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Preface

The purpose of this text is twofold�
The �rst purpose is to develop basic nonstandard analysis by an axiomatic ap�

proach� The axiom system we use is a modi�ed version of an axiom system in�
troduced by Henson �See Henson� �	
� pp� 	���
� We use this �modi�ed
 axiom
system to prove the most fundamental properties of nonstandard extensions of
superstructures� e�g� the transfer principle� We also prove that nonstandard exten�
sions �de�ned by these axioms
 exist� We also introduce saturation� and we prove
that every superstructure has a ��saturated extension� for every trans�nite cardinal
�� All this means that our de�nition of nonstandard extension� gives rise to the
�right� concept� i�e� essentially the same concept as nonstandard analysts usually
work with� We do all this in full technical detail� not leaving many details to the
reader�

The second purpose is to de�ne and use our superstructures within ZFC� without
urelements� To do this� we introduce a general type of hierarchy of sets� of which
superstructures as well as the von Neumann cumulative hierarchy are special cases�
We develop a little theory about such hierarchies� and we de�ne a superstructure
as such a hierarchy� satisfying some extra conditions� It is these superstructures
we use to de�ne nonstandard extensions of� using axioms� This is also done in full
technical detail�

A note on how to read the proofs� The theorems and propositions in this text
often consist of many results grouped together� For example� Proposition ��	�
consists of 	� parts� denoted by �	
��	�
� When referring to di�erent parts of
di�erent theorems or propositions� confusion may arise about which theorem or
proposition is referred to� For example� suppose that theorems A and B consists of
ten parts each� and that we now are proving part 	� of Theorem B� If it then says�
e�g� �by ��
 and ��
 of Theorem A�� does it then mean �by ��
 of Theorem A and
��
 of Theorem A�� or does it mean �by ��
 of Theorem B �which is supposed to
be proved already
 and ��
 of Theorem A�� I have tried to resolve ambiguities of
this type by a systematic usage of commas an the word �and� in a speci�c way�

I give some examples� to clarify this systematic usage�

�by ��
 and ��
 of Theorem A� means �by ��
 of Theorem A and ��
 of Theorem
A��

�by ��
� and ��
 of Theorem A� means �by ��
 of the present theorem and ��
 of
Theorem A��

�by ��
� ��
� and ��
 of Theorem A� means �by ��
 of Theorem A� ��
 of Theorem
A� and ��
 of Theorem A��

�by ��
� and ��
 and ��
 of Theorem A� means �by ��
 of the present theorem� ��

of Theorem A� and ��
 of Theorem A��

�by ��
 and ��
� and ��
 of Theorem A�� means �by ��
 of the present theorem� ��

of the present theorem� and ��
 of Theorem A��

�by ��
 of Theorem A� and ��
� means �by ��
 of Theorem A and ��
 of the present
theorem��

This list is by no means complete� and I do not claim to have resolved all possible
ambiguities� but hopefully� the reader will now be able to read the proofs without
confusion�
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The proofs are very detailed� All earlier results needed for a proof are men�
tioned in the proof� except that de�nitions are not always mentioned� and I fully
understand those readers who think that it is too much reiteration of many results�
for example� of ��
 of Proposition ��� and ��
 of Proposition ���� which after a
while might become so obvious for the reader that he�she might have di�culties to
see exactly how they apply in the given situation� Still� for completeness� I have
included all this information� But the reader should not fell obliged to look up
exactly how all these earlier results mentioned apply� if he�she clearly sees that the
conclusion of the given step in the proof follows anyway�

There is one exception of this given completeness rule� Proposition ��� is given
once and for all and is then never referred to after that� Without this exception� the
amount of reiteration would simply become unbearable� The reader could then go
back and check the �� parts of this proposition� whenever he�she �nds an argument
di�cult to follow� Some of these �� parts could perhaps apply�

I would like to thank Leif Arkeryd� Nigel Cutland� and Ward Henson� who were
organizers of the July 	��� NATO Advanced Study Institute in Nonstandard Anal�
ysis� which was held at the University of Edinburgh� and which I got the privilege
to attend� It was at this conference I learned most of what I now know about
nonstandard analysis� In particular� it was there Henson presented his axioms for
the �rst time� I also would like to thank the other lecturers and attendants at this
conference� in particular� Renling Jin and Peter Loeb�

Also� I would like to thank Jan�Christoph Puchta in Freiburg� Germany� who� in
correspondence in the Usenet group sci�math� gave me deep insights in hierarchies
of sets� In fact� the main theorem about extensions of sets� Theorem ����� is based
upon his idea� It was his ideas who gave me the impulse to develop this theory of
hierarchies of sets�

Lule�a� June� ����

Erland Gadde
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CHAPTER �

Introduction

When Newton and Leibniz developed Calculus in the 	�th century� they imagined
in�nitely small quantities� which Leibniz called in�nitesimals� and which he denoted
by dx� dy� etc� These �if positive
 were considered to be smaller than any positive
real number� and yet not �� An integral such as

R
f�x
 dx� for example� was con�

sidered as an in�nite sum of in�nitesimals f�x
 dx� This approach turned out to be
very fruitful� and this in�nitesimal calculus led to an amazing development of math�
ematics and applied sciences during the 	�th century� But Newton� Leibniz� and
their successors all failed to develop a consistent theory about those in�nitesimals�
Their reasoning was based more on intuition than rigor� and� as was eloquently
pointed out by Berkeley� the in�nitesimals were actually used in a contradictory
manner �sometimes they were considered to be nonzero� sometimes zero
�� Still�
because of their great intuitive skill� their results were essentially correct�

In the 	�th century� however� there was a need to �nd a rigorous foundation
of analysis� This led to the replacement of in�nitesimals by limits� who were in�
troduced by Cauchy and given a rigorous de�nition by Weierstrass� the so called
����de�nition� Thus� from the mid�	�th�century on� in�nitesimals were banned
from all serious mathematics� Analysis is now completely rigorous� but� as many
mathematics students can a�rm� the ����de�nition is rather di�cult to grasp and
cumbersome to use�

In 	���� however� Abraham Robinson realized that one can give a rigorous foun�
dation of the in�nitesimals� based upon ��th century developments in mathematical
logic and model theory� He called this theory Nonstandard Analysis ��
� which we
in this text abbreviate as NSA� ��Standard Analysis� would be analysis based upon
the ����de�nition�
 The basic idea is that the �eld of real numbers� R� is extended
to a larger �eld �

R� whose elements are called hyperreal numbers� in such a way
that every statement about real numbers can be �transferred� to a corresponding
statement about hyperreal numbers� which is true if and only if the original state�
ment is� The precise formulation of this is the transfer principle� of which there is
a version in this text �Theorem ��	�
� In �

R� there are positive hyperreals� called
in�nitesimals� who are smaller than every positive �standard
 real� as well as there
are in�nite hyperreals greater than all standard reals� It turns out that one can
de�ne limits and derivatives in terms of in�nitesimals� and that these de�nitions
are much simpler than the standard de�nitions with � and �� Many theorems in
analysis can be given nonstandard proofs �i�e� proofs using NSA
� much simpler
than the standard proofs� There even exists undergraduate Calculus textbooks
based upon nonstandard analysis �See Keisler� ��

�

Similar extensions can be applied to other sets than R� for example to topological
spaces and measure spaces� Indeed� nonstandard methods have been successfully
applied in many �elds� such as real analysis� functional analysis� topology� measure
theory� probability theory� di�erential equations� and applied �elds such as mathe�
matical physics and mathematical �nance� NSA there gives us a powerful tool for
obtaining results that are much harder to obtain and verify using standard meth�

�A nice book about the history of Calculus� where Berkeley�s criticisms can be found� is
Edwards� The historical development of Calculus ���
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ods� However� this text does not cover applications of NSA� For this� we refer the
reader to the literature�

Instead� we concentrate upon the foundations of NSA� For this� Robinson used
set theory� logic� and model theory� and this is how it is still most commonly
done� This follows the main trend of contemporary mathematics� to consider every
�eld of mathematics �after reformulation� if necessary
 as a subdiscipline of set
theory� using some of the common existing axiomatizations of set theory� such
as ZFC �Zermelo�Fraenkel with the Axiom of Choice
 or NBG �von Neumann�
Bernays�G�odel
� A slightly di�erent approach was given by Edward Nelson in his
Internal Set Theory ��
� where he extended standard set theory with a new primitive
predicate� �standard�� adding some new axioms for this predicate� This internal
set theory� however� is di�cult to combine with some aspects NSA where one mixes
standard and nonstandard methods� such as Loeb Measure Theory �See Ross� �	
�
pp� �	�	��
� In this text� we do not use this internal set theory� but we use a more
standard �Robinsonian
 approach� founding NSA in ZFC�

However� as was pointed out by Ward Henson� most existing introductions to
NSA are less available to many mathematicians �not to talk about applied scien�
tists
� Quoting Henson�

�All of the existing introductions �to NSA
 have one or more of the following fea�
tures� �A
 heavy use of logical formalism right from the start� �B
 early introduction
of set theoretical apparatus in excess of what is needed for most applications� �C

dependence on an explicit construction of the nonstandard model� usually by means
of the ultrapower construction�� ��	
� p� 	


To avoid these drawbacks� Henson� in the same text� gives a �gentle introduction�
to NSA� He de�nes a nonstandard extension by giving an axiom system� in which
neither formal logic nor advanced set theory is used� Later� he introduce simple
logical formulas� su�cient for formulating and proving the transfer principle �which
itself is taken as the main axiom of NSA in many texts
� He does all this �rst with
objects of only one kind� e�g� real numbers� Then he introduces objects of several
kinds �e�g� scalars and vectors in a vector space
� He then continues to consider
sets of objects� and �nally he introduces superstructures� where one freely can form
subsets� unions� power sets etc� of given sets �see below
� For this� he gives some
extra axioms� making a total of seven �or eight� depending on how one counts
�
He also treats� brie�y� an important property of some nonstandard extensions� ��
saturation �see De�nitions ��	�
� where � is a trans�nite cardinal� It is desirable
that a nonstandard extension has this property� the greater the cardinal � is� the
better�

The most common way of constructing a nonstandard extension is the ultrapower
construction� Henson mentions this in his article� but he never carries it out� nor
does he prove that the extension so constructed satis�es his axioms� There is�
of course� good reasons for that� since the article only is intended as a rather
brief introduction to NSA�� and a too many technical details would probably be
misdirected for that purpose� Nevertheless� there is� in my opinion� a need to carry
out those technical details� for the sake of completeness� To do this is one of the
two purposes with this text� We prove� using a modi�ed version of Henson s axiom

�Henson�s article was originally lecture notes used at a 	NATO Advanced Study Institute	 in
NSA� held at the University of Edinburgh� Scotland� in July� �

��
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system� that for any trans�nite cardinal � there exists a ��saturated extension of
any given superstructure �Theorem ��	�
�

To explain the second purpose of this text� we need to de�ne �superstructure�� To
motivate this de�nition� suppose that we start from the real numbers� R� In real
analysis� it is not always su�cient to just talk about real numbers� but we need also
talk about sets� relations� functions� and also families of sets� relations� functions
etc� on real numbers� and all these types objects should have their counterparts for
�
R� For this purpose� we de�ne� the superstructure over R as the set S ! ��n��Sn�

where Sn is de�ned recursively by�

S� ! R� Sn�� ! Sn � P�Sn
�

where P�Sn
 denotes the power set of Sn� The rank� r�x
� of an object x � S
is de�ned as the smallest number n such that x � Sn� Thus� we start from real
numbers� then we take sets of real numbers� then sets of sets of real numbers� etc�
getting sets of successively greater complexity� The point is that� for sets in S� we
can take subsets� unions� power sets� etc� without coming outside S� The set S is
then su�ciently large for our needs in the vast majority of all applications� �One
could continue and de�ne S� ! S� S��� ! S� � P�S�
� etc� but this is seldom
necessary in applications�


One generally assumes that the elements with rank �� in this case the real num�
bers� are urelements�� This means that they are not sets� but that they are consid�
ered as �basic objects� or �atoms�� They have no elements themselves� but still�
they are distinct from each other� It is not di�cult to see why one makes this as�
sumption� Without it� the real numbers might be elements of each other� and equal
to sets with higher rank� For example� if we use the most common set theoretic
de�nition of the natural numbers �which are also real numbers
� we have � ! ��
	 ! f�g� � ! f�� 	g� � ! f�� 	� �g� etc�� what is then the rank of the set f�� 	� �g� It
should be 	� since it is a set of elements of rank �� but it is actually �� since this
set equals the number �� In this situation� the rank function breaks down and loses
its meaning� Now� if we just were concerned with standard objects� this would be
no big deal� After all� we can do real analysis based upon this de�nition of the
natural numbers� But if we consider nonstandard objects �e�g� hyperreal numbers
and certain sets etc� of those
 this becomes fatal� It is a fundamental property of
a nonstandard extension that it preserves rank� Without that property� nonstan�
dard analysis om superstructures would not be very useful� Therefore� we need an
intact rank function on the standard objects� The simplest way to achieve this is
to assume that the objects with rank � are urelements�

However� in ZFC� which is the most commonly used axiomatic set theory today�
there are no urelements� All objects in ZFC are sets�� By the axiom of extension�
ality� two objects in ZFC are equal if they have the same elements� Thus� there can
be only one object with no elements� the empty set � �see Chapter �
� All of ZFC
is actually built up from the empty set� Starting from �� we can generate f�g�

�Actually� we will modify this de
nition slightly in this text� but for the moment� we use the
standard de
nition�

�This is a German term� which has no established English translation� Actually� the correct
German plural form is 	Urelementen	�

�In NBG� there are no urelements either� but there are objects who are not sets� namely�
�proper� classes�
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f�� f�gg� etc�� and this� using all the axioms of ZFC� turns out to be su�cient for
basing almost all contemporary mathematics in ZFC� Therefore� there is no need
to complicate the theory by introducing urelements�

In NSA� though� we seem to need urelements� The most common solution to
this problem is to work� not in the true ZFC� but in some modi�ed version of ZFC
in which urelements exist�

Does that mean that it is impossible to do NSA in the true ZFC� without ure�
lements� No� there are ways of going round the lack of urelements in ZFC� One
possibility would be to �rede�ne� the membership relation� �� and construct a
model within ZFC of a superstructure over a set whose elements are urelements
with respect to this �new� membership relation� While this would work� it will re�
quire some model theory� and the result would in practice be a set theory without
urelements anyway� So� it seems that one could equally well use a set theory with
urelements from the beginning�

There is� however� another possibility� and it is the second purpose of this text to
develop a theory for this� The idea is construct sets whose elements are su�ciently
�urelement�like� in relation to each other� so that the superstructure over such a
set has an intact rank function� We call such a set ��grounded �see De�nitions
��	�
� Adding some extra conditions such as intransitivity �De�nition ����
� we
obtain what we call an ��extendable set �see De�nition ����
� We prove� not only
that there exists ��extendable sets with arbitrarily great cardinality� but also that
any ��extendable set �which can be arbitrarily large
 can be extended to a larger
��extendable set with arbitrarily great cardinality �Theorem ����
� This property
is then used in the construction of nonstandard extensions �See Remarks ��	� ��
�
We emphasize� though� that ��extendability is a su	cient condition to achieve this
goal� we do not claim that this condition is necessary for that�

Furthermore� when we extend these ��extendable sets� in Theorem ����� we use
the well known hierarchically constructed class of sets called the von Neumann cu�
mulative hierarchy� as well as modi�ed versions of this hierarchy� The von Neumann
hierarchy can be de�ned by trans�nite recursion	 thus�

For all ordinals �� we de�ne the set H� as ����P�H�
� where the union ranges
over all ordinals � less than ��
 �Compare De�nitions ���� See also Krivine� ��

�

The Axiom of Regularity in ZFC �see ����
 is equivalent to the property that every
set belongs to some H�� We include a proof of this well known result �Theorem
��	�
�

However� a superstructure is also a hierarchy of sets� with some features in
common with the von Neumann hierarchy� For example� rank is similarly de�ned
in both� Now� it turns out that it is possible to de�ne a general type of hierarchy�
of which superstructures� the von Neumann hierarchy� and the hierarchies related
to von Neumann
s used in the extension of ��extendable sets� all are special cases�
�See de�nitions ��� and ��	
� �We must admit� though� that in order to �t into this
true generalization� we have slightly altered the ordinary de�nition of rank for a
superstructure �see De�nitions ���
� This is only a minor inconvenience� though�

�Most authors would call this a 	de
nition with trans
nite induction	� I prefer to say 	re�
cursion	 instead of 	induction	� because in my opinion� induction is a method of proof� while
recursion is a method of de
nition or computation�

�It is not necessary to have separate clause for � � �� because the union over an empty family
of sets is empty� by stipulation� Thus� H� ���
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Alternatively� we can de�ne the hierarchies so that we have to alter the de�nition of
rank in the von Neumann hierarchy instead� But since the von Neumann hierarchy
is more established than superstructures� we choose the other alternative�


We thus get a uni�ed approach to both superstructures and extension of ��
extendable sets� Actually� Theorem ���� is not formulated for ��extendable sets�
but� more generally� for ��extendable sets� where � is an arbitrary ordinal� This
allows us to use these hierarchies also for doing NSA on generalized superstructures�
where trans�nite ranks are allowed� should we feel that need� In this text however�
we restrict ourselves to ordinary superstructures� where only �nite ranks occur�
All NSA results in this text are formulated in terms of these superstructures and
proved by using results about these�

Let us now give a brief summary of the contents in this text�
In Chapter �� we brie�y give the necessary de�nitions of relations and functions�

These de�nitions di�er from how relations and functions usually are de�ned� But
the de�nitions given here are suitable for NSA� They are designed to �t in logical
formulas upon which the transfer principle can be applied�

In Chapter �� we introduce the hierarchies mentioned above� and we prove the
most basic properties of these� Then� we introduce the concepts groundedness�
intransitivity� and extendability used for de�ning �urelement�like� sets� and for
obtaining the extensions of sets mentioned above� Then� we use this to prove that
such extensions exist�

In Chapter �� we de�ne proper nonstandard extension by giving twelve axioms�
of which seven are essentially taken from Henson� Three of the other guarantee that
the we have a true proper extension onto a superstructure over a set which is not
�unnecessarily large� �De�nition ���
� Unlike Henson� we do not consider objects of
di�erent kinds� but we consider NSA on superstructures only� Starting from these
axioms� we prove the most basic properties about nonstandard extensions� including
the transfer principle and the internal de�nition principle �Theorems ��	� and ����
�
We also brie�y consider hypernatural numbers and hyper�nite sets� including the
Spillover Principle for hypernatural numbers �Proposition ����� Hyper�nite sets
are necessary for de�ning enlargement in Chapter ��

In Chapter �� we brie�y give the most basic properties of �lters and ultra�lters�
necessary in chapters � and ��

In Chapter �� we prove that any superstructure has a proper nonstandard ex�
tension �we never proved that in Chapter �
� by using the ultrapower construction�
We construct the extension� and then we prove that the twelve axioms are satis�ed�

In Chapter �� we prove that we can compose proper nonstandard extensions to
obtain new proper nonstandard extensions� We also de�ne limiting extensions� the
result of composing an in�nite number of extensions without a �last� one� Even
here� the main work is to verify that these extensions satisfy the axioms� We then
de�ne ��saturated extensions �De�nitions ��	�
� and construct such extensions by
using the results just mentioned� This is called the ultralimit construction� We then
give some important applications of saturation� such as comprehension �Theorem
��	�
� and the existence of enlargements �De�nition ��	� and Corollary ����
�

Chapter �� �nally� is an appendix where we mention those set�theoretical con�
cepts and results that are used in the text� We use ZFC throughout� and we present
its axioms� We mention the di�erence between sets and classes� introduce di�er�
ent types of relations� consider functional relations and functions �not conforming






with the relations and functions in Chapter �
� We introduce and give the most
fundamental properties of ordinals and cardinals� We also give the most important
equivalents of the axiom of choice� In this appendix� we include no proofs� except
a proof of the Schr�oder�Bernstein theorem�

If we now return to Henson s three drawbacks of NSA�introductions above� have
we avoided them here�

Well �A
 is certainly avoided� No logical formulas are introduced until a bit
into Chapter �� where they are needed in the transfer principle and the internal
de�nition principle� A small amount also occurs in Chapter �� It is not more than
it should be tolerated and understood by most mathematicians� applied scientists�
and advanced students� No model theory at all is included�

�B
� however� is hardly avoided� There is a lot of set theory� in particular in
Chapter �� But no major set theoretic knowledge is necessary for the reader� Just
some basic knowledge about ordinals and cardinals� and the reader should know
something about the Axiom of Choice and its most important equivalents� All set
theory which is needed is covered in the appendix �Chapter �
� which is probably
more exhaustive than it has to be� A reader who despite this is uncomfortable with
the amount of set theory in this book� may actually just read de�nitions ��� and ���
in Chapter �� then jump directly to Chapter �� not bother about the de�nition of ��
extendability� but instead consider an ��extendable set �which contains an N�copy�
see De�nitions ���
 as set which is characterized by the properties in Proposition
���� No other properties of ��extendable sets than these are used in Chapter ��
Then� this reader can read Chapter � and then jump to the de�nition of saturation
in Chapter �� skip the proof that ��saturated extensions exist� and then �nish
Chapter �� Such a person must then accept without proof that arbitrarily large
��extendable sets and ��saturated extensions of any superstructures exist�

�C
 is avoided in the same way as Henson avoided it� by an axiomatic approach�
We do cover the ultrapower and ultralimit constructions� but only in order to
prove that proper nonstandard extensions in general and ��saturated extensions in
particular exist� The axioms de�ne what a proper nonstandard extension is� and
they must be veri�ed in order to prove that a certain construction gives such an
extension�

Finally� we must clarify this� about the usage of ZFC axioms�
We will nowhere assume that the axiom of regularity holds� The axiom of choice

will not be assumed to hold except when explicitly stated� In particular� the axiom
of choice is assumed to hold in all of Chapter ��

The other axioms of ZFC� we use freely�

Some results are formulated with assumptions that certain sets can be well ordered
�for example� Proposition ��	�
� If the axiom of choice holds� then every set can
be well ordered �see Chapter �
� so a reader who is a �rm believer in the axiom of
choice can disregard these assumptions�
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CHAPTER �

Relations and Functions

��	� REMARKS� In this chapter� we will de�ne m�tuples� relations� and functions�
These de�nitions are di�erent from the usual de�nitions of these concepts� but
they are convenient for NSA� The de�nitions given here are designed to be useful
for the type of logical formulas used in the transfer principle �Theorem ��	�
 and
the internal de�nition principle �Theorem ����
�

We also give the usual de�nitions of relations and functions in the appendix
�Chapter �
� Such relations and functions are occasionally used in the text� For
example� a nonstandard extension �� is a function of the usual type �see De�nition
���
�

���� DEFINITIONS� Given a�� a�� � � � � am �m � �
� We de�ne ha�� a�� � � � � ami as
fff	g� f	� a�gg� ff�g� f�� a�gg� ���� ffmg� fm� amggg� Any set of this form is called an
m�tuple� We write h i ! �� and regard this as a ��tuple� the only one�

A class of m�tuples is called an m�ary relation� Usually� we say unary� binary�
and ternary� instead of 	�ary� ��ary� and ��ary�

���� REMARKS� According to De�nitions ���� natural numbers occur as elements
in elements in elements of m�tuples� but what is a natural number� Various sophis�
ticated set theoretic de�nitions exist �see Chapter �
� but in nonstandard analysis�
most of these de�nitions are inconvenient� because they imply that natural numbers
can be elements of other natural numbers� As was explained in the introduction�
this not desirable� However� in De�nitions ���� the nature of a natural number
is unimportant� and any countably in�nite set X can play the role of the set of
natural numbers� N � where we just identify one element of X with �� another with
	� yet another with �� etc� exhausting all of X� The set X can then be chosen to
have the properties we desire� �See Chapter �
� We will often do so� and we will
then assume that when we talk about m�tuples and m�ary relations� the natural
numbers related to these are elements of this set X� and we will also write N instead
of X� We express this by saying that X is an N�copy� When we� in any context�
use such an N�copy� we must keep it �xed� and not use two di�erent N�copies in
the same context� unless otherwise is explicitly stated�

In all de�nitions and propositions in this chapter� we may without problems
assume that we have any such N�copy as our N �

���� DEFINITION� For each k � N � we put Nk ! fj � N j 	 � j � kg�
In particular� N� ! ��

���� PROPOSITION� For m� k � �� If ha�� a�� � � � � ami ! hb�� b�� � � � � bki� then
m ! k� and ai ! bi for all i �	 � i � m ! k��

PROOF� Without loss of generality� we assume that m � k� If m ! �� then the
conclusion is obvious� Otherwise� For every i �	 � i � m
� there is a j �	 � j � k
�
such that ffig� fi� aigg ! ffjg� fj� bjgg� Then� either fig ! fjg or fig ! fj� bjg� In
both cases we must have j ! i� In particular� if i ! m� then j ! m� whence m � k�
and so m ! k�
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In general� though� we have ffig� fi� aigg ! ffig� fi� bigg� If i ! ai� then ffigg !
ffig� fi� bigg� Hence bi ! i ! ai� If� instead� i �! ai� then fi� aig ! fi� big� and
ai ! bi�

Thus� in both cases� ai ! bi� This holds for all i� 	 � i � m ! k� �

���� DEFINITIONS� For any m � �� any m�tuple ha�� a� � � � ami� and any i� �	 �
i � m
� the i�th coordinate of ha�� a�� � � � � ami is ai� �Its uniqueness is guaranteed
by Proposition ���


We write
	mi �a��a�� � � � � am
 ! ai� and

	m�i �a��a�� � � � � am
 ! ha�� a�� � � � � ai��� ai��� � � � � ami�

These are called the projection onto the i�th coordinate� and the projection omitting
the i�th coordinate� respectively�

For every m�ary relation A we also write

	mi �A
 ! f	mi �a�� a�� � � � � am
 j ha�� a�� � � � � ami � Ag

and
	m�i �A
 ! f	m�i �a�� a�� � � � � am
 j ha�� a�� � � � � ami � Ag�

We also put� for every m�ary relation A�

C�A
 !
�

ha��a������ami�A

fa�� a�� � � � � amg�

In other words� C�A
 is the set of all coordinates of all m�tuples in A�

���� DEFINITIONS� For any class A and any m � �� we put

Am ! fha�� a�� � � � � ami j a�� a�� � � � � am � Ag�

If X is an m�ary relation and Y is an k�ary relation� �m� k � �
 then the cartesian
product of X and Y is the class

X � Y ! fha�� a�� � � � � am� b�� b�� � � � � bki j ha�� a�� � � � ami � X� hb�� b�� � � � bki � Y g�

We use left association� If Xk is a k�ary relation for each k � 	� we de�ne� by
recursion�

��
i��Xi ! f�g ! fh ig� �k��

i��Xi ! ��k
i��Xi
�Xk���

and we usually write X� �X� � � � � �Xk instead of �k
i��Xi� if k 
 ��

We say that A is an m�ary relation on the class X� if A � Xm�
If A and B are m�ary relations� then the restriction of A to B is the m�ary

relation A	B� If B ! Cm for some C� we say restriction to C instead of restriction
to Cm�

We give special names to the following important relations�

���� DEFINITIONS� We put diagA ! fha� ai j a � Ag �for �diagonal�
� and
membA ! fha� bi � A� j a � bg �for �membership relation�� restricted to A
�

The following is obvious�
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���� PROPOSITION� For all m�ary relations A �m � 	� and all classes B�
A � Bm if and only if C�A
 � B� and C�Bm
 ! B�

��	�� DEFINITIONS� Let the sets A and B be an m�ary and k�ary relations�
respectively� for some m� k � ��

A function f � A 
 B is a triple hA�Gf � Bi� where Gf � A � B� and for
every ha�� a�� � � � � ami � A there exists a unique hb�� b�� � � � � bki � B such that
ha�� a�� � � � � am� b�� b�� � � � � bki � Gf � A is called the domain of f � and we write
Df ! A� B is called the codomain of f � Gf is called the graph of f �

For ha�� a�� � � � � ami � A� we write f�a�� a�� � � � � am
 ! hb�� b�� � � � � bki where
hb�� b�� � � � � bki is the unique k�tuple in B such that ha�� a�� � � � � am� b�� b�� � � � � bki �
Gf �

If C � A� then the image of C under f is the set

f �C
 ! ff�a�� a�� � � � � am
 j ha�� a�� � � � � ami � Cg�

The range of f is the set Rf ! f �A
� f is injective or an injection if� for all
ha�� a�� � � � � ami� hb�� b�� � � � � bmi � A� f�a�� a�� � � � � am
 ! f�b�� b�� � � � � bm
 implies
ha�� a�� � � � � ami ! hb�� b�� � � � � bmi� f is surjective or a surjection if Rf ! B� f is
bijective or a bijection if f is both injective and surjective�

If f � A 
 B and g � B 
 C are functions� then g � f � A 
 C is the �unique

function with domain A and codomain C� such that for all ha�� a�� � � � � ami � A�
there exists hb�� b�� � � � � bki � B such that f�a�� a�� � � � � am
 ! hb�� b�� � � � � bki and
g�b�� b�� � � � � bk
 ! �g � f
�a�� a�� � � � � am
�

Such a function g � f is called a composite function�

For every m�ary relation A �m � �
� the identity function on A
� is the func�
tion idA � A 
 A which satis�es idA�a�� a�� � � � � am
 ! ha�� a�� � � � � ami� for all
ha�� a�� � � � � ami � A�

If �and only if
 f � A 
 B is bijective� then there exists a function f�� �
B 
 A� called the inverse of f � such that f���b�� b�� � � � � bk
 ! ha�� a�� � � � � ami if
and only if f�a�� a�� � � � � am
 ! hb�� b�� � � � � bki� for all ha�� a�� � � � � ami � A and all
hb�� b�� � � � � bki � B� This inverse is unique� if it exists�

If f ! hA�Gf � Bi is a function� and if C � A and f �C
 � D � B� then the
restriction of f to C and D is the function g ! hC�Gg� Di� where Gg is the restiction
of Gf to C � D� Often� we say just �restriction to C�� since the codomain D is
unimportant in many cases� as long as f �C
 � D�

The following are obvious�

��		 PROPOSITION� Let A�B�C � HS�

� be m�ary� k�ary� and l�ary relations�
respectively� for some m� k� l � �� and let f � A 
 B and g � B 
 C be functions�
Then�

�	
 f � idA ! f ! idB � f �
��
 idA has an inverse� namely id��

A ! idA�
��
 If f and g have inverses f�� and g��� respectively� then g�f has an inverse�

namely �g � f
�� ! f�� � g���
��
 If f has an inverse f��� then f�� � f ! idA and f � f�� ! idB
��
 If f has an inverse f��� then f�� has an inverse� namely �f��
�� ! f �
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��	�� REMARKS� We will now investigate �degenerate� relations and functions�
i�e� when the relations involved are empty or ��ary�

This is something we will come back to �for example� in Remarks ����
�
It may seem peculiar to bother about these cases� but it is� in fact� important�

For example� in De�nitions ��	�� we de�ne a sentence as a formula with � free
variables� The class of objects satisfying a sentence is then a ��ary relation� To
obtain a good understanding of this� one therefore needs to know what a ��ary
relation is�

By De�nitions ���� there is only one ��tuple� h i ! �� Hence� by De�nitions ����
there are exactly two ��ary relations on any class� f�g and �� In fact� � is an
m�ary relation on any class� for every natural number n� Hence� B� ! fh ig ! f�g
for any class B� In particular� �� ! f�g� while �m ! � if m � 	�

For any m � �� if A is an m�ary relation� then A � f�g ! f�g � A ! A� and
A�� ! �� A ! ��

For a function f � �
 B� Gf ! � and f ! h���� Bi� If A is a nonempty m�ary
relation� then there exists no function f � A 
 �� but f ! h�����i is a function
from � to �� with graph �� If B is a nonempty m�ary relation with m � 	� then
the functions f � f�g 
 B are triples of the type hf�g� fhb�� b�� � � � � bmig� Bi� where
hb�� b�� � � � � bmi � B� These functions can therefore in a natural way be identi�ed
with the elements in B� If B ! fh ig and A is a nonempty m�ary relation with
m � 	� then� for f � A
 B we have f ! hA�A�Bi� that is Gf ! A�

If A ! B ! fh ig ! f�g� then f ! hf�g� f�g� f�gi�
Since the de�ning condition is vacuously satis�ed� id� ! f�� �� �g� Also� idfh ig

! hf�g� f�g� f�gi�
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CHAPTER �

Hierarchies of Sets

��	� REMARK� We use the convention that small Greek letters with and without
subscripts and superscripts� �� �� �� ��� �

�� etc� denote ordinals�

���� REMARK� In ZF and ZFC� one usually assumes that the axiom of regularity
holds� As we said in the introduction� we do not assume this here�

Nevertheless� it plays a role in this chapter� so let us state it�

���� AXIOM OF REGULARITY� Every nonempty set x has an element y � x such
that x 	 y ! ��

This axiom is sometimes also called the Axiom of Restriction� or the Axiom of
Foundation�

Now� we will de�ne a general type of hierarchy of sets� of which superstructures�
the von Neumann hierarchy� and hierarchies related to the von Neumann hierarchy
used for extending sets� all are special cases�

���� DEFINITIONS� Let Y be a set such that Y n fY g �! �� Then� the sets HY
�

are de�ned with trans�nite recursion as

HY
� !

�
���

��P�HY
� 
 n f�g
 � Y 
�

where the union ranges over all ordinals � less than ��
HY is the class of all x for which there is an ordinal � such that x � HY

� � For

Y ! f�g� we write H� and H instead of H
f�g
� and Hf�g� respectively�

���� REMARKS� The condition that Y nfY g �! � could also be expressed as Y �! �

and Y �! fY g�
As we will see� Y �! fY g will hold for all sets Y if the axiom of regularity holds�

�See Proposition ��	� and Theorem ��	��
 In this case� then� every nonempty set
Y satis�es Y n fY g �! ��

The reason that we impose this condition upon Y is that without it� we would
have either HY

� ! � for all � �if Y ! �
� or HY
� ! Y ! fY g for all � 
 � �if

Y ! fY g
� and that would not be very useful� Imposing this condition is su�cient
for getting ��
 of Proposition ��� below to hold�

H is actually the von Neumann�hierarchy�
The reason that we remove � from P�HY

� 
 in the de�nition is that hierarchies
not containing � will be used when we extend sets in theorems ���� and ���� below�
In the cases of superstructures� we will have � � Y � and in this case� the de�nition
could be written as HY

� ! �����P�HY
� 
 � Y 
�

This is also true for the von Neumann�hierarchy H� where Y ! f�g�
The elements in Y n f�g should be thought of as �urelements�� We need to

impose conditions on Y in order to get these urelements to behave properly� For
such a suitably chosen Y � HY

� will be a superstructure �see De�nition ��	
�
First� however� we investigate the most general properties of the hierarchy HY �

Some of these properties are simple� while other are more involved� and it may seem
unjusti�ed to state those latter� but they are needed later on�
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���� PROPOSITION� For any set Y such that Y n fY g �! �� and any ordinals �
and ���

�	
 HY
� ! ��

��
 HY
� ! Y �

��
 HY
��� ! �P�HY

� 
 n f�g
 � Y �

��
 If � is a limit ordinal� then HY
� ! ����H

Y
� �

��
 If � � ��� then HY
� � HY

�� �proper inclusion��
��
 � � HY if and only if � � Y �
��
 HY

� � HY if and only if � 
 � or � � Y �
��
 If HY

� � HY � then HY
� � HY

����

��
 If x � HY
� n �Y n f�g
� then x � HY

� � for some � � ��

�	�
 If x � HY
� � and if either x �! � or � � Y � then x � HY

����

�		
 If A�B � HY
� n �Y n f�g
� then A � B � HY

� �
�	�
 If A � HY

� n �Y n f�g
� B � A� and if either B �! � or � � Y � then
B � HY

� �
�	�
 If A � HY

� n �Y n f�g
 and � � Y � then P�A
 � HY
����

�	�
 There is a subset X � HY
� such that cardX ! card��

�	�
 For every x � HY � there exists a �nite sequence fxkg
n
k�� �n � �� of elements

in HY � such that x� � Y � xn ! x� and xk�� � xk for all k �	 � k � n��
�	�
 HY is not a set�

�	�
 If Y � n fY �g �! �� and Y � � Y � then HY �

� � HY
� for all �� and HY �

� HY �
�	�
 If fxkg

n
k�� is a �nite sequence of sets such that xn � HY � and such that

xk�� � xk for all k �	 � k � n�� then� either

�i
 xk � HY n Y for all k� �� � k � n�� or
�ii
 there is an m such that � � m � n� xm � Y � and xk � HY n Y � for all k

such that m � k � n�

PROOF� �	
 follows immediately from the de�nition� recalling that the union over
an empty family of sets is empty�

��
 follows from the de�nition and �	
� since P��
 ! f�g�

Before we prove ��
 and ��
� we notice that the following weaker version of ��

follows directly from the de�nition�

�� 
 If � � ��� then HY
� � HY

�� �

Now� ��
 follows immediately from the de�nition and �� 
�

To obtain ��
� let � be a limit ordinal� �� 
 gives ����H
Y
� � HY

� � Conversely�

if x � HY
� � then x � �P�HY

� 
 n f�g
 � Y for some � � �� Then x � HY
���� by

de�nition� Since � is a limit ordinal� � " 	 � �� and x � ����H
Y
� � Since x was an

arbitrary element in HY
� � this and the previous case give HY

� ! ����H
Y
� � Hence�

��
 holds�

To prove ��
� assume that ��
 fails� Since �� 
 holds� this means that there are
ordinals � and �� such that � � ��� but HY

� ! HY
�� � Then� �� 
 gives that HY

� ! HY
�

for all ordinals � such that � � � � ��� In particular� HY
� ! HY

���� Repeated use

of ��
 then gives HY
� ! HY

��� ! HY
��� ! HY

����

Now� since Y �! �� ��
 and ��
 give Y � HY
� � and� again by ��
� fY g � HY

� �
Hence� by �� 
� fY g � HY

��� ! HY
� �
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Put S ! fx � HY
� jx 
� xg� Since Y �! fY g� fY g � S� so S �! �� Now� it follows

from ��
 that S � P�HY
� 
 n f�g � HY

��� ! HY
� �

Then� it follows from the de�nition of S that S � S if and only if S 
� S� a
contradiction�

Therefore� our assumption that ��
 fails is false� Thus� ��
 holds�
To obtain ��
� If � � HY � then � � HY

� for some ordinal �� by de�nition�
Hence� for some ordinal � � �� � � �P�HY

� 
 n f�g
� Y � from which it follows that

� � Y � The converse is immediate from the de�nition� Hence� ��
 holds�
To obtain ��
 and ��
� If � ! � and � 
� Y � then HY

� ! �� by �	
� whence
HY
� 
� HY � by ��
�
Thus� If HY

� � HY � then either � 
 � or � � Y � that is� the direct part of ��

holds�

Assume now that either � 
 � or � � Y holds� If � 
 �� then ��
 and ��
 give
Y � HY

� � whence HY
� �! �� from which it follows that HY

� � P�HY
� 
nf�g � HY

����

by ��
� If � � Y � then HY
� � HY

� � by �	
 and ��
� Thus� in this case� HY
� � HY

���

holds also for � ! �� Thus� in both cases� HY
� � HY

���� Together with the de�nition�
this gives the converse part of ��
� and� together with the direct part of ��
� which
is already proved� this gives ��
�

Thus� ��
 and ��
 both hold�
To obtain ��
� assume that x � HY

� n �Y n f�g
� Then � 
 �� by �	
� If x ! ��
then� obviously� x � HY

� for any � � �� Otherwise� x � HY
� n Y � Then� by

de�nition� x � P�HY
� 
 for some ordinal � � �� Hence� x � HY

� �

Hence� ��
 holds�
To� prove �	�
� let x � HY

� � If x �! �� then x � P�HY
� 
 n f�g� and� by ��
�

x � HY
����

If x ! � and � � Y � then x ! � � HY
��� follows from ��
 and ��
�

Thus� �	�
 holds�
To prove �		
� assume that A�B � HY

� n �Y n f�g
� If A ! � or B ! �� then
the conclusion obviously holds� Assume therefore that A �! � and B �! ��

Then� by ��
 there are ordinals �� � � and �� � � such that A � HY
��

and

B � HY
��

� If � ! maxf��� ��g� then� by ��
� A � HY
� and B � HY

� � Hence�

A �B � HY
� � and� by �	�
 and ��
� A � B � HY

��� � HY
� �

Hence� �		
 holds�
To prove �	�
� assume that A� B� and � are as in the statement�
By ��
� A � HY

� for some � � �� and hence B � HY
� � Thus� by �	�
 and ��
�

B � HY
��� � HY

� �

Thus� �	�
 holds�
To prove �	�
� take A � HY

� n �Y n f�g
 and assume that � � Y � Then� for any
B � A� �	�
 gives B � HY

� � Thus� P�A
 � HY
� �

Thus� by �	�
� P�A
 � H���� that is� �	�
 holds�
To obtain �	�
� we prove it �rst with ordinary induction for � ! n � ��

By �	
� HY
� ! �� so the statement is trivially true for n ! ��

Assume that the statement is true for n � �� Then� there is a subset X � HY
n

such that cardX ! n� By ��
� HY
n�� nH

Y
n �! �� so we can choose x � HY

n�� nH
Y
n �

Now� put X � ! X � fxg� Then� by ��
� X � � HX
n�� and cardX � ! n" 	� Thus� the

statement is true for n " 	�
By ordinary induction� the statement is true for all � ! n � ��
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For � � �� we de�ne a function� f � � 
 HY
� � recalling that � ! f� j � � �g

�see Chapter �
�

f��
 !

