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Preface

The purpose of this text is twofold.

The first purpose is to develop basic nonstandard analysis by an axiomatic ap-
proach. The axiom system we use is a modified version of an axiom system in-
troduced by Henson (See Henson, [1], pp. 1-49). We use this (modified) axiom
system to prove the most fundamental properties of nonstandard extensions of
superstructures, e.g. the transfer principle. We also prove that nonstandard exten-
sions (defined by these axioms) exist. We also introduce saturation, and we prove
that every superstructure has a k-saturated extension, for every transfinite cardinal
k. All this means that our definition of nonstandard extension, gives rise to the
"right” concept, i.e. essentially the same concept as nonstandard analysts usually
work with. We do all this in full technical detail, not leaving many details to the
reader.

The second purpose is to define and use our superstructures within ZFC, without
urelements. To do this, we introduce a general type of hierarchy of sets, of which
superstructures as well as the von Neumann cumulative hierarchy are special cases.
We develop a little theory about such hierarchies, and we define a superstructure
as such a hierarchy, satisfying some extra conditions. It is these superstructures
we use to define nonstandard extensions of, using axioms. This is also done in full
technical detail.

A note on how to read the proofs. The theorems and propositions in this text
often consist of many results grouped together. For example, Proposition 3.16
consists of 10 parts, denoted by (1)——(10). When referring to different parts of
different theorems or propositions, confusion may arise about which theorem or
proposition is referred to. For example, suppose that theorems A and B consists of
ten parts each, and that we now are proving part 10 of Theorem B. If it then says,
e.g. "by (4) and (5) of Theorem A”, does it then mean by (4) of Theorem A and
(5) of Theorem A”, or does it mean ”by (4) of Theorem B (which is supposed to
be proved already) and (5) of Theorem A”? I have tried to resolve ambiguities of
this type by a systematic usage of commas an the word "and” in a specific way.

I give some examples, to clarify this systematic usage.

"by (4) and (5) of Theorem A” means "by (4) of Theorem A and (5) of Theorem
A”.

"by (4), and (5) of Theorem A” means by (4) of the present theorem and (5) of
Theorem A”.

"by (3), (4), and (5) of Theorem A” means "by (3) of Theorem A, (4) of Theorem
A, and (5) of Theorem A”.

"by (3), and (4) and (5) of Theorem A” means ”by (3) of the present theorem, (4)
of Theorem A, and (5) of Theorem A”.

"by (3) and (4), and (5) of Theorem A”, means ”by (3) of the present theorem, (4)
of the present theorem, and (5) of Theorem A”.

"by (5) of Theorem A, and (6)” means ”by (5) of Theorem A and (6) of the present
theorem?”.

This list is by no means complete, and I do not claim to have resolved all possible
ambiguities, but hopefully, the reader will now be able to read the proofs without
confusion.



The proofs are very detailed. All earlier results needed for a proof are men-
tioned in the proof, except that definitions are not always mentioned, and I fully
understand those readers who think that it is too much reiteration of many results,
for example, of (5) of Proposition 3.6 and (3) of Proposition 4.8, which after a
while might become so obvious for the reader that he/she might have difficulties to
see exactly how they apply in the given situation. Still, for completeness, I have
included all this information. But the reader should not fell obliged to look up
exactly how all these earlier results mentioned apply, if he/she clearly sees that the
conclusion of the given step in the proof follows anyway.

There is one exception of this given completeness rule: Proposition 4.3 is given
once and for all and is then never referred to after that. Without this exception, the
amount of reiteration would simply become unbearable. The reader could then go
back and check the 23 parts of this proposition, whenever he/she finds an argument
difficult to follow. Some of these 23 parts could perhaps apply.

I would like to thank Leif Arkeryd, Nigel Cutland, and Ward Henson, who were
organizers of the July 1996 NATO Advanced Study Institute in Nonstandard Anal-
ysis, which was held at the University of Edinburgh, and which T got the privilege
to attend. It was at this conference I learned most of what I now know about
nonstandard analysis. In particular, it was there Henson presented his axioms for
the first time. I also would like to thank the other lecturers and attendants at this
conference; in particular, Renling Jin and Peter Loeb.

Also, I would like to thank Jan-Christoph Puchta in Freiburg, Germany, who, in
correspondence in the Usenet group sci.math, gave me deep insights in hierarchies
of sets. In fact, the main theorem about extensions of sets, Theorem 3.27, is based
upon his idea. It was his ideas who gave me the impulse to develop this theory of
hierarchies of sets.

Lulea, June, 2002
Erland Gadde



CHAPTER 1

Introduction

When Newton and Leibniz developed Calculus in the 17th century, they imagined
infinitely small quantities, which Leibniz called infinitesimals, and which he denoted
by dz, dy, etc. These (if positive) were considered to be smaller than any positive
real number, and yet not 0! An integral such as [ f(z)dz, for example, was con-
sidered as an infinite sum of infinitesimals f(x) dx. This approach turned out to be
very fruitful, and this infinitesimal calculus led to an amazing development of math-
ematics and applied sciences during the 18th century. But Newton, Leibniz, and
their successors all failed to develop a consistent theory about those infinitesimals.
Their reasoning was based more on intuition than rigor, and, as was eloquently
pointed out by Berkeley, the infinitesimals were actually used in a contradictory
manner (sometimes they were considered to be nonzero, sometimes zero).! Still,
because of their great intuitive skill, their results were essentially correct.

In the 19th century, however, there was a need to find a rigorous foundation
of analysis. This led to the replacement of infinitesimals by limits, who were in-
troduced by Cauchy and given a rigorous definition by Weierstrass, the so called
g-0-definition. Thus, from the mid-19th-century on, infinitesimals were banned
from all serious mathematics. Analysis is now completely rigorous, but, as many
mathematics students can affirm, the e-d-definition is rather difficult to grasp and
cumbersome to use.

In 1960, however, Abraham Robinson realized that one can give a rigorous foun-
dation of the infinitesimals, based upon 20th century developments in mathematical
logic and model theory. He called this theory Nonstandard Analysis [8], which we
in this text abbreviate as NSA. (”Standard Analysis” would be analysis based upon
the e-0-definition.) The basic idea is that the field of real numbers,; R, is extended
to a larger field *R, whose elements are called hyperreal numbers, in such a way
that every statement about real numbers can be ”transferred” to a corresponding
statement about hyperreal numbers, which is true if and only if the original state-
ment is. The precise formulation of this is the transfer principle, of which there is
a version in this text (Theorem 4.16). In *R, there are positive hyperreals, called
infinitesimals, who are smaller than every positive (standard) real, as well as there
are infinite hyperreals greater than all standard reals. It turns out that one can
define limits and derivatives in terms of infinitesimals, and that these definitions
are much simpler than the standard definitions with ¢ and §. Many theorems in
analysis can be given nonstandard proofs (i.e. proofs using NSA), much simpler
than the standard proofs. There even exists undergraduate Calculus textbooks
based upon nonstandard analysis (See Keisler, [4]).

Similar extensions can be applied to other sets than R, for example to topological
spaces and measure spaces. Indeed, nonstandard methods have been successfully
applied in many fields, such as real analysis, functional analysis, topology, measure
theory, probability theory, differential equations, and applied fields such as mathe-
matical physics and mathematical finance. NSA there gives us a powerful tool for
obtaining results that are much harder to obtain and verify using standard meth-

LA nice book about the history of Calculus, where Berkeley’s criticisms can be found, is
Edwards: The historical development of Calculus [2]



ods. However, this text does not cover applications of NSA. For this, we refer the
reader to the literature.

Instead, we concentrate upon the foundations of NSA. For this, Robinson used
set theory, logic, and model theory, and this is how it is still most commonly
done. This follows the main trend of contemporary mathematics, to consider every
field of mathematics (after reformulation, if necessary) as a subdiscipline of set
theory, using some of the common existing axiomatizations of set theory, such
as ZFC (Zermelo-Fraenkel with the Axiom of Choice) or NBG (von Neumann-
Bernays-Godel). A slightly different approach was given by Edward Nelson in his
Internal Set Theory [7], where he extended standard set theory with a new primitive
predicate: ”standard”, adding some new axioms for this predicate. This internal
set theory, however, is difficult to combine with some aspects NSA where one mixes
standard and nonstandard methods, such as Loeb Measure Theory (See Ross, [1],
pp. 91-120). In this text, we do not use this internal set theory, but we use a more
standard (Robinsonian) approach: founding NSA in ZFC.

However, as was pointed out by Ward Henson, most existing introductions to
NSA are less available to many mathematicians (not to talk about applied scien-
tists). Quoting Henson:

7 All of the existing introductions [to NSA] have one or more of the following fea-
tures: (A) heavy use of logical formalism right from the start; (B) early introduction
of set theoretical apparatus in excess of what is needed for most applications; (C)
dependence on an explicit construction of the nonstandard model, usually by means
of the ultrapower construction.” ([1], p. 1)

To avoid these drawbacks, Henson, in the same text, gives a ”gentle introduction”
to NSA. He defines a nonstandard extension by giving an axiom system, in which
neither formal logic nor advanced set theory is used. Later, he introduce simple
logical formulas, sufficient for formulating and proving the transfer principle (which
itself is taken as the main axiom of NSA in many texts). He does all this first with
objects of only one kind, e.g. real numbers. Then he introduces objects of several
kinds (e.g. scalars and vectors in a vector space). He then continues to consider
sets of objects, and finally he introduces superstructures, where one freely can form
subsets, unions, power sets etc, of given sets (see below). For this, he gives some
extra axioms, making a total of seven (or eight, depending on how one counts).
He also treats, briefly, an important property of some nonstandard extensions: k-
saturation (see Definitions 7.10), where £ is a transfinite cardinal. It is desirable
that a nonstandard extension has this property; the greater the cardinal « is, the
better.

The most common way of constructing a nonstandard extension is the ultrapower
construction. Henson mentions this in his article, but he never carries it out, nor
does he prove that the extension so constructed satisfies his axioms. There is,
of course, good reasons for that, since the article only is intended as a rather
brief introduction to NSA2, and a too many technical details would probably be
misdirected for that purpose. Nevertheless, there is, in my opinion, a need to carry
out those technical details, for the sake of completeness. To do this is one of the
two purposes with this text. We prove, using a modified version of Henson’s axiom

2Henson’s article was originally lecture notes used at a ”NATO Advanced Study Institute” in
NSA, held at the University of Edinburgh, Scotland, in July, 1996.



system, that for any transfinite cardinal x there exists a k-saturated extension of
any given superstructure (Theorem 7.13).

To explain the second purpose of this text, we need to define ”superstructure”. To
motivate this definition, suppose that we start from the real numbers, R. In real
analysis, it is not always sufficient to just talk about real numbers, but we need also
talk about sets, relations, functions, and also families of sets, relations, functions
etc. on real numbers, and all these types objects should have their counterparts for
*R. For this purpose, we define® the superstructure over R as the set S = U2, S,,,
where S, is defined recursively by:

So =R, Snt+1 = Sn UP(Sn),

where P(S,,) denotes the power set of S,,. The rank, r(x), of an object x € S
is defined as the smallest number n such that x € S,,. Thus, we start from real
numbers, then we take sets of real numbers, then sets of sets of real numbers, etc.
getting sets of successively greater complexity. The point is that, for sets in S, we
can take subsets, unions, power sets, etc. without coming outside S. The set S is
then sufficiently large for our needs in the vast majority of all applications. (One
could continue and define S, = S, S,11 = S, UP(S,), etc. but this is seldom
necessary in applications.)

One generally assumes that the elements with rank 0, in this case the real num-
bers, are urelements.* This means that they are not sets, but that they are consid-
ered as ”basic objects” or "atoms”. They have no elements themselves, but still,
they are distinct from each other. It is not difficult to see why one makes this as-
sumption: Without it, the real numbers might be elements of each other, and equal
to sets with higher rank. For example, if we use the most common set theoretic
definition of the natural numbers (which are also real numbers), we have 0 = &,
1={0}, 2=1{0,1}, 3={0,1,2}, etc., what is then the rank of the set {0,1,2}7 Tt
should be 1, since it is a set of elements of rank 0, but it is actually 0, since this
set equals the number 3. In this situation, the rank function breaks down and loses
its meaning. Now, if we just were concerned with standard objects, this would be
no big deal. After all, we can do real analysis based upon this definition of the
natural numbers. But if we consider nonstandard objects (e.g. hyperreal numbers
and certain sets etc. of those) this becomes fatal. It is a fundamental property of
a nonstandard extension that it preserves rank. Without that property, nonstan-
dard analysis om superstructures would not be very useful. Therefore, we need an
intact rank function on the standard objects. The simplest way to achieve this is
to assume that the objects with rank 0 are urelements.

However, in ZFC, which is the most commonly used axiomatic set theory today,
there are no urelements. All objects in ZFC are sets!® By the axiom of extension-
ality, two objects in ZFC are equal if they have the same elements. Thus, there can
be only one object with no elements: the empty set @ (see Chapter 8). All of ZFC
is actually built up from the empty set. Starting from &, we can generate {@},

3 Actually, we will modify this definition slightly in this text, but for the moment, we use the
standard definition.

4This is a German term, which has no established English translation. Actually, the correct
German plural form is ” Urelementen”.

5In NBG, there are no urelements either, but there are objects who are not sets, namely,
(proper) classes.



{@,{2}}, etc., and this, using all the axioms of ZFC, turns out to be sufficient for
basing almost all contemporary mathematics in ZFC. Therefore, there is no need
to complicate the theory by introducing urelements.

In NSA, though, we seem to need urelements. The most common solution to
this problem is to work, not in the true ZFC, but in some modified version of ZFC
in which urelements exist.

Does that mean that it is impossible to do NSA in the true ZFC, without ure-
lements? No, there are ways of going round the lack of urelements in ZFC. One
possibility would be to "redefine” the membership relation, €, and construct a
model within ZFC of a superstructure over a set whose elements are urelements
with respect to this "new” membership relation. While this would work, it will re-
quire some model theory, and the result would in practice be a set theory without
urelements anyway. So, it seems that one could equally well use a set theory with
urelements from the beginning.

There is, however, another possibility, and it is the second purpose of this text to
develop a theory for this. The idea is construct sets whose elements are sufficiently
"urelement-like” in relation to each other, so that the superstructure over such a
set has an intact rank function. We call such a set w-grounded (see Definitions
3.12). Adding some extra conditions such as intransitivity (Definition 3.20), we
obtain what we call an w-extendable set (see Definition 3.29). We prove, not only
that there exists w-extendable sets with arbitrarily great cardinality, but also that
any w-extendable set (which can be arbitrarily large) can be extended to a larger
w-extendable set with arbitrarily great cardinality (Theorem 3.35). This property
is then used in the construction of nonstandard extensions (See Remarks 6.12 ff.).
We emphasize, though, that w-extendability is a sufficient condition to achieve this
goal, we do not claim that this condition is necessary for that.

Furthermore, when we extend these w-extendable sets, in Theorem 3.35, we use
the well known hierarchically constructed class of sets called the von Neumann cu-
mulative hierarchy, as well as modified versions of this hierarchy. The von Neumann
hierarchy can be defined by transfinite recursion® thus:

For all ordinals «, we define the set H, as Ug<oP(Hg), where the union ranges
over all ordinals 3 less than «.” (Compare Definitions 3.4. See also Krivine, [5]).

The Axiom of Regularity in ZFC (see 3.3.) is equivalent to the property that every
set belongs to some H,. We include a proof of this well known result (Theorem
3.17).

However, a superstructure is also a hierarchy of sets, with some features in
common with the von Neumann hierarchy. For example, rank is similarly defined
in both. Now, it turns out that it is possible to define a general type of hierarchy,
of which superstructures, the von Neumann hierarchy, and the hierarchies related
to von Neumann’s used in the extension of w-extendable sets, all are special cases.
(See definitions 3.4 and 4.1). (We must admit, though, that in order to fit into this
true generalization, we have slightly altered the ordinary definition of rank for a
superstructure (see Definitions 3.8). This is only a minor inconvenience, though.

6Most authors would call this a ”definition with transfinite induction”. I prefer to say ”re-
cursion” instead of ”induction”, because in my opinion, induction is a method of proof, while
recursion is a method of definition or computation.

"It is not necessary to have separate clause for a = 0, because the union over an empty family
of sets is empty, by stipulation. Thus, Hy = <.



Alternatively, we can define the hierarchies so that we have to alter the definition of
rank in the von Neumann hierarchy instead. But since the von Neumann hierarchy
is more established than superstructures, we choose the other alternative.)

We thus get a unified approach to both superstructures and extension of w-
extendable sets. Actually, Theorem 3.35 is not formulated for w-extendable sets,
but, more generally, for a-extendable sets, where « is an arbitrary ordinal. This
allows us to use these hierarchies also for doing NSA on generalized superstructures,
where transfinite ranks are allowed, should we feel that need. In this text however,
we restrict ourselves to ordinary superstructures, where only finite ranks occur.
All NSA results in this text are formulated in terms of these superstructures and
proved by using results about these.

Let us now give a brief summary of the contents in this text.

In Chapter 2, we briefly give the necessary definitions of relations and functions.
These definitions differ from how relations and functions usually are defined. But
the definitions given here are suitable for NSA. They are designed to fit in logical
formulas upon which the transfer principle can be applied.

In Chapter 3, we introduce the hierarchies mentioned above, and we prove the
most basic properties of these. Then, we introduce the concepts groundedness,
intransitivity, and extendability used for defining "urelement-like” sets, and for
obtaining the extensions of sets mentioned above. Then, we use this to prove that
such extensions exist.

In Chapter 4, we define proper nonstandard extension by giving twelve axioms,
of which seven are essentially taken from Henson. Three of the other guarantee that
the we have a true proper extension onto a superstructure over a set which is not
"unnecessarily large” (Definition 4.4). Unlike Henson, we do not consider objects of
different kinds, but we consider NSA on superstructures only. Starting from these
axioms, we prove the most basic properties about nonstandard extensions, including
the transfer principle and the internal definition principle (Theorems 4.16 and 4.27).
We also briefly consider hypernatural numbers and hyperfinite sets, including the
Spillover Principle for hypernatural numbers (Proposition 4.36. Hyperfinite sets
are necessary for defining enlargement in Chapter 7.

In Chapter 5, we briefly give the most basic properties of filters and ultrafilters,
necessary in chapters 6 and 7.

In Chapter 6, we prove that any superstructure has a proper nonstandard ex-
tension (we never proved that in Chapter 2), by using the ultrapower construction.
We construct the extension, and then we prove that the twelve axioms are satisfied.

In Chapter 7, we prove that we can compose proper nonstandard extensions to
obtain new proper nonstandard extensions. We also define limiting extensions, the
result of composing an infinite number of extensions without a "last” one. Even
here, the main work is to verify that these extensions satisfy the axioms. We then
define k-saturated extensions (Definitions 7.10), and construct such extensions by
using the results just mentioned. This is called the ultralimit construction. We then
give some important applications of saturation, such as comprehension (Theorem
7.15), and the existence of enlargements (Definition 7.17 and Corollary 7.20).

Chapter 8, finally, is an appendix where we mention those set-theoretical con-
cepts and results that are used in the text. We use ZFC throughout, and we present
its axioms. We mention the difference between sets and classes, introduce differ-
ent types of relations, consider functional relations and functions (not conforming



with the relations and functions in Chapter 2). We introduce and give the most
fundamental properties of ordinals and cardinals. We also give the most important
equivalents of the axiom of choice. In this appendix, we include no proofs, except
a proof of the Schroder-Bernstein theorem.

If we now return to Henson’s three drawbacks of NSA-introductions above, have
we avoided them here?

Well (A) is certainly avoided. No logical formulas are introduced until a bit
into Chapter 4, where they are needed in the transfer principle and the internal
definition principle. A small amount also occurs in Chapter 7. It is not more than
it should be tolerated and understood by most mathematicians, applied scientists,
and advanced students. No model theory at all is included.

(B), however, is hardly avoided. There is a lot of set theory, in particular in
Chapter 3. But no major set theoretic knowledge is necessary for the reader. Just
some basic knowledge about ordinals and cardinals, and the reader should know
something about the Axiom of Choice and its most important equivalents. All set
theory which is needed is covered in the appendix (Chapter 8), which is probably
more exhaustive than it has to be. A reader who despite this is uncomfortable with
the amount of set theory in this book, may actually just read definitions 3.4 and 3.8
in Chapter 3, then jump directly to Chapter 4, not bother about the definition of w-
extendability, but instead consider an w-extendable set (which contains an N-copy,
see Definitions 2.2) as set which is characterized by the properties in Proposition
4.3. No other properties of w-extendable sets than these are used in Chapter 4.
Then, this reader can read Chapter 4 and then jump to the definition of saturation
in Chapter 7, skip the proof that x-saturated extensions exist, and then finish
Chapter 7. Such a person must then accept without proof that arbitrarily large
w-extendable sets and k-saturated extensions of any superstructures exist.

(C) is avoided in the same way as Henson avoided it: by an axiomatic approach.
We do cover the ultrapower and ultralimit constructions, but only in order to
prove that proper nonstandard extensions in general and k-saturated extensions in
particular exist. The axioms define what a proper nonstandard extension is, and
they must be verified in order to prove that a certain construction gives such an
extension.

Finally, we must clarify this, about the usage of ZFC axioms:

We will nowhere assume that the axiom of regularity holds. The axiom of choice
will not be assumed to hold except when explicitly stated. In particular, the axiom
of choice is assumed to hold in all of Chapter 6.

The other axioms of ZFC, we use freely.

Some results are formulated with assumptions that certain sets can be well ordered
(for example, Proposition 7.14). If the axiom of choice holds, then every set can
be well ordered (see Chapter 8), so a reader who is a firm believer in the axiom of
choice can disregard these assumptions.
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CHAPTER 2

Relations and Functions

2.1. REMARKS. In this chapter, we will define m-tuples, relations, and functions.
These definitions are different from the usual definitions of these concepts, but
they are convenient for NSA. The definitions given here are designed to be useful
for the type of logical formulas used in the transfer principle (Theorem 4.16) and
the internal definition principle (Theorem 4.27).

We also give the usual definitions of relations and functions in the appendix
(Chapter 8). Such relations and functions are occasionally used in the text. For

example, a nonstandard extension *, is a function of the usual type (see Definition
4.4).

2.2. DEFINITIONS. Given ay,as,...,a, (m > 0). We define (a1,az,...,a,) as
{{{1}, {1, a1}}, {{2}, {2, az2}}, ... {{m}, {m,a,,} } }, Any set of this form is called an
m-tuple. We write () = &, and regard this as a 0-tuple, the only one.

A class of m-tuples is called an m-ary relation. Usually, we say unary, binary,
and ternary, instead of 1-ary, 2-ary, and 3-ary.

2.3. REMARKS. According to Definitions 2.2, natural numbers occur as elements
in elements in elements of m-tuples, but what is a natural number? Various sophis-
ticated set theoretic definitions exist (see Chapter 8), but in nonstandard analysis,
most of these definitions are inconvenient, because they imply that natural numbers
can be elements of other natural numbers. As was explained in the introduction,
this not desirable. However, in Definitions 2.2, the nature of a natural number
is unimportant, and any countably infinite set X can play the role of the set of
natural numbers, N, where we just identify one element of X with 0, another with
1, yet another with 2, etc. exhausting all of X. The set X can then be chosen to
have the properties we desire. (See Chapter 3). We will often do so, and we will
then assume that when we talk about m-tuples and m-ary relations, the natural
numbers related to these are elements of this set X, and we will also write N instead
of X. We express this by saying that X is an N-copy. When we, in any context,
use such an N-copy, we must keep it fixed, and not use two different N-copies in
the same context, unless otherwise is explicitly stated.

In all definitions and propositions in this chapter, we may without problems
assume that we have any such N-copy as our N.

2.4. DEFINITION. For each k € N, we put Ny, = {j e N| 1 <j < k}.
In particular, Ny = &.

2.5. PROPOSITION. For m,k > 0: If {(ay,a2,...,0,) = (b1,ba,...,bg), then
m=k, and a; =b; foralli (1 <i<m=kFk).

PROOF. Without loss of generality, we assume that m > k. If m = 0, then the
conclusion is obvious. Otherwise: For every i (1 < i < m), thereisa j (1 <j <k),
such that {{i}, {7, a:}} = {{j}, {4, b;}}. Then, either {i} = {j} or {i} = {j,b;}. In
both cases we must have j = i. In particular, if 7 = m, then j = m, whence m < k,
and so m = k.
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In general, though, we have {{i}, {i,a;}} = {{i}, {i,b;}}. If i = a;, then {{i}} =
{{i},{i,b;}}. Hence b; = i = a;. If, instead, i # a;, then {i,a;} = {i,b;}, and
a; = bz

Thus, in both cases, a; = b;. This holds for alli: 1 <i<m=F. R

2.6. DEFINITIONS. For any m > 0, any m-tuple (aj,as...an), and any i: (1 <

i < m), the i:th coordinate of (a1, az,...,an,) is a;. (Its uniqueness is guaranteed
by Proposition 2.5)
We write
' (a1,a2,. .., Gy) = a;, and
Tt (a1,a, . - Gm) = (1,02, -+, Qi 1, Qig 1y ey Q)

These are called the projection onto the i-th coordinate, and the projection omitting
the i-th coordinate, respectively.
For every m-ary relation A we also write

mi'[A] = {7 (a1, a9, ... ,ay) | {(a1,a2,...,am) € A}

and
ﬂ'%n[A] = {W%n(al,ag,...,am) | (a1, a2,...,a,) € A}.

We also put, for every m-ary relation A:

C(A) = U {a1,a2,...,am}.

(a1,a2,...,am YEA
In other words: C(A) is the set of all coordinates of all m-tuples in A.
2.7. DEFINITIONS. For any class A and any m > 0, we put
A™ ={(a1,a9,...,am)|a1,a2,..., 0, € A}.

If X is an m-ary relation and Y is an k-ary relation, (m, k > 0) then the cartesian
product of X and Y is the class

X><Y:{(al,az,...,am,bl,bz,...,bk>|<a1,a2,...am> € X, <b1,b2,...bk> EY}

We use left association: If X is a k-ary relation for each k > 1, we define, by
recursion,

xi_1 X; = {2} = {()}, )EHXG = (xFL X5) x Xy,

and we usually write X7 X X5 x --- x X} instead of xleXi, if &> 0.

We say that A is an m-ary relation on the class X, if A C X™.

If A and B are m-ary relations, then the restriction of A to B is the m-ary
relation AN B. If B = C™ for some C, we say restriction to C instead of restriction
to C™.

We give special names to the following important relations:

2.8. DEFINITIONS. We put diagA = {(a,a)|a € A} (for "diagonal”), and
memb A = {(a,b) € A%|a € b} (for "membership relation”, restricted to A).

The following is obvious:
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2.9. PROPOSITION. For all m-ary relations A (m > 1) and all classes B:
A C B™ if and only if C(A) C B, and C(B™) = B.

2.10. DEFINITIONS. Let the sets A and B be an m-ary and k-ary relations,
respectively, for some m, k > 0.

A function f : A — B is a triple (4,Gy, B), where Gy C A x B, and for
every (ay,a2,...,0,) € A there exists a unique (by,bs,...,bx) € B such that
(@1,a2,...,Gm,b1,ba,...,b;) € Gy. A is called the domain of f, and we write
Dy = A. B is called the codomain of f. G is called the graph of f.

For (ai,as,...,am) € A, we write f(ay,as,...,am) = (b1,ba,...,b;) where
(b1, b2, ...,by) is the unique k-tuple in B such that (a1, as,...,am,b1,b2,...,b) €
Gy.
If C C A, then the image of C' under f is the set

flCl=A{f(a1,az2,...,am)|{a1,a2,...,amn) € C}.

The range of f is the set Ry = f[A]. f is injective or an injection if, for all
<CL1, az, ..., CLm>, <b1, bo, ..., bm> € A, f(al, as, ..., am) = f(bl, ba, ..., bm) implies
(a1,a2,...,am) = (b1,b2,...,by). f is surjective or a surjection if Ry = B. f is
bijective or a bijection if f is both injective and surjective.

If f: A— Band g: B — C are functions, then go f : A — C is the (unique)
function with domain A and codomain C, such that for all {(a1,as,...,a,) € A,
there exists (by,bs,...,br) € B such that f(ay,az,...,a,) = (b1,bs,...,bx) and
g(bl, b2, caey bk) = (g ¢) f)(al, A2y v oy am).

Such a function g o f is called a composite function.

For every m-ary relation A (m > 0), the identity function on A), is the func-
tion idg : A — A which satisfies ida(ay,a9,...,ay) = (a1,a2,...,an), for all
(a1,a2,...,amy) € A.

If (and only if) f : A — B is bijective, then there exists a function f~! :
B — A, called the inverse of f, such that f=1(by,bs,...,bt) = (a1, a2,...,ay) if
and only if f(a1,a2,...,am) = (b1,ba,...,bg), for all (ay1,as,...,am) € A and all
(b1,ba,...,b;) € B. This inverse is unique, if it exists.

If f = (A, Gy, B) is a function, and if C C A and f[C] C D C B, then the
restriction of f to C'and D is the function g = (C, G4, D), where G is the restiction
of Gy to C x D. Often, we say just "restriction to C”, since the codomain D is
unimportant in many cases, as long as f[C] C D.

The following are obvious.

2.11 PROPOSITION. Let A,B,C € Hf’ be m-ary, k-ary, and l-ary relations,
respectively, for some m,k,l > 0, and let f : A — B and g : B — C be functions.
Then:

(1) foida=f=idpo f.

(2) ida has an inverse, namely id;" =ida.

(3) If f and g have inverses f~1 and g=*, respectively, then go f has an inverse,

namely (go f)~L = f~1o g1,
(4) If f has an inverse f~1, then f~'o f =ids and fo f~' =idp
(5) If f has an inverse f~1, then f=1 has an inverse, namely (f~1)~1 = f.
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2.12. REMARKS. We will now investigate ”degenerate” relations and functions,
i.e. when the relations involved are empty or 0-ary.

This is something we will come back to (for example, in Remarks 3.26).

It may seem peculiar to bother about these cases, but it is, in fact, important.
For example, in Definitions 4.14, we define a sentence as a formula with 0 free
variables. The class of objects satisfying a sentence is then a 0-ary relation. To
obtain a good understanding of this, one therefore needs to know what a 0-ary
relation is.

By Definitions 2.2, there is only one 0O-tuple, () = @. Hence, by Definitions 2.7,
there are exactly two 0O-ary relations on any class: {&} and @. In fact, & is an
m-ary relation on any class, for every natural number n. Hence, B = {()} = {&}
for any class B. In particular, 2° = {&}, while @™ = & if m > 1.

For any m > 0, if A is an m-ary relation, then A x {&} = {@} x A = A, and
AXT=0x A=0.

For a function f : @ — B, Gy = @ and f = (&, d, B). If A is a nonempty m-ary
relation, then there exists no function f : A — &, but f = (&, d, &) is a function
from @ to @, with graph @. If B is a nonempty m-ary relation with m > 1, then
the functions f : {@} — B are triples of the type ({@}, {(b1, b2, ..., bym)}, B), where
(b1,ba,...,by) € B. These functions can therefore in a natural way be identified
with the elements in B. If B = {()} and A is a nonempty m-ary relation with
m > 1, then, for f: A — B we have f = (A, A, B), that is Gy = A.

I A=B={()}={2}, then f = ({2}, {o}, {2}).

Since the defining condition is vacuously satisfied, idg = {@, @, @}. Also, idyyy

= ({2}, {2}, {2}).
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CHAPTER 3

Hierarchies of Sets

3.1. REMARK. We use the convention that small Greek letters with and without
subscripts and superscripts, a, 3, v, ay, (3, etc. denote ordinals.

3.2. REMARK. In ZF and ZFC, one usually assumes that the axiom of regularity
holds. As we said in the introduction, we do not assume this here.
Nevertheless, it plays a role in this chapter, so let us state it:

3.3. AXIOM OF REGULARITY. Every nonempty set « has an element y € x such
that z Ny = 2.

This axiom is sometimes also called the Axiom of Restriction, or the Axiom of
Foundation.

Now, we will define a general type of hierarchy of sets, of which superstructures,
the von Neumann hierarchy, and hierarchies related to the von Neumann hierarchy
used for extending sets, all are special cases.

3.4. DEFINITIONS. Let Y be a set such that Y\ {Y} # @. Then, the sets HY
are defined with transfinite recursion as

HY = [J(PHE))\ {2} uY),

B<a

where the union ranges over all ordinals 3 less than «.
HY is the class of all z for which there is an ordinal « such that x € HY. For

Y = {9}, we write H, and H instead of Héz} and H{?} respectively.

3.5. REMARKS. The condition that Y \{Y} # & could also be expressed as Y # &
and Y # {Y}.

As we will see, Y # {Y} will hold for all sets Y if the axiom of regularity holds.
(See Proposition 3.16 and Theorem 3.17.) In this case, then, every nonempty set
Y satisfies Y \ {YV'} # o.

The reason that we impose this condition upon Y is that without it, we would
have either HY = & for all o (if Y = @), or HY =Y = {Y} for all @ > 0 (if
Y = {Y}), and that would not be very useful. Imposing this condition is sufficient
for getting (5) of Proposition 3.6 below to hold.

H is actually the von Neumann-hierarchy.

The reason that we remove @ from P(H g ) in the definition is that hierarchies
not containing & will be used when we extend sets in theorems 3.27 and 3.35 below.
In the cases of superstructures, we will have @ € Y, and in this case, the definition
could be written as HY = U5<a(P(Hg) uyY).

This is also true for the von Neumann-hierarchy H, where Y = {@}.

The elements in Y \ {@&} should be thought of as "urelements”. We need to
impose conditions on Y in order to get these urelements to behave properly. For
such a suitably chosen Y, HY will be a superstructure (see Definition 4.1).

First, however, we investigate the most general properties of the hierarchy HY .
Some of these properties are simple, while other are more involved, and it may seem
unjustified to state those latter, but they are needed later on.
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3.6. PROPOSITION. For any set Y such that Y \ {Y} # @, and any ordinals «
and o' :

(1) HY = 2.

(2) HY =Y.

(3) HY,, = (P(HY)\ {2} UY.

(4) If « is a limit ordinal, then HY = Ug<aHé’.

(5) If a < o, then HY C HY, (proper inclusion).

(6) @ € HY ifand only if 3 €Y.

(7) HY € HY if and only ifa >0 or 3 €Y.

(8) If HY € HY, then HY € HY .

(9) Ifv e HY \ (Y \ {@}), then x C HY, for some ( < a.
(10) Ifx C HY, and if eitherx #+ @ or @ €Y, then v € HY .
(11) If A,Be HY \ (Y \{2}), then AUB € HY .

(12) If A € HY \ (Y \ {9}), B C A, and if either B # @ or @ € Y, then

Be HY.

IfAe HY \ (Y \{2}) and @ €Y, then P(A) € HY, ,.

There is a subset X C HY such that card X = card .

For everyx € HY | there erists a finite sequence {zy}?_, (n > 0) of elements
in HY , such that o € Y, x, = x, and xj_1 € x), for all k (1<k<n).

—~~
—_ = =
T~ W
N N’

—~
~—

(16) HY is not a set.

(17) IfY'\{Y'} £ @, and Y' C Y, then HY C HY for all o, and HY C HY .

18) If {z1}?_, is a finite sequence of sets such that x, € HY , and such that
k=0

Tp—1 € x, for all k (1 < k < n), then, either

(i) o, € HY \Y forallk, (0<k <mn), or

(i) there is an m such that 0 < m < n, z,, €Y, and v, € H¥ \'Y, for all k
such that m < k <n.

PROOF. (1) follows immediately from the definition, recalling that the union over
an empty family of sets is empty.

(2) follows from the definition and (1), since P(2) = {o}.

Before we prove (3) and (4), we notice that the following weaker version of (5)
follows directly from the definition:

(5") Ifa <o, then HY C HY,.

Now, (3) follows immediately from the definition and (5’).

To obtain (4), let a be a limit ordinal. (5’) gives Uﬁ<aH§ C HY. Conversely,
if © € HY, then x € (P(HY)\{@})UY for some § < a. Then z € HY,,, by
definition. Since « is a limit ordinal, #+ 1 < «, and x € Ug<aHg. Since x was an
arbitrary element in HY , this and the previous case give HY = Ug<aH§. Hence,
(4) holds.

To prove (5), assume that (5) fails. Since (5’) holds, this means that there are
ordinals  and o' such that o < o/, but HY = HY,. Then, (5’) gives that H} = Hé’
for all ordinals 3 such that o < 8 < /. In particular, HY = HY +1- Repeated use
of (3) then gives HY = HY, , =HY ,=H}Y ;.

Now, since Y # @, (2) and (3) give Y € HY, and, again by (3), {Y} € HY.
Hence, by (5)), {Y} e HY, s = HY.
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Put S={r € HY |x ¢ x}. Since Y # {Y}, {Y} € S, s0 S # @. Now, it follows
from (3) that S € P(HY)\{o} CHY, , = HY.

Then, it follows from the definition of S that S € S if and only if S ¢ S, a
contradiction.

Therefore, our assumption that (5) fails is false. Thus, (5) holds.

To obtain (6): If @ € HY, then & € H} for some ordinal «, by definition.
Hence, for some ordinal 8 < o, & € (’P(Hé’) \ {@})UY, from which it follows that
@ €Y. The converse is immediate from the definition. Hence, (6) holds.

To obtain (7) and (8): If « = 0 and @ ¢ Y, then HY = &, by (1), whence
HY ¢ HY by (6).

Thus: If HY € HY, then either o > 0 or @ € Y, that is, the direct part of (7)
holds.

Assume now that either & > 0 or @ € Y holds. If & > 0, then (2) and (5) give
Y C HY, whence HY # @, from which it follows that HY € P(HY)\{2} C HY, |,
by (3). If @ € Y, then H] € HY, by (1) and (2). Thus, in this case, HY € HY
holds also for & = 0. Thus, in both cases, HY € H§+1. Together with the definition,
this gives the converse part of (7), and, together with the direct part of (7), which
is already proved, this gives (8).

Thus, (7) and (8) both hold.

To obtain (9), assume that x € HY \ (Y \ {@}). Then a > 0, by (1). If z = @,
then, obviously, z C Hé’ for any B < a. Otherwise, z € HY \'Y. Then, by
definition, z € ’P(Hé’) for some ordinal 5 < «. Hence, x C Hé’

Hence, (9) holds.

To, prove (10), let + € HY. If x # &, then 2 € P(HY) \ {@}, and, by (3),
NS ngﬂ.

Ifr =2 and @ €Y, then z = & € HY, follows from (2) and (5).

Thus, (10) holds.

To prove (11), assume that A, B € HY \ (Y \ {@}). If A =& or B = @, then
the conclusion obviously holds. Assume therefore that A ## @ and B # &.

Then, by (9) there are ordinals 51 < a and 2 < « such that A C Hé’l and
B C Hj . If § = max{fy, 2}, then, by (5), A C HY and B C H}. Hence,
AUB C HY, and, by (10) and (5), AUB € HY , C HY.

Hence, (11) holds.

To prove (12), assume that A, B, and « are as in the statement.

By (9), A C Hg for some < «, and hence B C Hg Thus, by (10) and (5),
BeHY,, CHY.

Thus, (12) holds.

To prove (13), take A € HY \ (Y \ {@}) and assume that @ € Y. Then, for any
B C A, (12) gives B € HY . Thus, P(A) C HY.

Thus, by (10), P(A) € Hy41, that is, (13) holds.

To obtain (14), we prove it first with ordinary induction for & = n < w.

By (1), HY = @, so the statement is trivially true for n = 0.

Assume that the statement is true for n < w. Then, there is a subset X C HY
such that card X = n. By (5), HY,, \ HY # @, so we can choose z € HY , \ HY .
Now, put X’ = X U{z}. Then, by (5), X’ C H;%, | and card X’ = n+ 1. Thus, the
statement is true for n + 1.

By ordinary induction, the statement is true for all « = n < w.
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For a > w, we define a function® f : o — HY recalling that a« = {8 | 8 < o}

(see Chapter 8).
1) Hg_H, if 8 <w,
B Hg, ifw<pg<a.

It follows from (5), (7), and (8) that f is an injection from « into HY . Therefore
the statement is satisfied if we put X as the range of f.

We have proved that the statement is true for all ordinals «, that is, (14) holds.

(15) is proved by transfinite induction: We prove that for every ordinal a, the
statement is true for every x € HY .

