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Abstract with the Conclusion

In Webster’s Encyclopedic Unabridged Dictionary of the English Language [1] is the
following definition for the scientific method:

A method of research in which a problem is identified, relevant data is gathered, a
hypothesis is formulated from these data, and the hypothesis is empirically tested.
This Thesis has details that contribute, with the aid of contemporary measurement
systems, to gain easily the definition above.

Preface

I could not believe that there are not theoretical functions describing exactly the
deflection of the ideal beam. After I had gained some promising results with parametric
sine and cosine functions my tutor and teacher Jan-Erik Jonasson allowed me to begin to
study those functions for the Thesis in my Civil Engineering Education for Construction
Technique at the University of Technology in Luled. He has taught me to write with
denotations used generally. He has also spent much time drawing and analyzing
deformations and transformations for sections of beams. I appreciate that very much and I
want to thank him specially. When the results became better and better without any
theoretical proofs I showed the results to my opponent and teacher Lars Bernspéng . [
have not got any negative comments on trials I made. That helped me to continue to



study functions. At the same time my tutor Jan-Erik Jonasson was able to discuss on the
subject with some other person than me. I want to thank also my opponent Lars
Bernspéang specially. Lic. Eng, Ph.D. Jonas Gozzi gave me data, [2] and [3], which
helped me to find out a trial model for hand calculations and even for plastic behavior.
Thanks for that! Modified hand calculation equations give also wonderful results with
torsion problems.

Introduction

This Thesis has two theoretical parts and one part for results. The first part is a strict one.
In the first part exact parametric differential equations of plane section rotations for
beams are derived. Those differential equations show that using parametric sine and
cosine functions for deflections, parameters and functions of the curvature angle for
beams under bending can be defined via experiments. The second part gives one
suggestion for functions of curvature angle. In the third part some comparisons are
presented between results with parametric function derived in the part two, current
theory, called Linear Elastic Theory for Small Deformations, and models that are
presented in Appendix B (My Ideas for Future Development).

The model for one beam can be used with continuous beams and frames when a change
in real curvature angle functions between freely supported beams and connected beams is
studied with parametric curves. The target idea is depicted in Figure 1.

Globally without deformations

Locally with deformations .

A\S\S,/S’B

E

Figure 1. When displacements in A and B are known without the element AB, inflection
points C and D can be calculated with the system of four parametric equations: 1.
A—C,2.C—>E,3.D—E,4.B— D. giving ‘the statically determinate structure’.
This Thesis analyzes only models for systems 2 and 3.



Part 1.

Study of curvature x(u,v)of the curve with parametric variables

u(t) and v(t) and the derivation of exact parametric differential
equations of plane section rotations for beams (directional
derivatives)

With an arbitrary variable t, u(t) and v(t) create the point P(t) = (u(t),v(t)) in a
coordinate system according to the Figure 2.

W

P

Figure 2.
From [4], bending of the beam in mind, for the parametric function the curvature is

K(u,v):—u'v_u'f:l (1)

(> +v2 )
where R is the radius of the curvature.
Comparison with the theory for small deformations:

with U=1, U=0, v<<l

. L1
1ves K(X) =V =—
g (X) R

Introducing composite functions

u(t) = [ cos( f (t)at 2)
v(t) = j sin( f (t))dt 3)

where f(t) is an arbitrary angular function of the variable t (the denotation t is NOT for
TIME).



cos sin

t t
Figure 3. Coordinates defined by the areas under the curves (4) and (5).

These functions give
u(t) = cos(f (t)) 4)
v(t) = sin(f (1)) §)

It is advantageous to choose functions (2) and (3) because the arch length | of the
parametrlc curve in this case is

I—I\/u(t) + () dt =1 [4].

ti(t) = —sin(f (1)) (f ®) (6)
v(t) = cos(f (1))- (f ®) 7
It can be seen that (U +V? )% =1

& k(U,v)=U-V-— U'\'/

=cos((®)-cos(f(0) <1 0) = (-sin(F ©))- S (1©)-sin(F V)
= (cos? ( (1)) +sin>(f (t))) L (o)
= %(f (t)) (8)

Paying attention to beams, (8) implies that (6) and (7) can be differentiated forward for
all details of f (t).

Ui(t) = —cos(f (t))- (f(t))* —sin(f(t))- f(t) 9)
V(t) =—sin( f (t))- (f(t))* +cos(f (t))- f(t) (10)



u*(t) = sin( f (t))- (f (t))> —cos(f(t))-2- f(t)- f(t)
—cos(f(t))- f(t)- f(t)—sin(f(t))-f (1) (11)
=sin(f (1) (f (t)* = T®)=3-cos(f (t))- f(t)- F (1)

v (1) =—cos(f (t))-(f(t)® —sin(f(t))-2- f(t)- f(t)
—sin(f(t))- f(t)- f(t)+cos(f(t): ft) (12)
=cos(f (1) (f(t) = (f©)*)-3-sin(f ®))- (1) (1)

Rotation of the plane section in uv-plane (V =(%,%))

W '3 &1, v)

TR

Figure 4. Plane rotation study.

This case is similar to the rotation of fluid flow [5].

L (v, 3V,

K(LY) =5(_— j (13)

Introducing a vector

Lo ju®)= cos(f (t))=V,

"= {m) =sin(f (1)) =V, (9
from which in this case

Jou

i cos(f(t)) & du=cos(f(t))-dt (15)

% =sin( f (t)) & v =sin(f(t)) dt (16)



v, oV, ]

k(U v)—l- -
72 {cos(f(t))-dt sin(f(t))-dt

1 1 'BVZ B 1 .BVI
2 {cos(f(t)) dt sin(f(t)) dt

cos(T ) (T0)-— -(—sin(f(t))-%(f(u)n

| 1
2 | cos(f (1)) sin( f (1))

1 (d d
(S0 S o)

0] (17)

which is exactly identical to (8).

Normal Stresses in Beams

It is usual to relate normal stresses in beams to the Modulus of Elasticity according to
Figure 5.

