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Abstract 
Ductile fracture presents challenges with respect to material modelling and 
numerical simulations of localization. The strain and damage localization may 
be unwanted as it indicates a failure in the process or, as in the case of 
machining and cutting, a wanted phenomenon to be controlled. The latter 
requires a higher accuracy regarding the modelling of the underlying coupled 
plastic and fracturing/damage behaviour of the material, metal in the current 
context as well as the stability and robustness of the simulation procedure.  
This aim of this work is to develop, evaluate and implement formulations that 
can efficiently and reliably handle localization problems in machining 
simulations. The focus is on non-local models. The non-local models extend 
the standard continuum mechanics theory by using non-local continuum 
theory in order to achieve mesh independent results when simulating fracture 
or shear localization. 
The non-local damage model is implemented and various formulations are 
evaluated in a Matlab™ based finite element code. The chosen algorithm was 
then implemented in commercial software. The implementations remedy the 
mesh sensitivity problem and gives convergent solution for metal cutting 
simulations with reasonable cost. The length scale associated with the non-
local models are in the current context considered as a numerical 
regularization parameter. The model has been applied in machining 
simulations and compared with measurements from industry. 
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1 Introduction 
This research project is part of the on-going work in simulation a chain of 
manufacturing process in the division of Mechanics of Solid Materials. The 
simulations are used to optimize the processes in order to comply with 
tolerances, minimize residual stresses etc. Furthermore, process simulations 
are found to be useful in predicting grain sizes and microstructure in the final 
components when these kinds of microstructure models are integrated into the 
finite element models. The manufacturing processes are thermo-mechanical 
processes where it is crucial to describe the thermo-elastoplastic behaviour of 
the material correctly. Further complications arise when fracture/damage 
occurs as stated in the previous paragraph. Fracturing/damage may occur in 
manufacturing processes such as forming, forging, machining etc.  
There are two issues making modelling and simulation of damage 
challenging; the material description and the simulation of the softening 
behaviour. The first requires a model that describes the coupled plastic and 
fracturing/damage behaviour of the material, metal in the current context. The 
other issue is problematic as this softening leads to a localization of the 
deformation. This requires special treatment in order to obtain a mesh 
independent solution as standard approaches always concentrates the damage 
to the smallest element in the softening region. 
The material models typically used in continuum mechanics can be enriched 
to be able to capture scale dependent phenomena (Bazant & Jirásek, 2002). In 
the classical continuum mechanics, ductile damage is treated as a continuum 
with density of microvoids within a Representative Volume Element (RVE) 
(Lemaitre & Desmorat, 2005) as internal variable. Their finite element 
representation consists of stresses, strains, and internal state variables 
evaluated at a material point. The relations between them depend only on 
their local values, previous history of deformation and temperature. As 
damage grows and the material softens, several models (Gurson, 1977; 
Lemaitre & Desmorat, 2005), and in (Besson, 2010), lead to damage and 
strain localization in finite element simulation with problem of mesh size 
dependency and robustness of the results.  
Microstructural heterogeneities at small scales, see Figure 1, can be the 
physical cause of localisation of deformation. Homogenization procedures 
give a smoothed field that weakens the coupling to the microstructural 
inhomogeneity.  An extremely fine mesh down to the microstructure scale is 
needed to account for this. Another drawback of the finite element 
formulation based on standard continuum theory is that it cannot give a 
convergent solution. The localisation always concentrates to the smallest 
element. Non-local modelling is one way to extend the classical theory. It 
introduces a length scale that removes the notorious mesh dependency of 
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normal finite elements when solving localisation problems. This characteristic 
length scale depending on geometry and loading, such as shear band width, 
can have some important microstructural components (Bazant & Jirásek, 
2002). These components need to be captured in the material model. It is 
natural to model microcrack growth using non-local models as the description 
of the growth need to depend on the microcrack area and not just on the value 
at a material point at the centre of the microcrack (Bazant & Chen, 1997; 
Mühlhaus, 1995; Pastor et al., 1995). 

 
Figure 1.  Difference between mean strain and centred strain for a 
Representative Volume Element (RVE) with voids. Adapted from (Bazant & 
Jirásek, 2002). 

1.1 Non-local continuum and length scale 
One option to extend continuum mechanics to model localization problem, is 
to enrich a point by assuming a non-local action where the stress at a material 
point depends not only on the state of the point but also on the representative 
volume of material centred at that point. Non-local continuum with its 
consistent formulation in standard finite element analysis is then able, for 
example, to capture scale effects in heterogeneous material in the numerical 
solution for localized damage (Jirásek & Rolshoven, 2003), regularize the ill-
posedness of dynamic initial boundary value problem (Bazant & Lin, 1988), 
and capture the size effects observed in fracture experiments of metals (Fleck 
& Hutchinson, 2001).  
The characteristic length scale need be identified by comparisons between 
experiments and models, e.q. as in(Aifantis, 1984; Aifantis, 1987), (Abu Al-
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Rub & Voyiadjis, 2004; Bazant & Pijaudier-Cabot, 1989). The length scale 
has been shown to depend on the plastic deformation, temperature, grain size, 
etc (Abu Al-Rub & Voyiadjis, 2006). A model based on a dislocation density 
based length scale is described in (Abu Al-Rub & Kim, 2009). Their length 
scale is proportional to the mean free path of moving dislocations that is also 
part of the dislocation density plasticity models in (Lindgren, Domkin, & 
Hansson, 2008).  

1.2 Aim of the thesis 
The aim of the thesis is to develop and implement a physical based plasticity 
model coupled with a damage model. The standard continuum theory will be 
extended using a non-local formulation in order to achieve mesh independent 
results when simulating fracture or shear localization. The material model will 
be implemented and the extended numerical method verified in a commercial 
code. Also, the model will be calibrated and validated versus measurement. 
Research Question 
How should a coupled plasticity and non-local damage model be formulated 
in order to be efficient and possible to implement in commercial finite 
element codes? 
Limitations 
The work is focussing on ductile damage of metals. 

1.3 Outline of thesis 
This thesis presents a non-local damage model, its various simplifications in 
numerical implementation and its use in simulation of metal cutting. Chapter 
2 summarizes the physics of plasticity and damage with emphasis towards 
isotropic materials. Local damage and plasticity models are discussed in 
chapter 3. Chapter 4 presents non-local averaging of damage models. Various 
simplifications of a chosen non-local model are also described with their 
efficient and robust numerical scheme using standard shape functions. 
Chapter 5 presents a summary of the appended papers. Discussions and 
conclusions from the results in the appended papers are summarized in 
chapter 6. Recommendations for future work are given in chapter 7. 

2 Physics of ductile fracture 
In ductile fracture, voids do nucleate at the interface of second-phase particles 
and other inclusions due to plastic deformations, as they can be the weakest 
links. The initial voids grow more in presence of large stress triaxiality. 
Finally, the voids coalesce and lead to large cracks that lead to macroscopic 
failure of particles and other inclusions due to plastic deformations, as they 
can be the weakest links. This is different from brittle fracture that is initiated 



 
 

4 

at apparently no previous plastic deformation and thereafter grows quickly. 
The initial voids, in ductile fracture, grow more in large stress triaxiality. 
It is observed in ductile facture of engineering alloys with inclusions of 
varying sizes that nucleation and growth of voids occur through secondary 
voids that grow in between the primary voids (Besson, 2010; Garrison Jr & 
Moody, 1987). The primary voids remain small in low stress triaxiality in 
contrast to large stress triaxiality deformation. The secondary voids tend to 
start in the region where the strain is localized into shear bands. The voids are 
debonding at very small particles. The secondary voids coalesce at 450 to the 
transverse direction of the primary voids, leading to fracture, see Figure 2. 
 

 
                                (a) 

   
                            (b) 

Figure 2. (a) Primary voids grows in high stress triaxiality and leads to 
failure; (b) Secondary voids nucleated from shear localization band between 
primary voids. It leads to failure by void sheeting. Adapted from (Besson, 
2010). 
 
Micromechanical studies of ductile deformation indicate that cavity 
nucleation and void growth are important variables controlling the ductile 
fracture. The influence of damage is shown in Figure 3. In plastic deformation 
without damage, the unloading follows the initial elastic modulus, Figure 3a. 
However, with damage as in the case of ductile failure, the unloading is 
affected by damage due to cavities, microvoids, etc. The unloading will have 
a lower slope than the initial loading as shown in Figure 3b.  
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           (a) Material with plastic strain 

 
            (b) Damaged material 

Figure 3. Deformation in plasticity and damage mechanics. 
 
In material deformation, plasticity can occur without damage but ductile 
fracture requires the simultaneous occurrence of plastic deformation with 
damage. Damage variable thus are formulated in terms of plastic deformation 
and stresses. In damage growth modelling, damage-induced anisotropy can 
lead to damage variable being represented by three-principal values of 
damage tensor or two-principal value of damage tensor. Therefore a complete 
description of damage evolution requires consideration of cavities, voids, and 
other defects density and orientation. Zheng and his co-workers (Zheng & 
Collins, 1998) examined these effects on elastic properties of materials and 
formulated a physical approach relating damage evolution laws with material 
microstructural and physical properties. The approach indicated the 
importance of orientation of the cavities and voids in damage growth with 
changing length scale parameter in numerical simulation of ductile fracture of 
metals. 

3 Coupling damage and plasticity 

3.1 Hypotheses of strain or stress equivalence 
Continuum mechanics can be used for ductile fracture provided an 
appropriate definition of average stress and strain for a representative volume 
element (RVE) is used.  The use of a continuum mechanics approach can be 
based on the hypothesis of strain equivalence or strain equivalence (Simo & 
Ju, 1987). It is assumed in the strain-based approach that “the strain 
associated with a damaged state under the applied stress is equivalent to the 
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strain associated with its undamaged state under the effective stress”. This 
leads to a definition of effective stress1 as a transformation of the Cauchy 
stress as 

! :=M !1 :! , (1) 

where M is a fourth-order tensor, which characterize the damage state. In 
uniaxial plastic deformation, the equation reduces to the isotropic continuum 
damage mechanics as, 

! := !
1"# . (2) 

Usually the material is assumed to have failed when damage variable !  
reaches a critical damage !c .  
Alternatively, a hypothesis of stress equivalence (Simo & Ju, 1987) can be 
formulated. Then “the stress associated with a damaged state under an applied 
strain equals the stress associated with undamaged state under influence of 
effective strain”. This leads to that the effective strain defined as 

! :=M :! Anisotropy  (3) 

or 

! := 1"#$
%

&
'! Isotropy , (4) 

where !  is the strain tensor. The hypothesis of strain equivalence is used in 
the current work. 

3.2 Damage mechanics 
Damage, ! , is the volume fraction of the material that does not carry load. 
Several damage equations are available for modelling ductile fracture. 
Damage models can be formulated in a generalised form in terms of internal 
variables as 

! =! ("ep,# ,! ) . (5) 

Examples of specific damage models corresponding to Equation (5) can found 
in (Bonora, 1997; Cocks & Ashby, 1980; Lemaitre & Chaboche, 1990; 
Mathur & Dawson, 1987). A simple form is a local damage model where the 
evolution of damage is driven by the plastic strain 

! =! ("ep) . (6) 

                                           
 
1 Not to be mixed with von Mises effective stress. 
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In complex loading conditions such as in machining, it is assumed that 
damage evolves in presence of plastic strains and tensile stresses as discussed 
in (Pirondi & Bonora, 2003). The rate of damage accumulation can be given 
by 

 
!! = !c

"r #" f
R$Rv !"ep+  (7) 

where Rv = 2 3 1+ v( )+ 3 1! 2v( ) " h " e( )2  includes the Cauchy stress triaxiality 
factor ! h ! e .  !!e

p+ is the accumulative plastic strain rate in tension i.e when 
! h ! e " 0 . This is a simpler approach than the split of stress tensor into 
positive and negative parts as in (Desmorat & Cantournet, 2008). The term 
R! =1 "1 +"2( )! 2  depends on the normalised Lode-angle ! "1#! #1( ) . 
This angle characterises the stress state and is defined in (Cao, Gachet, 
Montmitonnet, & Bouchard, 2014) as 

! =1" 2
#
arccos J3

J2
$

%&
'

()

3*

+

,
,

-

.

/
/
 (8) 

where J2  and J3  are the second and third invariant of ! . !2 = 1"!1( ) . !1  is 
an additional parameter. Further variables in Equation (8) are ! f , which is the 
effective plastic strain at damage initiation and !r , which is the effective 
plastic strain at failure. 
Damage through the scalar damage variable !  is coupled to plasticity though 
the effective stress of Equation (2). The effective stress deviator is thus 
defined to represent the effect of damage on plasticity as 

! ij
D = ! D

(1"h# ) . (9) 

where 0 ! h !1 is a material parameter that differentiates between damage 
behaviour in tensile stress state and compressive stress state. In tension, h =1  
and Equation (9) reduces to its standard form in (Simo & Ju, 1987).  

4 Non-local modelling 
Local material models can be generalised to non-local models to be able to 
capture the scale dependent phenomena of localization problem. Other 
generalised continua can be achieved also by assuming that a material point 
can be deformable, as the case with micromorphic continua (Eringen & 
Suhubi, 1964) and gradient theories (Fleck & Hutchinson, 1997; Mindlin & 
Eshel, 1968). Figure 4 is a slight modification of S. Forest classification of 
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these generalised continua in (Forest, 2013). They all lead directly or 
indirectly to introduction of a characteristic length scale.  
 

 
Figure 4. Generalised continua theories. Adapted from (Forest, 2013). 

4.1 Non-local formulations 
Non-local continuum introduces a length scale by assuming that the state 
variables of the material constitutive equation does not only depend on its 
local values, at say x, but also on the values of one or several of the state 
variables in a domain around x. The size of this domain is the length scale 
parameter that is independent of the mesh size of the solution but dependent 
on the material microstructure and deformation. This neighbourhood effect 
can be accounted for by defining an integral of non-local state variable vnl as 
introduced in (Bazant & Lin, 1988) as 

 

vnl(
!x)= !(!"x #

!x)vl(
!
"x )d "x

$(!x)
%  (10) 

In Equation (10), vn  represent the local state variable in the continuous 
mechanics model. F is a weighting function e.g. Gauss distribution function 
and  !