Assume that the statement holds for all 2’ € Hg, for all B < o, and let x € HY .
Then, by definition, z € Y or z € P(H} )\ {@} for some § < a. If z € Y, then the
singleton sequence {z}}_, = will do.

In the second case, there is an element 2’ € © C H g . Hence, the induction
hypothesis gives a sequence {z}}?_, which satisfies the conditions with =" instead
if . Then, if we put z,,.1 = z, the sequence {xk}Zi(l) will do.

Thus, by transfinite induction, the statement is true for all z € HY, for all
ordinals .. Hence, (15) holds.

To obtain (16): By the definition and (14) it follows that for every ordinal «,
HY has a subset X such that card X = card o. But by Hartogs’ Theorem, no set
has this property (see Chapter 8). Hence, HY is not a set, that is, (16) holds.

(17) is easily obtained by transfinite induction and the definition: Assume that
Y'\{Y'} # o, Y CY, and that Hgl C Hg is true for all 8 < «. Then, for
all B < o, (P(HY)\{2})UY’' C (P(HY)\{2})UY. Hence, HY C HY. By
transfinite induction, (17) holds.

To obtain (18), let {zy}}_, satisfy the condition, and assume that (i) fails. Let
m be the greatest number (0 < m < n) such that x,, ¢ HY \'Y. If m = n, then
Ty € HY , whence z,, € Y.

If m < n, then x,,41 € HY \'Y, for some «, and z,, € T;,41. Then, (9) gives
Tmy1 C HZ Thus x,, € HY , which implies z,, € Y.

Thus, in any case, x,, € Y.

We have proved that (ii) holds if (i) fails. Hence, (18) holds. B

In superstructures, it is important to handle m-tuples and relations, especially in
the formulas occurring in the transfer principle (see Definitions 4.14).

Without imposing extra conditions upon Y, we cannot say much more than the
following, for the moment:

3.7. PROPOSITION. Assume that the set Y contains an N-copy, (see Remarks
2.3). Then, for allm > 1 and all ordinals «:

(1)

(2)

(a) If A€ HY \Y and A+# @, then A™ C HY,, and A™ € HY 5.

(b) IfAe HY ,\Y, A# @, and « is a limit ordinal, then A™ C HY and
A™ e HY .

Ifay,az,...,am € HY | then (ay,as,...,an) €H§+3.

8This is a function of the usual type, not one as in Definitions 2.10. See Remarks 2.1.



18

PROOF. First, Y \ {Y} # @, since Y is infinite, so each HY is defined.

Assume that a1, as,...,a,, € HY, for some a. By (1) of Proposition 3.6, a > 1.
For every i (1 < i < m), our assumptions give i € N C Y = HY, by (2) of
Proposition 3.6. Then, by (10) and (5) of Proposition 3.6, {i} € HY, {i,a;} €
HY,,, and {{i},{i,a;}} € HY ,. Now, Definitions 2.2 and (10) of Proposition 3.6
give (a1, as,...,am) € HY 5, that is, (1) holds.

To prove (2), let A € HY \'Y and A # @. By (9) of Proposition 3.6, A C HY,
for some 3 < «. Hence, by Definitions 2.7 and (1), A™ C H§+3 and A™ # @.
Since B+ 3 < a+ 2, (5) and (10) of Proposition 3.6 then give A™ C HY , and
A™ e HY 4, that is, (a) holds.

To prove (b), assume that A € HY,; \'Y, A # @, and that « is a limit ordinal.
By (3) of Proposition 3.6, A C HY. Since « is a limit ordinal, (4) and (5) of
Proposition 3.6 give A = Ug<o(4AN Hg) and A™ = Ugcqa(AN Hg)m For each
B <a, (AN Hg)m C H§+3 C HY, by (1), and (5) of Proposition 3.6, since « is a
limit ordinal.

It follows that A™ C HY . Also, A™ # @, since A # @. A™ € HY; then follows
from (10) of Proposition 3.6. Thus (b) holds, and all of (2) is proved. B

3.8. DEFINITION. For every x € HY , where Y is a set such that Y \ {Y'} # &, we
define the Y -rank of z;, denoted Y (), as the smallest ordinal o for which z € HY .
If Y = {@}, we say rank instead of {@}-rank, and write r(z) instead of r{%}(z),
for all x € H.

3.9. PROPOSITION. For all sets Y such that Y \ {Y'} # &, and all ordinals a:

1) rY(x) is a successor ordinal, for every x € HY .

2) For every ordinal o, there is an ¥ € HY such that r¥ (z) = a + 1.

3) r¥(y) =1 if and only ify € Y.

4) If @ € HY, then r¥ (o) = 1.

5) If x € HY \Y, then ¢ C HY and (sup,¢, ¥ (2')) +1 = r¥(z), and in
particular, r¥ (2') < rY (z) for all 2’ € x.

6) Ifz € HY \Y, then x ¢ x.

7) If HY e HY \Y, then ¥ (HY) = o + 1.

8) If x is a set such that v # @ and x C HY , then v € HY .

9)

0)

IfY' is a set such that Y’ \{Y'} # @ and Y' C HY , then HY' C HY .
LetY' CY, withY'\{Y'} # @. Assume that x € HY is such that for any
n > 0, any sequence {xi}L_, of the type described in (15) of Proposition
3.6, with x,, = x, satisfies xo € Y.

Then, € HY' .
(11) If {x1}$2, is an infinite sequence of sets such that o € HY and such that
Tp41 € Ty, for all n > 0, then there exists an n > 0 such that x, €Y.

(

PROOF. To obtain (1): Take 2 € HY. The definition and (1) of Proposition 3.6
give ¥ (z) > 0. If v is a limit ordinal and x € HY , then, by (4) of Proposition 3.6,
x € HE; for some 8 < . Hence, by definition, r¥ (z) < 8 < a. The only remaining
possibility is that 7Y (z) is a successor ordinal. Hence, (1) holds.

(2) follows from the definition and (5) of Proposition 3.6; just take
reHY (\HY.

(3) follows immediately from (1) and (2) of Proposition 3.6, and the definition.

(4) follows immediately from (6) of Proposition 3.6, and (3).
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To obtain (5), assume that x € HY \'Y with r¥(z) = a. Then, z # &, by (6)
of Proposition 3.6. By (9) of Proposition 3.6, z C Hg’ for some 3, which we may

choose as minimal. Thus, z C HY , and we must prove that 5+ 1 = «, because, by
our choice of 3, and (5) of Proposition 3.6, sup,c, ¥ (z) = .

We note that (1) implies that « = v + 1, for some ordinal v. Since z ¢ Y,
we obtain from the definition and (3) of Proposition 3.6 that € P(HY), that is,
:EQH%/. Hence, B <~vy,and f+1<~v+1=aq.

On the other hand, since z C HE_,/ and x # &, (10) of Proposition 3.6 gives
S Hgﬂ, and hence that 84+ 1 > «. It follows that 8+ 1 = «a.

Thus, (5) holds.

(6) follows from (5), since z € x and z € HY \'Y would imply r¥ (z) < 7Y (z), a
contradiction.

To obtain (7): If HY € HY \'Y, then, by (8) of Proposition 3.6, HY € HY, |, so
by definition, ¥ (HY) < o + 1.

Also, by (6), HY ¢ HY. Hence, by (5) of Proposition 3.6, HY ¢ Hg, for any
ordinal 3 < a. So, the definition gives r¥ (HY) > a + 1.

Hence, Y (HY) = a + 1, that is, (7) holds.

To prove (8), notice that 7¥ (z') = 3 is a functional relation (see Chapter 8).
Therefore, since z is a set, the range {rY (z/) |2’ € x} is set too. Since a set of
ordinals cannot be unbounded (see Chapter 8), there is an ordinal « such that
rY (z') < a, for all 2’ € x. Hence, z C HY , by (5) of Proposition 3.6. Since z # @,
(10) of Proposition 3.6 then gives z € HY ;. Thus, z € H”, that is, (8) holds.

To obtain (9), we prove by transfinite induction that HY " C HY for all ordinals
a.

Assume that Hgl C HY for all 8 < a. Pick z € Hg:l. Then, by definition,
T € (P(Hgﬂ) \{@}) UY’, for some 3 < a. If x € Y’', then x € HY, by hypothesis.
Otherwise, z C Hgﬂ and x # @. Since, by the induction hypothesis, HE;I C HY,
x C HY. Then, by (8),z € HY.

Thus, in any case € HY. This holds for all z € HY', so HY' C HY. By
transfinite induction, this holds for all ordinals . Hence HY C HY, that is, (9)
holds.

We prove (10) by transfinite induction on «. Assume that the statement is true
for all 3 < a. Let z satisfy the assumptions of (10), for . By (1), r¥ () is a
successor ordinal. Hence, x € H$+1 for some v < a. By (3) of Proposition 3.6,

€ (P(H{) \{g}hHuY.

If z € Y, then the singleton sequence {z}?_, satisfies the conditions. Hence,
2 €Y’ Then, (2) and (5) of Proposition 3.6 give z € HY .

Otherwise, z C HX, and = # . Now, pick an arbitrary 2’ € x. Let {z3}7",
be any sequence satisfying the conditions described, with v instead of a and with
Ty = o'. If we put T,,41 = z, then the sequence {z;}7* ' now satisfies the
conditions for . Hence, by hypothesis, 7o € Y'. Now, the induction hypothesis
gives that 2’ € Hzﬂ. This holds for all 2’ € z, s0 x € P(HX)\{@} C H%il C HY,
by definition and (5) of Proposition 3.6.

Hence, in both cases, x € HY ". The conclusion now follows by transfinite induc-
tion. Thus, (10) holds.

To obtain (11), we prove by transfinite induction on « that the statement is true
for all such sequences with ¥ (zg) = a.
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Assume that this holds for all ordinals § < «, and assume that we have such a
sequence with 7Y (xq) = a.

If 2o € Y, then the conclusion is true, with n = 0. Otherwise 7o € HY \ Y.
Since z1 € wo, 1 € HY with r¥(z1) < a, by (5). Now, the subsequence {zj}%,
satisfies the conditions, with 7Y (z1) < « (that the lowest index here is 1 instead of
0 is, of course, insignificant). Thus, by the induction hypothesis, x,, € Y for some
n > 1. But this x,, is also an element of the original sequence, so the conclusion is
true for .

(11) now follows by transfinite induction. H

3.10. REMARK. The rank function here differs slightly from the rank function
usually defined on a superstructure. The ”urelements”, i.e. the elements in Y'\ {@},
have Y-ranks 1 here, not 0, and @, which is always included in a superstructure,
has the same Y-rank as the urelements, namely 1. (It has rank 1 by the usual
definition too, but this is then not the same as the ranks of the urelements.) These
are only minor differences, however.

3.11. REMARKS. We do not want that our rank function, on a superstructure
HY | shall break down in the way as was described in Chapter 1. The cause of such
a breakdown is that Y may have elements y € Y, which themselves have elements
that lie in HY . To avoid this, we make the next definition:

3.12 DEFINITIONS. We say that a set Y is a-grounded if a > 0, Y \ {Y'} # &,
and HY N (Uyeyy) = @. Y is said to be completely grounded if it is a-grounded
for all ordinals o > 0.°

3.13. REMARKS. An equivalent way to express that Y is a-grounded, if o > 0
and Y \ {Y} # @, is to say that there are no = and y such that x € HY , y € Y,
and x € y.

The reason that we exclude the case o = 0 in the definition is that otherwise,
(4) of Proposition 3.14 below would not necessarily hold; it might happen that Y’
there satisfies Y’ = {Y'} if a = 0. Since HY = @, by (1) of Proposition 3.6, every
set such that Y \ {Y'} # & would be ”0-grounded” anyway, so it is no real loss to
exclude this case.

Let us now state and prove some important properties of a-grounded and com-
pletely grounded sets. Again, some may seem involved, but they are needed later.

3.14. PROPOSITION. Let Y be a set such that Y \ {Y} # @, and let o be an
ordinal.
Then:

(1) Y is completely grounded if and only if HY N (Uyeyy) = 2.
(2) IfY is a-grounded, then'Y is 3-grounded, for all 3 such that 0 < 8 < a.
(3) Y is 1-grounded if and only if x ¢ y for all z,y € Y.

ntuitively, keeping (5) of Proposition 3.9 in mind, we "reach the ground”, when we come
down to an element y € Y. We cannot come to another point in the hierarchy by taking an
element z € y. With an electric analogy, we may also say that if we have an element z € y which
lies in HY , this produces a ”short circuit”. This is avoided if Y is "grounded”. This motivates
the choice of word a-grounded.
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(4) IfY is a-grounded (completely grounded) and if Y CY with Y' # &, then
Y’ is a-grounded (completely grounded).
(5) IfY is1-grounded and Hg € HY | for some ordinal 3, then rY(Hg) = [+1.
(6) IfY is a-grounded (completely grounded), and if v € HY withxNHY # @
(x "HY # @), then x C HY, and (supgic,r¥ (z')) + 1 = r¥(z), and in
particular, r¥ (x') < rY (z) for all 2’ € z.
(7) If Y is a-grounded (completely grounded), then x ¢ x for all v € HY
(x € HY).
(8) IfY is a-grounded and 3 < «, then (P(Hg) \{g}h)nY =02.
If Y is completely grounded, than this holds for all ordinals [3.
(9) If Y is a-grounded, then Hg ¢ Y, for all ordinals 3 such that 0 < 8 < a.
If Y is completely grounded, then this holds for all ordinals 3 > 0.
(10) Assume that Y is completely grounded, and let Y' be a set such that
Y\{Y" £ and V' C HY .
Also, assume that ¥ (y) > «, for ally € Y'.
Then, HY' C HY , with r¥ (z) > « for all z € HY'.

PROOF. (1) is immediate from the definitions. (2) follows from the definitions and
(5) of Proposition 3.6. (3) follows from the definitions and (2) of Proposition 3.6.

To obtain (4), assume, to get a contradiction, that Y\{Y'} = @. Then Y’ € Y’,
since Y/ # @. Since Y/ C Y, Y’ €Y. Since a > 0, (2) and (5) of Proposition 3.6
give Y C HY C HY. Now, Y' € HY C HY and Y’ € Y’ € Y, contradicting the
a-groundedness of Y (or complete groundedness, using (1)).

Thus, Y'\{Y'} # @. Now, since Y/ C Y, the a-groundedness (complete ground-
edness) of Y’ follows from (17) of Proposition 3.6 and the corresponding property
for Y.

Thus, (4) holds.

To obtain (5): If = 0, then (1) of Proposition 3.6 implies that @ = Hg € HY,
and then (4) of Proposition 3.9 gives r(Hg) = 1=+ 1, so the statement is true
for g = 0.

If 8 > 0, then (2) and (5) of Proposition 3.6 give ¥ C Hg Since Y # &,
there is an x € Y. Then, x € Hg Then, if Hg € Y, this would contradict the
1-groundedness of Y, by (3). Thus Hg € HY\Y.

Now, (7) of Proposition 3.9 gives r¥ (Hg) = [+ 1 in this case too.

Thus, (5) holds.

To obtain (6), Let » € HY with N HY # @ (zx N HY # @). Then, there is
a y such that y € z and y € HY, (y € HY). Therefore, if Y is a-grounded (or
completely grounded, using (1)), x ¢ Y.

The conclusion now follows from (5) of Proposition 3.9.

Thus, (6) holds.

(7) follows immediately from (6).

To prove (8), we first note that the second statement follows from the first, by
definition, so let us prove the first statement:

Assume, to get a contradiction, that there is an z € (P(Hg) \ {@})NY, where
B < «. This means, using (5) of Proposition 3.6, that 2 C Hg C HY , z # @, and
reY.

Now, there is a y € x C Hg C HY. So,z€Y,yec HY and y € z. This
contradicts the a-groundedness of Y.
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Hence, (P(Hg) \{@})NY = g, for all ordinals § < «.

Thus, (8) holds.

To obtain (9), we note that the second statement follows from the first.

To prove the first statement, we see that with « and (§ as stated, Hg cyY
implies Hy € HY and HY € HY (HY € H”) by (2) and (5) of Proposition 3.6.
This contradicts (7).

Hence, (9) holds.

To obtain (10), we first see that HY C HY, by (9) of Proposition 3.9.

We prove by transfinite induction on 3 that for all ordinals 3, r¥ (x) > « for all
NS Hg’.

Assume that this holds for all v < 3, and let x € Hgl. Then, z € HY. By
definition, z € (P(HX) \ {2} UuY’ for somey < f. If z € Y', then the statement
is true, by hypothesis.

Otherwise, © C H};' and x # &. Then, if 2’ € z, the induction hypothesis
gives ' € HY with 7¥(2') > «a. Since Y is completely grounded, (6) now gives
rY (z) > r¥(2') > a. Since all this holds for all = € Hgl, the statement is true for
g.

(10) now follows by transfinite induction. W
The following lemma will be used in the proof of Proposition 3.33.

3.15. LEMMA. Assume that'Y contains an N-copy (as in Remarks 2.3).

Also, assume that 'Y is a-grounded, for some ordinal o > 0.

Then, if A is an m-ary relation such that AN (HY)™ # &, for some m > 1,
C(A) ¢ Y holds.

If Y is completely grounded, this holds for all sets A which are m-ary relations
such that AN (HY)™ +# &.

PROOF. We have @ # C(AN (HY)™) C C(A) N HY. Hence, C(A) € Y would
imply that every element in C(A N (HY)™) would violate he a-groundedness of Y.
Hence, C(A) ¢ Y.
If Y is completely grounded and AN (HY )™ # @, then (5) and (1) of Proposition
3.6 imply that AN(HY )™ # @ for some o > 0. Also, Y is a-grounded for all o > 0,
by definition. Hence, this reduces to the previous case. B

For the von Neumann hierarchy, H, some of the statements in propositions 3.6, 3.9,
and 3.14, can be improved:

3.16. PROPOSITION. For all ordinals «:

(1) Ha = Up<aP(Hp).

(2) Hoy1 =P(Hy).

(3) Hy € Hopy C H.

(4) Hy ={o} € H.

(5) If v € H, then x C H, and (sup,c,7(z')) + 1 = r(x), and in particular,

r(z') < r(x) for all ' € x.
) If = is a set such that x C H, then z € H.
) A setY € H such that @ € Y is completely grounded if and only if Y = {&}.
) r(Hy) =a+1.
) If {xk}i_, is a finite sequence of sets such that x, € H, and such that
Tp_1 € 2k for all k (1 <k <mn), then x, € H for all k (0 <k <mn).
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(10) z ¢ x, for allz € H.
(11) There exists no infinite sequence {xy,}o>, such that xo € H and xp41 € Ty,
for allm > 0.

PROOF. (1) follows immediately from the definitions. (2) follows from (3) of
Proposition 3.6. (3) follows from (7) and (8) of Proposition 3.6. (4) follows from
(2) of Proposition 3.6, and (3). (5) follows from (5) of Proposition 3.9 if z # @.
If - = @, then z € H, by (4), and r(x) = 1, by (4) of Proposition 3.9. Since, by
stipulation, sup, .4 r(2) = 0, (5) holds in this case too. Thus, (5) holds in all
cases.

Since @ € H, by (4), (6) follows from (8) of Proposition 3.9.

To prove (7): That {@} is completely grounded follows immediately from the
definition. Conversely, assume that Y € H, @ € Y, and x € Y with x # &. Then,
Y\{Y} # @. SinceY € H and z € Y, (5) gives ¢ € H. Since x # &, there is
a y € x, and, again by (5), y € H. By (17) of Proposition 3.6, H C HY . Hence,
y€ HY.

Now, x € Y, y € HY, and y € x. Thus, by (1) of Proposition 3.14, Y is not
completely grounded.

Hence, (7) holds.

(8) now follows from (4) and (7), and (5) of Proposition 3.14.

(9) follows from (18) of Proposition 3.6: If (i) there holds, the conclusion is true.
If (ii) holds, we must have z,, = &, whence m = 0. Since, by (4), @ € H; C H,
the conclusion is true in this case too. Thus, in both cases, (9) holds.

Since z € x and x € H would imply r(z) < r(x), by (5), (10) follows.

To obtain (11): If there were such a sequence, then, by (11) of Proposition 3.9,
Ty = & for some n > 0. But then, z,41 € x,, = &, which is a contradiction.

Hence, no such sequence exists, that is, (11) holds. W

Although it is somewhat outside the subject of this text, we include a proof of the
following well known results, since they deal with concepts studied here, and since
it could be interesting for a reader not very familiar with set theory to see the proof.

3.17. THEOREM. Consider the following statements:
(1) The axiom of regularity holds.
(2) Ewvery set belongs to H.
(3) There exists no infinite sequence {x,}°>, such that T,11 € z, for all
n>0.10
Then, (1) and (2) are equivalent, and each of them implies (3). In addition, if the
axiom of choice holds, then all three statements are equivalent.

PROOF. That (2) implies (3) follows immediately from (11) of Proposition 3.16.
We now prove simultaneously that (1) implies (2) and that the axiom of choice
and (3) together imply (2).
To do this, assume that there is a set x such that x ¢ H. We define the sets S,
(n > 0), with ordinary recursion thus:!!

SO = {.I‘}, Sn+1 - U Y.
YyESn

10This is called Fundierungsaxiom.
11 The union of these sets Sy, is called the transitive closure of z. It is the smallest transitive
set (see Chapter 8) which contains z.



24

Next, we put S = (US2,S,)\ H. x € S, s0 S # &. Pick y € S. Then, y  H,
because otherwise, (6) of Proposition 3.16 would imply that y € H, contradicting
y € S. Hence, there is a 3y’ € y with ¥/ ¢ H. Also y € S,, for some n. Hence
y' € Syy1. It follows that ¢y’ € S, so that S Ny # @. This holds for all y € S. But
this contradicts the axiom of regularity. Hence, (1) implies (2)

We saw above that to every y € S there is an y' € y N S. Using the axiom of
choice, we can then by recursion define a sequence {z,,}5° , such that o = x and
Tpt1 € T, NS for all n > 0. But this sequence contradicts (3). It follows that the
Axiom of Choice and (3) together imply (2).

Next, we prove that (2) implies (1):

Assume that z € H for every set x. Let z # &. Then, r(y) is defined for all
y € x. The set of ordinals {r(y) | y € x} has a smallest element «, and r(y) = « for
some y € x. Now, for all y’ € y, r(y') < r(y), by (5) of Proposition 3.16. If y’ € x,
then x has an element with smaller rank than gy, which contradicts the choice of
y. Hence, x Ny = &. Thus, every nonempty set z has an element y such that
x Ny = @. In other words, the axiom of regularity holds. Thus, (2) implies (1).

Putting these pieces together, the theorem is now proved. B

3.18. REMARKS. Although we do not assume that the axiom of regularity holds,
we nevertheless assume that an a-extendable set lies in H, by Definitions 3.29
below. We do so, because we use von Neumann ranks 7(z) in order to construct
extensions of sets.

A reader, who is a firm believer in the axiom of regularity, may therefore, by
Theorem 3.17, assume that all sets lie in H, and thus skip all verifications that
particular sets lie in H. Such a reader may also replace the condition Y \ {Y} # &
with Y # &, by (10) of Proposition 3.16 and Remarks 3.5.

3.19. REMARKS. It would be very nice if we had superstructure HY , where Y is
completely grounded. Now, we want to have @ € HY , since it is hard to imagine
meaningful NSA without the empty set. Then, we must have & € Y, by (6) of
Proposition 3.6. Also, we want to have infinitely many urelements.

Unfortunately, no set Y € H satisfies all these conditions, by (7) of Proposition
3.16. Therefore, we must weaken some of these conditions. Now, the complete
groundedness is actually an unnecessarily strong assumption. It suffices for our
purposes that Y is w-grounded.

We therefore want an infinite w-grounded set Y such that @ € Y. Actually,
we want such sets of arbitrarily great cardinalities, and we want to be able to
extend any such set to an w-grounded set with arbitrarily great cardinality. If, for
example, we want our proper nonstandard extension to be k-saturated, where & is
an arbitrarily great transfinite cardinal (see Definitions 7.10), then we must be able
to extend Y to an w-grounded set with cardinality at least  (see Proposition 7.14).

To find such w-grounded sets, we introduce another concept, intransitivity:

3.20. DEFINITION. A set S is called intransitive if there is no finite sequence
of sets {xr}}_, with n > 1 such that o € S, z,, € S, and z4_; € xy, for all k
(1<k<n)t2

12Equivalently, we could say that no element in S should belong to the transitive closure (see
the previous note) of any other element in S. This is why I chose the word ”intransitive”.
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3.21. PROPOSITION.

(1) Ewvery subset of an intransitive set is intransitive.
(2) @ and {&} are intransitive.

PROOF. (1) is obvious. It is also obvious that {@} is intransitive. Thus, by (1),
@ is intransitive. Hence, (2) holds. B

3.22. PROPOSITION. Assume thatY € H, Y # &, and that Y is intransitive.
Then:

(1) Y is completely grounded.

(2) If & > 0 is an ordinal such that r(y) > « for all y € Ugeyz, then Y U {2}
18 a-grounded.

(3) Ifo €Y, thenY = {@}.

PROOF. It follows from (5) of Proposition 3.16 that U,cyz C H, so r(y) is defined
for all y € Ugey.

We prove (1) and (2) simultaneously. For (1), we put Y/ =Y and assume that
B > 0 is an arbitrary ordinal. For (2), we put Y/ =Y U {@} and we assume that
8= a.

By (4), (5), (6), and (10) of Proposition 3.16, and the assumptions that Y € H
and Y # @, it follows that Y/ € H and Y' \ {Y'} # &, in both cases.

Next, in both cases, assume that z € Y/, 2/ € Héﬂ C HY', and 2/ € z. Then
r# I, sox €Y.

By (15) of Proposition 3.6, there exists a finite sequence {zj}7_, such that
2o €Y', x, =2, and x_1 € 2 for all k (1 <k < n). Put 2,41 = = and consider
the sequence {zy}7t). If 29 € Y, this contradicts the intransitivity of Y.

In the case (1), we have now reached a contradiction, and we conclude that Y is
completely grounded.

In the case (2), we conclude that we must have xo = @ for every such sequence
{zr}}2_,. Hence, by (10) of Proposition 3.9, ' € Hz = H,. Thus, r(z') < a. But
x' € Ugey'® = Ugeyx, so r(z’) > a. We have now reached a contradiction in this
case too, and we conclude that Y/ =Y U {@} is a-grounded.

To summarize, we have proved that both (1) and (2) hold.

(3) now follows from (1), and (7) of Proposition 3.16. B

3.23. REMARKS. Our objective is now to find intransitive sets ¥ € H with
prescribed transfinite cardinalities such that the elements in the elements in Y
satisfy the condition in (2) of Proposition 3.22, for « = w. Because if we put Y’ =
Y U{@}, then Y’ is a-grounded, and we can then let Y be the set of ”urelements”
in our superstructure.

But let us first see what nice, and important, effects intransitivity has on m-tuples,
relations, and functions. Proposition 3.7 is considerably strengthened if we assume
that Y \ {&} is intransitive.

3.24. LEMMA. Let Y be an intransitive set such that i € Y, where i belongs to
an N-copy (see Remarks 2.3) and i > 0. Let {ay,as,...,ay) be an n-tuple, where
m >4, and let A be a set such that (ay,as, ..., an) € A.

Then, neither of the sets {i,a;}, {{i}, {{i,a:}}, (a1,a2,...,an), and A belongs
toY.
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Hence, Y contains no m-tuples.

PROOF. If any of these sets would belong to Y, then, some initial segment with
at least two elements of the finite sequence

{3, {3, a;}, {{i}, {{i,a:}}, (a1,0a2,...,am), A}

would violate the intransitivity of Y. Hence, none of these sets belongs to Y.

3.25. PROPOSITION. Assume that Y is a set such that Y \ {@} is intransitive
and such that it contains an N-copy. Then, for m,k > 1:

(1) Y contains no m-tuples, and no nonempty m-ary relations.

(2) For all ay,az,...,am: a1,02,...,am € HY if and only if (ay,az, ..., am) €
HY.
If these conditions hold, then (maxi<i<m ¥ (a;))+3 =rY¥ ((a1,a2,...,am)).

(3) Let the set A be a nonempty m-ary relation:
Then, A C (HY)™ if and only if A € HY .
If these conditions hold, then sup,cc(a)(r” (a) +3) +1=1rY(A).
(4) If « is a limit ordinal, and A # & is an m-ary relation, then A C (Hg)m
for some 3 < « if and only if A€ HY .
(5) For all nonempty sets B such that B ¢ Y: B € HY if and only if B™ € HY .
If these conditions hold, then there is an ordinal o > 0 such that, either,
(a) « is a successor ordinal, r¥ (B) = a+ 1, and r¥ (B™) = a + 4, or
(b) « is a limit ordinal, r¥ (B) = a + 1, and r¥ (B™) = a + 1.

(6) Assume that the sets A and B are nonempty m-ary and k-ary relations,
respectively.
Then, A € HY and B € HY both hold, if and only if Ax B € HY .
If these conditions hold, then max(rY (A),rY (B)) = r¥ (A x B).
(7) Assume that the sets A and B, are m-ary and k-ary nonempty relations,
respectively, and let f: A — B be a function.
Then, f € HY if and only if A€ HY and B € HY both hold.
If these conditions hold then:
(a) Gy e HY, with r¥ (A) <rY(Gy) < max(r¥ (A),rY(B)),
(b) Y (f) = max(r¥ (A),rY(B)) + 3.
Also, if f is surjective, then the above conditions are equivalent to G¢ €
HY , and if the conditions hold, then equality holds in the last step in (a).

PROOF. First of all: Y is infinite since it contains an N-copy. Hence, certainly,
Y \ {Y} # @. Therefore, HY is defined, and 7Y (y) is defined for all y € HY .

(1) follows immediately from Lemma 3.24.

To obtain (2): If a1, as,...,a, € HY, then, by (1) of Proposition 3.7 and (5) of

Proposition 3.6, ({ai,as,...,a,) € HY, with rY((ay,a2,...,a,)) <
(maxlgign rY (az)) + 3.
Conversely, assume that (a, as,...,a,) € HY . For each i (1 < i < m), consider

the finite sequence: {a;, {7, a;}, {{i}, {{4,a:}}}, (a1,a2,...,a,)}. By Lemma 3.24,
no element in this sequence lies in Y, except possibly a;. Then, by (5) of Proposition
3.9 and (18) of Proposition 3.6, all elements in this sequence lie in HY, and all
elements except possibly a; lie in HY \ Y.
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Now, ¥ (a;) +3 < r¥((a1, a2, ..., a,)) follows by repeated applications of (5) of
Proposition 3.9. Since this holds for all i (1 < ¢ < m), this and the previous case
give (maxi<i<n 7Y (a;)) + 3 =1Y ({a1,a2,...,an)).

Hence, (2) holds.

To obtain (3): It follows from (2) that A C (HY)™ if and only if A C HY , with
supaeC(A)(rY(a) +3) = supge4 7Y () in this case. But A ¢ Y, by (1). Since also
A # &, (8) and (5) of Proposition 3.9 give that A C HY if and only if A € HY,
with (sup,c 7Y (x)) + 1 =rY(A) in this case.

Putting these two pieces together, (3) follows.

To obtain (4): By Proposition 2.9, A C (Hg)m if and only if C(A) C Hg, for all
ordinals 3. Since 7Y (A) cannot be a limit ordinal, by (1) of Proposition 3.9, the
conclusion follows from (3), and (5) of Proposition 3.6.

To obtain (5): Since B ¢ Y and B # &, (8) and (5) of Proposition 3.9 give
that give that B C HY if and only if B € HY, with (supyepr¥ (b)) +1 = r¥(B)
in this case. Also, By (1) of Proposition 3.9, 7Y (b) > 1 for all b € B. Since also
C(B™) = B, by Proposition 2.9, the desired conclusions now follow from (3), taking
o = supycg 7Y (b) in both (a) and (b).

Thus, (5) holds.

To obtain (6): It follows from
and that sup,eca)(r’ (a) +3) +

and

(3) hatAC( Y)m if and only if A € HY,

1 rY (A) in this case. Similarly for B and
A x B. Clearly, A C (HY)™ B C (HY)* both hold if and only it Ax B C
(HY)m+k_ Also, C(A x B) = C(A) C( ). Hence, sup.cciaxp)(r(c) +3) =
max(supaec(A)(rY(a) +3), supbec( B (7 Y(b) + 3). Thus, (6) follows.

To obtain (7): Clearly, C(A) C C(Gf) C C(A) UC(B), with equality in the last
step if f is surjective. Also, by (1), A ¢ Y, B ¢ Y, and Gy ¢ Y. Since Gy C
(HY)™+F if and only if C(Gf) C HY, by Proposition 2.9, and the corresponding
conditions hold for A and B, (3) now gives that if A, B € HY, then Gy € HY, and
that (a) holds. By the same argument, A, B € HY if f is surjective and Gy € HY,
and then the claimed equality in (a) also holds.

Since f = (A,Gy, B), it follows from (2) that A,G;,B € HY if and only if
f € HY. Together with the above, this gives that A, B € HY if and only if
f € HY, and that these conditions hold if and only if G feH Y if f is surjective.
Also, (2) and (a) give that (b) holds then.

Thus, (7) holds. B

3.26. REMARKS. We will now investigate what happens in the degenerate cases
when m = 0 or £ = 0, or when we have empty relations or sets in Proposition 3.25.
We will rely upon Remarks 2.12.

First, we assume that & € HY, which is equivalent to & € Y, by (6) of Propo-
sition 3.6. Without this assumption, the sides of the equations and inequalities
might not be defined. In this case, ¥ (&) = 1, by (4) of Proposition 3.9. We also
make the additional assumption that {@} ¢ Y. This will be satisfied in the most
interesting cases.

Then, by (8) and (5) of Proposition 3.9, {@} € HY with r¥ ({@}) = 2.

Now, (1) fails for the 0-tuple () = @, which lies in Y. It also fails for any empty
relation (of arbitrary arity). It holds, however, for the nonempty 0-ary relation
{@}, which does not lie in Y.

For, (2) the condition a; € HY for all i (1 < < 0) is vacuously satisfied. It is
also true that () = @ € HY, so the equivalence holds.

-
U
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The equation fails in this case, though. Since we stipulate that maxi<;<or¥ (a;) =
0, the correct equation should be maxi<i<or” (a;) +1 =1 (2).

For (3), the equivalence holds if A is the empty relation, for all m. Since C(&) =
@, the equation holds in this case, too: supaeC(A)(rY(a)—}—?))—}-l =0+1=1=7rY(4).

If A is the nonempty 0-ary relation {@}, then, (HY)? = {@} = A, and {2} €
HY, so the equivalence holds. But the equation fails, since C(4) = @. The correct
equation should be (sup,cca) rY(a)) +2=rY(A4) = 2.

Since r¥ (@) = 1 and r¥ ({@}) = 2, (5) of Proposition 3.6 gives that these sets
lie in HY if o is a limit ordinal. Also, for all ordinals 3, @ C (Hg)m for every
m > 0, and {@} = (Hg)o, so (4) holds if either A is the empty relation, for any
m > 0, or if A is the 0-ary relation {&}.

Since @ € Y, (5) does not apply if B = &. In principle, therefore, (5) holds
vacuously in this case. If B # @ and B ¢ Y, but m = 0, then, since B = {@} €
HY | the equivalence holds if and only if B € HY. Assuming this, (a) and (b) fail
utterly, because rY (B%) = 2. No matter what r¥ (B) is, it can never satisfy (a) or
(b) if r¥(B™) = 2.

For (6): If A = @ and B # @, then A x B = &, independently of what B is.
Since @ € HY, the equivalence holds if and only if B € HY. The equation fails
utterly in this case, because the right side will be rY (&) = 1, while the left side
will be 7Y (B), by (1) of Proposition 3.9, and since B ¢ Y, by (1) of Proposition
3.25 (this holds here also if £ = 0), the equation cannot work in this case, by (3) of
Proposition 3.9. Similarly if A # @ and B=9. If A= B =@, then A x B= 0,
and the equivalence and the equation hold in this case.

If A is the 0-ary relation {@}, and if B # @ then A x B = B. Since {@} € HY,
the equivalence holds in this case.

Assume that B € HY. Since r¥(A) = 2 and B ¢ Y, by (1) of Proposition
3.25 (this is also true if k = 0), it follows from (1) and (3) of Proposition 3.9 that
max(rY (A),rY(B)) = r¥(B). Hence, the equations hold in this case, even when
also B = {@}. Similarly if we interchange the roles of A and B. The case when
A = B = {&} is already covered.

In (7) we cannot have A # @ and B = @. Assume that A = @. Then Gy = o,
and it follows from (2) that the equivalence holds. Since r¥ (B) > 1, by (1) of
Proposition 3.9, (a) holds if the conditions hold, with equality if and only if B = &,
since B ¢ Y for all other relations, using (1), (3), and (4) of Proposition 3.9, and
(1) of Proposition 3.25. Clearly, in this case, f is surjective if and only if B = &,
so even the surjectivity clause holds in this case. Also, it follows from (2) that (b)
holds in this case.

If A is the 0-ary relation {@} and B # @, then A € HY, and Gy is a singleton
subset of B. Then Gy ¢ Y, by (1) of Proposition 3.25 (this holds also if £ = 0). By
the same reason, B ¢ Y. By (5) and (8) of Proposition 3.9, Gy € HY if B € HY.
It follows from (2) of Proposition 3.25 that the equivalence holds in this case.

Assume that the conditions hold. Since B ¢ Y, (12) and (5) of Proposition 3.6,
and (1) and (3) of Proposition 3.9, give 2 = r¥ ({@}) < r¥(G¢) < r¥(B). Hence,
(a) holds. It is also clear from (2) of Proposition 3.25 that (b) holds.

Surjectivity holds if and only if B is singleton, and then Gy = B, so the surjec-
tivity clause holds.

Thus, all of (7) is true in this case, even when also B = {&}.

Finally, assume that m > 1, A # @, and B = {@}. Then, Gy = A, and
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f is surjective. Clearly, the equivalence holds in this case, by (2) of Proposition
3.25. By (1) of Proposition 3.25, A ¢ Y, so (1) and (3) of Proposition 3.9 give

Y(Gy) =rY(A) > 2 =rY(B). Thus (a) holds with equality, and (b) holds by (2)
of Proposition 3.25.

The next theorem is the main result in this chapter. It gives sufficient conditions
for when an intransitive set X € H, such that the elements in its elements satisfy
a given rank condition, can be extended to a larger intransitive set with the same
property.

After proving this theorem, all we need to do is to use it to construct the in-
transitive sets and the extensions we need. This is done in the more directly useful
Theorem 3.35.

Note that in of Theorem 3.27, we must have @ ¢ Y, unless Y = {@} (but
Y # {@} when we apply this in Theorem 3.35, if b > 1), by (1) of Proposition
3.21 and (3) of Proposition 3.22. This where we need to use a hierarchy HY with
og¢Y.

3.27. THEOREM. Let X € H andY € H, with Y # @ and X NY = &, and
assume that X UY is intransitive. Assume also that o is an ordinal such that
r(y) > a for ally € (U meXx)UY
Let Z C {{z}|z € HY , \ H} }, for some ordinal (3.
Then:

) ZC HY, andr¥(y) =B+2, forally € Z.
) XUZ e H.

3) XNZ=g.

4) r(y) >« forally € (Ugexuzz) U Z.

5) X U Z is intransitive.

(1
(2
(
(
(

PROOF. First, since X € HandY € H, X C Hand Y C H, by (5) of Proposition
3.16. Since Y # &, (10) of Proposition 3.16 gives Y \ {Y'} # @. Therefore, by
Definitions 3.4 and 3.8, expressions such as HY HY, and rY (r) makes sense.

Now, to prove (1), pick z € ﬁ+1\HY Then, 7Y (2 ) B+1, by (5) of Proposition
3.6. Also, {z} € P(H},,)\ {2}, and so {z} € H} ,, by (3) of Proposition 3.6.
This holds for all z € Hy , \ H} ,s0 Z C HY,, C H".

Next, Y is completely grounded, by (1) of Proposition 3.21 and (1) of Proposition
3.22. Then, (6) of Proposition 3.14 gives r¥ (y) = 3+ 2 for all y € Z.

Thus, (1) holds, and we also obtained that Y is completely grounded.

Next, we prove (2). We saw above that X C H and Y C H. Since also
Y\ {Y} # @, (9) of Proposition 3.9 gives that HY C H. (1) then gives Z C H.
Thus, X UZ C H. Then, (6) of Proposition 3.16 gives that X UZ € H, that is, (2)
holds.