Force

and € = AL can be found from [6].
Area

Figure 5. 0 =



Normal stresses in pure bending

In pure bending deformations are only normal to plane sections. A neutral axis of the
beam, under a constant moment M _, constant Second Moment of Area | and constant

Modulus of Elasticity E is always a part of the circle with constant x(U, V).

length(0) = (AL R
length(y) = a(AL) - (R— y)

Figure 6. Pure bending.

length(0) —length(y) _

Normal stresses areo(y) = E E-e:(y), where e (Y)is only due

length(0)
to normal deformations.

M_-AL

C

E-I

M Y
=o(y)=——"" (18)
The same equation is used in the Theory of Small Deformations with the varying moment

and is written

Whena(AL) =

oY) =—,

Normal Stresses with Parametric Functions

Derivation for the normal deformation £(u(t), v(t)) is given in Appendix B (My Ideas for
Future Development).



Part 2.

Derivation of the function f() for the deflection of the beam

paying attention only to orthogonal deformations of the plane
section and taking t from the unchanged length of neutral axis in

a beam

Prerequisites

Each section in the beam has a linear, elastic behavior with the elastic modulus E(s) and
the moment of inertia I(s), where s represents a point in the neutral axis. A small part of
the beam with the length AL is studied.

-l
SH
dy\e &, () dL
gl TN am
dL
dp

AL =0

Figure 7. Definitions: a(AL), H, AL, 8L, R, M, &(y), vy, dy, dL, x, 6H, dB, dM , s.



The curvature of the beam

Due to equally shaped triangles

ﬁ:]{.a—' :_M:_gx(d—')
R AL

From which follows when AL — 0

YO _ 9.y = -9

R(S) AL oS

Figure 7., when AL — 0 , gives

dM = ¢, -E(s)-dA- (=)

__Y®
"R "E(9)-dA-(-y)

= x(S)- E(s)- y*dA

1
& M(s) = de E(s) R—£

:m E(s)-1(9)
= K(S) :M
E(s)-1(s)

which gives with (8)

_M®
Ho= J E(t)- |U)

Because the arch length | of the parametric curve in this case is

I —I\/ u(t) V(t) dt =1 [4] t can be changed to | .

(20)

21

(22)

(23)

(24)

(25)

10



On the other hand, when AL — 0 and derived from PURE BENDING

di(s)-R(s)=dL (26)
o dB(s) = %dL

S UBS = L

& B(AL) = JL % (27)

which has a form similar to (25).

Introducing the lv-coordinate system in the xy-coordinate system

The deflection is valid only from the rotation equals zero to the maximum rotation.

Figure 8. Definitions: the x-axis, the y-axis, the l-axis, the v-axis, a piece of the deflected
neutral axis, Pmax.

11



Developing the deflection of the neutral axis from the I-axis under the

conditions above

Figure 9. Definitions: dt, du, dv, 1*-axis (parallel with the 1-axis), A(l).

Because the arch length | of the parametric curve in this case is

| = I\/(ﬁ(t))z +(V(t))’dt =1 [4] t can be changed to | .

From Figure 9.

du = cos(A(l)) - dI
dv =sin(£(1)) - dl

=

u(l) = [cos(A(1)dl
v(l) = j sin(A())dl

M (1)

where A(l) = I4d

o ED)-1)

and

(f MO
,Bmax - (.O[mdl Jmax

clu

(28)
(29)

(30)

(31

(32)

(33)

12



Transformation of the deflected neutral axis into the xy-coordinate
system

Y
A
G- x(1)
! X
P
- =y
u(l) v(l)
I
Figure 10. Transformation procedure
From Figure 10.
X(1) = u(l) - cos B,,,, +V(l)-sin 3, (34)
y(l):_(u(l)'SinﬂmaX_V(I)'Cosﬂmax) (35)

Beta-model for deflection of the beam
Equations (34) and (35) are later called as Beta-model. A numerical integration is needed

to determine deflections. A simple numerical integration is presented in Math Lab-file
Ruler Buckling in Appendix A (File A1).

Theory for Small Deformations

Theory for small deformations can be found in [6] and is later called FS-model.

13



Part 3.

A. Comparisons between real buckling curves, Beta-model and
Theory for Small Deformations (FS-model)

The most amazing evidence for parametric curves can be seen from the form of the
buckling curves created with the equivalent uniformly distributed load. Every one can
check the similarity of the curves from Figure 11 (see also the text for Figure 11).
Explanations for figures and tables are given under figures and tables.

Bending curves

-0.02

-0.04

-0.06

-0.03

0.1

012

a

|
0.0z

|
0.04

1
0.06

|
0.0s

| |
0.1 0.12 0.14 0.16

Figure 11. Equivalent forms of theoretical bending and real buckling curves can be
proved with Beta-model under uniformly distributed loads (plotted with Math Lab) for
the somehow prismatic ruler with the length of 30 cm (in this case). When curves are
printed in the scale 1:1, rulers with the length of 30 cm, under the critical normal force
and with any constant E and I, show forms similar to curves in Figure 11. Curves are
valid for elastic bending. Math Lab-file (File A1) for presented curves is in Appendix A.
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-0.02

-0.04

-0.06

-0.05

-0.1

1 1 1 1 1 1
0 0.02 0.04 0.05 0.0s 0.1 012 o.14 0168

Figure 12. Comparison between Beta-model and Theory for Small Deformations. Curves
for Beta-model are same as in Figure 11. Math Lab-file (File A2) for presented curves is
in Appendix A.

B. Comparisons between Beta-model, Theory for Small
Deformations and My Ideas for Future Development (presented
in Appendix B)

D T T T T T T T T T
-0.005 —----- HSaRLEL CECLEED (ERSEEEE L Lt CEEELLE SCEEEEE IEEEEEE REEEEE —
-0.07 f--mmdoo o oo oo et SRR E LR SR e Booo-- —
L L e
V") NG S S M. SR S S S S —
Y2 NN N RN N S S R S S —
"% NS SO S SO S D =SS D S|

i i i i i i i : Eota
D035 F------do oo pRSSaaes R UL e b
H H H H H H H H M
004 i i i i i i i i i
a o.05 a1 o.15 o.z2 o.25 0.3 0.35 o4 0. 45 0.5

Figure 13. Deflection curves due to the dead weight of the steel ruler with the length of
1,0 m. The end of FS-curve shows the maximum x-value without the ‘loading’. Gamma-
and NCL-models are presented in Appendix B. Math Lab-file (File B1) for presented
curves is in Appendix B.
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] T T T T T T T
B O N S ,,_—_——,e_—_e_ee"
-0.01 f-------- g - e oo Geoeo fioeesoocs foeceoocs oo -
L B e e
e N e
- U U N DS S S —
N T~ o
] R i A R s N A - I
0035 |~ o]
i i i i i N T
004 | | | | | | |
i} 0.02 0.04 0.0 0.0z 0.1 012 0.14 016

Figure 14. Deflection curves due to a point load in the middle of the steel ruler with the
length of 0,3 m. The end of FS-curve shows the maximum x-value without the loading.
Gamma- and NCL-models are presented in Appendix B. Math Lab-file (File B2) for
presented curves is in Appendix B.