!x( )  is the material volume around the point  
!x  in which !  not equal to 

zero. This integration volume usually extends over several finite elements. 
This is a typical implicit approach that requires the knowledge of current 
values of the neighbouring elements. However an explicit format can be used 
(Enakoutsa, Leblond, & Perrin, 2007; Saanouni, Chaboche, & Lesne, 1989). 
Then the values of the neighbouring elements at the start of the increment are 
used when integrating their contributions to non-local variable.  
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4.2 Non-local damage 
The local approach to fracture (Besson, 2006) requires the use of softening 
internal variables such as damage variable or its equivalent strain measures as 
the variable to be regularized. The effectiveness of the approach was first 
shown in (Pijaudier-Cabot & Bazant, 1987) with the example of isotropic 
damage model.  
The internal variables are best candidates when compared to other variables 
such as stress and total strain tensors (Andrade, de Sá, & Pires, 2014). For 
ductile plastic failure, the local model of damage evolution of Equation (5) 
can also be regularized to correctly describe material softening by considering 
non-local model for the damage variable ! , or the accumulated plastic strain 
!e
p . Andrade et al. in (Andrade, César De Sá, Pires, & Malcher, 2009) 

investigated non-local damage using Lemaitre’s damage evolution equation 
(Lemaitre & Desmorat, 2005) for a benchmark necking problem. Different 
variables in the model were considered for the averaging, Equation (10). 
Their results showed that variables that induce softening should be chosen for 
the averaging equation.  

4.3 Damage and plasticity equations  
This section describes the non-local damage and the stress used in the 
plasticity calculations. The non-local integral Equations (10) applied to 
Equation (6) leads to: 

 
!! =! !"ep #( )$

%
&
', (11) 

where 

 
!!ep "( ) = # x,"( )!ep "( )d"$ , (12) 

and ! x"#( )  is taken as the Gaussian distribution function 

! = exp "
xi " xj
2l2

#

$

%
%
%

&

'

(
(
(

2

, (13) 

where xi ! xj  is the distance between integration points i and j. The 

interacting radius parameter l above gives the length scale of the material 
deformation.  The non-local variable  !!  is considered as an internal variable 
in damage-plasticity modelling. Damage through the scalar damage variable 
 !!  is coupled to plasticity though effective Cauchy stress tensor !  is 
calculated as 
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! " = 1# !$( )C :de , (14) 

where !  is the Cauchy stress tensor, de is the elastic spatial velocity gradient 
and the right superscript !  denotes any objective stress rate. Coupling of 
damage variable to plasticity is through the yield function. 
Following the standard equations of continuum mechanics and from Equation 
(2) the yield function becomes 

 
F = ! e

1" !# "! y =! e "! y . (15) 

The plastic flow rule is given by  

 
!! p
e = !" #F

#$
. (16) 

with the hardening variable taken as the accumulated plastic strain and its rate 
given by 

 
!! pe = !" . (17) 

Equation (17) is consistent with the loading-unloading condition by having 

 
!! " 0; F # 0; !!F = 0 . (18) 

4.4 Implementation in finite element codes 
The increment in damage variable  i

n+1 !!  of Equation (11) is evaluated by 
introducing ! " 0,1[ ]  in Equation (12).   i

n+! !" p
e  is evaluated as:   

 

i
n+! !"e

p = 1
Wi

# ij j
n+!"e

pwjJ j
j=1
j$i

Ngpi

% + i
n+!"e

pwiJi
&

'

(
(
(

)

*

+
+
+

, (19) 

where wj is the weight of the numerical integration rule for the integration 
point and Ji is the Jacobian of the isoparametric mapping at this point. 
Evaluating Equation (19) at the end of an increment, ! =1 corresponds to a 
fully implicit non-local analysis. The use of ! = 0  in Equation (19) 
corresponds to an explicit non-local update (Cesar de Sa, Andrade, & 
Andrade Pires, 2010; Leblond, Perrin, & Devaux, 1994; Tvergaard & 
Needleman, 1995). The weight factor, Wi, is introduced in order to normalise 
the total weight over the domain. It is computed as 

Wi = ! ijwjJ j
j=1

Ngpi

" . (20) 
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Notice that ! ii =1 . The damage plasticity coupled equations of Equation (14) 
to (18) and non-local update scheme of (11), (19) and (20) are the non-local 
damage constitutive equations. This implementation procedure is also 
described in Paper B. 
Accurate evaluation of the non-local tangent stiffness is required in order to 
guarantee the quadratic rate of convergence of the Newton-Raphson 
equilibrium iteration scheme in the finite element method. The consistent 
tangent matrix, ct , is calculated from slight perturbation of ! "  in Equation 
(14) at current time step to give 

 
!" # = 1$ !%( )!" # $! !%"# = ct :!de . (21) 

For the fully implicit non-local model, analytical expression for the consistent 
tangent matrix ct  in Equation (21) involves coupled interaction of material 
points with its neighbouring points. The tangent stiffness contribution from an 
element to the global stiffness can be obtained directly following the 
procedure in (Bazant & Jirásek, 2002; Belnoue, Garnham, Bache, & 
Korsunsky, 2010) as 

 

k = wiBiT Ji 1! !" i( )#$ i
#% i

Bi
i=1

npgt

&

! wiBiT Ji
d !"
d i%ep

1
Wi

' ijwjJ j $ i(
# i !%e

p

#% i

)

*
+

,

-
.

j=1
j/i

Ngpi

& Bj +wiJi $ i(
# i !%e

p

#% i

)

*
+

,

-
. Bi

0

1

2
2
2

3

4

5
5
5i=1

ngpt

&
 (22) 

Equation (22) is the non-local consistent tangent stiffness contribution from 
each element in the mesh. Its assembly into the global stiffness requires the 
shape function derivatives Bj  from the neighbouring elements. It can be 
numerically evaluated by following the numerical tangent procedure based on 
the perturbation of the deformation gradient F in (Miehe, 1996). The 
perturbation due to symmetry properties gives rise to 6 components in three 
dimensions, i.e. ij( ) = 11,22,33,12,23,13[ ] . Based on the forward difference 
approximation, Equation (21) becomes 

 

k = wiBT iJi 1! !" i( )cepBi
i=1

npgt

#

! wiBT iiJi
d !"
d i$ep

1
Wi

% ijwjJ j & i'
( i !$e

p

($ i

)

*
+

,

-
.

j=1
j/i

Ngpi

# Bj +wiJi & i'
( i !$e

p

($ i

)

*
+

,

-
. Bi

0

1

2
2
2

3

4

5
5
5i=1

ngpt

#
, (23) 

where  
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!"e
p

!"
= 1e

J ij( )

J
!" p
e F̂ ij( )#
$

%
&
' !" p

e F( )
(

)

*
*

+

,

-
-
 (24) 

and 

F ij( ) = FIJ
ij( ) = FIJ +

e
2 ! IiFjJ +! IjFiJ"
#

$
% . (25) 

J ij( )  is the Jacobian, determinant of the perturbed deformation gradient F ij( ) , 
and e is perturbation parameter which has to be carefully chosen. Its range is 
between 1.e-4 and 1.e-12. An approximating of Equation (22) by assuming 
!ij = 0  is described in (Belnoue et al., 2010; Belnoue, Nguyen, & Korsunsky, 
2009; Belnoue & Korsunsky, 2012). It reduces k to kapprox  , by assuming 
! ij = 0  in Equation (22) . That gives 

kapprox = wiB
T
iiJict_approxBi

i=1

ngpt

!  (26) 

ct_approx  is the correction of the elastoplastic tangent stiffness matrix cep  
which for our non-local damage model becomes 

 
ct_approx = 1!" i( )cep ! d"

d i !#e
p$ i%

& i !#e
p

&# i
 (27) 

Equation (27) is approximate; with the consequence of loss of quadratic rates 
of convergence in finite element solution. The current models have been 
implemented in a finite element code (Lindgren, 2007) based on Matlab™ 
and also in a commercial code MSC.Marc.  
In the Matlab™ implementation, the element formulation is based on a 
multiplicative decomposition of elastic and plastic deformation gradients. A 
mean dilatation approach is used to improve the capability of the element for 
large plastic strains in the four node quadrilateral elements. The constitutive 
model is a hyper-elastoplastic model using principal stretches (Bonet & 
Wood, 2008).  
In MSC.Marc, the non-local model was implemented to model thermal and 
strain softening. Temperature is the variable that has to be replaced by its non-
local variant in thermal softening (Kane, Børvik, Hopperstad, & Langseth, 
2009). The non-local temperature  !T is evaluated over Ngpi  around i as 

 

!Ti =
1
Wi

!ijTjwjJ j
j=1
j"i

Ngpi

#
$

%

&
&
&

'

(

)
)
)
 

(28) 
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The non-local temperature field was implemented in user routine WKSLP 
while the non-local damage model was implemented in UDAMAG (MSC, 
2007).  

5 Summary of appended papers 

5.1 Paper A 
This paper is the starting point for the Matlab™ implementation of a non-
local basic damage model. The focus is on a simplified non-local formulation 
of damage models.  

5.2 Paper B 
In this paper, different simplifications in the implementation of a non-local 
damage model are thoroughly evaluated with respect to temporal and spatial 
discretisation to show the effect of different approximations on accuracy and 
convergence. This is of particular concern when using implicit finite element 
formulations where one wants to take as large time steps as possible. This 
evaluation has been possible by using an in-house code. One point is to 
investigate the effect on accuracy of the non-local damage model by limiting 
use of non-local data relevant for a certain integration point to the data at the 
beginning of an increment, called an explicit non-local update. This data are 
readily available during the iterative incremental solution of the finite element 
equations. It simplifies the implementation of the model via user routines in 
commercial finite element codes as well as reduces the nonlinearity in the 
solution process. The effects of various approximations in the consistent 
tangent matrix on convergence are also investigated. Furthermore, the non-
local damage model is compared with a local damage model in order to 
evaluate the mesh sensitivity. Numerical results for tensile and shear 
deformations examples are used for this evaluation.  

5.3 Paper C 
Two different approaches for achieving mesh independent solutions are 
compared in this paper. They are the multiresolution continuum theory 
(MRCT) and non-local damage model. The MRCT theory is a general multi-
length scale finite element formulation while the non-local damage model is a 
specialised method using a weighted averaging of softening internal variable 
over a spatial neighbourhood of the material point. Both approaches result in 
converged finite element solution of the localization problem upon mesh 
refinement. The focus of this study is on efficient and reliable finite element 
solution of the size dependent localization problem. The paper concludes with 
a discussion of benefits of each method as well as implementation issues with 
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respect to commercial software. The non-local damage model is simpler to 
implement in commercial software as well as more computational efficient. 

5.4 Paper D 
One of the aims in this paper is to show that thermal softening due to reduced 
flow strength of a material with increasing temperature may cause serrations 
of the chip formation in machining. The other purpose, the main focus of the 
paper, is to demonstrate that a non-local temperature field can be used to 
control these serrations. The non-local temperature is a weighted average of 
the temperature field in a region surrounding an integration point. Its size is 
determined by a length scale. This length scale may be based on physics of 
the process but is here taken as a regularization parameter. The paper is a first 
evaluation of use of non-local temperature fields to affects the localization in 
machining. The simulations are compared with previously published 
computed and experimental results. Experimental results include cutting 
forces and quick-stop tests giving chip morphology.  

5.5 Paper E 
The implementation of non-local damage model for strain softening, damage, 
in machining simulation is presented in this paper. A physical based 
dislocation density plasticity model describes the plastic behaviour of the 
material. A damage model is coupled to this plasticity. Damage evolution 
takes into account the stress state of the material and plastic strain. The 
damage model also makes a distinction between damage coupling under 
compressive and tensile state of stress. Predicted chip serration is in good 
agreement with measurement. The predicted chip thickness is also compared 
with experimental results and the paper concludes by discussing the efficiency 
and stability of the proposed non-local damage model. 

6 Discussions and conclusions 
The aim of the work presented in this thesis is to develop a non-local damage 
model for simulation of metal cutting. The model must be robust and efficient 
in addition to enable convergent solutions of machining simulations. The non-
local damage model implementation shows that: 

1. mesh independent solutions are obtained when the mesh is refined 
below the length scale of the non-local model. 

2. the convergence rate of the implicit non-local update is not much 
affected when ignoring contributions from neighbouring elements as 
suggested in (Belnoue et al., 2010; Belnoue & Korsunsky, 2012). 

3. the explicit non-local update gives accurate results provided the 
increment in strain is not too large.  
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4. it requires less computer time in comparison to a MRCT element as it 
has no additional nodal degree of freedoms as the MRCT element has. 
The analysis based on the MRCT element still requires about the same 
amount of elements, as the mesh must resolve the selected length scale. 
Its length scale cannot be made large enough to compensate for this.  

5. it has been implemented and used in machining simulations with 
frequent remeshing. 

 
The use of the algorithm for machining simulations in Paper D is the first 
case where a non-local temperature field has been utilized and shown how the 
chosen length scale relates to chip serrations, i.e. localised deformations. The 
use of a non-local approach with a length scale is necessary in order to assure 
a convergent solution for machining. The used length scale of 0.075 mm is 
currently considered as a regularization parameter as the width of the real 
shear band is expected to go down to about 0.001 mm compared to the used 
0.075 mm in the paper. A convergent solution based on a physical based 
length scale will still require extremely large computational efforts. Paper E 
is also the state of art in non-local damage modelling applied to machining. 