We now prove that X N HY =@

To do this, let z € X N HY . Then, there is a finite sequence {zx}?_, as in (11)
in Proposition 3.6, with zog € Y and z,, = z. If n = 0, then x € Y, contradicting
XNY =@. If n > 0, then this sequence violates the intransitivity of X UY. Thus,
we reach a contradiction in any case.

It follows that X N HY = &

From this and (1), (3) follows.
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Next, since, by (4) and (7) of Proposition 3.16, {@} is completely grounded, and
since Y C H, (10) of Proposition 3.14 gives that r(y) > « for all z € HY C H.
Hence, r(y) > « for all y € Hé:rl \ Hé’ Also, since Z C HY, by (1), r(y) > « for
all y € Z. Hence, r(y) > a for all y € (Ugexuzz)U Z, that is, (4) holds.

To prove (5), assume that there exists a finite sequence {xy}}_,, with n > 1,
such that o € X UZ, z, € X U Z, and 1 € z, for all k (1 <k <n).

Now, g € X and x,, € X cannot both hold, since X UY is intransitive. Assume
that x9 € Z and z,, € X. Then, since 1o € HY, by (1), (15) of Proposition 3.6
gives a finite sequence {y;}7", such that yo € Y, ym = @9, and y;_1 € y; for all
J (1 <j<m). If we put ypmyr = xx for all & (1 < k < m), then the sequence
{y;}4™ violates the intransitivity of X UY.

It follows that we must have z,, € Z. Hence x,, € HY, by (1). Then, by (18) of
Proposition 3.6, we must have either (i) 2 € HY \'Y, for all k (0 < k < n), or (ii)
Ty €Y for some m (0 < m < n),and 2, € HY \ 'Y for all k such that m < k < n.

In case (i), repeated applications of (5) of Proposition 3.9 give r¥ (z_1) <
rY (z3) for all k (1 < k < n). It follows that r¥ (zo) < r¥(z,) = B+ 2, by (1),
which, again by (1), rules out the possibility o € Z. Hence, 1o € X N HY. But
this is a contradiction, since we proved above that X N HY = @.

Hence, case (ii) must hold: x,, € Y for some m (0 < m < n), and 7, € HY \'Y
for all £ with m < k < n. If then xyg € X, X NY = @ implies m > 1 and the
subsequence {zy} -, violates the intransitivity if X UY. Therefore, o € Z. Again,
(15) of Proposition 3.6 gives a finite sequence {yj}é-zo such that yo € Y, y; = xo,
and yj_; € y; forall j (1 < j <I). Put yyr, = 2, for all £ (1 < k& < m), and
consider the sequence {y;}:X™. Then, yo € Y and y;,,, € Y. The intransitivity of
X UY then implies that [ = m = 0 and yg = x¢ = ©,,. Thus, o € Y. But then,
(3) of Proposition 3.9 gives that, r¥ (o) = 1. But this is a contradiction, because
xo € Z, and r¥ (z0) = B+2 > 1, by (1). (ii) is therefore ruled out, too.

We have now ruled out every possibility for X U Z to fail to be intransitive.
Therefore, X U Z is indeed intransitive, that is, (5) holds. B

3.28. COROLLARY. Let Z C {{z}|z € Hpy1 \ Hg}, where B is an arbitrary
ordinal.
Then:

(1) ZC H, withr(y)=0+2 forally € Z.
(2) Z € H.
(3) Z is intransitive.

PROOF. Apply Theorem 3.27 with X = &, Y = {&}, a = 0, and 3 arbitrary,
using (4) of Proposition 3.16, (2) of Proposition 3.21, and (1) of Proposition 3.9 to
see that the assumptions of Theorem 3.27 are satisfied. B

It remains to put the pieces together.

Theorem 3.35 justifies the name ” a-extendable” in the following definition. We
emphasize again, however, that we only give sufficient conditions for the existence of
this kind of extensions. The word ” a-extendable” should not be understood as that
the conditions we give here are also necessary for obtaining extensions meaningful

for NSA.

3.29. DEFINITION. A set X is called a-extendable, where « is an ordinal, if:
(i) X e H.
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(ii) There is a y € H \ X such that r(z) > « for all z € (Uzexz) U {y}, and
such that X U {y} is intransitive.

3.30. REMARK. In this definition, x C H, for all x € X, by two applications of
(5) of Proposition 3.16. Therefore, r(z) is defined for all z € (Uzexz) U {y}.

3.31. PROPOSITION. Let « be an ordinal. Then:

(1) Every subset of an a-extendable set is a-extendable.

(2) @ is a-extendable.

(3) If X is a-extendable, then & ¢ X.

(4) If X # & is a-extendable, then X is completely grounded.

(5) If « > 0 and if X # @ is a-extendable, then X U {D} is a-grounded.

PROOF. If X is a-extendable and Y C X, then it follows from Definition 3.29 and
(5) and (6) of Proposition 3.16 that Y € H. Then, it follows from Definition 3.29
and (1) of Proposition 3.21 that Y is a-extendable.

Thus (1) holds.

To prove (2), pick u € Hy 41\ Hy (which is nonempty, by (5) of Proposition 3.6).
Put y = {u}. By Corollary 3.28, y € H, r(y) = a+2, and {y} is intransitive. Since
@ € H, by (6) of Proposition 3.16, Definition 3.29 gives that @ is a-extendable,
using this y.

To prove (3): If X € H with @ € X and y € H \ X, then, by Definition 3.29
and (5) and (6) of Proposition 3.16, X U {y} € H, and y # &. Then, (3) of
Proposition 3.22 gives that X U {y} is not intransitive. It follows that X is cannot
be a-extendable. Thus, (3) holds.

(4) follows immediately from the definition, (1) of Proposition 3.21, and (1) of
Proposition 3.22.

(5) follows immediately from the definition, (1) of Proposition 3.21, and (2) of
Proposition 3.22. B

3.32. REMARKS. Keeping (5) of Proposition 3.31 in mind, our objective is now
to prove that there exists w-extendable sets with arbitrarily great transfinite cardi-
nalities, and moreover, to prove that any every w-extendable set can be extended
to an w-extendable set with arbitrary great transfinite cardinality. This is precisely
what is done in Theorem 3.35, if we put o = w there.

First, however, we obtain a slight improvement of (5) of Proposition 3.25:

3.33. PROPOSITION. Let X be an a-extendable set, for some ordinal o > 0,
such that it contains an N-copy. Put X' = X U{@}. Let A be a set such that
ANHX +o.

Then, A ¢ X', and, for allm >1, A € HX if and only if A™ € HX'.

If these conditions hold, then there is an ordinal f > 0 such that (5) (a) or
(5) (b) of Proposition 3.25 holds, with (3 instead of o, and with X' instead of Y.

PROOF. Since X is a-extendable, it is intransitive, by definition and (1) of Propo-
sition 3.21. By (3) of Proposition 3.31, @ ¢ X, and by (5) of Proposition 3.31, X'
is a-grounded. Clearly A™ N (HX' )™ + .

Now, by Proposition 2.9 and Lemma 3.15, A = C(A™) ¢ X'.

The remainder of the conclusion now follows from (5) of Proposition 3.25. B
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3.34. LEMMA. Assume that Y \ {Y} # @, and that HY | can be well ordered.
Then, card (HY,, \ HY) = card HY | > card HY > card «, whenever either the
ordinal o is transfinite or the set'Y 1is infinite.

PROOF. Assume that Y \ {Y} # &, and let o be an ordinal such that HY ; can
be well ordered. Since HY C HY.,, by (5) of Proposition 3.6, HY can also be
well ordered, and so can all the other sets below, by (3) of Proposition 3.6. (See
Chapter 8.)

If @ = 0, then the conclusion follows immediately from (1) and (2) of Proposition
3.6 (even if Y is finite), so, assume that o > 0.

Then, by (14) of Proposition 3.6, card HY > cardc, and by (2) and (5) of
Proposition 3.6, card HY > card Y. Thus, if either « is transfinite or Y is infinite,
HY is infinite. Now, card P(HY) > card HY, so card P(HY) = card (P(HY) \
{o}) = card ((P(HY)\ {@}) UY) = card HY,, and hence card (HY,, \ HY) =
card HY | > card HY > card «, which is our desired conclusion. W

3.35. THEOREM. Assume that the axiom of choice holds. Then, for any ordinal
a:

(1) For any cardinal b, if X andY are sets such that X NY = & and X UY is
a-extendable, then, there is a set Z such that (X UY)NZ =0, XUY UZ
is a-extendable, and card (X U Z) > b.

(2) For any cardinal b, there exists an a-extendable set X such that card X = b.

PROOF. First, every set can be well ordered, since the axiom of choice is assumed
to hold (see Chapter 8).

To obtain (1), pick y so that it satisfies (ii) in Definition 3.29 for
X UY. By (6) and (10) of Proposition 3.16, {y} € H and {y} \ {{y}} # 2.
Choose a transfinite ordinal  such that card 8 > max(b, card X'). By Lemma 3.34,

card (Héi}l \ Héy}) > card 3. Since the map z — {z} is injective, card {{z} |z €
Hé‘:{}l \ Héy}} > card f3.

Thus we can take a proper subset Z C {{z}|z € Héqi}l} \ Héy}} such that
card (X U Z) > card Z > b. Pick u € {{z}]2 € H{ \ H"'}\ Z. Then, u = {2}

B+1
for some z € Héi}l \ Hgy}.

Now, we can apply Theorem 3.27 with XUY as X, {y} as Y, a as «, and ZU{u}
as Z: By (3) of Theorem 3.27, (XUY)NZ =@ and, sinceu ¢ Z, u ¢ X UY U Z.
(2) of Theorem 3.27, and (5) and (6) of Proposition 3.16, give X UY U Z € H and
{u} € H, and hence u € H. Thus, v € H\ (X UY U Z). (4) of Theorem 3.27
gives r(v) > « for all v € Ugexuyuzz) U {u}, and (5) of Theorem 3.27 gives that
X UY U ZU {u} is intransitive.

All this means that X UY U Z is a-extendable.

Since card (X U Z) > b, (1) holds.

To obtain (2), we first notice that it holds for b = 0, since & is a-extendable, by
(2) of Proposition 3.31. We use this case to prove (2) for b > 0: just apply (1) with
@as X and Y. Theset Z =@ UZ = @U@ U Z thus obtained then satisfies (1)
for the given b. Then, there is a subset X C Z such that card X = b. This X is
a-extendable, by (1) of Proposition 3.31.

Thus, (2) holds. B
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3.36. REMARKS. A point is that if we use Theorem 3.35 to extend an a-extendable
set, then the extended set is also a-extendable, and hence it can be further extended.
For every such extension, we have an element such as y in (ii) of Definition 3.29,
upon which the next extension can be based.

However, if we have an infinite sequence of successive extensions, is then the
union of all the successively extended sets itself a-extendable? The problem is that
in this case, no such element y is supplied. This is the reason why we have invoked
the set Y in Theorem 3.35: We can then take such an element y from Y, and then
obtain a further extension.

This is done in the proof of Theorem 7.8. In most other applications, we can
put Y = &, and hence disregard Y.
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CHAPTER 4

Proper Nonstandard Extensions

4.1. DEFINITION. The set Hf’ is called the superstructure over the set S, if
S’ = SU{@}, where S is w-extendable and contains an N-copy.

4.2. REMARKS. Since S’ in Definition 4.1 is infinite, we certainly have S"\ {S'} #
@, so HS' is defined.

In Definition 4.4 we will extend a superstructure to a larger superstructure. We
will then assume that the N-copy is the same in the extended superstructure as in
the original one. This is also the set whose elements we use when we form m-tuples
and relations on HS' and its extension. (See Remarks 2.3.)

For any transfinite cardinal b, there exists a set S with cardinality b for which
the superstructure over S exists, if we choose a suitable N-copy, provided that the
axiom of choice holds. This follows from (2) of Theorem 3.35.

The idea is that the elements in S play the role of "urelements”. We have proved
in Chapter 3 that they are sufficiently ” urelement-like” to be able to play that role
sufficiently well for our purposes.

The following proposition gives the most useful properties of the superstructure
HS "over S. Tt is just a list of properties compiled from the previous chapter. Some
of them are actually implicit in Definition 4.4. In the sequel, we will freely use them
without referring to them. So, if the reader finds an argument difficult to follow,
he/she may check if some of the properties in Proposition 4.3 apply.

Since (4) of Proposition 4.7 will show that HZ is the superstructure over T,
with T and T” as in Definition 4.4, Proposition 4.3 is applicable with T" instead of
S, also.

4.3. PROPOSITION. Let Hf' be the superstructure over S. Then, forn < w:
) HOI = .
HY =8 =Su{e).

)

) Hiyy =PHT)US.
)

)

[

2
3
4) HS = U HY'.
If m < n, then Hfll C H;fl C Hf’ (proper subsets), and, ifo' can be well
ordered, card H,;s;’ < card H,f’ < card Hf'.
(6) HS N (Uyesy) = @, that is, S' is w-grounded.
PHS)YNS = 2.

In particular, & ¢ S.

N N AN N /N

(S

—~~
~J
~—

(8) A€ HZ {\'S if and only if AC HS'.
(9) If Ac HS'\ S, then P(A) € HS |\ S.
10) If Ac HS \'S and B C A, then B € HS'\ S.

IfA,Be H5'\' S, then AUB € H5'\ S.

)
)
) ! ! ’
11) If A€ HS \S and B is any set, then A\B € HS \S and ANB € H? \ S.
)
) r5'(x) > 1 for all z € HS'.

—_
w
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(14) 5 (z) =1 if and only if z € S'.

(15) If x € HS'\ S, then (maxge, S (z')) +1 = r5 (2).

(16) HS € HS', and r5' (HS') =n + 1.

(17) @ € HS' and {@} € HS', with r5' (@) = 1, and 5" ({@}) = 2.

(18) S contains no m-tuples, and no m-ary relations, for any m > 0.

(19) For all ay,az,...,0m: a1,a2,...,¢y € Hf' if and only if (a1, as,...,am) €
HS' where m > 1.

If these conditions hold, then (maxicicmts (a;)) + 3 =
5 (a1, ag, . .., am)).
(20) Let the set A be an m-ary relation, for some m > 1:
Then, A C (H5')™, for some n < w, if and only if A € HS .
If these conditions hold, then (sup,cca) r5'(a)) + 4 = r5 (A).
(21) For all sets B such that BﬂHf' # @, and allm>1: B € Hf' if and only
if B™ € HS'.
If these conditions hold, then 5 < rS'(B) + 3 = rS'(B™).
(22) Assume that A and B are nonempty m-ary and k-ary relations, respectively,
where m, k > 0.
Then, A€ HS' and B € HS' both hold, if and only if Ax B € HS .
If these conditions hold, then max(rS (A),r5' (B)) =5 (A x B).
(23) Assume that A and B are nonempty m-ary and k-ary relations, respectively,
where m, k >0, and let f : A — B be a function.
Then, f € HS if and only if A€ HS and B € H5' both hold.
If these conditions hold then:
(a) Gy € HS', with r5'(A) < 75 (G) < max(r¥' (A), 75 (B)),
(b) r5'(f) = max(r¥'(4),r%(B)) + 3.
Also, if f 1is surjective, then the above conditions are equivalent to
Gy e Hf’, and if the conditions hold, then equality holds in the last step in

(a).

PROOF. (1)—(4) are special cases of (1)—(4) of Proposition 3.6, respectively.

(5) follows from (5) of Proposition 3.6 and Lemma 3.34, using that S is infinite.

(6) follows from (5) of Proposition 3.31.

(7) follows from (6), (3) of Proposition 3.31, and (8) Proposition 3.14.

For (8): The direct part follows from (9) of Proposition 3.6, and (5). To get the
converse part, let A C HS'. Then, it follows from (10) of Proposition 3.6, and (7)
and (4), that A € H5 \ S. Thus, (8) holds.

To obtain (9): If A € HS' \ S, then P(A) € H;f;l, by (13) of Proposition 3.6.
By (5), A € HS'. Since A € P(A), we cannot have P(A) € S, by (6). Hence
P(A) € HS,; \ S, that is, (9) holds.

(10) is vacuously true if n = 0, by (1). Assume that n > 1, A € HS \ S, and
that B C A. By (8), A C HS ,. Then, B C HS5 ,. (8) then gives B € H5 \ S.
Thus, (10) holds.

(11) is two special cases of (10).

(12) is, again, vacuously true if n = 0, by (1). Assume that n > 1, and that
A,B e HS5 \'S. Then, by (8), AC HS5 , and BC HS_,. Then, AUB C HS_,.
(8) then gives AU B € HS' \ S. Thus, (12) holds.
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(13) and (14) are special cases of (1) and (3) of Proposition 3.9, respectively.

(15) is a special case of (5) of Proposition 3.9. (sup becomes max, because a
bounded set of natural numbers has a greatest element.)

(16) follows from (7) and (8) of Proposition 3.6, (5) and (6), and (2) and (5) of
Proposition 3.14.

For (17): The statement about & follows from (2), (5), and (14). The statement
about {@} follows from this, together with (9), (5), and (15).

Thus, (17) holds.

To obtain 18: @ ¢ S, by (7). But & can be interpreted as the O-tuple () as well
as an empty relation. Also, {()} ={@} ¢ S, by (17), (14), and (2).

Hence, S contains not the O-tuple (), not the empty relation @, and not the
0-ary relation {()}.

Using this, (18) now follows from (1) of Proposition 3.25.

In the proofs of each of (19)—(23), (4) is used. Thus, using (4):

(19) follows from (2) of Proposition 3.25.

(20) follows from (4) and (3) of Proposition 3.25.

(21) follows from Proposition 3.33, and (1) and (2).

(22) follows from (6) of Proposition 3.25, and Remarks 3.26.

(23) follows from (7) of Proposition 3.25, and Remarks 3.26. B

4.4. DEFINITION. Let Hfl be the superstructure over S. A proper nonstandard
extension of HS is a map * : HS' — HY', for some set T # & for which T =
T'\ {@} is w-extendable,'?® such that the following twelve axioms are satisfied:'*
(1) *z =T, for some z € H5'.
(2) *N #N.
(3) Forall s € S and all z € HS: *z = s if and only if z = s.
(4) Itz € *A\ T for some A € HS' \ S, and if y € z, then y € *B for some
Be HS \ 8.
(5) For all n < w and all z: If z € HS', then *z € HI .
(6) Forall A,Be H5 \S: *(AUB) = *AU *B, and *(A\ B) = *A\ *B.
(7) Ifa, Ac HS and a € A, then *a € *A.
(8) For all A e H5 \ S, *(A!) = (*A)".
(9) Let A, B € HS', and assume that, for some m,k > 0, A and *A are m-ary
relations, and that B and *B are k-ary relations.
Then *(A x B) = *A x *B.
(10) For all n < w: *(memb HS') = memb *H5".
(11) For all n < w, if 1 < i < j < m, then *{(a1,as,...,a,) € (HS)™]
a; = a;} = {{a1,a9,...am) € (*H)™|a; = a;}.
(12) If A € HS', and A and * A are m+1-ary relations (m > 0), then *(’ﬂ':%_t\i [A]) =
mE 1Al

T
m-+1

4.5. REMARKS. Since T in Definition 4.4 is w-extendable, T' € H, by definition,
and (4), (5), and (6) of Proposition 3.16. Thus, by (10) of Proposition 3.16, T" # &

13This * is not a function of the type in Definitions 2.10, but an ordinary function, as in the
appendix (Chapter 8).

14The reader might think that twelve axioms is rather much, and I can agree. But it is difficult
to see how the number of axioms can be substantially reduced.
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implies T' \ {T"} # @, so HX" is defined.

The existence of a set 7' and a mapping * as in Definition 4.4, is the object
of Chapter 6, and, if we add some extra properties, of Chapter 7 (saturation). In
this chapter, the object is to explore the consequences of the axioms and derive the
most useful properties for applications.

For the remainder of this chapter, S, S’, T' and T are fixed, and we assume that
they satisfy definitions 4.1 and 4.4.

4.6. REMARKS. But let us first comment on the axioms.

Seven of them are taken from Henson ([1], p 4 f, 23 f, and 37 f.), sometimes
slightly modified, namely axioms 4, 5, 6, 9, 10, 11, and 12. But Henson also
in practice use assumptions similar to some of the other five axioms given here,
without calling them axioms.

Axiom 1 guarantees that T is not chosen unnecessarily large. It makes HZ " into
the smallest superstructure which contains the range of *.

Axiom 2 guarantees that * is a proper extension. Without it, and without any
similar axiom for some infinite set other than N, * might be the identity map. It
is suitable to use a countably infinite set such as N here. With a larger infinite set,
we cannot do nonstandard arithmetic, for example.

Axiom 3 is a strong statement, which we use to establish that the restriction of
* to S is an inclusion map. Together with other axioms, it also implies that S C T
(thus justifying calling * an "extension”), and that * is injective. (See (1) and (2)
of Proposition 4.7 and (1) of Proposition 4.9.)

Axiom 4 has perhaps no immediate intuitive appeal, but it has a natural inter-
pretation for ultrapower extensions (see Definition 6.23 and Proposition 6.25) and
it is convenient to use. It can be expressed as: ”Elements of internal sets are inter-
nal.” (See Definitions 4.20 and (2) of Proposition 4.24.). It may also be expressed
as: ”The universe of internal elements is transitive.”

Axiom 5 is one half the preservation of ranks. (Compare (2) of Proposition 4.9.)

Axioms 6-12 are of algebraic nature. They say that * preserves some important
algebraic relations. They are used to derive the transfer principle (Theorem 4.16.)
Actually we could replace axioms 6, 9, and 12 with the transfer principle!® but since
we have to go through a bunch definitions of formulas and satisfaction (Definitions
4.14) before we can state the transfer principle, it is simpler to leave these three
axioms as they are.

In Axiom 9, the assumptions that A* and *B are m-ary and k-ary relations,
respectively, turns out to be superfluous, by (4) of Proposition 4.10. But we need
Axiom 9 to derive this, so we must leave the assumptions as they are. A similar
remark can be made about Axiom 12.

Since axioms 7 and 10 both deal with the membership relation, one might suspect
that one of these axioms is superfluous. But I cannot see how one of them could
be derived from the other eleven axioms.

In Axiom 10, we have restricted the membership relation to H;f’, for n < w.
We must have some kind of restriction, because memb HS' does not lie in HS . A
similar remark applies to the ”generalized diagonals” in Axiom 11.

15As far as I can see, we cannot replace more axioms than these three with the transfer
principle.
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Proposition 4.13 generalizes Axiom 12 to omission of an arbitrary coordinate,
not just the last one.

4.7. PROPOSITION.
(1) *s=s forallse€ S’
(2) SCT and S’ CT'
(3) T"=TuU{z}.
(4) HT' is the superstructure over T

PROOF. If s € S, then *s = s, by Axiom 3. Also, by Axiom 6, *& = *(& \ @) =
O\ *O=0,s0 "0 = 0.

Thus, (1) holds.

To obtain (2), let s € S’ = HY'. Then, by (1) and Axiom 5, s = *s € H =T,
Hence, s € T". It follows that S” C T”, and hence that S = S'\{@} CT'\{o} =T.

Thus, (2) holds.

Since @ € §', (3) follows immediately from the Definition 4.4 and (2).

(4) now follows from (2), (3), and definitions 4.1 and 4.4. W

4.8. PROPOSITION. If A,B € H5' \'S, and if a € HS', then:
(1) *(ANB)= *AnN *B.
(2) A= if and only if *A= 2.
(3) AC B if and only if *AC *B.
(4) a € A if and only if *a € *A.

PROOF. (1) follows from Axiom 6: If A, B € HS5 \ S, then *(ANB) = *(A\ (A\
B)) = *A\ *(A\B)) = *A\ (*A\ *B)= *AnN *B.

To prove (2): (1) of Proposition 4.7 gives *@ = @. On the other hand: If A # &,
then a € A for some a € Hf’. Thus, by Axiom 7, *a € *A, so *A # @.

Thus, (2) holds.

(3) follows from Axiom 6 and (2), since A C B is equivalent to A\ B = &, and
similarly for *A C *B.

To prove (4), we notice that the direct part follows from Axiom 7. To get the
converse part, assume that a ¢ A. Then, a € H;f' \ A, for some n. Then, by axioms
7 and 6, *a € *HS' \ *A. Thus, *a ¢ *A. Hence, the converse part of (4) holds.

Thus, (4) holds. B

4.9. PROPOSITION.
(1) * is an injective map.
(2) For allz € HS : v5'(z) =T (*x).
(3) *HS" C HY', for all n.

PROOF. To prove (1), pick z,y € Hf' and assume that *z = *y. If x € S, then,
by (1) of Proposition 4.7, *y = *x = x, and, by Axiom 3, z = y. Similarly if y € S.

Assume, then, that z,y € Hf’ \ S. Then *z = *y means that *z C *y and
*y C *xz. Hence, by (3) of Proposition 4.8,  C y and y C x, that is, z = y.

We have proved that z = y in all cases. Hence, (1) holds.

Next, put 7 = 7% (). Then, n. > 1. We now prove (2) by induction on 7.

It. follows from (1) of Proposition 4.7 that rT (*z) = 1 if 75" (z) = 1. Thus, the
statement is true for n = 1.
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Assume now that the statement is true for some n > 1, and pick z € HS with
r5'(z) =n+1. Thenz € H Jr1\5’ and, by AX1om5 *r € HY +1’ sorT (*z) < n+1.
Now, there is a y € Hf such that y € x and r° ( ) = n. Thus, by the induction
hypothesis, rT’(*y) = n. Also, *y € *x, by Axiom 7. Then, since *y € HZ',
*x ¢ T. Tt follows that T (*z) > n + 1.

Hence, T (*z) = n+ 1 =5 (). (2) now follows by induction.

(3) follows from (2): rT' (*HS") = rS"(HS' ) =n+ 1. If *HS € T, then n = 0,
and *H5' = *@& = &, by (2) of Proposition 4.8. But @ ¢ T. Hence, *HS ¢ T.

It follows that r™" () < n for all z € *HS', which implies that *HS5 C HI'. R

4.10. PROPOSITION. Let A € H5'\ S. Then:
(1) *(diag A) = diag *A, and *(memb A) = memb *A.

(2) If A € Hf’ \ S is finite: A = {ai,az,...,an}, then *A =
{*al, *az,..., *am}.
Also, *(a1, a2, ..., am) = (*a1, *ag, ..., *am)

(3) *(A™) = (*A)™, for all m > 0.
(4) For any m,k > 0: If A C (HS')™, for some n < w, then *A C (*HS')™ C
(Hy )™

PROOF. First, we choose n such that A C H;f’. To prove (1), we see that *A C
“HS', by (3) of Proposition 4.8.

The following argument proves *(diag A) = diag * A, and if we just use Axiom 10
instead of Axiom 11, and change diag to memb everywhere, this argument proves
*(memb A) = memb * A instead:

By Axiom 11 and Definitions 2.8, *(diag HS') = diag *(HS"). Also, by axioms 9
and 8, *(A2) = *(A! x AY) = *(Al) x *(A}) = (*A) x (*A)L = (*A)2.

Then, it follows from (1) of Proposition 4.8 that *(diag A) = *(A2N diag HS') =
*(A2) N *(diag HS") = (*A)2 N diag *(HS5") = diag *A. Thus, (1) holds.

To prove the first part of (2), we first prove that *{a} = {*a} for all a € HS".
Clearly, {a} € H5 \ S. Since {a} is singleton, we have diag{a} = {a}' x {a}".
Hence, by (1) and axioms 9 and 8, diag *{a} = (*{a})* x (*{a})'. But this implies
that *{a} has at most one element. By Axiom 7, *a € *{a}, so *{a} = { *a}.

We now prove the first part of (2) by induction on m. It holds for m = 0, by (2)
of Proposition 4.8. If it holds for m, and if A = {ay,as2,...,am,am41} € HS \ S,
put B = {ay,as,...,a,}. Then by Axiom 6, the case just proved, and the induc-
tion hypothesis: *A = *(BU {am+1}) = *BU *{am41} = {*a1, *az2,..., *ap} U
{ *am+1} = { *al, *az, ceey *am, *am+1}.

Thus, by induction, the first part of (2) holds.

The second part of (2) follows by repeated applications of the first part, since
<a17 A2y .00y am> = {{{1}’ {17 al}}v {{2}’ {27 a2}}7 LN {{m}’ {m’ a’m}}}v

and similarly for (*ay, *as,..., *an), using that *k =k for all k € N C S, by
(1) of Proposition 4.9. Thus, (2) holds.

We prove (3) by induction on m.

AV = (*A) = {()} = {2}, and *{@} = {2}, by (2) of Proposition 4.8, and (2).
Hence, *(A%) = (*A)°.

Now, assume that *(A™) = (*A)™, for some m > 0. Then, by axioms 9 and 8:
S(A™H) = 5(A™ x AT) = (™) x F(AT) = (“A)" x (“A)] = ("4, Thus,
*(Am+1) — (*A)m—{—l.



40

(3) now follows by induction.
(4) now follows from (3) of Proposition 4.8, (3), and (3) of Proposition 4.9. B

4.11. PROPOSITION. *S =T and *S' =T".

PROOF. We first prove that *S’ = T'. That *S" C T” is a special case of (3) of
Proposition 4.9. Conversely, T = *X for some X € Hf', by Axiom 1. r5’ (X)=2,
by (2) of Proposition 4.9, so X ¢ S. Put X' = X U {@}. Then, by Axiom 6,
(2) of Proposition 4.8, and (2) of Proposition 4.10, we obtain *X' = *X U {@} =
T U{@} =T'. Again, by (3) of Proposition 4.9, r5'(X') = 2.

Then, X' C Hf' = S’, so (3) of Proposition 4.8 gives T = *X' C *S’. Thus,
*S/ — T/.

Next, S = S"\{@} and T = T"\ {@}, so by Axiom 6, (2) of Proposition 4.8, (2)
of Proposition 4.10, and the above case, *S =T. R

4.12. PROPOSITION. Let o : {1,2,...,m} — {1,2,...,k}, for some m,k > 0,
and assume that A C (HS' )™, for some n < w.

Then, *{(a1,as,....ax) € (HS)V|(as1),a00)s- - 0om) € A} =
{<a17 a2y .. ., ak> € (*Hsl)k | <a’ff(1)7 Go(2)y -+ af’(m)> < *A}

PROOF. First, *A C (*H5")™, by (4) of Proposition 4.10.

If m = 0, then, either A = & or A = {()}, and then *A = @ and *A = {o},
respectively, by (2) of Proposition 4.8 and 2 of Proposition 4.10. What is claimed
in these cases is then *@ = @ or *((HS)¥) = (*HS")*, which hold, by (2) of
Proposition 4.8 and (3) of Proposition 4.10.

So, assume that m > 1.

Consider the set

B=((HS) x )
(N {1y @2,y Gy At - - Qg € (S )™ 0y = agii}).
By axioms 8, 9, and 11, (1) of Proposition 4.8, and (3) of Proposition 4.10,
‘B= (S x *A)()
(N {1, @z, oy Gy Qts - - Qg € (SN ™ | ag0y = agii})-

Also, it is clear that
{{ar, a0, ..., a) € (HZVE [(ao@)s Go(@), - - > Go(m)) € A}
k1 k42 k+m
=m_=[m [W@[B]]]v

and

{{a1, a2, ... ax) € ("HIVE [ {051y, Gg2)s - - - Qo(m)) € *A}

= WZ/E[WZ/E[W%[*BH]

The conclusion now follows by repeated applications of Axiom 12. B
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4.13. PROPOSITION. Let A € Hf’ be an m + 1-ary relation for some m > 0.
Then, for anyi: 1 <i<m+1, *(W%er[A]) — Wgn+1[*A].

PROOF. A C (HS )™+, for some n. We define ¢ : {1,2,...,m,m + 1} —
{1,2,...,m,m+ 1} by

7, if 1<j5<4i,
j—1, if 1<j7<m+1.
Then,
T HA] = 7 (a1, a2, -, Gy Gmat) € (HS )™

7

m+1
<acr(1), A5 (2)s -+ 1 Ao(m)> acr(m+1)> S A}]7

and, by (4) of Proposition 4.10,

!
,/Tzn—i—l[*A] = ﬂ-:%_—g[{<a17 a2, ...,0m, am+1> S (*HS )m+1 |

7

<CL0.(1), Ao (2)s -+ -5 Aa(m)> aa(m+1)> S *A}]

The conclusion now follows from Proposition 4.12 and Axiom 12. B

We have now gathered enough material to be able to prove the transfer principle.
But first, we need to make some definitions.

4.14. DEFINITIONS. As variables over S we use the symbols x1,xo,.... We use
X1, Xs,... as variables over T'.

An atomic formula over S is an expression of the type (z; ,x;,,...,x; ) € A,
where m > 0, ;,,%;,,...,x; are (not necessarily distinct) variables over S, and
A € HS is an m-ary relation.

We define formula over S recursively by the following:

(i) An atomic formula over S is a formula over S.
(ii) If ¢ and 1) are formulas over S, z; is a variable over S, and B € H5 \ S,
then =g, (¢ V), (9 AY), (¢ = ), (¢ < ), (Bxi € B)¢, and (Va; € B)g
are formulas over S.
(iii) A formula over S can be proved to be one using only (i) and (ii).

Atomic formulas and formulas over T are defined similarly, with 7" substituted
for S everywhere above, and using variables over 7' instead of over S.

When confusion cannot arise, we sometimes will not write out the outermost
parentheses around a formula.

We regard formulas involving A, —, <>, and V as abbreviations for formulas
involving only —, V, and 3, by the following ”expansion” rules:

(¢ A4p) is an abbreviation of —(m¢ V =),
(¢ — 1) is an abbreviation of (mp V),
(¢ <> 1p) is an abbreviation of —(=(=¢ V) V = (=9 V ¢)),

(Vz; € B)¢ is an abbreviation of —(3z; € B)—¢,
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for formulas over S, and similarly for formulas over 7', with X; instead of ;.
We also sometimes write

d)l V d)g V Q53 instead of (Qsl \ q32) \% Q53, and
P1V P2V g3V ey  instead of  ((d1V d2) V ¢3) V ¢y, ete.

and likewise,

d1 N\ P2 A ¢3 instead of (o1 A p2) A b3, and
P1 AN g2 N3 Ay instead of  ((d1 A d2) A d3) A ¢, etc.

where ¢1, ¢o, ... are formulas either over S or over T'.

An occurrence of a variable x; in a formula ¢ over S is called bounded in ¢ if it
occurs within a subformula of ¢ of the type (Jz; € B)y or (Vz; € B)y, where 9
is a formula, over S, itself. An occurrence of z; in ¢ is called free in ¢ if it is not
bounded in ¢. Similarly for a variable over 7" in a formula over T'.

Now, let aq,a9,...,ar € Hf', for some k£ > 0, and let ¢ be a formula over
S, such that all free variables in ¢ (that is, all variables which have free occur-
rences in ¢) are among x1, xa,...,Tx. (We do not require that all these variables
have free occurrences in ¢, only that no other variables have.) We then say that
(a1, as,...,ay) € HS satisfies ¢ if, recursively, either

(i) ¢ is atomic: (z;,, %4y, ..., %, ) € A, and (a;,, @4y, - .., a;,, ) € A.

(ii) ¢ is =), and (a1, as,...,ar) does not satisfy .

(iii) ¢ is ¢ V x, and {(ay, as,...,ay) satisfies at least one of ¢ and .

(iv) ¢is (Jz; € B)1, and there exists an agy1 € B such that (a1, as,...,a%, agr1)

satisfies 1)/, where 9 is obtained from ) thus:

If 2; is 211, then ¢’ is 1. Otherwise, let [ be the smallest number such
that the variable z; occurs neither in ¢ nor among x1, o, ..., zg. Then, re-
place every occurrence of x4 1 in ¢ by z;, and then replace every occurrence
of z; in ¢ by zx41. The resulting formula is then 1)’.

(V) dpisyAx, ¥ = x, ¥ < x, or (Vz; € B)y, and (aq,as,...,a) satisfies
@', where ¢’ is obtained from ¢ by using the appropriate ”expansion rule”

above.

We use the following notation: We write a formula over S as ¢(z1,xa, ..., zx) if
we want to indicate that all free variables in ¢ are among x1,zs, ..., xk, for some
k > 0. For ay,as,...,ar € HS |, we then write ¢(a1,as,...,ax) if {(a1,as,...,ax)
satisfies ¢(x1,x2,. .., Tk).

A sentence over S is formula ¢ over S with no free variables. Such a ¢ is true if
the O-tuple () = @ satisfies it. Otherwise, ¢ is false.

We make the corresponding definitions for formulas over T'.
Now, let ¢ be a formula over S. For every variable x; over S, replace every occur-
rence of z; in ¢ with X;. Also, for every m-ary relation A € HS' (m > 0), replace
every occurrence of A in ¢ with *A. (Then, *A € HZ' is an m-ary relation, by
(4) of Proposition 4.10.) Likewise, for any set B € Hf’ \ S in ¢, replace every
occurrence of B in ¢ with *B (which lies in HZ' \ T, by (4) of Proposition 4.8 and
Proposition 4.11).

The result is a formula over T" which we denote *¢, and which we call the
*-transform of ¢.
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We write the *-transform of ¢(x1, za,...,x), as *¢(X1, Xo, ..., Xi).

4.15. REMARKS. There are, of course, many similarities to ordinary formulas in
predicate logic. We have the same connectives -, V, A, —, <>, and the same quan-
tifiers 4 and V, with the usual interpretations: negation, disjunction, conjunction,
implication, equivalence, and the existential and universal quantifiers. There are
differences, though. The major difference is that the quantifiers here are bounded,
i.e. the quantifier expressions have the forms dz; € B and Vz; € B, where B is a
set. For the reason to this restriction, see Remarks 4.17.

The change of variable in (iv) above is admittedly not very beautiful. It is one
attempt to solve a problem which probably does not a have any really nice solution.

For example, consider the formula (3z3 € S) (z1,23) € S% over S. Its only free
variable is x1. Therefore, the question whether a 1-tuple (a1) satisfies this formula
or not, should be meaningful. And the answer should be yes if and only if there
exists an ay € S such that (ai,as) € S2. But ay should be substituted for the
variable x in the formula (z1,75) € S%, not for x3 in (z1,z3) € S2. We choose to
solve this problem by simply change the bounded variable to xs.

An alternative approach would be to assign variables to a formula before we
ask whether or not an m-tuple satisfies it. For example, if ¢ denotes the formula
(x1,72) € N x S, then the questions whether or not (ay,as) satisfies ¢(x1, z2) and
Y (xa,x1), respectively, may have different answers. This makes the definition of
satisfaction more complicated, and we have not chosen this approach.

Notice also that the number m for which is meaningful to ask whether or not an
m-tuple satisfies a given formula is not uniquely determined by the formula. Any
m such that the formula has no free occurrences of any zj with £ > m will do.

4.16. THEOREM. (Transfer Principle). Let ¢(x1,x2,...,2k) be a formula over S,

(k > 0), whose free variables are among T1,T>, ...,2k, and let C € HS be a k-ary
relation. Then

(1)

*{<CL1,CL2, .. .,G,k> eC | ¢(a1,a2, .. .,ak)} =
{(a1,a2,...,ar) € *C|*P(a1,a2,...,a;)}.

(2) For all by,by,...,b, € Hf’: d(b1,bay...,bg) if and only if
*¢(*by, *ba, ..., *bg).
(3) If ¢ is a sentence in S, then ¢ is true if and only if *¢ is.

PROOF. We prove (1) by induction on the complexity of ¢(z1,za, ..., xk).
If ¢(x1,z2,..., k) is atomic: (@, Tiy,..., 2 ) € A, then *¢(X1, Xo, ..., Xi) is

<X¢1,Xi2, .. -;Xim> € *A.

Choose n < w such that C C (HS)™. Then, by (4) of Proposition 4.10, *C' C
(“H)™.

Then,

“{{a1,a2,...,a;) € C|d(ar,az,...,a)} =
“(Cn{{ay,az,...,a1) € (HSV | (ai,, ai,, ... a5, ) € A}),
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and

{(a1,az,...,ar) € *C|*¢p(ar,a2,...,a)} =
*Cn{{ar,as,...,a5) € (“HZ)*|(ai,, ai,,...,a; ) € *A}.
That these two are equal follows from (1) of Proposition 4.8 and Proposition
4.12. Thus, the statement is true if ¢ is atomic.

