategy to explore all
of an unknown environment while traveling the shortest distance possible?

These two problems are viewed as on-line problems. This means, that how effective the strategy is,
is judged using competitive analysis as introduced by Sleator and Tarjan [56]. A strategy is said to be
c-competitive if the distance traveled following that strategy is not more than ¢ times longer than the
shortest distance it should have traveled in order to verify its knowledge if it knew the answer in advance.

To compute the competitive ratio the path lengths of the solutions to the similar problems in known
environments are needed. However, how to find the shortest path from a source to a target, and how to
find the shortest path (or route) guarding an environment, will not be covered. Instead those paths, and
their lengths, are said to be known.

We will again only study the geometrical problems, not the sensors.

4.1 Using Mobility to Locate a Goal

When the robot is searching for a hidden goal in an unknown environment, and the sensor used to detect
the goal can do so as soon as the goal is visible from the robot’s location, the robot can go straight to
the goal as soon as it is visible. Thus the robot will have to travel such that it will know that it finally
has seen all of the environment.

With a sensor that only detects the goal when the robot touches it, will have to use a search strategy
that might have to visit all of the environment to be sure not to miss the goal.

The search strategy should tell where to go and make new measurements in order to detect and walk
up to the goal after as short a distance as possible.

In Section 4.1.1 — 4.1.3 a sensor that only detects a goal when touched is used. While the sensor in
Section 4.1.4 will detect the goal as soon as it is visible.

4.1.1 Searching on a Line

Suppose the robot is located on a line in the plane, and that there is a goal at some other point on the
line. How does the robot move to find the goal only by searching on the line?

If the robot knows in what direction on the line the goal is located this problem is solved by simply
following the line in that direction till the goal is encountered. If the robot, on the other hand, knows the
distance to the goal but not the direction, it might start out in the wrong direction, discover the error,

22
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r €

Figure 4.1: Searching for a point on a line the robot never travels more than nine times the optimal
distance.

walk back to the start position and continue to the goal. This way the robot finds the goal after; in the
worst case, have traveled a distance three times the optimal.

Without any knowledge of what direction the goal can be found in, or how far away it is, the robot
always has to consider the possibility that the goal is either farther away along the line or located
somewhere in the other direction. This suggests that in order to solve the search problem a robot always
has to be prepared to give up the search in the current direction in favour for the other. A strategy for
solving the search problem tells the robot how far to search in each direction before turning back and
test the other direction.

Let f(i) denote the distance from the starting position to do the i*® turning back at, such that all even
¢ means a distance to the left of the starting point, and all odd 7 a distance to the right of the starting
point. In order to eventually find the goal, the search depth has to increase such that f(i) > f(i —2) for
each 1.

An exponential search method, always doubling the search depth, is called the Linear Spiral Search
by Baeza-Yates, Culberson, and Rawlins [3]. In the Linear Spiral Search the robot starts by searching
one hop away to the left, followed by two hops to the right, and next four hops to the left, and so on.
The search function for Linear Spiral Search is

fGy =2 Vi > 0.

Searching for a goal at a distance d = 2/ + ¢ > 0 from the start position, for some j and an arbitrary
small €, the robot using the linear spiral search travels a distance of

J+1
1+1+2+2+4+4+~~~+2J+2J+2J+1+2J+1+2J+e=222’+d=8x2J—2+d<9d.

1=0

Baeza-Yates et al. show that this is the worst case for the strategy and it never performs worse than
nine times the optimal. Thus, the Linear Spiral Search strategy is competitive with factor 9 (Fig. 4.1).
Furthermore Baeza-Yates et al. show that no deterministic search strategy can do better, which they
state as a theorem.

Theorem 4.1.1 (Baeza-Yates et al. [3]) Linear Spiral Search is optimal up to lower order terms.

4.1.2 Searching in a Pencil of Lines

The problem of searching on a line can be generalized. Assume the robot is located at the center of a
pencil of m lines, and that the target is located on one of the emanating half-lines an unknown distance
from the center. The robot does not know on which half-line the target is. What strategy should the
robot employ to minimize the distance traveled in the worst case?