7 Future work 
Future efforts should focus on improvement of the damage models used in 
this work. The damage model based on dislocation density incorporating the 
stress state can also be applied to shear cutting in addition to machining.  
Final failure occurs very quickly after damage initiates. A non-linear 
approach as described in (El-Magd & Brodmann, 2000) could be used to 
describe the stress-triaxiality on damage. Such model was developed for 
cutting simulation of Inconel 718 in (Sievert et al., 2003; Sievert et al., 2005). 
The influence of the stress state on the damage model should be evaluated 
through simulation using high strain rate tensile tests on notched specimens. 
Damage can be influenced by precipitates/particles in the material. Damage 
models can account for this by assuming that microvoids nucleates at the 
particles forming a growing region of reduced stresses and strains (El-Magd, 
2003). Damage is then considered to be proportional to the relieved volume 
fraction of precipitates in these regions. Such model is used to describe 
softening in impact tensile tests in (El-Magd & Brodmann, 2001). The model 
could be further developed and applied to better describe damage in cutting 
processes for this kind of materials, like aged Alloy 718. 
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SUMMARY 

 
Localisation of deformation is a problem in several manufacturing processes. Machining 
is an exception where it is a wanted feature. However, it is always a problem in finite 
element modelling of these processes due to mesh sensitivity of the computed results. 
The remedy is to incorporate a length scale into the numerical formulations in order to 
achieve convergent solutions. 
 
Key Words: Finite element method, manufacturing, damage, plasticity 
 
 
1. INTRODUCTION 
 
Integrated microstructure and constitutive models are used in thermo-mechanical 
simulations of individual, e.g. [1, 2], as well as chains of manufacturing processes [3, 4]. 
There are modelling challenges with respect to the material behaviour as well as friction 
conditions in many cases. However, there are also numerical problems requiring special 
precautions. The latter are mainly the need for handling extremely large deformation as 
well as localised deformations. Both issues occurs in machining simulations [1]. The 
focus of the current study is on the localisation problem. 
There are two basic approaches to reduce the extreme mesh sensitivity when modelling 
localisation problems. In both cases, a length scale is introduced that enables the 
convergence of the solution by limiting the localisation of the deformation. This length 
scale can have a connection to the physics of the material behaviour but can also be seen 
as a numerical, regularisation parameter [5-10]. The two variants of including this length 
can be related either to non-local formulations or higher order continuum theory. An 
example of higher order continuum theory is the multiresolution continuum theory 
(MRCT) introduced by W.K Liu and co-workers [11-13]. It includes the Cosserat 
continuum, polar and micromorphic formulations [14-16] as special cases. The current 
focus is on a simplified non-local formulation of damage models. The plastic behaviour is 
based on a standard plasticity model. The damage evolution is coupled to the plastic 
straining of the material. The main point in the simplification of the non-local damage 
model is to limit the use of non-local data relevant for a certain integration point to the 
beginning of an increment. Thus this data are known during the iterative incremental 



solution of the finite element equations. This simplifies the implementation of the model 
in commercial finite element codes via user routines. 
 
 
2. NON-LOCAL DAMAGE MODELS 
The used isotropic non-local damage model is an extension of classical local damage 
models as shown below. Two damage models are used in the current study. 
Local damage models. An isotropic damage parameter, ! , is introduced to represent 
material degradation. The strain-based approach is used [17] and the change in effective 
Cauchy stress tensor !  is calculated as 

! ! = 1""( )"1! ! = 1""( )"1Ce : de ,  (1) 
where !  is the Cauchy stress tensor, Ce  is the elastic material fourth order tensor, de is 
the elastic spatial velocity gradient and the right superscript !  denotes any objective 
stress rate. This effective stress is the used in the yield criterion  
! =! e "! y , 

(2) 
where ! y  is the yield limit for undamaged material and ! e  is von Mises stress of the 
effective stress tensor ! . Two damage laws are considered. The first one is a function of 
effective plastic strain !e

p  given by 

! =
"e
p !" fail

"rupt !" fail
. (3) 

! fail  is the effective plastic strain at damage initiation and !rupt  denotes the value at  
fracture. The other damage evolution model is formulated from “state kinetic coupling 
theory” [18], with accumulated plastic strain as the isotropic internal variable. It is given 
by a rate equation as  

!! =
Y
S
!!e
p

1!!( )
. 

(4) 
S is the damage strength constant of the material and Y is a combined measure of the 
deviatoric, ! e , and hydrostatic, ! H , stress states. It is given by 

Y = !
2
e

6G
+
! 2

H

2K
, (5) 

where G and K are shear and bulk modulus respectively.  
 
Non-local damage models. The extension to non-local damage model is achieved by 
replacing the driving variables in Eq.s (3) and (4) are replaced by non-local variables  
!! =!( !!e

p, !! p ) , (6) 
The nonlocal effective plastic strain !!e

p  and stress tensor !!  are given by an averaging 
integral over the influence points Ngpi  around the current integration point denoted by 
right subscript i. This integral is evaluated at the end of an increment in a full implicit 
analysis. The time at that instant is denoted by left superscript n+1. We also introduce the 
possibility to evaluate the values of the neighbourhood at another time by introducing 



! ! 0,1[ ] . The non-local effective plastic strain is computed using an average value 
obtained by integration over a neighbourhood of a given integration point. The size of 
this neighbourhood, l, is the length scale in the formulation. The nonlocal average is 
evaluated over the Ngpi integration points within this domain using 

i
n+1 !!e

p =
1
Wi

"
ij j
n+#!e

pwjJ j
j=1
j!i

Ngpi

" + i
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pwiJi

#

$
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%

&

'

(
(
(
, (7) 

where wj is the weight of the numerical integration rule for the integration point and Ji is 
the Jacobian of the isoparametric mapping at this point. The function !ij  can be based on, 
for example, the Gaussian distribution function. This function is written as 

!ij = exp "
xi " x j
2l2

#

$
%
%

&

'
(
(

2

, (8) 

where xi ! x j  is the distance between integration points i and j .  
The weight factor, Wi, is introduced in order to normalise the total weight over the 
domain. It is computed as 

Wi = !
xi ! x j
2l2

"

#
$
$

%

&
'
'j=1

i( j

Ngpi

)
2

wjJ j . (9) 

 
3. CONCLUSIONS 
The work is in progress. The outcome will be a comparison between the simplified 
version, using !=0 in Eq. (7), and the standard approach, !=1, in terms of efficiency and 
accuracy as well as ease of implementation.  
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1. Introduction

Integrated microstructure and constitutive models are used in
thermo-mechanical simulations of individual, e.g. (B!orjesson and
Lindgren, 2001; Svoboda et al., 2010) as well as chains of
manufacturing processes (Lindgren et al., 2011a,b; Tersing et al.,
2012). There are modelling challenges with respect to the mate-
rial behaviour as well as friction conditions inmany cases. However,
there are also numerical problems requiring special precautions.
The latter are mainly the need for handling extremely large
deformation as well as localised deformations. Both issues occur in
machining simulations (Svoboda et al., 2010). The focus of the
current study is on the localisation problem.

There are two basic approaches to reduce the extreme mesh
sensitivity when modelling localisation problems. In both cases, a
length scale is introduced that enables the convergence of the so-
lution by limiting the localisation of the deformation. This length
scale can have a connection to the physics of thematerial behaviour
but can also be seen as a numerical, regularisation parameter (Al-
Rub and Voyiadjis, 2004; Al-Rub and Voyiadjis, 2006; Bazant and
Jir"asek, 2002; Enakoutsa et al., 2007; Geers et al., 2003). The two
variants of including this length scale can be related either to non-
local formulations or higher order continuum theory. An example
of higher order continuum theory is the multiresolution continuum
theory (MRCT) introduced by W.K Liu and co-workers (Lindgren
et al., 2011a,b; Liu et al., 2009; McVeigh et al., 2006). It includes

the Cosserat continuum, polar and micromorphic formulations (de
Borst, 1991; Eringen and Suhubi, 1964; Forest and Sievert, 2006) as
special cases. The current focus is on a simpli!ed non-local
formulation of damage models. The plastic behaviour is based on
a standard plasticity model. The damage evolution is coupled to the
plastic straining of the material.

The aim of the current work is to evaluate how different levels of
implementation simpli!cations affect accuracy and ef!ciency. This
is of particular concern when using implicit !nite element formu-
lations where onewants to take as large time steps as possible. This
evaluation has been possible by using an in-house code. One point
is to investigate the effect on accuracy of the non-local damage
model by limiting use of non-local data relevant for a certain
integration point to the data at the beginning of an increment,
called an explicit non-local update (Cesar de Sa et al., 2010). This
data are readily available during the iterative incremental solution
of the !nite element equations. It simpli!es the implementation of
the model via user routines in commercial !nite element codes as
well as reduces the nonlinearity in the solution process. The effects
of various approximations in the consistent tangent matrix on
convergence are also investigated in our paper. (Leblond et al.,
1994; Tvergaard and Needleman, 1995) used a simpli!ed local
counterpart of the constitutive tangent matrix in their extension of
Gurson's plasticity model (Gurson, 1977). They found that they had
to take extremely small time steps. Neither did they include any
comparison with using the exact tangent operator or the effect of
longer time steps.

Furthermore, the non-local damage model is compared with a
local damage model in order to evaluate the mesh sensitivity. Nu-
merical results for tensile and shear deformations examples are
used for this evaluation.
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2. Non-local damage formulation

2.1. Coupled damage and plasticity

Ductile fracture is preceded by large-scale plastic yielding.
Simulation of ductile fracture requires models that account for the
simultaneous occurrence of plastic deformation coupled with
damage. The use of a continuum mechanics approach can be based
on the hypothesis strain equivalence (Simo and Ju, 1987) leading to
a de!nition of effective stress s as a transformation of the Cauchy
stress s as

s :! M"1 : s (1)

where M is a fourth-order tensor, which characterize the damage
state. The equation reduces to

s !
s

1" u
(2)

for isotropic damage. Usually the material is assumed to have failed
when it reaches a critical damage uc. Physically, the damage
parameteru can be interpreted as the ratio of damaged surface area
or volume over the total surface area or volume at a local material

point. The strain equivalence formulation model is combined with
the assumption that damage affects elasticity, plasticity or visco-
plasticity in the same way. This simpli!es the modelling as all
deformation of a damaged material is represented in the consti-
tutive law of the virgin material by replacing the stress by effective
stress.

2.2. Constitutive model

The strain-based approach is used and the change in effective
Cauchy stress tensor s is calculated as

sV ! #1" u$Ce : de (3)

where s is the Cauchy stress tensor, Ce is the elastic material fourth
order tensor, de is the elastic spatial velocity gradient and the right
superscript V denotes any objective stress rate. The effective stress
used in the plasticity calculations is given by Equation (2). It is the
used in the yield criterion

F ! se " sy (4)

Table 1
Investigation of effect of q in Equation (15) for damage.

Length of
time step
[secs]

Average
strain
incrementa

Peak force [kN] Maximum 3
p
e

before failure
Maximum
u before
failure

q ! 0 q ! 1 q ! 0 q ! 1 q ! 0 q ! 1

1 0.085 8.87 8.77 0.07 0.07 0.09 0.10
0.5 0.021 8.77 8.67 0.08 0.10 0.15 0.21
0.25 0.005 8.68 8.61 0.11 0.10 0.26 0.21
0.125 0.001 8.61 8.58 0.11 0.10 0.24 0.22
0.0625 3.33e-4 8.58 8.55 0.10 0.10 0.22 0.21
0.03125 8.322-5 8.55 8.54 0.10 0.10 0.23 0.22
0.015625 2.08e-5 8.54 8.53 0.10 0.10 0.21 0.21
0.5-> 0.05 2.13e-4 8.58 8.55 0.10 0.10 0.22 0.22

a This is based on length of time steps combinedwith Equation (29) and assuming
homogeneous deformation.

Table 2
Investigation of discretisation effect of using variable time stepping 0.5e0.05 secs.

Type of model Peak
force [kN]

Width of
damage banda

Maximum 3
p
e

before failure
Maximum u

before failure

20%80 local model 8.66 0.90 mm 0.18 0.46
20%80 explicit

non-local update
8.67 2.10 mm 0.12 0.14

40%160 local 8.60 0.50 mm 0.22 0.51
40%160 explicit

non-local update
8.56 1.90 mm 0.13 0.13

a De!ned as region with effective plastic strain above 0.08.

Fig. 1. The most coarse !nite element mesh used in the tensile necking simulations. It consists of 5 rows and 20 columns of four node elements, denoted 5 % 20 in the text. A quarter
of the specimen is modelled. Symmetry conditions are applied to the left (x ! 0) and bottom (y ! 0). The centre of the specimen is made 1.8% thinner.

Fig. 2. The most coarse !nite element mesh used in the shear simulations. It consists
of 12 rows and 10 columns of four node elements, denoted 12x10 in the text. A quarter
of the specimen is modelled. Symmetry conditions are applied to the left (x ! 0) and
bottom (y ! 0). The centre of the specimen is made 2% thinner.
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where sy is the yield limit for undamaged material and se is von
Mises stress of the effective stress tensor. The plastic "ow rule is
given by

_3pe ! _l
vF
vse

: (5)

With the hardening-softening variable taken as the accumu-
lated plastic strain and its rate given by

_3pe ! _l: (6)

Equation (6) is consistent with the loading-unloading condition
by having

_l & 0; F ' 0; _lF ! 0 (7)

2.3. Local and non-local damage models

A simple damage evolution law is considered in the current
work. The evolution of damage is driven by the plastic strain as

u ! u
!

3
p
e
"
; (8)

for the local damage model. The corresponding non-local damage
model is obtained by replacing the effective plastic strain by a
corresponding non-local variable ~3pe

~u ! u
!
~3pe
"
; (9)

Non-local continuum formulations introduce a length scale by
assuming that the state variables of the material constitutive
equation do not only depend on its local values, at say x, but also on
the values of one or several of the state variable in a domain around
x. This size of this domain allows a material length scale parameter
that is independent of the mesh size of the solution but dependent
on the material microstructure and deformation. This neighbour-
hood effect can be accounted for by de!ning an integral of non-local
state variable vnl as introduced in Ba#zant and Lin (1988) as

vnl
!
x!
"
!