NeXt, let d}(xl) Tr2,... ,‘Tk)7 X(xh T2,... ,‘Tk)’ and M(xh Tr2,... ,l'k,l'k-i-l) be for-
mulas over S, and assume that

“{{a1,a9,...,a;) € C|Y(a,az,...,ax)} =
{{a1,a2,...,a;) € *C|*Y(a1,a2,...,a;)},

and

“{{ay,a9,...,a;) € C|x(a1,as,...,a5)} =
{{a1,aq9,...,a;) € *C|*x(a1,a2,...,ar)}.
Then, if ¢(z1,22,...,2,) is —(z1,22,...,28), *¢(X1,Xo,...,Xg) is

- *(Xq, Xo, ...y Xg)-
Thus,

(a1,a9,...,ar) € C'|p(ay,as,...,a5)} =
(a1,a9,...,a) € C'|=)(ay,as,...,a5)} =
(a1,a9,...,a) € C|Y(ay,a2,...,a5)}) =
(a1,a9,...,a,) € C'|¢Y(ar,a2,...,a;)} =
*C\ {{ay,as,...,a;) € *C|*Y(ar,a2,...,ar)} =
{{a1,az2,...,a;) € *C|="Y(a1,a2,...,ax)} =

(a1,a9,...,a;) € *C|*¢(ar,az,...,ar)},
using the induction hypothesis, the definition, and Axiom 6.

Thus the statement is true if ¢(x1, zo, ..., xg) is "P(z1, T2, . .., Tk).

If ¢z, x0,...,2) I8 Y(x1,29,...,2) V  x(x1,22,...,2k), then

(X1, Xoy. ooy Xg) is *( Xy, Xo, ..o, Xg) V *x (X1, Xo, ..oy Xg)-
Thus,
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using the induction hypothesis, the definition, and Axiom 6.

Hence, the statement is true in this case too.

Next, assume that ¢(z1, z2, ..., xk) is (Jrgy1 € B)p(zy, z2,. .., Tk, Trr1). Then,
*$(X1, Xoy ooy Xg) is (FXpy1 € *B) "u( X1, Xo, ..o, Xi, Xig1)-

Assume (as induction hypothesis) that

*{<(1,1,(1,2, . '7ak7ak+1> € C x Bl |/1,(a1,a2, . '7ak7ak+1)} =
{<(1,1,(1,2, . '7ak7ak+1> € *(C X Bl) | *iu’(a’l,a'Z, . '7ak7ak+1)}'
Now,
*{<(1,1,(1,2,. . .,CLk;> S C|3ak+1 €B: /1,((11,(12,_ . '7ak7ak+1)} =
*(W:/__E[{<CL1, az, .. '7ak7ak+1> SHORS B! | H’(aha?v .- '7ak7ak+1)}])7
and,
{<a17a2,"'7ak> € *C|E|(1,k+1 € *B: )u’(a’l,a'Za"')ak,a'k-i-l)} =
W:/E[{<alaa27---vakvak+l> € *Cx (*B)' [*p(ar, as, . .., ag, ag41)}]-

That these two are equal follows from axioms 8, 9, and 12, the definition, and
the induction hypothesis. Thus, the statement is true also in this case. The case
when ¢(x1, zo, ..., x%) is (z; € B)p and i # k+1, can be reduced to the preceding
case by a change of variables, as in (iv) in the definition.

Finally, if ¢(x1,22,...,2,) IS Y A X, ¥ = X, ¥ <> X, or (Vx; € B)p, then we can
use the appropriate expansion rule to reduce it to the cases above.

Thus, (1) holds.

To obtain (2), it is clear that ¢(by, be, ..., by) holds if and only if

{<a1,a2,...,ak> €{<b1,b2,...,bk>} | d)(al,ag,...,ak)}:{(bl,bz,...,bk>}.

Similarly, *¢(*by, *ba, ..., *bi) holds if and only if

{<a1,a2,...,ak>E{<*b1*,b2,...,*bk>} | *¢(a1,a2,...,ak)}:
{<*b1, *bz,..., *bk>}

(2) now follows from (1), and (2) of Proposition 4.10.
(3) is a special case of (2) (k=10). R

4.17. REMARKS. In (1) of the transfer principle, it is necessary to restrict the
formula to a relation C. The reason is that the set off all (a1, aq, ..., ax) € (HS )™
satisfying the formula might not lie in Hf’. This is the case for the formula
= (z1) € @' over S, for example.

In the induction step in the proof of (1) of the transfer principle, for a formula of
the form (Jzx41 € B)yY(x1,x2, ..., Tk, Tit1), we use Axiom 12. Now, if we did not
have bounded quantifiers, but just Jz;4; instead of Jzry1 € B, Axiom 12 would
not be applicable. This is why we only have bounded quantifiers. It is difficult
to see how we could change the theory so that we could prove a transfer principle
where we have unbounded quantifiers.
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The most common is that one uses the sets H? ’ (n < w) as bounds for quantifiers
(in formulas over S).

4.18. REMARKS. In the next proposition, we prove that functions behave as they
should under the map *. These results are important if we want to generalize the
atomic formulas in Definitions 4.14 to include function symbols and constants, and
extend the transfer principle to formulas of this type too. We will not get into
this here, and we will not use any such formulas is this text, so we leave to the
interested reader to work out the details. It should be pointed out, however, that
one in practice needs such formulas if one uses NSA in some field which contains a lot
of functions, because otherwise, many formulas would be too long to comprehend.
In some of the formulas later in this chapter and in Chapter 7, this ”comprehension
limit” is approached, but, hopefully, the reader will not think that this limit is
exceeded.
Nevertheless, we give the proposition:

4.19. PROPOSITION. Let A,B,C € Hf' be m-ary, k-ary, and l-ary relations,
respectively, for some m,k,l > 0, and let f : A — B and g : B — C be functions.
Then:

(1) *f is a function: *f : *A — *B, with graph G-y = *Gjy.

(2) *(flar,a2,.-.,am)) = (*f)(*a1, *az,..., *am), for all {a1,as,...,am) €

*

(3) ( (D)) = (*f)[*D] for all D C A. In particular, *Rf = R«y.

(4) f is zn]ectwe (surjective, bijective) if and only if *f is.

(5) *(gof) = “go *f.

(6) *(ida) =id«a

(7) f has an inverse if and only if * f has, and if these inverses exist, *(f~1) =
()~

(8) If D C A and f[D] C E C B, and if h is the restriction of f to D and F,
then *h is the restriction of *f to *D and *FE.

PROOF. Let us once for all choose n < w such that A C (HS )™, B C (H5)*,
and C' C (HS").

Then, *A C (*HS)™, *B C (*HS")*, and *C C (*HS")!, by (4) of Proposition
4.10.

Now, to obtain (1), Gy C A x B. Hence, by (3) of Proposition 4.8 and Axiom
9: *Gy C *A x *B. Hence *Gy C (*Hf’)m+k.

Now, since f : A — B is a function, the following sentence over S is true, if
k> 1:

(Vo € HY)(Voy € HS Y-+ (Vo € HS (@1, 20, ..., Tp) € A —
(3wm1 € HY ) (Fwmyn € HY )+ (3xmyr € HY)
(Yomsht1 € HY ) (VTminy € Hy )+ (Vmaop € Hy )
(1,2, s Ty Tt bt 15 Tkt 2y - - - Tmy2k) € Gf
& (T, Tmghr) € diag HY A (Tmya, Tmpria) € diag HY A

A <$m+kaxm+2k> S diagﬂsl)))'
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Then, by the (3) of the transfer principle, using (1) of Proposition 4.10, the following
sentence over T is also true:

(VX1 € *HS\VXs € *HS) - (VX € *HS)V(X1, Xay ..., X)) € A —
(X1 € *Hgl)(aXm+2 < *Hgl) (I € *va’)
(VXmihs1 € “HS )(VXmakp2 € “Hy )+ (VXngor € “HY)
(X1, Xy oo, X, Xongkt 1, Xgkt 2, - - - Xmg2k) € "G
& (Xmi1, Xmgnr) € diag “H A (Xinp2, Ximprpa) € diag "HY A -+
A (Xt Ximsox) € ding *H)))).

Since *f = *(A,Gy,B) = (*A, *Gy, *B), by (2) of Proposition 4.10, all this means
that *f is a function, *f : *A — *B, with graph G-y = *G¢. This is true also
if £ = 0, because then Gy = A, *Gy = *A, and either B = {&} = *B or
B =@ = *B, in which case also A = @ = *A ( (2) of Proposition 4.8 and (2) of
Proposition 4.10 were used here.).

Thus, (1) holds.
It follows from (1), Axiom 7, and (2) of Proposition 4.10 that

(1,02, ..., Qm, CGmt1, Gmt2s - - - Amik) € G
implies
(a1, *ag, ..., "am, "Gmt1, “Gmt2, “Gmir) € Gy
This means that f(a1,a2,...,am) = (Gm+1,Gm+2,---,amir) implies that
(*)(*a1, *azy ..., *am) = (*ama1, *Gmao, ... *amik). Thus, (2) holds.

To obtain (3), we first note that if C' C A, then *C C *A, by (3) of Proposition
4.8.
Now,

fID] = {(z1,22,-..,2x) € B|
(Bwrgr € Hy )(Fwpyn € HY ) -+ (Fwpym € Hy )
((Tht1, Tha2, - o s Thitm) € D A{Tpg1, Thgo, . o oy Thtm, T1, T2, ..., Tk) € Gf)}.
Thus, by (1) of the transfer principle, and (1):
“(fID]) = {{X1, X2,..., Xi) € "B
(3Xpp1 € *HS)BXpyo € *HE) - (3Xpym € *HS)
((Xkt1, Xir2, - s Xigm) € "DA(Xiy1, Xiv2, -+ s Xbogm, X1, X2, ..., Xg) € G4)}

Hence, (3) holds.
To prove (4): f is injective if and only if the following sentence over S is true, if
m > 1:

(Vo € HS ) (Vos € HS) ... (Voomar € HS)
(%1, T2,y T, Tamt1, T2mt1s - - - s L2mtk) € GFA
(Tmt1s Tmt2s -+ s Toms Toamt1s + -+ > Lomik) € Gf) —
(21, Try1) € diag HS A (g, Tmyo) € diag HS A« A (T, Tom) € diag HS)).
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Using that *(diag HS') = diag *HS", by (1) of Proposition 4.10, and using (1), we
see that *f is injective if and only if the *-transform of this sentence is true.

Thus, it follows from (3) of the transfer principle that f is injective if and only
if *f is.

This holds also if m = 0, because then, by (1), both Dy = A and D« = *A are
0-ary relations, and then both f and *f are injective.

Since, by (1), surjectivity of f and *f means that Ry = B and R«; = *B,
respectively, it follows from (3) that f is surjective if and only if *f is.

That f is bijective if and only if * f is, now follows from the previous cases.

(4) is proved.

For (5), it follows from (1) that *(go f) and *g o *f are functions with domain
*A and codomain *C, and that *Ggor = G«(40f)- We must prove that G.(,or) =
G +go+¢. To do this, let ¢(x1,22,...,2m41) be the following formula over S:

(mtis1 € HY ) (Fmaiga € HY )+ (Fmprsn € HY )
(<$1,$2, ooy Ty T 141 T 142+ + » ,$m+l+k> S Gf A

(Tmti41s Tmt142, -+ o s Tntltk Tt 1, Tmt2s - - - Tml) € Gy).

It is clear that

Ggof:{<CL1,CL2,...,am,cl,CZ,...,Cl> EAXC|

¢(a17a27"'7am7617027"'7cl)}7
and, by (1),
Ggort ={(a1,a2,...,am,c1,¢2,...,¢c1) € "Ax *C|
*¢(a17a27---,am,017027---,cl)}-

Now, by the above, it follows from (1) of the transfer principle and Axiom 9, and
(1), that G*(gof) = *Ggof - G*go*f-

Hence, (5) holds.

To prove (6): It is clear from (1) that *id4 is a function with domain and
codomain *A. We must prove *Giq, = Giq. ,-

If m =0, then A = @ or A = {()} = {@}. By Remarks 2.12, Gjq, = @ or
Gia, = {9}, respectively. Thus, all we have to prove in theses cases is that *@& and
*{@} = {@}. But these are true, by (2) of Proposition 4.8 and (2) of Proposition
4.10.

So, assume that m > 1:

Then,

Giay = (Ax A) (N1 {(01, 02, -, a9m) € (H )*™ | ai = amyi},
and likewise
Gia., = ("Ax AN {(a1, a5, - a9m) € (H )™ | ai = Gy}

Now, it follows from axioms 9 and 11, and (1) of Proposition 4.8, that *Giq, =
Gid. ,-
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Thus, (6) holds.

To prove (7): It follows from (4) that f has an inverse if and only if * f has. If so,
it follows from (1) that *(f~!) is a function with the same domain and codomain
as (*f)~1, that is *B and * A, respectively.

We must prove that G*(f—l) = G(*f)—l.

It follows from (1) and Proposition 4.12 that

G g1y = “{(b1,ba, ... by, ar,an,. .., an) € (HS )™ |
(a1,a2,...,0m,01,b2,...,b;) € G¢} =
{(b1, b, ... by, a1, az,. .. an) € (*HS )t |
(a1,a2,...,04m,b1,b2,...,bk) € G5} = G(xp)-1.

(7) now follows.

To obtain (8): It follows from (1) that *h is a function with domain *D and
codomain *E. That *D C *A and *E C *B follows from (3) of Proposition 4.8.
Since G, C Gy, (3) of Proposition 4.8 and (1) also give G+, C G~¢. But this
implies that G «, is the restriction of G+« to *D and *F, that is, (8) holds. W

We now introduce four central concepts in NSA.

4.20. DEFINITIONS. Let b€ HL".

b is called standard if b = *a, for some a € H5 . b is called nonstandard if it is
not standard.

b is called internal if b € *A for some A € HS' \ S. b is called external if it is
not internal.

4.21. PROPOSITION. Let A€ H5\ S. Then:
(1) {*ala € A} C *A, with equality if A is finite.
The inclusion in proper if N 3 A (which holds e.g. if A is infinite and
can be well ordered, see Chapter 8).
(2) All elements in *A\ {*a|a € A} (if there are any) are nonstandard.
(3) {*a]a € N} =N C *N (proper inclusion), and all elements in *N\ N are
nonstandard.

PROOF. The first part of (1), and (2), follow easily from (4) of Proposition 4.8
and (2) of Proposition 4.10. We wait with the second part of (1), and prove (3)
first: Since N C S, the first part of (3) follows from (1) of Proposition 4.7, the first
part of (1), and Axiom 2. The second part then follows from (2).

To prove the second part of (1): That equality holds in (1) if A is finite is a part
of (2) of Proposition 4.10.

It remains to prove that *A\ { *a|a € A} is nonempty if N < A.

That N < A means that there is an injective function f : N — Al. Now, it
follows from (1), (2) and (4) of Proposition 4.19, Axiom 8, and (1) of Proposition
4.7, that *f : (*N)! — (*A4)! is an injective function, and that (*f)(n) = *(f(n))
for all n € N.

By (3), we can pick p € *N\ N. Assume, to get a contradiction, that (*f)(p) =
(*a), for some a € A. Since *f is injective, (*f)(n) # (*a) for all n € N.

Thus, for any fixed n € N, (*a,n) does not satisfy the following formula over T"
(Xz, X1> eG *fe



50

Thus, by (2) of the transfer principle, backwards, (1) of Proposition 4.7, and
(1) of Proposition 4.19, (a,n) does not satisfy this formula over S: (x3,z1) €
Gy. This holds for all n € N, so (a) satisfies the following formula over S:
—(3z2 € N)(z3,21) € Gy. Thus, by (2) of the transfer principle, forwards, (2)
of Proposition 4.10, and (1) of Proposition 4.19, that (*a) satisfies the formula
—(3X, € *N)(X2, X1) € G +¢. But this contradicts (*f)(p) = (*a).

Therefore, the assumption that (*f)(p) = (*a) for some a € A is false, which
means that (*f)(p) € (*A)'\ {{ *a) |a € A}. Hence, *A\ {*a|a € A} # @, which
completes the proof. B

The usage of the transfer principle in the above proof, going back and forward,
is typical for many arguments in NSA. For example, in nonstandard real analysis,
one gives alternative definitions of limits and derivatives, without using € and §. To
prove that these definitions are equivalent to the standard ones, one uses arguments
of this kind. (See e.g. Cutland, [1], p. 59 f.)

4.22. DEFINITIONS. The elements in *N are called hypernatural numbers. We say
nonstandard natural number instead of nonstandard hypernatural number. Some-
times, we also say standard natural number instead of (ordinary) natural number.

We will return to hypernatural numbers towards the end of this chapter. Mainly
because we need them to define hyperfinite sets (Definition 4.38).

4.23. REMARKS. The internal elements in HZX " are the only elements whose values
the variables in the *-transform of a formula over S can adopt. Thus, one can say
that the external elements is "unreachable” by *-transforms, or that transformed
formulas only "talk about” internal elements.

It is therefore important to be able to decide whether or not a given element is
internal. Therefore, we prove some important results about internal elements. The
key result is the internal definition principle (Theorem 4.27).

By (3) of Proposition 4.24 below, all external elements are ”sets” and not ”ure-
lements”. Thus, there is no point of talking about external elements, but only to
talk about external sets.

4.24. PROPOSITION.

(1) All standard elements b € HY are internal.

(2) If A e HT' \ T is internal, then every element b € A is internal.
(3) All elements in T' are internal.

PROOF. To prove (1), if b € HY is standard, then b = *a for some a € H5 . But
a € HS for some n. Hence b= *a € *HS', by Axiom 7.
Thus, b is internal.

(2) follows from Axiom 4.
Since S" ¢ S, (3) follows from Proposition 4.11 and the definitions. B

4.25. THEOREM. Letn < w.
(1) Ifn>1 and x € *HS '\ T, then x C *HS5" .
(2) *HS' is the set of all internal elements in HT .
(3) For allm > 0: If AC (HI'Y™ is internal, then A C (*HS" )™,
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(4) If Ae HS' \ S, then *P(A) is the set of all internal subsets of *A.
Thus, *P(A) C P(*A).

PROOF. If n > 1, we note that for £ > n, the following sentence over S is true:
(*)  (Vor € HS)(Voy € HY ) (w9, 21) € memb HE — (25) € (HS.)Y).

Then, by (3) of the transfer principle, (1) of Proposition 4.10, and Axiom 8, the
following sentence over T is true:

(**) (VXy € *HS)(VXs € *HS)((Xa, X1) € memb *HY — (X,) € (*HS_ ).

Now, let = € *H;fl \ T, and pick y € z. By Axiom 4, y € *A, for some A € Hf' \S.
But A C HS', for some m. Put k = max(m,n). Then, A C HZ'. Hence, by (3)
of Proposition 4.8, *A C *H,f', and y € *H,f'. Also, *H;f’ C *H,f’, by (3) of
Proposition 4.8. Applying (**) with this k£, and with z as X; and y as Xo, we get
y € *HS' . This holds for all y € z, so # C *HS" . Thus, (1) holds.

We prove (2) by induction on n.

For n = 0, the statement reduces to the triviality & = &, by (2) of Proposition
4.8.

Assume now that the statement is true for some n > 0.

First, let x € *H;f;l By definition, z is internal, and by (3) of Proposition 4.9,
NS H,:ZLl.

Conversely, assume that = € H};’Ll is internal. If x € T, then z € *H;f;l, by
Proposition 4.11 and (3) of Proposition 4.8. Otherwise, x # &, and z C Hg'.
Then, for every y € z, y € Hg;’ and y is internal, by (2) of Proposition 4.24. Thus,
by the induction hypothesis, y € *H;f’, for all y € =.

Next, since z is internal, z € *C, for some C € Hf’ \ S. Then, C' C H;%', for
some m which could be chosen so that m > n + 1. Then, it follows from (3) of
Proposition 4.8 that z € *HS', and hence that y € *HS | C *HS' for all y € x,
by (1), and (3) of Proposition 4.8.

Now, the following sentence over S is true:

(Vl’l € HS:)
((Yrz € Hyy ) (w2, 21) € memb HY — (22) € (H)Y) = (21) € (Hl}1))-
Then, by (3) of the transfer principle, its *-transform is also true, which is, by
(1) of Proposition 4.10, and Axiom 8:
(VXl S *HS:)
(VX2 € *Hp_1)((Xa, X1) € memb *Hyy — (X5) € (*HY)') = (X1) € ("Hy1)Y).

Hence, z € *H;f;l follows in this case too.

So, for all internal = € Hﬂrl, T € *H,fjrl

Thus, *H3,, is the set of all internal elements in H! ;.
(2) now follows by induction.
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(3) is clear if m = 0. If m > 0 and A C (HX")™ is internal, then it follows from
definitions 2.2, 2.7 and 2.6, and several applications of (2) of Proposition 4.24, that
all elements in C(A) are internal. Thus, by (2), A C (*H5")™.

Hence, (3) holds.

To prove (4), let A € H5'\ S and put n = % (A). Then, n > 1 and r5 (P(A)) =
n + 1. By (2) of Proposition 4.9, r7'(*A) = n and rT (*P(A)) = n + 1. Now,
P(A) ¢ S and P(A)N S = @. Hence, by (4), (1) and (2) of Proposition 4.8, and
Proposition 4.11, *P(A) ¢ T and *P(A) NT = @, and also, *A ¢ T. Then, by
definition and (2) of Proposition 4.24, all elements in *A, in *P(A), and in elements
in *P(A) (if there are any), are internal elements in HZ | and their 7’-ranks are
at most n — 1, n, and n — 1, respectively. Thus, by (2), all elements in *A lie in
“HS' |, all elements in *P(A) lie in *HS', and all elements in elements in *P(A)
lie in *H5" . Also, by (2), all internal subsets of *A lie in *H3" \ T, since they lie
in HI'\ T. Also, *HS" | C *HS', by (3) of Proposition 4.8.

Now, the following sentence over S is true:

(Vay € Hy )((z1) € (P(A)' ¢ (= (z1) € S A
(Voo € HS. ) ({xa, 21) € memb HS — (25) € AY))).

Thus, by (3) of the transfer principle, its *-transform is true, that is (using Propo-
sition 4.11, (1) of Proposition 4.10 and Axiom 8):

(VX1 € *HZ)((X1) € (*P(A)' & (= (X1) e T A
(VXy € *HS" )((X2, X1) € memb *HS — (X,) € (*A)Y))).

By the above considerations, this means that *P(A) is the set of all internal subsets
of *A. Thus, (4) holds.

The following theorem is crucial for the proof of the internal definition principle,
and it is also useful for obtaining many other results.

4.26. THEOREM. Let C € Hf' be an m + 1-ary relation, for some m > 0.
Then

{(a1,a2,. .. 0m,am+1) € C| (a1,a2,...,am) € Gmi1} =
{{a1,a2,...,0m,am11) € “C'| (a1,02,...,0m) € Amy1}-
PROOF. There is an n such that C C (H5)™*1. This n can be chosen so that
n > 5. Then, by (4) of Proposition 4.10, *C' C (*HS")ym+! C (HI"ym+1,

For each ¢ (1 <1i < m), let 9; be the following formula over S, which intuitively
asserts that'® x,, 5 = {{i}, {i,2;}}, given that 2; € HS" and z,,,5 € HS , \ S:

(Vmaa € HSI_3)((xm+4,xm+3> € memb HSI_Q & (= {Zmga) € STA
(V@mys € Hyy) (@my5, Tma) € memb HY 5 ¢ Ty g5 € {i})
V (Vmas € HS ) (#ms, Tmas) € memb HS
& (Tmgs € {i}V (Tmys, i) € diag HY))))).

16We say intuitively asserts, because we cannot say that (a1, az) satisfies the formula if as =
{{:}, {¢,a1}}, because the free variables are not z1 and x2. If we change variables so that these
become the free variables, then (a1, az) will satisfy the formula, if the S’-ranks are the right ones.



53

Then, by Axiom 8, (1) and (2) of Proposition 4.10, (1) of Proposition 4.7, and
Proposition 4.11, *; is:
(VXimta € *HSI—3)(<Xm+4’Xm+3> € memb *HSI—2 & (2 (Xmya) €TTA
(X5 € “Hg) ((Ximss5, Ximya) € memb “H g & Xom g5 € {i})
V (Y Xmis € “Hy ) (X5, Xmaa) € memb *HS
& (Xmys € {1}V (Ximys, Xo) € diag *H}))))).
Using (2) of Proposition 4.24 and (2) of Theorem 4.25, we see that *¢ intuitively
asserts that X,,4s = {{i}, {s, X;}}, given that X; € *H5 and X435 € *HS ,\T.
Next, let ¢(x1,x2, ..., Tm, Tms1) be the following formula over S:
Az € HY |\ S)(Zmi2s Tmi1) € memb HS A
(Vamts € Hy 5)((Tms, Tmi2) € memb HY | ¢
(= {Tmt3) € ST A (Timts €D Vah1 V 9ha V-V ).

By axioms 6 and 8, Proposition 4.11, (1) of Proposition 4.10, and (2) of Propo-
sition 4.8, *¢ is

(AxXmi2 € *H  \T)((Xmi2s Xmi1) € memb *HS'A
(VX a3 € *H7f’_2)((Xm+3,Xm+2> € memb *H,fl_l >
(" (Xms) €T A (Ximg3 € BV "Y1V " VooV *h)))).

Now, for (ai,as,...,am,ame1) € C C (HS)Y™L (a1, a0,...,0m) € Gmi1
implies (a1,as,...,a,) € HS | (this holds also if m = 0, since n > 5 and
(V=@ e HY), and a; € HS ,, for all i (1 <i < m).

It follows that, for (a1, as,...,am,ams+1) € C, ¢(a1,a2,...,0n,ami1) holds if
and only if (a1, as,...,am) € amy1. (We put in the clause z,,13 € @ in ¢ in order
to get this to work also in the case m = 0.)

Repeating this argument with T instead of S, and using (2) of Proposition 4.24
and (2) of Theorem 4.25 several times each, we obtain that for
(a1,a9,...,40m,amy1) € *C, *¢(a1,a2,...,0m,0m+1) holds if and only if
(a1,a9,...,4m) € Gmy1.

The desired conclusion now follows from (1) of the transfer principle. B
Next, we state and prove the internal definition principle. We have to divide it into
two parts, because we strictly uphold the difference between a set A and the set A!
of 1-tuples from A.

4.27. THEOREM. (Internal Definition Principle). Let ¢(x1,%2,...,Tr+m) be a
formula over S, and let by, by, ..., b, € Hgl be internal (k,m > 0). Then:

(1) If C € HS is a k-ary relation, then the set
{{a1,a2,...,a;) € *C| *¢(a1,a2,...,ak,b1,b2,...,bm)}

is tnternal.
(2) Ifk=1and A€ H5 \ S, then the set

{CL € *A| *¢(aablab27 R bm)}

18 internal.



54

PROOF. We give a proof of (1). The proof of (2) can then be obtained from the
proof of (1) by going through it, line by line, and make the following changes:

Put k£ =1.

Write a instead of a; and instead of (a1, as,...,ax).

Write A instead of C, except possibly in formulas (see the next paragraph).

In the formulas, write A® instead of C, and (*A)! instead *C, except when C
occurs in Ct, and *C in (*C)?!, in which cases the previous paragraph should apply.

Write HS' instead of (HS')¥, and remove the second sentence of the proof.

Write n instead of n + 3, and n + 1 instead of n + 4.

Remove the sentences defining D and characterizing * D, respectively. Elsewhere,
write memb H;f;l instead of D and memb *H,f;l instead of *D, and use Axiom 10

to obtain *(memb H;f;l) = memb*HgJ’rl.
This transforms the proof of (1) into a proof of (2), although this proof of (2) can
be simplified.

The proof of (1) goes as follows:

Choose n < w such that C' C (H5")%. By (4) of Proposition 4.10, *C' C (*HS)* C
(H3)E.

Now, C C H;f;:; (this is also true for k = 0), and, by (3) of Proposition 4.8 and
(3) of Proposition 4.9, *C C *H5' ; C HI" ,

Furthermore, for every subset M C C, M € HEJIA, and for every internal subset

U C *C, we obtain likewise U € *HSJIA, using the above and (2) of Theorem 4.25.
Next, put

D = {{a1,a2,...,ak, ax41) € (Hrf;u;)kﬂ | {a1,a2,...,ax) € apt1}-

By Theorem 4.26 and (3) of Proposition 4.10:
*D ={{a1,a9,...,a5,a11) € (*H5;4)k+1 | (a1, a2,...,a%) € agy1}-

Now, for each i (1 < i < m), there exists a set B; € H5 \ S such that b; € *B;,
since b; is internal. Since b; € *B;, (2) of Proposition 4.8 gives B; # &.
Choose b} € B; for each i (1 <14 <m), and put

M = {{a1,as,...,a;) € C| ¢(a1,as,...,ar, b, by, ..., 0 )}

Since M C C, M € HS.,.

Since the b, € B; (1 <i < m) were arbitrary, it follows from the definition of D
that the following sentence over S is true, since it simply asserts the existence of a
set such as M for each choice of b, € B; (1 <i < m):

(Vags1 € B1)(Vikio € Ba) -+ (Vohsm € Bm)(3kimar € HS 4\ S)
(V@kgmt2 € Hyys) (Thpmr2, Thpmr1) € memb HYL g = (@xpmy2) € CT) A
(Vo € HS Y (Voy € HS )+ (Vay, € HS (1, T2y - . . Thy Tpopma1) € D

((x1,29,...,xk) € C NI(T1,%2y .y Thy Tht1y- -y Thtm))))-
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Hence, by (3) of the transfer principle, its *-transform is also true. The *-transform
is, by axioms 6, 8, and 10, and Proposition 4.11:

(VXpt1 € *B1)(VXii2 € *Ba) -+ (VXptm € *Bun) FXppmir € “HI 4\ T)
(VXkpmr2 € "Hiya) (Xigmi2s Xpmyr) € memb *HF\y — (Xpmy2) € ("C)) A
(VX1 € "H )(VXy € "HY ) -+ (VXg € "HY )((X1, Xa, ., Xp, Xipmy1) € *D

(X1, Xo,..., Xg) € "C N (X1, Xo, .oy Xy Xit1y - oy Xktm))))-
It follows that there exists a set U € *H;f;% \ T, which hence is internal, such that
the following holds:

(VXkgmi2 € “Hia)(Xetmz, U) € memb “Hy\y = (Xppmy2) € (*C)') A

(VX1 € *HS\(VXy € *HS) - (VXi, € *H5 (X1, Xa, ..., X, U) € *D
((Xl, Xo, ..., Xk> e *C A *d)(Xl, Xoyoooy Xg,b1,0o. .., bm)))

From this, the above considerations, and several applications of (2) of Proposition
4.24 and (2) of Theorem 4.25, it follows that

U= {(al,ag,...,ak> € *C| *¢(a1,a2,...,ak,bl,bg,...,bm)},

which is therefore internal.
Thus (1) holds, and we obtain a proof of (2) by doing as described above. B

4.28. COROLLARIES.

(1) If A, B € HI'\T are internal, then AUB, A\ B, and AN B are internal.
(2) Let ay,as,...am € HY (m >0). Then, the following conditions are equiv-

alent:
(a) All a; (1 <i<m) are internal.
(b) {a1,a9,...,an} is internal.
(c) (a1,as,...,am) is internal.

(3) All kinds of omitting, repeating, and permuting variables preserve internal-
ty.
More precisely, let A € HZ' be an internal m-ary relation, for some
m > 0, and let i1,io,...,i (k > 0) be, not necessarily distinct, integers
among 1,2,...,m. Let j1,J2,...,71 be those integers, now distinct, among
1,2,...,m which do not occur among i1,12,..., 1.
Finally, let B be the set of all {(ai,,ai,,...,a;) for which there exist
Qj ,Qjys - - -, 05, Such that (a1,as,...,an) € A.
Then, B is an internal k-ary relation in HZ'.
(4) If A€ HT' is an internal m-ary relation (m > 0), then 7" [A] (1 <i<m)
is an internal set in HY \ T.
(5) If A€ HY is an m-ary relation and if B € HY is a k-ary relation (m,k >
0), then A and B are internal if and only if A X B is internal.
(6) For each m > 1 and each A € HY \ T: A is internal if and only if A™ is
internal.
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(7) Let A,B,C € HZ” m-ary, k-ary, and l-ary relations, respectively (m,k,l >
0). Also, let f: A— B and g : B — C be a functions. Then:

(a) f is internal if and only if both the codomain B and the graph Gy are
internal.
If f is internal, then A = D¢ and Ry are internal too.
If [ is surjective and Gy is internal, then f is internal.
If f and g are internal, then go f is internal.
A s internal if and only if id4 is internal.
If f has an inverse f=1, then f is internal if and only if f~1 is internal.

—
=3

A~ N
Ao
N e e N

@

PROOF. To prove (1): Let A,B € HI \ T be internal. Choose n such that
A, B € H,if’. Then, n > 1. By (2) of Theorem 4.25, A, B € *H;fl.

Next, we apply (2) of the internal definition principle and (1) of Proposition
4.10, to obtain that the following sets are internal:

{a € *HS | |(a, A) € memb *H5" V (a, B) € memb *H5'}.

{a € *H5 | |(a, A) € memb *H5 A = {a, B) € memb *H5'}.

{a € *HS | |(a, A) € memb *HS" A (a, B) € memb *H5'}.

But, by (2) of Proposition 4.24, and (1) and (2) of Theorem 4.25, these sets are
AUB, A\ B, and AN B, respectively. These sets are therefore internal.

Thus, (1) holds.

To prove (2), we first note that the implication (b) = (a) follows immediately
from (2) of Proposition 4.24.

Next, we prove that if a € HZ' is internal, then so is {a}.

If a € HL is internal, then a € *HS' for some n > 1, by (2) of Theorem 4.25.

Then, we apply (2) of the internal definition principle and (1) of Proposition
4.10 to obtain that the set {b € *H5"|(a,b) € diag *H5'} is internal. But this set
is {a}. Thus, {a} is internal.

Now, we prove the implication (a) = (b) by induction on m. If m = 0, then this is
trivially true, since & is internal, by (3) of Proposition 4.24. Assume that the impli-
cation holds for m > 0, and assume that a1, as,...amn, Gmy1 € Hf' are internal. By
the induction hypothesis, {a1,as,...,a,} is internal, and by the case just proved,
{am+1} is internal. Thus, by (1), {a1, a2, ..., @m,ams1} = {a1,02,...am}U{ami1}
is internal.

By induction (a) = (b).

Hence, (a) < (b).

Next, since all ¢ € N are internal, by (3) of Proposition 4.24, the equivalence
(a) < (c) now follows by 3 successive applications, in each direction, of the equiv-
alence (a) < (b), using Definitions 2.2.

It follows that (a), (b), and (c) are equivalent, that is, (2) holds.

To obtain (3), assume that A is an internal m-ary relation, and that 41,45 etc.
are as in the statement. Then, A C (*H5')™ and A € *H;f;él for some n > 0, by
(3) and (2) of Theorem 4.25.

Put

D = {(al,a'Z, <oy Ok, ak+1> € (H5+4)k+1 | <CL1, az, .. ',a'k> € ak+1}-
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Now, we apply (1) of the internal definition principle, and (1) and (3) of Proposition
4.10, to obtain that the set

{{cr, ¢y yer) € (FHSYF | (3X, € *HSY3X, € *HS)...(3X,, € *HY)
((Cl,Xi1> € diag *HSI A <C27Xi2> € diag *Hrfl ASRRRA <Ck7Xik> € diag *HSI
N <X1,X2, . .,Xm,A> S *D)}

is internal. Using (3) of Proposition 4.8 and Theorem 4.26, we see that this set is
the desired set, which is therefore an internal set in HY .

Thus, (3) holds.

(4) follows in the same way as (3), with £ = 1, using memb H;f;l instead of D,
¢ € *HS instead of (c1,ca,...,c) € (*HS)* and (¢1, X;) € diag *HS" as the
only term (except the last one) in the conjunction above. We also refer to Axiom
10 instead of Theorem 4.26, and (2) of the internal definition principle instead of

1).
( )The converse part of (5) is just two special cases of (3). To obtain the direct
part, we use (3) and (2) of Theorem 4.25 to find an n such that A C (*HS" )™ and
BC(*HJ)*, and A,B € *HS ,\T.
We define D¢ and D5 as

!

Dy = {({a1,a2,...,ak, @my1) € (H5+4)m+1 K

ai,as,. .., G,m> € am+1},

i
Dy = {{a1,a2,...,a5,a511) € (H,f+4)k+1 | (a1,a2,...,ak) € agy1}

Now, we apply (1) of the internal definition principle and (3) of Proposition 4.10
to obtain that the set

{<a’17 az, ..., am+k> € (*Hrfl)m+k |

<CL1, Ao, ...,0m, A> € *Dl A\ (am+1, Am+2, - - -y bmt-ks B> € *Dz}

is internal.

By (3) of Proposition 4.8, (3) of Proposition 4.10, and Theorem 4.26, this set is
A x B, which is therefore internal.

Thus, (5) holds.

To obtain (6), we see that the converse part is a special case of (4).

It suffices to prove the direct part for m = 1, because then, the general case will
follow easily by induction using (5).

So, let A € HT' \ T be internal. (2) of Theorem 4.25, (3) of Proposition 4.8,
and (2) of Proposition 4.24 then give an n such that A C *HS' C *H;f;l and
Ae *HS .

Now, we apply (1) and (3) of Proposition 4.10, and (1) of the internal definition
principle, to obtain that the set

{(a) € (*H)" | (a, A) € memb*H},,}

is internal. But by the above, this set is Al.
Thus, (6) holds.
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To obtain (7): It is clear from (2) that f = (A, Gy, B) is internal if and only if
A, G¢, and B all are internal.

But if Gy is internal, then, by taking appropriate projections in (3), A = Dy
and Ry are internal.

(a) follows from these considerations, and so does (b), since B = Ry if f is
surjective.

To obtain (c): If f and g are internal, then A, B, C, G, and G, are all internal,
by (a). Therefore, it suffices to show that G 4o is internal, by (a).

By (5), G x C and A x G are internal. Hence, by (1), (Gf x C)N (A x Gy) is
internal.

Now, Ggoy is the set of all (a1,a9,...,am,c1,c2,...,¢) for which there exist
bi,ba, ..., by such that (a1,a2,...,am,b1,b2,...,b5,c1,c2,...,¢c1) € (G x C) N
(A x Gy). By (3), Ggor is internal. Hence, (c) holds.

To obtain (d): The converse part follows directly from (a).

To get the direct part, assume that A is internal. Since A is the codomain of
id 4, it suffices to prove that Giq, is internal, by (a).

Now, Giq, is the set of all (a1, as,...,am,a1,as,...,an) such that (a1, as,...,an)
€ A. Thus, by (3), Giq, is internal, and (d) holds.

To obtain (e): If f has an inverse f~!, then it follows from (3) that G is internal
if and only if G¢-1 is, since all elements in G¢-1can be obtained from elements in
Gy by permuting variables, and vice versa.

Since f and f~! are surjective, (e) follows from (a) and (b).

Thus, (7) holds. W

We conclude this chapter by giving a few results on hypernatural numbers. In
particular, we define hyperfinite set (Definition 4.38), which we will need in the
definition of enlargement in Chapter 7 (Definition 7.17).

We also get our first two examples of external sets: N and *N\N (see Proposition
4.36).

4.29. REMARKS. Consider the ordinary strict total ordering relation < on N. As
usual, we write a < b instead of (a,b) €< for all a and b, and likewise for *<.

That < is a strict total order on N means that the following sentence over S is
true:

(Vl’l S N)(V.TQ S N)(V.Tg S N)(_'.Tl <x1 A ((1'1 <x9 NTog < 333) —x1 < ZC3) A
(1 <2 V 22 <21 V (T1,22) € diagN)).

By (1) and (3) of Proposition 4.10 and (3) of Proposition 4.8, *< is a binary relation
on *N.

If we apply (3) of the transfer principle, and (1) of Proposition 4.10, to the
sentence above, we then see that *< is a strict total order on *N. Also, if j,k € N,
then j < k if and only if j *< k, by (1) of Proposition 4.7, (2) of Proposition 4.10
and (4) of Proposition 4.8.

By (3) of Proposition 4.21, this means that < is the restriction of *< to N.

Also, we, as usual, define the (nonstrict) total order relation < on N by putting
k <lifand only if k <l or k=1, for all k,] € N.

By the same reason as for *<, *< is a binary relation on *N.
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By applying (3) of the transfer principle, and (1) of Proposition 4.10 to the true
sentence (over S)

(Vz1 € N) (Ve € N)(21 < x9 > (21 < 2 V (x1,29) € diagN)),

we see that *< has the same relation to * as < has to *<. Therefore, *< is a
nonstrict total order on *N, and < is the restriction of *< to N.