�
HY
���� if � � ��

HY
� � if � � � � ��

It follows from ��
� ��
� and ��
 that f is an injection from � into HY
� � Therefore

the statement is satis�ed if we put X as the range of f �
We have proved that the statement is true for all ordinals �� that is� �	�
 holds�
�	�
 is proved by trans�nite induction� We prove that for every ordinal �� the

statement is true for every x � HY
� �

Assume that the statement holds for all x� � HY
� � for all � � �� and let x � HY

� �

Then� by de�nition� x � Y or x � P�HY
� 
 n f�g for some � � �� If x � Y � then the

singleton sequence fxg�k�� x will do�
In the second case� there is an element x� � x � HY

� � Hence� the induction

hypothesis gives a sequence fxkg
n
k�� which satis�es the conditions with x� instead

if x� Then� if we put xn�� ! x� the sequence fxkg
n��
k�� will do�

Thus� by trans�nite induction� the statement is true for all x � HY
� � for all

ordinals �� Hence� �	�
 holds�
To obtain �	�
� By the de�nition and �	�
 it follows that for every ordinal ��

HY has a subset X such that cardX ! card�� But by Hartogs Theorem� no set
has this property �see Chapter �
� Hence� HY is not a set� that is� �	�
 holds�

�	�
 is easily obtained by trans�nite induction and the de�nition� Assume that

Y � n fY �g �! �� Y � � Y � and that HY �

� � HY
� is true for all � � �� Then� for

all � � �� �P�HY �

� 
 n f�g
 � Y � � �P�HY
� 
 n f�g
 � Y � Hence� HY �

� � HY
� � By

trans�nite induction� �	�
 holds�
To obtain �	�
� let fxkg

n
k�� satisfy the condition� and assume that �i
 fails� Let

m be the greatest number �� � m � n
 such that xm 
� HY n Y � If m ! n� then
xm � HY � whence xm � Y �

If m � n� then xm�� � HY
� n Y � for some �� and xm � xm��� Then� ��
 gives

xm�� � HY
� � Thus xm � HY � which implies xm � Y �

Thus� in any case� xm � Y �
We have proved that �ii
 holds if �i
 fails� Hence� �	�
 holds� �

In superstructures� it is important to handle m�tuples and relations� especially in
the formulas occurring in the transfer principle �see De�nitions ��	�
�

Without imposing extra conditions upon Y � we cannot say much more than the
following� for the moment�

���� PROPOSITION� Assume that the set Y contains an N�copy� �see Remarks
	�
�� Then� for all m � 	 and all ordinals ��

�	
 If a�� a�� � � � � am � HY
� � then ha�� a�� � � � � ami � HY

����
��


�a
 If A � HY
� n Y and A �! �� then Am � HY

��� and Am � HY
����

�b
 If A � HY
��� n Y � A �! �� and � is a limit ordinal� then Am � HY

� and

Am � HY
����

	This is a function of the usual type� not one as in De
nitions ����� See Remarks ����



��

PROOF� First� Y n fY g �! �� since Y is in�nite� so each HY
� is de�ned�

Assume that a�� a�� � � � � am � HY
� � for some �� By �	
 of Proposition ���� � � 	�

For every i �	 � i � m
� our assumptions give i � N � Y ! HY
� � by ��
 of

Proposition ���� Then� by �	�
 and ��
 of Proposition ���� fig � HY
� � fi� aig �

HY
���� and ffig� fi� aigg � HY

���� Now� De�nitions ��� and �	�
 of Proposition ���

give ha�� a�� � � � � ami � HY
���� that is� �	
 holds�

To prove ��
� let A � HY
� n Y and A �! �� By ��
 of Proposition ���� A � HY

� �

for some � � �� Hence� by De�nitions ��� and �	
� Am � HY
��� and Am �! ��

Since � " � � � " �� ��
 and �	�
 of Proposition ��� then give Am � HY
��� and

Am � HY
���� that is� �a
 holds�

To prove �b
� assume that A � HY
��� n Y � A �! �� and that � is a limit ordinal�

By ��
 of Proposition ���� A � HY
� � Since � is a limit ordinal� ��
 and ��
 of

Proposition ��� give A ! �����A 	 HY
� 
 and Am ! �����A 	 HY

� 
m� For each

� � �� �A 	HY
� 
m � HY

��� � HY
� � by �	
� and ��
 of Proposition ���� since � is a

limit ordinal�
It follows that Am � HY

� � Also� Am �! �� since A �! �� Am � HY
��� then follows

from �	�
 of Proposition ���� Thus �b
 holds� and all of ��
 is proved� �

���� DEFINITION� For every x � HY � where Y is a set such that Y n fY g �! �� we
de�ne the Y �rank of x� denoted rY �x
� as the smallest ordinal � for which x � HY

� �
If Y ! f�g� we say rank instead of f�g�rank� and write r�x
 instead of rf�g�x
�
for all x � H�

���� PROPOSITION� For all sets Y such that Y n fY g �! �� and all ordinals ��

�	
 rY �x
 is a successor ordinal� for every x � HY �
��
 For every ordinal �� there is an x � HY such that rY �x
 ! � " 	�
��
 rY �y
 ! 	 if and only if y � Y �
��
 If � � HY � then rY ��
 ! 	�
��
 If x � HY n Y � then x � HY and �supx��x r

Y �x�

 " 	 ! rY �x
� and in
particular� rY �x�
 � rY �x
 for all x� � x�

��
 If x � HY n Y � then x 
� x�
��
 If HY

� � HY n Y � then rY �HY
� 
 ! � " 	�

��
 If x is a set such that x �! � and x � HY � then x � HY �

��
 If Y � is a set such that Y � n fY �g �! � and Y � � HY � then HY �

� HY �
�	�
 Let Y � � Y � with Y � n fY �g �! �� Assume that x � HY

� is such that for any
n � �� any sequence fxkg

n
k�� of the type described in ���� of Proposition


�
� with xn ! x� satis�es x� � Y ��
Then� x � HY �

� �
�		
 If fxkg

�
k�� is an in�nite sequence of sets such that x� � HY and such that

xn�� � xn for all n � �� then there exists an n � � such that xn � Y �

PROOF� To obtain �	
� Take x � HY � The de�nition and �	
 of Proposition ���
give rY �x
 
 �� If � is a limit ordinal and x � HY

� � then� by ��
 of Proposition ����
x � HY

� for some � � �� Hence� by de�nition� rY �x
 � � � �� The only remaining

possibility is that rY �x
 is a successor ordinal� Hence� �	
 holds�
��
 follows from the de�nition and ��
 of Proposition ���� just take

x � HY
��� nH

Y
� �

��
 follows immediately from �	
 and ��
 of Proposition ���� and the de�nition�
��
 follows immediately from ��
 of Proposition ���� and ��
�



�


To obtain ��
� assume that x � HY n Y with rY �x
 ! �� Then� x �! �� by ��

of Proposition ���� By ��
 of Proposition ���� x � HY

� for some �� which we may

choose as minimal� Thus� x � HY � and we must prove that � " 	 ! �� because� by
our choice of �� and ��
 of Proposition ���� supx��x r

Y �x�
 ! ��
We note that �	
 implies that � ! � " 	� for some ordinal �� Since x 
� Y �

we obtain from the de�nition and ��
 of Proposition ��� that x � P�HY
� 
� that is�

x � HY
� � Hence� � � �� and � " 	 � � " 	 ! ��

On the other hand� since x � HY
� and x �! �� �	�
 of Proposition ��� gives

x � HY
���� and hence that � " 	 � �� It follows that � " 	 ! ��

Thus� ��
 holds�
��
 follows from ��
� since x � x and x � HY n Y would imply rY �x
 � rY �x
� a

contradiction�
To obtain ��
� If HY

� � HY n Y � then� by ��
 of Proposition ���� HY
� � HY

���� so

by de�nition� rY �HY
� 
 � � " 	�

Also� by ��
� HY
� 
� HY

� � Hence� by ��
 of Proposition ���� HY
� 
� HY

� � for any

ordinal � � �� So� the de�nition gives rY �HY
� 
 � � " 	�

Hence� rY �HY
� 
 ! � " 	� that is� ��
 holds�

To prove ��
� notice that rY �x�
 ! � is a functional relation �see Chapter �
�
Therefore� since x is a set� the range frY �x�
 jx� � xg is set too� Since a set of
ordinals cannot be unbounded �see Chapter �
� there is an ordinal � such that
rY �x�
 � �� for all x� � x� Hence� x � HY

� � by ��
 of Proposition ���� Since x �! ��
�	�
 of Proposition ��� then gives x � HY

���� Thus� x � HY � that is� ��
 holds�

To obtain ��
� we prove by trans�nite induction that HY �

� � HY for all ordinals
��

Assume that HY �

� � HY for all � � �� Pick x � HY �

� � Then� by de�nition�

x � �P �HY �

� 
 n f�g
 � Y �� for some � � �� If x � Y �� then x � HY � by hypothesis�

Otherwise� x � HY �

� and x �! �� Since� by the induction hypothesis� HY �

� � HY �

x � HY � Then� by ��
� x � HY �

Thus� in any case x � HY � This holds for all x � HY �

� � so HY �

� � HY � By

trans�nite induction� this holds for all ordinals �� Hence HY �

� HY � that is� ��

holds�

We prove �	�
 by trans�nite induction on �� Assume that the statement is true
for all � � �� Let x satisfy the assumptions of �	�
� for �� By �	
� rY �x
 is a
successor ordinal� Hence� x � HY

��� for some � � �� By ��
 of Proposition ����

x � �P�HY
� 
 n f�g
 � Y �

If x � Y � then the singleton sequence fxg�k�� satis�es the conditions� Hence�

x � Y �� Then� ��
 and ��
 of Proposition ��� give x � HY �

� �
Otherwise� x � HY

� � and x �! �� Now� pick an arbitrary x� � x� Let fxkg
m
k��

be any sequence satisfying the conditions described� with � instead of � and with
xm ! x�� If we put xm�� ! x� then the sequence fxkg

m��
k�� now satis�es the

conditions for �� Hence� by hypothesis� x� � Y �� Now� the induction hypothesis
gives that x� � HY �

� � This holds for all x� � x� so x � P�HY �

� 
nf�g � HY �

��� � HY �

� �
by de�nition and ��
 of Proposition ����

Hence� in both cases� x � HY �

� � The conclusion now follows by trans�nite induc�
tion� Thus� �	�
 holds�

To obtain �		
� we prove by trans�nite induction on � that the statement is true
for all such sequences with rY �x�
 ! ��



��

Assume that this holds for all ordinals � � �� and assume that we have such a
sequence with rY �x�
 ! ��

If x� � Y � then the conclusion is true� with n ! �� Otherwise x� � HY n Y �
Since x� � x�� x� � HY with rY �x�
 � �� by ��
� Now� the subsequence fxkg

�
k��

satis�es the conditions� with rY �x�
 � � �that the lowest index here is 	 instead of
� is� of course� insigni�cant
� Thus� by the induction hypothesis� xn � Y for some
n � 	� But this xn is also an element of the original sequence� so the conclusion is
true for ��

�		
 now follows by trans�nite induction� �

��	�� REMARK� The rank function here di�ers slightly from the rank function
usually de�ned on a superstructure� The �urelements�� i�e� the elements in Y nf�g�
have Y �ranks 	 here� not �� and �� which is always included in a superstructure�
has the same Y �rank as the urelements� namely 	� �It has rank 	 by the usual
de�nition too� but this is then not the same as the ranks of the urelements�
 These
are only minor di�erences� however�

��		� REMARKS� We do not want that our rank function� on a superstructure
HY
� � shall break down in the way as was described in Chapter 	� The cause of such

a breakdown is that Y may have elements y � Y � which themselves have elements
that lie in HY

� � To avoid this� we make the next de�nition�

��	� DEFINITIONS� We say that a set Y is ��grounded if � 
 �� Y n fY g �! ��
and HY

� 	 ��y�Y y
 ! �� Y is said to be completely grounded if it is ��grounded
for all ordinals � 
 ��


��	�� REMARKS� An equivalent way to express that Y is ��grounded� if � 
 �
and Y n fY g �! �� is to say that there are no x and y such that x � HY

� � y � Y �
and x � y�

The reason that we exclude the case � ! � in the de�nition is that otherwise�
��
 of Proposition ��	� below would not necessarily hold� it might happen that Y �

there satis�es Y � ! fY �g if � ! �� Since HY
� ! �� by �	
 of Proposition ���� every

set such that Y n fY g �! � would be ���grounded� anyway� so it is no real loss to
exclude this case�

Let us now state and prove some important properties of ��grounded and com�
pletely grounded sets� Again� some may seem involved� but they are needed later�

��	�� PROPOSITION� Let Y be a set such that Y n fY g �! �� and let � be an
ordinal�

Then�

�	
 Y is completely grounded if and only if HY 	 ��y�Y y
 ! ��
��
 If Y is ��grounded� then Y is ��grounded� for all � such that � � � � ��
��
 Y is 	�grounded if and only if x 
� y for all x� y � Y �


Intuitively� keeping ��� of Proposition ��
 in mind� we 	reach the ground	� when we come
down to an element y � Y � We cannot come to another point in the hierarchy by taking an
element z � y� With an electric analogy� we may also say that if we have an element z � y which
lies in HY

� � this produces a 	short circuit	� This is avoided if Y is 	grounded	� This motivates
the choice of word ��grounded�



��

��
 If Y is ��grounded �completely grounded� and if Y � � Y with Y � �! �� then
Y � is ��grounded �completely grounded��

��
 If Y is 	�grounded and HY
� � HY � for some ordinal �� then rY �HY

� 
 ! �"	�

��
 If Y is ��grounded �completely grounded�� and if x � HY with x	HY
� �! �

�x 	 HY �! ��� then x � HY � and �supx��x r
Y �x�

 " 	 ! rY �x
� and in

particular� rY �x�
 � rY �x
 for all x� � x�
��
 If Y is ��grounded �completely grounded�� then x 
� x for all x � HY

�

�x � HY ��
��
 If Y is ��grounded and � � �� then �P�HY

� 
 n f�g
 	 Y ! ��
If Y is completely grounded� than this holds for all ordinals ��

��
 If Y is ��grounded� then HY
� 
� Y � for all ordinals � such that � � � � ��

If Y is completely grounded� then this holds for all ordinals � 
 ��
�	�
 Assume that Y is completely grounded� and let Y � be a set such that

Y � n fY �g �! � and Y � � HY �
Also� assume that rY �y
 � �� for all y � Y ��

Then� HY �

� HY � with rY �x
 � � for all x � HY �

�

PROOF� �	
 is immediate from the de�nitions� ��
 follows from the de�nitions and
��
 of Proposition ���� ��
 follows from the de�nitions and ��
 of Proposition ����

To obtain ��
� assume� to get a contradiction� that Y �nfY �g ! �� Then Y � � Y ��
since Y � �! �� Since Y � � Y � Y � � Y � Since � 
 �� ��
 and ��
 of Proposition ���
give Y � HY

� � HY � Now� Y � � HY
� � HY and Y � � Y � � Y � contradicting the

��groundedness of Y �or complete groundedness� using �	

�
Thus� Y �nfY �g �! �� Now� since Y � � Y � the ��groundedness �complete ground�

edness
 of Y � follows from �	�
 of Proposition ��� and the corresponding property
for Y �

Thus� ��
 holds�
To obtain ��
� If � ! �� then �	
 of Proposition ��� implies that � ! HY

� � HY �

and then ��
 of Proposition ��� gives r�HY
� 
 ! 	 ! � " 	� so the statement is true

for � ! ��
If � 
 �� then ��
 and ��
 of Proposition ��� give Y � HY

� � Since Y �! ��

there is an x � Y � Then� x � HY
� � Then� if HY

� � Y � this would contradict the

	�groundedness of Y � by ��
� Thus HY
� � HY n Y �

Now� ��
 of Proposition ��� gives rY �HY
� 
 ! � " 	 in this case too�

Thus� ��
 holds�
To obtain ��
� Let x � HY with x 	 HY

� �! � �x 	 HY �! �
� Then� there is
a y such that y � x and y � HY

� � �y � HY 
� Therefore� if Y is ��grounded �or
completely grounded� using �	

� x 
� Y �

The conclusion now follows from ��
 of Proposition ����
Thus� ��
 holds�
��
 follows immediately from ��
�
To prove ��
� we �rst note that the second statement follows from the �rst� by

de�nition� so let us prove the �rst statement�
Assume� to get a contradiction� that there is an x � �P�HY

� 
 n f�g
 	 Y � where

� � �� This means� using ��
 of Proposition ���� that x � HY
� � HY

� � x �! �� and
x � Y �

Now� there is a y � x � HY
� � HY

� � So� x � Y � y � HY
� � and y � x� This

contradicts the ��groundedness of Y �



��

Hence� �P�HY
� 
 n f�g
 	 Y ! �� for all ordinals � � ��

Thus� ��
 holds�
To obtain ��
� we note that the second statement follows from the �rst�
To prove the �rst statement� we see that with � and � as stated� HY

� � Y

implies HY
� � HY

� and HY
� � HY

� �HY
� � HY 
 by ��
 and ��
 of Proposition ����

This contradicts ��
�
Hence� ��
 holds�

To obtain �	�
� we �rst see that HY �

� HY � by ��
 of Proposition ����
We prove by trans�nite induction on � that for all ordinals �� rY �x
 � � for all

x � HY �

� �

Assume that this holds for all � � �� and let x � HY �

� � Then� x � HY � By

de�nition� x � �P�HY �

� 
 n f�g
� Y �� for some � � �� If x � Y �� then the statement
is true� by hypothesis�

Otherwise� x � HY �

� and x �! �� Then� if x� � x� the induction hypothesis

gives x� � HY with rY �x�
 � �� Since Y is completely grounded� ��
 now gives

rY �x
 
 rY �x�
 � �� Since all this holds for all x � HY �

� � the statement is true for
��

�	�
 now follows by trans�nite induction� �

The following lemma will be used in the proof of Proposition �����

��	�� LEMMA� Assume that Y contains an N�copy �as in Remarks 	�
��
Also� assume that Y is ��grounded� for some ordinal � 
 ��
Then� if A is an m�ary relation such that A 	 �HY

� 
m �! �� for some m � 	�
C�A
 
� Y holds�

If Y is completely grounded� this holds for all sets A which are m�ary relations
such that A 	 �HY 
m �! ��

PROOF� We have � �! C�A 	 �HY
� 
m
 � C�A
 	 HY

� � Hence� C�A
 � Y would
imply that every element in C�A 	 �HY

� 
m
 would violate he ��groundedness of Y �
Hence� C�A
 
� Y �
If Y is completely grounded and A	�HY 
m �! �� then ��
 and �	
 of Proposition

��� imply that A	�HY
� 
m �! � for some � 
 �� Also� Y is ��grounded for all � 
 ��

by de�nition� Hence� this reduces to the previous case� �

For the von Neumann hierarchy� H� some of the statements in propositions ���� ����
and ��	�� can be improved�

��	�� PROPOSITION� For all ordinals ��

�	
 H� ! ����P�H�
�
��
 H��� ! P�H�
�
��
 H� � H��� � H�
��
 H� ! f�g � H�
��
 If x � H� then x � H� and �supx��x r�x

�

 " 	 ! r�x
� and in particular�
r�x�
 � r�x
 for all x� � x�

��
 If x is a set such that x � H� then x � H�
��
 A set Y � H such that � � Y is completely grounded if and only if Y ! f�g�
��
 r�H�
 ! � " 	�
��
 If fxkg

n
k�� is a �nite sequence of sets such that xn � H� and such that

xk�� � xk for all k �	 � k � n�� then xk � H for all k �� � k � n��



��

�	�
 x 
� x� for all x � H�
�		
 There exists no in�nite sequence fxng

�
n�� such that x� � H and xn�� � xn

for all n � ��

PROOF� �	
 follows immediately from the de�nitions� ��
 follows from ��
 of
Proposition ���� ��
 follows from ��
 and ��
 of Proposition ���� ��
 follows from
��
 of Proposition ���� and ��
� ��
 follows from ��
 of Proposition ��� if x �! ��
If x ! �� then x � H� by ��
� and r�x
 ! 	� by ��
 of Proposition ���� Since� by
stipulation� supx��� r�x

�
 ! �� ��
 holds in this case too� Thus� ��
 holds in all
cases�

Since � � H� by ��
� ��
 follows from ��
 of Proposition ����
To prove ��
� That f�g is completely grounded follows immediately from the

de�nition� Conversely� assume that Y � H� � � Y � and x � Y with x �! �� Then�
Y n fY g �! �� Since Y � H and x � Y � ��
 gives x � H� Since x �! �� there is
a y � x� and� again by ��
� y � H� By �	�
 of Proposition ���� H � HY � Hence�
y � HY �

Now� x � Y � y � HY � and y � x� Thus� by �	
 of Proposition ��	�� Y is not
completely grounded�

Hence� ��
 holds�
��
 now follows from ��
 and ��
� and ��
 of Proposition ��	��
��
 follows from �	�
 of Proposition ���� If �i
 there holds� the conclusion is true�

If �ii
 holds� we must have xm ! �� whence m ! �� Since� by ��
� � � H� � H�
the conclusion is true in this case too� Thus� in both cases� ��
 holds�

Since x � x and x � H would imply r�x
 � r�x
� by ��
� �	�
 follows�
To obtain �		
� If there were such a sequence� then� by �		
 of Proposition ����

xn ! � for some n � �� But then� xn�� � xn ! �� which is a contradiction�
Hence� no such sequence exists� that is� �		
 holds� �

Although it is somewhat outside the subject of this text� we include a proof of the
following well known results� since they deal with concepts studied here� and since
it could be interesting for a reader not very familiar with set theory to see the proof�

��	�� THEOREM� Consider the following statements�

�	
 The axiom of regularity holds�
��
 Every set belongs to H�
��
 There exists no in�nite sequence fxng

�
n�� such that xn�� � xn for all

n � ����

Then� ��� and �	� are equivalent� and each of them implies �
�� In addition� if the
axiom of choice holds� then all three statements are equivalent�

PROOF� That ��
 implies ��
 follows immediately from �		
 of Proposition ��	��
We now prove simultaneously that �	
 implies ��
 and that the axiom of choice

and ��
 together imply ��
�
To do this� assume that there is a set x such that x 
� H� We de�ne the sets Sn

�n � �
� with ordinary recursion thus���

S� ! fxg� Sn�� !
�
y�Sn

y�

��This is called Fundierungsaxiom�
��The union of these sets Sn is called the transitive closure of x� It is the smallest transitive

set �see Chapter �� which contains x�



��

Next� we put S ! ���n��Sn
 n H� x � S� so S �! �� Pick y � S� Then� y �� H�
because otherwise� ��
 of Proposition ��	� would imply that y � H� contradicting
y � S� Hence� there is a y� � y with y� 
� H� Also y � Sn for some n� Hence
y� � Sn��� It follows that y� � S� so that S 	 y �! �� This holds for all y � S� But
this contradicts the axiom of regularity� Hence� �	
 implies ��


We saw above that to every y � S there is an y� � y 	 S� Using the axiom of
choice� we can then by recursion de�ne a sequence fxng

�
n�� such that x� ! x and

xn�� � xn 	 S for all n � �� But this sequence contradicts ��
� It follows that the
Axiom of Choice and ��
 together imply ��
�

Next� we prove that ��
 implies �	
�
Assume that x � H for every set x� Let x �! �� Then� r�y
 is de�ned for all

y � x� The set of ordinals fr�y
 j y � xg has a smallest element �� and r�y
 ! � for
some y � x� Now� for all y� � y� r�y�
 � r�y
� by ��
 of Proposition ��	�� If y� � x�
then x has an element with smaller rank than y� which contradicts the choice of
y� Hence� x 	 y ! �� Thus� every nonempty set x has an element y such that
x 	 y ! �� In other words� the axiom of regularity holds� Thus� ��
 implies �	
�

Putting these pieces together� the theorem is now proved� �

��	�� REMARKS� Although we do not assume that the axiom of regularity holds�
we nevertheless assume that an ��extendable set lies in H� by De�nitions ����
below� We do so� because we use von Neumann ranks r�x
 in order to construct
extensions of sets�

A reader� who is a �rm believer in the axiom of regularity� may therefore� by
Theorem ��	�� assume that all sets lie in H� and thus skip all veri�cations that
particular sets lie in H� Such a reader may also replace the condition Y n fY g �! �

with Y �! �� by �	�
 of Proposition ��	� and Remarks ����

��	�� REMARKS� It would be very nice if we had superstructure HY
� � where Y is

completely grounded� Now� we want to have � � HY � since it is hard to imagine
meaningful NSA without the empty set� Then� we must have � � Y � by ��
 of
Proposition ���� Also� we want to have in�nitely many urelements�

Unfortunately� no set Y � H satis�es all these conditions� by ��
 of Proposition
��	�� Therefore� we must weaken some of these conditions� Now� the complete
groundedness is actually an unnecessarily strong assumption� It su�ces for our
purposes that Y is ��grounded�

We therefore want an in�nite ��grounded set Y such that � � Y � Actually�
we want such sets of arbitrarily great cardinalities� and we want to be able to
extend any such set to an ��grounded set with arbitrarily great cardinality� If� for
example� we want our proper nonstandard extension to be ��saturated� where � is
an arbitrarily great trans�nite cardinal �see De�nitions ��	�
� then we must be able
to extend Y to an ��grounded set with cardinality at least � �see Proposition ��	�
�

To �nd such ��grounded sets� we introduce another concept� intransitivity�

����� DEFINITION� A set S is called intransitive if there is no �nite sequence
of sets fxkg

n
k�� with n � 	 such that x� � S� xn � S� and xk�� � xk for all k

�	 � k � n
���

��Equivalently� we could say that no element in S should belong to the transitive closure �see
the previous note� of any other element in S� This is why I chose the word 	intransitive	�



��

���	� PROPOSITION�

�	
 Every subset of an intransitive set is intransitive�
��
 � and f�g are intransitive�

PROOF� �	
 is obvious� It is also obvious that f�g is intransitive� Thus� by �	
�
� is intransitive� Hence� ��
 holds� �

����� PROPOSITION� Assume that Y � H� Y �! �� and that Y is intransitive�
Then�

�	
 Y is completely grounded�
��
 If � 
 � is an ordinal such that r�y
 
 � for all y � �x�Y x� then Y � f�g

is ��grounded�
��
 If � � Y � then Y ! f�g�

PROOF� It follows from ��
 of Proposition ��	� that �x�Y x � H� so r�y
 is de�ned
for all y � �x�Y x�

We prove �	
 and ��
 simultaneously� For �	
� we put Y � ! Y and assume that
� 
 � is an arbitrary ordinal� For ��
� we put Y � ! Y � f�g and we assume that
� ! ��

By ��
� ��
� ��
� and �	�
 of Proposition ��	�� and the assumptions that Y � H
and Y �! �� it follows that Y � � H and Y � n fY �g �! �� in both cases�

Next� in both cases� assume that x � Y �� x� � HY �

� � HY �

� and x� � x� Then
x �! �� so x � Y �

By �	�
 of Proposition ���� there exists a �nite sequence fxkg
n
k�� such that

x� � Y �� xn ! x�� and xk�� � xk for all k �	 � k � n
� Put xn�� ! x and consider
the sequence fxkg

n��
k�� � If x� � Y � this contradicts the intransitivity of Y �

In the case �	
� we have now reached a contradiction� and we conclude that Y is
completely grounded�

In the case ��
� we conclude that we must have x� ! � for every such sequence
fxkg

n
k��� Hence� by �	�
 of Proposition ���� x� � H� ! H�� Thus� r�x�
 � �� But

x� � �x�Y �x ! �x�Y x� so r�x�
 
 �� We have now reached a contradiction in this
case too� and we conclude that Y � ! Y � f�g is ��grounded�

To summarize� we have proved that both �	
 and ��
 hold�
��
 now follows from �	
� and ��
 of Proposition ��	�� �

����� REMARKS� Our objective is now to �nd intransitive sets Y � H with
prescribed trans�nite cardinalities such that the elements in the elements in Y
satisfy the condition in ��
 of Proposition ����� for � ! �� Because if we put Y � !
Y � f�g� then Y � is ��grounded� and we can then let Y be the set of �urelements�
in our superstructure�

But let us �rst see what nice� and important� e�ects intransitivity has on m�tuples�
relations� and functions� Proposition ��� is considerably strengthened if we assume
that Y n f�g is intransitive�

����� LEMMA� Let Y be an intransitive set such that i � Y � where i belongs to
an N�copy �see Remarks 	�
� and i 
 �� Let ha�� a�� � � � � ami be an n�tuple� where
m � i� and let A be a set such that ha�� a�� � � � � ami � A�

Then� neither of the sets fi� aig� ffig� ffi� aigg� ha�� a�� � � � � ami� and A belongs
to Y �



��

Hence� Y contains no m�tuples�

PROOF� If any of these sets would belong to Y � then� some initial segment with
at least two elements of the �nite sequence

fi� fi� aig� ffig� ffi� aigg� ha�� a�� � � � � ami� Ag

would violate the intransitivity of Y � Hence� none of these sets belongs to Y � �

����� PROPOSITION� Assume that Y is a set such that Y n f�g is intransitive
and such that it contains an N�copy� Then� for m� k � 	�

�	
 Y contains no m�tuples� and no nonempty m�ary relations�
��
 For all a�� a�� � � � � am� a�� a�� � � � � am � HY if and only if ha�� a�� � � � � ami �

HY �
If these conditions hold� then �max��i�m rY �ai

"� ! rY �ha�� a�� � � � � ami
�

��
 Let the set A be a nonempty m�ary relation�
Then� A � �HY 
m if and only if A � HY �
If these conditions hold� then supa�C�A��r

Y �a
 " �
 " 	 ! rY �A
�

��
 If � is a limit ordinal� and A �! � is an m�ary relation� then A � �HY
� 
m

for some � � � if and only if A � HY
� �

��
 For all nonempty sets B such that B 
� Y � B � HY if and only if Bm � HY �
If these conditions hold� then there is an ordinal � 
 � such that� either�

�a
 � is a successor ordinal� rY �B
 ! � " 	� and rY �Bm
 ! � " �� or
�b
 � is a limit ordinal� rY �B
 ! � " 	� and rY �Bm
 ! � " 	�

��
 Assume that the sets A and B are nonempty m�ary and k�ary relations�
respectively�

Then� A � HY and B � HY both hold� if and only if A� B � HY �
If these conditions hold� then max�rY �A
� rY �B

 ! rY �A� B
�

��
 Assume that the sets A and B� are m�ary and k�ary nonempty relations�
respectively� and let f � A
 B be a function�

Then� f � HY if and only if A � HY and B � HY both hold�
If these conditions hold then�

�a
 Gf � HY � with rY �A
 � rY �Gf 
 � max�rY �A
� rY �B

�
�b
 rY �f
 ! max�rY �A
� rY �B

 " ��

Also� if f is surjective� then the above conditions are equivalent to Gf �
HY � and if the conditions hold� then equality holds in the last step in �a��

PROOF� First of all� Y is in�nite since it contains an N�copy� Hence� certainly�
Y n fY g �! �� Therefore� HY is de�ned� and rY �y
 is de�ned for all y � HY �

�	
 follows immediately from Lemma �����
To obtain ��
� If a�� a�� � � � � am � HY � then� by �	
 of Proposition ��� and ��
 of

Proposition ���� ha�� a�� � � � � ami � HY � with rY �ha�� a�� � � � � ani
 �
�max��i�n r

Y �ai

 " ��
Conversely� assume that ha�� a�� � � � � ami � HY � For each i �	 � i � m
� consider

the �nite sequence� fai� fi� aig� ffig� ffi� aiggg� ha�� a�� � � � � amig� By Lemma �����
no element in this sequence lies in Y � except possibly ai� Then� by ��
 of Proposition
��� and �	�
 of Proposition ���� all elements in this sequence lie in HY � and all
elements except possibly ai lie in HY n Y �



��

Now� rY �ai
 "� � rY �ha�� a�� � � � � ami
 follows by repeated applications of ��
 of
Proposition ���� Since this holds for all i �	 � i � m
� this and the previous case
give �max��i�n r

Y �ai

 " � ! rY �ha�� a�� � � � � ani
�
Hence� ��
 holds�
To obtain ��
� It follows from ��
 that A � �HY 
m if and only if A � HY � with

supa�C�A��r
Y �a
 " �
 ! supx�A r

Y �x
 in this case� But A 
� Y � by �	
� Since also

A �! �� ��
 and ��
 of Proposition ��� give that A � HY if and only if A � HY �
with �supx�A r

Y �x

 " 	 ! rY �A
 in this case�
Putting these two pieces together� ��
 follows�
To obtain ��
� By Proposition ���� A � �HY

� 
m if and only if C�A
 � HY
� � for all

ordinals �� Since rY �A
 cannot be a limit ordinal� by �	
 of Proposition ���� the
conclusion follows from ��
� and ��
 of Proposition ����

To obtain ��
� Since B 
� Y and B �! �� ��
 and ��
 of Proposition ��� give
that give that B � HY if and only if B � HY � with �supb�B rY �b

 " 	 ! rY �B

in this case� Also� By �	
 of Proposition ���� rY �b
 � 	 for all b � B� Since also
C�Bm
 ! B� by Proposition ���� the desired conclusions now follow from ��
� taking
� ! supb�B rY �b
 in both �a
 and �b
�

Thus� ��
 holds�
To obtain ��
� It follows from ��
 that A � �HY 
m if and only if A � HY �

and that supa�C�A��r
Y �a
 " �
 " 	 ! rY �A
 in this case� Similarly for B and

A � B� Clearly� A � �HY 
m and B � �HY 
k both hold if and only if A � B �
�HY 
m�k� Also� C�A � B
 ! C�A
 � C�B
� Hence� supc�C�A�B��r

Y �c
 " �
 !

max�supa�C�A��r
Y �a
 " �
� supb�C�B��r

Y �b
 " �
� Thus� ��
 follows�

To obtain ��
� Clearly� C�A
 � C�Gf 
 � C�A
 � C�B
� with equality in the last
step if f is surjective� Also� by �	
� A 
� Y � B 
� Y � and Gf 
� Y � Since Gf �
�HY 
m�k if and only if C�Gf 
 � HY � by Proposition ���� and the corresponding
conditions hold for A and B� ��
 now gives that if A�B � HY � then Gf � HY � and
that �a
 holds� By the same argument� A�B � HY if f is surjective and Gf � HY �
and then the claimed equality in �a
 also holds�

Since f ! hA�Gf � Bi� it follows from ��
 that A�Gf � B � HY if and only if
f � HY � Together with the above� this gives that A�B � HY if and only if
f � HY � and that these conditions hold if and only if Gf � HY if f is surjective�
Also� ��
 and �a
 give that �b
 holds then�

Thus� ��
 holds� �

����� REMARKS� We will now investigate what happens in the degenerate cases
when m ! � or k ! �� or when we have empty relations or sets in Proposition �����
We will rely upon Remarks ��	��

First� we assume that � � HY � which is equivalent to � � Y � by ��
 of Propo�
sition ���� Without this assumption� the sides of the equations and inequalities
might not be de�ned� In this case� rY ��
 ! 	� by ��
 of Proposition ���� We also
make the additional assumption that f�g 
� Y � This will be satis�ed in the most
interesting cases�

Then� by ��
 and ��
 of Proposition ���� f�g � HY with rY �f�g
 ! ��
Now� �	
 fails for the ��tuple h i ! �� which lies in Y � It also fails for any empty

relation �of arbitrary arity
� It holds� however� for the nonempty ��ary relation
f�g� which does not lie in Y �

For� ��
 the condition ai � HY for all i �	 � i � �
 is vacuously satis�ed� It is
also true that h i ! � � HY � so the equivalence holds�



��

The equation fails in this case� though� Since we stipulate that max��i�� r
Y �ai
 !

�� the correct equation should be max��i�� r
Y �ai
 " 	 ! rY ��
�

For ��
� the equivalence holds if A is the empty relation� for all m� Since C��
 !
�� the equation holds in this case� too� supa�C�A��r

Y �a
"�
"	 ! �"	 ! 	 ! rY �A
�

If A is the nonempty ��ary relation f�g� then� �HY 
� ! f�g ! A� and f�g �
HY � so the equivalence holds� But the equation fails� since C�A
 ! �� The correct
equation should be �supa�C�A� r

Y �a

 " � ! rY �A
 ! ��

Since rY ��
 ! 	 and rY �f�g
 ! �� ��
 of Proposition ��� gives that these sets
lie in HY

� if � is a limit ordinal� Also� for all ordinals �� � � �HY
� 
m for every

m � �� and f�g ! �HY
� 
�� so ��
 holds if either A is the empty relation� for any

m � �� or if A is the ��ary relation f�g�
Since � � Y � ��
 does not apply if B ! �� In principle� therefore� ��
 holds

vacuously in this case� If B �! � and B 
� Y � but m ! �� then� since B� ! f�g �
HY � the equivalence holds if and only if B � HY � Assuming this� �a
 and �b
 fail
utterly� because rY �B�
 ! �� No matter what rY �B
 is� it can never satisfy �a
 or
�b
 if rY �Bm
 ! ��

For ��
� If A ! � and B �! �� then A � B ! �� independently of what B is�
Since � � HY � the equivalence holds if and only if B � HY � The equation fails
utterly in this case� because the right side will be rY ��
 ! 	� while the left side
will be rY �B
� by �	
 of Proposition ���� and since B 
� Y � by �	
 of Proposition
���� �this holds here also if k ! �
� the equation cannot work in this case� by ��
 of
Proposition ���� Similarly if A �! � and B ! �� If A ! B ! �� then A� B ! ��
and the equivalence and the equation hold in this case�

If A is the ��ary relation f�g� and if B �! � then A�B ! B� Since f�g � HY �
the equivalence holds in this case�

Assume that B � HY � Since rY �A
 ! � and B 
� Y � by �	
 of Proposition
���� �this is also true if k ! �
� it follows from �	
 and ��
 of Proposition ��� that
max�rY �A
� rY �B

 ! rY �B
� Hence� the equations hold in this case� even when
also B ! f�g� Similarly if we interchange the roles of A and B� The case when
A ! B ! f�g is already covered�

In ��
 we cannot have A �! � and B ! �� Assume that A ! �� Then Gf ! ��
and it follows from ��
 that the equivalence holds� Since rY �B
 � 	� by �	
 of
Proposition ���� �a
 holds if the conditions hold� with equality if and only if B ! ��
since B 
� Y for all other relations� using �	
� ��
� and ��
 of Proposition ���� and
�	
 of Proposition ����� Clearly� in this case� f is surjective if and only if B ! ��
so even the surjectivity clause holds in this case� Also� it follows from ��
 that �b

holds in this case�

If A is the ��ary relation f�g and B �! �� then A � HY � and Gf is a singleton
subset of B� Then Gf 
� Y � by �	
 of Proposition ���� �this holds also if k ! �
� By
the same reason� B 
� Y � By ��
 and ��
 of Proposition ���� Gf � HY if B � HY �
It follows from ��
 of Proposition ���� that the equivalence holds in this case�

Assume that the conditions hold� Since B 
� Y � �	�
 and ��
 of Proposition ����
and �	
 and ��
 of Proposition ���� give � ! rY �f�g
 � rY �Gf 
 � rY �B
� Hence�
�a
 holds� It is also clear from ��
 of Proposition ���� that �b
 holds�

Surjectivity holds if and only if B is singleton� and then Gf ! B� so the surjec�
tivity clause holds�

Thus� all of ��
 is true in this case� even when also B ! f�g�
Finally� assume that m � 	� A �! �� and B ! f�g� Then� Gf ! A� and



�


f is surjective� Clearly� the equivalence holds in this case� by ��
 of Proposition
����� By �	
 of Proposition ����� A 
� Y � so �	
 and ��
 of Proposition ��� give
rY �Gf 
 ! rY �A
 � � ! rY �B
� Thus �a
 holds with equality� and �b
 holds by ��

of Proposition �����

The next theorem is the main result in this chapter� It gives su�cient conditions
for when an intransitive set X � H� such that the elements in its elements satisfy
a given rank condition� can be extended to a larger intransitive set with the same
property�

After proving this theorem� all we need to do is to use it to construct the in�
transitive sets and the extensions we need� This is done in the more directly useful
Theorem �����

Note that in of Theorem ����� we must have � 
� Y � unless Y ! f�g �but
Y �! f�g when we apply this in Theorem ����� if b 
 	
� by �	
 of Proposition
���	 and ��
 of Proposition ����� This where we need to use a hierarchy HY with
� 
� Y �

����� THEOREM� Let X � H and Y � H� with Y �! � and X 	 Y ! �� and
assume that X � Y is intransitive� Assume also that � is an ordinal such that
r�y
 
 � for all y � ��x�Xx
 � Y �

Let Z � ffzg j z � HY
��� nH

Y
� g� for some ordinal ��

Then�

�	
 Z � HY � and rY �y
 ! � " �� for all y � Z�
��
 X � Z � H�
��
 X 	 Z ! ��
��
 r�y
 
 � for all y � ��x�X�Zx
 � Z�
��
 X � Z is intransitive�

PROOF� First� since X � H and Y � H� X � H and Y � H� by ��
 of Proposition
��	�� Since Y �! �� �	�
 of Proposition ��	� gives Y n fY g �! �� Therefore� by
De�nitions ��� and ���� expressions such as HY

� � HY � and rY �x
 makes sense�

Now� to prove �	
� pick z � HY
���nH

Y
� � Then� rY �z
 ! �"	� by ��
 of Proposition

���� Also� fzg � P�HY
���
 n f�g� and so fzg � HY

���� by ��
 of Proposition ����

This holds for all z � HY
��� nH

Y
� � so Z � HY

��� � HY �

Next� Y is completely grounded� by �	
 of Proposition ���	 and �	
 of Proposition
����� Then� ��
 of Proposition ��	� gives rY �y
 ! � " � for all y � Z�

Thus� �	
 holds� and we also obtained that Y is completely grounded�

Next� we prove ��
� We saw above that X � H and Y � H� Since also
Y n fY g �! �� ��
 of Proposition ��� gives that HY � H� �	
 then gives Z � H�
Thus� X �Z � H� Then� ��
 of Proposition ��	� gives that X �Z � H� that is� ��

holds�

We now prove that X 	HY ! ��

To do this� let x � X 	HY � Then� there is a �nite sequence fxkg
n
k�� as in �		


in Proposition ���� with x� � Y and xn ! x� If n ! �� then x � Y � contradicting
X 	Y ! �� If n 
 �� then this sequence violates the intransitivity of X �Y � Thus�
we reach a contradiction in any case�

It follows that X 	HY ! ��
From this and �	
� ��
 follows�



��

Next� since� by ��
 and ��
 of Proposition ��	�� f�g is completely grounded� and
since Y � H� �	�
 of Proposition ��	� gives that r�y
 
 � for all z � HY � H�
Hence� r�y
 
 � for all y � HY

��� nH
Y
� � Also� since Z � HY � by �	
� r�y
 
 � for

all y � Z� Hence� r�y
 
 � for all y � ��x�X�Zx
 � Z� that is� ��
 holds�
To prove ��
� assume that there exists a �nite sequence fxkg

n
k��� with n � 	�

such that x� � X � Z� xn � X � Z� and xk�� � xk for all k �	 � k � n
�
Now� x� � X and xn � X cannot both hold� since X �Y is intransitive� Assume

that x� � Z and xn � X� Then� since x� � HY � by �	
� �	�
 of Proposition ���
gives a �nite sequence fyjg

m
j�� such that y� � Y � ym ! x�� and yj�� � yj for all

j �	 � j � m
� If we put ym�k ! xk for all k �	 � k � m
� then the sequence
fyig

m�n
i�� violates the intransitivity of X � Y �

It follows that we must have xn � Z� Hence xn � HY � by �	
� Then� by �	�
 of
Proposition ���� we must have either �i
 xk � HY n Y � for all k �� � k � n
� or �ii

xm � Y for some m �� � m � n
� and xk � HY n Y for all k such that m � k � n�

In case �i
� repeated applications of ��
 of Proposition ��� give rY �xk��
 �
rY �xk
 for all k �	 � k � n
� It follows that rY �x�
 � rY �xn
 ! � " �� by �	
�
which� again by �	
� rules out the possibility x� � Z� Hence� x� � X 	 HY � But
this is a contradiction� since we proved above that X 	HY ! ��

Hence� case �ii
 must hold� xm � Y for some m �� � m � n
� and xk � HY n Y
for all k with m � k � n� If then x� � X� X 	 Y ! � implies m � 	 and the
subsequence fxkg

m
k�� violates the intransitivity if X�Y � Therefore� x� � Z� Again�

�	�
 of Proposition ��� gives a �nite sequence fyjg
l
j�� such that y� � Y � yl ! x��

and yj�� � yj for all j �	 � j � l
� Put yl�k ! xk for all k �	 � k � m
� and

consider the sequence fyig
l�m
i�� � Then� y� � Y and yl�m � Y � The intransitivity of

X � Y then implies that l ! m ! � and y� ! x� ! xm� Thus� x� � Y � But then�
��
 of Proposition ��� gives that� rY �x�
 ! 	� But this is a contradiction� because
x� � Z� and rY �x�
 ! � " � 
 	� by �	
� �ii
 is therefore ruled out� too�

We have now ruled out every possibility for X � Z to fail to be intransitive�
Therefore� X � Z is indeed intransitive� that is� ��
 holds� �

����� COROLLARY� Let Z � ffzg j z � H��� n H�g� where � is an arbitrary
ordinal�

Then�

�	
 Z � H� with r�y
 ! � " � for all y � Z�
��
 Z � H�
��
 Z is intransitive�

PROOF� Apply Theorem ���� with X ! �� Y ! f�g� � ! �� and � arbitrary�
using ��
 of Proposition ��	�� ��
 of Proposition ���	� and �	
 of Proposition ��� to
see that the assumptions of Theorem ���� are satis�ed� �

It remains to put the pieces together�
Theorem ���� justi�es the name ���extendable� in the following de�nition� We

emphasize again� however� that we only give su	cient conditions for the existence of
this kind of extensions� The word ���extendable� should not be understood as that
the conditions we give here are also necessary for obtaining extensions meaningful
for NSA�

����� DEFINITION� A set X is called ��extendable� where � is an ordinal� if�

�i
 X � H�



��

�ii
 There is a y � H n X such that r�z
 
 � for all z � ��x�Xx
 � fyg� and
such that X � fyg is intransitive�

����� REMARK� In this de�nition� x � H� for all x � X� by two applications of
��
 of Proposition ��	�� Therefore� r�z
 is de�ned for all z � ��x�Xx
 � fyg�

���	� PROPOSITION� Let � be an ordinal� Then�

�	
 Every subset of an ��extendable set is ��extendable�
��
 � is ��extendable�
��
 If X is ��extendable� then � 
� X�
��
 If X �! � is ��extendable� then X is completely grounded�
��
 If � 
 � and if X �! � is ��extendable� then X � f�g is ��grounded�

PROOF� If X is ��extendable and Y � X� then it follows from De�nition ���� and
��
 and ��
 of Proposition ��	� that Y � H� Then� it follows from De�nition ����
and �	
 of Proposition ���	 that Y is ��extendable�

Thus �	
 holds�
To prove ��
� pick u � H��� nH� �which is nonempty� by ��
 of Proposition ���
�

Put y ! fug� By Corollary ����� y � H� r�y
 ! �"�� and fyg is intransitive� Since
� � H� by ��
 of Proposition ��	�� De�nition ���� gives that � is ��extendable�
using this y�

To prove ��
� If X � H with � � X and y � H n X� then� by De�nition ����
and ��
 and ��
 of Proposition ��	�� X � fyg � H� and y �! �� Then� ��
 of
Proposition ���� gives that X � fyg is not intransitive� It follows that X is cannot
be ��extendable� Thus� ��
 holds�

��
 follows immediately from the de�nition� �	
 of Proposition ���	� and �	
 of
Proposition �����

��
 follows immediately from the de�nition� �	
 of Proposition ���	� and ��
 of
Proposition ����� �

����� REMARKS� Keeping ��
 of Proposition ���	 in mind� our objective is now
to prove that there exists ��extendable sets with arbitrarily great trans�nite cardi�
nalities� and moreover� to prove that any every ��extendable set can be extended
to an ��extendable set with arbitrary great trans�nite cardinality� This is precisely
what is done in Theorem ����� if we put � ! � there�

First� however� we obtain a slight improvement of ��
 of Proposition �����

����� PROPOSITION� Let X be an ��extendable set� for some ordinal � 
 ��
such that it contains an N�copy� Put X � ! X � f�g� Let A be a set such that

A 	HX�

� �! ��

Then� A 
� X �� and� for all m � 	� A � HX�

if and only if Am � HX�

�
If these conditions hold� then there is an ordinal � 
 � such that ��� �a� or

��� �b� of Proposition 
�	� holds� with � instead of �� and with X � instead of Y �

PROOF� Since X is ��extendable� it is intransitive� by de�nition and �	
 of Propo�
sition ���	� By ��
 of Proposition ���	� � 
� X� and by ��
 of Proposition ���	� X �

is ��grounded� Clearly Am 	 �HX�

� 
m �! ��
Now� by Proposition ��� and Lemma ��	�� A ! C�Am
 
� X ��
The remainder of the conclusion now follows from ��
 of Proposition ����� �



��

����� LEMMA� Assume that Y n fY g �! �� and that HY
��� can be well ordered�

Then� card �HY
��� nH

Y
� 
 ! cardHY

��� 
 cardHY
� � card�� whenever either the

ordinal � is trans�nite or the set Y is in�nite�

PROOF� Assume that Y n fY g �! �� and let � be an ordinal such that HY
��� can

be well ordered� Since HY
� � HY

���� by ��
 of Proposition ���� HY
� can also be

well ordered� and so can all the other sets below� by ��
 of Proposition ���� �See
Chapter ��


If � ! �� then the conclusion follows immediately from �	
 and ��
 of Proposition
��� �even if Y is �nite
� so� assume that � 
 ��

Then� by �	�
 of Proposition ���� cardHY
� � card�� and by ��
 and ��
 of

Proposition ���� cardHY
� � cardY � Thus� if either � is trans�nite or Y is in�nite�

HY
� is in�nite� Now� cardP�HY

� 
 
 cardHY
� � so cardP�HY

� 
 ! card �P�HY
� 
 n

f�g
 ! card ��P�HY
� 
 n f�g
 � Y 
 ! cardHY

���� and hence card �HY
��� n H

Y
� 
 !

cardHY
��� 
 cardHY

� � card�� which is our desired conclusion� �

����� THEOREM� Assume that the axiom of choice holds� Then� for any ordinal
��

�	
 For any cardinal b� if X and Y are sets such that X 	 Y ! � and X � Y is
��extendable� then� there is a set Z such that �X � Y 
	Z ! �� X � Y �Z
is ��extendable� and card �X � Z
 � b�

��
 For any cardinal b� there exists an ��extendable set X such that cardX ! b�

PROOF� First� every set can be well ordered� since the axiom of choice is assumed
to hold �see Chapter �
�

To obtain �	
� pick y so that it satis�es �ii
 in De�nition ���� for
X � Y � By ��
 and �	�
 of Proposition ��	�� fyg � H and fyg n ffygg �! ��
Choose a trans�nite ordinal � such that card � � max�b� cardX
� By Lemma �����

card �H
fyg
��� n H

fyg
� 
 
 card �� Since the map z 

 fzg is injective� card ffzg j z �

H
fyg
��� nH

fyg
� g 
 card ��

Thus we can take a proper subset Z � ffzg j z � H
fyg
���g n H

fyg
� g such that

card �X � Z
 � cardZ � b� Pick u � f fzg j z � H
fyg
��� nH

fyg
� g n Z� Then� u ! fzg

for some z � H
fyg
��� nH

fyg
� �

Now� we can apply Theorem ���� with X�Y as X� fyg as Y � � as �� and Z�fug
as Z� By ��
 of Theorem ����� �X � Y 
 	 Z ! � and� since u 
� Z� u 
� X � Y � Z�
��
 of Theorem ����� and ��
 and ��
 of Proposition ��	�� give X � Y � Z � H and
fug � H� and hence u � H� Thus� u � H n �X � Y � Z
� ��
 of Theorem ����
gives r�v
 
 � for all v � �x�X�Y �Zx
 � fug� and ��
 of Theorem ���� gives that
X � Y � Z � fug is intransitive�

All this means that X � Y � Z is ��extendable�
Since card �X � Z
 � b� �	
 holds�
To obtain ��
� we �rst notice that it holds for b ! �� since � is ��extendable� by

��
 of Proposition ���	� We use this case to prove ��
 for b 
 �� just apply �	
 with
� as X and Y � The set Z ! � � Z ! � � � � Z thus obtained then satis�es �	

for the given b� Then� there is a subset X � Z such that cardX ! b� This X is
��extendable� by �	
 of Proposition ���	�

Thus� ��
 holds� �



��

����� REMARKS� A point is that if we use Theorem ���� to extend an ��extendable
set� then the extended set is also ��extendable� and hence it can be further extended�
For every such extension� we have an element such as y in �ii
 of De�nition �����
upon which the next extension can be based�

However� if we have an in�nite sequence of successive extensions� is then the
union of all the successively extended sets itself ��extendable� The problem is that
in this case� no such element y is supplied� This is the reason why we have invoked
the set Y in Theorem ����� We can then take such an element y from Y � and then
obtain a further extension�

This is done in the proof of Theorem ���� In most other applications� we can
put Y ! �� and hence disregard Y �



��

CHAPTER �

Proper Nonstandard Extensions

��	� DEFINITION� The set HS�

� is called the superstructure over the set S� if
S� ! S � f�g� where S is ��extendable and contains an N�copy�

���� REMARKS� Since S� in De�nition ��	 is in�nite� we certainly have S� nfS�g �!

�� so HS�

� is de�ned�
In De�nition ��� we will extend a superstructure to a larger superstructure� We

will then assume that the N�copy is the same in the extended superstructure as in
the original one� This is also the set whose elements we use when we form m�tuples
and relations on HS�

� and its extension� �See Remarks ����


For any trans�nite cardinal b� there exists a set S with cardinality b for which
the superstructure over S exists� if we choose a suitable N�copy� provided that the
axiom of choice holds� This follows from ��
 of Theorem �����

The idea is that the elements in S play the role of �urelements�� We have proved
in Chapter � that they are su�ciently �urelement�like� to be able to play that role
su�ciently well for our purposes�

The following proposition gives the most useful properties of the superstructure
HS�

� over S� It is just a list of properties compiled from the previous chapter� Some
of them are actually implicit in De�nition ���� In the sequel� we will freely use them
without referring to them� So� if the reader �nds an argument di	cult to follow�
he�she may check if some of the properties in Proposition ��� apply�

Since ��
 of Proposition ��� will show that HT �

� is the superstructure over T �
with T and T � as in De�nition ���� Proposition ��� is applicable with T instead of
S� also�

���� PROPOSITION� Let HS�

� be the superstructure over S� Then� for n � ��

�	
 HS�

� ! ��

��
 HS�

� ! S� ! S � f�g�

��
 HS�

n�� ! P�HS�

n 
 � S�

��
 HS�

� ! ��n��H
S�

n �

��
 If m � n� then HS�

m � HS�

n � HS�

� �proper subsets�� and� if HS�

� can be well

ordered� cardHS�

m � cardHS�

n � cardHS�

� �

��
 HS�

� 	 ��y�Sy
 ! �� that is� S� is ��grounded�

��
 P�HS�

� 
 	 S ! ��
In particular� � 
� S�

��
 A � HS�

n�� n S if and only if A � HS�

n �

��
 If A � HS�

n n S� then P�A
 � HS�

n�� n S�

�	�
 If A � HS�

n n S and B � A� then B � HS�

n n S�

�		
 If A � HS�

n nS and B is any set� then AnB � HS�

n nS and A	B � HS�

n nS�

�	�
 If A�B � HS�

n n S� then A �B � HS�

n n S�

�	�
 rS
�

�x
 � 	 for all x � HS�

� �



��

�	�
 rS
�

�x
 ! 	 if and only if x � S��

�	�
 If x � HS�

� n S� then �maxx��x r
S��x�

 " 	 ! rS

�

�x
�

�	�
 HS�

n � HS�

� � and rS
�

�HS�

n 
 ! n " 	�

�	�
 � � HS�

� and f�g � HS�

� � with rS
�

��
 ! 	� and rS
�

�f�g
 ! ��
�	�
 S contains no m�tuples� and no m�ary relations� for any m � ��

�	�
 For all a�� a�� � � � � am� a�� a�� � � � � am � HS�

� if and only if ha�� a�� � � � � ami �

HS�

� � where m � 	�

If these conditions hold� then �max��i�m rS
�

�ai

 " � !

rS
�

�ha�� a�� � � � � ami
�
���
 Let the set A be an m�ary relation� for some m � 	�

Then� A � �HS�

n 
m� for some n � �� if and only if A � HS�

� �

If these conditions hold� then �supa�C�A� r
S��a

 " � ! rS

�

�A
�

��	
 For all sets B such that B 	HS�

� �! �� and all m � 	� B � HS�

� if and only

if Bm � HS�

� �

If these conditions hold� then � � rS
�

�B
 " � ! rS
�

�Bm
�
���
 Assume that A and B are nonempty m�ary and k�ary relations� respectively�

where m� k � ��

Then� A � HS�

� and B � HS�

� both hold� if and only if A� B � HS�

� �

If these conditions hold� then max�rS
�

�A
� rS
�

�B

 ! rS
�

�A� B
�
���
 Assume that A and B are nonempty m�ary and k�ary relations� respectively�

where m� k � �� and let f � A
 B be a function�

Then� f � HS�

� if and only if A � HS�

� and B � HS�

� both hold�
If these conditions hold then�

�a
 Gf � HS�

� � with rS
�

�A
 � rS
�

�Gf 
 � max�rS
�

�A
� rS
�

�B

�

�b
 rS
�

�f
 ! max�rS
�

�A
� rS
�

�B

 " ��

Also� if f is surjective� then the above conditions are equivalent to
Gf � HS�

� � and if the conditions hold� then equality holds in the last step in
�a��

PROOF� �	
���
 are special cases of �	
���
 of Proposition ���� respectively�
��
 follows from ��
 of Proposition ��� and Lemma ����� using that S is in�nite�
��
 follows from ��
 of Proposition ���	�
��
 follows from ��
� ��
 of Proposition ���	� and ��
 Proposition ��	��
For ��
� The direct part follows from ��
 of Proposition ���� and ��
� To get the

converse part� let A � HS�

n � Then� it follows from �	�
 of Proposition ���� and ��


and ��
� that A � HS�

n n S� Thus� ��
 holds�

To obtain ��
� If A � HS�

n n S� then P�A
 � HS�

n��� by �	�
 of Proposition ����

By ��
� A � HS�

� � Since A � P�A
� we cannot have P�A
 � S� by ��
� Hence

P�A
 � HS�

n�� n S� that is� ��
 holds�

�	�
 is vacuously true if n ! �� by �	
� Assume that n � 	� A � HS�

n n S� and

that B � A� By ��
� A � HS�

n��� Then� B � HS�

n��� ��
 then gives B � HS�

n n S�
Thus� �	�
 holds�

�		
 is two special cases of �	�
�
�	�
 is� again� vacuously true if n ! �� by �	
� Assume that n � 	� and that

A�B � HS�

n n S� Then� by ��
� A � HS
n�� and B � HS

n��� Then� A � B � HS
n���

��
 then gives A � B � HS�

n n S� Thus� �	�
 holds�



��

�	�
 and �	�
 are special cases of �	
 and ��
 of Proposition ���� respectively�
�	�
 is a special case of ��
 of Proposition ���� �sup becomes max� because a

bounded set of natural numbers has a greatest element�

�	�
 follows from ��
 and ��
 of Proposition ���� ��
 and ��
� and ��
 and ��
 of

Proposition ��	��
For �	�
� The statement about � follows from ��
� ��
� and �	�
� The statement

about f�g follows from this� together with ��
� ��
� and �	�
�
Thus� �	�
 holds�
To obtain 	�� � 
� S� by ��
� But � can be interpreted as the ��tuple h i as well

as an empty relation� Also� fh ig ! f�g 
� S� by �	�
� �	�
� and ��
�
Hence� S contains not the ��tuple h i� not the empty relation �� and not the

��ary relation fh ig�
Using this� �	�
 now follows from �	
 of Proposition �����
In the proofs of each of �	�
#���
� ��
 is used� Thus� using ��
�
�	�
 follows from ��
 of Proposition �����
���
 follows from ��
 and ��
 of Proposition �����
��	
 follows from Proposition ����� and �	
 and ��
�
���
 follows from ��
 of Proposition ����� and Remarks �����
���
 follows from ��
 of Proposition ����� and Remarks ����� �

���� DEFINITION� Let HS�

� be the superstructure over S� A proper nonstandard

extension of HS�

� is a map � � HS�

� 
 HT �

� � for some set T � �! � for which T !
T � n f�g is ��extendable��� such that the following twelve axioms are satis�ed���

�	
 �x ! T � for some x � HS�

� �
��
 �

N �! N �

��
 For all s � S and all x � HS�

� � �x ! s if and only if x ! s�

��
 If x � �A n T for some A � HS�

� n S� and if y � x� then y � �B for some

B � HS�

� n S�

��
 For all n � � and all x� If x � HS�

n � then �x � HT �

n �

��
 For all A�B � HS�

� n S� ��A � B
 ! �A � �B� and ��A nB
 ! �A n �B�

��
 If a�A � HS�

� and a � A� then �a � �A�

��
 For all A � HS�

� n S� ��A�
 ! � �A
��

��
 Let A�B � HS�

� � and assume that� for some m� k � �� A and �A are m�ary
relations� and that B and �B are k�ary relations�

Then ��A�B
 ! �A� �B�

�	�
 For all n � �� ��membHS�

n 
 ! memb �HS�

n �

�		
 For all n � �� if 	 � i � j � m� then �fha�� a�� � � � � ami � �HS�

n 
m j

ai ! ajg ! fha�� a�� � � � ami � � �HS�

n 
m j ai ! ajg�

�	�
 If A � HS�

� � and A and �A are m"	�ary relations �m � �
� then ��	m��
�m��

�A

 !

	m��
�m��

� �A
�

���� REMARKS� Since T in De�nition ��� is ��extendable� T � � H� by de�nition�
and ��
� ��
� and ��
 of Proposition ��	�� Thus� by �	�
 of Proposition ��	�� T � �! �

��This � is not a function of the type in De
nitions ����� but an ordinary function� as in the
appendix �Chapter ���

��The reader might think that twelve axioms is rather much� and I can agree� But it is di�cult
to see how the number of axioms can be substantially reduced�



��

implies T � n fT �g �! �� so HT �

� is de�ned�

The existence of a set T � and a mapping � as in De�nition ���� is the object
of Chapter �� and� if we add some extra properties� of Chapter � �saturation
� In
this chapter� the object is to explore the consequences of the axioms and derive the
most useful properties for applications�

For the remainder of this chapter� S� S�� T and T � are �xed� and we assume that
they satisfy de�nitions ��	 and ����

���� REMARKS� But let us �rst comment on the axioms�

Seven of them are taken from Henson ��	
� p � f� �� f� and �� f�
� sometimes
slightly modi�ed� namely axioms �� �� �� �� 	�� 		� and 	�� But Henson also
in practice use assumptions similar to some of the other �ve axioms given here�
without calling them axioms�

Axiom 	 guarantees that T is not chosen unnecessarily large� It makes HT �

� into
the smallest superstructure which contains the range of ��

Axiom � guarantees that � is a proper extension� Without it� and without any
similar axiom for some in�nite set other than N � � might be the identity map� It
is suitable to use a countably in�nite set such as N here� With a larger in�nite set�
we cannot do nonstandard arithmetic� for example�

Axiom � is a strong statement� which we use to establish that the restriction of
� to S is an inclusion map� Together with other axioms� it also implies that S � T
�thus justifying calling � an �extension�
� and that � is injective� �See �	
 and ��

of Proposition ��� and �	
 of Proposition ����


Axiom � has perhaps no immediate intuitive appeal� but it has a natural inter�
pretation for ultrapower extensions �see De�nition ���� and Proposition ����
 and
it is convenient to use� It can be expressed as� �Elements of internal sets are inter�
nal�� �See De�nitions ���� and ��
 of Proposition �����
� It may also be expressed
as� �The universe of internal elements is transitive��

Axiom � is one half the preservation of ranks� �Compare ��
 of Proposition ����


Axioms ��	� are of algebraic nature� They say that � preserves some important
algebraic relations� They are used to derive the transfer principle �Theorem ��	��

Actually we could replace axioms �� �� and 	� with the transfer principle�� but since
we have to go through a bunch de�nitions of formulas and satisfaction �De�nitions
��	�
 before we can state the transfer principle� it is simpler to leave these three
axioms as they are�

In Axiom �� the assumptions that A� and �B are m�ary and k�ary relations�
respectively� turns out to be super�uous� by ��
 of Proposition ��	�� But we need
Axiom � to derive this� so we must leave the assumptions as they are� A similar
remark can be made about Axiom 	��

Since axioms � and 	� both deal with the membership relation� one might suspect
that one of these axioms is super�uous� But I cannot see how one of them could
be derived from the other eleven axioms�

In Axiom 	�� we have restricted the membership relation to HS�

n � for n � ��

We must have some kind of restriction� because membHS�

� does not lie in HS�

� � A
similar remark applies to the �generalized diagonals� in Axiom 		�

��As far as I can see� we cannot replace more axioms than these three with the transfer
principle�



��

Proposition ��	� generalizes Axiom 	� to omission of an arbitrary coordinate�
not just the last one�

���� PROPOSITION�

�	
 �s ! s for all s � S��
��
 S � T and S� � T �

��
 T � ! T � f�g�

��
 HT �

� is the superstructure over T �

PROOF� If s � S� then �s ! s� by Axiom �� Also� by Axiom �� �� ! ��� n�
 !
�
� n �

� ! �� so �
� ! ��

Thus� �	
 holds�

To obtain ��
� let s � S� ! HS�

� � Then� by �	
 and Axiom �� s ! �s � HT �

� ! T ��
Hence� s � T �� It follows that S� � T �� and hence that S ! S�nf�g � T �nf�g ! T �

Thus� ��
 holds�
Since � � S�� ��
 follows immediately from the De�nition ��� and ��
�
��
 now follows from ��
� ��
� and de�nitions ��	 and ���� �

���� PROPOSITION� If A�B � HS�

� n S� and if a � HS�

� � then�

�	
 ��A 	 B
 ! �A 	 �B�
��
 A ! � if and only if �A ! ��
��
 A � B if and only if �A � �B�
��
 a � A if and only if �a � �A�

PROOF� �	
 follows from Axiom �� If A�B � HS�

� nS� then ��A	B
 ! ��A n �A n
B

 ! �A n ��A nB

 ! �A n � �A n �B
 ! �A 	 �B�

To prove ��
� �	
 of Proposition ��� gives �� ! �� On the other hand� If A �! ��

then a � A for some a � HS�

� � Thus� by Axiom �� �a � �A� so �A �! ��
Thus� ��
 holds�
��
 follows from Axiom � and ��
� since A � B is equivalent to A n B ! �� and

similarly for �A � �B�
To prove ��
� we notice that the direct part follows from Axiom �� To get the

converse part� assume that a 
� A� Then� a � HS�

n nA� for some n� Then� by axioms

� and �� �a � �HS�

n n �A� Thus� �a 
� �A� Hence� the converse part of ��
 holds�
Thus� ��
 holds� �

���� PROPOSITION�

�	
 � is an injective map�

��
 For all x � HS�

� � rS
�

�x
 ! rT
�

� �x
�

��
 �HS�

n � HT �

n � for all n�

PROOF� To prove �	
� pick x� y � HS�

� and assume that �x ! �y� If x � S� then�
by �	
 of Proposition ���� �y ! �x ! x� and� by Axiom �� x ! y� Similarly if y � S�

Assume� then� that x� y � HS�

� n S� Then �x ! �y means that �x � �y and
�y � �x� Hence� by ��
 of Proposition ���� x � y and y � x� that is� x ! y�

We have proved that x ! y in all cases� Hence� �	
 holds�

Next� put n ! rS
�

�x
� Then� n � 	� We now prove ��
 by induction on n�

It follows from �	
 of Proposition ��� that rT
�

� �x
 ! 	 if rS
�

�x
 ! 	� Thus� the
statement is true for n ! 	�



�


Assume now that the statement is true for some n � 	� and pick x � HS�

� with

rS
�

�x
 ! n"	� Then x � HS�

n��nS� and� by Axiom �� �x � HT �

n��� so rT
�

� �x
 � n"	�

Now� there is a y � HS�

� such that y � x and rS
�

�y
 ! n� Thus� by the induction

hypothesis� rT
�

� �y
 ! n� Also� �y � �x� by Axiom �� Then� since �y � HT �

� �
�x 
� T � It follows that rT

�

� �x
 � n " 	�

Hence� rT
�

� �x
 ! n " 	 ! rS
�

�x
� ��
 now follows by induction�

��
 follows from ��
� rT
�

� �HS�

n 
 ! rS
�

�HS�

n 
 ! n " 	� If �HS�

n � T � then n ! ��

and �HS�

� ! �
� ! �� by ��
 of Proposition ���� But � 
� T � Hence� �HS�

n 
� T �

It follows that rT
�

�x
 � n for all x � �HS�

n � which implies that �HS�

n � HT �

n � �

��	�� PROPOSITION� Let A � HS�

� n S� Then�

�	
 ��diagA
 ! diag �A� and ��membA
 ! memb �A�

��
 If A � HS�

� n S is �nite� A ! fa�� a�� � � � � amg� then �A !
f �a��

�a�� � � � �
�amg�

Also� �ha�� a�� � � � � ami ! h �a��
�a�� � � � �

�ami
��
 ��Am
 ! � �A
m� for all m � ��

��
 For any m� k � �� If A � �HS�

n 
m� for some n � �� then �A � � �HS�

n 
m �

�HT �

n 
m�

PROOF� First� we choose n such that A � HS�

n � To prove �	
� we see that �A �
�HS�

n � by ��
 of Proposition ����
The following argument proves ��diagA
 ! diag �A� and if we just use Axiom 	�

instead of Axiom 		� and change diag to memb everywhere� this argument proves
��membA
 ! memb �A instead�

By Axiom 		 and De�nitions ���� ��diagHS�

n 
 ! diag ��HS�

n 
� Also� by axioms �
and �� ��A�
 ! ��A� �A�
 ! ��A�
� ��A�
 ! � �A
� � � �A
� ! � �A
��

Then� it follows from �	
 of Proposition ��� that ��diagA
 ! ��A�	 diagHS�

n 
 !
��A�
 	 ��diagHS�

n 
 ! � �A
� 	 diag ��HS�

n 
 ! diag �A� Thus� �	
 holds�

To prove the �rst part of ��
� we �rst prove that �fag ! f �ag for all a � HS�

� �

Clearly� fag � HS�

� n S� Since fag is singleton� we have diag fag ! fag� � fag��
Hence� by �	
 and axioms � and �� diag �fag ! � �fag
�� � �fag
�� But this implies
that �fag has at most one element� By Axiom �� �a � �fag� so �fag ! f �ag�

We now prove the �rst part of ��
 by induction on m� It holds for m ! �� by ��


of Proposition ���� If it holds for m� and if A ! fa�� a�� � � � � am� am��g � HS�

� n S�
put B ! fa�� a�� � � � � amg� Then by Axiom �� the case just proved� and the induc�
tion hypothesis� �A ! ��B � fam��g
 ! �B � �fam��g ! f �a��

�a�� � � � �
�amg �

f �am��g ! f �a��
�a�� � � � �

�am�
�am��g�

Thus� by induction� the �rst part of ��
 holds�
The second part of ��
 follows by repeated applications of the �rst part� since

ha�� a�� � � � � ami ! fff	g� f	� a�gg� ff�g� f�� a�gg� � � � � ffmg� fm� amggg�
and similarly for h �a��

�a�� � � � �
�ami� using that �k ! k for all k � N � S� by

�	
 of Proposition ���� Thus� ��
 holds�
We prove ��
 by induction on m�
A� ! � �A
� ! fh ig ! f�g� and �f�g ! f�g� by ��
 of Proposition ���� and ��
�

Hence� ��A�
 ! � �A
��
Now� assume that ��Am
 ! � �A
m� for some m � �� Then� by axioms � and ��

��Am��
 ! ��Am � A�
 ! ��Am
 � ��A�
 ! � �A
m � � �A
� ! � �A
m��� Thus�
��Am��
 ! � �A
m���



��

��
 now follows by induction�
��
 now follows from ��
 of Proposition ���� ��
� and ��
 of Proposition ���� �

��		� PROPOSITION� �S ! T and �S� ! T ��

PROOF� We �rst prove that �S� ! T �� That �S� � T � is a special case of ��
 of

Proposition ���� Conversely� T ! �X for some X � HS�

� � by Axiom 	� rS
�

�X
 ! ��
by ��
 of Proposition ���� so X 
� S� Put X � ! X � f�g� Then� by Axiom ��
��
 of Proposition ���� and ��
 of Proposition ��	�� we obtain �X � ! �X � f�g !

T � f�g ! T �� Again� by ��
 of Proposition ���� rS
�

�X �
 ! ��

Then� X � � HS�

� ! S�� so ��
 of Proposition ��� gives T � ! �X � � �S�� Thus�
�S� ! T ��

Next� S ! S� n f�g and T ! T � n f�g� so by Axiom �� ��
 of Proposition ���� ��

of Proposition ��	�� and the above case� �S ! T � �

��	�� PROPOSITION� Let � � f	� �� � � � �mg 
 f	� �� � � � � kg� for some m� k � ��

and assume that A � �HS�

n 
m� for some n � ��

Then� �fha�� a�� � � � � aki � �HS�

n 
k j ha	���� a	���� � � � � a	�m�i � Ag !

fha�� a�� � � � � aki � � �HS�

n 
k j ha	���� a	���� � � � � a	�m�i �
�Ag�

PROOF� First� �A � � �HS�

n 
m� by ��
 of Proposition ��	��
If m ! �� then� either A ! � or A ! fh ig� and then �A ! � and �A ! f�g�

respectively� by ��
 of Proposition ��� and � of Proposition ��	�� What is claimed

in these cases is then �
� ! � or ���HS�

n 
k
 ! � �HS�

n 
k� which hold� by ��
 of
Proposition ��� and ��
 of Proposition ��	��

So� assume that m � 	�
Consider the set

B ! ��HS�

n 
k � A

�

�	mi��fha�� a�� � � � � ak� ak��� � � � � ak�mi � �HS�

n 
k�m j a	�i� ! ak�ig
�

By axioms �� �� and 		� �	
 of Proposition ���� and ��
 of Proposition ��	��

�B ! �� �HS�

n 
k � �A

�

�	mi��fha�� a�� � � � � ak� ak��� � � � � ak�mi � � ��HS�

n 

k�m j a	�i� ! ak�ig
�

Also� it is clear that

fha�� a�� � � � � aki � �HS�

n 
k j ha	���� a	���� � � � � a	�m�i � Ag

! 	k��
�k��

�	k��
�k��

� � � �	k�m
�k�m

�B

 � � � 
�

and

fha�� a�� � � � � aki � � �HS�

n 
k j ha	���� a	���� � � � � a	�m�i �
�Ag

! 	k��
�k��

�	k��
�k��

� � � �	k�m
�k�m

� �B

 � � � 
�

The conclusion now follows by repeated applications of Axiom 	�� �



��

��	�� PROPOSITION� Let A � HS�

� be an m " 	�ary relation for some m � ��
Then� for any i� 	 � i � m " 	� ��	m��

�i
�A

 ! 	m��

�i
� �A
�

PROOF� A � �HS�

n 
m��� for some n� We de�ne � � f	� �� � � � �m�m " 	g 

f	� �� � � � �m�m" 	g by

��j
 !

���
��

j� if 	 � j � i�

m " 	� if j ! i�

j � 	� if i � j � m " 	�

Then�

	m��
�i

�A
 ! 	m��
�m��

�fha�� a�� � � � � am� am��i � �HS�

n 
m�� j

ha	���� a	���� � � � � a	�m�� a	�m���i � Ag
�

and� by ��
 of Proposition ��	��

	m��
�i

� �A
 ! 	m��
�m��

�fha�� a�� � � � � am� am��i � � �HS�

n 
m�� j

ha	���� a	���� � � � � a	�m�� a	�m���i �
�Ag
�

The conclusion now follows from Proposition ��	� and Axiom 	�� �

We have now gathered enough material to be able to prove the transfer principle�
But �rst� we need to make some de�nitions�

��	�� DEFINITIONS� As variables over S we use the symbols x�� x�� � � � � We use
X�� X�� � � � as variables over T �

An atomic formula over S is an expression of the type hxi� � xi� � � � � � ximi � A�
where m � �� xi� � xi� � � � � � xim are �not necessarily distinct
 variables over S� and

A � HS�

� is an m�ary relation�
We de�ne formula over S recursively by the following�

�i
 An atomic formula over S is a formula over S�

�ii
 If � and � are formulas over S� xi is a variable over S� and B � HS�

� n S�
then ��� �� � �
� �� � �
� ��
 �
� ��� �
� ��xi � B
�� and ��xi � B
�
are formulas over S�

�iii
 A formula over S can be proved to be one using only �i
 and �ii
�

Atomic formulas and formulas over T are de�ned similarly� with T substituted
for S everywhere above� and using variables over T instead of over S�

When confusion cannot arise� we sometimes will not write out the outermost
parentheses around a formula�

We regard formulas involving �� 
� �� and � as abbreviations for formulas
involving only �� �� and �� by the following �expansion� rules�

�� � �
 is an abbreviation of ���� � ��
�

��
 �
 is an abbreviation of ��� � �
�

��� �
 is an abbreviation of ������ � �
 � ���� � �

�

��xi � B
� is an abbreviation of ���xi � B
���



��

for formulas over S� and similarly for formulas over T � with Xi instead of xi�
We also sometimes write

�� � �� � �� instead of ��� � ��
 � ��� and

�� � �� � �� � �� instead of ���� � ��
 � ��
 � ��� etc�

and likewise�

�� � �� � �� instead of ��� � ��
 � ��� and

�� � �� � �� � �� instead of ���� � ��
 � ��
 � ��� etc�

where ��� ��� � � � are formulas either over S or over T �
An occurrence of a variable xi in a formula � over S is called bounded in � if it

occurs within a subformula of � of the type ��xi � B
� or ��xi � B
�� where �
is a formula� over S� itself� An occurrence of xi in � is called free in � if it is not
bounded in �� Similarly for a variable over T in a formula over T �

Now� let a�� a�� � � � � ak � HS�

� � for some k � �� and let � be a formula over
S� such that all free variables in � �that is� all variables which have free occur�
rences in �
 are among x�� x�� � � � � xk� �We do not require that all these variables
have free occurrences in �� only that no other variables have�
 We then say that

ha�� a�� � � � � aki � HS�

� satis�es � if� recursively� either

�i
 � is atomic� hxi� � xi� � � � � � ximi � A� and hai� � ai� � � � � � aimi � A�
�ii
 � is ��� and ha�� a�� � � � � aki does not satisfy ��
�iii
 � is � � �� and ha�� a�� � � � � aki satis�es at least one of � and ��
�iv
 � is ��xi � B
�� and there exists an ak�� � B such that ha�� a�� � � � � ak� ak��i

satis�es ��� where � is obtained from � thus�
If xi is xk��� then �� is �� Otherwise� let l be the smallest number such

that the variable xl occurs neither in � nor among x�� x�� � � � � xk� Then� re�
place every occurrence of xk�� in � by xl� and then replace every occurrence
of xi in � by xk��� The resulting formula is then ���

�v
 � is � � �� � 
 �� � � �� or ��xi � B
�� and ha�� a�� � � � � aki satis�es
��� where �� is obtained from � by using the appropriate �expansion rule�
above�

We use the following notation� We write a formula over S as ��x�� x�� � � � � xk
 if
we want to indicate that all free variables in � are among x�� x�� � � � � xk� for some
k � �� For a�� a�� � � � � ak � HS�

� � we then write ��a�� a�� � � � � ak
 if ha�� a�� � � � � aki
satis�es ��x�� x�� � � � � xk
�

A sentence over S is formula � over S with no free variables� Such a � is true if
the ��tuple h i ! � satis�es it� Otherwise� � is false�

We make the corresponding de�nitions for formulas over T �

Now� let � be a formula over S� For every variable xi over S� replace every occur�
rence of xi in � with Xi� Also� for every m�ary relation A � HS�

� �m � �
� replace

every occurrence of A in � with �A� �Then� �A � HT �

� is an m�ary relation� by

��
 of Proposition ��	��
 Likewise� for any set B � HS�

� n S in �� replace every

occurrence of B in � with �B �which lies in HT �

� n T � by ��
 of Proposition ��� and
Proposition ��		
�

The result is a formula over T which we denote ��� and which we call the
��transform of ��



��

We write the ��transform of ��x�� x�� � � � � xk
� as ���X�� X�� � � � � Xk
�

��	�� REMARKS� There are� of course� many similarities to ordinary formulas in
predicate logic� We have the same connectives �� �� �� 
� �� and the same quan�
ti�ers � and �� with the usual interpretations� negation� disjunction� conjunction�
implication� equivalence� and the existential and universal quanti�ers� There are
di�erences� though� The major di�erence is that the quanti�ers here are bounded�
i�e� the quanti�er expressions have the forms �xi � B and �xi � B� where B is a
set� For the reason to this restriction� see Remarks ��	��

The change of variable in �iv
 above is admittedly not very beautiful� It is one
attempt to solve a problem which probably does not a have any really nice solution�

For example� consider the formula ��x� � S
 hx�� x�i � S� over S� Its only free
variable is x�� Therefore� the question whether a 	�tuple ha�i satis�es this formula
or not� should be meaningful� And the answer should be yes if and only if there
exists an a� � S such that ha�� a�i � S�� But a� should be substituted for the
variable x� in the formula hx�� x�i � S�� not for x� in hx�� x�i � S�� We choose to
solve this problem by simply change the bounded variable to x��

An alternative approach would be to assign variables to a formula before we
ask whether or not an m�tuple satis�es it� For example� if � denotes the formula
hx�� x�i � N � S� then the questions whether or not ha�� a�i satis�es ��x�� x�
 and
��x�� x�
� respectively� may have di�erent answers� This makes the de�nition of
satisfaction more complicated� and we have not chosen this approach�

Notice also that the number m for which is meaningful to ask whether or not an
m�tuple satis�es a given formula is not uniquely determined by the formula� Any
m such that the formula has no free occurrences of any xk with k 
 m will do�

��	�� THEOREM� �Transfer Principle
� Let ��x�� x�� � � � � xk
 be a formula over S�

�k � ��� whose free variables are among x�� x�� � � � � xk� and let C � HS�

� be a k�ary
relation� Then

�	


�fha�� a�� � � � � aki � C j��a�� a�� � � � � ak
g !

fha�� a�� � � � � aki �
�C j ���a�� a�� � � � � ak
g�

��
 For all b�� b�� � � � � bk � HS�

� � ��b�� b�� � � � � bk
 if and only if
��� �b��

�b�� � � � �
�bk
�

��
 If � is a sentence in S� then � is true if and only if �� is�

PROOF� We prove �	
 by induction on the complexity of ��x�� x�� � � � � xk
�
If ��x�� x�� � � � � xk
 is atomic� hxi� � xi� � � � � � ximi � A� then ���X�� X�� � � � � Xk
 is

hXi� � Xi� � � � � � Ximi �
�A�

Choose n � � such that C � �HS�

n 
m� Then� by ��
 of Proposition ��	�� �C �

� �HS�

n 
m�
Then�

�fha�� a�� � � � � aki � C j��a�� a�� � � � � ak
g !

��C 	 fha�� a�� � � � � aki � �HS�

n 
k j hai� � ai� � � � � � aimi � Ag
�



��

and

fha�� a�� � � � � aki �
�C j ���a�� a�� � � � � ak
g !

�C 	 fha�� a�� � � � � aki � � �HS�

n 
k j hai�� ai� � � � � � aimi �
�Ag�

That these two are equal follows from �	
 of Proposition ��� and Proposition
��	�� Thus� the statement is true if � is atomic�

Next� let ��x�� x�� � � � � xk
� ��x�� x�� � � � � xk
� and ��x�� x�� � � � � xk� xk��
 be for�
mulas over S� and assume that

�fha�� a�� � � � � aki � C j��a�� a�� � � � � ak
g !

fha�� a�� � � � � aki �
�C j ���a�� a�� � � � � ak
g�

and

�fha�� a�� � � � � aki � C j��a�� a�� � � � � ak
g !

fha�� a�� � � � � aki �
�C j ���a�� a�� � � � � ak
g�

Then� if ��x�� x�� � � � � xk
 is ���x�� x�� � � � � xk
� ���X�� X�� � � � � Xk
 is
� ���X�� X�� � � � � Xk
�

Thus�

�fha�� a�� � � � � aki � C j��a�� a�� � � � � ak
g !
�fha�� a�� � � � � aki � C j ���a�� a�� � � � � ak
g !

��C n fha�� a�� � � � � aki � C j��a�� a�� � � � � ak
g
 !
�C n �fha�� a�� � � � � aki � C j��a�� a�� � � � � ak
g !
�C n fha�� a�� � � � � aki �

�C j ���a�� a�� � � � � ak
g !

fha�� a�� � � � � aki �
�C j � ���a�� a�� � � � � ak
g !

fha�� a�� � � � � aki �
�C j ���a�� a�� � � � � ak
g�

using the induction hypothesis� the de�nition� and Axiom ��
Thus the statement is true if ��x�� x�� � � � � xk
 is ���x�� x�� � � � � xk
�
If ��x�� x�� � � � � xk
 is ��x�� x�� � � � � xk
 � ��x�� x�� � � � � xk
� then

���X�� X�� � � � � Xk
 is ���X�� X�� � � � � Xk
 � ���X�� X�� � � � � Xk
�
Thus�

�fha�� a�� � � � � aki � C j��a�� a�� � � � � ak
g !
�fha�� a�� � � � � aki � C j��a�� a�� � � � � ak
 � ��a�� a�� � � � � ak
g !
��fha�� a�� � � � � aki � C j��a�� a�� � � � � ak
g

�fha�� a�� � � � � aki � C j��a�� a�� � � � � ak
g
 !
�fha�� a�� � � � � aki � C j��a�� a�� � � � � ak
g

� �fha�� a�� � � � � aki � C j��a�� a�� � � � � ak
g !

fha�� a�� � � � � aki �
�C j ���a�� a�� � � � � ak
g

�fha�� a�� � � � � aki �
�C j ���a�� a�� � � � � ak
g !

fha�� a�� � � � � aki �
�C j ���a�� a�� � � � � ak
 � ���a�� a�� � � � � ak
g

fha�� a�� � � � � aki �
�C j ���a�� a�� � � � � ak
g�



��

using the induction hypothesis� the de�nition� and Axiom ��
Hence� the statement is true in this case too�
Next� assume that ��x�� x�� � � � � xk
 is ��xk�� � B
��x�� x�� � � � � xk� xk��
� Then�

���X�� X�� � � � � Xk
 is ��Xk�� �
�B
 ���X�� X�� � � � � Xk� Xk��
�

Assume �as induction hypothesis
 that

�fha�� a�� � � � � ak� ak��i � C �B� j��a�� a�� � � � � ak� ak��
g !

fha�� a�� � � � � ak� ak��i �
��C �B�
 j ���a�� a�� � � � � ak� ak��
g�

Now�

�fha�� a�� � � � � aki � C j �ak�� � B � ��a�� a�� � � � � ak� ak��
g !