Z

U# x!$

F
!
x!0 " x!

"
vl
!
x!0"

dx0 (10)

In Equation (10) vl represent the local state variable in the
continuous mechanics model. F is a weighting function e.g. Gauss
distribution function and U# x!$ is the material volume around the
point x! in which F not equal to zero. This integration volume
usually extends over several !nite elements. The non-local integral
Equation (10) is applied to the effective plastic strain evaluated as

~3pe !
Z

a#x; x$ 3
p
e#x$dx; (11)

where a(x,x) is de!ned as,

a
!
x" x

"
!

F#kx" xk$Z

v

F#kx" xk$dx
; (12)

for preserving uniform distribution near the boundary. One of such
modifying operator is as in Jir"asek and Rolshoven (2003). The

Fig. 3. Plot of force versus elongation for variable time stepping case Table 1.

Fig. 4. Convergence plots of displacement norm for case with !xed time step of
0.125 secs for (a) q ! 0 and (b) q ! 1 using the non-local damage model.
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effectiveness of this approach was !rst shown in Pijaudier-Cabot
and Bazant (1987). The effective (undamaged) stress of Equation
(1) is accordingly written as

s ! 1
1" ~u

s: (13)

3. Model implementation

A simple damage laws is considered in the current study.
Damage is a function of effective plastic strain 3

p
e given by

u ! min

 
3
p
e " 3fail

3rupt " 3fail
;umax

!

: (14)

3fail is the effective plastic strain at damage initiation and 3rupt
denotes the value at fracture.umax is an upper limit applied in order
to avoid completely loss of stiffness at the point.

The non-local effective plastic strain ~3pe is given by an averaging
integral over the in"uence integration points Ngpi around the cur-
rent integration point denoted by right subscript i. We introduce
the possibility to evaluate the non-local effective plastic strain n(q

i ~3
P
e

in Equation (15) at various instances by introducing q2[0,1]. This
integral is evaluated at the end of an increment, q ! 1, in a fully
implicit analysis. The non-local effective plastic strain is computed
using an average value obtained by integration over a neighbour-
hood of a given integration point. The size of this neighbourhood, l,

is the length scale in the formulation. The non-local average is
evaluated over the Ngpi integration points within this domain using

n(q
i ~3

p
e ! 1

Wi

2

664
XNgpi

j!1
jsi

bij
n(q
j 3

p

e
3wjJj ( n(q

i 3
p
ewiJi

3

775: (15)

where wj is the weight of the numerical integration rule for the
integration point and Ji is the Jacobian of the isoparametric map-
ping at this point. The function bij can be based on, for example, the
Gaussian distribution function. This function is written as

bij ! exp
#
"
$$xi " xj

$$

2l2

%2
: (16)

where kxi"xjk is the distance between integration points i and j.
Notice that bii ! 1. The weight factor, Wi, is introduced in order to
normalise the total weight over the domain. It is computed as

Wi !
XNgpi

j!1
bijwjJj: (17)

The current implementation is applied in a !nite element code
(Lindgren, 2007) developed using Matlab™. The element formu-
lation is based on a multiplicative decomposition of elastic and
plastic deformation gradients. A mean dilatation approach is used
to improve the capability of the element for large plastic strains in
the four node quadrilateral elements. The constitutive model is a
hyper-elastoplastic model using principal stretches. The theory can
be found in Bonet and Wood (Bonet, 1997).

4. Non-local consistent tangent matrix

The consistent tangent stiffness is necessary to have in order to
achieve quadratic rate of convergence when using the Newton-
Raphson solution scheme for the global equilibrium iterations. The
consistent tangent matrix, ct, is obtained from a slight perturbation
of sV in Equation (3) in combination with Equation (2) at current
step to give

Table 3
Error norm in displacement norms with various approximations in consistent
constitutive matrix for the case with !xed time step of 0.5 secs.

Iteration Non-local damage q ! 1
and with approximate
consistent constitutive
matrix, Equation (27)

Non-local damage q ! 1
and with correct consistent
constitutive matrix,
Equation (24)

Iteration Error Error
1 1.5300E-2 1.5300E-2
2 3.2100E-3 3.1200E-3
3 1.0552E-5 1.3151E-5
4 9.4966E-7 1.0349E-6
5 6.0955E-6 2.6998E-9

Fig. 5. Plot of effective plastic strain using non-local damage model at 6.475 secs using 20%80 mesh.
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dsV ! #1" ~u$dsV " d~usV ! ct : dde: (18)

The derivation of the non-local consistent tangent matrix ct
follows the procedure in (Belnoue, Garnham, Bache and Korsunsky,
2010; Jir"asek and Patz"ak, 2002). It starts with the de!nition of the
internal force vector for an element e,f eint,

f eint !
Z

ve

BTs (19)

BT in Equation (19) is the transpose of the usual shape function
derivatives. We can combine Equation (19) and Equation (2) to give

fe;int !
Xngpt

i!1
wiJiBi#1" ~ui$si (20)

where ngpt is the number of integration points in the element. The
tangent stiffness contribution from an element to the global stiff-
ness can be obtained by differentiating Equation (20) with respect
to the displacement vector u as

k !
vfe;int
vu

!
Xngpt

i!1
wiBi#1" ~ui$

vsi
vu

"
Xngpt

i!1
wiBisi

v~u

vu

!
Pngpt

i!1
wiBi#1" ~ui$

vsi
v 3i

v 3i
vu

"
Xngpt

i!1
wiBisi

v~u

v 3i

v 3i
vu

(21)

We now use our non-local averaging Equation (15) and non-
local damage Equations (9) and (14) to obtain k as

k !
Xnpgt

i!1
wiB

T
i Ji#1" ~ui$

vsi
v 3i

v 3i
vu

"
Xngpt

i!1
wiB

T
i Jisi

d~u
di 3

p
e

1
Wi

2

6664
XNgpi

j!1
jsi

bijwjJj
vi~3

p
e

v 3i

v 3j

vu
(wiJi

vi~3
p
e

v 3i

v 3i
vu

3

7775

(22)
The use of Bi ! v 3i/vu enables us to express Equation (22) as

Fig. 6. Plot of damage using a non-local damage model at 6.475 secs using 20%80 mesh.

Fig. 7. Plot of effective plastic strain using local damage model at 6.37 secs using 20%80 mesh.
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k !
Xnpgt

i!1
wiB

T
i J i#1" ~ui$

vsi
v 3i

Bi "
Xngpt

i!1
wiB

T
i Ji

d~u
di 3

p
e

1
Wi

%

2

6664
XNgpi

j!1
jsi

bijwjJj

&
si5

vi~3
p
e

v 3i

'
Bj (wiJ i

&
si5

vi~3
p
e

v 3i

'
Bi

3

7775

(23)

Equation (23) is the non-local consistent tangent stiffness
contribution from each element in the mesh. Its assembly into the
global stiffness requires the shape function derivatives Bj from the
neighbouring elements. It can be numerically evaluated by
following the numerical tangent procedure based on the pertur-
bation of the deformation gradient F in Miehe (1996). The pertur-
bation due to symmetry properties gives rise to 6 components in
three dimensions, i.e.(ij)! [11,22,33,12,23,13]. Based on the forward
difference approximation, Equation (18) is becomes

k !
Xnpgt

i!1
wiB

T
i Ji#1" ~ui$cepBi "

Xngpt

i!1
wiB

T
i Ji

d~u
di 3

p
e

1
Wi

%

2

6664
XNgpi

j!1
jsi

bijwjJj

&
si5

Di~3
p
e

D 3i

'
Bj (wiJi

&
si5

Di~3
p
e

D 3i

'
Bi

3

7775

(24)

where

D 3
p
e

D 3
! 1

e

"
J#ij$

J
~3pe
(
bF
#ij$)

" ~3pe#F$

#

(25)

and

F#ij$ ! F#ij$
IJ ! F IJ (

e
2
*
dIiF jJ ( dIjF iJ

+
(26)

J(ij) is the Jacobian determinant of the perturbed deformation

Fig. 8. Plot of damage using local damage model at 6.37 secs using 20%80 mesh.

Fig. 9. Plot of effective plastic strain using non-local damage model at 6.1 secs using 40%160 mesh.
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gradient F(ij), and e is perturbation parameter which has to be
carefully chosen. Its range is between 1.e-4 and 1.e-12. An
approximating of Equation (23) by assuming bij ! 0 is described in
(J. P. Belnoue, Nguyen and Korsunsky, 2009; J. P. Belnoue, Garnham,
Bache and Korsunsky, 2010; J. Belnoue and Korsunsky, 2012) It
reduces k to kapprox, by assuming bij ! 0 in Equation (23). That gives

kapprox !
Xngpt

i!1
wiB

T
i Jict approxBi (27)

ct_approx is the correction of the elastoplastic tangent stiffness ma-
trix cep which for our non-local damage model becomes

ct approx ! #1" ui$cep "
du
di~3

p
e
si5

vi~3
p
e

v 3i
(28)

Equation (28) is approximate; with the consequence of loss of
quadratic rates of convergence in !nite element solution.

5. Evaluation tests

The applicability of the non-local damage models in
describing localization problems is examined through tensile
necking test, section 6.1, and a shear deformation example, sec-
tion 6.2. Different time steps were used according to Table 1. The
tensile test geometry is same as the tensile necking test in (de
Souza Neto et al., 1996). The shear test example is taken from
Baaser and Tvergaard (2003). Due to symmetry, only the upper
right quarter of the geometries are modelled, see Fig. 1 and Fig. 2.
The displacement of the right edge is prescribed in both geom-
etries. Its motion is given by

up ! 0:22$t: (29)

The elastic and plastic material properties are the same as in (de
Souza Neto et al., 1996). The yield limit is given by

Fig. 10. Plot of damage using a non-local damage model at 6.1 secs using 40%160 mesh.

Fig. 11. Plot of effective plastic strain using local damage model at 5.875 secs using 40%160 mesh.
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sy ! sy0 (
!
ssat " sy0

"(
1" e"d 3

p
e

)
( Hlin 3

p
e ; : (30)

with sy0 ! 450 MPa, ssat ! 715 MPa, Hlin ! 129.24 MPa and
d! 16.93. A two-dimensional !nite element model assuming plane
strain in the thickness of the test specimen is used. The damage
parameters taken for Equation (14) are; 3fail ! 0.05, 3rupt ! 0.3 and
umax ! 0.1. The non-local damage model use a length scale of
l ! 0.66 mm and l ! 2.00 mm in Equation (16) for the tensile and
shear tests respectively.

6. Results and discussions

6.1. Tensile test case

6.1.1. Temporal discretization
The effect of the simpli!cation of using plastic properties at

the beginning of an increment, q ! 0 in Equation (15), in the non-
local damage model was evaluated on the 5x20 element mesh,
Fig. 1. The model has a length scale of l ! 0.66 mm for Equation
(16). The smallest elements in the mesh have a width of mm for
1 mm. Thus the averaging is for this case done only over the
nearest neighbouring elements. Its length is 53.334 mm and
width is 12.826 mm. The fully implicit non-local update of the

Fig. 12. Plot of damage using local damage model at 5.875 secs using 40x160 mesh.

Fig. 13. Plot of effective plastic strain using non-local damage model at 3.9487 secs using 12%10 mesh.
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damage model (q ! 1.0) is better than the explicit non-local
update (q ! 0) as expected but this is only visible for the
longer time steps. Naturally, fewer iterations are required for the
cases with shorter time steps. Less damage is obtained in the
explicit non-local variant for the longer time steps as the plastic
strains used in the damage model is lagging one time step
behind. This can be seen in Fig. 3 for the case with variable time
stepping. The analysis goes on to a larger total elongation until

failure occurs. The non-local damage response is a mixture of
material and neighbourhood (size) effects that depends on the
choice of q in Equation (15). The models predictions are not
identical in the results shown due to the !nite time steps taken
but will converge to same results when reducing the size of the
time steps. The convergence rate during the full Newton-Raph-
son iterations was very good for all cases and the error measure
typically goes down to 10"7 in displacement norm and 10"5 in

Fig. 14. Plot of damage using non-local damage model at 3.9487 secs using 12%10 mesh.

Fig. 15. Plot of effective plastic strain using local damage model at 3.0287 secs using 12%10 mesh.
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residual force norm within !ve iterations. The iterations and
convergence becomes more dif!cult when necking becomes
more pronounced.

Convergence plots for Dt! 0.125 secs and q! 0 and 1 are shown
in Fig. 4. There is 2nd order convergence for the test throughout the
damage processes except at the start and the end of the simulation.
The convergence properties of the non-local tangent stiffness with
q ! 1 models, Equation (24), are also compared to model with
approximate tangent stiffness, Equation (27) The results are tabu-
lated in Table 3 in the middle of the damage process. The

convergence rate is of 2nd order for the correct, Equation (23), as
well as the approximate, Equation (28), tangent matrices. The
iterative process in global equilibrium requires not more than 5
iterations to achieve convergence in Euclidean norm of the residual
with tolerance 1.e-5.

6.1.2. Spatial discretization
Adaptive time stepping is usedwhere the length of the time step

starts with 1 sec and is reduced to 0.05 secs at end of the analysis.
Four different meshes were used when comparing the local and

Fig. 16. Plot of damage using local damage model at 3.0287 secs using 12%10 mesh.

Fig. 17. Plot of effective plastic strain using non-local damage model at 3.4087 secs using 48%40 mesh.
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non-local damage models. They are the mesh in Fig. 1 with 5x20
elements and then !ner meshes with 10x40, 20x80 and 40x160
number of elements. The length scale, l! 0.67 mm, in the non-local
damage models is the same for all meshes. The effective plastic
strain and damage are shown in Figs. 5e12 and Table 2 for the two
!ner meshes and the explicit update of the non-local model, q ! 0.
The same trends holds for the other cases and also the implicit non-
local model. The re!nement of the mesh localizes the damage and
also the plastic strain for the classical, local damage model. The
results are much more stable when re!ning the mesh below the

length scale for the non-local damage models. The mesh inde-
pendence in the non-local damage model is even more obvious for
the shear test in section 6.2.