Buckling load and stress calculations

q
A= o
- My, (@)
Fer Fer

Figure 15. The model of the deflected neutral axis ‘under’ the buckling load.
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There is only one experiment done within this study. It is for the buckling load for a steel
ruler. This measurement has no scientific accuracy.

FCI'
Own experiment 1,6 kg * 9,81 m/s” 15,7 N
Euler [5] T2 E-Il 17,06 N
L2
FS-model [5] M, 96-E-I 16,59N
ymax - L2
Beta-model M nax/Ymax 16,60 N
Gamma-model Minax /Ymax 17,50 N
NCL-model Minax / Ymax 15,22 N

Tablel. Comparison of buckling loads for a steel ruler with the length 31,8 cm under the
uniformly distributed load q = 5 N/m. Gamma- and NCL-models are presented in
Appendix B. Math Lab-file (File B3) for calculated values is in Appendix B.

Normal stresses for the weightless steel beam with the length 10 m,
the height 0,23 m and the width 0,10 m

Normal stress

FS-model [5] o =My 284 MPa (+/2 - 284 =401,6)
Beta-model 354 MPa
Gamma-model 443 MPa
NCL-model 443 MPa

Table 2. Point load 100 kN in the middle of the beam. Stresses other than FS-model are
calculated according to Appendix B. Math Lab-file (File B4) for calculated values is in
Appendix B.

Normal stress

FS-model [5] ="y 142 MPa (+/2-142 =200,8)
Beta-model 236 MPa
Gamma-model 236 MPa
NCL-model 236 MPa

Table 3.Uniformly distributed load 10 kN/m. Stresses other than FS-model are calculated
according to Appendix B. Math Lab-file (File B5) for calculated values is in Appendix B.

17




From elastic curves to plastic curves (see Appendix B. My Ideas for

Future Development)

-0.01 -

-0.02 [---

-0.03

-0.04

-0.05

-0.05

-0.07

-0.03

-0.09
0

________________________________

_____________________

_________________

_______________

———————————————————————————————————————————————————————————————————

-0.01 [----

-0.02

-0.03

-0.04

-0.05

-0.06

-0.07

-0.05

-0.09
1]

Figure 16. NCL-model for point loads for a steel beam (beam A1) [2]. One load step is 10

kN and 1 kN respectively. The maximum plastic length in the figure is 0,64 m. NCL-
model is presented in Appendix B. Math Lab-file (File B6) for presented curves is in

Appendix B.
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Appendix

Appendix A

File Al. Ruler buckling
clear all

close all
[=0.0285*(0.00072)"3/12;
E=210*10"9;

L=0.3;

% if h is changed to 0.0005 the curves in Figure 16. are plotted
h=0.0025;%
sigmamaxE=355*10"6;
q1=20;%first uniformly distributed load
step=0.001;%step for Math Lab
x=0:step:L/2;
k=1/(E*I);
halflength=L/2;
x=0:step:halflength;%for loops
[t1,t2]=size(x);
e=h/2;
relevantsigma=0;%for loops
betauu=0;%for loops
betavv=0;%for loops
q=ql;
while relevantsigma<=sigmamaxE
R=qg*max(x);
kkk=1;
for i=1:1:12;
M(1)=R*x(1)-q*x(1)"2/2;
beta(i)=k*(R*x(i)"2/2-q*x(1)"3/6);
defangle(i)=beta(1);%for stress calculations, not important
relevantsigma=E*defangle(i)*e; %gives a number of curves
cosbetau(i)=cos(beta(i));%cosine function
betau(i)=betauu+step*cosbetau(i); %area under cosine function
betau(1)=0;
betauu=betau(i);%for loops
sinbetav(i)=sin(beta(i));%sine function
betav(i)=betavv+step*sinbetav(i);%area under sine function
betav(1)=0;
betavv=betav(i); %for loops
end
betamax=max(beta);
for i=1:1:12;
xbeta(i)=betau(i)*cos(betamax)+betav(i)*sin(betamax);%transformation
ybeta(i)=-(betau(i)*sin(betamax)-betav(i)*cos(betamax));%transformation



end
plot(xbeta,ybeta)
grid

hold on

q=q+ql;

hold on

end

File A2. Beta- and FS-model

clear all

close all
1=0.0285*(0.00072)"3/12;
E=210*10"9;

L=0.3;

%if h is changed to 0.0005 the curves in Figure 16 are plotted.

h=0.0025;%

sigmamaxE=355%10"6;

ql=20;

step=0.001;

x=0:step:L/2;

k=1/(E*I);

halflength=L/2;

x=0:step:halflength;

[t1,t2]=size(x);

e=h/2;

relevantsigma=0;

betauu=0;

betavv=0;

q=ql;

while relevantsigma<=sigmamaxE

R=g*max(x);

kkk=1;

for i=1:1:12;
M(@1)=R*x(1)-q*x(1)"2/2;
beta(i)=k*(R*x(i)"2/2-q*x(1)"3/6);
defangle(i)=beta(i);
relevantsigma=E*defangle(i)*e;

cosbetau(i)=cos(beta(i));
betau(i)=betauu+step*cosbetau(i);
betau(1)=0;
betauu=betau(i);

sinbetav(i)=sin(beta(i));
betav(i)=betavv+step*sinbetav(i);
betav(1)=0;
betavv=betav(i);

end
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betamax=max(beta);

for i=1:1:12;
xbeta(i)=betau(i)*cos(betamax)+betav(i)*sin(betamax);
ybeta(i)=-(betau(i)*sin(betamax)-betav(i)*cos(betamax));
xFS(1)=x(1);
yES(1)=-(q*x(1)*L"3/(24*E*I)*(1-2*x(1)"2/L"2+x(1)"3/L"3));
end

plot(xbeta,ybeta)

hold on

plot(xFS,yFS)

grid

hold on

q=q+ql;

hold on

end

Appendix B. My Ideas for Future Development
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Figure 17. Buckling curves- if it was possible!
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Normal Stresses in Beams

It can be imagined that a normal elongation or contraction in one section of a beam under

a varying moment distribution is not divided with all length like a normal elongation or
contraction in the bar. On the other hand dl is impossible to compare with &L (Figure 7)
To relate f (t) to the Modulus of Elasticity some length AL is needed (Figures 18 and

19).