��	k��
�k��

�fha�� a�� � � � � ak� ak��i � C �B� j��a�� a�� � � � � ak� ak��
g

�

and�

fha�� a�� � � � � aki �
�C j �ak�� �

�B � ��a�� a�� � � � � ak� ak��
g !

	k��
�k��

�fha�� a�� � � � � ak� ak��i �
�C � � �B
� j ���a�� a�� � � � � ak� ak��
g
�

That these two are equal follows from axioms �� �� and 	�� the de�nition� and
the induction hypothesis� Thus� the statement is true also in this case� The case
when ��x�� x�� � � � � xk
 is ��xi � B
� and i �! k"	� can be reduced to the preceding
case by a change of variables� as in �iv
 in the de�nition�

Finally� if ��x�� x�� � � � � xn
 is � � �� � 
 �� � � �� or ��xi � B
�� then we can
use the appropriate expansion rule to reduce it to the cases above�

Thus� �	
 holds�
To obtain ��
� it is clear that ��b�� b�� � � � � bk
 holds if and only if

f ha�� a�� � � � � aki � fhb�� b�� � � � � bkig j ��a�� a�� � � � � ak
 g ! fhb�� b�� � � � � bkig�

Similarly� ��� �b��
�b�� � � � �

�bk
 holds if and only if

f ha�� a�� � � � � aki � fh
�b�

�� b�� � � � �
�bkig j ���a�� a�� � � � � ak
 g !

fh �b��
�b�� � � � �

�bkig�

��
 now follows from �	
� and ��
 of Proposition ��	��
��
 is a special case of ��
 �k ! �
� �

��	�� REMARKS� In �	
 of the transfer principle� it is necessary to restrict the

formula to a relation C� The reason is that the set o� all ha�� a�� � � � � aki � �HS�

� 
m

satisfying the formula might not lie in HS�

� � This is the case for the formula
� hx�i � �

� over S� for example�
In the induction step in the proof of �	
 of the transfer principle� for a formula of

the form ��xk�� � B
��x�� x�� � � � � xk� xk��
� we use Axiom 	�� Now� if we did not
have bounded quanti�ers� but just �xk�� instead of �xk�� � B� Axiom 	� would
not be applicable� This is why we only have bounded quanti�ers� It is di�cult
to see how we could change the theory so that we could prove a transfer principle
where we have unbounded quanti�ers�



��

The most common is that one uses the sets HS�

n �n � �
 as bounds for quanti�ers
�in formulas over S
�

��	�� REMARKS� In the next proposition� we prove that functions behave as they
should under the map �� These results are important if we want to generalize the
atomic formulas in De�nitions ��	� to include function symbols and constants� and
extend the transfer principle to formulas of this type too� We will not get into
this here� and we will not use any such formulas is this text� so we leave to the
interested reader to work out the details� It should be pointed out� however� that
one in practice needs such formulas if one uses NSA in some �eld which contains a lot
of functions� because otherwise� many formulas would be too long to comprehend�
In some of the formulas later in this chapter and in Chapter �� this �comprehension
limit� is approached� but� hopefully� the reader will not think that this limit is
exceeded�

Nevertheless� we give the proposition�

��	�� PROPOSITION� Let A�B�C � HS�

� be m�ary� k�ary� and l�ary relations�
respectively� for some m� k� l � �� and let f � A 
 B and g � B 
 C be functions�
Then�

�	
 �f is a function� �f � �A
 �B� with graph G �f ! �Gf �
��
 ��f�a�� a�� � � � � am

 ! � �f
� �a��

�a�� � � � �
�am
� for all ha�� a�� � � � � ami �

A�
��
 ��f �D

 ! � �f
� �D
 for all D � A� In particular� �Rf ! R �f �
��
 f is injective �surjective� bijective� if and only if �f is�
��
 ��g � f
 ! �g � �f �
��
 ��idA
 ! id�A

��
 f has an inverse if and only if �f has� and if these inverses exist� ��f��
 !
� �f
���

��
 If D � A and f �D
 � E � B� and if h is the restriction of f to D and E�
then �h is the restriction of �f to �D and �E�

PROOF� Let us once for all choose n � � such that A � �HS�

n 
m� B � �HS�

n 
k�

and C � �HS�

n 
l�

Then� �A � � �HS�

n 
m� �B � � �HS�

n 
k� and �C � � �HS�

n 
l� by ��
 of Proposition
��	��

Now� to obtain �	
� Gf � A � B� Hence� by ��
 of Proposition ��� and Axiom

�� �Gf �
�A� �B� Hence �Gf � � �HS�

n 
m�k�

Now� since f � A 
 B is a function� the following sentence over S is true� if
k � 	�

��x� � HS�

n 
��x� � HS�

n 
 � � � ��xm � HS�

n 
�hx�� x�� � � � � xmi � A


��xm�� � HS�

n 
��xm�� � HS�

n 
 � � � ��xm�k � HS�

n 


��xm�k�� � HS�

n 
��xm�k�� � HS�

n 
 � � � ��xm��k � HS�

n 


�hx�� x�� � � � � xm� xm�k��� xm�k��� � � � � xm��ki � Gf

� �hxm��� xm�k��i � diagHS�

n � hxm��� xm�k��i � diagHS�

n � � � �

� hxm�k� xm��ki � diagHS�

n 


�



��

Then� by the ��
 of the transfer principle� using �	
 of Proposition ��	�� the following
sentence over T is also true�

��X� �
�HS�

n 
��X� �
�HS�

n 
 � � � ��Xm � �HS�

n 
�hX�� X�� � � � � Xmi � A


��Xm�� �
�HS�

n 
��Xm�� �
�HS�

n 
 � � � ��Xm�k �
�HS�

n 


��Xm�k�� �
�HS�

n 
��Xm�k�� �
�HS�

n 
 � � � ��Xm��k �
�HS�

n 


�hX�� X�� � � � � Xm� Xm�k��� Xm�k��� � � � � Xm��ki �
�Gf

� �hXm��� Xm�k��i � diag �HS�

n � hXm��� Xm�k��i � diag �HS�

n � � � �

� hXm�k� Xm��ki � diag �HS�

n 


�

Since �f ! �hA�Gf � Bi ! h �A� �Gf �
�Bi� by ��
 of Proposition ��	�� all this means

that �f is a function� �f � �A 
 �B� with graph G �f ! �Gf � This is true also
if k ! �� because then Gf ! A� �Gf ! �A� and either B ! f�g ! �B or
B ! � ! �B � in which case also A ! � ! �A � ��
 of Proposition ��� and ��
 of
Proposition ��	� were used here�
�

Thus� �	
 holds�
It follows from �	
� Axiom �� and ��
 of Proposition ��	� that

ha�� a�� � � � � am� am��� am��� � � � � am�ki � Gf

implies
h �a��

�a�� � � � �
�am�

�am���
�am���

�am�ki � G �f �

This means that f�a�� a�� � � � � am
 ! ham��� am��� � � � � am�ki implies that
� �f
� �a��

�a�� � � � �
�am
 ! h �am���

�am��� � � �
�am�ki� Thus� ��
 holds�

To obtain ��
� we �rst note that if C � A� then �C � �A� by ��
 of Proposition
����

Now�

f �D
 ! fhx�� x�� � � � � xki � B j

��xk�� � HS�

n 
��xk�� � HS�

n 
 � � � ��xk�m � HS�

n 


�hxk��� xk��� � � � � xk�mi � D � hxk��� xk��� � � � � xk�m� x�� x�� � � � � xki � Gf 
g�

Thus� by �	
 of the transfer principle� and �	
�

��f �D

 ! fhX�� X�� � � � � Xki �
�B j

��Xk�� �
�HS�

n 
��Xk�� �
�HS�

n 
 � � � ��Xk�m � �HS�

n 


�hXk��� Xk��� � � � � Xk�mi �
�D � hXk��� Xk��� � � � � Xk�m� X�� X�� � � � � Xki � G �f 
g

! � �f
� �D
�

Hence� ��
 holds�
To prove ��
� f is injective if and only if the following sentence over S is true� if

m � 	�

��x� � HS�

n 
��x� � HS�

n 
 � � � ��x�m�k � HS�

n 


�hx�� x�� � � � � xm� x�m��� x�m��� � � � � x�m�ki � Gf�

hxm��� xm��� � � � � x�m� x�m��� � � � � x�m�ki � Gf 
 


�hx�� xm��i � diagHS�

n � hx�� xm��i � diagHS�

n � � � � � hxm� x�mi � diagHS�

n 

�



��

Using that ��diagHS�

n 
 ! diag �HS�

n � by �	
 of Proposition ��	�� and using �	
� we
see that �f is injective if and only if the ��transform of this sentence is true�

Thus� it follows from ��
 of the transfer principle that f is injective if and only
if �f is�

This holds also if m ! �� because then� by �	
� both Df ! A and D �f ! �A are
��ary relations� and then both f and �f are injective�

Since� by �	
� surjectivity of f and �f means that Rf ! B and R �f ! �B�
respectively� it follows from ��
 that f is surjective if and only if �f is�

That f is bijective if and only if �f is� now follows from the previous cases�
��
 is proved�
For ��
� it follows from �	
 that ��g � f
 and �g � �f are functions with domain

�A and codomain �C� and that �Gg	f ! G��g	f�� We must prove that G��g	f� !
G �g	 �f � To do this� let ��x�� x�� � � � � xm�l
 be the following formula over S�

��xm�l�� � HS�

n 
��xm�l�� � HS�

n 
 � � � ��xm�l�k � HS�

n 


�hx�� x�� � � � � xm� xm�l��� xm�l��� � � � � xm�l�ki � Gf �

hxm�l��� xm�l��� � � � � xm�l�k� xm��� xm��� � � � � xm�li � Gg
�

It is clear that

Gg	f ! fha�� a�� � � � � am� c�� c�� � � � � cli � A� C j

��a�� a�� � � � � am� c�� c�� � � � � cl
g�

and� by �	
�

G �g	 �f ! fha�� a�� � � � � am� c�� c�� � � � � cli �
�A� �C j

���a�� a�� � � � � am� c�� c�� � � � � cl
g�

Now� by the above� it follows from �	
 of the transfer principle and Axiom �� and
�	
� that G��g	f� ! �Gg	f ! G �g	 �f �

Hence� ��
 holds�
To prove ��
� It is clear from �	
 that �idA is a function with domain and

codomain �A� We must prove �GidA ! Gid�A �
If m ! �� then A ! � or A ! fh ig ! f�g� By Remarks ��	�� GidA ! � or

GidA ! f�g� respectively� Thus� all we have to prove in theses cases is that �� and
�f�g ! f�g� But these are true� by ��
 of Proposition ��� and ��
 of Proposition
��	��

So� assume that m � 	�
Then�

GidA ! �A�A

�
	mi��fha�� a�� � � � � a�mi � �HS�

n 
�m j ai ! am�ig�

and likewise

Gid �A
! � �A� �A


�
	mi��fha�� a�� � � � � a�mi � � �HS�

n 
�m j ai ! am�ig�

Now� it follows from axioms � and 		� and �	
 of Proposition ���� that �GidA !
Gid �A

�



�


Thus� ��
 holds�
To prove ��
� It follows from ��
 that f has an inverse if and only if �f has� If so�

it follows from �	
 that ��f��
 is a function with the same domain and codomain
as � �f
��� that is �B and �A� respectively�

We must prove that G ��f��� ! G� �f��� �
It follows from �	
 and Proposition ��	� that

G ��f��� ! �fhb�� b�� � � � � bk� a�� a�� � � � � ami � �HS�

n 
k�m j

ha�� a�� � � � � am� b�� b�� � � � � bki � Gfg !

fhb�� b�� � � � � bk� a�� a�� � � � � ami � � �HS�

n 
k�m j

ha�� a�� � � � � am� b�� b�� � � � � bki � G �fg ! G� �f��� �

��
 now follows�
To obtain ��
� It follows from �	
 that �h is a function with domain �D and

codomain �E� That �D � �A and �E � �B follows from ��
 of Proposition ����
Since Gh � Gf � ��
 of Proposition ��� and �	
 also give G �h � G �f � But this
implies that G �h is the restriction of G �f to �D and �E� that is� ��
 holds� �

We now introduce four central concepts in NSA�

����� DEFINITIONS� Let b � HT �

� �

b is called standard if b ! �a� for some a � HS�

� � b is called nonstandard if it is
not standard�

b is called internal if b � �A for some A � HS�

� n S� b is called external if it is
not internal�

���	� PROPOSITION� Let A � HS
� n S� Then�

�	
 f �a j a � Ag � �A� with equality if A is �nite�
The inclusion in proper if N � A �which holds e�g� if A is in�nite and

can be well ordered� see Chapter ���
��
 All elements in �A n f �a j a � Ag �if there are any� are nonstandard�
��
 f �a j a � Ng ! N � �

N �proper inclusion�� and all elements in �
N n N are

nonstandard�

PROOF� The �rst part of �	
� and ��
� follow easily from ��
 of Proposition ���
and ��
 of Proposition ��	�� We wait with the second part of �	
� and prove ��

�rst� Since N � S� the �rst part of ��
 follows from �	
 of Proposition ���� the �rst
part of �	
� and Axiom �� The second part then follows from ��
�

To prove the second part of �	
� That equality holds in �	
 if A is �nite is a part
of ��
 of Proposition ��	��

It remains to prove that �A n f �a j a � Ag is nonempty if N � A�
That N � A means that there is an injective function f � N� 
 A�� Now� it

follows from �	
� ��
 and ��
 of Proposition ��	�� Axiom �� and �	
 of Proposition
���� that �f � � �N
� 
 � �A
� is an injective function� and that � �f
�n
 ! ��f�n


for all n � N �

By ��
� we can pick p � �
N n N � Assume� to get a contradiction� that � �f
�p
 !

h �ai� for some a � A� Since �f is injective� � �f
�n
 �! h �ai for all n � N �
Thus� for any �xed n � N � h �a� ni does not satisfy the following formula over T �

hX�� X�i � G �f �



��

Thus� by ��
 of the transfer principle� backwards� �	
 of Proposition ���� and
�	
 of Proposition ��	�� ha� ni does not satisfy this formula over S� hx�� x�i �
Gf � This holds for all n � N � so hai satis�es the following formula over S�
���x� � N
 hx� � x�i � Gf � Thus� by ��
 of the transfer principle� forwards� ��

of Proposition ��	�� and �	
 of Proposition ��	�� that h �ai satis�es the formula
���X� �

�
N
hX� � X�i � G �f � But this contradicts � �f
�p
 ! h �ai�

Therefore� the assumption that � �f
�p
 ! h �ai for some a � A is false� which
means that � �f
�p
 � � �A
� n fh �ai j a � Ag� Hence� �A n f �a j a � Ag �! �� which
completes the proof� �

The usage of the transfer principle in the above proof� going back and forward�
is typical for many arguments in NSA� For example� in nonstandard real analysis�
one gives alternative de�nitions of limits and derivatives� without using � and �� To
prove that these de�nitions are equivalent to the standard ones� one uses arguments
of this kind� �See e�g� Cutland� �	
� p� �� f�


����� DEFINITIONS� The elements in �
N are called hypernatural numbers� We say

nonstandard natural number instead of nonstandard hypernatural number� Some�
times� we also say standard natural number instead of �ordinary
 natural number�

We will return to hypernatural numbers towards the end of this chapter� Mainly
because we need them to de�ne hyper�nite sets �De�nition ����
�

����� REMARKS� The internal elements in HT �

� are the only elements whose values
the variables in the ��transform of a formula over S can adopt� Thus� one can say
that the external elements is �unreachable� by ��transforms� or that transformed
formulas only �talk about� internal elements�

It is therefore important to be able to decide whether or not a given element is
internal� Therefore� we prove some important results about internal elements� The
key result is the internal de�nition principle �Theorem ����
�

By ��
 of Proposition ���� below� all external elements are �sets� and not �ure�
lements�� Thus� there is no point of talking about external elements� but only to
talk about external sets�

����� PROPOSITION�

�	
 All standard elements b � HT �

� are internal�

��
 If A � HT �

� n T is internal� then every element b � A is internal�
��
 All elements in T � are internal�

PROOF� To prove �	
� if b � HT �

� is standard� then b ! �a for some a � HS�

� � But

a � HS�

n for some n� Hence b ! �a � �HS�

n � by Axiom ��
Thus� b is internal�
��
 follows from Axiom ��
Since S� 
� S� ��
 follows from Proposition ��		 and the de�nitions� �

����� THEOREM� Let n � ��

�	
 If n � 	 and x � �HS�

n n T � then x � �HS�

n���

��
 �HS�

n is the set of all internal elements in HT �

n �

��
 For all m � �� If A � �HT �

n 
m is internal� then A � � �HS�

n 
m�



��

��
 If A � HS�

� n S� then �P�A
 is the set of all internal subsets of �A�
Thus� �P�A
 � P� �A
�

PROOF� If n � 	� we note that for k � n� the following sentence over S is true�

�$
 ��x� � HS�

n 
��x� � HS�

k 
�hx�� x�i � membHS�

k 
 hx�i � �HS�

n��

�
�

Then� by ��
 of the transfer principle� �	
 of Proposition ��	�� and Axiom �� the
following sentence over T is true�

�$$
 ��X� �
�HS�

n 
��X� �
�HS�

k 
�hX�� X�i � memb �HS�

k 
 hX�i � � �HS�

n��
�
�

Now� let x � �HS�

n nT � and pick y � x� By Axiom �� y � �A� for some A � HS�

� nS�

But A � HS�

m � for some m� Put k ! max�m�n
� Then� A � HS�

k � Hence� by ��


of Proposition ���� �A � �HS�

k � and y � �HS�

k � Also� �HS�

n � �HS�

k � by ��
 of
Proposition ���� Applying �$$
 with this k� and with x as X� and y as X�� we get

y � �HS�

n��� This holds for all y � x� so x � �HS�

n��� Thus� �	
 holds�
We prove ��
 by induction on n�
For n ! �� the statement reduces to the triviality � ! �� by ��
 of Proposition

����
Assume now that the statement is true for some n � ��
First� let x � �HS�

n��� By de�nition� x is internal� and by ��
 of Proposition ����

x � HT �

n���

Conversely� assume that x � HT �

n�� is internal� If x � T �� then x � �HS�

n��� by

Proposition ��		 and ��
 of Proposition ���� Otherwise� x �! �� and x � HT �

n �

Then� for every y � x� y � HT �

n and y is internal� by ��
 of Proposition ����� Thus�

by the induction hypothesis� y � �HS�

n � for all y � x�

Next� since x is internal� x � �C� for some C � HS�

� n S� Then� C � HS�

m � for
some m which could be chosen so that m � n " 	� Then� it follows from ��
 of

Proposition ��� that x � �HS�

m � and hence that y � �HS�

m�� �
�HS�

m for all y � x�
by �	
� and ��
 of Proposition ����

Now� the following sentence over S is true�

��x� � HS�

m 


���x� � HS�

m��
�hx�� x�i � membHS�

m 
 hx�i � �HS�

n 
�
 
 hx�i � �HS�

n��
�
�

Then� by ��
 of the transfer principle� its ��transform is also true� which is� by
�	
 of Proposition ��	�� and Axiom ��

��X� �
�HS�

m 


���X� �
�HS�

m��
�hX�� X�i � memb �HS�

m 
 hX�i � � �HS�

n 
�
 
 hX�i � � �HS�

n��
�
�

Hence� x � �HS�

n�� follows in this case too�

So� for all internal x � HT �

n��� x � �HS�

n���

Thus� �HS�

n�� is the set of all internal elements in HT �

n���
��
 now follows by induction�



��

��
 is clear if m ! �� If m 
 � and A � �HT �

n 
m is internal� then it follows from
de�nitions ���� ��� and ���� and several applications of ��
 of Proposition ����� that

all elements in C�A
 are internal� Thus� by ��
� A � � �HS�

n 
m�
Hence� ��
 holds�

To prove ��
� let A � HS�

� nS and put n ! rS
�

�A
� Then� n � 	 and rS
�

�P�A

 !

n " 	� By ��
 of Proposition ���� rT
�

� �A
 ! n and rT
�

� �P�A

 ! n " 	� Now�
P�A
 
� S and P�A
 	 S ! �� Hence� by ��
� �	
 and ��
 of Proposition ���� and
Proposition ��		� �P�A
 
� T and �P�A
 	 T ! �� and also� �A 
� T � Then� by
de�nition and ��
 of Proposition ����� all elements in �A� in �P�A
� and in elements

in �P�A
 �if there are any
� are internal elements in HT �

� � and their T ��ranks are
at most n � 	� n� and n � 	� respectively� Thus� by ��
� all elements in �A lie in
�HS�

n��� all elements in �P�A
 lie in �HS�

n � and all elements in elements in �P�A


lie in �HS�

n��� Also� by ��
� all internal subsets of �A lie in �HS�

n n T � since they lie

in HT �

n n T � Also� �HS�

n�� �
�HS�

n � by ��
 of Proposition ����
Now� the following sentence over S is true�

��x� � HS�

n 
�hx�i � �P�A

� � �� hx�i � S� �

��x� � HS�

n��
�hx�� x�i � membHS�

n 
 hx�i � A�


�

Thus� by ��
 of the transfer principle� its ��transform is true� that is �using Propo�
sition ��		� �	
 of Proposition ��	� and Axiom �
�

��X� �
�HS�

n 
�hX�i � � �P�A

� � �� hX�i � T � �

��X� �
�HS�

n��
�hX�� X�i � memb �HS�

n 
 hX�i � � �A
�


�

By the above considerations� this means that �P�A
 is the set of all internal subsets
of �A� Thus� ��
 holds� �

The following theorem is crucial for the proof of the internal de�nition principle�
and it is also useful for obtaining many other results�

����� THEOREM� Let C � HS�

� be an m " 	�ary relation� for some m � ��
Then

�fha�� a�� � � � � am� am��i � C j ha�� a�� � � � � ami � am��g !

fha�� a�� � � � � am� am��i �
�C j ha�� a�� � � � � ami � am��g�

PROOF� There is an n such that C � �HS�

n 
m��� This n can be chosen so that

n � �� Then� by ��
 of Proposition ��	�� �C � � �HS�

n 
m�� � �HT �

n 
m���
For each i �	 � i � m
� let �i be the following formula over S� which intuitively

asserts that�	 xm�� ! ffig� fi� xigg� given that xi � HS�

n and xm�� � HS�

n�� n S�

��xm�� � HS�

n��
�hxm��� xm��i � membHS�

n�� � �� hxm��i � S� �

���xm�� � HS�

n��
�hxm��� xm��i � membHS�

n�� � xm�� � fig


� ��xm�� � HS�

n��
�hxm��� xm��i � membHS�

n��

� �xm�� � fig � hxm��� xii � diagHS�

n 




�

��We say intuitively asserts� because we cannot say that ha�� a�i satis
es the formula if a� �
ffig� fi� a�gg� because the free variables are not x� and x�� If we change variables so that these
become the free variables� then ha�� a�i will satisfy the formula� if the S��ranks are the right ones�



��

Then� by Axiom �� �	
 and ��
 of Proposition ��	�� �	
 of Proposition ���� and
Proposition ��		� ��i is�

��Xm�� �
�HS�

n��
�hXm��� Xm��i � memb �HS�

n�� � �� hXm��i � T � �

���Xm�� �
�HS�

n��
�hXm��� Xm��i � memb �HS�

n�� � Xm�� � fig


� ��Xm�� �
�HS�

n��
�hXm��� Xm��i � memb �HS�

n��

� �Xm�� � fig � hXm��� Xii � diag �HS�

n 




�

Using ��
 of Proposition ���� and ��
 of Theorem ����� we see that �� intuitively

asserts that Xm�� ! ffig� fi�Xigg� given that Xi �
�HS�

n and Xm�� �
�HS�

n�� nT �
Next� let ��x�� x�� � � � � xm� xm��
 be the following formula over S�

��xm�� � HS�

n�� n S
�hxm��� xm��i � membHS�

n �

��xm�� � HS�

n��
�hxm��� xm��i � membHS�

n�� �

�� hxm��i � S� � �xm�� � � � �� � �� � � � � � �m



�

By axioms � and �� Proposition ��		� �	
 of Proposition ��	�� and ��
 of Propo�
sition ���� �� is

��Xm�� �
�HS�

n�� n T 
�hXm��� Xm��i � memb �HS�

n �

��Xm�� �
�HS�

n��
�hXm��� Xm��i � memb �HS�

n�� �

�� hXm��i � T � � �Xm�� � � � ��� �
��� � � � � �

��m



�

Now� for ha�� a�� � � � � am� am��i � C � �HS�

n 
m��� ha�� a�� � � � � ami � am��

implies ha�� a�� � � � � ami � HS�

n�� �this holds also if m ! �� since n � � and

h i ! � � HS�

� 
� and ai � HS�

n��� for all i �	 � i � m
�
It follows that� for ha�� a�� � � � � am� am��i � C� ��a�� a�� � � � � am� am��
 holds if

and only if ha�� a�� � � � � ami � am��� �We put in the clause xm�� � � in � in order
to get this to work also in the case m ! ��


Repeating this argument with T instead of S� and using ��
 of Proposition ����
and ��
 of Theorem ���� several times each� we obtain that for
ha�� a�� � � � � am� am��i � �C� ���a�� a�� � � � � am� am��
 holds if and only if
ha�� a�� � � � � ami � am���

The desired conclusion now follows from �	
 of the transfer principle� �

Next� we state and prove the internal de�nition principle� We have to divide it into
two parts� because we strictly uphold the di�erence between a set A and the set A�

of 	�tuples from A�

����� THEOREM� �Internal De�nition Principle
� Let ��x�� x�� � � � � xk�m
 be a

formula over S� and let b�� b�� � � � � bm � HT �

� be internal �k�m � ��� Then�

�	
 If C � HS�

� is a k�ary relation� then the set

fha�� a�� � � � � aki �
�C j ���a�� a�� � � � � ak� b�� b�� � � � � bm
g

is internal�
��
 If k ! 	 and A � HS�

� n S� then the set

fa � �A j ���a� b�� b�� � � � � bm
g

is internal�



��

PROOF� We give a proof of �	
� The proof of ��
 can then be obtained from the
proof of �	
 by going through it� line by line� and make the following changes�

Put k ! 	�

Write a instead of a� and instead of ha�� a�� � � � � aki�

Write A instead of C� except possibly in formulas �see the next paragraph
�

In the formulas� write A� instead of C� and � �A
� instead �C� except when C
occurs in C�� and �C in � �C
�� in which cases the previous paragraph should apply�

Write HS�

n instead of �HS�

n 
k� and remove the second sentence of the proof�

Write n instead of n " �� and n " 	 instead of n " ��

Remove the sentences de�ning D and characterizing �D� respectively� Elsewhere�
write membHS�

n�� instead of D and memb �HS�

n�� instead of �D� and use Axiom 	�

to obtain ��membHS�

n��
 ! memb �HS�

n���

This transforms the proof of �	
 into a proof of ��
� although this proof of ��
 can
be simpli�ed�

The proof of �	
 goes as follows�

Choose n � � such that C � �HS�

n 
k� By ��
 of Proposition ��	�� �C � � �HS
n 
k �

�HT �

n 
k�

Now� C � HS�

n�� �this is also true for k ! �
� and� by ��
 of Proposition ��� and

��
 of Proposition ���� �C � �HS�

n�� � HT �

n��

Furthermore� for every subset M � C� M � HS�

n��� and for every internal subset

U � �C� we obtain likewise U � �HS�

n��� using the above and ��
 of Theorem �����

Next� put

D ! fha�� a�� � � � � ak� ak��i � �HS�

n��

k�� j ha�� a�� � � � � aki � ak��g�

By Theorem ���� and ��
 of Proposition ��	��

�D ! fha�� a�� � � � � ak� ak��i � � �HS�

n��
k�� j ha�� a�� � � � � aki � ak��g�

Now� for each i �	 � i � m
� there exists a set Bi � HS�

� n S such that bi �
�Bi�

since bi is internal� Since bi �
�Bi� ��
 of Proposition ��� gives Bi �! ��

Choose b�i � Bi for each i �	 � i � m
� and put

M ! fha�� a�� � � � � aki � C j ��a�� a�� � � � � ak� b
�
�� b

�
�� � � � � b

�
m
g�

Since M � C� M � HS�

n���

Since the b�i � Bi �	 � i � m
 were arbitrary� it follows from the de�nition of D
that the following sentence over S is true� since it simply asserts the existence of a
set such as M for each choice of b�i � Bi �	 � i � m
�

��xk�� � B�
��xk�� � B�
 � � � ��xk�m � Bm
��xk�m�� � HS�

n�� n S


���xk�m�� � HS�

n��
�hxk�m��� xk�m��i � membHS�

n�� 
 hxk�m��i � C�
�

��x� � HS�

n 
��x� � HS�

n 
 � � � ��xk � HS�

n 
�hx�� x�� � � � � xk� xk�m��i � D�

�hx�� x�� � � � � xki � C � ��x�� x�� � � � � xk� xk��� � � � � xk�m



�



��

Hence� by ��
 of the transfer principle� its ��transform is also true� The ��transform
is� by axioms �� �� and 	�� and Proposition ��		�

��Xk�� �
�B�
��Xk�� �

�B�
 � � � ��Xk�m � �Bm
��Xk�m�� �
�HS�

n�� n T 


���Xk�m�� �
�HS�

n��
�hXk�m��� Xk�m��i � memb �HS�

n�� 
 hXk�m��i � � �C
�
�

��X� �
�HS�

n 
��X� �
�HS�

n 
 � � � ��Xk �
�HS�

n 
�hX�� X�� � � � � Xk� Xk�m��i �
�D �

�hX�� X�� � � � � Xki �
�C � ���X�� X�� � � � � Xk� Xk��� � � � � Xk�m



�

It follows that there exists a set U � �HS�

n�� n T � which hence is internal� such that
the following holds�

��Xk�m�� �
�HS�

n��
�hXk�m��� Ui � memb �HS�

n�� 
 hXk�m��i � � �C
�
�

��X� �
�HS�

n 
��X� �
�HS�

n 
 � � � ��Xk �
�HS�

n 
�hX�� X�� � � � � Xk� Ui �
�D �

�hX�� X�� � � � � Xki �
�C � ���X�� X�� � � � � Xk� b�� b� � � � � bm


�

From this� the above considerations� and several applications of ��
 of Proposition
���� and ��
 of Theorem ����� it follows that

U ! fha�� a�� � � � � aki �
�C j ���a�� a�� � � � � ak� b�� b�� � � � � bm
g�

which is therefore internal�
Thus �	
 holds� and we obtain a proof of ��
 by doing as described above� �

����� COROLLARIES�

�	
 If A�B � HT �

� n T are internal� then A �B� A nB� and A	B are internal�

��
 Let a�� a�� � � � am � HT �

� �m � ��� Then� the following conditions are equiv�
alent�

�a
 All ai �	 � i � m� are internal�
�b
 fa�� a�� � � � � amg is internal�
�c
 ha�� a�� � � � � ami is internal�

��
 All kinds of omitting� repeating� and permuting variables preserve internal�
ity�

More precisely� let A � HT �

� be an internal m�ary relation� for some
m � �� and let i�� i�� � � � � ik �k � �
 be� not necessarily distinct� integers
among 	� �� � � � �m� Let j�� j�� � � � � jl be those integers� now distinct� among
	� �� � � � �m which do not occur among i�� i�� � � � � ik�

Finally� let B be the set of all hai� � ai� � � � � � aiki for which there exist
aj� � aj� � � � � � ajl such that ha�� a�� � � � � ami � A�

Then� B is an internal k�ary relation in HT �

� �

��
 If A � HT �

� is an internal m�ary relation �m � ��� then 	mi �A
 �	 � i � m�

is an internal set in HT �

� n T �

��
 If A � HT �

� is an m�ary relation and if B � HT �

� is a k�ary relation �m� k �
��� then A and B are internal if and only if A� B is internal�

��
 For each m � 	 and each A � HT �

� n T � A is internal if and only if Am is
internal�



��

��
 Let A�B�C � HT �

� m�ary� k�ary� and l�ary relations� respectively �m� k� l �
��� Also� let f � A
 B and g � B 
 C be a functions� Then�

�a
 f is internal if and only if both the codomain B and the graph Gf are
internal�

If f is internal� then A ! Df and Rf are internal too�
�b
 If f is surjective and Gf is internal� then f is internal�
�c
 If f and g are internal� then g � f is internal�
�d
 A is internal if and only if idA is internal�
�e
 If f has an inverse f��� then f is internal if and only if f�� is internal�

PROOF� To prove �	
� Let A�B � HT �

� n T be internal� Choose n such that

A�B � HT �

n � Then� n � 	� By ��
 of Theorem ����� A�B � �HS�

n �

Next� we apply ��
 of the internal de�nition principle and �	
 of Proposition
��	�� to obtain that the following sets are internal�

fa � �HS�

n�� j ha�Ai � memb �HS�

n � ha�Bi � memb �HS�

n g�

fa � �HS�

n�� j ha�Ai � memb �HS�

n � � ha�Bi � memb �HS�

n g�

fa � �HS�

n�� j ha�Ai � memb �HS�

n � ha�Bi � memb �HS�

n g�

But� by ��
 of Proposition ����� and �	
 and ��
 of Theorem ����� these sets are
A �B� A nB� and A 	B� respectively� These sets are therefore internal�

Thus� �	
 holds�

To prove ��
� we �rst note that the implication �b
 � �a
 follows immediately
from ��
 of Proposition �����

Next� we prove that if a � HT �

� is internal� then so is fag�

If a � HT �

� is internal� then a � �HS�

n for some n � 	� by ��
 of Theorem �����

Then� we apply ��
 of the internal de�nition principle and �	
 of Proposition

��	� to obtain that the set fb � �HS�

n j ha� bi � diag �HS�

n g is internal� But this set
is fag� Thus� fag is internal�

Now� we prove the implication �a
 � �b
 by induction on m� If m ! �� then this is
trivially true� since � is internal� by ��
 of Proposition ����� Assume that the impli�

cation holds for m � �� and assume that a�� a�� � � � am� am�� � HS�

� are internal� By
the induction hypothesis� fa�� a�� � � � � amg is internal� and by the case just proved�
fam��g is internal� Thus� by �	
� fa�� a�� � � � � am� am��g ! fa�� a�� � � � amg�fam��g
is internal�

By induction �a
 � �b
�

Hence� �a
 � �b
�

Next� since all i � N are internal� by ��
 of Proposition ����� the equivalence
�a
 � �c
 now follows by � successive applications� in each direction� of the equiv�
alence �a
 � �b
� using De�nitions ����

It follows that �a
� �b
� and �c
 are equivalent� that is� ��
 holds�

To obtain ��
� assume that A is an internal m�ary relation� and that i�� i� etc�

are as in the statement� Then� A � ��HS�

n 
m and A � �HS�

n�� for some n � �� by
��
 and ��
 of Theorem �����

Put

D ! fha�� a�� � � � � ak� ak��i � �HS�

n��

k�� j ha�� a�� � � � � aki � ak��g�



��

Now� we apply �	
 of the internal de�nition principle� and �	
 and ��
 of Proposition
��	�� to obtain that the set

fhc�� c�� � � � � cki � � �HS�

n 
k j ��X� �
�HS�

n 
��X� �
�HS�

n 
 � � � ��Xm � �HS�

n 


�hc�� Xi�i � diag �HS�

n � hc�� Xi�i � diag �HS�

n � � � � � hck� Xiki � diag �HS�

n

� hX�� X�� � � � � Xm� Ai �
�D
g

is internal� Using ��
 of Proposition ��� and Theorem ����� we see that this set is

the desired set� which is therefore an internal set in HT �

� �
Thus� ��
 holds�

��
 follows in the same way as ��
� with k ! 	� using membHS�

n�� instead of D�

c � �HS�

n instead of hc�� c�� � � � � cki � ��HS�

n 
k� and hc�� Xii � diag �HS�

n as the
only term �except the last one
 in the conjunction above� We also refer to Axiom
	� instead of Theorem ����� and ��
 of the internal de�nition principle instead of
�	
�

The converse part of ��
 is just two special cases of ��
� To obtain the direct

part� we use ��
 and ��
 of Theorem ���� to �nd an n such that A � � �HS�

n 
m and

B � � �HS�

n 
k� and A�B � �HS�

n�� n T �
We de�ne D� and D� as

D� ! fha�� a�� � � � � ak� am��i � �HS�

n��

m�� j ha�� a�� � � � � ami � am��g�

D� ! fha�� a�� � � � � ak� ak��i � �HS�

n��
k�� j ha�� a�� � � � � aki � ak��g�

Now� we apply �	
 of the internal de�nition principle and ��
 of Proposition ��	�
to obtain that the set

fha�� a�� � � � � am�ki � � �HS�

n 
m�k j

ha�� a�� � � � � am� Ai �
�D� � ham��� am��� � � � � am�k� Bi �

�D�g

is internal�
By ��
 of Proposition ���� ��
 of Proposition ��	�� and Theorem ����� this set is

A�B� which is therefore internal�
Thus� ��
 holds�
To obtain ��
� we see that the converse part is a special case of ��
�
It su�ces to prove the direct part for m ! 	� because then� the general case will

follow easily by induction using ��
�

So� let A � HT �

� n T be internal� ��
 of Theorem ����� ��
 of Proposition ����

and ��
 of Proposition ���� then give an n such that A � �HS�

n � �HS�

n�� and

A � �HS�

n���
Now� we apply �	
 and ��
 of Proposition ��	�� and �	
 of the internal de�nition

principle� to obtain that the set

fhai � � �HS�

n 
� j ha�Ai � memb �HS�

n��g

is internal� But by the above� this set is A��
Thus� ��
 holds�



��

To obtain ��
� It is clear from ��
 that f ! hA�Gf � Bi is internal if and only if
A� Gf � and B all are internal�

But if Gf is internal� then� by taking appropriate projections in ��
� A ! Df

and Rf are internal�
�a
 follows from these considerations� and so does �b
� since B ! Rf if f is

surjective�
To obtain �c
� If f and g are internal� then A� B� C� Gf � and Gg are all internal�

by �a
� Therefore� it su�ces to show that Gg	f is internal� by �a
�
By ��
� Gf �C and A�Gg are internal� Hence� by �	
� �Gf �C
 	 �A�Gg
 is

internal�
Now� Gg	f is the set of all ha�� a�� � � � � am� c�� c�� � � � � cli for which there exist

b�� b�� � � � � bk such that ha�� a�� � � � � am� b�� b�� � � � � bk� c�� c�� � � � � cli � �Gf � C
 	
�A�Gg
� By ��
� Gg	f is internal� Hence� �c
 holds�

To obtain �d
� The converse part follows directly from �a
�
To get the direct part� assume that A is internal� Since A is the codomain of

idA� it su�ces to prove that GidA is internal� by �a
�
Now� GidA is the set of all ha�� a�� � � � � am� a�� a�� � � � � ami such that ha�� a�� � � � � ami

� A� Thus� by ��
� GidA is internal� and �d
 holds�
To obtain �e
� If f has an inverse f��� then it follows from ��
 that Gf is internal

if and only if Gf�� is� since all elements in Gf��can be obtained from elements in
Gf by permuting variables� and vice versa�

Since f and f�� are surjective� �e
 follows from �a
 and �b
�
Thus� ��
 holds� �

We conclude this chapter by giving a few results on hypernatural numbers� In
particular� we de�ne hyper�nite set �De�nition ����
� which we will need in the
de�nition of enlargement in Chapter � �De�nition ��	�
�

We also get our �rst two examples of external sets� N and �
N nN �see Proposition

����
�

����� REMARKS� Consider the ordinary strict total ordering relation � on N � As
usual� we write a � b instead of ha� bi �� for all a and b� and likewise for ���

That � is a strict total order on N means that the following sentence over S is
true�

��x� � N
��x� � N
��x� � N
��x� � x� � ��x� � x� � x� � x�
 
 x� � x�
�

�x� � x� � x� � x� � hx�� x�i � diagN

�

By �	
 and ��
 of Proposition ��	� and ��
 of Proposition ���� �� is a binary relation
on �

N �
If we apply ��
 of the transfer principle� and �	
 of Proposition ��	�� to the

sentence above� we then see that �� is a strict total order on �
N � Also� if j� k � N �

then j � k if and only if j �� k� by �	
 of Proposition ���� ��
 of Proposition ��	�
and ��
 of Proposition ����

By ��
 of Proposition ���	� this means that � is the restriction of �� to N �
Also� we� as usual� de�ne the �nonstrict
 total order relation � on N by putting

k � l if and only if k � l or k ! l� for all k� l � N �
By the same reason as for ��� �� is a binary relation on �

N �



�


By applying ��
 of the transfer principle� and �	
 of Proposition ��	� to the true
sentence �over S


��x� � N
��x� � N
�x� � x� � �x� � x� � hx�� x�i � diagN

�

we see that �� has the same relation to � as � has to ��� Therefore� �� is a
nonstrict total order on �

N � and � is the restriction of �� to N �
As usual� we may also write a 
 b instead of b � a and a � b instead of a 
 b or

a ! b� for a� b � N � These relations� and �
 and ��� have similar properties�

����� DEFINITION� A subset of A � �
N is called bounded if there is an m � �

N

such that k �� m for all k � A�

The following proposition explains why we may call the nonstandard natural num�
bers �in�nite�� It says that N is an initial segment of �

N � with respect to ���

���	� PROPOSITION� If k � N and m � �
N n N� then k �� m�

PROOF� Let ��x�
 and ��x�� x�
 be the following formulas over S� respectively�

���x� � N
x� � x�� and

���x� � N
�x� � x� � x� � x�
�

Then ���
 and ��j� j"	
 hold� for all j � N � By ��
 of the transfer principle and �	

of Proposition ���� ����
 and ���j� j " 	
 hold� for all j � N � This means that no
hypernatural number is smaller than �� nor lies between two consecutive standard
natural numbers �remembering that � is the restriction of the total ordering relation
�� on �

N to N
�
Then� if k � N and m � �

N n N � we must then have m �� k or k �� m� since ��
is a total ordering relation on �

N � If m �� k� then there must be a smallest l � N

such that m �� l � If l ! �� this contradicts that ����
 holds� Hence� l ! j " 	 for
some j � N such that j �� m� But this contradicts that ���j� j " 	
 holds�

This contradiction gives that k �� m must hold� �

����� PROPOSITION� For every m � �
N� the set fj � �

N j 	 �� j � j �� mg is
internal�

PROOF� By de�nition and ��
 of Proposition ���	� 	 and m are internal� The
conclusion then follows by ��
 of the internal de�nition principle� �

����� REMARKS� If m � N � then the set in Proposition ���� is Nm ! �
Nm �see

De�nition ���
� by �	
 of Proposition ���	� Proposition ���� and Proposition ���	�
since � is the restriction of �� to N �

Thus� the following de�nition will agree with the usual de�nition� for m � N �

����� DEFINITION� For each m � �
N � Nm denotes the �internal
 set in Proposition

�����



��

����� PROPOSITION�

�	
 Every nonempty internal set of hypernatural numbers has a smallest ele�
ment� with respect to ���

��
 Every nonempty bounded internal set of hypernatural numbers has a greatest
element� with respect to ���

PROOF� �	
 follows by applying ��
 of the transfer principle to the true sentence
�over S


��x� � P�N
 n f�g
��x� � N
��x� � N


��hx�� x�i � membHS�

� � x� � x�
 � hx�� x�i � diagN
�

using ��
 and ��
 of Theorem ����� Axiom �� ��
 and ��
 of Proposition ���� and
�	
 and ��
 of Proposition ��	��

��
 follows by applying the same argument as in �	
 to the true sentence �over
S


��x� � P�N
 n f�g
���x� � N
��x� � N
�hx� � x�i � membHS�

� 
 x� � x�
 


��x� � N
��x� � N
��hx� � x�i � membHS�

� � x� � x�
 � hx�� x�i � diagN

�

�

����� PROPOSITION �Spillover Principle for Hypernatural Numbers
�

�	
 Every internal set of hypernatural numbers which contains arbitrarily large
standard natural numbers� contains some nonstandard natural number�

Thus� N is external�
��
 There exists no smallest nonstandard natural number� and every internal

set of hypernatural numbers which contains arbitrarily small nonstandard
natural numbers� contains some standard natural number�

Thus� �N n N is external�

PROOF� �	
 follows directly from ��
 of Proposition �����
If m was the smallest nonstandard natural number� then N ! �Nm �f�g
 n fmg�

by Proposition ���	� But then� N would be internal� by Proposition ���� and �	

and ��
 of Corollaries ����� This contradicts �	
� so no such m exists�

The remainder of ��
 now follows directly from this� and �	
 of Proposition �����
�

����� REMARKS� There is also a spillover principle for hyperreal numbers� �See
e�g� �	
� p� ��


��
 of Proposition ���� may also be called the �spillunder� principle�

����� DEFINITION� A set A � HT �

� n T is said to be hyper�nite if there exists an
m � �

N and an internal bijection f � Nm
� 
 A��

����� PROPOSITION� Every hyper�nite set A � HT �

� n T is internal�

PROOF� This follows immediately from De�nition ����� and ��
 �a
 and ��
 of
Corollaries ����� �



��

����� PROPOSITION� If A is a �nite set of internal elements in HT �

� � then A is
hyper�nite�

PROOF� Assume that A ! fa�� a�� � � � � amg is �nite� where each ai is an internal

element in HT �

� �	 � i � m
� Since N � S� �	
 of Proposition ���� �	
 of Proposition
����� and ��
 of Corollaries ���� give that each hi� aii is internal� Again� by ��
 of
Corollaries ����� G ! fh	� a�i� h�� a�i� � � � � hm� amig is internal� But G is the graph
of a bijection f � Nm

� 
 A�� By � �b
 of Corollaries ����� f is internal� Hence� A
is hyper�nite� �

The �nal two results in this chapter are used in the proof of Theorem ��	�� They
make it possible to use hyper�nite sets without invoking bijections from sets of
hypernatural numbers�

���	� THEOREM� Let M � HS�

� n S� and let A be the set of all elements in M n S
which are �nite sets�

Then �A is the set of all elements in �M n T which are hyper�nite sets�

PROOF� For each n � 	 �n � �
� let Fn ! fha� b� ci � �HS�

n��
� j ha� bi � cg� By

Theorem ���� and ��
 of Proposition ��	�� �Fn ! fha� b� ci � � �HS�

n��
� j ha� bi � cg�
Next� let �n�x�� x�
 be the following formula over S�

��x� � HS�

n�� n S
���x� � HS�

n��
�hx�� x�i � membHS�

n�� 
 hx�i � ��HS�

n 
�
�
�

��x	 � HS�

n 
��x
 � HS�

n 
�hx	� x
� x�i � Fn 
 �hx	� x�i � membHS�

n�� �

hx
� x�i � membHS�

n��
 � ��x� � HS�

n 
�hx�� x�i � membHS�

n�� 


��x
 � HS�

n 
��x�� � HS�

n 
 �hx�� x��� x�i � Fn � hx
� x��i � diagHS�

n 

�

��x�� � HS�

n 
�hx��� x�i � membHS�

n�� 


��x�� � HS�

n 
��x�� � HS�

n 
 �hx��� x��� x�i � Fn � hx��� x��i � diagHS�

n 



�

For B�C � HS�

n � �n�B�C
 holds if and only if there exists a bijection f � C� 
 B��
�Intuitively� x� is the graph of this bijection� and it is su�cient to establish that
such a graph exists�


Then� it follows from� Axiom �� Proposition ��		� ��
 of Proposition ����� ��

and ��
 of Theorem ����� �	
 and ��
 of Proposition ��	�� and ��
 �a
 and ��
 �b


of Corollaries ����� that if B�C � �HS�

n are internal� then ��n�B�C
 holds if and
only if there exists an internal bijection f � C� 
 B��

Next� let �n�x�
 be the following formula over S�

��x� � P�N

���x� � N
��x� � N
��x	 � f	g
�hx�� x�i � membHS�

n�� �

�x	 � x� � x� � x�

 � �n�x�� x�

�

Then� for B � HS�

n � �n�B
 holds if and only if B is �nite� Also� it follows from the
above� De�nition ����� ��
 and ��
 of Theorem ����� �	
 and ��
 of Proposition ��	��
�	
 of Proposition ���� ��
 of Proposition ���� and ��
 �a
 and ��
 �b
 of Corollaries

����� that for an internal set B � �HS�

n � HT �

n � ���B
 holds if and only if B is
hyper�nite�

Now� choose n � 	 such that M � HS�

n��� and let A be the set of all elements in

M n S which are �nite sets� Then� �A � �M � �HS�

n��� by ��
 of Proposition ����



��

Now� the following sentence over S is true�

��x� � HS�

n��
�x� � A� �x� �M n S � �n�x�


�

Its ��transform is then also true� by ��
 of the transfer principle� This ��transform
is� by Axiom � and Proposition ��		�

��X� �
�HS�

n��
�X� �
�A� �X� �

�M n T � ��n�X�


�

Now� if B � �A� then B � �HS�

n�� n T � by the above� Axiom �� and Proposition

��		� It follows that B is an internal subset of �HS�

n � by �	
 of Theorem ����� This
holds for all B � �A�

If� instead� B � �M nT � �HS�

n��� then� by ��
 of Theorem ����� B is an internal

subset of �HS�

n �
It follows from the above considerations that �A is the set of all elements in

�M n T which are hyper�nite sets�
The desired conclusion now follows from ��
 of the transfer principle� �

����� COROLLARY� Let A � HS�

� n S�

Then� A is a subset of HS�

� n S whose elements are �nite sets if and only if �A

is a subset of HT �

� n T whose elements are hyper�nite sets�

PROOF� ��
� �	
� and ��
 of Proposition ���� and Proposition ��		� give �A 
� T �
and A 	 S ! � if and only if �A 	 T ! ��

Let B be the set of all elements in AnS which are �nite sets� Then� by Theorem
���	 and Axiom �� �B is the set of all elements in �A n T which are hyper�nite
sets� Now� B ! A if and only if �B ! �A� by �	
 of Proposition ����

The desired conclusion now follows� �



��

CHAPTER �

Filters and Ultra�lters

In this short chapter� we give the most important properties of �lters and ultra�l�
ters� These will be used in Chapter �� where we use an ultra�lter to construct a
proper nonstandard extension of a superstructure� called an ultrapower extension�

��	� DEFINITIONS� Let X be a nonempty set� A �lter on X is a subset U � P�X

such that�

�	
 X � U �
��
 � 
� U �
��
 If A � U and if A � B � X� then B � U �
��
 If A�B � U � then A 	B � U �

A �lter U on X is called an ultra�lter if there is no �lter V on X such that U � V
�proper subset
�

���� REMARKS� If X is a nonempty set� and if Y � X is nonempty� then it follows
easily from De�nitions ��	 that U ! fZ � X jY � Zg is a �lter on X�

Also� this U is an ultra�lter if and only if Y is a singleton set� For a proper
singleton subset of Y gives rise to a �lter V of the same type such that U � V� and
if Y is a singleton set fxg� then fxg 	 Z ! � for all Z � P�X
 n U � so ��
 and ��

of the De�nitions ��	 implies that U is an ultra�lter�

���� DEFINITIONS� A �lter of the type in Remarks ��� is called a principal �lter
on X�

A �lter on X which is not principal is called a nonprincipal �lter on X�

���� PROPOSITION� Let U be a �lter on X �! �� Then�

�	
 If there is a �nite set A such that A � U � then U is a principal �lter�
��
 If X is �nite� then U is a principal �lter�

PROOF� Assume that there is a �nite set A � U � Choose such a �nite set A with a
minimal number of elements� By ��
 of De�nitions ��	� if A � B � X� then B � U �
Also� for any B � U � A	B � U � by ��
 of De�nitions ��	� Then� by our minimality
assumption� A 	 B ! A� Thus A � B� Hence� for B � X� B � U if and only if
A � B� This means that U is a principal �lter� Hence� �	
 holds�

If X is �nite� then so are all elements in U � Hence� ��
 follows from �	
� �

���� LEMMA� If X �! �� U is a �lter on X� and A � X� then�
Either B 	A 
� U for all B � U � or B nA 
� U for all B � U �

PROOF� If this condition does not hold then there must exist sets B�C � U such
that both B 	 A � U and C n A � U hold� Then� by ��
 of De�nitions ��	�
� ! �B 	A
 	 �C nA
 � U � which contradicts ��
 of De�nitions ��	�

Thus� the condition holds� �



��

���� PROPOSITION� A �lter U on X �! � is an ultra�lter if and only if the
following holds�

For every A � X� exactly one of A � U and X nA � U holds�

PROOF� First� assume that U is an ultra�lter on X� and pick A � X� By Lemma
���� either B 	 A 
� U for all B � U � or B nA 
� U for all B � U �

So� assume �rst that B nA 
� U for all B � U �
Let V be the set of all B � X for which there exists a C � U such that C	A � B�
We show that V is a �lter on X� To do this� we verify �	
#��
 of the de�nition�
�	
 clearly holds� just take C ! X�
If ��
 fails� then C 	 A ! � for some C � U � Then C n A ! C � U � But this

contradicts our assumption�
Thus� ��
 holds�
��
 follows immediately from the de�nition of V�
To obtain ��
� pick B�� B� � V� Then� there are C�� C� � U such that C� 	A �

B�� and C�	A � B�� But� by ��
 for U � C�	C� � U � Since �C�	C�
	A � B�	B��
B� 	 B� � V� Hence� ��
 holds�

Thus� V is a �lter on X�
Also� taking C ! X� we see that A � V�
Next� for all C � U � C 	 A � C� Hence C � V� It follows that U � V� Since U

is an ultra�lter� V ! U � and thus A � U �
If� instead� B 	 A 
� U � for all B � U � then applying the above to A� ! X n A�

we obtain X n A � U � That not both of A � U and X n A � U hold follows easily
from ��
 and ��
 of De�nitions ��	�

Thus� since A � X was arbitrary� the condition holds�
Conversely� assume that the condition holds� Let V be a �lter on X such that

U � V� and pick A � V� By our assumption� either A � U or X n A � U � If
X nA � U � then X nA � V� Since A � V� ��
 of the de�nition� for V� gives � � V�
which contradicts ��
 of the de�nition� Thus� A � U � Since this holds for all A � V�
V ! U �

It follows that U is an ultra�lter� �

���� COROLLARY� If U is an ultra�lter on X �! �� and if A� �A� � � � ��An � U �
�n � 	�� then Ai � U for some i �	 � i � n��

PROOF� We prove this by induction on n� The case n ! 	 is trivial�
Assume that it holds for n� and assume that A� �A� � � � ��An �An�� � U � Put

A ! A� �A� � � � � �An� By Proposition ���� either A � U or X nA � U � If A � U �
then the induction hypothesis gives that Ai � U for some i such that 	 � i � n�

If� instead� X nA � U � then� by ��
 of the de�nition� An�� n A ! �A � An��
 	
�X nA
 � U � Then� by ��
 of the de�nition� An�� � U �

Thus� in any case Ai � U for some i �	 � i � n " 	
�
The desired conclusion now follows by induction� �

���� THEOREM� If the axiom of choice holds� then� For any �lter U on X �! ��
there exists an ultra�lter V on X such that U � V�

PROOF� Let S be the family of all �lters W on X such that U � W� Let S be
partially ordered by set inclusion� ���� Since U � S� S �! ��



��

Now� let T �! � be a chain in S� Let T ! �W�TW� We show that T is a �lter
on X� To do this� we must verify �	
#��
 of De�nitions ��	�

Since X � W for all W � T � X � T � Thus� �	
 holds�
Also� � 
� W� for all W � T � Thus� � 
� T � Hence� ��
 holds�
If A � T � then A � W for some W � T � Then� if A � B � X� ��
� for W� gives

that B � W � T � Thus� ��
 holds�
If A�B � T � then A � W and B � W � for some W�W � � T � Since T is a chain�

we have either W � W � or W � � W� say W � � W� Then B � W too� and ��
� for
W� gives A 	 B � W � T � Thus� ��
 holds�

It follows that T is a �lter on X�
Also� since U � W for all W in T � U � T � Since W � T � for all W � T �

this means that T is an upper bound to the chain T � Since the chain T � S was
arbitrarily chosen� we have proved that every nonempty chain T in S has an upper
bound� This is also true if T ! �� when we could take S as an upper bound� Hence�
by Zorn s lemma� which is equivalent to the axiom of choice �see Chapter �
� S has
a maximal element V� and it easy to see that this means that V is an ultra�lter on
X such that U � V� �

���� DEFINITION� A �lter U on X �! � is called countably incomplete if there
exists a countably in�nite sequence fAng

�
n�� of sets in U such that 	�n��An ! ��

��	�� REMARKS� Clearly� if U �V are �lters on X �! � such that U � V� and if U
is countably incomplete� then so is V�

A countably incomplete �lter must be nonprincipal� because every family of sets
in a principal �lter has an intersection containing a nonempty set such as Y in
Remarks ���� By Proposition ���� then� no countably incomplete �lter contains a
�nite set� and there is no countably incomplete �lter on a �nite set�

��		� PROPOSITION� If X is countably in�nite� then every nonprincipal ultra�lter
on X is countably incomplete�

PROOF� Let U be a nonprincipal ultra�lter on a countably in�nite set X� For
every x � X� �	
 of Proposition ��� gives fxg 
� U � Thus� by Proposition ����
X n fxg � U � for all x � X� Since X is countably in�nite� it can be enumerated�
X ! fx�� x�� x�� � � � g� Now 	�n���X n fxng
 ! ��

Hence� U is countably incomplete� �

��	�� REMARKS� We will now see that one can construct a countably incomplete
ultra�lter on any in�nite set� provided that the axiom of choice holds�

So� assume that the axiom of choice holds� and let X be an in�nite set� Let %X be
the set of all nonempty �nite subsets of X� We will construct a countably incomplete
ultra�lter on %X� Since X and %X have the same cardinality �see Chapter �
� there

is a bijection between X and %X� Applying this bijection� we can then obtain a
countably incomplete ultra�lter on X too�

So� let us construct a countably incomplete ultra�lter on %X� This explicit ultra�
�lter will be used in the proof of Theorem ��	�� to obtain a ��saturated extension
of a given superstructure�

For every %x � %X� put A�x ! f%u � %X j %x � %ug� Next� let V be the set of all %A � %X

for which there is an %x � %X such that A�x � %A�
We prove that V is a �lter on %X� Verifying �	
#��
 of the de�nition� we see that

�	
� ��
� and ��
 are obvious� To obtain ��
� pick %A� %B � V� Then there are %x� %y � %X



��

such that A�x � %A and A�y � %B� Then A�x 	 A�y � %A 	 %B� But it is easy to see that

A�x 	 A�y ! A�x��y� Hence� %A 	 %B � V� Since %A� %B � V were arbitrarily chosen� ��

holds�

We have thus proved that V is a �lter on %X� Also� we see that A�x � V for every
%x � %X�

Next� we show that V is countably incomplete� Since X is in�nite� there is
a countably in�nite sequence fxng

�
n�� of distinct elements from X� For each n

�n � 	
� put %xn ! fxng� and consider the countably in�nite sequence fA�xng
�
n��

of sets from V� If %x � 	�n��A�xn � then %x is a �nite set such that xn � %x for all n
�n � 	
� which is a contradiction� It follows that 	�n��A�xn ! ��

Hence� V is countably incomplete�
Now� by Theorem ���� there is an ultra�lter U on %X such that V � U � and this

U is countably incomplete� by Remarks ��	��
As remarked above� there is now a countably incomplete ultra�lter on X too�
We have thus proved�

��	�� THEOREM� If the axiom of choice holds� and if X is an in�nite set� then
there is a countably incomplete ultra�lter on X�



��

CHAPTER �

Ultrapower Extensions

We will now see how one can construct a proper nonstandard extension of any given
superstructure� This type of extension that we use here is called an ultrapower
extension� This is the most popular type of explicit proper nonstandard extension�
But there are also other types of extensions� For example� one can obtain extensions
using the upward L�owenheim�Skolem�Tarski theorem in model theory ���
� Prop
����� p�	��
�

In this chapter	 the axiom of choice is assumed to hold


��	� REMARK� The idea is to use an ultra�lter to construct a structure which in
a sense is �isomorphic� to a superstructure� and then �transform� this into a true
superstructure� which is a proper nonstandard extension of the original one�

���� DEFINITIONS� Let S be an ��extendable set which contains an N�copy� and
put S� ! S � f�g� �Thus� HS�

� is the superstructure over S�

Let I be an in�nite set� which we call the index set� and let U be a countably

incomplete ultra�lter on I� Such an ultra�lter exists� by Theorem ��	��
We keep S� I� and U �xed in the rest of this chapter�

Let V be the set of all functions x � I 
 HS�

� � for which there is an n � � �which

may depend upon x
 such that fi jx�i
 � HS�

n g � U �
For k elements x�� x�� � � � xk � V �k � �
� we say that x��i
� x��i
� � � � � xk�i


satisfy some condition ��a�� a�� � � � � ak
 almost everywhere� abbreviated a� e�� if the
set M of all i � I such that ��x��i
� x��i
� � � � � xk�i

 holds lies in U ��
 �Thus� for

every x � V � there is an n � � such that x�i
 � HS�

n a�e�

Using that U is a �lter� we see that the condition x�i
 ! y�i
 a�e� �x� y � V 


de�nes an equivalence relation on V �see Chapter �
� We de�ne W as the family of
equivalence classes corresponding to this equivalence relation� This W is called an
ultrapower of HS�

� ��� �x
 denotes the equivalence class in W which contains x � V �

For every a � HS�

� � 	a denotes the equivalence class �x
 � W � where x is the
constant function such that x�i
 ! a for all i � I�

For �x
� �y
 � W � we write �x
 �	 �y
 if x�i
 � y�i
 a�e�� and we write �x
 �	 �y

if x�i
 � y�i
 a�e� and x�i
� y�i
 
� S a�e� It follows from ��
 and ��
 of De�nitions
��	 that these are both well de�ned� i�e� independent of which representatives we
choose from the equivalence classes�

If the function f � �HS�

� 
m 
 HS�

� � for some m � �� is such that to every n � �

there is a k � � such that f ��HS�

n 
m
 � HS�

k � then we say that f is rank consistent�
For such a function� we de�ne the function 	f � Wm 
 W � for all

h�x�
� �x�
� � � � � �xm
i � Wm� by � 	f
��x�
� �x�
� � � � � �xm

 ! �y
� where y�i
 !

��This suggestive terminology is borrowed from measure theory� It has the drawback� though�
that one might think that if a property holds a�e�� then it holds for an overwhelming majority
of the elements in I� This need not be true at all� which we can see if we partition I into� say�
��������� subsets with the same cardinality and then apply Corollary ����

�	Actually� according to the usual de
nition of ultrapower� the condition on n above should
not be there� This condition is necessary here� however�



��

�x��i
� x��i
� � � � � xm�i

� for all i � I� It follows by induction on ��
 and ��
 of
De�nitions ��	� that 	f is well de�ned�

���� REMARKS� The functions f � �HS�

� 
m 
 HS�

� are not of the type in De�nitions
���� and Chapter �� but of the type de�ned in the appendix �Chapter �
� because
its values are not k�tuples� for any k � � �except accidentally
� Also� the domain

of such a function is all of �HS�

� 
m� for some m � �

Functions we view in this way are e�g� �� n� 	 �with domain �HS�

� 
�
� and 	mi
for 	 � i � m� �with domain �HS�

� 
m� for m � �
� See ��
 of Proposition ����

In a natural way� we may identify such a function with domain �HS�

� 
� ! fh ig !
f�g� with a constant� its constant value� Doing this� our two usages of the symbol
	 are consistent with each other��


The reason that we introduce this general type of functions� is that we can use it
to unify some results which we need when we verify that our �nal extension satis�es
the twelve axioms of De�nition ���� and thus substantially shorten this veri�cation�

���� PROPOSITION� Let �x
� �y
 �W � and assume that x�i
� y�i
 
� S a�e� Then�

�	
 �x
 ! �y
 if and only if �x
 �	 �y
 and �y
 �	 �x
�
��
 �x
 �	 �y
 if and only if� for all �z
 �W � �z
 �	 �x
 � �z
 �	 �y
�
��
 �x
 ! �y
 if and only if� for all �z
 �W � �z
 �	 �y
 � �z
 �	 �y
�

��
 The map 	 � HS�

� 
W is injective�

PROOF� If �x
 ! �y
� then x�i
 ! y�i
 a�e� Since x�i
� y�i
 
� S a�e�� x�i
 � y�i
 a�e�
and y�i
 � x�i
 a�e� But then� �x
 �	 �y
 and �x
 �	 �y
�

Conversely� if �x
 �	 �y
 and �x
 �	 �y
� then x�i
 � y�i
 a�e and y�i
 � x�i
 a�e�
By ��
 of De�nitions ��	� x�i
 � y�i
 and y�i
 � x�i
 a�e�� simultaneously� This
means� by ��
 of De�nitions ��	� that x�i
 ! y�i
 a�e�� that is �x
 ! �y
�

Thus� �	
 holds�
To prove ��
� assume that �x
 �	 �y
� and take �z
 � W such that �z
 �	 �x
�

Then z�i
 � x�i
 a�e� Since also x�i
 � y�i
 a�e�� ��
 and ��
 of De�nitions ��	 give
z�i
 � y�i
 a�e�� i�e� �z
 �	 �x
� Thus �z
 �	 �x
 � �z
 �	 �y
 for all �z
 �W �

Conversely� assume that �x
 �	 �y
 does not hold� This means that it is not the
case that x�i
 � y�i
 a�e� Since U is an ultra�lter� this implies that x�i
 �� y�i
 a�e�
by Proposition ���� Then� we can choose �z
 � W such that z�i
 � x�i
 n y�i
 a�e�
Then �z
 �	 �x
� but not �z
 �	 �y
� The implication �z
 �	 �x
 � �z
 �	 �y
 is thus
false for this �z
 �W � which gives the converse part of ��
�

Thus� ��
 holds�
��
 follows immediately from �	
 and ��
�
��
 follows easily from the de�nition� using �	
 and ��
 of De�nitions ��	� �

���� PROPOSITION� Let f � �HS�

� 
m 
 HS�

� be rank consistent� for some m � ��
Then�

�	
 �	f
�	a��
	a�� � � � �

	am
 ! 	�f�a�� a�� � � � � am

� for all a�� a�� � � � � am � HS�

� �

��
 If� for some k � �� g�� g�� � � � gk � �HS�

� 
k 
 HS�

� are rank consistent� then�

so is the function q � �HS�

� 
k 
 HS�

� de�ned by

q�x�� x�� � � � � xk
 !

f�g��x�� x�� � � � � xk
�g��x�� x� � � � � xk
� � � � � gm�x�� x�� � � � � xk

�

�
The map �� for both its usages� is also an ordinary function as in Chapter �� The same is
true for the functions h�� h� and � introduced in Remarks ���� and de
nition ���� and �����



�


for all x�� x�� � � � � xk � HS�

� �
Also�

� 	q
��x�
� �x�
� � � � � �xk

 !

� 	f
�� 	g�
��x�
� �x�
� � � � � �xk

�� 	g�
��x�
� �x�
 � � � � �xk

� � � � � � 	gm
��x�
� �x�
� � � � � �xk


�

for all �x�
� �x�
� � � � � �xk
 �W �

��
 For anym � � and any k� �	 � k � m�� the projection 	mk � �HS�

� 
m 
 HS�

� �

de�ned as in De�nitions 	�
 for all a�� a�� � � � � am � HS�

� � is rank consistent�
Also� �		mk 
��x�
� �x�
� � � � � �xm

 ! �xk
� for all �x�
� �x�
� � � � � �xm
 �W �

PROOF� These properties are immediate from the de�nitions� �

���� REMARK� In this chapter� 	mk will all the time be as in ��
 of Proposition ����

�	 � k � m
� that is� with domain �HS�

� 
m and codomain HS�

� �

���� PROPOSITION� Let a � HS�

� � and let A�B � HS�

� n S�
Then�

�	
 a � A if and only if 	a �	 	A�
��
 A � B if and only if 	A �	 	B�

PROOF� These follow immediately from the de�nitions and �	
 and ��
 of De�ni�
tions ��	� �

���� PROPOSITION� For every �x
 � W � there is a unique n � � such that

rS
�

�x�i

 ! n a�e� This n is independent of the choice of the representative x�

PROOF� By de�nition� there is an n� � � such that rS
�

�x�i

 � n� a�e� Thus� the

union of the sets fi � I j rS
�

�x�i

 ! ng� �	 � n � n�
� belongs to U � Hence one

of these sets belongs to U � by Corollary ���� Thus� rS
�

�x�i

 ! n a�e� for some n�
That this n is unique and independent of the choice of representative follows from
��
� ��
� and ��
 of De�nitions ��	� �

���� DEFINITION� For �x
 � W � we de�ne 	rS
�

��x

 as the unique number n in
Proposition ����

��	�� PROPOSITION� If �x
 �W � then�

�	
 	rS
�

��x

 � 	�

��
 If 	rS
�

��x

 ! n � �� then 	rS
�

��y

 � n � 	 for all �y
 � W such that

�y
 �	 �x
� and there is such a �y
 with 	rS
�

��y

 ! n� 	�

��
 	rS
�

��x

 ! 	 if and only if �x
 �	 	S or �x
 ! 	
��

If these conditions hold� then there are no �y
 �W such that �y
 �	 �x
�

��
 For all a � HS�

� � 	rS
�

�	a
 ! rS
�

�a
�

PROOF� �	
 follows directly from the de�nition� and ��
 of De�nitions ��	�

To prove ��
� If �x
� �y
 �W � 	rS
�

��x

 ! n � � and �y
 �	 �x
� then rS
�

�x�i

 ! n

and y�i
 � x�i
 a�e� Hence� rS
�

�y�i

 � n � 	 a�e� Hence� by Proposition ��� and

the de�nition� 	rS
�

��y

 � n� 	� This holds for all �y
 �W such that �y
 �	 �x
�

Next� assume that �x
 � W � with 	rS
�

��x

 ! n � �� Then rS
�

�x�i

 ! n a�e�

Then� we can choose �y
 �W such that y�i
 � x�i
 and rS
�

�y�i

 ! n� 	 a�e� Thus

�y
 �	 �x
 and 	rS
�

��y

 ! n� 	� Hence� ��
 holds�



��

	rS
�

��x

 ! 	 holds if and only if to rS
�

�x�i

 ! 	 a�e� that is� x�i
 ! S� a�e� By
Corollary ���� this holds if and only if either of the following two conditions holds�
x�i
 � S a�e�� that is �x
 �	 	S� or x�i
 ! � a�e�� that is �x
 ! 	

��

In both cases x�i
 has no elements in HS�

� � a�e� Hence� for no �y
 �W � �y
 �	 �x
�
Thus� ��
 holds�
��
 is immediate from the de�nitions� �

��		� REMARKS� As the preceding results show� W can be considered as a struc�
ture �isomorphic� to a superstructure� We may express it thus� that we have
a �quasi�membership relation�� a �quasi�subset relation� and a �quasi�rank func�
tion�� all behaving as they should� By applying the injection 	� we also see that
we within W has an �isomorphic copy� of HS�

� �
Our next objective is to �transform� this �quasi�superstructure� W into a true

superstructure� and in the process obtain a proper nonstandard extension from HS�

�

into this new superstructure�
Actually� this transformation turns out to be only an injection� The elements

in W will only correspond to the internal elements in the new superstructure� by
Proposition �����

Some readers may wonder if it is really necessary to make this transformation�
Couldn t we just consider W as a model of a true superstructure� using �	 as if
this was the true membership relation� etc��

But if we do so� then external sets such as N �see Proposition ����
 will not be
elements �or �quasi�elements�
 in the superstructure� and this not desirable�

So� we want to transform W into a true superstructure�

��	�� REMARKS� We now proceed as follows�
Let Y � H be a set such that S	Y ! � and S�Y is ��extendable� For example�

we may take Y ! �� since � � H� by ��
 of Proposition ��	�� �In the proof of
Theorem ���� though� we need to consider nonempty sets Y also�


By �	
 of Theorem ����� we can choose a set Z such that �S � Y 
 	 Z ! ��
S �Y �Z is ��extendable� and cardS �Z 
 cardW � cardS� �The last inequality

holds because the map 	 � HS�

� 
W is injective� by ��
 of Proposition ����
 Then�
cardZ ! cardS � Z �see Chapter �
�

Therefore� there is an injection h� � f�x
 � W j �x
 �	 	Sg n f	a j a � Sg 
 Z�
Put T ! S � Rh� �where Rh� is the range of h�
� and put T � ! T � f�g�

Then� T 	 Y ! �� and it follows from �	
 of Proposition ���	 that T � Y and T
both are ��extendable� with Y as above�

T � T �� and h� are kept �xed throughout this chapter�

��	�� DEFINITION� We now de�ne a function h on W � by recursion on 	rS
�

��x

�
for �x
 � W �

If 	rS
�

��x

 ! 	� then we put h��x

 ! a if �x
 ! 	a for some a � S�� and we put
h��x

 ! h���x

 otherwise�

If h is de�ned on all �y
 � W with n 
 	rS
�

��y

 � 	� and if �x
 � W with
	rS

�

�x
 ! n� then we put h��x

 ! fh��y

 j 	rS
�

��y

 � n � �y
 �	 �x
g�

��	�� REMARKS� It follows from ��
 of Proposition ���� ��
 of Proposition ��	��

and Remarks ��	� that h��x

 is well de�ned for �x
 �W with 	rS
�

��x

 ! 	�



��

Since 	rS
�

��x

 � 	 for all �x
 � W � by �	
 of Proposition ��	�� h is therefore
de�ned on all of W �

Since N � S � T � HT �

� is the superstructure over T �

��	�� PROPOSITION�

�	
 h maps W into HT �

� � and rT
�

�h��x


 ! 	rS
�

��x

� for all �x
 � W �
��
 For all �x
� �y
 � W � �x
 �	 �y
 if and only if h��x

 � h��y

�
��
 For all �x
� �y
 � W such that neither �x
 �	 	S nor �y
 �	 	S holds�

�x
 �	 �y
 if and only if h��x

 � h��y

�
��
 h is injective�
��
 h�	S
 ! T and h�	S�
 ! T ��
��
 If y� � Rh n T � then y� � Rh �where Rh is the range of h��

PROOF� We prove by induction on n ! 	rS
�

��x

� that h��x

 � HT �

� with rT
�

�h�x



! n� for all �x
 � W with 	rS
�

��x

 ! n� for all n � 	� �We must have 	rS
�

��x

 � 	�
by �	
 of Proposition ��	��


If n ! 	 then h��x

 � T � � HT �

� � by de�nition� and so rT
�

�h��x


 ! 	�

Assume now that 	rS
�

��x

 
 �� and that �	
 holds for all k such that 	 � k � n�

Then� if y� � h��x

� y� ! h��y

 for some �y
 � W with 	rS
�

��y

 � n � 	 and

�y
 �	 �x
� by De�nition ��	�� By the induction hypothesis� rT
�

�y�
 � n � 	� This
is true for all y� � h��x

� Moreover� by ��
 of Proposition ��	�� there are such y�

and �y
 with 	rS
�

��y

 ! n� 	� and rT
�

�y�
 ! n� 	�

Thus� h��x

 � HT �

� � and maxy��h��x�� r
T ��y�
 ! n � 	� Also� since T � is ��

grounded� h��x

 
� T �� Hence� rT
�

�h��x

 ! n�

�	
 now follows by induction�

To prove ��
� pick �x
� �y
 � W � and assume that �x
 �	 �y
� Then� 	rS
�

��y

 
 	�
by �	
 and ��
 of Proposition ��	�� Thus� by ��
 of Proposition ��	� and De�nition
��	�� h��x

 � h��y

�

Conversely� assume that h��x

 � h��y

� Then� by �	
� h��y

 � HT �

� n T � and
	rS

�

��y

 
 	� Then� by De�nition ��	�� we must have �x
 �	 �y
�

Thus� ��
 holds�

To prove ��
� take �x
� �y
 �W such that neither �x
 �	 	S nor �y
 �	 	S holds�

Assume �rst that �x
 �	 �y
�

Then� by the de�nitions� x�i
 � y�i
 and x�i
� y�i
 
� S �simultaneously
 a�e� For
any i where this holds� either y�i
 ! �� in which case x�i
 ! �� or n 
 	� where

n ! rS
�

�y�i

� In the latter case� x�i
 � y�i
 � HS�

n��� Thus� x�i
 � P�HS�

n��
�

which implies either x�i
 ! � or rS
�

�x�i

 
 	�

By Corollary ���� either x�i
 ! � a�e�� that is� �x
 ! 	
�� or rS

�

�x�i

 
 	 a�e��

which implies 	rS
�

��x

 
 	� In the �rst case� h��x

 ! � and then� certainly�
h��x

 � h��y

� In the latter case� pick z� � h��x

� Then� by de�nition� z� ! h��z


for some �z
 � W such that �z
 �	 �x
� By ��
 of Proposition ���� �z
 �	 �y
� Thus�
by ��
� z� ! h��z

 � h��y

� Since this holds for all z� � h��x

� h��x

 � h��y

�

Thus� in both cases� h��x

 � h��y

�

Conversely� assume that h��x

 � h��y

� Now� x�i
� y�i
 
� S a�e�� by the def�
initions� Take �z
 � W such that �z
 �	 �x
� Then� by ��
� h��z

 � h��x

� and
hence h��z

 � h��y

� and� again by ��
� �z
 �	 �y
� This holds for all �z
 � W with
�z
 �	 �x
� Thus� by ��
 of Proposition ���� �x
 �	 �y
� Thus� ��
 holds�



��

To prove ��
� take �x
� �y
 � W such that h��x

 ! h��y

� By �	
� 	rS
�

��x

 !
	rS

�

��y

 ! n� say� If n ! 	� then �x
 ! �y
 follows immediately from the de�nition
of h in that case�

If n 
 	� then neither �x
 �	 	S nor �y
 �	 	S holds� by ��
 of Proposition ��	��
Thus� by ��
� �x
 �	 �y
 and �y
 �	 �x
� and� by �	
 of Proposition ���� �x
 ! �y

holds in this case too�

Thus� ��
 holds�

To obtain ��
� we �rst notice that 	rS
�

� 	S
 ! 	rS
�

� 	S�
 ! �� by ��
 of Propo�
sition ��	��

Pick z� � h� 	S
� By De�nition ��	�� then� z� ! h��z

 for some �z
 � W such
that �z
 �	 	S� By de�nition� this means that z�i
 � S a�e� Then� ��
 and ��

of De�nitions ��	 give that z�i
 ! � a�e� cannot hold� whence �z
 �! 	

�� Also�
	rS

�

��x

 ! 	� by ��
 of Proposition ��	�� Hence� ��
 of Proposition ���� De�nition
��	�� and Remarks ��	� give z� ! h��z

 � T � This holds for all z� � h� 	S
� so
h� 	S
 � T �

Conversely� if z� � T � then z� �! �� Then� by Remarks ��	�� �	
 of Proposition
���� ��
 of Proposition ��	�� and De�nition ��	�� z� ! h��z

 for some �z
 � W such
that �z
 �	 	S� Hence� by ��
� z� ! h��z

 � h� 	S
� This holds for all z� � T � so
T � h� 	S
�

Hence� h� 	S
 ! T �
To obtain h� 	S�
 ! T �� it su�ces� by the previous case� to prove that h� 	S�
 !

h� 	S
 � f�g�
To do this� pick z� � h� 	S�
� By de�nition� then� z� ! h��z

 for some �z
 � W

such that �z
 	 � S�� By de�nition� this means that z�i
 � S or z ! �� a�e� By
Corollary ���� either z�i
 � S a�e� in which case �z
 �	 	S� or z�i
 ! � a�e�� in
which case �z
 ! 	

�� In the �rst case ��
 gives z� ! h��z

 � h� 	S
� In the second
case� De�nition ��	� give h��z

 ! ��

Thus� in both cases� z� � h� 	S
 � f�g� This holds for all z� � h� 	S�
� so
h� 	S�
 � h� 	S
 � f�g�

Conversely� since S� 
� S� S 
� S and � 
� S� �	
 of Proposition ��� gives that
neither 	S� �	 	S nor 	S �	 	S holds�

Then� by ��
 of Proposition ���� and ��
� h� 	S
 � h� 	S�
� Also� since� by ��

of Proposition ��	� and De�nition ��	�� h� 	�
 ! �� �	
 of Proposition ��� and ��

give � � h� 	S�
�

Thus� h� 	S
 � f�g � h� 	S�
�
Hence� h� 	S�
 ! h� 	S
 � f�g� that is� ��
 holds�
To obtain ��
� assume that y� � Rh n T � If y� ! �� then y� � Rh� Otherwise�

y� 
� T �� Hence� rT
�

�y�
 � �� Then� if y� ! h��y

 for some �y
 � W � �	
 gives
	rS

�

��y

 � �� Now� it follows from De�nition ��	� that y� � Rh in this case too�
Thus� ��
 holds� �

��	�� DEFINITIONS� We de�ne the map � � HS�

� 
 HT �

� by �a ! h�	a
� for all

a � HS�

� �

For any m � �� and any rank consistent function f � �HS�

� 
m 
 HS�

� � we de�ne
the function �f � Rh

m 
 Rh by � �f
�x��� x
�
�� � � � � x

�
m
 ! h��	f
��x�
� �x�
� � � � � �xm


�

for all x��� x
�
�� � � � � x

�
m � Rh� where �xk
 �W is chosen so that h��xk

 ! x�k �	 � k �

m
� �This is well de�ned� since h is injective� by ��
 of Proposition ��	��


��	�� REMARKS� Functions such as �f in De�nitions ��	� are not of the same



��

type as the functions in Proposition ��	�� The latter functions are considered as
elements in HT �

� � while the functions here may be considered as generalizations of
elements in Rh� identifying elements in Rh with functions with domain Rh

� and
codomain Rh� in the same way as in Remarks ���� This makes the two usages in
De�nitions ��	� of the symbol � consistent with each other�

We introduce this type of functions by the same reason as in Remarks ����

��	�� PROPOSITION�

�	
 �a ! a for all a � S��

��
 The map � � HS�

� 
 HT �

� is injective�

��
 rT
�

� �a
 ! rS
�

�a
� for all a � HS�

� �

��
 If� f � �HS�

� 
m 
 HS�

� is rank consistent� for some m � �� then�
� �f
� �a��

�a�� � � � �
�am
 ! ��f�a�� a�� � � � � am

� for all a�� a�� � � � � am �

HS�

� �

��
 Let f be as in ���� and let� for some k � �� g�� g�� � � � gm � �HS�

� 
k 
 HS�

� be

rank consistent functions� and let the function q � �HS�

� 
k 
 HS�

� be de�ned
by

q�x�� x�� � � � � xk
 !

f�g��x�� x�� � � � � xk
�g��x�� x� � � � � xk
� � � � � gm�x�� x�� � � � � xk

�

for all x�� x�� � � � � xk � HS�

� �
Then�

� �q
�x��� x
�
�� � � � � x

�
k
 !

� �f
�� �g�
�x��� x
�
�� � � � � x

�
k
�� �g�
�x

�
�� x

�
� � � � � x

�
k
� � � � � � �gm
�x��� x

�
�� � � � � x

�
k

�

for all x��� x
�
�� � � � � x

�
k � Rh�

��
 �S ! T and �S� ! T �

PROOF� �	
 is immediately from the de�nitions of �� 	� and h� and ��
 of Propo�
sition ��	��

��
 follows from the injectivities of 	 ���
 of Proposition ���
 and h ���
 of Propo�
sition ��	�
� respectively� and the de�nitions�

��
 follows from ��
 of Proposition ��	�� �	
 of Proposition ��	�� and the de�ni�
tion�

��
 follows from the de�nitions and �	
 of Proposition ����
��
 follows from the de�nitions and ��
 of Proposition ����
��
 follows from the de�nitions and ��
 of Proposition ��	�� �

��	�� REMARKS� The reason that we used a separate clause in the de�nition of
h for 	a with a � S�� in De�nition ��	�� is� of course� that without that� �	
 of
Proposition ��	�� and hence Axiom �� would not hold for �� and it would not be
true that S � T �

Now� if we just had a single extension �� this would be no big deal� Axiom �
would not be really necessary� it could be replaced with some injectivity assumption�
and we could just work with an isomorphic copy ��HS�

� 
 of HS�

� in HT �

� � instead of

with HS�

� itself�



��

However� in Theorem ���� we prove that an in�nite sequence of successive ex�
tensions has a �limiting extension�� a result we then use in the proof that every
superstructure has a ��saturated extension �where � is a trans�nite cardinal
 �The�
orem ��	�
� The set of �urelements� in this �limiting� superstructure is the union of
the sets of �urelements� of all the successive superstructures� and this union is not
meaningful to form if the the sequence of sets is not increasing� It is thus di�cult
to see how any variant of Theorem ��� could be proved without Axiom ��

Therefore� we must have this separate clause in the de�nition of h�

The following two propositions will be used in the proof of Theorem ����� when we
verify that � satis�es the axioms in De�nition ����

����� PROPOSITION� For any m � �� and any rank consistent function
f � �HS�

� 
m 
 HS�

� � If A�� A�� � � � � Am � HS�

� n S� then

�ff�a�� a�� � � � � am
 j a� � A�� a� � A�� � � � � am � Amg !

f� �f
�a��� a
�
�� � � � � a

�
m
 j a�� �

�A�� a
�
� �

�A�� � � � � a
�
m � �Amg�

PROOF� Put

E ! ff�a�� a�� � � � � am
 j a� � A�� a� � A�� � � � � am � Amg�

and
F ! f� �f
�a��� a

�
�� � � � � a

�
m
 j a�� �

�A�� a
�
� �

�A�� � � � � a
�
m � �Amg�

Assume �rst that Ai ! � for some i �	 � i � m
� Then� �Ai ! �� by de�nitions
��	� and ��	�� and hence E ! F ! �� and �E ! F � by these de�nitions� again�

Thus� the desired conclusion holds in this case�
Assume� instead� that Ai �! � for all i �	 � i � m
� Then� de�nitions ��	� and

��	�� and ��
 of Proposition ��	�� give that �Ai �! � for all i �	 � i � m
� so E �! �

and F �! ��
Then� E 
� S� and F 
� T �� so rS

�

�E
 � � and rT
�

�F 
 � �� Hence� by ��
 of

Proposition ��	�� 	rS
�

� 	E
 � ��
Now� take y� � �E� Then� y� ! h��y

 for some �y
 � W such that �y
 �	 	E�

by de�nition� This means that we can choose �b�
� �b�
� � � � �bm
 � W such that
b��i
 � A�� b��i
 � A�� � � � � bm�i
 � Am� and f�b��i
� b��i
� � � � � bm�i

 ! y�i
� a�e�
But then� �b�
 �

	 	A�� �b�
 �
	 	A�� � � � � �bm
 �	 	Am� and �	f
��b�
� �b�
� � � � � �bm

 !