As usual, we may also write a > b instead of b < a and a > b instead of a > b or
a = b, for a,b € N. These relations, and *> and *>, have similar properties.

4.30. DEFINITION. A subset of A C *N is called bounded if there is an m € *N
such that k*<m for all k € A.

The following proposition explains why we may call the nonstandard natural num-
bers "infinite”. It says that N is an initial segment of *N, with respect to *<.

4.31. PROPOSITION. Ifk € N and m € *N\N, then k *< m.

PROOF. Let ¢(z1) and 9 (z1,z2) be the following formulas over S, respectively:
—(3xy € N) 2o < 27, and

—|(3x3 € N)(CE1 <xz N 3 < 5032).

Then ¢(0) and ¢ (j,7+1) hold, for all j € N. By (2) of the transfer principle and (1)
of Proposition 4.7, *¢(0) and *t (4,7 + 1) hold, for all j € N. This means that no
hypernatural number is smaller than 0, nor lies between two consecutive standard
natural numbers (remembering that < is the restriction of the total ordering relation
*< on *N to N).

Then, if £ € N and m € *N\ N, we must then have m*< k or k*< m, since *<
is a total ordering relation on *N. If m *< k, then there must be a smallest [ € N
such that m*< [ . If [ = 0, this contradicts that *¢(0) holds. Hence, [ = j + 1 for
some j € N such that j*< m. But this contradicts that *(j,j + 1) holds.

This contradiction gives that & *< m must hold. B

4.32. PROPOSITION. For every m € *N, the set {j € *N | 1*< jAj*< m} is
internal.

PROOF. By definition and (3) of Proposition 4.21, 1 and m are internal. The
conclusion then follows by (2) of the internal definition principle. B

4.33. REMARKS. If m € N, then the set in Proposition 4.32 is N,;, = *N,, (see
Definition 2.4), by (1) of Proposition 4.21, Proposition 4.7, and Proposition 4.31,
since < is the restriction of *< to N.

Thus, the following definition will agree with the usual definition, for m € N:

4.34. DEFINITION. For each m € *N, N,,, denotes the (internal) set in Proposition
4.32.
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4.35. PROPOSITION.

(1) Every nonempty internal set of hypernatural numbers has a smallest ele-
ment, with respect to *<.

(2) Every nonempty bounded internal set of hypernatural numbers has a greatest
element, with respect to *<.

PROOF. (1) follows by applying (3) of the transfer principle to the true sentence
(over S)

(Vzr € P(N) \ {2})(Fzs € N)(Vz3 € N)

(w3, z1) € memb HS A z3 < x2) <> (33, 22) € diagN),

using (2) and (4) of Theorem 4.25, Axiom 6, (2) and (3) of Proposition 4.8, and
(1) and (2) of Proposition 4.10.
(2) follows by applying the same argument as in (1) to the true sentence (over

S)

(Vz; € P(N) \ {@})((Fz2 € N)(Vz3 € N)((z3,71) € membel — x3 < x3) —
(3z, € N)(Vz3 € N)(((w3, 1) € memb HS Ay < 33) < (3, 72) € diagN)).

4.36. PROPOSITION (Spillover Principle for Hypernatural Numbers).

(1) Ewvery internal set of hypernatural numbers which contains arbitrarily large

standard natural numbers, contains some nonstandard natural number.
Thus, N is external.

(2) There exists no smallest nonstandard natural number, and every internal
set of hypernatural numbers which contains arbitrarily small nonstandard
natural numbers, contains some standard natural number.

Thus, *N\ N is external.

PROOF. (1) follows directly from (2) of Proposition 4.35.

If m was the smallest nonstandard natural number, then N = (N,,, U{0}) \ {m},
by Proposition 4.31. But then, N would be internal, by Proposition 4.33 and (1)
and (2) of Corollaries 4.28. This contradicts (1), so no such m exists.

The remainder of (2) now follows directly from this, and (1) of Proposition 4.35.
|

4.37. REMARKS. There is also a spillover principle for hyperreal numbers. (See

e.g. [1], p. 33)
(2) of Proposition 4.36 may also be called the ”spillunder” principle.

4.38. DEFINITION. A set A € HZ' \ T is said to be hyperfinite if there exists an
m € *N and an internal bijection f: N,,* — AL

4.39. PROPOSITION. Fuvery hyperfinite set A € HZ' \ T is internal.

PROOF. This follows immediately from Definition 4.38, and (7) (a) and (6) of
Corollaries 4.28. &
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4.40. PROPOSITION. If A is a finite set of internal elements in Hgl, then A is
hyperfinite.

PROOF. Assume that A = {a1,as,...,an} is finite, where each a; is an internal
element in HI" (1 < i < m). Since N C S, (1) of Proposition 4.7, (1) of Proposition
4.24, and (2) of Corollaries 4.28 give that each (i, a;) is internal. Again, by (2) of
Corollaries 4.28, G = {(1, a1), (2,a2),...,{(m,an)} is internal. But G is the graph
of a bijection f : N,,* — A'. By 7 (b) of Corollaries 4.28, f is internal. Hence, A
is hyperfinite. B

The final two results in this chapter are used in the proof of Theorem 7.19. They
make it possible to use hyperfinite sets without invoking bijections from sets of
hypernatural numbers.

4.41. THEOREM. Let M € H5'\ S, and let A be the set of all elements in M\ S
which are finite sets.
Then * A is the set of all elements in *M \ T which are hyperfinite sets.

PROOF. For each n > 1 (n < w), let F,, = {{a,b,c) € (H,f;4)3 | (a,b) € c}. By
Theorem 4.26 and (3) of Proposition 4.10, *F,, = {(a,b,c) € (*Hsjr4)3 | (a,b) € c}.
Next, let ¢, (21, x3) be the following formula over S:

(Fwa € Hy'\ 4\ S)((Vo5 € Hy5)((w5,74) € memb HY\y — (z5) € ((Hy )?)')A
(Vo € HS ) (Var € HS )((x6, 27, 24) € Fy — ({26, 72) € memb HS' ;A
(7,21) € memb HS, ) A (Yag € HS )((zs, T2) € memb HS, | —

(Awg € HS ) (Vr10 € HS') (w8, T10, 14) € F, 4> (29, 210) € diag HS )) A
(Vzyp € HSI)(<x11,x1> € membH;f;l —

(331712 € Hf')(Vxlg € HS") (<l‘13,$11,$4> € Fn < <l‘12,l‘13> € dlangl))))

For B,C C HS'| 4, (B, C) holds if and only if there exists a bijection f : C* — B
(Intuitively, x4 is the graph of this bijection, and it is sufficient to establish that
such a graph exists.)

Then, it follows from, Axiom 6, Proposition 4.11, (2) of Proposition 4.24, (2)
and (3) of Theorem 4.25, (1) and (3) of Proposition 4.10, and (7) (a) and (7) (b)
of Corollaries 4.28, that if B,C C *Hgl are internal, then *1,, (B, C) holds if and
only if there exists an internal bijection f : C' — B!,

Next, let ¢, (z1) be the following formula over S:

(3z2 € P(N))((3z3 € N)(Vas € N)(Vag € {1})((ws,22) € memb HS, |
(CL’G S Ts A Ts S 1'3)) VAN ’(/)n(l'l,l'g)).

Then, for B C H,f’, ¢n(B) holds if and only if B is finite. Also, it follows from the
above, Definition 4.38, (2) and (4) of Theorem 4.25, (1) and (2) of Proposition 4.10,
(1) of Proposition 4.7, (3) of Proposition 4.8, and (7) (a) and (7) (b) of Corollaries
4.28, that for an internal set B C *H,f’ - Hg’, *¢(B) holds if and only if B is
hyperfinite.

Now, choose n > 1 such that M C H;f;l, and let A be the set of all elements in

M \ S which are finite sets. Then, *A C *M C *H;f;l, by (3) of Proposition 4.8.
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Now, the following sentence over S is true:
(Var € HS ) (21 € A (x1 € M\ S A ¢n(z1))).

Its *-transform is then also true, by (3) of the transfer principle. This *-transform
is, by Axiom 6 and Proposition 4.11:

(VX1 € *HS ) (X1 € *A (X5 € *M\TA *¢n(X1))).

Now, if B € *A, then B € *H;fjrl \ T, by the above, Axiom 6, and Proposition
4.11. Tt follows that B is an internal subset of *H?S', by (1) of Theorem 4.25. This
holds for all B € *A.

If, instead, B € *M\T C *Hsjrl, then, by (2) of Theorem 4.25, B is an internal
subset, of *HS'.

It follows from the above considerations that *A is the set of all elements in
*M \ T which are hyperfinite sets.

The desired conclusion now follows from (3) of the transfer principle. B

4.42. COROLLARY. Let A e HS'\ S.
Then, A is a subset of Hf' \ S whose elements are finite sets if and only if *A
1s a subset of Hgl \ T whose elements are hyperfinite sets.

PROOF. (4), (1), and (2) of Proposition 4.8, and Proposition 4.11, give *A ¢ T,
and ANS =g ifand only if *ANT = 2.

Let B be the set of all elements in A\ .S which are finite sets. Then, by Theorem
4.41 and Axiom 6, *B is the set of all elements in *A \ T which are hyperfinite
sets. Now, B = A if and only if *B = *A, by (1) of Proposition 4.9.

The desired conclusion now follows. B
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CHAPTER 5
Filters and Ultrafilters

In this short chapter, we give the most important properties of filters and ultrafil-
ters. These will be used in Chapter 6, where we use an ultrafilter to construct a
proper nonstandard extension of a superstructure, called an ultrapower extension.

5.1. DEFINITIONS. Let X be a nonempty set. A filter on X is a subset U C P(X)
such that:

(1) X elU.

(2) @ ¢U.

(3) fAclUd andif AC BC X, then B € U.
(4) If A,BeU, then ANBeU.

A filter U4 on X is called an ultrafilter if there is no filter V on X such that Y C V
(proper subset,).

5.2. REMARKS. If X is a nonempty set, and if Y C X is nonempty, then it follows
easily from Definitions 5.1 that Y = {Z C X |Y C Z} is a filter on X.

Also, this U is an ultrafilter if and only if YV is a singleton set. For a proper
singleton subset of Y gives rise to a filter V of the same type such that &/ C V, and
if Y is a singleton set {z}, then {z} N Z = @ for all Z € P(X) \ U, so (4) and (2)
of the Definitions 5.1 implies that I/ is an ultrafilter.

5.3. DEFINITIONS. A filter of the type in Remarks 5.2 is called a principal filter
on X.

A filter on X which is not principal is called a nonprincipal filter on X.

5.4. PROPOSITION. LetU be a filter on X # &. Then:

(1) If there is a finite set A such that A € U, then U is a principal filter.
(2) If X is finite, then U is a principal filter.

PROOF. Assume that there is a finite set A € U. Choose such a finite set A with a
minimal number of elements. By (3) of Definitions 5.1, if A C B C X, then B € U.
Also, for any B € U, ANB € U, by (4) of Definitions 5.1. Then, by our minimality
assumption, AN B = A. Thus A C B. Hence, for B C X, B € U if and only if
A C B. This means that U is a principal filter. Hence, (1) holds.

If X is finite, then so are all elements in /. Hence, (2) follows from (1). B

5.5. LEMMA. If X # @, U is a filter on X, and A C X, then:
FEither BNA ¢ U for all BEU, or B\ A¢U for all B U.

PROOF. If this condition does not hold then there must exist sets B, C' € U such
that both BN A € U and C \ A € U hold. Then, by (4) of Definitions 5.1,
g=(BnA)N(C\ A) €U, which contradicts (2) of Definitions 5.1.

Thus, the condition holds. B
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5.6. PROPOSITION. A filter U on X # @ is an ultrafilter if and only if the
following holds:

For every A C X, exactly one of A€ U and X \ A € U holds.

PROOF. First, assume that I/ is an ultrafilter on X, and pick A C X. By Lemma
5.5, either BNA¢U forall BelU,or B\ A¢ U for all BeU.

So, assume first that B\ A ¢ U for all B € U.

Let V be the set of all B C X for which there exists a C € U such that CNA C B.

We show that V is a filter on X. To do this, we verify (1)—(4) of the definition.

(1) clearly holds, just take C'= X.

If (2) fails, then C N A = & for some C € Y. Then C\ A = C € U. But this
contradicts our assumption.

Thus, (2) holds.

(3) follows immediately from the definition of V.

To obtain (4), pick By, Bs € V. Then, there are Cy,Cs € U such that C; N A C
Bl, and CzﬂA g Bz. Bllt, by (4) for L{, Cl ﬂCz € U. Since (ClﬂCQ)ﬂA g BlﬂBz,
B; N By € V. Hence, (4) holds.

Thus, V is a filter on X.

Also, taking C' = X, we see that A € V.

Next, for all C e U, C N A C C. Hence C' € V. It follows that &/ C V. Since U
is an ultrafilter, V = U, and thus A € U.

If, instead, BN A ¢ U, for all B € U, then applying the above to A’ = X \ A,
we obtain X \ A € U. That not both of A € U and X \ A € U hold follows easily
from (4) and (2) of Definitions 5.1.

Thus, since A C X was arbitrary, the condition holds.

Conversely, assume that the condition holds. Let V be a filter on X such that
U C V, and pick A € V. By our assumption, either A € Y or X \ A € U. If
X\AelU,then X\ AeV. Since A €V, (4) of the definition, for V, gives @ € V,
which contradicts (2) of the definition. Thus, A € U. Since this holds for all A € V,
V=U.

It follows that U is an ultrafilter. l

5.7. COROLLARY. IfU is an ultrafilter on X # @, and if AyUAsU---UA, €U,
(n>1), then A; € U for somei (1 <i<mn).

PROOF. We prove this by induction on n. The case n =1 is trivial.

Assume that it holds for n, and assume that A; UAsU---UA, UA,+1 € U. Put
A=AiUAsU---UA,. By Proposition 5.6, either AcUf or X\ AeU. If AU,
then the induction hypothesis gives that A; € U for some ¢ such that 1 <i < n.

If, instead, X \ A € U, then, by (4) of the definition, 4,11 \ A= (AU A,411)N
(X \ A) € U. Then, by (3) of the definition, A, € U.

Thus, in any case A; € U for some i (1 <i<n+1).

The desired conclusion now follows by induction. B

5.8. THEOREM. If the axiom of choice holds, then: For any filter U on X # &,
there exists an ultrafilter ¥V on X such that U C V.

PROOF. Let S be the family of all filters W on X such that &4 C W. Let S be
partially ordered by set inclusion: "C”. Since Y € S, S # @.
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Now, let T' # & be a chain in S. Let T = UywerW. We show that T is a filter
on X. To do this, we must verify (1)—(4) of Definitions 5.1.

Since X € W for all W € T, X € T. Thus, (1) holds.

Also, @ ¢ W, for all W € T. Thus, @ ¢ 7. Hence, (2) holds.

If Ae T, then A €W for some W € T. Then, if A C B C X, (3), for W, gives
that B € W C 7. Thus, (3) holds.

If A,Be T, then A€W and B € W for some W, W' € T. Since T is a chain,
we have either W C W or W C W, say W C W. Then B € W too, and (4), for
W, gives AN B € W C T. Thus, (4) holds.

It follows that 7 is a filter on X.

Also, since Y C W for al Win T, Y C T. Since W C T, for al W € T,
this means that 7 is an upper bound to the chain 7. Since the chain 7 C S was
arbitrarily chosen, we have proved that every nonempty chain 7" in S has an upper
bound. This is also true if T' = @, when we could take S as an upper bound. Hence,
by Zorn’s lemma, which is equivalent to the axiom of choice (see Chapter 8), S has

a maximal element V, and it easy to see that this means that V is an ultrafilter on
X such that/ C V.

5.9. DEFINITION. A filter Y on X # @ is called countably incomplete if there
exists a countably infinite sequence {A, }22; of sets in U such that NS, A,, = &.

5.10. REMARKS. Clearly, if U,V are filters on X # @ such that & C V, and if U
is countably incomplete, then so is V.

A countably incomplete filter must be nonprincipal, because every family of sets
in a principal filter has an intersection containing a nonempty set such as Y in
Remarks 5.2. By Proposition 5.4, then, no countably incomplete filter contains a
finite set, and there is no countably incomplete filter on a finite set.

5.11. PROPOSITION. If X is countably infinite, then every nonprincipal ultrafilter
on X 1s countably incomplete.

PROOF. Let U be a nonprincipal ultrafilter on a countably infinite set X. For
every ¢ € X, (1) of Proposition 5.4 gives {z} ¢ U. Thus, by Proposition 5.6,
X\ {z} e U, for all z € X. Since X is countably infinite, it can be enumerated,
X ={z1,2z2,23,...}. Now Mo (X \ {z,,}) = @.

Hence, U is countably incomplete. B

5.12. REMARKS. We will now see that one can construct a countably incomplete
ultrafilter on any infinite set, provided that the axiom of choice holds.

So, assume that the axiom of choice holds, and let X be an infinite set. Let X be
the set of all nonempty finite subsets of X. We will construct a countably incomplete
ultrafilter on X. Since X and X have the same cardinality (see Chapter 8), there
is a bijection between X and X. Applying this bijection, we can then obtain a
countably incomplete ultrafilter on X too.

So, let us construct a countably incomplete ultrafilter on X. This explicit ultra-
filter will be used in the proof of Theorem 7.13, to obtain a k-saturated extension
of a given superstructure.

For every # € X, put A; = {ii € X | # C ii}. Next, let V be the set of all A C X
for which there is an 2 € X such that Az C A.

We prove that V is a filter on X. Verifying (1)—(4) of the definition, we see that
(1), (2), and (3) are obvious. To obtain (4), pick A, B € V. Then there are #,§ € X
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such that A; C A and Ay C B. Then A; N Ay C AN B. But it is easy to see that
Az N Ay = Azug. Hence, AN B e V. Since A, B € V were arbitrarily chosen, (4)
holds.

We have thus proved that V is a filter on X. Also, we see that Az € V for every
ieX.

Next, we show that V is countably incomplete. Since X is infinite, there is
a countably infinite sequence {z,}52; of distinct elements from X. For each n
(n > 1), put &, = {z,}, and consider the countably infinite sequence {A; }>°
of sets from V. If £ € N2 A; , then £ is a finite set such that z,, € z for all n
(n > 1), which is a contradiction. It follows that N{L; Az = .

Hence, V is countably incomplete.

Now, by Theorem 5.8, there is an ultrafilter / on X such that V C U, and this
U is countably incomplete, by Remarks 5.10.

As remarked above, there is now a countably incomplete ultrafilter on X too.

We have thus proved:

5.13. THEOREM. If the axiom of choice holds, and if X is an infinite set, then
there 1s a countably incomplete ultrafilter on X.
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CHAPTER 6

Ultrapower Extensions

We will now see how one can construct a proper nonstandard extension of any given
superstructure. This type of extension that we use here is called an ultrapower
extension. This is the most popular type of explicit proper nonstandard extension.
But there are also other types of extensions. For example, one can obtain extensions
using the upward Lowenheim-Skolem-Tarski theorem in model theory ([6], Prop
2.38, p.100).

In this chapter, the axiom of choice is assumed to hold.

6.1. REMARK. The idea is to use an ultrafilter to construct a structure which in
a sense is "isomorphic” to a superstructure, and then ”transform” this into a true
superstructure, which is a proper nonstandard extension of the original one.

6.2. DEFINITIONS. Let S be an w-extendable set which contains an N-copy, and
put S’ = SU{@}. (Thus, H5 is the superstructure over S.)

Let I be an infinite set, which we call the index set, and let & be a countably
incomplete ultrafilter on I. Such an ultrafilter exists, by Theorem 5.13.

We keep S, I, and U fixed in the rest of this chapter.

Let V be the set of all functions = : I — Hf', for which there is an n < w (which
may depend upon z) such that {i|z(i) € HS'} e U.

For k elements z1,za,...2r € V (k > 0), we say that z1(i), z2(i), ..., zx(0)
satisfy some condition ¢(a1, as, ..., ax) almost everywhere, abbreviated a. e., if the
set M of all i € T such that ¢(z1(i), z2(i),...,zx(7)) holds lies in ¢.'7 (Thus, for
every z € V, there is an n < w such that z(i) € HS a.e.)

Using that U is a filter, we see that the condition z(i) = y(i) a.e. (x,y € V)
defines an equivalence relation on V' (see Chapter 8). We define W as the family of
equivalence classes corresponding to this equivalence relation. This W is called an
ultrapower of HS .18 [z] denotes the equivalence class in W which contains z € V.

For every a € Hf’, °a denotes the equivalence class [z] € W, where z is the
constant function such that (i) = a for all i € I.

For [z],[y] € W, we write [z]°€ [y] if z(i) € y(i) a.e., and we write [z] °C [y]
if z(7) C y(i) a.e. and x(i),y(i) ¢ S a.e. It follows from (4) and (3) of Definitions
5.1 that these are both well defined, i.e. independent of which representatives we
choose from the equivalence classes.

If the function f : (HS )™ — HS', for some m > 0, is such that to every n < w
there is a k < w such that f[(H5)™] C HY', then we say that f is rank consistent.

For such a function, we define the function °f : W™ — W, for all
([za] [wa2], - fem]) € W™, by (°f) ([l [2al, - s [wm]) = [y, where y(i) =

17This suggestive terminology is borrowed from measure theory. It has the drawback, though,
that one might think that if a property holds a.e., then it holds for an overwhelming majority
of the elements in I. This need not be true at all, which we can see if we partition I into, say,
1,000,000 subsets with the same cardinality and then apply Corollary 5.7.

18 Actually, according to the usual definition of ultrapower, the condition on n above should
not be there. This condition is necessary here, however.
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(z1(i),2(), ..., xm (7)), for all i € I. It follows by induction on (4) and (3) of
Definitions 5.1, that °f is well defined.

6.3. REMARKS. The functions f : (HS5')™ — HS5" are not of the type in Definitions
2.20 and Chapter 4, but of the type defined in the appendix (Chapter 8), because
its values are not k-tuples, for any & > 0 (except accidentally). Also, the domain
of such a function is all of (H5')™, for some m > 0

Functions we view in this way are e.g. U, \, N (with domain (HS)?), and ™
for 1 <4 < m, (with domain (HS5')™, for m > 0). See (3) of Proposition 6.5.

In a natural way, we may identify such a function with domain (H5)? = {()} =
{@}, with a constant: its constant value. Doing this, our two usages of the symbol
° are consistent with each other.?

The reason that we introduce this general type of functions, is that we can use it
to unify some results which we need when we verify that our final extension satisfies
the twelve axioms of Definition 4.4, and thus substantially shorten this verification.

6.4. PROPOSITION. Let [z],[y] € W, and assume that x(i),y(i) ¢ S a.e. Then:
(1) [2] = [y] if and only if [x] °C [y] and [y] °C [x].
(2) [x] °C [y] if and only if, for all [z] € W: [z] °€ [z] = [2] °€ [y].
(3) [x] = [y] if and only if, for all [z] € W: [z] °€ [y] & [2] °€ [y].
(4) The map °: HS — W is injective.

PROOF. If [x] = [y], then (i) = y(i) a.e. Since x(i),y(i) ¢ S a.e., z(i) C y(i) a.e.
and y(i) C z(i) a.e. But then, [z] °C [y] and [z] °C [y].

Conversely, if [2]°C [y] and [z]°C [y], then z(i) C y(i) a.e and y(i) C z(i) a.e.
By (4) of Definitions 5.1, z(i) C y(i) and y(i) C z(i) a.e., simultaneously. This
means, by (3) of Definitions 5.1, that z(i) = y(4) a.e., that is [z] = [y].

Thus, (1) holds.

To prove (2), assume that [z] °C [y], and take [z] € W such that [z] °€ [x].
Then z(i) € z(i) a.e. Since also z(i) C y(i) a.e., (4) and (3) of Definitions 5.1 give
z(i) € y(i) a.e., i.e. [z]°€ [z]. Thus [z] °€ [z] = [z] °€ [y] for all [z] € W.

Conversely, assume that [z] °C [y] does not hold. This means that it is not the
case that x(i) C y(i) a.e. Since U is an ultrafilter, this implies that z(i) Z y(i) a.e,
by Proposition 5.6. Then, we can choose [z] € W such that z(i) € z(i) \ y(7) a.e.
Then [z] °€ [z], but not [z] °€ [y]. The implication [z] °€ [z] = [z] °€ [y] is thus
false for this [z] € W, which gives the converse part of (2).

Thus, (2) holds.

(3) follows immediately from (1) and (2).

(4) follows easily from the definition, using (1) and (2) of Definitions 5.1. B

6.5. PROPOSITION. Let f : (HS' )™ — HS' be rank consistent, for some m > 0,
Then:

(1) (°f)(°a1,%asz,...,%am) ="°(f(a1,as,. s am)), flor all ay,a9,... am € HS'.
(2) If, for some k >0, g1,92,...9x : (HS)* — HS" are rank consistent, then,
so is the function q : (HS')* — HS' defined by
q(il?l,l'z, .. .,xk) =

f(gl(xla'rZ: - '7xk)792($17$2 .. -vxk)v .. '7gm(x17x27 s 7$k))7

19The map °, for both its usages, is also an ordinary function as in Chapter 8. The same is
true for the functions hi, h, and * introduced in Remarks 6.12 and definition 6.13 and 6.16.
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forall x1,z9,..., 21 € Hf’.
Also,

(@) (w1, [w2], -, [ea]) =
CHCg) [l [l s [2e]),(Cg2) ([l [w2] o [wk])s s (Pgm) (2] [22], - 2k]),

for all [x1], [z2], ..., [zx] € W.
(3) Foranym >0 and any k: (1 < k < m), the projection =™ : (HS' )™ — HS',

w
defined as in Definitions 2.6 for all ay, as, . ..,am € HS | is rank consistent.

Also, (°m")([z1], [m2], - - -, [zm]) = [z&], for all [z1], [z2], ..., [zm] € W.

PROOF. These properties are immediate from the definitions. l

6.6. REMARK. In this chapter, m}* will all the time be as in (3) of Proposition 6.5,
(1 < k < m), that is, with domain (H5 )™ and codomain HS'.

6.7. PROPOSITION. Leta € HS', and let A,B € H5 \ S.
Then:
(1) a € A if and only if °a°c °A.
(2) AC B if and only if °A °C °B.

PROOF. These follow immediately from the definitions and (1) and (2) of Defini-
tions 5.1. W

6.8. PROPOSITION. For every [x] € W, there is a unique n < w such that
r5'(2(i)) = n a.e. This n is independent of the choice of the representative x.

PROOF. By definition, there is an n’ < w such that r5 (z(i)) < n’ a.e. Thus, the
union of the sets {i € I'|r5 (x(i)) = n}, (1 < n < n'), belongs to Y. Hence one
of these sets belongs to U, by Corollary 5.7. Thus, 7S (z(i)) = n a.e. for some n.

That this n is unique and independent of the choice of representative follows from
(2), (4), and (3) of Definitions 5.1. B

6.9. DEFINITION. For [z] € W, we define °rS'([z]) as the unique number n in
Proposition 6.8.

6.10. PROPOSITION. If [x] € W, then:
(1) °r¥([z]) = 1.
(2) If °rS'([z]) = n > 2, then °rS ([y]) < n —1 for all [y] € W such that
[y] °c [x], and there is such a [y] with °rS ([y]) =n — 1.
(3) °rS'([z]) = 1 if and only if [z] °€ °S or [z] = °@.
If these conditions hold, then there are no [y] € W such that [y] °€ [z].
(4) For all a € HS', °r5 (°a) = 5 (a).

PROOF. (1) follows directly from the definition, and (2) of Definitions 5.1.

To prove (2): If [z], [y] € W, °rS'([z]) = n > 2 and [y] °c [z], then 7S (z(7)) = n
and y(i) € (i) a.e. Hence, 5 (y(i)) < n — 1 a.e. Hence, by Proposition 6.8 and
the definition, °r5"([y]) < n — 1. This holds for all [y] € W such that [y] °e [z].

Next, assume that [z] € W, with °r5 ([z]) = n > 2. Then r5 (2(3)) = n a.e.
Then, we can choose [y] € W such that y(i) € z(i) and r5 (y(i)) = n — 1 a.e. Thus
[y] °c [x] and °r"([y]) = n — 1. Hence, (2) holds.
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°r5"([x]) = 1 holds if and only if to 75 (2(i)) = 1 a.e. that is, (i) = S’ a.e. By
Corollary 5.7, this holds if and only if either of the following two conditions holds:
x(i) € S a.e., that is [z] °€ °S, or z(i) = & a.e., that is [z] = ° 2.

In both cases 2(i) has no elements in HS', a.e. Hence, for no [y] € W, [y] °c |[z].

Thus, (3) holds.

(4) is immediate from the definitions. H

6.11. REMARKS. As the preceding results show, W can be considered as a struc-
ture ”isomorphic” to a superstructure. We may express it thus, that we have
a "quasi-membership relation”, a ”quasi-subset relation” and a ”quasi-rank func-
tion”, all behaving as they should. By applying the injection °, we also see that
we within W has an ”isomorphic copy” of Hf "

Our next objective is to ”transform” this ” quasi-superstructure” W into a true
superstructure, and in the process obtain a proper nonstandard extension from H?S '
into this new superstructure.

Actually, this transformation turns out to be only an injection. The elements
in W will only correspond to the internal elements in the new superstructure, by
Proposition 6.25.

Some readers may wonder if it is really necessary to make this transformation.
Couldn’t we just consider W as a model of a true superstructure, using °c as if
this was the true membership relation, etc.?

But if we do so, then external sets such as N (see Proposition 4.36) will not be
elements (or ”quasi-elements”) in the superstructure, and this not desirable.

So, we want to transform W into a true superstructure.

6.12. REMARKS. We now proceed as follows:

Let Y € H be a set such that SNY = @ and SUY is w-extendable. For example,
we may take Y = &, since @ € H, by (6) of Proposition 3.16. (In the proof of
Theorem 7.8, though, we need to consider nonempty sets Y also.)

By (1) of Theorem 3.35, we can choose a set Z such that (SUY)NZ = &,
SUY UZ is w-extendable, and card SUZ > card W > card S. (The last inequality
holds because the map ° : Hf' — W is injective, by (4) of Proposition 6.4.) Then,
card Z = card S U Z (see Chapter 8).

Therefore, there is an injection hy : {[z] € W |[z] %€ °S}\ {%a|a € S} — Z.
Put T = SU Ry, (where Ry, is the range of hy), and put 77 =T U {@}.

Then, TNY = @&, and it follows from (1) of Proposition 3.31 that TUY and T
both are w-extendable, with Y as above.

T, T', and hy are kept fixed throughout this chapter.

6.13. DEFINITION. We now define a function h on W, by recursion on °r5 ([z]),
for [x] € W

If °r5"([z]) = 1, then we put h([z]) = a if [z] = °a for some a € S’, and we put
h([z]) = hi([z]) otherwise.

If h is defined on all [y] € W with n > °r5 ([y])

>
°r'[z] = n, then we put A([z]) = {A([y]) | °r¥ (ly]) <n A

and if [z] € W with
°c

17
[y] °€ [«]}.

6.14. REMARKS. It follows from (4) of Proposition 6.4, (3) of Proposition 6.10,
and Remarks 6.12 that h([z]) is well defined for [z] € W with °r5"([z]) = 1.
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Since °r'([z]) > 1 for all [z] € W, by (1) of Proposition 6.10, h is therefore
defined on all of W.
Since NC S CT, Hgl is the superstructure over 7.

6.15. PROPOSITION.
(1) h maps W into HL', and T (h([z])) = °rS'([z]), for all [z] € W.
(2) For all [z],[y] € W, [z] °€ [y] if and only if h([x]) € h([y]).
(3) For all [z],[y] € W such that neither [x] °€ °S nor [y] %€ °S holds,
[z] °C [y] if and only if h([z]) C A([y])-
(4) h is injective.
(5) h(°S) =T and h(° S) T'.
(6) If y' € Ry \ T, then y' C Ry, (where Ry, is the range of h).

PROOF. We prove by induction on n = °r5’([z]), that h([z]) € HL' Wlth T (hlz])
= n, for all [z] € W with °r5'([z]) = n, for all n > 1. (We must have °r5' ([z]) > 1,
by (1) of Proposition 6.10.)

If n = 1 then h([z]) € T/ C HY', by definition, and so 7 (h([z])) = 1.

Assume now that °rsl([x]) > 0, and that (1) holds for all £ such that 1 < k < n.
Then, if y' € h([z]), ¥’ = h([y]) for some [y] € W with ° ’([y]) < n—1 and
[y] °c [z], by Definition 6.13. By the induction hypothesis, 7T (y') < n — 1. This
is true for all ¥’ € h([z]). Moreover, by (2) of Proposition 6.10, there are such y’
and [y] with °rS"([y]) = n — 1, and rT’(y’) =n—1.

Thus, h([z]) € HY', and maxyleh([m])rT'(y’) = n — 1. Also, since T" is w-
grounded, h([z]) ¢ T". Hence, rT (h([z]) = n.

(1) now follows by induction.

To prove (2), pick [z], [y] € W, and assume that [z]°€ [y]. Then, °r%([y]) > 1,
by (1) and (3) of Proposition 6.10. Thus, by (2) of Proposition 6.10 and Deﬁmtlon
6.13, h([z]) € h([y]).

Conversely, assume that h([z]) € h([y]). Then, by (1), h([y]) € HL \ T’ and

5" ([y]) > 1. Then, by Definition 6.13, we must have [z] °c [y].

Thus, (2) holds.

To prove (3), take [z], [y] € W such that neither [z]°€ °S nor [y]°€ °S holds.

Assume first that [z] °C [y].

Then, by the definitions, x(i) C y(i) and x(i),y(i) ¢ S (simultaneously) a.e. For
any i where this holds, either y(i) = &, in which case z(i) = @, or n > 1, Where
n = r5 (y(i)). In the latter case, (i) C y(i) C HS ,. Thus, z(i) € P( ST,
which implies either z(i) = & or 75 (z(i)) > 1.

By Corollary 5.7, either (i) = & a.e., that is, [z] = °@, or 5 (z(i)) > 1 a.e.,
which implies °r5 ([z]) > 1. In the first case, h([z]) = @ and then, certainly,
h([z]) C h([y]). In the latter case, pick 2’ € h([x]). Then, by definition, 2z’ = h([z])
for some [z] € W such that [z] °€ [z]. By (2) of Proposition 6.4, [z] °€ [y]. Thus,
by (2), 2’ = h([z]) € h(]y]). Since this holds for all 2" € h([z]), h([z]) C h([y]).

Thus, in both cases, h([z]) C h([y]).

Conversely, assume that h([z]) C h([y]).
initions. Take [z] € W such that [z] % [z]. Then, by (2), h([z]) € h([z]), and
hence h([z]) € h([y]), and, again by (2), [2]°€ [y]. This holds for all [z] € W with
[2] °€ [z]. Thus, by (2) of Proposition 6.4, [z] °C [y]. Thus, (3) holds.

Now, z(i),y(i) ¢ S a.e., by the def-
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To prove (4), take [z],[y] € W such that h([z]) = R([y]). By (1), °r%([z]) =
°rS'([y]) = n, say. If n = 1, then [z] = [y] follows immediately from the definition
of h in that case.

If n > 1, then neither [z] °€ °S nor [y]°€ °S holds, by (3) of Proposition 6.10.
Thus, by (3), [z] °C [y] and [y] °C [z], and, by (1) of Proposition 6.4, [x] = [y]
holds in this case too.

Thus, (4) holds.

To obtain (5): we first notice that °r5 (°S) = °#5'(°S") = 2, by (4) of Propo-
sition 6.10.

Pick 2z’ € h(°S). By Definition 6.13, then, 2z’ = h([z]) for some [z] € W such
that [z] °%€ °S. By definition, this means that z(i) € S a.e. Then, (2) and (4)
of Definitions 5.1 give that z(i) = @ a.e. cannot hold, whence [2] # °@. Also,
°rS'([x]) = 1, by (3) of Proposition 6.10. Hence, (4) of Proposition 6.4, Definition
6.13, and Remarks 6.12 give 2z’ = h([z]) € T. This holds for all 2z’ € h(°S), so
h(°S)CT.

Conversely, if 2/ € T, then 2’ # @&. Then, by Remarks 6.12, (1) of Proposition
6.7, (3) of Proposition 6.10, and Definition 6.13, 2z’ = h([z]) for some [z] € W such
that [z] °€ °S. Hence, by (2), 2z’ = h([z]) € h(°S). This holds for all 2’ € T, so
T C h(°S).

Hence, h(°S) =T.

To obtain h(°S") = T', it suffices, by the previous case, to prove that h(°S’) =
h(°S)uU{o}.

To do this, pick 2z’ € h(°S’). By definition, then, 2’ = h([z]) for some [z] € W
such that [2]° € S’. By definition, this means that z(i) € S or z = @, a.e. By
Corollary 5.7, either z(i) € S a.e. in which case [z] °€ °S, or z(i) = @ a.e,. in
which case [z] = °@. In the first case (2) gives 2’ = h([z]) € h(°S). In the second
case, Definition 6.13 give h([z]) = @.

Thus, in both cases, 2z’ € h(°S) U {@}. This holds for all 2’ € h(°S’), so
h(°S") C h(°S) U {z}.

Conversely, since S’ ¢ S, S ¢ S and @ ¢ S, (1) of Proposition 6.7 gives that
neither °S” °€ °S nor °S °€ °S holds.

Then, by (2) of Proposition 6.7, and (3): h(°S) C h(°S’). Also, since, by (3)
of Proposition 6.10 and Definition 6.13, h(°@) = &, (1) of Proposition 6.7 and (2)
give @ € h(°S').

Thus, h(°S)U{@} C h(°S').

Hence, h(°S’) = h(°S) U {@}, that is, (5) holds.

To obtain (6), assume that y' € R, \ T. If y' = @, then ¢y’ C Rj. Otherwise,
y' ¢ T'. Hence, rT'(y') > 2. Then, if 4/ = h([y]) for some [y] € W, (1) gives
°r5'([y]) > 2. Now, it follows from Definition 6.13 that 5’ C R}, in this case too.

Thus, (6) holds. W

6.16. DEFINITIONS. We define the map * : HS' — HI' by *a = h(°a), for all
a € Hf’.
For any m > 0, and any rank consistent function f : (H5')™ — H5', we define

the function *f : Rp,™ — Ry by (*f)(21, 25, .., 23,) = M((°f)([21], [z2], - -, [2m])),
for all #,z5,..., 2], € Ry, where [x;] € W is chosen so that h([zg]) =2z} (1 <k <

m). (This is well defined, since h is injective, by (4) of Proposition 6.15.)

6.17. REMARKS. Functions such as *f in Definitions 6.16 are not of the same



73

type as the functions in Proposition 4.19. The latter functions are considered as
elements in HY ', while the functions here may be considered as generalizations of
elements in Ry, identifying elements in Rj; with functions with domain R,° and
codomain Rj, in the same way as in Remarks 6.3. This makes the two usages in
Definitions 6.16 of the symbol * consistent with each other.

We introduce this type of functions by the same reason as in Remarks 6.3.

6.18. PROPOSITION.

(1) *a=a foralla € S".

(2) The map *: HS — HT' s injective.

(3) 77" (*a) =15 (a), for alla € HS .

(4) If, f : (HS)Y™ — HS s rank consistent, for some m > 0, then,
(*H)(*a1, *az, ..., *aw) = *(f(ai,a9,...,an)), for all ai,as,... a4y €
HS'.

(5) Let f be as in (4), and let, for some k >0, g1,92,--.9m : (Hf’)k — Hf’ be
rank consistent functions, and let the function q : (Hf')k — Hf' be defined

by
Q(CL'l,.’L'Q,...,CUk;) -
f(gl(x17$27"'7xk)792($17$2---vxk)v"'7gm(x17x27"'7$k))7
forall x1,z9,...,21 € Hf’.
Then,
(*q)(l'/l’lé""vx;c) =

(*f)((*g1)(a7'1,x'2, o '7x;c)’(*g2)($/1’$/2 ‘e '733;c)’ . '7(*gm)(x/17x/27 ce "T;c))’

for all 4,25, ..., ) € Ry,
(6) *S=T and *S" =T’

PROOF. (1) is immediately from the definitions of *, °, and h, and (4) of Propo-
sition 4.10.

(2) follows from the injectivities of © ((4) of Proposition 6.4) and h ((4) of Propo-
sition 6.15), respectively, and the definitions.

(3) follows from (4) of Proposition 6.10, (1) of Proposition 6.15, and the defini-
tion.