Derivation for e(u(l),v(l))

lF

ALy [

s
e

Figure 18. Equivalent bar or a spring.

-
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Figure 20. Equivalent force
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From Figures 18, 19 and 20

2-ALg _ Al (B1)
Le Im

< 2-e(ud),v(l)) :%

& eui) = 2

& ey =Y (B2)

a(l,y)=E()-u(),vl)) (B3)

Equivalent bar in slender webs

There is a sense to think that in the point of maximum curvature angle an equivalent bar
can be created. When the displacement in y-direction exceeds ‘the elongation of the
equivalent bar with dimensions: area = (thickness of the web)?, length = height of the
beam’, takes the beam suddenly that extra displacement in y-direction and becomes
unstable.

Foint load

Equivalent bar in slender web.
Unstable beam.

Figure 21. When stiffener is needed.
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Derivation for component angles

Forced rotation effect. Normal deformation and boundary
condition dependency
(= d
£ — )
| k I (cﬂ' # jlv

Response force

Response rotation effect.
Moment (response force) and
length dependency

M
i Iih
Real rotation:
mean value
d M@ i
— i o
I[cﬂf “L 20)-10)

2

Cf. pure bending

Mﬁ-ﬁL_FMc-ﬁL
| 7 E.] E. I M, AL

l!.il = = i

2 &7

Figure 22.



illustrative buckling

{

Fesponges force effect
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Figure 23. A beam with two supports
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Figure 24. A cantilever beam.
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Gamma-model, modified Beta-model for deflection of the beam

Curvature angle is

y()=(B0)/2+a(l))/2 for a beam with two supports (B4)
y() = (B +a(l))/2 for a cantilever beam (B5)
where o(l)= M| (cf. Figure 6 a(AL) and Figure 23).

El)- 1)
When y(l) instead of (1) is used, the model is called Gamma-model. A numerical

integration is needed to define deflections. ¢(l) seems to be a transformation angle from

fictive freely supported beams to connected beams when inflection points (Figure 1) are
calculated.

Not Constant Length-model (NCL-model)

It is obvious that neutral axis due to loading is longer.

Figure 25.The elongation of neutral axis.
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So, the constant length of neutral axis is not exact valid and boundary conditions around
y(1),... are not known. Nonlinear polar equations (B6) and (B7) divide the ‘rotation’

energy orthogonally and give wonderful results with steel. The unknown boundary
conditions around y(l) .. seem also to be solved by these equations.

x(h) = COS(?’W —%I)j (l—a() (e +e)) (B6)
y() = sin[%mx —%I)j (1=pM)/2-€) (B7)

where e and (g +¢,) are distances from neutral axis to the edges of the beam and ¥(l) is

from Gamma-model. This model is called later NCL-model. Details, how NCL-model is
derived, is depicted in Figure 26.

y afl) (e) +ep)

;me{ T

Y xiil} Bi2 e

I-all) (e +ay)
— vy

/
i- BNi2 e

)<

in the point of ¥{)oy = response force =0

V) e

| response force =0

Figure 26. Details for NCL-model.
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There is a sense to use for the plastic behavior

YD) = (B, i /2 +a(1))/2 for a beam with two supports (BY)
y(l) = (ﬁmax Eagic T a(l ))/ 2 for a cantilever beam (B9)

Modified Not Constant Length-model for Torsion

For torsion modified NCL-model is very successful. The model is written in Math Lab-
files below.

Opening a discussion on Local Buckling

Foint load

R“—h--...
\ EK“-\_____

Local Normal Stress Concentration

Figure 27. Local Buckling as a failure mode.

When a stiffener is used normal stresses seem to be two times larger than without the
stiffener and local buckling is the final failure mode (pictures in [2]).

Is it possible to see the connection between chapter 15 (Optimization), specially chapter
15.3 Non-Linear Optimization in [4], and Normal Stress Concentrations in beams?

Opening a discussion on NCL-model included in FEM
Is it possible to have more components for rotation in Finite Element Method?
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Opening a discussion on Parametric Equations included in Equations

for Structural Dynamics

Can Response to different kind of Dynamic Excitations be studied with Parametric

Equations?

Trial Math Lab files

File B1. Deflection of the ruler due to the uniformly distributed load g

clear all

close all

1=0.0325*(0.00125)"3/12;

E=210*10"9;

L=1.00;

h=0.00125;

massapermeter=0.290;

g=massapermeter*9.82;

step=0.0001;

k=1/(E*I);

x=0:step:L/2;

[t1,t2]=size(x);

betauu=0;

betavv=0;

gammauu=0;

gammavv=0;