For m = 2 this problem is equivalent to searching on a line. When searching among two half-lines the
robot searches first one of them to a specific depth and returns to the origin if not the target is found,
and then the other half-line is searched to a greater depth. The search depths at which the robot turns
back to the origin increase such that the traveled distance form a geometric series with quotient 2.
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Searching among m half-lines, the half-lines are numbered 0,1, ..., m — 1 and will be searched in this
order, such that when the robot is leaving the origin the i*P time to search for the target it will follow
the half-line numbered ¢ mod m.

Using a generalization of the Linear Spiral Search, called the Generalized Linear Spiral Search, also
by Baeza-Yates et al. [3], the robot follows half-line ¢ mod m a distance

The competitive ratio has been computed to

m

1+ Q(mﬁ <1+2em (for large m),
m—1)"~

where e is the natural base. This is the best possible competitive ratio for deterministic strategies.

Theorem 4.1.2 (Baeza-Yates et al. [3]) Generalized Linear Spiral Search is optimal up to lower or-
der terms.

Even though the Generalized Linear Spiral Search is optimal in a worst case sense, it is possible to
do improvements over its average case behaviour using randomization.

Again, the search strategy searches at depths with a constant quotient. Let us call this quotient 7.
The randomness is in choosing any arbitrary permutation of the half-lines and search the lines in that
order, such that the search order will be fix during the search but not known in advance. Also, perturb
the search depths by a small fraction such that the search depth the i*! time is f(i) = ri*¢, where ¢ is
a random number, 0 < € < 1. The random number ¢ is drawn when the search starts such that it is fix
during the search but not known in advance.

This strategy proposed by Kao, Reif, and Tate [31] prevents a single instance of the problem from
becoming worst case. The competitive ratio, and the quotient needed to minimize the competitive ratio,
are as stated in the following theorems.

Theorem 4.1.3 (Kao et al. [31]) For any fized r > 1, the algorithm has competitive ratio

1+z.1—|—r—|—r2—|—~~~—|—7°m_1.
m

Inr

Theorem 4.1.4 (Kao et al. [31]) The unique solution of the equation

L+r+ri4. 4t
r+2r2 4334+ 4 (m—1)rm-!

Inr =
for r > 1, gives the minimum competitive ratio.

4.1.3 Searching in a Tree

Spiral search in a tree differ from spiral search in a pencil of lines. The original generalized linear spiral
search for pencils of lines has a search depth depending on the number of half-lines in the pencil of lines.
Searching in a tree, we assume the environment is unknown, the number of points located at distance
d from the origin is not known, only the number of edges at the original node is known. Following one
branch in a tree a new node can be found and more edges to search among will become known, also an
edge can lead to a stop at a leaf. At the same time, the search in a tree can be done in a depth-first
manner, not returning to the origin before a new branch is tested.

If the number of leaves in the tree, m, is known in advance we can use the generalized linear spiral
search as if there are m half-lines to search among, and find the target traveling less than 2em times the
shortest path.

One way to tackle the problem with an unknown number of leaves is to adopt the linear spiral search
for searching on a line, and divide the search into phases such that in phase ¢ all points in the tree at
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Figure 4.2: An example of a lower bound for searching in simple polygons.

distance less than 2¢ from the start point is visited in a depth first manner. This approach, proposed by
Klein [37], has a worst case when the tree is actually a pencil of lines and the robot’s starting point is
the intersection point of the pencil. This gives a competitive ratio of

25 m2 4 2(m — )2 4 9k e
28 4 ¢

< 8m — 3,

where m 1s the number of leaves in the tree.