6.2. Shear test case

6.2.1. Shear band localization
The effect of the simpli!cation of using plastic properties at the

beginning of an increment in the damage model was evaluated on
the 12%10 element mesh, Fig. 2 and then !ner meshes with 24%20,

Fig. 18. Plot of damage using non-local damage model at 3.4087 secs using 48%40 mesh.

Fig. 19. Plot of effective plastic strain using local damage model at 2.3587 secs using 48%40 mesh.
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48%40 number of elements. The test is used to show shear band
formation in metal strip (Baaser and Tvergaard, 2003) and the
regularization effects of the non-local damagemodels. The effective
plastic strain and damage obtained for various meshes using local
and non-local damage models are shown in Figs. 13e20. The non-
local model predictions are in agreement with the regularization
effects of non-local models for shear band problems (Abu Al-Rub
and Voyiadjis, 2005; Sluys et al., 1993). The shear band has a
!nite width dependent on the material length scale and indepen-
dent of the mesh size used. The inclination of the shear band is
approximately 45). Fig. 21 shows the force-elongation results of
both local and non-local responses for the shear test case. It can be
seen that the results converge from higher levels towards a stable
curvewhen re!ning the mesh for the non-local damage model. The
local model has clearly not converged. The local and non-local
damage models naturally cannot converge to the same results, as
this would require different damage parameters for them.

7. Discussions and conclusions

Non-local damage models are of interest for obtaining mesh
independent solutions for localisation problems. Our approach
follows the suggestion in (Andrade et al., 2013). They stated, “Best
candidates for non-local averaging are internal variables that con-
trol material softening”. The same conclusion was reached in
(Ba#zant and Lin, 1988; Ba#zant and Pijaudier-Cabot, 1988). The
damage variable ~u is based on a non-local effective plastic strain.
This is comparable to the G-F model in their paper. Note that we do
not use non-local plastic strain in the stress update algorithm,
called L-R and G-R models in the Andrade et al.'s paper but use a
local plasticity model.

Various simpli!cations in the implementation of a non-local
damage model in an implicit !nite element code have costs in
terms of more equilibrium iterations and shorter time steps. The
implementation of fully implicit non-local damage model requires
access to current data of neighbouring integration points, Equation
(15). Furthermore, the consistent constitutive matrix requires

element information from neighbouring elements in the evaluation
of Equation (24). This is in general not available when imple-
menting non-local damage in commercial !nite element codes. We
have in our in-house code used in the paper both implemented and
assessed these issues. The current study shows that:

1. mesh independent solutions are obtained when the mesh is
re!ned below the length scale of the non-local damage model.

2. the convergence rate of the implicit non-local update of the
non-local damage model is not much affected when ignoring

Fig. 20. Plot of damage using local damage model at 2.3587 secs using 48%40 mesh.

Fig. 21. Plot of force versus elongation: comparison local (l ! 0) and non-local damage
model (l ! 2.00 mm).
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contributions from neighbouring elements as suggested in (J. P.
Belnoue, Garnham, Bache and Korsunsky, 2010; J. Belnoue and
Korsunsky, 2012).

3. the explicit non-local update of the non-local damage model
gives accurate results provided the increment in strain is not too
large.

We will favour the explicit update of the non-local damage
model when implementing it into commercial software, as the
strain increments are usually not large in nonlinear analyses. Using
this approach also simpli!es the implementation of the consistent
constitutive matrix as it is simply obtained by scaling the elastic
properties.

One should note that the non-local model does not converge to
the same results as the local damage model though the damage
models have the same format, Equation (9). They will get different
plastic strain values depending on the weighting function used in
Equation (10). Thus if one has calibrated some damage parameters
using a local model, then one need to recalibrate them when
switching to a non-local damage model.
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1 Abstract 
Modelling and simulation of manufacturing processes may require the capability to 
account for localization behaviour, often associated with damage/fracture. It may be 
unwanted localization indicating a failure in the process or, as in the case of 
machining and cutting, a wanted phenomenon to be controlled. The latter requires a 
higher accuracy regarding the modelling of the underlying physics as well as the 
robustness of the simulation procedure. Two different approaches for achieving mesh 
independent solutions are compared in this paper. They are the multiresolution 
continuum theory (MRCT) and non-local damage model. The MRCT theory is a 
general multi-length scale finite element formulation while the non-local damage 
model is a specialised method using a weighted averaging of softening internal 
variable over a spatial neighbourhood of the material point. Both approaches result in 
converged finite element solution of the localization problem upon mesh refinement. 
This study compares the accuracy and robustness of their numerical schemes in 
implicit finite element codes for the plane strain shear deformation test case. Final 
remarks concerning ease of implementation of the methods in commercial finite 
element packages are also given. 
 
Key Words: Finite element method; Non-local damage; Multiresolution continuum 
theory; Plasticity; Manufacturing 

2 Introduction 
Modelling and simulation of manufacturing processes such as machining is quite 
demanding. There are two issues; modelling of the material behaviour and contact 
properties and the simulation of the localisation behaviour (Vaz Jr, Owen, Kalhori, 
Lundblad, & Lindgren, 2007). The latter requires special procedures in order to obtain 
mesh independent solutions as standard approaches always concentrates the damage 
to the smallest element in the softening region. This size effect in cutting process as 
described in (Nakayama & Tamura, 1968) is frequently encountered in simulation 
(Svoboda, Wedberg, & Lindgren, 2010; Wu, Coret, & Combescure, 2011). Physical 
causes of this non-local numerical instability can be seen, for example, in the 
homogenization of microstructural heterogeneity at small scale (Bazant & Jirásek, 
2002). In engineering alloys, this heterogeneity is caused by microstructure with a 
governing characteristic length.  
The focus of this study is on efficient and reliable finite element solution of the size 
dependent localization problem. Two different approaches for achieving mesh 
independent solutions are compared in the paper. They are the multiresolution 
continuum theory (MRCT) and non-local damage model. The considered 
methodologies in (Qin, Lindgren, Liu, & Smith, 2015) and (Abiri & Lindgren, 2014) 



incorporate length scales in their formulations. The MRCT theory is a very general 
multi-length scale finite element formulation while the non-local damage model is a 
specialised method using a weighted averaging of softening internal variable over a 
spatial neighbourhood of the material point. The prediction and efficiency of the two 
models in implicit finite element method are shown and assessed through plain strain 
tensile test case (Baaser & Tvergaard, 2003). The paper concludes with a discussion 
of benefits of each method as well as implementation issues with respect to 
commercial software.  

3 Background 
Figure 1 is a slight modification of S. Forest classification of generalised continua in 
(Forest, 2013). They all, except the classical continuum mechanics approach, lead 
directly or indirectly to the introduction of a characteristic length scale. This length 
scale parameter is introduced in localization problems to eliminate their notorious 
mesh dependency (Ba!ant & Pijaudier-Cabot, 1988; Jirásek & Rolshoven, 2003). 
Material models can be generalised to be able to capture the scale dependent 
phenomena of localization problem by assuming that a material point can be 
deformable, as the case with micromorphic continua and gradient theories. The local 
continuum can also be generalised to non-local mode by considering the constitutive 
equations as integral equations over a spatial neighbourhood.  
The micromorphic continuum was first introduced by the Cosserat brothers (Cosserat 
& Cosserat, 1909). Mindlin included second and third gradients of displacement field 
in the context of elasticity (Mindlin, 1964). Additional degrees of freedom of the 
material points are used in the higher order materials developed by (Eringen, 2012). A 
detailed derivation of the virtual power equation used for the micromorphic 
continuum is given in (Germain, 1973). Strain gradient plasticity theory was then 
proposed and improved by several authors to account for the size effect in the plastic 
regime (Aifantis, 1987; Fleck, Hutchinson, & Wuodore Y., 1997; Fleck & Hutchinson, 
2001). 
A generalized continuum framework based on the mathematical concept of fibre 
bundles was used by (Sansour & Skatulla, 2012). The so-called computational 
continua (C2) approach was introduced and enhanced by (Fish, Filonova, & Fafalis, 
2015; Fish & Kuznetsov, 2010) where no extra degrees of freedom are needed nor 
higher-order boundary conditions. The multiresolution continuum theory (MRCT) is a 
higher order continuum theory (W. Liu, Karpov, & Park, ; W. K. Liu et al., 2010; 
Tian et al., 2010) where additional kinematic variables supplementing the 
conventional macroscopic displacement field are added to account for the 
microscopic deformation across multiple scales. The MRCT is a multi-scale finite 
element formulation that includes several other higher-order approaches as subset (F. 
Vernerey, Liu, & Moran, 2007).  
The non-local models account for possible interactions between a given point and 
surrounding material points (Ba!ant & Lin, 1988). The size of this interaction domain 
is the characteristic length (Jirasek, 2007). A non-local variable replaces the local 
softening variable in the classical damage model leading to a non-local damage model. 
The non-local variable is obtained by weighted averaging of the softening variable 
over a spatial neighbourhood of the material point thus abandoning the local action 
principle (Jirasek, 2007). The integral weighted averaging equation can be expanded 
in Taylor series to give the so-called explicit or implicit gradient methods(Peerlings, 
De Borst, Brekelmans, & Geers, 1998). The mathematically equivalent implicit 
gradient method is implemented by adding the non-local variable as an additional 



degree of freedom in the finite element method (Engelen, Geers, & Baaijens, 2003; 
Geers, Ubachs, & Engelen, 2003; Mediavilla, Peerlings, & Geers, 2006). It is also 
worthwhile to mention here that in case of strain hardening problem there is no reason 
to introduce a length scale to regularize the problem (Y. Liu et al., 2014). Its primary 
purpose in the models compared in the current paper is to control localisation 
behaviour.  

 
Figure 1. Generalised continua theories. 

4 Non-local model in ductile fracture 
4.1 Coupling plasticity and damage 
Plasticity is combined with damage in order to describe ductile fracture. Continuum 
mechanics can be used provided an appropriate definition of average stress and strain 
for a representative volume element (RVE) is used.  The use of a continuum 
mechanics approach can be based on the hypothesis of strain equivalence (Simo & Ju, 
1987). This leads to a definition of effective stress as a transformation of the Cauchy 
stress as 

! =
!
1"#

 (1) 

Isotropic continuum damage is assumed when using Equation (1). Physically, the 
damage parameter !  can be interpreted as the ratio of damaged surface area or 
volume over the total surface area or volume at a local material point. Usually the 
material is assumed to have failed when !  reaches a critical damage ! c . 

4.2 Local damage model for ductile failure 
The strain equivalence formulation is combined with the assumption that damage 
affects elasticity, plasticity or viscoplasticity in the same way. This simplifies the 
modelling as all deformation of a damaged material is represented in the constitutive 
law of the virgin material by replacing the stress by an effective stress. Notice that 
this effective stress should not be confused with the von Mises’ effective stress ! e  
introduced later. In this formulation the free (or state) variable of the thermodynamic 
process is the strain tensor ! with the current damage represented by the internal 
variable ! . The scalar damage variable is then a function of this internal variable as  
! =! (" )  (2) 
In ductile fracture, the damage state variable can be defined in the equivalent manner 
of the accumulated plastic strain !e

p (Lemaitre & Desmorat, 2005). It is assumed that 



this variable can be used to characterize the progressive damage for a general 3D 
stress state. A simple form of this local model is  
! =! ("e

p )  (3) 

4.3 Non-local continuum 
Non-local continuum formulations introduce a length scale by assuming that the state 
variables of the material constitutive equation does not only depend on its local values, 
at say x, but also on the values of one or several of the state variable in a domain 
around x. This size of this domain allows a length scale parameter that is independent 
of the mesh size of the solution. This neighbourhood effect can be accounted for by 
defining an integral of non-local state variable vnl as introduced in (Ba!ant & Lin, 
1988) as 

 
vnl (x) = !( "x # x)vl ( "x )d "x

!$(x )
%  (4) 

In Equation (4), vl represent the local state variable in the continuous mechanics 
model. !  is a weighting function and  !!  is the material volume around the point x in 
which 

! 

" not equal to zero. This integration volume usually extends over several 
finite elements.  

4.4 Non-local damage model 
The non-local integral Equations (4) is applied to damage variable Equation  (3) 
leading to: 

 
!! =! !"e

p( )  (5) 

Damage through the scalar damage variable  !!  is coupled to plasticity though 
effective Cauchy stress tensor !  calculated as 

 !
" = 1# !$( )Ce :d  (6) 

where !  is the Cauchy stress tensor, Ce  is the elastic material fourth order tensor, d 
is the elastic spatial velocity gradient and the right superscript !  denotes any 
objective stress rate. Coupling of damage variable to plasticity is through the yield 
function F 

F = ! e

1! !!
!" y =" e !" y  (7) 

The plastic flow rule is given by  
!!p = !"