R=q*L/2;

e=h/2;

for i=1:1:t2

M(1)=R*x(1)-q*x(1)"2/2;

beta(i)=k*(q*L/2*x(1)"2/2-q*x(1)"3/6);

alfa(i)=k*(M(1)*x(1));

gamma(i)=(beta(i)/2+alfa(i))/2;

gammancl(i)=(beta(i)/2+alfa(i))/2;

cosbetau(i)=cos(beta(i));
betau(i)=betauu+step*cosbetau(i);
betau(1)=0;
betauu=betau(i);

sinbetav(i)=sin(beta(i));
betav(i)=betavv+step*sinbetav(i);
betav(1)=0;
betavv=betav(i);

cosgammau(i)=cos(gamma(i));
gammau(i)=gammauu-+step*cosgammau(i);
gammau(1)=0;
gammauu=gammau(i);

singammav(i)=sin(gamma(i));
gammav(i)=gammavv-+step*singammav(i);
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gammav(1)=0;

gammavv=gammav(i);
end
betamax=max(beta);
gammamax=max(gamma);
gammamaxncl=max(gammancl);
for i=1:1:12;
xbeta(i)=betau(i)*cos(betamax)+betav(i)*sin(betamax);
ybeta(i)=-(betau(i)*sin(betamax)-betav(i)*cos(betamax));
xgamma(i)=betau(i)*cos(gammamax)+gammav(i)*sin(gammamax);
ygamma(i)=-(gammau(i)*sin(gammamax)-gammav(i)*cos(gammamax));
xncl(i)=cos(gammamaxncl-gammancl(i)/pi)*(x(i)-alfa(i)*2*e);
yncl(i)=-sin(gammamaxncl-gammancl(i)/pi)*(x(i)-beta(i)/2*¢);
xFS(1)=x(1);
yFS(1)=-(q*x(1)*L"3/(24*E*)*(1-2*x(1)"2/L"2+x(1)"3/L"3));
end
plot(xbeta,ybeta)
hold on
plot(xgamma,ygamma)
hold on
plot(xncl,yncl)
hold on
plot(xFS,yFS)
grid
Mmax=max(M);
%Fcrbeta=Mmax/max(abs(ybeta))
%Fcrgamma=Mmax/max(abs(ygamma))
%Fcrncl=Mmax/max(abs(yncl))
%FcrFS=9.6*E*I/L"2
%FcrEuler=pi"2*E*I/L"2

File B2. Deflection of the ruler due to the point load P

clear all

close all
1=0.0285*(0.00072)"3/12;
E=210*10"9;
L=0.3;
h=0.000705;
P=10;
step=0.0001;
k=1/(E*I);
x=0:step:L/2;
[t1,t2]=size(x);
betauu=0;
betavv=0;
gammauu=0;
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gammavv=0;
R=P/2;
e=h/2;
for i=1:1:t2
M(1)=R*x(i);
beta(i)=k*(R*x(1)"2/2);
alfa(i)=k*(M(1)*x(1));
gamma(i)=(beta(i)/2+alfa(1))/2;
cosbetau(i)=cos(beta(i));
betau(i)=betauu+step*cosbetau(i);
betau(1)=0;
betauu=betau(i);
sinbetav(i)=sin(beta(i));
betav(i)=betavv+step*sinbetav(i);
betav(1)=0;
betavv=betav(i);
cosgammau(i)=cos(gamma(i));
gammau(i)=gammauu-+step*cosgammau(i);
gammau(1)=0;
gammauu=gammau(i);
singammav(i)=sin(gamma(i));
gammav(i)=gammavv+step*singammav(i);
gammav(1)=0;
gammavv=gammav(i);
end
betamax=max(beta);
gammamax=max(gamma);
for i=1:1:12;
xbeta(i)=betau(i)*cos(betamax)+betav(i)*sin(betamax);
ybeta(i)=-(betau(i)*sin(betamax)-betav(i)*cos(betamax));
xgamma(i)=betau(i)*cos(gammamax)+gammav(i)*sin(gammamax);
ygamma(i)=-(gammau(i)*sin(gammamax)-gammav(i)*cos(gammamax));
xncl(i)=cos(gammamax-gamma(i)/pi)*(x(i)-alfa(i)*2*e);
yncl(i)=-sin(gammamax-gamma(i)/pi)*(x(i)-beta(i)/2*e);
xFS(1)=x(1);
yES(1)=-(P*x(1)*L"2/(48*E*1)*(3-4*x(1)"2/L"2));
end
plot(xbeta,ybeta)
hold on
plot(xgamma,ygamma)
hold on
plot(xncl,yncl)
hold on
plot(xFS,yFS)
grid

33



File B3. Buckling loads for the ruler

clear all

close all

1=0.0285*(0.000705)"3/12;

E=210*10"9;

L=0.318;

h=0.00705;

% massapermeter=0.290;

% g=massapermeter*9.82;

q=5;

step=0.0001;

k=1/(E*I);

x=0:step:L/2;

[t1,t2]=size(x);

betauu=0;

betavv=0;

gammauu=0;

gammavv=0;

R=q*L/2;

cav=h/2;

for i=1:1:t2

M(1)=R*x(1)-q*x(1)"2/2;

beta(i)=k*(q*L/2*x(1)"2/2-q*x(1)"3/6);

alfa(i)=k*(M(1)*x(1));

gamma(i)=(beta(i)/2+alfa(i))/2;

gammancl(i)=(beta(i)/2+alfa(i))/2;

cosbetau(i)=cos(beta(i));
betau(i)=betauu+step*cosbetau(i);
betau(1)=0;
betauu=betau(i);

sinbetav(i)=sin(beta(i));
betav(i)=betavv+step*sinbetav(i);
betav(1)=0;
betavv=betav(i);

cosgammau(i)=cos(gamma(i));
gammau(i)=gammauu-+step*cosgammau(i);
gammau(1)=0;
gammauu=gammau(i);

singammav(i)=sin(gamma(i));
gammav(i)=gammavv-+step*singammav(i);
gammav(1)=0;
gammavv=gammav(i);

end

betamax=max(beta);

gammamax=max(gamma)

gammamaxncl=max(gammancl)



for i=1:1:12;
xbeta(i)=betau(i)*cos(betamax)+betav(i)*sin(betamax);
ybeta(i)=-(betau(i)*sin(betamax)-betav(i)*cos(betamax));
xgamma(i)=betau(i)*cos(gammamax)+gammav(i)*sin(gammamax);
ygamma(i)=-(gammau(i)*sin(gammamax)-gammav(i)*cos(gammamax));
xncl(i)=cos(gammamaxncl-gammancl(i)/pi)*(x(i)-alfa(i)*2*cav);
yncl(i)=-sin(gammamaxncl-gammancl(i)/pi)*(x(i)-beta(i)/2*cav);
xFS(1)=x(1);
yFS(1)=-(q*x(1)*L"3/(24*E*)*(1-2*x(1)"2/L"2+x(1)*3/L"3));
end

plot(xbeta,ybeta)

hold on

plot(xgamma,ygamma)

hold on

plot(xncl,yncl)

hold on

plot(xFS,yFS)

grid

maxxbeta=max(xbeta)

maxybeta=max(abs(ybeta))

betamax

Mmax=max(M);