As this is higher than the competitive ratio of 2em which would be achieved by the generalized linear
spiral search if the number of leaves were known, Schuierer [55] uses an approach in which the algorithm
starts by making the assumption that the small subtree visited by the robot this far actually has as many
leaves as the full tree. The robot starts by performing the generalized linear spiral search assuming this
number of leaves and when new branches of the tree are encountered the number of leaves is updated on
the fly. As a higher number of leaves means that the robot should use a shorter step length, also the step
length has to be decreased when new branches are found. This way the algorithm finds the target in no
more than 1+ 2# < 1+ 2em times the shortest path, where e is the natural base.

4.1.4 Searching in a Polygon

Searching for a goal in an unknown simple polygon, there is no strategy with competitive ratio of o(n).
This can be shown by building a polygon with n spikes of length d emanating in different directions. At
the end of each spike there is a cave where the goal point can be hidden. The robot has to follow each
spike to investigate all caves, and in the worst case the goal is in the very last cave explored. The robot
has now traveled a distance of nd while the shortest distance to find the goal is d. Hence, the competitive
ratio is Q(n) for searching a goal point in a simple polygon (Fig. 4.2).

Schuierer [55] observes that searching for a goal in a polygon can be done be transforming the problem
into a search in a tree, and adopt any of the tree search strategies from Section 4.1.3. Given a polygon
P and a point s inside P, the shortest path tree T consists of the shortest path from s to each vertex in
P. For any query point ¢ the shortest path from s to ¢ is either the straight line from s to ¢ if ¢ is visible
from s, or follow edges of T, to the closest node from which ¢ is visible and from there go straight to ¢.

Building the shortest path tree 75 can be done during execution of the search strategy, which gives
an 8n — 3 competitive strategy with Klein’s [37] algorithm, and an 1 + 2en competitive strategy with
Schuierer’s [55] algorithm, where n is the number of vertices in the polygon.

Since the robot, if the goal is not seen from the start location, has to walk up to a node in 7 to be able
to see the goal, 1t 1s not very useful if it follows an edge for some distance and gives up before a node is
reached, which may happen in the tree search strategies. A better approach, suggested by Schuierer [55],
would be to always walk up to the closest non-visited node, and if the goal is not seen from there, return
to the start position, and again walk up to the closest non-visited node. This strategy yields an 2n — 7
competitive ratio.
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Figure 4.3: A lower bound for searching in rectilinear streets.

Searching in a Street

Restricting the class of polygons considered, Klein [36] finds a class of polygons, sireets, which allow
search strategies with a constant competitive ratio.

Definition 4.1.1 A simple polygon is called a street if the boundary of the polygon can be partitioned
wmnto two chains called L and R, such that every point of L can see at least one point of R and vice versa.

A lower bound for searching in a street can be shown with an example. Let the polygon be a rectangle
with the base twice as long as the height, and let there be two “ears” at the upper left and upper right
corner of the rectangle. The robot starts at the middle of the base, and the goal i1s located in either
ear (Fig. 4.3). The optimal solution is to follow the diagonal from s straight to g, if the location of g is
known. The best strategy, when the location of g is unknown, is to move straight up from s until it is
possible to detect in which corner the goal is hidden, and then walk straight to the goal. This gives a
traveled distance which is v/2 times the distance to the goal, and we have a lower bound of Q(\/i) for
searching for a goal in a rectilinear street. This is also the only lower bound for streets known.

The strategies for searching in a street include the strategy proposed by Klein [36, 30] called the lad,
which tries to minimize the local absolute detour, and achieves a competitive ratio of 1+ 4+/1 + 72/4 <

4.44. The strategy by Kleinberg [39] has a competitive ratio of \/4 4+ /8 < 2.62 in general streets,
and achieves the optimal competitive ratio of /2 in rectilinear streets. Lépez-Ortiz and Schuierer [43]
presented a strategy they call Move-in-Quadrant, which has a competitive ratio of /1 + (1 + #/4)? <
2.05. Later Lopez-Ortiz and Schuierer [45] improved Move-in-Quadrant by incorporating a version of the
lad, called the continuous lad, into a hybrid strategy with a competitive ratio of 1.73.