!F
!#

 (8) 

With the hardening variable taken as the accumulated plastic strain and its rate given 
by 
!!p = !"  (9) 

Equation (9) is consistent with the loading-unloading condition by having 
!! ! 0; F " 0; !!F = 0  (10) 

4.5 Numerical implementation  
This section summarizes the implementation of the non-local damage model in (Abiri 
& Lindgren, 2014). The increment in damage variable  i

n+! !" p
e  in Equation (5) is 

evaluated at time tn+! where ! ! 0,1[ ]  and n is a time step counter. This leads to 
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where wj is the weight of the numerical integration rule for the integration point and Ji 
is the Jacobian of the isoparametric mapping at this point. The model ! = 0  in 
Equation (11) corresponds to explicit non-local update. The weight factor, Wi, is 
introduced in order to normalise the total weight over the domain. It is computed as 

Wi = ! ijwjJ j
j=1

Ngpi

"
 

(12) 

An example of the function !  is the Gaussian distribution function: 

! ij = exp "
xi " x j
2lc
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(13) 

where xi ! x j  is the distance between integration points i and j. The interacting 
radius parameter lc  above gives the length scale of the material deformation. Notice 
that ! ii = 1 . The consistent tangent matrix Ct for use in the Newton-Raphson 
equilibrium iteration scheme is calculated from slight perturbation of ! "  in Equation 
(6) at current time step to give 

 !"
# = 1$ !%( )!" # $! !%" # = Ct :!d

e
 (14) 

For the explicit non-local update, the non-local tangent stiffness matrix is given as  

 
Ct = 1! !" i( )Cep ! d !"

d i !#e
p $ i %

& i !#e
p

&# i  (15) 

Equation (15) a non-local modification of the elastoplastic tangent stiffness matrix 
Cep (Bonet & Wood, 2008). 

5 Multiresolution continuum theory 
5.1 The MRCT formulation 
The starting point of the MRCT theory is the principle of virtual power. The internal 
virtual power is decomposed into a homogeneous and inhomogeneous part (McVeigh, 
Vernerey, Liu, & Cate Brinson, 2006; F. Vernerey, Liu, Moran, & Olson, 2009). We 
assume that during the deformation the rotation of the microdomain relative to 
macrodomain is ignored. The formulation leads after some manipulations (Lindgren, 
Qin, Liu, & Tang, 2011) to  

 
! pint = ! pint

hom +! pint
inh = " 0 :!d0 + # i :! di $ d0( ) +mi !!gd

i( )
i=1

N

%&
'(

)
*+,

- d,  (16) 

where d0 is the macroscopic rate of deformation, di  is the microscopic strain rate 
measures. gd

i
 is the symmetric part of gradient of micro-velocity gradient gi . ! i

 is 
the microstress and mi  is the microstress couple. Equation (16) assume a linear 
approximation of the variation of the velocity field li  around a material point x in 
each microdomain i  as shown in Figure 2 for a microdomain. That is 
m l

i = li x( ) + gi x( ) !yi  (17) 
 



 
Figure 2. A material point x with one microdomain !1 . !0  is the macroscale. 

 
Using the principle of virtual power, integration by parts and divergence theorem, we 
have the equilibrium equation of the multiresolution continuum as 

! 

"# $ 0 % & i

i=1

N

'
( 

) 
* 

+ 

, 
- = 0

"#mi % & i = 0 ,                      
 (18) 

with boundary conditions 

! 0 " # i

i=1

N

$%
&'

(
)*
+n = 0

mi +n = 0.                         
 (19) 

where 

! 

n  is the outward pointing unit normal.  

5.2 Constitutive equations 
We consider only one additional scale (N=1) in Equation (18) and (19). The 
generalized objective stress rate and the generalized rate of deformation in the elastic 
regime are related by the multiresolution elasticity tensor as 
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In Equation (20), C! is the same as the macroscopic elasticity tensor Ce . C!
1  and Cm

1  
are microscopic elasticity tensors calculated as 

C!
1 = 1

"1 mC
a d"

"1
# = Ca

Cm
1 = 1

"1 mC
a $ y$ yd"

"1
# = Ca $ (l

1)2

12
I

 (21) 

where I is the identity matrix and 

! 

Ca  is taken as Ca = 1
10
C!

 
(F. J. Vernerey, Liu, 

Moran, & Olson, 2008)
 
. One of the key features of the MRCT is that the length scale 

parameter l1  has been directly incorporated as seen in Equation (21), which is absent 
in conventional continuum mechanics method. In our current work, the subscale is 
considered to be pure elastic. A J2-plasticity, hypoelastic plastic formulation with a 



damage model is used to model the material at the macroscopic scale. Different 
damage criterions can be applied. The simple model in Equation (3) has been used for 
comparison with the non-local damage model. 

5.3 The implicit MRCT 3D element  
There are 9 degrees of freedom per node for the 3D MRCT element, 3 macroscopic 
velocities v0  and 6 rate of deformations di

1
 at the subscale. The element interpolation 

of the nodal values is 

ve =
N0 0
0 N1

!
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N0  and N1  indicate that we may use different functions to interpolate the nodal 
velocities than the microscopic quantities. Likewise, we may use a different number 
of integration points during numerical integration. The model implementation and its 
algorithmic moduli for the macroscopic and microscopic scale are based on N1=N0  
as described in (Qin et al., 2015). Thus the macroscopic velocity v0  and microscopic 
rate of deformation d1  are treated as independent nodal degrees of freedom as 
described in (Fish & Kuznetsov, 2010; Shu, King, & Fleck, 1999). Therefore only C0 
continuous interpolation is needed to ensure convergence of the finite element 
procedure. 

6 Non-local damage and MRCT application 
6.1 Plane strain tensile test 
In this section, we compare the accuracy and robustness of the non-local damage 
model and MRCT theory shortly described in chapters 4 and 5. They are compared 
with respect to the prediction of the formation and evolution of shear band of a tensile 
specimen containing an initial imperfection triggering localisation. This test case is 
typically used to investigate shear band localization in the context of ductile failure 
(Baaser & Tvergaard, 2003; Drabek & Böhm, 2006; Enakoutsa, Ahad, Solanki, 
Tjiptowidjojo, & Bammann, 2012). The non-local damage model and the MRCT will 
be referred to as NLD and MRCT respectively. Figure 3 shows the used 2D plain strain 
model. Due to symmetry conditions of shape and deformation, one-fourth of the 
specimen is analysed as shown. Its length is 10 mm and its height is 12 mm. We recall 
that numerical simulation with NLD is carried out in an implicit FEM code developed 
using Matlab™ (Lindgren, 2007). Discretization of the 2D elements is by 4-node 
isoparametric plane strain elements as formulated and implemented for elasto-plastic 
material in (Bonet & Wood, 2008). A simplified variant of NLD, called an explicit 
non-local update, that only requires integration point data at the beginning of an 
increment is used, q=0 in Equation (11). The effect of this simplification was 
evaluated in (Abiri & Lindgren, 2014). This method is particular simple to implement 
in commercial software.  The MRCT element, MRCT, is implemented in the 
computer program FEAP, which is developed by R. L. Taylor and co-workers 
(Zienkiewicz & Taylor, 2005). It is a 3D 8-node element with B  strain interpolations. 
Plane strain conditions are enforced by appropriate restraints on the nodal 
displacements. The MRCT element has additional nodal degrees of freedom. The 
elasto-plastic material properties are taken from (Simo, 1992). The flow stress of the 
material for the two methods is defined as 



! y =! y0 + ! sat "! y0( ) 1" e"#$ep( ) + Hlin$e
p  (23) 

where! y0 = 450 MPa, ! sat = 715MPa, Hlin =129.24MPa and ! = 16.93 . A simple 
linear damage law is considered for Equation (3) in these investigations. Damage is a 
function of effective plastic strain given by 

! =min
"e
p !" f
"r !" f

,!max

"

#
$$

%

&
''  (24) 

! f is the effective plastic strain at damage initiation and ! r  denotes the value at  
fracture. !max is an upper limit applied in order to avoid completely loss of stiffness at 
the point. The damage parameters taken for Equation (24) are; ! f = 0.05 , ! r = 0.3  
and  !max = 0.9 .  

 
Figure 3. Geometry of the mesh used showing 120 four-node elements. A quarter of the specimen is 

modelled. Symmetry conditions are applied to the left (x=0) and bottom (y=0). The loading is a 
prescribed motion of the right side. The centre of the specimen, x=0,  is initially 2 % thinner than the 

ends, x=10 mm. 
 
Figure 4 and Figure 5 show the predictions of the two methods. The figures show that 
both methods are capable of obtaining convergent solutions when refining the mesh 
for this shear localization problem. Convergence plots for the non-linear Newton-
Raphson iterations of these implicit methods are shown in Figure 6. The error norms at 
the end of simulation for the two methods are tabulated in Table 1. The global 
equilibrium iterative process required less than 5 iterations for NLD and 4 iterations 
for MRCT when using a convergence criterion of 1.e-5 for the norm of the residual 
force.  Both methods give 2nd order convergence at the start of localization and 
throughout the deformation process except at the very end of the simulations. The 
shear band forms earlier in the NLD method than the MRCT method. As the shear 
band developed in both methods, the nonlinearity in their solutions increased 
significantly and the iterations and convergence becomes very difficult. The 
regularized plastic strain predictions are shown in Figure 7 to Figure 12 and Table 2 for 
1920 elements with different length scale parameters. We define the shear band as the 
region where !e

p >10% . Both methods can reproduce the same width of the shear 
band, however, at different values of the length scale parameter. MRCT requires a 



somewhat smaller l  to produce a shear band with the same width as for the NLD 
method. There is no simple relationship between length scale parameters and the used 
damage properties. A change in length scale will require a new calibration of damage 
parameter when fitting the model to a given case. This has also been shown in 
damage modelling of quasi-brittle materials (Zreid & Kaliske, 2014). The length scale 
parameter are also known to depend on strain rates, temperature and failure 
mechanism (Abu Al-Rub & Voyiadjis, 2004). We also note that both methods require 
a fine mesh to correctly predict the localized deformation. The localized zone (i.e. the 
length scale) cannot be smaller than the element size in the NLD method. This is a 
fact for all non-local models. The MRCT method requires a fine mesh that must 
resolve the chosen length scale.  
 

 
Figure 4. Plot of force versus elongation using NLD with length scale lc = 2.00mm . 



 
Figure 5. Plot of force versus elongation using MRCT with length scale l = 1.50mm . 

 

  
Figure 6. Convergence plots using mesh of 1920 elements (a) NLD with !t = 0.125  and (b) MRCT 

with Dt=0.02. 
 



Table 1. Error norm in displacement norms at end of simulation using NLD   with!t = 0.125 and 
MRCT with Dt=0.02. 

 NLD MRCT 
Iteration Error Error 
1 8.200E+00 1.000E+00 
2 1.390E-02 3.663E-04 
3 9.564E-04 2.097E-05 
4 1.047E-05 1.731E-06 
5 1.046E-05 1.519E-07 

 

 
Figure 7. Plot of effective plastic with 1920 elements at end of simulation using MRCT, l = 0.50mm  
 

 
Figure 8. Plot of effective plastic with 1920 elements at end of simulation using MRCT, l = 1.00mm  
 



 
Figure 9. Plot of effective plastic with 1920 elements at end of simulation using MRCT, l = 1.50mm  
 

 
Figure 10. Plot of effective plastic with 1920 elements at end of simulation using NLD, lc = 1.00mm  
 



 
Figure 11. Plot of effective plastic with 1920 elements at end of simulation using NLD, lc = 1.50mm  
 

 
Figure 12. Plot of effective plastic with 1920 elements at end of simulation using NLD, lc = 2.00mm  
 



Table 2. Investigation of length scale effects on shear band using 1920 elements. 

1Defined as region with effective plastic strain above 0.10  

7 Concluding remarks 
A non-local damage approach is compared with a MRCT element with respect to their 
use in localisation problems. Both methods have been shown in (Abiri & Lindgren, 
2014; Qin et al., 2015) to yield mesh independent results. Thus both approaches can 
be used for localisation problems. The MRCT method is very general and has been 
used in quite advanced studies of fracturing processes (Tian et al., 2010; Tang, 
Kopacz, Olson, & Liu, 2013). However, the comparison shows that the non-local 
damage model has several advantages for the current scope, use in manufacturing 
simulations - particularly machining: 

• It requires less computer time as it has no additional nodal degree of freedoms 
as the MRCT element has. The analysis based on the MRCT element still 
requires about the same amount of elements, as the mesh must resolve the 
selected length scale. Its length scale cannot be made large enough to 
compensate for this.  

• The MRCT theory has higher order boundary conditions that complicate the 
modelling. 

• Another, very important issue, is that the explicit non-local update, i.e. use of 
q=0 in Equation (11), makes it simple to implement the NLD approach via 
user routines in commercial finite element packages. The effect of this 
simplification was evaluated in (Abiri & Lindgren, 2014). 
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Abstract 
One of the aims of this work is to show that thermal softening due to 
reduced flow strength of a material with increasing temperature may cause 
serrations of the chip formation in machining. The other purpose, the main 
focus of the paper, is to demonstrate that a non-local temperature field can 
be used to control these serrations. The non-local temperature is a weighted 
average of the temperature field in a region surrounding an integration point. 
Its size is determined by a length scale. This length scale may be based on 
physics of the process but is here taken as a regularization parameter. 
 
 
1. Introduction 
The finite element method (FEM) is commonly used to analyse metal cutting 
operations, (M. Vaz Jr, et al, 2007;PJ Arrazola, et al, 2013). However, the 
modelling of the special conditions in the cutting zone requires a robust 
finite element software including capabilities such as thermo-mechanical 
coupling, effective contact and remeshing algorithms. Furthermore, 
determination of accurate friction and material models are important for 
predictive simulations (L-E Lindgren, et al, 2015). Metal cutting utilizes 
localized deformations in the primary deformation zone, see Figure 1. It has 
a narrow shear band. Furthermore, localized deformations may also cause 
serrated chips as shown later. Localization of deformation is always a 
problem in finite element simulations as there is no lower limit to the size of 
the region with localized deformations. This size is determined by the size of 
the elements in a mesh and thus there exists no convergent solution. Non-
local models can be used to remedy this. The length scale they are associated 
with can be considered as a numerical regularization or a physical 
parameter. There are models for estimating the width of adiabatic shear 
bands (G. Z. Voyiadjis and R. K. A. Al-Rub, 2005) that can be used for 
choosing length scale. This physical length scale, which is of the order of 



 

 
 

microns, will also need to be varied throughout the course of plastic 
deformation. 
The localization in machining is due to thermal as well as strain softening. 
The focus in the current paper is on the former. The localization causes 
plastic deformations that in turn increase the heating there. The increase in 
temperature reduces the flow stress further leading to a strong thermal 
softening that further enhances the localization. It has earlier been observed 
(L-E Lindgren, et al, 2015) that refining a mesh leads to the occurrence of 
serrations in a model that only has thermal softening. The current work is a 
first evaluation of use of non-local temperature field to determine if this 
affects the localization, the serrations. This non-local model approach was 
used in (A. Kane, et al, 2009) in controlling thermal softening due to an 
impact. The current application also requires remeshing that the 
implementation of the non-local approach need accommodate. 
The simulations presented below are compared with previously published 
computed and experimental results (Dan Wedberg, et al, 2012;A. Svoboda, 
et al, 2010). The experimental results include cutting forces and quick-stop 
tests giving chip morphology.  
 