Fcerbeta=Mmax/max(abs(ybeta))
Fcrgamma=Mmax/max(abs(ygamma))
Ferncl=Mmax/max(abs(yncl))

FcrFS=9.6*E*I/L"2

FcrEuler=pi"2*E*I/L"2

File B4. Normal stresses due to the point load P

clear all

close all
1=0.1%(0.23)"3/12;
E=210*10"9;

L=10;

h=0.23;

e=h/2;

P=100000;

k=1/(E*I);

R=P/2;

x=L/2;

M=R*x;
beta=k*(R*x"2/2);
alfa=k*(M*x);
gamma=(beta/2+alfa)/2;
gammancl=(beta/2+alfa)/2;
sigmaFS=M*e/]
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sigmabeta=E*beta*e/2
sigmagamma=E*gamma*e/2
sigmagammancl=E*gammancl*e/2

File B5. Normal stresses due to the uniformly distributed load q

clear all

close all

1=0.1*(0.23)"3/12;
E=210*10"9;

L=10;

h=0.23;

e=h/2;

g=10000;

k=1/(E*]);

R=q*L/2;

x=L/2;

M=R*x-q*x"2/2;
beta=k*(q*L/2*x"2/2-q*x"3/6);
alfa=k*(M*x);
gamma=(beta/2+alfa)/2;
gammancl=(beta/2+alfa)/2;
sigmaFS=M*e/]
sigmabeta=E*beta*e/2
sigmagamma=E*gamma¥*e/2
sigmagammancl=E*gammancl*e/2

File B6. Beam Al: From elastic curves to plastic curves

clear all

close all

%Indata beam A1, s.33 Technical Report, Frank Axhag [4],

%see p.47 Mmax, Vmax, p.49 displacement w and C-1 for angles
%Page Appendix D-2, Plastic Design of Slender Steel Bridge Girders,
%Doctoral Thesis, Frank Axhag [3]

hw=239.8*%10"-3;

tw=3.8*10"-3;

bfl=118.5*%10"-3;

tf=12.0*10"-3;

L=5014*10"-3;

E=210*10"9;

sigmamaxE=842*10"6;

sigmamaxP=1350*10"6;%not given

%if only yield stress

%sigmamaxP=sigmamaxE;
[=bf1*(hw+2*t£)"3/12-(bfl-tw)*hw"3/12;

k=1/(E*I);
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step=0.001;

halflength=L/2;

%%0%%%%%%%%

P1=10000;

%%0%%%%%%%%

x=0:step:halflength;

[t1,t2]=size(x);

e=(hw+2*tf)/2;

relevantsigma=0;

P=P1;

while relevantsigma<=sigmamaxP

kkk=1;

for i=1:1:t2;
R=P/2;
M(1)=R*x(i);
beta(i)=k*(R*x(i)"2/2);
alfa(i)=(k*M(1))*x(1);
gamma(i)=(beta(i)/2+alfa(1))/2;
defangle(i)=gamma(i);

relevantsigma=E*defangle(i)*e;%notice: no /2, inner rotation prevented in the middle

%of the beam

if relevantsigma>=sigmamaxE

ibetaplastic=i-kkk;

gamma(i)=(beta(ibetaplastic)/2+alfa(1))/2;
defangle(i)=gamma(i);
relevantsigma=E*defangle(i)*e;

kkk=kkk+1;

end

end

gammamax=max(gamma);

for i=1:1:12;

xbeam(i)=cos(gammamax-gamma(i)/pi)*(x(i)-alfa(i)*2*e);

ybeam(i)=-sin(gammamax-gamma(i)/pi)*(x(i)-beta(i)/2*e);

end

plot(xbeam,ybeam)

grid

P=P+P1;

hold on

end

Pmax=2*R

Vmax=R

MaxP=2*R

Mmax=max(M)

gammamax

plasthalflength=kkk*10"-3
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File B7. Buckling of the box column with the factor 0,5

clear all

close all

%Indata WP [6]

h=500*10"-3;

b=370%10"-3;

tw=15%10"-3;

hw=470%10"-3;

bf=450*10"-3;

tf=15*10"-3;

%%0%%%%%%%%%6%0%6%%%%% %%

Imodified=(2*tw*hw"3/12+2*bf*tf"3/12+2*bf*tf*((h/2-tf/2))"2)*0.5;AAA=1,

% Imodified=(2*tf*bf"3/12+2*hw*tw”3/12+2*tw*hw*((b/2+tw/2))"2)*0.5;AAA=2;

%%0%%%%%%%%%6%6%6%%%%%%%

I=Imodified;

E=210*10"9;

L=12;

h=0.5;

q=10000;

k=1/(E*I);

step=0.001;

halflength=L/2;

x=0:step:halflength;

[t1,t2]=size(x);

cav=h/2;

betauu=0;

betavv=0;

R=g*max(x);

for i=1:1:12;
M(1)=R*x(1)-q*x(1)"2/2;
beta(i)=k*(R*x(1)"2/2-q*x(1)"3/6);
alfa(i)=(k*M(1))*x(i);
gamma(i)=(beta(i)/2+ alfa(i))/2;

cosbetau(i)=cos(beta(i));
betau(i)=betauu-+step*cosbetau(i);
betau(1)=0;
betauu=betau(i);

sinbetav(i)=sin(beta(i));
betav(i)=betavv-+step*sinbetav(i);
betav(1)=0;
betavv=betav(i);

end

gammamax=max(gamma);

betamax=max(beta);

for i=1:1:12;

xncl(i)=cos(gammamax-gamma(i)/pi)*(x(1)-alfa(i)*2*cav);



yncl(i)=-sin(gammamax-gamma(i)/pi)*(x(i)-beta(i)/2*cav);
xbeta(i)=betau(i)*cos(betamax)+betav(i)*sin(betamax);
ybeta(i)=-(betau(i)*sin(betamax)-betav(i)*cos(betamax));
end