All these strategies makes the assumption that the robot starts in point s and the goal is at point ¢,
and that the two points s and ¢ partition the polygon boundary into two chains such that the criteria
for a street holds. This means that even though the location of the goal point is unknown, as well as the
polygon itself, it cannot be at any arbitrary position given the start point.

Searching in a Generalized Street

Datta and Icking [10, 13] generalizes the streets into a slightly larger class of polygons which they call
the G-streets. The polygon boundary is divided by the start point s and the goal point ¢ into two chains
called L and R. A line segment inside the polygon with both end points on the boundary is called a
chord.

Definition 4.1.2 A simple polygon is called a generalized street or G-street if the boundary of the polygon
can be partitioned into two chains called L and R, such that for every point p on the boundary there exists
a horizontal chord ¢ connecting L and R, and p is visible from at least one point on c.

The class of G-streets contains all streets. In rectilinear G-streets Datta and Icking [13] show a strategy
which performs with optimal competitive ratio measured in the Li-metric and close to optimal in the
Lo-metric, the ratios are 9 respectively v/82. A strategy for searching in non-rectilinear G-streets with a
competitive ratio of 80 has been shown by Lépez-Ortiz and Schuierer [44].
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Other generalization of streets are the HV-streets [12], in which every point on the boundary is visible
from either a horizontal or a vertical chord connecting L and R. And the #-G-streets [11], in which every
point on the boundary 1s visible from at least one chord connecting L and R with angle 8, where # is an
arbitrary but fix angle to the z-axis. Both the class of HV-streets and the class of #-G-streets contain all
(-streets.

4.1.5 Summary

e m number of lines
e n number of leaves / number of vertices
e 7 number of reflex vertices in the map polygon

e h number of holes in the map polygon

Searching for a target.. .

Problems | Competitive factor Notes | Source
...on a line 9 [3]
...in a pencil of lines 14+ 2# <1+ 2em worst case optimal [3]
142 itr4r24. . 4pm—1
where 1 7:‘ 1+r-1:rT2+m+rm—1 average case [31]
nr= r42r243r3 4 F(m—1)rm—1
...in a tree 8n — 3 [37]
14 2en [55]
...in a simple polygon 1+en [55]
2n — 7 [55]
...in a star-shaped polygon 12.72 lower bound 9 [42]

...in a street T+ 24 /14 2 <444 [36, 30]
V4+/8<2.62 [39]
V14 (14 7/4)% < 2.05 [43]

1.73 [45]
rectilinear street V2 optimal [39]
G-street 80 [44]
rectilinear G-street V82 < 9.06 lower bound 9 [10, 13]
9 optimal, L;-metric | [10, 13]
rectilinear HV-street 14.5 optimal, Lj-metric | [11, 12]
§-G-street 19.97 [11]

4.2 Using Mobility to Explore the Environment

If the robot does not a priori have a map of the environment the map has to be built while the robot
operates. Using the small information available at the beginning the robot extends the map by adding
more and more beacons/walls/rooms as those are visible and their locations on the map are computed.

4.2.1 Exploring a Simple Polygon

Using the assumption that the robot operates inside a simple polygon and is equipped with a device
to determine the visibility polygon at its present location, Hoffmann, Icking, Klein, and Kriegel [27, 28]
show an algorithm to explore and learn an unknown simple polygon and return to the start position in a
tour that is not more than 133 times the shortest watchman route. The shortest watchman route is the
shortest closed curve from which every point inside the polygon is visible.

Exploring simple rectilinear polygons can be done using the deterministic 2-competitive strategy by
Deng, Kameda and Papadimitriou [14, 15], or the 5/4-competitive randomized exploration strategy by
Kleinberg [39]. Kleinberg also shows that there is a lower bound for deterministic exploration strategies
working in simple rectilinear polygons at 5/4.