 
 
 

 
Figure 1. Quick-stop test – showing deformation zones in the chip. The 
cutting tool was located at upper right part of photo. 
 
2. Non-local models 
In non-local modelling, as formulated in (Gilles Pijaudier-Cabot and Zdenek 
P. Bazant, 1987), the local softening variable or variables in the constitutive 



 

 
 

equations is replaced by its non-local variant. The non-local variable vnl  is 
evaluated through a weighted averaging over a spatial neighbourhood of the 
local variable vl  as 

 
vnl (x) = !(x " y)vl (x)dx

!#
$  (1) 

where !  is a weighting function and  !!  is the neighbourhood around the 
point x in which !  is not equal to zero. The radius of the interacting 
neighbourhood containing the point y gives the length scale for the model. 
This length scale prevents unlimited localization of deformation in 
numerical simulation of localized deformation. The non-local model and 
details of its implementation in implicit finite element codes are described in 
(Olufunminiyi Abiri and Lars-Erik Lindgren, 2015). They evaluated various 
simplifications of the algorithm that are necessary when implementing it via 
user routines in commercial software, MSC.Marc (MSC, 2007) in the 
current case. Temperature is the variable that has to be replaced by its non-
local variant in thermal softening (A. Kane, et al, 2009). The non-local 
temperature  !T is here evaluated over the number of integration points in the 
interaction radius Ngpi  around the current integration point i as 
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where wj is the integration weight and Ji is the Jacobian of the isoparametric 
mapping at this point. The factor, Wi, is introduced to normalise the total 
non-local weight over the radius. The largest distance of the points j that 
affects the non-local temperature at point i is the length scale l of the model. 
! ij , in Equation (2), is based on the Gaussian distribution function and 
evaluated as  

!ij = exp !
xi ! x j
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where xi ! x j  is the distance between points i and j. 
 
3. Experiments 
Experiments were carried out for assessing the cutting simulations. The high 
strain rate tests, cutting force measurement and quick-stop experiments are 
described in detail in (A. Svoboda, et al, 2010). The cutting experiment for 
the test case studied is summarized in this section. The material used in the 



 

 
 

experimental tests is SANMAC 316L, a machinability improved grade of 
AISI 316L. Its chemical composition is as shown in Table 1. 
The cutting forces from the experiments are obtained under orthogonal 
cutting. The quick-stop tests were done with equipment developed by 
Sandvik Coromant. Chip thickness and shear angle were estimated from the 
interrupted cut obtained from the workpiece. The cutting material is a CVD-
coated TNMG 160 408-QF in grade 4015 insert made by Sandvik Coromant. 
This insert grade is a good choice for continuous and intermittent turning 
operations. The cutting parameters for the workpiece and tool are specified 
in Table 2. The same parameters are used in the cutting simulations. 
 
Table 1. Chemical composition of SANMAC 316L wt (%) 
C Si Mn P S Cr Mo Ni V N 
0.009 0.31 1.71 0.031 0.023 16.86 2.04 10.25 0.048 0.040 
 
 
Table 2. Tool and cutting data in experiments and simulations 

Feed fn 
Cutting speed v 
Cutting depth ap 
Edge radius rn 
Primary land Lc  
Rake angle g 

0.15 
mm/rev 
180 
m/min 
3.0 mm 
60 mm 
0.15 mm 
-6 o 

 
4. Finite element formulation 
The cutting simulation is done using the implicit finite element code 
MSC.Marc (MSC, 2007). In the simulation, a staggered method coupling 
transient mechanical and heat transfer analysis was used. The finite element 
model is shown in Figure 2. The workpiece length is 8 mm and its height is 
1.6 mm. The workpiece and the tool comprise of fully integrated bilinear 
quadrilateral and three-node thermo-mechanical plane-strain elements 
respectively. The tool is assumed to be thermo-elastic. Initial model 
comprises 900 element in the workpiece and 2298 elements in the tool. The 
tool was held fixed while the cutting speed was applied as horizontal 
velocity to the bottom nodes of the workpiece. Problems of 
incompressibility were avoided by using mean dilation formulation and 
constant temperature distribution over the elements. 



 

 
 

Chip formation is achieved via continuous remeshing of the finite 
element mesh. This part is crucial in the simulations as there is no criterion 
for chip separation in the model. The remeshing facilitates stable analysis 
involving large excessive deformations and shear localization in the cutting 
zone. The global remeshing criteria are the same as in earlier work (A. 
Svoboda, et al, 2010). The element edge length controls mesh refinement in 
the simulations. The solution analysis is controlled through adaptive time 
stepping procedure. Initial time step size is 10-10 seconds. At steady state, the 
time step was increased to 10-6 seconds. Other parameters such as friction 
coefficient for the chip-insert interface, the boundary conditions induced by 
contact and heat generation by plastic deformation are the same as in (A. 
Svoboda, et al, 2010). 
 A physical based plasticity material model with rate-dependent flow 
stress based on Lindgren et al. (2008) was used in the simulations. The 
model was improved in (A. Svoboda, et al, 2010;Dan Wedberg, et al, 2012) 
to accommodate higher strain rates. The material parameters of the model 
can be found in (A. Svoboda, et al, 2010).  The material model is enhanced 
with the non-local model in section 2. The numerical length scale parameter 
l, defined in Equation (3), used in the simulations with non-local temperature 
field is 0.075 mm. The length scale is the length of the edge of the smallest 
element used in the finest mesh, denoted Mesh3 below, in the simulations. 
The dislocation density model and the non-local temperature field evaluated 
according to Equation (2) are implemented in the user routines WKSLP. The 
non-local temperature is used in evaluating the yield limit while the local 
temperature is used for all other material properties.  
The choice of length scale was based on the mesh as described above. 
(Rashid K. Abu Al-Rub and Sun-Myung Kim, 2009) describes a model for a 
physical based length scale. It is the mean free path of moving dislocations 
that is also part of the current based flow stress models as described in 
Equation (4), 
1
!
=
1
g
+
1
s

 
(4) 

and Equation (5) 
s = Kc

1
!i

 
(5) 

where g  is the grain size that is 90 mm and Kc  is a parameter relating the 
size of subcells s  to immobile dislocation density !i . This gives an estimate 
of the mean free path ! = 1.0µm  in the primary deformation zone in the 
contour plot in Figure 6b. 



 

 
 

 

 
Figure 2. Initial mesh of the 2D plane strain FE model of orthogonal cutting 
 
5. Results 
Finite element results of the cutting simulation are shown in this section. 
Adiabatic shear localization occurs due to thermal softening in the material. 
Figure 3 shows the different chip shapes for a coarse, Mesh1, and a refined 
mesh, Mesh2, using a local temperature field. It can be seen that refinement 
of the mesh leads to more localized deformation, serrations of the chip. This 
mesh dependency of the solution can also be seen in  and  for the von Mises 
stress and temperature. The used notations MeshN are explained in Table 3.  
The chip shapes obtained with simulation based on non-local temperature 
fields are shown in Figure 6. The chip is smooth and no further localization 
is observed when refinining the mesh. The converged results for stress and 
temperature field are shown in Figure 7 and Figure 8 respectively. 
Maximum temperature was generated in the contact between chip and rake 
face of the tool. Further refinement of the mesh does not give any difference 
in the stress and temperature as shown in  
Table 4.  
The dislocation density and vacancy concentration are the controlling state 
variables for the material model. Figure 9 shows the computed state 
variables for the case with non-local temperature based on Mesh2. The 
region of the chip with lower temperature has the higher dislocation density. 
The secondary deformation zone, the surface towards the cutting tool, has 
the highest vacancy concentration. The dislocation density and excess 
vacancy concentration peaks at 1.9 x 10+15 m/mm3 and at 5 x 10-2 
respectively. 
 



 

 
 

 
Table 3. Finite element models used in the simulations 

Mesh 
refinement 
notation 

Element edge 
length (mm) 

Number of elements at 
start of simulation 

Mesh1 0.125 4949 
Mesh2 0.1 5985 
Mesh3 0.075 8586 

 
 

  
(a)      (b) 
Figure 3. Local effective plastic strain rate, (a) Mesh1 at time 6.039 x 10-4 
secs, (b) Mesh2 at time 5.672 x 10-4 secs. 
 

  
(a)      (b) 
Figure 4. Local equivalent Von Mises stress (a) Mesh1 at time 6.039 x 10-4 
secs, (b) Mesh2 at time 5.672 x 10-4 secs. 



 

 
 

 
 

  
(a)      (b) 
Figure 5. Local temperature (a) Mesh1 at time 6.039 x 10-4 secs, (b) Mesh2 
at time 5.672 x 10-4 secs. 
 

  
(a)      (b) 
Figure 6. Non-local effective plastic strain rate (a) Mesh1 at time 7.681 x 10-

4 secs, (b) Mesh2 at time 7.695 x 10-4 secs. 
 



 

 
 

  
(a)      (b) 
Figure 7. Non-local equivalent Von Mises (a) Mesh1 at time 7.681 x 10-4 
secs, (b) Mesh2 at time 7.695 x 10-4 secs. 
 

  
(a)      (b) 
Figure 8. Non-local temperature (a) Mesh1 at time 7.681 x 10-4 secs, (b) 
Mesh2 at time 7.695 x 10-4 secs. 
 
Table 4. Mesh refinement study for the cutting simulation using non-local 
temperature at  
time 4.0 x 10-4 secs. 

Maximum values Mesh  
Von Mises Stress 
(GPa) 

Temperature (0C) 

Mesh1 1.7 680 
Mesh2 1.7 690 
Mesh3 1.6 675 



 

 
 

 
 

  
(a)      (b) 
Figure 9. Non-local state variables for Mesh2 case. (a) dislocation density 
(b) vacancy concentration. 
 
5. Comparisons of results from models and experiments 
A comparison of the simulated chip using non-local temperature field is 
made with the experimental measurements. The measured and simulated 
shear plane angle f and cut chip thickness  t is shown in Table 5. The 
computed results are taken from Mesh2 using non-local temperatures. The 
computed shear plane angle was calculated from the equivalent plastic strain 
rate plot of Figure 6. Experimental values are evaluated and measured as in 
(A. Svoboda, et al, 2010).  
 
Table 5. Measured and simulated chip thickness ratio and shear plane angle 

 f  t 
Measured  230 0.198 
Simulated (A. Svoboda, et 
al, 2010)  

250 0.241 

Simulated, non-local model, 
Mesh2 

260 0.203 

 
6. Discussions 
A non-local approach for controlling the localisation behaviour in machining 
simulations due to thermal softening has successfully been implemented into 
a commercial code. It requires a recalculation of the neighbourhood relations 
every time the mesh is remeshed and thus the calculation time increases with 



 

 
 

a factor of two. However, the use of a non-local approach with a length scale 
is necessary in order to assure a convergent solution. The used length scale 
of 0.075 mm is currently considered as a regularization parameter as the 
width of the real shear band is expected to go down to about 0.001 mm 
compared to the used 0.075 mm in the current work. A convergent solution 
based on a physical based length scale will still require extremely large 
computational efforts. 
Future work will extend the non-local formulation to strain softening. 
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Abstract 
The implementation of non-local damage model for strain softening in machining simulation is 
presented. The coupled damage-plasticity model consists of a physically based dislocation density 
model and a damage model driven by plastic straining in combination with stress state. Predicted 
chip serration is in good agreement with measurement The properties of the proposed approach 
are also discussed as well as effect on results of simulations.  
 
1. Introduction 
Simulation of metal cutting is a challenging task and considerable efforts have been made to 
develop and implement more accurate material models to incorporate strain hardening, strain 
softening, strain-rate and temperature as well friction models, e.g. (D. Umbrello, et al, 2007;Ales 
Svoboda, et al, 2010;Madalina Calamaz, et al, 2008;E. Uhlmann, et al, 2007;Christian Hortig and 
Bob Svendsen, 2007). Introduction of strain or thermal softening in the material model give rise 
to localized deformation. The strain localization is essential in machining simulation as it 
enhances the shear band formed in the primary deformation zone. Shear banding is assumed to be 
the main mechanism responsible for chip formation and not crack initiation and propagation (Hou 
Zhen-Bin and Ranga Komanduri, 1995). Therefore, serration of chip is due to this localisation.  
Local models need to be enriched to model strain localization problems. Enrichment with 
physical attraction is the non-local model as discussed in (Zdenek P. Bazant and Milan Jirásek, 
2002). Non-local models incorporate a characteristics length scale that can be related to the width 
of the localized zone. This enables mesh independent solution in the finite element analysis. 
However, its implementation in commercial codes requires simplifications of the formulations 
due to the limitations in available user routines.  
The current work is concerned with implementation of a non-local damage model in a 
commercial code, MSC.Marc, to be used for machining simulations. Thus the ability to combine 
the implementation with remeshing is important. The approach is based on a previous study of 
stability and accuracy of various simplifications required in the current context (Olufunminiyi 
Abiri and Lars-Erik Lindgren, 2015). The plastic behaviour of the material is described by a 
physical based dislocation density plasticity model, (L-E Lindgren, et al, 2008). A damage model 
is coupled to this plasticity. Damage evolution takes into account the stress state of the material 
and plastic strain. This is likely a better approach than in (A. Shams and M. Mashayekhi, 2012), 
where a separation criteria for chip formation is used where gradients becomes nodal degrees of 
freedom. The current model also makes a distinction between damage coupling under 
compressive and tensile state of stress. The non-local damage model is used to predict chip 
serration observed in our measurements, Figure 1.  
Mesh independent result in machining using non-local model has been shown in (Olufunminiyi 
Abiri, et al, 2016) where large length scale gives smooth chip. In this paper, the simulations 
results show the effect of choosing a characteristic length scale in the damage model for chip 
formation and its serrations. The predicted chip thickness is compared with experimental results 
and we conclude the paper by discussing the efficiency and stability of the proposed non-local 
damage model. 
 