Mmax=max(M);

plot(xncl,yncl)

grid

hold on

plot(xbeta,ybeta)

grid

hold on

hold on

grid

Fcrbeta=Mmax/(max(abs(ybeta)))
Ferncl=Mmax/(max(abs(yncl)))
medel=((Fcrbeta+Fcrncl)/2)

if AAA==1,
Ferbok=1.1%6432200
end

if AAA==2;
Ferbok=1.1¥5589200
end

'Welded Profiles [6]'

File B8. Superposition (even) between orthogonal loads. Interaction
between normal force N and uniformly distributed load g

clear all

close all

L=1.024;

E=210*10"9;

h=0.00125;

1=0.0325*h"3/12;

masspermeter=0.290;

g=masspermeter*9.82;

F=0.400%9.82;

k=1/(E*I);

step=0.001;

x=0:step:L/2;

e=h/2;

R=qg*max(x);
M=R*max(x)-q*max(x)"2/2;
beta=k*(R*max(x)"2/2-q*max(x)"3/6);
alfa=k*(M*max(x));
gamma=(beta/2+ alfa)/2;
yg=sin(gamma-gamma/pi)*(max(x)-beta/2*e)
xg=cos(gamma-gamma/pi)*(max(x)-alfa*2*e);



M2=2*F*yq;%prevented buckling curve

Madd=0;

qadd=0.01;

while Madd<=M2
Radd=qadd*max(x);
Madd=Radd*max(x)-qadd*max(x)"2/2;
qadd=qadd+0.01;

end

q
qadd

qq=q+qadd;

RR=qq*max(x);
MM=RR*max(x)-qq*max(x)"2/2;
betabeta=k*(RR*max(x)"2/2-qq*max(x)"3/6);
alfaalfa=k*(MM*max(x));
gammagamma=(betabeta/2+ alfaalfa)/2;
ygN=sin(gammagamma-gammagamma/pi)*(max(x)-betabeta/2*e)
xqN=cos(gammagamma-gammagamma/pi)*(max(x)-alfaalfa*2*e);

File B9. Continuous beam with three supports

clear all

close all

E=210*10"9;

h=0.00125;

1=0.0325*h"3/12;

P1=2.6%9.82;

P2=2.6*%9.82;

massapermeter=0.290;

g=massapermeter*9.82;

k=1/(E*]);

step=0.001;

x1=0:step:0.25;

x2=0:step:0.25;

e=h/2;

R1=P1/2+q*max(x1);
MI1=R1*max(x1)-q*max(x1)"2/2;
betal=k*(R1*max(x1)"2/2-q*max(x1)"3/6);
alfal=k*M1*max(x1);
gammal=(betal/2+ alfal)/2;

R2=P2/2+q*max(x2);
M2=R2*max(x2)-q*max(x2)"2/2;
beta2=k*(R2*max(x1)"2/2-q*max(x2)"3/6);
alfa2=k*M2*max(x2);
gamma2=(beta2/2+ alfa2)/2;

gammasupport=(gammal+gamma2)/2;
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xfromB=0.001;

gammafieldsupportM=0;

while gammafieldsupportM<=gammasupport
Msupport=((2*max(x1)-xfromB)*q/2+P1*max(x1)/(2*max(x1)-
xfromB))*xfromB+q*xfromB"2/2;
liftalfa=k*Msupport*xfromB;

gammafieldsupportM=liftalfa;

xfromB=xfromB+0.001;
Msupport=((2*max(x1)-xfromB)*q/2+P1*max(x1)/(2*max(x1)-
xfromB))*xfromB-+q*xfromB"2/2;

end

VP=P1*max(x1)/(2*max(x1)-xfromB);
Vg=(2*max(x1)-xfromB)*q/2;

Vtot=VP+Vq;

MV=Vtot*xfromB;

Mg=q*xfromB"2/2;

Mtot=MV+Mgq;

betadef=k*(Vtot*xfromB"2/2+q*xfromB"3/6);
alfadef=k*(Mtot*xfromB);

xfromB

gammasupport

gammafieldsupportM

gammadef=(betadef+alfadef/2)/2
yinflectionpoint=sin(gammadef-gammadet/2)*(xfromB-betadef/2*¢)
xinflectionpoint=cos(gammadef-gammadef/2)*(xfromB-alfadef*2*e)
Msupport

Mtot

sigmaMy [=Mtot*e/I

File B10. Torsion xy

clear all

close all

E=210*10"9;

h=0.00075;

b=0.0285;

I=(b*h"3/12)/2;

FM=50;

k=1/(E*I);

stepx=0.001;

x=0:stepx:0.150;

[t1,t2]=size(x);

yL=b/2;

for i=1:1:12;

FMM=x(i)/max(x)*FM;
Mlength(i)=FMM*yL;
betalength(i)=k*(FMM*yL"2/2);



alfalength(i)=(k*Mlength(i))*yL;
gammalength(i)=(betalength(i)/2+ alfalength(i))/2;
end
for i=1:1:12;
xvrid(i)=x(i);
zvrid(i)=sin(gammalength(1)/(pi/2))*(x(1)+gammalength(i)*x(1));
hypxvrid(i)=x(i)+gammalength(i)*x(i);
hypx(i)=sqrt(x(i)"2+zvrid(i)*2);
yvrid(i)=yL-alfalength(i)*sqrt(hypxvrid(i)*2-hypx(i)*2) ;
end
plot(xvrid,yvrid)

File B11. Torsion xz

clear all

close all

E=210*10"9;

h=0.00075;

b=0.0285;

[=(b*h"3/12)/2;

FM=100;

k=1/(E*I);

stepx=0.001;

x=0:stepx:0.150;

[t1,t2]=size(x);

yL=b/2;

for i=1:1:12;

FMM=x(i)/max(x)*FM;
Mlength(i)=FMM*yL;
betalength(i)=k*(FMM*yL"2/2);
alfalength(i)=(k*Mlength(i))*yL;
gammalength(i)=(betalength(i)/2+ alfalength(i))/2;

end

for i=1:1:t2;

xvrid(i)=x(i);

zvrid(i)=sin(gammalength(i)/(pi/2))*(x(i)+gammalength(i)*x(1));

end

plot(xvrid,zvrid)

hold on

File B12. Lateral torsional buckling and interaction between lateral
moment (without a stiffener) due to the point load P and torsion
(critical length)

clear all

close all

h=1000%10"-3;

tf=16*10"-3;
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hw=h-2*tf;

tw=6*10"-3;

bfl=300*10"-3;