�y
� by the de�nitions of 	� and furthermore� h��b�

 �
�A�� h��b�

 � �A�� � � � �

h��bm

 � �Am� and � �f
�h��b�

� h��b�

� � � � � h��bm


 ! y�� by the de�nitions and
��
 of Proposition ��	�� This means that y� � F �

Since this holds for all y� � �E� �E � F �
Conversely� take z� � F � Then there are c�� �

�A�� c
�
� �

�A�� � � � � c
�
m � �Am such

that � �f
�c��� c
�
�� � � � � c

�
m
 ! z��

Now� since A�� A�� � � � � Am 
� S�� ��
 of Proposition ��	� gives that 	rS
�

� 	Aj
 
 	
for all j �	 � j � m
�

Then� by the de�nitions� there are �c�
� �c�
� � � � � �cm
 � W such that h��cj 

 !
c�j and �cj 
 �	 	Aj for all j �	 � j � m
� and such that� if we put �z
 !
�	f
��c�
� �c�
� � � � � �cm

� then h��z

 ! z�� The de�nitions now give that c��i
 �
A�� c��i
 � A�� � � � � cm�i
 � Am� and z�i
 ! f�c��i
� c��i
� � � � � cm�i

� a�e� This



��

means that z�i
 � E a�e�� which� by the de�nitions and ��
 of Proposition ��	��
means that �z
 �	 	E� and z� � �E�

Since this holds for all z� � F � F � �E�
Thus� the desired conclusion� �E ! F � holds in this case too� �

���	� PROPOSITION�

�	
 For any m � � and any k �	 � k � m�� � �	mk 
�x��� x
�
�� � � � � x

�
m
 ! x�k� for all

x��� x
�
�� � � � � x

�
m � Rh�

��
 If f � �HS�

� 
� 
 HS�

� is given by �for x� y � HS�

� ��

f�x� y
 !

	
x � y if x� y 
� S

� if x � S � y � S�

then f is rank consistent� and� for all x�� y� � Rh�

� �f
�x�� y�
 !

	
x� � y� if x�� y� 
� T

� if x� � T � y� � T�

��
 �	� remains true if x � y is replaced by x n y and x� � y� by x� n y��

��
 For any m � �� If f � �HS�

� 
m 
 HS�

� is given by f�x�� x�� � � � � xm
 !

fx�� x�� � � � � xmg� for all x�� x�� � � � � xm � HS�

� � then f is rank consistent�
and � �f
�x��� x

�
�� � � � � x

�
m
 ! fx��� x

�
�� � � � � x

�
mg� for all x

�
�� x

�
�� � � � � x

�
m � Rh�

��
 For any m � �� If f � �HS�

� 
m 
 HS�

� is given by f�x�� x�� � � � � xm
 !

hx�� x�� � � � � xmi� for all x�� x�� � � � � xm � HS�

� � then f is rank consistent�
and � �f
�x��� x

�
�� � � � � x

�
m
 ! hx��� x

�
�� � � � � x

�
mi� for all x

�
�� x

�
�� � � � � x

�
m � Rh�

��
 For any m � � and any i �	 � i � m�� If f � �HS�

� 
� 
 HS�

� is given by

�for y � HS�

� ��

f�y
 !

	
xi� whenever y is an m�tuple� hx�� x�� � � � � xmi�

� otherwise�

then f is rank consistent� and � �f
�y�
 ! x�i if y� � Rh is an m�tuple�
hx��� x

�
�� � � � � x

�
mi�

PROOF� �	
 follows immediately from the de�nitions and ��
 of Proposition ����

To prove ��
� we �rst show that f is rank consistent� If x� y � HS�

n � for some

n � �� and if x� y 
� S� then x� y � Hn��� so f�x� y
 ! x � y � HS�

n��� and

f�x� y
 � HS�

n �

If x � S or y � S� then f�x� y
 ! � � HS�

� � Thus� f is rank consistent�
Now� pick x�� y� � Rh� Then� x� ! h��x

 and y� ! h��y

� for some �x
� �y
 � W �

Then� � �f
�x�� y�
 ! h�� 	f
��x
� �y


� by de�nition� Assume �rst that x�� y� 
� T �
By ��
 and ��
 of Proposition ��	�� neither �x
 �	 	S nor �y
 �	 	S holds�

Thus� by Proposition ���� and ��
 of De�nitions ��	� x�i
� y�i
 
� S a�e� Thus�
f�x�i
� y�i

 ! x�i
�y�i
 a�e� and since S is ��grounded� x�i
�y�i
 
� S a�e� Hence�
by the de�nitions� and ��
 and ��
 of Proposition ��	�� not��	f
��x
� �y

 �	 	S� and
� �f
�x�� y�
 
� T �

Pick z� � � �f
�x�� y�
� By ��
 and ��
 of Proposition ��	�� z� ! h��z

 for some
�z
 � W such that �z
 �	 �	f
��x
� �y

� which means that z�i
 � x�i
 � y�i
 a�e�



��

By Corollary ���� z�i
 � x�i
 a�e� or z�i
 � y�i
 a�e� If z�i
 � x�i
 a�e�� then
�z
 �	 �x
� and� by ��
 of Proposition ��	�� z� � x�� Likewise� if z�i
 � y�i
 a�e��
then z� � y�� Thus� in both cases� z� � x� � y�� Since z� � � �f
�x�� y�
 was arbitrary�
� �f
�x�� y�
 � x� � y��

Thus� if x�� y� 
� T � then � �f
�x�� y�
 � x� � y��

Conversely� pick z� � x� � y�� Assume �rst that z� � x�� Then� x� 
� T �� By
��
 and ��
 of Proposition ��	�� z� ! h��z

 for some �z
 � W such that �z
 �	 �x
�
which means that z�i
 � x�i
 a�e� But then� z�i
 � x�i
 � y�i
 a�e�� which means
that �z
 �	 �	f
��x
� �y

� and� by the de�nitions and ��
 of Proposition ��	�� z� �
� �f
�x�� y�
� If� instead� z� � y�� then a similar argument gives z� � � �f
�x�� y�
 in
this case too� Thus� in both cases� z� � � �f
�x�� y�
� Since z� � x��y� was arbitrary�
x� � y� � � �f
�x�� y�
�

Thus� if x�� y� 
� T � then x� � y� � � �f
�x�� y�
�

It follows that� � �f
�x�� y�
 ! x� � y�� in the case x�� y� 
� T �

Next� assume that x� � T � By ��
 and ��
 of Proposition ��	�� �x
 �	 	S�
which means that x�i
 � S a�e� Thus� f�x�i
� y�i

 ! � a�e�� which means that
�	f
��x
� �y

 ! 	

�� By the de�nitions� then� � �f
�x�� y�
 ! �� If� instead� y� � T �
the same argument gives � �f
�x�� y�
 ! � in this case too�

Thus� � �f
�x�� y�
 ! � if x� � T or y� � T � which completes the proof of ��
�

To prove ��
� the rank consistency of f follows by a similar argument as in ��
�
So� take x�� y� � Rh� Again x� ! h��x

 and y� ! h��y

� for some �x
 � W and
�y
 � W �

Assume �rst that x�� y� 
� T � Then� a similar argument as in ��
 gives not�
�	f
 �	 	S and � �f
�x�� y�
 
� T �

Pick z� � � �f
�x�� y�
� Then� by ��
 and ��
 of Proposition ��	�� z� ! h��z

 for
some �z
 � W such that �z
 �	 �	f
��x
� �y

� which means that z�i
 � x�i
 n y�i

a�e� By ��
 of De�nitions ��	� z�i
 � x�i
 a�e and z�i
 
� y�i
 a�e� This means that
�z
 �	 �x
 and not��z
 �	 �y
� By ��
 of Proposition ��	�� z� � x� and z� 
� y�� that is
z� � x� n y�� Since z� � � �f
�x�� y�
 was arbitrary� � �f
�x�� y�
 � x� n y��

Thus� if x�� y� 
� T � then � �f
�x�� y�
 � x� n y��

Conversely� pick z� � x� n y�� Then� x� 
� T �� By ��
 and ��
 of Proposition
��	�� z� ! h��z

 for some �z
 � W such that �z
 �	 �x
 and not��z
 �	 �y
� Then�
z�i
 � x�i
 a�e� and z�i
 
� y�i
 a�e�� which� by ��
 and ��
 of De�nitions ��	�
implies that z�i
 � x�i
 n y�i
 a�e�� that is �z
 �	 �	f
��x
� �y

� and thus� by ��

of Proposition ��	� and the de�nitions� z� � � �f
�x�� y�
� Since z� � x� n y� was
arbitrary� x� n y� � � �f
�x�� y�
�

Thus� if x�� y� 
� T � then x� n y� � � �f
�x�� y�
�

It follows that � �f
�x�� y�
 ! x� n y�� in the case x�� y� 
� T �

If x� � T or y� � T � the same argument as in ��
 gives � �f
�x�� y�
 ! �� which
concludes the proof of ��
�

To prove ��
� we �rst consider the case when m ! 	� In this case� f is rank

consistent� if x � HS�

n � then f�x
 ! fxg � HS�

n���

So� pick x� � Rh� As usual� x� ! h��x

 for some �x
 � W � and � �f
�x�
 !

h��	f
��x


� If we put �u
 ! �	f
��x

� then u�i
 ! fx�i
g a�e� and so 	rS
�

��u

 � ��
which gives not��u
 �	 	S� by ��
 of Proposition ��	�� Hence� � �f
�x�
 
� T � by ��

and ��
 of Proposition ��	��

Clearly� x�i
 � fx�i
g a�e�� so �x
 �	 �u
� and� by ��
 of Proposition ��	� and the
de�nition� x� � � �f
�x�
�



��

Conversely� if y� � � �f
�x�
� then� by ��
 and ��
 of Proposition ��	�� y� ! h��y


for some �y
 �W such that �y
 �	 �u
� which means that y�i
 � fx�i
g a�e�� that is�
y�i
 ! x�i
 a�e� Hence� �y
 ! �x
 and y� ! x��

Hence� � �f
�x�
 ! fx�g for all x� � Rh� if m ! 	�
We prove the general case by induction on m� If m ! �� it follows from the

de�nition that the desired conclusion is just �
� ! �� which follows from �	
 of

Proposition ��	�� �Of course� a function of � variables with codomain HS�

� is trivially
rank consistent�


Suppose that the proposition is true for some m � �� and let f be as in the
statement in the proposition� with this m� and let� and let f � be as f in the statement
of the proposition� with m"	 instead of m� We must prove that f � is rank consistent
and that � �f �
�x��� x

�
�� � � � � x

�
m� x

�
m��
 ! fx��� x

�
�� � � � � x

�
m� x

�
m��g�

Let g be the function called f in ��
� and let q be the function called f in the
previous �m ! 	
 case�

Then� we see that

f ��x�� x�� � � � � xm� xm��
 !

g�f�	m��
� �x�� x�� � � � � xm� xm��
� 	

m��
� �x�� x�� � � � � xm� xm��
� � � �

� � � � 	m��
m �x�� x�� � � � � xm� xm��

� q�	

m��
m���x�� x�� � � � � xm� xm��


�

for all x�� x�� � � � � xm� xm�� � HS�

� �
Now� it follows from the induction hypothesis� the previous case� �	
� ��
� and

several applications of ��
 of Proposition ��	�� that f � has the desired property�
��
 now follows by induction�

To prove ��
� we �rst show that f is rank consistent� If xi � HS�

n for all i

�	 � i � m
� then hx�� x�� � � � � xmi � HS�

n��� This holds for all n � �� Thus� f is
rank consistent�

Next� we note that �j ! j for every natural number j� This follows from the
fact that N � S� and �	
 of Proposition ��	��

Next� Let each of g�� g�� and gm be the function called f in ��
� with 	� �� and m�

instead of m� respectively� For each j � N � let cj � �HS�

� 
m 
 HS�

� be the constant
function such that cj�x�� x�� � � � � xm
 ! j� Clearly� each cj is rank consistent� since

N � S� ! HS�

� � and� by the de�nitions� � 	cj
��x�
� �x�
� � � � � �xm

 ! 	j� for all
�x�
� �x�
� � � � � �xm
 �W � and � �cj
�x

�
�� x

�
�� � � � x

�
m
 ! j�

Now� for all x�� x�� � � � � xm � HS�

� �

f�x�� x�� � � � � xm
 ! hx�� x�� � � � � xmi !

gm�g��g��c��x�� x�� � � � � xm

� g��c��x�� x�� � � � � xm
� 	m� �x�� x�� � � � � xm


�

g��g��c��x�� x�� � � � � xm

� g��c��x�� x�� � � � � xm
� 	m� �x�� x�� � � � � xm


� � � �

g��g��cm�x�� x�� � � � � xm

� g��cm�x�� x�� � � � � xm
� 	mm�x�� x�� � � � � xm



�

��
 now follows from the above observation� several applications of �	
 and ��
�
and several applications of ��
 of Proposition ��	��

To prove ��
� let f satisfy the condition in the statement� for i �	 � i � m
� and
let g be the function called f in ��
�

It is clear that f is rank consistent� If x � HS�

n � then f�x
 � HS�

n for all n � ��



��

Now� f�g�x�� x�� � � � � xm

 ! 	mi �x�� x�� � � � � xm
� for all x�� x�� � � � � xm � HS�

� �
Thus� by �	
 and ��
� and ��
 of Proposition ��	��

� �f
�hx��� x
�
�� � � � � x

�
mi
 ! � �f
�� �g
�x��� x

�
�� � � � � x

�
m

 ! � �	mi 
�x��� x

�
�� � � � � x

�
m
 ! x�i�

for all x��� x
�
�� � � � � x

�
m � Rh�

Now� repeated applications of ��
 of Proposition ��	�� using De�nitions ���� give
that if hx��� x

�
�� � � � � x

�
mi � Rh� then x�i � Rh for all i �	 � i � m
�

It follows that ��
 holds� �

Now� we are ready to prove that � is a proper nonstandard extension� It is tedious�
indeed� to verify that all twelve axioms are satis�ed� but that s the way things are�

����� THEOREM� The map � � HS�

� 
 HT �

� is a proper nonstandard extension�

PROOF� T is ��extendable and T � ! T � f�g �! �� by Remarks ��	�� By ��
 of
Proposition ���	� � 
� T � so T ! T � n f�g� So� T and T � have the right properties�
according to the �rst paragraph of De�nition ����

We must now verify the twelve axioms of De�nition ����
By ��
 of Proposition ��	�� �S ! T � Thus� Axiom 	 holds�
To prove Axiom �� we use that the ultra�lter U is countably incomplete��� Thus�

let fAjg
�
j�� be a countably in�nite family of sets in U such that 	�j��Aj ! �� Put

Bj ! 	jl��Al for j � 	 and put B� ! I� Then� by ��
 of De�nitions ��	� fBjg
�
j�� is a

decreasing sequence of sets in U with empty intersection� Now� we de�ne x � V by
putting x�i
 ! maxfj j i � Bjg� Then� clearly� �x
 �	 	

N � But� if �x
 ! 	j for some
j � N � then x�i
 ! j a�e�� which means that Bj n Bj�� � U � But since Bj�� � U �
��
 of De�nitions ��	 implies � � U � which contradicts ��
 of De�nitions ��	� Thus�
�x
 �! 	j for all j � N � Thus� by the de�nitions and ��
 and ��
 of Proposition ��	��
h��x

 � �

N but h��x

 �! j for all j � N � Thus� �N �! N � that is� Axiom � holds�
Axiom � follows from �	
 and ��
 of Proposition ��	��

To verify Axiom �� let x� � �AnT for some A � HS�

� nS� and let y� � x�� x� 
� �S�

by ��
 of Proposition ��	�� If rS
�

�A
 ! n� then rT
�

� �A
 ! n� by ��
 of Proposition

��	�� Also� n � 	 and A � HS�

n��� Since A 
� S� not�	A �	 	S� and likewise

not�	HS�

n�� �	 	S� by �	
 of Proposition ���� Hence� by ��
 of Proposition ���� ��


of Proposition ��	�� and the de�nition� �A � �HS�

n��� Thus� x� � �HS�

n��� By �	


of Proposition ��	�� �
� ! �� so HS�

n�� �! �� Hence� n � � and rS
�

�HS�

n��
 � ��

Hence� �HS�

n�� 
� T � by ��
 of Proposition ��	�� Thus� by the de�nitions� and ��
 of
Proposition ��	� and ��
 and ��
 of Proposition ��	�� x� ! h��x

 for some �x
 � W

with �x
 �	 	HS�

n��� This means that x�i
 � HS�

n�� a�e� Furthermore� since x� 
� �S�
not��x
 �	 	S� by ��
 of Proposition ��	�� Hence� by Propositions ���� x�i
 
� S

a�e� Therefore� x�i
 � HS�

n�� a�e� Since also HS�

n�� 
� S� the de�nitions and ��
 of

Proposition ��	� give x� � �HS�

n��� Hence� y� � �HS�

n���

Since HS�

n�� � HS�

� n S� this completes the veri�cation of Axiom ��
Axiom � follows immediately from ��
 of Proposition ��	��
Let now establish the following�

�$
 For all a � HS�

� and A � HS�

� n S�
a � A if and only if �a � �A�

��This is the only time we use the countable incompleteness of U �



�


This follows from �	
 of Proposition ���� ��
 of Proposition ��	�� and the de�nitions�

To verify Axiom �� if A�B � HS�

� n S� then �$
 and ��
 of Proposition ��	� give
�A� �B 
� T � Axiom � follows from this� ��
 and ��
 Proposition ���	� and ��
 of
Proposition ��	��

To verify Axiom �� pick a�A � HS�

� such that a � A� Then� A 
� S� Now� Axiom
� follows from �$
�

To verify Axiom �� let f be the function in ��
 of Proposition ���	� with m ! 	�
Then� A� ! ff�a
 j a � Ag� Thus� by Proposition ���� and ��
 of Proposition ���	�
��A�
 ! f� �f
�a�
 j a� � �Ag ! � �A
��

Thus� Axiom � is veri�ed�
To verify Axiom �� let f be the function in ��
 of Proposition ���	� with m " k

instead of m� For each i� j with 	 � i � j� let gji be the function in ��
 of Proposition
���	� with j instead of m�

We de�ne q � �HS�

� 
� 
 HS�

� by

q�x�� x�
 ! f�gm� �	���x�� x�

� g
m
� �	���x�� x�

� � � � � g

m
m�	���x�� x�

�

gk� �	���x�� x�

� g
k
��	���x�� x�

� � � � � g

k
k�	���x�� x�


�

Then q�ha�� a�� � � � � ami� hb�� b�� � � � � bki
 ! ha�� a�� � � � � am� b�� b�� � � � � bki� for all

a�� a�� � � � � am� b�� b�� � � � � bk � HS�

� � and A� B ! fq�x�� x�
 jx� � A� x� � Bg�
Using that A and �A are m�ary relations� and that B and �B are k�ary relations�

we obtain from Proposition ���� and �	
� ��
� and ��
 of Proposition ���	� and ��

of Proposition ��	�� that ��A� B
 ! f� �q
�x�� y�
 jx� � �A� y� � �Bg ! �A� �B�

Thus� Axiom � is veri�ed�
To verify Axiom 	�� we must show that ��membHS�

n 
 ! memb �HS�

n � for all
n � ��

First� we note that �HS�

n 
� T and ��membHS�

n 
 
� T � by �$
 and ��
 of Propo�
sition ��	��

Now� membHS�

n � �HS�

n 
�� Also� �HS�

n 
� 
� S and membHS�

n 
� S� By axioms �

and �� who are already veri�ed� ���HS�

n 
�
 ! � �HS�

n 
�� Hence� by ��
 of Proposition

��� and ��
 of Proposition ��	�� and the de�nitions� ��membHS�

n 
 � � �HS�

n 
� Now�

let x� � ��membHS�

n 
� Then� x� ! ha�� A�i for some a�� A� � �HS
n � By de�nition�

there are �a
� �A
 �W such that h��a

 ! a� and h��A

 ! A�� Let f be the function
in ��
 of Proposition ���	� with m ! �� Then x� ! � �f
�a�� A�
 by ��
 of Propo�

sition ���	� Then� � �f
�a�� A�
 � ��membHS�

n 
� which implies that �	f
��a
� �A



�	 	�membHS�

n 
� by ��
 of Proposition ��	�� Hence� ha�i
� A�i
i ! f�a�i
� A�i



� membHS�

n a�e�� so� a�i
 � A�i
 a�e� This means that �a
 �	 �A
� and� by ��
 of

Proposition ��	�� a� � A�� so x� ! ha�� A�i � memb �HS�

n � Since x� � ��membHS�

n 


was arbitrary� ��memb HS�

n 
 � memb �HS�

n �

Conversely� assume that x� � memb �HS�

n � Then x� ! ha�� A�i� for some a�� A� �
�HS

n with a� � A�� By ��
 of Proposition ��	�� a� ! h��a

 and A� ! h��A


for some �a
� �A
 � W � Then� by ��
 of Proposition ��	�� �a
� �A
 �	 	HS

n and

�a
 �	 �A
� which means that a�i
� A�i
 � HS�

n a�e� and a�i
 � A�i
 a�e�� and� by the

��
 of De�nitions ��	� f�a�i
� A�i

 ! ha�i
� A�i
i � membHS�

n a�e�� which means

that �	f
��a
� �A

 � 	�membHS�

n 
� and� by ��
 of Proposition ���	� the de�nition�

and ��
 of Proposition ��	�� x� ! ha�� A�i ! � �f
�a�� A�
 � ��membHS�

n 
� Since

x� � memb �HS�

n 
 was arbitrary� memb �HS�

n � ��membHS�

n 
�



��

Hence� ��membHS�

n 
 ! memb �HS�

n � for all n � �� and Axiom 	� is veri�ed�
We now prove the following� from which axioms 		 and 	� follow as special cases�
If � � f	� �� � � � �mg 
 f	� �� � � � � kg� and if A � �HS�

n 
k �m� k � ��� for some
n � �� then

�fhx	���� x	���� � � � � x	�m�i j hx�� x�� � � � � xki � Ag !

fhx�	���� x
�
	���� � � � � x

�
	�m�i j hx

�
�� x

�
�� � � � � x

�
ki �

�Ag�

To prove this� put E ! fhx	���� x	���� � � � � x	�m�i j hx�� x�� � � � � xki � Ag and F !
fhx�	� � x

�
	�
� � � � � x�	�m�i j hx

�
�� x

�
�� � � � � x

�
ki �

�Ag� We must prove that �E ! F �

First� by Axiom � and repeated applications of Axiom �� which are already
veri�ed� ���HS�

n 
k
 ! � �HS�

n 
k� �This holds also for k ! �� since �f�g ! f�g� by
the de�nition� ��
 of Proposition ���	� and �	
 of Proposition ��	��
 Since A 
� S

and �HS�

n 
k 
� S� it follows from ��
 of Proposition ���� the de�nitions� and ��
 of

Proposition ��	�� that �A � � �HS�

n 
k� so �A is a k�ary relation�
Let f be the function in ��
 of Proposition ���	� and for each j �	 � j � k
� let

gj be the function called f in ��
 of Proposition ���	� with k instead of m and j
instead of k�

De�ne q � HS�

� 
 HS�

� by q�x
 ! f�g	����x
� g	����x
� � � � � g	�m��x

� for all x �

HS�

� � Then� q�ha�� a�� � � � � aki
 ! ha	���� a	���� � � � � a	�m�i for all a�� a�� � � � � ak �

HS�

� �
Then� it follows from Proposition ����� ��
 and ��
 of Proposition ���	� and ��


of Proposition ��	�� that �E ! f� �q
�x�
 jx� � �Ag ! F �

Thus� the claim is proved� In addition� we saw that ���HS�

n 
k
 ! �HS�

n 
k� for
k � � and n � ��

Axiom 		 follows from this by de�ning � � f	� �� � � � �mg 
 f	� �� � � � �mg by

��l
 ! l if l �! j� �	 � l � m
� and ��j
 ! i� and putting A ! �HS�

n 
m�
Axiom 	� follows by de�ning � � f	� �� � � � �m � 	g 
 f	� �� � � � �mg by ��l
 ! l

for all l �	 � l � m� 	
� and by noting that A � �HS�

n 
m for some n � ��

We have now veri�ed all twelve axioms� Hence� � � HS�

� 
 HT �

� is a proper
nonstandard extension� �

����� DEFINITION� A proper nonstandard extension � � HS�

� 
 HT �

� constructed

as above� using the ultra�lter U � is called an ultrapower extension of HS�

� � using U �

To summarize� we have�

����� PROPOSITION� Assume that the axiom of choice holds�
Let S� Y � H be sets such that S contains an N�copy� S 	 Y ! �� and S � Y is

��extendable� Also� let U be a countably incomplete ultra�lter on an in�nite index
set I�

Then� there exists a set T � H such that T 	 Y ! � and such that T � Y and
T are both ��extendable� and there exists an ultrapower extension � � HS�

� 
 HT �

�

using U � where S� ! S � f�g and T � ! T ���
In particular� this holds if S is ��extendable and contains an N�copy� and Y ! ��

PROOF� By �	
 of Proposition ���	� HS�

� is the superstructure over S�
De�ne 	 and W as in De�nitions ���� Proceed as in Remarks ��	�� to obtain T �

T �� and h� as there� De�ne h as in De�nition ��	�� and � as in De�nition ��	��



��

The conclusion now follows from Remarks ��	�� Theorem ����� and De�nition
����� �

We also obtain the following characterization of the internal elements�

����� PROPOSITION� Assume that the Axiom of Choice holds�
Let S and T be sets such that � 
� T � Put S� ! S � f�g and T � ! T � f�g�

Let U be a countably incomplete ultra�lter on an index set I� and assume that
� � HS�

� 
 HT �

� is an ultrapower extension using U �
Then� with the terminology of de�nitions 
�	 and 
��
� Rh ! fh��x

 j �x
 � Wg

is the set of all internal elements in HT �

� �

PROOF� Pick �x
 �W � By De�nitions ���� there is an n � � such that x�i
 � HS�

n

a�e� which means that �x
 �	 	HS�

n �

Thus� by ��
 of Proposition ��	� and De�nitions ��	�� h��x

 � �HS�

n � Since

HS�

n 
� S� h��x

 is internal�
This holds for all �x
 �W �

Conversely� assume that x� � HT �

� is internal� This means that x� � �A� for

some A � HS�

� n S� Since �A �! �� A �! �� by ��
 of Proposition ���� for �� using

Theorem ����� Hence� rS
�

�A
 � �� ��
 of Proposition ��	� and de�nitions ��	� and
��	� then give that x� ! h��x

� for some �x
 �W �

This holds for all internal x� � HT �

� � which completes the proof� �



��

CHAPTER �

Composite Extensions and Saturation

��	� REMARKS� In this chapter� we will compose several proper nonstandard
extensions� and prove that the result is a proper nonstandard extension� In Propo�
sition ��� we have only two successive extensions� while in Proposition ��� and
Theorem ���� we have a possibly in�nite totally ordered sequence of successive
extensions� and we prove that we can extend all the given superstructures to a
superstructure larger than all of these�

We will then use these results to see that we can �nd a well ordered arbitrarily
large� sequence of successive extensions of a given superstructure� such that all suc�
cessive extensions are ultrapower extensions using the same ultra�lter� �Theorem
���


The main reason for studying these successive extensions is that we can use
these to construct a ��saturated extension� for an arbitrary trans�nite cardinal ��
�See De�nitions ��	� and Theorem ��	�
� This saturation is a useful property in
applications� The greater �� the better�

We give a few important applications of saturation� such as comprehension �The�
orem ��	�
� and that every polysaturated extension is an enlargement� �See de�ni�
tions ��	� and ��	�� Theorem ����� and Corollary ���	�


���� REMARKS� In this chapter� we will not always use the ��notation for proper
nonstandard extensions� Instead may use the letter t with and without indices�

Thus� we may write t�A
� t��A
� t��A
� t���A
� etc� instead of �A� This is
for notational convenience� the ��notation is not very practical when dealing with
several nonstandard extensions simultaneously�

Also� whenever we� in this chapter� use �prime notation�� such as S�� we assume
that S� ! S � f�g� where S is ��extendable and contains an N�copy�

We keep in mind that this means that HS�

� is the superstructure over S� and
that� since � 
� S by ��
 of Proposition ���	� S and S� have the properties T and
T � have� respectively� in the �rst paragraph of De�nitions ����

We also keep in mind that every subset of an ��extendable set is ��extendable�
by �	
 of Proposition ���	�

���� PROPOSITION� Let S�� S�� and S� be ��extendable sets� all containing a
common N�copy�

Assume that t� � HS�
�

� 
 HS�
�

� and t� � HS�
�

� 
 HS�
�

� are proper nonstandard
extensions�

Then� t � HS�
�

� 
 HS�
�

� � de�ned by t ! t� � t�� is a proper nonstandard extension�

PROOF� We must verify that t satis�es the twelve axioms of De�nition ����
To verify the axioms� we will often use that t��x
 � HS�

�

� n S� whenever x �

HS�
�

� n S�� which follows from ��
 of Proposition ��� and Proposition ��		 for t��
Sometimes� we must also use ��
 of Proposition ��	�� for t�� We use these results
freely below� without referring to them�

Remembering this� some of the axioms follow immediately� by applying the axiom
twice� �rst for t�� then for t��

In this way� axioms �� �� �� �� �� and 	� are immediately obtained�
�For example� Axiom � is obtained thus� If a � A� then t��a
 � t��A
� by Axiom

� for t�� and then t��t��a

 � t��t��A

� by Axiom � for t�� Hence� t�a
 � t�A
�




��

It remains to verify axioms 	� �� �� �� 	�� and 		�
To verify Axiom 	� Proposition ��		� for t� and t� respectively� gives t��S�
 ! S�

and t��S�
 ! S�� Thus� t�S�
 ! S��
Hence� Axiom 	 holds� for t�
To verify Axiom �� ��
 of Proposition ���	� applied to t� and t� respectively�

gives N � t��N
 and N � t��N
 �proper inclusions
� Applying ��
 of Proposition
��� to t� and the �rst of these gives t��N
 � t�N
� Thus� by the second inclusion
above� N � t�N
 �proper inclusion
� It follows that Axiom � holds� for t�

Hence� Axiom � is veri�ed�
To verify Axiom �� we �rst apply �	
 of Proposition ��� to t� and t� successively�

using ��
 of Proposition ��� for t�� to obtain t�a
 ! a for all a � S�� Next� we use
�	
 of Proposition ��� twice and obtain that t is injective� It follows that Axiom �
holds� for t�

Thus� Axiom � is veri�ed�
To verify Axiom �� we apply �	
 of Theorem ���� to t� and obtain that� for every

n � 	 �n � �
� the following sentence over S� is true�

�$
 ��x� � t��HS�
�

n 
 n S�
��x� � HS�
�

n��


�hx�� x�i � membHS�
�

n 
 hx�i � �t��HS�
�

n��


�
�

Thus� by ��
 of the transfer principle� axioms � and 	�� and Proposition ��		� for
t�� the following sentence over S� is true� for every n � 	 �n � �
�

�$$
 ��X� � t�HS�
�

n 
 n S�
��X� � t��H
S�

�

n��



�hX�� X�i � memb t��H
S�

�

n 
 
 hx�i � �t�HS�
�

n��


�
�

Pick x � t�A
nS� for some A � HS�
�

� nS�� Now� A � HS�
�

n for some n � 	� �n � �
�

Then� A � HS�
�

n��� By ��
 of Proposition ���� applied to �rst to t�� then to t��

t�A
 � t�HS�
�

n��
� Hence� x � t�HS�
�

n��
� By ��
 of Proposition ��� for t� and ��
 of

Proposition ��� for t�� t�HS�
�

n��
 � t��HS�
�

n��
� and thus x � t��H
S�

�

n��
� Then� n � ��
by ��
 of Proposition ���� for t�� Then� since x 
� S�� �	
 of Theorem ���� and ��


of Proposition ���� for t� give x � t��HS�
�

n��
 � t��HS�
�

n��
�

Next� pick y � x� Then y � t��H
S�

�

n��
 � t��H
S�

�

n��
� Now we can apply ���
� with

n � 	 instead of n� to obtain that y � t�HS�
�

n��
� This holds for all y � x� Also�

HS�
�

n�� � HS�
�

� n S��
It follows that Axiom � holds� for t�
The following argument will verify both axioms 	� and 		� for t�

Fix n � �� For Axiom 	�� put E ! membHS�
�

n � E� ! memb t��H
S�

�

n 
� E�� !

memb t�HS�
�

n 
� F ! membHS�
n � and F � ! memb t��HS�

�

n 
�
For Axiom 		� put� instead� with 	 � i � j � m�
E ! fhx�� x�� � � � xmi � �HS�

�

n 
m jxi ! xjg�

E� ! fhx�� x�� � � � xmi � �t��H
S�

�

n 

m jxi ! xjg�
E�� ! fhx�� x�� � � � xmi � �t�HS�

n 

m jxi ! xjg�

F ! fhx�� x�� � � � xmi � �HS�
�

n 
m jxi ! xjg� and

F � ! fhx�� x�� � � � xmi � �t��H
S�

�

n 

m jxi ! xjg�



��

By axioms 	� and 		� respectively� for both t� and t�� we have t��E
 ! E� and
t��F 
 ! F �� in both cases� We must prove that t�E
 ! E���

With m ! � for Axiom 	�� and m as above for Axiom 		� we now obtain from
��
 of Proposition ���� for t�� that E� ! F 	 �t��H

S�
�

n 

m�

By �	
 and ��
 of Proposition ���� and ��
 of Proposition ��	�� for t�� t�E
 !

t��E�
 ! F � 	 �t�HS�
�

n 

m ! E���
Thus� axioms 	� and 		 are veri�ed�
We have now veri�ed that t satis�es all twelve axioms� Hence� t is a proper

nonstandard extension� �

Let us now consider an in�nite sequence of successive extensions�
The case of most interest to us is when the indices in the set J are ordinals� but

it is not more di�cult prove the next two results for an arbitrary totally ordered
set� so let us make that general assumption�

���� PROPOSITION� Let �J��
 be a strictly totally ordered set� with a greatest
element m�

Let fSjgj�J be an indexed family of ��extendable sets� all containing a common
N�copy�

Assume that there is an doubly indexed family ftkj gj�k�J� j�k� of maps� such that

for all j� k � J � with j � k� tkj � H
Sj

�

� 
 HSk
�

� is a proper nonstandard extension�

Also� assume that if j � k � l� �j� k� l�� J�� then tlj ! tlk � t
k
j �

Now� let Sr �r 
� J� be an ��extendable set containing the same N�copy� and

assume that trm � HSm
�

� 
 HSr
�

� is a proper nonstandard extension�
Finally� de�ne trj ! trm � tmj for each j � m �j � J��

Then� for every j � J � trj � H
Sj

�

� 
 HSr
�

� is a proper nonstandard extension� and�

for every k � J with j � k� trj ! trk � t
k
j �

PROOF� It is true by assumption that trj is a proper nonstandard extension if
j ! m� If j � m� �j � J
� then trj ! tmj � trm� and Proposition ��� gives that trj is a
proper nonstandard extension� This proves the �rst part of the proposition�

To obtain the second part� assume that j � k �j� k � I
� If m ! k� then it
is true by assumption that trj ! trk � t

k
j � If k � m� then� by the assumptions�

trj ! trm � t
m
j ! trm � t

m
k � t

k
j ! trk � t

k
j � This proves the second part of the proposition�

�

���� REMARKS The previous proposition is rather trivial� and we also see that
even if the extension trm is not given� such an extension must exist� we could just
take an ultrapower extension �provided that the axiom of choice holds
�

But the next theorem� where we only change the assumptions so that J does
not have a greatest element� is far from trivial� In this theorem� we must construct
limiting extensions tmj for each j � J � and prove that they have the right properties�
Worst of all� we must go through an extremely tedious veri�cation that all the
axioms are satis�ed� much worse then the axiom veri�cation in the proof of Theorem
�����

���� THEOREM� Let �J��
� fSjgj�J and ftkj gj�k� j�k�J � be as in Proposition ����
except that here� J does not have a greatest element�

Let m 
� J � Put Sm ! �j�JSj� and assume that Sm is ��extendable�



��

We de�ne the family of maps ftmj gj�J � where t
m
j � H

Sj
�

� 
 HSm
�

� for each j � J �

recursively on the Sj
��ranks of x � H

Sj
�

� � for all j � J � thus�

If rSj
�

�x
 ! 	 �that is� if x � Sj
��� then tmj �x
 ! x�

If rSj
�

�x
 ! n 
 	� we put

�$
 tmj �x
 !
�

k
j� k�J

ftmk �y
 j y � tkj �x
g�

where we put tjj�x
 ! x for all x � H
Sj

�

� �j � J��
Then� for each j � J � tmj is a proper nonstandard extension� and for all k 
 j

�k � J�� tmj ! tmk � tkj �

PROOF� First� notice that each tmj �j � J
 is well de�ned� For if rSj
�

�x
 ! n 
 	

and k � j �k � J � x � H
Sj

�

� 
� then rSk
�

�tkj �x

 ! n� by ��
 of Proposition ���� for

tkj � so if y � tkj �x
 then y � HSk
�

� with rSk
�

�y
 � n� so tmk �y
 is already de�ned at
that stage� �This is also true for k ! j if we use the convention above�
 We must

also prove that tmj maps H
Sj

�

� into HSm
�

� � This will follow from �vi
 below�
We also note that the formula occurring in �$
 holds also for x ! �� since

tkj ��
 ! � ! tmk ��
� by de�nition and ��
 of Proposition ���� for tkj � and the
convention regarding k ! j�

We must also make the following remark� In this proof� we will often use prop�
erties of the maps tkj � where j � k� j� k � J � We will then only talk about the

case when j � k� We leave it to the reader to verify that also the identity maps tjj
have the right properties� To do this is trivial in all cases� and therefore� we do not
mention these cases explicitly below�

Now� we prove simultaneously by induction on n ! rSj
�

�x
� for all x � H
Sj

�

� and
all j � J � that�

�i
 If n 
 	� then ftmk �y
 j y � tkj �x
g � ftml �y
 j y � tlj�x
g� for all k� l � J such
that j � k � l�

�ii
 tmj �x
 ! tmk �tkj �x

 for all k � j �k � J
�

If n ! 	� there is nothing to prove for �i
� and �ii
 follows easily from the de�nitions
of tmj and tmk � and �	
 of Proposition ��� for tkj �

Assume now that n 
 	 and that �i
 and �ii
 hold for Sj
��ranks less than n� for

all j � J �
Pick y � tkj �x
� for some k � j �j� k � J
� Then� as we observed� rSk

�

�y
 � n�
Then� �ii
 can be applied with y instead of x� k instead of j� and l � k instead
of k� which gives tmk �y
 ! tml �tlk�y

� By Axiom � for tlk� and the assumptions�
tlk�y
 � tlk�tkj �x

 ! tlj�x
� It follows that tmk �y
 � ftml �z
 j z � tlj�x
g� This holds for

all y � tkj �x
� Hence� �i
 holds for all x � H
Sj

�

� with rSj
�

�x
 ! n� for all j� k� l � J
with j � k � l�

Now� if j � k �j� k � J
� we get� using �i
 and the de�nitions�

tmj �x
 !
�

l
j� l�J

ftml �y
 j y � tlj�x
g !
�

l
k� l�J

ftml �y
 j y � tlj�x
g !