Ghosh and Burdick [22] also explores an unknown polygon using visibility polygon measurements from
a number of locations within the polygon. Their algorithm tries to do as few measurements as possible,
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since those are costly to the robot. The algorithm presented computes at the most r 4+ 1 — & visibility
polygons, where 7 is the total number of reflex vertices and & is the number of holes.

Finding the minimum number of visibility polygons covering the whole polygonial environment is
known as the Art Gallery problem [49], which is NP-hard.

4.2.2 Summary

Exploring.. .
Problems | Competitive factor | Notes | Source
...a simple polygon 133 [27, 28]
- (r + 1 — h) measurements [22]
...rect simple polygon 2 [14, 15]
5/4 average case [39]




Chapter 5

Practical Considerations and
Aspects

In the previous chapters all measured angles and distances were assumed to be error free. Such a
simplification gives the possibility to establish a theoretical ground in an idealized world. To put the
theory into practice, however, the presence of errors has also to be considered.

In the real-RAM model all computations are made using real numbers, and the correctness and time
complexity of the algorithms are proved in this model. Digital computers of today cannot handle real
numbers, and sensor are unable to give measurements with infinite precision. These are two important
sources for errors. Other reasons for the robot localization to fail can for instance be that the map is
false or maybe a human is passing by in front of the sensor.

We will look at a few theoretical results, in localizing a robot, which incorporate the uncertainty of
measurements into the model. Section 5.1 concerns localization using uncertain angular measurements
from an angle meter, while Section 5.2 handles localization using uncertain measurements from a range
meter. Implementing robust programs, other aspects have to be considered as well. In Section 5.3 we
look at attempts to handle the lack of real numbers in the computers. And finally, Section 5.4 1s about
how to cope with the degenerate cases some geometric algorithms are unable to handle.

5.1 Angle Meters

The success of localizing a robot using angular measurements is, of course, dependent on the precision of
the angular measurements. With uncertain measurements none of the algorithms presented in Section 3.1
is guaranteed to succeed. Furthermore, the locations of all beacons must be known with good precision
and no false beacons can be handled. However, all presented algorithms still work if one or a few beacons
are missed by the sensor.

In the following subsections we will model the uncertainty in measurements such that the measured
angle &; is within a; & £, where € is a fix constant (Fig. 5.1).

5.1.1 Pose Estimation

Using perfect measured angles «, and a3, between the robots forward direction and the beacons p, and
py respectively, the intermediate angle is 33, = ap — a,. The set of points with an intermediate angle 53,
between the points p, and p; form an arc as shown in Section 3.1.1.

With uncertain measurements &, and &; the intermediate angle can be estimated as 617@ = ab — Qyg,
such that 5ba — €< Fpa < 5ba + €. The set of points with an intermediate angle 5ba —e< < 5ba + ¢
between the points p, and p; form a crescent, which properly contains the arc with an intermediate angle
of Bq (Fig. 5.2).

When determining the robot’s pose using three-point triangulation and perfect angles, two arcs are
intersected and the pose is found as the unique point that is contained in both arcs. A similar technique
using uncertain measurements intersects crescents. Intersecting two crescents does not give a unique
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Figure 5.1: A robot, located at ey, ey, with azimuth 6, measures the angles &1, &2, and &3
between the robot’s forward direction and the three beacons pi1, p2, and ps respectively, such that
o — % <& < a; + %, where «; is the angle between the robots forward direction and the beacon
pi, and € is the uncertainty.

Figure 5.2: The set of points with an uncertain intermediate angle fpq — € < f < fpq + € between

the points p, and p, form a crescent.

point but an area. The way these crescents are formed guarantee that the robot’s location is contained
in the found area.

Again, using perfectly measured angles, the point found using three-point triangulation is used to
calculate a candidate pose. This pose is then validated using the remaining angles. Now, with uncertain
measurements, intersecting one more crescent with the area, achieved by intersecting two crescents, gives
a subset of the area as a result.