L=10;

Yotry L=5;

% L=5;

step=0.1;

E=210*10"9;

sigmamaxE=355*10"6;

P=10000;

FM=100;

P1=P;

[=bfl*h"3/12-(bfl-tw)*(hw)"3/12;

k=1/(E*I);

halflength=L/2;

x=0:step:halflength;

[t1,t2]=size(x);

e=(hw+2*tf)/2;

relevantsigma=0;

while relevantsigma<=sigmamaxE

for i=1:1:12;
R=P/2;
M(1)=R*x(i);
beta(i)=k*(R*x(i)"2/2);
alfa(i)=(k*M(1))*x(1);
gamma(i)=(beta(i)/2+alfa(1))/2;
defangle(i)=gamma(i);
relevantsigma=E*defangle(i)*e/2;

end

gammamax=max(gamma);

for i=1:1:t2;

xbeam(i)=cos(gammamax-gamma(i)/pi)*(x(i)-alfa(i)*2*e);

ybeam(i)=-sin(gammamax-gamma(i)/pi)*(x(i)-beta(i)/2*e);

end

P=P+P1;

end

Pmax=2*R

Vmax=R

Mmax=max(M)

% for lateral torsional buckling; all happens in the 'middle' of the beam.

Itorsion=1/12*(2*bfl*tf*3+hw*tw”3)*2;

kt=1/(E*Itorsion);

zt=bfl/2;

yt=h/2;

diaglever=sqrt(zt"2+yt"2);

for i=1:1:12;



FMM(i)=x(1)/max(x)*FM;
Mlength(i)=FMM(i)*diaglever;
betalength(i)=kt*(FMM(i)*diaglever"2/2);
alfalength(i)=(kt*Mlength(i))*diaglever;
gammalength(i)=(betalength(i)/2+ alfalength(i))/2;

end

gammamax=max(gammalength);

alfamax=max(alfalength);

for i=1:1:12;

xvrid(i)=x(1);

zvrid(i)=sin(gammalength(i)/(pi/2))* (x(i)+gammalength(i)*x(1));

hypxvrid(i)=x(i)+gammalength(1)*x(1);

hypx(i)=sqrt(x(1)"2+zvrid(i)"2);
yvrid(i)=yt-alfalength(i)*sqrt(hypxvrid(i)*2-hypx(1)"2);

if i==1;

zvrid(i)=sin(gammalength(2)/(pi/2))*(x(2)-gammalength(1)*x(2));
end

Fvipp(i)= Mlength(i)/zvrid(1);

zvrid(i)=sin(gammalength(i)/(pi/2))*(x(i)-gammalength(i)*x(1));

McrFhela(i)=Fvipp(i)*max(x);

McrFdel(i)=Fvipp(i)*x(i);

end

plot(xbeam,ybeam)

figure

plot(xvrid,zvrid)

figure

plot(xvrid,yvrid);

figure

plot(xvrid,Fvipp);

figure

plot(xvrid,McrFdel)

figure

plot(xvrid,McrFhela)

Fervipp=Fvipp(t2)

MFcr=McrFhela(t2)

MFcrbok=1.1*410800

'Welded Profiles [4]'

Lhelp=find(McrFhela>=Mmax);

maxLcrhelp=max(Lhelp);Lcr=max(x)-x(maxLcrhelp)
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Figure 28. Lateral torsional moments.

File B13. Deflection of the concrete plate due to the point load
(diagonally and the middle point) as equivalent torsion phenomenain
space

0.2+ u

0.3+ u

0.4 4

0.5 | .

Figure 29. Diagonal deflection.
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Figure 30. Deflection of the middle point, theoretical versus real.

clear all

close all

E=30*10"9;

sigmamaxP1=4.23*10"6;

t=0.1;

L1=1.0;

B1=1.0;

FM1=100;

stepx=0.01;

LD=sqrt((L1/2)"2+(B1/2)"2);

x=0:stepx:LD;

y=t/2;

[t1,t2]=size(x);

I=(y*y”3/12)/4;

k=1/(E*]);

relevantsigma=0;

FM=FM1;

ttt=1;

while relevantsigma<=sigmamaxP]

kkk=1;

for i=1:1:12;

FMM=x(i)/max(x)*FM/4;
Mlength(i)=FMM*y;
betalength(i)=k*(FMM*y”"2/2);
alfalength(i)=(k*Mlength(i))*y;
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gammalength(i)=(betalength(i)/2+ alfalength(i))/2;
end
gammamax=max(gammalength);
for i=1:1:12;
xvrid(i)=cos(gammamax-gammalength(i)/pi)*(x(i)-gammalength(i)*x(1));
zvrid(i)=-exp(x(1)/y*gammalength(i)*sqrt(3)*pi*sqrt(2))*...
sin(gammamax-gammalength(i)/pi)*(x(i)+gammalength(i)*x(1));
relevantsigmal (1)=E*gammalength(i)*abs(zvrid(1));
end
relevantsigma=max(relevantsigmal);
plot(xvrid,zvrid)
hold on
maxz=max(abs(zvrid));
maxzttt(ttt)j=maxz;
FM2(ttt)=FM;
FM=FM+FM1;
tt=ttt+1;
end
gammamax
maxz=max(abs(zvrid))
LD
maxxvrid=max(xvrid)
sigmamax=E*gammamax*maxz
maxFM=max(FM?2)
FM3=FM2/1000;

figure
plot(maxzttt, FM3)
grid
hold on
experimentw=10"-3*[0+0
0.42+0
0.7+0.01
1.05+0.09
1.66+0.29
2.42+0.61
3.54+1.11
5.3+1.61
6.54+1.97
8.37+2.5
11.3+3.38];
experimentF=[0
10
20
30
40

47



50
60
70
80
90
99.9];
plot(experimentw, experimentF)

Why the abbreviation NCL-model from Not Constant Length-model
instead of an abbreviation from Rotation Energy Model?

In [1] is nothing for NCL.
For rapid eye movement there is written following:

Rapidly shifting, continuous movements of the eyes beneath closed lids during the stage

of sleep characterized by dreaming. Also called REM.
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