(4) follows from the definitions and (1) of Proposition 6.5.

(5) follows from the definitions and (2) of Proposition 6.5.

(6) follows from the definitions and (5) of Proposition 6.15. B

6.19. REMARKS. The reason that we used a separate clause in the definition of
h for °a with a € S’, in Definition 6.13, is, of course, that without that, (1) of
Proposition 6.18, and hence Axiom 3, would not hold for *, and it would not be
true that S C T.

Now, if we just had a single extension *, this would be no big deal. Axiom 3
would not be really necessary, it could be replaced with some injectivity assumption,
and we could just work with an isomorphic copy *[H5'] of HS  in HT', instead of
with HS' itself.
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However, in Theorem 7.6, we prove that an infinite sequence of successive ex-
tensions has a ”limiting extension”, a result we then use in the proof that every
superstructure has a rk-saturated extension (where £ is a transfinite cardinal) (The-
orem 7.13). The set of "urelements” in this ”limiting” superstructure is the union of
the sets of "urelements” of all the successive superstructures, and this union is not
meaningful to form if the the sequence of sets is not increasing. It is thus difficult
to see how any variant of Theorem 7.6 could be proved without Axiom 3.

Therefore, we must have this separate clause in the definition of h.

The following two propositions will be used in the proof of Theorem 6.22, when we
verify that * satisfies the axioms in Definition 4.4.

6.20. PROPOSITION. For any m > 0, and any rank consistent function
i (HSY™ = HS' : If Ay, Ay, ..., Ay € HS'\ S, then

f(ar,a1,...,am) a1 € Ar,a0 € Agy..oyam € Ap} =
{(*f)al,ay,...,a)|a) € A1, a5 € *As, ... a,, € *A,}.

PROOF. Put
E:{f(al,al,...,am)|a1 EAl,G,z EAz,...,G,mEAm},

and
F={(*f)a},ay,...;a,,)]a} € *A1, a) € *Ay,... a,, € *An}.

Assume first that A; = @ for some i (1 < i < m). Then, *A; = @, by definitions
6.13 and 6.16, and hence £ = F' = &, and *FE = F, by these definitions, again.

Thus, the desired conclusion holds in this case.

Assume, instead, that A; # @ for all i (1 <4 < m). Then, definitions 6.13 and
6.16, and (2) of Proposition 6.18, give that *A; # @ for alli (1 <i<m),so £ # &
and F # @.

Then, E ¢ S" and F ¢ T', so v (E) > 2 and rT (F) > 2. Hence, by (4) of
Proposition 6.10, °r5 (°E) > 2.

Now, take y" € *E. Then, y' = h([y]) for some [y] € W such that [y] %€ °F,
by definition. This means that we can choose [bi],[b2],...[bm] € W such that
bl(l) € Ay, bg(l) € A, ..., bm(l) € A, and f(bl(l), bz(l), ceey bm(l)) = y(l), a.e.
But then, [b1]°€ ° Ay, [b2] °€ °As, ..., [bm]°€ °Ap, and (°f)([b1], [b2],- .-, [bm]) =
[y], by the definitions of °, and furthermore, h([b1]) € *Ai, h([b2]) € *Aa,...,
h([bm]) € *Am, and (*f)(h([b1]), h([b2]), - .., h([bm])) = %', by the definitions and
(2) of Proposition 6.15. This means that y’ € F.

Since this holds for all 4’ € *E, *E C F.

Conversely, take 2 € F. Then there are ¢| € *Ay,ch, € *Ay,...,c, € *A,, such
that (*f)(c|,ch,...,c,) = 2"

Now, since Ay, As, ..., Ay ¢ S’, (4) of Proposition 6.10 gives that °rsl(°Aj) > 1
for all j (1 <j <m).

Then, by the definitions, there are [c1],[c2],...,[cm] € W such that h([c;]) =
c; and [c;] °€ °Aj for all j (1 < j < m), and such that, if we put [2] =
(Cf)[e1], [e2]s - -+, [em]), then h([z]) = z’. The definitions now give that ¢y (i) €
Ay, co(i) € Ag,...,cn(i) € Ay, and z(i) = f(c1(4),c2(7),. .., cm(i)), a.e. This
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means that z(i) € E a.e., which, by the definitions and (2) of Proposition 6.15,
means that [z] °€ °F, and 2’ € *E.

Since this holds for all 2/ € F', F C *E.

Thus, the desired conclusion, *FE = F', holds in this case too. B

6.21. PROPOSITION.
(1) Foranym >0 and any k (1 <k <m), (*n*)(x},z5,...,2,,) =z}, for all
xh,xh, ...,z € Ry.
(2) If f : (HS")2 — HS' is given by (for x,y € HS ):

wUy  if ny¢S
%] if reSvyes,

f(:v,y)Z{

then f is rank consistent, and, for all x',y" € Ry,:

coaan={ o0 T
Y )= o . , ,
if 2reTvy eT.

(3) (2) remains true if x Uy is replaced by x \ y and 2’ Uy" by '\ y'.

(4) For any m > 0: If f : (Hf')m — Hf’ is given by f(x1,To,...,&Tm) =
{x1,29,....; 20}, for all x1,29,..., 2, € Hf’, then f is rank consistent,
and (*f)(z', xh, .. x)) = {2, 2, o 2l Y, forall 2 2, L 2l € Ry,.

(5) For any m > 0: If f : (HS)™ — HS' is given by f(x1,20,...,%m) =
(1,22, ... Tm), for all x1,29,..., 2, € Hf’, then f is rank consistent,
and (*f)(x,xh, ... x) = (&, 25, ...,x.), for all 2, xh, ...,z € Ry.

(6) For anym > 0 and any i (1 < i <m): If f: (Hf’)1 — Hf' is given by

(for y € Hf’)

fly) =

{ Ti, whenever y is an m-tuple: (x1,Z2,...,Tm),

%) otherwise,

then f is rank consistent, and (*f)(y') = «, if y' € Ry is an m-tuple:

(), oy ... ).

PROOF. (1) follows immediately from the definitions and (3) of Proposition 6.5.

To prove (2), we first show that f is rank consistent: If z,y € H;f’, for some
n < w, and if z,y ¢ S, then z,y C H,_1, so f(z,y) = zUy C H,fl_l, and
f(w,y) € H .

Ifze€SoryesS, then f(z,y) =@ € HY. Thus, f is rank consistent.

Now, pick z/,y" € Ry. Then, =’ = h([z]) and y" = h([y]), for some [z],[y] € W.
Then, (*f)(z',y") = h((°f)([x], [y])), by definition. Assume first that z’,y" ¢ T.

By (2) and (5) of Proposition 6.15, neither [z] % ©°S nor [y] % °S holds.
Thus, by Proposition 5.6, and (4) of Definitions 5.1, z(i),y(i) ¢ S a.e. Thus,
f(z(3),y(i)) = (i) Uy(i) a.e. and since S is w-grounded, z(i)Uy(i) ¢ S a.e. Hence,
by the definitions, and (2) and (5) of Proposition 6.15, not-(° f)([z], [y]) °€ °S, and
N y) T

Pick 2" € (*f)(«',y'). By

(6) and (2) of Proposition 6.15, 2z’ = h([z]) for some
[2] € W such that [2] € (°f) )s

([%],[y]), which means that z(i) € x(i) U y(i) a.e.
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By Corollary 5.7, z(i) € z(i) a.e. or z(i) € y(i) a.e. If z(i) € z(i) a.e., then
[2] % [z], and, by (2) of Proposition 6.15, 2/ € z’. Likewise, if z(i) € y(i) a.e
then 2z’ € y'. Thus, in both cases, 2z’ € ' Uy'. Since 2’ € (*f)(2',y’) was arbitrary,
(*f)(:c’,y’) Cz' Uy,

Thus, if ',y' ¢ T, then (*f)(z',y') Cz' Uy .

Conversely, pick 2z’ € 2/ Uy’. Assume first that 2/ € /. Then, 2’ ¢ T'. By
(6) and (2) of Proposition 6.15, 2z’ = h([z]) for some [z] € W such that [z] °€ [z],
which means that z(i) € z(i) a.e. But then, 2z(i) € z(i) Uy(i) a.e., which means
that [z]°€ (°f)([z],[y]), and, by the definitions and (2) of Proposition 6.15, 2’ €
(*f)(«',y"). If, instead, 2’ € ¢/, then a similar argument gives 2’ € (*f)(z',y’) in
this case too. Thus, in both cases, 2’ € (*f)(z',y’). Since 2’ € 2’ Uy’ was arbitrary,
Uy < (*f) ().

Thus, if /,y' ¢ T, then 2’ Uy' C (*f) (2, y').

It follows that, (*f)(z',y") = 2’ Uy, in the case ',y ¢ T.

Next, assume that ' € T. By (2) and (5) of Proposition 6.15, [z] € °S,
which means that z(i) € S a.e. Thus, f(z(i),y(i)) = @ a.e., which means that
(°f)([z],[y]) = °@. By the definitions, then, (*f)(z',y’) = @. If, instead, vy’ € T,
the same argument gives (*f)(z’,y’) = @ in this case too.

Thus, (*f)(z',y') =@ if 2/ € T or 3y’ € T, which completes the proof of (2).

To prove (3), the rank consistency of f follows by a similar argument as in (2).
So, take z',y" € Ry. Again ' = h([z]) and ¥’ = h([y]), for some [z] € W and
[yl e W.

Assume first that z’,y’ ¢ T. Then, a similar argument as in (2) gives not-
(°f)°€ °Sand (*f)(«",y") ¢ T.

Pick 2" € (*f)(«',y’). Then, by (6) and (2) of Proposition 6.15, 2z’ = h([z]) for
some [z] € W such that [z] € (°f)([z],[y]), which means that z(i) € x(i) \ y(i)
a.e. By (3) of Definitions 5.1, z(i) € z(i) a.e and z(i) ¢ y() a.e. This means that
[z]°€ [z] and not-[z]°€ [y]. By (2) of Proposition 6.15, 2’ € 2’ and 2’ ¢ 3/, that is
z'ex’\y'. Since 2’ € (*f)(«',y") was arbitrary, (*f)(z/,y') C 2"\ ¢'.

Thus, if 2',y" ¢ T, then (*f)(z',y") Cz'\ y'.

Conversely, pick 2/ € '\ v Then z' ¢ T'. By (6) and (2) of Proposition
6.15, 2z’ = h([z]) for some [z] € W such that [z] °€ [z] and not-[z] %€ [y]. Then,
z(i) € x(i) a.e. and z(i) ¢ y() ., which, by (4) and (3) of Definitions 5.1,
implies that z(i) € z(i) \ y(7) a that is [z] € (°f)([z],[y]), and thus, by (2)
of Proposition 6.15 and the deﬁnitions, 2l e (*f)(2',y"). Since 2/ € 2’ \ y' was
arbitrary, =’ \ y' C (*f)(«',y’).

Thus, if 2',y" ¢ T, then =’ \ y' C (*f)(2',y’).

It follows that (*f)(«',y") = 2’ \ ¢/, in the case 2,4y’ ¢ T.

If ' € T or y' € T, the same argument as in (2) gives (*f)(z,y') = @, which
concludes the proof of (3).

To prove (4), we first consider the case When m = 1. In this case, f is rank
consistent: if # € HS | then f(z) = {z} € H n+1

So, pick &' € Rp. As usual, 2’ = h([z]) for some [z] € W, and ( ') =
W((°f)([])). If we put [u] = (°f)([]), then u(i) = {z(i)} a.c. and so °r¥'([u]) > 2,
which gives not-[u]°€ °S, by (3) of Proposition 6.10. Hence, (*f)(z’) §§ T, by (2)
and (5) of Proposition 6.15.

Clearly, z(i) € {z(i)} a.e., so [z] °€ [u], and, by (2) of Proposition 6.15 and the
definition, =’ € (*f)(z’).
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Conversely, if y' € (*f)(z), then, by (6) and (2) of Proposition 6.15, y" = h([y])
for some [y] € W such that [y]°€ [u], which means that y(i) € {z(i)} a.e., that is,
y(i) = z(i) a.e. Hence, [y] = [z] and ¢’ = 2'.

Hence, (*f)(z') = {2’} for all 2’ € Ry, if m = 1.

We prove the general case by induction on m. If m = 0, it follows from the
definition that the desired conclusion is just *@ = &, which follows from (1) of
Proposition 6.18. (Of course, a function of 0 variables with codomain H?S "is trivially
rank consistent.)

Suppose that the proposition is true for some m > 0, and let f be as in the
statement in the proposition, with this m, and let, and let f’ be as f in the statement
of the proposition, with m+1 instead of m. We must prove that f’ is rank consistent
and that (*f')(x], x5, ... 2, 2, 1) = {zh, 25, . 2,20, 00 )

Let g be the function called f in (2), and let ¢ be the function called f in the
previous (m = 1) case.

Then, we see that

f/('rlrrza < '7xTn7$m+1) =
g(f(WT+1(x1’x27 .. '7xm7xm+1),7r;n+1(x17x27 .. '7xm7xm+1),' s
"77Tz+1($17x27"'7$m7xm+1))7Q(7rmi%($17$27'"7xm7$m+1)))7
for all z1,z9,...,2pm, Tyme1 € Hf’.

Now, it follows from the induction hypothesis, the previous case, (1), (2), and
several applications of (5) of Proposition 6.18, that f’ has the desired property.

(4) now follows by induction.

To prove (5), we first show that f is rank consistent: If z; € HS' for all i
(1 <i < m), then (z1,z9,...,2y) € H;f;g This holds for all n < w. Thus, [ is
rank consistent.

Next, we note that *j = j for every natural number j. This follows from the
fact that N C S, and (1) of Proposition 6.18.

Next: Let each of g1, g2, and g, be the function called f in (4), with 1, 2, and m,
instead of m, respectively. For each j € N, let ¢; : (Hf')m — Hf' be the constant

function such that ¢;(z1,x2,...,zy) = j. Clearly, each ¢; is rank consistent, since
N C § = HY', and, by the definitions, (°c;)([z1],[z2],...,[zm]) = °j, for all
[z1], [z2], .., [zm] € W, and (*¢j) (27, 25, ... 27,) = .
Now, for all z1,22,..., 2, € HS :
f, w2, o) = (T1, 22, ..o, T) =
gm(92(g1(c1(m1, 2, ..y Tm)), g2(c1 (w1, Ty oy T ), 77 (X1, T2y - T ),
gZ(gl(CZ(xlvx%"'7$m))7g2(02(x17$27'"7xm)77rgn(x17x27'"7$m)))7"'
g2(g1(cm (21, T2, -+, Tm)), g2(Cm (1, T2,5 -+, Tm), T (T1, T2, - - -, Tn))))-

(5) now follows from the above observation, several applications of (1) and (4),
and several applications of (5) of Proposition 6.18.

To prove (6), let f satisfy the condition in the statement, for i (1 < i < m), and
let g be the function called f in (5).

It is clear that f is rank consistent: If z € HS'| then f(z) € HS' for all n < w.
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Now, f(g(x1,x2,..., %)) = 7 (x1,T2,...,Ty), for all 1,29,...,2, € Hfl.
Thus, by (1) and (5), and (5) of Proposition 6.18:

(*f)(<$/1,$/2,,$lm>) = (*f)((*g)(:b"l,x’z,,x;l)) = (*W:n)('r/].7‘r/277xlrn) _ .’17;,

for all 2}, 25,...,2, € Ry,
Now, repeated applications of (6) of Proposition 6.15, using Definitions 2.2, give
that if (2}, 2%,...,2],) € Ry, then z; € Ry, for all i (1 <i < m).

It follows that (6) holds. B

Now, we are ready to prove that * is a proper nonstandard extension. It is tedious,
indeed, to verify that all twelve axioms are satisfied, but that’s the way things are!

6.22. THEOREM. The map * : Hf’ — HZ” 1s a proper nonstandard extension.

PROOF. T is w-extendable and 7' = T'U {@} # &, by Remarks 6.12. By (3) of
Proposition 3.31, @ ¢ T, so T =T'\ {@}. So, T and T’ have the right properties,
according to the first paragraph of Definition 4.4.

We must now verify the twelve axioms of Definition 4.4.

By (6) of Proposition 6.18, *S = T'. Thus, Axiom 1 holds.

To prove Axiom 2, we use that the ultrafilter ¢/ is countably incomplete.?? Thus,
let {A;}52, be a countably infinite family of sets in ¢ such that N2, A; = @. Put
Bj = N{_, A for j > 1 and put By = I. Then, by (4) of Definitions 5.1, { B;}32 is a
decreasing sequence of sets in & with empty intersection. Now, we define x € V by
putting z(i) = max{j|¢ € B;}. Then, clearly, [z]°€ °N. But, if [x] = °j for some
j € N, then z(i) = j a.e., which means that B; \ Bjy1 € Y. But since Bjy1 € U,
(4) of Definitions 5.1 implies @ € U, which contradicts (2) of Definitions 5.1. Thus,
[x] # °j for all j € N. Thus, by the definitions and (2) and (4) of Proposition 6.15,
h([z]) € *N but h([z]) # j for all j € N. Thus, *N # N, that is, Axiom 2 holds.

Axiom 3 follows from (1) and (2) of Proposition 6.18.

To verify Axiom 4, let 2/ € *A\T for some A € H5'\ S, and let y/ € /. 2’ ¢ *S,
by (6) of Proposition 6.18. If 75 (A) = n, then rT (*A) = n, by (3) of Proposition
6.18. Also, n > 1 and A C HS |. Since A ¢ S, not-°A % °S, and likewise
not-°HS' | °c °S, by (1) of Proposition 6.7. Hence, by (2) of Proposition 6.7. (3)
of Proposition 6.15, and the definition, *A C *HS . Thus, 2’ € *HS" |. By (1)
of Proposition 6.18, *& = @, so HS_ | # @. Hence, n > 2 and % (HS" |) > 2.
Hence, *HS | ¢ T, by (3) of Proposition 6.18. Thus, by the definitions, and (4) of
Proposition 6.10 and (6) and (2) of Proposition 6.15, ' = h([z]) for some [z] € W
with [z]°€ °HS' . This means that (i) € HS | a.e. Furthermore, since z’ ¢ *S,
not-[x] %€ °S, by (2) of Proposition 6.15. Hence, by Propositions 5.6, x(i) ¢ S
a.e. Therefore, (i) C HS , a.e. Since also H5 , ¢ S, the definitions and (3) of
Proposition 6.15 give 2/ C *HS . Hence, y’ € *HS .

Since HSI_Z € Hfl \ S, this completes the verification of Axiom 4.

Axiom 5 follows immediately from (3) of Proposition 6.18.

Let now establish the following:

(*) For alla € HS and A € H5'\ S:
a € A if and only if *a € *A.

20This is the only time we use the countable incompleteness of U.
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This follows from (1) of Proposition 6.7, (2) of Proposition 6.15, and the definitions.

To verify Axiom 6, if A, B € H5 \ S, then (*) and (6) of Proposition 6.18 give
*A,*B ¢ T. Axiom 6 follows from this, (2) and (3) Proposition 6.21, and (4) of
Proposition 6.18.

To verify Axiom 7, pick a, A € Hf' such that a € A. Then, A ¢ S. Now, Axiom
7 follows from (*).

To verify Axiom 8, let f be the function in (5) of Proposition 6.21, with m = 1.
Then, A = {f(a)|a € A}. Thus, by Proposition 6.20 and (5) of Proposition 6.21,
“(A1) = {(*)(@) |’ € *A} = (*A)".

Thus, Axiom 8 is verified.

To verify Axiom 9, let f be the function in (5) of Proposition 6.21, with m + &
instead of m. For each i, j with 1 <14 < 7, let gl‘.j be the function in (6) of Proposition
6.21, with j instead of m.

We define ¢ : (HS")2 — HS' by

(1, 22) = fg7" (71 (21, 22)), 95" (73 (21, 22)), - . ., gy (77 (21, 22)),

g¥ (73 (w1, 22)), g5 (75 (w1, 22)), . . ., g (75 (w1, 22))).

Then q({(a1,az2,...,am),(b1,b2,...,bx)) = (a1,az,...,am,b1,ba,...,bg), for all
1,02, -, Qm,b1,bo, ..., b € Hfl, and A X B = {q(l‘l,l'z) |l‘1 €A, 1o € B}

Using that A and *A are m-ary relations, and that B and * B are k-ary relations,
we obtain from Proposition 6.20 and (1), (5), and (6) of Proposition 6.21, and (5)
of Proposition 6.18, that *(A x B) = {(*q)(z/,y’) |2’ € *A,y' € *B} = *A x *B.

Thus, Axiom 9 is verified.

To verify Axiom 10, we must show that *(memb H5') = memb *H5", for all
n <w.

First, we note that *HS ¢ T and *(memb HS') ¢ T, by (*) and (6) of Propo-
sition 6.18.

Now, memb HS" C (H5")2. Also, (HS')? ¢ S and memb HS' ¢ S. By axioms 8
and 9, who are already verified, *((HS')2) = (*H5")2. Hence, by (2) of Proposition
6.7 and (3) of Proposition 6.15, and the definitions, *(memb H5') C (*H5")? Now,
let 2/ € *(memb HS"). Then, z' = (a’, A’) for some o', A’ € *HS. By definition,
there are [a], [A] € W such that h([a]) = a’ and h([A]) = A’. Let f be the function
in (5) of Proposition 6.21, with m = 2. Then 2’ = (*f)(a’, A’) by (5) of Propo-
sition 6.21. Then, (*f)(a’, A’) € *(memb HS"), which implies that (°f)([a], [A])
%€ °(memb HS'), by (2) of Proposition 6.15. Hence, (a(i), A()) = f(a(i), A(3))
€ memb HS' a.e., so, a(i) € A(i) a.e. This means that [a] °c [A], and, by (2) of
Proposition 6.15, a’ € A, so 2’ = (a/, A’) € memb*H?S". Since 2’ € *(memb HS")
was arbitrary, *(memb H5') C memb *H5".

Conversely, assume that 2/ € memb *H;f'. Then =’ = (a/, A"), for some o', A" €
*H2 with o’ € A’. By (6) of Proposition 6.15, a’ = h([a]) and A’ = h([A])
for some [a],[A] € W. Then, by (2) of Proposition 6.15, [a],[A] %€ °HZ? and
[a] °€ [A], which means that a(i), A(i) € H5 a.e. and a(i) € A(i) a-e., and, by the
(4) of Definitions 5.1, f(a(i), A(i)) = (a(i), A(i)) € memb HS" a.e., which means
that (°f)([a], [A]) € °(memb HS"), and, by (5) of Proposition 6.21, the definition,
and (2) of Proposition 6.15, ' = (a’,A’) = (*f)(a’,A’) € *(memb HS"). Since
2’ € memb *HS') was arbitrary, memb *H3" C *(memb HS").
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Hence, *(memb Hsl) = memb *H;f', for all n < w, and Axiom 10 is verified.

We now prove the following, from which axioms 11 and 12 follow as special cases:

Ifo:{1,2,...,m} — {1,2,...,k}, and if A C (H5)* (m,k > 0), for some
n < w, then

*{<$0'(1)7$0'(2)7 SR 7'7;0'(m)> | <.I'1,.’172, s ,.Tk> € A} =

{<$;(1),l‘;(2), ce 7$;(m)> | <$/1,l‘/2, SRR x;c> € *A}

To prove this, put £ = {(Z,(1), To(2)s- - - To(m)) | (Z1, T2, ..., 2%) € A} and F =
{26, @0y - Ty | (21, @, .-, 2)) € *A}. We must prove that *E = F.

First, by Axiom 8 and repeated applications of Axiom 9, which are already
verified, *((HS")¥) = (*HS")k. (This holds also for k = 0, since *{@} = {@}, by
the definition, (4) of Proposition 6.21, and (1) of Proposition 6.18.) Since A ¢ S
and (HS ¥ ¢ S, it follows from (2) of Proposition 6.7, the definitions, and (3) of
Proposition 6.15, that *A C (*Hsl)k, so *A is a k-ary relation.

Let f be the function in (5) of Proposition 6.21, and for each j (1 < j < k), let
g; be the function called f in (6) of Proposition 6.21, with k instead of m and j
instead of k.

Define ¢ : HS — HS' by q(z) = £(951)(%), 9o(2)(@), - - -, Go(m)(2)), for all z €
Hf’. Then, q((a1,a2,...,ax)) = (Ay(1), Go(2),- -+ Ao(m)) for all ai,as,... a1 €
HS'.

Then, it follows from Proposition 6.20, (6) and (5) of Proposition 6.21, and (5)
of Proposition 6.18, that *F = {(*¢)(z') |2’ € *A} = F.

Thus, the claim is proved. In addition, we saw that *((HS5')*) = *HS")*, for
k>0and n < w.

Axiom 11 follows from this by defining o : {1,2,...,m} — {1,2,...,m} by
o(l)=1ifl#j, (1 <1< m), and o(j) =4, and putting A = (HS")™.

Axiom 12 follows by defining o : {1,2,...,m — 1} — {1,2,...,m} by o(l) =1
for all I (1 <1< m —1), and by noting that A C (H5')™ for some n < w.

We have now verified all twelve axioms. Hence, * : Hf' — HT "is a proper
nonstandard extension. ll

6.23. DEFINITION. A proper nonstandard extension * : Hf' — HZ' constructed
as above, using the ultrafilter U, is called an ultrapower extension of H3 ’, using U.

To summarize, we have:

6.24. PROPOSITION. Assume that the axiom of choice holds.

Let S|Y € H be sets such that S contains an N-copy, SNY =, and SUY is
w-extendable. Also, let U be a countably incomplete ultrafilter on an infinite index
set I.

Then, there exists a set T € H such that T NY = & and such that TUY and
T are both w-extendable, and there exists an ultrapower extension * : Hf’ — HZ'
using U, where " = SU{@} and T" =T U D.

In particular, this holds if S is w-extendable and contains an N-copy, andY = &.

PROOF. By (1) of Proposition 3.31, HS' is the superstructure over S.
Define © and W as in Definitions 6.2. Proceed as in Remarks 6.12, to obtain T,
T', and hy as there. Define h as in Definition 6.13, and * as in Definition 6.16.
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The conclusion now follows from Remarks 6.12, Theorem 6.22, and Definition
6.23. 1

We also obtain the following characterization of the internal elements:

6.25. PROPOSITION. Assume that the Axiom of Choice holds.

Let S and T be sets such that @ ¢ T. Put S’ = SU{@} and T' = T U {o}.
Let U be a countably incomplete ultrafilter on an index set I, and assume that
e Hf’ — HZ” is an ultrapower extension using U.

Then, with the terminology of definitions 6.2 and 6.13, R, = {h([z]) | [zr] € W}
is the set of all internal elements in Hfl.

PROOF. Pick [z] € W. By Definitions 6.2, there is an n > 0 such that z(i) € HS'
a.e. which means that [2] °e °HS'.

Thus, by (2) of Proposition 6.15 and Definitions 6.16, h([z]) € *HS . Since
HS' ¢ S, h([z]) is internal.

This holds for all [z] € W.

Conversely, assume that 2/ € HY is internal. This means that 2/ € *A, for
some A € Hf' \ S. Since *A # @, A # @, by (2) of Proposition 4.8, for *, using
Theorem 6.22. Hence, % (A) > 2. (4) of Proposition 6.10 and definitions 6.13 and
6.16 then give that «’ = h([z]), for some [z] € W.

This holds for all internal ' € HY ', which completes the proof. B
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CHAPTER 7

Composite Extensions and Saturation

7.1. REMARKS. In this chapter, we will compose several proper nonstandard
extensions, and prove that the result is a proper nonstandard extension. In Propo-
sition 7.3 we have only two successive extensions, while in Proposition 7.4 and
Theorem 7.6, we have a possibly infinite totally ordered sequence of successive
extensions, and we prove that we can extend all the given superstructures to a
superstructure larger than all of these.

We will then use these results to see that we can find a well ordered arbitrarily
large, sequence of successive extensions of a given superstructure, such that all suc-
cessive extensions are ultrapower extensions using the same ultrafilter. (Theorem
7.8)

The main reason for studying these successive extensions is that we can use
these to construct a k-saturated extension, for an arbitrary transfinite cardinal «.
(See Definitions 7.10 and Theorem 7.13). This saturation is a useful property in
applications. The greater x, the better!

We give a few important applications of saturation, such as comprehension (The-
orem 7.15), and that every polysaturated extension is an enlargement. (See defini-
tions 7.10 and 7.17, Theorem 7.20, and Corollary 7.21.)

7.2. REMARKS. In this chapter, we will not always use the *-notation for proper
nonstandard extensions. Instead may use the letter t with and without indices.

Thus, we may write t(A), t1(A), t,(A), t3(A), etc. instead of *A. This is
for notational convenience; the *-notation is not very practical when dealing with
several nonstandard extensions simultaneously.

Also, whenever we, in this chapter, use "prime notation”, such as S’, we assume
that S’ = S U {@}, where S is w-extendable and contains an N-copy:.

We keep in mind that this means that Hf' is the superstructure over S, and
that, since @ ¢ S by (3) of Proposition 3.31, S and S’ have the properties T and
T' have, respectively, in the first paragraph of Definitions 4.4.

We also keep in mind that every subset of an w-extendable set is w-extendable,
by (1) of Proposition 3.31.

7.3. PROPOSITION. Let Sy, Si, and Ss be w-extendable sets, all containing a
common N-copy.

Assume that t, : H® — HS' and ty : HSY' — H5*' are proper nonstandard
extensions.

Then, t : Hfol — Hf2’, defined by t = tyotq, is a proper nonstandard extension.

PROOF. We must verify that ¢ satisfies the twelve axioms of Definition 4.4.

To verify the axioms, we will often use that ¢1(z) € HS'' \ S; whenever & €
H5°" \ Sy, which follows from (4) of Proposition 4.8 and Proposition 4.11 for ;.
Sometimes, we must also use (4) of Proposition 4.10, for ¢;. We use these results
freely below, without referring to them.

Remembering this, some of the axioms follow immediately, by applying the axiom
twice, first for ¢, then for ts.

In this way, axioms 5, 6, 7, 8, 9, and 12 are immediately obtained.

(For example, Axiom 7 is obtained thus: If a € A, then ¢;(a) € t1(A), by Axiom
7 for t1, and then t2(t1(a)) € t2(t1(A)), by Axiom 7 for to. Hence, t(a) € t(A).)



83

It remains to verify axioms 1, 2, 3, 4, 10, and 11.

To verify Axiom 1, Proposition 4.11, for ¢; and ¢, respectively, gives t1(Sp) = S
and tz(Sl) = Sz. ThllS, t(S()) = Sz.

Hence, Axiom 1 holds, for .

To verify Axiom 2, (3) of Proposition 4.21, applied to ¢; and t2 respectively,
gives N C ¢1(N) and N C ¢5(N) (proper inclusions). Applying (3) of Proposition
4.8 to t2 and the first of these gives t2(N) C ¢(N). Thus, by the second inclusion
above, N C ¢(N) (proper inclusion). It follows that Axiom 2 holds, for ¢.

Hence, Axiom 2 is verified.

To verify Axiom 3, we first apply (1) of Proposition 4.7 to t; and t5 successively,
using (2) of Proposition 4.7 for 1, to obtain t(a) = a for all a € Sy. Next, we use
(1) of Proposition 4.9 twice and obtain that ¢ is injective. It follows that Axiom 3
holds, for .

Thus, Axiom 3 is verified.

To verify Axiom 4, we apply (1) of Theorem 4.25 to ¢; and obtain that, for every
n > 1 (n < w), the following sentence over Sy is true:

(*)  (Var € t(H3')\ S1) (Vs € HEL))
(2, 21) € memb HS'' — (x5) € (t1(HZ ).

Thus, by (3) of the transfer principle, axioms 8 and 10, and Proposition 4.11, for
t2, the following sentence over Sy is true, for every n > 1 (n < w):

(%) (VX1 € t(HS)\ Sp)(VX3 € to(HI',))
((X2, X1) € membty(HS') — (2) € (H(H)))Y).

Pick z € t(A)\ Sy for some A € H5'\ S;. Now, A € HS' for somen > 1, (n < w).
Then, A C H;fﬂll. By (3) of Proposition 4.8, applied to first to 1, then to to,
t(A) C t(HSO_II). Hence, x € t(Hgﬂll). By (3) of Proposition 4.9 for ¢; and (3) of
Proposition 4.8 for o, t(H,) C to(HSY)), and thus = € to(HS™ ). Then, n > 2,
by (3) of Proposition 4.9, for 5. Then, since z ¢ Sz, (1) of Theorem 4.25 and (3)
of Proposition 4.8, for t5 give  C ty(HSY,) C to(HY,).

Next, pick y € . Then y € tz(H;fl_’z) C tz(H;fl_’l). Now we can apply (xx), with
n — 1 instead of n, to obtain that y € t(HSﬂlz). This holds for all y € . Also,
HS', € H5'\ S,.

It follows that Axiom 4 holds, for t.

The following argument will verify both axioms 10 and 11, for ¢:

Fix n < w. For Axiom 10, put £ = memb H5'| E' = membt,(H5'), E" =
memb t(H5°'), F = memb HS', and F’ = memb t,(HS").

For Axiom 11, put, instead, with 1 <i < 7 < m:

E = {{(z1,22,...2m) € (H3 )™ |2; = z;},

E' = {{x1,%2, ... %) € (t1(HZ )™ |2; = x5},

E" = {(z1,22,...7m) € (((H)™|z; = z,},

F = {{(#1,32,...2m) € (H' )™ |z; = z;}, and

F' = {{z1, 02, ... %) € (ta(HS' )™ |25 = x5}
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By axioms 10 and 11, respectively, for both ¢; and ¢, we have ¢;(F) = E’ and
t2(F) = F’, in both cases. We must prove that ¢(E) = E”.

With m = 2 for Axiom 10, and m as above for Axiom 11, we now obtain from
(3) of Proposition 4.9, for ¢;, that E' = F N (ty(HS°'))™,

By (1) and (3) of Proposition 4.8, and (3) of Proposition 4.10, for to, t(E) =
to(E') = F' N (L(HS'))™ = E".

Thus, axioms 10 and 11 are verified.

We have now verified that ¢ satisfies all twelve axioms. Hence, ¢ is a proper
nonstandard extension. l

Let us now consider an infinite sequence of successive extensions.

The case of most interest to us is when the indices in the set J are ordinals, but
it is not more difficult prove the next two results for an arbitrary totally ordered
set, so let us make that general assumption.

7.4. PROPOSITION. Let (J,<) be a strictly totally ordered set, with a greatest
element m.

Let {S;}er be an indexed family of w-extendable sets, all containing a common
N-copy.

Assume that there is an doubly indexed family {t?}j’kej’j<k, of maps, such that
forall 3,k € J, with 5 < k, t? : H[jj, — Hf’“’ 18 a proper nonstandard extension.

Also, assume that if j < k <1: (j,k,l,€ J), then té- =tlo t?.

Now, let S, (r ¢ J) be an w-extendable set containing the same N-copy, and

assume that t, : Hfm' — Hfr’ s a proper nonstandard extension.
Finally, define t; =t ot7" for each j <m (j € J).

Then, for every j € J, ¢} : H[jj — Hf"’ 1 a proper nonstandard extension, and,
for every k € J with j <k, 17 =1}, ot"f.

PROOF. It is true by assumption that ¢} is a proper nonstandard extension if
j=m. If j <m, (j €J), then t7 =" ot},, and Proposition 7.3 gives that ¢ is a
proper nonstandard extension. This proves the first part of the proposition.

To obtain the second part, assume that j < k (j,k € I). If m = k, then it
is true by assumption that t7 = ¢} o t?. If & < m, then, by the assumptions,
G =ty ol" =t otp! ot? =ty ot?. This proves the second part of the proposition.
[ |

7.5. REMARKS The previous proposition is rather trivial, and we also see that
even if the extension ¢] is not given, such an extension must exist: we could just
take an ultrapower extension (provided that the axiom of choice holds).

But the next theorem, where we only change the assumptions so that J does
not have a greatest element, is far from trivial. In this theorem, we must construct
limiting extensions ¢7" for each j € J, and prove that they have the right properties.
Worst of all, we must go through an extremely tedious verification that all the

axioms are satisfied, much worse then the axiom verification in the proof of Theorem
6.22.

7.6. THEOREM. Let (J,<), {S;}jes and {t}};ck jres, be as in Proposition 7.4,
except that here, J does not have a greatest element.
Let m ¢ J. Put Sy, = UjeS;, and assume that Sy, is w-extendable.
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We define the family of maps {t]" }Jej, where 77" : HY N H5™" for each j € J,

recurswely on the S;'-ranks of x € Hw , for all j € J, thus:
If 5 (z) = 1 (that is, if x € S;'), then t7"(x) = x.
Ifrsi’(x) =n > 1, we put

) ()= |J twlyetf@),

k>j, ke

where we put t;(x) =z for all x € HY (GedJ).
Then, for each j € J, t7* is a proper nonstandard extension, and for all k > j
(ke J), tf =t oth.

PROOF. First, notice that each ¢7* (j € J) is well defined. For if rSi'(z) =n > 1
and k > j (ke J, z € Hfjl), then rsk'(t?(x)) = n, by (2) of Proposition 4.9, for
tk, soify € tf(r) then y € HS¥ with 7% (y) < n, so tI*(y) is already defined at
that stage. (This is also true for £ = j if we use the convention above.) We must
also prove that ¢7* maps 25 into HS5=". This will follow from (vi) below.

We also note that the formula occurring in (*) holds also for z = @, since
t?(@) = @ = t*(9), by definition and (2) of Proposition 4.8, for t?, and the
convention regarding k = j.

We must also make the following remark: In this proof, we will often use prop-
erties of the maps t , where 5 < k, 7,k € J. We will then only talk about the
case when j < k. We leave it to the reader to verify that also the identity maps t;:
have the right properties. To do this is trivial in all cases, and therefore, we do not
mention these cases explicitly below.

Now, we prove simultaneously by induction on n = 5’ (x), for all z € HY " and
all j € J, that:

(i) If n > 1, then {t]*(y) |y € tf(l‘)} C{t"(y)|y e tz(:L‘)}, for all k,l € J such
that j <k <.

(ii) ¢ (x) =t (t5(x)) for all k > j (k€ J).

If n = 1, there is nothing to prove for (i), and (ii) follows easily from the definitions
of ¢7 and tir, and (1) of Proposition 4.7 for tf.

Assume now that n > 1 and that (i) and (ii) hold for S;'-ranks less than n, for
all j € J.

Pick y € t¥(x), for some k > j (j,k € J). Then, as we observed, S5 (y) < n.
Then, (ii) can be applied with y instead of z, k instead of j, and [ > k instead
of k, which gives ¢t/ (y) = t/*(¢\ (y)). By Axiom 7 for t{, and the assumptions,
ti.(y) € t},(t5(x)) = t5(x). It follows that ¢} (y) € {t;"(z) |z € t5(x)}. This holds for
all y € tf(r) Hence, (i) holds for all z € Hfj’ with 75" (z) = n, for all j,k,l € J
with j < k < L.

Now, if j < k (j,k € J), we get, using (i) and the definitions,

= U wrwlyet@i= |J &wlyet@)}=

1>5,1€] 1>k, l€J

U ") |y € (5 (2))} = 7 (5 ().

1>k, 1]



86

Thus, (ii) holds for all x € HY' with r%i' (z) = n, for all j,k € J with j < k.
By induction, (i) and (ii) hold for all = € HY, for all j,k,1 € J with j < k < L.
Now, (ii) gives t7* =1} o t?, for j,k € J with j < k.
It remains to show that ¢7* maps H[jj ’ into Hfm', and that it is a proper non-

standard extension for each j € J. In particular, we must verify the twelve axioms
of Definition 4.4.

It is suitable to establish Axiom 7 first: If a, A € H[jjl, and a € A, then 75" (4) >
1. Now, it follows easily from the definition that ¢ (a) € ¢7*(A); just take k = j.

Thus, Axiom 7 is verified for ¢7".

Next, we first prove that the following hold for each j € J:

(iii) If A, B € Hy' \ S; and A C B, then t™(A) C 7 (B).

(iv) fACS;, then A C tT(A).

(v) Fae HY', then t™({a}) = {t™(a)}.

(vi) Forallw € Hy : t™(x) € HE', with r»' (" (z)) = r5/'(2).

Thus, t" maps Hfj’ into Hfm’.

To prove (iii), let z € t*(A). By definition, thereisa k > j (k € J) and ay € t5(A)
such that z = ¢7"(y). By (3) of Proposition 4.8 for t;?, t;?(A) C t;?(B), S0y € t;?(B).
Then, z = t7*(y) € t7*(t5(B)) = t7"(B), by Axiom 7, for #}*, and (ii). Since this
holds for all z € t]*(A), t7*(A) C ¢7*(B). Hence, (iii) holds.