Sutherland and Thompson [58] observe that even though intersecting several crescents can give a
smaller area, it is often the case that the resulting area is bounded by the boundary of only a few
crescents. Therefore, their aim is to determine what measurements to use in order to estimate the robot’s
pose using only three measurements when the measurements are known to contain uncertainty. They
show an algorithm that chooses a matching of size three which gives a small area of uncertainty when
the crescent are intersected.

Another approach is taken by Betke and Gurvits [4], who also estimate the robot’s pose from erroneous
measurements given the correct matching. Instead of intersecting a number of crescents to get an area
of uncertainty, they use a “least squares method” to find the one point that is the most likely one to be
the correct location of the robot. Their algorithm runs in time linear to the size of the matching given.

5.1.2 Finding Consistent Matchings

When the correct matching is not given the consistent matchings has to be found. With measurements
containing uncertainty the problem of finding consistent matchings is complicated since intersecting two
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Figure 5.3: Intersecting crescents of uncertainty gives an area R,,. One point é in R,, is chosen as
a candidate location and is validated by confirming that points are close enough in the remaining of
the measured directions.

Figure 5.4: a) With uncertain measurements, the points consistent with matchings of size two form
crescents. Areas where k — 1 crescents intersect are valid areas of uncertainty. b) Inversion through

a circle around p, maps all intersections between crescents into intersections between wedges.

crescents do not result in one unique point which can be used as a candidate location as was done using
perfect measurements.

With £ uncertain measurements the correct pose is located inside the area Rj bounded by the k
crescents. Intersecting all k crescents gives a complicated area which is time consuming to compute when
k is large. The technique suggested by Krotkov [40] uses a matching of size 3 < m < k to determine
the area of intersection, R,,. Then, find a pose estimate by choosing one point é contained in R,, as the
correct location.

During the pose validation the points representing beacons are not necessarily contained in the half-
lines emanating from é in the remaining k — m directions (Fig. 5.3). Thus the validation only require the
half-lines to be e-close to the points.

A completely different approach is proposed by Avis and Imai [2]. They show how to adopt their
algorithm, from Section 3.1.2, solving the localization problem with perfect measurements, such that it
can handle uncertain measurements.

In the algorithm by Avis and Imai all matchings of size two including a fix beacon and the first
measurement are validated at once. When the measurements contain uncertainty the possible locations
using a matching of size two gives a crescent. Transforming the crescents through the inverse transform,
as described, all these crescents turn into wedges (Fig. 5.4). Areas where k wedges intersect can be found
using the topological sweep algorithm by first building an arrangement of all boundaries to the wedges
and then keep track of what wedges the sweep line is inside. When the areas of intersected wedges are
transformed through the inverse transform, into areas of intersected crescents, a hard to describe union
of areas is returned. Instead of computing this union, Avis and Imai report the areas separately.
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Figure 5.5: The range meter measures, in practice, the robot’s visibility polygon as a sequence of
scan points uncertain in both angle and distance.

5.2 Range Meters

When the range meter measures the visibility polygon it measures, in practice, the distance to the nearest
blocking object in a discrete number of measured directions. If there are no objects in the room this
means that the range meter measures the distance to the walls in a number of directions. Due to sensor
uncertainty, both in angular and distance measurements, the sequence of scan points do not exactly lie
on the robot’s visibility polygon (Fig. 5.5).

The skeleton computed from the scan points will thus not look exactly like the skeleton of the robot’s
visibility polygon. Since none of the stored skeletons is guaranteed to be equal to the one calculated from
the measured visibility polygon, techniques to find the stored skeleton which is the most similar to the
measured skeleton is needed. The key idea is to use a distance function telling how similar two polygons
are. This approach is suggested by Karch, Noltemeier, and Wahl [35, 33], who has investigated a number
of different distance functions.

Their criterias the distance functions must fulfill are that they must fulfill the triangle inequality and
be continuous, so that small changes in the scan gives small changes in distance. The functions must be
invariant under translations, and also rotations if the robot has no compass. Also, the distances should be
easy to compute. The distances considered are the Hausdorff distance and the polar coordinate metric.