 

  
Figure 1. Quick-stop test showing typical serrated chip for orthogonal machining of AISI 316L. 
 
2. Non-local damage modelling of strain softening 
 
2.1 Coupled damage-hypoelastic plasticity 
Based on the local approach to fracture (Besson et al, 2006), isotropic damage variable !  is 
considered as the softening internal variable. Strain softening is then achieved by use of effective 
stress obtained as a transformation of the Cauchy stress !  as 

! =
!

1" h#
 (1) 

! =
!

1" h#
 (2) 

where 0 ! h ! 1  is a material parameter that differentiates between damage behaviour in tensile 
stress state and compressive stress state. In tension, h = 1  and Equation (2) reduces to its standard 
form in (JC Simo and JW Ju, 1987).  
The constitutive law of the undamaged material includes the damaged fraction by replacing the 
stress with the effective stress. This is possible as damage is considered as the fraction of the 
material that does not transmit force/stress. The used constitutive laws are summarised in  where 
Ce  is the elastic material fourth order tensor. de and d p

 are the elastic and plastic spatial 
velocity gradient respectively. The right superscript !  denotes an objective stress rate. The 
effective stress given by Equation (1) is used in the yield criterion when determining the amount 
of plastic straining. Thus ! e  is the used von Mises stress of the effective stress tensor. ! y  is the 

yield limit for undamaged material. The scalar !! is termed plastic multiplier corresponding to the 
rate of the effective plastic strain in the current plasticity model. 
 
Table 1.  Constitutive model. 
(i) Addtitive split of rate of deformation tensor 
d = de + d p   
 
(ii) Hypoelastic stress update 
! " = 1#$( )Ce :de  
 
(iii) Yield criterion 



 

F =! e "! y  
 
(iv) Plastic flow rule 

 
!! p
e = !"

#F
#$ e

 

 
(v) Rate of hardening variable 

 !!
p
e = !"  

 
(vi) Loading-unloading condition 

 
!! " 0; F # 0; !!F = 0  

 
 
2.2 Non-local damage model 
The non-local formulation introduces a length scale by assuming that the state variables of the 
material constitutive equation does not only depend on its local values, at say x, but also on the 
values of one or several of the state variables in a domain around x. The size of this domain is the 
length scale parameter. The influence of this neighbourhood is accounted for by defining an 
integral of non-local state variable vnl as introduced in (Zden!k Ba"ant and Feng‐Bao Lin, 1988) 
as 

 
vnl (
!x) = !(!"x # !x)vl (

!"x )d "x
$( !x )
%  (3) 

vl represents the local state variable in the continuous mechanics model. !  is a weighting 
function and  !

!
x( )  is the material volume around the point  

!x  in which !  is not equal to zero. 
It is assumed that the damage only evolves in presence of plastic strains and tensile stresses as 
discussed in (A. Pirondi and N. Bonora, 2003). The rate of damage accumulation is given by 

 
!! =

! c

" r # " f
R$Rv !" ep+  (4) 

where Rv = 2 3 1+ v( )+ 3 1! 2v( ) " h " e( )2  includes the Cauchy stress triaxiality factor ! h ! e . 

 !!e
p+ is the accumulative plastic strain rate in tension i.e when ! h ! e " 0  which is a simpler 

approach than the split of stress tensor into positive and negative parts in (Rodrigue Desmorat and 
Sabine Cantournet, 2007). The term R! = 1 "1 +" 2( )! 2

 is affected by the normalised Lode-angle 
! "1 # ! # 1( ) . This angle characterises the stress state and is defined in (T-S Cao, et al, 2014) as 

! = 1"
2

#
arccos

J 3
J2

$
%

&
'

3(
)*

+
,-

 (5) 

where J2  and J 3  are the second and third invariant of ! . ! 2 = 1"!1( ) . !1  is additional 
parameter. Further variables in Equation (3) are ! f , which is the effective plastic strain at 
damage initiation and !r , which is the effective plastic strain at failure. In non-local averaging, 
the internal variables are best candidates when compared to other variables such as stress and 
total strain tensors (Filipe XC Andrade, et al, 2014). The constitutive equation is formulated using 
non-local damage  !! . This is obtained by replacing the effective plastic strain in Equation (3) by 
its corresponding non-local variable  !! e

p  using Equation (2).  
 



 

2.3 Non-local damage model implementation 
The non-local damage  !!  is evaluated by replacing the effective plastic strain in Equation (3) by 
its corresponding non-local variable  !!e

p  using Equation (2).  Its increment is evaluated over the 
number of integration points in the interaction radius Ngpi around the current integration point i at 

time t n+!  as 

 

i
n+! !"e

p = 1
Wi

#ij j
n+!"e

pwjJ j
j=1
j$i

Ngpi

% + i
n+!"e

pwiJi
&

'

(
(
(

)

*

+
+
+
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where ! " 0,1[ ]  and n is a time-step counter. wi  is the integration weight and Ji is Jacobian of 
the isoparametric mapping at this integration point. The model ! = 0  in Equation (5) corresponds 
to explicit non-local update. The factor, Wi , is introduced to normalise the total non-local weight 
! ij  over the radius. An example of ! ij  is the Gaussian distribution function: 

! ij = exp "
xi " x j

2l 2
#
$%

&
'(

2

 (7) 

where xi ! x j  is the distance between integration points i  and j . The interacting radius 
parameter l  above gives the length scale of the material deformation. Further details can be 
found in (Olufunminiyi Abiri and Lars-Erik Lindgren, 2015). 
 
3. Experiments 
Experiments were carried out used to validate the machining simulations. A detailed description 
of these tests can be found in (Ales Svoboda, et al, 2010). A summary of the tests is presented in 
this section. The plastic deformation of the material AISI 316L stainless steel, see Table 2, at 
room and elevated temperature were characterized using dynamic compression tests by means of 
Split Hopkinson Pressure Bar (SHPB). The tests were performed with a maximum strain rate and 
temperature of 9000 s-1 and 900 0C respectively. The stress-strain curves were used to calibrate 
the dislocation density model temperature dependent parameters. The calibrated parameters were 
done in an optimization toolbox developed using MatlabTM. The parameters can be found in (Ales 
Svoboda, et al, 2010). The plasticity model was used in the cutting simulations. 
The geometry of formed chips was obtained through quick-stop tests done with equipment 
developed by Sandvik Coromant. The chips show some serrations. One of the test cases is shown 
in Figure 1. The test was done using a TNMG 160 408-QF insert. This is a CVD-coated insert for 
steel at turning applications. The combination of coating and a tough substrate make the insert a 
good preference for continuous and intermittent turning operations. The insert geometry is 
designed with an edge radius of 60 µm , a primary land of 0.15mm and a chip rake angle of -60. 
The cutting parameters consist of cutting speed of 180m/min and feed of 0.15mm/rev. The cutting 
depth was chosen as 3mm. This test case is used in finite element simulation in this paper now 
including strain softening.  
 
Table 2. Chemical composition of AISI 316L wt (%). 
C Si Mn P S Cr Mo Ni V N 
0.009 0.31 1.71 0.031 0.023 16.86 2.04 10.25 0.048 0.040 
 
4. Finite element simulations 
The cutting simulation is done using the MSC.Marc (MSC, 2007a). The finite element simulation 
was modelled as a coupled mechanical and heat transfer analysis. The model is shown in Figure 



 

2. The workpiece length is 8 mm and its height is 1.6 mm. The workpiece is meshed using 
quadrilateral and the tool by triangular thermo-mechanical plane-strain elements. The tool is 
assumed to be thermo-elastic. Initial model comprises 900 element in the workpiece and 2298 
elements in the tool. The thermal and mechanical properties are given in (Ales Svoboda, et al, 
2010) where the plasticity model is described in detail. 
The plasticity model was implemented in user routine WKSLP while the non-local damage model 
was implemented in UDAMAG (MSC, 2007b). The separate implementation allows for 
additional robustness in cutting simulations as different plasticity models can be coupled with 
different damage models. The parameters used for the Lemaitre model in Equation (3) are 
obtained from (Ali Mkaddem, et al, 2006) for AISI 316L. The material parameters are presented 
in Table 3. The material constant h  in Equation (1) is chosen as 0.001 giving that nearly no 
damage accumulates during compression  (A. Pirondi and N. Bonora, 2003). 
Chip formation is achieved via continuous remeshing of the finite element mesh. There is no 
criterion for chip separation in the model. The remeshing is crucial for stability of the simulation 
as the analysis involve large excessive deformations and strain localization in the cutting zone. 
The lowest bound for element size in the workpiece is 2.5 µm . This size is equivalent to the 
shortest tool element edge in the tool-chip contact interface. The maximum number of elements 
in the simulations is fixed at 20,000.  To prevent severe element distortion, the mesh was updated 
every fourth increment. The element edge length determines mesh refinement in the cutting 
simulations. The element edge length determines mesh refinement in the cutting simulations. The 
meshes used in the simulations are described in Table 4. The numerical solution applies an 
adaptive time stepping procedure. At steady state, the time step is 10-6 seconds. 
 

 
Figure 2. Initial geometry of the finite element model. The tool was held fixed while cutting 
speed was applied as horizontal velocity to the bottom nodes of the workpiece. 

 
Table 3. Damage model parameters for the AISI 316L. 
! f  !r  ! c  !1  
0.035 0.502 0.395 1 
 
 
 
 
 
 
 



 

Table 4. Finite element models showing refinement variable used in the adaptive meshing 
Mesh refinement 
notation 

Refinement variable, 
element edge length 
( µm ) 

Number of elements at 
steady state 

Mesh1 100 12100 
Mesh2 75 15200 
 
5. Results 
Finite element results of the cutting simulation are shown in this section. All models account for 
thermal softening. Computed effective plastic strains are shown in Figure 3 and Figure 4 for two 
different meshes. Coarse mesh corresponds to Mesh1 and fine mesh is denoted Mesh2 in Table 4. 
The left figures shows the results based on only thermal softening whereas the non-local damage 
model is included for the simulations shown to the right. The coarse mesh gives little or no 
serrations in Figure 3. The finer mesh triggers serrations, as noted in (L-E Lindgren, et al, 2016). 
The right part in Figure 4 shows that the inclusion of damage gives a smaller radius, i.e. as the 
softer material behaviour.  
Figure 5 shows a comparison between simulations based on Mesh2 using local damage and non-
local damage models. The result is very similar as expected when the elements resolve the length 
scale, which is 10µm . The elements sizes are around 9µm . Refining the mesh will change the 
deformation of the local model as the localisation is further enhanced by smaller elements. This 
notorious mesh dependency is remedied when using a non-local model (Olufunminiyi Abiri and 
Lars-Erik Lindgren, 2015;Olufunminiyi Abiri, et al, 2016).  
The non-local damage is related to the amount of tensile hydrostatic pressure in Equation (3). 
Figure 6 shows the hydrostatic stress and non-local damage obtained during simulation. High 
compressive pressure (i.e high negative values) occurs in the front of the tool. Damage in the 
workpiece occurs in front and below the cutting tool. The damage region is the same as predicted 
in the machining of cast iron in (L. Chuzhoy, et al, 2002). This damaged area is where crack can 
be initiated at a smaller stress than the rest of the workpiece.  
 

  
(a)      (b) 

Figure 3. Local effective plastic strain rate using coarse mesh (a) only thermal softening (b) 
thermal and strain softening. 



 

 

  
(a)      (b) 

Figure 4. Local effective plastic strain rate using fine mesh (a) only thermal softening (b) thermal 
and strain softening. 
 

  
(a)      (b) 

Figure 5. Effective plastic strain rate using fine mesh (a) thermal and strain softening using local 
damage model (b) thermal and strain softening using non-local damage model. 
 



 

  
(a)     (b) 

Figure 6. Simulation results (a) Non-local hydrostatic stress (b) Non-local damage. 
 
6. Comparisons of results from models and experiments 
Figure 7 shows a comparison of serrations, measured and computed using the model with non-
local damage. The measured and simulated shear plane angle !  and cut chip thickness  t  are 
shown in Table 5. The computed shear plane angle was calculated from the equivalent plastic 
strain rate plot Figure 5b. Experimental values are evaluated and measured as in (Ales Svoboda, 
et al, 2010).  
 

  
   (a)       (b) 
Figure 7. Distance between serrations (a) experiment (b) simulation with thermal and strain 
softening using non-local damage model. 
 
 



 

 
Table 5.Measured and simulated shear plane angle and chip thickness. 
 !  t  
Measured  230 0.198 
Simulated (Ales Svoboda, et al, 2010)  250 0.241 
Simulated, non-local damage model 260 0.198 
 
7. Discussions and conclusions 
Non-local damage model of strain softening in machining simulations has been implemented into 
a commercial code. Chip serrations are predicted using the model. The introduction of non-local 
damage model leads to convergent results when the mesh is refined below the characteristic 
length scale of the model. The computed serrations are in good agreement with experiment.  
The use of explicit non-local update i.e. use of ! = 0  in Equaation (5) makes it simple to 
implement via the simplified damage routine in MSC.Marc. This also reduces the non-linearity of 
the non-local formulation and therefore makes it more robust at the cost of small time steps. 
However, the machining simulation requires very small time steps before introducing the non-
local damage model. Future efforts will focus on improvement of the damage model. 
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