To obtain (iv), Applying the definition and Axiom 7, for #*, to A C S; and
x € A, gives z = t7"(z) € t]*(A). This holds for all z € A, so A C t]*(A).

Hence, (iv) holds.

To obtain (v), if 2 € t]*({a}), then there isa k > j (k € J) and a y € t?({a})
such that z = t7*(y). Then, by (2) of Proposition 4.10 for t?, y = t?(a), and,
by (ii), 2 = t]*(a). Also, Axiom 7, for t*, gives that t]*(a) € t]*({a}). Thus,
t7({a}) = {tj*(a)}. Hence, (v) holds.

We prove (vi) by induction on n =5’ (2), for all j € J and all z € o'

If n = 1, then the definition gives t7*(z) = z € ;' € S/, and rsm’(t;ﬁ(x)) =
rSm'(z) = 1, so (vi) holds in this case.

Now assume that n > 1, and that (vi) holds for all p < n. Let z € tJ*(z).
Then, there isa k > j, (k€ J) and ay € t;“(x) such that ¢]*(y) = z. By (2) of
Proposition 4.9 for t¥, rskl(t;?(:c)) — n, and hence 75+ (y) < n — 1. Thus, by the
induction hypothesis (with & instead of 5), z = t7*(y) € H5™" and r5='(z) < n — 1.
This holds for all z € t*(z), so = € HS5»' | with rsm’(t;-”(:c)) <n.

Also, there is a y € x such that rSi'(y) = n — 1. Then, by Axiom 7, for {7,
tT(y) € t7'(z), with rsml(t}n(y)) = n — 1, by the induction hypothesis. Thus,
rSm’ (£ () > n.

Thus, rsml(t;ﬁ(a:)) =n.

(vi) now follows by induction.

In particular, we have now proved that ¢7* maps Hfj’ into into Hfm', for each
jeJ.

Now, let us verify that each t]* (j € J) satisfies the remaining eleven axioms of
Definition 4.4.
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To obtain Axiom 1: For each k > j (k € J), t§(S;) = Sk, by Proposition 4.11
for £%. From this and the definition, it follows easily that if z € ¢7"(S;), then z € Sk
for some k > j. Hence, t7(S;) C Sp,.

Conversely, for all k > j (k € J), the definition and (ii), together with #¥(S;) =
Sk, give t7°(S;) = 72 (Sk). Then (iv), for #}*, gives Sy C ¢7*(S;). Also, by (2) of
Proposition 4.7, for t{, S; €S, foralll <j (I € J). It follows then from the
definitions that S, = Uge Sk C tT(SJ—).

ThllS, t;n(s]) = Sm

It follows that Axiom 1 holds.

To obtain Axiom 2, pick k& € J such that j < k. Then, it follows from (3)
of Proposition 4.21, (3) of Proposition 4.8, and Proposition 4.11, all for t?, that
N C #¥(N) C #¥(S;) = Sk, the first inclusion being proper. Thus, applying (iv)
for £}, together with (ii), gives ¢¥(N) C #*(N). Combining these inclusions gives
N C #*(N) (proper inclusion). Thus, Axiom 2 holds.

To obtain Axiom 3, the definition gives ¢7'(z) = x for all z € S;, and t]"(2) =
¢S, Ifxc ' \ S;', then r5i' () > 1. Hence, by (vi), rsml(t}n(a:)) > 1.
Since S; C Sy, all this means that Axiom 3 holds.

To verify Axiom 4, assume that x € t]*(A) \ Sp, for some A € HY \ S;. By the

definitions, this means that thereisa k > j, (k € J),and a z € t? (A)\ Sk such that
x =t7"(2). Now, A C Hfj’, for some n > 1 (n < w). Thus, by (3) of Proposition
4.8, for t%, z € t";(H;f" ), and, by (1) of Theorem 4.25 for ¢¥, z C t;?(Hfil). Since
H,fill e H' \ S, Axiom 7 and Proposition 4.11, both for ¥, give t?(HSill) \ Sk.
Then, (ii), and (iii) for ¢}, give  C tT(HSill).
Thus, if y € z, then y € ¢ (HSﬂII). It follows that Axiom 4 is holds for 7.
Axiom 5 is contained in (vi).
Before we verify Axiom 6, we prove the following:

(vii) Each 7 (4 € J) is an injective map.

To prove (vii), we prove that, for all j € J and all a,b € Hfj’, t7*(a) = t*(b)
implies a = b.

We prove this by induction on n = %' (a), noting that if t7(a) = t7*(b), then
rSi’(a) = r%i' (b), by (vi).

For n = 1, then, the implication holds by definition.

Assume now that n > 1 and that the implication holds for all p < n, and assume
that ¢7*(a) = t7*(b). Now, pick # € a. Then, by Axiom 7 for ¢, t]*(z) € t]*(a).
Hence, t7*(z) € t}*(b), which, by definition, means that ¢*(z) = #;*(y), for some
k> j (ke J), and some y € t5(b). Since 51" (a) = n, r5'(z) < n. Hence, by (2)
of Proposition 4.9 for t?, rsk’(t? (x)) < n. Now, by (i), ¢} (t;C (x)) = t7*(y). Hence,
by the induction hypothesis for ¢}”, t? (x) = y. Hence, t? (x) € t? (b). Since n > 1,
b ¢ S;, so (4) of Proposition 4.8, for t?, gives x € b. This holds for all x € a, so
a Cb.

By an identical argument, b C a. Thus, a = b.

By induction, the implication holds for all a,b € Hf"’.

Hence, (vii) holds.

Now, let us verify Axiom 6 for each t7* (j € J).
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Let A,B € Hfj \S;. We also assume that A # @ and B # @, because otherwise,
all of Axiom 6 holds trivially, since t]* () = @.

Then, by definition and Axiom 6 for each t? (k>j, keld),

t7(AU B) = Uksj kes{th'(y) |y € tf(AUB)} =
Uk, ket {th'(y) ly € t5(A) UtF(B)} =
Uk kes ({8 (y) |y € (A YUt (y) |y € t(B)}) =
(Unzj, ke {7 (v) |y € tF(A)}) U (Unsjkes{t7 (v) |y € tF(B)}) = t7(A) UL} (B).

Thus, the first part of Axiom 6 is verified for ¢7".

To verify the second part of Axiom 6, pick 2z € ¢J*(A\ B). By (iii), z € t]*(A).
Assume, to get a contradiction, that z € t]*(B). Then there are k,1 > j (k, l €7J),
and y; € t8(A\ B), y» € t4(B), such that z = 7" (y1) = " (y2). Let p = max;(k,1).
Then, by (i), z = ;" (t},(y1)) = t;*(t] (y2))- Thus, by (vii) for 7, 7 (y1) = t] (y2)-
By Axiom 7 for ¢}, and ¢, our assumptions, and Axiom 6 for 7, we obtain ¢} (y1) €
ta(t5(A\ B)) = th(A\ B) = t7(A) \ t§(B), and t] (y2) € ty (t5(B)) = t(B). Since
th(y1) = t] (y2), we have a reached a contradiction. It follows that z € 7" (A)\t7*(B).
Since this holds for all z € t]*(A\ B), t7*(A\ B) C t7*(A) \ t]*(B).

Conversely, assume that z € t7*(A) \ ¢7*(B). Then z € t]*(A). By definition,
then, there is a k > j (k € J), and a y € t§(A) such that z = #;*(y). Then, if
y € t5(B), Axiom 7, for t}?, and (i), give z = t;*(y) € t;*(t(B)) = tJ"(B), which
was not the case. Hence y ¢ t"f (B), and, by Axiom 6 for t?, y € t?(A \ B). Hence,
by Axiom 7 for ¢}*, and (ii), z € tzl(t;?(A \ B)) = tJ"(A\ B). Since this holds for
all z € t7"(A) \t;"( ), t7(A)\t7*(B) Ct(A\ B).

Hence, t7*(A\ B) = t7*(A) \ t]*(B).

Now, all of Axiom 6 is verified for ¢7".

Now, by several applications of (v), Axiom 6, and the definitions, we obtain the
following;:

IfjeJ,q>0anday,as,... a, € Hy . then

(vii) #7({a1, as, - .., ag}) = {{™(a1), ™ (az), ..., (™ (ag)}, and

(ix) ti”((@uaz,---,aq)) <t] (al),t] (a2), - t;'%(aq»

(For ¢ = 0, this follows immediately from the definitions.)

Axiom 7 is already verified.

To verify Axiom 8 for ¢, let A € HY \S], and assume that z € t7*(A"). Then,
by definition, there is a k >j(keJ)anday € t;“(Al) such that z = ¢J"(y). By
Axiom 8 for t¥, tF(A') = (t¥(A)), so y = (x) for some x € t¥(A). By (ix) for ¢},
z = (t7*(x)). Hence, by Axiom 7 for ¢*, and (i), z € (t7'(t5(A)))' = (t7"(A))".
This holds for all z € t7*(A"), so t7*(A") C (t7*(A))".

Conversely, assume that z € (t7*(A))'. Then z = (u), for some u € t7*(A). Then,
there is a k > j (k € J) and an x € t5(A) such that u =t} (z). By Axiom 8 for
th, (x) € (t5(A))r = tF(A'). Now, by (ix) for ¢}, t7"(()) = (u) = 2, and thus, by
Axiom 7 for ¢}, and (i), z € ;" (t§(A')) = t7*(A"). This holds for all z € (¢7*(A))*,

o (t7(A)" C 1 (AY).
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Thus, t7*(A') = (t7*(A))", so Axiom 8 is verified for ¢}".

To verify Axiom 9 for ¢, take A, B € Hfj’, and assume that A and ¢7*(A) are
g-ary relations, and that B and t;-”(B) are r-ary relations, where ¢,r > 0.

If g=0or r =0, then it follows immediately that t]*(A x B) = t]*(A) x t]*(B),
since t7* () = @, by definition, and t7*({@}) = {&}, by this and (v).

So, assume that ¢,r > 1.

Pick z € t]*(Ax B). Then, thereisak > j (k€ J) anday € tk(AxB) such that
z = t"(y). Now, by (4) of Proposition 4.10 and Axiom 9, for t;“, t;“(A) is a g-ary
relation, t?(B) is an r-ary relation, and t?(A X B) = t? (A) x tf(B) It follows that
there is a g-tuple (uq,ug,...,uq) € t?(A) and an r-tuple (vq,ve,...,v,) € tk(B)

such that y = (uy,usg,...,uq,v1,02,...,0,). By (ix) and Axiom 7 for e, and (i),
we get (£ (u1), 17 (u2), . ., 17 (ug)) = 7 ((ur, ua, ..., uq)) € i (t5(A)) = t7"(A),
and, by an identical argument, (t;*(v1),t}"(v2),...,t5*(v,)) € t7*(B). Since, again
by (i) for %, 2 = £7(y) = (17 (1), £ (1), - £ (1), E7(00)s B0 02), . 2 (01),

(
we obtain z € t]"(A) x t]*(B). This holds for all z € t7"(A x B), so tT"(A x B) C
tT(A) x 17(B).

Conversely, assume that z € t]*(A) x ¢7*(B). Then, there is a (21, 22,...,2,) €
t7(A) and a (wy, wa, ..., w,) € t7(B) such that z = (21, 22, ..., 24, W1, Wa, . . ., Wy).
Then, there are k,l > j, (k,l € J), and = € t"f(A), y € té-(B), such that
(21,22,...,2¢) =t (x) and (wy,ws,...,w,) =t]"(y). Let p = max;(k,!), and put
u =ty (r) € t(A), v =t](y) € t(B), using Axiom 7 for ¢} and #], and the assump-
tions. By (4) of Proposition 4.10 for t?, there are i, ug, ..., Uq, V1, V2,...,0p € pr,
such that u = (uy,uz, ... uy) and v = (v1,vz,...,v,). Now, by (ix) for #;*, and (ii),
(t;”(ul),t;”(uz),...tgl(uq» = tm( ) = tm(tp(x)) =t (z) = (21,22, .., %), and,
by an identical argument (tm(vl) o (v2) ot (ve)) = (w1, wa, ... wy). Also, by
Axiom 9 for 7, (u1,uz, ..., uq,v1,v2,. .., ,n> € t4(A) x t5(B) = t§(A x B). By (ix)
and Axiom 7, for #7*, and (ii):

= () 2 00), e ), 0, 2 0)s 2 (01)) =
ty ((ul,u2, ey Ugy V1, U2y, Up)) € t;”(t?(A x B)) = tj"(A x B).

This holds for all z € t]*(A) x t]*(B), so t]*(A) x t]*(B) C t7*(A x B).
It follows that ¢7*(A x B) = t]*(A) x t]*(B). Thus, Axiom 9 is verified for ¢}".
To verify Axiom 10, fix n < w,

Pick z € t*(memb H,fjl). Then, thereisak > j (k€ J)anday € t;?(membH,fj’)
such that z = t7*(y). By Axiom 10 for t?, there are b, B € t?(ngl) such that
= (b,B) and b € B. By (ix) for ", z = ((b),t7*(B)). By Axiom 7 for
tm, and (i), ¢7(b) € t7(B) and £ (b),t(B) € (¥ (Hy' ) = ¢7(Hy' ). Tt
follows that z € membt;n(H,f"l). This holds for all z € t;-n(membH,f"l), S0
m Sj’ m Sj’
¢7*(memb Hy,” ) C memb ¢ (H,” ). ,

Conversely, pick z € membt}"(Hg" ). Then, z = (a, A), for some a, A €
t;-”(Hfj’) such that a € A. Then, there are k,l > j (k,l € J), and b € tk( )
B € té-(H,fj’), such that a = t*(b) and A = t*(B). Put p = maxJ(k l).
Then, by Axiom 7 for ¢} and ¢/, and the assumptions, ¢} (b) € ti(tk( ))
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t?(Hfj’) and t¥(B) € tf’(té(HS‘j’)) = t?(f{,fjl). Assume, to get a contradiction,
that 7 (b) ¢ t;(B). Then t}(b) € t?(H,fj )\ t7(B). By (ii), and axioms 7 and
6 for tm, Which are already verified, this implies that a = ¢*(b) = ¢7*(t}.(b)) €
R (H )\ Em (P (B)) = (™ (Hi' )\ 7(B) = t7™(Ha’ ) \ A, and hence a ¢ A,
which is a contradiction. Thus, #7(b) € /(B). It follows by Axiom 10 for ¢7, ap-
plied backwards, that (¢} (b),#](B)) € t;(memb H,fjl). By (ii), and (ix) and Axiom
7, for t3*, it follows that z = (a, A) = (t7*(b),t7*(B)) = (t;r(tL(b), ;0 (t7(B)) =
1 (R0). 5 (B)) € tg%(tg(membﬂ,fﬂl")) - tT(memeIISj’). This holds for all
z € membt;?l(Hfj ), SO memth(Hfj ) € ¢7*(memb HY ).

It follows that ¢ (memb Hfj’) = memb t;”(H,fj’), and thus Axiom 10 is verified
for ¢7.

j

To verify Axiom 11 for 7", fix ¢,r, s so that 1 < ¢ <r <s and fix n <w. Put

E = {<a’17a27 .- .,G,s> € (H;fj,)s | g = ar}; and

F={(a1,a2,...,a5) € (" (Hn' ))* | ag = a}.

We must prove that ¢7*(E) = F.

So, pick z € t7*(E). Then, thereisa k > j (k€ J) and ay € t?(E) such that
z = t;'(y). By Axiom 11 for t?, there are by,bs,...,bs € t?(H,fjl) such that y =
(b1,ba,...,bs) and by = b,. By (ix) for t7*, z = (t7*(b1),t7"(b2), . .., t1 (bs))- Then
tit(bg) = t7*(by). By Axiom 7 for ¢}, and (ii), t7*(b;) € t?(t?(H )) 7 (Hy, )
for all ¢ (1 < i < s). It follows that z € F. This holds for all z € t]*(F), s
t;n(E) C F.

Conversely, pick z € F. Then, z = (a1, as,...,as), for some ay,as,...,as €
t;-n(Hsj ) such that a; = a,. Then, there are kq,ks,..., ks > j, (ki€ J, 1 <i<5s),
and b; € t?i(Hslj), such that a; = 13" (b;), for all i (1 < i < 5). Put p =
maxs (k1, ks, - .., ks). Then, by Axiom 7 for 2 , ¢ (b;) € % (1% (Ha ) = t2(H),
(1 <4 <s). By (i), tgl(tpq(bq)) = tnz(bq) = Qg = Gp = tZi(br) = t?(tir(bw))-
By (vii) for ¢, tzq (bg) = 1}, (by). Now, it follows by Axiom 11 for ¢¥, applied
backwards, that (¢}, (b1),}, (b2), ...t (bs)) € t5(E). By (ii), and (ix) and Ax-
iom 7, for ¢, it follows that z = (a1, a2,...,as) = ({12 (b1), t7: (b2), ..., 17" (bs)) =
(B, (50). 8D (Bo). o B0 () = ED((EE, (b), 2, (B2, .. B2 (b)) €
tp'(t5(E)) = t7*(E). This holds for all z € F, so F' C ¢7*(E).

It follows that ¢*(E) = F', and thus Axiom 11 is verified for #*.

To verify Axiom 12 for 7", let E € Hfj’, and assume that F and t*(E) are ¢+1-

ary relations, for some ¢ > 0. We must prove that t?(wZ/E[E]) = WZ/E[(tT (E)].

First, there is an n < w such that E C (ng,)q+1. By (iii), Axiom 8, and
repeated applications of Axiom 9, all for ¢, which are already verified, t;n(E) C
(7 (Ha? )1+,

Now, pick z € t]*(m q+1[E]) Then, thereisak > j (k€ J)anday € tk( qii[E])
such that z = tm(y). By (4) of Proposition 4.10 for t¥, t%(E) is a ¢ + 1-ary
relation, and by Axiom 12 for tk there is a (y1,Y2,-.-,Yq Yg+1) € t?(E) such

that (y1,y2,...,Yq) = W%\l(yl,yz, . 3 Yqr Yg+1) = Y. By (ix) and Axiom 7, both
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for ¢37, and (ii), (67" (y1), 65" (y2), - - - 15" (W) 1 (Y1) = 137 (W1, Y25 - -+ Yqo Yg+1) €
t(tH(E) = t7(E), and <tm( ), 0 (W2)s - 15 (We)) = (v, 92, -, 9a)
= t"(y) = z. Then, WZ/I\(tm(yl) t(y2), - .tm(yq) t7(yq+1)) = %, and so z €
wg/}l[tm(E)] This holds for all z € t7(r q“[E]) so t7( q“[E]) C qu[tm(E)].

S,
Conversely, pick z € 7rq+1[tm(E)]. Then, there are 21, 22, . . ., ¢, 2441 € 7" (Hyp" )

such that (zy, 2, .. zq,zq+1> € t7(F) and z = (z1,22,...,2). Then, there are
Fiykay ... kg kgyr € J such that k; > j, and y; € t5 (Hy’ ) such that z; = £ (y,),
for all 4 (1 < i < g+ 1). Put p = maxy(ki, k..., kg kgs+1). Now, t?(HSj’) C
H{f”’, by (3) of Proposition 4.9, for ¢7. Hence, tzi(t?i(Hsj’)) C H,f", for all
i (1 < i < qg+1). Then, since y; € t?i(HSj’) for each 7 (1 < i < ¢+ 1),

(th, (1), 17, (y2), - 17 (Yg)s 17, (Y1) € (H3" )q+1 C Hn+3, by Axiom 7 for each
tii, and the assumptions.
Assume, to get a contradiction, that (t}, (v1),}, (y2)), tp (yq),t£q+l(yq+1)>

¢ t?(E). Then (tzl (y1), t22 (y2)y -y tzq (Yq), t2q+1(yq+1)> c H°" i3 \ tp( ). Then, by
(ii), and (ix) and axioms 7 and 6, for ¢;*, we obtain

<Z1’Z2" . '7quzq+1> = <tz (y1)7t’;€r;(y2)" . (yq) kg1 (yq+1)>
(tp (t, (1), 5" (2, (y2)), - --at;n( ky (yq)),tﬁ(tiq+l(yq+1))> =

1 (R, (), 28, ()17, (0o, (wg))) € 65 (L \ £5(B)) =
E(Hign ) \ 0 ((2(E)) = 0 (L7 5) \ £7(E).

Hence, (21,22, ..., 2¢, 2g+1) ¢ t]*(E), which is a contradiction.

Hence, (¢}, (1), ty, (y2), - - 1} (yq): by, (Yg+1)) € £ (E).
Now, by (ii), and (ix) and Axiom 7 for ¢;*, and Axiom 12 for t? ,

2=ty (ty, (y1), 5 (27, (2), - -t (], _(yq))) =
ty ((th, (1), th, (y2), - - 17 (yg))) =
ty(m q+1(t§1 (y1)s th, (W2)s -, b, (Wa)s by, (Yg+1))) €

ty (L [ (B)]) = £ (¢ (n 2 [B)) = t7" (2 [E]).

This holds for all z € 7Tq+1[tm( )], so qul[ T(E)] C ity (n %[E])
m 1 1 m . m
Hence, t7*(m Z/E[E]) = Zil[t] (E)]. Thus, Axiom 12 is verified for ¢7*.
We have now verified all twelve axioms. Hence, each tJ* (j € J) is a proper
nonstandard extension, which completes the proof. l

7.7. REMARKS. In the next theorem, we prove that we can find an arbitrarily
large, well ordered sequence of successive extensions of a given superstructure, such
that all successive extensions are ultrapower extensions using the same ultrafilter.

One might believe that this a straightforward consequence of the two previous
results and Proposition 6.24, but there are two rather difficult problems which must
be overcome:
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We want infinitely many successive ultrapower extensions, but at each step, there
will be several possible ultrapower extensions to choose between. We must then use
the axiom of choice to select one particular extension at each step. But to apply
the axiom of choice, we must then define an appropriate family of extensions to
choose from, and this is not trivial.

The other problem is that we must prove that for each limit ordinal 8 < o, Sp
is w-extendable, so that we can apply Theorem 7.6. (Remember that in Theorem
7.6, S,, was assumed to be w-extendable.) It is at this point we need to use (1) of
Theorem 3.35 with Y # &. In all other applications of (1) of Theorem 3.35 in this
text, we may assume that Y = &. This is the only exception.

For each limit ordinal g < «a, Hfﬁ , constructed as in Theorem 7.8, is called an
ultralimit, and the construction carried out is called the ultralimit construction.

7.8. THEOREM. Assume that the axiom of choice holds.

Let o be an ordinal, let S be an w-extendable set containing an N-copy, and let
U be a countably incomplete ultrafilter on an infinite index set I.

Then, there exists a family {Sﬂ}%zo; of w-extendable sets, and a doubly indexed
family of proper nonstandard extensions {t£}7<ﬁ§a as in Proposition 7.4, with
{B| B < a} instead of J (the indices are ordinals, and they are ordered in the usual
way), such that:

(2) If B < «, then tg+1 is an ultrapower extension using U.
(3) If B < « is a limit ordinal, then each tg (with v < () is obtained from all

t‘fy, with v < 6 < (3, as in Theorem 7.6, with {7 |~ < B} instead of J, and
(B instead of m.

PROOF. Let X,Y € H be any sets such that X contains the given N-copy, XNY =
&, and such that X UY is w-extendable. By Proposition 6.24, with X instead of S,
there exists a set T' € H such that TNY = @, TUY and T are both w-extendable,
and such that there exists an ultrapower extension * : HX i HT " using U.

Now, for every ordinal (3, it makes sense, by the property that a every set of
ordinals is bounded (see Chapter 8), and (5) of Proposition 3.6, to put F'(3) as the
smallest ordinal v > [ such that for every pair of sets X,Y as above, such that
X,Y € Hg, there exists such a T" and such an ultrapower extension * : HX C HT '
as above, such that T' € H,. This F' is then a well defined functional relation.

Now, by (1) of Theorem 3.35, with S as X and @ as Y, there is a set U such that
SNU =@, SUU is w-extendable, and card (S UU) > max(card (« + 1), card S).
Then, card U = card (SUU) > card (a + 1) (see Chapter 8). Then, we can choose
an injection g : {#| 5 < a} — U. (Remember that the ordinals are defined so that
a+1={f|B < a}. See Chapter 8.)

Next, for each 8 < «, put Lg as the set of all limit ordinals v such that 8 < v < o,
and put Vg = g[Lg].

Now, we can define the following function G on {8|8 < «a}, by transfinite
recursion (see Chapter 8):

(i) G(0) = r(SUT).

(i) G(B+1) = F(G(B)), if B < .
(ii)) G(B) = (sup,5G(7)) + 1, if B < o is a limit ordinal.
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It is easy to prove with transfinite induction that {G(8)}§_, is an increasing se-
quence of ordinals, i.e. that G(d) < G(f) holds for all ordinals # and ¢ such that
)< pB<a

If # = 0, there is nothing to prove. Assume that § < « and that G(y) < G(0)
holds for all ordinals v such that v < 3. Since F(G(f)) > (3, it follows from this
and (ii) that G(y) < G(B+1) for all v < 3. If § < « is a limit ordinal, then (iii)
gives immediately that G(vy) < G(f) for all v < S

By transfinite induction, {G(8)}§_, is an increasing sequence of ordinals.

Now, for any 3 < «, if X and Y are as above, with X, Y € Hgg), then there is

an w-extendable set T' and an ultrapower extension * : H-X 'S H r " as above, such
that T € HF(G(B))

Also, for every fixed triple (3, X,Y) as in the previous paragraph, the class of all
pairs (T, *) of such sets T" and corresponding ultrapower extensions *, is a set. (See
chapter 8. In particular, the graph of such an extension belongs to P(HZX "xH r ’))
Therefore, by the axiom of choice, there is a function b assigning such a pair (T, *)
to every such triple (3, X,Y). Also, we let ¢(3, X,Y) be the set T = w3 (b(3, X,Y))
and we let f(3, X,Y) be the ultrapower extension * = 73 (b(3, X,Y)).

Now, let us define {Sg}gzo for all 8 < «, by transfinite recursion:

(a) S() =S.

(b) S[H-l = C(ﬂ, Sﬁ, Vg), if B < a.

(c) Sg=Uy<pSy if f < a is a limit ordinal.
We must prove that this is well defined, i.e. that c(8,Sg,Vs) is defined, which
means that also b(3, Sg, Vg) and f(f5, Sp, V) are defined, for all 8 < a. To prove
this is in no way trivial, because it means that we must prove that Sg € Hg(gy and
Vs € Hg(p), that Sg contains the given N-copy, that Sg N Vg = &, and that each
SpU Vg is w-extendable, for all 5 < a. (But since Sg is not & priori well defined, we
put e.g. Sg = @ whenever ¢(3, S, V) is not defined, in order to get the recursive
definition to work in this hypothetical case too.) Sz (8 < «) will then also be
w-extendable.

We prove this by transfinite induction on . Simultaneously, we prove that
Sy C Sg for all v < 8. Actually, we prove this for all 3 < «a, that is, we include the
case 3 = «a, so that we also obtain that S, is w-extendable.

For =0, we have Sy = S C SUU and V; CU C SUU. By (i), and (12) of
Proposition 3.6, S € Hg(o) and Vo € Hg(g). By our assumptions, Sp = S contains
the N-copy. Also, by the above, SNV, C SNU = @, and since SUU is w-extendable,
so is SU V.

Thus, ¢(0, So, Vo) is defined.

Suppose now that this holds for all v < g3, where 8 < «. Then, Sgy1 =
c(B,88,Vp) € Hg(gt1), by definition and (ii). Vay1 = Vg € Hepy € Hgpi1)
by the induction hypothesis and (5) of Proposition 3.6, using that {G(y)}—, is
an increasing sequence of ordinals. Also, f(f,Sg,Vs) is defined, simultaneously
with ¢(f3, Sg,V3). Then, it follows from (2) of Proposition 4.7 for f(3,Ss,Vs)
that Sg C Sgiq1 and that Sgyi contains the N-copy. Also, by our definitions,
Sg+1 N V[H-l = C(ﬂ, Sﬁ,Vg) N Vg = & and S[H-l U V5+1 = C(ﬂ, Sﬁ,VQ) U Vﬁ is
w-extendable.

It follows that c¢(5+ 1, Sg+1, Va41) is defined. Also, since Sg C Sg41, the induc-
tion hypothesis gives that Sy C Sgy; for all v < 3.

Assume now that this holds for all v < 3, where 8 < « is a limit ordinal.
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Since S, € Hg(y) for v < B, by the induction hypothesis, it follows from (c),
and (5) and (6) of Proposition 3.16, that S3 C H and Sg € H. Now, if z € Spg,
then z € S, for some v < 3. Hence, (5) of Proposition 3.16 gives that r(z) < G(v).
It follows that r(r) < sup,.5G(7), for all z € Sg. Then, (iii), (5) of Proposition
3.16, and (5) of Proposition 3.6, give that Sg € Hg(g)-.

Since Vg C V,, for v < (3, the induction hypothesis, (iii), and (12) and (5) of
Proposition 3.6, give V3 € Hg(,) € Hg(g).- Also, (c) gives that S, C Sg, for all
v < 3, and hence, by the induction hypothesis, that Sz contains the N-copy.

If x € Sg NV, then x € Sy for some v < 3. Also, since Vg C V., x € V. Thus,
xz € Sy NV, which contradicts the induction hypothesis. Hence, SN V3 = @.

To prove that Sg U Vg is w-extendable, we first notice that since Sz € H and
Vg € H, (5) and (6) of Proposition 3.16 give Sg U Vg € H, that is, (i) of Definition
3.29 holds, for Sz U Vg and w.

To verify (ii) of Definition 3.29, we put y = g(3). Since y € U and U € H, (5)
of Proposition 3.16 gives y € H. Also, y € V, for all v < 3, but y ¢ V3. Hence, by
the induction hypothesis, y ¢ S, for all v < 8. By (c), y € H \ (Sg U Vp).

Now, since y € S,UV, and S,UV is w-extendable, for all v < 3, by the induction
hypothesis, it follows from (3) of Proposition 3.31 that y # &. By Definition 3.29,
r(v) > w for all v € y. Hence, by (5) of Proposition 3.16, r(y) > w. Also, by
Definition 3.29, 7(z) > w for all z € Uzes. uv; & C Uges, uv, z, for all v < 3. Since
Sp = Uy<pS,, this implies that r(z) > w for all z € (Uzes,uv,) U {y}

Assume now that there exists a finite sequence {z}}~,, with m > 1, such that
zo, Tm € Sp UV U{y}, and xx_1 € wxy for all £ (1 < k£ < m). Then, since
y € V, for all v < 3, and since S5 C S, for v and ¢ such that § < v < 3, by the
induction hypothesis, there is a v < @ such that zg,z,, € S, U V,. This means
that S, UV, is not intransitive. But by (1) of Proposition 3.21, this contradicts
the w-extendability of S, UV, which holds by the induction hypothesis. It follows
that no such sequence exists, that is, Sg U Vg U {y} is intransitive. Thus, (ii) in
Definition 3.29 holds, for Sg U V3 and w.

Hence, Sg U V3 is w-extendable.

Hence ¢(f3, Sg, V) is defined, and, by (c), Sy C Sg for all v < f.

Now, it follows by transfinite induction that (3, Sg, V) is defined, and hence
that Sg is well defined, indeed w-extendable, for all 3 < «, and also that S, C Sg
for all v < B < a.

But ¢(f, S5, Vs) and f(f5,Sg, V) are defined simultaneously, so f(3, 53, V3) is
also defined, for all g < a.

Now, we can define the proper nonstandard extensions tg for all 3, such that
v < B < . This definition is also by transfinite recursion on 3 < a. (We use the

convention that tg (x) = z, for all ordinals f < o and all z € Hfﬁ.)

(*) tg“ = f(B,55,Vs) 0 tfj, for all B < a.
(**) tg is defined as in Theorem 7.6, with {vy |~ < 8} as J, # as m, and where
the ordinals are ordered in the usual way, if § < « is a limit ordinal.

We now prove that all t? = tg o ¢), for all 8,7,6 such that § < v < 8 < a,
and that the family {tg }y<p<a consists of proper nonstandard extensions, unless
for v = 3, when the maps are identities.

This follows easily by transfinite induction on . (Again, the extensions tg are
not & priori well defined. So let us say that e.g. tg () = x in the hypothetical
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situation, which actually never occurs, when tg (x) is not defined by the above.)

This is clear if 8 = 0 or if v = (3. Assume that § < «, that t? = tgotg holds, and
that these are proper nonstandard extensions, for all v and  such that § <y < f.
Then, by Proposition 7.4, tf“ = tgH ot), for & <~ < f3, and these are proper
nonstandard extensions.

Assume instead that 8 < o is a limit ordinal, that t§ = ts ot], and that these are
proper nonstandard extensions, for all 7, §, and € such that § <y <e < (3. Then,
by Theorem 7.6, t? = tg ot), for 6 <~ < 3, and these are proper nonstandard
extensions.

Now, it follows by transfinite induction that the family of maps defined above
has the desired properties.

In particular, tg“ = f(B,S88,Vp), for all § < «, and these are ultrapower
extensions using U.

The proof of the theorem is now complete. B

Now, we come to saturation.

7.9. DEFINITION. A nonempty family {A;};es of sets has the finite intersection
property if Nje 1 A; # @ for every nonempty finite subfamily {A;};er C {A4;}jer.

7.10. DEFINITIONS. Let s be a transfinite cardinal. A proper nonstandard ex-
tension * : HS' — HI" is k-saturated if Njc;A; # @, for every family {A;};cs of
internal sets in HZ \ T, whose cardinality is less than , and which has the finite
intersection property.

The extension is called polysaturated if Hf' can be well ordered and is k-
saturated for x = card HS'. (card HS' is transfinite, since S is infinite.)

Obviously:

7.11. PROPOSITION. Let * : Hf’ — Hgﬂ be a k-saturated extension, for some
transfinite cardinal k. Then * is A-saturated, for every transfinite cardinal A < K.

7.12. REMARKS. Clearly, every proper nonstandard extension is Ng-saturated,
since only the finite cardinals are smaller than Ny. The simplest nontrivial kind of
saturation is therefore N;-saturation. The assumption of N;-saturation is sufficient
for many applications.

It can be proved that every ultrapower extension is N;-saturated, provided that
the axiom of choice holds (see Henson, [1], Th. 7.13, p. 48).

We can now prove the main theorem about saturation.

7.13. THEOREM. Assume that the axiom of choice holds.

Let S be an w-extendable set. Then, for every transfinite cardinal k, there exists
an w-extendable set T and a k-saturated proper nonstandard extension
. HS - HI.

PROOF. Let kT be the smallest cardinal such that x* > k. We will construct a

kT-saturated extension of Hf ". This is also a k-saturated extension, by Proposition
7.11.2¢

21The reason that we use k1 instead of x is that kt is a regular cardinal, which x might not
be. This means that the union over a family with cardinality less then kT of sets with cardinalities
less then k1, has cardinality less than kt (see Chapter 8). This property of kT is used in the
proof.
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Let I be set of all ordinals « such that o < s, where k and kT are considered as
ordinals. Let U be the countably incomplete ultrafilter on I constructed in Remarks
5.12, with I instead of X. Now, by Theorem 7.8, with I instead of I and ™ instead

of a, there is a family {Sﬂ}gio of sets, with Sy = S, all containing the same N-copy

as S, and a doubly indexed family {tf}, where each tg CHY - Hfﬁ (y<B <k

. . 1. . .
is a proper nonstandard extension, and where tg+ is an ultrapower extension using

U, for each B < k.

We will prove that the extension t§+ is kT-saturated. So, let {A;};cs be a
nonempty family of internal sets (with respect to t§+) with cardinality A < k7,
which has the finite intersection property. Clearly, we may assume that J C . In
fact, by bringing in repetitions, if necessary, we will even assume that J = 1.

Now, each A; (j € I) is an internal set in How \ Sk+. This means that
Aj e e (E;) for some E; € HS' \ Sy. By (2) of Proposition 4.8, for te" E; # .
Since k1 is a limit ordinal, theorems 7.8 and 7.6 imply that there is an ordinal
B; < kT and a set Bj € tgj (E;) such that A; = tgj (Bj). This holds for all j € I.
Now {f3;}er is an indexed family with cardinality at most x, consisting of ordinals
B; < w*. This implies that card 8; < s for all j € I. Put o = sup;¢; B = Ujerf;.
It follows that card @ < k (see Chapter 8). But a cardinal is an initial ordinal, so
a< k.

Put Cj = tgj (Bj), for all j € I.

Then, for all j € I, Aj = 5 (By) = t&' (3 (B;)) =t (C;), Theorem 7.8.

Now, for any nonempty finite subset I’ C I, NjecprA; # @. Hence, by repeated
applications of (1) and (2) of Proposition 4.8 for t5 ", NjerrC; # @. Thus, {C;} er
has the finite intersection property, too. Thus, for every nonempty finite subset
I' C I, we can, by the axiom of choice, choose an a(I') € Njer Cj.

Now, for every j € I, let Z; be the set of all finite subsets I’ C I such that j € I".
Then, a(I") € Cj, for every I' € Z;. But Z; € U (see Remarks 5.12). Since t2+! is
an ultrapower extension using U, we can use the terminology in Chapter 6 with the
given U and with t2*! instead of *. Doing this, we see that a(I’) € C; a.e., and if
we define [a] € W by these a(I") (using Definitions 6.2), we obtain [a] °€ C. Then,
by (2) of Proposition 6.15 and Definitions 6.16, for 2+, h([a]) € t211(C}). Hence,
by Axiom 7, for ¢5.;, and Theorem 7.8, t5.  (h[a]) € 15, (t3+1(Cy)) = 5 (C;) =
5 (15, (By) =t (B;) = A;.

Thus, gil(h[a]) €A

This holds for all j € I. Hence, NjcrA; # @. It follows that the proper
nonstandard extension t§+ : Hf' — Hf” is kt-saturated, and, as we said, it is
also k-saturated. l

We conclude this chapter by giving a few important applications of saturation.

7.14. PROPOSITION. Let * : Hf' — Hg:l be a k-saturated extension, for some
transfinite cardinal k.

Then, for every infinite internal set A € Hfl \ T which can be well ordered,
card A > k.

PROOF. Assume that A € HI \ T is internal and infinite, and that it can be
well ordered. Assume, to get a contradiction, that card A = A < k. Then, for
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each a € A, a is internal, by (2) of Proposition 4.24. Then, by (2) and (1) of
Corollaries 4.28, A\ {a} is internal. The family {A \ {a}}asea is then a family of
internal sets with cardinality A, and it has the finite intersection property. Since *
is k-saturated, N,ea{A\ {a}} # @. But this is obviously false. Therefore, we must
have card A > . A

7.15. THEOREM (Comprehension). Let k be a transfinite cardinal, and let
*: HS — HY' be a k-saturated proper nonstandard extension.

Let A,B € HZ' be internal m-ary and k-ary relations, respectively, with B # &
(m,k >0). Let C C A with cardC < k, and let f : C' — B be a function.

Then, there exists an internal function g : A — B such that f is the restriction

of g to C.

PROOF. If A = &, then f = (&, @, B). This function is internal, by (3) of Propo-
sition 4.24 and (7) (a) of Corollaries 4.28.

Also, if k =0 and A # &, then we can take g = (A, A, B), which is internal, by
(7) (a) of Corollaries 4.28.

So, we assume that A # & and that £ > 1.

Choose n > 1 such that A C (HT')™ and B C (HI')*. Since A and B are
internal, (3) of Theorem 4.25 gives that A C (*HS )™ and B C (*HS')*.