5.3 Numerical Errors

Implementing algorithms on computers, real numbers are often substituted with floating-point numbers.
The usage of such fized precision numbers to represent all real numbers can introduce new errors, since all
indata and computed subresults, as well as the final result, are truncated to fit the floating-point numbers.
One common way to overcome some problems with fixed precision numbers is to use the e-heuristic [47].
When two floating-point numbers differ by less than a given threshold €, they are considered to be the
same. A problem with the e-heuristic is that it can, since the computations are inexact, mistakenly take
a nondegenerate input to be degenerate, and thus not always produce the correct sign of an expression.

Another approach is to use exact arithmetic [61]. This requires that the input is exact, or that the
problem can be reformulated as a related problem in which the input is known to be uncertain; such has
been done in Sections 5.1 and 5.2. To compute the result in an exact manner, it is important that all
branching decisions during the computation are error free. The biggest problem with exact arithmetic
though is that we no longer can assume each arithmetic operation to take a constant time, instead the
time needed is dependent on the accuracy. And thus, algorithms using exact arithmetics are slow.

5.4 Degeneracies

Degeneracies arise from the special position of geometric objects that makes a predicate expression vanish.
In general, a point is either on the left or the right side of a given line, the case when the point is contained
in the line is a special, or degenerate, case. Since two distinct points identify the unique line that contains
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both points, a third collinear point would be a degenerate case, and three collinear points are a degeneracy.
In the same way four cocircular points are a degeneracy, since three points specify a circle and the fourth
point is, in general, either inside or outside of that circle.

What is considered to be a degenerate case is dependent of the algorithm studied. Each degenerate
case of importance for the algorithm introduces a special case in the algorithm which has to be treated
specifically, which complicates the algorithm as well as the analysis. It is thus often the case that
algorithms in computational geometry work under the assumption that the input is non-degenerate. A
nondegenerate input is also said to be generic or in general position. Real world data, however, is likely
to be degenerate. For example mapping a building, representing the walls with line segments, several line
segments are likely to be parallel and even coplanar.

In applications where the input might contain some geometric degeneracies one can incorporate a
perturbation scheme to carefully remove the degeneracy. And then let algorithms designed for generic
input use this constructed input. According to Yap [61] there are in general two ways to do this. Either
using a blackbox sign evaluation scheme as shown by Yap [60, 59], or using perturbation towards a
nondegenerate instance as suggested by Emiris, Canny and Seidel [21].



Appendix A

Terminology

The robot localization problem is the problem of determining a given robot’s pose from its sensor
inputs. Two different problems are distinguished. The static problem which is to compute the pose,
and the dynamic problem which is to uphold the pose of a moving robot. [26]

A localization algorithm is an algorithm that solves the localization problem. It can either be active
or passive. An active localization algorithm has partial or full control over the robot, as to decide
“where to move” and “where to look”. The passive localization algorithm cannot control the robot,
but only estimate the robot’s pose from the incoming data. [8]

A matching is a mapping from some or all sensor-measurements to beacons, often a subset, i.e. only a
few measurements are used. The correct matching maps all measurements to the beacons actually
seen by the robot. A consistent matching is any mapping that cannot be distinguished from
the correct matching from the data gathered by the sensors. Some localization algorithms search
consistent matching by stating and verifying hypothesis, so called hypothetical matchings.

The robot’s pose is a mathematical description of the robot’s location and orientation, relatively to a
fixed coordinate system. [26]

pose determination determine the robot’s pose from a matching with error free measurements
pose estimation estimate the robot’s pose from a matching with erroneous measurements

Absolute directions are directions measured with respect to a fix reference. The fix reference could
for instance be north or the z-axis in the geometric map.

Azimuth is the robot’s orlentation measured as an absolute direction.
Bearing is the absolute direction from the robot to another object.

The robot search problem is the problem of finding and determining a hidden targets location in an
unknown environment.
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