�
l
k� l�J

ftml �y
 j y � tlk�tkj �x

g ! tmk �tkj �x

�



��

Thus� �ii
 holds for all x � H
Sj

�

� with rSj
�

�x
 ! n� for all j� k � J with j � k�

By induction� �i
 and �ii
 hold for all x � H
Sj

�

� � for all j� k� l � J with j � k � l�
Now� �ii
 gives tmj ! tmk � tkj � for j� k � J with j � k�

It remains to show that tmj maps H
Sj

�

� into HSm
�

� � and that it is a proper non�
standard extension for each j � J � In particular� we must verify the twelve axioms
of De�nition ����

It is suitable to establish Axiom � �rst� If a�A � H
Sj

�

� � and a � A� then rSj
�

�A
 

	� Now� it follows easily from the de�nition that tmj �a
 � tmj �A
� just take k ! j�

Thus� Axiom � is veri�ed for tmj �
Next� we �rst prove that the following hold for each j � J �

�iii
 If A�B � H
Sj

�

� n Sj and A � B� then tmj �A
 � tmj �B
�
�iv
 If A � Sj � then A � tmj �A
�

�v
 If a � H
Sj

�

� � then tmj �fag
 ! ftmj �a
g�

�vi
 For all x � H
Sj

�

� � tmj �x
 � HSm
�

� � with rSm
�

�tmj �x

 ! rSj
�

�x
�

Thus� tmj maps H
Sj

�

� into HSm
�

� �

To prove �iii
� let z � tmj �A
� By de�nition� there is a k � j �k � J
 and a y � tkj �A


such that z ! tmk �y
� By ��
 of Proposition ��� for tkj � tkj �A
 � tkj �B
� so y � tkj �B
�

Then� z ! tmk �y
 � tmk �tkj �B

 ! tmj �B
� by Axiom �� for tmj � and �ii
� Since this
holds for all z � tmj �A
� tmj �A
 � tmj �B
� Hence� �iii
 holds�

To obtain �iv
� Applying the de�nition and Axiom �� for tmj � to A � Sj and
x � A� gives x ! tmj �x
 � tmj �A
� This holds for all x � A� so A � tmj �A
�

Hence� �iv
 holds�
To obtain �v
� if z � tmj �fag
� then there is a k � j �k � J
 and a y � tkj �fag


such that z ! tmk �y
� Then� by ��
 of Proposition ��	� for tkj � y ! tkj �a
� and�
by �ii
� z ! tmj �a
� Also� Axiom �� for tmj � gives that tmj �a
 � tmj �fag
� Thus�
tmj �fag
 ! ftmj �a
g� Hence� �v
 holds�

We prove �vi
 by induction on n ! rSj
�

�x
� for all j � J and all x � H
Sj

�

� �

If n ! 	� then the de�nition gives tmj �x
 ! x � Sj
� � Sm

�� and rSm
�

�tmj �x

 !

rSm
�

�x
 ! 	� so �vi
 holds in this case�
Now assume that n 
 	� and that �vi
 holds for all p � n� Let z � tmj �x
�

Then� there is a k � j� �k � J
 and a y � tkj �x
 such that tmk �y
 ! z� By ��
 of

Proposition ��� for tkj � rSk
�

�tkj �x

 ! n� and hence rSk
�

�y
 � n � 	� Thus� by the

induction hypothesis �with k instead of j
� z ! tmk �y
 � HSm
�

� and rSm
�

�z
 � n� 	�

This holds for all z � tmj �x
� so x � HSm
�

� � with rSm
�

�tmj �x

 � n�

Also� there is a y � x such that rSj
�

�y
 ! n � 	� Then� by Axiom �� for tmj �

tmj �y
 � tmj �x
� with rSm
�

�tmj �y

 ! n � 	� by the induction hypothesis� Thus�

rSm
�

�tmj �x

 � n�

Thus� rSm
�

�tmj �x

 ! n�

�vi
 now follows by induction�

In particular� we have now proved that tmj maps H
Sj

�

� into into HSm
�

� � for each
j � J �

Now� let us verify that each tmj �j � J
 satis�es the remaining eleven axioms of
De�nition ����



��

To obtain Axiom 	� For each k � j �k � J
� tkj �Sj
 ! Sk� by Proposition ��		

for tkj � From this and the de�nition� it follows easily that if z � tmj �Sj
� then z � Sk
for some k � j� Hence� tmj �Sj
 � Sm�

Conversely� for all k � j �k � J
� the de�nition and �ii
� together with tkj �Sj
 !
Sk� give tmj �Sj
 ! tmk �Sk
� Then �iv
� for tmk � gives Sk � tmj �Sj
� Also� by ��
 of

Proposition ���� for tjl � Sl � Sj � for all l � j �l � J
� It follows then from the
de�nitions that Sm ! �k�JSk � tmj �Sj
�

Thus� tmj �Sj
 ! Sm�
It follows that Axiom 	 holds�
To obtain Axiom �� pick k � J such that j � k� Then� it follows from ��


of Proposition ���	� ��
 of Proposition ���� and Proposition ��		� all for tkj � that

N � tkj �N
 � tkj �Sj
 ! Sk� the �rst inclusion being proper� Thus� applying �iv


for tmk � together with �ii
� gives tkj �N
 � tmj �N
� Combining these inclusions gives
N � tmj �N
 �proper inclusion
� Thus� Axiom � holds�

To obtain Axiom �� the de�nition gives tmj �x
 ! x for all x � Sj � and tmj ��
 !

� 
� Sm� If x � H
Sj

�

� n Sj
�� then rSj

�

�x
 
 	� Hence� by �vi
� rSm
�

�tmj �x

 
 	�
Since Sj � Sm� all this means that Axiom � holds�

To verify Axiom �� assume that x � tmj �A
 n Sm for some A � H
Sj
� n Sj � By the

de�nitions� this means that there is a k � j� �k � J
� and a z � tkj �A
nSk such that

x ! tmk �z
� Now� A � H
Sj

�

n � for some n � 	 �n � �
� Thus� by ��
 of Proposition

���� for tkj � z � tkj �H
Sj

�

n 
� and� by �	
 of Theorem ���� for tkj � z � tkj �H
Sj

�

n��
� Since

H
Sj

�

n�� � H
Sj

�

� n Sj � Axiom � and Proposition ��		� both for tkj � give tkj �H
Sj

�

n��
 n Sk�

Then� �ii
� and �iii
 for tmk � give x � tmj �H
Sj

�

n��
�

Thus� if y � x� then y � tmj �H
Sj

�

n��
� It follows that Axiom � is holds for tmj �
Axiom � is contained in �vi
�
Before we verify Axiom �� we prove the following�

�vii
 Each tmj �j � J
 is an injective map�

To prove �vii
� we prove that� for all j � J and all a� b � H
Sj

�

� � tmj �a
 ! tmj �b

implies a ! b�

We prove this by induction on n ! rSj
�

�a
� noting that if tmj �a
 ! tmj �b
� then

rSj
�

�a
 ! rSj
�

�b
� by �vi
�
For n ! 	� then� the implication holds by de�nition�
Assume now that n 
 	 and that the implication holds for all p � n� and assume

that tmj �a
 ! tmj �b
� Now� pick x � a� Then� by Axiom � for tmj � tmj �x
 � tmj �a
�
Hence� tmj �x
 � tmj �b
� which� by de�nition� means that tmj �x
 ! tmk �y
� for some

k � j �k � J
� and some y � tkj �b
� Since rSj
�

�a
 ! n� rSj
�

�x
 � n� Hence� by ��


of Proposition ��� for tkj � rSk
�

�tkj �x

 � n� Now� by �ii
� tmk �tkj �x

 ! tmk �y
� Hence�

by the induction hypothesis for tmk � tkj �x
 ! y� Hence� tkj �x
 � tkj �b
� Since n 
 	�

b 
� Sj � so ��
 of Proposition ���� for tkj � gives x � b� This holds for all x � a� so
a � b�

By an identical argument� b � a� Thus� a ! b�

By induction� the implication holds for all a� b � H
Sj

�

� �
Hence� �vii
 holds�
Now� let us verify Axiom � for each tmj �j � J
�



��

Let A�B � H
Sj
� nSj � We also assume that A �! � and B �! �� because otherwise�

all of Axiom � holds trivially� since tmj ��
 ! ��

Then� by de�nition and Axiom � for each tkj �k � j� k � J
�

tmj �A �B
 ! �k
j� k�Jft
m
k �y
 j y � tkj �A �B
g !

�k
j� k�J ft
m
k �y
 j y � tkj �A
 � tkj �B
g !

�k
j� k�J �ftmk �y
 j y � tkj �A
g � ftmk �y
 j y � tkj �B
g
 !

��k
j� k�Jft
m
k �y
 j y � tkj �A
g
� ��k
j� k�Jft

m
k �y
 j y � tkj �B
g
 ! tmj �A
� tmj �B
�

Thus� the �rst part of Axiom � is veri�ed for tmj �
To verify the second part of Axiom �� pick z � tmj �A n B
� By �iii
� z � tmj �A
�

Assume� to get a contradiction� that z � tmj �B
� Then� there are k� l � j �k� l � j
�

and y� � tkj �AnB
� y� � tlj�B
� such that z ! tmk �y�
 ! tml �y�
� Let p ! maxJ�k� l
�

Then� by �ii
� z ! tmp �tpk�y�

 ! tmp �tpl �y�

� Thus� by �vii
 for tmp � tpk�y�
 ! tpl �y�
�

By Axiom � for tpk and tpl � our assumptions� and Axiom � for tpj � we obtain tpk�y�
 �

tpk�tkj �A n B

 ! tpj �A n B
 ! tpj �A
 n tpj �B
� and tpl �y�
 � tpl �t
l
j�B

 ! tpj �B
� Since

tpk�y�
 ! tpl �y�
� we have a reached a contradiction� It follows that z � tmj �A
ntmj �B
�
Since this holds for all z � tmj �A nB
� tmj �A nB
 � tmj �A
 n tmj �B
�

Conversely� assume that z � tmj �A
 n tmj �B
� Then z � tmj �A
� By de�nition�

then� there is a k � j �k � J
� and a y � tkj �A
 such that z ! tmk �y
� Then� if

y � tkj �B
� Axiom �� for tmk � and �ii
� give z ! tmk �y
 � tmk �tkj �B

 ! tmj �B
� which

was not the case� Hence y 
� tkj �B
� and� by Axiom � for tkj � y � tkj �A nB
� Hence�

by Axiom � for tmk � and �ii
� z � tmk �tkj �A n B

 ! tmj �A n B
� Since this holds for
all z � tmj �A
 n tmj �B
� tmj �A
 n tmj �B
 � tmj �A nB
�

Hence� tmj �A nB
 ! tmj �A
 n tmj �B
�
Now� all of Axiom � is veri�ed for tmj �
Now� by several applications of �v
� Axiom �� and the de�nitions� we obtain the

following�

If j � J � q � � and a�� a�� � � � � aq � H
Sj

�

� � then

�viii
 tmj �fa�� a�� � � � � aqg
 ! ftmj �a�
� t
m
j �a�
� � � � � t

m
j �aq
g� and

�ix
 tmj �ha�� a�� � � � � aqi
 ! htmj �a�
� t
m
j �a�
� � � � � tmj �aq
i�

�For q ! �� this follows immediately from the de�nitions�

Axiom � is already veri�ed�

To verify Axiom � for tmj � let A � H
Sj

�

� nSj� and assume that z � tmj �A�
� Then�

by de�nition� there is a k � j �k � J
 and a y � tkj �A�
 such that z ! tmk �y
� By

Axiom � for tkj � tkj �A�
 ! �tkj �A

�� so y ! hxi for some x � tkj �A
� By �ix
 for tmk �

z ! htmk �x
i� Hence� by Axiom � for tmj � and �ii
� z � �tmk �tkj �A


� ! �tmj �A

��

This holds for all z � tmj �A�
� so tmj �A�
 � �tmj �A

��

Conversely� assume that z � �tmj �A

�� Then z ! hui� for some u � tmj �A
� Then�

there is a k � j �k � J
 and an x � tkj �A
 such that u ! tmk �x
� By Axiom � for

tkj � hxi � �tkj �A

� ! tkj �A�
� Now� by �ix
 for tmk � tmk �hxi
 ! hui ! z� and thus� by

Axiom � for tmk � and �ii
� z � tmk �tkj �A�

 ! tmj �A�
� This holds for all z � �tmj �A

��

so �tmj �A

� � tmj �A�
�



�


Thus� tmj �A�
 ! �tmj �A

�� so Axiom � is veri�ed for tmj �

To verify Axiom � for tmj � take A�B � H
Sj

�

� � and assume that A and tmj �A
 are
q�ary relations� and that B and tmj �B
 are r�ary relations� where q� r � ��

If q ! � or r ! �� then it follows immediately that tmj �A�B
 ! tmj �A
� tmj �B
�
since tmj ��
 ! �� by de�nition� and tmj �f�g
 ! f�g� by this and �v
�

So� assume that q� r � 	�
Pick z � tmj �A�B
� Then� there is a k � j �k � J
 and a y � tkj �A�B
 such that

z ! tmk �y
� Now� by ��
 of Proposition ��	� and Axiom �� for tkj � tkj �A
 is a q�ary

relation� tkj �B
 is an r�ary relation� and tkj �A�B
 ! tkj �A
� tkj �B
� It follows that

there is a q�tuple hu�� u�� � � � � uqi � tkj �A
 and an r�tuple hv�� v�� � � � � vri � tkj �B

such that y ! hu�� u�� � � � � uq� v�� v�� � � � � vri� By �ix
 and Axiom � for tmk � and �ii
�
we get htmk �u�
� t

m
k �u�
� � � � � t

m
k �uq
i ! tmk �hu�� u�� � � � � uqi
 � tmk �tkj �A

 ! tmj �A
�

and� by an identical argument� htmk �v�
� t
m
k �v�
� � � � � tmk �vr
i � tmj �B
� Since� again

by �ix
 for tmk � z ! tmk �y
 ! htmk �u�
� tmk �u�
� � � � � t
m
k �uq
� t

m
k �v�
� tmk �v�
� � � � � t

m
k �vr
i�

we obtain z � tmj �A
� tmj �B
� This holds for all z � tmj �A � B
� so tmj �A � B
 �
tmj �A
� tmj �B
�

Conversely� assume that z � tmj �A
 � tmj �B
� Then� there is a hz�� z�� � � � � zqi �
tmj �A
 and a hw�� w�� � � � � wri � tmj �B
 such that z ! hz�� z�� � � � � zq� w�� w�� � � � � wri�

Then� there are k� l � j� �k� l � J
� and x � tkj �A
� y � tlj�B
� such that
hz�� z�� � � � � zqi ! tmk �x
 and hw�� w�� � � � � wri ! tml �y
� Let p ! maxJ�k� l
� and put
u ! tpk�x
 � tpj �A
� v ! tpl �y
 � tpj �B
� using Axiom � for tpk and tpl � and the assump�

tions� By ��
 of Proposition ��	� for tpj � there are u�� u�� � � � � uq� v�� v�� � � � � vr � H
S�p
� �

such that u ! hu�� u�� � � � uqi and v ! hv�� v�� � � � � vri� Now� by �ix
 for tmp � and �ii
�

htmp �u�
� tmp �u�
� � � � t
m
p �uq
i ! tmp �u
 ! tmp �tpk�x

 ! tmk �x
 ! hz�� z�� � � � � zqi� and�

by an identical argument htmp �v�
� t
m
p �v�
� � � � tmp �vr
i ! hw�� w�� � � � � wri� Also� by

Axiom � for tpj � hu�� u�� � � � � uq� v�� v�� � � � � vri � tpj �A
� tpj �B
 ! tpj �A�B
� By �ix


and Axiom �� for tmp � and �ii
�

z ! htmp �u�
� t
m
p �u�
� � � � � t

m
p �uq
� t

m
p �v�
� tmp �v�
� � � � � tmp �vr
i !

tmp �hu�� u�� � � � � uq� v�� v�� � � � � vri
 � tmp �tpj �A�B

 ! tmj �A� B
�

This holds for all z � tmj �A
� tmj �B
� so tmj �A
� tmj �B
 � tmj �A� B
�
It follows that tmj �A�B
 ! tmj �A
� tmj �B
� Thus� Axiom � is veri�ed for tmj �
To verify Axiom 	�� �x n � ��

Pick z � tmj �membH
Sj

�

n 
� Then� there is a k � j �k � J
 and a y � tkj �membH
Sj

�

n 


such that z ! tmk �y
� By Axiom 	� for tkj � there are b� B � tkj �H
Sj

�

n 
 such that
y ! hb� Bi and b � B� By �ix
 for tmk � z ! htmk �b
� tmk �B
i� By Axiom � for

tmk � and �ii
� tmk �b
 � tmk �B
 and tmk �b
� tmk �B
 � tmk �tkj �H
Sj

�

n 

 ! tmj �H
Sj

�

n 
� It

follows that z � memb tmj �H
Sj

�

n 
� This holds for all z � tmj �membH
Sj

�

n 
� so

tmj �membH
Sj

�

n 
 � memb tmj �H
Sj

�

n 
�

Conversely� pick z � memb tmj �H
Sj

�

n 
� Then� z ! ha�Ai� for some a�A �

tmj �H
Sj

�

n 
 such that a � A� Then� there are k� l � j �k� l � J
� and b � tkj �H
S�j
n 
�

B � tlj�H
Sj

�

n 
� such that a ! tmk �b
 and A ! tml �B
� Put p ! maxJ�k� l
�

Then� by Axiom � for tpk and tpl � and the assumptions� tpk�b
 � tpk�tkj �H
Sj

�

n 

 !




�

tpj �H
Sj

�

n 
 and tpl �B
 � tpl �t
l
j�H

Sj
�

n 

 ! tpj �H
Sj

�

n 
� Assume� to get a contradiction�

that tpk�b
 
� tpl �B
� Then tpk�b
 � tpj �H
Sj

�

n 
 n tpl �B
� By �ii
� and axioms � and

� for tmp � which are already veri�ed� this implies that a ! tmk �b
 ! tmp �tpk�b

 �

tmp �tpj �H
Sj

�

n 

 n tmp �tpl �B

 ! tmj �H
Sj

�

n 
 n tml �B
 ! tmj �H
Sj

�

n 
 n A� and hence a 
� A�

which is a contradiction� Thus� tpk�b
 � tpl �B
� It follows by Axiom 	� for tpj � ap�

plied backwards� that htpk�b
� tpl �B
i � tpj �membH
Sj

�

n 
� By �ii
� and �ix
 and Axiom

�� for tmp � it follows that z ! ha�Ai ! htmk �b
� tml �B
i ! htmp �tpk�b
� tmp �tpl �B
i !

tmp �htpk�b
� tpl �B
i
 � tmp �tpj �membH
Sj

�

n 

 ! tmj �membH
Sj

�

n 
� This holds for all

z � memb tmj �H
Sj

�

n 
� so memb tmj �H
Sj

�

n 
 � tmj �membH
Sj

�

n 
�

It follows that tmj �membH
Sj

�

n 
 ! memb tmj �H
Sj

�

n 
� and thus Axiom 	� is veri�ed
for tmj �

To verify Axiom 		 for tmj � �x q� r� s so that 	 � q � r � s and �x n � �� Put

E ! fha�� a�� � � � � asi � �H
Sj

�

n 
s j aq ! arg� and

F ! fha�� a�� � � � � asi � �tmj �H
Sj

�

n 

s j aq ! arg�
We must prove that tmj �E
 ! F �

So� pick z � tmj �E
� Then� there is a k � j �k � J
 and a y � tkj �E
 such that

z ! tmk �y
� By Axiom 		 for tkj � there are b�� b�� � � � � bs � tkj �H
Sj

�

n 
 such that y !
hb�� b�� � � � � bsi and bq ! br� By �ix
 for tmk � z ! htmk �b�
� t

m
k �b�
� � � � � t

m
k �bs
i� Then�

tmk �bq
 ! tmk �br
� By Axiom � for tmk � and �ii
� tmk �bi
 � tmk �tkj �H
Sj

�

n 

 ! tmj �H
Sj

�

n 

for all i �	 � i � s
� It follows that z � F � This holds for all z � tmj �E
� so
tmj �E
 � F �

Conversely� pick z � F � Then� z ! ha�� a�� � � � � asi� for some a�� a�� � � � � as �

tmj �H
Sj

�

n 
 such that aq ! ar� Then� there are k�� k�� � � � � ks � j� �ki � J � 	 � i � s
�

and bi � tkij �H
S�j
n 
� such that ai ! tmki�bi
� for all i �	 � i � s
� Put p !

maxJ �k�� k�� � � � � ks
� Then� by Axiom � for tpki � t
p
ki

�bi
 � tpki�t
ki
j �H

Sj
�

n 

 ! tpj �H
Sj

�

n 
�

�	 � i � s
� By �ii
� tmp �tpkq �bq

 ! tmkq �bq
 ! aq ! ar ! tmkr �br
 ! tmp �tpkr �br

�

By �vii
 for tmp � tpkq�bq
 ! tpkr �br
� Now� it follows by Axiom 		 for tpj � applied

backwards� that htpk��b�
� tpk��b�
� � � � � t
p
ks

�bs
i � tpj �E
� By �ii
� and �ix
 and Ax�

iom �� for tmp � it follows that z ! ha�� a�� � � � � asi ! htmk��b�
� tmk��b�
� � � � � t
m
ks

�bs
i !

htmp �tpk��b�
� tmp �tpk��b�
� � � � � t
m
p �tpks�bs

i ! tmp �htpk��b�
� tpk��b�
� � � � � t

p
ks

�bs
i
 �

tmp �tpj �E

 ! tmj �E
� This holds for all z � F � so F � tmj �E
�

It follows that tmj �E
 ! F � and thus Axiom 		 is veri�ed for tmj �

To verify Axiom 	� for tmj � let E � H
Sj

�

� � and assume that E and tmj �E
 are q"	#

ary relations� for some q � �� We must prove that tmj �	q��
�q��

�E

 ! 	q��
�q��

��tmj �E

�

First� there is an n � � such that E � �H
Sj

�

n 
q��� By �iii
� Axiom �� and
repeated applications of Axiom �� all for tmj � which are already veri�ed� tmj �E
 �

�tmj �H
Sj

�

n 

q���

Now� pick z � tmj �	q��
�q��

�E

� Then� there is a k � j �k � J
 and a y � tkj �	q��
�q��

�E



such that z ! tmk �y
� By ��
 of Proposition ��	� for tkj � tkj �E
 is a q " 	�ary

relation� and by Axiom 	� for tkj � there is a hy�� y�� � � � � yq� yq��i � tkj �E
 such

that hy�� y�� � � � � yqi ! 	q��
�q��

�y�� y�� � � � � yq� yq��
 ! y� By �ix
 and Axiom �� both




�

for tmk � and �ii
� htmk �y�
� t
m
k �y�
� � � � t

m
k �yq
� t

m
k �yq��
i ! tmk �hy�� y�� � � � � yq� yq��i
 �

tmk �tkj �E

 ! tmj �E
� and htmk �y�
� t
m
k �y�
� � � � � t

m
k �yq

i ! tmk �hy�� y�� � � � � yqi


! tmk �y
 ! z� Then� 	q��
�q��

�tmk �y�
� t
m
k �y�
� � � � t

m
k �yq
� t

m
k �yq��

 ! z� and so z �

	q��
�q��

�tmj �E

� This holds for all z � tmj �	q��
�q��

�E

� so tmj �	q��
�q��

�E

 � 	q��
�q��

�tmj �E

�

Conversely� pick z � 	q��
�q��

�tmj �E

� Then� there are z�� z�� � � � � zq� zq�� � tmj �H
Sj

�

n 


such that hz�� z�� � � � � zq� zq��i � tmj �E
 and z ! hz�� z�� � � � � zqi� Then� there are

k�� k�� � � � � kq� kq�� � J such that ki � j� and yi � tkij �H
Sj

�

n 
 such that zi ! tmki�yi
�

for all i �	 � i � q " 	
� Put p ! maxJ�k�� k�� � � � � kq� kq��
� Now� tpj �H
Sj

�

n 
 �

H
Sp

�

n � by ��
 of Proposition ���� for tpj � Hence� tpki�t
ki
j �H

Sj
�

n 

 � H
Sp

�

n for all

i �	 � i � q " 	
� Then� since yi � tkij �H
Sj

�

n 
 for each i �	 � i � q " 	
�

htpk��y�
� t
p
k�

�y�
� � � � � tpkq�yq
� t
p
kq��

�yq��
i � �H
Sp

�

n 
q�� � H
Sp

�

n��� by Axiom � for each

tpki � and the assumptions�

Assume� to get a contradiction� that htpk��y�
� tpk��y�

� � � � � t
p
kq

�yq
� t
p
kq��

�yq��
i


� tpj �E
� Then htpk��y�
� t
p
k�

�y�
� � � � � tpkq �yq
� t
p
kq��

�yq��
i � H
Sp

�

n�� n t
p
j �E
� Then� by

�ii
� and �ix
 and axioms � and �� for tmp � we obtain

hz�� z�� � � � � zq� zq��i ! htmk��y�
� tmk��y�
� � � � � t
m
kq

�yq
� t
m
kq��

�yq��
i !

htmp �tpk��y�

� t
m
p �tpk��y�

� � � � � tmp �tpkq �yq

� t

m
p �tpkq���yq��

i !

tmp �htpk��y�
� t
p
k�

�y�
� � � � t
p
kq

�yq
� t
p
kq��

�yq��
i
 � tmp �H
Sp

�

n�� n t
p
j �E

 !

tmp �H
Sp

�

n��
 n tmp �tpj �E

 ! tmp �H
Sp

�

n��
 n tmj �E
�

Hence� hz�� z�� � � � � zq� zq��i 
� tmj �E
� which is a contradiction�

Hence� htpk��y�
� tpk��y�
� � � � � t
p
kq

�yq
� t
p
kq��

�yq��
i � tpj �E
�

Now� by �ii
� and �ix
 and Axiom � for tmp � and Axiom 	� for tpj �

z ! htmp �tpk��y�

� t
m
p �tpk��y�

� � � � t

m
p �tpkq�yq

i !

tmp �htpk��y�
� t
p
k�

�y�
� � � � � t
p
kq

�yq
i
 !

tmp �	q��
�q��

�tpk��y�
� tpk��y�
� � � � � t
p
kq

�yq
� t
p
kq��

�yq��


 �

tmp �	q��
�q��

�tpj �E


 ! tmp �tpj �	
q��
�q��

�E


 ! tmj �	q��
�q��

�E

�

This holds for all z � 	q��
�q��

�tmj �E

� so 	q��
�q��

�tmj �E

 � tmj �	q��
�q��

�E

�

Hence� tmj �	q��
�q��

�E

 ! 	q��
�q��

�tmj �E

� Thus� Axiom 	� is veri�ed for tmj �

We have now veri�ed all twelve axioms� Hence� each tmj �j � J
 is a proper
nonstandard extension� which completes the proof� �

���� REMARKS� In the next theorem� we prove that we can �nd an arbitrarily
large� well ordered sequence of successive extensions of a given superstructure� such
that all successive extensions are ultrapower extensions using the same ultra�lter�

One might believe that this a straightforward consequence of the two previous
results and Proposition ����� but there are two rather di�cult problems which must
be overcome�




�

We want in�nitely many successive ultrapower extensions� but at each step� there
will be several possible ultrapower extensions to choose between� We must then use
the axiom of choice to select one particular extension at each step� But to apply
the axiom of choice� we must then de�ne an appropriate family of extensions to
choose from� and this is not trivial�

The other problem is that we must prove that for each limit ordinal � � �� S�
is ��extendable� so that we can apply Theorem ���� �Remember that in Theorem
���� Sm was assumed to be ��extendable�
 It is at this point we need to use �	
 of
Theorem ���� with Y �! �� In all other applications of �	
 of Theorem ���� in this
text� we may assume that Y ! �� This is the only exception�

For each limit ordinal � � �� H
S�

�

� � constructed as in Theorem ���� is called an
ultralimit� and the construction carried out is called the ultralimit construction�

���� THEOREM� Assume that the axiom of choice holds�

Let � be an ordinal� let S be an ��extendable set containing an N�copy� and let
U be a countably incomplete ultra�lter on an in�nite index set I�

Then� there exists a family fS�g
�
���� of ��extendable sets� and a doubly indexed

family of proper nonstandard extensions ft��g����� as in Proposition ���� with
f� j � � �g instead of J �the indices are ordinals� and they are ordered in the usual
way�� such that�

�	
 S� ! S�

��
 If � � �� then t���
� is an ultrapower extension using U �

��
 If � � � is a limit ordinal� then each t�� �with � � �� is obtained from all

t
�� with � � � � �� as in Theorem ��
� with f� j � � �g instead of J � and
� instead of m�

PROOF� Let X�Y � H be any sets such that X contains the given N�copy� X	Y !
�� and such that X �Y is ��extendable� By Proposition ����� with X instead of S�
there exists a set T � H such that T 	Y ! �� T �Y and T are both ��extendable�
and such that there exists an ultrapower extension � � HX�

� 
 HT �

� using U �

Now� for every ordinal �� it makes sense� by the property that a every set of
ordinals is bounded �see Chapter �
� and ��
 of Proposition ���� to put F ��
 as the
smallest ordinal � � � such that for every pair of sets X�Y as above� such that
X�Y � H�� there exists such a T and such an ultrapower extension � � HX�

� 
 HT �

�

as above� such that T � H� � This F is then a well de�ned functional relation�

Now� by �	
 of Theorem ����� with S as X and � as Y � there is a set U such that
S 	 U ! �� S � U is ��extendable� and card �S � U
 
 max�card �� " 	
� cardS
�
Then� cardU ! card �S � U
 
 card �� " 	
 �see Chapter �
� Then� we can choose
an injection g � f� j � � �g 
 U � �Remember that the ordinals are de�ned so that
� " 	 ! f� j � � �g� See Chapter ��


Next� for each � � �� put L� as the set of all limit ordinals � such that � � � � ��
and put V� ! g�L�
�

Now� we can de�ne the following function G on f� j � � �g� by trans�nite
recursion �see Chapter �
�

�i
 G��
 ! r�S � U
�
�ii
 G�� " 	
 ! F �G��

� if � � ��

�iii
 G��
 ! �sup��� G��

 " 	� if � � � is a limit ordinal�




�

It is easy to prove with trans�nite induction that fG��
g���� is an increasing se�

quence of ordinals� i�e� that G��
 � G��
 holds for all ordinals � and � such that
� � � � ��

If � ! �� there is nothing to prove� Assume that � � � and that G��
 � G��

holds for all ordinals � such that � � �� Since F �G��

 � �� it follows from this
and �ii
 that G��
 � G�� " 	
 for all � � �� If � � � is a limit ordinal� then �iii

gives immediately that G��
 � G��
 for all � � ��

By trans�nite induction� fG��
g���� is an increasing sequence of ordinals�
Now� for any � � �� if X and Y are as above� with X�Y � HG���� then there is

an ��extendable set T and an ultrapower extension � � HX�

� 
 HT �

� as above� such
that T � HF �G�����

Also� for every �xed triple h��X� Y i as in the previous paragraph� the class of all
pairs hT� � i of such sets T and corresponding ultrapower extensions �� is a set� �See

chapter �� In particular� the graph of such an extension belongs to P�HX�

� �HT �

� 
�

Therefore� by the axiom of choice� there is a function b assigning such a pair hT� � i
to every such triple h��X� Y i� Also� we let c���X� Y 
 be the set T ! 	���b���X� Y 


and we let f���X� Y 
 be the ultrapower extension � ! 	���b���X� Y 

�

Now� let us de�ne fS�g
�
��� for all � � �� by trans�nite recursion�

�a
 S� ! S�
�b
 S��� ! c��� S� � V�
� if � � ��
�c
 S� ! ����S� if � � � is a limit ordinal�

We must prove that this is well de�ned� i�e� that c��� S� � V�
 is de�ned� which
means that also b��� S�� V�
 and f��� S�� V�
 are de�ned� for all � � �� To prove
this is in no way trivial� because it means that we must prove that S� � HG��� and
V� � HG���� that S� contains the given N�copy� that S� 	 V� ! �� and that each
S� �V� is ��extendable� for all � � �� �But since S� is not �a priori well de�ned� we
put e�g� S� ! � whenever c��� S� � V�
 is not de�ned� in order to get the recursive
de�nition to work in this hypothetical case too�
 S� �� � �
 will then also be
��extendable�

We prove this by trans�nite induction on �� Simultaneously� we prove that
S� � S� for all � � �� Actually� we prove this for all � � �� that is� we include the
case � ! �� so that we also obtain that S� is ��extendable�

For � ! �� we have S� ! S � S � U and V� � U � S � U � By �i
� and �	�
 of
Proposition ���� S � HG��� and V� � HG���� By our assumptions� S� ! S contains
the N�copy� Also� by the above� S	V� � S	U ! �� and since S�U is ��extendable�
so is S � V��

Thus� c��� S�� V�
 is de�ned�
Suppose now that this holds for all � � �� where � � �� Then� S��� !

c��� S� � V�
 � HG������ by de�nition and �ii
� V��� ! V� � HG��� � HG������
by the induction hypothesis and ��
 of Proposition ���� using that fG��
g���� is
an increasing sequence of ordinals� Also� f��� S�� V�
 is de�ned� simultaneously
with c��� S� � V�
� Then� it follows from ��
 of Proposition ��� for f��� S�� V�

that S� � S��� and that S��� contains the N�copy� Also� by our de�nitions�
S��� 	 V��� ! c��� S� � V�
 	 V� ! � and S��� � V��� ! c��� S�� V�
 � V� is
��extendable�

It follows that c�� " 	� S���� V���
 is de�ned� Also� since S� � S���� the induc�
tion hypothesis gives that S� � S��� for all � � ��

Assume now that this holds for all � � �� where � � � is a limit ordinal�




�

Since S� � HG��� for � � �� by the induction hypothesis� it follows from �c
�
and ��
 and ��
 of Proposition ��	�� that S� � H and S� � H� Now� if x � S� �
then x � S� for some � � �� Hence� ��
 of Proposition ��	� gives that r�x
 � G��
�
It follows that r�x
 � sup��� G��
� for all x � S� � Then� �iii
� ��
 of Proposition
��	�� and ��
 of Proposition ���� give that S� � HG����

Since V� � V� for � � �� the induction hypothesis� �iii
� and �	�
 and ��
 of
Proposition ���� give V� � HG��� � HG���� Also� �c
 gives that S� � S� � for all
� � �� and hence� by the induction hypothesis� that S� contains the N�copy�

If x � S� 	 V� � then x � S� for some � � �� Also� since V� � V� � x � V� � Thus�
x � S� 	 V� � which contradicts the induction hypothesis� Hence� S� 	 V� ! ��

To prove that S� � V� is ��extendable� we �rst notice that since S� � H and
V� � H� ��
 and ��
 of Proposition ��	� give S� � V� � H� that is� �i
 of De�nition
���� holds� for S� � V� and ��

To verify �ii
 of De�nition ����� we put y ! g��
� Since y � U and U � H� ��

of Proposition ��	� gives y � H� Also� y � V� for all � � �� but y 
� V� � Hence� by
the induction hypothesis� y 
� S� � for all � � �� By �c
� y � H n �S� � V�
�

Now� since y � S��V� and S��V� is ��extendable� for all � � �� by the induction
hypothesis� it follows from ��
 of Proposition ���	 that y �! �� By De�nition �����
r�v
 
 � for all v � y� Hence� by ��
 of Proposition ��	�� r�y
 
 �� Also� by
De�nition ����� r�z
 
 � for all z � �x�S��V�x � �x�S��V�x� for all � � �� Since
S� ! ����S� � this implies that r�z
 
 � for all z � ��x�S��V�x
 � fyg�

Assume now that there exists a �nite sequence fxkg
m
k��� with m � 	� such that

x�� xm � S� � V� � fyg� and xk�� � xk for all k �	 � k � m
� Then� since
y � V� for all � � �� and since S
 � S� for � and � such that � � � � �� by the
induction hypothesis� there is a � � � such that x�� xm � S� � V� � This means
that S� � V� is not intransitive� But by �	
 of Proposition ���	� this contradicts
the ��extendability of S� � V� � which holds by the induction hypothesis� It follows
that no such sequence exists� that is� S� � V� � fyg is intransitive� Thus� �ii
 in
De�nition ���� holds� for S� � V� and ��

Hence� S� � V� is ��extendable�

Hence c��� S�� V�
 is de�ned� and� by �c
� S� � S� for all � � ��
Now� it follows by trans�nite induction that c��� S�� V�
 is de�ned� and hence

that S� is well de�ned� indeed ��extendable� for all � � �� and also that S� � S�
for all � � � � ��

But c��� S� � V�
 and f��� S�� V�
 are de�ned simultaneously� so f��� S�� V�
 is
also de�ned� for all � � ��

Now� we can de�ne the proper nonstandard extensions t�� for all �� � such that
� � � � �� This de�nition is also by trans�nite recursion on � � �� �We use the

convention that t���x
 ! x� for all ordinals � � � and all x � H
S��
� �


�$
 t���
� ! f��� S�� V�
 � t�� � for all � � ��

�$$
 t�� is de�ned as in Theorem ���� with f� j � � �g as J � � as m� and where
the ordinals are ordered in the usual way� if � � � is a limit ordinal�

We now prove that all t�
 ! t�� � t
�

 � for all �� �� � such that � � � � � � ��

and that the family ft��g����� consists of proper nonstandard extensions� unless
for � ! �� when the maps are identities�

This follows easily by trans�nite induction on �� �Again� the extensions t�� are

not &a priori well de�ned� So let us say that e�g� t�� �x
 ! x in the hypothetical




�

situation� which actually never occurs� when t�� �x
 is not de�ned by the above�


This is clear if � ! � or if � ! �� Assume that � � �� that t�
 ! t�� �t
�

 holds� and

that these are proper nonstandard extensions� for all � and � such that � � � � ��

Then� by Proposition ���� t���

 ! t���

� � t�
 � for � � � � �� and these are proper
nonstandard extensions�

Assume instead that � � � is a limit ordinal� that t�
 ! t�� � t
�

 � and that these are

proper nonstandard extensions� for all �� �� and � such that � � � � � � �� Then�

by Theorem ���� t�
 ! t�� � t
�

 � for � � � � �� and these are proper nonstandard

extensions�
Now� it follows by trans�nite induction that the family of maps de�ned above

has the desired properties�
In particular� t���

� ! f��� S�� V�
� for all � � �� and these are ultrapower
extensions using U �

The proof of the theorem is now complete� �

Now� we come to saturation�

���� DEFINITION� A nonempty family fAjgj�J of sets has the �nite intersection
property if 	j�J �Aj �! � for every nonempty �nite subfamily fAjgj�J � � fAjgj�J �

��	�� DEFINITIONS� Let � be a trans�nite cardinal� A proper nonstandard ex�
tension � � HS�

� 
 HT �

� is ��saturated if 	j�JAj �! �� for every family fAjgj�J of

internal sets in HT �

� n T � whose cardinality is less than �� and which has the �nite
intersection property�

The extension is called polysaturated if HS�

� can be well ordered and is ��

saturated for � ! cardHS�

� � �cardHS�

� is trans�nite� since S is in�nite�


Obviously�

��		� PROPOSITION� Let � � HS�

� 
 HT �

� be a ��saturated extension� for some
trans�nite cardinal �� Then � is ��saturated� for every trans�nite cardinal � � ��

��	�� REMARKS� Clearly� every proper nonstandard extension is ���saturated�
since only the �nite cardinals are smaller than ��� The simplest nontrivial kind of
saturation is therefore ���saturation� The assumption of ���saturation is su�cient
for many applications�

It can be proved that every ultrapower extension is ���saturated� provided that
the axiom of choice holds �see Henson� �	
� Th� ��	�� p� ��
�

We can now prove the main theorem about saturation�

��	�� THEOREM� Assume that the axiom of choice holds�
Let S be an ��extendable set� Then� for every trans�nite cardinal �� there exists

an ��extendable set T and a ��saturated proper nonstandard extension
� � HS�

� 
 HT �

� �

PROOF� Let �� be the smallest cardinal such that �� 
 �� We will construct a
���saturated extension of HS�

� � This is also a ��saturated extension� by Proposition
��		���

��The reason that we use �� instead of � is that �� is a regular cardinal� which � might not
be� This means that the union over a family with cardinality less then �� of sets with cardinalities
less then ��� has cardinality less than �� �see Chapter ��� This property of �� is used in the
proof�




�

Let I be set of all ordinals � such that � � �� where � and �� are considered as
ordinals� Let U be the countably incomplete ultra�lter on %I constructed in Remarks
��	�� with I instead of X� Now� by Theorem ���� with %I instead of I and �� instead

of �� there is a family fS�g
��

��� of sets� with S� ! S� all containing the same N�copy

as S� and a doubly indexed family ft��g� where each t�� � H
S�

�

� 
 H
S��
� �� � � � ��


is a proper nonstandard extension� and where t���
� is an ultrapower extension using

U � for each � � ���

We will prove that the extension t�
�

� is ���saturated� So� let fAjgj�J be a

nonempty family of internal sets �with respect to t�
�

� 
 with cardinality � � ���
which has the �nite intersection property� Clearly� we may assume that J � I� In
fact� by bringing in repetitions� if necessary� we will even assume that J ! I�

Now� each Aj �j � I
 is an internal set in H
S
��

�

� n S�� � This means that

Aj � t�
�

� �Ej
 for some Ej � HS�
�

� n S�� By ��
 of Proposition ���� for t�
�

� � Ej �! ��
Since �� is a limit ordinal� theorems ��� and ��� imply that there is an ordinal

�j � �� and a set Bj � t
�j
� �Ej
 such that Aj ! t�

�

�j
�Bj
� This holds for all j � I�

Now f�jgj�I is an indexed family with cardinality at most �� consisting of ordinals
�j � ��� This implies that card �j � � for all j � I� Put � ! supj�I �j ! �j�I�j �
It follows that card� � � �see Chapter �
� But a cardinal is an initial ordinal� so
� � ���

Put Cj ! t��j �Bj
� for all j � I�

Then� for all j � I� Aj ! t�
�

�j
�Bj
 ! t�

�

� �t��j �Bj

 ! t�
�

� �Cj
� Theorem ����

Now� for any nonempty �nite subset I � � I� 	j�I�Aj �! �� Hence� by repeated

applications of �	
 and ��
 of Proposition ��� for t�
�

� � 	j�I�Cj �! �� Thus� fCjgj�I
has the �nite intersection property� too� Thus� for every nonempty �nite subset
I � � I� we can� by the axiom of choice� choose an a�I �
 � 	j�I�Cj �

Now� for every j � I� let Ij be the set of all �nite subsets I � � I such that j � I ��
Then� a�I �
 � Cj � for every I � � Ij � But Ij � U �see Remarks ��	�
� Since t���

� is
an ultrapower extension using U � we can use the terminology in Chapter � with the
given U and with t���

� instead of �� Doing this� we see that a�I �
 � Cj a�e�� and if
we de�ne �a
 �W by these a�I �
 �using De�nitions ���
� we obtain �a
 �	 Cj � Then�
by ��
 of Proposition ��	� and De�nitions ��	�� for t���

� � h��a

 � t���
� �Cj
� Hence�

by Axiom �� for t�
�

���� and Theorem ���� t�
�

����h�a

 � t�
�

����t
���
� �Cj

 ! t�

�

� �Cj
 !

t�
�

� �t��j �Bj

 ! t�
�

�j
�Bj
 ! Aj �

Thus� t�
�

����h�a

 � Aj �
This holds for all j � I� Hence� 	j�IAj �! �� It follows that the proper

nonstandard extension t�
�

� � HS�

� 
 H
S
��

� is ���saturated� and� as we said� it is
also ��saturated� �

We conclude this chapter by giving a few important applications of saturation�

��	�� PROPOSITION� Let � � HS�

� 
 HT �

� be a ��saturated extension� for some
trans�nite cardinal ��

Then� for every in�nite internal set A � HT �

� n T which can be well ordered�
cardA � ��

PROOF� Assume that A � HT �

� n T is internal and in�nite� and that it can be
well ordered� Assume� to get a contradiction� that cardA ! � � �� Then� for




�

each a � A� a is internal� by ��
 of Proposition ����� Then� by ��
 and �	
 of
Corollaries ����� A n fag is internal� The family fA n fagga�A is then a family of
internal sets with cardinality �� and it has the �nite intersection property� Since �

is ��saturated� 	a�AfAnfagg �! �� But this is obviously false� Therefore� we must
have cardA � �� �

��	�� THEOREM �Comprehension
� Let � be a trans�nite cardinal� and let
� � HS�

� 
 HT �

� be a ��saturated proper nonstandard extension�

Let A�B � HT �

� be internal m�ary and k�ary relations� respectively� with B �! �

�m� k � ��� Let C � A with cardC � �� and let f � C 
 B be a function�
Then� there exists an internal function g � A
 B such that f is the restriction

of g to C�

PROOF� If A ! �� then f ! h���� Bi� This function is internal� by ��
 of Propo�
sition ���� and ��
 �a
 of Corollaries �����

Also� if k ! � and A �! �� then we can take g ! hA�A�Bi� which is internal� by
��
 �a
 of Corollaries �����

So� we assume that A �! � and that k � 	�
Choose n � 	 such that A � �HT �

n 
m and B � �HT �

n 
k� Since A and B are

internal� ��
 of Theorem ���� gives that A � � �HS�

n 
m and B � � �HS�

n 
k�
Put

D ! fha�� a�� � � � � am� ci � �HS�

n��
m�� j ha�� a�� � � � � ami � cg�

E ! fhb�� b�� � � � � bk� ci � �HS�

n��
k�� j hb�� b�� � � � � bki � cg�

and

F ! fha�� a�� � � � � am� b�� b�� � � � � bk� ci � �HS�

n��
m�k�� j

ha�� a�� � � � � am� b�� b�� � � � � bki � cg�

By Theorem ���� and ��
 of Proposition ��	��

�D ! fha�� a�� � � � � am� ci � � �HS�

n��
m�� j ha�� a�� � � � � ami � cg�

and similarly for �E and �F �
Now� let ��x�� x�� � � � � xm�k��
 be the following formula over S�

��xm�k�� � HS�

n��
�hxm�k��� x�i � membHS�

n�� 
 xm�k�� � �HS�

n 
m�k
�

��xm�k�� � HS�

n 
��xm�k�	 � HS�

n 
 � � � ��x�m��k�� � HS�

n 


�hxm�k��� xm�k�	� � � � � x�m��k��� x�i � F 


�hxm�k��� xm�k�	� � � � � x�m�k��� x�i � D �

hx�m�k��� x�m�k�	� � � � � x�m��k��� x�i � E

�

��xm�k�� � HS�

n 
��xm�k�	 � HS�

n 
 � � � ��x�m�k�� � HS�

n 


�hxm�k��� xm�k�	� � � � � x�m�k��� x�i � D 


��x�m�k�� � HS�

n 
��x�m�k�	 � HS�

n 
 � � � ��x�m��k�� � HS�

n 


��x�m��k�� � HS�

n 
��x�m��k�	 � HS�

n 
 � � � ��x�m��k�� � HS�

n 


�hxm�k��� xm�k�	� � � � � x�m�k��� x�m��k��� x�m��k�	� � � � � x�m��k��� x�i � F �

�hx�m�k��� x�m��k��i � diagHS�

n � hx�m�k�	� x�m��k�	i � diagHS�

n � � � �

� � � � hx�m��k��� x�m��k��i � diagHS�

n 


 � hx�� x�� � � � � xm�k��� x�i � F�




�

If A� � �HS�

n 
m� with A� �! �� B� � �HS�

n 
k� and Gh � HS�

n�� n S� then
��Gh� A�� B�� a�� a�� � � � � am� b�� b�� � � � � bk
 holds if and only if Gh is the graph of
a function h � A� 
 B�� such that ha�� a�� � � � � ami � A� and h�a�� a�� � � � � am
 !
hb�� b�� � � � � bki�

If� instead� Gh� A�� B�� a�� a�� � � � � am� b�� b�� � � � � bk are internal elements in HT �

�

such that A� � �HT �

n 
m� A� �! �� B� � �HT �

n 
k� and Gh � HT �

n�� n T � then� it

follows from ��
 and ��
 of Theorem ���� that A� � � �HS�

n 
m� B� � � �HS�

n 
k�

and Gh � �HS�

n�� n T � Then� it follows from �	
 and ��
 of Proposition ��	��
��
 of Proposition ����� ��
 of Theorem ����� ��
 of Proposition ���� and ��
 �a
 of
Corollaries ����� that ���Gh� A�� B�� a�� a�� � � � � am� b�� b�� � � � � bk
 holds if and only if
Gh is the graph of an internal function h � A� 
 B�� such that ha�� a�� � � � � ami � A
and h�a�� a�� � � � � am
 ! hb�� b�� � � � � bki�

Now� �x ha�� a�� � � � � ami � C� Put hb�� b�� � � � � bki ! f�a�� a�� � � � � am
� and

H�a�� a�� � � � � am
 ! fGh �
�HS�

n�� nT j ���Gh� A�B� a�� a�� � � � � am� b�� b�� � � � � bk
g�

By Axiom �� Proposition ��		� ��
 of Proposition ����� ��
 and ��
 �a
 of Corollar�
ies ����� ��
 of the internal de�nition principle� and the above� that H�a�� a�� � � � � am

is an internal set whose elements are the graphs of all internal functions from A to
B which map ha�� a�� � � � � ami to f�a�� a�� � � � � am
�

Now� let fhaj�� a
j
�� � � � � a

j
m� b

j
�� b

j
�� � � � � b

j
kig

p
j�� be a �nite subset of the graph Gf of

f � and pick hd�� d�� � � � � dki � B�
The set

��A n �pj��fha
j
�� a

j
�� � � � � a

j
mig
� fhd�� d�� � � � � dkig


�
�pj�� fha

j
�� a

j
�� � � � � a

j
m� b

j
�� b

j
�� � � � � b

j
kig

is internal� by ��
 of Proposition ����� and �	
� ��
� and ��
 of Corollaries �����

But this set is the graph of a function h � A 
 B such that h�aj�� a
j
�� � � � � a

j
m
 !

hbj�� b
j
�� � � � � b

j
ki for all j �	 � j � p
� This function h is then internal� by ��
 �a
 of

Corollaries �����
It follows that the conclusion of the theorem holds if C ! � �take p ! �
� If

C �! �� it follows� by taking suitable sets fhaj�� a
j
�� � � � � a

j
m� b

j
�� b

j
�� � � � � b

j
kig

p
j�� above�

that the family fH�a�� a�� � � � � am
 j ha�� a�� � � � � ami � Cg has the �nite intersection
property�

Since this family has cardinality cardC � �� and since � is ��saturated� this
family has nonempty intersection� An element in this intersection is the graph of
an internal function g � A
 B� such that f is the restriction of g to C�

It follows that the conclusion of the theorem is true whether C ! � or not� �

��	�� REMARK If � � HS�

� 
 HT �

� is an ���saturated extension� and if B � HT �

� nT
is an internal set� and if f � N� 
 B� is a function� then� there is an internal
function g � � �N
� 
 B� such that f is the restriction of g to N� �

This follows from the Comprehension Theorem� if we use Axiom �� ��
 of Propo�
sition ���	� �	
 of Proposition ����� and ��
 of Corollaries �����

We express this by saying that every sequence in B can be extended to an internal
hypersequence in B�







��	�� DEFINITION� A proper nonstandard extension � � HS�

� 
 HT �

� is called an

enlargement if� for every set A � HS�

� nS� there exists a hyper�nite set B � HT �

� nT
such that f�a j a � Ag � B � �A�

��	�� REMARK� It may seem weird that enlargements exist� but they do� as the
following results show� and they are useful in applications�

As Nigel Cutland said�

�Nonstandard analysis is the art of making in�nite sets �nite by extending them��

��	�� THEOREM� A proper nonstandard extension � � HS�

� 
 HT �

� is an enlarge�
ment if and only if the following condition holds�

If A � HS�

� n S is a nonempty family of sets in HS�

� n S with the �nite intersection
property� then 	B�A

�B �! ��

PROOF� Assume �rst that � � HS�

� 
 HT �

� is an enlargement� Let A � HS�

� nS be

a nonempty family of sets in HS�

� n S with the �nite intersection property� Let C
be the family of all nonempty �nite subfamilies of A� Since P�A
 	 S ! �� C can
also be described as the set of all elements in �P�A
nf�g
 nS which are �nite sets�

By Theorem ���	� Axiom �� ��
 of Proposition ���� and ��
 of Proposition ��	��
�C is then the set of all elements in � �P�A
 n f�g
 n T which are hyper�nite sets�
Since �P�A
	T ! �� by �	
 and ��
 of Proposition ���� and Proposition ��		� and
since all hyper�nite sets are internal� by Proposition ����� ��
 of Theorem ���� then
gives that �C is the family of all nonempty� hyper�nite subfamilies of �A�

Also� A 	 S ! �� together with �	
 and ��
 of Proposition ��� and Proposition
��		� give that �A 	 T ! ��

Next� put n ! rS
�

�A
� Then n � � and rS
�

�C
 ! n" 	� Then� all elements in C

lie in HS�

n � all elements in A lie in HS�

n�� n S� and all elements in elements in A lie

in HS�

n���
Now� it follows from ��
 of Proposition ���� ��
 of Proposition ����� and ��
 of

Theorem ����� that rT
�

� �A
 ! n� rT
�

��C
 ! n " 	� and that all elements in �A lie

in �HS�

n�� nT � and hence so does all elements in elements in �C� while the elements

in �C themselves lie in �HS�

n � Likewise� all elements in elements in �A� and thus

all elements in elements in elements in �C� lie in �HS�

n���
Now� the following sentence over S is true� since A has the �nite intersection

property�

��x� � C
��x� � HS�

n��
��x� � A


�hx�� x�i � membHS�

n 
 hx�� x�i � membHS�

n��
�

Hence� by ��
 of the transfer principle� its ��transform is true� and that is� by �	

of Proposition ��	��

��X� �
�C
��X� �

�HS�

n��
��X� �
�A


�hX�� X�i � memb �HS�

n 
 hX�� X�i � memb �HS�

n��
�

Together with the above considerations� and ��
 of Proposition ���� this means that
every nonempty hyper�nite subfamily of �A has a nonempty intersection�



���

Next� since � is an enlargement� there is a hyper�nite subfamily D of �A such
that f �B jB � Ag � D� Since A �! �� D �! �� It follows that D has a nonempty
intersection� Hence� so does f �B jB � Ag�

This holds for all nonempty families of sets in HS�

� n S which have the �nite
intersection property�

Conversely� assume that the condition holds� Pick a set C � HS�

� n S� If C ! ��
C itself is hyper�nite� by Proposition ����� Also C ! �C� by ��
 of Proposition
���� Thus� the converse part of the theorem holds in this case�

So� assume that C �! �� For each c � C� let Bc be the family of all �nite subsets
of D � C such that c � D� Then� Bc � HS�

� nS� Since Bc � P�C
� ��
 of Proposition
��� and ��
 of Theorem ���� give �Bc �

�P�C
 � P� �C
� for all c � C
The family fBc j c � Cg has the �nite intersection property� Hence� by induction

upon �	
 and ��
 of Proposition ���� the family f �Bc j c � Cg has the �nite intersec�
tion property� Thus� by our assumption� there exists a set E � 	c�C

�Bc � P� �C
�

But� by Corollary ����� every element in �Bc �c � C
 is hyper�nite set in HT �

� n T �
Thus� E is a hyper�nite subset of �C�

Next� �x c � C� and choose n � 	 so that C � HS�

n � Let ��x�
 be the following
formula over S�

��x� � Bc
 hx�� x�i � membHS�

n �

Then� ��c
 holds� Hence� ��� �c
 holds� by ��
 of the transfer principle� This
and �	
 of Proposition ��	� now give that that every element in �Bc contains the
element �c�

This holds for all c � C�
Thus� since E � 	c�C

�Bc� it follows that �c � E for all c � C� Therefore� E has
the desired properties�

Since C � HS�

� nS was arbitrary� the converse part of the theorem is now proved�
too� �

����� THEOREM� Every polysaturated proper nonstandard extension is an enlarge�
ment�

PROOF� Let � � HS�

� 
 HT �

� be a polysaturated extension� This means� by de�ni�

tion� that it is ��saturated� where � ! cardHS�

� � �This � is trans�nite� and since it

is de�ned� HS�

� can be well ordered� see Chapter ��


Let A � HS�

� nS be a nonempty family of sets in HS�

� nS with the �nite intersection
property� By iteration upon �	
 and ��
 of Proposition ���� f �B jB � Ag has also
the �nite intersection property� and all these �B are internal� by �	
 of Proposition
�����

Furthermore� A � HS�

n for some n� and hence cardA � cardHS�

n � cardHS�

� ! ��
Since � is ��saturated� 	B�A

�B �! �� This holds for all nonempty families
A � HS�

� n S of sets in HS�

� n S which have the �nite intersection property�
Thus� � is an enlargement� by Theorem ��	�� �

���	� COROLLARY� If the axiom of choice holds� then� every superstructure has
an enlargement�

PROOF� This follows immediately from theorems ��	� and ����� �



���

����� REMARK� Corollary ���	 can also be proved in a simpler way� without using
saturation� For this simpler proof� it is not necessary to know how to compose
extensions as in propositions ��� and ���� and theorems ��� and ���� �See Henson�
�	
� Th� ��	�� p� �� f�




���

CHAPTER �

Appendix
 Set Theory

We will here mention� mostly without proofs� some set theoretic results� useful
in this article� This is by no means a complete expos&e� for this� we refer to the
literature�

There are some di�erent set theories used by mathematicians today� By far�
the most popular one is ZFC� Zermelo�Fraenkel with the axiom of choice� Another
rather common one is NBG� von Neumann�Bernays�G�odel� In NBG� there are two
types of objects� sets and classes� while ZFC is simpler in the sense that it contains
only one type of objects� sets� On the other hand� it is often necessary to talk about
collections which cannot be sets �e�g� the collection of all sets� the collection of all
ordinals� or of all cardinals� which are not sets� because if they were� this would
lead to contradictions� the so called �paradoxes� of set theory
 and this is more
smoothly done in NBG�

It is worth to point out that neither ZFC nor NBG contain any �pure� elements
�in German� �Urelementen�
� which are not regarded as collections of other objects�
This may seem strange� but it turns out that one can generate all sets one needs
by starting from the empty set� then take its power set� then its power set� etc�
and use all kinds of operations� described in the axioms� to form new sets from old
ones� �In nonstandard analysis� however� one needs some kind of �urelements�� see
Chapter 	
�

We will here follow ZFC� It is a �rst order theory� which means that its axioms
and theorems are formulas in �rst order predicate logic �see e�g� Mendelson� ��
�
Ch� �
� These formulas are not of the same type as the formulas used in Chapter ��
although there are similarities between them� We will not go into the details here�
but we formulate the axioms informally in semi�natural language� We interrupt the
list of axioms at many places� with appropriate discussions�

Axiom of Extensionality� Two sets A and B are equal� if and only if they have the
same elements� that is� A ! B if and only if� for all x� x � A� x � B�

A consequence of this is that there are no urelements� There can only be one object
with no elements� the empty set�

A formula ��x
 can be regarded as a condition which an object� �in ZFC neces�
sarily a set
� for which all free occurrences of x in the formula should be substituted�
may or may not satisfy� Sometimes� there exists a set �unique� by the Axiom of
Extensionality
 which contains precisely those sets which satisfy the condition� If
so� we write this set as fx j ��x
g� a � fx j ��x
g then means the same as ��a
� The
formula ��x
 may contain other free variables than x� which are then considered as
parameters upon which the set fx j ��x
g depends�

That not all conditions of this kind de�ne sets is clear if we consider the condition
x 
� x� and� assuming that it de�nes a set A as above� we try to decide whether or
not A � A� We then obtain A � A if and only if A 
� A� This is a contradiction�
the famous �Russell s Paradox�� which Bertrand Russell discovered in 	���� Thus�
this condition cannot de�ne a set� Another condition which can be proved to not
de�ne a set is x ! x� which is satis�ed by all sets� This means that there is no set
of all sets�
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However� whether the condition ��x
 de�nes a set or not� we can still form the
expression fx j ��x
g� We call any such expression a class �which also may depend
upon parameters
� and we may use any suitable letters or expressions to denote it�
We then write a � fx j ��x
g �or i�e� a � A� if �A� denotes the given class
 as
a shorthand �or perhaps �longhand�
 for ��a
� which con�rms with the situation
when fx j ��x
g is a set�

A class which is not a set is called a proper class� These di�er from sets in the
sense that they cannot be elements in other classes� Thus� if A is a proper class�
and if B is a class �either a set or a proper class
� then the expression A � B has no
meaning� The Russell argument above then shows that fx j x 
� xg is a proper class�
Other important proper classes are �the class of all sets�� �the class of all ordinals��
the class of all cardinals�� and the classes HY in Chapter � �which depends upon
the parameter Y 
� We use the binary operators such as �� n� and 	� and the binary
relations �� �� and ! on classes too� with the obvious interpretations�

In NBG� classes are actually objects themselves� not only notational conve�
niences� as here in ZFC�

The next three axioms in ZFC state conditions which are claimed to de�ne sets�
In all cases� the sets thus de�ned are unique� by the axiom of extensionality�

Union Axiom� For every set A� there exists a set B which contains precisely all
elements in elements in A�

The corresponding condition ��x
 is� informally� �There exists an element y � A
such that x � y�� The set B is called the union of the elements in A� It is denoted
�y�Ay�

Power Set Axiom� For every set A� there exists a set B� which contains precisely
all subsets of A�

The corresponding condition is �x � A�� The set B is called the power set of A�
It is denoted P�A
�

We call a formula ��x� y
 in ZFC a �binary
 relation �possibly dependent upon
parameters
� A relation ��x� y
 is called a functional relation if� for all a� b� and c�
��a� b
 and ��a� c
 together imply b ! c� It is then meaningful to write F �a
 ! b
instead of ��a� b
� As with classes� F need not be an object in itself� just a notational
convenience� The expression is F �a
 is meaningful only if it is de�ned� that is� if
there is a b such that ��a� b
� We say that the functional relation F is de�ned on
the class A if F �a
 is de�ned for every a � A�

Now� we can state the next axiom thus�

Axiom Schema of Replacement� Let F be a functional relation� Then� for every set
A� the class of all F �a
 such that F �a
 is de�ned and a � A� is a set�

�We leave it to the reader to write this class in the standard form above�

This is called an axiom schema because it is actually in�nitely many statements�

one for every functional relation F �
From this� we easily derive the following important consequences�

Theorem Schema of Subsets� For any condition ��x
 and any set A� the class
fx j ��x
 � x � Ag is a set�

To see this� apply the axiom schema of replacement to the functional relation
de�ned by ��x
 � x ! y� using the set A�

�Here� too every condition ��x
 gives rise to one of in�nitely many statements�
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So far� we have not seen any single example of a set� But now we can construct
the empty set�

Existence of the Empty Set� There exists a �unique
 set which has no elements�
This is denoted ��

To see this� apply the theorem schema of subsets to some contradictory condition�
e�g� x �! x� and an arbitrary set A�

That there exists some set A to start from� i�e� that there exists any object at
all� is a not a particular property of ZFC� but it is an assumption that underlies
the formalism of predicate logic�

Applying the power set axiom to �� we obtain the set f�g� A new application
of the power set axiom then gives the set f�� f�gg�

This is used in next theorem�

Pairing Theorem� For all sets a and b� there exists a set whose elements are precisely
a and b� This set is denoted fa� bg�

To see this� apply the axiom schema of replacement to the relation
�x ! � � y ! a
 � �x ! f�g � y ! b
� which is obviously a functional relation
which depends upon the parameters a and b� using the set f�� f�gg�

We can now combine old sets to get new ones� using all the results hitherto� We
can construct unions� di�erences� intersections� power sets� pairs� subsets given by
conditions� etc� of old sets�

Given two sets a and b� we can construct the set ffag� fa� bgg� which we denote
by ha� bi� Such a set is called an ordered pair� This is a more fundamental type of
ordered pair than those in De�nitions ��	� We use the same notation� since there
are little risk for confusion� A similar argument as in the proof of Proposition ���
yields that if ha� bi ! hc� di� then a ! c and b ! d� A set of the form hha� bi� ci is
called a triple and is denoted ha� b� ci� Similarly for quadruples� quintuples� etc�

The cartesian product of two classes A and B is the class of all ordered pairs
ha� bi such that a � A and b � B� It is denoted A � B� A subclass R � A � B is
called a �binary
 relation on A � B� If A ! B� then we call it a �binary
 relation
on A� We usually write aRb instead of ha� bi � R� If C � A and D � B� then the
relation R� ! R 	 �C �D
 is called the restriction of the relation R to C �D �or
to C� if C ! D
�

If A and B are sets� then so are A�B and all relations on A� B�
Here� too� we have terminology con�icting with the terminology in Chapter ��

and also with the terminology earlier in the present chapter� The latter con�ict�
however� may be resolved by simply identifying a relation given by a condition
��x� y
 by the class of all ordered pairs ha� bi such that ��a� b
� It can be considered
to be a relation on the class of all sets� or on any class which contains all a and b
such that ��a� b
 holds�

We will now introduce functions� where we also get a con�ict with the earlier
de�nition�

A function f � A
 B� where A and B are sets� is a triple hA�Gf � Bi� where Gf

is a binary relation on A � B� such that for every a � A there is a unique b � B
such that ha� bi � Gf � We write f�a
 ! b instead of ha� bi � Gf � A is called the
domain� B the codomain� and Gf the graph of f � We write Df ! A� These sets
are all uniquely determined by f � The image of a subset C � A under f is the set
of all b � B for which there exists an a � A such that f�a
 ! b� It is denoted by
f �C
� We put Rf ! f �A
� Rf is called the range of f � f is said to be injective or
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an injection� if there is at most one a � A such that f�a
 ! b to every b � B� f
is called surjective or a surjection if Rf ! B� It is called bijective or a bijection
if it both injective and surjective� If f is bijective� then it has a �unique
 inverse�
i�e� a function f�� � B 
 A such that f���b
 ! a if and only if f�a
 ! b for all
a � A and all b � B� If f � A 
 B and g � B 
 C are functions� than we de�ne
the composite function g � f � A 
 C by �g � f
�a
 ! g�f�a

� for all a � A� If f
and g both are injective �surjective� bijective
� then so is g � f � If f � A 
 B is
bijective with inverse f�� � B 
 A� then f�� � f ! idA and f � f�� ! idB � where
idA � A 
 A is the identity function on A� which is de�ned by idA�a
 ! a for all
a � A� and similarly for idB � B 
 B� Clearly� f�� has an inverse too� namely
�f��
�� ! f � If A � B� then the function f � A 
 B de�ned by f�a
 ! a for all
x � A is called an inclusion� If A ! Df is an m�ary relation� for some m � �� then
we write f�a�� a�� � � � � am
 instead of f�ha�� a�� � � � � ami
� for ha�� a�� � � � � ami � A
�see De�nitions ���
�

For any sets A and B� we write A � B if there exists an injection f � A 
 B�
We write A�B and say that A is equinumerous to B� if there exists a bijection
f � A 
 B� We write A �� B if A � B does not hold� and A �� B if A � B does
not hold� We also write A � B if A � B and A �� B� and A �� B if not A � B�
Clearly� A � B implies A � B� The following properties are also obvious �A� B�
and C are arbitrary sets
�

�	
 If A � B� then A � B�
��
 A � A� and hence A � A�
��
 If A � B� then B � A�
��
 If A � B and B � C� then A � C�
��
 If A � B and B � C� then A � C�

To see these� just apply appropriate inclusions� identity functions� inverses� and
composite functions�

The following classical result� however� is by no means obvious� But it seems
intuitively reasonable and it is very important� It is usually proved by de�ning
a process jumping back and forth between A and B� and this process needs the
natural numbers for its de�nition� There is however� another very elegant proof�
due to J� Whitaker� which do not presuppose the natural numbers� I can t resist to
give this proof here�

THEOREM �Schr�oder�Bernstein
� For any sets A and B� If A � B and B � A�
then A � B�

PROOF� Assume that A � B and B � A� and let f � A 
 B and g � B 
 A be
injections� We must �nd a bijection h � A
 B�

Let T be the family of all subsets V � A such that g�B n f �V 
 
 � A n V � Put
U ! �V �T V � Pick b � B n f �U 
� Then� for any V � T � b � B n f �V 
� which yields
that g�b
 � A n V � This holds for all V � T � so g�b
 
� �V �T V ! U � Since this
holds for all b � B n f �U 
� g�B n f �U 
 
 � A n U � that is� U � T �

Next� pick a � A n g�B n f �U 
 
� Put U � ! U � fag� Since U � U �� g�B n f �U �
 
 �
g�Bnf �U 
 
 � �AnU
nfag ! AnU �� It follows that U � � T � and hence that U � � U �
which implies a � U � Since a � A n g�B n f �U 
 
 was arbitrary� A n g�B n f �U 
 
 � U �
Hence� A n U � g�B n f �U 
 
�

Thus� g�B n f �U 
 
 ! A n U �



���

Therefore� we can now de�ne a function h � A
 B by

h�a
 !

	
f�a
� if a � U�

g���a
� if a � A n U�

where we� somewhat improperly� regard g�� as a function with domain Rg�
If a� a� � A and a �! a�� then h�a
 �! h�a�
 if either both a� a� � U or both

a� a� � A n U � If a � U and a� � A n U � then h�a
 � f �U 
 and h�a�
 � B n f �U 
�
and hence that h�a
 �! h�a�
� Therefore� h is injective� Also� h�U 
 ! f �U 
 and
h�A n U 
 ! B n f �U 
� whence h is surjective�

Thus� h � A
 B is bijective� and this means that A � B� �

COROLLARY� If A � B and B � A� then A � B�

PROOF� This follows immediately from the theorem and �	
 above� �

Another important question is� For arbitrary sets A and B� must either A � B or
B � A hold� We postpone this question for the moment�

Let us� however� point out one important result� that P�A
 �� A� for all sets A� �If
there was a bijection f � P�A
 
 A� would then the set C !
ff�B
 j B � A � f�B
 
� Bg satisfy f�C
 � C or not�
 On the other hand� it
is easy to see that A � P�A
� Hence� A � P�A
�

A relation R on a class A is called

re�exive� if aRa for all a � A�
irre�exive� if aRa for no a � A�
symmetric� if aRb implies bRa� for all a� b � A�
antisymmetric� if aRb and bRa imply a ! b� for all a� b � A�
transitive if aRb and bRc imply aRc� for all a� b� c � A�

R is called an equivalence relation� if it is re�exive� symmetric and transitive�
If R is an equivalence relation on a class A� then� for every a � A� we de�ne the

class �a
 ! fb � A j aRbg� This is called the equivalence class of a� given by R�
Then� a � �a
� For any a� b � A� we have either �a
 	 �b
 ! � or �a
 ! �b
�

Two examples of equivalence relations are equinumerousity �on the class of all
sets� see above
� and similarity �on the class of all totally ordered sets� see below
�

If A is a set� then set of all equivalence classes given by R forms a partition of
A� i�e� a set of pairwise disjoint subsets of A� whose union is A�

Conversely� given a partition of a set A� we can de�ne an equivalence relation
R on A by stipulating that aRb if and only if a and b lie in the same subset� of
those subsets forming the partition� These subsets will then become the equivalence
classes given by R� Conversely� if we start from an equivalence relation R on a set
A� then the equivalence relation de�ned by the set of equivalence classes given by
R is R itself�

A relation � on a class A is called a �strict
 partial order if it is both irre�exive
and transitive��� If � is a partial order� we will often write a 
 b instead of b � a�
a � b instead of a � b or a ! b� and a � b instead of a 
 b or a ! b� A strictly
partially ordered set is an ordered pair hA��i� where A is a set and � is a partial
order on A� If hA��i is a strictly partially ordered set� if B � A� and if �� is

��	�	 and similar symbols are commonly used to denote order relations�
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the restriction of � to B� then hB���i is also a strictly partially ordered set� A
�nonstrict
 partial order on a class A is a relation � on A derived from a strict
partial order � as above �with a � b meaning a � b or a ! b
� Such a relation can
also be characterized by saying that it is re�exive� antisymmetric� and transitive�
We can then obtain� or retrieve� the strict partial order � from � by putting a � b
as a � b and a �! b� for all a� b � A� A nonstrictly partially ordered set is an
ordered pair hA��i where A is a set and � is a �nonstrict
 partial order on A�
Any restriction of a �nonstrict
 partial order on A to a subclass B � A is itself a
�nonstrict
 partial order�

For every set A� hP�A
��P�A�i is a �nonstrict
 partially ordered set� where the
partial order �P�A� is the restriction of the subset relation to P�A
� The corre�
sponding strict partial order is �P�A�� the restriction of the proper subset relation
to P�A
� If � is a strict partial order on a class A� then an element m � A is
called a maximal element �in A with respect to �
 if there is no a � A such that
m � a� and a greatest element �of A with respect to �
 if a � m for all a � A�
Clearly� a greatest element m� if it exists� is unique� and then� m is also a unique
maximal element� But in general� several maximal elements may exist� If �� is the
restriction of strict partial order on a class A to a subclass B � A� then an upper
bound of B �in A with respect to ��
 is an element a � A such that b � a for
all b � B� Similarly for minimal element� smallest element� and lower bound if we
substitute 
 for �� and � for �� All these de�nitions can be made equally well for
nonstrict partial orders� and this is also true for the succeeding de�nitions�

� is �strict
 total order on a class A� if � is a partial order on A� and� for all
a� b � A� either a � b� a ! b or a 
 b holds �it easy to see that at most one of these
can hold
� In this case� if A is a set� the pair hA��i is called a �strictly
 totally
ordered set� The corresponding relation � is then a �nonstrict
 total order� and if
A is a set� then hA��i is called a �nonstrictly
 totally ordered class�

If � is a strict total order on the class A� then A can have at most one maximal
element with respect to A� which is then the greatest element� Similarly for minimal
element and smallest element�

If � is a strict total order on A� if B � A� and if �� is the restriction of �
to B� then �� is also a strict total order �on B
� Let M � A be the class of all
upper bounds of B �in A with respect to �
� If M has a �necessarily unique

smallest element m� this m is called the supremum of B with respect to ��� and
it is denoted supb�B b or shorter supB� If supB ! m � B� then m is actually the
greatest element of B with respect to ��� and it is denoted maxb�B b or maxB�
The corresponding concepts for 
 are the in�mum of B� denoted infb�B b or inf B�
and minb�B b or minB�

If � is a strict total order on the class A� then a �proper
 initial segment of A�
�with respect to �
� is a proper subclass B � A such that� for all a � A and b � B�
a � B whenever a � b�

If � is a strict partial order on a class A� then a subclass B � A is called a chain
in A� if the restriction of � to B is a strict total order�

If hA�� ��i and hA�� ��i are totally ordered sets� then a similarity map from
A� to A� �with respect to �� and ��
 is a surjection f � A� 
 A� such that
f�a
 �� f�b
 whenever a �� b� for all a� b � A�� �Here� it is essential the orders ��

and �� are total�
 Clearly� a similarity map is actually a bijection� with an inverse
which is also a similarity map� Also� the composition of of two similarity maps is
a similarity map� The identity function idA on a set A is a similarity map from A
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to itself� with respect to any total order � on A� We say that a totally ordered set
hA�� ��i is similar to a totally ordered set hA�� ��i if there exists similarity map
from A� to A�� with respect to �� and ��� Then� for all strictly totally ordered
sets hA�� ��i� hA�� ��i� and hA�� ��i�

�i
 hA�� ��i is similar to itself�
�ii
 If hA�� ��i is similar to hA�� ��i� then hA�� ��i is similar to hA�� ��i�

�iii
 if hA�� ��i is similar to hA�� ��i� and hA�� ��i is similar to hA�� ��i� then
hA�� ��i is similar to hA�� ��i�

This means that similarity is an equivalence relation on the class of totally or�
dered sets�

A strict partial order � on a class A is called a well order if every nonempty
subclass B � A� has a smallest element� with respect to �� If A is a set� then
hA��i is then called a well ordered set� By looking at subsets with two elements�
we see that every well order is a total order� and every well ordered set is a totally
ordered set� Also� for every B � A� the restriction �� of � to B is a well order�

Also� we see that if � is a well order on the class A� and B is a subclass of A
which has an upper bound in A with respect to �� then supB exists� It is also
obvious that a totally ordered set which is similar to a well ordered set� is itself well
ordered�

It is convenient to introduce a class of �canonical� well ordered sets� such that every
well ordered set is similar to exactly one of those� Because then� the problem of
studying well ordered sets is reduced to the study of these �canonical� well ordered
sets� which we call ordinals� There are several possible de�nitions� We will choose
one of the most common� and elegant� de�nitions� We then de�ne a natural number
as a special case of ordinal�

For every set A� we let �A denote the relation fha� bi � A�A j a � bg� A set A
is called transitive if� for all a� a � A implies a � A� We de�ne the successor of a
set A as S�A
 ! A � fAg� We say that A is a successor set if there exists a set B
such that A ! S�B
�

We now de�ne an ordinal as a transitive set � such that h����i is a well ordered
set� If � and � are ordinals� then we write � � � instead of � � �� � 
 � instead of
� � �� � � � instead of � � � or � ! b� and � � � instead of � 
 � or a ! b� This
is consistent with what we have done above� because it turns out that the restriction
of the membership relation � to the class of ordinals is a well order� Hence� hA��Ai
is a well ordered set if A is a set of ordinals� Moreover� the elements of an ordinal
� are all ordinals� in fact� precisely those ordinals � such that � � �� If � and �
are ordinals such that � � �� then � is a �proper
 initial segment of �� Any set A
of ordinals has an upper bound� In fact� supA ! ���A�� which itself is an ordinal�
Also� if � is an ordinal� then so is S��
� Also� if � � �� then S��
 � S��
� � is
an ordinal �since all conditions in the de�nition are vacuously satis�ed for �
� the
smallest of all ordinals� There are two other types of ordinals� successor ordinals�
i�e� ordinals which are successor sets� and limit ordinals� i�e� nonempty ordinals
which are not successor ordinals� The most important property of the ordinals is
that every well ordered set is similar to h����i� for some unique ordinal �� It can
be proved that the class of all ordinals is not set� but a proper class�

We de�ne a natural number as an ordinal n such that every nonempty element
in S�n
 is a successor set� Then� every element in a natural number is a natural
number� S�n
 is a natural number if n is� and � is a natural number� Clearly� all
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nonempty natural numbers are successor ordinals� The natural numbers are also
called �nite ordinals� while these ordinals which are not natural numbers are called
trans�nite ordinals�

We now de�ne the natural numbers �� 	� �� �� � � � by � ! �� 	 ! S��
 ! f�g� � !
S�	
 ! f�� 	g� � ! S��
 ! f�� 	� �g� etc� We can de�ne addition and multiplication
of ordinals� but we shall not go into that in any depth� we just put � " 	 ! S��
�
�"� ! S��"	
� �"� ! S��"�
� etc� for all ordinals �� �In general� �"�n"	
 !
S�� " n
� for all natural numbers n�


A very important method of proof is trans�nite induction� which generalizes
ordinary induction to trans�nite ordinals�

TRANSFINITE INDUCTION� Let ��x
 be a condition� Assume that� for every
ordinal �� whenever ���
 holds for all ordinals � � �� then ���
 holds too�

Then� ���
 holds for all ordinals ��

It may seem that we must include a clause that ���
 should hold� but this is not
necessary� since the condition ����
 holds for all ordinals � � �� is vacuously true�
An alternative formulation is that the above condition is only assumed to hold if �
is a limit ordinal� and that we also assume that ���
 holds� and that� for all ordinals
�� ��� " 	
 holds whenever ���
 holds�

Related to this� there is the method of de�ning functional relations with trans�
�nite recursion�

TRANSFINITE RECURSION� Let G be a functional relation de�ned on the class
of all subsets of the class On � A� where On is the class of all ordinals� and A is
any class�

Then� there is a functional relation F de�ned on On such that F ��
 !
G�fh�� F ��
i j � � �g
� for all ordinals ��

This F has the property that F ��
 � A for every ordinal �� and F is unique in
the sense that if F � is another functional relation satisfying these conditions� then
F ��
 ! F ���
 for all ordinals ��

Here� too� we may have separate de�ning conditions for F ��
 if � ! �� or � is a
successor ordinal� or if � is a limit ordinal� respectively� as long as they can be
summarized into a single one� as above�

Trans�nite induction and recursion can both be modi�ed so that instead of
the class of all ordinals� On� we may use classes of the types f� j � � �g and
f� j � � � � �g� for arbitrary ordinals � and � �� � �
� In the last case� trans�nite
recursion can be said to de�ne a function instead of a functional relation�

The theory of trans�nite ordinals looks very promising� and it seems to generate
a lot of interesting results� But� with the axioms we have seen so far� it is� as far as
we know� impossible to prove that there exist any trans�nite ordinals at all� Indeed�
we can only prove that there exists arbitrary large �nite sets� not in�nite sets� For
this� we need a new axiom�

Axiom of In�nity� There exists a set A such that � � A� and such that� for every
set x� S�x
 � A whenever x � A�

It follows from this axiom that the class of natural numbers is a set� In fact� it
is even an ordinal� which we denote by � when we want to emphasize that it is
an ordinal� while we denote it by N if we only want to view it as a collection of
numbers� � is then a trans�nite ordinal� the smallest one�
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One can now prove that the set N � with the successor functional relation S�x

restricted to N � satis�es Peano s axioms �see e�g ��
� p� 		�
� in particular that we
can prove theorems with ordinary induction� and we can also de�ne functions with
ordinary recursion� Thus� arithmetic can be viewed as a subdiscipline of set theory�

We say that a set is �nite if it is equinumerous with some natural number� and
that it is in�nite otherwise�

To get a more precise measure of the size of a set� we de�ne a cardinal as an
ordinal � such that � �� � for all ordinals � such that � � �� An cardinal is also
called an initial ordinal� because of this de�nition�

It follows that if A is a set which can be well ordered� i�e� if there exists a well
order �� on A� then there is a unique cardinal � such that A � �� This unique
cardinal � is called the cardinality of A� and it is denoted cardA� Whenever we
talk about the cardinality of a set� it is assumed that the set can be well ordered�

Every natural number is a cardinal� and a �nite set with n distinct elements
has cardinality n� From this� it follows that any set A which has a proper subset
B � A such that A � B� must be in�nite� Even more remarkable things are
true for in�nite sets� For example� it can be proved that if A is set such that
cardA � �� and card a � � for all a � A� where � is a trans�nite cardinal� then
card �a�A a � �� provided that there exists a function f with domain A such that
f�a
 is an injection from a into �� for every a � A� �We can then use the function
f � trans�nite induction� and the Schr�oder�Bernstein theorem to de�ne a well order
�� on U ! �a�Aa� such that hU���i is similar to h����i� for some ordinal � � ��

A simple consequence of this is that if A is a set with trans�nite cardinality ��
and if B and C are sets such that cardB � cardA and cardC � cardA� then
card �A nB
 ! card �A � C
 ! cardA ! �� Thus� if � is a trans�nite ordinal� then
card ��"	
 ! card�� It follows that every trans�nite cardinal is a limit ordinal� In
particular� � is the smallest trans�nite cardinal� and we write �� instead of � when
we want to emphasize that it is a cardinal� and not just an ordinal� By trans�nite
recursion� we can de�ne a functional relation �� such that for every ordinal �� ��
is the the smallest trans�nite cardinal greater than all �� for which � � �� �� is
then as above� and the class of all ��� where � ranges over the class of all ordinals�
is the same as the class of all trans�nite cardinals� This class is a proper class�

Not all limit ordinals are �trans�nite
 cardinals� For example� the ordinal �"��
which is de�ned as the smallest ordinal which is greater than � " n for all natural
numbers n� is a limit ordinal� but not a cardinal� Actually� card �� " �
 ! �� !
card��

A set A is countably in�nite if cardA ! ��� countable if cardA � �� �i�e� if it is
�nite or countably in�nite
� and uncountable if it is not countable�

Now� if the sets A and B can be well ordered �and hence they have well de�ned
cardinalities
� then one of A � B and B � A must hold� because this is so for
ordinals �since for every pair of distinct ordinals� one is a proper initial segment of
the other
 and every well ordered set hA���i is similar to h����i for some ordinal
�� Thus� if we could establish that every set can be well ordered� then one of A � B
and B � A must hold� for all sets A and B� Equivalently� this latter property can
be expressed thus� Exactly one of A � B� A � B and B � A holds� for all sets A
and B� This property is called the Trichotomy Law�

If we use the next theorem� we can� conversely� prove that the trichotomy law
implies that every set can be well ordered�
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HARTOGS THEOREM� For every set A� there exists an ordinal � such that
� �� A�

Now� if the trichotomy law holds� Hartogs theorem implies that to every set A�
there is an ordinal � such that A � �� This means that A is equinumerous to a
subset of an ordinal� which can be well ordered� Thus� A can be well ordered�

Unfortunately� the axioms given so far are not su�cient �as far as we know
 for
establishing the Well Ordering Principle� i�e� that every set can be well ordered�
and the trichotomy law� For this� we need the axiom of choice� which we give in
two equivalent versions�

Axiom of Choice� version �� Let A be a sets whose elements are mutually disjoint�
nonempty sets� Then� there exists a set B which has exactly one element in common
with each of the sets a � A�

Axiom of Choice� version �� For every set A� there exists a function
f � P�A
 n f�g 
 A such that f�a
 � a for all a � P�A
 n f�g�

The axiom of choice is equivalent to a lot of properties� Let us list some of the
most important ones�

THEOREM� The following are equivalent�

�	
 Axiom of Choice� version ��
��
 Axiom of Choice� version 	�
��
 Every set can be well ordered�
��
 For all sets A and B� Either A � B or B � A�
��
 For all sets A and B� One of A � B� A � B� and B � A holds �Trichotomy

Law��
��
 Zorn�s Lemma� If hA���i is a partially ordered set such that every chain in

A has an upper bound� then A has a maximal element�
��
 Hausdor��s Maximality Principle� If hA���i is a partially ordered set� then

there is a maximal chain in A� i�e� a chain which is not a proper subset of
any other chain in A�

We will not prove this� but we see that the implication ��
 � ��
 is easy to prove�
Just take a well order �� on A� and de�ne f�a
 as the smallest element in a�

Other consequences of the axiom of choice are�

�	
 card �a�A a � � holds whenever cardA � � and card a � � for all a � A� as
above� because the axiom of choice implies that a function such as f above exists�

��
 cardP�A
 
 cardA� for every set A�

��
 If A �� �� then A has a subset with cardinality ��

The axiom of choice seems simple and intuitive� but there are mathematicians who
are skeptical against it� One reason is that it has some very weird consequences�
The weirdest is probably the Banach�Tarski paradox� Every pair of bounded sets
A�B � R

� with nonempty interiors� can be decomposed into a common �nite
number of disjoint subsets A�� A�� � � � � An and B�� B�� � � �Bn� respectively such that
for each i �	 � i � n
� Ai and Bi are geometrically congruent �even without using
re�ections
� Here� A may be chosen as very small� and B may be chosen as very
big� This may seem like an outright contradiction� but it is not� The parts Ai
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and Bi are chosen nonconstructively� with the axiom of choice� as sets on which no
volume can be de�ned�

Our last axiom is�

Axiom of Regularity� Every nonempty set A has an element a � A such that
A 	 a ! ��

It is also called the Axiom of Restriction� or the Axiom of Foundation�
This axiom is treated in Chapter �� Let us mention one consequence�
If the axiom of regularity holds� then � is an ordinal if and only if every element

in S��
 is transitive� This gives a somewhat simpler characterization of an ordinal
than the de�nition given above�

ZFC is the theory with all these axioms� ZF is the theory with all these axioms
except the axiom of choice� However� in this text� we never assume that the axiom
of regularity holds� and� unless otherwise is stated� we do not assume that the axiom
of choice holds either� The other axioms� we use freely�
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