Put

’

D = {(a1,a2,...,am,c) € (Hy )™ | (a1,a0,...,am) € c},

E = {<b17b27 . -7bkvc> € (ngi—4)k+1 | <b17b27 . 7bk> € C},

and
F = {{a1,a2,...,am,b1,bs, ... by, c) € (HS )mHr+
(a1,a2y ..., Qm,b1,ba,...,b;) € c}.
By Theorem 4.26 and (3) of Proposition 4.10,
*D = {(ay,az,...,am,c) € (*H5;4)m+1 | (a1,a9,...,am) € c},
and similarly for *E and *F.
Now, let ¢(x1,x2, ..., Tmik+3) be the following formula over S:

(VZmkra € HY y3) (Tmykia, 71) € memb HY g — Typya € (H )™)Y A

(Vemthrs € HY ) (Vmiirs € HY ) ... (Yo2mionsa € HY )

((Tm4k+5) Tmtk+6s - - - > Toamt2k+4, L1) € F —
(Tmak+5) Tm+k+65 - - T2mk+4, T2) € D A
(TomA4k+5> Toamtk+6s - - - > Loamt2k+4, T3) € E)) A

(Vemikss € Hy )(VZmikis € HY ). (Voomykia € HY )
((Tm+k+5) Tmtk+6, - - -, T2mtk+d, T2) € D —
(Fromiits € Hy ) Brominie € Hy ). (Framyonia € H )

(V$2m+2k+5 € HS )(Vx2m+2k+6 € HS ) e (V$2m+3k+4 € HS )

(<$m+k+5, Tm+k+6y -+ -9 L2m+k+4, L2m+2k+55 L2m+2k+65 - - - » L2m+3k+4 l‘1> € F <
. S’ . S’
((T2m+k+5: Tamtok+s) € diag Hy A (Tomtkt6: Tam2kt6) € diag Hy A

<+ A T2y okt as Tomyskra) € diag Hyy ) A (24, @5, -, Tmykgs, 1) € F.
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If Ay C (HS)™, with A1 # @, By C (HJ)* and G, € HZ.,\ S, then
&(Gh, A1, B1,a1,a2,...,am,b1,ba,...,b;) holds if and only if G}, is the graph of

a function h : Ay — By, such that (a1,a9,...,a,) € Ay and h(ay,as,...,an) =
<b17 b27 sy bk>.
If, instead, G, A1, B1,a1,02,...,0m,b1,ba, ..., by are internal elements in HZX

such that A; C (H,{’)m, Ay # @, By C (Hg;')k, and G, € H +4\T then, it
follows from (3) and (2) of Theorem 4.25 that A; C (*HS')™, By C (*HS')*,
and G, € *HS +4 \ T. Then, it follows from (1) and (3) of Proposition 4.10,
(2) of Proposition 4.24, (2) of Theorem 4.25, (3) of Proposition 4.8, and (7) (a) of
Corollaries 4.28, that *¢(Gh, Ay, Bi,a1,a2,...,am,b1,bs,...,bg) holds if and only if
G}, is the graph of an internal function h : A; — By, such that (a1, az2,...,a,) € A
and h(ay,as,...,am) = (b1,ba, ..., bg).
Now, fix (a1,a2,...,am) € C. Put (by,by,...,bx) = f(ay,as,...,an), and

H(al,az,. . .,G,m) = {Gh € *HS_IHL\T | *¢(Gh,A,B,a1,a2, .. .,am,bl,bz,. . ,bk)}

By Axiom 6, Proposition 4.11, (2) of Proposition 4.24, (2) and (7) (a) of Corollar-
ies 7.28, (2) of the internal definition principle, and the above, that H (a1, as, ..., an)
is an internal set whose elements are the graphs of all internal functions from A to

B which map (ay, as, .. am> to f(al,ag, ey Oy).

Now, let {(al,al,... al b7 b), .. b") , be a finite subset of the graph Gy of
f, and pick <d1, do, ..., dk> € B.

The set

(A\NVE_ {{a], a},...af)}) x {{dr,da,... di)}) |

UP_y {(al,ad, ... al,, b0, b0, b))}

is internal, by (2) of Proposition 4.24, and (1), (2), and (5) of Corollaries 4.28.
But this set is the graph of a function h : A — B such that h(al,aQ, sy al) =
1, b3,...,bl) for all j (1 < j < p). This function & is then internal, by (7) (a) of
Corollaries 4.28.

It follows that the conclusion of the theorem holds if C = & (take p = 0). If
C # @, it follows, by taking suitable sets {(a!,al, ... ai b7, b, ... b 1) Yi=1 above,
that the family {H (a1, as,...,an) | (a1,a2,...,a,) € C} has the ﬁnlte intersection
property.

Since this family has cardinality card C' < s, and since * is k-saturated, this
family has nonempty intersection. An element in this intersection is the graph of
an internal function g : A — B, such that f is the restriction of g to C.

It follows that the conclusion of the theorem is true whether C' = @ or not. B

*

7.16. REMARK If * : H5' — HT" is an R;-saturated extension, and if B € HL \T
is an internal set, and if f : N' — B! is a function, then, there is an internal
function g : (*N)! — B! such that f is the restriction of g to N!.

This follows from the Comprehension Theorem, if we use Axiom 8, (3) of Propo-
sition 4.21, (1) of Proposition 4.24, and (6) of Corollaries 4.28.

We express this by saying that every sequence in B can be extended to an internal
hypersequence in B.
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7.17. DEFINITION. A proper nonstandard extension * : HS' — HZ" is called an

enlargement if, for every set A € Hf' \ S, there exists a hyperfinite set B € HZ” \T
such that {*a |a € A} C B C *A.

7.18. REMARK. It may seem weird that enlargements exist, but they do, as the
following results show, and they are useful in applications.
As Nigel Cutland said:

"Nonstandard analysis is the art of making infinite sets finite by extending them!”

7.19. THEOREM. A proper nonstandard estension * : HS — HY' is an enlarge-
ment if and only if the following condition holds:

If A e Hf’ \ S is a nonempty family of sets in Hf’ \ S with the finite intersection
property, then Npca *B # @.

PROOF. Assume first that * : HS — HT is an enlargement. Let A € HS \ S be
a nonempty family of sets in H? ’ \ S with the finite intersection property. Let C
be the family of all nonempty finite subfamilies of A. Since P(A)N S = &, C can
also be described as the set of all elements in (P(A)\ {@}) \ S which are finite sets.

By Theorem 4.41, Axiom 6, (2) of Proposition 4.8, and (2) of Proposition 4.10,
*C'is then the set of all elements in (*P(A) \ {@}) \ T which are hyperfinite sets.
Since *P(A)NT = @, by (1) and (2) of Proposition 4.8, and Proposition 4.11, and
since all hyperfinite sets are internal, by Proposition 4.39, (4) of Theorem 4.25 then
gives that *C is the family of all nonempty, hyperfinite subfamilies of *A.

Also, AN S = @, together with (1) and (2) of Proposition 4.8 and Proposition
4.11, give that *ANT = .

Next, put n = r5 (A). Then n > 2 and 75 (C) = n+ 1. Then, all elements in C
lie in HS', all elements in A lie in H5' |\ S, and all elements in elements in A lie
in H ,.

Now, it follows from (3) of Proposition 4.9, (2) of Proposition 4.24, and (2) of
Theorem 4.25, that rT" (*A) = n, 7T (*C) = n + 1, and that all elements in *A lie
in *H5" |\ T, and hence so does all elements in elements in *C, while the elements
in *C themselves lie in *HS’. Likewise, all elements in elements in *A, and thus
all elements in elements in elements in *C, lie in *HS .

Now, the following sentence over S is true, since A has the finite intersection

property:

(Vl’l € 0)(31'2 € H;fl_z)(ng € A)

((xs,21) € membH,f’ — (z9,x3) € membH,fl_l).

Hence, by (3) of the transfer principle, its *-transform is true, and that is, by (1)
of Proposition 4.10:

(VX; € *C)(3X, € *HS ) (VX5 € *A)
((X3,X1) € memb *HS" — (X5, X3) € memb *HS ).

Together with the above considerations, and (3) of Proposition 4.8, this means that
every nonempty hyperfinite subfamily of *A has a nonempty intersection.
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Next, since * is an enlargement, there is a hyperfinite subfamily D of *A such

that {*B|B € A} C D. Since A # &, D # @&. It follows that D has a nonempty
intersection. Hence, so does { *B|B € A}.

This holds for all nonempty families of sets in HS \ S which have the finite
intersection property.

Conversely, assume that the condition holds. Pick a set C € HS \ S. If C' = @,
C' itself is hyperfinite, by Proposition 4.40. Also C' = *C, by (2) of Proposition
4.8. Thus, the converse part of the theorem holds in this case.

So, assume that C' # @. For each ¢ € C, let B, be the family of all finite subsets
of D C C such that ¢ € D. Then, B, € H5'\ S. Since B, C P(C), (3) of Proposition
4.8 and (4) of Theorem 4.25 give *B. C *P(C) C P(*C), forallc € C

The family {B. | ¢ € C} has the finite intersection property. Hence, by induction
upon (1) and (2) of Proposition 4.8, the family { *B.. | ¢ € C} has the finite intersec-
tion property. Thus, by our assumption, there exists a set F € Neec *B. C P(*C).
But, by Corollary 4.42, every element in *B,. (c € ') is hyperfinite set in Hfl \T.
Thus, F is a hyperfinite subset of *C'.

Next, fix ¢ € C, and choose n > 1 so that C' € HS . Let ¢(x1) be the following
formula over S:

(Vo € B.) (x1,z2) € membH;f’.

Then, ¢(c) holds. Hence, *¢(*c) holds, by (2) of the transfer principle. This
and (1) of Proposition 4.10 now give that that every element in *B. contains the
element *c.

This holds for all ¢c € C.

Thus, since E € N¢eo *Be, it follows that *c € F for all ¢ € C'. Therefore, E has
the desired properties.

Since C € HS ' \ S was arbitrary, the converse part of the theorem is now proved,
too. A

7.20. THEOREM. FEvery polysaturated proper nonstandard extension is an enlarge-
ment.

PROOF. Let *: HS" — HY' be a polysaturated extension. This means, by defini-
tion, that it is x-saturated, where xk = card Hf " (This x is transfinite, and since it
is defined, Hf' can be well ordered, see Chapter 8.)

Let A € H5'\ S be a nonempty family of sets in HS5'\ S with the finite intersection
property. By iteration upon (1) and (2) of Proposition 4.8, { *B| B € A} has also
the finite intersection property, and all these * B are internal, by (1) of Proposition
4.24.

Furthermore, A C HS' for some n, and hence card A < card HS' < card HS' = k.

Since * is k-saturated, Npeca *B # . This holds for all nonempty families
A e H5 \ 'S of sets in H5" \ S which have the finite intersection property.

Thus, * is an enlargement, by Theorem 7.19. B

7.21. COROLLARY. If the axiom of choice holds, then, every superstructure has
an enlargement.

PROOF. This follows immediately from theorems 7.13 and 7.20. B
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7.22. REMARK. Corollary 7.21 can also be proved in a simpler way, without using
saturation. For this simpler proof, it is not necessary to know how to compose
extensions as in propositions 7.3 and 7.4, and theorems 7.6 and 7.8. (See Henson,

[1], Th. 7.12, p. 47 £.)
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CHAPTER 8

Appendix: Set Theory

We will here mention, mostly without proofs, some set theoretic results, useful
in this article. This is by no means a complete exposé; for this, we refer to the
literature.

There are some different set theories used by mathematicians today. By far,
the most popular one is ZFC, Zermelo-Fraenkel with the axiom of choice. Another
rather common one is NBG, von Neumann-Bernays-Godel. In NBG, there are two
types of objects, sets and classes, while ZFC is simpler in the sense that it contains
only one type of objects, sets. On the other hand, it is often necessary to talk about
collections which cannot be sets (e.g. the collection of all sets, the collection of all
ordinals, or of all cardinals, which are not sets, because if they were, this would
lead to contradictions; the so called ”paradoxes” of set theory) and this is more
smoothly done in NBG.

It is worth to point out that neither ZFC nor NBG contain any ”pure” elements
(in German, ” Urelementen” ), which are not regarded as collections of other objects.
This may seem strange, but it turns out that one can generate all sets one needs
by starting from the empty set, then take its power set, then its power set, etc.
and use all kinds of operations, described in the axioms, to form new sets from old
ones. (In nonstandard analysis, however, one needs some kind of "urelements”, see
Chapter 1).

We will here follow ZFC. It is a first order theory, which means that its axioms
and theorems are formulas in first order predicate logic (see e.g. Mendelson, [6],
Ch. 2). These formulas are not of the same type as the formulas used in Chapter 4,
although there are similarities between them. We will not go into the details here,
but we formulate the axioms informally in semi-natural language. We interrupt the
list of axioms at many places, with appropriate discussions.

Axiom of Extensionality: Two sets A and B are equal, if and only if they have the
same elements, that is, A = B if and only if, for all z: x € A < x € B.

A consequence of this is that there are no urelements. There can only be one object
with no elements: the empty set.

A formula ¢(z) can be regarded as a condition which an object, (in ZFC neces-
sarily a set), for which all free occurrences of z in the formula should be substituted,
may or may not satisfy. Sometimes, there exists a set (unique, by the Axiom of
Extensionality) which contains precisely those sets which satisfy the condition. If
so, we write this set as {z | ¢(z)}. a € {z | #(x)} then means the same as ¢(a). The
formula ¢(z) may contain other free variables than z, which are then considered as
parameters upon which the set {x | ¢(z)} depends.

That not all conditions of this kind define sets is clear if we consider the condition
x ¢ x, and, assuming that it defines a set A as above, we try to decide whether or
not A € A. We then obtain A € A if and only if A ¢ A. This is a contradiction,
the famous ”Russell’s Paradox”, which Bertrand Russell discovered in 1902. Thus,
this condition cannot define a set. Another condition which can be proved to not
define a set is x = x, which is satisfied by all sets. This means that there is no set
of all sets.
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However, whether the condition ¢(z) defines a set or not, we can still form the
expression {z | ¢(z)}. We call any such expression a class (which also may depend
upon parameters), and we may use any suitable letters or expressions to denote it.
We then write a € {z | ¢(x)} (or i.e. a € A, if ”A” denotes the given class) as
a shorthand (or perhaps ”longhand”) for ¢(a), which confirms with the situation
when {x | ¢(z)} is a set.

A class which is not a set is called a proper class. These differ from sets in the
sense that they cannot be elements in other classes. Thus, if A is a proper class,
and if B is a class (either a set or a proper class), then the expression A € B has no
meaning. The Russell argument above then shows that {z | x ¢ z} is a proper class.
Other important proper classes are ”the class of all sets”, ”the class of all ordinals”,
the class of all cardinals”, and the classes HY in Chapter 3 (which depends upon
the parameter Y'). We use the binary operators such as U, \, and N, and the binary
relations C, C, and = on classes too, with the obvious interpretations.

In NBG, classes are actually objects themselves, not only notational conve-
niences, as here in ZFC.

The next three axioms in ZFC state conditions which are claimed to define sets.
In all cases, the sets thus defined are unique, by the axiom of extensionality.

Union Axiom: For every set A, there exists a set B which contains precisely all
elements in elements in A.

The corresponding condition ¢(z) is, informally, ” There exists an element y € A
such that x € y.” The set B is called the union of the elements in A. It is denoted

UyeAy.

Power Set Axiom: For every set A, there exists a set B, which contains precisely
all subsets of A.

The corresponding condition is "z C A”. The set B is called the power set of A.
It is denoted P(A).

We call a formula ¢(z,y) in ZFC a (binary) relation (possibly dependent upon
parameters). A relation ¢(z,y) is called a functional relation if, for all a, b, and e:
#(a,b) and ¢(a,c) together imply b = c. It is then meaningful to write F(a) = b
instead of ¢(a,b). As with classes, F need not be an object in itself, just a notational
convenience. The expression is F'(a) is meaningful only if it is defined, that is, if
there is a b such that ¢(a,b). We say that the functional relation F' is defined on
the class A if F(a) is defined for every a € A.
Now, we can state the next axiom thus:

Axiom Schema of Replacement: Let F' be a functional relation. Then, for every set
A, the class of all F'(a) such that F'(a) is defined and a € A, is a set.

(We leave it to the reader to write this class in the standard form above.)

This is called an axiom schema because it is actually infinitely many statements,
one for every functional relation F.

From this, we easily derive the following important consequences:

Theorem Schema of Subsets: For any condition ¢(z) and any set A, the class
{z | Y(x) ANz € A} is a set.

To see this, apply the axiom schema of replacement to the functional relation
defined by ¥ (z) A x = y, using the set A.

(Here, too every condition ¢ (z) gives rise to one of infinitely many statements.)
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So far, we have not seen any single example of a set. But now we can construct
the empty set:

Existence of the Empty Set: There exists a (unique) set which has no elements.
This is denoted &.

To see this, apply the theorem schema of subsets to some contradictory condition,
e.g. ¢ # x, and an arbitrary set A.

That there exists some set A to start from, i.e. that there exists any object at
all, is a not a particular property of ZFC, but it is an assumption that underlies
the formalism of predicate logic.

Applying the power set axiom to &, we obtain the set {&}. A new application
of the power set axiom then gives the set {&, {@}}.

This is used in next theorem:

Pairing Theorem: For all sets a and b, there exists a set whose elements are precisely
a and b. This set is denoted {a, b}.

To see this, apply the axiom schema of replacement to the relation
(x =2 ANy =a)V(x={0} ANy = b), which is obviously a functional relation
which depends upon the parameters a and b, using the set {@, {@}}.

We can now combine old sets to get new ones, using all the results hitherto. We
can construct unions, differences, intersections, power sets, pairs, subsets given by
conditions, etc. of old sets.

Given two sets a and b, we can construct the set {{a}, {a,b}}, which we denote
by (a,b). Such a set is called an ordered pair. This is a more fundamental type of
ordered pair than those in Definitions 2.1. We use the same notation, since there
are little risk for confusion. A similar argument as in the proof of Proposition 2.4
yields that if (a,b) = (c¢,d), then a = ¢ and b = d. A set of the form ({(a,b),c) is
called a triple and is denoted (a, b, ¢). Similarly for quadruples, quintuples, etc.

The cartesian product of two classes A and B is the class of all ordered pairs
{(a,b) such that a € A and b € B. It is denoted A x B. A subclass R C A X B is
called a (binary) relation on A x B. If A = B, then we call it a (binary) relation
on A. We usually write aRb instead of (a,b) € R. If C C A and D C B, then the
relation " = RN (C x D) is called the restriction of the relation R to C' x D (or
to C, if C = D).

If A and B are sets, then so are A x B and all relations on A x B.

Here, too, we have terminology conflicting with the terminology in Chapter 2,
and also with the terminology earlier in the present chapter. The latter conflict,
however, may be resolved by simply identifying a relation given by a condition
é(z,y) by the class of all ordered pairs (a, b) such that ¢(a,b). It can be considered
to be a relation on the class of all sets, or on any class which contains all a and b
such that ¢(a,b) holds.

We will now introduce functions, where we also get a conflict with the earlier
definition.

A function f : A — B, where A and B are sets, is a triple (4, G, B), where G¢
is a binary relation on A x B, such that for every a € A there is a unique b € B
such that (a,b) € Gy. We write f(a) = b instead of (a,b) € G¢. A is called the
domain, B the codomain, and Gy the graph of f. We write Dy = A. These sets
are all uniquely determined by f. The image of a subset C' C A under f is the set
of all b € B for which there exists an a € A such that f(a) = b. It is denoted by
fIC]. We put Ry = f[A]. Ry is called the range of f. f is said to be injective or
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an injection, if there is at most one a € A such that f(a) = b to every b € B. f
is called surjective or a surjection if Ry = B. It is called bijective or a bijection
if it both injective and surjective. If f is bijective, then it has a (unique) inverse,
i.e. a function f~!': B — A such that f~!(b) = a if and only if f(a) = b for all
a€Aandallbe B. If f: A— B and g : B — C are functions, than we define
the composite function go f : A — C by (go f)(a) = g(f(a)), for all a € A. If f
and ¢g both are injective (surjective, bijective), then sois go f. If f: A — B is
bijective with inverse f=': B — A, then f~'o f =idy and fo f~! = idg, where
idg : A — A is the identity function on A, which is defined by id4(a) = a for all
a € A, and similarly for idg : B — B. Clearly, f~! has an inverse too, namely
(f~H~! = f. If A C B, then the function f : A — B defined by f(a) = a for all
x € Ais called an inclusion. If A = Dy is an m-ary relation, for some m > 0, then
we write f(a1,az,...,a,) instead of f({a1,asz,...,an)), for (ai,as,...,am) € A
(see Definitions 2.2).

For any sets A and B, we write A 2 B if there exists an injection f : A — B.
We write A~B and say that A is equinumerous to B, if there exists a bijection
f:A— B. We write A 2 Bif A 3 B does not hold, and A ¢ B if A ~ B does
not hold. We also write A < Bif A X Band A B, and A £ B if not A < B.
Clearly, A ~ B implies A 3 B. The following properties are also obvious (A, B,
and C are arbitrary sets):

(1) If A C B, then A < B.

(2) A~ A, and hence A 3 A.

(3) If A~ B, then B ~ A.

(4) f A Band B3 C,then A 3ZC.
(5) f A~ B and B ~ C, then A~ C.

To see these, just apply appropriate inclusions, identity functions, inverses, and
composite functions.

The following classical result, however, is by no means obvious. But it seems
intuitively reasonable and it is very important. It is usually proved by defining
a process jumping back and forth between A and B, and this process needs the
natural numbers for its definition. There is however, another very elegant proof,
due to J. Whitaker, which do not presuppose the natural numbers. I can’t resist to
give this proof here:

THEOREM (Schroder-Bernstein). For any sets A and B: If A X B and B 3 A,
then A ~ B.

PROOF. Assume that A S Band B 3 A, and let f: A — Band g: B — A be
injections. We must find a bijection h: A — B.

Let T be the family of all subsets V' C A such that g[B\ f[V]] C A\ V. Put
U = UyerV. Pick b € B\ f[U]. Then, for any V € T, b € B\ f[V], which yields
that g(b) € A\ V. This holds for all V'€ T, so g(b) ¢ Uyec7V = U. Since this
holds for all b€ B\ f[U], g[B\ flU]] C A\ U, that is, U € T.

Next, pick a € A\ g[B\ f[U]]. Put U' = U U{a}. Since U C U’, g[B\ f[U']] C
glB\ f[U]] € (A\U)\{a} = A\U'. Tt follows that U’ € T, and hence that U’ C U,
which implies a € U. Since a € A\ g[B\ f[U]] was arbitrary, A\ g[B\ f[U]] C U.
Hence, A\ U C ¢g[B\ f[U]].

Thus, g[B\ f[U]] = A\U.
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Therefore, we can now define a function h : A — B by

{ f(a), if a€l,

ha) = g 1(a), if ae A\U,

where we, somewhat improperly, regard g—! as a function with domain R,.

If a,a’ € A and a # d/, then h(a) # h(a’) if either both a,a’ € U or both
a,a’ € A\U. If a € U and o’ € A\ U, then h(a) € f[U] and h(a") € B\ f[U],
and hence that h(a) # h(a’). Therefore, h is injective. Also, h[U] = f[U] and
h[A\ U] = B\ f[U], whence h is surjective.

Thus, h : A — B is bijective, and this means that A ~ B. B

COROLLARY. If AC B and B 3 A, then A~ B.
PROOF. This follows immediately from the theorem and (1) above. B

Another important question is: For arbitrary sets A and B, must either A X B or
B = A hold? We postpone this question for the moment.

Let us, however, point out one important result: that P(A) « A, for all sets A. (If
there was a bijection f : P(A) — A, would then the set C =
{f(B) | BC AN f(B) ¢ B} satisfy f(C) € C or not?) On the other hand, it
is easy to see that A 3 P(A). Hence, A < P(A).

A relation R on a class A is called

reflexive, if aRa for all a € A,

irreflexive, if aRa for no a € A,

symmetric, if a Rb implies bRa, for all a,b € A,
antisymmetric, if aRb and bRa imply a = b, for all a,b € A,
transitive if aRb and bRc imply aRc, for all a, b, c € A.

R is called an equivalence relation, if it is reflexive, symmetric and transitive.

If R is an equivalence relation on a class A, then, for every a € A, we define the
class [a] = {b € A | aRb}. This is called the equivalence class of a, given by R.
Then, a € [a]. For any a,b € A, we have either [a] N [b] = @ or [a] = [b].

Two examples of equivalence relations are equinumerousity (on the class of all
sets, see above), and similarity (on the class of all totally ordered sets, see below).

If A is a set, then set of all equivalence classes given by R forms a partition of
A, i.e. a set of pairwise disjoint subsets of A, whose union is A.

Conversely, given a partition of a set A, we can define an equivalence relation
R on A by stipulating that aRb if and only if ¢ and b lie in the same subset, of
those subsets forming the partition. These subsets will then become the equivalence
classes given by R. Conversely, if we start from an equivalence relation R on a set
A, then the equivalence relation defined by the set of equivalence classes given by
R is R itself.

A relation < on a class A is called a (strict) partial order if it is both irreflexive
and transitive.?? If < is a partial order, we will often write a > b instead of b < a,
a < b instead of a < bor a =b, and a > b instead of a > b or a = b. A strictly
partially ordered set is an ordered pair (A, <), where A is a set and < is a partial
order on A. If (A, <) is a strictly partially ordered set, if B C A, and if < is

22» «” and similar symbols are commonly used to denote order relations.
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the restriction of < to B, then (B, <’) is also a strictly partially ordered set. A
(nonstrict) partial order on a class A is a relation < on A derived from a strict
partial order < as above (with a < b meaning a < b or a = b). Such a relation can
also be characterized by saying that it is reflexive, antisymmetric, and transitive.
We can then obtain, or retrieve, the strict partial order < from < by putting a < b
as a < b and a # b, for all a,b € A. A nonstrictly partially ordered set is an
ordered pair (A, <) where A is a set and < is a (nonstrict) partial order on A.
Any restriction of a (nonstrict) partial order on A to a subclass B C A is itself a
(nonstrict) partial order.

For every set A, (P(A),Cp(a)) is a (nonstrict) partially ordered set, where the
partial order Cp(4) is the restriction of the subset relation to P(A). The corre-
sponding strict partial order is Cp(4), the restriction of the proper subset relation
to P(A). If < is a strict partial order on a class A, then an element m € A is
called a maximal element (in A with respect to <) if there is no a € A such that
m < a, and a greatest element (of A with respect to <) if @ < m for all a € A.
Clearly, a greatest element m, if it exists, is unique, and then, m is also a unique
maximal element. But in general, several maximal elements may exist. If < is the
restriction of strict partial order on a class A to a subclass B C A, then an upper
bound of B (in A with respect to <’) is an element a € A such that b < a for
all b € B. Similarly for minimal element, smallest element, and lower bound if we
substitute > for <, and > for <. All these definitions can be made equally well for
nonstrict partial orders, and this is also true for the succeeding definitions.

< is (strict) total order on a class A, if < is a partial order on A, and, for all
a,b € A, either a < b, a = b or a > b holds (it easy to see that at most one of these
can hold). In this case, if A is a set, the pair (A, <) is called a (strictly) totally
ordered set. The corresponding relation < is then a (nonstrict) total order, and if
A is a set, then (A, <) is called a (nonstrictly) totally ordered class.

If < is a strict total order on the class A, then A can have at most one maximal
element with respect to A, which is then the greatest element. Similarly for minimal
element and smallest element.

If < is a strict total order on A, if B C A, and if <’ is the restriction of <
to B, then <’ is also a strict total order (on B). Let M C A be the class of all
upper bounds of B (in A with respect to <). If M has a (necessarily unique)
smallest element m, this m is called the supremum of B with respect to <, and
it is denoted sup,cp b or shorter sup B. If sup B = m € B, then m is actually the
greatest element of B with respect to <’, and it is denoted maxpcp b or max B.
The corresponding concepts for > are the infimum of B, denoted infycp b or inf B,
and minyep b or min B.

If < is a strict total order on the class A, then a (proper) initial segment of A,
(with respect to <), is a proper subclass B C A such that, for alla € A and b € B,
a € B whenever a < b.

If < is a strict partial order on a class A, then a subclass B C A is called a chain
in A, if the restriction of < to B is a strict total order.

If (A1, <q) and (Az, <o) are totally ordered sets, then a similarity map from
A1 to Az (with respect to <; and <3) is a surjection f : A; — As such that
f(a) <2 f(b) whenever a < b, for all a,b € A;. (Here, it is essential the orders <;
and <5 are total.) Clearly, a similarity map is actually a bijection, with an inverse
which is also a similarity map. Also, the composition of of two similarity maps is
a similarity map. The identity function id4 on a set A is a similarity map from A
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to itself, with respect to any total order < on A. We say that a totally ordered set
(A1, <q) is similar to a totally ordered set (Ag, <o) if there exists similarity map
from A; to A,, with respect to <; and <s. Then, for all strictly totally ordered
sets (A1, <1), (Ag, <), and (43, <3):

(i) (A1, <1) is similar to itself.

(ii) If (A1, <1) is similar to (Asg, <3), then (Az, <3) is similar to (41, <1).

(iii) if (A, <1) is similar to (Az, <2), and (Ag, <2) is similar to (A3, <3), then
<A1, <1> is similar to <A3, <3>.

This means that similarity is an equivalence relation on the class of totally or-
dered sets.

A strict partial order < on a class A is called a well order if every nonempty
subclass B C A, has a smallest element, with respect to <. If A is a set, then
(A, <) is then called a well ordered set. By looking at subsets with two elements,
we see that every well order is a total order, and every well ordered set is a totally
ordered set. Also, for every B C A, the restriction <’ of < to B is a well order.

Also, we see that if < is a well order on the class A, and B is a subclass of A
which has an upper bound in A with respect to <, then sup B exists. It is also
obvious that a totally ordered set which is similar to a well ordered set, is itself well
ordered.

It is convenient to introduce a class of ”canonical” well ordered sets, such that every
well ordered set is similar to exactly one of those. Because then, the problem of
studying well ordered sets is reduced to the study of these ”canonical” well ordered
sets, which we call ordinals. There are several possible definitions. We will choose
one of the most common, and elegant, definitions. We then define a natural number
as a special case of ordinal.

For every set A, we let € 4 denote the relation {(a,b) € A x A|a € b}. Aset A
is called transitive if, for all a, a € A implies a C A. We define the successor of a
set A as S(A) = AU {A}. We say that A is a successor set if there exists a set B
such that A = S(B).

We now define an ordinal as a transitive set « such that (o, €,) is a well ordered
set. If & and 3 are ordinals, then we write o < 3 instead of a € 3, o > [ instead of
0 < a, a< instead of @ < f or @ = b, and a > 3 instead of « > 3 or a = b. This
is consistent with what we have done above, because it turns out that the restriction
of the membership relation € to the class of ordinals is a well order. Hence, (A, € 4)
is a well ordered set if A is a set of ordinals. Moreover, the elements of an ordinal
« are all ordinals, in fact, precisely those ordinals 8 such that 8 < a. If « and 8
are ordinals such that o < /3, then « is a (proper) initial segment of 3. Any set A
of ordinals has an upper bound. In fact, sup A = Uyec 4, which itself is an ordinal.
Also, if « is an ordinal, then so is S(a). Also, if a < 3, then S(a) < S(B). @ is
an ordinal (since all conditions in the definition are vacuously satisfied for @), the
smallest of all ordinals. There are two other types of ordinals: successor ordinals,
i.e. ordinals which are successor sets, and Ilimit ordinals, i.e. nonempty ordinals
which are not successor ordinals. The most important property of the ordinals is
that every well ordered set is similar to (a, <), for some unique ordinal . It can
be proved that the class of all ordinals is not set, but a proper class.

We define a natural number as an ordinal n such that every nonempty element
in S(n) is a successor set. Then, every element in a natural number is a natural
number, S(n) is a natural number if n is, and @ is a natural number. Clearly, all
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nonempty natural numbers are successor ordinals. The natural numbers are also
called finite ordinals, while these ordinals which are not natural numbers are called
transfinite ordinals.

We now define the natural numbers 0,1,2,3,... by 0 =2. 1 =5(0) = {0}, 2 =
S(1) ={0,1}, 3= 5(2) = {0,1,2}, etc. We can define addition and multiplication
of ordinals, but we shall not go into that in any depth, we just put « + 1 = S(«),
a+2=S(a+1), a+3 = S(a+2), etc. for all ordinals . (In general, a+ (n+1) =
S(a + n), for all natural numbers n.)

A very important method of proof is transfinite induction, which generalizes
ordinary induction to transfinite ordinals:

TRANSFINITE INDUCTION. Let ¢(z) be a condition. Assume that, for every
ordinal a, whenever ¢((3) holds for all ordinals < «, then ¢(«) holds too.
Then, ¢(a) holds for all ordinals .

It may seem that we must include a clause that ¢(0) should hold, but this is not
necessary, since the condition ”¢(3) holds for all ordinals 8 < 0”7 is vacuously true.
An alternative formulation is that the above condition is only assumed to hold if «
is a limit ordinal, and that we also assume that ¢(0) holds, and that, for all ordinals
a, ¢(a + 1) holds whenever ¢(«) holds.

Related to this, there is the method of defining functional relations with trans-
finite recursion:

TRANSFINITE RECURSION. Let G be a functional relation defined on the class
of all subsets of the class On x A, where On is the class of all ordinals, and A is
any class.

Then, there is a functional relation F' defined on On such that F(a) =
G{(B,F(B)) | B < a}), for all ordinals c.

This F' has the property that F'(«a) € A for every ordinal o, and F is unique in
the sense that if F’ is another functional relation satisfying these conditions, then
F(a) = F'(«) for all ordinals a.

Here, too, we may have separate defining conditions for F'(a) if « = 0, or a is a
successor ordinal, or if « is a limit ordinal, respectively, as long as they can be
summarized into a single one, as above.

Transfinite induction and recursion can both be modified so that instead of
the class of all ordinals, On, we may use classes of the types {v | v > a} and
{7 | @ < < B}, for arbitrary ordinals & and 5 (o < 3). In the last case, transfinite
recursion can be said to define a function instead of a functional relation.

The theory of transfinite ordinals looks very promising, and it seems to generate
a lot of interesting results. But, with the axioms we have seen so far, it is, as far as
we know, impossible to prove that there exist any transfinite ordinals at all. Indeed,
we can only prove that there exists arbitrary large finite sets, not infinite sets. For
this, we need a new axiom:

Axiom of Infinity: There exists a set A such that @ € A, and such that, for every
set ¢, S(x) € A whenever z € A.

It follows from this axiom that the class of natural numbers is a set. In fact, it
is even an ordinal, which we denote by w when we want to emphasize that it is
an ordinal, while we denote it by N if we only want to view it as a collection of
numbers. w is then a transfinite ordinal, the smallest one.
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One can now prove that the set N, with the successor functional relation S(x)
restricted to N, satisfies Peano’s axioms (see e.g [6], p. 116), in particular that we
can prove theorems with ordinary induction, and we can also define functions with
ordinary recursion. Thus, arithmetic can be viewed as a subdiscipline of set theory.

We say that a set is finite if it is equinumerous with some natural number, and
that it is infinite otherwise.

To get a more precise measure of the size of a set, we define a cardinal as an
ordinal « such that a % ( for all ordinals 3 such that v < . An cardinal is also
called an initial ordinal, because of this definition.

It follows that if A is a set which can be well ordered, i.e. if there exists a well
order <’ on A, then there is a unique cardinal s such that A ~ k. This unique
cardinal x is called the cardinality of A, and it is denoted card A. Whenever we
talk about the cardinality of a set, it is assumed that the set can be well ordered.

Every natural number is a cardinal, and a finite set with n distinct elements
has cardinality n. From this, it follows that any set A which has a proper subset
B C A such that A ~ B, must be infinite. Even more remarkable things are
true for infinite sets. For example, it can be proved that if A is set such that
card A < k, and carda < k for all a € A, where k is a transfinite cardinal, then
card Uge 4 a < K, provided that there exists a function f with domain A such that
f(a) is an injection from a into k, for every a € A. (We can then use the function
f, transfinite induction, and the Schroder-Bernstein theorem to define a well order
<" on U = Ugeaa, such that (U, <’) is similar to («, €,), for some ordinal o < k.)
A simple consequence of this is that if A is a set with transfinite cardinality &,
and if B and C are sets such that card B < card A and card C' < card A, then
card (A \ B) = card (AU C) = card A = k. Thus, if « is a transfinite ordinal, then
card (¢ +1) = card . Tt follows that every transfinite cardinal is a limit ordinal. In
particular, w is the smallest transfinite cardinal, and we write X instead of w when
we want to emphasize that it is a cardinal, and not just an ordinal. By transfinite
recursion, we can define a functional relation N, such that for every ordinal a, N,
is the the smallest transfinite cardinal greater than all g for which 8 < a. Vg is
then as above, and the class of all R, where « ranges over the class of all ordinals,
is the same as the class of all transfinite cardinals. This class is a proper class.

Not all limit ordinals are (transfinite) cardinals. For example, the ordinal w+ w,
which is defined as the smallest ordinal which is greater than w + n for all natural
numbers n, is a limit ordinal, but not a cardinal. Actually, card (w + w) = Ry =
card w.

A set A is countably infinite if card A = Ry, countable if card A < Rq (i.e. if it is
finite or countably infinite), and uncountable if it is not countable.

Now, if the sets A and B can be well ordered (and hence they have well defined
cardinalities), then one of A 3 B and B X A must hold, because this is so for
ordinals (since for every pair of distinct ordinals, one is a proper initial segment of
the other) and every well ordered set (A, <’) is similar to («, €4) for some ordinal
«. Thus, if we could establish that every set can be well ordered, then one of A X B
and B = A must hold, for all sets A and B. Equivalently, this latter property can
be expressed thus: Exactly one of A < B, A ~ B and B < A holds, for all sets A
and B. This property is called the Trichotomy Law.

If we use the next theorem, we can, conversely, prove that the trichotomy law
implies that every set can be well ordered:
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HARTOGS’ THEOREM. For every set A, there exists an ordinal « such that
a A.

Now, if the trichotomy law holds, Hartogs’ theorem implies that to every set A,
there is an ordinal a such that A < «. This means that A is equinumerous to a
subset of an ordinal, which can be well ordered. Thus, A can be well ordered.

Unfortunately, the axioms given so far are not sufficient (as far as we know) for
establishing the Well Ordering Principle, i.e. that every set can be well ordered,
and the trichotomy law. For this, we need the axiom of choice, which we give in
two equivalent versions:

Axiom of Choice, version 1: Let A be a sets whose elements are mutually disjoint,
nonempty sets. Then, there exists a set B which has exactly one element in common
with each of the sets a € A.

Axiom of Choice, version 2: For every set A, there exists a function
f:P(A)\ {9} — A such that f(a) € a for all a € P(A) \ {2}.

The axiom of choice is equivalent to a lot of properties. Let us list some of the
most important ones:

THEOREM. The following are equivalent:

(1) Aziom of Choice, version 1.
) Aziom of Choice, version 2.
3) Every set can be well ordered.
) For all sets A and B: Fither A X B or B 3 A.
) Forall sets A and B: One of A< B, A~ B, and B < A holds (Trichotomy
Law).
(6) Zorn’s Lemma: If (A, <') is a partially ordered set such that every chain in
A has an upper bound, then A has a mazximal element.
(7) Hausdorff’s Mazimality Principle: If (A, <') is a partially ordered set, then
there is a mazrimal chain in A, i.e. a chain which is not a proper subset of
any other chain in A.

We will not prove this, but we see that the implication (3) = (2) is easy to prove:
Just take a well order <’ on A, and define f(a) as the smallest element in a.
Other consequences of the axiom of choice are:

(1) card Ugea a < k holds whenever card A < k and carda < & for all a € A, as
above, because the axiom of choice implies that a function such as f above exists.

(2) card P(A) > card A, for every set A.
(3) If A £ K, then A has a subset with cardinality .

The axiom of choice seems simple and intuitive, but there are mathematicians who
are skeptical against it. One reason is that it has some very weird consequences.
The weirdest is probably the Banach-Tarski paradox: Every pair of bounded sets
A,B € R?® with nonempty interiors, can be decomposed into a common finite
number of disjoint subsets Ay, Ao, ..., A, and By, Bs, ... B,, respectively such that
for each i (1 <i <mn), A; and B; are geometrically congruent (even without using
reflections). Here, A may be chosen as very small, and B may be chosen as very
big! This may seem like an outright contradiction, but it is not: The parts A;
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and B; are chosen nonconstructively, with the axiom of choice, as sets on which no
volume can be defined.
Our last axiom is:

Axiom of Regularity. Every nonempty set A has an element a € A such that
ANa= 2.

It is also called the Axiom of Restriction, or the Axiom of Foundation.

This axiom is treated in Chapter 3. Let us mention one consequence:

If the axiom of regularity holds, then « is an ordinal if and only if every element
in S(«) is transitive. This gives a somewhat simpler characterization of an ordinal
than the definition given above.

ZFC is the theory with all these axioms. ZF is the theory with all these axioms
except the axiom of choice. However, in this text, we never assume that the axiom
of regularity holds, and, unless otherwise is stated, we do not assume that the axiom
of choice holds either. The other axioms, we use freely.
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